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PREFACE 


The overwhelming response to the previous editions of this book 
gives me an immense feeling of satisfaction and I take this an 
opportunity to thank all the teachers and the whole student 
community who have found this book really beneficial. 


In the present scenario of ever-changing syllabus and the test 
pattern of JEE Main & Advanced. 

The NEW EDITION of this book is an effort to cater all the 
difficulties being faced by the students during their preparation of 
JEE Main & Advanced. Almost all types and levels of questions 
are included in this book. My aim is to present the students a fully 
comprehensive textbook which will help and guide them for all 
types of examinations. An attempt has been made to remove all 
the printing errors that had crept in the previous editions. 


Iam very thankful to (Dr.) Mrs. Sarita Pandey, Mr. Anoop Dhyani 
and Mr. Nisar Ahmad 


Comments and criticism from readers will be highly appreciated 
and incorporated in the subsequent editions. 


DC Pandey 
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1.1. Basic Mathematics 
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1.1 Basic Mathematics 


The following formulae are frequently used in Physics. So, the students who have just gone in 
class XI are advised to remember them first. 


Logarithms 
(i) e=2.7183 
(iii) If10* = y, then x =logy) y 


(v) log (ab) = log (a) + log (6) 


(ii) Ife“ = y, thenx=log, y=Iny 
(iv) logyy y=0.4343 log, y=0.4343 In y 


(vi) log (<] = log (a) — log (b) 


(vii) log a" =n log (a) 
Trigonometry 
(i) sin? 6 + cos” 6 =1 
(ii) 1+ tan* 0 =sec* 0 
(iii) 1+ cot” @ =cosec? 0 


(iv) sin 26 =2 sin 8 cos 8 
(v) cos 2@ =2cos” 6 —1=1—2sin? @ =cos” 6 —sin’ 0 


(vi) sin (4 +B)=sin Acos B +cos Asin B 
(vil) cos (A + B)=cos Acos B ¥ sin Asin B 


D C-D 
(vi) sn C+sin D=2sin ( Joos 5 


<2) c+?) 
COs 


(ix) sin C — sin D =2 sin [ 


2 
C+D C=D 
(x) cos C +cos D =2 cos 5 cos 5 
D-C , C+D 
(xi) cos C —cos D =2 sin 5 sin 5 
2t 
(xii) tan29=— an 8 
1-—tan~“ 0 
tan A+ tan B 


xiii) tan (A + B) = ——£_ 
ay ( ) 1+ tan A tan B 


(xiv) sin (90° + 8) =cos 0 
(xv) cos (90° +8) =—sin 8 
(xvi) tan (90° +8) =—cot 8 
(xvii) sin (90° —6)=cos@ (xviii) cos (90° —8) =sin 8 
(xix) tan (90° —@) =cot 8 
(xx) sin (180° —8) =sin 8 
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(xxi) cos (180° —8) =—cos 0 
(xxii) tan (180° — 6) =— tan 0 
(xxiii) sin (180° +6) =—sin 0 
(xxiv) cos (180° +6) =—cos 9 
(xxv) tan (180° + 6) = tan 0 
(xxvi) sin (— 9) =— sin 8 
(xxvii) cos (- 8) =cos 8 
(xxviii) tan (- 8) =— tan 0 
Differentiation 
. a cy n n=l 
(i) — (constant) =0 (ii) — (x" )=nx 
dx dx 
1 d 
(iii) a (log, x) or z (In x) =— (iv) — (sin x) =cos x 
dx dx x dx 
d . 2d. 2 
(v) — (cos x) =—sin x (vi) — (tan x) =sec~ x 
Me 


(vii) i (cot x) =— cosec* x (viii) a (sec x) =sec x tan x 
dx re 
soa 1 
(x) 5 a gee x) =—cosec x cot x ©) 5 mile ™—G )= 


(xi) “ht. FO = ~ fy a 2 ~f (x) 


d fix) POR * fi) “f@ ~ f(t) 
dx f(x) {fo} 


(xii) 
wa A d 
(xiii) — f (ax + b)=a — f (X), where X =ax+b 
dx dx 
Integration 


(i) fx” dx = 


ily ise ie= eases 


d. 
(ii) [—=log, x+¢ or Inx+c 


(iv) [cosx dx =sin x +e 
(v) fetdr=e* +e (vi) sec? x dv =tanx+c 
(vii) | cosec” x dx=-—cotx+c (vill) [sec x tan x dx =see x +c 


(ix) | cosee x cot x dx =—cosecx+c 


(x) | f(ax +) dx=+ | f(X) dX, where X =ax+b 
a 


Here, c is constant of integration. 
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Graphs 
Following graphs and their corresponding equations are frequently used in Physics. 
(1) y= mx, represents a straight line passing through origin. Here, m = tan 0 is also called the slope 
of line, where 0 is the angle which the line makes with positive x-axis, when drawn in 
anticlockwise direction from the positive x-axis towards the line. 


The two possible cases are shown in Fig. 1.1. In Fig. 1.1 (4), 6 < 90°. Therefore, tan 6 or slope of 
line is positive. In Fig. 1.1 (41), 90° <®@ <180°. Therefore, tan 6 or slope of line is negative. 


y y 


8 


(i) (ii) 
Fig. 1.1 


Note That y = mxory « xalso means that value of y becomes 2 times if x is doubled. Or it will remain - th if 
x becomes 1 times. 
(ii) y=mx +c, represents a straight line not passing through origin. Here, m is the slope of line as 
discussed above and c the intercept on y-axis. 


(i) (ii) (iii) 
Fig. 1.2 


In figure (i) : slope and intercept both are positive. 
In figure (ii) : slope is negative but intercept is positive and 
In figure (iii) : slope is positive but intercept is negative. 


Note That in y=mx-+c,y does not become two times if x is doubled. 


1 2 
(iii) yo —or y=—etc., represents a rectangular hyperbola in first and third quadrants. The shape of 
x x 


rectangular hyperbola is shown in Fig. 1.3(i). 


Fig. 1.3 


Chapter 1 Basic Mathematics © 5 


From the graph we can see that y> 0 as x > » orx > 0as yp ~». 


bs 4 ; ; 
Similarly, y= — —represents a rectangular hyperbola in second and fourth quadrants as shown in 
x 
Fig. 1.3(11). 
Note That in case of rectangular hyperbola if x is doubled y will become half. 


(iv) yx x? or y= 2x7, etc., represents a parabola passing through origin as shown in Fig. 1.4(1). 
y y 


(i) (ii) 
Fig. 1.4 
Note That in the parabola y =2x* or y « x’, if x is doubled, y will become four times. 

Graph x « _ orx=4 y? is again a parabola passing through origin as shown in Fig 1.4 (ii). In 
this case if y is doubled, x will become four times. 

(v) y=x? +4 or x= y’ —6 will represent a parabola but not passing through origin. In the first 
equation (y= x74 4), if x is doubled, y will not become four times. 

(vi) y= Mere represents exponentially decreasing graph. Value of y decreases exponentially from 
A to 0. The graph is shown in Fig. 1.5. 

y 


A 


Fig. 1.5 


From the graph and the equation, we can see that y= A atx =O and y> Oas x ~. 
(vii) y= A(V- eo ), represents an exponentially increasing graph. Value of y increases 
exponentially from 0 to A. The graph is shown in Fig. 1.6. 


>X 


Fig. 1.6 
From the graph and the equation we can see that y=O at x =O and y Aasx- ~. 
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Maxima and Minima 
Suppose yis a function of x. Or y= f(x). 


Then we can draw a graph between x and y. Let the graph is as shown in Fig. 1.7. 
y 


P 


Q 
Fig. 1.7 


Then from the graph we can see that at maximum or minimum value of y slope [or #) to the graph is 
Zero. dx 
dy : Bo 
Thus, rs =0 at maximum or minimum value of y. 
x 


2 


By putting “ =0we will get different values of x. At these values of x, value of y is maximum if a 
x X 


(double differentiation of y with respect to x) is negative at this value of x. Similarly vis minimum if 


d*y. ps 
a is positive. Thus, 
dx 


e y_ . 
ge for maximum value of y 
dx 
dy i 

and —> =+ve for minimum value of y 
dx 


dy facie d*y. 
Note That at constant value of y also ae 0 but in this case ae is zero. 
Ix ix 


© Example 1.1 Differentiate the following functions with respect to x 


(a) x? +5x?-2 (6) xsinx (c) (2x+3)® (d) = (ce) e&* +2) 
sin Xx 


F d 3 2 d 3 d 5. d 
Solution (a) — + 5x° —2)=— 45 apaciey ge) 
(a) me x ) Pe. a 8 ne 
= 3x* + 5(2x)-—0 
= 3x" + 10x 
(b)  (xsin x)= (sin x)-+sin x. (x) 


=xcos x+sin x (1) 


=xcosx+sin x 


d 6 d 6 
c) — (2x+3)? =2—(X), where X =2x+3 
re) ae ) rr ) 


= 26X°}=12X° =12(2x 43)? 
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sin x i (x)-x es (sin x) 
(d ad x = dx dx 
dx \ sin x 


(sin x)? 
_ (sin x)(1)— x (cos x) _ sin x — x cos x 


; 7) 
sin? x sin’ x 


(e) 4 6H 5 ~ e* , where X = 5x+2 = 5e* = 5e***? 


© Example 1.2 Integrate the following functions with respect to x 


(a) | (5x? + 8x — 2) dx (b) | [4 sins 2) ay 
x 
dx 
O |r (d) | (6x + 2)* dx 
Solution (a) | Gx? + 3x-2)dr= 5x? dx+3|xdx—2| dx 
3 2 
are ee ee 
3 2 


2 dx 

b 4sin x -—|dx=4 ] sin x dx -— 2 | — 
(of [asin x- 2) d= 4 js 

=-4cosx-2Inx+e 


=—|—, where XY =4x+5 
4x+5 4° X 


© J _1lydX 


1 1 
(a) [ (@ + 2)° dai] x? dX, where X =6x+2 


1( x (6x + 2)4 
= FC = + Co 
6\ 4 24 


© Example 1.3 Draw straight lines corresponding to following equations 

(a) y= 2x (b) y=- 6x (c) y= 4x4+2 (d) y=6x-—4 

Solution (a) In y= 2x, slope is 2 and intercept is zero. Hence, the graph is as shown below. 
AY 


tan @ = slope = 2 
> X 


Fig. 1.8 
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(b) In y=— 6x, slope is — 6and intercept is zero. Hence, the graph is as shown below. 


Fig. 1.9 
(c) In y= 4x +4 2, slope is + 4 and intercept is 2. The graph is as shown below. 
Ay 
2 
tan 6 =4 
8 
> X 
Fig. 1.10 
(d) In y= 6x— 4, slope is + 6 and intercept is — 4. Hence, the graph is as shown below. 
y 
tan@=6 
> X 
-4 
Fig. 1.11 


© Example 1.4 Find maximum or minimum values of the functions 


(a) y = 25x" + 5- 10x (b) y=9-(x - 3)? 
Solution (a) For maximum and minimum value, we can put o- 0. 
he 
or dy = 50x - 10=0 
dx 
1 
x== 
5 
2 
Further, ey = 50 
dx? 


d* - a 
or <> has positive value at x = 7 Therefore, y has minimum value at x = 5 
dx 
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Pore oe : 
Substituting x = 5 In given equation, we get 


Se 1 
Ymin = 25 #5160) \o4 
5 5 


(b) y=9- (x— 3)? =9—x* -94+ & 


or y=@— x’ 
Y = 6-% 
dx 


ee . . : 
For minimum or maximum value of y we will substitute 7 =0 
x 


or 6-—2x=0 or x=3 


To check whether value of y is maximum or minimum at x = 3 we will have to check whether 
i y. si ; 

—-+ Is positive or negative. 

dx 


dx” 


2 
d YV__» 


2 
or <> is negative at x = 3. Hence, value of y is maximum. This maximum value of y is, 
dx 


Vmax = 9- (3-3) =9 


Exercises 


Subjective Questions 


Trigonometry 
1. Find the value of 
(a) cos 120° (b) sin 240° 
(c) tan (— 60°) (d) cot 300° 
(e) tan 330° (f) cos (- 60°) 
(g) sin (— 150°) (h) cos (— 120°) 
2. Find the value of 
(a) sec” @ — tan?6 (b) cosec” 6 — cot? 6 —1 
(c) 2sin 45° cos 15° (d) 2sin 15° cos 45° 
Calculus 
3. Differentiate the following functions with respect to x 
(a) x* + 8x7 -2x (b) x7 cos x 
(c) @x+ 7) (d) etx? 
(c) — 
4. Integrate the following functions with respect to ¢ 
(a) | @t?—28) de (b) | Gcos t+ t) dt 
dt 
Qt -4)y* d 
() [ @¢-4y4 at OR ear 
5. Integrate the following functions 
2 n/3, 
(a) ir 2t dt (b) I. sin x dx 
10 dx 1 
(c) I, Za (d) [ cos x dx 


(e) [ee 4) dt 


6. Find maximum/minimum value of y in the functions given below 


(a) y=5-(@-1)* (b) y=4x? 4x47 
© y= -3x (a) y=x? — 6x? + 9x +15 
(e) y= (sin 2x — x), where ae <x< ls 
2 2 
Graphs 
7. Draw the graphs corresponding to the equations 
(a) y=4x (b) y=-6x 
(c) y=xu+4 (dq) y=-2x+4 


(e) y=2x-4 (f) y=-4x-6 
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8. For the graphs given below, write down their x-y equations 


y y y 


>X 


30° 


9. For the equations given below, tell the nature of graphs. 


(a) y=2x" (b) y=-4x7 +6 
(c) y=6e* (da) y=401-e”) 
4 2 
(e) y=- ® y=-2 

x x 


10. Value of y decreases exponentially from y= 10to y= 6 Plot a x-y graph. 
11. Value of y increases exponentially from y= —- 4to y= + 4. Plot a x-y graph. 


12. The graph shown in figure is exponential. Write down the equation corresponding to the graph. 


xX 


13. The graph shown in figure is exponential. Write down the equation corresponding to the 
graph. 


>X 


Subjective Questions 


1 V3 1 1 1 1 1 
1. (a) 5 (b) 5 (c) -v¥3 (d) Fa (e) Fa (f) a (g) ; (h) 5 
2. (a) 1 (b)0 (c) (= 2 (d) (A=) 


3. (a) 4x° + 6x-2 (b) 2xcosx-—x*sinx (c) 24(6x+ 7) (d) 5e%x* + e*%x® (e) -—xe™ 
1 
6 (2t - 4 


3 
4. (a) 8 -t24+C (b) 4sint4 ste (c) rc (A) 2 In (6t Nee 
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@W3-1) 
2 
6. (8) Vinx = Datx=1 (1) Ynin =Gatx=1/2 (C) Vrin =-2atx = land y,,, = 2atx=-1 


V3 0 
2 6 


5. (a) 4 (b) (c) In(5/2) (d) Zero (e) -1 


(d) Ymin = 15 at x = 3and yy =19 atx=1 (€) Vin 


tom = (2-2) at x = 1/6 


Jax m/6 and 


2 6 
7. 
y y - y 
x x x 
(a) (b) (c) 
y y 
a x 
(e) (f) 
x x 

8. (a) y=x (b c) y= +4 (d) y=-x+2 

(a) y (b) y a (c) y a (d) y 
9. (a) parabola passing through origin 

(b) parabola not passing through origin 

(c) exponentially decreasing graph 

(d) exponentially increasing graph 

(e) Rectangular hyperbola in first and third quadrant 

(f) Rectangular hyperbola in second and fourth quadrant 

y y 
10 
10. a. 
>X 


| = 


12. y=4+ 8 Here, K is a positive constant 


13. y=-4+10(-e-™) Here, K is positive constant 
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Chapter Contents 


2.1 
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2.3 
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Errors in Measurement and Least Count 
Significant Figures 

Rounding off a Digit 

Algebraic Operations with 

Significant Figures 

Error Analysis 


2.1 Errors in Measurement and Least Count 


To get some overview of error, least count and significant figures, let us have some examples. 


© Example 2.1 Let us use a centimeter scale (on which only centimeter scales 
are there) to measure a length AB. 


AL ___ dB 


Fig. 2.1 


From the figure, we can see that length ABis more than 7 cm and less than 8 cm. 

In this case, Least Count (LC) of this centimeter scale is 1 cm, as it can measure 
accurately upto centimeters only. If we note down the length (1) of line ABas 1 = 7 cm 
then maximum uncertainty or maximum possible error in 1 can be 1 cm (= LC), 
because this scale can measure accurately only upto 1 cm. 


© Example 2.2 Let us now use a millimeter scale (on which millimeter marks 
are there). This is also our normal meter scale which we use in our routine life. 


From the figure, we can see that length AB is more than A B 
3.3 cm and less than 3.4cm. If we note down the length, pam oa parere poo 1 
1 2 3 4 
l= AB= 34cm 
Then, this measurement has two significant figures 3 and 4 in Fig. 2.2 


which 3 is absolutely correct and 4 is reasonably correct (doubtful). Least count of 
this scale is 0.1 cm because this scale can measure accurately only upto 0.1 cm. 
Further, maximum uncertainty or maximum possible error in 1 can also be 0.1 cm. 


INTRODUCTORY EXERCISE 


1. If we measure a length/ =6.24 cm with the help of a vernier callipers, then 


(a) What is least count of vernier callipers ? 
(b) How many significant figures are there in the measured length ? 
(c) Which digits are absolutely correct and which is/are doubtful ? 


2. If we measure a length/ =3.267 cm with the help of a screw gauge, then 


(a) What is maximum uncertainty or maximum possible error in/ ? 
(b) How many significant figures are there in the measured length ? 
(c) Which digits are absolutely correct and which is/are doubtful ? 


2.2 Significant Figures 


From example 2.2, we can conclude that: 


"In a measured quantity, significant figures are the digits which are absolutely correct plus the first 
uncertain digit". 
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Rules for Counting Significant Figures 
Rule 1, All non-zero digits are significant. For example, 126.28 has five significant figures. 


Rule 2, The zeros appearing between two non-zero digits are significant. For example, 6.025 has 
four significant figures. 


Rule 3) Trailing zeros after decimal places are significant. Measurement /=6.400 cm has four 
significant figures. Let us take an example in its support. 


Table 2.1 
Measurement Accuracy | lies between (in cm) sa Remarks 
/=6.4cm 0.1 cm 6.3-6.5 Two 
/=6.40cm 0.01 cm 6.39 — 6.41 Three closer 
/ = 6.400 cm 0.001 cm 6.399 — 6.401 Four more closer 


Thus, the significant figures depend on the accuracy of measurement. More the number of significant 
figures, more accurate is the measurement. 


Rule 4 The powers of ten are not counted as significant figures. For example, 1.4 x 10~’ has only 
two significant figures | and 4. 


Rule 5 Ifa measurement is less than one, then all zeros occurring to the left of last non-zero digit 
are not significant. For example, 0.0042 has two significant figures 4 and 2. 


Rule 6 Change in units of measurement of a quantity does not change the number of significant 
figures. Suppose a measurement was done using mm scale and we get /= 72 mm (two significant 
figures). 
We can write this measurement in other units also (without changing the number of significant 
figures) : 

: 7.2cm — Two significant figures. 
0.072 m — Two significant figures. 
0.000072 km —+ _ Two significant figures. 


7.2x10'nm — Two significant figures 


Rule 7, The terminal or trailing zeros in a number without a decimal point are not significant. This 
also sometimes arises due to change of unit. 


For example, 264 m = 26400 cm = 264000 mm 

All have only three significant figures 2, 6 and 4. All trailing zeros are not significant. 

Zeroes at the end of a number are significant only if they are behind a decimal point as in Rule-3. 
Otherwise, it is impossible to tell if they are significant. For example, in the number 8200, it is not 
clear if the zeros are significant or not. The number of significant digits in 8200 is at least two, but 
could be three or four. To avoid uncertainty, use scientific notation to place significant zeros behind a 
decimal point 


8.200 x 10° has four significant digits. 
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8.20 x 10° has three significant digits. 
8.2 x 10° has two significant digits. 


Therefore, if it is not expressed in scientific notations, then write least number of significant digits. 
Hence, in the number 8200, take significant digits as two. 


Rule 8 Exact measurements have infinite number of significant figures. For example, 
10 bananas in a basket 
46 students in a class 
speed of light in vacuum = 299,792,458 m/s (exact) 


22 
T= 7 (exact) 


All these measurements have infinite number of significant figures. 


© Example 2.3 Table 2.2 
Measured value Number of significant figures Rule number 
12376 cm 5 1 
6024.7 cm 5 2 
0.071 cm 2 5 
4100 cm 2 7 
2.40 cm 3 3 
1.60 x 10'* km 5 4 
INTRODUCTORY EXERCISE 
1. Count total number of significant figures in the following measurements: 
(a) 4.080 cm (b) 0.079 m (c) 950 
(d) 10.00 cm (e) 4.07080 (f) 7.090 x 10° 


2.3 Rounding Off a Digit 


Following are the rules for rounding off a measurement : 


Rule 1. Ifthe number lying to the right of cut off digit is less than 5, then the cut off digit is retained 
as such. However, if it is more than 5, then the cut off digit is increased by 1. 

For example, x = 6.241is rounded off to 6.2 to two significant digits and x = 5.328 is rounded off to 5.33 
to three significant digits. 


Rule 2) Ifthe digit to be dropped is 5 followed by digits other than zero, then the preceding digit is 
increased by 1. 
For example, x =14.252 is rounded off to x =14.3 to three significant digits. 


Rule 3 Ifthe digit to be dropped is simply 5 or 5 followed by zeros, then the preceding digit it left 
unchanged if it is even. 
For example, x = 6.250 or x = 6.25 becomes x = 6.2 after rounding off to two significant digits. 
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Rule4_ Ifthe digit to be dropped is 5 or 5 followed by zeros, then the preceding digit is raised by one 
if it is odd. 
For example, x = 6.350 or x = 6.35 becomes x = 6.4 after rounding off to two significant digits. 


© Example 2.4 Table 2.3 
Measured value After rounding off to three significant digits Rule 
7.364 7.36 1 
7.367 (37 1 
8.3251 8.33 2 
9.445 9.44 3 
9.4450 9.44 3 
15.75 15.8 4 
15.7500 15.8 4 
INTRODUCTORY EXERCISE 
1. Round off the following numbers to three significant figures : 
(a) 24572 (b) 24.937 (c) 36.350 (d) 42.450 x 10° 


2. Round 742396 to four, three and two significant digits. 


2.4 Algebraic Operations with Significant Figures 


The final result shall have significant figures corresponding to their number in the least accurate 
variable involved. To understand this, let us consider a chain of which all links are strong except the 
one. The chain will obviously break at the weakest link. Thus, the strength of the chain cannot be 
more than the strength of the weakest link in the chain. 


Addition and Subtraction 
Suppose, in the measured values to be added or subtracted the least number of digits after the decimal 


is n. Then, in the sum or difference also, the number of digits after the decimal should be n. 


© Example 2.5 1.24+3.45+6.789 =11.439 = 11.4 
Here, the least number of significant digits after the decimal is one. Hence, the result 
will be 11.4 (when rounded off to smallest number of decimal places). 


© Example 2.6 12.63- 10.2 =2.48 =2.4 
Multiplication or Division 


Suppose in the measured values to be multiplied or divided the least number of significant digits be n. 
Then in the product or quotient, the number of significant digits should also be n. 
© Example 2.7 1.2 x 36.72 = 44.064 = 44 


The least number of significant digits in the measured values are two. Hence, the result 
when rounded off to two significant digits become 44. Therefore, the answer is 44. 
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-1 
© Example 2.8 1121™S_ _ 107.94117647 ~ 108 


10.2 mst 
© Example 2.9 Find, volume of a cube of side a =1.4 x10 m. 
Solution Volume V = a? 
= (1.4 10 )x (1.4 x 107 ) x (1.4 x 10 )= 2.744 x 10° m? 


Since, each value of a has two significant figures. Hence, we will round off the result to two 
significant figures. 


V=2.7x10°m Ans. 


© Example 2.10 Radius of a wire is 2.50 mm. The length of the wire is 50.0 cm. 
If mass of wire was measured as 25 g, then find the density of wire in correct 
significant figures. 
[Given, m = 3.14, exact] 


Solution Given, r=2.50 mm (three significant figures) 
= 0.250 cm (three significant figures) 
Note Change in the units of measurement of a quantity does not change the number of significant figures. 
Further given that, 
1= 50.0 cm (three significant figures) 
m= 25gm (two significant figures) 
mw = 3.14 exact (infinite significant figures) 
_m_m 
aa trl 
_ 25 
(3.14)(0.250)(0.250)(50.0) 
= 2.5477 g/cm? 


But in the measured values, least number of significant figures are two. Hence, we will round off 
the result to two significant figures. 


p=2.5 g/cem> Ans. 


INTRODUCTORY EXERCISE 


1. Round to the appropriate number of significant digits 
(a) 13.214 + 234.6 + 7.0350 + 6.38 
(b) 1247 + 134.5 + 450 + 78 
2. Simplify and round to the appropriate number of significant digits 
(a) 16.235 x0.217 x5 
(b) 0.00435 x 4.6 
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2.5 Error Analysis 


We have studied in the above articles that no measurement is perfect. Every instrument can measure 
upto a certain accuracy called Least Count (LC). 


Least Count 


The smallest measurement that can be measured accurately by an instrument is called its least count. 


Instrument Its least count 
mm scale 1mm 
Vernier callipers 0.1mm 
Screw gauge 0.01 mm 
Stop watch 0.1 sec 
Temperature thermometer °C 


Permissible Error due to Least Count 

Error in measurement due to the limitation (or least count) of the instrument is called permissible 
error. Least count of a millimeter scale is | mm. Therefore, maximum permissible error in the 
measurement of a length by a millimeter scale may be | mm. 
If we measure a length /=26 mm. Then, maximum value of true value may be (26+ 1) mm =27 mm 
and minimum value of true value may be (26 —1) mm =25 mm. 
Thus, we can write it like, 

/= (2641) mm 
If from any other instrument we measure a length = 24.6 mm, then the maximum permissible error 
(or least count) from this instrument is 0.1 mm. So, we can write the measurement like, 

/= (24.6£0.1) mm 


Classification of Errors 


Errors can be classified in two ways. First classification is based on the cause of error. Systematic 
error and random errors fall in this group. Second classification is based on the magnitude of errors. 
Absolute error, mean absolute error and relative (or fractional) error lie on this group. Now, let us 
discuss them separately. 


Systematic Error 

Systematic errors are the errors whose causes are known to us. Such errors can therefore be 

minimised. Following are few causes of these errors : 

(a) Instrumental errors may be due to erroneous instruments. These errors can be reduced by using 
more accurate instruments and applying zero correction, when required. 

(b) Sometimes errors arise on account of ignoring certain facts. For example in measuring time period 
of simple pendulum error may creep because no consideration is taken of air resistance. These 
errors can be reduced by applying proper corrections to the formula used. 

(c) Change in temperature, pressure, humidity, etc., may also sometimes cause errors in the result. 
Relevant corrections can be made to minimise their effects. 
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Random Error 
The causes of random errors are not known. Hence, it is not possible to remove them completely. 
These errors may arise due to a variety of reasons. For example the reading of a sensitive beam 
balance may change by the vibrations caused in the building due to persons moving in the laboratory 
or vehicles running nearby. The random errors can be minimized by repeating the observation a large 
number of times and taking the arithmetic mean of all the observations. The mean value would be 
very close to the most accurate reading. Thus, 


a; +d, +...+a, 
mean —_ 


n 


Absolute Error 
The difference between the true value and the measured value of a quantity is called an absolute error. 
Usually the mean value a,,, is taken as the true value. So, if 
Gy ty Hat Q, 


m 
n 


Then by definition, absolute errors in the measured values of the quantity are, 
Ad, =a, — a 
Aa, = Ay — a2 


Absolute error may be positive or negative. 


Mean Absolute Error 
Arithmetic mean of the magnitudes of absolute errors in all the measurements is called the mean 
absolute error. Thus, 

_ |Aa,|+|Aa,|+... +|Aa,,| 


mean ~— 


Aa 


n 


The final result of measurement can be written as, a=a,, = Ad pean 


This implies that value of a is likely to lie between a,, + Ad,,.4, and d,, — AQ moan - 


Relative or Fractional Error 
The ratio of mean absolute error to the mean value of the quantity measured is called relative or 
fractional error. Thus, 

4 mean 


a 


Relative error = 


m 


Relative error expressed in percentage is called as the percentage error, 1.e. 


Aa 
Percentage error = — x 100 
a 


m 
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© Example 2.11 The diameter of a wire as measured by screw gauge was found 
to be 2.620, 2.625, 2.630, 2.628 and 2.626 cm. Calculate 


(a) mean value of diameter (b) absolute error in each measurement 
(c) mean absolute error (d) fractional error 
(e) percentage error (f) Express the result in terms of percentage error 


Solution (a) Mean value of diameter 
_ 2,620 + 2.625 + 2.630 + 2.628 + 2.626 
m 5 


a 


= 2.6258cm 
= 2.626cm (rounding off to three decimal places) 
(b) Taking a,, as the true value, the absolute errors in different observations are, 
Aa, = 2.626— 2.620=+ 0.006cm 
Aa, = 2.626— 2.625 =+ 0.001cm 
Aa, = 2.626— 2.630 =— 0.004 cm 
Aa, = 2.626— 2.628 =— 0.002cm 
Aas = 2.626— 2.626=0.000cm 


(c) Mean absolute error, 
_ |Aa;|+ |Aay|+ |Aa3|+|Aa,4|+ |Aas| 


Aa mean 5 
_ 0.006 + 0.001 + 0.004 + 0.002 + 0.000 
5 
= 0.0026= 0.003 (rounding off to three decimal places) 
(d) Fractional error = + int OO =+ 0.001 
a 2.626 


(e) Percentage error =+ 0.001 x 100=+ 0.1% 
(f) Diameter of wire can be written as, 
d=2.62640.1% 


Combination of Errors 
Errors in Sum or Difference 
Letx=axtb 


Further, let Aa is the absolute error in the measurement of a, Ab the absolute error in the measurement 
of b and Ax is the absolute error in the measurement of x. 


Then, x+Ax=(atAa)+(b+ Ab) 
=(atb)+(4AatAb) 
=x + (+ Aa + Ab) 

or Ax =+ Aa + Ab 


The four possible values of Ax are (Aa — Ab), (Aa + Ab), (—Aa — Ab) and (—Aa + Ab). 
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Therefore, the maximum absolute error in x is, 

Ax =+ (Aa + Ab) 
i.e. the maximum absolute error in sum and difference of two quantities is equal to sum of the absolute 
errors in the individual quantities. 


© Example 2.12 The volumes of two bodies are measured to be 
V, = (10.2 +0.02)cm® and V, = (6.4 £0.01) cm*. Calculate sum and difference in 


volumes with error limits. 
Solution V, = (10.2+ 0.02)cm? 


and V, =(6.4+40.01)cm3 
AV =+(AV, + AV>) 
=+(0.02+ 0.01)cm* = + 0.03cm? 
V, +V, = (10.2+ 6.4)cm? = 16.6cm> 
and V, —V_ =(10.2— 6.4)em? = 3.8cem? 


Hence, sum of volumes = (16.6 + 0.03) cm? 
and difference of volumes = (3.8 + 0.03) cm? 


Errors in a Product 
Let x =ab 
Then, (x + Ax) = (a + Aa) (b+ Ab) 


x(12)=a(12 4) (2%) 
x a b 


A Ab A Aa Ab 
or pp apt ee. (as x = ab) 
x b a a b 
or i eg 
x a b a b 


Aa Ab. i 
Here, = - is a small quantity, so can be neglected. 
a 


Hence, eit” 
a b 
A A A A 
Possible values of So ae *) (- = + 2 and (- ee & : 
x a a b a b 


Hence, maximum ste value of 


Ax Aa Ab 
=t + 
x a b 

Therefore, maximum fractional error in product of two (or more) quantities is equal to sum of 
fractional errors in the individual quantities. 


Chapter 2. Measurement and Errors © 23 


Errors in Division 


Let x= 


Then, xtAx= 


or 


- (ie )-(2) (3) ae 
(diate Gua 


i 14 0% = 4 42 AO Aa Ad 
x a b a b 


Aa Ab. : 
Here, =e rs is small quantity, so can be neglected. Therefore, 
a 


x a b 
Possible values of ae are ae - a ; a + ae ; Aa _ a and —— + . Therefore, the 
x a b a b a b a b 


maximum value of 


so 4(“ 3) 


x a b 


or the maximum value of fractional error in division of two quantities is equal to the sum of fractional 
errors in the individual quantities. 


Error in Quantity Raised to Some Power 


n 


a 
Let, x = 


p™ : 


Then, In (x) =nI1n (a) — m In (5) 


Differentiating both sides, we get 
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Therefore, maximum value of 


Note Errors in product and division can also be obtained by taking logarithm on both sides (in x =aborx= *) 
and then differentiating. 


© Example 2.13 The mass and density of a solid sphere are measured to be 
(12.4 + 0.1) kg and (4.6 + 0.2)kg/m?®. Calculate the volume of the sphere with 


>) 


error limits. 
Solution Here, m+ Am= (12.4+ 0.1)kg 


(rounding off to one decimal place) 


and p+ Ap=(4.6+ 0.2) kg/m? 
Volume 2 = 
p 4.6 
=2.69m? =2.7m°> 
Now, ae oe 
V m 
or AV =+ (= fe 
m 


jv 


= ( Ol 3] x 2.7=+0.14 


12.4 4.6 
Vt AV =(2.7+ 0.14) m? 


Example 2.14 Calculate percentage error in determination of time period of a 


pendulum 


r= 2n|2 
8 


where, | and g are measured with + 1% and + 2%. 


Solution T = 2n fe 
& 


or T= (ny (gy 


Taking logarithm of both sides, we have 


In (7)=In (2m)+ 5 (In »-(5] In (g) .-(1) 


Here, 27 is a constant, therefore In (27) is also a constant. 


Differentiating Eq. (i), we have 


1 ara0e4(2\an- 
T ZL 


(5) (dg) 
&: 
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or (=) = maximum value of gt a + 2 dg 
y lage ere 21 2¢8 
2\ 1 2\¢g 
This can also be written as 


[A x10) = 3| 4 x:100] +5 Ag 100 
c we OLE 2| ¢ 


or percentage error in time period 


: 1 : 
=t c (percentage error in /) + 5 (percentage error in a) 


=#[Jxt43x2]= 21.5% Ans. 
2 2 


Final Touch Points 


Order of Magnitude In physics, a number of times we come across quantities which vary over a 
wide range. For example, size of universe, mass of sun, radius of a nucleus etc. In this case, we use 
the powers of ten method. In this method, each number is expressed asin x 10”, where1 <n <10and 
mis a positive or negative integer.If n is less than or equal to 5, then order of number is 10” and 
ifn is greater than 5 then order of number is 107*". 

For example, diameter of the sun is 1.39 x 10° m. Therefore, the diameter of the sun is of the order of 
10° masnor1.39<5. 


Solved Examples 


Note 


Note 


Note 


Example 1 Round off 0.07284 to four, three and two significant digits. 


Solution 0.07284 (four significant digits) 
0.0728 (three significant digits) 
0.073 (two significant digits) 


Example 2. Round off 231.45 to four, three and two significant digits. 


Solution 231.5 (four significant digits) 
231 (three significant digits) 
230 (two significant digits) 


Example 3) Three measurements are a = 483, b = 73.67 and c= 15.67. Find the 
value @ to correct significant figures. 
c 


Solution ab _ 483 x 73.67 
c 15.67 
= 2270.7472 


=2.27x10° Ans. 


The result is rounded off to least number of significant figures in the given measurement i.e. 3 (in 483). 


Example 4 Three measurements are, a = 25.6, b = 21.land c= 2.43. Find the 
value a — b —c to correct significant figures. 
Solution a-b-c=25.6 -21.1-2.48 

=2.07=2.1 Ans. 


In the measurements, least number of significant digits after the decimal is one (in 25.6 and 21.1). Hence, 
the result will also be rounded off to one decimal place. 


Example 5 A thin wire has a length of 21.7 cm and radius 0.46 mm. Calculate 
the volume of the wire to correct significant figures. 

Solution Given, ]=21.7cm, r=0.46 mm =0.046 cm 

Volume of wire V = ar7/ 


= <= (0.046)? (21.7) 
= 0.1443 cm? =0.14 cm? 


The result is rounded off to least number of significant figures in the given measurements ie. 
2 (in 0.46 mm). 
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© Example 6 The radius of a sphere is measured to be (1.2 +0.2 ) cm. Calculate its 
volume with error limits. 


Solution Volume, V = ; oe : (= (1.23 


= 7.24 cm® = 7.2 cm® 


Further, AY. =3 (=) 
V r 


AV =3(")v _3x0.2x 7.2 


r i 


= 3.6 cm® 
V =(7.2+3.6) cm? 


© Example 7 Calculate equivalent resistance of two resistors R, and R, in 
parallel where, R, =(6 +0.2) ohmand R, =(38 £0.1) ohm 
Solution In parallel, 


1 1 1 : 
= + — . (1) 
R Rk Rk, 
or, fie. = CI) _ 2 ohm 
R,+R, 64+3 


Differentiating Eq. (i), we have 
dk dk, dk, 
fi ROR 


Therefore, maximum permissible error in equivalent resistance may be 


Substituting the values we get, 
R= huis + bie @)” 
6) (8) 
=0.07 ohm 
R=(2+0.07) ohm Ans. 


Exercises 


Objective Questions 


Single Correct Option 

1. The number of significant figures in 3400 is 
(a) 38 (b) 1 
(c) 4 (d) 2 

2. The significant figures in the number 6.0023 are 
(a) 2 (b) 5 
(c) 4 (d) 3 

3. The length and breadth of a metal sheet are 3.124 m and 3.002 m respectively. The area of this 
sheet upto correct significant figure is 
(a) 9.378 m? (b) 9.37 m? 
(c) 9.4 m? (d) None of these 

4. The length, breadth and thickness of a block are given by /= 12cm, b= 6cm and t= 2.45cm. 
The volume of the block according to the idea of significant figures should be 
(a) 1x10? cm? (b) 2x 10? em? 
(c) 1.763 x 10” em? (a) None of these 

5. If error in measurement of radius of a sphere is 1%, what will be the error in measurement of 
volume? 
(a) 1% o) 5% 
(c) 8% (d) None of these 

6. The density of a cube is measured by measuring its mass and length of its sides. If the 
maximum error in the measurement of mass and length are 4% and 3% respectively, the 
maximum error in the measurement of density will be 
(a) 7% (b) 9% 
(c) 12% (d) 13% 

7. Percentage error in the measurement of mass and speed are 2% and 3% respectively. The error 
in the measurement of kinetic energy obtained by measuring mass and speed will be 
(a) 12% (b) 10% 
(c) 8% (d) 5% 

8. A force Fis applied on a square plate of side L. If the percentage error in the determination of L 
is 2% and that in F'is 4%. What is the permissible error in pressure? 
(a) 8% (b) 6% (c) 4% (d) 2% 

9. The heat generated in a circuit is dependent upon the resistance, current and time for which 


the current is flown. If the error in measuring the above are 1%, 2% and 1% respectively, then 
maximum error in measuring the heat is 
(a) 8% (b) 6% (c) 18% (d) 12% 


10. 


11. 


12. 


13. 


14. 
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Let g be the acceleration due to gravity at the earth’s surface and K the rotational kinetic 
energy of the earth. Suppose the earth’s radius decreases by 2%. Keeping all other quantities 
constant, then 

(a) gincreases by 2% and K increases by 2% 

(b) gincreases by 4% and K increases by 4% 

(c) g decreases by 4% and K decreases by 2% 

(d) g decreases by 2% and K decreases by 4% 


A physical quantity A is dependent on other four physical quantities p, g, r and s as given by 


A= — The percentage error of measurement in p, g, r and s are 1%, 3%, 0.5% and 0.383% 


r°s 

respectively, then the maximum percentage error in A is 
(a) 2% (b) 0% 

(c) 4% (d) 3% 


The length of a simple pendulum is about 100 cm known to have an accuracy of 1 mm. Its period 
of oscillation is 2 s determined by measuring the time for 100 oscillations using a clock of 0.1 s 
resolution. What is the accuracy in the determined value of g? 


(a) 0.2% (b) 0.5% 

(c) 0.1% (d) 2% 

The mass of a ball is 1.76 kg. The mass of 25 such balls is 
(a) 0.44 x 10° kg (b) 44.0 kg 
(c) 44 kg (d) 44.00 kg 


The least count of a stop watch is 0.2 s. The time of 20 oscillations of a pendulum is measured to 
be 25 s. The percentage error in the time period is 

(a) 1.2% (b) 0.8 % 

(c) 1.8 % (d) None of these 


Subjective Questions 


1. 


Write down the number of significant figures in the following 


(a) 6428 (b) 62.00 m 

(c) 0.00628 cm (d) 1200 N 
. Write the number of significant digits in the following 

(a) 1001 (b) 100.1 

(c) 100.10 (d) 0.001001 
. State the number of significant figures in the following 

(a) 0.007 m” (b) 2.64 x 10" kg (c) 0.2370 g/em™ 
. Round the following numbers to 2 significant digits 

(a) 8472 (b) 84.16 

(c) 2.55 (d) 28.5 


. Perform the following operations 


(a) 703 + 7+ 0.66 (b) 2.21 x 0.3 (c) 12.4 x 84 


. Add 6.75 x 10° cm to 4.52 x 10” cm with regard to significant figures. 


25.2 x 1874 


. Evaluate seq All the digits in this expression are significant. 


30 


16. 


17. 


18. 


19. 
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. Solve with due regards to significant figures 


(4.0x 10-4 — 2.5x 10°) 


. The mass of a box measured by a grocer's balance is 2.300 kg. Two gold pieces of masses 20.15 g 


and 20.17 g are added to the box. What is (a) the total mass of the box, (b) the difference in the 
masses of the pieces to correct significant figures ? 


. A thin wire has length of 21.7 cm and radius 0.46 mm. Calculate the volume of the wire to 


correct significant figures. 


. Acube has a side of length 2.342 m. Find volume and surface area in correct significant figures. 


. Find density when a mass of 9.23 kg occupies a volume of 1.1 m®. Take care of significant 


figures. 


. Length, breadth and thickness of a rectangular slab are 4.234 m, 1.005 m and 2.01 m 


respectively. Find volume of the slab to correct significant figures. 


. The radius of a sphere is measured to be (2.1+ 0.5) cm. Calculate its surface area with error 


limits. 


. The temperature of two bodies measured by a thermometer are (20 + 0.5)°C and (50 + 0.5)° C. 


Calculate the temperature difference with error limits. 
The resistance R= . where V = (100+ 5.0) V and J = (10+ 0.2) A. Find the percentage error 


in R. 
2 


Find the percentage error in specific resistance given by p = a where r is the radius having 


value (0.2 + 0.02) cm, R is the resistance of (60 + 2) ohm and / is the length of (150 + 0.1) cm. 
A physical quantity p is related to four variables a, 8, y and nas 
7 0.382 
Py 


The percentage errors of measurements ina, f, yand ny are 1%, 3%, 4% and 2% respectively. Find 
the percentage error inp. 


The period of oscillation of a simple pendulum is T = 27.,/L/g. Measured value of Lis 20.0 cm 
known to 1 mm accuracy and time for 100 oscillations of the pendulum is found to be 90 s using 
a wrist watch of 1s resolution. What is the accuracy in the determination of g? 


Introductory Exercise 2.1 
1. (a) 0.01 cm 


Answers 


(b) 3 


(c) 6 and 2 are absolutely correct and 4 is doubtful. 


2. (a) 0.001 cm 


(b) 4 


(c) 3, 2 and 6 are absolutely correct and 7 is doubtful. 


Introductory Exercise 2.2 
1. (a) 4 (b) 2 
(e) 6 (4 
Introductory Exercise 2.3 
1. (a) 24600 (b) 24.9 
2. 742400, 742000, 740000 


Introductory Exercise 2.4 
1. (a) 261.2 (b) 1910 


Objective Questions 


1.(d)  2.(b) 3.(a) 4. (b) 
11. (c) 12.(a) 13. (b) 14. (b) 


Subjective Questions 

1. (a)4 (b)4 (c)3 (d)2 
(a)l (b)3 (c)4 

5. (a)711 (b)0.7 (c)1.0x 10? 
7. 1040 
9 
1 


si 


» (a) 2.3 kg (b) 0.02 gm 
. Area = 5.485 m?, Volume = 12.85 m? 


13. Volume = 8.55 m 
15. (30+ 19°C 


17. 23.4% 
19. 2.7% 


(c) 2 (d) 4 

(c) 36.4 (d) 42.4 x 10° 

2. (a) 20 (b) 0.020 
Exercises 


5. (c) 6. (d) 7. (c) 8. (a) 9. (b) 


2.(a)4 (b)4 (c)5 (d)4 
4. (a) 3500 (b) 84 (c)2.6 (d) 28 
6. 7.20 x 10? cm 


8.4.0 x 1074 


10. 0.14 cm? 
12. Density = 8.4 kg/m? 


14, (55.4 + 26.4) cm? 
16.7% 
18. 13% 


10. (b) 


Experiments 


Chapter Contents 


3.1 
3.2 
3.3 
3.4 
3.5 


3.6 
aut 


3.8 
3.9 


Vernier Callipers 

Screw Gauge 

Determination of 'g' using a Simple Pendulum 
Young's Modulus by Searle's Method 
Determination of Specific Heat 


Speed of Sound using Resonance Tube 
Verification of Ohm's Law using Voltmeter 


and Ammeter 
Meter Bridge Experiment 
Post Office Box 


3.10 Focal Length of a Concave Mirror using u-v method 


3.11 


Focal Length of a Convex Lens using u-v method 


3.1 Vernier Callipers 


Length is an elementary physical quantity. The device generally used in everyday life for 
measurement of length is a meter scale (we can also call it mm scale). It can be used for measurement 
of length with an accuracy of 1 mm. So, the least count of a meter scale is 1 mm. To measure length 
accurately upto 0.1 mm or 0.01 mm vernier callipers and screw gauge are used. 


Vernier callipers has following three parts : 
(i) Main scale It consists of a steel metallic strip M/, graduated in cm and mm at one edge. 
It carries two fixed jaws A and C as shown in figure. 


Main scale 


Fig. 3.1 


(ii) Vernier scale Vernier scale V slides on metallic strip M. It can be fixed in any position by screw 
S. The side of the vernier scale which slide over the mm sides has ten divisions over a length of 9 mm. 
B and D two movable jaws are fixed with it. When vernier scale is pushed towards A and C, then B 
touches A and straight side of C will touch straight side of D. In this position, if the instrument is free 
from error, zeros of vernier scale will coincide with zeros of main scales. To measure the external 
diameter of an object it is held between the jaws A and B, while the straight edges of C and D are used 
for measuring the internal diameter of a hollow object. 


(iii) Metallic strip There is a thin metallic strip F attached to the back side of M and connected with 
vernier scale. When jaws A and B touch each other, the edge of E touches the edge of M. When the 
jaws A and B are separated E moves outwards. This strip E is used for measuring the depth ofa vessel. 


Principle (Theory) 


In the common form, the divisions on the vernier scale V are smaller in size than the smallest division 
on the main scale M, but in some special cases the size of the vernier division may be larger than the 
main scale division. Let 1 vernier scale divisions (VSD) coincide with (n —1) main scale divisions 
(MSD). Then, 

nVSD=(n-1) MSD 


or ivsp=(*) Msp 
n 


MSD -1 vsp=1Msb-("—" 
n 


MSD = = MSD 
n 
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The difference between the values of one main scale division and one vernier scale division is known 
as Vernier Constant (VC) or the Least Count (LC). This is the smallest distance that can be 
accurately measured with the vernier scale. Thus, 


ca . , 
VC=LC=1MSD~—1VSD = 1 MSD = Smallest cyinen on dala e 
n Number of divisions on vernier scale 


In the ordinary vernier callipers one main scale division be 1 mm and 10 vernier scale divisions 
coincide with 9 main scale divisions. 


| VSD == MSD = 0.9 mm 


VC =1 MSD-—- 1 VSD = 1 mm— 0.9 mm 


= 0.1 mm = 0.01 cm 


Reading a Vernier Callipers 


If we have to measure a length AB, the end A is coincided with the zero of main scale, suppose the end 
B lies between 1.0 cm and 1.1 cm on the main scale. Then, 


1.0cm< AB <l.lom 


0 
Lebin 


Fig. 3.2 


Let 5th division of vernier scale coincides with 1.5 cm of main scale. 
Then, AB =1.04+5 x VC=(1.04+ 5x 0.01) cm= 1.05 cm 
Thus, we can make the following formula, 


Total reading = N +n x VC 


Here, NV = main scale reading before on the left of the zero of the vernier scale. 


n=number of vernier division which just coincides with any of the main scale division. 


Note That the main scale reading with which the vernier scale division coincides has no connection with reading. 


Zero Error and Zero Correction 


If the zero of the vernier scale does not coincide with the zero of main scale when jaw B touches A and 
the straight edge of D touches the straight edge of C, then the instrument has an error called zero 
error. Zero error is always algebraically subtracted from measured length. 


Zero correction has a magnitude equal to zero error but its sign is opposite to that of the zero error. 
Zero correction is always algebraically added to measured length. 


Zero error —— algebraically subtracted 
Zero correction ——> algebraically added 
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Positive and Negative Zero Errors 


If zero of vernier scale lies to the right of the main scale the zero error is positive and if it lies to the left 
of the main scale the zero error is negative (when jaws A and B are in contact). 


Positive zero error = (N +x x VC) 


Here, N = main scale reading on the left of zero of vernier scale. 


x = vernier scale division which coincides with any main scale division. 


When the vernier zero lies before the main scale zero the error is said to be negative zero error. If 8th 


vernier scale division coincides with the main scale division, then 


Summary 


1. VC=LC= 


1MSD _ 


Negative zero error =— [0.00 cm+8 x VC] 


=—[0.00cm +8 x 0.01 cm] 
=—0.08cm 
No Zero Error 
0 9mm 
| LL L_LLL I | Main scale 
| Prt | Cs Vernier scale 
0 10 divisions 
Negative Error 
0 9mm 
|_| | | Lt | | Main scale 
| I | } PP aed | Vernier scale 
0 10 divisions 
Positive Error 
(0 9mm 
| oe | | | || Main scale 
i ee i kel Vernier scale 
° 8 10 divisions 


Fig. 3.3 Positive and negative zero error 


Smallest division on main scale 


n 


Number of divisions on vernier scale 


2. In ordinary vernier callipers, 1 MSD = 1mm and n=10 


VC or 


Mos. tn =0.01cm 
10 


3. Total reading =(N +x VC) 


> 


Zero correction = — zero error 
Zero error is algebraically subtracted while the zero correction is algebraically added. 


=1MSD-1VSD 
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. Ifzero of vernier scale lies to the right of zero of main scale the error is positive. The actual length 
in this case is less than observed length. 


. If zero of vernier scale lies to the left of zero of main scale the error is negative and the actual 
length is more than the observed length. 


. Positive zero error =(N +x xX VC) 


© Example 3.1 N divisions on the main scale of a vernier callipers coincide with 
N +1 divisions on the vernier scale. If each division on the main scale is of a 
units, determine the least count of the instrument. (JEE 2003) 


Solution (N +1) divisions on the vernier scale = N divisions on main scale 


1 division on vernier scale = divisions on main scale 


+1 


Each division on the main scale is of a units. 


ee : N : } 
1 division on vernier scale = i a units = a’ (say) 
+ 


Least count = | main scale division — 1 vernier scale division 


, N a 
=a-a=a a= 
ai N+1 


© Example 3.2 In the diagram shown in figure, find the magnitude and nature 
of zero error. 


Fig. 3.4 
Solution Here, zero of vernier scale lies to the right of zero of main scale, hence, it has 
positive zero error. 
Further, N=0, x=5, LC or VC=0.01 cm 
Hence, Zero error=N+xxVC 
=0+5x 0.01=0.05cm 
Zero correction = — 0.05cm 
.. Actual length will be 0.05 cm less than the measured length. 


© Example 3.3 The smallest division on main scale of a vernier callipers is 
1mm and 10 vernier divisions coincide with 9 main scale divisions. While 
measuring the length of a line, the zero mark of the vernier scale lies between 
10.2 cm and 10.3 cm and the third division of vernier scale coincides with a 
main scale division. 


(a) Determine the least count of the callipers. 
(6) Find the length of the line. 
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Solution (a) Least Count (LC) = Smallest chision on penpals 
Number of divisions on vernier scale 
= a mn=0.lmm = 0.0lcm 

10 


(b) L=N +n(LC)= (10.24 3x 0.01)cm= 10.23cm 


INTRODUCTORY EXERCISE | 


1. The main scale of a vernier callipers reads 10 mm in 10 divisions. Ten divisions of vernier scale 
coincide with nine divisions of the main scale. When the two jaws of the callipers touch each 
other, the fifth division of the vernier coincides with 9 main scale divisions and the zero of the 
vernier is to the right of zero of main scale, when a cylinder is tightly placed between the two jaws, 
the zero of the vernier scale lies slightly to the left of 3.2 cm and the fourth vernier division 
coincides with a main scale division. Find diameter of the cylinder. 


2. In a vernier callipers, N divisions of the main scale coincide with N + m divisions of the vernier 
scale. What is the value of m for which the instrument has minimum least count. 


3.2 Screw Gauge 


Principle of a Micrometer Screw 


The least count of vernier callipers ordinarily available 
in the laboratory is 0.01 cm. When lengths are to be 
measured with greater accuracy, say upto 0.001 cm, 
screw gauge and spherometer are used which are based 
on the principle of micrometer screw discussed 
below. 


If an accurately cut single threaded screw is rotated ina 
closely fitted nut, then in addition to the circular motion 
of the screw there is a linear motion of the screw head in the forward or backward direction, along the 
axis of the screw. The linear distance moved by the screw, when it is given one complete rotation is 
called the pitch (p) of the screw. This is equal to the distance between two consecutive threads as 
measured along the axis of the screw. In most of the cases, it is either 1 mm or 0.5 mm. A circular cap 
is fixed on one end of the screw and the circumference of the cap is normally divided into 100 or 50 


Fig. 3.5 


1 
equal parts. If it is divided into 100 equal parts, then the screw moves forward or backward by 100 


1 
[or +) of the pitch, if the circular scale (we will discuss later about circular scale) is rotated through 


one circular scale division. It is the minimum distance which can be accurately measured and so 
called the Least Count (LC) of the screw. 


Pitch 
Number of divisions on circular scale 


Thus, Least count = 
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If pitch is 1 mm and there are 100 divisions on circular scale then, 


=0.001cm =10um 
Since, LC is of the order of 10 um, the screw is called micrometer screw. 


Screw Gauge 


Screw gauge works on the principle of Circular (Head) 
micrometer screw. It consists of a U-shaped Scale 
metal frame M. At one end of it is fixed a small 
metal piece A. It is called stud and it has a plane 
face. The other end N of M carries a cylindrical 
hub H. It is graduated in millimeter and half 
millimeter depending upon the pitch of the 
screw. This scale is called linear scale or pitch 
scale. 


A nut is threaded through the hub and the frame 
N. Through the nut moves a screw S. The front 
face B of the screw, facing the plane face A is Fig. 3.6 

also plane. A hollow cylindrical cap K is 

capable of rotating over the hub when screw is rotated. As the cap is rotated the screw either moves in 
or out. The surface E of the cap K is divided into 50 or 100 equal parts. It is called the circular scale or 
head scale. In an accurately adjusted instrument when the faces A and B are just touching each other. 
Zero of circular scale should coincide with zero of linear scale. 


Linear (Pitch) 
Scale 


To Measure Diameter of a Given Wire Using a Screw Gauge 


If with the wire between plane faces A and B, the edge of the cap lies ahead of N th division of linear 
scale, and nth division of circular scale lies over reference line. 


Fig. 3.7 


Then, Total reading = N +nx LC 
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Zero Error and Zero Correction 


If zero mark of circular scale does not coincide with the zero of the pitch scale when the faces A and B 
are just touching each other, the instrument is said to possess zero error. If the zero of the circular 
scale advances beyond the reference line the zero error is negative and zero correction is positive. If 
it is left behind the reference line the zero is positive and zero correction is negative. For example, if 
zero of circular scale advances beyond the reference line by 5 divisions, zero correction = + 5 x (LC) 
and if the zero of circular scale is left behind the reference line by 5 divisions, zero correction 
=-5~x (LC). 


Circular scale Circular scale 
OF EO 
E-9 E-9 
E 0 = 
Reference line Reference line 
(a) Positive zero error (b) Negative zero error 
Fig. 3.8 


Note In negative zero error 95" division of the circular scale is coinciding with the reference line. Hence there are 
5 divisions between zero mark on the circular scale and the reference line. 


Back Lash Error 
When the sense of rotation of the screw is suddenly changed, the screw head may rotate, but the screw 
itself may not move forward or backwards. Thus, the scale reading may change even by the actual 
movement of the screw. This is known as back lash error. This error is due to loose fitting of the 
screw. This arises due to wear and tear of the threading due to prolonged use of the screw. To reduce 
this error the screw must always be rotated in the same direction for a particular set of observations. 


© Example 3.4 The pitch of a screw gauge is 1 mm and there are 100 divisions 
on the circular scale. In measuring the diameter of a sphere there are six 
divisions on the linear scale and forty divisions on circular scale coincide with 
the reference line. Find the diameter of the sphere. 


Solution LC= 2 = 0.01 mm 
100 


Linear scale reading = 6 (pitch) = 6mm 
Circular scale reading = n (LC) = 40 x 0.01= 0.4 mm 
Total reading = (6+ 0.4)= 6.4 mm 


© Example 3.5 The pitch of a screw gauge is 1 mm and there are 100 divisions 
on circular scale. When faces A and B are just touching each without putting 
anything between the studs 32nd division of the circular scale (below its zero) 
coincides with the reference line. When a glass plate is placed between the studs, 
the linear scale reads 4 divisions and the circular scale reads 16 divisions. Find 
the thickness of the glass plate. Zero of linear scale is not hidden from circular 
scale when A and B touches each other. 


Solution Least count (LC) = = =e il 
Number of divisions on circular scale 100 


= 0.01 mm 
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As zero is not hidden from circular scale when A and B touches each other. Hence, the screw 
gauge has positive error. 


e=+n(LC)= 32x 0.01= 0.32 mm 
Linear scale reading = 4 x (Lmm)= 4 mm 
Circular scale reading = 16 x (0.01 mm) = 0.16 mm 
Measured reading = (4 + 0.16) mm= 4.16 mm 
Absolute reading = Measured reading — e 
= (4.16— 0.32) mm= 3.84 mm 
Therefore, thickness of the glass plate is 3.84 mm. 


INTRODUCTORY EXERCISE 
1. Read the screw gauge shown below in the figure. 
Given that circular scale has 100 divisions and in one complete |, , |, 70 
rotation the screw advances by 1mm. 0 5 10 
Scale 
Fig. 3.9 


2. The pitch of a screw gauge having 50 divisions on its circular scale is 1 mm. When the two jaws of 
the screw gauge are in contact with each other, the zero of the circular scale lies 6 divisions 
below the line of graduation. When a wire is placed between the jaws , 3 linear scale divisions are 
clearly visible while 31st division on the circular scale coincides with the reference line. Find 
diameter of the wire. 


3.3 Determination of ‘g’ using a o_ Pendulum 


In this experiment, a small spherical bob is - 
hanged with a cotton thread. This arrangement is (8 should be small) 
called simple pendulum. The bob is displaced , 
slightly and allowed to oscillate. 

The period of small oscillations is given by oe 


Th. fe = 
r= |? Fig. 3.10 
&§ 


where, L=l+r (as shown in figure) 
= equivalent length of pendulum 
4n7L ; 
g= (i) 
T 2 


To find time period, time taken for 50 oscillations is noted using a stop watch. 


_ Time taken for 50 oscillations 
- 50 


Now, substituting the values of T and L in Eq. (i), we can easily find the value of 'g' 
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Graphical Method of Finding Value of g 


Eq. (1) can also be written as ie 
> _{ 41? ) - 
PS) — 16 .. (ii) Fi 
& ) Slope = tan @ = "> 
=> T? el 
Therefore, T* versus L graph is a straight line passing through 
eee 4n? 

origin with slope =| —— O . 

g ) Fig. 3.11 


Therefore, from the slope of this graph (= 427/ g) we can determine the value of g. 


© Example 3.6 Ina certain observation we get 1 = 23.2 cm, r =1.382 cmand time 
taken for 20 oscillations was 20.0 sec. Taking xn” = 10, find the value of g in 
proper significant figures. 
Solution Equivalent length of pendulum, 
L= 23.2 cm+ 1.32 cm = 24.52 cm 
= 24.5 cm (according to addition rule of significant figures) 
Time period, T = > = 1.00 s. Time period has 3 significant figures 
_ 4x 10x 24.5x 107 
(1.00)? 


= 9.80 m/s” Ans. 


Now, g=(4n") 
T 


© Example 3.7. For different values of L, we get different values of T*. The 
graph between L versus T” is as shown in figure. Find the value of 'g' from the 
given graph. (Take n” = 10). 


Solution From the equation, T=2n = 
& 
we get, L=(£5)r = Le 
4n 


i.e. Lversus T? graph is a straight line passing through origin with slope = — 
An 
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Slope = tan 8 = — or g=(4n")tan® 
4n 


_ 4X 10x 0.98 _ 9.8 m/s2 Ans. 


© Example 3.8 Ina certain observation we got, 1 =23.2 cm,r =1.32 cmand time 
taken for 10 oscillations was 10.0 s. Find, maximum percentage error in 
determination of 'g'. 


Solution 7=232cm => Al=0.1 cm 
r=132cm => Ar=0.01 cm 
t=100s => At=0.1s 


Now, g=dn( 5) =an° aed 
(t/n) 


.. Maximum percentage error in g will be 


(22) 100=| ME + 2 A 100 
g I+r t 


-| 0.1+0.01 | 4. ox 10 
23.24 1.32 10.0 

=2.4% Ans. 
INTRODUCTORY EXERCISE 


What is a second's pendulum ? 

Why should the amplitude be small for a simple pendulum experiment ? 

Does the time period depend upon the mass, the size and the material of the bob ? 
What type of graph do you expect between (i) L and T and (ii) L and T°? 

Why do the pendulum clocks go slow in summer and fast in winter ? 

Why do we use Invar material for the pendulum of good clocks ? 

A simple pendulum has a bob which is a hollow sphere full of sand and oscillates with 
certain period. If all that sand is drained out through a hole at its bottom, then its period 
(a) increases (b) decreases 

(c) remains same (d) is zero 

8. The second's pendulum is taken from earth to moon, to keep the time period constant 
(a) the length of the second's pendulum should be decreased 

(b) the length of the second's pendulum should be increased 

(c) the amplitude should increase 

(d) the amplitude should decrease 


NOahoON >= 
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3.4 Young's Modulus by Searle's Method 


Young's modulus of a wire can be determined by an ordinary experiment as discussed below. 


L 
Load = w= Mg 

I 

if 

I 


Fig. 3.13 


A mass M is hanged from a wire of length L, cross sectional radius r and Young's modulus Y. Let 
change in length in wire is /, Then, 


FM: 
Stress = — = —é 
A tr 
. i 
Strain = — 
L 
St Mg/nr* 
and Young's modulus Y = a or Y= 
Strain /L 
i 
(ym 
tr’ Y 
(Sy) 
or {= 5 w 
tr Y 
=> lxw 


Therefore, / versus w graph is a straight line passing through origin with 


Slope = —,— = tan 0 
tr Y 
Elongation (/) 
A 
Slope = tan 6 
= 
mr2Y 


(i) 


~ mr? (tan @) 


Thus, by measuring the slope (or tan 8) we can find Young's modulus Y from Eq. (i). 


2 
Note We can also take load along y-axis and elongation along x-axis. In that case, slope = x 


Chapter 3. Experiments ° 45 


Limitations of this Method 


Fig. 3.15 


1. For small loads, there may be some bends or kinks in the wire. So, it is better to start with some 
initial weight, so that wire becomes straight. 


2. There is slight difference in behaviour of wire under loading and unloading load. 


Load Load 
A 
Loading 
Unloading 
Loading ’ 
Unloading 
> Elongation Elongation 
Ideal situation Real situation 
Fig. 3.16 


Modification in Searle's Method 


To keep the experimental wire straight and kink free we start with some dead load (say 2 kg). Now, 


we gradually increase the load and measure the extra elongation. 
Al 


Slope = tan 6 


Aw 
Fig. 3.17 
_( £ 
-(=5]» 
=> a=( Z Jaw 
Tr Y 
=> Al « Aw 


or A/ versus Aw graph is again a straight line passing through origin with same slope, —— 
tr Y 
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To measure extra elongation, compared to initial loaded position, we use a reference wire also 
carrying 2 kg. 


Experiment 
wire 


Reference 
wire 


2 kg 


Fig. 3.18 
Searle's Apparatus sO haan Cage 
; ? ® = 

It consists of two metal frames P and Q hinged together, such that e oi Bi 5 o 
they can have only vertical relative motion. A spirit level (S.L.) is 53! 5s 
supported at one end on a rigid cross bar frame whose other end rests & A oc id 
on the tip of a micrometer screw C. If there is any relative motion F WZ WZA F 
between the two frames, the spirit level no longer remains horizontal 


and the bubble is displaced in the spirit level. 


To bring the bubble back to its original position, the screw has to be 
moved up or down. The distance through which the screw has to be 
moved gives the relative motion between the two frames. 


The frames are suspended by two identical long wires of the same 
material, from the same rigid horizontal support. Wire B is the 
experimental wire and the wire A acts simply as a reference wire. The 
frames are provided with hooks H, and H, at their ends from which 
weights are suspended. The hook H, attached to the frame of the 
reference wire carries a constant weight W to keep the wire taut. To 
the hook H, of the experimental wire (1.e. wire B), is attached a 
hanger over which slotted weights can be placed to apply the 
stretching force, Mg. 


Method 


Step 1) Measure the length of the experimental wire. 


Step 2. Measure the diameter of the experimental wire with the help of a screw gauge at about five 
different places. 


Step 3 Find pitch and least count of the micrometer and adjust it such that the bubble in spirit level 
is exactly at the centre. Also note down the initial reading of micrometer. 


Step 4) Gradually increase the load on the hanger H,, in steps of 0.5 kg. Observe the reading on the 


micrometer at each step after levelling the instrument with the help of spirit level. To avoid the 
backlash error, all the final adjustments should be made by moving the screw in the upward direction 


only. 


Step 5 Unload the wire by removing the weights in the same order and take the reading on the 
micrometer screw each time. The readings during loading and unloading should agree closely. 


Step 6 Plot Al versus Aw graph and from its slope determine the value of Y. We have seen above 


that, 


Observation 


Slope = tan 8 = 


mr°Y 
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L 


7 (ur) tan 0 


Initial reading /=0.540 mm, Radius of the wire = 0.200 mm 


Extra load 
S.No. on hanger 
Am (kg) 
0.5 
1.0 
1.5 
2.0 
2.5 
3.0 
3.5 
4.0 
45 
5.0 


O}DMDINIDO I AIR }/WO!}/MY ]— 


a 
[o) 


Micrometer reading Mean 
Extra load reading 
Aw(N) During loading During unloading (p + q)/2 
(P) (mm) (q) (mm) (mm) 
5 0.555 0.561 0.558 
10 0.565 0.571 0.568 
15 0.576 0.580 0.578 
20 0.587 0.593 0.590 
25 0.597 0.603 0.600 
30 0.608 0.612 0.610 
35 0.620 0.622 0.621 
40 0.630 0.632 0.631 
45 0.641 0.643 0.642 
50 0.652 0.652 0.652 
Extra t 
Elongation 0.112 G 
aie) 0.102 slope = tan @ -5e 
0.060 
0.018 
Extra load 
Aw(N) 


Extra 
elongation 
(mm) 
0.018 
0.028 
0.038 
0.050 
0.060 
0.070 
0.081 
0.091 
0.102 
0.112 
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© Example 3.9 The adjacent graph shows the extension (Al) of a wire of length 
1 m suspended from the top of a roof at one end and with a load w connected to 
the other end. If the cross-sectional area of the wire is 10°° m?, calculate from 
the graph the Young’s modulus of the material of the wire. (JEE 2003) 
Al(x10-4 m) 


20 40 60 80 
Fig 3.21 


Solution Al -(}e => Al«xw 
YA 


i.e. Al versus w graph is a straight line passing through origin (as shown in question also), the 


slope of which is — . 
YA 


-( f) (80 — 20) 
10° / (4=1) «107 
=2.0x10'! N/m? Ans. 


© Example 3.10 In Searle’s experiment, which is used to find Young’s modulus 
of elasticity, the diameter of experimental wire is D=0.05 cm (measured by a 
scale of least count 0.001 cm) and length is L = 110 cm (measured by a scale of 
least count 0.1 cm). A weight of 50 N causes an extension of 1=0.125 cm 
(measured by a micrometer of least count 0.001 cm). Find maximum possible 
error in the values of Young’s modulus. Screw gauge and meter scale are free 


from error. (JEE 2004) 
Solution Young’s modulus of elasticity is given by 
stress 
Y= - 
strain 


_FIA_ FL FL 
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Substituting the values, we get 
50x 1.1« 4 


(1.25x 10° )x mx (5.0x 107)? 
=2.24x10!! N/m? 

AY AL Al. Ad 
=—+—+ 


Now, 2 
¥ £ J d 
= (24). 2000) + 22204) - woate 
110) (0.125 0.05 
AY = (0.0489) Y 
= (0.0489) x (2.24 x 10! ) N/m? 
=1.09x 10'° Nm?” Ans. 
INTRODUCTORY EXERCISE 


1. Astudent performs an experiment to determine Young's modulus of a wire, exactly 2 m long by 
Searle's method. In a particular reading the student measures the extension in the length of the 
wire to be 0.8 mm with an uncertainty of + 0.05 mm at a load of 1.0 kg . The student also 
measures the diameter of the wire to be 0.4 mm with an uncertainty of + 0.01 mm. Take 
g =9.8 m/s? (exact). Find Young's modulus of elasticity with limits of error. 

2. Which of the following is wrong regarding Searle's apparatus method in finding Young's modulus 
of a given wire ? 

(a) Average elongation of wire will be determined with a particular load while increasing the load 
and decreasing the load. 

(b) Reference wire will be just taut and experimental wire will undergo for elongation. 

(c) Air bubble in the spirit level will be disturbed from the central position due to relative 
displacement between the wires due to elongation. 

(d) Average elongation of the wires is to be determined by increasing the load attached to 
both the wires. 


3.5 Determination of Specific Heat 


Determination of Specific Heat Capacity of a given Solid 
Specific heat of a solid can be determined by the "Method of Mixture" using the concept of the 
"Law of Heat Exchange" i.e. 
Heat lost by hot body = Heat gained by cold body 


The method of mixture is based on the fact that when a hot solid body is mixed with a cold body, the 
hot body loses heat and the cold body absorbs heat until thermal equilibrium is attained. At 
equilibrium, final temperature of mixture is measured. The specific heat of the solid is calculated with 
the help of the law of heat exchange. 
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Let 
Mass of solid = m, kg 
Mass of liquid = m, kg 
Mass of calorimeter = m, kg 
Initial temperature of solid =7,K 
Initial temperature of liquid = 7, K Thermometer 
Initial temperature of the calorimeter = 7'.K 


Caloriemeter 


Specific heat of solid = c, Liquid 
Specific heat of liquid = c, Solid substance 


Specific heat of the material of the calorimeter = c, 


Fig. 3.22 


Final temperature of the mixture = 7K 
According to the law of heat exchange 
Qrost by solid = Qcained by liquid + Ocained by calorimeter 
m,c, (I, ~T)= mjc; (T -T;)+m,c, (1 -T,) 
_ mec, T—-T,)+m,c, I —-T,) 
= m, (1, -T) 


Which is the required value of specific heat of solid in J/kg-K. 


Determination of Specific Heat Capacity of the given Liquid by the 
Method of Mixtures 


To determine the specific heat capacity of a liquid by the method of mixtures a solid of known 
specific heat capacity is taken and the given liquid is taken in the calorimeter in place of water. 
Suppose a solid of mass m, and specific heat capacity c, is heated to T,°C and then mixed with 

m, mass of liquid of specific heat capacity c, at temperature 7,. The temperature of the mixture is 7’. 
Then, 


Heat lost by the solid = m,c, (T, —T) 
Heat gained by the liquid plus calorimeter = (m,c, +m,.c,) (IT —T,) 
By law of heat exchange, 
Heat lost = Heat gained 
M,C (7, -T)= (mc +™M,C, ) (T -T,) 
From this equation, we calculate the value of c,. However, the procedure remains exactly the same as 
done previously. 
Note Specific heat is also called specific heat capacity and may be denoted by S, similarly temperature by 8. 
© Example 3.11 The mass, specific heat capacity and the temperature of a solid 
1 : iyi 
are 1000 g, 5 cal/ g-°C and 80°C respectively. The mass of the liquid and the 
calorimeter are 900 g and 200 g. Initially, both are at room temperature 20°C. 
Both calorimeter and the solid are made of same material. In the steady state, 


temperature of mixture is 40° C, then find the specific heat capacity of the 
unknown liquid. 
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Solution m, = mass of solid = 1000g, S, = specific heat of solid = : cal/g -° C 


= S, or specific heat of calorimeter 
m, = mass of calorimeter = 200g 
m3 = mass of unknown liquid = 900g 
S, = specific heat of unknown liquid 


From law of heat exchange, 
Heat given by solid = Heat taken by calorimeter + Heat taken by unknown liquid 


mS, |A®, |= mS, |A®, |+ mS, |AG; | 
1000% 5 x (80-40) = 200 x > (40 20) + 900x S'; (40-20) 


Solving this equation we get, S, = lcal/g-° C Ans. 


Electrical Calorimeter 


Figure shows an electrical calorimeter to determine 
specific heat capacity of an unknown liquid. We take a 
known quantity of liquid in an insulated calorimeter and 
heat it by passing a known current (7) through a heating 
coil immersed within the liquid. First of all, mass of 
empty calorimeter is measured and suppose it is m,. 
Then, the unknown liquid is poured in it. Now, the 
combined mass (of calorimeter and liquid) is measured 
and let it be m,. So, the mass of unknown liquid is 
(m, —m, ). Initially, both are at room temperature (6 g ). 


Now, current 7 is passed through the heating coil at a 
potential difference V for time ¢. Due to this heat, the Calorimeter 

temperature of calorimeter and unknown liquid increase Fig. 3.23 
simultaneously. Suppose the final temperature is 9 fz If there is no heat loss to the surroundings, then 
Heat supplied by the heating coil = heat absorbed by the liquid + heat absorbed by the calorimeter. 


Vit =(m, —m,) S;@ , —89)+m,S, (0 ¢ — 9) 


Here S, = Specific heat of unknown liquid and 
S.. = Specific heat of calorimeter 
i : . 1 Vit 
Solving this equation we get, S;= = mS, 
My — Mm, 6 f _ 6 0 


Note The sources of error in this experiment are errors due to improper connection of the heating coil and the 
radiation losses. 
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© Example 3.12 In electrical calorimeter experiment, voltage across the heater is 
100.0 Vand current is 10.0 A. Heater is switched on for t = 700.0 s. Room 
temperature is 8, = 10.0°C and final temperature of calorimeter and unknown 
liquid is 8; = 73.0°C. Mass of empty calorimeter is m, = 1.0 kg and combined 
mass of calorimeter and unknown liquid is m, = 3.0 kg. Find the specific heat 
capacity of the unknown liquid in proper significant figures. Specific heat of 
calorimeter = 3.0 x 10° J/kg°C 
Solution Given, V=100.0 V, i=10.0A, ¢=700.0s, 0) =10.0°C, 8; = 73.0°C, 

m, =1.0 kg and m, =3.0 kg 


Substituting the values in the expression, 


S;) = l a mS, 
My — Mm, 9; —8y 


1 [ (100.0)(10.0)(700.0) 
3.0-1.0 73.0— 10.0 


= 4.1103 J/kg°C Ans. 


we have, = (1.0) (3.0x 107 | 


(According to the rules of significant figures) 


3.6 Speed of Sound using Resonance Tube 
Apparatus 


Figure shows a resonance tube. It consists of a long 
vertical glass tube 7’. A metre scale S (graduated in mm) is 
fixed adjacent to this tube. The zero of the scale coincides 
with the upper end of the tube. The lower end of the tube T 
is connected to a reservoir R of water tube through a pipe 
P. The water level in the tube can be adjusted by the 
adjustable screws attached with the reservoir. The vertical 
adjustment of the tube can be made with the help of 
levelling screws. For fine adjustments of the water level in 
the tube, the pinchcock is used. 


Principle 


If a vibrating tuning fork (of known frequency) is held 
over the open end of the resonance tube 7, then resonance 
is obtained at some position as the level of water is 
lowered. If e is the end correction of the tube and /, is the 
length from the water level to the top of the tube, then 


jrenbai(2] ...(i) 


4 4 
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Here, v is the speed of sound in air and f is the frequency of tuning fork (or air column). Now, the 
water level is further lowered until a resonance is again obtained. If/, is the new length of air column, 


Then, = 
k 


ef fe 
r K 
I 
¥ 
lo 
Y 
Dre, Fi ; (ii) 
Subtracting Eq. (1) from Eq. (ii), we get 
l({v ae 
L-| =5 7 or | v=2f (1, -1,) ... (iii) 


So, from Eq. (111) we can find speed of sound v. 
Note We have nothing to do with the end correction e, as far as v is concerned. 
© Example 3.13 Corresponding to given observation calculate speed of sound. 
Frequency of tuning fork = 340 Hz 


Length from the water level (in cm) 


Resonance 
During falling During rising 
First 23.9 24.1 
Second 73:9 744 


Solution Mean length from the water level in first resonance is 


23.9+ 24.1 
I a ——_—_—_— 
2 
= 24.0 cm 
Similarly, mean length from the water level in second resonance is 
73.9+ 74.1 
l, = 
2 
= 74.0 cm 
.. Speed of sound, 
v=2f(l,-h) 


= 2x 340(0.740- 0.240) 
= 340 m/s Ans. 
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© Example 3.14 If a tuning fork of frequency (340 + 1%) is used in the resonance 
tube method and the first and second resonance lengths are 20.0 cm and 74.0 cm 
respectively. Find the maximum possible percentage error in speed of sound. 


Solution /, = 20.0 cm 


= Al, = 0.1. em 
=> 1, = 74.0 cm 
Bx Al, = 0.1 em 
v=2f(L —1,) 
BY pipe eipoe | een 
Vv lL, -i 
= 1% 4 0.1+ 0.1 x 100 
74.0— 20.0 
= 1% +0.37%=1.37% Ans. 
INTRODUCTORY EXERCISE 


1. In the experiment for the determination of the speed of sound in air using the resonance column 
method, the length of the air column that resonates in the fundamental mode, with a tuning fork is 
0.1 m. When this length is changed to 0.35 m, the same tuning fork resonates with the first 


overtone. Calculate the end correction. (JEE 2003) 
(a) 0.012 m (b) 0.025 m 
(c) 0.05 m (d) 0.024 m 


2. Astudent is performing the experiment of resonance column. The diameter of the column tube is 
4cm. The frequency of the tuning fork is 512 Hz. The air temperature is 38° C in which the speed 
of sound is 336 m/s. The zero of the meter scale coincides with the top end of the resonance 


column tube. When the first resonance occurs, the reading of the water level in the column is 
(JEE 2012) 


(a) 14.0 cm (b) 15.2 cm 
(c) 6.4 cm (d) 17.6 cm 


3.7 Verification of Ohm's Law using Voltmeter and Ammeter 


Ohm’s law states that the electric current J flowing through a conductor is directly proportional to the 
potential difference (V ) across its ends provided that the physical conditions of the conductor (such as 
temperature, dimensions, etc.) are kept constant. Mathematically, 


V«xl or V=IJR 


Here, R is a constant known as resistance of the conductor and depends on the nature and dimensions 
of the conductor. 
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Circuit Diagram The circuit diagram is as shown below. 


K 
<“\Hi <—_(e} 


Ammeter 


Voltmeter 
Fig. 3.26 


Procedure 


By shifting the rheostat contact, readings of ammeter and voltmeter are 
noted down. At least six set of observations are taken. Then, a graph is 
plotted between potential difference V and current /. The graph comes to 
be a straight line as shown in figure. 


| (amp) 


Result V (volt) 


Fig. 3.27 


; eae 
It is found from the graph that the ratio 4 is constant. Hence, current 


voltage relationship is established, i.e. V « J. It means Ohm’s law is established. 


Precautions 
1. The connections should be clean and tight. 
Rheostat should be of low resistance. 
Thick copper wire should be used for connections. 
The key should be inserted only while taking observations to avoid heating of resistance. 


oP wns 


The effect of finite resistance of the voltmeter can be over come by using a high resistance 
instrument or a potentiometer. 


6. The lengths of connecting wires should be minimised as much as possible. 
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Error Analysis 
The error in computing the ratio 


Ve, 
R= . is given by 
AR_ AV if Al 
R VI 
where, AV and A/ are the order of the least counts of the instruments used. 


© Example 3.15 What result do you expect in above experiment, if by mistake, 
voltmeter is connected in series with the resistance. 
Solution Due to high resistance of voltmeter, current (and therefore reading of ammeter) in the 
circuit will be very low. 


© Example 3.16 What result do you expect in above experiment if by mistake, 
ammeter is connected in parallel with voltmeter and resistance as shown in 


figure? 


Fig. 3.28 


Solution As ammeter has very low resistance, therefore most of the current will pass through 
the ammeter so reading of ammeter will be very large. 


© Example 3.17 In the experiment of Ohm's law, when potential difference of 
10.0 V is applied, current measured is 1.00 A. If length of wire is found to be 
10.0 cm and diameter of wire 2.50 mm, then find maximum permissible 
percentage error in resistivity. 


Solution R= ps = ie ..-(1) 
A ol 
where, p = resistivity and 


A = cross sectional area 
Therefore, from Eq. (1) 
2 
eek see! (ii) 


Wo All 
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2 
where, A= ae (d = diameter) 


From Eq. (ii), we can see that maximum permissible percentage error in p will be 


sm) ES} 


=[2% 0.01, 0.1, OL, 201) 100 


2.50 10.0 10.0 1.00 
=3.8% Ans. 
© Example 3.18 Draw the circuit for experimental verification of Ohm’s law 


using a source of variable DC voltage, a main resistance of 100 Q, two 
galvanometers and two resistances of values 10° Q and 10™? Q respectively. 


Clearly show the positions of the voltmeter and the ammeter. [JEE 2004] 
Solution _-.. Ammeter __----- .._ Voltmeter 

10-3 OF ~ 1080 

meATATAYATAYAG AYAYAYAYAYA 


Variable DC voltage 
Fig. 3.29 


INTRODUCTORY EXERCISE 


1. In an experiment, current measured is, / = 10.0 A, potential difference measured is V = 100.0 V, 
length of the wire is 31.4 cm and the diameter of the wire is 2.00 mm (all in correct significant 
figures). Find resistivity of the wire in correct significant figures. [Take z = 3.14, exact] 

2. In the previous question, find the maximum permissible percentage error in resistivity and 
resistance. 

3. To verify Ohm’s law, a student is provided with a test resistor R;, a high resistance R,, a small 
resistance R,, two identical galvanometers G, and G,, and a variable voltage source V. The 
correct circuit to carry out the experiment is 


Rr Ri Rr Ro Rr Rr 
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3.8 Meter Bridge Experiment 


Meter bridge works on Wheat stone's bridge principle and is used to find the unknown resistance (X) 
and its specific resistance (or resistivity). 


Theory 


As the metre bridge wire AC has uniform material density and area of cross-section, its resistance is 
proportional to its length. Hence, AB and BC are the ratio arms and their resistances correspond to P 
and Q respectively. 

Resistance of ABP _ Al l 


Resistance of BC OQ 2100-1) 100—/ 


Thus, 


Here, A is the resistance per unit length of the bridge wire. 


Unknown resistance 


Resistance box 


0 70 80 90 100 
SENHOAWERUGHUGHOGHUORTERU ORTON OEHTORTET 
Q 
. | a (100-1) 
A 
E 
kK a 
1 “ 
Fig. 3.31 


Hence, according to Wheatstone’s bridge principle, 
When current through galvanometer is zero or bridge is balanced, then 


P_R 
O- x 
or x=LrR 
P 
-() (i 


So, by knowing R and / unknown resistance X can be determined. 
Specific Resistance From resistance formula, 


or p= 
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For a wire of radius r or diameter D =2r, 
D 

A=mr? =—— 
4 


_ XnD? 


7 ..-(i1) 


or 


By knowing X, D and L we can find specific resistance of the given wire by Eq. (11). 


Precautions 


1. The connections should be clean and tight. 

2. Null point should be brought between 40 cm and 60 cm. 

3. Atone place, diameter of wire (D) should be measured in two mutually perpendicular directions. 
4. The jockey should be moved gently over the bridge wire so that it does not rub the wire. 


End Corrections 


In meter bridge, some extra length (under the metallic strips) comes at points A and C. Therefore, 
some additional length (a and B) should be included at the ends. Here, a and B are called the end 
corrections. Hence in place of / we use /+ @ and in place of 100 —/ we use 100 —/+8. 
To find o and B, use known resistors R,; and R, in place of R and X and suppose we get null point 
length equal to /,. Then, 

R, L+a 


= (A 
Now, we interchange the positions of R, and R, and suppose the new null point length is /,. Then, 
R Lb +a 
4? ...(ii) 
R, 100 —_ L, + B 
Solving Eqs. (1) and (ii), we get 
Roh Rib 
Rh - Rol 
and B= 2? _ 100 
R, -R, 


© Example 3.19 If resistance R, in resistance box is 300 Q, then the balanced 
length is found to be 75.0 cm from end A. The diameter of unknown wire is 
1 mm and length of the unknown wire is 31.4 cm. Find the specific resistance of 
the unknown wire. 

I 


100-1 


Solution # = 
xX 


is x=(t)e-[- 
75 


} 200)= 100Q 


Now, ge Du 


A (nd?/4) 
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md? X 
Al 
_ (22/7) (10% )? (100) 
(4)(0.314) 
=2.5x107Q-m Ans. 


p= 


© Example 3.20 Ina meter bridge, null point is 20 cm, when the known 
resistance R is shunted by 10 Q resistance, null point is found to be shifted by 
10 cm. Find the unknown resistance X. 

I 


100-7 


Solution £ = 
xX 


x=[ ‘Rr 


or pen aay ee (i) 
20 


When known resistance R is shunted, its net resistance will decrease. Therefore, resistance 
parallel to this (i.e. P) should also decrease or its new null point length should also decrease. 


Rt 
X 100-1 
_ 20-10 _ 1 
100—(20-10) 9 
or X=9R’ ...(11) 
From Eqs. (i) and (ii), we have 
4R =9R’=9 us 
10+R 
Solving this equation, we get 
r=o 
4 
Now, from Eq. (i), the unknown resistance 
X =4R=4 (7) 
4 
or X =50Q Ans. 


Note R’ is resultant of R and 10 Q in parallel. 


or = 
10+R 
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© Example 3.21 If we use 100 Q and 200 Q in place of R and X we get null 
point deflection, | = 33 cm. If we interchange the resistors, the null point length 
is found to be 67cm. Find end corrections a and B. 

op Rah ~ Ribs _ (200)(33)— (100)(67) _ 


Solution lcm Ans. 

R, -R, 100 — 200 

B= Rh —Ryl, _ 100 
R, -R, 
_ (100)(33) — (200) (67) 100 
100 — 200 
=lcm Ans. 
INTRODUCTORY EXERCISE 


1. A resistance of 2.Q is connected across one gap of a meter bridge (the length of the wire is 
100 cm) and an unknown resistance, greater than 2 Q, is connected across the other gap. When 
these resistance are interchanged, the balance point shifts by 20 cm. Neglecting any 
corrections, the unknown resistance is (JEE 2007) 
(a)3 Q (b)4.Q (c)5 Q (d)6 Q 

2. A meter bridge is set-up as shown in figure, to determine an unknown resistance X using a 
standard 10 Q resistor. The galvanometer shows null point when tapping-key is at 52 cm mark. 
The end-corrections are 1 cm and 2 cm respectively for the ends A and B. The determined value 
of X is (JEE 2011) 


Fig. 3.32 


(a) 10.2 Q (b) 10.6 Q (c) 10.8 Q (d) 11.1Q 
3. R,,R>,R, are different values of R. A, B and C are the null points obtained corresponding to R,, Ro 
and R3 respectively. For which resistor, the value of X will be the most accurate and why? 
(JEE 2005) 


Fig. 3.33 
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3.9 Post Office Box 


Post office box also works on the principle of Wheatstone's bridge. 


P B Q c 
° 
1 
1 
1 
1 
! 


at st a a 
re (a a a ey =e 


10 100 1000 
aie — a 1000 1 500 200 200 100 


l R 
be ENTIRE RE 5 
1 2 2 NS | 10 20 20 50 
Shunt oS Loe bal = 
vl WwW 
G 
Fig. 3.34 


P R ; ; . 
In a Wheatstone's bridge circuit, if 0 ee then the bridge is balanced. So, unknown resistance 


x=2R. 
P 


P and Q are set in arms AB and BC where we can have, 10Q,100Q or 1000 © resistances to set any 


Q 


ratio =. 
P 


These arms are called ratio arm, initially we take O =10 Q and P =10 Q to set . =]. The unknown 


resistance (X ) is connected between C and D and battery is connected across A and C. 


Now, put resistance in part A to D such that the bridge gets balanced. For this keep on increasing the 
resistance with 1Q interval, check the deflection in galvanometer by first pressing key K, then 
galvanometer key K,. 


Suppose at R = 4Q, we get deflection towards left and at R =5 Q, we get deflection towards right. 
Then, we can say that for balanced condition R should lie between 4Q to 5 Q. 


Now, x-2 ru R= R=49to5Q 
P 10 


1 =100 
Two get closer value of X, in the second observation, let us choose “ =— i.e. O=10 ) 
Suppose, now at R = 42. We get deflection towards left and at R = 43 deflection is towards right. 
So R € (42, 43). 
OQ 10 


1 1 
Now, X ==R =—— R=— R, where R € (42, 43 Q). Now, to get further closer value take Q =— 
P 100 10 P 100 


and so on. 


The observation table is shown below. 


Resistance inthe Ratioarm _ Resistance in 
arm (AD (R) 


(ohm) 


S.No. 


AB (P) (ohm) — BC (Q) (ohm) 


10 4 


2 100 10 


3 1000 10 


So, the correct value of X is 4.25 Q 
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Unknown resistance 


Direction of Q 
i= p x R (ohm) 


deflection 
Left 
Right 
Left (large) 


4tos 


(4.2 to 4.3) 
Right (large) 
Left 

Right 

Left 

Left 

No deflection 
Right 


4.25 


© Example 3.22 To locate null point, deflection battery key (K,) is pressed before 


the galuanometer key (K,). Explain why? 


Solution If galvanometer key K, is pressed first then just after closing the battery key K, 


current suddenly increases. 


So, due to self induction, a large back emf is generated in the galvanometer, which may damage 


the galvanometer. 


Example 3.23) What are the maximum and minimum values of unknown 


resistance X, which can be determined using the post office box shown in the 


Fig. 3.34 ? 


Solution 


1000 


= —— (11110 
ia ( ) 


=1111kQ 
O min Re sti 


P. 


_ 0) @) 
1000 
=0.01Q 


min 


Ans. 


Ans. 
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INTRODUCTORY EXERCISE 


1. In post office box experiment, 2 = as InR if 142 Qis used then we get deflection towards right 


and if R =143 Q, then deflection is towards left. What is the range of unknown resistance? 

2. What is the change in experiment if battery is connected between B and C and galvanometer is 
connected across A and C ? 

3. For the post office box arrangement to determine the value of unknown resistance, the unknown 


resistance should be connected between (JEE 2004) 
: é 


: 
O_o soo 


Fig. 3.35 
(a) Band C (b) C and D (c) A and D (d) B, and C, 


3.10 Focal Length of a Concave Mirror using u-v Method 


In this experiment, a knitting needle is used as an object O mounted in front of the concave mirror. 


M 
Image 
4 * 

| V 

i ONS e 
Image Object 
Keadle needle U 

l~< ig, 


V 
Fig. 3.36 


First of all, we make a rough estimation of f. For this, make a sharp image of a far away object (like 
sun) on a filter paper. The image distance of the far object will be an approximate estimation of focal 
length /. 

Now, the object needle is kept beyond F,, so that its real and inverted image J can be formed. You can 
see this inverted image in the mirror by closing your one eye and keeping the other eye along the pole 
of the mirror. 

To locate the position of the image use a second needle and shift this needle such that its peak 
coincide with the image. The second needle gives the distance of image v. This image is called image 
needle J. Note the object distance u and image distance v from the mm scale on optical bench. 


Take some more observations in similar manner. 
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Determining f from u-v Observation 
Method 1 


1 1 1 
Use mirror formula 7 =—+-—to find focal length from each u-v observation. Finally taking average 
vou 


of all we can find the focal length. 


Method 2 
The relation between object distance u and the image v from the pole of the mirror is given by 
1 1 1 
—-+-—=—. 
vou fe 


where, f is the focal length of the mirror. The focal length of the concave mirror can be obtained from 


1 1 
— versus — graph. 
v u 


When the image is real (of course only upon then it can be obtained on screen), the object lies between 
focus (F’) and infinity. In such a situation, u, v and f all are negative. Hence, the mirror formula, 


dt 1 1 
vou f Vv 
1 1 1 
becomes, ----=-— 
vou f 
: I I: a 
or again, pass seers 
vu ff 
1 1 1 
or —=-——4— 
v uf 
Comparing with y= mx + c, the desired graph will be a straight line with Of Fou 
1 ; 
slope —1 and intercept equal to ra RIE 27 


wl 1 : sats : ‘ 
The corresponding — versus — graph is as shown in Fig. 3.37. The intercepts on the horizontal and 
v u 


vertical axes are equal. It is equal to ri A straight line OC at an angle 45° with the horizontal axis 


1 1 
intersects line AB at C. The coordinates of point C are [+ : | - The focal length of the mirror can 
be calculated by measuring the coordinates of either of the points A, B or C. 
Method 3 

From w-v curve 

Relation between wu and v is 
1 1 1 : 
—+-=— (i) 
vu ff 


After substituting u, v and f with sign (all negative) we get the same result. 
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For an object kept beyond F, u-v graph is as shown in figure. If we draw a line 
u=V .. (ii) 


then, it intersects the graph at point P (2f,2/). 
Vv 


4 


of --=-> 


>U 


Fig. 3.38 


From u-v data plot v versus u curve and draw a line bisecting the axis. Find the intersection point and 
equate them to (2/,2/) 

By joiningu,, andy, : Mark, wu, u3...... u,, along x-axis and v,, V7, V3...... v, along y-axis. If 
we join uv, with v,, wv with v,, uv, with v; and so on then all lines intersects ata common point (/, f). 


VY 
M4 
M2 
V3 
(f, f) 
Uy U2 U3 - 
Fig. 3.39 
Explanation 
General equation of a line joining two points P (a, 0) and QO (0, 5) is 4V 
y=mxt+ce Q 
—b 
=> y=—xtb b 
a 
o| @ Pp” 
=> ee 
a b 
Now, line joining u, and v, will be . 
x Fig. 3.40 
ge i iii) 
| 
1 1 1 
where, Sr eae 
Uy Vy 
or fife . (iV) 
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Similarly, line joining wu, and v, is 


eee ...(V) 
Uy V2 

where, f + L =] ..-(Vi) 
Uy V2 

and line joining u,, and v,, is 
eae, | (Vii) 
Vn Un 

where, Lf + Lf =1 ...(Vill) 
u, Vv 


From Eq. (iv), (v1), (vill), we can say that x = f and y= f will satisfy all Eq. (iii), (v), (vii). So, point 
(f, f) will be the common intersection point of all the lines. 


From u-v data, draw u,, uz...... u, along x-axis and v,, V7,...... vy, along y-axis. Join u, with v,, uv, 


with v5, ...... u,, with v,. Find common intersection point and equate it to (/, f). 


n 


Index Error 


In u- vy method, we require the distance between object or image from the pole P of the mirror. This is 
called actual distance. But practically, we measure the distance between the indices A and B. This is 
called the observed distance. The difference between two is called the index error (e). This is constant 
for every observation. 


B 
(or —_( 
A ' y “vi 
Fig. 3.41 


Index error = Observed distance — Actual distance 


To determine index error, mirror and object needle are placed at arbitery position. Measure the 
distances x and yas shown in figure. 

So, index error is e = observed distance — Actual distance = y—x 

once we get e, in every observation, we get 


Actual distance = Observed distance (separation between the indices) — excess reading (e) 
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© Example 3.24 To find index error (e) distance between object needle and pole 
of the concave mirror is 20 cm. The separation between the indices of object 
needle and mirror was observed to be 20.2 cm. In some observation, the observed 
image distance is 20.2 cm and the object distance is 30.2 cm. Find 


(a) the index error e. 
(b) focal length of the mirror f. 
Solution (a) Index error e= observed distance — actual distance 
= separation between indices — distance between object needle and pole of the mirror 
= 20.2— 20.0 = 0.2 cm Ans. 


(b) |u|=30.2-0.2= 30cm 


u=-— 30cm 
|v| = 20.2- 0.2= 20cm 
v=—20cm 


Using the mirror formula, 
i ee epee | 1 1 
= = + 
f vu —-20 -30 
or f=-12cm Ans. 


Note Since, it is a concave mirror, therefore focal length is negative. 


© Example 3.25 In u-v method to find focal length of a concave mirror, if object 
distance is found to be 10.0 cm and image distance was also found to be 10.0cm, 
then find maximum permissible error in f. 
Solution Using the mirror formula, 
1 1 1 


~45=— (i 
on (i) 
we have, eee 
-10 -10 f 
=> f=-S5em or |f|=S5cm 
Now, differentiating Eq. (1). 
we have, -df__du_ dv 
f? we ve 


This equation can be written as 
Au|  |Av 
IAS ax = os + a (f?) 
u v 


Substituting the values we get, 


IA fl max -| 


0.1 0.1 
iad 2 
(10) (10)* 
| f|= (5+ 0.05)cem Ans. 


| (5)? = 0.05 cm 
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© Example 3.26 A student performed the experiment of determination of focal 
length of a concave mirror by u-v method using an optical bench of length 1.5 m. 
The focal length of the mirror used is 24 cm. The maximum error in the location 
of the image can be 0.2 cm. The 5 sets of (u, v) values recorded by the student 
(in cm) are (42, 56), (48, 48), (60, 40), (66, 33), (78,39). The data set(s) that 
cannot come from experiment and is (are) incorrectly recorded, is (are) (JEE 2009) 


(a) (42, 56) (6) (48, 48) (c) (66, 33) (d) (78, 39) 
Solution Values of options (c) and (d) do not match with the mirror formula, 
1 1.1 
a eee 
vou fe 


3.11 Focal Length of a Convex Lens using u-v Method 


In this experiment, a convex lens is fixed in position L and a needle is used as an object mounted in 
front of the convex lens. 


Object 
needle 


Fig. 3.42 


First of all, we make a rough estimation of f For estimating f roughly make a sharp image of a far 
away object (like sun) on a filter paper. The image distance of the far object will be an approximate 
estimation of focal length. 


Now, the object needle is kept beyond F’, so that its real and inverted image can be formed. To locate 
the position of the image, use a second needle and shift this needle such that its peak coincide with the 
image. The second needle gives the distance of image (v). Note the object distance u and image 
distance v from the mm scale on optical bench. 


Take 4 to 5 more observations in similar manner. 
Determining f from u-v Observations 
Method 1 


|e | 
Use lens formula 7 =—-—-—to find focal length corresponding to each u-v observation. Finally, take 
vou 


average of all. 


Method 2 


The relation between u, v and f for a convex lens is, 
1 1 1 


vou fe 


70 © Mechanics - I 


Using the proper sign convention, u is negative, v and f are positive. So, we have, 


boas 

vy —-u f 
1 1 1 
or —=-——+4+— 
v uf 


; 1 1 : : ; : 1 
Comparing with y=mx+c, — versus — graph is a straight line with Vv 
Vv u 


I ; se. 
slope —1 and intercept 7 The corresponding graph is as shown in f 


Fig. 3.43. Proceeding in the similar manner as discussed in case ofa , 
concave mirror the focal length of the lens can be calculated by 2f 
measuring the coordinates of either of the points A, B and C. 


The v versus u graph is as shown in the Fig. 3.44. By measuring the 


: : ; > 
coordinates of point C whose coordinates are (2f,2f) we can calculate O a 1 u 
the focal length of the lens. 

poe ce es Fig. 3.43 
7 cea 
748° 
>U 
O 
Method 3 
By joining u,, and v,, 
Locate uy, Uz, U3...... u, along x-axis and v, V5, V3 ...... v, y-axis. If we join u, with v,, vw with 
V>, Uz With v3 and............s0 on. All lines intersect at a common point (—/, /). 
V4 
V3 
V2 
Via 
U2 U3 U4 : 
Fig. 3.45 
From u-v data draw u,, uz...... u, along x-axis and v,, V5,...... v, data on y-axis. Join uw, and v,, u, 
with v,...... u, and v,. Find common intersection point and equate it to (—f, f). 


Note  /ndex error is similar to the concave mirror. 
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© Example 3.27 The graph between object distance u and image distance v for a 
lens is given below. The focal length of the lens is (JEE 2006) 
Vv 


giz 45°: 


+ : u 
-9 -10 -11 
Fig. 3.46 
(a)5+0.1 (b) 5 + 0.05 (c) 0.5 + 0.1 (d) 0.5 + 0.05 
Solution From the lens formula, 
Att 8 we have, 
f vou 
ae u or f=+5 
f 10 -10 
Further, Au = 0.1 
and Av=0.1 (from the graph) 
Now, differentiating the lens formula, we have 
Af _Av. Au 
PoP ie 
or Af = (= ne =) 5 ia 
vo? 
Substituting the values, we have 
Af = (“ + a (5)? = 0.05 
10? 10? 
ftAf=540.05 


The correct option is (b). 


Exercises 


Objective Questions 


1. For positive error, the correction is 
(a) positive (b) negative 
(c) nil (d) may be positive or negative 


2. Screw gauge is said to have a negative error 
(a) when circular scale zero coincides with base line of main scale 
(b) when circular scale zero is above the base line of main scale 
(c) when circular scale zero is below the base line of main scale 
(d) None of the above 


3. Vernier constant is the (One or more than one correct option may be correct) : 
(a) value of one MSD divided by total number of divisions on the main scale 
(b) value of one VSD divided by total number of divisions on the vernier scale 
(c) total number of divisions on the main scale divided by total number of divisions on the vernier 
scale 
(d) difference between the value of one main scale division and one vernier scale division 


4. Least count of screw gauge is defined as 


(a) 


distance moved by thimble on main scale 


number of rotation of thimble 
pitch of the screw 


(b) 
number of divisions on circular scale 


number of rotation of thimble 


©) number of circular scale divisions 
(d) None of the above 


5. In an experiment to find focal length of a concave mirror, a graph is drawn between the 
magnitudes of u and v. The graph looks like 


AV AV 
(a) (b) Pa 
a pl’ U 
AV AV 
(c) (d) 
Uu Lo 
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6. The graph between = and Z for a concave mirror looks like 
Uv u 


4 
V 


<|l- 


41 
V 


<Is 


Jo 
J 
c|l- 


4 
U 
(a) (b) (©) (d) 


7. AB is a wire of uniform resistance. The galvanometer G shows no deflection when the 
length AC = 20 cm and CB= 80 cm. The resistance R is equal to 


R 802 


(a) 80 Q (b) 10 Q (c) 20 Q (d) 40 Q 


8. Select the incorrect statement. 
(a) If the zero of vernier scale does not coincide with the zero of the main scale, then the vernier 
callipers is said to be having zero error 
(b) Zero correction has a magnitude equal to zero error but sign is opposite to that of zero error 
(c) Zero error is positive when the zero of vernier scale lies to the left of the zero of the main scale 
(d) Zero error is negative when the zero of vernier scale lies to the left of the zero of the main scale 


9. In the Searle's experiment, after every step of loading, why should we wait for two minutes 
before taking the reading? (More than one options may be correct) 
(a) So that the wire can have its desired change in length 
(b) So that the wire can attain room temperature 
(c) So that vertical oscillations can get subsided 
(d) So that the wire has no change in its radius 


10. In a meter bridge set up, which of the following should be the properties of the one meter long 
wire? 

(a) High resistivity and low temperature coefficient 

(b) Low resistivity and low temperature coefficient 

(c) Low resistivity and high temperature coefficient 

(d) High resistivity and high temperature coefficient 

11. The mass of a copper calorimeter is 40 g and its specific heat in SI units is 4.2 x 10’ J kg"! °C. 
The thermal capacity is 

(a)4d°C* (b) 18.6 J 

(c) 16.8 J /kg (d) 16.8 J°C* 


12. A graph is drawn with ea along x-axis and Z along the y-axis. If the intercept on the x-axis is 
7) 


u 
0.5 m1, the focal length of the lens is (in meter) 


(a) 2.00 (b) 0.50 
(c) 0.20 (d) 1.00 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 
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. For a post office box, the graph of galvanometer deflection versus ae Hector -ieeiviele) 


R (resistance pulled out of resistance box) for the ratio 100: 1 is 
given as shown. Find the value of unknown resistance. 


(a) 8240 
(b) 3.24.2 
(c) 832.4Q 
(d) None of the above 


R(Q) 


1 cm on the main scale of a vernier callipers is divided into 10 equal parts. If 10 divisions 
of vernier coincide with 8 small divisions of main scale, then the least count of the 
calliper is 


(a) 0.01 cm (b) 0.02 cm 

(c) 0.05 cm (d) 0.005 cm 

The vernier constant of a vernier callipers is 0.001cm. If 49 main scale divisions 
coincide with 50 vernier scale divisions, then the value of 1 main scale division is 

(a) 0.1 mm (b) 0.6 mm 

(c) 0.4 mm (d) 1 mm 


1 cm of main scale of a vernier callipers is divided into 10 divisions. The least count of the 
callipers is 0.005 cm, then the vernier scale must have 

(a) 10 divisions (b) 20 divisions 

(c) 25 divisions (d) 50 divisions 


Each division on the main scale is 1 mm. Which of the following vernier scales give 
vernier constant equal to 0.01 mm ? 

(a) 9 mm divided into 10 divisions (b) 90 mm divided into 100 divisions 

(c) 99 mm divided into 100 divisions (d) 9 mm divided into 100 divisions 


A vernier callipers having 1 main scale division = 0.1 cm is designed to have a least count of 
0.02 cm. If n be the number of divisions on vernier scale and m be the length of vernier scale, 
then 

(a)n =10,m=0.5 cm (b) n=9,m=0.4 cm 

(c)n =10,m=0.8 cm (d) n =10,m=0.2 cm 


The length of a rectangular plate is measured by a meter scale and is found to be 10.0 cm. Its 
width is measured by vernier callipers as 1.00 cm. The least count of the meter scale and 
vernier calipers are 0.1 cm and 0.01 cm respectively. Maximum permissible error in area 
measurement is 


(a) £ 0.2 cm? (b) £ 0.1 em? 

(c) + 0.3 em” (d) zero 

In the previous question, minimum possible error in area measurement can be 
(a) + 0.02 em? (b) + 0.01 em? 

(c) + 0.03 em? (d) zero 


The distance moved by the screw of a screw gauge is 2 mm in four rotations and there are 
50 divisions on its cap. When nothing is put between its jaws, 20th division of circular scale 
coincides with reference line, and zero of linear scale is hidden from circular scale when two 
jaws touch each other or zero of circular scale is lying above the reference line. When plate is 
placed between the jaws, main scale reads 2 divisions and circular scale reads 20 divisions. 
Thickness of plate is 

(a) 1.1mm (b) 1.2mm (c) 1.4mm (d) 1.5mm 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 
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The end correction (e) is (4 = length of air column at first resonance and /, is length of air 


column at second resonance) 

1, -3], (0) e= 3h 

1, -21, L -2l, 

= d => —___= 
(c)e 5 (d) e ; 


(a) e= 


The end correction of a resonance tube is 1 cm. If shortest resonating length is 15 cm, the 
next resonating length will be 
(a) 47 cm (b) 45 cm (c) 50 cm (d) 33 cm 


A tuning fork of frequency 340 Hz is excited and held above a cylindrical tube of length 
120 cm. It is slowly filled with water. The minimum height of water column required for 
resonance to be first heard (Velocity of sound = 340 ms‘) is 

(a) 25 cm (b) 75 cm (c) 45 cm (d) 105 cm 

Two unknown frequency tuning forks are used in resonance column apparatus. When only first 
tuning fork is excited the 1° and 2™ resonating lengths noted are 10 cm and 30 cm respectively. 
When only second tuning fork is excited the 1* and 2™ resonating lengths noted are 30 cm and 
90 cm respectively. The ratio of the frequency of the 1° to 2™ tuning fork is 

(a) 1:3 (b) 1:2 (c) 3:1 (d) 2:1 

In an experiment to determine the specific heat of aluminium, piece of aluminium weighing 
500 g is heated to 100 °C. It is then quickly transferred into a copper calorimeter of mass 500 g 
containing 300 g of water at 30 °C. The final temperature of the mixture is found to be 46.8 °C. If 
specific heat of copper is 0.093 cal ree a then the specific heat of aluminium is 

(a) 0.11 cal g? °c! (b) 0.22 cal g? °c} 

(c) 0.33 cal g? °c (d) 0.44 cal g? °c 

When 0.2 kg of brass at 100°C is dropped into 0.5 kg of water at 20°C, the resulting 
temperature is 23°C. The specific heat of brass is 

(a) 0.41 x10°Jkgt °c (b) 0.41 x 107Jkg + °c 

(c) 0.41 x 104Jkg™! °C (d) 0.41 Jkg™! °C" 

In an experiment to determine the specific heat of a metal, a 0.20 kg block of the metal at 150°C 
is dropped in a copper calorimeter (of water equivalent 0.025 kg) containing 150 cm? of water at 
27°C. The final temperature is 40°C. The specific heat of the metal is 

(a)0.1dg*°C* (b) 0.2 Ig? °C 

(c) 0.3 cal g™! °C (d) 0.1 cal g™' °C! 

The resistance in the left and right gaps of a balanced meter bridge are R, and R,. The 
balanced point is 50 cm. If a resistance of 24 Q is connected in parallel to R,, the balance 
point is 70 cm. The value of R, or R, is 

(a)12.Q (b) 8 Q () 162 (d) 32. 

An unknown resistance R, is connected in series with a resistance of 10Q. This 
combination is connected to one gap of a meter bridge, while other gap is connected to 
another resistance R,. The balance point is at 50 cm. Now, when the 10 Q resistance is 
removed, the balance point shifts to 40 cm. Then, the value of R, is 

(a) 60 Q (b) 40 Q 

(c) 20 Q (d) 10 Q 
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Two resistances are connected in the two gaps of a meter bridge. The balance point is 
20 cm from the zero end. When a resistance 15 Q is connected in series with the smaller of 


two resistance, the null point shifts to 40 cm. The smaller of the two resistance has the 
value 

(a)8Q (b) 9 Q 

(c) 10 Q (d) 12 Q 


Ina meter bridge experiment, null point is obtained at 20 cm from one end of the wire when 
resistance X is balanced against another resistance Y. If X < Y, then the new position of 
the null point from the same end, if one decides to balance a resistance of 4X against Y will 
be at 

(a) 50 cm (b) 80 cm 

(c) 40 cm (d) 70 cm 


In a metre bridge, the gaps are closed by two resistances P and @ and the balance point is 
obtained at 40 cm. When @ is shunted by a resistance of 10 Q, the balance point shifts to 50 cm. 
The values of P and Q are 

Q 


oa 


{ee | | | ||| | 
k— 40 cm—" 7 
| T 


(a) 9,59 (b) 20 2, 30 Q 
(c) 10 2,15 Q () 59,9 


Subjective Questions 


1; 
2. 


What is the material of the wire of meter bridge ? 


For determination of resistance of a coil, which of two methods is better Ohm's law method 
or meter bridge method ? 


. Which method is more accurate in the determination of f for a concave mirror. 


‘ veg ll 1 
(i) uw versus vor (ii) — versus — graphs ? 
u v 


4. Why is the second resonance found feebler than the first ? 


. Why is the meter bridge suitable for resistance of moderate values only ? 


. Can we measure a resistance of the order of 0.160 Q using a Wheatstone's bridge ? Support 


your answer with reasoning. 


. 19 divisions on the main scale of a vernier callipers coincide with 20 divisions on the vernier 


scale. If each division on the main scale is of 1 cm, determine the least count of instrument. 


. In a vernier callipers, 1 cm of the main scale is divided into 20 equal parts. 19 divisions of the 


main scale coincide with 20 divisions on the vernier scale. Find the least count of the 
instrument. 


9. 


10. 


11. 


12. 


13. 


14. 


15. 
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The diagram below shows part of the main scale and vernier scale of a vernier callipers, which 
is used to measure the diameter of a metal ball. Find the least count and the radius of the ball. 


Readin 
! 7 Main scale 


4cm 5cm | 6 cm 


e;— Vernier scale 


The given diagram represents a screw gauge. The circular scale is divided into 50 divisions and 
the linear scale is divided into millimeters. If the screw advances by 1 mm when the circular 
scale makes 2 complete revolutions, find the least count of the instrument and the reading of 
the instrument in the figure. 


012 3E 29 


The pitch of a screw gauge is 0.5 mm and there are 50 divisions on the circular scale. In 
measuring the thickness of a metal plate, there are five divisions on the pitch scale (or main 
scale) and thirty fourth divisions coincide with the reference line. Calculate the thickness of the 
metal plate. 


The pitch of a screw gauge is 1 mm and there are 50 divisions on its cap. When nothing is put in 
between the studs, 44th division of the circular scale coincides with the reference line and the 
zero of the main scale is not visible or zero of circular scale is lying above the reference line. 
When a glass plate is placed between the studs, the main scale reads three divisions and the 
circular scale reads 26 divisions. Calculate the thickness of the plate. 


The pitch of a screw gauge is 1 mm and there are 100 divisions on its circular scale. When 
nothing is put in between its jaws, the zero of the circular scale lies 6 divisions below the 
reference line. When a wire is placed between the jaws, 2 linear scale divisions are clearly 
visible while 62 divisions on circular scale coincide with the reference line. Determine the 
diameter of the wire. 


Least count of a vernier callipers is 0.01 cm. When the two jaws of the instrument touch each 
other the 5th division of the vernier scale coincide with a main scale division and the zero of the 
vernier scale lies to the left of the zero of the main scale. Furthermore while measuring the 
diameter of a sphere, the zero mark of the vernier scale lies between 2.4 cm and 2.5 cm and the 
6th vernier division coincides with a main scale division. Calculate the diameter of the sphere. 


The edge of a cube is measured using a vernier callipers. [9 divisions of the main scale is equal 
to 10 divisions of vernier scale and 1 main scale division is 1 mm]. The main scale division 
reading is 10 and 1st division of vernier scale was found to be coinciding with the main scale. 
The mass of the cube is 2.736 g. Calculate the density in g/cm® upto correct significant figures. 


Introductory Exercise 3.1 
1. 3.19cm 24 


Introductory Exercise 3.2 
1. 10.65 mm 2.3.5 mm 


Introductory Exercise 3.3 
4. (i) Parabolic (ii) Straight line 


Introductory Exercise 3.4 
1. (1.94 + 0.22) x 10!! N/m? 


Introductory Exercise 3.5 
1. (b) 2. (b) 


Introductory Exercise 3.6 
1. 1.00x107*O-m 2.2.41%, 


Introductory Exercise 3.7 
1. (a) 2. (b) 


Introductory Exercise 3.8 
1. 14291014309  3.(c) 


Objective Questions 


1.(b)  2.(b) —-3.(d) 4.(b) 
11.(d) 12.(a) 13.(b) = 14.(b) 
21.(d) 22.(a) 23.(a) —-24.(c) 
31.(b) 32.(a) 33.(a) 


Subjective Questions 
1. Constantan 
5. See the hints 


9. 0.01 cm, 2.18 cm 
13. 2.56 mm 


6. No 


14. 2.51 cm 


1.1% 


2. Meter bridge method 


10. 0.01 mm, 3.32 mm 


Answers 


7.(c) 8. (a) 

2. (d) 

3. (Cc) 

3. B is most accurate 

Exercises 
5.(c) 6.(b) 7.(c) 8.(c) 9.(a,b,c) 10.(a) 

15.(b) 16.(b) 17.(c) 18.(c) 19.(a) 20.(d) 
25.(c) 26.(b) 27.(a) 28.(d) 29.(d) 30.(c) 


3. 2 versus u 4. See the hints 


Vv u 
7.0.05 cm 8. 0.0025 cm 
11. 2.84 mm 12. 3.64 mm 


15. 2.66 g/cm? 


Units and 
Dimensions 


Chapter Contents 


4.1 Units 

4.2 Fundamental and Derived Units 
4.3 Dimensions 

4.4 Uses of Dimensions 


4.1 Units 


To measure a physical quantity we need some standard unit of that quantity. The measurement of the 
quantity is mentioned in two parts, the first part gives how many times of the standard unit and the 
second part gives the name of the unit. Thus, suppose I say that length of this wire is 5 metre. The 
numeric part 5 says that it is 5 times of the unit of length and the second part metre says that unit 
chosen here is metre. 


4.2 Fundamental and Derived Units 


There are a large number of physical quantities and every quantity needs a unit. 

However, not all the quantities are independent. For example, if a unit of length is defined, a unit of 
volume is automatically obtained. Thus, we can define a set of fundamental quantities and all other 
quantities may be expressed in terms of the fundamental quantities. Fundamental quantities are only 
seven in numbers. Unit of all other quantities can be expressed in terms of the units of these seven 
quantities by multiplication or division. 

Many different choices can be made for the fundamental quantities. For example, if we take length 
and time as the fundamental quantities then speed is a derived quantity and if we take speed and time 
as fundamental quantities then length is a derived quantity. 


Several system of units are in use over the world. The units defined for the fundamental quantities are 
called fundamental units and those obtained for derived quantities are called the derived units. 


SI Units 


In 1971, General Conference on Weight and Measures held its meeting and decided a system of units 
which is known as the International System of Units. It is abbreviated as SI from the French name Le 
System International ad’ Unites. This system is widely used throughout the world. Table below gives 
the seven fundamental quantities and their SI units. 


Table 4.1 Fundamental quantities and their SI units. 


S.No. Quantity SI Unit Symbol 

ie Length metre m 

2. Mass kilogram kg 

3. Time second s 

4. Electric current ampere 

5. Thermodynamic temperature kelvin K 

6. Amount of substance mole mol 
ep Luminous intensity candela cd 


Two supplementary units namely plane angle and solid angle are also defined. Their units are radian 

(rad) and steradian (st) respectively. 

(i) €GS System In this system, the units of length, mass and time are centimetre (cm), gram (g) and 
second (s) respectively. The unit of force is dyne and that of work or energy is erg. 

(ii) FPS System In this system, the units of length, mass and time are foot, pound and second. The 
unit of force in this system is poundal. 
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Definitions of Some Important SI Units 
(i) Metre: 1m =1,650,763.73 wavelengths in vacuum, of radiation corresponding to orange-red 
light of krypton-86. 
(ii) Second: 1s =9,192,631,770 time periods of a particular 
radiation from Cesium-133 atom. SI Prefixes 
(iii) Kilogram: 1kg= mass of | litre volume of water at4°C. | The most commonly used prefixes 
(iv) Ampere : It is the current which when flows through two 4@ given below in tabular form. 


infinitely long straight conductors of negligible Power of 10 Prefix Symbol 
cross-section placed at a distance of one metre in vacuum 


produces a force of 2 x 10~’ N/m between them. Z ae i 
(v) Kelvin: 1K=1/273.16 part of the thermodynamic = a : 
temperature of triple point of water. _ 
(vi) Mole: It is the amount of substance of a system which =u ull i 
contains as many elementary particles (atoms, = micro Ht 
molecules, ions etc.) as there are atoms in 12 g of -9 nano n 


carbon-12. 


(vii) Candela: It is luminous — in a perpendicular 
1 


600000 
under a pressure of 1.013 x 10° N/m”. 


direction of a surface of m? of a black body at the temperature of freezing platinum 


(viii) Radian: It is the plane angle between two radii of a circle which cut-off on the circumference, an 
arc equal in length to the radius. 
(ix) Steradian: The steradian is the solid angle which having its vertex at the centre of the sphere, 
cut-off an area of the surface of sphere equal to that of a square with sides of length equal to the 
radius of the sphere. 


4.3 Dimensions 


Dimensions of a physical quantity are the powers to which the fundamental quantities must be raised 
to represent the given physical quantity. 
mass mass 


volume (length)* 


For example, density = or density = (mass) (length) - ...() 
Thus, the dimensions of density are 1 in mass and —3 in length. The dimensions of all other 
fundamental quantities are zero.For convenience, the fundamental quantities are represented by one 
letter symbols. Generally mass is denoted by M, length by ZL, time by 7 and electric current by A. 
The thermodynamic temperature, the amount of substance and the luminous intensity are denoted by 
the symbols of their units K, mol and cd respectively. The physical quantity that is expressed in terms 
of the base quantities is enclosed in square brackets. 

Thus, Eq. (i) can be written as 


[density] = [ML °] 
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Such an expression for a physical quantity in terms of the fundamental quantities is called the 
dimensional formula. Here, it is worthnoting that constants such as 5, 7 or trigonometrical functions 
such as sin 8, cos 9, etc., have no units and dimensions. 


[sin 09] =[cos 6] = [tan 0]=[log x]=[e* ]=[M°L°T°] 


Table 4.2 Dimensional formulae and SI units of some physical quantities frequently used in physics 


S.No. Physical Quantity SI Units Dimensional Formula 

dl. Velocity = displacement/time m/s IM°LT] 

2 Acceleration = velocity/time m/s? [M°LT*] 

3. Force = mass x acceleration kg-m/s? = newton or N [MLT?] 

4. Work = force x displacement kg-m?/s* = N-m = joule or J [ML°T?] 

5. Energy J [ML°T*] 

6. Torque = force xperpendicular distance = N-m [ML?T7] 

ie Power = work/time J/s or watt [ML°?T°] 

8. Momentum = mass x velocity kg-m/s [MLT'] 

9. Impulse = force x time N-s [MLT] 

10. Angle = arc/radius radian or rad [M°L°T°}) 
11. Strain = 54 or AY no units [M°L°T°} 

L V 

12. Stress = force/area N/m? IML'T~?] 
13. Pressure = force/area N/m? IML'T-?] 
14. Modulus of elasticity = stress/strain N/m? IML'T~?] 
15. Frequency = 1/time period per sec or hertz (Hz) Moot 
16. Angular velocity = angle/time rad/s IMoL°T~] 
17. Moment of inertia = (mass) x (distance)? kg-m? IML?2T°] 

18. Surface tension = force/length N/m [ML°T 7] 
19. Gravitational constant N-m?/kg? [M'LST 7] 

_ force x distance)* 
(mass) 

20. Angular momentum kg-m?/s [MLeT~4] 
21. Coefficient of viscosity N-s/m? IML'T~}] 
22. Planck's constant J-s [ML2T~'] 
23. Specific heat (s) J/kg-K [L°T?e7] 
24. Coefficient of thermal conductivity (kK) watt/m-K IMLT°677] 
25. Gas constant (R) J/mol-K [ML°T~* 67! mol7'] 
26. Boltzmann constant (k) J/K IML2T 671] 


S.No. 
27. 
28. 


29. 
30. 


31. 
32. 
33. 


34. 
35. 


36. 
37. 


Physical Quantity 
Wein’s constant (6) 


Stefan’s constant (o) 


Electric charge 


Electric intensity 

Electric potential 
Capacitance 

Permittivity of free space 


Electric dipole moment 


Resistance 
Magnetic field 


Coefficient of self induction 
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SI Units 
m-K 
watt/m?-K4 
C 

N/C 

volt 

farad 
C?N'm? 
C-m 

ohm 

tesla (T) or weber/m? (Wb/m?) 


henry 


Dimensional Formula 
L6] 

IMT 30-4] 
AT] 

[MLT 3A] 
[ML°T 3 AY 
IM-~"L-2T4 A2] 
Ma -374 A?] 
LTA] 

IML?T 3A] 
IMT?A] 
[ML?T PA] 


Example 4.1 Find the dimensional formula of the following quantities : 


(a) Density (b) Velocity (c) Acceleration 
(d) Momentum (e) Force (f) Work or energy 
(g) Power (h) Pressure 
Solution (a) Density = = 
volume 
(end = IM iy 
[volume] [LL] 
(b) Velocity [v]= aon 
time 
Ce [displacement] [L] _ [M°LT~] 


(c) Acceleration [a] = =] 
dt 


_ dv > kind of velocity _ LT] 
dt > kind of time [T] 
(d) Momentum [P] = [mv ] 
[P]=[M][v] =[M][LT"] =[MLT"'] 
(e) Force [F] =[ma] 
[F]=[m][a] =[M][LT~ ]=[MLT™*] 


[a] 


(or? ] 


(f) Work or Energy = force x displacement 
[ Work] = [force] [displacement ] 
=([MLT”’][L] =[MV’T?] 
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(g) Power = Work 
Time 
[Power] = Work] _ [MET } tg? 
[Time] [T] 
(h) Pressure = Hones 
ea 
[Pressure] = [Pores] ML r] 
[Area | 12 
=(ML'T?] 


© Example 4.2 Find the dimensional formula of the following quantities : 
(a) Surface tension, T 
(b) Universal constant of gravitation, G 
(c) Impulse, J 
(d) Torque t 
The equations involving these equations are : 


T = Fil, F= at ,J =Fxtandt=Fx1 
r 
Solution (a) T = “ 
—2 
=> [T] _ [F] = [MLT ] = [MT~] ron 
(1) [L] 
Or = 6 
r m, My 
2 —2 2 
or [G]= it _ [MLT = ] 
[m]° [M7] 
= Meir] ron 
(c) J=F xt 
7 [J]=[F][t] 
=[MLT~*][T] 
=[MLT'] Ans. 
(d)t=F x] 
_ [t]=[F] [1] 
=([MLT™][L] 


=[ML'T™*] Ans. 
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4.4 Uses of Dimensions 


Theory of dimensions have following main uses: 
1. Conversion of units This is based on the fact that the product of the numerical value (n) and its 
corresponding unit (w) is a constant, 1.e. 
n[u]=constant 
pr nm [uy ]= ng [uy] 
Suppose the dimensions of a physical quantity are a in mass, b in length and c in time. If the 


fundamental units in one system are M,, L, and 7, and in the other system are M,, L, and T, 
respectively. Then, we can write 


m (Mj Li Ty ]=m [M3 L5 Ts] (i) 
Here, n, and, are the numerical values in two systems of units respectively. Using Eq. (i), we can 
convert the numerical value of a physical quantity from one system of units into the other system. 


© Example 4.3. The value of gravitation constant is G = 6.67 x 1071! N-m?/kg? 
in SI units. Convert it into CGS system of units. 
Solution The dimensional formula of G is [M! CT |: 
Using Eq. (i), Le. 
my [My'L}T, 7 ]= 2[M3'L3T)”] 


M,] [L,]) /1]~ 
Ny =n, |— — — 
M, L, T, 
Here, n, = 6.67 x 107!! 


M, =1kg, M, =1g =10° kg, L, =1m,L, =lcm=10° m, 7, =T, =1s 
1 8, Mo 8 1 2 1 2 


Substituting in the above equation, we get 


-l 3 =) 
ny = 667x107"! | _~*8 au =| 
10° kg 10° m| [ls 


or ny = 6.67 10° 


Thus, value of Gin CGS system of units is 6.67 x 10° dyne em7/g”. 


2. To check the dimensional correctness of a given physical equation Every physical equation should be 
dimensionally balanced. This is called the ‘Principle of Homogeneity’. The dimensions of each 
term on both sides of an equation must be the same. On this basis, we can judge whether a given 
equation is correct or not. But a dimensionally correct equation may or may not be physically 
correct. 


© Example 4.4 Show that the expression of the time period T of a simple 


pendulum of length | given by T = 2n EE is dimensionally correct. 
g 
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Solution T=20 |: 
g 
Dimensionally [T] = i =[T] 
[LT] 


As in the above equation, the dimensions of both sides are same. The given formula is 
dimensionally correct. 


Principle of Homogeneity of Dimensions 
This principle states that the dimensions of all the terms in a physical expression should be same. For 


: : : 1 . ; 1 
example, in the physical expression s = ut + 5 at”, the dimensions of s, ut and 5 at” all are same. 
Note The physical quantities separated by the symbols +, —, =, >, < etc., have the same dimensions. 


© Example 4.5 The velocity v of a particle depends upon the time t according to 
- Write the dimensions of a, b, cand d. 


. c 
the equation v=a + bt + 
d+t 


Solution From principle of homogeneity, 
[a]=[v] or [a]=[LT"] 


[v]_ [LT] 
[bt]=[v] or [5] a 7] 
or [b]=[LT*] 
Similarly, [d]=[t]=[T] 
Further, hon =[v] or [c]l=[v][d+f¢] 
or [c]=[LT'][T] or [c]=[L] 


3. To establish the relation among various physical quantities If we know the factors on which a given 
physical quantity may depend, we can find a formula relating the quantity with those factors. Let 
us take an example. 


© Example 4.6 The frequency (f) of a stretched string depends upon the tension 
F (dimensions of force), length l of the string and the mass per unit length uw of 
string. Derive the formula for frequency. 


Solution Suppose, that the frequency f depends on the tension raised to the power a, length 
raised to the power b and mass per unit length raised to the power c. Then, 


fe<LF} U2) [wl 
or f=k(FY [1 (wl ...(i) 
Here, k is a dimensionless constant. Thus, 


LAl=LrP ta? ee 
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or [M°L°T | ]=[MLT~ ]* [L]? [ML"]° 
or [M°L°T! y=[M4 tei toe 741 
For dimensional balance, the dimensions on both sides should be same. 
Thus, a+c=0 .. (ii) 

at+b-c=0 .. (ili) 
and -—2a=-1 .. (iv) 
Solving these three equations, we get 

ee gna and b=-1 
2 2 


Substituting these values in Eq. (i), we get 
f=KFy?e@r wey? 
r pk IF 
Vu 


Experimentally, the value of & is found to be > 


Hence, 


Limitations of Dimensional Analysis 
The method of dimensions has the following limitations : 
(i) By this method, the value of dimensionless constant cannot be calculated. 


(ii) By this method, the equation containing trigonometrical, exponential and logarithmic terms 
cannot be analysed. 


(iii) This method is useful when a physical quantity depends on other quantities by multiplication 
and power relations. It cannot be used if a physical quantity depends on sum or difference of two 


ve F 1 . ‘ ; 
quantities. For example we, cannot get the relation, s = ut + 5 at” from dimensional analysis. 
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Final Touch Points 


1. There are some physical quantities which have the same dimensions. They are given in tabular form 


as below : 
S.No. Physical quantities or combination of physical quantities 
1. Angle, strain, sin®, z, e* 
2. Work, Energy, Torque, Rhc 
3. Time, = CR, VLC 


a velocity gradient, Decay constant. Activity of a radioactive 


Frequency, @, le) alls 
"L' CR’ VLC 
substance 


5. Pressure, stress, modulus of elasticity, energy density (energy per unit volume), 
2 


Angular impulse, angular momentum, Planck's constant 
Linear momentum, linear impulse 


Wavelength, radius of gyration, Light year 


; 1 ei E 
Velocity, Page pecan ees 
‘ VEolLo R B 


2. Astronomical unit 1 AU =mean distance of earth from sun =1.5 x10''m 


o}/a);N|® 


Light year 1 ly = distance travelled by light in vacuum in 1 year 
=9.46 x10" m 


Parsec 1 Parsec = 3.07 x10'© m = 3.26 light year 
X-ray unit 1U=10%m 
1 shake =10°° s 
1 Bar =10° N/m? =10°Pa 
1 torr =1 mmofHg =133.3 Pa 
1 barn =10°°8 m? 
1 horse power = 746 W 
1 pound = 453.6 g = 0.4536 kg 


Dimensions 
[Me po 7] 
[ML? T 7] 
[M°L° T] 


[Me jo TY 


[ML'T?] 


[ML2T~1] 
[MLT~'] 
[M°LT®] 
[M°LT] 


Solved Examples 


© Example 1 Find the dimensional formulae of 
(a) coefficient of viscosity n (b) charge q 
(c) potential V (d) capacitance C and 
(e) resistance R 
Some of the equations containing these quantities are 


F=-na(2), q= 1, U = Vi, q=CV and V = IR 


where, A denotes the area, v the velocity, | is the length, I the electric current, t the time 
and U the energy. 


_ FAl py _ FUEL EME?) yp 
Solution (a) A ks => . [yl [dll (ELT) [ML ] 
(b) q=It = «. [gq] =] [4] = [AT] 

() U =Vit 
U U] _(MUT*] yc 
ae - = =(ML-T FA 
no” “lta arn |! 
(d) q=CV 
_@g _ lal _ [AT] _ pyg-lp-24 ag 2 
C= or [C] VV] Mera] [MUL°T’A*] 
(ce) V=IR 
r=™ or try= WV) -IMET AT) _ pray 
I [J] [A] 


— 
© Example 2. Write the dimensions of a and b in the relation, P = vee 


, Where P 


is power, x is distance and t is time. 
Solution The given equation can be written as, Pat = b — x” 
Now, [Pat] = [b] =[x”] or [6] = [x”] =[M°L?T°] 
_B)]_ (4) 

[Pt] [ML?T?] [T] 


and [a] =(M?'DT?] 


© Example 3 The centripetal force F acting on a particle moving uniformly in a 
circle may depend upon mass (m), velocity (v) and radius (r) of the circle. Derive 
the formula for F using the method of dimensions. 

Solution Let F =k (my (uv) (¥ (i) 
Here, kis a dimensionless constant of proportionality. Writing the dimensions of RHS and LHS 
in Eq. (i), we have 

[MLT *]=[M]* [LT'}’ [L]* = [M*L?**T?] 
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Equating the powers of M, L and T of both sides, we have, 
x=1, y=2 and y+z=1 or z=1-y=-1 
Putting the values in Kq. (i), we get 


mv" 


F=kmv'r =k — 


or F=— (where, k = 1) 


© Example 4 If velocity, time and force were chosen as basic quantities, find the 
dimensions of mass and energy. 
Solution (i) We know that, 
Force = mass x acceleration 
velocity 
=mass X ———> 
time 
force x time 
=> mass = ———____ 
velocity 
tj 
ee eee [force] x I ime] 
[velocity] 
Bane 
Iv] 
Fe [mass] = [FTv +] Ans. 
(ii) Dimensions of energy are same as the dimensions of kinetic energy 


[Energy] = E mv? = [m] [v]” 


= [FTv] Ans. 


© Example 5 Force acting on a particle is 5 N. If units of length and time are 
doubled and unit of mass is halved then find the numerical value of force in the 
new system of units. 

5 kg-m 


2 
s 


Solution Force =5 N= 


If units of length and time are doubled and unit of mass is halved, then value of force in new 


system of units will be 
1x2 
5 2 | 7 2 Ans. 


@) | 4 


© Example 6 Can pressure (p), density (p) and velocity (v) be taken as fundamental 
quantities? 


Solution No, they cannot be taken as fundamental quantities, as they are related to each 
other by the relation, 


p=pu 


Exercises 


Assertion and Reason 


1. 


Directions Choose the correct option. 

(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 
(b) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 

(d) If Assertion is false but the Reason is true. 

(e) If both Assertion and Reason are wrong. 


Assertion Velocity, volume and acceleration can be taken as fundamental quantities because 


Reason All the three are independent from each other. 


2. Assertion If two physical quantities have same dimensions, then they can be certainly added 


or subtracted because 


Reason If the dimensions of both the quantities are same then both the physical quantities 
should be similar. 


Objective Questions 
Single Correct Option 


1. 


The dimensional formula for Planck’s constant and angular momentum are 


(a) [ML?T*]and [MLT‘] (b) [ML?T"]and[ML-T*] 
(c) [MI?T" ]and [ML?T*] (d) [MLT*]and [MLT?] 
. Dimension of velocity gradient is 
(a) [M°L'T"] (bl) [ML"T"} (c) (M°LT™} (@) [MDT] 
. Which of the following is the dimension of the coefficient of friction? 
(a) [M*L'T] (b) [M°L?T°} (c) (MULT?) (d) (M7L-T?] 
. Which of the following sets have different dimensions? (JEE 2005) 


(a) Pressure, Young’s modulus, Stress 

(b) Emf, Potential difference, Electric potential 
(c) Heat, Work done, Energy 

(d) Dipole moment, Electric flux, Electric field 


. The viscous force F' on a sphere of radius a moving in a medium with velocity uv is given by 


F'= 6n na v. The dimensions of n are 


(a) [ML* ] (b) [MLT*] (c) [MT*] (d) [(ML"T*] 
. A force is given by 
F = at + bt? 
where, t is the time. The dimensions of a and b are 
(a) [MLT“ ]and[MLT] (b) [MLT™ Jand [MLT° ] 


(c) [MLT? Jand [MLT“*] (d) [MLT™ Jand [MLT° ] 
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~“ 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
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. The physical quantity having the dimensions [M‘L°T°A”] is 
(a) resistance (b) resistivity 
(c) electrical conductivity (d) electromotive force 


. The dimensional formula for magnetic flux is 
(a) [ML? T?A74] (b) [ML?T 7A 7] (c) [M°L°T A ?| (d) [ML7T 1A] 
. Choose the wrong statement. 
(a) All quantities may be represented dimensionally in terms of the base quantities 
(b) A base quantity cannot be represented dimensionally in terms of the rest of the base 
quantities 
(c) The dimension of a base quantity in other base quantities is always zero 
(d) The dimension of a derived quantity is never zero in any base quantity 


If unit of length and time is doubled, the numerical value of g (acceleration due to gravity) will be 
(a) doubled (b) halved (c) four times (d) same 
Using mass (M/), length (Z), time (T) and current (A) as fundamental quantities, the dimension 
of permeability is 
(a) [M ‘LT 7A] (b) [ML°?T 7A 7] (c) [MLT7?A 7] (d) [MLT TA] 
The equation of a wave is given by 

: x 

y=asino (2-8) 
v 

where, ® is angular velocity and v is the linear velocity. The dimensions of k will be 
(a) [T"] (b) [T*] (©) [T] (a) [LT] 


If the energy (£), velocity (v) and force (F’) be taken as fundamental quantities, then the 
dimensions of mass will be 

(a) [Fv] (b) [Fv "] (c) [Ev*] (d) [Ev’] 

If force F, length L and time T are taken as fundamental units, the dimensional formula for 
mass will be 

(a) [FL*T"] (b) [FLT] (c) [FL°T"} (d) [FD T"] 

The ratio of the dimensions of Planck’s constant and that of the moment of inertia is the 
dimension of 

(a) frequency (b) velocity (c) angular momentum (d) time 


Given that y= Asin (2 (ct — »)} where y and x are measured in metres. Which of the 


following statements is true ? 
(a) The unit of ) is same as that of xand A (b) The unit of i is same as that of x but not of A 


(c) The unit of cis same as that of 2 (d) The unit of (ct — x) is same as that of a 


Which of the following sets cannot enter into the list of fundamental quantities in any system of 
units? 

(a) length, mass and density (b) length, time and velocity 

(c) mass, time and velocity (d) length, time and mass 


In the formula X = 3Y Z”, X and Z have dimensions of capacitance and magnetic induction 
respectively. What are the dimensions of Yin MKSQ system? (JEE 1995) 
(a) [M?°L"1°Q*] (b) [M*L°1*Q"] (c) [M7L7T*Q"] (d) [(M°L°T*Q] 
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19. A quantity X is given by €,) L a where €, is the permittivity of free space, Lis a length, AV isa 


potential difference and Atis a time interval. The dimensional formula for X is the same as that 


of (JEE 2001) 
(a) resistance (b) charge 
(c) voltage (d) current 


aZ 


20. In the relation p= 5 e k0 | pis pressure, Z is distance, k is Boltzmann constant and 0 is the 


temperature. The dimensional formula of B will be (JEE 2004) 
(a) [M°L'T"] (b) [ML"T] 
(¢) [MLT*] (d) [M°L'T*] 


More than One Correct Options 


1. The dimensions of the quantities in one (or more) of the following pairs are the same. 


Identify the pair (s). (JEE 1986) 
(a) Torque and work (b) Angular momentum and work 
(c) Energy and Young’s modulus (d) Light year and wavelength 

2. The pairs of physical quantities that have the same dimensions is (are ) (JEE 1995) 


(a) Reynolds number and coefficient of friction 
(b) Curie and frequency of a light wave 

(c) Latent heat and gravitational potential 

(d) Planck’s constant and torque 


3. The SI unit of the inductance, the henry can by written as (JEE 1998) 
(a) weber/ampere (b) volt-second/ampere 
(c) joule/(ampere)” (d) ohm-second 


4. Let [€,] denote the dimensional formula of the permittivity of the vacuum and [1 )] that of the 
permeability of the vacuum. If M = mass, L = length, T = time and J = electric current. 


(JEE 1998) 
(a) [eo] = [M"L* T*1] (b) [eo] = [M"L? T* P] 
(c) [Wo] = [MLT? 7] (d) [Wo] = (ML’T* T] 
5. L, C and R represent the physical quantities inductance, capacitance and resistance 
respectively. The combinations which have the dimensions of frequency are (JEE 1984) 
1 R 
es b) — 
(a) RC (b) Z 
1 C 
c) = d) = 
ee os, 
Match the Columns 
1. Match the two columns. (JEE 2003) 
Column I Column II 


(a) Boltzmann constant | (p) [ML7T] 
(b) Coefficient of viscosity! (q) [ML T-1] 
(c) Planck constant (rt) [(MLT?K 7+} 
(d) Thermal conductivity | (s) [ML?T°K™'] 
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2. Match the physical quantities given in Column I with dimensions expressed in terms of mass 


(M), length (Z), time (7'), and charge (Q) given in Column II. 


Column I 
(a) Angular momentum 
(b) Latent heat 
(c) Torque 
(d) Capacitance 
(e) Inductance 
(f) Resistivity 


(JEE 1993) 
Column II 
(p) [ML’T*] 
(q) [ML’Q”] 
(rt) [MUT"] 
(s) IML'T*Q7] 
(t) [M“L°T"Q’] 
(u) [LT] 


3. Column I gives three physical quantities. Select the appropriate units for the choices given in 


Column II. Some of the physical quantities may have more than one choice. 


Column I 


| ©) 


(a) Capacitance 

(b) Inductance (q) 
(x) 

(c) Magnetic induction | (s) 
(t) 


(JEE 1990) 


Column II 
ohm-second 
coulomb?2-joule! 
coulomb (volt)-1, 


newton (ampere metre)-1, 


volt-second (ampere)-1 


4. Some physical quantities are given in Column I and some possible SI units in which these 
quantities may be expressed are given in Column II. Match the physical quantities in Column I 


with the units in Column II. 
Column I 


(a) GMM, 


G — universal gravitational constant, 


M,— mass of the earth, 
M, — mass of the sun. 
3RT 
M 
R— universal gas constant, 
T — absolute temperature, 
M — molar mass. 
F? 
q’B’ 
F — force, 
q— charge, 
B— magnetic field. 
GM, 


(b) 


(c) 


(d) 


G— universal gravitational 


e 
constant, 
M,— mass of the earth, 
R, — radius of the earth. 


(JEE 2007) 
Column II 


(p) (volt) (coulomb) (metre) 


(q) (kilogram) (metre)® (second) 


(r) (metre)? (second) 


(s) (farad) (volt)* (kg) 


Chapter 4 Units and Dimensions e 95 


Subjective Questions 


1: 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


. Show dimensionally that the expression, Y = 


In the expression y = a sin (@t + 9), yis the displacement and fis the time. Write the dimensions 
of a,@ and 8. 


. Young’s modulus of steel is 2.0 x 10'' N/m”. Express it in dyne/em”. 


. Surface tension of water in the CGS system is 72 dyne/cm. What is its value in SI units? 


. The relation between the energy FE and the frequency v of a photon is expressed by the equation 


E= hv, where h is Planck’s constant. Write down the SI units of h and its dimensions. 


. Check the correctness of the relation s, =u +5 (@t- 1), where w is initial velocity, a is 


acceleration and s, is the displacement of the body in t” second. 


. Give the MKS units for each of the following quantities: (JEE 1980) 


(a) Young’s modulus (b) Magnetic induction (c) Power of a lens 


. A gas bubble, from an explosion under water, oscillates with a period 7 proportional to 


p’ d° E°, where pis the static pressure, d is the density of water and E is the total energy of 
the explosion. Find the values of a, band c. 


— is dimensionally correct, where Yis Young’s 
Tr 
modulus of the material of wire, Lis length of wire, Mg is the weight applied on the wire and /is 


the increase in the length of the wire. 


. The energy F of an oscillating body in simple harmonic motion depends on its mass m, 


frequency n and amplitude a. Using the method of dimensional analysis find the relation 
between E, m,n and a. (JEE 1981) 


B 


ra = Fu+—,. Find dimension formula for [a] and [B] (here ¢= time, F = force, v = velocity, 
x 


x = distance) 
For n moles of gas, Van der Waals' equation is [ - | (V —-b)=nRT 


Find the dimensions of a and b, where p= pressure of gas, V = volume of gas and 
T = temperature of gas. 
a 
In the formula, p= a eRTV | find the dimensions of a and b, where p = pressure, n = number 


of moles, 7 = temperature, V = volume and R = universal gas constant. 


Write the dimensions of the following in terms of mass, time, length and charge (JEE 1982) 
(a) Magnetic flux - Rigidity modulus. 
Let x and a stand for distance. Is | eae ~ dimensionally correct? 


In the equation | 2 = Jn Find the value of n. 


de =q” sin 1 ( 
4 2ax — x? a 
Taking force F, length L and time T' to be the fundamental quantities, find the dimensions of 
(a) density (b) pressure (c) momentum and (d) energy. 


Answers 


Assertion and Reason 
1. (e) 2. (e) 


Single Correct Option 
1.(b) 2.(a) 3. (b) 4. (d) 5.(d) 6 (c) 7. (c) 8 (a) 9 (d) 10. (b) 
11. (c) 12.(c) 13.(c) 14. (a) 15. (a) 16. (a) 17. (b) 18. (b) 19. (d) 20. (a) 
More than One Correct Options 
1. (a,d) 2. _ (a,b,c) 3. (all) 4. (b,c) 5. (a,b, c) 


Match the Columns 
1. (a) s, (b) > q, (Cc) > p, (d)or 
2. (a) r, (b) > u, (Cc) > p, (d) >t, (eC) 3 Gg, (Po s 
3. (a) q,r, (b) > p,t, (c) > $s 
4. (a)> p,q, (b) > 1, s, (C)o r,s, (dors 


Subjective Questions 


1. [M°LT°], [M°OL°T~4y, [M°L° T°] 2. 2.0 x 10!* dyne/cm? 

3. 0.072 N/m 4. J-s, [ML?T~}] 

5. Given equation seems to be dimensionally incorrect but it c — : 

6. (a)N/m? (b) Tesla (c) m7? haa Gea, 

9. E = kmn’a? (k= a dimensionless constant) 10. [8] =[ML4T~9], [oa] =[ML2T7}] 
11. [a]=[ML°T~*], [b]=[L9] 
12. [a] =[ML°T~*], [b] =[L]? 13. (a) [ML2T~0-4] (b) [ML 1-7] 
14. No 15. zero 


16. (a)[FL“T*] (b) [FL] (c) [FT] (d) [FL] 
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5.1 Vector and Scalar Quantities 


Any physical quantity is either a scalar or a vector. A scalar quantity can be described completely by 
its magnitude only. Addition, subtraction, division or multiplication of scalar quantities can be done 
according to the ordinary rules of algebra. Mass, volume, density, etc., are few examples of scalar 
quantities. If a physical quantity in addition to magnitude has a specified direction as well as obeys 
the law of parallelogram of addition, then and then only it is said to be a vector quantity. 
Displacement, velocity, acceleration, etc., are few examples of vectors. 


Any vector quantity should have a specified direction but it is not a 
sufficient condition for a quantity to be a vector. For example, current 
flowing in a wire is shown by a direction but it is not a vector because it 
does not obey the law of parallelogram of vector addition. For example, 
in the figure shown here. 


Fig. 5.1 


Current flowing in wire OC = current in wire AO + current in wire BO 
or =i, +i, was the current a vector quantity, 74 i, + i, 


It also depends on angle 9, the angle between i, and i,. 


1. Scalar quantities Mass, volume, distance, speed, density, work, power, energy, length, 
gravitation constant (G), specific heat, specific gravity, charge, current, potential, time, electric or 
magnetic flux, pressure, surface tension, temperature. 


2. Vector quantities Displacement, velocity, acceleration, force, weight, acceleration due to 
gravity (g), gravitational field strength, electric field, magnetic field, dipole moment, torque, 
linear momentum, angular momentum. 


9.2 General Points Regarding Vectors 


Vector Notation 
Usually a vector is represented by a bold capital letter with an arrow over it, as A, B,C, etc. 
The magnitude of a vector A is represented by A or | A| and is always positive. 


Graphical Representation of a Vector 


Graphically a vector is represented by an arrow drawn to a chosen scale, parallel y 
to the direction of the vector. The length and the direction of the arrow thus 
represent the magnitude and the direction of the vector respectively. 


Thus, the arrow in Fig. 5.2 represents a vector A in xy-plane making an angle 8 
with x-axis. 


Fig. 5.2 


Steps Involved Representing a Vector 
(i) By choosing a proper scale, draw a line whose length is proportional to the magnitude of the 
vector. 
(11) By following the standard convention to show direction, indicate the direction of the vector by 
marking an arrow head at one end of the line. 
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Example _ To represent the displacement of a body along x-axis. 


Ww E ° o_o ee ee » Scale: 1cm =5 km 
0 35 km A 


Fig. 5.3 Graphical representation of a vector 


The vector represented by the directed line segment OA in Fig. 5.3 is denoted by OA (to be read as 
vector OA) or a simple notation as A (to be read as vector A). For vector OA, O is the initial point and 
A is the terminal point. In the figure shown, OA or A is a displacement vector of magnitude 35 km 
towards east. 


Note A vector can be displaced from one position to another. During the displacement if we do not change 
direction and magnitude then the vector remains unchanged. 
Angle between Two Vectors (0) 


To find angle between two vectors both the vectors are drawn from one point in such a manner that 
arrows of both the vectors are outwards from that point. Now, the smaller angle is called the angle 
between two vectors. 


For example in Fig. 5.4, angle between A and Bis 60° not 120°.Because in Fig.(a), they are wrongly 
drawn while in Fig. (b) they are drawn as we desire. 


B A B 
120° 


(a) (b) 
Fig. 5.4 


Note 0°<6@< 180° 


Kinds of Vectors 


Unit Vector 
A vector of unit magnitude is called a unit vector and the notation for it in the direction of A is A read 
as ‘A cap or A caret’. 
A ~ A A 
Thus, A=AA or A=—=— 
JA] A 


A unit vector merely indicates a direction. Unit vector along x, yand z-directions are i, j and k. 


Zero Vector or Null Vector 


A vector having zero magnitude is called a null vector or zero vector. 
Note (i) Zero vector has no specific direction. 
(i) The position vector of origin is a zero vector. 
(iii) Zero vectors are only of mathematical importance. 
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Equal Vectors paaueN = 
Vectors are said to be equal if both vectors have same magnitude and direction. B 
——$_> 
A=B 
Parallel Vectors Fig. 5.5 
Vectors are said to be parallel if they have the same directions. A 
The vectors A and B shown in Fig. 5.6 represent parallel vectors. B 
SSS > 
Note Two equal vectors are always parallel but, two parallel vectors may not be equal vectors. Fig. 5.6 
Anti-parallel Vectors (Unlike Vectors) 
Vectors are said to be anti-parallel if they act in opposite direction. A 
—— 
The vectors A and B shown in Fig. 5.7 are anti-parallel vectors. -—§$== 
Fig. 5.7 


Negative Vector 
The negative vector of any vector is a vector having equal magnitude but acts in opposite direction. 


A 
—> 
2 
B 
A=-Bor B=-A 
Fig. 5.8 


Concurrent Vectors (Co-initial Vectors) 
Vectors having the same initial points are called concurrent vectors or co-initial vectors. 
A 


Fig. 5.9 
A, Band C are concurrent at point O. 


Coplanar Vectors 
The vectors lying in the same plane are called coplanar vectors. 


ye : 
O 
(a) (b) 


Fig. 5.10 


The vector A and Bare coplanar vectors. The vectors A and B shown in Fig. 5.10 (b) are concurrent 
coplanar vectors. 
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Orthogonal Vectors 


Two vectors are said to be orthogonal if the angle between them is 90°. 
A 


A > 


Fig. 5.11 
The vector shown in Fig. 5.11, A and Bare orthogonal to one another. 


Multiplication and Division of Vectors by Scalars 


The product of a vector A and a scalar m is a vector mA whose magnitude is m times the magnitude of 
A and which is in the direction or opposite to A according as the scalar m is positive or negative. Thus, 


|mA|=mA 
Further, if m and 7 are two scalars, then 
(m+n)A=mA+nA 
and m(nA) =n(mA) = (mnjA 


: 1 
The division of vector A by a non-zero scalar m is defined as the multiplication of A by — - 
m 


© Example 5.1 
B 
r A 
Fees /- 145° 
ae AB B 
(a) (b) (c) 
Fig. 5.12 


In the shown Fig. 5.12 (a), (b) and (c), find the angle between Aand B. 


Solution If we draw both the vectors from one point with their arrows outwards, then they can 
be shown as below 


B B 
B 
“8° a iso - : 
(a) (b) (c) 


Fig. 5.13 
In Fig. (a), 8 = 45° 
In Fig. (b), 8 = 150° and 
In Fig. (c), 8 = 35° 
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© Example 5.2. What is the angle between a and 3 a. 


Solution -5 a has a magnitude equal to : times the a 
3 
magnitude of a and its direction is opposite to a. Therefore, a “2? 
and — ; a are antiparallel to each other or angle between Fig. 5.14 
them is 180°. 
9.3 Addition and Subtraction of Two Vectors 
Addition 
(i) The parallelogram law Let R be the resultant of two vectors A and B. Be --------"5 +R 


(ii) 


According to parallelogram law of vector addition, the resultant R is the 
diagonal of the parallelogram of which A and Bare the adjacent sides as 
shown in figure. Magnitude of R is given by 


A 
R=, 4? +B? +2AB cos 0 8 ...(i) 
Fig. 5.15 
Here, 0 = angle between A and B. The direction of R can be found by angle a orB of R with A or B. 
Bsin@ Asin 8 
Here, ag — and tan B = ee ea(il) 
A+Bcos8 B+Acos® 


Special cases 


If 6=0°, R=maximum = 4+8B 
6=180°, R=minimum=4~8B 


and if 6=90°, R= A+B? 


In all other cases magnitude and direction of R can be calculated by using Eqs. (1) and (ii). 
The triangle law According to this law, if the tail of one 


A 
vector be placed at the head of the other, their sum or 
resultant R is drawn from the tail end of the first to the 5 B B 
head end of the other. As is evident from the figure R 
that the resultant R is the same irrespective of the A 


order in which the vectors A and B are taken, Thus, Figedilé 
R=A+B=B+A 


Subtraction 


Negative of a vector say —A is a vector of the same magnitude as vector A but pointing in a direction 
opposite to that of A. 


Fig. 5.17 
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Thus, A —Bcan be written as A+ (—B) or A— Bis really the vector addition of A and —B. 
Suppose angle between two vectors A and Bis 9. Then, angle between A and —B will be 180-6 as 
shown in Fig. 5.18 (b). 

B 180-0 


>A -B 


(a) 
Fig. 5.18 


Magnitude of S = A — Bwill be thus given by 
S=|A-B/=|A+(-B)| 


=A? +B? +2AB cos (180-6) 


or S= a? +B* —2AB cos0 ..-(i) 


For direction of S we will either find angle o or B, where, 


B sin (180-6) Bsin® : 
tan a = = ... (ii) 
A+Bcos (180-8) A-—Bcos8@ 
a eap= Asin(180-8) —  Asin®O Gi) 


B+Acos (180-8) B-Acos0 
Note A-B or B-—Acanalso be found by making triangles as shown in Fig. 5.19 (a) and (b). 
A-B 
e or B B-A 


rN A 
(a) (b) 
Fig. 5.19 


© Example 5.3. Find A+ Band A — Bin the diagram shown in figure. Given 
A=4 units and B =3 units. 


8 = 60° 


Fig. 5.20 


Solution Addition R= 4A? +B? +2A4B cos 0 


= 16+ 9+2x 4x 3c0s 60° 


= /37 units 
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hae Bsin 0 5 
A+Bcos0 coe 
__ 3sin 60" _ 9.472 J 
4+ 3cos 60° aN 
f) 
o = tan! (0.472) = 25.3° Fig. 5.21 


Thus, resultant of A and B is ¥37 units at angle 25.3° from A in the direction shown in figure. 


Subtraction —-S = A? + B? — 24B cos 0 


= {16+ 9-2x 4x 3cos 60° = ¥13 units 


Bsin 8 
and tan & = ——____ 6 
A-—Bcos8 A 
a 3sin 60 =1.04 
4 —3cos 60° y 
a= tan’ (1.04) = 46.1° a eee /S=A-B 
Thus, A — Bis /13 units at 46.1° from A in the direction Fig. 9.22 


shown in figure. 


Polygon Law of Vector Addition for more than Two Vectors 


This law states that if a vector polygon be drawn, placing the tail end of each succeeding vector at the 
head or the arrow end of the preceding one their resultant R is drawn from the tail end of the first to the 
head or the arrow end of the last. 

Thus, in the figure R = A+ B+C 


fe 
R 
B 
A 
Fig. 5.23 
INTRODUCTORY EXERCISE 


1. What is the angle between 2a and 4a? 
2. What is the angle between 3a and —5a? What is the ratio of magnitude of two vectors? 


3. Two vectors have magnitudes 6 units and 8 units respectively. Find magnitude of resultant of two 
vectors if angle between two vectors is 


(a) 0° (b) 180° (c) 60° (d) 120° (e) 90° 
4. Two vectors A andB have magnitudes 6 units and 8 units respectively. Find| A — B|, if the angle 

between two vectors is 

(a) 0° (b) 180° (c) 60° (d) 120° (e) 90° 
5. For what angle between A andB,|A+B|=|A-B|. 
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5.4 Components of a Vector 


Two or more vectors which, when compounded in accordance with the parallelogram law of vector R 
are said to be components of vector R. The most important components with which we are concerned 
are mutually perpendicular or rectangular ones along the three co-ordinate axes ox, oy and oz 
respectively. Thus, a vector R can be written as R= R, i+ R,j+R_K. 


Here, R,, R,, and R, are the components of R in x, y and z-axes respectively and i, j and k are unit 
vectors along these directions. The magnitude of R is given by 


R=JR2+R2+R? 


1 


x 


Re. R 
This vector R makes an angle of @ =cos~ (4s) with x-axis or cos & = ra 


= Ry : . R y 
B =cos se with y-axis or cos B = — 


R, : : 
and y= cos”! (4: with z-axis or cos y= 


Note Herecosa,cos Bandcos y are called direction cosines of R with x, y and z-axes. 
Refer Fig. (a) 


Fig. 5.24 
We have resolved a two dimensional vector R (in xy plane) in mutually perpendicular directions x and y. 


Component along x-axis = R, =R cosa or R sin B and component along y-axis = R,, = R cos B or 
R sina. 


Ifiand j be the unit vectors along x and y-axes respectively, we can write 
R=R,i+Ryi 
Refer Fig. (b) 


Vector R has been resolved in two axes x and y not perpendicular to each other. Applying sine law in 
the triangle shown , we have 


R _ RK, _ Ry 
sin[180-(a+8)] sinB sina 
a = aoe re ae 
“sin (a +B) * sin (a +B) 


Ifa+B=90°, R, =RsinBand Rk, =R sina 
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Position Vector 


To locate the position of any point P ina plane or space, generally a fixed point of reference called the 
origin O is taken. The vector OP is called the position vector of P with respect to O as shown in figure. 
If coordinates of point P are (x, y) then position vector of point P with respect to point O is 


OP =r=xi+ yj 


" P(x, y) 


Fig. 5.25 


Note _ (i) Fora point P, there is one and only one position vector with respect to the origin O. 
(i) Position vector of a point P changes if the position of the origin O is changed. 


Displacement Vector 


If coordinates of point A are (x,, y,, Zz, ) and B are (x4, yo, Z>). 
Then, position vector of A 


=Vry =OA=x,i+ y,j+z,k 
Position vector of B =rz =OB=x,i + yj + zk 
and AB=OB- OA= Ig -t4= displacement vector (s) 5 
= (x, —¥ I+ (2 -y) J+ () -4)k Fig. 5.26 


© Example 5.4 A force F has magnitude of 15 N. Direction of F is at 37° from 
negative x-axis towards positive y-axis. Represent F in terms of i and j. 


Solution The given force is as shown in figure. Let us find its AY 
x and y components. 7 |F|=F=15N 
F. =F cos 37° 
=15x a 
5 


=12N (along negative x-axis) 
F =F sin 37° 


=15x2 y 


Fig. 5.27 


=9N (along positive y-axis) 
From parallelogram law of vector addition, we can see that 
F=OM+ON 
=F, -i)+F, @) 
= (-12i + 9j)N Ans. 


© Example 5.5 Find magnitude and direction of a vector, A= (6i - 8)). 
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Solution Magnitude of A 


|A lor 4 = (6)? + (-8)° 


= 10 units Ans. 


Direction of A Vector A can be shown as 
y 


Fig. 5.28 


me 
6 


o = tan! (5) = 53° 
3 


Therefore, A is making an angle of 53° from positive x-axis towards negative y-axis. 


eS 
3 


© Example 5.6 Resolve a weight of 10 N in two directions which are parallel 
and perpendicular to a slope inclined at 30° to the horizontal. 


Solution Component perpendicular to the plane 


Fig. 5.29 


w, =weos 30° 
= (10) 7 =5/3N 
and component parallel to the plane 
w), = wsin 30° = (10) (3) 
=5N 


© Example 5.7 Resolve horizontally and vertically a force F = 8 N which makes 
an angle of 45° with the horizontal. 
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Solution Horizontal component of F is 


Fy, =F cos 45° = Olea =4/2N 


and vertical component of F is 


F,, =F sin 45° = @(]-4aN 


Note Two vectors given in the form of i, j and k can be added, subtracted or multiplied 
(by a scalar ) directly as is done in the example 5.8. 


Fig. 5.30 


© Example 5.8 Obtain the magnitude of 2A—3B if 
A=i+j-2k and B=2i-j+k 
Solution 2A—3B=2(i+ j—-2k)-3(2i—- j+k)=—4i+ 5j— 7k 


Magnitude of 2A— 3B =(—-4)" + (5)? +(-7)° = 16+ 25 +49=/90 


INTRODUCTORY EXERCISE 


1. Find magnitude and direction cosines of the vector, A= (31 -4j + 5k). 


2. Resolve a force F = 10 N along x and y-axes. Where this force vector is making an angle of 60° 
from negative x-axis towards negative y-axis? 

3. Find magnitude of A-2B+3C, where, A=2i + 3j,B=i+ jandC=k. 

4. Find angle between A and B, where, 
(a) A=2i and B=-6i (b) A=6j and B=-2k 
(c) A=(2i-3j) and B=4k (d) A=4 i and B=(-3i + 3}) 


5.5 Product of Two Vectors 


The product of two vectors is of two kinds 
(1) scalar or dot product. 
(ii) a vector or a cross product. 


Scalar or Dot Product 


: . B 

The scalar or dot product of two vectors A and Bis denoted by A -B and is read 

as A dot B. 

It is defined as the product of the magnitudes of the two vectors A and B and 

: be ) 
the cosine of their included angle 0. A 
Fig. 5.31 
Thus, A: B= AB cos8 (a scalar quantity) 


Important Points Regarding Dot Product 
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The following points should be remembered regarding the dot product. 
(i) A-B=B-A 
(ii) A-(B+C)=A-B+A-C 
(iii) A-A= A? 
(iv) A-B= A(B cos8)= A (Component of B along A) 
or A-B=B(Acos8@)=B (Component of A along B) 
(v) i-i=]j-j=k-k =()()cos 0° =1 
(vi) i- j= j-k =i-k =(1)()) cos 90° =0 


(vii) (a,i + b,j +. k)-(ani +b, jt ok) =a,a, +h,b, +4,¢, 
A- 
(vill) cos 8 = ae = (cosine of angle between A and B) 
(ix) Two vectors are perpendicular if their dot product is zero. (0 = 90° ) 


© Example 5.9 Work done bya force F on a body is W =Fes, where s is the 
displacement of body. Given that under a force F=(2i + 3j + 4k) N a body is 
displaced from position vector r, = (2i + 3] +k) mto the position vector 
ly =(i +jt+ k) m. Find the work done by this force. 
Solution The body is displaced from r, to r,. Therefore, displacement of the body is 
s=r,—-r, =(@+j+k)-(i+3j+k)=Ci-2j)m 
Now, work done by the force is W=F-s 
= (21 + 3j+ 4k)- (i — 2j) 
= (2)-1I) + 3)C2)+ (4)(0) =- 85 


© Example 5.10 Find the angle between two vectors A = Qi + j —~k and 
B=i-k. 


Solution A=|A| = (2) + (1) (-l? = v6 
B=|B|= (1) + (-1 =v2 


=(2i+ j-k)«(i-k) 
= (2)(1) + (1)(0) + (-1)(-1)= 3 


A-B | 
Now, =e ee 
3 vB 
“ai 
6 = 30° 


© Example 5.11 Prove that the vectors A =2i —-3j +k and B=i+ j +kare 
mutually perpendicular. 
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Solution A- B= (2i-3j+k)-(i+ j+k) 

= (2)(1) + (-3)(1) + (1)(1) = 0= AB cos 6 
a cos 8=0 (as A #0,B #0) 
or 6 = 90° 


or the vectors A and B are mutually perpendicular. 


Vector or Cross Product 


The cross product of two vectors A and Bis denoted by A x Band read as A cross B. B 

It is defined as a third vector C whose magnitude is equal to the product of the 

magnitudes of the two vectors A and B and the sine of their included angle 0. 8 A 
Thus, if _C=AxB, then C=ABsin@. Re oe2 


The vector C is normal to the plane of A and Band points in the direction 
in which a right handed screw would advance when rotated about an axis 
perpendicular to the plane of the two vectors in the direction from A to B 
through the smaller angle 8 between them or alternatively, we might state 
the rule as below 


C=AxB 


If the fingers of the right hand be curled in the direction in which vector A 

must be turned through the smaller included angle 8 to coincide with the 

direction of vector B, the thumb points in the direction of C as shown in 8 

Fig. 5.33. B 


Either of these rules is referred to as the right handed screw rule. Thus, if A 
n be the unit vector in the direction of C, we have 
: re Plane of A and B 
C=Ax B= AB sin 6 n Fig. 5.33 
where, O0<O0<T7 
Important Points About Vector Product 
(i) AXB=-BxA 
(ii) The cross product of two parallel (or antiparallel) vectors is zero, as | A x B| = AB sin ® and 
6 =0° or sin 8 =0 for two parallel vectors. Thus, i x i= jx j=k Xk =a null vector. 
(iii) If two vectors are perpendicular to each other, we have 9 = 90° and therefore, sin 8 = 1. So that 


A XB =AB n. The vectors A, B and A xB thus form a right handed system of a 
perpendicular vectors. It follows at once from. the above that 


in case of the orthogonal triad of unit vectors i, j and k (each ») (Cc 
perpendicular to each other) 
ixj=-jxi- 


jxk=-kxj=i and kxi=-ixk 
(iv) AX(B+C)=AXxXB+AXxC 


(v) A vector product can be expressed in terms of rectangular components of the two vectors and put 
in the determinant form as may be seen from the following: 


Fig. 5.34 
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Let A=ait+h,j+qk 
Then, Ax B=(a,i+b,j+ck)x (a,i+b,j+ok) 


=a,a,(ixi) + a,b) (ix jt aye) (iXk) + b,a,({x i) +b, GX D 
+h x k)+ c,a>(k x i) + cb (Kx jt. c¢ (k x k) 
Since, ixi= jx j=kxk=anull vector and i x j=k, etc., we have 
Ax B= (bc, — ¢,b,) 1+ (Gay — 44 Cy) | + (aby — byay) k 


or putting it in determinant form, we have 


A A A 


i jk 
A x B= a, b, Cc 
ay by Gy 


It may be noted that the scalar components of the first vector A occupy the middle row of the 
determinant. 


© Example 5.12 Find a unit vector perpendicular to A = 2i + 3j +k and 
B=i — j+k both. 


Solution As we have read, C= A x B is a vector perpendicular to both A and B. Hence, a unit 
vector fi perpendicular to A and B can be written as 


~ C AxB 
n=—= 
C |AxB| 
i j k 
Here, AxB=|2 3 1 
a | 
= i(3+1)+ j0—2)+k(2-3)=4i -j-sk 
Further, JA x Bl= Yay + (1 +5)? = V4 
The desired unit vector is 
po Ge f= poe 
|A x B| 142 


© Example 5.13 Show that the vector A = i — j + 2k is parallel to a vector 
B=3i — 3] + 6k. 


Solution A vector A is parallel to an another vector B if it can be written as 
A=mB 


Here, A=(i—]+2k)=— Gi-3]+ 6k) or A=3B 
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This implies that A is parallel to B and magnitude of A is : times the magnitude of B. 


Note Two vectors can be shown parallel (or antiparallel) to one another if : 
() The coefficients of i j and k of both the vectors bear a constant ratio. For example, a vector 
A= ai + bj + cyk is parallel to an another vector B= api + bj + Cok if: a1 = 7 7 = = constant. If 
2 2 © 
this constant has positive value, then the vectors are parallel and if the constant has negative value then 
the vectors are antiparallel. 
(it) The cross product of both the vectors is a null vector. For instance, A and Bare parallel (or antiparallel) 


i j k 
to each other ifA XB =|a, b, c,|=anull vector 
a, by © 


© Example 5.14 Let a force F be acting on a body free to rotate about a point O 
and let r the position vector of any point P on the line of action of the force. Then 
torque (t) of this force about point O is defined as 


tT=rxF 
Given, F=(2i+ 3j-k)N and r=(i-j+6k)m 
Find the torque of this force. 
i j k 
Solution t=rxF=]1 -1 6 
2 3 -l1 


=i (1-18)+ j2+1)+k(3+2) 


or t= (-17i + 13j+ 5k)N-m 
INTRODUCTORY EXERCISE 
1. Cross product of two parallel or antiparallel vectors is a null vector. Is this statement true or 
false? 
2. Find the values of 
(a) (41) x (-6 k) (b) (3j)-(-4)) (c) (2 i): (4k) 


3. Two vectors A and B have magnitudes 2 units and 4 units respectively. Find A-B if angle 
between these two vectors is 
(a) 0° (b) 60° (c) 90° (d) 120° 
(e) 180° 

4. Find(2A)x(-3B),ifA=2i-j and B=(j+k) 
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Final Touch Points 


1. 


is 


10. 


11. 


The moment of inertia has two forms, a scalar form | (used when the axis of rotation is known) and a 
more general tensor form that does not require knowing the axis of rotation. Although tensor is a 
generalized term which is characterized by its rank. For example, scalars are tensors of rank zero. 
Vectors are tensors of rank two. 


. Pressure is a scalar quantity, not a vector quantity. It has magnitude but no direction sense 


associated with it. Pressure acts in all directions at a point inside a fluid. 


. Surface tension is scalar because it has no specific direction. 
. Stress is neither a scalar nor a vector quantity, it is a tensor. 
. To qualify as a vector, a physical quantity must not only possess magnitude and direction but must 


also satisfy the parallelogram law of vector addition. For instance, the finite rotation of a rigid body 
about a given axis has magnitude (the angle of rotation) and also direction (the direction of the axis) 
but it is not a vector quantity. This is so for the simple reason that the two finite rotations of the body do 
not add up in accordance with the law of vector addition. However if the rotation be small or 
infinitesimal, it may be regarded as a vector quantity. 


. Area can behave either as a scalar or a vector and how it behaves depends on circumstances. 
. Area (vector), dipole moment and current density are defined as vectors with specific direction. 
. Vectors associated with a linear or directional effect are called polar vectors or simply as vectors and 


those associated with rotation about an axis are referred to as axial vectors. Thus, force, linear 
velocity and linear acceleration are polar vectors and angular velocity, angular acceleration are axial 
vectors. 


. Examples of dot-product and cross-product 


Examples of Dot-product Examples of Cross-product 

W=F-s T=IFXF 
P=F-v L=rxP 

do, =E-ds V=0 xr 

do, =B-ds To =PXE 

U, =P-E tg=M xB 

Uz, =M-B F, =q (vx B) 

dp = Ho / xr) 
4n 


Students are often confused over the direction of cross product. Let us discuss a simple method. To 
find direction of A xB curl your fingers from A toB through smaller angle. If it is clockwise then A x Bis 
perpendicular to the plane of A and B and away from you and if it is anti-clockwise then A xB is 
towards you perpendicular to the plane of A and B. 


The area of triangle bounded by vectors A and B is |AxB|. 


Exercise : Prove the above result. 
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12. Area of parallelogram shown in figure is, Area =|A x B| 


Exercise : Prove the above relation. 

13. Scalar triple product : A-(B x C)is called scalar triple product. It is a scalar quantity. We can show 
that A-(BxC)=(AxB)-C =B-(Cx A). 

14. The volume of a parallelopiped bounded by vectors A,B andC can be obtained by (A xB)-C. 


15. If three vectors are coplanar then the volume of the parallelopiped bounded by these three vectors 
should be zero or we can say that their scalar triple product should be zero. 

16. If A=aji + apj + agk, B=b,i + boj + bgk and C =c,i + coj + c3k then A-(BxC) is also written as 
[ABC ] and it has the following value : 


Ja; a ag| 
[ABC |= b, Do bg 
C; Co Cg 


= Volume of parallelopiped whose adjacent sides are along A, BandC. 
17. If|A| =|B| =A (say) then, 


|R|=|A+B)=2A cos 5 


Exercise : Prove the above result. 
For@=0°, |R|=2A 
6=60°, |R|=V3 A 
9=90°, |RiI=V2A 
@=120°, |R|=Aand 
6=180°, |R|=O 
In this case, resultant of A and B always passes through the bisector line of A and B. 
18. If | A| =|B| = A (say) then, 


|S|=|A -B]=2A sinS 


Exercise : Prove the above result. 
19. Angle between two vectors is obtained by their dot product (not from cross product) i.e. 


It is not always, sin”! AS 
AB 


Exercise : Explain the reason why @ is not always given by the following relation ? 


8 = sin! {4 5 al 
AB 
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20. A unit vector perpendicular to both A andB 


21. Component of A along B = A cos 8 = —— 


A-B 
B 


Similarly, component of B along A 
=Bcos0= AB 
Component of A along B = component of B along A 
If| A] =|B] or A = B. Otherwise they are not equal. 
22. In the figure shown, 


diagonal D, =|A +B or R| =A? + B? + 2AB cos @ 


diagonal D, =|A -B or S|= JA? + B? - 2AB cos 0 


D, = Dy = JA? + B? if 6 = 90° 
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Solved Examples 


© Example 1 Find component of vector A+ B along (i) x-axis, (ii) C. 
Given A=i-2j, B=2i+3k and C=i+j. 
Solution A+B=(i—2j)+ Qi + 3k) =3i —2j+3k 
G) Component of A+ Balong x-axis is 3. 
(ii) Component of A+ B= R (say) along Cis 
R-C_ (@i-2j+3k)°(@+j)_ 3-2 1 
Cc (y+ a)? J2 2 


Rcos9= 


© Example 2 Find the angle that the vector A= 2i + 3] —~k makes with y-axis. 
A 
Solution cos@=— = : oe 
A J@y’+@+e1 v4 


too 


© Example 3 Ifaand bare the vectors AB and BC determined by the adjacent 
sides of a regular hexagon. What are the vectors determined by the other sides 
taken in order? 


Solution Given AB=aand BC=b - - 
From the method of vector addition (or subtraction) we can show that, 
CD = b —-a F 
Then DE=-— AB=-a ‘ 
EF=- BC=-—b 
A B 
and FA=- CD=a-b 


© Example 4 Ifax b= bx c#0 with a # — ¢ then show that a+ c= kb, where k is 
scalar. 
Solution axb=bxec 
axb=-cxb 
axb+ecxb=0 

(a+ c)x b=0 
-. ax b#0, bx c#0, a,b,c are non-zero vectors. (a+ c)#0 
Hence, a+ cis parallel to b. 

a+c=kb 
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© Example 5 If A=2i —3j+ 7k, B=i + 2jand C= j-k. Find A-(BxC). 
Solution A-+(Bx C)= [ABC], volume of parallelopiped 


2-3 7 
=|1 2 O|] =2(-2-0)+3(-1-0)+7(0-0)=-4-3+7=0 
O- 1 1 


Therefore A, Band C are coplanar vectors. 


© Example 6 Find the resultant of three vectors OA,OB and OC shown in figure. 
Radius of circle is‘ R’. 


Solution OA=OC 


OA+ OCis along OB, (bisector) and its magnitude is 2R cos 45° = R V2 
(OA + OC)+ OBis along OB and its magnitude is R V2 + R= R(1+ v2) 


© Example 7 Prove that |ax b|? = a7b” —(a-b) 
Solution Let |a|=a,|b|=b and 6 be the angle between them. 
|ax b/’ = (absin @)’=a"b’ sin” @ 
= a’b? (1 — cos? 6) = ab? - (a: b cos 8)” 
= a’b" - (a*b)” Hence Proved. 
© Example 8 Show that the vectors a= 31 -2]+k, b=i-3j+5k and 
c= 2i + j — 4k form a right angled triangle. 
Solution We have b+ c= (i —3j+5k) + @i+ j-4k)=3i -2j+k=a 


Hence, a,b, c are coplanar. 
Also, we observe that no two of these vectors are parallel. 
Further, a-c=(3i -2j+ k)- @i + j-4k)=0 


Dot product of two non-zero vectors is zero. Hence, they are perpendicular Z b 


so they form a right angled triangle. 
lal=,/9+44+1= 14, 
|b] =./1+9+ 25 = 35 
and le|=,/4+14+16 = J21 
> Ja7+ = Vb? Hence Proved. 
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© Example 9 Let A,Band C be the unit vectors. Suppose that A-B= A-C=0 and 
the angle between B and C is . then prove that A= + 2(Bx C) 
Solution Since, A-B=0, A-C=0 


Hence, (B+ C)-A=0 


So, A is perpendicular to (B+ C). Further, A is a unit vector perpendicular to the plane of 
vectors Band C. 


¥ BxC 
|Bx C| 
Be Cle Bie “eixiece* 
6 2 2 
og PA pois C) 
|Bx C| 


© Example 10 A particle moves on a given line with a constant speed v. At a 
certain time, it is at a point P on its straight line path. O is a fixed point. Show 
that (OP x v) is independent of the position P. 


Solution Let v= vi 


OP=xi+ yj 
Take OPx v= (xi + yi) x vi 
Sie 
= constant (because y is constant) 
Hence, OP x v, which is independent of position of P. 


© Example 11 Prove that the mid-point of the hypotenuse of right angled triangle 
is equidistant from its vertices. 
Solution Here, ZCAB =90°, let D be the mid-point of hypotenuse, we have 
BD=DC C 
AB= AD+ DB 
AC=AD+ DC=AD+ BD D 
Since, ZBAC =90° ABL AC 
(AD + DB): (AD+ BD)=0 
(AD - BD): (AD+ BD)=0 A B 
AD? — BD? =0 
AD=BD also BD=DC 
Dis mid-point of BC 
Thus, | AD| =| BD| =|. DC|. Hence, the result. 


Exercises 


Objective Questions 


Single Correct Option 
1. Which one of the following is a scalar quantity? 
(a) Dipole moment (b) Electric field (c) Acceleration (d) Work 
2. Which one of the following is not the vector quantity? 
(a) Torque (b) Displacement (c) Velocity (d) Speed 
3. Which one is a vector quantity? 
(a) Time (b) Temperature 
(c) Magnetic flux (d) Magnetic field intensity 
4. Minimum number of vectors of unequal magnitudes which can give zero resultant are 
(a) two (b) three 
(c) four (d) more than four 
5. Which one of the following statement is false? 
(a) A vector cannot be displaced from one point to another point 
(b) Distance is a scalar quantity but displacement is a vector quantity 
(c) Momentum, force and torque are vector quantities 
(d) Mass, speed and energy are scalar quantities 
6. What is the dot product of two vectors of magnitudes 3 and 5, if angle between them is 60°? 
(a) 5.2 (b) 7.5 (c) 8.4 (d) 8.6 
7. The forces, which meet at one point but their lines of action do not lie in one plane, are called 
(a) non-coplanar non-concurrent forces (b) non-coplanar concurrent forces 
(c) coplanar concurrent forces (d) coplanar non-concurrent forces 
8. A vector A points vertically upward and B points towards north. The vector product A x B is 
(a) along west (b) along east (c) zero (d) vertically downward 
9. The magnitude of the vector product of two vectors| A| and|B| may be 
(More than one correct options) 
(a) greater than AB (b) equal to AB (c) less than AB (d) equal to zero 
10. A force (3i + 4j) newton acts on a body and displaces it by (3i + 4j) metre. The work done by the 
force is 
(a) 5J (b) 25 J (c) 10 J (d) 30 J 
11. The torque of force F= (2i — 3) + 4k) newton acting at the point r=(3i+ 2j+ 3k) metre about 
origin is (in N-m) 
(a) 6i-6j+12k (b) 171 -6j-13k (c) -6i+6j-12k (d) -171+6j+13k 
12. If a unit vector is represented by 0.51+ 0.8 j+ ck the value of cis 


(a) 1 (b) VO11 (c) VO01 (d) 0.39 
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13. Two vectors of equal magnitudes have a resultant equal to either of them, then the angle 
between them will be 


(a) 30° (b) 120° (c) 60° (d) 150° 
14. If a vector 21+ 3j+ 8kis perpendicular to the vector 4i— 4j+ ok, then the value of « is 
1 1 
=I = ae d) 1 
(a) (b) 5 (c) 5 (d) 


15. The angle between the two vectors A= 31+ 4j+ 5kand B= 3i+ 4j- 5kis 
(a) 60° (b) 45° (c) 90° (d) 30° 

16. Maximum and minimum values of the resultant of two forces acting at a point are 7 N and 
3 N respectively. The smaller force will be equal to 
(a) 5N (b) 4N (c) 2N (d) 1N 

17. If the vectors P= ai+ aj + 3k and Q=ai- 2] —k are perpendicular to each other, then the 
positive value of ais 
(a) zero (b) 1 (c) 2 (d) 3 

18. The (x, y, z) co-ordinates of two points A and Bare given respectively as (0, 3, — 1) and (-2, 6, 4). 
The displacement vector from A to Bis given by 
(a) -21+6j+4k (b) -21+38j+3k 
(c) -2i+3j+5k (d) 2i-3j-5k 


19. A vector is not changed if 
(a) it is rotated through an arbitrary angle 
(b) it is multiplied by an arbitrary scalar 
(c) it is cross multiplied by a unit vector 
(d) it is displaced parallel to itself 


20. Which of the sets given below may represent the magnitudes of three vectors adding to zero? 


(a) 2, 4, 8 (b) 4, 8, 16 
(c) 1, 2,1 (d)0:5,1,.2 
21. The resultant of A and B makes an angle a with A and with B, then 
(a) a is always less thanB (b)a<BpifA<B 
()ja<PpifA>B (dja<pifA=B 
22. The angles which the vector A = 3i+ 6j+ 2k makes with the co-ordinate axes are 
(a) cos + 2 cost kd and cos + 2 (b) cost = ,cos + cd and cos! a 
7 7 7 vi 7 it 
(c) cos! = cos “ and cos! (d) None of these 
23. Unit vector parallel to the resultant of vectors A= 4i — 3jand B= 81+ 8j will be 
241+ 5j 12i+5j 
a) —_ See ee 
(a) a (b) a 
(c) pie Ss (d) None of these 
13 
24. The component of vector A= 21+ 3jalong the vector i+ jis 
5 
a) = 10V2 c) 5V2 d) 5 
(a) 5) (b) (c) (d) 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 
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Two vectors A and Bare such that A+ B= Cand A” + B’ = C”. If@ is the angle between positive 
direction of A and B, then the correct statement is 


(a) 0=2 (b) 0= = 
(c) @=0 age" 
2 
If| Ax B| = V3A- B, then the value of| A+ Bl is 
AB)” 
A? + B?+ AB)? (47+ B+ 2) 
(a) ( ) (b) a 
(c) (A+B) (d) (A? + B? + V3AB)”” 
If the angle between the vectors A and Bis 69, the value of the product (B x A)- Ais equal to 
(a) BA? cos (b) BA* sin ® 
(c) BA? sin 8 cos 8 (d) zero 
Given that P =12,@=5and R=13 also P+ Q= R, then the angle between P and Q will be 
T 
(a) a (b) e 
T 
d= 
(c) zero (d) 1 
Given that P+ Q+ R= 0. Two out of the three vectors are equal in magnitude. The magnitude of 


the third vector is V2 times that of the other two. Which of the following can be the angles 
between these vectors? 


(a) 90°, 135°, 135° (b) 45°, 45°, 90° 

(c) 30°, 60°, 90° (d) 45°, 90°, 135° 

The angle between P+ Q and P- Q will be 

(a) 90° (b) between 0° and 180° 
(c) 180° only (d) None of these 


The value of n so that vectors 21+ 3j- 2k, 5it+n j+ kand-i+ 2}+3 k may be coplanar, will 
be 


(a) 18 (b) 28 (c) 9 (d) 36 
Ifa and b are two vectors, then the value of (a+ b)x (a—b) is 
(a) 2 (bx a) (b) —2 (bx a) (c) bxa (d) axb 


The resultant of two forces 3P and 2P is R. If the first force is doubled then the resultant is also 
doubled. The angle between the two forces is 

(a) 60° (b) 120° (c) 80° (d) 185° 

The resultant of two forces, one double the other in magnitude, is perpendicular to the smaller 
of the two forces. The angle between the two forces is 


(a) 120° (b) 60° (c) 90° (d) 150° 
Three vectors satisfy the relation A-B= 0 and A- C= 0, then A is parallel to 
(a) C (b) B (c) Bx C (d) B-C 


The sum of two forces at a point is 16 N. If their resultant is normal to the smaller force and has 
a magnitude of 8 N, then two forces are 

(a) 6N,10N (b) 8N,8N 

(c) 4N,12N (ad) 2N,14N 
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37. The sum of two vectors A and Bis at right angles to their difference. Then 


(a) A=B 

(b) A=2B 

(c) B=2A 

(d) A and Bhave the same direction 


38. Let C= A+B. 


(a) |C|is always greater than |A| 

(b) It is possible to have |C|<|A|and|C|<|B| 
(c) C is always equal to A+ B 

(d) C is never equal to A+ B 


39. Let the angle between two non-zero vectors A and B be 120° and its resultant be C. 


(a) C must be equal to| A —- B| 

(b) C must be less than| A —- B| 

(c) C must be greater than | A — B| 
(d) C may be equal to| A — B| 


Match the Columns 


1. 


Column I shows some vector equations. Match Column I with the value of angle between A and 
B given in Column II. 


Column I Column II 

(a) |AxBl=|A-Bl (p) zero 
(b) AXB=BxA (q) . 
T 

@ |A+Bl=|A-Bl @® Ff 
3 

(d) A+B=Cand A+B=C (s) ry 


Subjective Questions 


1. 
2. 


If a= 2i+ 3j+ 4k and b= 4i + 3j+ 2k, find the angle between a and b. 


The vector A has a magnitude of 5 unit, B has a magnitude of 6 unit and the cross product of A 
and Bhas a magnitude of 15 unit. Find the angle between Aand B. 


. Suppose a is a vector of magnitude 4.5 unit due north. What is the vector (a) 3a (b) —4a ? 


. Two vectors have magnitudes 3 unit and 4 unit respectively. What should be the angle between 


them if the magnitude of the resultant is (a) 1 unit, (b) 5 unit and (c) 7 unit. 


. The work done by a force F during a displacement r is given by F - r. Suppose a force of 12 N acts 


on a particle in vertically upward direction and the particle is displaced through 2.0 m in 
vertically downward direction. Find the work done by the force during this displacement. 


. If A, B, C are mutually perpendicular, then show that C x (A x B)= 0. 
. Prove that A-(Ax B)=0. 


14. 
15. 


16. 


17. 


18. 


19. 
20. 


21. 


22. 
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. Find the resultant of the three vectors shown in figure. 


Y, 


2.0m 


. Give an example for which A: B=C- Bbut A#C. 

. Obtain the angle between A+ Band A - Bif A = 2i + 3jand B=i - 2}. 

. Deduce the condition for the vectors 2i + 3j- 4k and 3i — aj+ bk to be parallel. 

. Find the area of the parallelogram whose sides are represented by 2i + 4j- 6k andi + 2k. 


. If vectors A and B be respectively equal to 3i — Aj + 5k and 2i+ 3j — 4k. Find the unit vector 


parallel to A+ B. 
If A = 2i - 3j+ 7k, B=i+ 2k andC= j-k find A-(Bx ©). 
The x and y-components of vector A are 4 m and 6 m respectively. The x and y-components of 
vector A+ Bare 10 m and 9 m respectively. Calculate for the vector B the following : 
(a) its x andy-components 
(b) its length 
(c) the angle it makes with x-axis 
Three vectors which are coplanar with respect to a certain rectangular co-ordinate system are 
given by 
a =4i-j, b=-3i1+2j and c=-3j 


Find 
(a) at+bt+e 
(bl) a+ b-e 


(c) Find the angle between a+ b+canda+b-c 


Let A and B be the two vectors of magnitude 10 unit each. If they are inclined to the x-axis at 
angles 30° and 60° respectively, find the resultant. 


The resultant of vectors OA and OBis perpendicular to OA as shown in figure. Find the angle 
AOB. 


B 


=2ees235 


6m 
() 


Oo 4m a4 


Find the components of a vector A= ee 3] along the directions of i+ j and i- 1 


If two vectors are A = 21+ j- kand B= j- 4k. By calculation, prove that A x Bis perpendicular 
to both Aand B. 


The resultant of two vectors Aand Bis at right angles to Aand its magnitude is half of B. Find 
the angle between A and B. 


Four forces of magnitude P, 2P,3P and 4P act along the four sides of a square ABCD in cyclic 
order. Use the vector method to find the magnitude of resultant force. 
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23. If P+ Q= Rand P- Q=S, prove that R? + S? = 2(P? + Q?) 


24. Prove by the method of vectors that in a triangle 


Introductory Exercise 5.1 


1... 0° 
2. 180°, 0.6 


ab _e¢ 
snA sinB_ sinC 
Answers 


3. (a) 14 units (b) 2 units (c) 2/37 units (d) 2V13 units (e) 10 units 
4. (a) 2 units (b) 14 units (c) 2V13 units (d) 2V37 units (e) 10 units 


5. 90° 


Introductory Exercise 5.2 


1. A=5¥V2 units, cosa = 


2 , CoS B = 


“4 and cos y= 


5/2 


2. F,=-5N,F,=-5V3N 
3. 10 units 


4. (a) 180° (b) 90° (c) 90° (d) 135° 


Introductory Exercise 5.3 


1. True 
. (a) 24j (b)-12 (c) zero 


5/2 


as 
V2 


2 
3. (a) 8units (b) 4 units (c) zero (d)-4 units (e) -8 units 
4 


. (614+ 12j-12k) 


Single Correct Option 


1.(d) 2. (d) 3. (d) 
11. (b) 12. (b) 13. (b) 
21. (c) 22. (a) 23. (b) 
31. (a) 32. (a) 33. (b) 


Match the Columns 


4. (b) 
14. (b) 
24. (a) 
34. (a) 


1. (a)>r,s (b)-p, (Cc) > q (d) > p 


Exercises 

5. (a) 6. (b) 7. (b) 
15. (c) 16. (c) 17. (d) 
25. (d) 26. (a) 27. (d) 
35. (c) 36. (a) 37. (a) 


8. (a) 
18. (c) 
28. (b) 
38. (b) 


9. (b,c,d) 
19. (d) 
29. (a) 
39. (c) 


10. (b) 
20. (c) 
30. (b) 
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Subjective Questions 
(2) 
cos | — 
29 
30° or 150° 
(a) 13.5 unit due north (b) 18 unit due south 


(a) 180° (b) 90° (c) 0° 
-24 J 


eo AR wD 


74 mat angle tan} (2 from x-axis towards y-axis 


9. See the hints 


3 4 
10. cos ‘(| 11.a=-45,b=-6 
V65 
F 1 any 
12. Area = 13.4 units 13. — (5i-j+k 
we” 
14. zero 


15. (a) 6m, 3m (b) 3V5m (6)0=tan(3) 


16. (a) i- 2j (b)i+ 4j (©) cos! | 


V¥85 
17. 20 cos 15° unit at 45° with x-axis. 18. cos"! (=) 
5 -l 
19, —,—= 21. 150° 
J2 2 
22. 2/2P 


Kinematics 


Chapter Contents 


6.1 Introduction to Mechanics 
and Kinematics 

6.2 Few General Points of Motion 

6.3 Classification of Motion 

6.4 Basic Definition 

6.5 Uniform Motion 


6.6 One Dimensional Motion with Uniform 
Acceleration 


6.7 One Dimensional Motion with 
Non-uniform Acceleration 
6.8 Motion in Two and Three Dimensions 


6.9 Graphs 
6.10 Relative Motion 


6.1 Introduction to Mechanics and Kinematics 


Mechanics is the branch of physics which deals with the motion of particles or bodies in space and 
time. Position and motion of a body can be determined only with respect to other bodies. Motion of 
the body involves position and time. For practical purposes a coordinate system, e.g. the cartesian 
system is fixed to the reference body and position of the body is determined with respect to this 
reference body. For calculation of time generally clock is used. 


Kinematics is the branch of mechanics which deals with the motion regardless of the causes 
producing it. The study of causes of motion is called dynamics. 


6.2 Few General Points of Motion 


Kinematics is the branch of mechanics which deals with the motion regardless of the causes 
producing it. 


1. 


Direction of velocity is in the direction of motion. But direction of acceleration is not necessarily 
in the direction of motion. Direction of acceleration is in the direction of net force acting on the 
body. For example, if we say that a body is moving due east, it means velocity of the body is 
towards east. From the above statement, we cannot find the direction of acceleration. 

Motion in a straight line is called a one-dimensional motion. 

Motion which is not one dimensional is called a curvilinear motion. Circular motion and 
projectile motion are the examples of curvilinear motion. 


e = = 
Straight line motion 


Curvilinear motions 
Fig. 6.1 


Direction of velocity at any point on a curvilinear path is tangential to the path. But with direction 
of acceleration there is no such condition. As we have stated earlier also, it is in the direction of net 
force. For example, in the figure shown below a particle is moving on a curvilinear path. 
P 
te] 


Vv 


a 
Fig. 6.2 


At point P, velocity of the particle is tangential to the path but acceleration is making an angle 0 
with velocity. If @ is acute (0° <@ < 90° ), then speed (which is also magnitude of velocity vector) 
of the particle increases. If @ is obtuse (90° <@ <180° ), then speed of the particle decreases. 


Note 6 =90°is a special case when speed remains constant. This point we shall discuss in our later discussions. 
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© Example 6.1 Velocity of a particle at some instant is v =(3i + 4j + 5k) m/s. 
Find speed of the particle at this instant. 


Solution Magnitude of velocity vector at any instant of time is the speed of particle. Hence, 


Speed = vor |v|= (3)? + (4)° + (5° = 52 mis Ans. 


© Example 6.2 “A lift is ascending with decreasing speed”. What are the 
directions of velocity and acceleration of the lift at the given instant. 


Solution (i) Direction of motion is the direction of velocity. Lift is ascending (means it is 
moving upwards). So, direction of velocity is upwards. 


(11) Speed of lift is decreasing. So, direction of acceleration should be in opposite direction or it 
should be downwards. 


INTRODUCTORY EXERCISE 
1. “A\lift is descending with increasing speed”. What are the directions of velocity and acceleration 
in the given statement? 
2. Velocity and acceleration of a particle at some instant are 
v=(31-4j+2k)m/s and a=(2i+j—2k)m/s? 
(a) What is the value of dot product of v anda at the given instant? 


(b) What is the angle between v anda, acute, obtuse or 90°? 
(c) At the given instant, whether speed of the particle is increasing, decreasing or constant? 


6.3 Classification of Motion 


A motion can be classified in following two ways : 


First According to this way, a motion can be either 
(1) One dimensional (1-D) 
(ii) Two dimensional (2-D) 
(iii) Three dimensional (3-D) 
In one dimensional motion, particle (or a body) moves in a straight line, in two dimensional motion, it 
moves in a plane and in three dimensional motion body moves in space. 
Second According to this way, a motion can be either 
(i) Uniform motion 
(ii) Uniformly accelerated 
(iii) Non-uniformly accelerated. 
In uniform motion, velocity of the particle is constant and in non-uniformly accelerated motion 
acceleration of the particle is not constant. 


Equations, v=u-+at etc. can be applied directly, only for uniformly accelerated motion. If the 
motion is one dimensional then these equations can be written as, v=u+at etc. For solving a 
problem of non-uniform acceleration, either integration or differentiation is required. 
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® Extra Points to Remember 


In uniform motion, velocity of particle is constant, therefore acceleration is zero. Velocity is constant, means 
its magnitude (or speed) is constant and direction of velocity is fixed. So, the particle moves in a straight line. 
Hence, it is always one dimensional motion. 


© Example 6.3 Give two examples of two dimensional motion. 


Solution Two dimensional motion takes place in a plane. Its two examples are 
circular motion and projectile motion. 
y 


Circular motion Projectile motion 
Fig. 6.3 


Normally, the plane of circular motion is either horizontal or vertical and plane of projectile 
motion is vertical. 


© Example 6.4 Velocity of a particle is v =(2i + 3] ~4k) m/s and its acceleration 
is zero. State whether it is 1-D, 2-D or 3-D motion? 


Solution Since, acceleration of the particle is zero. Therefore, it is uniform motion or motion in 
a straight line. So, it is one dimensional motion. 


© Example 6.5 Projectile motion is a two dimensional motion with constant 
acceleration. Is this statement true or false? 


Solution True. Projectile motion takes place in a plane. So, it is two dimensional. For small 
heights, its acceleration is constant (= acceleration due to gravity). Therefore, it is a two 
dimensional motion with constant acceleration. 


INTRODUCTORY EXERCISE 


1. Velocity and acceleration of a particle are 
v=(2i-4j)m/s and a=(-2i+4j)m/s? 
Which type of motion is this ? 
2. Velocity and acceleration of a particle are 
v=(2i)m/s and a=(4ti+ t?j)m/s? 
where, t is the time. Which type of motion is this ? 
3. In the above question, can we use v =u + at equation directly? 
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6.4 Basic Definitions 


Position Vector and Displacement Vector 
If coordinates of point A are (x,, y,, z;) and B are (xy, y>, Z)). Then, position 
vector of A a a ; 

Position vector of B =rz =OB=x,i + yj + zk 

and AB=OB- OA=r, -r, 

= (x. —x I+ (2 -—y) i+ () -4)k 


Distance and Displacement 


Distance is the actual path length covered by a moving particle or body ina 
given time interval, while displacement is the change in position vector, i.e. 
a vector joining initial to final positions. If a particle moves from A to C 
(Fig. 6.5) through a path ABC. Then, distance travelled is the actual path 
length ABC, while the displacement is 

s=Ar=ro-ry 


If a particle moves in a straight line without change in direction, the Fig. 6.5 
magnitude of displacement is equal to the distance travelled, otherwise, it is 
always less than it. Thus, 

|displacement | < distance 


Average Speed and Average Velocity 


The average speed of a particle in a given time interval is defined as the ratio of total distance 
travelled to the total time take. 


The average velocity is defined as the ratio of total displacement to the total time taken. 


total distance 


Thus, Vay = average speed = ; 
total time 
: total displacement 
and Vay = average velocity = ; 
total time 
S S Ar Vy, 7"; 
= or or = 
At t At At 


Here, r, = final position vector and r; = initial position vector 


Instantaneous Velocity and Instantaneous Speed 
Instantaneous velocity and instantaneous speed are defined at a particular instant and are given by 


; s ds dr 
vy, or simply v= lim or or 
At 0 At dt dt 


Here, r is position vector of the body (or particle) at a general time ¢. 
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Magnitude of instantaneous velocity at any instant is called its instantaneous speed at that instant. 
Thus, 


Instantaneous speed = v =| v| = 


Average and Instantaneous Acceleration 
Average acceleration is defined as the ratio of change in velocity, i.e. Av to the time interval Af in 
which this change occurs. Hence, 
— Av af 
“At At 
The instantaneous acceleration is defined at a particular instant and is given by 
. Av dv 
"Apa Ode de 


a 
Here, v, = final velocity and v; = initial velocity vector 


® Extra Points to Remember 


e If motion is one dimensional (let along x-axis) then all vector quantities (displacement, velocity and 
acceleration) can be treated like scalars by assuming one direction as positive and the other as negative. 
In this case, all vectors along positive direction are given positive sign and the vectors in negative direction 
are given negative sign. 


e For example, displacement, instantaneous velocity, instantaneous acceleration, average velocity and 
average acceleration in this case be written as 
S=Ar=h-f OF X,-X; 


v= ds or hs or a= a 
at at at 
BS _ lh 5 —dG Av _ VV; 
Ven, = i f i and eee eh i 
NO At Coes ae 


© Example 6.6 In one second, a particle goes from point A to point B moving in 
a semicircle (Fig. 6.6). Find the magnitude of the average velocity. 


A 
B 
Fig. 6.6 
Solution Vay] = 22 m/s 
At 
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© Example 6.7 A table is given below of a particle moving along x-axis. In the 
table, speed of particle at different time intervals is shown. 


Table 6.1 
Time interval (in sec) Speed of particle (in m/s) 
0-2 2 
2-5 3 
5-10 4 
10-15 2 


Find total distance travelled by the particle and its average speed. 
Solution Distance = speed x time 

= Total distance = (2 x 2) + (3)(3) + (5)(4) + (5)(2)= 43 m 
Total time taken is 15 s. Hence, 


Total distance 
Average speed = ——_—_—_ 
Total time 


~ 43 4 97 m/s 
15 


© Example 6.8 A particle is moving along x-axis. Its X-coordinate varies with 


time as, . 
X= 2t° + 4t-6 


Here, X is in metres and t in seconds. Find average velocity between the time interval 
t=Otot=2s. 


Solution In 1-D motion, average velocity can be written as 
_ As _ xf TX 2 X > sec FI ys 


eee At 2-0 
_ 22)" +42)- 61-20)" +4(0)- 6] 
2 
=8m/s Ans. 


© Example 6.9 A particle is moving in x-y plane. Its x and y co-ordinates vary 
with time as 620 wedge 
Here, x and y are in metres and t in seconds. Find average acceleration between a 
time interval from t = Otot= 2s. 
Solution The position vector of the particle at any time ¢ can be given as 
r=xit yj=27i4+0°5 
dr 


The instantaneous velocity is v= a 


= (ti + 3075) 
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Av VEN _ V2 sec — VOsec 


Now, ay =—= 
At At 2-0 
_ [(4)(2)i + (3)(2)° F1= [(4)(0)i + (390) F] 
2 
= (41 + 6j) m/s” Ans. 
INTRODUCTORY EXERCISE 


1. Average speed is always equal to magnitude of average velocity. Is this statement true or false? 
2. When a particle moves with constant velocity its average velocity, its instantaneous velocity and 
its speed all are equal. Is this statement true or false? 


3. A stone is released from an elevator going up with an acceleration of g/2. What is the 
acceleration of the stone just after release? 


4. A clock has its second hand 2.0 cm long. Find the average speed and modulus of average 
velocity of the tip of the second hand in 15 s. 
5. (a) Is it possible to be accelerating if you are travelling at constant speed? 


(b) Is it possible to move on a curved path with zero acceleration, constant acceleration, 
variable acceleration? 


6. A particle is moving in a circle of radius 4 cm with constant speed of 1 cm/s. Find 
(a) time period of the particle. 


(b) average speed, average velocity and average acceleration in a time interval from t =0 to 
t = 7/4. Here, T is the time period of the particle. Give only their magnitudes. 


6.5 Uniform Motion 


As we have discussed earlier also, in uniform motion velocity of the particle is constant and 
acceleration is zero. Velocity is constant means its magnitude (called speed) is constant and direction 
is fixed. Therefore, motion is 1-D in same direction. If velocity is along positive direction, then 
displacement is also along positive direction. Therefore, distance travelled (d) is equal to the 
displacement (s). If velocity is along negative direction then displacement is also negative and 
distance travelled in this case is the magnitude of displacement. Equations involved in this motion are 
(1) Velocity (may be positive or negative) = constant 
(ii) Speed, v = constant 
(iii) Acceleration =0 
(iv) Displacement (may be positive or negative) = velocity x time 
(v) Distance = speed x time or d=vt 


(vi) Distance and speed are always positive, whereas displacement and velocity may be positive or 
negative. 


© Example 6.10 A particle travels first half of the total distance with constant 
speed v, and second half with constant speed vy. Find the average speed during 
the complete journey. 
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Solution Biel, gus 
At a iB 
t; (e to 
Fig. 6.7 

d d 

t; =— and ft, =— 

Vy V2 

total dist d+d 2. 2v,Vv 

otal distance _ _ d _ 2, V2 Ae: 


Average speed = - 
total time ti tt, (d/v,)+(d/v,) vy+v9 


© Example 6.11 A particle travels first half of the total time with speed v, and 
second half time with speed vy. Find the average speed during the complete 
Journey. 


Solution ti v4 ti 49 
At t 1B 
d, C d> 


Fig. 6.8 


d,=v,t and d,=vyt 
total distanced) +d, vwttvt vtv, jane 
total time t+t 2t 2 ; 


Average speed = 


© Example 6.12 A particle travels first half of the total distance with speed v,. 
2 


In second half distance, constant speed in - rd time is Uy and in remaining 5 rd 


time constant speed is v,. Find average speed during the complete journey. 


Solution 


t 2t 
dy 3°" zs 
A as 2 B 
Cc D 
K d > 
Fig. 6.9 
t 2t 
CD+ DB=d > Vv, ; + ; (v3 )=d 
or t= _— .-(1) 
V9 + 2v3 
Further, tuc= ca 
Vy 
total distance d+d 
Now, average speed = = 


total time tyc ttcp +tpp 
2d _ 2d 
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Substituting value of ¢ from Eq. (i), we have 
2d 


(d/v, )+ (3d/vz + 2v; ) 
_ 2v, (v2 + 2V3 ) 
3y, + v2 + 23 


average speed = 


Ans. 


INTRODUCTORY EXERCISE 


1. A particle moves in a straight line with constant speed of 4 m/s for 2 s, then with 6 m/s for 3 s. 
Find the average speed of the particle in the given time interval. 


2. A particle travels half of the time with constant speed 2 m/s. In remaining half of the time it 
travels, zth distance with constant speed of 4 m/s and ; th distance with 6 m/s. Find average 


speed during the complete journey. 


6.6 One Dimensional Motion with Uniform Acceleration 


As we have discussed in article 6.3 that equations like v=u+at -ve <——____________+ +ve 
; : ‘ : In horizontal 1-D motion 
etc. can be applied directly with constant (or uniform) 


+ve 
acceleration. Further, in one dimensional motion, all vector 
quantities (displacement, velocity and acceleration) can be 
treated like scalars by using sign convention method. In this 
method, one direction is taken as positive and the other as the 
negative and then all vector quantities are written with paper -ve 
signs. In most of the cases, we will take following sign In vertical 1-D motion 
convention. Fig. 6.10 
The equations used in 1-D motion with uniform acceleration are 
v=utat (i) 
v? =u’ +2as . (1) 
1 3 
sul +5 at” .. (411) 
1 5 . 
S| =So ae (LV) 
1 
S; oe oe ..(V) 


In the above equations, u= initial velocity, v = velocity at time ¢, a = constant acceleration 
s = displacement measured from the starting point 
Here, starting point means the point where the particle was at t =0. It is not the point where u=0. 
s, = displacement measured from any other point, say P, where P is not the starting point. 
So = displacement of the starting point from P. 
s, = displacement (not the distance in t™ second). 
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@® Extra Points to Remember 

e Inmost ofthe cases, displacement is measured from the starting point, therefore Eq. (iii) or s =ut + ul ae 
is used. 2 

e For small heights, if the motion is taking place under gravity then acceleration is always constant 
(= acceleration due to gravity). This is 9.8 m/s* (10 m/s”) in downward direction. According to our 
sign convention downward direction is negative. Therefore, 

a=g =9.8m/s* =~ -10 m/s* 

e One-dimensional motion (with constant acceleration) can be observed in following three cases: 
Case 1 Initial velocity is zero. 
Case 2 Initial velocity is parallel to constant acceleration. 
Case 3 Initial velocity is antiparallel to constant acceleration. 
In first two cases, motion is only accelerated and direction of motion does not change. In the third case, 
motion is first retarded (till the velocity becomes zero) and then accelerated in opposite direction. 


v=0 
u=0 u#+0 me 
Te9 Pasa it 
| 1 ot 
He Ar 

ae 
ee 
Case-1 Case-2 Case-3 
Fig. 6.11 


e In most of the problems of time calculations, s =ut + - at® equation is useful. But s has to be measured 


from the starting point. 


e Incase 3 (of point 3), we need not to apply two separate equations, one for retarded motion (when motion 
is upwards) and other for accelerated motion (when motion is downwards). Problem can be solved by 


applying the equations only one time, provided s (in s =ut + ; at”) is measured from the starting point 
and all vector quantities are substituted with proper signs. 
© Example 6.13 A ball is thrown upwards from the top of a tower 40 m high 


with a velocity of 10 m/s. Find the time when it strikes the ground. 
Take g =10 m/s’. 


Solution In the problem, u=+10m/s, a=-—10ms 2 


and , s=—40m (at the point where stone strikes the ground) 
Substituting in s = ut + a at’, we have t ve | ete ws 

—~40=10t-5t? a=g=—10 m/s* 

s=0 
or 5t? — 10t - 40=0 1 
2 oy 
or t~ — 2t-8=0 den 
Solving this, we have t=4s and—2s. 
fe ii 


Taking the positive value ¢ = 4s. 
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Note The significance oft = —2 s can be understood by following figure 


Coe 
t=1st! tke=toe=2s 
' | taco=tcp=18 
t=0B%!:D 
it=2s 
a OSI tas 
Fig. 6.13 


© Example 6.14 _ A ball is thrown upwards from the ground with an initial 
speed of u. The ball is at a height of 80 m at two times, the time interval being 
6 s. Find u. Take g = 10 m/s”. 


Solution Here, u=u m/s, a=g=-10mé&’ and s=80m. fia 
ajo é 1 
Substituting the valuesin = ut +— at’, | ae 
2 
we have 80=ut—5t? or 5t? —ut+80=0 | ‘ 
—ve 
; u+u? — 1600 ? u—u* —1600 | 
or =) ann eS ee 
10 10 
2 2 Fig. 6.14 
utau —1600 w—vu~ —1600 
Now, it is given that §—————__— —- —_~—_____ = 6 
10 10 
[2 
u~ — 1600 
or SO tt yu? —1600=30 or u* —1600=900 
u> =2500 or u=+50m/s 
Ignoring the negative sign, we have u=50 m/s 
® Extra Points to Remember 
e In motion under gravity, we can use the following results directly in objective problems: rj 
(a) If a particle is projected upwards with velocity u , then , 
2 u 
(i) maximum height attained by the particle, h = - 
g 
(i) time of ascent = time of descent= 4 = . Total time of flight = 2U elo e 
g g Qu=0 
(b) If a particle is released from rest from a height h (also called free fall), then \ 
(i) velocity of particle at the time of striking with ground, v = j2gh hy 
| 
(ii) time of descent (also called free fall time) t = an 0) 
g V 


: F y Fig. 6.16 
Note /n the above results, air resistance has been neglected and we have already substituted 


the signs of u, g etc. So, you have to substitute only their magnitudes. 


e Exercise Derive the above results. 
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Difference between Distance (d) and Displacement (s) 


2 


: : ‘ 1 : : 
The s in equations of motion (s = ut + — at? and vy? =u? + 2as) is really the displacement not the 
2 


distance. They have different values only when u and a are of opposite sign or u TJ a. 


Let us take the following two cases : 


Case 1 When wis either zero or parallel to a, then motion is simply accelerated and in this case 
distance is equal to displacement. So, we can write 


1 
d=s=ut+—at? 
2 
Case 2) When uw is antiparallel to a, the motion is first retarded then accelerated in opposite 


direction. So, distance is either greater than or equal to displacement (d =| |). In this case, first find 
the time when velocity becomes zero. Say it is fo. 


0=u- ato > .. ty = 


u 
a 


: ; : : ; 1 
Now, if the given time f < ¢), distance and displacement are equal. So, d=s= ut + A at” 


For ¢ < fo, (with u positive and a negative) 
For ¢ > fo, distance is greater than displacement. d=d, +d, 
2 
. . u 
Here, d, = distance travelled before coming to rest = aa 
a 


Bi a's 1 
d, = distance travelled in remaining time ¢ — ty = 5 |a(t—t))?| 


I 2 
+-|a(t-t 
514 (to) 
Note The displacement is still s =ut + - at® with u positive and a negative. 


© Example 6.15 A particle is projected vertically upwards with velocity 40 m/s. 
Find the displacement and distance travelled by the particle in 
(a) 2s (b) 4s (c) 6s 
Take g= 10m/s". 


Solution Here, u is positive (upwards) and a is negative (downwards). So, first we will find 
ty, the time when velocity becomes zero. 


(a) t<¢ 9. Therefore, distance and displacement are equal. 


d=s=ut +5 at? =40x2—=% 10% 4= 601m 


140 


Mechanics - I 


(b) t=f). So, again distance and displacement are equal. 


d= = 40x 4—=% 10% 16= 80m 


(c) t>to. Hence, d > s, 5=40x 6-5 x 10x 36= 60m 
2 
While lela tiee-ny 
2 
= no 5x10 (6- 4)" 
=100m 
INTRODUCTORY EXERCISE 


1. 


2. 


10. 


Prove the relation, s, =u + at ~3a. 


Equation s, =u + at — 4 a does not seem dimensionally correct, why? 


A particle is projected vertically upwards. What is the value of acceleration 
(i) during upward journey, 
(ii) during downward journey and 
(iii) at highest point? 
A ball is thrown vertically upwards. Which quantity remains constant among, speed, kinetic 
energy, velocity and acceleration? 


A particle is projected vertically upwards with an initial velocity of 40 m/s. Find the displacement 
and distance covered by the particle in 6 s. Take g =10 m/s?. 


A particle moves rectilinearly with initial velocity u and constant acceleration a. Find the average 
velocity of the particle in a time interval from t =0 tot =t second of its motion. 

A particle moves in a straight line with uniform acceleration. Its velocity at time t =0 is v, and at 
time t =t is vy. The average velocity of the particle in this time interval is Mit Yo : 


Is this statement true or false? 


Find the average velocity of a particle released from rest from a height of 125 m over a time 
interval till it strikes the ground. Take g = 10 m/s’. 


A particle starts with an initial velocity 2.5 m/s along the positive x-direction and it accelerates 

uniformly at the rate 0.50 m/s”. 

(a) Find the distance travelled by it in the first two seconds 

(b) How much time does it take to reach the velocity 7.5 m/s? (c) How much distance will it 
cover in reaching the velocity 7.5 m/s? 

A ball is projected vertically upward with a speed of 50 m/s. Find (a) the maximum height, (b) the 

time to reach the maximum height, (c) the speed at half the maximum height. Take g = 10 ms?. 
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6.7 One Dimensional Motion with Non-uniform Acceleration 


When acceleration of a particle is not constant we take help of differentiation or integration. 


Equations of Differentiation 
ds 


a v=— sc (i 
(a) 7 (i) 
If the motion is taking place along x-axis, then this equation can be written as, 
dx 
y=— 
dt 
Here, v is the instantaneous velocity and x, the x co-ordinate at a general time ¢. 
dv 
b a=— (il 
(b) ai (ii) 


Here, a is the instantaneous acceleration of the particle. Further, a can also be written as 


dv ds \{ dv dv ds 
i —4 =) as —=v 
dt dt )\ ds ds dt 


dv es 
a=v [ *) .(ii1) 
Equations of Integration 

(c) | as= | vat (iv) 
or s= | vdt .(V) 

In the above equations, v should be either constant or function of ¢ 
(d) Jav=[adt (vi) 
or Av=vy—V; =|adt (Vil) 


In the above equations a should be either constant or function of time f. 
(e) | vdv= | ads ...(Vil1) 


In the above equation a should be either constant or function of s. 


Note (i) Toconvert s-t equation into v-t equation or v-t equation into a-t equation differentiation will be done. 
s-tov-toa-t (differentiation) 

(i) To convert a-t equation into v-t equation or v-t equation into s-t equation, integration equations (with 
some limits) are required. By limit we mean the value of physical quantity which we will get after 
integration should be known at some given time. 
For example, after integrating v (w.r.t time) we will get displacement s. Therefore, to get complete s 
function value of s should be known at some given time. Otherwise constant of integration remains as 
an unknown. 
Thus, a-tov-tos-t (integration with limits) 
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Derivation of Equation of Motion (v =u + at etc.) 


For one dimensional motion with a = constant. 


: d 
We can write, dv =a dt [a ne *) 
Integrating both sides, we have | dv=a | dt (as a =constant) 


At t =0, velocity is u and at ¢t = ¢ velocity is v. Hence, 
v t 

| dv=a | dt 
u 0 


[v]? =a[t]o or v-u=at 


v=utat Hence proved. 
: ds 
Further, we can write ds =v dt asv= a 
=(u+at) dt (asv=u+at) 
At time ¢ =0 suppose s=0 and at ¢ = ¢, displacement is s, then 
t 
s t 1 
[ods=|(utatde => « [sly juss at 
0 0 2 ‘ 
l 
or S=ut + 5 at Hence proved. 
: dv 
We can also write, v:-dv=a-ds ear 
s 
When s=0, v is u and at s=s, velocity is v. Therefore, 
2 Vv 
v hy Vv s 
) v:dv=a | ds or =] =al[slo (as a = constant) 
u 0 b) 
u 
v 2 u? 
—-—=as 
2 2 
or v? =u’ +2as Hence proved. 


© Example 6.16 Displacement-time equation of a particle moving along x-axis is 
x = 20+ t? — 12¢ (SI units) 
(a) Find, position and velocity of particle at time t = 0. 
(b) State whether the motion is uniformly accelerated or not. 
(c) Find position of particle when velocity of particle is zero. 


Solution (a) x=20+t7? —121 (i) 
Att=0, x=20+0-0=20m 
Velocity of particle at time t¢ can be obtained by differentiating Eq. (1) w.r.t. time i.e. 
dx 2 aa 
yv=— =3t* -12 233 (iL 
Ht (ii) 


Att=0, v=0-12=-12m/s 
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(b) Differentiating Eq. (ii) w.r.t. time t, we get the acceleration a= — = 6t 
t 


As acceleration is a function of time, the motion is non-uniformly accelerated. 
(c) Substituting v = Oin Eq. (ii), we have 0= 3¢7 — 12 

Positive value of ¢ comes out to be 2 s from this equation. Substituting ¢ = 2s in 

Eq. (i), we have x= 20+ (2)? -12(2) or x=4m 


© Example 6.17 Velocity-time equation of a particle moving in a straight line is, 
v= (10+ 2t+ 3¢”) (SI units) 
Find 
(a) displacement of particle from the mean position at time t = 1s, if it is given that 
displacement is 20 m at time t = 0. 
(6) acceleration-time equation. 
Solution (a) The given equation can be written as, 


y= 2 = (10420437) or ds=(10+2t + 3¢7 ) dt 
t 


or  ds=[) (10+2+317)dt or s—20=[10r+27 +7°]| 
2°~—S OJ 0 ~ 0 


or s=20+12=32m 


(b) Acceleration-time equation can be obtained by differentiating the given equation w.r.t. time. 
Thus, a= =" (oan 8 377) or a=2+6t 
dt dt 


INTRODUCTORY EXERCISE 


1. Velocity (in m/s) of a particle moving along x-axis varies with time as, v =(10 + 5t — {") 
At time t =0, x =0. Find 
(a) acceleration of particle att =2 s and 
(b) x-coordinate of particle att =3 s 
2. A particle is moving with a velocity of v = (3 + 6t + ot?) cm/s. Find out 
(a) the acceleration of the particle att =3 s. 
(b) the displacement of the particle in the intervalt=5s tot =8s. 
3. The motion of a particle along a straight line is described by the function x = (2t — ha where x is 
in metres and t is in seconds. Find 
(a) the position, velocity and acceleration att =2 s. 
(b) the velocity of the particle at origin. 
4. x-coordinate of a particle moving along this axis is x =(2 + ie 2t?). Here, x is in metres and t 
in seconds. Find (a) position of particle from where it started its journey, (b) initial velocity of 
particle and (c) acceleration of particle att =2s. 


5. The velocity of a particle moving in a straight line is directly proportional to 3/4th power of time 
elapsed. How does its displacement and acceleration depend on time? 
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6.8 Motion in Two and Three Dimensions 


The motion of a particle thrown in a vertical plane at some angle with horizontal (4 90° )is an example 
of two dimensional motion. Similarly, a circular motion is also an example of 2-D motion. A two 
dimensional motion takes place in a plane. In most of the cases plane of circular motion is horizontal 
or vertical. According to nature of acceleration we can classify this motion in following two types. 


Uniform Acceleration 
Equations of motion for uniformly accelerated motion (a = constant) are as under 
v=utat, 


oe 
s=ut+—at’, 
2 


Vev=ueut+2aes 


Here, u=initial velocity of particle, v = velocity of particle at time ¢ and 
s = displacement of particle in time ¢ 


Note _/f initial position vector of a particle is tg, then position vector at time t can be written as 


1 
r= ft S=tytut+ sat 


Non-Uniform Acceleration 


When acceleration is not constant then we will have to go for differentiation or integration. The 
equations in differentiation are 


; ds dr . dv 
i) V=— or — ii) a=— 
@ dt dt @) dt 
Here, v and a are instantaneous velocity, acceleration vectors. The equations of integration are 
(iii) | ds =| vat and (iv) Jdv=[ade 


&® Extra Points to Remember 
A two or three dimensional motion can also be solved by component method. 
For example, in two dimensional motion (in x-y plane) the motion can be resolved along x and y directions. 
Now, along these two directions we can use sign method, as we used in one-dimensional motion (but 
separately). By separately we mean, when we are looking the motion along x-axis we need not to bother 
about the motion along y-axis. 


© Example 6.18 A particle of mass 1 kg has a velocity of 2 m/s. A constant force 
of 2 Nacts on the particle for 1 s in a direction perpendicular to its initial 
velocity. Find the velocity and displacement of the particle at the end of 1 s. 
Solution Force acting on the particle is constant. Hence, acceleration of the particle will also 
remain constant. 
gee = =2 m/s? 


m 
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Since, acceleration is constant. We can apply 


v=u+at 

and y-utelar 
2 
Refer Fig. 6.17 (a) v=ut+at 


Here, u and af are two mutually perpendicular vectors. So, 


|v[= (ul)? + (az|)? 
=¥(2" +2) 


= 2V2 ms 
o = tan! Lud = tan! (2) 
|u| 2 
= tan! (1)= 45° 
at=(2)(1)=2m/s 
iV 
s 
‘w=2ms ut=2m 
(a) 
Fig. 6.17 
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Thus, velocity of the particle at the end of Is is 2V2 m/s at an angle of 45° with its initial velocity. 


Refer Fig. 6.17 (b), s=ur+sar 


Here, u¢ and 5 at” are also two mutually perpendicular vectors. So, 


Is|= (uel? +b a7] 


= (2) + (1 
ale da 


and B =tan” 


Jur | 


= tan! 5) 
2 


Thus, displacement of the particle at the end of | s is V5 m at an angle of tan! (5) from its 


initial velocity. 
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© Example 6.19 Velocity and acceleration of a particle at time t = 0 are 
u =(2i + 3j) m/s and a =(4i + 2j) m/s” respectively. Find the velocity and 
displacement of particle at t=2 s. 
Solution Here, acceleration a = (4i + 2j) m/s” is constant. 


So, we can apply 


v=u+at 
1.2 
and S=utt+ zat 


Substituting the proper values, we get 
v= (2i + 3j) + (2)(4i + 2j) 
= (10i 4 7j) m/s 
and s = (2) (21 + 39) +5 (2) (47 +29) 
= (12i + 10j)m 


Therefore, velocity and displacement of particle at ¢ = 2s are (10% + 7j) m/s and (12% + 10j)m 
respectively. 


© Example 6.20 Velocity of a particle in x-y plane at any time t is 
v= (2ti + 3tj) m/s 
At t = 0, particle starts from the co-ordinates (2m, 4m). Find 
(a) acceleration of the particle att =1s. 
(b) position vector and co-ordinates of the particle at t = 2 s. 


Solution (a) a= ae (2ti + 3t7j) 
dt dt 


= (2i + 6tj) m/s” 
Att=ls, 
a = (2i + 6j) m/s” Ans. 
(b) [as=| var 
or s=|vdi=|(2ti+327j)ar 


“al (ott + 3123) dt 
r,-r= 
fw en ' i) 
2 
or T2se0 —Fosee= | (241 + 3275) dt 
0 


YT) sec = TO sec ay ig oF ae 
= (21+ 4j) + (41 + 8j) 
= (61 +12j)m Ans. 
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Therefore, coordinates of the particle at t = 2s are (6 m, 12 m) Ans. 


INTRODUCTORY EXERCISE 


1. Velocity of a particle at time t =O is 2 m/s. A constant acceleration of 2 mis? acts on the particle 


for 2s at an angle of 60° with its initial velocity. Find the magnitude of velocity and displacement 
of particle at the end oft =2s. 


2. Velocity of a particle at any time ft is v =(2 i+2t j) m/s. Find acceleration and displacement of 
particle att =1s. Can we apply v = u+ at or not? 
3. Acceleration of a particle in x-y plane varies with time as 
a =(2ti + 3t?j)m/s? 
At time t =0, velocity of particle is 2 m/s along positive x-direction and particle starts from origin. 
Find velocity and coordinates of particle att = 1s. 


6.9 Graphs 


Before studying graphs of kinematics, let us first discuss some general points : 


(1) Mostly a graph is drawn between two variable quantities (say x and y ). In kinematics, the 
frequently asked graphs are s-t, v-t, a-t or v-s. 


(ii) Equation between x and y will decide the shape of graph whether it is straight line, circle, 
parabola or rectangular hyperbola etc. If the equation is linear, graph is a straight line. If 
equation is quadratic then graph is a parabola. In kinematics, most of the graphs are straight line 
or parabola. 


(iii) By putting x = 0in y-x equation if we get y =0, then graph passes through origin, otherwise not. 
d 
(iv) Ifz= - then the value of z at any point can be obtained by the slope of the graph at that point. 
Ne 
For example, 


: : ds 
instantaneous velocity v = a = slope of s-t graph. 


. ; dv 
instantaneous acceleration a = 7 = slope of v-t graph. 


(v) If dz = y dx. Then, | dz=| yde 


= zorz, —z,; or Az=area under y-x graph, with projection along x-axis. 
For example, 

ds = vdt 
= Displacement s= | vdt = area under v-t graph with projection along f-axis. 
Further, dv = adt 


=> v- —v; or Av= i adt = area under a-t graph with projection along t-axis. 


These results have been summarized in following table : 
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Table 6.2 
Name of Graph Slope Area 
s-t V No physical quantity 
v-t a Ss 
at Rate of change of acceleration V;—V; or Av 


For better understanding of three graphs (s-t, v-t and a-t) of kinematics, we have classified the one 
dimensional motion in following four types. 


Uniform Motion 
Equations 


The three equations of uniform motion are as under 
a =0, v=constant and s= vt or s= 59 + vt 


Important Points 
(1) s-¢ equation is linear. Therefore, s-t graph is straight line. 


(ii) Ins = vt, displacement is measured from the starting point (¢ = 0). Corresponding to this equation 
s-t graph passes through origin, ass =0 when? =0. Ins=sy + vt, displacement is measured from 
any other point and sp is the initial displacement. 


(iii) Slope of s-t graph = v. Now, since v = constant, therefore slope of s-t graph = constant. 
(iv) Slope of v-¢ graph = a. Now, since a = 0, therefore slope of v-t graph =0. 


Elk 


v =constant S=Sotvt 
Fig. 6.18 


The Corresponding Graphs 


© Example 6.21 s-t graph of a particle in motion is as shown below. 
S (m) 


Fig. 6.19 


(a) State, whether the given graph represents a uniform motion or not. 
(b) Find velocity of the particle. 
Solution (a) 
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v=slope of s-t graph. Since, the given s-t graph is a straight line and slope of a straight line is always 


constant. Hence, velocity is constant. Therefore, the given graph represents a uniform motion. 
10 
(b) v=slope of s-t graph == = =-2m/s Ans. 


© Example 6.22 A particle is moving along x-axis. Its x-coordinate versus time 
graph is as shown below. 


AX (m) 


10 t(s) 


Fig. 6.20 
Draw some conclusions from the given graph. 
Solution The conclusions drawn from the graph are as under: 


(i) x-¢ graph is a straight line, slope of which [v= $) is positive and constant. Therefore, 
t 


velocity is positive and constant. 


(ii) v= a = slope of x-t graph 
t 


=+ a +2m/s 
10 
Therefore, velocity is 2 m/s along positive x-direction. 
(iii) Att = 0,x=—20mand at t=10s,x=0 
@e— 
x =-20m x=0 
t=0 t= 10sec 
Fig. 6.21 


> +X 


Uniformly Accelerated Motion 


Equations 
a = constant (and positive) 
v=utat or v=at,ifu=0 
1 1 : 
s=ut+ —at? or s=—at* ifu=0 
2 2 
15. 
or Soy r a if sy #0 


1 
or S=So +5 at’ if sy #0 but u=0 
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Important Points 
(i) v-t equation is linear. Therefore, v-t graph is a straight line. Further, v = at is a straight line 
passing through origin (as v =0 when t =0) 
(11) All s-t equations are quadratic. Therefore, all s-t graphs should be parabolic. 

(iii) Slope of s-t graph gives the instantaneous velocity. Therefore, initial slope of s-t graph gives 
initial velocity uw. In this case, we are considering only accelerated motion (in which speed keeps 
on increasing in positive direction). Therefore, velocity is positive and continuously increasing. 
Hence, slope of s-t graph should be positive and should keep on increasing. 

(iv) Slope of v-¢ graph gives instantaneous acceleration. Now, acceleration is positive and constant. 
Therefore, slope of v-t graph should be positive and constant. 


Graphs 


v=utat 


t 
a = constant Slope = a = positive 
and constant 


pee 


S= Sotut + pat? 


>t 


tan 0 = initial slope 
= initial velocity u 


Fig. 6.22 


From P to Q slope is increasing (positive at both points). Therefore, velocity is positive and 
increasing. 


Uniformly Retarded Motion (till velocity becomes zero) 


We are considering the case when initial velocity is positive and a constant acceleration acts in 
negative direction (till the velocity becomes zero). 


Equations 
a = constant (and negative) 


v=u-at 


1 
s=ut——at? 
2 
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Important Points 


(i) In this case, u cannot be zero. Therefore, v-¢ straight line cannot pass through origin. Further, 
initial slope of s-t parabolic graph cannot be zero. 


(ii) Velocity is positive but keeps on decreasing from u to zero. 


(iii) Slope of v-t graph gives instantaneous acceleration. Acceleration is constant and negative. 
Therefore, slope of v-t graph should be negative and constant. 


(iv) Initial slope of s-t graph will give us initial velocity wu. Final slope of s-t graph will give us final 
velocity zero. In between these two times, velocity is positive and decreasing. Therefore, slope 
of s-t graph (= instantaneous velocity) should be positive and decreasing. 


Graphs 


-ve v=0 


a = constant but negative 
Fig. 6.23 


tan 0, = initial slope =u 
From O to P, slope or v is positive but decreasing. 
At P, slope =0, therefore v =0 


Uniformly Retarded and then Accelerated Motion in Opposite Direction 


Ifa particle is projected upwards then first it is retarded in upward (say positive) direction. At highest 
point its velocity becomes zero and finally it is retarded in downward (or negative) direction. 
Throughout the motion, its acceleration is downwards and constant (= acceleration due to gravity). 
Therefore, it is negative and constant. If air resistance is neglected, then speed of the particle at the 
time of projection is equal to speed at the time of striking with the ground. But velocities are in 
opposite directions. So, their signs are different. During retardation, velocity is upwards (therefore 
positive) but decreasing. 


During acceleration, velocity is downwards (therefore negative) and increasing. Upward journey 
time is equal to the downward journey time. Finally, the particle returns to the ground. Therefore final 
displacement is zero. In upward journey, displacement increases (parabolically) in positive direction. 
In downward journey, it decreases. But displacement from the starting point (ground) is still positive. 
Slope of s-t graphs gives the instantaneous velocity. In upward journey, velocity is positive and 
decreasing. Therefore, slope is positive and decreasing. At highest point velocity is zero. Therefore, 
slope is zero. In downward journey, velocity is negative and increasing. Therefore, slope is negative 
and increasing. 
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Graphs 


----4> 


—9.8m/s2 


In the above graphs, 


(i) a=—9.8 m/s’ if the motion is taking place under gravity. 
(ii) O is the starting point, where 
v=+u= slope of s-t graph = tan 0, =u 
(iii) A is the highest point, where 
v=0= slope of s-t graph =0 
(iv) B is the point when particle again strikes the ground. At this point, 
v=—u= slope of s-t graph = tan 0, =—u 
At this point, 
s=0 
(v) Upwards journey time fg, = downward journey time f 4p 
(vi) In upward motion (from O to A), velocity is positive and decreasing. Therefore, slope of 
s-t graph is positive and decreasing. 


(vii) In downward motion (from A to B), velocity is negative and increasing. Therefore, slope of 
s-t graph is negative and increasing. 


@® Extra Points to Remember 


e Slope of v-t or s-t graph can never be infinite at any point, because infinite slope of v-t graph means infinite 


acceleration. Similarly, infinite slope of s-t graph means infinite velocity. Hence, the following graphs are 
not possible : 


Vv s 


Fig. 6.25 
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© Example 6.23 Acceleration-time graph of a particle moving ina straight line 


is as shown in Fig. 6.28. Velocity of particle at time t=O is 2 m/s. Find the 


velocity at the end of fourth second. 


Solution 
or 


Hence, 


a (m/s?) 


Fig. 6.28 


Jav= fads 


change in velocity = area under a-t graph 


1 
Vp — Vi =e 


= 8m/s 


vp =v, +8=(2+ 8) m/s 


=10m/s 
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© Example 6.24 A particle is projected upwards with velocity 40 m/s. Taking 
the value of g = 10 m/s” and upward direction as positive, plot a-t, v-t and s-t 


graphs of the particle from the starting point till it further strikes the ground. 
40 


Solution Upward journey time = downward journey time = 4s a =4s 
&§ 
.. Total time of journey = 8s 
2 2 
we. 40)" 80 m 


Maximum height attained by the particle = — 
2 2x 10 


a-t graph During complete journey a= g = —10 m/s” 
Corresponding a-t graph is as shown below. 


a(m/s?) 


Fig. 6.29 


v-t graph In upward journey velocity first decreases from + 40 m/s to 0. Then, in downward 
journey it increases from 0 to — 40 m/s. Negative sign just signifies its downward direction. 
Corresponding v-t graph is as shown below. 


ras) 


s-t graph In upward journey displacement first increases from 0 to + 80 m. Then, it decreases 
from + 80 m to 0. Corresponding s-t graph is as shown below. 
Ss (m) 
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© Example 6.25 A car accelerates from rest at a constant rate a for some time, 
after which it decelerates at a constant rate B, to come to rest. If the total time 
elapsed is t seconds, then evaluate (a) the maximum velocity reached and 
(b) the total distance travelled. 
Solution (a) Let the car accelerates for time f, and decelerates for time ¢,. Then, 


t=t, +t ed) 


and corresponding velocity-time graph will be as shown in Fig. 6.32. 
Vv 


V max b------ 


O ——> lx. ~t 
fs To 
Fig. 6.32 
From the graph, 
a = slope of line OA = Vmax oy “= * max. .. (ii) 
hi 7 
and B =— slope of line AB = max 
0) 
v 
or t, =—= .. (iil) 
B 
From Eqs. (i), (ii) and (iii), we get 
V max V max 
ee df ag 
o B 
+ 
or V ina ea =t 
oB 
t 
or Vmax = a Ans. 
a+B 


(b) Total distance = total displacement = area under v-t graph 


2 
or Distance = 4 ue Ans. 
2\a+f 


Note This problem can also be solved by using equations of motion (v =u + at etc.). Try it yourself. 
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© Example 6.26 The acceleration versus time graph of a particle moving along a 
straight line is shown in the figure. Draw the respective velocity-time graph. 
Givenv=Oatt=0. 


Fig. 6.33 
Solution From t=0to t=2s,a=+2m/s” 


vV=at=2t 
or -¢ graph is a straight line passing through origin 
with slope 2 m/s. 
At the end of 2 s, 
v=2x2=4m/s 
From t=2to4s,a=0. 


Fig. 6.34 


Hence, v= 4 m/s will remain constant. 
From t = 4to 6 s,a=—4m/s?. 
Hence, v=u-at=4-4t (with ¢ = Oat 4s) 
v=Oatt=1s oratSs from origin. 


At the end of 6 s (or tf = 2s) v=— 4 m/s. Corresponding 1-¢ graph is as shown in Fig. 6.34. 


INTRODUCTORY EXERCISE 


1. Two particles A and B are moving along x-axis. Their x-coordinate versus time graphs are as 
shown below 


x (m) B 


t (s) 


O 4 8 
Fig. 6.35 
(a) Find the time when the particles start their journey and the x-coordinate at that time. 
(b) Find velocities of the two particles. 
(c) When and where the particles strike with each other. 
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2. The velocity of a car as a function of time is shown in Fig. 6.36. Find the distance travelled by the 
car in 8 s and its acceleration. 


v (m/s) 
20 


10+---s~ 
1 
+ 


+ + + +> t (Ss) 
02 4 6 8 10 
Time in second 
Fig. 6.36 
3. Fig. 6.37 shows the graph of velocity versus time for a particle going along the x-axis. Find 
(a) acceleration, (b) the distance travelled in 0 to 10 s and (c) the displacement in 0 to 10 s. 


v (m/s) 


Oo & ®D Cw 


t t t(s 
0 5 10 me) 
Fig. 6.37 


4. Fig. 6.38 shows the graph of the x-coordinate of a particle going along the x-axis as a function of 
time. Find (a) the average velocity during 0 to 10s, (b) instantaneous velocity at 2, 5,8 and 12s. 


x(m) 
A 


100+ 


50+ 


5. From the velocity-time plot shown in Fig. 6.39, find the distance travelled by the particle during 
the first 40 s. Also find the average velocity during this period. 


6.10 Relative Motion 


The word ‘relative’ is a very general term, which can be applied to physical, non-physical, scalar or 
vector quantities. For example, my height is 167 cm while my wife’s height is 162 cm. If I ask you 
what is my height relative to my wife, your answer will be 5cm. What you did? You simply 
subtracted my wife’s height from my height. The same concept is applied everywhere, whether it is a 
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relative velocity, relative acceleration or anything else. So, from the above discussion we may now 
conclude that relative velocity of A with respect to B (written as vy, ) is 
Vap—V4a-VB 
Similarly, relative acceleration of A with respect to B is 
a 4g a4 az 
If it is a one dimensional motion we can treat the vectors as scalars just by assigning the positive sign 


to one direction and negative to the other. So, in case of a one dimensional motion the above 
equations can be written as 


Vap—V4—VB 
and a 4p —a4—apz 
Further, we can see that 
V4B ——Vpa OF Ags =—A yp 


© Example 6.27 Anoop is moving due east with a velocity of 1 m/s and Dhyani 
is moving due west with a velocity of 2 m/s. What is the velocity of Anoop with 
respect to Dhyani? 


Solution It is a one dimensional motion. So, let us choose the east direction as positive and the 
west as negative. Now, given that 


v4 = velocity of Anoop = | m/s 
and Vp = velocity of Dhyani = — 2 m/s 
Thus, V4p = velocity of Anoop with respect to Dhyani 
=Vy4—-Vp =1-(-2)=3 m/s 


Hence, velocity of Anoop with respect to Dhyani is 3 m/s due east. 


© Example 6.28 Car A has an acceleration of 2 m/s” due east and car B, 4 m/s” 
due north. What is the acceleration of car B with respect to car A? 


Solution It is a two dimensional motion. Therefore, N 
a,4 = acceleration of car B with respect to car A 
=ap-a 
riper w E 
Here, a, = acceleration of car B 
=4 ms’ (due north) 
and a, = acceleration of car A Ss 
= 2 m/s? (due east) Fig. 6.40 
ABA WW -------5 2 
lag, |=(4)? + (2)” = 2/5 m/s” a ag=4 m/s 
aif 4 -1 ! 
and a=tan |—/=tan (2) 
2 i 
. 2 — tana! 
Thus, ap, 1s 2v'5 m/s” at an angle of a= tan (2) from west —a,=2mis2 


towards north. Fig. 6.41 
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The topic ‘relative motion’ is very useful in two and three dimensional motion. Questions based on 
relative motion are usually of following four types : 

(a) Minimum distance or collision or overtaking problems 

(b) River-boat problems 

(c) Aircraft-wind problems 

(d) Rain problems 


Minimum Distance or Collision or Overtaking Problems 


When two bodies are in motion, the questions like, the minimum distance between them or the time 
when one body overtakes the other can be solved easily by the principle of relative motion. In these 
type of problems, one body is assumed to be at rest and the relative motion of the other body is 
considered. By assuming so, two body problem is converted into one body problem and the solution 
becomes easy. Following example will illustrate the statement: 


© Example 6.29 Car A and car B start moving simultaneously in the same 
direction along the line joining them. Car A moves with a constant acceleration 
a =4 mls", while car B moves with a constant velocity v=1m/s. At time t = 0, 


car A is 10 m behind car B. Find the time when car A overtakes car B. 

Solution Given, u,=0, ug =lm/s, ay =4 m/s? and ap =9 

Assuming car B to be at rest, we have 
U4gp =U4 —Uzp =0—-1=—-1m/s —ve «—____>+ve 
A 4p = 44 — a, =4-0=4 mss” Fig. 6.42 


Now, the problem can be assumed in simplified form as shown below. 


v=1m/s 


At rest 
Fig. 6.43 


Substituting the proper values in equation s = ut + + at’, 


we get 10=-1+5 (4)(t?) 
or 2r7 —-t-10=0 
1+ /1+ 80 
or t=—_ 
A 
_ 1481 
4 
149 
47 
or t=2.5s and —2s 


Ignoring the negative value, the desired time is 2.5 s. 
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© Example 6.30 Two ships A and B are 10 km apart on a line running south to 
north. Ship A farther north is streaming west at 20 km/h and ship B is 
streaming north at 20 km/h. What is their distance of closest approach and 
how long do they take to reach it? 
Solution Ships A and B are moving with same speed 20 km/h in the directions shown in figure. 
It is a two dimensional, two body problem with zero acceleration. 


AB=10km 


Fig. 6.44 


Let us find vz, . 


Ve, Ve V4 


Here, lve, |= (20)? + (20)° 
= 20V2 km/h 
VB =20 km/h : VBA = 20V2 km/h 


iv, = 20 km/h 


Fig. 6.45 


Le. Vy 1S 20/2 km/h at an angle of 45° from east towards north. Thus, the given problem can be 


simplified as A is at rest and B is moving with vz, in the direction A 
shown in Fig. 6.46. C 
Therefore, the minimum distance between the two is Vas 
Smin = AC = AB sin 45° a 
1 
= 10} —|km 
| 
= 5¥2 km Ans. Fig. 6.46 
and the desired time is 
BC _ 5V2 (BC = AC = 5¥2 km) 


= ital 262 


=< h=15 min Ans. 
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River-Boat Problems 


In river-boat problems, we come across the following three terms : 


B 
l 
l 
i y 
Vor » 
0! | . 
q 
A Vr 
Fig. 6.47 
v,. = absolute velocity of river 
V,, = velocity of boatman with respect to river or velocity of boatman in still water 


and v, = absolute velocity of boatman. 


Here, it is important to note that v,,. is the velocity of boatman with which he steers and v, is the 
actual velocity of boatman relative to ground. 


Further, Vv, =Vo +V, (as V,, =V, —V,) 


Now, let us derive some standard results and their special cases. 

A boatman starts from point A on one bank of a river with velocity v,,. in the direction shown in 

Fig. 6.47. River is flowing along positive x-direction with velocity v .. Width of the river is @, then 
Vy, = V, + Vp, 

Therefore, Vix =Vix + Voy =V 


+ Vp, Sin 8 


and Vay = Vay * Vinny 
=0+y,, cos8=v,, cos 8 
Now, time taken by the boatman to cross the river is 


10) wo 10) ; 
{=— = ———— or {=—_—_— .. (i) 
Vay Vor COSO V;, Cos 8 
Further, displacement along x-axis when he reaches the other bank (also called drift) is 
xX=v,, t=(v, — Vp, sin 8) ——— 
Vp, COS O 


, OO - 
or Xx =(v, — Vp, sin 8) ——— .. (it) 
Vp COS O 


Three special cases are: 


(1) Condition when the boatman crosses the river in shortest B 
interval of time From Eq. (i) we can see that time (7) will be 
minimum when @=0°, i.e. the boatman should steer his boat a 
perpendicular to the river current. 

0) 
Also, bie =o. + 77 
Fig. 6.48 


as cos8=1 
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(ii) Condition when the boatman wants to reach point B, i.c. at a B 
point just opposite from where he started 
In this case, the drift (x) should be zero. 


a 
Il 
oS 


; ov) 
or (v, — Vp, sin 8) ———— =0 A Vv; 
Vor cos 8 Fig. 6.49 
or Vv, =V,, sin 8 
. V, . -1{ V, 
or sin 8 = or @=sin = | — 
Vor Vor 


V. 
Hence, to reach point B the boatman should row at an angle 6 = sin! ta upstream from AB. 
Vor 


Further, since sin@ $1. 


So, if v, 2v,,, the boatman can never reach at point B. Because if v,, = v,,, sin @ =1 or 8 =90° 
and it is just impossible to reach at B if @=90°. Moreover, it can be seen that v, =0 if 
v, =v, and 6 =90°. Similarly, ifv, >v,,,sin © > 1, i.e. no such angle exists. Practically, it can 
be realized in this manner that it is not possible to reach at B if river velocity (v,.) is too high. 


@® Extra Points to Remember 


e Inageneral case, resolve v,, along the river and perpendicular to river as shown below. 


B 
= Vp SING Vpr SiN 
| Vor = 
= +e vy, > 
| => 
An = + Vp, COS 
V, V OL 
v, Vpr COSOL eee 
Net velocity of boatman 
Fig. 6.50 
Now, the boatman will cross the river with component of v,, perpendicular to river (= v,, sin win above case) 
t=-_° 
Vp, SIN 


To cross the river in minimum time, why to take help of component of v,, (which is always less that v,, ), the 
complete vector v,, should be kept perpendicular to the river current. Due to the other component 
V, + Vp, Cos a, boatman will drift along the river by a distance x = (v, + Vp, Cosa) (time) 

e Toreach a point B, which is just opposite to the starting point A, net velocity of boatman v, or the vector 
sum of v, and v,, should be along AB. The velocity diagram is as under 


B 
T 
| 


Vr | 
XK Vp = Vor + Vp — Along AB 
() 


Vor ~Y 


A 


Fig. 6.51 
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From the diagram we can see that, 


|v,| Or Vv, = Vi, — VE (i) 


a oO 


drift x= Oand sine =“ or @=sin™ ut ) 
Vor 
From Eq. (i), we can see that this case is possible if, 
Vor > Vr 
otherwise, v, is either zero or imaginary. 
e Ifthe boatman rows his boat along the river (downstream), then net velocity of boatman will be v,, + V,. 
If he rows along the river upstream then net velocity of boatman will bev, ~v,. 


© Example 6.31 Width of a river is 30 m, river velocity is 2 m/s and rowing 
velocity is 5 m/s at 37° from the direction of river current (a) find the time taken 
to cross the river, (b) drift of the boatman while reaching the other shore. 


Solution ) S VprSin 37° = 3 m/s 
! Vp = 5M/s ee 
Oo | + ——>2 m/s 
\ > 
37° = 
= > 
v, =2m/s Vp COS 37° 
=4m/s 
3 m/s 
6 m/s 
Net velocity of boatman 
Fig. 6.52 
(a) Time taken to cross the river, 
@ 30 
t=—=—=10s Ans. 
3. 3 
(b) Drift along the river 
x= (6)(t)=6x 10= 60m Ans. 


© Example 6.32 Width of a river is 30 m, river velocity is 4 m/s and rowing 

velocity of boatman is 5 m/s 

(a) Make the velocity diagram for crossing the river in shortest time. Then, find this 
shortest time, net velocity of boatman and drift along the river. 

(6) Can the boatman reach a point just opposite on the other shore? If yes then make 
the velocity diagram, the direction in which he should row his boat and the time 
taken to cross the river in this case. 

(c) How long will it take him to row 10 m up the stream and then back to his 
starting point? 
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Solution (a) Shortest time 


a ar a 
Vor =5m/s k ------ 7% a 

br = 5m/s | Vp = Net velocity 
30m of boatman 

i} 

8 

= v, =4 m/s 
Fig. 6.53 


t 6s=t 


min 


5 
lv,| or v, = (5)? +(4)° =V41 m/s 


pea” => 6=tan! (=) 
4 4 


Drift = BC = (4) (t) 
=4x6=24m 


(b) Since, v,, > v,., this case is possible. Velocity diagram is as under. 


Net velocity |v,| or v, = (5) — (4)? =3 m/s along AB 


6 = eseet See Ana 
5 5 
pe aT iis Ans 
Vp 


Note /f the boatman wants to return to the same point A, then diagram is as under 


mace 


10 s 
BA 3 3 
(c) 
B A B A 
Vor — Vr Vor+ Vr 
Fig. 6.56 
AB BA 
t=typttpy,= aR 
Vor — Vy Vor + V, 
10 10 
or t = —— + ——_ 
5-4 544 
100 
=—s 


Ans. 
Ans. 
Ans 
Ans 
B 
v,=4 m/s! => 
=> 
Vb 
Vpr= 5 m/s\ 8 > 
A 
Fig. 6.54 


Fig. 6.55 


Ans. 
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Aircraft Wind Problems 


This is similar to river boat problems. The only difference is that v,,. is replaced by v,,,, (velocity of 
aircraft with respect to wind or velocity of aircraft in still air), v . is replaced by v,, (velocity of wind) 
and v, is replaced by v,, (absolute velocity of aircraft). Further, v, =V,,, + V,,- 
In this case, problem is slightly different. The given variables are 

(1) Complete wind velocity v,, 

(ii) Steering speed or | v,,,,.| 

(iii) Starting point (say A) and destination point (say B) 
We have to find direction of v ,,,, (or steering velocity) and the time taken in moving from A to B. The 
concepts is : net velocity of aircraft v,, or vector sum of v,, and v,,,, should be along AB. 
To solve such problems, we can apply the following steps : 

(1) Take starting point A as the origin. 
(11) Wind velocity vector is completely given. So, draw v,, from point A. 
(111) Draw another vector v,, starting from A in a direction from A to B. 


(iv) In above two steps we have already made two sides of a triangle in vector form. Complete the 
third side. This represents v,,,. While completing the triangle for finding direction of v 
polygon law of vector addition is to be followed, so that, 


aw? 


Vw + Vaw = Va 
(v) Applying, sine law in this triangle, we can find direction of v,,, and the net velocity of aircraft 
v,- Now, 
: AB AB 
time taken, t=——_ or — 
IVa Ya 


The following example will illustrate the above theory: 


© Example 6.33 An aircraft flies at 400 km/h in still air. A wind of 200V2 km/h 


is blowing from the south towards north. The pilot wishes to travel from A to a 
point B north east of A. Find the direction he must steer and time of his journey 
if AB = 1000 km. 

Solution Given that v, = 200/2 km/h 

Vay = 400km/h and v, should be along AB or in 
north-east direction. Thus, the direction of v,,, 
should be such as the resultant of v,, and v,,,, is 
along AB or in north-east direction. 


Cc 
Vy = 200V2 km/h 


Let v,,, makes an angle & with AB as shown in 
Fig. 6.57. Applying sine law in triangle ABC, we Fig. 6.57 
get 

CB AC 


sin 45° sin & 


or sin = (<<) sin 45° 
CB 
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-(22) 11 


400 )/2 2 
7 a = 30° 
Therefore, the pilot should steer in a direction at an angle of (45° + a) or 75° from north towards east. 
lv. | 400 
Further, — =— 
sin (180° — 45° — 30°) sin 45° 
or ie, j= x e400) ent 
sin 45° 
=| 28" ) (ao) emit 
sin 45° 
i (400) km/h 
0.707 
= 546.47 km/h 


The time of journey from A to B is 
AB 1000 
j=—_ = h 
lv,| 546.47 


t=1.83h Ans. 


Rain Problems 
In these type of problems, we again come across three terms v,., v,, and v,,, Here, 


v,. = velocity of rain 
Vv, = Velocity of man (it may be velocity of cyclist or velocity of motorist also) 
and__—-v,,,,, = velocity of rain with respect to man. 


Here, v,,,, 18 the velocity of rain which appears to the man. 
So, the man should hold his umbrella in the direction of v,,,, or Vv, — V,,,, to save him from rain. 


© Example 6.34 A man is walking with 3 m/s, due east . Rain is falling 
vertically downwards with speed 4 m/s. Find the direction in which man 
should hold his umbrella, so that rain does not wet him. 


Solution As we discussed above, he should hold his umbrella in the direction of v,., 


Or V,. — Vin : 
Vertically up 


West East 


v,=4 m/s 


Vertically down 
Fig. 6.58 
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OP=v,+(-V,,)=V,-— Vn =V. 


rm 


> tan 0= = 
4 
= @=tan~!(2)=37 
4 
Vertically up + 


West 


¥ Vertically down 
Fig. 6.59 


Therefore, man should hold his umbrella at an angle of 37° east of vertical (or 37° from vertical 
towards east). 


© Example 6.35 Toa man walking at the rate of 3 km/h the rain appears to 
fall vertically downwards. When he increases his speed to 6 km/h it appears to 
meet him at an angle of 45° with vertical. Find the speed of rain. 


Solution Let i and j be the unit vectors in horizontal and vertical directions respectively. 


Vertical(j) , 
A 
> Horizontal (i ) 
Fig. 6.60 
Let velocity of rain V,= ai + bj ..-(i) 
Then, speed of rain will be lv,.|= Jae +b? .. (ii) 


In the first case, 
v,,= velocity of man = 3i 
Vim = Vy — Vm =(a- 3)i+ bj 
It seems to be in vertical direction. 
Hence, a-3=0 or a=3 


In the second case, Vv 


Vim =(a— 6)i + bj=—3i + Dj 
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This seems to be at 45° with vertical. Hence, |b|=3 


Therefore, from Eq. (ii) speed of rain is 


lv, |= (3)? + 3)? =3V2 kin/h Ans. 


INTRODUCTORY EXERCISE 


1. Two particles are moving along x-axis. Their x-coordinate versus time graph are as shown 
below. 


5 t (s) 


Fig. 6.61 


Find velocity of A w.r.t. B. 


2. Two balls A and B are projected vertically upwards with different velocities. What is the relative 
acceleration between them? 

3. A river 400 m wide is flowing at a rate of 2.0 m/s. A boat is sailing at a velocity of 10.0 m/s with 
respect to the water in a direction perpendicular to the river. 

(a) Find the time taken by the boat to reach the opposite bank. 
(b) How far from the point directly opposite to the starting point does the boat reach the 
opposite bank? 

4. An aeroplane has to go from a point A to another point B, 500 km away due 30° east of north. 
Wind is blowing due north at a speed of 20 m/s. The steering-speed of the plane is 150 m/s. (a) 
Find the direction in which the pilot should head the plane to reach the point B. (b) Find the time 
taken by the plane to go from A to B. 

5. Aman crosses a river in a boat. If he cross the river in minimum time he takes 10 min with a drift 
120 m. If he crosses the river taking shortest path, he takes 12.5 min, find 
(a) width of the river 
(b) velocity of the boat with respect to water 
(c) speed of the current 

6. A river is 20 m wide. River speed is 3 m/s. A boat starts with velocity 2V2 m/s at angle 45° from 
the river current (relative to river) 

(a) Find the time taken by the boat to reach the opposite bank. 


(b) How far from the point directly opposite to the starting point does the boat reach the 
opposite bank? 


Chapter 6 Kinematics * 169 


Final Touch Points 


1. If a particle is just dropped from a moving body then just after dropping, velocity of the particle (not 
acceleration) is equal to the velocity of the moving body at that instant. 


For example, if a stone is dropped from a moving train with velocity 20 m/s, then initial velocity of the 
stone is 20 m/s horizontal in the direction of motion of train. But, after dropping it comes under 
gravity. Therefore, its acceleration is g downwards. 


2. If y (may be velocity, acceleration etc.) is a function of time or y = f(t) and we want to find the 
average value of y between a time interval of t, and ty. Then, 
<Y >t, totp= average value of ybetween t,and ft, 


t t 
J, feat J, flat 
=_1___ or <y> = 
it Y >t, tots bot 
If f(t) is a linear function of t, then Yay = a 
Here, y; = final value of y and y, = initial value of y 
At the same time, we should not forget that 
total displacement change in velocity 
av = : and a= 
total time total time 


Example !none dimensional uniformly accelerated motion, find average velocity between a time 
interval fromt = 0 tot =t. 
Solution \Wecan solve this problem by three methods. 


Method 1. v=u+at 


[i(ut at) dt 


<vVv> e239 =U+—at 
at f=0 2 
Method 2. Since, v is a linear function of time, we can write 


1 
Vay = EM Et cs Cat 


t+ at? 
_ Total displacement “ * 5 4 


Total time L 
3. A particle is thrown upwards with velocity u. Suppose it @ i eee u=0 
takes time t to reach its highest point, then distance 
travelled in last second is independent of u. 
This is because this distance is equal to the distance . @ 
travelled in first second of a freely falling object. Thus, > 


1 2 1 : 
s=—gx(1)* =~=x10x1=5m 
5 g x(1) 5 u 
Exercise: A particle is thrown upwards with velocity 


u(>20m/s). Prove that distance travelled in last 
2sis20m. 


4. Angle between velocity vector v and acceleration vector a decides whether the speed of particle is 
increasing, decreasing or constant. 
Speed increases, if 0° <@<90° 


Method 3. v,.,, 


=u+—at 
2 
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Speed decreases, if 90° <8 <180° 
Speed is constant, if 6 = 90° a 
The angle 6 between v anda can be obtained by the relation, 
8=cos | (~2] 6 
va 


Exercise: Prove that speed of a particle increases if dot product of v anda is positive, speed 
decreases, if the dot product is negative and speed remains constant if dot product is zero. 


5. The magnitude of instantaneous velocity is called the instantaneous speed, i.e. 


dr 
v= |v] =|— 
at 
. dr . dr 
Speed is not equal to —, i.e. v#— 
c cauual at 


where, ris the modulus of radius vectorr because in general| dr| # dr. For example, whenr changes 
only in direction, i.e. if a point moves in a circle, then r =constant, dr = 0 but|dr|#0. 

6. Suppose C is a vector sum of two vectors A and B and the direction of C is given to us (along PQ), 
then A + Bshould be along PQ or sum of components of A andB perpendicular to line PQ should be 
zero. 

For instance, in example 6.33, v, has to be along AB and we know that v,=V,, + V,,. Therefore, 
sum of components of v,,, and v,, perpendicular to line AB (shown as dotted) should be zero. 


+E 
or |Vaw | Sina =|v,| sin 45° 
or siINa = vw sin 45° 
Vaw 
_ (200 J2 ( 1 =i 
400 J\J2) 2 
. ao = 30° 
Now, |V,|=|Vay| Cos a +|v,,| cos 45° 
1 
=(400) cos 30° + (200/2 (5) 
(400) ( ) ia 
= (400) old + 200 = 346.47 + 200 
= 546.47 km/h 
+. Time of journey from A to B will be 
cee cee =1.83 h. 


|v,| 546.47 | 
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7. From the given s-t graph, we can find sign of velocity and acceleration. 
For example, in the given graph slope at t, and t, both are positive. Therefore, V;, and v;, are 
positive. Further, slope at tp > Slope at t,. Therefore v,, > v;,. Hence acceleration of the particle is 


also positive. 5 


1 
1 
t 
0 ty ty ‘ 


Exercise: /n the given s-t graph, find signs of v and a. 
s 


IN 
Ans. Negative, positive 


8. Shortest path in river boat problems 
Path length travelled by the boatman when he reaches the opposite shore is 
s= Jo? + x? 


Here, = width of river is constant. So, for s to be minimum modulus of x (drift) should be minimum. 
Now, two cases are possible. 


>) 
é 
ie eae 


When v, <v,,: In this case x =0, when @=sin"' ta 


Vbr 

or Snin =O at O=sin"' ta 
Vbr 
; oe tut dx 
When v, >v,, : In this case xis minimum, where a 0 
or a = (V, —Vp, SiN®)- =O 
d@ |v, cos 8 
or -Vp, COS* @ —(V, —Vp, sin®) (— sin@)=0 
or ~V,, + Vv, sin@é=0 or @=sin"' [) 
V, 


Now, at this angle we can find x,,;, and then s,,, which comes out to be 


Vv . 4 { Vp, 
Sri -o =) at 0 sin ) 
: Vor V, 


Solved Examples 


TYPED PROBLEMS 


Type 1. Collision of two particles or overtaking of one particle by the other particle 


Concept 


(i) If two particles start from the same point and they collide, then their displacements are 
same or 
S,=S, 
If they start from different points, then 
S, #8, 
ai) If they start their journeys simultaneously, then their time of journeys are same or 
t, =t,=t (say) 
otherwise their time of journeys are different 
t, # ty 


How to Solve? (In 1-D motion) 


e Take one direction as positive and the other as negative. 
e Without considering, the given directions of their initial velocities and accelerations assume that both 
particles are moving along positive direction. 


So 
OmmO @ @ 8 
= 1), : 
dj S4 = 
Assume this At the time of collision/overtaking 


From the second figure, we can see that particle-1 (which is behind the particle-2) will collide (or overtake) 
particle-2 if it travels an extra distance d; (= initial distance between them) or 


S;=S5) +d; (i) 
If motion is uniformly accelerated, then forS we can write 


S =ut g tae? 
2 


Now, u and aare vector quantities so, in Eq. (i) we will substitute them with sign. 


By putting proper values in Eq. (i) we can find their time of collision. Same method can be applied in vertical 
motion also. 


Note /ftwo trains of lengthl, andlcross each other or overtake each other (moving on two parallel tracks). Then, 
the equation will be, 
S; =S5 + (L, + Lb) 
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© Example 1 Two particles are moving along x-axis. Particle-1 starts from 
x =—-10 mwith velocity 4 m/s along negative x-direction and acceleration 2 m/s” 
along positive x-direction. Particle-2 starts from x =+2 m with velocity 6 m/s 
along positive x-direction and acceleration 2 m/s* along negative x-direction. 
(a) Find the time when they collide. 
(6) Find the x-coordinate where they collide. Both start simultaneously. 


Solution (a) , 2 
2 m/s 2 m/s 
4 m/s <(4)-* ; <_(2)> 6 m/s ive 
x=-10m x=0 x=+2m 
Given values 


> > 
@) @) ve 
10m x=0 2m 
12m 
Assume this 


Particle-1 is behind the particle-2 at a distance of 12 m. So particle-1 will collide particle-2, if 
S,=S8,+12 > . met a,t” = ust + aot” + 12 


But now we will substitute the values of w,, wy, a, and ay with sign 


(-4)t 4 5 42) = (6) + x 2)t7 +12 


Solving this equation, we get positive value of time, 
t=6s Ans. 
(b) At the time of collision, S, = ut 4 : a,t” = (-4) 6) 4 : (+2) 6)? =+12m 


At the time of collision, x-coordinate of particle - 1: 
x, = (Initial x-coordinate of particle-1) + S, 


=-10+12=4+2m 
Since, they collide at the same point. Hence, 
Xy =H, =+2m Ans. 


Note This was also the starting x-coordinate of particle-2. 
Exercise: Find their velocities at the time of collision. 
Ans. v, =+8mss, v.=-6ms 


Type 2. 7o find minimum distance between two particles moving in a straight line 


Concept 
If two particles are moving along positive directions as > > 
shown in figure. ( ) Q) ive 
From the general experience, we can understand that K ‘ 


distance between them will increase if v,>v, and 
distance between them will decrease if v, > Up. 


Therefore, in most of the cases at minimum distance, v, = UV, 
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How to Solve? 
° By putting, v; = Vo or, 
U, + aft =U, + at (ifa = constant) 
find the time when they are closest to each other. 


e In this time, particle-1 should travel some extra distance and whatever is the extra displacement (of 
particle-1), that will be subtracted from the initial distance between them to get the minimum distance. 


Amin = Oj - AS =d)- (S; —S») 


| . or 
ForS, we can use ut + 5 at® if acceleration is constant. 


Note /fS,25S,,then dyin =; 


© Example 2. Two particles are moving along x-axis. Particle-1 is 40 m behind 
particle-2. Particle-1 starts with velocity 12 m/s and acceleration 4 m/s” both in 
positive x-direction. Particle-2 starts with velocity 4 m/s and acceleration 12 m/s” 
also in positive x-direction. Find 
(a) the time when distance between them is minimum. 
(6) the minimum distance between them. 


Solution 12 mis, 4 m/s? Amis, 12 m/s? 


oo > ve 


ial 


40m 


(a) As discussed above, distance between them is minimum, when 
U = Ug 
or u, + ayt = Ug + Aot 
Substituting the values with sign we have, 
(+12) + (4)t = 44) + (12) t 


& t=1s Ans. 
(b) In 1 sec 
1 
S, =u,t+ . at 
=12x1+5x4x (1)? =14m 
1 
and Sy = Ust + ; at 


=4x145x12x 0)? 


=10m 
Extra displacement of particle-1 with respect to 2 is 
AS =S, —S,=14-10=4m 
Minimum distance between them 
=d,-AS=40-4 
=36m Ans. 
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Type 3. 70 find trajectory of a particle 


In this type, a particle will be moving in x-y plane. Its x and y co-ordinates as function of 
time will be given in the question and we have to find trajectory (or x-y relation) of the 
particle. 


How to Solve? 


° From the given x and y co-ordinates (as function of time) just eliminate t and find x-y relation. This is a 
general method which can be applied anywhere in whole physics. 


© Example 3 A particle is moving in x-y plane with its x and y co-ordinates 
varying with time as, x =2t and y =10t— 16 @”. Find trajectory of the particle. 
Solution Given, x =2t 


=> t=~ 
2 
Now, y=10t-16¢? 


Substituting value of ¢ in this equation we have, 


or y=5x- Ax” 
This is the required equation of trajectory of the particle. This is a quadratic equation. Hence, 
the path of the particle is a parabola. 


Type 4. Two dimensional motion by component method. 


Concept 


There are two methods of solving a two (or three) dimensional motion problems. In the first 
method, we use proper vector method. For example, we will use, 


v=u+atetc. ifa= constant and, v = “ etc. ifa # constant 


In the second method, we find the components of all vector quantities along x, y and 
z-directions. Then, deal different axis separately as one dimension by assigning proper 
signs to all vector quantities. While dealing x-direction, we don't have to bother about y and 
z-directions. 


© Example 4_ A particle is moving in x-y plane. Its initial velocity and acceleration 
are u =(4i + 8j) m/s and a =(2i — 4j) m/s. Find 
(a) the time when the particle will cross the x-axis. 
(b) x-coordinate of particle at this instant. 
(c) velocity of the particle at this instant. 
Initial coordinates of particle are (4m,10m). 
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Solution 8 m/s 


Sereeees 4 mis, 2 m/s? 


> >X 


O 4m 


Particle starts from point P. Components of its initial velocity and acceleration are as shown in 
figure. 


(a) At the time of crossing the x-axis, its y-coordinate should be zero or its y-displacement 
(w.r.t initial point P) is -10 m. 


Using the equation, 


a) 
ll 


1 2 

eee ay 
1 2 
ae aba 


Solving this equation, we get positive value of time, 
t=5s 
(b) x-coordinate of particle at time t : 
x = initial x-coordinate + displacement along x-axis or x=% + S, (at time t) 
1 
=X + u,t + 5 ast 


Substituting the proper values, we have, 
x=4+ (4x5) +2x2x 6)P=49m Ans. 
(c) Since, given acceleration is constant, so we can use, 
v=urat 
v= (41 + 8)) + @i-4j) 6) 
= (14i-12j)més 


Type 5. 7o convert given v-t graph into s-t graph (For a = 0 or a = constant) 


Concept 


(i) If we integrate velocity, we get displacement. Therefore, the method discussed in this 
type is a general method, which can be applied in all those problems where we get the 
result after integration. 


For example 
u-t —— s-t 
a-t —— v-t 
P-t ——_> F-t 


Here, P = linear momentum and F is force (F = “ or dP = Fat). 
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Gi) For zero or constant acceleration, we can classify the motion into six types. 
Corresponding v-t and s-t graphs are as shown below. 
V 


U-1 


(iii) The explanation of these six motions is as under 


Motion type About the motion oy, See eine 
A Accelerated in positive direction positive and increasing 
U Uniform in positive direction positive and constant 
R Retarded in positive direction positive and decreasing 
AT Accelerated in negative direction negative and increasing 
UT Uniform in negative direction negative and constant 
Ro Retarded in negative direction negative and decreasing 


(iv) In A,U and R motions, velocity is positive (above t-axis). Therefore, body is moving 
along positive direction. In A', U~! and R™ motions, velocity is negative (below t-axis). 
Therefore, body is moving along negative direction. 


How to Solve? 
° Mark A,U,R, A',U~ or R™ in the given v-t graph for different time intervals. 


* Calculate area (= displacement) under v-t graph for different time intervals. 
e Plot s-t graph according to their shape of A, U, R etc. motions. 
e Keep on adding area for further displacements. 


© Example 5 Velocity-time graph of a particle moving along x-axis is as shown 
below. 


At time t= 0, x-coordinate of the particle is x=10m. 

(a) Plot x-coordinate versus time graph. 

(b) Find average velocity and average speed of the particle during the complete journey. 
(c) Find average acceleration of the particle between the time interval from t=2stot=8s. 
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Solution (a) Let us first mark A,U, R etc. in the given v-t diagram and calculate their area 
(= displacement) in different time intervals. 


Time interval ; Area or Final x-coordinate at the end of 
displacement intervals x = x; + S 
0-25 + 4m 10+ 4=14m 
2s-4s +4m 144+ 4=18m 
4s-8s -—16m 18-16=2m 
8s-12s -— 32m 2 - 32 =-30m 
12s-16s -16m -30-16=-46m 


Corresponding x-t graph is as shown below. 


© Exercise: Find the time t, when x-coordinate of the particle is zero. 
Ans 8.25s 
(b) Total displacement =4+ 4-16-32-16=-56m 
This is also equal to x, — x, =—46-10 =-56m 
Total distance =4+4+164+32+16=72m 
Total time =16s 


: total diaplacement 
Now, average velocity = ae 


total time 


=-—=-3.5miss Ans. 
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total distance 
average speed = ——_ 


total time 
= ie =4.5 mis 
16 


; A 
(c) Average acceleration = a 


Type 6. General method of conversion of graph 


Concept 


Ans. 


Ans. 


(i) In some cases, one graph can be converted into the other graph just by finding slope of 
the given graph. But this method is helpful when different segments of the given graph 


are straight lines. 
For example, 
(a) Given s-t graph can be converted into the v-t graph from the slope of s-t graph as 


v= a =slope of s-t graph 
dt 
(b) Given v-t graph can be converted into the a-t graph from the slope of v-t graph, as 


dv 
a = — =slope of v-t graph 
PF p grap 


(ii) In few cases, we have to convert given y-x graph into z-x graph. For example, suppose we 


have to convert v-s graph into a-s graph. 


In such cases, first you make v-s equation (if it is straight line graph) from the given 


v-s graph. Then, with the help of this v-s equation and some standard equations 


(ike a= vo) make a-s equation and now draw a-s graph corresponding to 
s 


a-s equation. 


this 


© Example 6 A particle is moving along x-axis. Its x-coordinate versus time graph 


is as shown below. 


t(s) 


Plot v-t graph corresponding to this. 
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Solution v-4 = slope of x-t graph. Slope for different time intervals is given in following 


table. 
Time interval Slope of x-t graph (= v) 
O0-4s 0 
4s-10s -2m/s 
10s-—14s +2m/s 


u-t graph corresponding to this table is as shown below 


4v(m/s) 
ee ae 
1 
! \ 
O — a ue > t(s) 
! ' 
| 
| eee a 


© Example 7 Corresponding to given vu-s graph of a particle moving in a straight 
line, plot a-s graph. 


Vv 


s 


Solution The given v-s graph is a straight line with positive slope (say m) and positive 
intercept (say c ). Therefore, v-s equation is 


v=ms+c 
dv 
> —=m 
ds 
Now, =u =e: c) (m) 
ds 


a=m’*s+mce 
a-s equation is a linear equation. Therefore, a-s graph is also a straight line with positive slope 
(= m”) and positive intercept (= mo). a-s graph is as shown below. 
a 


>S 
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Type 7. Based on difference between distance and displacement 


Concept 
There is no direct formula for calculation of distance. In the formula, 


i ae 
2 


s = displacement, not the distance 


So, you will have to convert the given distance into proper displacement and then apply the 
above equation. 


© Example 8 A particle is moving along x-axis. At time t = 0, its x-coordinate is 
x = -4 m. Its velocity-time equation is v = 8 —2t where, v is in m/s and t in seconds. 
(a) At how many times, particle is at a distance of 8 m from the origin? 
(b) Find those times. 
Solution (a) Comparing the given v-t equation with v= u + at. We have, 
u=8m/ss and 
a =—2 mis” = constant 
Now, motion of the particle is as shown below. 


| 8m 8m 
= 

i I 

i} I 

1 2 mis2 

i 8 m/s 
-8m —4m x=0 +8m 

\ =0 Ity 

e > 1 ev=0 


Now, 8 m distance from origin will be at two coordinates x =8 mand x=-—8m. From the 
diagram, we can see that particle will cross these two points three times, t,, ty and f,. 
(b)t,; and t, : At x = 8 m, displacement from the starting point is 
S=x,—-x, =8-(-4)=12m 


‘ ; ; 1 
Substituting in s= ut + a at”, we have 


12=8t-> 2x0" 


Solving this equation, we get 
smaller time ¢; =2s Ans. 
and larger time t, =6s Ans. 
t, : At x=—8m, displacement from the starting point is 


S=x, —% =-8-(-4)=-4m 
Substituting in s=ut+ = at?, we have ~4= 81-5 x2xt? 


Solving this equation, we get the positive time, 
t; =8.478 Ans. 


Miscellaneous Examples 


© Example 9 A rocket is fired vertically upwards with a net acceleration of 4 m/s” 


and initial velocity zero. After 5 s its fuel is finished and it decelerates with g. At 
the highest point its velocity becomes zero. Then, it accelerates downwards with 
acceleration g and return back to ground. Plot velocity-time and 
displacement-time graphs for the complete journey. Take g = 10 m/s?. 
Solution In the graphs, 

U4 = Ato, = (4) (6) =20 mb 


8 toap = (6+2)8S=78 
Now, So4p = area under v-t graph between 0 to 7s 
=3 (7) 20) = 70m 


v (m/s) s(m)A 
70 
50 
20 
2) O g > t(s) 
Furth Isoanl=|Secl=5 8t2 
urther, SoaB! =! Spc! = 9 8%Bc 


70 = 5 (10) tc 


tp = V¥14=3.758 
o toapc = 7+3.7=10.7s 
Also, so94 = area under v-t graph between OA 


=5 6) Q0)=50m 


© Example 10 An open lift is moving upwards with velocity 10 m/s. It has an 
upward acceleration of 2 m/s*. A ball is projected upwards with velocity 20 m/s 
relative to ground. Find 
(a) time when ball again meets the lift 
(6) displacement of lift and ball at that instant. 
(c) distance travelled by the ball upto that instant. 
Take g=10 m/s" 
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Solution (a) At the time when ball again meets the lift, 
Sr = SB 
1 : 1 5 
10%#+—x2xt=20t-—x10t 
2 2 
Solving this equation, we get 


t=0 and p25 
3 


-. Ball will again meet the lift after : s. 


(b) At this instant s; = sp =10~x + : x 2x (2 cap m=19.4m 


5) _1% 
3 


(c) For the ball wu is antiparallel to a. Therefore, we will first find t,, the time when its 


velocity becomes zero. 
u|_20_ 
a 10 


to = 28 


As t [=5 | < ty, distance and displacement are equal 


or d=194m 


© Example 11 A particle starts with an initial velocity and passes successively 
over the two halves of a given distance with constant accelerations a, and a, 
respectively. Show that the final velocity is the same as if the whole distance is 


: ; . (a, +a,) 
covered with a uniform acceleration ——~- - 
Solution 
“1 Ye u ata 
> => => => 2s, 1" M2 > 
G $4 © S,42 © e 2 @ 
First case Second case 
In the first case, 
a =u? + 2a,s 
us = uP + 2a,s 


In the second case, 


... Gd) 
... (ii) 


... (ill) 


... (iv) 


Hence proved. 
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© Example 12 Ina car race, car A takes a time t less than car B at the finish and 
passes the finishing point with speed v more than that of the car B. Assuming 
that both the cars start from rest and travel with constant acceleration a, and ay, 
respectively. Show that v = ./a,qz t. 
Solution Let A takes t, second, then according to the given problem B will take (é, + t) 


seconds. Further, let v, be the velocity of B at finishing point, then velocity of A will be (uv, + v). 
Writing equations of motion for A and B. 


UY, + v=ayt, «5 () 

and, UV, = Ag(t, + t) ... (i) 
From these two equations, we get 

U= (a, — dg) t; — aot ... ill) 


Total distance travelled by both the cars is equal. 
or 84 = Sp 
or ; mt = 5 Qo (ty + i)? 
___azt 
Va, ~ Jaz 
Substituting this value of ¢, in Eq. (111), we get the desired result 


v=(Ja,a2) t 


© Example 13 An open elevator is ascending with constant speed v=10 m/s. A 
ball is thrown vertically up by a boy on the lift when he is at a height h =10m 
from the ground. The velocity of projection is v= 30 m/s with respect to elevator. 
Find 
(a) the maximum height attained by the ball. 

(b) the time taken by the ball to meet the elevator again. 
(c) time taken by the ball to reach the ground after crossing the elevator. 
Solution (a) Absolute velocity of ball = 40 m/s (upwards) 


or t, 


* Pinax = hy + hy 
Here, h; = initial height = 10 m 
and h, = further height attained by ball 
eee (40)" =80m 
2g 2x10 
Amax = (10+ 80)m=90m Ans. 


(b) The ball will meet the elevator again when displacement of lift = displacement of ball 


or 10 xt=40 x t= x10 x12 or t=6s Ans. 
(c) Let t, be the total time taken by the ball to reach the ground. Then, 
= 10 =40 x ty 5x10 #3 


Solving this equation we get, ty =8.248 
Therefore, time taken by the ball to reach the ground after crossing the elevator, 
=(t9 —t)=2.248 
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© Example 14 From an elevated point A, a stone is projected vertically 
upwards. When the stone reaches a distance h below A, its velocity is double 
of what it was at a height h above A. Show that the greatest height attained 


. 5 
by the stone is A h. 


Solution Let ube the velocity with which the stone is projected vertically upwards. 


Given that, U_p, =2U, 
or (,)°=4 
u” —2g (-h) =4 (u? —-2gh) 
ue _ 10gh 
3 
u” _5h 

Now, Anax =— = = Hence proved. 

& 


© Example 15 Velocity of a particle moving in a straight line varies with its 
displacement as v =(,/4 + 4s) m/s. Displacement of particle at time t =0 is s =0. 


Find displacement of particle at time t = 2 s. 
Solution Squaring the given equation, we get 
v’=44 4s 
Now, comparing it with v? = u?+2as, we get 
u=2 m/s and a=2 mls” 


. Displacement att=2s is 


p= ut + at® or s=@)@) += @ey or s=8m Ans. 


© Example 16 Figure shows a rod of length | resting on a wall and the floor. Its 
lower end A is pulled towards left with a constant velocity v. Find the velocity of 
the other end B downward when the rod makes an angle 8 with the horizontal. 


Solution In such type of problems, when velocity of one part of a body is given and that of 
other is required, we first find the relation between the two displacements, then differentiate 
them with respect to time. Here, if the distance from the corner to the point A is x and that up 
to Bis y. Then, 


and Up =-— (— sign denotes that y is decreasing) 


Further, e+ Pah 
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Differentiating with respect to time t 


Bg 4 oy 
dt dt 
XU = YUp 
Ug = ~v=vecotd Ans. 
My 


© Example 17 A particle is moving in a straight line with constant acceleration. 
If x, y and z be the distances described by a particle during the pth, qth and rth 
second respectively, prove that 


(q-r)x+(r— p)y+(p-q)z=0 


Solution As s, =ut+at saau+S Qt 1) 
x=u+—(@p-1) (i) 
a . 
yous, Gas ..- (11) 
z=u+5@r-1) (iii) 
: ae ° a y-z 
Subtracting Eq. (iii) from Eq. (ii), y-Z= 5 Qq-2r) or q-re= 
or (q-—r)x= is (yx — 2x) ... (iV) 
a 
Similarly, we can show that 
1 
ieee 2 seal (zy — xy) .(¥) 
and (p-qQ)z= - (xz - yz) (vi) 
a 


Adding Eas. (iv), (v) and (vi), we get (q—r)x+ (r—- p)y + (p- q)z=0 


© Example 18 Three particles A, B and C are situated at the vertices of an 
equilateral triangle ABC of side d at time t = 0. Each of the particles moves with 
constant speed v. A always has its velocity along AB, B along BC and C along 
CA. At what time will the particles meet each other? 
Solution Velocity of A is v along AB. Velocity of B is along BC. Its 


component along BA is ucos60° =v/2. Thus, the separation AB . 
decreases at the rate 
py v_ 3vu 
2 2 v y 
Since, this rate is constant, the time taken in reducing the 
separation AB from d to zero is 
d 2d L 
= Ans. Vv C 


~ Bu2) Bu 
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© Example 19 An elevator car whose floor to ceiling distance is equal to 2.7 m 
starts ascending with constant acceleration 1.2 m/s”. 2 s after the start, a bolt 
begins falling from the ceiling of the car. Find 
(a) the time after which bolt hits the floor of the elevator. 

(b) the net displacement and distance travelled by the bolt, with respect to earth. 
(Take g= 9.8 m/s”) 
Solution (a) If we consider elevator at rest, then relative acceleration of the bolt is 
a, =9.84+ 1.2 
=11 mk? (downwards) 
After 2 s, velocity of lift is v = at = (1.2) (2)=2.4 més. Therefore, initial velocity of the bolt is 
also 2.4 m/s and it gets accelerated with relative acceleration 11 m/s”. With respect to 


elevator initial velocity of bolt is zero and it has to travel 2.7 m with 11 m/s”. Thus, time 
taken can be directly given as 


=0.7s. Ans. 
(b) Displacement of bolt relative to ground in 0.7 s. 


1 2 
s=ut+—at 
2 


ei $= (2.4)(0.7) + : (-9.8)(0.7)2 


s=-0.72m Ans. 
Velocity of bolt will become zero after a time 


a (v=u— gt) 


Therefore, distance travelled by the bolt = s, + s,= ; 5 git tay 
& 
2 
= 4) 4109.8 (0.7— 0.245)? 
2x98 2 


=1.3m Ans. 
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© Example 20 A man wants to reach point B on the opposite bank of a river 
flowing at a speed as shown in figure. What minimum speed relative to water 


should the man have so that he can reach point B? In which direction should he 
swim? 


Resultant of v and u should be along AB. Components of v, (absolute velocity of boatman) along 


xand y-directions are, 


v, =u—vsin 8 


and vy =ucos 0 
vy 
Further, tan 45° = — 
Uy 
v cos 8 
or (ee 
u—vusin@ 
u 


v= 
sin 8 + cos8 


u 
V2 sin @ + 45°) 
vis minimum at, 6+ 45° =90° 
or 6 =45° Ans. 
and == Ans. 


UV... =—= 
min 2 


Exercises 


LEVEL 1 


Assertion and Reason 


Directions Choose the correct option. 
(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 
(6) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 
(d) If Assertion is false but the Reason is true. 
1. Assertion : Velocity and acceleration of a particle are given as, 
v=i-j and a=- 2i+ 2j 
This is a two dimensional motion with constant acceleration. 
Reason: Velocity and acceleration are two constant vectors. 


2. Assertion : Displacement-time graph is a parabola corresponding to straight line velocity- 
time graph. 


Reason : If v= w + at then s= ut + <at” 


3. Assertion: In v-t graph shown in figure, average velocity in time interval v 
from 0 to ty) depends only on vo. It is independent of fo. 


Reason : In the given time interval average velocity is 2 


4. Assertion : We know the relation a= v. a Therefore, if velocity of a particle is zero, then 
s 


acceleration is also zero. 
Reason : In the above equation, a is the instantaneous acceleration. 


5. Assertion: Speed of a particle may decrease, even if acceleration is increasing. 
Reason: This will happen if acceleration is positive. 


6. Assertion : Starting from rest with zero acceleration if acceleration of particle increases at a 
constant rate of 2 ms~’ then velocity should increase at constant rate of 1ms~. 


Reason: For the given condition. 


da _ 2. ms” 
dt 
a=2t 


7. Assertion: Average velocity can’t be zero in case of uniform acceleration. 
Reason: For average velocity to be zero, a non zero velocity should not remain constant. 


190 © Mechanics - I 


8. Assertion : In displacement-time graph of a particle as shown in figure, velocity of particle 
changes its direction at point A. 
ie 


s 


0 £ 


Reason: Sign of slope of s-t graph decides the direction of velocity. 


9. Assertion : Displacement-time equation of two particles moving in a straight line are, 
s, = 2t— 4t” and sy = — 2t + 44”. Relative velocity between the two will go on increasing. 
Reason : If velocity and acceleration are of same sign then speed will increase. 

10. Assertion: Acceleration of a moving particle can change its direction without any change in 
direction of velocity. 
Reason : If the direction of change in velocity vector changes, the direction of acceleration 
vector also changes. 

11. Assertion : A body is dropped from height # and another body is thrown vertically upwards 
with a speed /gh. They meet at height A/2. 
Reason : The time taken by both the blocks in reaching the height h/2 is same. 

12. Assertion : Two bodies of unequal masses m, and m, are dropped from the same height. If the 


resistance offered by air to the motion of both bodies is the same, the bodies will reach the earth 
at the same time. 


Reason : For equal air resistance, acceleration of fall of masses m, and mz, will be different. 


Objective Questions 
Single Correct Option 


1. A stone is released from a rising balloon accelerating upward with acceleration a. The 
acceleration of the stone just after the release is 
(a) a upward (b) g downward 
(c) (g — a) downward (d) (g + a) downward 


2. A ball is thrown vertically upwards from the ground. If T, and T, are the respective time taken 
in going up and coming down, and the air resistance is not ignored, then 


(a) T, > T, (b) T, =T, 
(c) 7, <T, (d) nothing can be said 
3. The length of a seconds hand in watch is 1 cm. The change in velocity of its tip in 15 s is 
T 
a) zero — cm/s 
(a) (b) 30/8 
(©) Semis (a) a2 cm/s 


4. When a ball is thrown up vertically with velocity uo, it reaches a maximum height of h. If one 
wishes to triple the maximum height then the ball should be thrown with velocity 


(a) V3 v (b) 3 v (0) 9 v (a) : vy 


10. 


11. 


12. 


13. 
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. During the first 18 min of a 60 min trip, a car has an average speed of 11 ms '. What should be 


the average speed for remaining 42 min so that car is having an average speed of 21 ms‘ for the 
entire trip? 
(a) 25.3 ms"! (b) 29.2ms* 
(c) 31 ms" (a) 35.6 ms"! 
3 


. Aparticle moves along a straight line. Its position at any instant is given by x = 32t — where 


xis in metres and tin seconds. Find the acceleration of the particle at the instant when particle 
is at rest. 

(a) -16ms” (b) -32ms° 

(c) 82. ms” (da) 16ms” 


. The acceleration of a particle is increasing linearly with time t as bt. The particle starts from the 


origin with an initial velocity uj. The distance travelled by the particle in time ¢ will be 
(a) uot + : bt? (b) upt + F bt? 


i ats 5 ot dy ne ; bt? 


. Water drops fall at regular intervals from a tap 5 m above the ground. The third drop is leaving 


the tap, the instant the first drop touches the ground. How far above the ground is the second 
drop at that instant. (g= 10 ms”) 
(a) 1.25m (b) 2.50 m (c) 3.75 m (d) 4.00 m 


. A stone is dropped from the top of a tower and one second later, a second stone is thrown 


vertically downward with a velocity 20 ms_!. The second stone will overtake the first after 
travelling a distance of (g = 10 ms ”) 

(a) 18m (b) 15m 

(c) 11.25 m (d) 19.5 m 

A particle moves in the x-y plane with velocity v, = 8t— 2 and v, = 2.If it passes through the 
point x= 14 and y= 4at t= 2s, the equation of the path is 

(a) x=y"-y+2 (b) x= y"-2 

(c) x=y? + y-6 (d) None of these 

The horizontal and vertical displacements of a particle moving along a curved line are given by 
x=5t and y=2t?+t. Time after which its velocity vector makes an angle of 45° with the 
horizontal is 

(a) 0.58 (b) 1s (c) 2s (d) 1.5s 

A ball is released from the top of a tower of height h metre. It takes T second to reach the 
ground. What is the position of the ball in T/3 second? 


(a) - metre from the ground (b) (7h/9) metre from the ground 
(c) (8h/9) metre from the ground (d) (17h/18) metre from the ground 


An ant is at a corner of a cubical room of side a. The ant can move with a constant speed u. The 
minimum time taken to reach the farthest corner of the cube is 


Ces oy “82 
u u 


() ie @ de 


u 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


A lift starts from rest. Its acceleration is plotted against time. When it comes to rest its height 
above its starting point is 


(a) 20m (b) 64m 


(c) 832m 


(d) 36m 


A lift performs the first part of its ascent with uniform acceleration a and the remaining with 


uniform retardation 2a. If tis the time of ascent, find the depth of the shaft. 
2 2 2 2 
at 


at at at 
(a) ve (b) 3] (c) 2 (d) ro 


Two objects are moving along the same straight line. They cross a point A with an acceleration 
a, 2a and velocity 2u, u at time t = 0. The distance moved by the object when one overtakes the 
other is 

6u" Qu" 
(a) — (b) — 


a a 


2 2 
() (y Se 

a a 
A cart is moving horizontally along a straight line with constant speed 30 ms’. A particle is to 
be fired vertically upwards from the moving cart in such a way that it returns to the cart at the 
same point from where it was projected after the cart has moved 80 m. At what speed (relative 
to the cart) must the projectile be fired? (Take g = 10 ms”) 
(a) 10ms (b) 10V8 ms? 


(c) “ ms! (d) None of these 


The figure shows velocity—time graph of a particle moving along a 
straight line. Identify the correct statement. 


v (m/s) 


(a) The particle starts from the origin 
(b) The particle crosses it initial position at t =2s 


(c) The average speed of the particle in the time interval, 0 <t <2sis 
zero 


(d) All of the above 


A ball is thrown vertically upwards from the ground and a student gazing out of the window 
sees it moving upward past him at 10 ms‘. The window is at 15 m above the ground level. The 
velocity of ball 3 s after it was projected from the ground is [Take g= 10 ms 7] 

(b) 20 ms |, up 

(a) 10ms *, down 


(a) 10 m/s, up 

(c) 20ms, down 
A body starts moving with a velocity vy = 10 ms’. It experiences a retardation equal to 0.2v”. Its 
velocity after 2s is given by 
(a) +2ms? 

(c) -2ms1t 


(b) +4ms7? 
(d) +6mst 


21. 


22. 


23. 


24. 


25. 


26. 


27. 
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| on the same track in 


Two trains are moving with velocities v, =10ms' and v, = 20 ms” 
opposite directions. After the application of brakes if their retarding rates are a, = 2 ms” and 
a,=1 ms ” respectively, then the minimum distance of separation between the trains to avoid 


collision is 
(a) 150m (b) 225 m 
(c) 450 m (d) 300m 
Two identical balls are shot upward one after another at an interval of 2s along the same 
vertical line with same initial velocity of 40 ms'. The height at which the balls collide is 
(a) 50m (b) 75m 
(c) 100 m (a) 125m 
A particle is projected vertically upwards and reaches the maximum height H in time 7. The 
height of the particle at any time t « 7’) will be 
(a) g(t-T)? ee ane 
1 
© 58¢-Ty (@) H->e(@-ty 


2 2 
3 : : : t 
A particle moves along the curve y = - . Here x varies with time as x = cs Where x and y are 


measured in metres and ¢ in seconds. At t = 2s, the velocity of the particle (in ms’) is 
(a) 41+ 6j (b) 2i + 4) 

() 4i + 2j (d) 4i+4j 

If the displacement of a particle varies with time as Vx =¢+3 


(a) velocity of the particle is inversely proportional to ¢ 
(b) velocity of particle varies linearly with ¢ 

(c) velocity of particle is proportional to Vt 

(d) initial velocity of the particle is zero 


The graph describes an airplane’s acceleration during its take-off run. The airplane’s velocity 
when it lifts off at t= 20s is 


a (ms”) ‘4 
5 
3 
: 10 20, (s) 
(a) 40 ms + (b) 50ms + 
(c) 90 ms (d) 180ms 4 


A particle moving in a straight line has velocity-displacement equation as v = 5,/1+ s. Here vis 


in ms! and sin metres. Select the correct alternative. 

(a) Particle is initially at rest 

(b) Initially velocity of the particle is 5 m/s and the particle has a constant acceleration of 
12.5ms~ 

(c) Particle moves with a uniform velocity 

(d) None of the above 
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28. 


29. 


30. 


A particle is thrown upwards from ground. It experiences a constant resistance force which can 
produce a retardation of 2 ms ~. The ratio of time of ascent to time of descent is (g=10 ms ”) 


| 2 
(a) 1:1 (b) He 

2 3 
(c) . (d) f 


A body of mass 10 kg is being acted upon by a force 327 and an opposing constant force of 32 N. 
The initial speed is 10 ms '. The velocity of body after 5 s is 

(a) 14.5ms (b) 6.5 ms 

(c) 3.5ms7 (a) 4.5 ms! 

A stone is thrown vertically upwards. When stone is at a height half of its maximum height, its 
speed is 10 ms‘; then the maximum height attained by the stone is (g= 10 ms”) 

(a) 25m (b) 10m 

(c) 15m (d) 20m 


Subjective Questions 


1. 


dv 


d|v| 


(a) What does and represent? (b) Can these be equal? 


. The coordinates of a particle moving in x-y plane at any time ¢ are (2, t”). Find (a) the trajectory 


of the particle, (b) velocity of particle at time t and (c) acceleration of particle at any time t. 


. A farmer has to go 500 m due north, 400 m due east and 200 m due south to reach his field. If he 


takes 20 min to reach the field. 

(a) What distance he has to walk to reach the field ? 

(b) What is the displacement from his house to the field ? 
(c) What is the average speed of farmer during the walk ? 
(d) What is the average velocity of farmer during the walk ? 


. A rocket is fired vertically up from the ground with a resultant vertical acceleration of 10 m/s”. 


The fuel is finished in 1 min and it continues to move up.(a) What is the maximum height 
reached? (b) After how much time from then will the maximum height be reached? 
(Take g= 10 m/s”) 


. A particle is projected upwards from the roof of a tower 60 m high with velocity 20 m/s. Find 


(a) the average speed and 
(b) average velocity of the particle upto an instant when it strikes the ground. Take g = 10 ms”. 


. Ablock moves in a straight line with velocity uv for time tp. Then, its velocity becomes 2u for next 


t) time. Finally, its velocity becomes 3v for time T. If average velocity during the complete 
journey was 2.5 v, then find T in terms of fp. 


. A particle starting from rest has a constant acceleration of 4 m/s” for 4 s. It then retards 


uniformly for next 8 s and comes to rest. Find during the motion of particle (a) average 
acceleration (b) average speed and (c) average velocity. 


. A particle moves in a circle of radius R = 7 m with constant speed 1m/s. Find, 


(a) magnitude of average velocity and (b) magnitude of average acceleration in 2 s. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 
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. Two particles A and B start moving simultaneously along the line joining them in the same 


direction with acceleration of 1 m/s? and 2 m/s? and speeds 3 m/s and 1 m/s respectively. 
Initially, Ais 10 m behind B. What is the minimum distance between them? 


Two diamonds begin a free fall from rest from the same height, 1.0 s apart. How long after the 
first diamond begins to fall will the two diamonds be 10 m apart? Take g = 10 m/s”. 


Two bodies are projected vertically upwards from one point with the same initial velocity up. 
The second body is projected ty s after the first. How long after will the bodies meet? 


Displacement-time graph of a particle moving in a straight line is as shown in figure. 
SA Cc 


(a) Find the sign of velocity in regions oa,ab, bc and cd. 
(b) Find the sign of acceleration in the above region. 


Velocity-time graph of a particle moving in a straight line is shown in figure. In the time 
interval from t = Oto t=14s, find 


v(m/s) A 


(a) average velocity and 
(b) average speed of the particle. 


A person walks up a stalled 15 m long escalator in 90 s. When standing on the same escalator, 
now moving, the person is carried up in 60 s. How much time would it take that person to walk 
up the moving escalator? Does the answer depend on the length of the escalator? 


Figure shows the displacement-time graph of a particle moving in a straight line. Find the 
signs of velocity and acceleration of particle at time ¢ = t, and t= t,. 
s 


t 
t b 


Velocity of a particle moving along positive x-direction is v = (40 — 10t) m/s. Here, tis in seconds. 
At time t = 0, the x coordinate of particle is zero. Find the time when the particle is at a distance 
of 60 m from origin. 
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17. Velocity-time graph of a particle moving in a straight line is shown in figure. Plot the 
corresponding displacement-time graph of the particle if at time ¢ = 0, displacement s = 0. 


v (m/s) 


18. Acceleration-time graph of a particle moving in a straight line is as shown in figure. At time 
t = 0, velocity of the particle is zero. Find 


a (m/s?) A 
20 


10 


-10 


(a) average acceleration in a time interval from t=6s tot=12s, 
(b) velocity of the particle at t=14s. 


19. A particle is moving in x-y plane. At time ¢=0, particle is at (1m, 2m) and has velocity 
(4i + 6j) m/s. At t = 48, particle reaches at (6m, 4m) and has velocity (2i + 10 j) m/s. In the given 
time interval, find 
(a) average velocity, 

(b) average acceleration and 
(c) from the given data, can you find average speed? 


20. A stone is dropped from the top of a tower. When it crosses a point 5 m below the top, another 
stone is let fall from a point 25 m below the top. Both stones reach the bottom of the tower 
simultaneously. Find the height of the tower. Take g= 10 m/s”. 


21. A point mass starts moving in a straight line with constant acceleration. After time ¢, the 
acceleration changes its sign, remaining the same in magnitude. Determine the time T from the 
beginning of motion in which the point mass returns to the initial position. 

22. A football is kicked vertically upward from the ground and a student gazing out of the window 
sees it moving upwards past her at 5.00 m/s. The window is 15.0 m above the ground. Air 
resistance may be ignored. Take g= 10 m/s’. 


(a) How high does the football go above ground? 
(b) How much time does it take to go from the ground to its highest point? 


23. A car moving with constant acceleration covered the distance between two points 60.0 m apart 
in 6.00 s. Its speed as it passes the second point was 15.0 m/s. 
(a) What is the speed at the first point? 
(b) What is the acceleration? 
(c) At what prior distance from the first was the car at rest? 


Chapter 6 Kinematics ¢ 197 


24. A particle moves along the x-direction with constant acceleration. The displacement, measured 
from a convenient position, is 2 m at time ¢t = 0 and is zero when t= 10s. If the velocity of the 
particle is momentary zero when ¢ = 6 s, determine the acceleration a and the velocity v when 
t=10s. 

25. At time t= 0,a particle is at (2m, 4m). It starts moving towards positive x-axis with constant 
acceleration 2 m/s? (initial velocity = 0). After 2 s, an additional acceleration of 4 m/s” starts 
acting on the particle in negative y-direction also. Find after next 2 s. 

(a) velocity and (b) coordinates of particle. 

26. A particle starts from the origin at ¢ = 0 with a velocity of 8.0j m/s and moves in the x-y plane 
with a constant acceleration of (4.0i + 2.0 j) m/s”. At the instant the particle’s x-coordinate is 
29 m, what are 
(a) its y-coordinate and (b) its speed ? 

27. The velocity of a particle moving in a straight line is decreasing at the rate of 3 m/s per metre of 


displacement at an instant when the velocity is 10 m/s. Determine the acceleration of the 
particle at this instant. 


28. A particle moves along a horizontal path, such that its velocity is given by v = (3t” — 6t) m/s, 
where ¢ is the time in seconds. If it is initially located at the origin O, determine the distance 
travelled by the particle in time interval from ¢ = Oto t = 3.5 sand the particle’s average velocity 
and average speed during the same time interval. 


29. A particle travels in a straight line, such that for a short time 2 s< t< 6 s,its motion is described 
by v=(4/a) m/s, where a is in m/s”. If v=6m/s when t=2 s, determine the particle’s 
acceleration when t= 3s. 

30. If the velocity v of a particle moving along a straight line decreases linearly with its 
displacement from 20 m/s to a value approaching zero at s = 30 m, determine the acceleration of 
the particle when s= 15 m. 


31. Velocity-time graph of a particle moving in a straight line is shown in figure. At time 
t=0,s=-— 10m. Plot corresponding a-t and s-t graphs. 


v (m/s) 


32. Velocity-time graph of a particle moving in a straight line is shown in figure. At time t= 0, 
s = 20 m. Plot a-t and s-t graphs of the particle. 


v (m/s) 
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33. A particle of mass m is released from a certain height A with zero initial velocity. It strikes the 
ground elastically (direction of its velocity is reversed but magnitude remains the same). Plot 
the graph between its kinetic energy and time till it returns to its initial position. 


34. A ball is dropped from a height of 80 m on a floor. At each collision, the ball loses half of its 
speed. Plot the speed-time graph and velocity-time graph of its motion till two collisions with 
the floor. [Take g= 10 m/s’| 


35. Figure shows the acceleration-time graph of a particle moving along a straight line. After what 
time the particle acquires its initial velocity? 


a (m/s?) 


36. Velocity-time graph of a particle moving in a straight line is shown in figure. At time t= 0, 
displacement of the particle from mean position is 10 m. Find 


(a) acceleration of particle att=1s,3sand 9s. 
(b) position of particle from mean position at t=10s. 
(c) write down s-t equation for time interval 
G) O<t<2s, (i) 4s<t <8s 


37. Two particles 1 and 2 are thrown in the directions shown in figure simultaneously with 
velocities 5 m/s and 20 m/s. Initially, particle 1 is at height 20 m from the ground. Taking 
upwards as the positive direction, find 


20m fave 
20 m/s 


(a) acceleration of 1 with respect to 2 
(b) initial velocity of 2 with respect to 1 


(c) velocity of 1 with respect to 2 after time t = : s 


(d) time when the particles will collide. 
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38. A ball is thrown vertically upward from the 12 m level with an initial velocity of 18 m/s. At the 
same instant an open platform elevator passes the 5 m level, moving upward with a constant 
velocity of 2 m/s. Determine (g = 9.8 m/s”) 

(a) when and where the ball will meet the elevator, 
(b) the relative velocity of the ball with respect to the elevator when the ball hits the elevator. 

39. An automobile and a truck start from rest at the same instant, with the automobile initially at 
some distance behind the truck. The truck has a constant acceleration of 2.2 m/s” and the 
automobile has an acceleration of 3.5 m/s”. The automobile overtakes the truck when it (truck) 
has moved 60 m. 

(a) How much time does it take the automobile to overtake the truck ? 
(b) How far was the automobile behind the truck initially ? 
(c) What is the speed of each during overtaking ? 

40. Given | v,,| = 4 m/s = magnitude of velocity of boatman with respect to river, v,= 2 m/s in the 
direction shown. Boatman wants to reach from point A to point B. At what angle@ should he row 
his boat? 

B 


A 


41. An aeroplane has to go from a point P to another point Q, 1000 km away due north. Wind is 
blowing due east at a speed of 200 km/h. The air speed of plane is 500 km/h. 
(a) Find the direction in which the pilot should head the plane to reach the point Q. 
(b) Find the time taken by the plane to go from P to Q. 


42. A train stopping at two stations 4 km apart takes 4 min on the journey from one of the station to 
the other. Assuming that it first accelerates with a uniform acceleration x and then that of 


uniform retardation y, prove that é + oe 2. 
x sy 


LEVEL 2 


Objective Questions 
Single Correct Option 


1. When a man moves down the inclined plane with a constant speed 5 ms ‘which makes an angle 
of 37° with the horizontal, he finds that the rain is falling vertically downward. When he moves 
up the same inclined plane with the same speed, he finds that the rain makes an angle 


0= tan(Z) with the horizontal. The speed of the rain is 


(a) ¥116 ms! (b) V32 ms! 
(c) 5ms (a) J73 ms! 
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2. Equation of motion of a body is = — 4u + 8, where vis the velocity in ms‘ and tis the time in 


second. Initial velocity of the particle was zero. Then, 

(a) the initial rate of change of acceleration of the particle is 8 ms” 
(b) the terminal speed is 2 ms! 

(c) Both (a) and (b) are correct 

(d) Both (a) and (b) are wrong 


. Two particles A and Bare placed in gravity free space at (0, 0, 0) m and (30, 0, 0) m respectively. 
Particle A is projected with a velocity (5i + 10j+ 5k) ms‘, while particle Bis projected with a 
velocity (10 i+ 5j + 5k) ms! simultaneously. Then, 

(a) they will collide at (10, 20,10) m 

(b) they will collide at (10, 10, 10) m 

(c) they will never collide 

(d) they will collide at 2s 


. Velocity of the river with respect to ground is given by u,. Width of the river is d. A swimmer 
swims (with respect to water) perpendicular to the current with acceleration a = 2t (where tis 
time) starting from rest from the origin O at t= 0. The equation of trajectory of the path 
followed by the swimmer is 


Y 
— Vo 
d 

0 >X 

3 2 

x x 
(a) y=—y (b) y=—a 
3u3 2ue 
x 


© y== (a) y= [Z 
vo i) 


. The relation between time ¢ and displacement x is t = ax” + Bx, wherea andB are constants. The 
retardation is 

(a) 2av" (b) 2 Bu’ 

(c) 2aBu* (d) 2870? 

. Astreet car moves rectilinearly from station A to the next station B (from rest to rest) with an 


acceleration varying according to the law f = a — bx, where a and 0 are constants and x is the 
distance from station A. The distance between the two stations and the maximum velocity are 


2a a b a 

(a) wD 7 Umax TE (b) cae: 
a b va 

= =— d _—f | —— nd 

(c) x 3p? mx = (d) x Yous b 


A particle of mass m moves on positive x-axis under the influence of force acting towards the 
origin given by — kx” i. If the particle starts from rest at x = a, the speed it will attain when it 


crosses the origin is 


(a) pee ops @ = (d) None of these 
ma 2k 


ma 


10. 


11. 


12. 


13. 


14. 


15. 


. A particle is moving along a straight line whose velocity-displacement 
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graph is as shown in the figure. What is the magnitude of acceleration 
when displacement is 3 m ? 


(a) 4/3 ms? (b) 3/3 ms? 
2 4g? 
(c) V3 ms (d) 75 ms 2 


. A particle is falling freely under gravity. In first t second it covers distance x, and in the next 


t second, it covers distance x,, then ¢ is given by 


(a) 1 7% (b) Xo +X (c) pea (a) [2 (X%_ + %) 
g§ & g§ g§ 
B 


A rod ABis shown in figure. End A of the rod is fixed on the 
ground. Block is moving with velocity 2 ms! towards right. 
The velocity of end B of rod at the instant shown in figure is 
(a) V3ms 1 (b) 2ms7! A 
(c) 2V3 ms? (d) 4ms 1 


A thief in a stolen car passes through a police check post at his top speed of 90 kmh™!. A 
motorcycle cop, reacting after 2 s, accelerates from rest at 5 ms”. His top speed being 
108 kmh”. Find the maximum separation between policemen and thief. 


(a) 112.5 m (b) 115m (c) 116.5 m (d) None of these 


> v=2ms 


Anoop (A) hits a ball along the ground with a speed u in a direction which makes an angle 30° 
with the line joining him and the fielder Babul (B). Babul runs to intercept the ball with a speed 


= Abahat augle6 shouldhe rimto intercept the ball? 


A B 
30° 9 
u 
2u/3 
wie [8] wanfs] wan] wan 


Acar is travelling on a straight road. The maximum velocity the car can attain is 24 ms '. The 


maximum acceleration and deceleration it can attain are 1 ms” and 4 ms ” respectively. The 
shortest time the car takes from rest to rest in a distance of 200 m is, 
(a) 22.485 (b) 380s (c) 11.2 s (d) 5.6s 


A car is travelling on a road. The maximum velocity the car can attain is 24 ms”! and the 
maximum deceleration is 4 ms”. If car starts from rest and comes to rest after travelling 
1032 m in the shortest time of 56 s, the maximum acceleration that the car can attain is 

(a) 6ms? (b) 1.2ms~ 

(c) 12ms° (d) 3.6ms” 


Two particles are moving along two long straight lines, in the same plane with same speed 
equal to 20 cm/s. The angle between the two lines is 60° and their intersection point is O. Ata 
certain moment, the two particles are located at distances 3m and 4m from O and are moving 
towards O. Subsequently, the shortest distance between them will be 

(a) 50 cm (b) 40V2 cm 

(c) 50V2 cm (d) 5073 cm 
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More than One Correct Options 


1. A particle having a velocity v= vu, at t= 0 is decelerated at the rate | a|= avv, where o is a 
positive constant. 
2 Jv 
Oo 


(b) The particle will come to rest at infinity 


(a) The particle comes to rest at t = 


(c) The distance travelled by the particle before coming to rest is 


(d) The distance travelled by the particle before coming to rest is 


2. At time t = 0, a car moving along a straight line has a velocity of 16 ms‘. It slows down with an 
acceleration of — 0.5t ms”, where t is in second. Mark the correct statement (s). 
(a) The direction of velocity changes att =8s 
(b) The distance travelled in 4 s is approximately 58.67 m 
(c) The distance travelled by the particle in 10 s is 94 m 
(d) The speed of particle at t=10sis 9ms’ 


3. An object moves with constant acceleration a. Which of the following expressions are also 


constant ? 
dlvl dv 
@ ah (b) | a 
d(v") Z fi 
(c) di (d) eF 


4. Ship Ais located 4 km north and 3 km east of ship B. Ship Ahas a velocity of 20 kmh’ towards 
the south and ship Bis moving at 40 kmh in a direction 37° north of east. X and Y-axes are 
along east and north directions, respectively 
(a) Velocity of A relative to Bis (-32i —44 j) km/h 


(b) Position of A relative to Bas a function of time is given by ryg= [(—32t)i+ 4—442)j] km 
(c) Velocity of A relative to Bis (82i — 44j) km/h 
(d) Position of A relative to B as a function of time is given by (2 ti-44 tj) km 


5. Starting from rest a particle is first accelerated for time t, with constant acceleration a, and 
then stops in time ¢, with constant retardation ay. Let v, be the average velocity in this case and 
s, the total displacement. In the second case it is accelerating for the same time ¢, with constant 
acceleration 2a, and come to rest with constant retardation a, in time &. If v, is the average 
velocity in this case and s, the total displacement, then 
(a) vg =2u, (b) 2u, < Uv, <4u, 
(c) s,=28, (d) 2s, <s.<4s, 

6. A particle is moving along a straight line. The displacement of the particle becomes zero in a 
certain time (t> 0). The particle does not undergo any collision. 
(a) The acceleration of the particle may be zero always 
(b) The acceleration of the particle may be uniform 
(c) The velocity of the particle must be zero at some instant 
(d) The acceleration of the particle must change its direction 


10. 


11. 
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. Aparticle is resting over a smooth horizontal floor. At ¢ = 0, a horizontal force starts acting on it. 


Magnitude of the force increases with time according to law F'=at, where © is a positive 
constant. From figure, which of the following statements are correct ? 
y 
2 


O >X 


(a) Curve 1 can be the plot of acceleration against time 
(b) Curve 2 can be the plot of velocity against time 

(c) Curve 2 can be the plot of velocity against acceleration 
(d) Curve 1 can be the plot of displacement against time 


. Atrain starts from rest at S = 0 and is subjected to an acceleration as shown in figure. Then, 


a (ms~”) 


6 


> S(m) 


30 


(a) velocity at the end of 10 m displacement is 20 ms! 
(b) velocity of the train at S=10 mis 10ms! 
(c) The maximum velocity attained by train is J180 ms! 


(d) The maximum velocity attained by the train is 15 ms 7 


. For a moving particle, which of the following options may be correct? 


(a) | Vayl < Ugy (b) | Vay 1 > Vay (c) V,, =Obutv,, #0 (d) V,, #0 but v,, =0 
Here, V,,, is average velocity and v,,, the average speed. 


Identify the correct graph representing the motion of a particle along a straight line with 
constant acceleration with zero initial velocity. 


V, V, Xx x, 
(a) (b) d (c) C (d) j 
t t t t 
0 0 0 0 


A man who can swim at a velocity u relative to water wants to cross a river of width 6, flowing 
with a speed wu. 


(a) The minimum time in which he can cross the river is — 
v 


. : = b : 
(b) He can reach a point exactly opposite on the bank in time t = ca ifu>u 


(c) He cannot reach the point exactly opposite on the bank if u >v 
(d) He cannot reach the point exactly opposite on the bank if u>u 
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12. 


13. 


The figure shows the velocity (v) of a particle plotted against time (f). 


(a) The particle changes its direction of motion at some point 
(b) The acceleration of the particle remains constant 

(c) The displacement of the particle is zero 

(d) The initial and final speeds of the particle are the same 


The speed of a train increases at a constant rate a from zero to v and then remains constant for 
an interval and finally decreases to zero at a constant rate B. The total distance travelled by the 
train is J. The time taken to complete the journey is t. Then, 


ou ot Pilg! 

(a) t= op (b) t ce 

6 7 ainashenge | id) swings. | 
(@ -B) @ +B) 


14. A particle moves in x-y plane and at time ¢ is at the point (¢”, ¢? — 2 t),then which of the following 


15. 


is/are correct? 
(a) At ¢ =0, particle is moving parallel to y-axis 


(b) At t =0, direction of velocity and acceleration are perpendicular 
2 ee ; ; 
(c) Att= ie particle is moving parallel to x-axis 


(d) At t =0, particle is at rest 


A car is moving with uniform acceleration along a straight line between two stops X and Y. Its 
speed at X and Y are 2 ms! and 14ms_?, Then 


(a) its speed at mid-point of XY is 10ms 7 

(b) its speed at a point A such that XA: AY =1:3is5ms 7% 

(c) the time to go from X to the mid-point of XY is double of that to go from mid-point to Y 

(d) the distance travelled in first half of the total time is half of the distance travelled in the 
second half of the time 


Comprehension Based Questions 
Passage 1 (Q.Nos. 1 to 4) 


An elevator without a ceiling is ascending up with an acceleration of 5 ms”. A boy on the elevator 
shoots a ball in vertical upward direction from a height of 2m above the floor of elevator. At this 
instant the elevator is moving up with a velocity of 10 ms! and floor of the elevator is at a height 
of 50 m from the ground. The initial speed of the ball is 15 ms" with respect to the elevator. 


Consider the duration for which the ball strikes the floor of elevator in answering following 
questions. (g = 10 ms~”) 


. The time in which the ball strikes the floor of elevator is given by 


(a) 2.13 s (b) 2.0s (c) 1.0s (d) 3.12s 


. The maximum height reached by ball, as measured from the ground would be 


(a) 73.65 m (b) 116.25 m (c) 82.56 m (d) 63.25 m 


. Displacement of ball with respect to ground during its flight would be 


(a) 16.25 m (b) 8.76 m (c) 20.24 m (d) 30.56 m 


. The maximum separation between the floor of elevator and the ball during its flight would be 


(a) 12m (b) 15m (c) 9.6m (d) 7.5m 
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Passage 2 (Q.Nos. 5 to 7) 


A situation is shown in which two objects A and B start their 4 
motion from same point in same direction. The graph of their 
velocities against time is drawn. uy and ug are the initial 
velocities of A and B respectively. T is the time at which their 
velocities become equal after start of motion. You cannot use the 
data of one question while solving another question of the same UA 
set. So all the questions are independent of each other. 


Velocity of A.” 


uB 


Velocity of B 


: t 
5. Ifthe value of T is 4s, then the time after which A will meet Bis T - 
(a) 12s (b) 6s 
(c) 8s (d) data insufficient 


6. Let v4 and vz be the velocities of the particles Aand Brespectively at the moment A and Bmeet 
after start of the motion. If 1, = 5 ms ' and wz = 15 ms’, then the magnitude of the difference 
of velocities v, and uz 1s 
(a) 5ms (b) 10 ms 
(c) 15ms+ (d) data insufficient 

7. After 10 s of the start of motion of both objects A and B, find the value of velocity of A if 
u, =6ms", ug=12ms and at T velocity of Ais 8 ms ' andT = 4s 
(a) 12ms* (b) 10ms* 

(c) 15ms 4 (d) None of these 


Match the Columns 


1. Match the following two columns : 


Column I Column II 
a 
(a) — (p) speed must be increasing 
a 
(b) or (q) speed must be decreasing 
s 
(c) 4 ; (x) speed may be increasing 
s 
(d) Kr ., (s) speed may be decreasing 
2. Match the following two columns : 
Column I Column II 
(a) v= —i,a=- 4j (p) speed increasing 
(b) v= Qi,a =2i + 2j (q) speed decreasing 
(c) V= —2i,a=+2i (rv) speed constant 


(d) v= Qi,a =-2i + 2j (s) Nothing can be said 
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3. The velocity-time graph of a particle moving along X-axis is shown in figure. Match the entries 
of Column I with the entries of Column II. 


Column I Column II 


(a) For AB, particle is (p) Moving in +ve X-direction with increasing speed 
(b) For BC, particle is (q) Moving in +ve X-direction with decreasing speed 
(c) For CD, particle is (xr) Moving in -ve X-direction with increasing speed 


(d) For DE, particle is (s) Moving in -ve X-direction with decreasing speed 


4. Corresponding to velocity-time graph in one dimensional motion of a particle as shown in 
figure, match the following two columns. 


- 10 


Column I Column II 


(a) Average velocity between zero second and 4s | (p) 10 SI units 
(b) Average acceleration between 1 s and 4s (q) 2.5 SI units 
(c) Average speed between zero seccond and 6s | (r) 5SI units 


(d) Rate of change of speed at 4s (s) None of the above 


5. A particle is moving along x-axis. Its x-coordinate varies with time as: 
x=-20+ 5¢” 


For the given equation match the following two columns : 
Column I Column II 


(a) Particle will cross the origin at (p) zero second 
(b) At what time velocity and acceleration are equal | (q) 1s 


(c) At what time particle changes its direction of (r) 2s 
motion 


(d) At what time velocity is zero (s) None of the above 
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6. x and y-coordinates of a particle moving in x -y plane are, 


x=1-2t+ tand y=4-4t+ ¢? 
For the given situation match the following two columns : 


Column I Column II 


(a) y-component of velocity when it crosses the y-axis | (p) +2SI unit 


(b) x-component of velocity when it crosses the x-axis | (q) —2SI units 


(c) Initial velocity of particle (vr) +4SI units 


(d) Initial acceleration of particle (s) None of the above 


Subjective Questions 


1. 


To test the quality of a tennis ball, you drop it onto the floor from a height of 4.00 m. It rebounds 
to a height of 2.00 m. If the ball is in contact with the floor for 12.0 ms, what is its average 
acceleration during that contact? Take g= 98 m/s”. 


. The acceleration-displacement graph of a particle moving in a straight line is as shown in 


figure, initial velocity of particle is zero. Find the velocity of the particle when displacement of 
the particle is s=12m. 


. At the initial moment three points A, B and C are on a horizontal straight line at equal 


distances from one another. Point A begins to move vertically upward with a constant velocity v 
and point C vertically downward without any initial velocity but with a constant acceleration a. 
How should point B move vertically for all the three points to be constantly on one straight line. 
The points begin to move simultaneously. 


. A particle moves in a straight line with constant acceleration a. The displacements of particle 


from origin in times ¢,, t, and ¢, are s,, 8, and s, respectively. If times are in AP with common 


Gis, — [9° 
a 


difference d and displacements are in GP, then prove that a= 


. Acar is to be hoisted by elevator to the fourth floor of a parking garage, which is 14 m above the 


ground. If the elevator can have maximum acceleration of 0.2 m/s” and maximum deceleration 
of 0.1 m/s’and can reach a maximum speed of 2.5 m/s, determine the shortest time to make the 
lift, starting from rest and ending at rest. 


. To stop acar, first you require a certain reaction time to begin braking; then the car slows under 


the constant braking deceleration. Suppose that the total distance moved by your car during 
these two phases is 56.7 m when its initial speed is 80.5 km/h and 24.4 m when its initial speed 
is 48.3 km/h. What are 

(a) your reaction time and 

(b) the magnitude of the deceleration? 
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7. An elevator without a ceiling is ascending with a constant speed of 10 m/s. A boy on the elevator 


10. 


11. 


12. 


shoots a ball directly upward, from a height of 2.0 m above the elevator floor. At this time the 
elevator floor is 28 m above the ground. The initial speed of the ball with respect to the elevator 
is 20 m/s. (Take g= 9.8 m/s”) 

(a) What maximum height above the ground does the ball reach? 

(b) How long does the ball take to return to the elevator floor? 


. Aparticle moves along a straight line and its velocity depends on time as u = 3t — t”. Here, vis in 


m/s and ¢ in second. Find 
(a) average velocity and 
(b) average speed for first five seconds. 


. The acceleration of particle varies with time as shown. 


a (m/s?) 4 


> t(s) 


-2 


(a) Find an expression for velocity in terms of t. 
(b) Calculate the displacement of the particle in the interval from t =2stot=4s. 
Assume that v=0 at t =0. 


A man wishes to cross a river of width 120 m by a motorboat. His rowing speed in still water is 

3 m/s and his maximum walking speed is 1 m/s. The river flows with velocity of 4 m/s. 

(a) Find the path which he should take to get to the point directly opposite to his starting point in 
the shortest time. 

(b) Also, find the time which he takes to reach his destination. 

The current velocity of river grows in proportion to the distance from its bank and reaches the 

maximum value Up in the middle. Near the banks the velocity is zero. A boat is moving along the 

river in such a manner that the boatman rows his boat always perpendicular to the current. The 

speed of the boat in still water is u. Find the distance through which the boat crossing the river 


will be carried away by the current, if the width of the river is c. Also determine the trajectory of 
the boat. 


The v-s graph for an airplane travelling on a straight runway is shown. Determine the 
acceleration of the plane at s = 50 mand s= 150 m. Draw the a-s graph. 


v (m/s) 


50 
40 
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13. Ariver of width a with straight parallel banks flows due north with speed wu. The points O and A 
are on opposite banks and A is due east of O. Coordinate axes Ox and Oy are taken in the east 
and north directions respectively. A boat, whose speed is u relative to water, starts from O and 


crosses the river. If the boat is steered due east and wu varies with x as: u = x(a — x) Find 
a 


(a) equation of trajectory of the boat, 

(b) time taken to cross the river, 

(c) absolute velocity of boatman when he reaches the opposite bank, 

(d) the displacement of boatman when he reaches the opposite bank from the initial position. 

14. A river of width @ is flowing with a uniform velocity v. A boat starts moving from point P also 
with velocity vu relative to the river. The direction of resultant velocity is always perpendicular 
to the line joining boat and the fixed point R. Point @ is on the opposite side of the river. P, Q and 
R are ina straight line. If PQ = QR = a, find (a) the trajectory of the boat, (b) the drifting of the 
boat and (c) the time taken by the boat to cross the river. 

eR 
fe} 
1 
+ 
iP 
15. The v-s graph describing the motion of a motorcycle is shown in figure. Construct the a-s graph 


of the motion and determine the time needed for the motorcycle to reach the position s = 120 m. 
Given In5=1.4. 


v (m/s) 


15 


s(m) 


60 120 


16. The jet plane starts from rest at s = Oand is subjected to the acceleration shown. Determine the 
speed of the plane when it has travelled 60 m. 


a (m/s*) 


22.5 


150 am) 


17. A particle leaves the origin with an initial velocity v= (3.001) m/s and a constant acceleration 
a = (—1.00i— 0.500 j) m/s”. When the particle reaches its maximum x coordinate, what are 
(a) its velocity and (b) its position vector? 


18. The speed of a particle moving in a plane is equal to the magnitude of its instantaneous velocity, 
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19. 


20. 


21. 


22. 


23. 


24. 


v=lvl=,u, + uy. 
(a) Show that the rate of change of the speed is 7 = (V,a, + Uy ay) I,J + Uy. 
(b) Show that the rate of change of speed can be expressed as “ =v-a/v, and use this result to 


; dv. : 
explain why a is equal to a, the component of a that is parallel to v. 


A man with some passengers in his boat, starts perpendicular to flow of river 200 m wide and 
flowing with 2 m/s. Speed of boat in still water is 4 m/s. When he reaches half the width of river 
the passengers asked him that they want to reach the just opposite end from where they have 
started. 

(a) Find the direction due which he must row to reach the required end. 

(b) How many times more time, it would take to that if he would have denied the passengers? 


A child in danger of drowning in a river is being carried downstream by a current that flows 
uniformly at a speed of 2.5 km/h. The child is 0.6 km from shore and 0.8 km upstream of a boat 
landing when a rescue boat sets out. If the boat proceeds at its maximum speed of 20 km/h with 
respect to the water, what angle does the boat velocity v make with the shore? How long will it 
take boat to reach the child? 


A launch plies between two points A and B on the opposite banks of a 


B 

river always following the line AB. The distance S between points A 
and B is 1200m. The velocity of the river current v=1.9 m/s is 
constant over the entire width of the river. The line AB makes an angle u 
a = 60° with the direction of the current. With what velocity u and at =e 
what angle B to the line AB should the launch move to cover the B 

a 

A 


distance AB and back in a time t= 5 min? The angle B remains the 
same during the passage from A to B and from B to A. 


The slopes of wind screen of two cars area, = 30° and a, = 15° respectively. At what ratio u,/v, 
of the velocities of the cars will their drivers see the hail stones bounced back by the wind screen 
on their cars in vertical direction? Assume hail stones fall vertically downwards and collisions 
to be elastic. 


A projectile of mass m is fired into a liquid at an angle 9, with an initial y 
velocity uy as shown. If the liquid develops a frictional or drag resistance on 
the projectile which is proportional to its velocity, i.e. F =— ku where kisa Yo 
80 ‘x 


positive constant, determine the x and y components of its velocity at any 


instant. Also find the maximum distance x,,.. that it travels? 


max 
A man in a boat crosses a river from point A. If he rows 
perpendicular to the banks he reaches point C(BC=120m) —___T__7_ 
in 10 min. If the man heads at a certain angle a to the 
straight line AB (AB is perpendicular to the banks) against 
the current he reaches point Bin 12.5 min. Find the width of 3 
the river w, the rowing velocity u, the speed of the river x 

current v and the angle a. Assume the velocity of the boat Ne 

relative to water to be constant and the same magnitude in 

both cases. 


Answers 


Introductory Exercise 6.1 
1. Both downwards 2. (a) -2 m*/s?, (b) obtuse, (c) decreasing 


Introductory Exercise 6.2 


1. One dimensional with constant acceleration 2. Two dimensional with non-uniform acceleration 
3. No 


Introductory Exercise 6.3 
2/2 


1. False 2. True 3. g (downwards) 4. a cm/s, —— cm/s 


5. (a) Yes, in uniform circular motion (b) No, yes (projectile motion), yes 
6. (a) 25.13s (b) 1 cm/s, 0.9 cm/s, 0.23 cm/s? 


Introductory Exercise 6.4 


1. 5.2m/s 2. S m/s 


Introductory Exercise 6.5 
2. See the hints 
3. Always g 4. Acceleration 5.60 m, 100m 


6. ut Sat 7. True 8. 25 m/s (downwards) 
9. (a) 6.0m, (b) 10s, (c)50m 
10. 125m, (b) 55s, (c) approximately 35 m/s 
Introductory Exercise 6.6 
1. (a) 1m/s? (b) 43.5m 2. (a) 60 cm/s?, (b) 1287 cm 
3. (a)x=1.0m,v=4 m/s, a= 8 m/s?, (b) zero 4.(a)x=2.0m (b) zero (c)26ms~* 


5. s«t’/4anda«t “4 


Introductory Exercise 6.7 
1. 2/7 m/s, 4/3 m 2. (2) m/s”, (2i + j)m, yes 


3. v= (3 + i) m/s, co-ordinates = (Z m4 m) 
Introductory Exercise 6.8 
1. (a) Particle A starts at t = O from x = 10 m. Particle B starts at t = 4s from x = 0. 


(b) v,; = + 2.5 m/s, vg =+ 7.5 m/s, (c) They strike at x = 30 mandt=8s 
80m, 2.5 m/s? 


(a) 0.6 m/s, (b) 50m, (c) 50m 


2 
3 
4. (a) 10 m/s, (b) 20 m/s, zero, 20 m/s, -20 m/s 
5. 100m, zero 
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Introductory Exercise 6.9 


1. -2 m/s 2. zero 


4. (a) sin”? ( ©) east of the line AB (b) 50min 5. (a) 200 m, (b) 20 m/min, (c) 12 m/min 


6. (a) 10s, (b)50m 


LEVEL 1 


Assertion and Reason 
1.(d) —-.2.(d) 3.(a) 4.(d) 
11a) 12.(d) 


Single Correct Option 
1.(b) 2(6) Bd) 4.(a) 
11.(b) 12.(c) 13.(c) 14.(b) 
21.(b) 22.(b)  23.(d) —-24.(b) 


Subjective Questions 


1. (a) Magnitude of total acceleration and tangential acceleration, (b) equal in 1-D motion 
(a) x2 =4y (b) (2i + 2¢j) units (c) (2j) units 
(a) 1100 m, (b) 500 m, (c) 55 m/min, (d) 25 m/min, 


(a) 36 km (b) 1 min 


“oP wn 


7. (a)zero (b)8ms7 (c)8ms} 


9. 8m 10.1.5s 


Exercises 
5.(c) 6.(d) 7.(d) 8.(d) 9.(d) 
5.(a) 6.(b) 7.(a) 8.(c) 9.(c) 
15.(b) 16.(a) 17.(c) 18.(b) 19.(d) 


25.(b) 


(a) 16.67 ms? (b) 10 ms! (downwards) 


3.(a) 40s (b) 80m 


26.(c) 27.(b) 28.(b) —-29.(b) 


6.T =4ty 
8. (a) 21v3 ms) (b) v3 ms? 
aA 2 
11, Yo + fo 
g 2 


12. (a) positive, positive, positive, negative (b) positive, zero, negative, negative 


13. (a) = ms! (b) 10 ms? 


15. v;,,4,, and a, are positive while v;, is negative 


16. 2s, 6s, 2(2+ V7)s 


17. See the hints 
18. (a)-5 ms~* (b) 90 ms 


14. 36s, No 


19. (a) (1.251 + 0.5j) ms~(b) (— 0.5i+ i) ms~? (c) No 


20. 45m 
21. (3.414) to 


23. (a)5 ms! (b)1.67 ms* (c)7.5m 


25. (a)(8i-8j)ms?! (b) (18m, - 4m) 


27. —30ms? 


29. 0.603 ms? 


22. (a) 16.25m (b) 1.85 
24. 0.2 ms~*, 0.8 ms! 

26.(a)45m_ (b)22 ms? 

28. 14.125 m, 1.75 ms“, 4.03 ms7} 


30. a =| ms? 
3 


10.(a or b) 


10.(a) 
20.(a) 
30.(b) 
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31. ha (ms-?) 32. a (ms) 
5k C™ 
H 4 81 
i eee tls) 
A Ss (m) a6 s (m) 
4 6 8 101214 > t(s) 
60 a 
> t(s) 280 bce eedesdecdes 
—100} --------\--4-- 
-120}---------- 
33. Velocity (m/s) 
> 
time (s) 
35. (2+ V3)s 


36. (a)5ms~, zero, 5 ms“ (b)s=30m (c) (i)s=104+ 2.5t? (ii)s= 40+ 10(t- 4)- 2.5 (t - 4)? 
37. (a) zero (b)25ms! (c)-25ms! (d)0.8s 

38. (a) 3.65, at 12.30 m level (b) 19.8 ms~! (downwards) 

39. (a)7.39s (b)35.5m (c) automobile 25.9 ms}, truck 16.2 ms? 


if 1 
40. 45° sin ina = 243° 
2/2 


Al. (a) at an angle @ = sin (0.4) west of north (b) h 


J21 
LEVEL 2 
Single Correct Option 
1.(b) 2.(b) 3.(c) 4.(a) 5.(a) 6.(a) 7.(d) 8.(a) 9.(a)  10.(d) 


11.(a) 12.(c) — 13.(a) 14.(b) 15.(d) 


More than One Correct Options 
l.(ad) 2.(all) ~—-3.(b) 4.(a,b)  5.(a,d) 6.(b,c) 7.(a,b) ~~ 8.(b,c) ~—-9.(a,c)-—-:10.(a,d) 
11.(a,b,c) 12.(all) 13.(b,d) 14.(a,b,c)_ 15.(a,c) 


Comprehension Based Questions 
1.(a) 2.(c) 3.(d) 4.(c) 5.(c) 6.(b) 7.(d) 
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Match the Columns 


1. (a)or,s (b) > r,s (c)> p (d)> q 
2. (a)> 6 (b)> p (c)> q (d)> q 
3. (a)>p (b)> p (c)> q (d)> r 
4. (avor (b)> s (c)or (d)> r 
5. (ayor (b) > q (c)> Ss (d)> p 
6. (a)>q (b) > p (c)> Ss (d)> s 


Subjective Questions 
1. 1.26x 10° ms* (upward) 2. 4/3 ms"! 


3. B moves up with initial velocity 5 and downward acceleration — s 5. 20.55 


6. (a)0.74s(b)6.2ms* 7. (a)76m(b)4.2s 8. (a)- 0.833 ms“! (b) 2.63 ms 
9. (a)v=t? — 2t(b) 6.67 m 10. (a) 90° + sin (3/5) from river current (b) 2 min 40s 


11. a cian 12. 8 ms, 4.5 ms, For the graph see the hints 
2u Vo 
13 _ x? 2 x8 a 2 aj 
A Mo? ial 32 Ae (c) v (due east) (d) oe ae 
14. (a) circle (b) V3 @ (c) oa is 15. 12.0 s, For the graph see the hints 16. 46.47 ms"! 


17. (a)(-15j)ms~ (b) (4.51- 2.25j)m 
19. (a) At an angle (90° + 26) from river current (upstream). Here : 6 = tan(5 b) 5 


20. 37°,3min 21.u=8ms4p=12° 22, “4=3 
Vo 


kt 
; -= mv cos 8 
23. Vv, = Vo CoSOg ev, = ° ( Vo SINB, + g} en e} Xm = ° 


24. 200m, 20 m/min, 12 m/min, 36°50. 


Projectile Motion 


Chapter Contents 


7.1 — Introduction 

7.2 Projectile Motion 

7.3 Two Methods of Solving a 
Projectile Motion 

7.4 Time of Flight, Maximum Height and 
Horizontal Range of a Projectile 


7.5 Projectile Motion along an Inclined Plane 
7.6 Relative Motion between Two Projectiles 


7.1 Introduction 


Motion of a particle under constant acceleration is either a straight line (one-dimensional) or 
parabolic (two-dimensional). Motion is one dimensional under following three conditions : 


(i) Initial velocity of the particle is zero. 
(11) Initial velocity of the particle is in the direction of constant acceleration (or parallel to it). 
(iii) Initial velocity of the particle is in the opposite direction of constant acceleration (or antiparallel 
to it). 
For small heights acceleration due to gravity (g) is almost constant. The three cases discussed about 
are as shown in the Fig. 7.1. 
| 


Case-(i) Case-(ii) Case-(iii) 
Fig. 7.1 
In all other cases when initial velocity is at some angle (40° or 180°) with constant acceleration, 


motion is parabolic as shown below. 
u 


{9 
/-\ 
Fig. 7.2 


This motion under acceleration due to gravity is called projectile motion. 


7.2 Projectile Motion 


As we have seen above, projectile motion is a two-dimensional motion (or motion in a plane) with 
constant acceleration (or acceleration due to gravity for small heights). 


The different types of projectile motion are as shown below. 


u 
u 
(a) (b) (c) 
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u 


(d) (e) (f) 
Fig. 7.3 


The plane of the projectile motion is a vertical plane. 


7.3 Two Methods of Solving a Projectile Motion 


Every projectile motion can be solved by either of the following two methods: 
Method1_ Projectile motion is a two dimensional motion with constant acceleration. Therefore, we 
can use the equations 


1 
v=u-+atand S=ul+> al” 


For example, in the shown figure 
Vertical (}) 


A 


O Horizontal (i) 
g 
Fig. 7.4 


u=ucos ai + usin aj and a=—gj 
Now, suppose we want to find velocity at time ¢. 
v=u+at=(ucosai +usin aj) — etj 
or v=ucos ait (usin a —gt)j 
Similarly, displacement at time ¢ will be 
s=ut+ : at” =(ucos ai + usin Oj) (580° j 


A 


4 : 1 
= ut cos Q1 +{u sin at] J 


Note /nall problems, value ofa (=g) will be same only u will be different. 
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© Example 7.1 A particle is projected with a velocity of 50 m/s at 37° with 
horizontal. Find velocity, displacement and co-ordinates of the particle (w.r.t. 
the starting point) after 2 s. 
Given, g=10 m/s”, sin37°=0.6 and cos 37° =0.8 


Solution In the given problem, 
u=(50cos 37° ji +(50sin 37° jj y 


= (40i + 30j) m/s 
a=(- 10j) m/s? 
= 50 mis | g= 10 mis? 
v=u-+at 
= (40i + 30j)+ (— 10j) (2) x 
= (401 + 10j) m/s Ans. Fle. 72 
lo 
sS=ut+-—at 
2 


= (401+ 30) (245 (—10j)(2)° 


= (801 + 40j)m 
Coordinates of the particle are 
x=80m and y=40m Ans. 


© Example 7.2 A particle is projected with velocity u at angle 0 with horizontal. 
Find the time when velocity vector is perpendicular to initial velocity vector. 


Solution 
Fig. 7.6 
Given, vLu 
=> v-u=0 
> (Utat)U=O0 0 (i) 


Substituting the proper values in Eq. (i), we have 
[{(wcos 0)i + (usin ®)j}+ (— gj) t]-[(ucos®)i + (usin 8 )j]=0 
> u> cos? 0+ u> sin? @—(ug sin ®)t=0 


=> u’ (sin? 0+cos” @)=(ug sin®)t 
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Solving this equation, we get 


_ a _ ucosec® hag 
gsin@ g 
Alternate method 
a=¢ 
Angle between u and a isa@=90° +8 u 
Now, Eq. (1) can be written as 
8 
u-u+u-at=0 
2 a 
or u~ + (ug cosa )t=0 
or u> +[ug cos (90° +6)]t=0 a=g 
Solving this equation, we get Fig. 7.7 
7 i _ ucosec® has: 
gsin@ g 


Method 2, In this method, select two mutually perpendicular directions x and y and find the two 
components of initial velocity and acceleration along these two directions, i.e. find u,,u,,a, anda,,. 
Now apply the appropriate equation (s) of the following six equations : 


Vv, =u, +a,t 
1 5 : 
ee ae Along x - axis 


222 
vy =uy +2a,s, 


Vv, =U, tayt 


1 a ; 
and Sy a a Along y- axis 


ae. 
vy =u, +2a,s, 


Substitute v,,u,,4,,5,.V,,U,,@, ands, with proper signs but choosing one direction as positive and 


yoy? 


‘ 1 ee : 
other as the negative along both axes. In most of the problems s= ut + 5 at? equation is useful for time 
calculation. Under normal projectile motion, x-axis is taken along horizontal direction and y-axis 


along vertical direction. In projectile motion along an inclined plane, x-axis is normally taken along 
the plane and y-axis perpendicular to the plane. Two simple cases are shown below. 
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In Fig. 7.8 (a) 


u, =ucosO, uy = usin®, a, =0, a,=—-g 


In Fig. 7.8 (b) 


>) 


>) 


U, =Ucosa, U, =usina, a, =—gsin B, ay = —gcosB 


Example 7.3 A projectile is fired horizontally u=98 m/s 
with velocity of 98 m/s from the top of a hill e 
490 m high. Find 
(a) the time taken by the projectile to reach the 
ground, 
(b) the distance of the point where the particle hits the 
ground from foot of the hill and B 
(c) the velocity with which the projectile hits the 
ground. (g = 9.8 m/s”) 


ys Be : Fig. 7. 
Solution Here, it will be more convenient to choose x and y silad 
directions as shown in figure. 
Here,u, =98mss, a,=0, u,=0 and a,=g 
(a) At A, s, =490m. So, applying 
Sy = Uyt a ; a,t? 
490 = 0+ 5 (9.8) 1° 
t=10s Ans. 
1 2 
(b) BA=s, =u,t+ 5 axt 
or BA =(98)(10)+ 0 
or BA =980m Ans. 


(c) v, =u, +a,t =98+0 =98m/s 


v, =u, +a,t=0+ (9.8) (10)= 98 m/s 


v= v2 +02 = (98)? + (98)? = 98V2 mys 


Vv, 
and wipe oe 4 
Vv 98 


a B = 45° 
Thus, the projectile hits the ground with velocity 98/2 m/s at an angle of B = 45° with horizontal 
as shown in Fig. 7.9. 


Example 7.4 A body is thrown horizontally from the top of a tower and strikes 
the ground after three seconds at an angle of 45° with the horizontal. Find the 
height of the tower and the speed with which the body was projected. 

Take g =9.8 m/s’. 
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Solution As shown in the figure of Example 7.3. 


iy = 0 and a,=g2> 9.8 m/s? : 


Sy =0x 344 98x 3)" 


=44.1m 
Thus, height of the tower is 44.1 m. 
Further, v, =u, +a,t=0+ (9.8) (3)= 29.4 m/s 


As the resultant velocity v makes an angle of 45° with the horizontal, so 


tan 45° = “ or l= = 
Vy Vy 
v, = 29.4 m/s 
Vv, =u, + a,t 
> 29.4=u, +0 
or u, =29.4 m/s 


Therefore, the speed with which the body was projected (horizontally) is 29.4 m/s. 


INTRODUCTORY EXERCISE 


1. Two particles are projected from a tower horizontally in opposite directions with velocities 10 m/s 
and 20 m/s. Find the time when their velocity vectors are mutually perpendicular. Take 
g=10m/s?. 


2. Projectile motion is a 3-dimensional motion. Is this statement true or false? 


2 


Projectile motion (at low speed) is uniformly accelerated motion. Is this statement true or false? 
4. A particle is projected from ground with velocity 50 m/s at 37° from horizontal. Find velocity and 


displacement after 2 s. sin 37° = = 


5. A particle is projected from a tower of height 25 m with velocity 20V2 m/s at 45°. Find the time 


when particle strikes with ground. The horizontal distance from the foot of tower where it strikes. 
Also find the velocity at the time of collision. 


Note /n question numbers 4 and 5, i is in horizontal direction and j is vertically upwards. 


7.4 Time of Flight, Maximum Height and Horizontal 
Range of a Projectile 


Fig. 7.10 shows a particle projected from the point O with an initial velocity u at an angle a with the 
horizontal. It goes through the highest point 4 and falls at B on the horizontal surface through O. The 
point O is called the point of projection, the angle o is called the angle of projection, the distance OB is 
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called the horizontal range (R) or simply range and the vertical height AC is called the maximum height 
(71). The total time taken by the particle in describing the path OAB is called the time of flight (7). 


Fig. 7.10 


Time of Flight (7) 


Refer Fig. 7.10. Here, x and y-axes are in the directions shown in figure. Axis x is along horizontal 
direction and axis y is vertically upwards. Thus, 


U, = UCOS O, 
u, =usin da, a, =0 
and i,=—2 


At point B, s,, =0. So, applying 
1 
Sy =uytt 5 a,t, we have 
: a) 
= Gsne 2 


2u sin 
& 


t=0, 


2u sin ‘ie vad ; . 
correspond to the situation where s,, = 0. The time ¢ = 0 corresponds to point 
& 
2u sin : ; : fe te 
corresponds to point B. Thus, time of flight of the projectile is 


Botht =0 andt= 


O and time t = 


2u sin 
TS 


T=to4g OF 
& 


Maximum Height (H ) 
At point A vertical component of velocity becomes zero, i.e. v,, =0. Substituting the proper values in 
2_.2 


vy =u, +2aysy 


we have, 0=(usina)” +2(-g)(H) 
_ u’ sin? a 


2g 


Chapter 7 Projectile Motion © 223 


Horizontal Range (R ) 


Distance OB is the range R. This is also equal to the displacement of particle along x-axis in time 


: 1 
t=T. Thus, applying s, =u,.t+— ae we get 
2 


R=(ucos «(== =) 0 


& 
2u sin a 
as a, =0 and t=7= 
& 
2u7 sinacosa wu sin2a u? sin 20 
R= = or | R =————— 
& & & 


Following are given two important points regarding the range of a projectile 
(i) Range is maximum where sin 20 =1 or & = 45° and this maximum range is 


R ox = —— (at 0 = 45° ) 


(ii) For given value of uw range at & and range at 90° —o are equal, although times of flight and 
maximum heights may be different. Because 


u” sin 2(90° — 0) Ay 
Rooe— a = 
& 
__u’ sin (180° — 2a) u 
& 
ae 
_ usin 20 _ R 60° 
= Gl 30° 2% 
g O 
So, R32 = Reoe Fig. 7.11 
OF Ra = R79 


This is shown in Fig. 7.11. 


@® Extra Points to Remember 
e Formulae of 7, H and R can be applied directly between two points lying on same horizontal line. 


Fig. 7.12 


For example, in the two projectile motions shown in figure, 
5 eee Dep 
asia pQ=H=¥ sin’ O ong OM=R=w sin2a 
29 g 
For finding togyg or distance NS method-2 discussed in article 7.3 is more useful. 


togu=T= 
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e As we have seen in the above derivations that a, = 0, i.e. motion of the projectile in horizontal direction is 
uniform. Hence, horizontal component of velocity u cos a does not change during its motion. 


e Motion in vertical direction is first retarded then accelerated in opposite direction. Because u, is upwards 
and a, is downwards. Hence, vertical component of its velocity first decreases from O to A and then 
increases from A to B. This can be shown as in Fig. 7.13. 


y 
A 
u 
Uy 
a 
= = > X 
O Ux B 
Fig. 7.13 


e The coordinates and velocity components of the projectile at time t are 
X=S, =u,t =(ucosa)t 


lee 

VSS, =U oe a 
: ile 
=(usina)t sae 


VU COSIOL 
and Vv, =u, tat =usina —gt 


Therefore, speed of projectile at time tis v = Jv + Vy and the angle made by its velocity vector with positive 


V 
6 = tan] % 
Vy 


e Equation of trajectory of projectile 


X-axis iS 


U COS 
Substituting this value of tin, y=( sina)t - ; gt®, we get 


2 


x 

y=xtano -—* 

2u“ COs’ a 

gx° 2 

or y= x tana — =, sec’a 
2u 


2 
y=xtana-2 (1+ tan? a) 
U 


These are the standard equations of trajectory of a projectile. The equation is quadratic in x. This is why the 
path of a projectile is a parabola. The above equation can also be written in terms of range (R) of projectile as: 


x 
= = = | iela @ 
( A 
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© Example 7.5 Find the angle of projection of a projectile for which the 
horizontal range and maximum height are equal. 


Solution Given, R=H 


usin 2a usin? a ; sin? a 
—_—__— = ———_. or _ 2sinacosa= 
e 2g 
sin & 
or =4 or tana=4 
cos & 


a = tan! (4) Ans. 


© Example 7.6 Prove that the maximum horizontal range is four times the 
maximum height attained by the projectile; when fired at an inclination so as to 
have maximum horizontal range. 


Solution For 0 = 45°, the horizontal range is maximum and is given by 


ie 
R max 
&§ 
2 ein 2 2 
° R 
Maximum height attained A ios i = 
2g 4g 4 

or R max = 4 A max Proved. 


© Example 7.7 For given value of u, there are two angles of projection for which 
the horizontal range is the same. Show that the sum of the maximum heights 
for these two angles is independent of the angle of projection. 


Solution There are two angles of projection @ and 90° — @ for which the horizontal range R is 
same. 


22 2 2 2.02 
0° — 
Naw: He” sin~ al me sin~ (9 QO) u~ cos” a 
2g 2g 2g 
2 
Therefore, A, +H), ae (sin? a + cos” a) 
§ 
2 
ae 
2g 


Clearly the sum of the heights for the two angles of projection is independent of the angles of 
projection. 


© Example 7.8 Show that there are two values of time for which a projectile is 
at the same height. Also show mathematically that the sum of these two times is 
equal to the time of flight. 


Solution For vertically upward motion of a projectile, 
y=(usin at-F gt? or set —(usina)t+ y=0 
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This is a quadratic equation in ¢. Its roots are 


usin &—4u’ sin? & — 2gy 


ty 


& 

‘ =D 

usin& +u~ sin“ & — 2gy 
and t, = 
& 
tp +t,= eum =T (time of flight of the projectile) 
& 
INTRODUCTORY EXERCISE 


1. Aparticle is projected from ground with velocity 40/2 m/s at 45°. Find 
(a) velocity and 
(b) displacement of the particle after 2 s.(g =10 m/s”) 

2. Under what conditions the formulae of range, time of flight and maximum height can be applied 
directly in case of a projectile motion? 


3. What is the average velocity of a particle projected from the ground with speed u at an angle a 
with the horizontal over a time interval from beginning till it strikes the ground again? 


4. What is the change in velocity in the above question? 
5. A particle is projected from ground with initial velocity u =20,2 m/s at 


y 
6 =45°. Find 
(a) R, Hand T, i 
(b) velocity of particle after 1s 
(c) velocity of particle at the time of collision with the ground (x-axis). e >x 
6. A particle is projected from ground at angle 45° with initial velocity Fig. 7.14 


20/2 m/s. Find 


(a) change in velocity, 
(b) magnitude of average velocity in a time interval fromt =O tot =3s. 


7. The coach throws a baseball to a player with an initial speed of 20 m/s at an angle of 45° with the 
horizontal. At the moment the ball is thrown, the player is 50 m from the coach. At what speed 
and in what direction must the player run to catch the ball at the same height at which it was 
released? (g = 10 m/s”) 


8. A ball is thrown horizontally from a point 100 m above the ground with a speed of 20 m/s. Find (a) 
the time it takes to reach the ground, (b) the horizontal distance it travels before reaching the 
ground, (c) the velocity (direction and magnitude) with which it strikes the ground. 


9. A bullet fired at an angle of 30° with the horizontal hits the ground 3.0 km away. By adjusting its 
angle of projection, can one hope to hit a target 5.0 away? Assume the muzzle speed to be fixed 
and neglect air resistance. 


10. A particle moves in the xy-plane with constant acceleration a directed along the negative y-axis. 


The equation of path of the particle has the form y =bx ~cx*, where b and c are positive 
constants. Find the velocity of the particle at the origin of coordinates. 
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7.5 Projectile Motion along an Inclined Plane 


Here, two cases arise. One is up the plane and the other is down the plane. Let us discuss both the 
cases separately. 


Up the Plane 


In this case direction x is chosen up the plane and direction y is chosen perpendicular to the plane. 
Hence, 


Fig. 7.15 


u, =ucos(a—f), a, =—gsinB 
u, =usin(a—B) and a, 


—gcosB 
Now, let us derive the expressions for time of flight (7) and range (R) along the plane. 
Time of Flight 


At point B displacement along y-direction is zero. So, substituting the proper values in 
1 2 
Sy = ut ae ayt , we get 


0 = ut sin (a -B)+—(-gcosB) 1? = t=0 and 2usin (a ~B) 
gcosB 


corresponds to point B. Thus, 
gcosB 


t =0, corresponds to point O and t= 


ie 2usin (a —B) 
g cosB 


Note Substituting B =0, in the above expression, we getT = 


EusID which is quite obvious because B = 0 is 
the situation shown in Fig. 7.16. 


Y 


x 
Fig. 7.16 
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Range 
Range (R) or the distance OB can be found by following two methods: 
Method 1 Horizontal component of initial velocity is 
Uy = UCOS A 


OC =uyT (as a, =0) 
_ (ucos Q) 2usin (a —B) 
gcosB 
_ 2u’ sin (& —B) cos 0 
- gcosB 
R=OB= = 
cos B 
7 2u’ sin (& —B) cos o 
gcos’B 
-D +D 
Using, sin C —sin D=2sin (S Joos(S } 
Range can also be written as, 
2 
R =—*_ [sin (20 —B) -sin 8] 
gcos’B 
This range will be maximum when 
20,-B= £ or = + 2 
2 4 2 
ae: 
and tae =—_, sin B 
gcos’B 


. ; Tl 
Here, also we can see that for B = 0, range is maximum at o = a or a = 45° 


2 2 
u 


and R ax =~ (1-sin 0°) = — 

gcos~ 0° & 
Method 2) Range (R) or the distance OB is also equal to the displacement of projectile along 
x-direction in time t = 7. Therefore, 


1 
R=s,=u,T +—a,T? 
; re 


Substituting the values of u,, a, and T, we get the same result. 
(ii) Down the Plane Here, x and y-directions are down the plane and perpendicular to plane 
respectively as shown in Fig. 7.17. Hence, 
u, =ucos (A+B), a, =gsinB 
uy, =usin(a+B), a,=—gcosB 
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Proceeding in the similar manner, we get the following results : 


_ 2usin (@ +B) R= ll [sin (20 +6) +sin B] 


L , 
gcosB gcos’B 


Fig. 7.17 


From the above expressions, we can see that if we replace B by —f, the equations of T and R for up the 
plane and down the plane are interchanged provided m (angle of projection) in both the cases is 
measured from the horizontal not from the plane. 


© Example 7.9 A man standing on a hill top projects a stone horizontally with 
speed Uy as shown in figure. Taking the co-ordinate system as given in the 
figure. Find the co-ordinates of the point where the stone will hit the hill 
surface. 


Fig. 7.18 
Solution Range of the projectile on an inclined plane (down the 
plane) is, 
2 
R=—*_ [sin (20. +B) +sin B] 
gcos’ B 
Here, u=Vo, &@=0 and B=0 
2v6 sin 0 
R=——— Fig. 7.19 
gcos* 0 
Qv4 t 
Now, eRe 08 
& 
2vp tan? @ 
and y=—Rsino=—-—0 ™ © 


& 
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7.6 Relative Motion between Two Projectiles 


Let us now discuss the relative motion between two projectiles or the path observed by one projectile 
of the other. Suppose that two particles are projected from the ground with speeds u, and uw, at angles 
a, anda, as shown in Fig. 7.20(a) and (b). Acceleration of both the particles is g downwards. So, 
relative acceleration between them is zero because 

y ¥ 


uy ug 


a hei ~ : 


> x O 


Fig. 7.20 

aj, =a, —a, =g-g=0 
i.e. the relative motion between the two particles is uniform. 
Now, Uy, =U, COSH,, Uy, =U COSA, 

Wy =u, sind, and wu, =u, sina, 

Therefore, Ujoy = Uy — Un, = Uy COSA, — Uy COS QO, 
and U2) =U, =— Ur, =u, sin Ql, — Uy sin > 
Ujp, and m5, are the x and y components of relative velocity of 1 with ' 
respect to 2. 


Hence, relative motion of 1 with respect to 2 is a straight line at an angle 


u Ut2x 
=| 12y . “pe , 2 
6 = tan —— | with positive x-axis. Fig. 7.21 
U1 2x 


Now, ifu7,, =Oor uw, cos &,; = uy COS O 5, the relative motion is along y-axis or in vertical direction (as 
8 =90°). Similarly, if m>, =0 or um sin@, =u sinQ,, the relative motion is along x-axis or in 
horizontal direction (as 8 =0°). 


Note Relative acceleration between two projectiles is zero. Relative motion between them is uniform. Therefore, 
condition of collision of two particles in air is that relative velocity of one with respect to the other should be 
along line joining them, i.e., if two projectiles A and B collide in mid air, then v jg should be along AB or vg, 
along BA. 


© Example 7.10 A particle A is projected 
with an initial velocity of 60 m/s at an 
angle 30° to the horizontal. At the same time 
a second particle B is projected in opposite ,<—\8° Oi, 
direction with initial speed of 50 m/s froma |< 100 m >| 
point at a distance of 100 m from A. If the Fig. 7.22 
particles collide in air, find (a) the angle of 
projection a of particle B, (b) time when the collision takes place and (c) the 
distance of P from A, where collision occurs. (g = 10 m/s”) 


60 m/s 50 m/s 
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Solution (a) Taking x and y-directions as shown in figure. y 
Here, a,= — gj 
az =— gi 
u 4x = 60cos 30° = 30/3 ms at 
U gy = 60sin 30° = 30 mys 7 a ° 
Up, =—50cos a Fig. 7.23 
and Ug, = 50sin o 


Relative acceleration between the two is zero as a , = a,. Hence, the relative motion 
between the two is uniform. It can be assumed that B is at rest and A is moving with u jp. 
Hence, the two particles will collide, ifu ,, is along AB. This is possible only when 


Udy = Upy 
i.e. component of relative velocity along y-axis should be zero. 


or 30= 50sin a 
a =sin7! (3/5) =37° Ans. 
(b) Now, |U yg |= U4, — Upy 
= (30V3 + 50cos ) m/s 


a (303+ 50x 4 m/s 


= (30/3 + 40) m/s 
Therefore, time of collision is 
_ AB _ 100 
\uys| 3073+ 40 
or t=1.09s Ans. 


(c) Distance of point P from A where collision takes place is 


2 
d= fea? + (Ha 320 


2 
= [oni 1.09)? + (30% 1.09- : x 10x 1.09x 1.09] 


or d= 62.64 m Ans. 
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INTRODUCTORY EXERCISE 
1. Find time of flight and range of the projectile along the inclined plane as shown in figure. 
(g =10 m/s”) 
20J2 m/s 
30° 
45° 
Fig. 7.24 
2. Find time of flight and range of the projectile along the inclined plane as shown in figure. 
(g =10 m/s”) 
20,2 m/s 


Fig. 7.25 
3. Find time of flight and range of the projectile along the inclined plane as shown in figure. 
(g =10 m/s”) 
20 m/s 
30° 
30° 
Fig. 7.26 


4. Passenger of a train just drops a stone from it. The train was moving with constant velocity. What 
is path of the stone as observed by (a) the passenger itself, (0) a man standing on ground? 


5. A particle is projected upwards with velocity 20 m/s. Simultaneously another particle is projected 
with velocity 20/2 m/s at 45°. (g = 10 m/s”) 
(a) Whatis acceleration of first particle relative to the second? 
(b) What is initial velocity of first particle relative to the other? 
(c) What is distance between two particles after 2 s? 


6. A particle is projected from the bottom of an inclined plane of inclination 30°. At what angle a 
(from the horizontal) should the particle be projected to get the maximum range on the inclined 
plane. 
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Final Touch Points 


1. In projectile motion speed (and hence kinetic energy) is minimum at highest point. 


Speed =(cos 8) times the speed of projection 
and kinetic energy =(cos” 8) times the initial kinetic energy 
Here, 6 =angle of projection 
. In projectile motion it is sometimes better to write the equations of H, R andT in terms of u, and 
Uy as 


_ ey 


Uy 
T SS. and R= 


g g g 


. Ifa particle is projected vertically upwards, then during upward journey gravity forces (weight) and 
air drag both are acting downwards. Hence, |retardation| > |g|. During its downward journey air drag 
is upwards while gravity is downwards. Hence, acceleration <g. Therefore we may conclude that, 


Vv 


| | Air drag 


Gravity | | Air drag Gravity | ‘ 


ime of ascent < time of descent 

Exercise : |n projectile motion, if air drag is taken into consideration than state whether the H, R and 
T will increase, decrease or remain same. 
Ans. 7 will increase, H will decrease and R may increase, decrease or remain same. 
. At the time of collision coordinates of particles should be same, i.e. 

Xy=Xo, and yy=Yo (for a 2-D motion) 
Similarly X4=Xo, VWy=Vo and 2; =Z5 (for a 3-D motion) 
Two particles collide at the same moment. Of course their time of journeys may be different, i.e. they 
may start at different times (t, and t, may be different). If they start together then t, = to. 


Solved Examples 


TYPED PROBLEMS 


Type 1. Based on the concept that horizontal component of velocity remains unchanged 


This type can be better understood by the following example. 


© Example 1_ A particle is projected from ground with velocity 40m/s at 60° from 
horizontal. 
(a) Find the speed when velocity of the particle makes an angle of 37° from horizontal. 
(b) Find the time for the above situation. 
(c) Find the vertical height and horizontal distance of the particle from the starting point 
in the above position. Take g=10 m/s”. 
Solution In the figure shown, 
u, =40 cos 60° =20 m/s 
uy =40sin 60°=20 V3 ms 
a, =Oanda, =-10m/s” 
(a) Horizontal component of velocity remains unchanged. 


Uy = Uy 
or vcos37°=20 
> v (0.8) =20 
. v=25 mis. 
v, —U 
(b) Using, v,=u,+a,t > t= = > 


_ usin87°-20V3 _ (25) 06)-20V3 


For ¢,, ty =196s 
-10 -10 
ruse p= vsin37 =20V8 _ -@5)06)-203 _ jo, 
-10 -10 
(c) Vertical height h=s, (at t,or ty) 


Let us calculate at ¢, 


h=u, t+ 5 a, t? = (20-3) (1.96) + , (10) (1.96)? 


= 48.7 m. 
Horizontal distances 
% =U,t, (as a, =0) 
= (20) (1.96) = 392m 
Similarly, Xo = U,ty = (20) (4.96) 


=99.2m. 
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Type 2. Situations where the formulae, H, R and T cannot be applied directly. 


Concept 


As discussed earlier also, formulae of H, R and T can be applied directly between two points 
lying on the same horizontal line. 


How to Solve? 
© Inany other situation apply component method (along x and y-axes). In most of the problems it is advisable 
to first find the time, using the equation, s=ut + pat in vertical (or y) direction. 


© Example 2 In the figures shown, three particles are thrown from a tower of 
height 40 mas shown in figure. In each case find the time when the particles 
strike the ground and the distance of this point from foot of the tower. 


20\2 m/s 
45° 20 m/s 
= a5 y 
40 m 40m 40m 20\2 m/s 
VIATTITTTTTTTTTTTTTTTTTTT TTT x 


(i) (ii) (iii) 
Solution For time calculation, apply 
$= Uyt + : a, t 


in vertical direction. 


In all figures, s=—40m,a, =—10 m/s” 

In first figure Uy = +2072 cos 45° = +20 mis 
In second figure, uy =0 

In third figure, u, =-20V2 cos 45° =-20 mks 


For horizontal distance, 
x=u,t 

u,=20m/s_ inall cases 
Substituting the proper values and then solving we get, 
In first figure 
Time ¢, =546s and horizontal distance x, =109.2m 
In second figure 
Time t,=2.83 s and the horizontal distance x,=56.6m 
In third figure 
Time ¢, =146s and the horizontal distance x, =292m 
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Type 3. Horizontal projection of a projectile from some height 


Concept 


After time t After falling h 
Fig. (i) Fig. (ii) 


Suppose a particle is projected from point O with a horizontal velocity ‘w’ as shown in two 
figures. Then, 
In Fig. (i) or after time ¢ 
Suppose the particle is at point P, then 

Horizontal component of velocity = u 

Vertical component of velocity, v= gt 
If g=10m/s, then 

v=10t (downwards) 


Horizontal distance QP = ut and vertical height fallen 0Q=5 gt? 


If g=10 m/s’, then 
OQ=5t? 
If Fig. (ii) or after falling a height ‘h’ 
Suppose the particle is at point P, then 
Horizontal component of velocity = u 
Vertical component of velocity v=,/2gh (downwards) 
Time taken in falling a height h is 
pa ee [ash=a0? 


The horizontal distance QP = ut 
Note !n both figures, net velocity of the particle at point P is, 
Vaat =fV¥2 tue 
and the angle 0 of this net velocity with horizontal is 


tano=~ or a-tan-{") 
u u 


© Example 3 A ball rolls off the edge of a horizontal table top 4 m high. If it 
strikes the floor at a point 5 m horizontally away from the edge of the table, what 
was its speed at the instant it left the table? 
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Solution Using h= ; gt’, we have 

1 

hap = 2 tac 

or tac = 2hap 

Vg 

a 2x4 -09 

V 9.8 
Further, BC =vt4c 
or eee aot apes m/s Ans. 


Example 4 An aeroplane is flying in a horizontal direction with a velocity 
600 km/h at a height of 1960 m. When it is vertically above the point A on the 
ground, a body is dropped from it. The body strikes the ground at point B. 
Calculate the distance AB. 


Solution From h =; gt? 

ota oe Zhoa _ - x 1960 _ 4, 
g 9.8 

Horizontal distance AB=vtog 


= [600 x ee mls] (20 s) 
18 
= 3333.33 m= 3.33 km Ans. 


Example 5 In the figure shown, find 
O 20m/s 


(a) the time of flight of the projectile over the inclined plane 
(b) range OP 
Solution (a) Let the particle strikes the plane at point P at time ¢, then 


0Q=5 gt?=5t" 


QP =20t 
In AOPQ, angle OP@ is 45°. 
: OQ=QP or 5t?=20t 
S t=4s Ans. 
(b) OP =QPs 45° = 20t) (V2) 
Substituting t=4s, we have 
OP=80 2m Ans. 
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© Example 6 In the figure shown, find é 40 m/s 
(a) the time when the particle strikes the ground at P 7 
(b) the horizontal distance QP 
45m 


(c) velocity of the particle at P 
Take g=10 m/s? p 


Solution (a) t= 2h _ 2x45 =3s Q 
g V 10 


(b) Horizontal distance QP =40 t 


=40x3=120m Ans. 
(c) Horizontal component of velocity at P = 40 m/s 
Vertical compound of velocity = gt=10t=10x3=30m/ss (downwards) 


40 m/s 


Net velocity v=, (40)? + (30)? =50 ms Ans. 


ee or ca 
40 4 


6=tan! (=) =37° Ans. 


Type 4. Based on trajectory of a projectile 


Concept 
We have seen that equation of trajectory of projectile is 
2 
y=xtan0 & a2 xtan0d a (1+ tan” 6) 
2u~ cos” 8 2u 


In some problems, the given equation of a projectile is compared with this standard 
equation to find the unknowns. 


© Example 7 A particle moves in the plane xy with constant acceleration 'a' 
directed along the negative y-axis. The equation of motion of the particle has the 
form y = px — qx” where p and q are positive constants. Find the velocity of the 


particle at the origin of co-ordinates. 


Solution Comparing the given equation with the equation of a projectile motion, 


2 


y=xtan0- 5 (1+ tan’@) 
2u 


We find that g=a,tan@=pand = (1 + tan? 6) =q 
ue 


u = velocity of particle at origin 
— fad+ tan” 6) _ fad+ p’) 
2q 2q 
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Type 5. Based on basic concepts of projectile motion. 


Concept 
Following are given some basic concepts of any projectile motion : 
(i) Horizontal component of velocity always remains constant. 


(ii) Vertical component of velocity changes by 10 m/s or 9.8 m/s in every second in 
downward direction. For example, if vertical component of velocity at t=01is 30 m/s 
then change in vertical component in first five seconds is as given in following table: 


Time (in sec) Vertical component (in m/s) Direction 
0 30 upwards 
1 20 upwards 
2 10 upwards 
3 0 - 
4 10 downwards 
5 20 downwards 

In general we can use, vy =u, t+ayt 


(iii) At a height difference ‘h’ between two points 1 and 2, the vertical components v, and v, 


are related as, 
Vo =t v7 +2gh 


In moving upwards, vertical component decreases. So, take —2gh in the above 

equation if point 2 is higher than point 1. 
(iv) Horizontal displacement is simply, 

Sy =U,t (in the direction of w,.) 

(v) Vertical displacement has two components (say s, and s,), one due to initial velocity u , 

and the other due to gravity. 

8, =u,t = displacement due to initial component of velocity w,,. 
This s, is in the direction of wu, (upwards or downwards) 


8-580 = 5 (if g=10 m/s”) 


This s, is always downwards. 
Net vertical displacement is the resultant of s, and s.. 


© Example 8 In the figure shown, find 
20V2 m/s 


(a) time of flight of the projectile along the inclined plane. 
(b) range OP 


240 © Mechanics - I 


Solution (a) Horizontal component of initial velocity, 
u, =20 V2 cos 45°=20m/s 
Vertical component of initial velocity 
u, =20 V2 sin 45° =20m/s 
Let the particle strikes at P after time ¢, then 
horizontal displacement OQ = u,.t =20t 
In vertical displacement, uyt or 20t is upwards and 3 gt” or 5t” is downwards. But net 


displacement is upwards, therefore 20 ¢ should be greater than 5t” and 


QP =20t -5t? 
In AOPQ, 
tan37°= ae 
0@ 
a 3 _ 20¢-5¢" 
4 20t 
Solving this equation, we get 
t=1s Ans. 
(b) Range OP=OQsec 387° 
5 
= @on(7) 
Substituting t=1s, we have 
OP=25m Ans. 


© Example 9 In the shown figure, find 
20V2 mis 


(a) time of flight of the projectile along the inclined plane 
(b) range OP 
Solution (a) Horizontal component of initial velocity, u,.=20 V2 cos 45° =20 mis 
Vertical component of initial velocity, 

u, =20V2 sin 45° =20 ms 
Let the particle, strikes the inclined plane at P after time t, then horizontal displacement 

QP = u,,t =20¢ 

In vertical displacement, wt or 20¢ is upwards and 3 gt? or 5t” is downwards. But net vertical 


displacement is downwards. Hence 5t” should be ereater than 20t and therefore, 
OQ =5t? —20t 
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In AOQP, 
tan37°= 28 
QP 
3 5t?-20¢ 
or oe ea 
4 20t 
Solving this equation, we get 
t=7s 
(b) Range, OP = (PQ) sec37° 
5 
= (20t)| — 
eo0)( | 
Substituting the value of t, we get 
OP=175m 


Example 10 At a height of 45 m from ground velocity of a projectile is, 
v=(30i+ 403) m/s 


Ans. 


Ans. 


Find initial velocity, time of flight, maximum height and horizontal range of this projectile. 


Here i and jare the unit vectors in horizontal and vertical directions. 
Solution Given, v, =30m/s and v, =40 m/s 

Horizontal component of velocity remains unchanged. 

s U, =v, =380m/s 

Vertical component of velocity is more at lesser heights. 
Therefore 


Uy > Vy a 
or Uy =U, +2 gh 
= (40)? + @) 0) 45) 
=50m/s Gy sates sed u 
Initial velocity of projectile, 
u= af om fr u; 
= 480)” + 0)” u, 
= 1034 mis Ane 
tan0= herd = 50 = 5 
u, 380 3 
@=tan! (>) Ans. 
3 
i 2 
Time of flight, T= 2usin@ 3 
& & 
2x50 
10 
=10s Ans. 
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2 
u 
Maximum height, H= aoe = 
28 8 
2 
= (60) =125m Ans. 
2x10 
Horizontal range R=u,T 
= 30x10 
= 300m Ans. 


Miscellaneous Examples 


© Example 11 A particle is thrown over a triangle from one end of a horizontal 
base and after grazing the vertex falls on the other end of the base. If a and B be 
the base angles and ® the angle of projection, prove that tan 0 = tan a + tan B. 


Solution The situation is shown in figure. 


From figure, we have 


tana + tanB=2+4 2 
x R-x 
tana + tan B = yR ...(i) 
x(R — x) 
Equation of trajectory is 
yoaeane A _*| 
LR] 
or, ise .. (ii) 
x(R — x) 
From Kgs. (i) and (ii), we have 
tan@=tana + tanB Hence Proved. 


© Example 12 The velocity of a projectile when it is at the greatest height is V2/5 
times its velocity when it is at half of its greatest height. Determine its angle of 
projection. 


Solution Suppose the particle is projected with velocity u at an angle 6 with the horizontal. 
Horizontal component of its velocity at all height will be wu cos 0. 
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At the greatest height, the vertical component of velocity is zero, so the resultant velocity is 
v, =u cos8 
At half the greatest height during upward motion, 


y=h,a, =-g, uy =usind 


Using U, - i =2ayy 
. h 
we get, U, — usin? 6 =2 (-g) . 
2 or 2 2 or? Q. 2 
ae v2 =u? sin?6 gre sin“0_ usin“ 0 oe sin” 0 
2g 2 2g 
Be _usin®@ 
oR 
Hence, resultant velocity at half of the greatest height is 
Up =U, + U, 
222 
= fe cos? O+ usin’ @ 
2 
Given, Ui 2 
Up 5 
a wu” cos” @ _2 
2 u” cos” 6 + ui sin’ @ sin’@ 5 
2 
ii 2 
or ———- == 
1+ 5 tan?9@ 95 
or 2+tan’@=5 or tan?0=3 
or tan 0 = V3 
6 =60° Ans. 
Example 13 A car accelerating at the rate of 2 m/s” ~8 
from rest from origin is carrying a man at the rear end i 


who has a gun in his hand. The car is always moving 

along positive x-axis. At t= 4s, the man fires a bullet from hee ©) 
the gun and the bullet hits a bird at t=8 s. The bird has a 
position vector 401 + 80j+ 40k. Find velocity of projection 
of the bullet. Take the y-axis in the horizontal plane. (g = 10 m/s”) 


Solution Let velocity of bullet be, 


yeniacieut 
Att=4s,xcoordinate ofcaris x, =; at” = , x2x16=16m 
x-coordinate of bird is x, = 40m 
2 Xx, =X, + U, (8-4) 
or 40 =16 + 40, 
v, =6 m/s 
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Similarly, My =e + Vy 8-4) 

or 80 =0 + 4u, 

or v, =20 m/s 

and % =Z,+ v, @-4)-= g 6-4) 


or 40 =0 + dv. - 5x 10x16 


or v, = 30 m/s 
.. Velocity of projection of bullet 
v = (i + 20j+ 30k) m/s 


© Example 14 Two inclined planes OA and OB having inclinations 30° and 60° 
with the horizontal respectively intersect each other at O, as shown in figure. A 
particle is projected from point P with velocity u = 10V3 m/s along a direction 
perpendicular to plane OA. If the particle strikes plane OB perpendicular at Q. 
Calculate 


Sa 


(a) time of flight, 

(6) velocity with which the particle strikes the plane OB, 

(c) height h of point P from point O, 

(d) distance PQ. (Take g =10 m/s”) 

Solution Let us choose the x and y directions along OB and OA respectively. Then, 
uy, = u =10V3 m/s, Uy =0 
a, =— gsin 60° =—5V3 mk? 

and a, =— g cos 60°=—5 m/s” 
(a) At point Q, x-component of velocity is zero. Hence, substituting in 


Uy =U, + A,t 


0 =10V38 —5/3¢ 
or t= 10v3 =2s Ans. 
5V3 
(b) At point Q, V=v, =U, + ayt 
v=0-(5)2)=-10 m/s Ans. 


Here, negative sign implies that velocity of particle at @ is along negative y-direction. 
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(c) Distance PO = | displacement of particle along y-direction | =|s,| 


1 2 
Here, Sy, =Uyt + a ayt 


=0-5 (6)(2)?=—10m 


PO=10m 
Therefore, h = POsin 30° = (10) (5) 
or h=5m Ans. 


(d) Distance OQ = displacement of particle along x-direction = s,, 
Here, 8, =U,t+ - oF 
= (10¥3)(2) - (6V/3)(2)? = 10/3 m 
or OQ = 10V3 m 
PQ = (PO)’ + OQ)’ 
= (10)? + (10V3)? 


= 100 + 300 = /400 
PQ=20m Ans. 


Exercises 


LEVEL 1 


Assertion and Reason 

Directions Choose the correct option. 
(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 
(b) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 
(d) If Assertion is false but the Reason is true. 

1. Assertion : A particle follows only a parabolic path if acceleration is constant. 
Reason : In projectile motion path is parabolic, as acceleration is assumed to be constant at 
low heights. 

2. Assertion : Projectile motion is called a two dimensional motion, although it takes place in 
space. 
Reason : In space it takes place in a plane. 

3. Assertion : If time of flight in a projectile motion is made two times, its maximum height will 
become four times. 
Reason : In projectile motion H « T”, where H is maximum height and T the time of flight. 


4. Assertion: A particle is projected with velocity u at angle 45° with ground. Let v be the 
velocity of particle at time t (# 0), then value of u- vcan be zero. 


Reason: Value of dot product is zero when angle between two vectors is 90°. 

5. Assertion: A particle has constant acceleration is x-y plane. But neither of its acceleration 
components (a, and a,)is zero. Under this condition particle cannot have parabolic path. 
Reason: In projectile motion, horizontal component of acceleration is zero. 


YoY 


6. Assertion: In projectile motion at any two positions always remains constant. 


2 


Reason: The given quantity is average acceleration, which should remain constant as 
acceleration is constant. 


7. Assertion: Particle Ais projected upwards. Simultaneously particle Bis 
projected as projectile as shown. Particle A returns to ground in 4 s. At the JEN 
same time particle B collides with A. Maximum height H attained by B 
would be 20 m. (g=10 ms”) B A 
Reason: Speed of projection of both the particles should be same under the given condition. 


8. Assertion: Two projectiles have maximum heights 4H and H respectively. The ratio of their 
horizontal components of velocities should be 1: 2 for their horizontal ranges to be same. 


Reason: Horizontal range = horizontal component of velocity x time of flight. 


9. 


10. 
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Assertion : If g=10 m/s” then in projectile motion speed of particle in every second will 
change by 10 ms?. 

Reason: Acceleration is nothing but rate of change of velocity. 

Assertion: In projectile motion if particle is projected with speed wu, then speed of particle at 
height h would be J u” — Qgh. 


Reason: If particle is projected with vertical component of velocity u,. Then vertical 
component at the height h would be + ,/ uy —2gh 


Objective Questions 
Single Correct Option 


1. 


Identify the correct statement related to the projectile motion. 

(a) It is uniformly accelerated everywhere 

(b) It is uniformly accelerated everywhere except at the highest position where it is moving with 
constant velocity 

(c) Acceleration is never perpendicular to velocity 

(d) None of the above 


. Two bodies are thrown with the same initial velocity at angles 8 and (90° — 9) respectively with 


the horizontal, then their maximum heights are in the ratio 
(a) 1:1 (b) sin 8 : cos® (c) sin70 : cos? (d) cos@:sin® 


. The range of a projectile at an angle 6 is equal to half of the maximum range if thrown at the 


same speed. The angle of projection 0 is given by 
(a) 15° (b) 30° (c) 60° (d) data insufficient 


. A ball is projected with a velocity 20 ms at an angle to the horizontal. In order to have the 


maximum range. Its velocity at the highest position must be 
(a) 10ms* (b) 14ms* (c) 18ms* (d) 16 ms 


. A particle has initial velocity, v= 3i+ 4j and a constant force F = 4i — 3] acts on it. The path of 


the particle is 
(a) straight line (b) parabolic (c) circular (d) elliptical 


. Abody is projected at an angle 60° with the horizontal with kinetic energy K. When the velocity 


makes an angle 30° with the horizontal, the kinetic energy of the body will be 


(a) K/2 (b) K/3 (c) 2.K/3 (d) 3 K/4 
. fT, and T, are the times of flight for two complementary angles, then the range of projectile R is 
given by 
1 1 
(a) R=4gT\T, (b) R=2gT\T, (©) R=> eff, (@) R=5 eT, 


. A gun is firing bullets with velocity vg by rotating it through 360° in the horizontal plane. The 


maximum area covered by the bullets is 


2 
(a) Ro 
& 


4 24 
TUG TUg 


(e) (a) 
& 


. A grass hopper can jump maximum distance 1.6 m. It spends negligible time on ground. How 


far can it goin l10V2s? 
(a) 45 m (b) 30 m (c) 20 m (d) 40 m 
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10. Two stones are projected with the same speed but making different angles with the horizontal. 
Their horizontal ranges are equal. The angle of projection of one is : and the maximum height 


reached by it is 102 m. Then the maximum height reached by the other in metres is 
(a) 76 (b) 84 
(c) 56 (d) 34 


11. A ball is projected upwards from the top of a tower with a velocity 50 ms | 


making an angle 30° 
with the horizontal. The height of tower is 70 m. After how many seconds from the instant of 
throwing, will the ball reach the ground. (g= 10 ms ”) 
(a)2s (b) 5s (c) 7s (d)9s 

12. Average velocity of a particle in projectile motion between its starting point and the highest 
point of its trajectory is (projection speed = wu, angle of projection from horizontal = 0) 


(a) u cos® (b) 5 V1 +8 cos"0 
(c) 5v2 + cos’0 (d) ov! + cos’ 


13. A train is moving on a track at 30 ms '. A ball is thrown from it perpendicular to the direction of 
motion with 30 ms‘ at 45° from horizontal. Find the distance of ball from the point of projection 
on train to the point where it strikes the ground. 

(a) 90 m (b) 90 V3 m (c) 60 m (d) 60-¥3 m 


14. A body is projected at time ¢ = Ofrom a certain point on a planet’s surface with a certain velocity 
at a certain angle with the planet’s surface (assumed horizontal). The horizontal and vertical 
displacements x and y (in metre) respectively vary with time ¢ in second as, x = (10 V3) t and 
y=10¢- 2”. The maximum height attained by the body is 
(a) 75 m (b) 100 m 
(c) 50m (d) 25 m 

15. A particle is fired horizontally from an inclined plane of inclination 30° with horizontal with 
speed 50 ms +. If g= 10 ms“, the range measured along the incline is 
(a) 500 m (b) = m (c) 200 V2 m (a) 100 V3 m 

16. A fixed mortar fires a bomb at an angle of 53° above the horizontal with a muzzle velocity of 
80 ms '. A tank is advancing directly towards the mortar on level ground at a constant speed of 


5 m/s. The initial separation (at the instant mortar is fired) between the mortar and tank, so 
that the tank would be hit is [Take g= 10 ms 7] 


(a) 662.4 m (b) 526.3 m 
(c) 486.6 m (d) None of these 


Subjective Questions 


1. At time ¢= 0, a small ball is projected from point A with a velocity of 60 m/s at 60° angle with 
horizontal. Neglect atmospheric resistance and determine the two times ¢, and t, when the 
velocity of the ball makes an angle of 45° with the horizontal x-axis. 

2. A particle is projected from ground with velocity 20/2 m/s at 45°. At what time particle is at 
height 15 m from ground? (g = 10 m/s?) 


3. 


4. 


10. 
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A particle is projected at an angle 60° with horizontal with a speed v= 20 m/s. Taking 
g=10 m/s”. Find the time after which the speed of the particle remains half of its initial speed. 


Two particles A and B are projected from ground towards each other with speeds 10 m/s and 
5V2 m/s at angles 30° and 45° with horizontal from two points separated by a distance of 15 m. 
Will they collide or not? 


5\2 m/s 
10 m/s 


30° 45° 


|x 15m >| 


. Two particles move in a uniform gravitational field with an acceleration g. At the initial 


moment the particles were located over a tower at one point and moved with velocities 
v, = 3 m/s and v, = 4 m/s horizontally in opposite directions. Find the distance between the 
particles at the moment when their velocity vectors become mutually perpendicular. 


. A ball is thrown from the ground to clear a wall 3 m high at a distance of 6 m and falls 18 m 


away from the wall. Find the angle of projection of ball. 


. A body is projected up such that its position vector varies with time as r={3ti+(4t— 5¢7)j} m. 


Here, ¢ is in seconds. Find the time and x-coordinate of particle when its y-coordinate is zero. 


. A particle is projected along an inclined plane as shown in figure. What is the speed of the 


particle when it collides at point A? (g = 10 m/s?) 


. In the above problem, what is the component of its velocity perpendicular to the plane when it 


strikes at A? 


Two particles A and B are projected simultaneously from two towers of heights 10 m and 20 m 
respectively. Particle A is projected with an initial speed of 10/2 m/s at an angle of 45° with 
horizontal, while particle B is projected horizontally with speed 10 m/s. If they collide in air, 
what is the distance d between the towers? 


10 m/s 


10V2 m/s 


20m 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


A particle is projected from the bottom of an inclined plane of inclination 30° with velocity of 
40 m/s at an angle of 60° with horizontal. Find the speed of the particle when its velocity vector 
is parallel to the plane. Take g= 10 m/s”. 


Two particles A and B are projected simultaneously in the directions shown in figure with 


velocities vu, = 20 m/s and vg = 10 m/s respectively. They collide in air after 7 s. Find 


(a) the angle 0 
(b) the distance x. 


A ball is shot from the ground into the air. At a height of 9.1 m, its velocity is observed to be 
v = 7.61 + 6.1] in metre per second (iis horizontal, jis upward). Give the approximate answers. 
(a) To what maximum height does the ball rise? 

(b) What total horizontal distance does the ball travel? 

(c) What are the magnitude and 

(d) What are the direction of the ball’s velocity just before it hits the ground? 


A particle is projected with velocity 2,/gh, so that it just clears two walls of equal height h which 


are at a distance of 2h from each other. Show that the time of passing between the walls is 2 ft ; 
& 


{[Hint: First find velocity at height h. Treat it as initial velocity and 2h as the range.] 
A particle is projected at an angle of elevation « and after t second it appears to have an 
elevation of 8 as seen from the point of projection. Find the initial velocity of projection. 


A projectile aimed at a mark, which is in the horizontal plane through the point of projection, 
falls acm short of it when the elevation isa and goes b cm far when the elevation is. Show that, 
if the speed of projection is same in all the cases the proper elevation is 
1. _,| bsin 20+ a sin 2B 
sin 
a+b 


Two particles are simultaneously thrown in horizontal direction from two points on a 
riverbank, which are at certain height above the water surface. The initial velocities of the 
particles are v, = 5 m/s and v, = 7.5 m/s respectively. Both particles fall into the water at the 
same time. First particle enters the water at a point s = 10 m from the bank. Determine 


(a) the time of flight of the two particles, 

(b) the height from which they are thrown, 

(c) the point where the second particle falls in water. 

A balloon is ascending at the rate v = 12 km/h and is being carried horizontally by the wind at 
U, = 20 km/h. Ifa ballast bag is dropped from the balloon at the instant A = 50 m, determine the 


time needed for it to strike the ground. Assume that the bag was released from the balloon with 
the same velocity as the balloon. Also, find the speed with which the bag strikes the ground? 
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19. A projectile is fired with a velocity u at right angles to the slope, which is inclined at an angle 0 
with the horizontal. Derive an expression for the distance R to the point of impact. 


Uu 


8 


20. An elevator is going up with an upward acceleration of 1 m/s”. At the instant when its velocity 


is 2 m/s, a stone is projected upward from its floor with a speed of 2 m/s relative to the elevator, 

at an elevation of 30°. 

(a) Calculate the time taken by the stone to return to the floor. 

(b) Sketch the path of the projectile as observed by an observer outside the elevator. 

(c) If the elevator was moving with a downward acceleration equal to g, how would the motion be 
altered? 


21. Two particles A and B are projected simultaneously in a vertical plane as shown in figure. They 
collide at time ¢ in air. Write down two necessary equations for collision to take place. 


> x (mM) 


LEVEL 2 


Objective Questions 
Single Correct Option 


1. Two bodies were thrown simultaneously from the same point, one straight up, and the other, at 
an angle of @ = 30° to the horizontal. The initial velocity of each body is 20 ms *. Neglecting air 
resistance, the distance between the bodies at ¢t = 1.2 later is 
(a) 20 m (b) 30 m 
(c) 24m (a) 50 m 


2. A particle is dropped from a height h. Another particle which is initially at a horizontal distance 
d from the first is simultaneously projected with a horizontal velocity u and the two particles 
just collide on the ground. Then 

2 2 

h 2u7h 
a gst" Geo 
(a) a (b) e 


(c)d=h (d) gd? =u7h 
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3. A ball is projected from point A with velocity 10 ms ‘perpendicular to the 


10. 


. Aparticle is projected at an angle 60° with speed 10/3 m/s, from the 


. Ashell fired from the base of a mountain just clears it. Ifa is the angle of 


909 

inclined plane as shown in figure. Range of the ball on the inclined plane is x 

40 20 12 60 
(a) m (b) = m (:) =m (d) =m 

3 3 3 3 =a 

. A heavy particle is projected with a velocity at an angle with the horizontal 

into the uniform gravitational field. The slope of the trajectory of the particle varies as 

2 3 5 8 

G 7) a” . 
(a) O t (b) O a (c) fe) t (d) oO x 


. A particle starts from the origin of coordinates at time ¢ = 0 and moves in the xy plane with a 


constant acceleration @ in the y-direction. Its equation of motion is y =x". Its velocity 
component in the x-direction is 


(a) variable (b) 7 (c) a (d) {ss 


. A projectile is projected with speed u at an angle of 60° with horizontal from the foot of an 


inclined plane. If the projectile hits the inclined plane horizontally, the range on inclined plane 
will be 


u?VJ21 3u" un V21 wu? 
(a) 2a ae © oB (d) 82 


: ; ; ‘ . 10V3 M/S 49.75 mis 
point A, as shown in the figure. At the same time the wedge is made 


to move with speed 1073 m/s towards right as shown in the figure. 30° 60° 
Then the time after which particle will strike with wedge is 
(a) 2s (b) 2 V3 s () 5 s (d) None of these 


. A particle moves along the parabolic path x = y* + 2y + 2 in such a way that Y-component of 


velocity vector remains 5 ms! during the motion. The magnitude of the acceleration of the 
particle is 
(a) 50 ms (b) 100 ms” (c) 10 V2 ms (d) 0.1 ms@ 


projection, then the angular elevation of the summit B is 


a {1 
a) — tan "| — 
@ 2 0) tan 
(c) tan (=*) (a) tan“! tana) 
In the figure shown, the two projectiles are fired simultaneously. The 2013 m/s 
minimum distance between them during their flight is 20 mis 
(a) 20 m 

1 ° 
(b) 10 V3 m 60 ane 
(c) 10m 


(d) None of the above eva 
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More than One Correct Options 


1. 


Two particles projected from the same point with same speed u at angles of projection a and B 
strike the horizontal ground at the same point. If h, and h, are the maximum heights attained 
by the projectile, R is the range for both and ¢, and ¢, are their times of flights, respectively , 
then 


(@a)a+B=2 (b) R=4,Jhhy (©) 2 = tana (d) tana = 7 


2 2 


. A ball is dropped from a height of 49 m. The wind is blowing horizontally. Due to wind a 


constant horizontal acceleration is provided to the ball. Choose the correct statement (s). 
[Take g= 9.8 ms] 

(a) Path of the ball is a straight line 

(b) Path of the ball is a curved one 

(c) The time taken by the ball to reach the ground is 3.16 s 

(d) Actual distance travelled by the ball is more then 49 m 


. Aparticle is projected from a point P with a velocity v at an angle @ with horizontal. At a certain 


point Q it moves at right angles to its initial direction. Then 
(a) velocity of particle at Q is vsin® 

(b) velocity of particle at Q is v cot® 

(c) time of flight from P to Q is (v/g) cosec® 

(d) time of flight from P to Q is (v/g) sec® 


. At a height of 15 m from ground velocity of a projectile is v = (10i+ 10}). Here, j is vertically 


upwards and jis along horizontal direction then (g = 10 ms~”) 
(a) particle was projected at an angle of 45° with horizontal 

(b) time of flight of projectile is 4 s 

(c) horizontal range of projectile is 100 m 

(d) maximum height of projectile from ground is 20 m 


. Which of the following quantities remain constant during projectile motion? 


(a) Average velocity between two points (b) Average speed between two points 


dv d*v 
ay dye 
©) dt @) dt” 


. In the projectile motion shown is figure, given t,, = 2s then (g= 10 ms”) 


A . B 
2 a ers B 
20m 40m 


(a) particle is at point Bat 3s 

(b) maximum height of projectile is 20 m 

(c) initial vertical component of velocity is 20 ms! 
(d) horizontal component of velocity is 20 ms"! 
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Comprehension Based Questions 
Passage (Q. Nos. 1 to 2) 


Two inclined planes OA and OB intersect in a horizontal plane u 

having their inclinations a and B with the horizontal as shown in B 
figure. A particle is projected from point P with velocity u along a P a Q 
direction perpendicular to plane OA. The particle strikes plane OB Pa 6 
perpendicularly at Q. 7 a 


1. Ifa = 30° ,B = 30°, the time of flight from P to Q is 


V3 wa 2 
@= Gg (j= = @ = 
g g g g 
2. Ifa = 30° ,B = 30° and a= 4.9m, the initial velocity of projection is 
(a) 9.8ms_! (b) 4.9 ms"! (c) 49 V2 mst (d) 19.6 ms"! 


Match the Columns 


1. Particle-1 is just dropped from a tower. 1 s later particle-2 is thrown from the same tower 
horizontally with velocity 10 ms!. Taking g=10 ms”, match the following two columns at 


t=2s. 
Column I Column II 
(a) Horizontal displacement between two (p) 10SI units 
(b) Vertical displacement between two (q) 20 SI units 
(c) Magnitude of relative horizontal component of velocity | (r) 10V2 SI units 
(d) Magnitude of relative vertical component of velocity (s) None of the above 


2. In a projectile motion, given H = Z = 20m. Here, H is maximum height and R the horizontal 
range. For the given condition match the following two columns. 
Column I Column II 
(a) Time of flight (p) 1 


(b) Ratio of vertical component of velocity and horizontal) (q) 2 
component of velocity 


(c) Horizontal component of velocity (in m/s) (r) 10 
(d) Vertical component of velocity (in m/s) (s) None of the above 


3. A particle can be thrown at a constant speed at different angles. When it is thrown at 15° with 
horizontal, it falls at a distance of 10 m from point of projection. For this speed of particle match 
following two columns. 


Column I Column II 


(a) Maximum horizontal range which can be taken with | (p) 10m 


this speed 
(b) Maximum height which can be taken with this speed | (q) 20m 
(c) Range at 75° (vr) 15m 


(d) Height at 30° (s) None of the above 
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4. In projectile motion, if vertical component of velocity is increased to two times, keeping 


horizontal component unchanged, then 


(a) 
(b) 
(c) 
(d) 


Column I 
Time of flight 
Maximum height 
Horizontal range 


Angle of projection with 
horizontal 


5. In projectile motion shown in figure. 


/ 


O 


Column I 


(b) Average velocity between Oand A 


(d) Average velocity between O and B 


(q) 
(x) 


(a) Change in velocity between O and A 


(c) Change in velocity between O and B 


Column II 
will remain same 
will become two times 
will become four times 


None of the above 


Column II 


(p) wcosd 

(q) wsin®@ 

(vr) 2usin®@ 

(s) None of the above 


6. Particle-1 is projected from ground (take it origin) at time t = 0, with velocity (301 + 30}) mst. 
Particle-2 is projected from (130 m, 75 m) at time t=1 s with velocity (20354 203) ms’. 
Assuming j to be vertically upward and i to be in horizontal direction, match the following two 


columns at t= 2s. 


(a) 
(b) 
(c) 
(d) 


Column I 


horizontal distance between two 
vertical distance between two 


Column II 


(p) 30 SI units 
(q) 40 SI units 


relative horizontal component of velocity between two | (r) 50 SI units 
relative vertical component of velocity between two (s) None of the above 


7. The trajectories of the motion of three particles are shown in the figure. Match the entries of 
Column I with the entries of Column II. Neglect air resistance. 


yy: 
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Column I Column II 
(a) Time of flight is least for (p) A 
(b) Vertical component of velocity is greatest for (q) B 
(c) Horizontal component of velocity is greatest for |(r) C 
(d) Launch speed is least for (s) same for all 


Subjective Questions 


1. Determine the horizontal velocity vg with which a stone must be projected horizontally from a 
point P, so that it may hit the inclined plane perpendicularly. The inclination of the plane with 
the horizontal is 8 and point P is at a height h above the foot of the incline, as shown in the 
figure. 


P 
Vo <——@ 


<——— > —— | 


2. A particle is dropped from point P at time t= 0. At the same time another particle is thrown 
from point O as shown in the figure and it collides with the particle P. Acceleration due to 
gravity is along the negative y-axis. If the two particles collide 2 s after they start, find the 
initial velocity vp of the particle which was projected from O. Point O is not necessarily on 
ground. 

7 one 2m —~eP 


| ; 
Co) 
Oo >X 


3. Two particles are simultaneously projected in the same vertical plane from the same point with 
velocities u and uv at angles a and 8 with horizontal. Find the time that elapses when their 
velocities are parallel. 


4. A projectile takes off with an initial velocity of 10 m/s at an angle of elevation of 45°. It is just 
able to clear two hurdles of height 2 m each, separated from each other by a distance d. 
Calculate d. At what distance from the point of projection is the first hurdle placed? Take 
g=10m/s°. 


5. A stone is projected from the ground in such a direction so as to hit a bird on the top of a 
telegraph post of height / and attains the maximum height of 2h above the ground. If at the 
instant of projection, the bird were to fly away horizontally with a uniform speed, find the ratio 
between the horizontal velocity of bird and the horizontal component of velocity of stone, if the 
stone hits the bird while descending. 
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6. A particle is released from a certain height H = 400m. Due to the wind, the particle gathers the 
horizontal velocity component v, = ay where a = V5 stand y 1s the vertical displacement of the 
particle from the point of release, then find 
(a) the horizontal drift of the particle when it strikes the ground, 

(b) the speed with which particle strikes the ground. 
(Take g=10 mb) 

7. A train is moving with a constant speed of 10 m/s in a circle of radius 
nk ; ae. : ; 

Ze m. The plane of the circle lies in horizontal x-y plane. At time t = 0, 

T 

train is at point P and moving in counter-clockwise direction. At this 

instant, a stone is thrown from the train with speed 10 m/s relative to 

train towards negative x-axis at an angle of 37° with vertical z-axis. 

Find 1% 

(a) the velocity of particle relative to train at the highest point of its 
trajectory. 

(b) the co-ordinates of points on the ground where it finally falls and that 
of the highest point of its trajectory. 


Take g =10 m&”, sin 37° = : 


8. A particle is projected from an inclined plane OP, from A with velocity v, = 8 ms! at an 
angle 60° with horizontal. An another particle is projected at the same instant from B with 
velocity v, =16 ms! and perpendicular to the plane OP, as shown in figure. After time 
10/3 s there separation was minimum and found to be 70 m. Then find distance AB. 


9. A particle is projected from point O on the ground with velocity 
u = 5/5 m/s at angle « = tan‘ (0.5). It strikes at a point C on a 


fixed smooth plane AB having inclination of 37° with horizontal as 
shown in figure. If the particle does not rebound, calculate 


(a) coordinates of point C in reference to coordinate system as shown 


in the figure. A 
(10/3) m>} 2 


(b) maximum height from the ground to which the particle rises. 
(g =10 més’). 


10. A plank fitted with a gun is moving on a horizontal surface with speed of 4 m/s along the 
positive x-axis. The z-axis is in vertically upward direction. The mass of the plank including the 
mass of the gun is 50 kg. When the plank reaches the origin, a shell of mass 10 kg is fired at an 
angle of 60° with the positive x-axis with a speed of v= 20 m/s with respect to the gun in 
x-z plane. Find the position vector of the shell at t = 2s after firing it. Take g= 9.8 m/s”. 


Answers 


Introductory Exercise 7.1 


1. 


oo PWhN 


J2s 


False 
True 


v = (401+ 10j) m/s, s = (801 + 40j) m 
t= 5s,d=100m, v= (20i - 30j) ms 


Introductory Exercise 7.2 


1. 


10. 


“No oO PWN 


(a) 20/2 m/s at angle tan”! (3) with horizontal, (b) 100 m. 


Between two points lying on the same horizontal line 
U COS at 
2u sina, downwards 
(a) 80 m, 20m, 4s (b) (201+ 10 j) ms~ (c) (20 i- 20j) ms 
(a) 30 ms“ (vertically downwards) (b) 20.62 ms} 
> mst 
J2 
(a) J20s (b) 20/20m (c) 49 m/s, 6 = tan! (V5) with horizontal 
No 
a (1+ b*) 
2c 


Introductory Exercise 7.3 


1. 1.69s, 39m 

2. 6.31s, 145.71 m 

3. 2.31s, 53.33 mm 

4. (a) A vertical straight line (b) A parabola 

5. (a) zero (b) 20 ms‘ in horizontal direction (c) 40 m 

6. 60° 

Exercises 

LEVEL 1 


Assertion and Reason 


1.(d) 2.(a) 3.(a) 4&(b) 5.) 6 (a) 2c) 


Single Correct Option 


1. (a) 2.(c) 3. (a) A. (b) 5.(b)  6.(b) 7. (d) 


11. (c) 12. (b) 13. (a) 14. (d) 15. (b) 16. (d) 


8. (a or b) 


8. (c) 


9. (d) 


9. (d) 


10. (b) 


10. (d) 
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Subjective Questions 


1 t,=2.19s, tp = 8.20s 2.3sand1s 3.V3s 

4. No 5.2.5m 6. tan (3) 
3 

7. time = zero, 0.8 s,x-coordinate = 0, 2.4 m 8. = m/s 9.5 m/s 

10. 20m 11, 4 m/s 12. (a) 30° (b) 5V3 m 
V3 
13. (a) 11m, (b) 23m (c) 16.6 m/s (d) tan”! (2), below horizontal 
iy, ps 17. (a) 2s (b) 19.6 m (c) 15m 
sin (@ — B) 


2 
18. 3555,32.7m/s  19.R= 24 tana seco 
g 


20. (a) 0.18 s (c) a straight line with respect to elevator and projectile with respect to ground 


21. (u,cos 0; + Us cos 85) t = 20 ...(i) (u, SiN®; — Uy sin@,)t =10_ ...(ii) 
LEVEL 2 
Single Correct Option 
1.(c) 2. (b) 3. (a) 4. (a) 5. (d) 6. (d) 7. (a) 8. (a) 9. (c) 10. (b) 


More than One Correct Options 
1. (all) 2. (a,c,d) 3. (b,c) 4.(b,d) 5. (c,d) 6. (all) 


Comprehension Based Questions 
1. (b) 2. (a) 


Match the Columns 


1. (a) >(p), (6) >(s), (€) >(P), (4) >(P) 2. (a) >(s), (6) >(q), (€) (17), (d) (5) 
3. (a) >), (b) >(p), (c) >(p), (d) >(s) 4. (a) >(q), (6) (1), (c) >(@), (d) >(8) 
5. (a) >(q), (b) >(s), (Cc) =), (cd) >) 6. (a) >(1), (b) 9), (€) 91), (d) (5) 


7. (a) (8), (6) a(S), (C) 2), (d) >(P) 
Subjective Questions 


1. Vg = ea 2. /26 ms7l at angle 6 = tan (5) with x-axis 
2+ cot* 0 


es uv sin(a —B) 4.4.47 m, 2.75m 
g(v cos B —- ucos a) 


2 
LS 6. (a) 2.67 km (b) 0.9 km/s 
42+1 (a) (b) 
7. (a) (-6 i+10 i) ms? (b) (-4.5 m, 16 m, 0), (0.3 m, 8.0 m, 3.2 m) 
8. 250m 9.(a) (5m, 1.25 m) (b)4.45m 


10. [241+ 15k]m 


Laws of Motion 


Chapter Contents 


8.1 
Si2 
8.3 
8.4 
8.5 
8.6 
8.7 


Types of Forces 

Free Body Diagram 
Equilibrium 

Newton's Laws of Motion 
Constraint Equations 
Pseudo Force 

Friction 


8.1 Types of Forces 


There are basically three forces which are commonly encountered in mechanics. 


Field Forces 


These are the forces in which contact between two objects is not necessary. Gravitational force 
between two bodies and electrostatic force between two charges are two examples of field forces. 
Weight (w= mg) of a body comes in this category. 


Contact Forces 


Two bodies in contact exert equal and opposite forces on each other. If the contact is frictionless, the 
contact force is perpendicular to the common surface and known as normal reaction. 


If, however the objects are in rough contact and move (or have a tendency to move) relative to each 
other without losing contact then frictional force arise which oppose such motion. Again each object 
exerts a frictional force on the other and the two forces are equal and opposite. This force is 
perpendicular to normal reaction. Thus, the contact force (F’) between two objects is made up of two 


forces. 
Fo<~— 8B 
Fig. 8.1 
(i) Normal reaction (VV ) (ii) Force of friction (f ) 


and since these two forces are mutually perpendicular. 


F=yN?+f? 
Note In this book normal reaction at most of the places has been represented by N. But at some places, it is also 
represented by R. This is because N is confused with the S/ unit of force newton. 
Consider two wooden blocks A and B being rubbed against each other. 


In Fig. 8.1, A is being moved to the right while B is being moved leftward. In order to see more clearly 
which forces act on A and which on B, a second diagram is drawn showing a space between the blocks 


but they are still supposed to be in contact. 
A 


i 
ie |r, Fo «—— N 
: B 


Fig. 8.2 


In Fig. 8.2, the two normal reactions each of magnitude N are perpendicular to the surface of contact 
between the blocks and the two frictional forces each of magnitude fact along that surface, each in a 
direction opposing the motion of the block upon which it acts. 


Note Forces on block B from the ground are not shown in the figure. 
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Attachment to Another Body 


Tension (7) in a string and spring force (F = Ax) come in this group. Regarding the tension and 
string, the following three points are important to remember: 


1. Ifa string is inextensible the magnitude of acceleration of any number of masses connected 
through the string is always same. 


—> a 
= 

M mi—F 

Fig. 8.3 


2. Ifastring is massless, the tension in it is same everywhere. However, ifa string has a mass and it is 
accelerated, tension at different points will be different. 


3. If pulley is massless and frictionless, tension will be same on both sides of the pulley. 


ey Le q 2 
111) pone 47) m er  _—ee <7) 
Ve VTo | YT3 
4 
T Tp ‘T, 
M M M 
String and pulley are massless String is massless but String and pulley are not massless and 
and there is no friction between pulley is not massless there is a friction between pulley and string 
pulley and string and frictionless 
Fig. 8.4 


Spring force (F' = kx) has been discussed in detail in the chapter of work, energy and power. 


Hinge Force 


In the figure shown there is a hinge force on the rod (from the hinge). There are two methods of 
finding a hinge force : 


S Ling 


‘i 
oe Rod 


Fig. 8.5 


(i) either you find its horizontal (7) and vertical (V) components 
(ii) or you find its magnitude and direction. 
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@® Extra Points to Remember 


e Normal reaction is perpendicular to the common tangent direction and always acts towards the body. It is 
just like a pressure force (F = PA) which is also perpendicular to a surface and acts towards it. 


For example 


Nz 


Ladder 
Wall 


Ground 
Fig. 8.6 
Normal reaction on ladder from ground is N, and from wall is No. 
e Tension in a string is as shown in Fig. 8.7. 
In the figure : 
T, goes to block A (force applied by string on block A). 
T, and T, to pulley P, 
T,, T, and T, to pulley P, 
T, to block B and 
T, to roof 
If string and pullies are massless and there is no friction in the pullies, 
then 


T,=1,=1,=1,=T,=T, and T,=T, 
e |fastring is attached with a block then it can apply force on the block only 
in a direction away from the block (in the form of tension). 


os 


String attached with a block 
Fig. 8.8 


If the block is attached with a rod, then it can apply force on the block in both directions, towards the block 
(may be called push) or away from the block (called pull) 


Pe} O 


Rod attached with a block 
Fig. 8.9 
e All forces discussed above make a pair of equal and opposite forces acting on two different bodies 
(Newton's third law). 


8.2 Free Body Diagram 


No system, natural or man made, consists of a single body alone or is complete in itself. A single body 
or a part of the system can, however be isolated from the rest by appropriately accounting for its effect 
on the remaining system. 


A free body diagram (FBD) consists of a diagrammatic representation of a single body or a 
sub-system of bodies isolated from its surroundings showing all the forces acting on it. 
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Consider, for example, a book lying on a horizontal surface. 


A free body diagram of the book alone would consist of its weight (w = mg), acting through the centre 
of gravity and the reaction (VV) exerted on the book by the surface. 


N 
Mass of book = m 


w= mg 
Fig. 8.10 


© Example 8.1 A cylinder of weight W is resting on a V-groove as shown in 
figure. Draw its free body diagram. 


Fig. 8.11 


Solution The free body diagram of the cylinder is as shown in Fig. 8.12. 
Here, w= weight of cylinder and NV, and NV, are the normal reactions between 


N. 
the cylinder and the two inclined walls. ee 


Fig. 8.12 
© Example 8.2. Three blocks A, B and C are placed one over the 
other as shown in figure. Draw free body diagrams of all the three blocks. 


jc 
B 
= 
Fig. 8.13 


Solution Free body diagrams of A, B and C are shown below. 
| m {Ne 
im] Yuo| Iwo J 
tw ths ths 
FBD of A FBD of B FBD of C 
Fig. 8.14 
Here, NN, =normal reaction between A and B 
N, = normal reaction between B and C 


and NN, =normal reaction between C and ground. 
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© Example 8.3 A block of mass m is attached with two strings as shown in 
figure. Draw the free body diagram of the block. 


Fig. 8.15 
Solution The free body diagram of the block is as shown in Fig. 8.16. 


mg 
Fig. 8.16 


8.3 Equilibrium 


Forces which have zero resultant and zero turning effect will not cause any change in the motion of 
the object to which they are applied. Such forces (and the object) are said to be in equilibrium. For 
understanding the equilibrium of an object under two or more concurrent or coplanar forces let us first 
discuss the resolution of force and moment of a force about some point. 


Resolution of a Force 


When a force is replaced by an equivalent set of components, it is said to be resolved. One of the most 
useful ways in which to resolve a force is to choose only two components (although a force may be 
resolved in three or more components also) which are at right angles also. The magnitude of these 
components can be very easily found using trigonometry. 


F B 
Fp 
() 
F; A 
Fig. 8.17 


In Fig. 8.17, F, =F cos®=component of F along AC 
fF’, =F sin ® =component of F perpendicular to AC or along AB 


Finding such components is referred to as resolving a force in a pair of perpendicular directions. Note 
that the component of a force in a direction perpendicular to itself is zero. For example, if a force of 
10 N is applied on an object in horizontal direction then its component along vertical is zero. 
Similarly, the component of a force in a direction parallel to the force is equal to the magnitude of the 
force. For example component of the above force in the direction of force (horizontal) will be 10 N. 


In the opposite direction the component is —10 N. 
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© Example 8.4 Resolve a weight of 10 N in two directions which are parallel and 
perpendicular to a slope inclined at 30° to the horizontal. 


Solution Component perpendicular to the plane 


w, =wcos 30° 


= 10) Bas5N 30°\m, 


and component parallel to the plane 


w)) = wsin 30° = (3 }=sN 


© Example 8.5 Resolve horizontally and vertically a force F = 8 N which makes 
an angle of 45° with the horizontal. 


Solution Horizontal component of F is Fy 
1 
Fy, =F cos 45° = (8) (=) 
" V2 

=4/2N 

and vertical component of Fis fF, = F sin 45° 
1 
= (8) (=) =4J/2N Fig. 8.19 
V2 


© Example 8.6 A body is supported on a rough plane inclined at 30° to the 
horizontal by a string attached to the body and held at an angle of 30° to the 
plane. Draw a diagram showing the forces acting on the body and resolve each 
of these forces 
(a) horizontally and vertically, 
(6) parallel and perpendicular to the plane. 
Solution The forces are 
The tension in the string 7 
The normal reaction with the plane V 
The weight of the body w and the friction f 
(a) Resolving horizontally and vertically Fig. 8.20 
Tsin 60° 


fcos 30° Nx---- Nsin 60° i 


f fsin 30° 
N cos 60° T cos 60° 


Fig. 8.21 
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Resolving horizontally and vertically in the senses OX and OY as shown, the components are 


Force 


=iyj/2i— 


Force 


a ale 


Y 
Components 
Parallel to OX (horizontal) Parallel to OY (vertical) 
—f cos 30° —f sin 30° 
—N cos 60° N sin 60° 
T cos 60° T sin 60° x 
O 
0 —w 
: . Fig. 8.22 
(b) Resolving parallel and perpendicular to the plane 
N 
f w cos 30° 


Fig. 8.23 


Resolving parallel and perpendicular to the plane in the senses OX’ and OY’ as shown, the 
components are : 


Components x’ 
Parallel to OX’ (parallel to plane) Parallel to OY’ (perpendicular to plane) 
Lf 0 
0 N Pos 
T cos 30° T sin 30° Fig. 8.24 
—w sin 30° —WCOS 30° 


Moment of a Force 
The general name given to any turning effect is torque. The magnitude of torque, also known as the 
moment of a force F is calculated by multiplying together the magnitude of the force and its 
perpendicular distance r, from the axis of rotation. This is denoted by C or T (tau). 


i.e. 


C=Ffr, or t=Fr, 


Direction of Torque 
The angular direction of a torque is the sense of the rotation it would 


cause. 


Consider a lamina that is free to rotate in its own plane about an axis 
perpendicular to the lamina and passing through a point A on the S S 
lamina. In the diagram the moment about the axis of rotation of the 
force F, is Fn, anticlock-wise and the moment of the force F, is F374 
clockwise. A convenient way to differentiate between clockwise and 


anticlock-wise torques is to allocate a positive sign to one sense 
(usually, but not invariably, this is anticlockwise) and negative sign to 


Fig. 8.25 


the other. With this convention, the moments of F; and F, are + F\7, 
and —F’,7) (when using a sign convention in any problem it is advisable 
to specify the chosen positive sense). 
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Zero Moment 


If the line of action of a force passes through the axis of rotation, its perpendicular distance from the 
axis is zero. Therefore, its moment about that axis is also zero. 


Note Later in the chapter of rotation we will see that torque is a vector quantity. 


F ‘ inn, 4N 
© Example 8.7 ABCD is a square of side 2 m and O is its D Cc 
centre. Forces act along the sides as shown in the diagram. 
Calculate the moment of each force about 3N SN 
(a) an axis through A and perpendicular to the plane of square. A 5 
(b) an axis through O and perpendicular to the plane of square. 2N 
Solution Taking anticlockwise moments as positive we have: hig B28 
(a) Magnitude of force 2N 5N 4N 3N 
Perpendicular distance from A 0 2m 2m 0 
Moment about A 0 ~10N-m +8N-m : 
(b) Magnitude of force 2N 5N 4N 3N 
Perpendicular distance from O 1m tm 1m 1m 
Moment about O +2 N-m —5 N-m +4 N-m -3 N-m 


© Example 8.8 Forces act as indicated on a rod AB which is pivoted at A. Find 
the anticlockwise moment of each force about the pivot. 


3F 
2F 
30° 
A B 
F 
<x-a>k- a> 2a >| 
Fig. 8.27 
Solution ad 
ay < 
i] AL iy: 
&,’ ams SC 
s,! ~. 3F 
we OF 
1 30° 
A B 
F 
Fig. 8.28 
Magnitude of force 2b IF 3F 
Perpendicular distance from A a 2a 4a sin 30° = 2a 


Anticlockwise moment about A +2 Fa -2 Fa +6 Fa 
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Coplanar Forces in Equilibrium 
When an object is in equilibrium under the action of a set of two or more coplanar forces, each of three 
factors which comprise the possible movement of the object must be zero, i.e. the object has 
(1) no linear movement along any two mutually perpendicular directions OX and OY. 
(ii) no rotation about any axis. 
The set of forces must, therefore, be such that 
(a) the algebraic sum of the components parallel to OX is zero or UF’, =0 
(b) the algebraic sum of the components parallel to OY is zero or LF’, =0 
=0 


(c) the resultant moment about any specified axis is Zero OF XT any axis 


Thus, for the equilibrium of a set of two or more coplanar forces 
“F,, =0 


ef =0 and Xt =0 


any axis 


Using the above three conditions, we get only three set of equations. So, in a problem number of 
unknowns should not be more than three. 


Y 


© Example 8.9 A rod AB rests with the end A on rough 
horizontal ground and the end B against a smooth vertical wall. 
The rod is uniform and of weight w. If the rod is in equilibrium 
in the position shown in figure. Find 
(a) frictional force at A 
(b) normal reaction at A 
(c) normal reaction at B. 


Solution Let length of the rod be 2/. Using the three conditions of Y 
equilibrium. Anticlockwise moment is taken as positive. B Ne 
(i) XFy =0 => . Nz, -f,=9 

or Ne=fy ...(i) Na 
(ii) XFy =0 => . N,-w=0 a 

a YySx 

or N,=w ...(ii) O fa 

(iii) Xty =0 Fig. 8.30 
N 4 (2lcos 30° )— Nz (2/sin 30° ) — w(icos 30° )= 0 
or V3N4-Nz -Byao ... iii) 


Solving these three equations, we get 
v3 v3 
(a) fi4 ee (b) Ny=w (c) Ng eres 
Exercise : What happens to N ,, NV, and f, if (a) Angle 9 =30° is slightly increased, 


(b) A child starts moving on the ladder from A to B without changing the angle 0. 
Ans_ (a) Unchanged, decreases, decrease, (b) Increases, increase, increase 
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Equilibrium of Concurrent Coplanar Forces 
If an object is in equilibrium under two or more concurrent coplanar forces the algebraic sum of the 
components of forces in any two mutually perpendicular directions OX and OY should be zero, i.e. the 
set of forces must be such that 
(i) the algebraic sum of the components parallel to OX is zero, i.e. LF. =0. 
(ii) the algebraic sum of the components parallel to OY is zero, i.e. YF’, =0. 
Thus, for the equilibrium of two or more concurrent coplanar forces 
“F,, =0 
<F, =0 
The third condition of zero moment about any specified axis is automatically satisfied if the moment 


is taken about the point of intersection of the forces. So, here we get only two equations. Thus, 
number of unknown in any problem should not be more than two. 


© Example 8.10 An object is in equilibrium under four concurrent forces in the 
directions shown in figure. Find the magnitudes of F, and F,. 


Fig. 8.31 
Solution The object is in equilibrium. Hence, 
(i) EF, =0 
8+ 4cos 60° — F’, cos 30° = 0 
or 8+2-F, 3B =0 
2 
20 
or ee 
v3 
. Fig. 8.32 
(i) LF, =0 
F, + 4sin 60° — F, sin 30° = 0 
BE. 
or Fyot+ 4V3 -4=0 
2 2 
F 
or [eae § ee 
2 V3 
4 
or F, =—_N 
3 
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Lami’s Theorem 
Ifan object O is in equilibrium under three concurrent forces F,, F, and F; as shown in figure. Then, 
PF, _ FS 
sina sinB siny 
Fp 


Y 
o F, 
B 
F3 
Fig. 8.33 


This property of three concurrent forces in equilibrium is known as Lami’s theorem and is very 
useful method of solving problems related to three concurrent forces in equilibrium. 


© Example 8.11 One end of a string 0.5 m long is A 
fixed to a point A and the other end is fastened to a 
small object of weight 8 N. The object is pulled 
aside by a horizontal force F, until it is 0.8m from — B 
the vertical through A. Find the magnitudes of the 
tension T in the string and the force F. 


Solution AC=0.m, BC=0.3m 8N 
2 AB=0.4m Pieces 
and if ZBAC =8. 
Then ese aa 

AC 05 5 
and sino = BC - 93 3 


Here, the object is in equilibrium under three concurrent forces. 
So, we can apply Lami’s theorem. 


- F 7 8 aes 
sin (180°—®) sin (90° +6) sin 90° 
Loe : 
eee ee Fig. 8.35 
T= 8 _ 8 _ 10N 
cos@ 4/5 
and F= aon Ps (Os) 6N Ans. 


cos 8 (4/5) 
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© Example 8.12 The rod shown in figure has a mass of 2 kg and length 4 m. In 
equilibrium, find the hinge force (or its two components) acting on the rod and 


tension in the string. Take g = 10 m/s”, sin 37° = z and cos 37° = . 


String 
Hinge > (ss 
Fig. 8.36 
Solution 
T 
V 
37° 
H 
w 
Fig. 8.37 


In the figure, only those forces which are acting on the rod has been shown. Here H and V are 


horizontal and vertical components of the hinge force. 
| 
Xx 


V T sin 37°= 0.6T 


2M Tcos 37° 


= 0.8T 
20N 
Fig. 8.38 
XF.=0 => H-08T=0 (1) 
XF,=0 => V+06T-20=0 .. (i) 
Yt =0 


= Clockwise torque of 20 N = anticlock-wise torque of 0.6 7. 
All other forces (H,V and 0.8 T pass through O, hence their torques are zero). 


20x 2=0.6T x 4 (iii) 
Solving these three equations, we get 
T = 16.67N, 
H=13.33N 


and V=10N Ans. 
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Hinge force (F’) 


V=10Np----------, \F 
2 1H = 13.33 N 
Fig. 8.39 
F =/(13.33)" + (10)* =16.67N 
10 
tan 6 = ——— 
3.33 
= tan [ a )- . 
13.33 
INTRODUCTORY EXERCISE 


1. The diagram shows a rough plank resting on a cylinder with one end of the 
plank on rough ground. Neglect friction between plank and cylinder. Draw 
diagrams to show 


(a) the forces acting on the plank, 
(b) the forces acting on the cylinder. Fig. 8.40 


Ans. 


Ans. 


2. Two spheres A and B are placed between two vertical walls as shown in figure. Friction is 


absent everywhere. Draw the free body diagrams of both the spheres. 


Fig. 8.41 


3. Apoint A ona sphere of weight w rests in contact with a smooth vertical wall and is 
supported by a string joining a point B on the sphere to a point C on the wall. Draw 
free body diagram of the sphere. 


4. A rod AB of weight w, is placed over a sphere of weight w, as A 
shown in figure. Ground is rough and there is no friction between 
rod and sphere and sphere and wall. Draw free body diagrams of 
sphere and rod separately. Wall 


Note No friction will act between sphere and ground, think why ? 
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5. Arod OA is suspended with the help of a massless string AB as shown 


10. 


11. 


in Fig. 8.44. Rod is hinged at point O. Draw free body diagram of the O 
rod. 


A rod AB is placed inside a rough spherical shell as shown in Fig.8.45. Fig. 8.44 
Draw the free body diagram of the rod. 


Fig. 8.45 


Write down the components of four forces F,, F., F; and F, along ox and oy directions as shown in 


Fig. 8.46. 
ea F,=4N 


F,=4N 


F, = 6N 
Fig. 8.46 


All the strings shown in figure are massless. Tension in the horizontal string is 30 N. Find W. 


Fig. 8.47 


The 50 kg homogeneous smooth sphere rests on the 30° incline A 
and against the smooth vertical wall B. Calculate the contactforces 4 
at A and B. B 


In question 3 of the same exercise, the radius of the sphere is a. The length of the string is also 
a. Find tension in the string. 

A sphere of weight w = 100 N is kept stationary on a rough inclined plane 
by a horizontal string AB as shown in figure. Find 

(a) tension in the string, 

(b) force of friction on the sphere and 

(c) normal reaction on the sphere by the plane. 
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8.4 Newton's Laws of Motion 


It is interesting to read Newton ’s original version of the laws of motion. 


Law| Every body continues in its state of rest or in uniform motion in a straight line unless it is 
compelled to change that state by forces impressed upon it. 


Lawll The change of motion is proportional to the magnitude of force impressed and is made in the 
direction of the straight line in which that force is impressed. 


Lawlll| To every action there is always an equal and opposite reaction or the mutual actions of two 

bodies upon each other are always directed to contrary parts. 

The modern versions of these laws are: 

1. A body continues in its initial state of rest or motion with uniform velocity unless acted on by an 
unbalanced external force. 

2. The acceleration of a body is inversely proportional of its mass and directly proportional to the 
resultant external force acting on it, i.e. 


= = _ —_ net 
XYF=F,.=ma or a ae 


3. Forces always occur in pairs. If body A exerts a force on body B, an equal but opposite force is 
exerted by body B on body A. 


Working with Newton’s First and Second Laws 

Normally any problem relating to Newton’s laws is solved in following four steps: 

1. First of all we decide the system on which the laws of motion are to be applied. The system may be 
a single particle, a block or a combination of two or more blocks, two blocks connected by a 
string, etc. The only restriction is that all parts of the system should have the same acceleration. 

2. Once the system is decided, we make the list of all the forces acting on the system. Any force 
applied by the system on other bodies is not included in the list of the forces. 

3. Then we make a free body diagram of the system and indicate the magnitude and directions of all 
the forces listed in step 2 in this diagram. 

4. In the last step we choose any two mutually perpendicular axes say x and y in the plane of the 
forces in case of coplanar forces. Choose the x-axis along the direction in which the system is 
known to have or is likely to have the acceleration. A direction perpendicular to it may be chosen 
as the y-axis. If the system is in equilibrium any mutually perpendicular directions may be chosen. 
Write the components of all the forces along the x-axis and equate their sum to the product of the 
mass of the system and its acceleration, i.e. 

XF. = ma (i) 
This gives us one equation. Now, we write the components of the forces along the y-axis and 
equate the sum to zero. This gives us another equation, 1.e. 
“F,, =0 .. (ii) 
Note (i) If the system is in equilibrium we will write the two equations as 
=F, =0 and =F, =0 
(ii) If the forces are collinear, the second equation, i.e. LF, = 0 is not needed. 
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@® Extra Points to Remember 


e lfais the acceleration of a body, then ma force does not act on the body but this much force is required to 
provide a acceleration to the body. The different available forces acting on the body provide this ma force 
or, we can Say that vector sum of all forces acting on the body is equal to ma. The available forces may be 
weight, tension, normal reaction, friction or any externally applied force etc. 

e lf all bodies of a system has a common acceleration then that common acceleration can be given by 

ae Net pulling/pusing force _ NPF 
Total mass T™ 


Net pulling/pushing force (NPF) is actually the net force. 
Example Suppose two unequal masses m and 2mare attached to the ends of a 
light inextensible string which passes over a smooth massless pulley. We have to 
find the acceleration of the system. We can assume that the mass 2m is pulled 
downwards by a force equal to its weight, i.e. 2mg. Similarly, the mass m is being 
pulled by a force of mg downwards. Therefore, net pulling force on the system is 
2mg — mg =mg and total mass being pulled is 2m + m= 3m. 
Acceleration of the system is 
Net pulling force _mg_g 
Total mass to be pulled 3m 3 


Note While finding net pulling force, take the forces (or their components) which are in the direction of 
motion (or opposite to it) and are single (i.e. they are not forming pair of equal and opposite 
forces). For example weight (mg) or some applied force F. Tension makes an equal and opposite 
pair. So, they are not to be included, unless the system in broken at some place and only one 
tension is considered on the system under consideration. 


e After finding that common acceleration, we will have to draw free body diagrams of different blocks to find 
normal reaction or tension etc. 


© Example 8.13 Two blocks of masses 4 kg and 2 kg are 
placed side by side on a smooth horizontal surface as 
shown in the figure. A horizontal force of 20 N is 
applied on 4 kg block. Find 
(a) the acceleration of each block. 
(b) the normal reaction between two blocks. 


20N 


Fig. 8.51 


Solution (a) Both the blocks will move with same acceleration (say a) in horizontal direction. 


—>e  ¥ 
20N; | | | 
1 , x 
Fig. 8.52 


Let us take both the blocks as a system. Net external force on the system is 20 N in horizontal 
direction. 


Using “LF, = ma, 
20= (4+ 2)a = 6a 
10 


or a= 2 m/s? Ans. 
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Alternate Method 
_ Netpushingforce 20 10 > 
Total mass 44+2 3 


(b) The free body diagram of both the blocks are as shown in ne 8.53. 


20 N 
—— 4kg |<—_ ve | 
x 


——— J 

Fig. 8.53 
Using LF’. = ma, 
For 4 kg block, 20-N= 4a= 4x 

N=20- » = 29 newton Ans. 

3 3 
This can also be solved as under 
For 2 kg block, N=2a=2x . — + newton 


Here, N is the normal reaction between the two blocks. 


Note In free body diagram of the blocks we have not shown the forces acting on the blocks in vertical direction, 
because normal reaction between the blocks and acceleration of the system can be obtained without using 
=F, =0. 

y 


© Example 8.14 Three blocks of masses 3 kg, 2 kg and 1 kg are placed side by 
side on a smooth surface as shown in figure. A horizontal force of 12 N is 
applied on 8 kg block. Find the net force on 2 kg block. 


12N | | 
—_ 3kg 2kg 1kg 


Fig. 8.54 


Solution Since, all the blocks will move with same acceleration (say a) in horizontal direction. 
Let us take all the blocks as a single system. 


a 1 y 
12N : a : 
i 
— 3kg | 2g 1kg | 
—>a 
Fig. 8.55 
Net external force on the system is 12 N in horizontal direction. 
Using “LF. =ma,,, 
we get, 12=(3+2+)Da=6a 
12 


or a=—=2 m’s” 
6 
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Alternate Method 
_ Net pushing force =—_:12 
Total mass 34+24+1 


=2m/s” 


Now, let F be the net force on 2 kg block in x-direction, then using UF’. = ma, for 2 kg block, 
we get 
F=(2)(2)=4N Ans. 
Note Here, net force F on 2 kg block is the resultant of N, and N> (N, > N>) 
where, N, =normal reaction between 3 kg and 2 kg block, 


and N> = normal reaction between 2 kg and 1 kg block. 
Thus, F=N,-N, 


© Example 8.15 In the arrangement 
shown in figure. The strings are light and 4kg | zia| ‘te F=14N 
inextensible. The surface over which 


blocks are placed is smooth. Find 


(a) the acceleration of each block, PIES 298 
(b) the tension in each string. 
Solution (a) Let abe the accelera- y 
; Ak Te qT F=14N 
tion of each block and 7, and T, be the Oy > Big) > = Fig 
tensions, in the two strings as shown in x 
figure. Fig. 8.57 
Taking the three blocks and the 
two strings as the system. 
a 
—> 
| 4kg = 2k | __ ! ‘ en 
S| Fig. 858 
Using =F, =ma, or 14=(4+2+1)a or a=S=2 m/s? Ans. 
Alternate Method 
ae Net pulling force ae inlet 
Total mass 44+2+1 


(b) Free body diagram (showing the forces in x-direction only) of 4 kg block and 1kg block are 
shown in Fig. 8.59. 


a=2 m/s? a=2 m/s@ y 


——_> —_— 
Te 1 F=14N 
4kg |———> ——ikg x 


Fig. 8.59 
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Using XF\. = ma, 
For 1 kg block, F-T, =(\\(a) 
or 14-7, =(1)(2)=2 
T, =14-2=12N Ans. 
For 4 kg block, T, = (4)(@) 
; T, = (4)Q2)=8N Ans. 
© Example 8.16 Two blocks of masses 4 kg and 2 kg are attached F=120N 
by an inextensible light string as shown in figure. Both the blocks 
are pulled vertically upwards by a force F = 120 N. Find We 


(a) the acceleration of the blocks, 
(b) tension in the string. (Take g = 10 m/s”). 


2kg 


Solution (a) Leta be the acceleration of the blocks and 7 the tension in the Fig. 8.60 
string as shown in figure. 
F=120N 


4kg |. 
4 x 


2 kg) 


Fig. 8.61 

Taking the two blocks and the string as the system shown in figure Fig. 8.62. [" melon 
Using LF y =ma,, we get | Gasca Gomiahe | P 

F-4g-2g =(4+2)a 4g 9 
or 120-40-20=6a or 60=6a 3 | | 

a=10 ms” Ans. 

Alternate Method 3 2a ¥ | 

= Net pulling force = 120-60 Se Fig. 8.62 

Total mass 4+2 
te = 120N 


/ \ 


4kg| a 
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(b) Free body diagram of 2 kg block is as shown in Fig. 8.64. 


——> 4 


Using <F,, =ma, 
we get, T-—2g=2a 2kg fa 
or T — 20= (2)(10) 
T=40N Ans. 
29 
Fig. 8.64 


© Example 8.17 In the system shown in figure pulley is smooth. String is 
massless and inextensible. Find acceleration of the system a, tensions T, and T,. 
(g =10 mis’) 


Fig. 8.65 
Solution Here, net pulling force will be 


Weight of 4 kg and 6 kg blocks on one side — weight of 2 kg block on the other side. Therefore, 
ie Net pulling force 


Total mass 
_ (6X 10)+ (4 x 10) — (2)(10) : 
6+4+2 a { 
= : m/s? Ans. | 2kg 
For 7, , let us consider FBD of 2 kg block. Writing equation of motion, we get esan 
T, —20=2a or 7 =20eo%0 21 Ans. To 
3 3 P 
For 7, , we may consider FBD of 6 kg block. Writing equation of motion, we get | 6 kg 
60—T, = 6a 
T, = 60 6a= 60~ 6{ 2) We = 60 N 
3 Fig. 8.66 
= ee N Ans. 
3 


Exercise: Draw FBD of 4 kg block. Write down the equation of motion for it and 
check whether the values calculated above are correct or not. 
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© Example 8.18 In the system shown in figure all surfaces are smooth. String is 
massless and inextensible. Find acceleration a of the system and tension T in 
the string. (g = 10 m/s”) 


—a 


2 kg 


T 


(sia? 


Fig. 8.67 


Solution Here, weight of 2 kg is perpendicular to motion (or a). Hence, it will not contribute 
in net pulling force. Only weight of 4 kg block will be included. 
ee Net pulling force 


Total mass 
= (400) _ 20 rn/s? Ans. F 
(44+2) 3 
For 7, consider FBD of 4 kg block. Writing equation of motion. 4kg | 
40-—T=4a 
T =40-4a W, = 40 N 
= 40-4 (2) - N Ans. Fig. 8.68 


Exercise: Draw FBD of 2 kg block and write down equation of motion for it. 
Check whether the values calculated above are correct or not. 


© Example 8.19 In the adjacent figure, masses of Q. 
A, Band Care 1 kg, 3 kg and 2 kg respectively. ; ae 
Find “i / 


(a) the acceleration of the system and He 
(b) tensions in the strings. ; 60° 305 
Neglect friction. (g = 10 m/s 

Beery @ ) Fig. 8.69 


Solution (a) In this case net pulling force 


=m,g sin 60° + mpg sin 60° — meg sin 30° 
= nao + (3)(10) 2) — (2)(10) (3) 


= 24.64N 


Total mass being pulled = 1+ 3+ 2= 6kg 


*. Acceleration of the system a= a =4.1 m/s” Ans. 
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(b) For the tension in the string between A and B. T 

FBD of A r 

m,g sin 60° — T, =(m, (a) J A 

7 T, =m, gsin 60°—m, a rg 
=m, (gsin 60° — a) HigsIn eo? 

T, = (0/108 a4 Fig. 8.70 

=4.56N Ans. 

For the tension in the string between B and C. 

FBD of C T; 

| — 
T, — mcg sin 30° = mea 


G 
T, =mc (at gsin 30° ) SA 
1 mcg sin 30° 


=18.2N Ans. 
INTRODUCTORY EXERCISE 
1. Three blocks of masses 1 kg, 4 kg and 2 kg are placedon jo9Nn 50 N 
a smooth horizontal plane as shown in figure. Find — ikg ag 2kg 
(a) the acceleration of the system, 
(b) the normal force between 1 kg block and 4 kg block, Fig. 8.72 
(c) the net force on 2 kg block. 
2. In the arrangement shown in figure, find the ratio of tensions in the strings >= —— 
attached with 4 kg block and that with 1 kg block. | a4 
4k | 
z 3kg 
ikg 
Fig. 8.73 


Two unequal masses of 1 kg and 2 kg are connected by an inextensible light § ———— 
string passing over a smooth pulley as shown in figure. A force F =20N is 


applied on 1 kg block. Find the acceleration of either block. (g = 10 m/s’). ; vy; 
ikg 
2kg 
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4. In the arrangement shown in figure what should be the mass of ? 


block A, so that the system remains at rest? Neglect friction and - } 
mass of strings. 2kg f 
' [ 

<a Al 


30° 


f 
2s 
Fig. 8.75 


5. Two blocks of masses 2 kg and 4 kg are released from rest over a smooth inclined plane of 
inclination 30° as shown in figure. What is the normal force between the two blocks? 


Nee) 
a 


30° 
Fig. 8.76 
6. What should be the acceleration a of the box shown in Fig. 8.77 so that the 
block of mass ™m exerts a force mg. on the floor of the box? Ja 
A 
Fig. 8.77 


7. Inthe figure shown, find acceleration of the system and tensions 7, T, and T,. (Take g = 10 m/s?) 


2kg] | Tp 
[Ts 
1kg 
3kg 
[7 
4kg 
Fig. 8.78 
8. In the figure shown, all surfaces are smooth. Find 100 N 40 N 
(a) acceleration of all the three blocks, oko), —<—— 
(b) net force on 6 kg, 4 kg and 10 kg blocks and 
(c) force acting between 4 kg and 10 kg blocks. Fig. 8.79 
9. Three blocks of masses m, = 10 kg, m, =20kg m q Mo To Img F 
and m3 =30 kg are on a smooth horizontal FET peeecres  pemensemes | 
table, connected to each other by light Fig. 8.80 


horizontal strings. A horizontal force F =60 Nis 

applied to m3, towards right. Find 

(a) tensions 7, and T, and 

(b) tension T, if all of a sudden the string between m, and m, snaps. 
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8.5 Constraint Equations 


In the above article, we have discussed the cases where different blocks of the system had a common 
acceleration and that common acceleration was given by 
Net pulling / pushing force 
Zc= 


Total mass 


Now, the question is, if different blocks have different accelerations then what? In those cases, we 
take help of constraint equations. These equations establish the relation between accelerations (or 
velocities) of different blocks of a system. Depending upon different kinds of problems we have 
divided the constraint equations in following two types. Most of them are directly explained with the 
help of some example (s) in their support. 


Type 1 


© Example 8.20 Using constraint method find the relation between 
accelerations of 1 and 2. 


-— — -eoeee - - 


1 | 4 | = 
2 | | 
Fig. 8.81 Fig. 8.82 


Solution At any instant of time let x, and x, be the displacements of 1 and 2 from a fixed line 
(shown dotted). Here x, and x, are variables but, 
xX; +X, =constant 
or xy +x, =1 (length of string) 
Differentiating with respect to time, we have 
vy, +v,=0 or vy, =-Vv, 
Again differentiating with respect to time, we get 
a,+a,=0 or a, =- a, 
This is the required relation between a, and ay, i.e. accelerations of 1 and 2 are equal but in 
opposite directions. 


Note (i) Inthe equation x, + x, =| we have neglected the length of string over the pulley. But that length is also 
constant. 
(i) In constraint equation if we get a, =— a>, then negative sign does not always represent opposite 
directions of a, and a. The real significance of this sign is, x, decreases if x, increases and vice-versa. 


286 © Mechanics - I 


© Example 8.21 Using constraint equations find the relation between a, and ay. 


Fig. 8.83 


Solution In Fig. 8.84, points 1, 2, 3 and 4 are movable. Let their displacements from a fixed 


dotted line be x, ,x,,x3 and x, 
x, +x3=h, 
(x — 3) + (%4 — 3 = hy 
(% — 4) + (%) — x4) = 43 
On double differentiating with respect to time, we will get 
following three constraint relations 
a, +a, =0 ..-(i) 
a, +a, — 2a, =0 .. (ii) 
a, +a, —2a,=0 ..-(i11) 
Solving Eqs. (1), (ii) and (i11), we get 
a, = —Ta, 


Which is the desired relation between a, and a. 


Fig. 8.84 


© Example 8.22 In the above example, if two blocks have masses 1 kg and 2 kg 
respectively then find their accelerations and tensions in different strings. 


Solution Pulleys 3 and 4 are massless. Hence net force on them should be zero. Therefore, if 
we take 7 tension in the shortest string, then tension in other two strings will be 27 and 47. 


4T 
2T 
r 
- 
d 1kg 
| 2kg 
W,=10 N W>=20N 


Fig. 8.85 


Ta 


Chapter 8 Laws of Motion ° 287 


Further, if a is the acceleration of 1 in upward direction, then from the constraint equation 
dy =—7a,, acceleration of 2 will be 7a downwards. 


Writing the equation, F’,,, =ma for the two blocks we have 
4T+2T+T—-10=1xa 


or 7T -10=a ...() 
20-T=2x (7a) 
or 20-T=14a .. (ii) 
Solving these two equations we get, 
T=1.62N Ans. 
and a=1.31m/s” Ans. 


Note /na problem if ‘a’ comes out to be negative after calculations then we will change the initially assumed 
directions of accelerations. 


Type 2 


© Example 8.23 The system shown in figure is released from rest. Find 
acceleration of different blocks and tension in different strings. 


Solution 


Net acceleration = a+ a, 
Fig. 8.87 
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(i) Pulley P and | kg mass are attached with the same string. Therefore, if 1 kg mass has an 
acceleration ‘a’ in upward direction, then pulley P will have an acceleration ‘a’ downwards. 
(ii) 2 kg and 3 kg blocks are attached with the same string passing over a moveable pulley P. 
Therefore their relative acceleration, a,(relative to pulley) will be same. Their net 
accelerations (relative to ground) are as shown in figure. 
(iii) Pulley P is massless. Hence net force on this pulley should be zero. If T is the tension in the 
string connecting 2 kg and 3 kg mass, then tension in the upper string will be 27. 


Now writing the equation, F’,., =a for three blocks, we have: 


1 kg block: 
2T 
| 
1 kg 
w1=10N 
Fig. 8.88 
2T—-10=1xa .. (i) 
2 kg block: T 
a | 2kg 
Wo = 20 N 
Fig. 8.89 
T—20=2(a, —a) .. (ii) 
3 kg block: 
r 
| 3 kg 
a,t+a 
Ww; = 30 N 
Fig. 8.90 
30-T=3(a, +a) ..- (ill) 


Solving Eqs. (i), (11) and (iii) we get, 
T=828N, a=6.55m/s* and a,=0.7 m/s”. 
Now, acceleration of 3kg block is (a+a, ) or 7.25m/ s” downwards and acceleration of 2kg 


is (a, —a) or —5.85m/ s” upwards. Since, this comes out to be negative, hence acceleration 
of 2 kg block is 585m/s” downwards. 
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© Extra Points to Remember 


e Insome cases, acceleration of a block is inversely proportional to tension force acting on the block (or its 
component in the direction of motion or acceleration).If tension is double (as compared to other block), 
then acceleration will be half. y 
In Fig. (a): Tension force on block-1 is double 
(=2T) than the tension force on block-2 (=7). 
Therefore, acceleration of block -1 will be half. 
If block-1 has an acceleration ‘a' in downward 
direction, then block -2 will have an 
acceleration ‘2a’ towards right. 

In Fig. (b): Tension force on block-1 is three 
times (27+T=87) than the tension force on 
block-2 (=T). Therefore acceleration of block-2 
will be three times. If block-1 has an 
acceleration ‘a’ in upwards direction, then 
acceleration of block-2 will be ‘3a’ downwards. 


INTRODUCTORY EXERCISE 8.3 
1. Make the constraint relation between a,, a, and a3. 
Daal 
im | 
a6 
Fig. 8.92 


2. At certain moment of time, velocities of 1 and 2 both are 1 m/s upwards. Find the sess 
velocity of 3 at that moment. , 
a | 


3. Consider the situation shown in figure. Both the pulleys 2kg : A 
and the string are light and all the surfaces are smooth. : 


(a) Find the acceleration of 1 kg block. 
(b) Find the tension in the string. (g =10 m/s”). 


Fig. 8.94 
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4. Calculate the acceleration of either blocks and tension in the 
string shown in figure. The pulley and the string are light and 
all surfaces are smooth. 


Fig. 8.95 


5. Find the mass M so that it remains at rest in the adjoining figure. Both the pulley —— 
and string are light and friction is absent everywhere. (g = 10 m/s7). lA A ) 


6. In Fig. 8.97 assume that there is negligible friction 
between the blocks and table. Compute the tension in 
the cord connecting m, and the pulley and 
acceleration of mz if m,=300g, mz =200g and 
F =0.40N. 


Fig. 8.97 


7. Inthe figure shown, a; =6 m/s? (downwards) anda, =4 m/s? (upwards). Find acceleration of 1. 


Fig. 8.98 


8. Find the acceleration of the block of mass M in the 
situation shown in the figure. All the surfaces are 
frictionless. 


Fig. 8.99 
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8.6 Pseudo Force 


Before studying the concept of pseudo force let us first discuss frame of reference. 
Frame of reference is the way of observation the things. 


Inertial Frame of Reference 


A non-accelerating frame of reference is called an inertial frame of reference. A frame of reference 
moving with a constant velocity is an inertial frame of reference. 


Non-inertial Frame of Reference 
An accelerating frame of reference is called a non-inertial frame of reference. 


Note (i) Arotating frame of reference is a non-inertial frame of reference, because it is also an accelerating one. 
(i) Earth is rotating about its axis of rotation and it is revolving around the centre of sun also. So, it is 
non-intertial frame of reference. But for most of the cases, we consider its as an inertial frame of 
reference. 
Now let us come to the pseudo force. Instead of ground (or inertial frame of reference) when we start 
watching the objects from a non-inertial (accelerating) frame of reference its motion conditions are 
felt differently. 


For example Suppose a child is standing inside an accelerating lift. From ground frame of 
reference this child appears to be accelerating but from lift (non-inertial) frame of reference child 
appears to be at rest. To justify this changed condition of motion, from equations point of view we 
have to apply a pseudo force. This pseudo force is given by 


E, =—ma 


Here, ‘m’ is the mass of that body/object which is being observed from non-inertial frame of reference 
and a is the acceleration of frame of reference. Negative sign implies that direction of pseudo force 
F,, is opposite to a. Hence whenever you make free body diagram ofa body from a non-inertial frame, 


apply all real forces (actually acting) on the body plus one pseudo force. Magnitude of this pseudo 
force is ‘ma’ and the direction is opposite to a. 


Example _ Suppose a block A of mass m is placed on a lift ascending with an acceleration a). Let N 
be the normal reaction between the block and the floor of the lift. Free body diagram of A in ground 
frame of reference (inertial) is shown in Fig. 8.100. 


N 

A | Ay 
mg 

Fig. 8.100 


N -—mg=may 
or N=m(g+a) ...(i) 
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But if we draw the free body diagram of A with respect to the elevator (a non-inertial frame of 


reference) without applying the pseudo force, as shown in Fig. 8.101, we get 
N 


A (At rest) 
mg 
Fig. 8.101 
N’-mg=0 
or N’=meg .. (ii) N' 
Since, VN’ # N, either of the equations is wrong. If we apply a pseudo force in 
non-inertial frame of reference, N’ becomes equal to N as shown in Fig. 8.102. 
Acceleration of block with respect to elevator is zero. A Wi (At rest) 
N’—mg—may, =0 
or N’=m(g+do) ... (iii) 
, mg + Fp 
N'=N Here Fp = mao 
Fig. 8.102 


© Example 8.24 All surfaces are smooth in following figure. Find 
F, such that block remains stationary with respect to wedge. 


Fig. 8.103 


Solution Acceleration of (block + wedge) a= — 
(M +m) 
Let us solve the problem by both the methods. Such problems can be solved with or without 


using the concept of pseudo force. 


From Inertial Frame of Reference (Ground) Nos @ 
FBD of block w.r.t. ground (Apply real forces): y 
With respect to ground block is moving with an acceleration a. [ 
EF, -¢ Nsin@ x 
> N cos9=mg ...(1) 
and LF’. =ma mg 
...(ii) = 
Fig. 8.104 


N sin®@=ma 
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From Eqs. (i) and (11), we get 


a=gtan0 
F=(M+m)a 
=(M +m) g tan0 
From Non-inertial Frame of Reference (Wedge) 
FBD of block w.r.t. wedge (real forces + pseudo force) Ncos 0 
w.t.t. wedge, block is stationary 
i XF,, =0 = Ncos0=mg elt paca Wine 
XF. =0 => NsinO=ma .. (iv) 
From Eqs. (iii) and (iv), we will get the same result 
ive. F =(M+m)gtan@. mg 
Fig. 8.105 


© Example 8.25 A bob of mass m is suspended from 
the ceiling of a train moving with an acceleration a as shown in figure. Find the 
angle 8 in equilibrium position. 


Fig. 8.106 


Solution This problem can also be solved by both the methods. 


Inertial Frame of Reference (Ground) 
FBD of bob w.r.t. ground (only real forces) 


7 T cos 6 

l 

> —a 

=> Tsin 6 
ie 
x 
mg mg 
Fig. 8.107 

With respect to ground, bob is also moving with an acceleration a. 
% “F.=0 => TsinO@=ma .. (i) 
and XF,=0 = Tcos0=mg ... (ii) 


From Eqs. (i) and (ii), we get 


tano= = or @=tan™! (<] 
& & 
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Non-inertial Frame of Reference (Train) 
FBD of bob w.r.t. train (real forces + pseudo force): 


7 
10 


mg 
Fig. 8.108 


with respect to train, bob is in equilibrium 


“LF, =0 
=> T sin 89=ma 

XF,, =0 
= T cos 8 =mg 


From Eqs. (iii) and (iv), we get the same result, 1.e. 
@=tan! ¢) 
& 


INTRODUCTORY EXERCISE 


.. iii) 


...(iv) 


1. Two blocks A and B of masses 1kg and 2 kg have accelerations (2i)m/s* and (-4j)m/s?. Find 


(a) Pseudo force on block A as applied with resp 
(b) Pseudo force on block B as applied with resp 


2. Pseudo force with respect to a frame moving with 
or false? 


ect to the block B. 
ect to the block A. 


constant velocity is zero. Is this statement true 


3. Problems of non-intertial frames can be solved only with the concept of pseudo force. Is this 


statement true or false? 


8.7 Friction 


Regarding the frictional force (/) following points are worthnoting : 
1. Itis the tangential component of net contact force (F) acting between two bodies in contact. 


2. Itstarts acting when there is tendency of relative motion (different velocities) between two bodies 
in contact or actual relative motion takes place. So, friction has a tendency to stop relative motion 


between two bodies in contact. 


3. If there is only tendency of relative motion then sta 
takes place, then kinetic friction acts. 


tic friction acts and if actual relative motion 
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. Like any other force of nature friction force also makes a pair of equal and opposite forces acting 
on two different bodies. 


. Direction of friction force on a given body is opposite to the direction of relative motion (or its 
tendency) of this body. 


(i) (ii) 
Fig. 8.109 
In Fig. (i), motion of block A means its relative motion with respect to ground. So, in this case 


friction between block and ground has a tendency to stop its motion. 


In Fig. (ii), relative motion between two blocks B and C means their different velocities. So, 
friction between these two blocks has a tendency to make their velocities same. 


Static friction is self adjusting in nature. This varies from zero to a limiting value f;, . Only that 
much amount of friction will act which can stop the relative motion. 


. Kinetic friction is constant and it can be denoted by /;,. 


. It is found experimentally that limiting value of static friction f; and constant value of kinetic 
friction f, both are directly proportional to normal reaction N acting between the two bodies. 


= fr, o fp «x N 
ad fi, =WsN 

and fi, =UEN 
Here, pt ,= coefficient of static friction 

and, = coefficient of kinetic friction. 


Both, and, are dimensionless constants which depend on the nature of surfaces in contact. 
Value of, is usually less than the value of , ie. constant value of kinetic friction is less than the 
limiting value of static friction. 


Note (i) In problems, ifu, and, are not given separately but only u is given. Then use 


f=f, =yN 
(i) If more than two blocks are placed one over the other on a horizontal ground then normal reaction 
between two blocks will be equal to the weight of the blocks over the common surface. 


A 
B 
Ben] 
—_—lc( itéia<r 
Fig. 8.110 


For example, N, = normal reaction between A and B 
=I 9 

normal reaction between B and C 

=(Mm, + Mg) g and so on. 


= 
I 
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© Extra Points to Remember 


e Friction force is electromagnetic in nature. 

The surfaces in contact, however smooth they may appear, actually have imperfections called asperities. 
When one surface rests on the other the actual area of contact is very less than the surface area of the face of 
contact. 


Actual contact J 
area 


Fig. 8.111 


The pressure due to the reaction force between the surfaces is very high as the true contact area is very small. 
Hence, these contact points deform a little and cold welds are formed at these points. 

So, in order to start the relative sliding between these surfaces, enough force has to be applied to break these 
welds. But, once the welds break and the surfaces start sliding over each other, the further formation of these 
welds is relatively slow and weak and hence a smaller force is enough to keep the block moving with uniform 
velocity. 

This is the reason why limiting value of static friction is greater than the kinetic friction. 


Note By making the surfaces extra smooth, frictional force increases as actual area of contact increases and the 
two bodies in contact act like a single body. 


© Example 8.26 Suppose a block of mass 1 kg is placed 
over a rough surface and a horizontal force F is applied on ae 
the block as shown in figure. Now, let us see what are the 
values of force of friction f and acceleration of the Fig. 8.112 
block a if the force F is gradually increased. Given that 


u, =0.5,u, =0.4 and g = 10 mis”. 


Solution Free body diagram of the block is 


ee y 
}mg F 
N x 
f 
Fig. 8.113 
<F, =0 
N-—mg=0 
or N =mg =(1)00)=10N 


f, =u N = (0.5)(10)=5N 
and Sy = WEN = (0.4)(10)= 4N 
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Below is explained in tabular form, how the force of friction f depends on the applied force F’. 


F 


2N 


4N 


5N 


6N 


8N 


2N 


4N 


5N 


4N 


4N 


Fist = Ff 


2N 


4N 


Static or 


kinetic 


friction 


static 


static 


static 


static 


kinetic 


kinetic 


Relative motion 
or tendency of 
relative motion 


Neither tendency 
nor actual relative 
motion 


Tendency 


Tendency 


Tendency 


Actual relative 
motion 


Actual relative 
motion 


Graphically, this can be understood as under: 


Note that f = F till F < f;, . Therefore, slope of line OA will be 


1 (yv=mx) or angle of line OA with F-axis is 45°. 


Here, a=OforF <5N 
F- F-4 
and elt | ee 


a-F graph is as shown in Fig. 8.115. When F is slightly 
increased from 5 N, acceleration of block increases from 0 to 


a 


m 


1 m/s”. Think why? 


1 


=F —-4forF >5N 


a (m/s?) 


Acceleration of 


block a= fret Diagram 
m 
7 
F=2N 
0 f=2N 
F=4N 
0 f=4N 
F=5N 
0 f,=5N 
a=2 m/s? 
2 m/s? F=6N 
f= 4N 
a=4 m/s? 
—> 
4 m/s* F=8N 
f= 4N 
f(N) 
A 


Fig. 8.114 


Fig. 8.115 


Note Henceforth, we will take coefficient of friction as 1 unless and until specially mentioned in the question U, 
and w, separately. 
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Angle of Friction (1) 
Ata point of rough contact, where slipping is about to occur, the two forces acting Nf-----~--7 F 
on each object are the normal reaction N and frictional force UN. 


The resultant of these two forces is F' and it makes an angle A with the normal 
reaction, where r 


Pn ee or A=tan™! (WL) ...(1) iN 
ul Fig. 8.116 
This angle A is called the angle of friction. 
Angle of Repose (cx) 


Suppose a block of mass m is placed on an inclined plane whose inclination 9 can be increased or 
decreased. Let, u be the coefficient of friction between the block and the plane. At a general angle @, 


Fig. 8.117 


Normal reaction N =mgcos0 
Limiting friction /, = UN =~"mgcos 0 
and the driving force (or pulling force) 
F=mgsin@ (Down the plane) 


From these three equations we see that, when 0 is increased from 0° to 90°, normal reaction N and 
hence, the limiting friction f; is decreased while the driving force F is increased. There is a critical 
angle called angle of repose (a) at which these two forces are equal. Now, if 6 is further increased, 
then the driving force F becomes more than the limiting friction f, and the block starts sliding. 


Thus, f, =F at O=a 

or lL mg cos @ = mg sin a 

or tan @ =U 

or a = tan! (W) (ii) 


From Eqs. (i) and (ii), we see that angle of friction (1) is numerically equal to the angle of repose. 
or A =e 

From the above discussion we can conclude that 

If6 <a, F </f;, the block is stationary. 

If8€ =a, F=f, the block is on the verge of sliding. 

and if@ >a, F > f;, the block slides down with acceleration 


Bet A ee 
m 
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Variation of NV, f, and F with 9, is shown graphically in N, f, F 
Fig. 8.118. 

N =mg cos @ 
or N «cos@ 

tf, =lumg cos 8 ; 

or tS, «cos 8 ! 

F =mgsin®@ ; 
or F «sin @ O due 90° 
Normally u<l, Fig. 8.118 
So, tri <Q. 


© Example 8.27 A particle of mass 1 kg rests on rough contact with a plane 
inclined at 30° to the horizontal and is just about to slip. Find the coefficient of 
friction between the plane and the particle. 


Solution 


Fig. 8.119 


Weight mg has two components mg sin 8 and mg cos 9. Block is at rest 


N =mgcos 8 ... (i) 
f =mgsin 0 (ii) 
Block is about to slip. 
Ee f= f, =UN .. (iii) 
Here W,=u 


Solving these three equations, we get 
uu = tan 0 = tan 30° 


es Ans. 


Note The given angle is also angle of repose a. 


li = tan 6 = tana = tan 30° 
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© Example 8.28 In the adjoining figure, the 
coefficient of friction between wedge (of mass M) and 
block (of mass m) is L. 
Find the minimum horizontal force F required to 
keep the block stationary with respect to wedge. 


Fig. 8.120 


Solution This problem can be solved with or without using the concept of pseudo force. Let us 
solve the problem by both the methods. 
a =acceleration of (wedge + block) in horizontal direction 
_ &#F 
— M+m 


Inertial Frame of Reference (Ground) 


FBD of block with respect to ground (only real forces have to applied) isas_ 4 F=uN y 
shown in Fig. 8.121. With respect to ground block is moving with an 
acceleration a. Therefore, N 
LF’, =0 and XF.=ma m 


mg=—UN and N=ma De 


a= a 
uy Fig. 8.121 


F=(M+ma=(M +m) 


Non-inertial Frame of Reference (Wedge) 
FBD of m with respect to wedge (real + one pseudo force) is as shown in 


F=uN 
Fig. 8.122. With respect to wedge block is stationary. 
a YF, =0 and XF', =0 
A mg=—WN and N=ma Pate " 
PA = and F=(M+m)a 
u ing 


=(M+m)2 Fig. 8.122 
uw 


© Example 8.29 A6 kg block is kept on an inclined 
rough surface as shown in figure. Find the force F 
required to 
(a) keep the block stationary, 
(6) move the block downwards with constant velocity and 
(c) move the block upwards with an acceleration of 4 mls°. 
(Take g = 10m/s”) Fig. 8.123 
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Solution N = mg cos 60° = (6) (10) (3) = 30 newton fA N 
Hs 
uu, N =18 newton 
Ux N =12newton Fo 
sss is V3 
Driving force F, = mg sin 60° = (6) (10) = =52N Fig. 8.124 


(a) Force needed to keep the block stationary is 
F, =Fy-UsN (upwards) 

= 52-18 

=34N (upwards) Ans. 
(b) If the block moves downwards with constant velocity (a = 0, F’,, = 0), then kinetic friction 

will act in upward direction. 
Force needed, 
Fy =Fy-UgN (upwards) 


= 52-12 
=40N (upwards) Ans. 
€ 
kN 
Fo 
Fig. 8.125 


(c) In this case, kinetic friction will act in downward direction 
P;—Fo -UeN =ma 


or F, — 52-—12=ma=(6)(4) 
F; =88N (upwards) Ans. 
3 
Pe 
fo 
ye 


Fig. 8.126 
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© Example 8.30 A block of mass m is at rest on a rough wedge as shown in 
figure. What is the force exerted by the wedge on the block? 


Fig. 8.127 
Solution Since, the block is permanently at rest, it is in equilibrium. Net force on it should be 
zero. In this case, only two forces are acting on the block 
(1) Weight = mg (downwards). 


(2) Contact force (resultant of normal reaction and friction force) applied by the wedge on the 
block. 


For the block to be in equilibrium, these two forces should be equal and opposite. 
Therefore, force exerted by the wedge on the block is mg (upwards). 


(i) From Newton's third law of motion, force exerted by the block on the wedge is also mg but downwards. 


(ii) This result can also be obtained in a different manner. The normal force on the block is N = mg cos 8 
and the friction force on the block is f = mg sin® (not mg cos 8) 
These two forces are mutually perpendicular. 


Net contact force would be N° +f? 


or img cos @)* + (mg sin @)* which is equal to mg. 


INTRODUCTORY EXERCISE 


1. In the three figures shown, find acceleration of block and force of friction on it in each case. 


F=20N F=20N 
[ = a 


ls = 0.6, UL, = 0.4 Us = 0.6, UL, = 0.4 
(a) (b) 
Fig. 8.128 
2. Inthe figure shown, angle of repose is 45°. Find force of friction, net force and acceleration of the 
block when 
() 
Fig. 8.129 


(a) 8 =30° (b) 6 =45° and (c) @ =60° 
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Final Touch Points 


1. In Fig. (i), normal reaction at point P (between blocks C and D) is given by, 
LLLLLLLL 


(ii) 


N=[Z(mass above P)] x Goze =(M, + Me + Mc) Dor 
In Fig. (ii), tension at point P is given by, 
T =X [(mass below P)] X Qe 
If the strings are massless then, T =(Mc + Mp) Gest 
Here, Qe = if acceleration of system is zero 
=(g + a)if acceleration ais upwards 
=(g —a)if acceleration ais downwards 
2. Feeling of weight to a person is due to the normal reaction. Under normal conditions, N=mg. 
Therefore feeling of weight is the actual weight mg. If we are standing on a lift and the lift has an 
acceleration ‘a’ upwards then N=m/(g + a). Therefore feeling of weight is more than the actual weight 
mg. Similarly if ‘a’ is downwards then N=m(g —a) and feeling of weight is less than the actual weight 
mg. 
3. If ts =U, =p then, limiting value of static friction = constant value of kinetic friction = WN. 
Here, N=mg on horizontal ground or N = mg cos @ on inclined ground as long as the external forces 
(other than weight and normal reaction) are either zero or tangential to the surface. If the external 
force is inclined to the horizontal surface (or inclined plane), then normal reaction either increase or 
decrease depending on the direction of F. 


F F 
N=mg N<mg N>mg 
F F 


££ s 


N=mgcos 0 N<mgcos 8 N> mg cos 8 


Solved Examples 


TYPED PROBLEMS 


Type 1. Resolution of forces 


Concept 
Different situations of this type can be classified in following two types: 
(i) Permanent rest, body in equilibrium, net force equal to zero, net acceleration equal to 
zero or moving with constant velocity. 
(ii) Accelerated and temporary rest. 


How to Solve? 

° In the first situation, forces can be resolved in any direction. Net force (or summation of components of 
different forces acting on the body) in any direction should be zero. 

e In the second situation forces are normally resolved along acceleration and perpendicular to it. In a 
direction perpendicular to acceleration net force is zero and along acceleration net force is ma. 

° In temporary rest situation velocity of the body is zero but acceleration is not zero. The direction of 
acceleration in this case is the direction in which the body is supposed to move just after few seconds. 
Three situations of temporary rest are shown below. 


| 2 azo 


az#0 


v=0 


T 

fl 
a 1 
f 
fl 
I 


Note nthe second situation also, we can resolve the forces in any direction. In that case, 
net force along this direction = (mass) (component of acceleration in this direction) 


© Example 71 A ball of mass 1 kg is at rest in position P 


by means of two light strings OP and RP. The string IN 

RP is now cut and the ball swings to position Q. If 010%, 

@ = 45°. Find the tensions in the strings in positions OP — 
(when RP was not cut) and OQ (when RP was cut). A _ 
(Take g =10 m/s”). R JJ... a 


Solution In the first case, ball is in equilibrium (permanent 
rest). Therefore, net force on the ball in any direction should be zero. 
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(© F) in vertical direction =0 


or T, cos 8 =mg 
or i= ms 
cos 8 
I 
ce 
19 


mg 


Substituting m, = 1kg, g=10 m/s” and 0 =45° 
we get, T, = 10V2 N 


Note Here, we deliberately resolved all the forces in vertical direction because component of the tension in RP in vertical 
direction is zero. In a direction other than vertical we will also have to consider component of tension in RP, which 
will unnecessarily increase our calculation. 

In the second case ball is not in equilibrium (temporary rest). After few seconds it 
will move in a direction perpendicular to OQ. Therefore, net force on the ball at Q 
is perpendicular to O@ or net force along OQ = 0. 


* T,, =mg cos 8 
Substituting the values, we get Ty = 5/2 N 
Here, we can see that T, #T, 


Type 2. 7o find tension at some point (say at P) if it is variable 


How to Solve? 
e Find acceleration (a common acceleration) of the system by using the equation 
ae! net pulling or pushing force 
total mass 
In some cases, ‘a’ will be given in the question. 
¢ Cut the string at P and divide the system in two parts. 
° Make free body diagram of any one part (preferably of the smaller one). 


* Inits FBD make one tension at point P in a direction away from the block with which this part of the string is 
attached. 
e Write the equation, 


Faet = MA 
for this part. You will get tension at P. In this equation m is not the total mass. It is mass of this part only. 
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© Example 2 In the given figure mass of string AB is 2 kg. Find tensions at A, B 
and C, where C is the mid point of string. 


Soidlen ae F — weight of 2 kg — weight of 4 kg — weight of string 


mass of 2 kg+ mass of 4 kg+ mass of string 
_ 100 - 20-40 - 20 


2 
24+44+2 eal) Ta A 
-= = 25 m/s” te 
: B B 
Refer Fig. (a) T, —-Mapg —40=(myp + 4a a fa 
or T, -20-40 = @+ 4)2.5) 44 4 kg 
T, = 75N Ans. (a) (b) 
Refer Fig. (b) To — Mgcg — 40 = (mgc + 4a 
or Ty -10-40 = (1+ 4)(2.5) ae te 
or Ty =62.5 N Ans. 
Refer Fig. (c) Tz, —40 =4a akg 
or Tp =40+4x2.5 (c) 
or Tz =50 N Ans. 


Note Tension at a general point P can be given by : 
Tp =[(£ mass below P) x ger] 
Here Gop =Gta=125 m/s? 
Type 3. Based on constraint relation between a block (or a plank) and a wedge. 


These type of problems can be understood by following two examples: 


© Example 3 In the figure shown find relation between magnitudes of a, and ap. 
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Solution x, = xp sin 0 ..-(i) 
Here, 8 = constant 


Double differentiating Eq. (i) with respect to time, we get 
a4 = Gp sin 0 Ans. 


© Example 4 In the arrangement shown in the figure, the ixed wall 
rod of mass m held by two smooth walls, remains always 
perpendicular to the surface of the wedge of mass M. aN 
Assuming all the surfaces to be frictionless, find the “ae , m a 
acceleration of the rod and that of the wedge. 


Solution Let acceleration of m be a, (absolute) and that of M be A 
a, (absolute). 


Writing equations of motion only in the directions of a, or a». 
For m mg cosa — N =may, ...(i) 
For M, N sina = Ma, ..-(1i) 
Here, N = normal reaction between m and M 
As discussed above, constraint equation can be written as, 

a, = Q_sin o ... (il) 
Solving above three equations, we get 
mg cos O sin 


acceleration of rod, a, = ar Ans 
[n sin a + — 
sin O 
and acceleration of wedge A= EE Ans. 
msina + — 
sin a 
Type 4. Based on constraint relation which keeps on changing. 
Concept 
(i) In the constraint relations discussed so far the relation between different accelerations 
was fixed. 


For example: In the two illustrations discussed above a, =ag sinO or a, =dy sina but 
these relations were fixed, as 9 or @ was constant. 

Gi) In some cases, 8 or @ keeps on changing. Therefore, the constraint relation also keeps on 
changing. 

(iii) In this case, constraint relation between different accelerations becomes very complex. 
So, normally constraint relation between velocities is only asked. 
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© Example 5 In the arrangement shown in the figure, the ends P and Q of an 


Note 


unstretchable string move downwards with uniform speed U. Pulleys A and B are 
fixed. Mass M moves upwards with a speed (JEE 1982) 


(a) 2U cos 0 


(d) Ucos® 


cos 0 cos 0 
Solution In the right angle APQR 
Paty 
Differentiating this equation with respect to time, we get 
21S =0 +292 or (-2)-<(- | 


dt dt y dt 
l 1 
Here, OY 2 and —dl/dt =U 
dt y  cos@ 
U c = constant, / and y are variables 
Hence, Om = 
cos® 
The correct option is (b). 
Here 0 is variable. Therefore the constraint relation vy, = ; is also variable. 
cos 


Example 6 In the adjoining figure, wire PQ is smooth, ring A has a mass 1 kg 
and block B, 2 kg. If system is released from rest with 8=60°, find 


Q 


B 


(a) constraint relation between their velocities as a function of 98. 
(6) constraint relation between their accelerations just after the release at 0= 60°. 
(c) tension in the string and the values of these accelerations at this instant. 


Solution M and @ are two fixed fixed points. Therefore, Fige 
M@Q= constant =c Po, -* " Q 
1=length of string = constant. a (> > iC 
(a) In triangle MQA,  (I-y)?=2 +2 Q 
Differentiating w.r.t time, we get y 


2(I » aw) =2[+ #4 +0 B] va a 
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dy dx ; 
or I =x eval 
ap (+) «(9 . 
oye) (-<] <i) 
dt \l-y dt 
y is increasing with time, 
dy 
+=, 
dt ~ 
xis decreasing with time 
dx 
rk and =~ =cos8 
Substituting these values in Eq. (ii), we have 
Uy =U, cos® Ans. 
(b) Further differentiating Eq. (i) we have, 
d’y wy d*x (“*) o 
l =—|x- : «(iL 
oem & dt \dt ~ 
dx dy i. eda ta a 
Just after the release, vu, , vy arn and a all are zero. Substituting in Eq. (ili), we have, 
2 2 
ea | oe iv) 
dt- \l-y dt 
d’y d°x 
Here, —+_=d, and ——- =a 
de” por 
- =cos 8 =cos60°= : 
l-y 2 
Substituting in Eq. (iv), we have d= = ...(v) 
(c) For A Equation is 
A auidhal T 
60° 
[8 lx 
+ 
w=20N 
ie : 
T cos60°=m, a, or Fea a .. (Vi) 
For B 20-T=mpay 
20-T =2a, ...(vii) 


Solving Eqs. (v), (vi) and (vii), we get 


(NS oy = oO mis? 
3 3 


and a,=—mks 


Note £q. (ili) converts into a simple Eq. (iv), just after the release when v,, V>, 2 and a all are zero. 
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Type 5. 7o find whether the block will move or not under different forces kept over a rough surface 


How to Solve? 


The rough surface may be horizontal, inclined or vertical. 
Resolve the forces along the surface and perpendicular to the surface. 
In most of the cases, acceleration perpendicular to the surface is zero. 


So net force perpendicular to the surface should be zero. By putting net force perpendicular to the surface 
equal to zero we will get normal reaction N. 


After finding, N, calculate uN, b,N or Ww. 
Calculate net force along the plane and call it the driving force F. 


Now, if FsuN 
Then f=F (f = Force of friction) 
and Fret = O or a=0, 
If F> uN 
Then, f=u,N and Fe=F-f or a= fret (in the direction of F) 
m 
: 6N 
© Example 7 In the figure shown, en 


(a) find the force of friction acting on the block. 

(b) state whether the block will move or not. If yes then with what 
acceleration? 

Solution Resolving the force in horizontal (along the plane) and in Hs = 0.6, Uy = 0.4 

vertical (perpendicular to the plane) directions (except friction) 


Here, R is the normal reaction. R 
LF,=0 => R=26N 
u,R=06 x26=166N 
p,R=04x26=104N eo. 
¥ F.= net driving force F =14.N =e a 
(a) Since, PF <u,R 6N 
. Force of friction f=F =14N W=20N 


This friction will act in the opposite direction of F. 
(b) Since, F <u ,R, the block will not move. 


© Example 8 In the figure shown, 


(a) find the force of friction acting on the block. 
(6) state whether the block will move or not. If yes then with what acceleration? 


4N 
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Solution Resolving the forces along the plane and perpendicular to y. 

the plane. (except friction) 

Here, R is the normal reaction. LF,=0 => R=16N LR 
u,R=04x16=64N F aN ee 


,R=03 x16=48N 
Y F,= net driving force F = (12-4) N=8N 
(a) Since, F >u,R, therefore kinetic friction or 4.8 N will act in 
opposite direction of F. 


(b) Since, F >u,R, the block will move in the direction of F 
(or downwards) with an acceleration, 
Fi, F-f 8-48 


m m 


20 cos 37° 
=16N 


1.6 mis” 


This acceleration is in the direction of F (or downwards). 


Example 9 A block of mass 1 kg is pushed against a rough vertical wall with a 
force of 20 N, coefficient of static friction being - Another horizontal force of 
10 N is applied on the block in a direction parallel to the wall. Will the block 


move? If yes, in which direction? If no, find the frictional force exerted by the wall 
on the block. (g =10 m/s”) 


Solution Normal reaction on the block from the wall will be (F,,, =0, perpendicular to the 
wall) 


F=20N 
al 
R=F=20N 
Therefore, limiting friction f, =wR= (7) (20)=5 N 
Weight of the block is w=mg=(1)(10)=10 N 
A horizontal force of 10 N is applied to the block. Both weight and this 


in the direction shown in figure. Since, this resultant is greater than the 
limiting friction. The block will move in the direction of F.,, with 
acceleration 


force are along the wall. The resultant of these two forces will be 10/2 N 10 N 
| 45° 


=9.14 mk” 


ga Nt WW =o 
m 1 


Fret=10V2N 10N 


Type 6. 7o draw acceleration versus time graph. Following three examples will illustrate this type. 


Example 10 In the figure shown, F is in newton and t in 
seconds. Take g=10mls*. 


(a) Plot acceleration of the block versus time graph. = 0.6 
(b) Find force of friction at, t=2s and t=8s. 
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Solution (a) Normal reaction, R=mg=20N. Limiting value of friction, f, =wR=0.6 x20=12N 


The applied force F 2¢) crosses this limiting value of friction at 6s. Therefore, upto 6 s block 
remains stationary and after 6s it starts moving. After 6 s, friction becomes constant at 12 N 
but the applied force keeps on increasing. Therefore, acceleration keeps on increasing. 


Forti<6s 
f=F =2t (i) 
Fi =F -f =0 
eetiaes 
m 
Fort>6s 
F=2t 
f=12N=f, ...(ii) 
FE, =F -f=2t-12 a(m/s*) 
_ Fa _2t-12 _4_g 
2 
.. a-t graph is a straight line with slope =1 and intercept =—6. 45° He) 
Corresponding a-t graph is as shown. a 6 
(b) At t=2s, f=4N [from Eq. (i)] we 
At t=8s, f=12N [from Eq. (ii)] 6" 


© Example 11 Repeat the above problem, if instead of 4 we are given, and U,, 
where pW, =06 and uw, =0A4. 
Solution (a) R=mg=20N 
u,R=06x20=12N 
u,R=04x20=8N 
Upto 6 s, situation is same but after 6 s, a constant kinetic friction of 8N will act. At 6 s, friction 
will suddenly change from 12 N =u,R) to 8N Gu, R) and direction of friction is opposite to its 
motion. Therefore, at 6 s it will start with an initial acceleration. 
oe decrease in friction 12-8 ee 


i 


mass 
For t<6s 
f=F=2t ...(i) 


For t=>6s a(m/s?) 
F=2t 
f=",R=8N 
Fi, =F -— f =2t-8 
oe ae 4) 
m 2 


>t (s) 
At t=6s, we can see that, a; =2 mis” | 
Further, a-t graph is a straight line of slope = 1 and intercept =— 4. Corresponding a-t graph is 
as shown in figure. 
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4 kg are placed one over the other as shown in figure. A 


time varying horizontal force F = 2t is applied on the 
upper block as shown in figure. Here t is in second and F B 
is in newton. Draw a graph showing accelerations of A 


and B on y-axis and time on x-axis. Coefficient of friction 
between A and B isu = 4 and the horizontal surface over which B is placed is 


smooth. (g = 10 m/s”) 


© Example 12. Two blocks A and B of masses 2 kg and 
A |\— F=2t 


Concept 


In the given example, block A will move due to the applied force but block B moves due to 
friction (between A and B). But there is a limiting value of friction between them. Therefore, 
there is a limiting value of acceleration (of block B). Up to this acceleration they move as a 
single block with a common acceleration, but after that acceleration of B will become 
constant (as friction acting on this block will become constant). But acceleration of A will 
keep on increasing as a time increasing force is acting on it. 


Solution Limiting friction between A and B is 
1 


Block B moves due to friction only. Therefore, maximum acceleration of B can be 


bag = Bod op Beil? 
m 4 


B 
Thus, both the blocks move together 
with same acceleration till the common A = F=2t B 
acceleration becomes 2.5 m/s”, after that 
; . f,=10N 
acceleration of B will become constant f -10N 
while that of A will go on increasing. To For t>7.5s 
find the time when the acceleration of 
both the blocks becomes 2.5 més” (or 
when slipping will start between A and B) we will write 


po" 1.4 
(m4+mp) 6 
t=7.5s 
Hence, for t<7.5s 
F 2t. ot 


matmgp 6 38 


: : : : 53 1 
Thus, a, versus t or dp versus t graph is a straight line passing through origin of slope 3° 


For, t=>7.5s 
ap =2.5 m/s” = constant 
Fe 
and a4 ef Sh, 
ma 
2t-1 
or aa= a or dyg=t-5 
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A 4A OF AB 


aa 


2.5 m/s? |---------- 


4B 


: _1 
tan B= 


>t 
7.58 


Thus, a, versus t graph is a straight line of slope 1 and intercept —5. While ag versus t graph is 
a straight line parallel to t-axis. The corresponding graph is as shown in above figure. 


Type 7. When two blocks in contact are given different velocities and after some time, due to 
friction their velocities become equal. 


Concept 


In the figure shown, if v,;>v,. (or v, #U,) then there is a relative 
motion between the two blocks. 

As U, >v,, relative motion of A is towards right and relation motion iB | V2 
of Bis towards left. Since, relative motion is there, so kinetic friction 
(or limiting value of friction) will act in the opposite direction of 
relative motion. This friction (and acceleration due to this force) with decrease the velocity 
of A and increase the velocity of B. After some time when their velocities become equal, 
frictional force between them becomes zero and they continue to be moving with that 
common velocity (as the ground is smooth). 


“4 Rough 


Smooth 


How to Solve? 
e Find value of kinetic friction or limiting value of friction (f =y,N or WV) between the two blocks and then 


f es 
accelerations of these blocks (- 2 Then write v;=V>, as their velocities become same when relatative 
m 


motion is stopped. 


or U,+ at =Uy + aot waie(l) 
Substituting the proper values ofu,, a,, U5 and a, in Eq. (i), we can find the time when the velocities become 
equal. 


© Example 13 Coefficient of friction between two 
blocks shown in figure is 1 =0.6. The blocks are 2 ks} sl 
given velocities in the directions shown in figure. 
(a) the time when relative motion between them is eens (13/5; el 


stopped. 
(6) the common velocity of the two blocks. 
(c) the displacements of 1 kg and 2 kg blocks upto that instant. (Take g = 10 m/s?) 


Note Assume that lower block is sufficiently long and upper block does not fall from it. 
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Solution Relative motion of 2 kg block is towards right. Therefore, maximum friction on this 
block will act towards left 


3 m/s 
12N 


<— ap 


18 m/s 1kg 


— a 


f =nN = 0.6) 2) (10) =12 N 


(a) Relative motion between them will stop when, 


Ujp=Vg Or Uy, + Ayl=Ug+ Aol 


or -18 + 12t =3 -6¢ (i) 
Solving we get, i= : s Ans. 
(b) Substituting value of 't'in Eq. (i) either on RHS or on LHS we have, 
common velocity =—4 m/s Ans. 
(c) gam t+ Sat 
=( 19 (2 += 2) zy 
6) 2 6 
=-12.83 m Ans. 


1 2 
a a 


7. it cae 
(5) a (5 


=-0.58 m Ans. 


Type 8. Acceleration or retardation of a car 


Concept 


A car accelerates or retards due to friction. On a horizontal road maximum available 
friction isN or ub mg (as N = mg). Therefore, maximum acceleration or retardation of a car 
on a horizontal road is 


On an inclined plane maximum value of friction is uN or u mgcos® (as N = mgcos8). Now 
mg sin®@ is a force which is always downwards but the frictional force varying from 0 to 
uu mg cos can be applied in upward or downward direction by the application of brakes or 
accelerator. 
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© Example 14 Ona horizontal rough road, value of coefficient of friction p =0A. 

Find the minimum time in which a distance of 400m can be covered. The car 
starts from rest and finally comes to rest. 

Solution Maximum friction on horizontal rough road, fir, = mg 

Maximum acceleration or retardation of the car may be 
Qinax OF ja tae TE og g 
m m 
=04x10=4m/s” 


Let, the car accelerates and retards for time ‘f with 4m/s”. 


Then, z at? + a= 200u 
2 2 
or at”=400m or 4t?=400 
or t=10s 
Therefore, the minimum time is 20 s (10 s of acceleration and 10 s of retardation). Ans. 


© Example 15 A car is moving up the plane. Angle of inclination is 8 and 
coefficient of friction is UL. 
(a) What is the condition in which car can be accelerated? 
If this condition is satisfied then find 
(6) maximum acceleration of the car. 
(c) minimum retardation of the car. 
(d) maximum retardation of the car. 


Solution (a) mg sin 8 in all conditions is downwards but direction of 
friction may be upwards or downwards. We will have to press 
accelerator for upward friction and brakes for downward friction. 


To accelerate the car friction should be upwards. Therefore, car 
can be accelerated if maximum upward friction >mg sin 0 


or lumgcosO>mgsinO or w>tand 


(b) Maximum acceleration 
_ maximum upwards force 


mass 
_wmg cos® —mgsin8 


=(u gcos0- gsin®@) 
m 


(c) Minimum retardation will be zero, when upward friction = mgsin®@ 


(d) Maximum retardation 
_ maximum downward force 


m 
_ mgsin®8+umg cos® 


m 
=(gsin@+u gcos8) 
This is the case, when maximum friction force acts in downward direction. 


Miscellaneous Examples 


© Example 16 In the adjoining figure, angle of plane 0 is Dy) 
increased from 0° to 90°. Plot force of friction ‘f? versus 8 graph. {ls» Mx 
Solution Normal reaction N =mg cos8. Limiting value of static friction, 
f, =H,N =u, mg cos® Q 


Constant value of kinetic friction 


fx =H, =,mg cos 0 
Driving force down the plane, 


F=mgsin0 
Now block remains stationary and f =F until F becomes equal to f, 
or mgsin8=L, mg cos® 
or tanO=u, or @=tan '(,)=6, (say) 


After this, block starts moving and constant value of kinetic friction will act. Thus, 
For 6<tan ‘(u,) or 6,. 
f=F=mgsin0 or f«sin® 
At, 0=0°, f=0 and at@=tan + (u,) or 8, 
or f=mgsin®, or [U,mgcosd, 
For 6>tan ‘(,) or 6,. 
f=f,=U,pmgceos® or f«cosd 
At @=tan ‘(u,) or 0, 
f = u,mg cos®, and at 8@=90° 
f=0 
Corresponding f versus 8 graph is as shown in figure 
In the figure, OP is sine graph and MN is cos graph, 
f, =mgsin 0, =u, mg cos6, 
fo=H, mg cos8, 


© Example 17 Figure shows two blocks in contact sliding down an inclined 
surface of inclination 30°. The friction coefficient between the block of mass 2.0 kg 
and the incline is 1, = 0.20 and that between the block of mass 4.0 kg and the 
incline is Uy = 0.80. Find the acceleration of 2.0 kg block. (g = 10 mls”). 


ye) 
Ne) a 


Z\ 


Solution Since, , <b,, acceleration of 2kg block down the plane will be more than the 
acceleration of 4 kg block, if allowed to move separately. But, as the 2.0 kg block is behind the 
4.0 kg block both of them will move with same acceleration say a. Taking both the blocks as a 
single system: 
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Force down the plane on the system = (4+ 2) gsin 30° 
= 6)(10) (5) =30N 


Force up the plane on the system 
=, 2)(g) cos 80° + W4(4)(g) cos 30° 
= Qu, +44) g cos 30° 
= (2 x0.2 + 4 x 0.3) (10) (0.86) 
=13.76N 

-. Net force down the plane is F = 30 — 13.76 =16.24 N 


.. Acceleration of both the blocks down the plane will be a. 


Seley ead Tne Ans. 
44+2 6 


© Example 18 Figure shows a man standing 
stationary with respect to a horizontal conveyor belt 
that is accelerating with 1 ms. What is the net — a 
force on the man? If the coefficient of static friction _— 
between the man’s shoes and the belt is 0.2, upto 
what maximum acceleration of the belt can the man 


continue to be stationary relative to the belt? Mass of the man = 65 kg. 
(g =98 m/s") 


Solution As the man is standing stationary w.r.t. the belt, 
Acceleration of the man = Acceleration of the belt 


=a=1ms” 
Mass of the man, m =65 kg 
Net force on the man =ma=65x1=65N Ans. 
Given coefficient of friction, uu =0.2 
.. Limiting friction, f, =bung 


If the man remains stationary with respect to the maximum acceleration ay of the belt, then 
may = f, =hng 
dy =Ug = 0.2 x 9.8 =1.96 ms” Ans. 


are connected by a string passing over a pulley B as shown. 
Another string connects the centre of pulley B to the floor and 
passes over another pulley A as shown. An upward force F is 
applied at the centre of pulley A. Both the pulleys are 
massless. 

Find the acceleration of blocks m and M, if F is 

(a) 100 N 

(6) 300 N 

(c) 500 N (Take g=10 m/s”) 


© Example 19 Two blocks of masses m=5 kg and M = 10 kg (" 


Chapter 8 


Solution Let Tj = tension in the string passing over A 
T = tension in the string passing over B 
27) =F and 2T=T) 


Fe T =F/4 
(a) T=F/4=25N 
weights of blocks are mg =50 N 
Mg =100N 
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As T < mg and Mg both, the blocks will remain stationary on the floor. 


(b) T=F4=75N 


As T < Mg and T > mg, M will remain stationary on the floor, whereas 


m will move. 
Acceleration of m, 


wa amg _ 15-50 


m 
=5 m/s” 


(c) T=FA=125N 


As T > mg and Mg both the blocks will accelerate upwards. 


Acceleration of m, 
_T-mg_ 125-50 


ay 
m 
Acceleration of M, 
goe 2a 
M 10 


Example 20 Consider the situation shown in 
figure. The block B moves on a frictionless 


surface, while the coefficient of friction between 


A and the surface on which it moves is 0.2. 
Find the acceleration with which the masses 
move and also the tension in the strings. 
(Take g =10 m/s”). 


20 kg 


Ans. 


8 kg 


Solution Let abe the acceleration with which the masses move and 7; and T, be the tensions 
in left and right strings. Friction on mass A is umg = 8N. Then equations of motion of masses A, 


Band C are 

For mass A T, -8=4a 
For mass B T, =8a 
For mass C 200 - T, - T, =20a 
Adding the above three equations, we get 32a =192 

or a=6mb? 
From Kgs. (i) and (ii), we have T, =48N 


and T, =32N 


(i) 
...(ii) 
.. (iii) 
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© Example 21 Two blocks A and B of masses 1 kg and 2 kg respectively are 
connected by a string, passing over a light frictionless pulley. Both the blocks are 
resting on a horizontal floor and the pulley is held such that string remains just 
taut.At moment t =0,a force F = 20t newton starts acting on the pulley along 
vertically upward direction as shown in figure. Calculate 
F=20t 


4 2] 


(a) velocity of A when B loses contact with the floor. 
(6) height raised by the pulley upto that instant. 
(Take, g=10 m/s?) 


Solution (a) Let Tbe the tension in the string. Then, 
2T =20t 
or T =10 ¢ newton 


Let the block A loses its contact with the floor at time t = ¢,. This happens when the tension 
in string becomes equal to the weight of A. Thus, 


T =mg 
or 10 t; =1x10 
or t,=1s ...(i) 
Similarly, for block B, we have 
10t,=2 x10 
or t,=2s .. (ii) 


i.e. the block B loses contact at 2 s. For block A, at time t such that ¢ 2 t, let a be its 
acceleration in upward direction. Then, 


10¢ -1x10=1xa=(du/dt) 
or dv =10(t — 1) dt ... (ili) 
Integrating this expression, we get 
v t 
I, dv=10 | (t—1) dt 


or v=5t?-10t+5 ...(iv) 
Substituting t = t, =2s 

v=20-20+5=5m/s ...(v) 

(b) From Eq. (iv), dy = (t” — 10¢ + 5) dt ... (Vi) 


where, y is the vertical displacement of block A at time ¢ (2 t,). 
Integrating, we have 
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=h = 
i dy={"" @t?-10t +5) dt 
y= t=1 


= 2 m Ans. 
6 


© Example 22 Find the acceleration of the body of mass m, in the arrangement 
shown in figure. If the mass m, is n times great as the mass m, and the angle 
that the inclined plane forms with the horizontal is equal to 8. The masses of the 
pulleys and threads, as well as the friction, are assumed to be negligible. 


pss 


Solution Here, by constraint relation we can see that the acceleration of m, is two times that 
of m, So, we assume if m, is moving up the inclined plane with an acceleration a, the 
acceleration of mass m, going down is 2a. The tensions in different strings are shown in figure. 


2T, Y 
2T 
pe 
is ye ¥ 
a iT 
ee El 
The dynamic equations can be written as 
For mass m,: 2T —m,gsin 9 =ma sss) 
For mass mg: mog — T =m,(2a) ... (11) 


Substituting m, =m, and solving Eqs. (i) and (ii),we get 
2g(2n - sin 8) 


Acceleration of m, =2a = 
4n+1 


© Example 23 In the arrangement shown in figure the mass of the ball 
is 1 times as great as that of the rod. The length of the rod is I, the y 
masses of the pulleys and the threads, as well as the friction, are 
negligible. The ball is set on the same level as the lower end of the rod 
and then released. How soon will the ball be opposite the upper end of ais 
the rod ? | 
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Solution From constraint relation we can see that the acceleration of the rod is 
double than that of the acceleration of the ball. If ball is going up with an q 
acceleration a, rod will be coming down with the acceleration 2a, thus, the relative \ a { oT 
acceleration of the ball with respect to rod is 3a in upward direction. If it takes 

time t seconds to reach the upper end of the rod, we have 


—— 


orl 
T T 
t= Zt ..-(i) I ay 
3a a+ | {2a 
Let mass of ball be m and that of rod is M, the dynamic equations of these are 
For rod Mg - T = Ma) ..- (ii) 
For ball 2T —mg =ma ... (iii) 
Substituting m = 7M and solving Eas. (ii) and (iii), we get 
n+4 


From Kq. (i), we have t= et Ans. 
\3g@-n) 


© Example 24 Figure shows a small block A of mass m kept at the left end of a 
plank B of mass M =2mand length I. The system can slide on a horizontal road. 
The system is started towards right with the initial velocity v. The friction 
coefficients between the road and the plank is 1/2 and that between the plank and 
the block is 1/4. Find 


IK >| 


(a) the time elapsed before the block separates from the plank. 
(6) displacement of block and plank relative to ground till that moment. 


Solution There will be relative motion between block and plank and plank and road. So at 
each surface limiting friction will act. The direction of friction forces at different surfaces are as 
shown in figure. 


Here, f= A (mg) 
and f= (5) (m + 2m)g = (5) mg 


Retardation of A is a, = 
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and retardation of B is A= ail =? g 
2m 8 
Since, Ay >a, 
Relative acceleration of A with respect to B is 
3 
a, = Ag — Ay “3 § 
Initial velocity of both A and B is v. So, there is no relative initial velocity. Hence, 
(a) Applying s= ; at” 
il 9 3 2 
or l=—a,t°=— gt 
2° ie” 
t=4 a: Ans. 
38 
(b) Displacement of block S4 = Ut — 5 dat 
| 16] 
or 8, =4v 2/2 Gacers 
38g 2 4 \ 3g 4 
or 84 =4uU cae l 
3g 3 
Displacement of plank SB = Ugt -3 is 


or Sp =4u ‘ AG s| as (« =a 28] 
a 3g 2\8°)\3g oe 
or Sp =4v ce l Ans. 
8g 3 


Note Wecansee thats, — Sg =|. Which is quite obvious because block A has moved a distance | relative to plank. 


Exercises 


LEVEL 1 


Assertion and Reason 

Directions: Choose the correct option. 
(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 
(b) Ifboth Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 
(d) If Assertion is false but the Reason is true. 

1. Assertion : If net force on a rigid body in zero, it is either at rest or moving with a constant 
linear velocity. Nothing else can happen. 
Reason : Constant velocity means linear acceleration is zero. 

2. Assertion : Three concurrent forces are F,,F, and F,. Angle between F, and F, is 30° and 
between F, and F, is 120°. Under these conditions, forces cannot remain in equilibrium. 
Reason : At least one angle should be greater than 180°. 


3. Assertion : Two identical blocks are placed over a rough inclined plane. One block is given an 
upward velocity to the block and the other in downward direction. Ifu = “ and6@ = 45° the ratio 
of magnitudes of accelerations of two is 2: 1. 


Reason : The desired ratio is ; a 
—wH 


4. Assertion : A block A is just placed inside a smooth box Bas shown in figure. Now, the box is 
given an acceleration a = (3j— 2i) ms *. Under this acceleration block A cannot remain in the 


position shown. 
B 


y 
A [ 
x 


Reason : Block will require ma force for moving with acceleration a. 


5. Assertion : A block is kept at rest on a rough ground as shown. Two forces /, and Fy are acting 
on it. If we increase either of the two forces F, or Fy, force of friction acting on the block will 
increase. 


Reason : By increasing F,, normal reaction from ground will increase. 


| i 
Fo 
r2 5 
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6. Assertion : In the figure shown, force of friction on A from B will always be right wards. 
Reason : Friction always opposes the relative motion between two bodies in contact. 


F.«——/a | 


B Jor 


Smooth 


7. Assertion : In the figure shown tension in string AB always lies between mg and mygg. 
(m, # Mg) 
A 


Reason : Tension in massless string is uniform throughout. 

8. Assertion : Two frames S, and S, are non-inertial. Then frame S, when observed from S, is 
inertial. 
Reason : A frame in motion is not necessarily a non-inertial frame. 

9. Assertion : Moment of concurrent forces about any point is constant. 
Reason : If vector sum of all the concurrent forces is zero, then moment of all the forces about 
any point is also zero. 

10. Assertion : Minimum force is needed to move a block on rough surface, if = angle of friction. 
Reason : Angle of friction and angle of repose are numerically same. 
F 


Rough 


11. Assertion : When a person walks on a rough surface, the frictional force exerted by surface on 
the person is opposite to the direction of his motion. 


Reason : It is the force exerted by the road on the person that causes the motion. 
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Objective Questions 
Single Correct Option 


1. 


. For the arrangement shown in the figure, the reading of spring 


Three equal weights A, B and C of mass 2 kg each are hanging on a string passing over =“ 
a fixed frictionless pulley as shown in the figure. The tension in the string connecting 
weights B and C is approximately 


os | 
} 
j 
i 


(a) zero ) 
(b) 13 N Al 5) 
(c) 3.38 N i 
(d) 19.6 N Cc) 


. Two balls A and Bof same size are dropped from the same point under gravity. The mass of Ais 


greater than that of B. If the air resistance acting on each ball is same, then 
(a) both the balls reach the ground simultaneously 

(b) the ball A reaches earlier 

(c) the ball B reaches earlier 

(d) nothing can be said 


. Ablock of mass m is placed at rest on an inclined plane of inclination @ to the horizontal. If the 


coefficient of friction between the block and the plane isp, then the total force the inclined 
plane exerts on the block is 
(a) mg (b) u mg cos® (c) mg sin® (d) u mg tan® 


. In the figure a block of mass 10 kg is in equilibrium. Identify the string in which 


the tension is zero. 
(a) B A 
(b) C 


Cc 
(c) A A 
(d) None of the above 10 kg| 


= ; : . . 2 
. At what minimum acceleration should a monkey slide a rope whose breaking strength is 3 rd of 


its weight ? 
2 
(a) = (b) g (c) 2 (d) zero 


balance is —+—  - > 
(a) 50 N } 


(b) 100 N 
(c) 150 N _)5kg 10kg | 
(d) None of the above 


. The time taken by a body to slide down a rough 45° inclined plane is twice that required to slide 


down a smooth 45° inclined plane. The coefficient of kinetic friction between the object and 
rough plane is given by 


1 3 
(a) 3 (b) a 


3 2 
(c) fe (d) A 


10. 


11. 


12. 


13. 


14. 
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. The force required to just move a body up the inclined plane is double the force required to just 


prevent the body from sliding down the plane. The coefficient of friction isu. If@ is the angle of 
inclination of the plane than tan6 is equal to 
(a) W (b) 3p (c) 2u (d) 05 


. A force F, accelerates a particle from rest to a velocity v. Another force F, decelerates the same 


particle from v to rest, then 

(a) F, is always equal to F, 

(b) F, is greater than F, 

(c) F, may be smaller than, greater than or equal to F, 

(d) Fy cannot be equal to F, 

A particle is placed at rest inside a hollow sca ati of radius R. The coefficient of friction 
between the particle and the hemisphere is Lt = The maximum height up to which the 
or 


particle can remain stationary is 


R v3 
(ays (b) p-B) 


In the figure shown, the frictional coefficient between table and block is 0.2. Find the ratio of 
tensions in the right and left strings. 


3R 
O 


T2 T4 
5kg 


5kg 


(a) 17: 24 (b) 34: 12 (c) 2:3 (d) 3:2 


A smooth inclined plane of length Z having inclination 8 with the horizontal is inside a lift 
which is moving down with a retardation a. The time taken by a body to slide down the inclined 
plane from rest will be 


IL aL IL IL 
(a) \(@+ a)siné Y) sl @aaane © Tame () and 


A block rests on a rough inclined plane making an angle of 30° with horizontal. The coefficient 
of static friction between the block and inclined plane is 0.8. If the frictional force on the block is 
10 N, the mass of the block in kg is (g = 10 m/s”) 


(a) 2.0 (b) 4.0 
(c) 1.6 (d) 2.5 


In figure, two identical particles each of mass m are tied together 
with an inextensible string. This is pulled at its centre with a 
constant force F. If the whole system lies on a smooth horizontal 
plane, then the acceleration of each particle towards each other is 


15kg 


v3 F 1 F 
(@) = 0285 m 
26F 
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15. A block of mass m is placed at rest on a horizontal rough surface with angle of friction 6. The 
block is pulled with a force F at an angle 0 with the horizontal. The minimum value of F 
required to move the block is 

mg sin mg cos » 


ear aaa (b) 


cos@ — >) cos @— 6) (c) mg tan (d) mg sin 


16. A block of mass 4 kg is placed on a rough horizontal plane. A time dependent horizontal force 
F = kt acts on the block. Here k= 2 Ns‘. The frictional force between the block and plane at 
time f= 2s is (u = 0.2) 

(a) 4N (b) 8N 
(c) 12N (d) 10N 


17. A body takes time ¢ to reach the bottom of a smooth inclined plane of angle @ with the 
horizontal. If the plane is made rough, time taken now is 2¢. The coefficient of friction of the 
rough surface is 


3 2 
a) — tan — tand 
me n Oye n 
(c) “ tand (d) - tan@ 


18. A man of mass m slides down along a rope which is connected to the ceiling of an elevator with 
deceleration a relative to the rope. If the elevator is going upward with an acceleration a 
relative to the ground, then tension in the rope is 
(a) mg (b) m(g + 2a) 

(c) m(g + a) (d) zero 
19. A 50 kg person stands on a 25 kg platform. He pulls on the rope which is attached to the 


platform via the frictionless pulleys as shown in the figure. The platform moves upwards at a 
steady rate if the force with which the person pulls the rope is 


(a) 500 N (b) 250 N (c) 25 N (d) None of these 


20. A ladder of length 5 m is placed against a smooth wall as shown in figure. The coefficient of 
friction ist between ladder and ground. What is the minimum value of, if the ladder is not to 
slip? 


22 
Che. 


21 


22 


23 


24 


25 


26 


27 
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. Ifa ladder weighing 250 N is placed against a smooth vertical wall having coefficient of friction 
between it and floor 0.3, then what is the maximum force of friction available at the point of 


contact between the ladder and the floor? 


(a) 75 N (b) 50 N 


(c) 85 N (d) 25N 


. A rope of length LZ and mass M is being pulled on a rough horizontal floor by a constant 
horizontal force F = Mg. The force is acting at one end of the rope in the same direction as the 
length of the rope. The coefficient of kinetic friction between rope and floor is 1/2. Then, the 


tension at the midpoint of the rope is 


Mg 2Mg 
(a) “k (b) “aC 


(c) 3) (d) 2) 


. A heavy body of mass 25 kg is to be dragged along a horizontal plane [ = i} The least force 


required is (1 kgf = 9.8N) 
(a) 25 kef (b) 2.5 kef 


V3 


(c) 12.5 kef (d) 6.25 kef 


. Ablock A of mass 4 kg is kept on ground. The coefficient of friction between the block and the 
ground is 0.8. The external force of magnitude 30 N is applied parallel to the ground. The 
resultant force exerted by the ground on the block is (g = 10 m/s”) 


(a) 40 N 
(c) zero 


(b) 30 N 
(d) 50 N 


. Ablock A of mass 2 kg rests on another block Bof mass 8 kg which rests on a horizontal floor. 
The coefficient of friction between A and Bis 0.2 while that between Band floor is 0.5. When a 
horizontal force F of 25 N is applied on the block B, the force of friction between A and Bis 


(a)38N 
(c)2N 


. A body of mass 10 kg lies on a rough inclined plane of inclination 
0= sin(2) with the horizontal. When the force of 30 N is applied on 


the block parallel to and upward the plane, the total force by the plane 


on the block is nearly along 
(a) OA 
(c) OC 


(b) 4N 
(d) zero 


(b) OB 
(d) OD 


. In the figure shown, a person wants to raise a block lying on the ground to a height h. In which 
case he has to exert more force. Assume pulleys and strings are light 


(a) Fig. @) 
(c) Same in both 


(i) 


(ii) 


(b) Fig. (11) 


(d) Cannot be determined 
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28. 


29. 


30. 


Aman of mass m stands on a platform of equal mass m and pulls himself by 
two ropes passing over pulleys as shown in figure. If he pulls each rope with 
a force equal to half his weight, his upward acceleration would be “| 


&§ 
(a) 2 
& 
(b) rl 


() g 
(d) zero 


A varying horizontal force F = at acts on a block of mass m kept on a smooth horizontal surface. 
An identical block is kept on the first block. The coefficient of friction between the blocks is uw. 
The time after which the relative sliding between the blocks prevails is 

2m, 2um, m. 
(a) 72 (o) 8 oe (d) 2 mga 

a a a 
Two particles start together from a point O and slide down along straight smooth wires inclined 
at 30° and 60° to the vertical plane and on the same side of vertical through O. The relative 
acceleration of second with respect to first will be of magnitude 
V3. 

(a) € (b) <8 


g 
: (c) ai (d) g 


Subjective Questions 


1: 


2. 


3. 


Find the values of the unknown forces if the given set of forces shown in figure are in 
equilibrium. 


3N 


10N 
60° 


Determine the tensions T, and T, in the strings as shown in figure. 


W=4x9.8N 


In figure the tension in the diagonal string is 60 N. 


(a) Find the magnitude of the horizontal forces F, and F, that must be 
applied to hold the system in the position shown. 


(b) What is the weight of the suspended block ? 
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4. A ball of mass 1 kg hangs in equilibrium from two strings OA and OB as shown in figure. What 
are the tensions in strings OA and OB? (Take g= 10 m/s’). 


5. Arod OA of mass 4 kg is held in horizontal position by a massless string AB as shown in figure. 
Length of the rod is 2 m. Find 


(a) tension in the string, 
(b) net force exerted by hinge on the rod. (g = 10 m/s”) 


6. Two beads of equal masses m are attached by a string of length 2a and are free to move ina 
smooth circular ring lying in a vertical plane as shown in figure. Here, a is the radius of the 
ring. Find the tension and acceleration of B just after the beads are released to move. 

A 


7. Two blocks of masses 1 kg and 2 kg are connected by a string AB of mass 1 kg. The blocks are 
placed on a smooth horizontal surface. Block of mass 1 kg is pulled by a horizontal force F of 
magnitude 8 N. Find the tension in the string at points A and B. 


A B 
2kg ikg F=8N 


8. Two blocks of masses 2.9 kg and 1.9 kg are suspended from a rigid support S by S 


two inextensible wires each of length 1 m, as shown in the figure. The upper wire | 
has negligible mass and the lower wire has a uniformly distributed mass of 0.2 kg. 

The whole system of blocks, wires and support have an upward acceleration of 2.9 kg 

0.2 m/s”. Acceleration due to gravity is 9.8 m/s”. 

(a) Find the tension at the mid-point of the lower wire. 

(b) Find the tension at the mid-point of the upper wire. 1.9 kd 
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9. 


10. 


11. 


12. 


13. 


14. 


15. 


Two blocks shown in figure are connected by a heavy uniform rope of mass 4 kg. An {F= 200 N 


upward force of 200 N is applied as shown. 5 kg| 
(a) What is the acceleration of the system ? E 

(b) What is the tension at the top of the rope ? | 4kg 
(c) What is the tension at the mid-point of the rope ? ; 
(Take g =9.8 mis”) 7kg| 


A 4m long ladder weighing 25 kg rests with its upper end against a smooth wall and lower end 
on rough ground. What should be the minimum coefficient of friction between the ground and 
the ladder for it to be inclined at 60° with the horizontal without slipping? (Take g= 10 m/s’). 


A plumb bob of mass 1 kg is hung from the ceiling of a train compartment. The train moves on 
an inclined plane with constant velocity. If the angle of incline is 30°. Find the angle made by 
the string with the normal to the ceiling. Also, find the tension in the string. (g = 10 m/s”) 


Repeat both parts of the above question, if the train moves with an acceleration a = g/2 up the 
plane. 


Two unequal masses of 1 kg and 2 kg are connected by a string goingoveraclampedl xs 
light smooth pulley as shown in figure. The system is released from rest. The larger 
mass is stopped for a moment 1.0 s after the system is set in motion. Find the time 
elapsed before the string is tight again. 


2kg 
In the adjoining figure, a wedge is fixed to an elevator moving upwards | 


with an acceleration a. A block of mass m is placed over the wedge. Find 
the acceleration of the block with respect to wedge. Neglect friction. 


a 


2 
@ 


In figure m, = 1 kg and m, = 4 kg. Find the mass M of the hanging block which will prevent the 
smaller block from slipping over the triangular block. All the surfaces are frictionless and the 
strings and the pulleys are light. 


Note In exercises 16 to 18 the situations described take place in a box car which has initial velocity v = 0 but acceleration 


a=(5 m/s*)i. (Take g =10 m/s°) 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 
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A 2.kg object is slid along the frictionless floor with initial velocity (10 m/s)i (a) Describe the 
motion of the object relative to car (b) when does the object reach its original position relative to 
the box car. 


A 2kg object is slid along the frictionless floor with initial transverse velocity (10 m/s) k. 
Describe the motion (a) in car’s frame and (b) in ground frame. 


A 2 kg object is slid along a rough floor (coefficient of sliding friction = 0.3) with initial velocity 
(10 m/s) i. Describe the motion of the object relative to car assuming that the coefficient of static 
friction is greater than 0.5. 


A block is placed on an inclined plane as shown in 
figure. What must be the frictional force between block 
and incline if the block is not to slide along the incline im 
when the incline is accelerating to the right at 3 m/s” 


_ 2 
(sin 37° = =} (Take g = 10 m/s”) eaie- ets 


A 6 kg block is kept on an inclined rough surface as shown in figure. 
Find the force F required to 
(a) keep the block stationary, 
(b) move the block downwards with constant velocity and 


(c) move the block upwards with an acceleration of 4 m/s”. 
(Take g =10m/ss*) 


A block of mass 200 kg is set into motion on a frictionless 
horizontal surface with the help of frictionless pulley and a rope 
system as shown in figure. What horizontal force F' should be 
applied to produce in the block an acceleration of 1 m/s” ? 


A cube of mass 2 kg is held stationary against a rough wall by a force F = 40 N passing through 
centre C. Find perpendicular distance of normal reaction between wall and cube from point C. 
Side of the cube is 20 cm. Take g = 10 m/s”. 


A 20 kg monkey has a firm hold on a light rope that passes over a frictionless pulley and is 

attached to a 20 kg bunch of bananas. The monkey looks upward, sees the bananas and starts to 

climb the rope to get them. 

(a) As the monkey climbs, do the bananas move up, move down or remain at rest ? 

(b) As the monkey climbs, does the distance between the monkey and the bananas decrease, 
increase or remain constant ? 

(c) The monkey releases her hold on the rope. What happens to the distance between the monkey 
and the bananas while she is falling ? 

(d) Before reaching the ground, the monkey grabs the rope to stop her fall. What do the bananas 
do? 
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24. In the pulley-block arrangement shown in figure, find the relation between acceleration of blocks 
A and B. 
—Es 


; 


25. In the pulley-block arrangement shown in figure, find relation between a, , ag and ag. 


/ 


26. In the figure shown, find : (g= 10 m/s”) 


(a) acceleration of 1 kg, 2 kg and 3 kg blocks and 
(b) tensions T; and T,. 


27. Find the acceleration of the blocks A and B in the situation shown in the figure. 


28. 


29. 


30. 


31. 
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A conveyor belt is moving with constant speed of 6 m/s. A small block is just dropped on it. 
Coefficient of friction between the two isu = 0.3. Find 


B 


— 


+_ 


6 m/s 


(a) The time when relative motion between them will stop. 
(b) Displacement of block upto that instant. (g = 10m/s”). 


Coefficient of friction between two blocks shown in figure is = 0.4. The blocks are given 
velocities of 2 m/s and 8 m/s in the directions shown in figure. Find 


1 kg —~ 2 m/s 


2kg 
—————E—S 


Smooth 


8 m/s 


(a) the time when relative motion between them will stop. 
(b) the common velocities of blocks upto that instant. 
(c) displacements of 1 kg and 2 kg blocks upto that instant. (g = 10m/s?) 


A 2 kg block is pressed against a rough wall by a force F = 20 N as shown in figure. Find 
acceleration of the block and force of friction acting on it. (Take g = 10 m/s”) 


20N us = 0.8 
LU, = 0.6 


Wall 


A 2 kg block is kept over a rough ground with coefficient of friction = 0.8 as shown in figure. A 
time varying force F = 2t (Fin newton and ¢ in second) is applied on the block. Plot a graph 
between acceleration of block versus time. (g = 10 m/s?) 


2kg F=2t 


u=0.8 


32. A 6 kg block is kept over a rough surface with coefficients of friction 1, = 0.6 andy, = 0.4 as 


shown in figure. A time varying force F = 4t (Fin newton and tin second) is applied on the block 
as shown. Plot a graph between acceleration of block and time. (Take g = 10 m/s?) 


6 kg F=4t 


LEVEL 2 


Objective Questions 
Single Correct Option 


1. What is the largest mass of C in kg that can be suspended 
without moving blocks A and B? The static coefficient of 
friction for all plane surface of contact is 0.3. Mass of block A 
is 50kg and block B is 70kg. Neglect friction in the pulleys. 
(a) 120 kg 
(b) 92 kg 
(c) 81 kg 
(d) None of the above 


2. Asphere of mass 1 kg rests at one corner of a cube. The cube is moved with a 
velocity v =(8ti— 2¢*)j,where tis time in second. The force by sphere on the { bh | 
cube at t= 1s is(g= 10 ms“) [Figure shows vertical plane of the cube] 


y 


(a) 8N (b) 10N 

(c) 20 N (d)6N — 
3. A smooth block of mass m is held stationary on a smooth wedge of mass M 

and inclination 0 as shown in figure. If the system is released from rest, 

then the normal reaction between the block and the wedge is Q 

(a) mg cos® 

(b) less than mg cos@ (™~ 


(c) greater than mg cos® 
(d) may be less or greater than mg cos@ depending upon whether M is less or greater than m 


4. Two blocks of masses m, and m, are placed in contact with each other on a horizontal platform 
as shown in figure. The coefficient of friction between m, and platform is 2 and that between 
block m, and platform is u. The platform moves with an acceleration a. The normal reaction 
between the blocks is 


m m2 
——_————— 
—_— a 
(a) zero in all cases (b) zero only if m, =m, 
(c) non zero only if a > 2 ug (d) non zero only if a >ug 


5. A block of mass m is resting on a wedge of angle 6 as shown in the figure. With what minimum 
acceleration a should the wedge move so that the mass m falls freely? 


a 
(™~ 


(a) g (b) g cosO 
(c) g cot® (d) g tan® 


6. To a ground observer the block Cis moving with vy and the block A with 
v,and Bis moving with v, relative to C as shown in the figure. Identify 


10. 


the correct statement. 
(a) U — V2 = U9 

(b) vu =v, 

(c) U + Up = Ve 

(d) None of the above 


m, in given situations, then 


—> a 
= 


(a) ay > Ay > dz 
(c) ay =A, =as 


. For the arrangement shown in figure the coefficient of friction between 
the two blocks isu. If both the blocks are identical and moving, then the 


acceleration of each block is 


F 
(a) —— — 2g 
2m 


F 
(c) one 


. In the arrangement shown in the figure the rod R is restricted to move in the 
vertical direction with acceleration a,, and the block Bcan slide down the fixed 
wedge with acceleration ay. The correct relation between a, and dy is given by 


(a) dg = a, sind 
(b) ag sin® = a, 
(c) ag cos® =a, 
(d) a, = a, cos® 
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. Ineach case m, = 4kg and m, = 3kg. Ifa,, a, and agare the respective accelerations of the block 


(b) a, > a, = as 
(d) a, > a3 >a, 


F 
(b) on 


log: 


Smooth 


(d) zero 


In the figure block moves downwards with velocity v,, the wedge moves rightwards with 
velocity uv. The correct relation between v, and vg is 


(a) U2 =U, 
(c) 2v, sin 8 = v, 


(b) vy = ¥, sin® 
(d) vg (1+ sin8) =v, 


338 © Mechanics - I 


11. 


12. 


13. 


14. 


15. 


16. 


In the figure, the minimum value of a at which the cylinder starts rising up the inclined surface 
1s 


(a) gtan® (b) gcot® (c) gsin® (d) g cos® 
When the trolley shown in figure is given a horizontal acceleration a, the 
pendulum bob of mass m gets deflected to a maximum angle 0 with the 
vertical. At the position of maximum deflection, the net acceleration of 
the bob with respect to trolley is 


(a) Vg? +a? (b) a cos® 


(c) gsin® —acos@ (d) a sin®@ 


In the arrangement shown in figure the mass Mis very heavy compared to m (M>>m). 1 
The tension T in the string suspended from the ceiling is ; 
(a) 4 mg (b) 2 mg | 


(c) zero (d) None of these ° 


A block rests on a rough plane whose inclination 6 to the horizontal can be varied. Which 
of the following graphs indicates how the frictional force F between the block and the 
plane varies as 9 is increased ? 


F F F F 
l 
) 8 ) ) 
O 90° O 90° O 90° 0 90° 
(a) (b) (c) (d) 


The minimum value of 1 between the two blocks for no slipping is 


Smooth 


F 
ears Orr Or @ 


A block is sliding along an inclined plane as shown in figure. If the 
acceleration of chamber is a as shown in the figure. The time required to 
cover a distance L along incline is 


7 a — 
\ gsin® —acos0 gsin@+ asin0 
= — (a | 
\ gsin®@ + acos@ gsin@ 


—~a 


17. 


18. 


19. 


20. 


21. 
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In the figure, the wedge is pushed with an acceleration of 


10/3 m/s”. It is seen that the block starts climbing up on the ae hg 4045 anlg? 
smooth inclined face of wedge. What will be the time taken eg 
by the block to reach the top? 
— | 

(a) (b) +s 

V5 V5 
(c) V5 s (d) 7 s 
Two blocks A and Bare separated by some distance and tied by a string as shown in the figure. 


The force of friction in both the blocks at t= 2s is 


m,=1kg Mz =2kg 
F'= eo | | F=15N 
My = 0.6 e'= 0.5 
(a) 4N @),5 N(C) (b) 2N@), 5 N(e) 
(c)O N@), 10 N(<) (d) 1 N(<), 10 N(W) 


All the surfaces and pulleys are frictionless in the shown arrangement. Pulleys P and Q are 
massless. The force applied by clamp on pulley P is 


(a) "Bi -31) (b) "8 (Bi +35) 
(c) ~ /2 (d) None of these 


Two blocks of masses 2 kg and 4 kg are connected by a light string and kept on horizontal 
surface. A force of 16 N is acted on 4 kg block horizontally as shown in figure. Besides, it is given 
that coefficient of friction between 4 kg and ground is 0.3 and between 2 kg block and ground is 
0.6. Then frictional force between 2 kg block and ground is 


w= 0.6 F=16N 
\ a). — 


w=0.3 


(a) 12N (b) 6 N 
(c) 4N (d) zero 
A smooth rod of length /is kept inside a trolley at an angle@ as shown in 


the figure. What should be the acceleration a of the trolley so that the — 
rod remains in equilibrium with respect to it? a 


(a) gtan®O (b) g cos® 
(c) gsin® (d) g cot® 
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22. 


23. 


24. 


25. 


26. 


27. 


A car begins from rest at time t= 0, and then accelerates along a 
straight track during the interval 0<t< 2s and thereafter with 
constant velocity as shown in the graph. A coin is initially at rest on 
the floor of the car. At t=1, the coin begins to slip and its stops 
slipping at t= 3s. The coefficient of static friction between the floor i 
and the coin is (g = 10 m/s”) 
(a) 0.2 (b) 0.3 1 2 
(c) 0.4 (d) 0.5 

A horizontal plank is 10.0 m long with uniform density and mass 10 kg. It rests on two supports 


which are placed 1.0 m from each end as shown in the figure. A man of mass 80 kg can stand 
upto distance x on the plank without causing it to tip. The value of xis 


i 
if 
! 
3. 4 ts) 


x 
a Sa 
il 1 3 1 
7) ri oa Oo 


A block is kept on a smooth inclined plane of angle of inclination 8 that moves with a constant 
acceleration so that the block does not slide relative to the inclined plane. If the inclined plane 
stops, the normal contact force offered by the plane on the block changes by a factor 

(a) tan (b) tan” 

(c) cos” (d) cot® 

A uniform cube of mass m and side ais resting in equilibrium on a rough 45° inclined surface. 


The distance of the point of application of normal reaction measured from the lower edge of the 
cube is 


(a) zero (b) . 
a a 
(c) oy (d) ri 


A horizontal force F = = is applied on the upper surface of a uniform cube of mass m and side a 


which is resting on a rough horizontal surface having p = > The distance between lines of 


action of mg and normal reaction is 


a a 
a) — b) 
(a) 2 (b) 3 
(c) ri (d) None of these 
Two persons of equal heights are carrying a long uniform wooden plank a B 


of length J. They are at distance r and . from nearest end of the rod. The 


ratio of normal reaction at their heads is 
(a) 2:3 (b) 1:3 
(c) 4:3 (d) 1:2 


28. 


29. 


30. 


31. 


32. 


33. 
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A ball connected with string is released at an angle 45° with the 
vertical as shown in the figure. Then the acceleration of the box at 


this instant will be (mass of the box is equal to mass of ball) Bniaoili 


& & 
= b) 2 Surface 
(a) 7 ) 3 


g 
Os (d) g 


In the system shown in figure all surfaces are smooth. Rod is moved by 

external agent with acceleration 9 ms” vertically downwards. Force 3 
exerted on the rod by the wedge will be 

(a) 120N 

(b) 200 N 

(d) 180 N 


A thin rod of length 1 m is fixed in a vertical position inside a train, which is moving 
horizontally with constant acceleration 4ms”. A bead can slide on the rod and friction 
coefficient between them is 0.5. If the bead is released from rest at the top of the rod, it will 
reach the bottom in 

(a) V2 s (b) 1s ()2s (d) 0.5 s 

Mr. X of mass 80 kg enters a lift and selects the floor he wants. The lift now accelerates upwards 
at 2ms~” for 2s and then moves with constant velocity. As the lift approaches his floor, it 
decelerates at the same rate as it previously accelerates. If the lift cables can safely withstand a 
tension of 2x 10* N and the lift itself has a mass of 500 kg, how many Mr. X’s could it safely 
carry at one time? 

(a) 22 (b) 14 

(c) 18 (d) 12 

A particle when projected in vertical plane moves along smooth surface with initial velocity 
20 ms! at an angle of 60°, so that its normal reaction on the surface remains zero throughout 
the motion. Then the slope of the surface at height 5m from the point of projection will be 


Ke 


(a) V3 (b) 1 
(c) 2 (d) None of these 


Two blocks A and B, each of same mass are attached by a thin inextensible string through an 
ideal pulley. Initially block Bis held in position as shown in figure. Now, the block Bis released. 
Block A will slide to right and hit the pulley in time t,. Block Bwill swing and hit the surface in 
time tg. Assume the surface as frictionless, then 


kK 1 >< 1 >| 


a 


(a) ty > tp (b) ty < tp (c) ty =tp (d) data insufficient 
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34. 


35. 


36. 


37. 


38. 


Three blocks are kept as shown in figure. Acceleration of 20 kg block with respect to ground is 


(a) 5ms~ (b) 2ms~ (c) lms” (d) None of these 
A sphere of radius R is in contact with a wedge. The point of contact is : from the ground as 


shown in the figure. Wedge is moving with velocity 20 ms”! towards left then the velocity of the 
sphere at this instant will be 


| 20m/s 


(a) 20 ms! (b) 15 ms (c) 16 ms! (d) 12ms 71 


In the figure it is shown that the velocity of lift is 2 ms! while string is winding on the motor 


shaft with velocity 2 ms”! and shaft Ais moving downward with velocity 2 ms"! with respect to 
lift, then find out the velocity of block B 


(a) 2ms !T (b) 2ms"N (c) 4ms 1T (d) None of these 


A monkey pulls the midpoint of a 10 cm long light inextensible string connecting two identical 
objects A and B lying on smooth table of masses 0.3 kg continuously along the perpendicular 
bisector of line joining the masses. The masses are found to approach each other at a relative 
acceleration of 5 ms” when they are 6 cm apart. The constant force applied by monkey is 

(a) 4N (b) 2N (c) 3N (d) None of these 


In the figure shown the block B moves with velocity 10 ms‘. The velocity of A in the position 
shown is 


(a) 12.5 ms + (b) 25 mst (c) 8ms? (d) 16 mst 


39. 


40. 


41. 


42. 


43. 
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In the figure m, = mp = m, = 60 kg. The coefficient of friction between C and ground is 0.5, B 
and ground is 0.3, A and Bis 0.4. C is pulling the string with the maximum possible force 
without moving. Then the tension in the string connected to A will be 


C | re, . 


gia} © 


(a) 120 N (b) 60 N 
(c) 100 N (d) zero 


In the figure shown the acceleration of A is a, = (15i+ 15j ). Then the acceleration of Bis 
(A remains in contact with B) 


il 


(a) 5i (b) -15i 
(c)-10i (d)-5i 


Two blocks A and B each of mass m are placed on a smooth 
horizontal surface. Two horizontal forces F and 2F are applied on F 2F 
the blocks A and B respectively as shown in figure. The block A does Vin 


not slide on block B. Then the normal reaction acting between the 
two blocks is 


F F 
a) F — c) = d) 3F 
(a) (b) 9 (c) B (d) 
Two beads A and B move along a semicircular wire frame as shown in figure. Cc 


The beads are connected by an inelastic string which always remains tight. p 
At an instant the speed of Ais u, Z BAC = 45° and BOC = 75°, where O is 


the centre of the semicircular arc. The speed of bead B at that instant is O (centre) 
(a) V2u (b) w | 
u 2 AW 
mee d) |Z 
© o/2 2 i" D 


If the coefficient of friction between A and Bisy, the maximum acceleration of the wedge A for 
which B will remain at rest with respect to the wedge is 


S 


(a) ng 0 «(2H © «[i*] (a £ 
=u +UL mM 
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44. A pivoted beam of negligible mass has a mass suspended from one 9 <4><——-,——_> 


45. 


46. 


47. 


end and an Atwood’s machine suspended from the other. The ,J A fr 
frictionless pulley has negligible mass and dimension. Gravity is My, 

directed downward and M, = 3M, J, = 3l,. Find the ratio M,/M, 
which will ensure that the beam has no tendency to rotate just after 
the masses are released. 


M, M, 
(a) M, (b) M, Mz Ms 
(c) —1 =4 (d) None of these 


2 


A block of mass m slides down an inclined right angled trough. If the 

coefficient of friction between block and the trough is u,, acceleration of 

the block down the plane is 

(a) g(sin® + V2, cos8) 

(b) g(sin® + UW, cos@) 

(c) g (sin® — 2 u, cos 8) : 
(d) g (sin®@ — LL, cos@) 


If force F is increasing with time and at t= 0, F = 0, where will slipping first start? 


(a) between 3 kg and 2 kg (b) between 2 kg and 1 kg 
(c) between 1 kg and ground (d) Both (a) and (b) 


A plank of mass 2 kg and length 1 m is placed on horizontal floor. A small block of mass 1 kg is 
placed on top of the plank, at its right extreme end. The coefficient of friction between plank and 
floor is 0.5 and that between plank and block is 0.2. If a horizontal force = 30 N starts acting on 
the plank to the right, the time after which the block will fall off the plank is 

(g=10ms”) 


(a) @ " 15s (c) 0.75 8 (a) (5 & 


More than One Correct Options 


1. 


Two blocks each of mass 1 kg are placed as shown. They are connected by a string which passes 
over a smooth (massless) pulley. 


There is no friction between m, and the ground. The coefficient of friction between m, and mz is 
0.2. A force F'is applied to my. Which of the following statements is/are correct? 

(a) The system will be in equilibrium if F <4N 

(b) If F > 4 N tension in the string will be 4 N 

(c) If F >4N the frictional force between the blocks will be 2 N 

(d) If F =6 N tension in the string will be 3 N 
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2. Two particles A and B, each of mass m are kept stationary by applying a horizontal force F = mg 
on particle Bas shown in figure. Then 


(a) tanB =2 tana (b) 27, =5T, 
(0) V2 T, = VBT, (d) a =B 
3. The velocity-time graph of the figure shows the motion of a wooden v (m/s) 


block of mass 1 kg which is given an initial push at t= 0 along a 

horizontal table. 

(a) The coefficient of friction between the block and the table is 0.1 

(b) The coefficient of friction between the block and the table is 0.2 

(c) If the table was half of its present roughness, the time taken by the 
block to complete the journey is 4s 

(d) If the table was half of its present roughness, the time taken by the 4 
block to complete the journey is 8s 


t (s) 


4. As shown in the figure, A is a man of mass 60kg standing on a block B of mass 40 kg kept on 
ground. The coefficient of friction between the feet of the man and the block is 0.3 and that 
between B and the ground is 0.2. If the person pulls the string with 125 N force, then 


(a) B will slide on ground 

(b) Aand B will move with acceleration 0.5 ms — 
(c) the force of friction acting between A and B will be 125 N 

(d) the force of friction acting between Band ground will be 250 N 


2 


5. In the figure shown A and Bare free to move. All the surfaces are smooth. Mass of Ais m. Then 


(a) the acceleration of A will be more than g sin 8 
(b) the acceleration of A will be less than gsin® 


(c) normal reaction on A due to B will be more than mg cos9® 
(d) normal reaction on A due to B will be less than mg cos®@ 
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6. 


10. 


11. 


. For the given situation shown in figure, choose the correct 


M, =3kg, Mz =4kg, and Mc = 8kg. Coefficient of friction between any two surfaces is 0.25. 
Pulley is frictionless and string is massless. A is connected to wall through a massless rigid rod. 


(a) value of F to keep C moving with constant speed is 80 N 

(b) value of F to keep C moving with constant speed is 120 N 

(c) if F is 200 N then acceleration of Bis 10 ms~ 

(d) to slide C towards left, F should be at least 50 N (Take g=10ms 7) 


. A man pulls a block of mass equal to himself with a light string. The coefficient of friction 


between the man and the floor is greater than that between the block and the floor 
(a) if the block does not move, then the man also does not move 

(b) the block can move even when the man is stationary 

(c) if both move then the acceleration of the block is greater than the acceleration of man 


(d) if both move then the acceleration of man is greater than the acceleration of block 


. A block of mass 1 kg is at rest relative to a smooth wedge moving 1kg 
leftwards with constant acceleration a = 5 ms’. Let N be the normal > 
reaction between the block and the wedge. Then (g = 10 ms”) a<—_ 
(a) N =5V5 newton (b) N =15 newton 
(c) tan® =; (d) tan® =2 me nae 


options (g = 10 ms~”) 

(a) At t=1s, force of friction between 2 kg and 4 kg is 2N 
(b) At t=1s, force of friction between 2 kg and 4 kg is zero 
(c) At t =4 8s, force of friction between 4 kg and ground is 8 N 
(d) At t=15s, acceleration of 2kg is 1 ms” 


In the figure shown, all the strings are massless and friction is absent —_—_ 
everywhere. Choose the correct options. 4h 
(a) T, > T; 
(b) Ty > 7, 
(c) T, > T, 
Onset 


Force acting on a block versus time graph is as F (N) 
shown in figure. Choose the correct options. 
(g=10 ms”) 10 
(a) At t=2<s, force of friction is 2 N 

(b) At t=8s, force of friction is 6 N 

(c) Att =10s, acceleration of block is 2 ms” 

(d) At t =12 s, velocity of block is 8ms™! 
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12. For the situation shown in figure, mark the correct options. 


w=0.4 
C 2kg | 
4kg F=2t 


moo 


(a) At t=3s, pseudo force on 4 kg block applied from 2 kg is 4 N in forward direction 
(b) At t=8s, pseudo force on 2 kg block applied from 4 kg is 2 N in backward direction 
(c) Pseudo force does not make an equal and opposite pairs 

(d) Pseudo force also makes a pair of equal and opposite forces 


13. For the situation shown in figure, mark the correct options. 

(a) Angle of friction is tan”! (1) 

(b) Angle of repose is tan”! (1) 

(c) At @ = tan‘ (1), minimum force will be required to move the block 
Mg 


Jlt+p2. 


(d) Minimum force required to move the block is 


Comprehension Based Questions 
Passage 1 (Q. Nos. 1 to 5) 


A man wants to slide down a block of mass m which is kept on a fixed m> 
inclined plane of inclination 30° as shown in the figure. Initially the block 

is not sliding. 

To just start sliding the man pushes the block down the incline with a force 

F. Now, the block starts accelerating. To move it downwards with constant aid 

speed the man starts pulling the block with same force. Surfaces are such 

that ratio of maximum static friction to kinetic friction is 2. Now, answer the following 


questions. 
1. What is the value of F? 
mg mg mgv3 
ms b) = EN 2. 
ie (c) i @ oe 
2. What is the value of p,, the Sena of static mat eal 
4 
a) —= c 
OE Os5 O55 O55 
3. If the man continues pushing the block by force F, its acceleration would be 
& & & & 
& & & d= 
(a) (b) z (c) - (d) 3 
4. If the man wants to move the block up the incline, what minimum force is required to start the 
motion? 
2 mg 7mg 5mg 
= ules a j= 
ame (b) . (c) = (d) ; 


5. What minimum force is required to move it up the incline with constant speed? 
2 m 7m 5m 
(a) 5 mg ) 28 «8 (8 
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Passage 2 (Q. Nos. 6 to 7) 


A lift with a mass 1200 kg is raised from rest by a cable with a tension 1350 kg-f. After some time 
the tension drops to 1000 kg-f and the lift comes to rest at a height of 25 m above its initial point. 


(1 kg-f = 9.8 N) 
6. What is the height at which the tension changes? 
(a) 10.8 m (b) 12.5 m 
(c) 14.3 m (d) 16 m 
7. What is the greatest speed of lift? 
(a) 9.8 ms" (b) 7.5 ms"! 
(c) 5.92 ms + (d) None of these 


Passage 3 (Q. Nos. 8 to 9) 


Blocks A and B shown in the figure are connected with a bar of negligible 
weight. A and B each has mass 170 kg, the coefficient of friction between A 
and the plane is 0.2 and that between B and the plane is 0.4 (g = 10 ms”) 


8. What is the total force of friction between the blocks and the plane? 


(a) 900 N (b) 700 N 
(c) 600 N (d) 8300 N 
9. What is the force acting on the connecting bar? 
(a) 140 N (b) 100 N 
(c) 75 N (d) 125 N 
Match the Columns 
1. 
2kg F 
Hs, Uk 


Force acting on a block versus time and acceleration versus time graph are as shown in figure. 
Taking value of g= 10 ms”, match the following two columns. 


Column I Column II 
(a) Coefficient of static friction (p) 0.2 
(b) Coefficient of kinetic friction (q) 0.3 
(c) Force of friction (in N) at t=0.1s (xr) 0.4 


(d) Value of Tr where a is acceleration of block (in m/s”) at (s) 0.5 


t=8s 


Chapter 8 Laws of Motion e 349 


2. Angle 6 is gradually increased as shown in figure. For the given situation match the following 
two columns. (g= 10 ms ”) 


Column I Column II 


(a) Force of friction when 8 =0° (p) 10N 
(b) Force of friction when 6 =90° | (q) 10V3 N 
(c) Force of friction when 8 = 30° (r) 10 N 


3B 


(d) Force of friction when @=60° | (s) None of the above 


3. Match the following two columns regarding fundamental forces of nature. 


Column I Column II 
(a) Force of friction (p) field force 
(b) Normal reaction (q) contact force 
(c) Force between two neutrons |(r) electromagnetic force 
(d) Force between two protons (s) nuclear force 


4. In the figure shown, match the following two columns. (g = 10 ms ”) 


5 m/s? 
—— 
ON Bl ts = 04 
Hk =0.3 
F 
Column I Column IT 
(a) Normal reaction (p) 5N 
(b) Force of friction when F =15N (q) 10N 
(c) Minimum value of F for stopping the block moving (7) 15N 


down 
(d) Minimum value of F' for stopping the block moving up | (s) None of the above 


5. There is no friction between blocks Band C. But ground is rough. Pulleys are smooth and 
massless and strings are light. For F=10N, whole system remains stationary. Match the 
following two columns.(mgz = mc = 1kg and g=10 ms 2) 


P. P. 
3 B 2 
Smooth 
Pa Cc P, 
A F 
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Column I Column II 


(a) Force of friction between A and ground |(p) 10 N 

(b) Force of friction between C and ground |(q) 20 N 

(c) Normal reaction on C from ground (r) 5N 

(d) Tension in string between P; and P, (s) None of the above 


6. Match Column I with Column II. 
Note Applied force is parallel to plane. 


Column I Column II 


(a) If friction force is less than applied (p) Static 
force then friction may be 
(b) If friction force is equal to the force (q) Kinetic 
applied, then friction may be 
(c) Ifa block is moving on ground, then | (r) Limiting 
friction is 
(d) Ifa block kept on ground is at rest, (s) No conclusion can 
then friction may be be drawn 


7. For the situation shown in figure, in Column I, the statements regarding friction forces are 
mentioned, while in Column II some information related to friction forces are given. Match the 
entries of Column I with the entries of Column II (Take g=10 ms”) 


u=0.2 2kg 
u=0.1 |3kg 
F=100N 
5kg 
Smooth 
Column I Column II 
(a) Total friction force on 3 kg block is (p) Towards right 
(b) Total friction force on 5 kg block is (q) Towards left 
(c) Friction force on 2 kg block due to 3 kg (vr) Zero 
block is 
(d) Friction force on 3 kg block due to 5 kg (s) Non-zero 
block is 


8. If the system is released from rest, then match the following two columns. 


Am) 
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Column I Column II 
(a) Acceleration of 2 kg mass (p) 2 SI unit 
(b) Acceleration of 3 kg mass (q) 5 SI unit 
(c) Tension in the string connecting 2 kg mass | (r) Zero 
(d) Frictional force on 2 kg mass (s) None of these 


Subjective Questions 


1. A small marble is projected with a velocity of 10 m/s in a direction 45° from the y-direction on 
the smooth inclined plane. Calculate the magnitude v of its velocity after 2s. (Take g = 10 m/s”) 


2. Determine the acceleration of the 5 kg block A. Neglect the mass of the pulley and cords. The 
block B has a mass of 10 kg. The coefficient of kinetic friction between block B and the surface 
isu, = 0.1.(Take g= 10m/s”) 


a | 


A! 

3. A 30 kg mass is initially at rest on the floor of a truck. The coefficient of static friction between 
the mass and the floor of truck in 0.3 and coefficient of kinetic friction is 0.2. Initially the truck 
is travelling due east at constant speed. Find the magnitude and direction of the friction force 
acting on the mass, if : (Take g= 10 m/ $s”) 

(a) The truck accelerates at 1.8 m/s” eastward 
(b) The truck accelerates at 3.8 m/s” westward. 


4. A 6 kg block B rests as shown on the upper surface of a 15 kg wedge A. Neglecting friction, 
determine immediately after the system is released from rest (a) the acceleration of A (b) the 
acceleration of B relative to A. (Take g = 10 m/s”) 
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5. In the arrangement shown in the figure, the rod of mass m held by two smooth walls, remains 
always perpendicular to the surface of the wedge of mass M. Assuming all the surfaces are 
frictionless, find the acceleration of the rod and that of the wedge. 


Fixed wall 


L\ 


6. At the bottom edge of a smooth vertical wall, an inclined plane is kept at an angle of 45°. A 
uniform ladder of length / and mass M rests on the inclined plane against the wall such that it is 
perpendicular to the incline. 


(a) If the plane is also smooth, which way will the ladder slide. 
(b) What is the minimum coefficient of friction necessary so that the ladder does not slip on the 


incline? 
7. A plank of mass M is placed on a rough horizontal surface and a m 
constant horizontal force F'is applied on it. A man of mass m runs 
on the plank. Find the range of acceleration of the man so that the mM F 
plank does not move on the surface. Coefficient of friction —_ i @#8§3= 


between the plank and the surface is u. Assume that the man 
does not slip on the plank. 


8. Find the acceleration of two masses as shown in figure. The pulleys are light and frictionless 
and strings are light and inextensible. 


fy 


i jm 


9. The upper portion of an inclined plane of inclination a is smooth and the lower portion is rough. 
A particle slides down from rest from the top and just comes to rest at the foot. If the ratio of 
smooth length to rough length is m:n, find the coefficient of friction. 


10. 


11. 


12. 


13. 


14. 
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Block B rests on a smooth surface. If the coefficient of static friction 100 N 
between A and Bis = 0.4. Determine the acceleration of each, if 
(a) F=380N and 

(b) F =250 N (g =10m&?) 


Block B has a mass m and is released from rest when it is on top of wedge A, which has a mass 
3m. Determine the tension in cord CD while B is sliding down A. Neglect friction. 


Coefficients of friction between the flat bed of the truck and crate areu, = 0.8andu, = 0.7. The 
coefficient of kinetic friction between the truck tires and the road surface is 0.9. If the truck 
stops from an initial speed of 15 m/s with maximum braking (wheels skidding). Determine 
where on the bed the crate finally comes to rest. (Take g = 10 m/s”) 


The 10 kg block is moving to the left with a speed of 1.2 m/s at time ¢ = 0. A force F'is applied as 
shown in the graph. After 0.2 s, the force continues at the 10 N level. If the coefficient of kinetic 
friction ist, = 0.2. Determine the time ¢ at which the block comes to a stop. (g = 10 m/ s”) 


F(N) 
20 
Vo =1.2 m/s 
10 <— 
_Fy, 10kg 
0 


t 
0 0.2 ®) 
The 10 kg block is resting on the horizontal surface when the force Fis applied to it for 7s. The 
variation of F with time is shown. Calculate the maximum velocity reached by the block and the 
total time ¢ during which the block is in motion. The coefficients of static and kinetic friction are 
both 0.50. (g = 9.8 m/s”) 
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15. 


16. 


17. 


18. 


19. 


20. 


If block A of the pulley system is moving downward with a speed of 1 m/s while block C is 
moving up at 0.5 m/s, determine the speed of block B. 


Ll" 
y J 


es 


The collar A is free to slide along the smooth shaft B mounted in the frame. The plane of the 
frame is vertical. Determine the horizontal acceleration a of the frame necessary to maintain 
the collar in a fixed position on the shaft. (g = 9.8 m/s”) 


-_ “ 3 
ww 
30° 
SS OY 


In the adjoining figure all surfaces are frictionless. What force F must by applied to M, to keep 
M, free from rising or falling? 


M2 


The conveyor belt is designed to transport packages of various weights. Each 10 kg package has 
a coefficient of kinetic friction u; = 0.15. If the speed of the conveyor belt is 5 m/s, and then it 
suddenly stops, determine the distance the package will slide before coming to rest. 

(g = 9.8 m/s”) 


In figure, a crate slides down an inclined right-angled trough. The coefficient of kinetic friction 


between the crate and the trough isu,. What is the acceleration of the crate in terms ofu,,0 and 
g? 


A heavy chain with a mass per unit lengthpis pulled by the constant force F along a horizontal 
surface consisting of a smooth section and a rough section. The chain is initially at rest on the 
rough surface with x = 0. If the coefficient of kinetic friction between the chain and the rough 


21. 


22. 


23. 


24. 
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surface isit,,determine the velocity v of the chain when x = L. The force F'is greater thanu ,pgL 
in order to initiate the motion. 


Rough x=0 Smooth 


A package is at rest on a conveyor belt which is initially at rest. The belt is started and moves to 
the right for 1.3 s with a constant acceleration of 2 m/s?. The belt then moves with a constant 
deceleration a, and comes to a stop after a total displacement of 2.2 m. Knowing that the 
coefficients of friction between the package and the belt are us = 0.35 and wx = 0.25, determine 
(a) the deceleration ay of the belt, (b) the displacement of the package relative to the belt as the 
belt comes to a stop. (g = 9.8 m/s”) 


J=O=OC=OC=O=O=O=6 


Determine the normal force the 10 kg crate A exerts on the smooth cart B, if the cart is given an 
acceleration of a = 2 m/s” down the plane. Also, find the acceleration of the crate. Set 6 = 30°. 


(g=10m/s”). 


A small block of mass m is projected on a larger block of mass 10 m and length / with a velocity v 
as shown in the figure. The coefficient of friction between the two blocks is , while that 
between the lower block and the ground is u,.Given thatu,>11h). 


(a) Find the minimum value of v, such that the mass m falls off the block of mass 10 m. 
(b) If v has this minimum value, find the time taken by block m to do so. 


A particle of mass m and velocity v, in positive y direction is projected on to a belt that is moving 
with uniform velocity v, in x-direction as shown in figure. Coefficient of friction between 
particle and belt is 1. Assuming that the particle first touches the belt at the origin of fixed 
x-y coordinate system and remains on the belt, find the co-ordinates (x, y) of the point where 
sliding stops. 

Y 


Belt —_ 
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25. In the shown arrangement, both pulleys and the string are massless and all the surfaces are 
frictionless. Find the acceleration of the wedge. 


26. Neglect friction. Find accelerations of m, 2m and 3m as shown in the figure. The wedge is fixed. 


' 
| 
3m _| om 


27. The figure shows an L shaped body of mass M placed on smooth horizontal surface. The block A 
is connected to the body by means of an inextensible string, which is passing over a smooth 
pulley of negligible mass. Another block B of mass m is placed against a vertical wall of the 
body. Find the minimum value of the mass of block A so that block B remains stationary 
relative to the wall. Coefficient of friction between the block B and the vertical wall isu. 


P | 


m4 


Answers 


Introductory Exercise 8.1 


1. See the hints 2. See the hints 3. See the hints 
4. See the hints 5. See the hints 6. See the hints 
7. Fuy = 2V3 N, Fox = — 2.N, Fyx = 0, Fyx = 4N, Fy = 2N, Foy = 2V3 N, Fz, =—6N, Fa, = 0 
1000 500 
8. 30N 9.N, = N, Np = N 
caer = a 
2 
10. <w 11. (a) 26.8N (b) 26.8N (c) 100N 
3 
Introductory Exercise 8.2 
1. (a) 10 ms (b) 110N (c)20N 2.4 3. 2 ms? A. 3kg 
5. zero 6. <8 7.4 ms, 24N, 42N, 14.N 
8. (a) 3 ms~ (b) 18 N, 12 N, 30N, (c) 7ON 9. (a) 10 N, 30N (b) 24N 


Introductory Exercise 8.3 
1. 2a,+ a+a=0 2. 3 m/s downwards 3. (a) £8 (b) Pe N 4. (a) 3 i we 


5. 4.8kg g@22 N= ms 


7. 1ms~* (upwards 8. £ (up the plane 
35 (up ) 3 ¢ p the plane) 


Introductory Exercise 8.4 
1. (a) (4 j) N (b) (-4i)N 2. True 3. False 


Introductory Exercise 8.5 


-2 mg mg mg (V3-1 V3-1 
1. (a) zero, 20N (b)6ms*,8N 2. ey Ora (c) 5 i |e. Je 


Exercises 
LEVEL 1 


Assertion and Reason 


1.(d) 2. (a) 3.(a) 4.(b) 5.(d) 6 (a) 7.(b) 8 (d) 9%(d) 10. 


11. (d) 


Single Correct Option 

1. (b) 2 (b) 3 (a) 4 (d) 5. (c)))~=6©6.(d) 7. (b)) 8 «(b) % «c)~ (10. 
11. (a) 12. (a) 13. (a) 14 (b) 15. (a) 16. (a) «17. (a) «18. (b) 19. (b) 20. 
21. (a) 22. (d) «23. (c) «24. (d) «25. (d) 26. (a)so27. (a) 28. (d) 29 (b) 30. 
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Subjective Questions 


i. 
3. 


5. 
8. 
10. 


13. 


15. 
16. 


17; 


18. 


19. 


21. 
23. 
25. 


26. 


27. 


29. 


30. 
31. 


32. 


F=1016N,R=24N 


2. 45.26 N, 22.63 N 


F,=Fo =W = 30/2 N 4.5N, 5/3 N 

40 40 mg 8 
(a) N (b)-—=N 6.-2£,2 7. 4N, 6N 

V3 V3 V2 2 
(a) 20 N (b) 50 N 9. (a) 2.7 ms~* (b) 136.5 N (c) 112.5N 
0.288 11. 30°, 10N 12. tan? (+) 57 N 

V3 
5 s 14. (g + a) sin®, down the plane 
6.83 kg 
(a) xX =X) + 10t- 2.5 t? v, =10- 5¢ (b)t=4s 
(a) X =Xq - 2.5 t?,z=2) + 10t, v, =-5t,v,=10ms7 
(b) X = X9,Z= 2 + 10t, v, = 0,v,=10ms? 
Fort<1.25s: 
X = X9 + 10t -— 4t? 
v, =10- 8t 

After 1.25 s: Block remains stationary 
- mg 20. (a) 34. N (up) (b) 40 N (up) (c) 88 N (up) 
F=100N 22.5 cm 
(a) move up (b) constant (c) constant (d) stop 24. a, =— 3a, 
a, + 2a, + ag = O 
(a) a= = ms, ao = = ms~* (downwards) a= ae ms~* (downwards) (b) T,=T.= — N 


s g (downwards), & (upwards) 
(a)ls (b)6 ms! (c) 4m, 7m (both towards right) 
4 ms~* (downwards), 12 N (upwards) 


a=Ofort<8s,a=t-8 fort>8s 
a(mis°) 


a=Ofort< 9s, a=(Zt-4) torte 9s 


a (m/s*) 


28. (a) 2s (b)6m 
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LEVEL 2 


Single Correct Option 
1. (c) 2. (b) 3. (b) 4. (d) 5. (c) 6. (a) 7. (b) 8. (c) 9.(b) 10. (d) 
11. (a) 12.(c) 13. (b) 14.(b) 15.(c) 16.(c) 17. (b) 18. (d) 19. (b) 20. (c) 
21. (d) 22. (c) 23. (a) = 24. (c)—s 25. (a) ~—s 26. (b) ~—s 27. (c)~—s- 28. (b) ~—s 29. (b) ~—-3300. (d) 
31. (b) 32.(d) 33. (b) 34. (c) 35.(b) 36. (d) 37. (b) 38. (d) 39.(d) 40. (d) 
Al. (d) 42. (a) 43. (b) 44. (b) 45. (c) 46. (c) = 47. (a) 


More than One Correct Options 
1. (a,c,d) 2. (a,c) 3. (a,d) 4. (c,d) 5. (a,d) 6. (a,c) 7. (a,b, c) 
8. (a,c) 9. (b,c) 10. (b,c, d) = 11. call) 12. (b, c) 13. (all) 


Comprehension Based Questions 
1.(b) =. (a) 3.(d) 4. (c) 5.(d) ‘6. (c) 7. (c) 8. (a) 9. (a) 


Match the Columns 

@a() (be @ @M(~) d--() 
(a) > (s) (b> (SS) (eC) > (P) = ) > (P) 
a > (an (b> Gn (2s) (d)> (p,8) 
(a) >(s) ()>(~P) (C)> (8) > () 
(a) > (p) (b+) 9S) (> @) =) (P) 
(a) > (q) (6) > (@.N (Cc) >) )- (Pr) 
(a) > (q, s)(b) > (p,s) (c)> (p,8) (d)> (4,8) 
(ayo () (=~ M ©>(s) (dd) @) 


on oopPpwNnNeh 


Subjective Questions 
1. 10ms? 2. 5 ms 3. (a) 54 N (due east) (b) 60 N (due west) 4. (a) 6.36 ms~* (b) 5.5 ms~* 


mg cosa sina mg cosa Fo wM+ ms — ae F  w(M + mg 


m m m 


5. 6. (a) Clockwise () = 7. 


M ? 
msina + —— msina + —— 
sina sina 


8. ay = ane Mt g. (upwards) a,, = 5ay, 9. = — tana 
25m+M m 
10. (a) a, = ag = 0.857 m/s*  (b) ag =21 m/s’, ag =16 m/s? 11. sin20. 12. 2.77m 


13. t=033s 14. 5.2m/s,5.55s 15. zero 16, 5.66 m/s? 17. “ (M,+ M> + M3)g 18.8.5m 
2 


19. g(sine-V2u,cose) 20. = - wel 21. (a) 6.63 m/s? (b)0.33m 22. 90N,1ms~# 


2 2 
23. (8) Vmin = _-o me His! | 24. x=V> ye + 2 _ Vy yVi + V2 
ea 2ug 2ug 


25. emis 6avel 2 a= 8 6 4 Se OF. ye But St 
(Mm, + M3) (M+ My) + MyM; 34 34 17 a 


Work, Enengy 
and Power 


Chapter Contents 
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Introduction to Work 

Work Done 

Conservative and Non-conservative Forces 
Kinetic Energy 

Work-Energy Theorem 

Potential Energy 

Three Types of Equilibrium 

Power of a Force 

Law of Conservation of Mechanical Energy 


9.1 Introduction to Work 


In our daily life ‘work’ has many different meanings. For example, Ram is working in a factory. The 
machine is in working order. Let us work out a plan for the next year, etc. In physics however, the 
term ‘work’ has a special meaning. In physics, work is always associated with a force and a 
displacement. We note that for work to be done, the force must act through a distance. Consider a 
person holding a weight at a distance ‘h’ off the floor as shown in figure. 


No work is done by the man holding the weight at a fixed position. The 
same task could be accomplished by tying the rope to a fixed point. 


Fig. 9.1 


In everyday usage, we might say that the man is doing a work, but in our scientific definition, no work 
is done by a force acting on a stationary object. We could eliminate the effort of holding the weight by 
merely tying the string to some object and the weight could be supported with no help from us. 


Let us now see what does ‘work’ mean in the language of physics. 


9.2 Work Done 


There are mainly three methods of finding work done by a force: 
(1) Work done by a constant force. 
(ii) Work done by a variable force. 

(iii) Work done by the area under force and displacement graph. 


Work done by a Constant Force 


Work done by a constant force is given by 
W=F-S (F = force, S = displacement) 
= FS cos0 
= (magnitude of force) (component of displacement in the direction of force) 
= (magnitude of displacement) (component of force in the direction of displacement) 
Here, 6 is the angle between F and S. 


Thus, work done is the dot product of F and S. 


Special Cases 
(i) If6 =0°, W=FS cos0°=FS 
(ii) If 8 =90°, W= FS cos 90° =0 
(iii) If 6 =180°, W=FS cos180° =— FS 
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@® Extra Points to Remember 


e Work done by a force may be positive, negative or even zero also, depending on the angle (8) between the 
force vector F and displacement vector S. Work done by a force is zero when @ = 90°, it is positive when 
0° < 8< 90° and negative when 90°< @< 180°. For example, when a person lifts a body, the work done by 
the lifting force is positive (as 8 = 0°) but work done by the force of gravity is negative (as 6 = 180°). 


e Work depends on frame of reference. With change of frame of reference, inertial force does not change 
while displacement may change. So, the work done by a force will be different in different frames. For 
example, if a person is pushing a box inside a moving train, then work done as seen from the frame of 
reference of train is F- S while as seen from the ground it is F-(S+ S$). Here So, is the displacement of 
train relative to ground. 


e Suppose a body is displaced from point A to point B, then 
S="p —ty =(Xp — X4) 1 + (Vg — Ya) V+ (Zp — Z,) 


Here, (Xq, Ya, Z,) ANd (Xg, Yg, Zp) are the co-ordinates of points A and B. 


© Example 9.1 A body is displaced from A =(2 m,4 m,-6 m) to 
rp =(6i —4j+2k) m under a constant force F =(2i + 3j — k) N. Find the work 
done. 


Solution r, =(2i+4j-6k)m 
S=rg-Ty 
= (61 — 45+ 2k)— (21+ 4j- 6k) 
= 4i — 8j+ 8k 
W =F-S=(2i+3j—k)-(4i-8j+ 8k) =8-24-8=-24] Ans. 
Note Work done is negative. Therefore angle between F and §& is obtuse. 
© Example 9.2 A block of mass m=2 kg is pulled by a force F = 40 N upwards 
through a height h =2 m. Find the work done on the block by the applied force 


F and its weight mg. (g = 10 m/s”) 
F 


EB 
Fig. 9.2 
Solution Weight mg =(2)(10)=20N 
Work done by the applied force W,, = Fhcos 0° 
As the angle between force and displacement is 0° 
or W, = (40) (2) (1) = 80) Ans. 
Similarly, work done by its weight 
Wg = (ng) (h)cos 180° 
or Wg = (20) (2)(-1I)=-40J Ans. 
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© Example 9.3) Two unequal masses of 1 kg and 2 kg are attached at 
the two ends of a light inextensible string passing over a smooth pulley 
as shown in Fig. 9.3. If the system is released from rest, find the work 
done by string on both the blocks in 1 s. 
(Take g =10 m/s’). 1kg | 


Solution Net pulling force on the system is 


2kg 
Fret = 2g — lg =20-10=10N 
Total mass being pulled m= (1+ 2)=3kg Pee 
Therefore, acceleration of the system will be 
= FP as _ 10 m/s 
m 3 
Displacement of both the blocks in | s is 
Safa =3(S a? =5m  ~ 
2 2\3 3 452 
Free body diagram of 2 kg block is shown in Fig. 9.4 (b). [ 
Using XF = ma, we get af 1kg T 
20-7 =24=2(2) or P=sp- = |e t 
3 3 3 1g 2kg 2kg |2 
.. Work done by string (tension) on | kg block in | s is 
W, =(T)(S)cos 0° 29 20 N 
(a) (b) 
40) (5 200 
= ( ( (= J Ans. Fig. 9.4 
3 )\3 9 


Similarly, work done by string on 2 kg block in 1 s will be 
W, =(T)(S ) (cos 180° ) 


: (29 (3) pp s2; om 
3.7\3 9 


Work Done by a Variable Force 


So far we have considered the work done by a force which is constant both in magnitude and 
direction. Let us now consider a force which acts always in one direction but whose magnitude may 
keep on varying. We can choose the direction of the force as x-axis. Further, let us assume that the 
magnitude of the force is also a function of x or say F(x) is known to us. Now, we are interested in 
finding the work done by this force in moving a body from x, tox). 


Work done in a small displacement from x to x + dx will be 
dW =F '-dx 


Now, the total work can be obtained by integration of the above elemental work from x, to x, or 


W= [,aW= [Fax 
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Note In this method of finding work done, you need not to worry for the sign of work done. If we put proper limits 
in integration then sign of work done automatically comes. 
It is important to note that [°F dx is also the area under F'-x graph between x =x, tox =x). 
*] 


F, F 


Fig. 9.5 


Spring Force 
An important example of the above idea is a spring that 
obeys Hooke’s law. Consider the situation shown in 
figure. One end of a spring is attached to a fixed vertical 
support and the other end to a block which can move on a 
horizontal table. Let x = 0 denote the position of the block 
when the spring is in its natural length. When the block is — 
displaced by an amount x (either compressed or elongated) 
a restoring force (F) is applied by the spring on the block. 


The direction of this force F is always towards its mean |— x —>| 

position (x =0) and the magnitude is directly proportional 

to x or Fig. 9.6 
Fax (Hooke’s law) 
F=-kx 


Here, k is a constant called force constant of spring and 
depends on the nature of spring. From Eq. (1) we see that 
F is a variable force and F'-x graph is a straight line 
passing through origin with slope =— k. Negative sign in 
Eq. (i) implies that the spring force F is directed in a 
direction opposite to the displacement x of the block. 


Let us now find the work done by this force F when the 


block is displaced from x=0 to x=x. This can be Fig. 9.7 
obtained either by integration or the area under F'-x 
graph. 
x x —. ob 2 
Thus, W=| dW=|'Fax=|0 -kede=-5 hx 


Here, work done is negative because force is in opposite direction of displacement. 
Similarly, if the block moves from x =x, to x =x,. The limits of integration are x, and x, and the 
work done is 
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© Example 9.4 A force F =(2 +x) acts on a particle in x-direction where F is in 
newton and x in metre. Find the work done by this force during a displacement 
from x =1.0 mtox=2.0 m. 
Solution As the force is variable, we shall find the work done in a small displacement from 
x to x + dx and then integrate it to find the total work. The work done in this small displacement 
is 
dW =F dx=(2+x)dx 


2.0 2.0 
Thus, W=| aW=| (2+x)dx 
2 2.0 
x. 
=|2r+—] =3.5J Ans. 
2 1.0 


© Example 9.5 A force F =—- = (x #0) acts on a particle in x-direction. Find the 
x 


work done by this force in displacing the particle from. x =+ ato x =+2a. Here, 
k is a positive constant. 


2a 
: 2a (—k ky" 
Solution w=[ Fds= J" ( Jae =| ] 
+a x? PA 
+a 
k 
=-— Ans. 
2a 
Note It is important to note that work comes out to be negative which is quite obvious as the force acting on the 


particle is in negative x-direction (F =- “| while displacement is along positive x-direction. (from x = ato 
x 


XxX =2a) 


Work Done by Area Under F-S or F -x Graph 


This method is normally used when force and displacement are either parallel or antiparallel (or one 
dimensional). As we have discussed above 


w=| Fedx = area under F'-x graph 


So, work done by a force can be obtained from the area under F-x graph. Unlike the integration 
method of finding work done in which sign of work done automatically comes after integration, in 
this method area of the graph will only give us the magnitude of work done. If force and displacement 
have same sign, work done will be positive and if both have opposite signs, work done is negative. 
Let us take an example. 
F(N) 
© Example 9.6 A force F acting on a particle 10} -------- 

varies with the position x as shown in figure. 

Find the work done by this force in displacing the 

particle from 

(a)x=-2mtox=O anna eee 

(6) x=Otox=2m. Fig. 9.8 


ms - x(m) 


ie) 
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Solution (a) From x =— 2m to x= 0, displacement of the particle is along positive x-direction 
while force acting on the particle is along negative x-direction. Therefore, work done is negative 
and given by the area under F-x graph with projection along x-axis. 


W =~=(2)(10)=- 103 Ans. 


(b) From x = 0 to x = 2 m, displacement of particle and force acting on the particle both are along 
positive x-direction. Therefore, work done is positive and given by the area under F’-x graph, 


or W == (2)(10)= 103 Ans. 


INTRODUCTORY EXERCISE 


1; 


A block is displaced from (1m, 4m, 6m) to (2i + 3j ~4k) m under a constant force 
F=(6i —2j+K)N. Find the work done by this force. 


2. A block of mass 2.5 kg is pushed 2.20 m along a frictionless horizontal table by a constant force 


16 N directed 45° above the horizontal. Determine the work done by 
(a) the applied force, 

(b) the normal force exerted by the table, 

(c) the force of gravity and 

(d) determine the total work done on the block 


3. A block is pulled a distance x along a rough horizontal table by a horizontal string. If the tension 


in the string is T, the weight of the block is w, the normal reaction is N and frictional force is F. 
Write down expressions for the work done by each of these forces. 


4. A bucket tied to a string is lowered at a constant acceleration of g/4. If mass of the bucket is m 


and it is lowered by a distance / then find the work done by the string on the bucket. 


5. A 1.8 kg block is moved at constant speed over a surface for which coefficient of friction 1 = ; It 


is pulled by a force F acting at 45° with horizontal as shown in Fig. 9.9. The block is displaced by 
2 m. Find the work done on the block by (a) the force F (b) friction (c) gravity. 


Fig. 9.9 


6. Ablock is constrained to move along x-axis under a force F = —2x. Here, Fis in newton and x in 


metre. Find the work done by this force when the block is displaced from x =2m to x =—4m. 


7. A block is constrained to move along x-axis under a force F = = (x #0). Here, F is in newton 
x 


and x in metre. Find the work done by this force when the block is displaced from x =4 m to 
xX =2m. 
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8. Force acting on a particle varies with displacement as shown in Fig. 9.10. Find the work done by 
this force on the particle from x =—4 mto x =+4m. 


F(N) 


Fig. 9.10 


9. A particle is subjected to a force F, that varies with position 
as shown in figure. Find the work done by the force on the 
body as it moves 
(a) from x =10.0m to x =5.0m, 

(b) from x =5.0m to x =10.0 m, 
(c) from x = 10.0 m to x = 15.0 m, 
(d) whatis the total work done by the force over the distance 


x (m) 


2 4 6 8 1012 14 16 
x =Oto x =15.0m? Fig. 9.11 


10. A child applies a force F parallel to the x-axis to a block moving on a horizontal surface. As the 
child controls the speed of the block, the x-component of the force varies with the x-coordinate 
of the block as shown in figure. Calculate the work done by the forceF when the block moves 


F,(N) 


Fig. 9.12 
(a) from x =O to x =3.0m (b) from x =3.0m to x =4.0m 
(c) from x =4.0m to x =7.0m (d) from x =O to x =7.0m 


9.3 Conservative and Non-Conservative Forces 


In the above article, we considered the forces which were although variable but always directed in 
one direction. However, the most general expression for work done is 


dW =F-dr 
and w=|'aw=|"F-dr 
Here, dr = dxi + dyj + dzk 


r;= initial position vector and r,;= final position vector 


Conservative and non-conservative forces can be better understood after going through the following 
two examples. 
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© Example 9.7 An object is displaced from point A(2 m,3 m,4 m) to a point 
B(1m,2 m,3 m) under a constant force F =(2i + 38j + 4k) N. Find the work done 
by this force in this process. 


: rf (im, 2m,3m) 4 nN A nN 4 A 
Solution w= F-dr =| (25 + 3+ 4K )-(dxi + dyj + dzk) 
Yj (2m, 3m, 4m) 
- (1m, 2m, 3m) eas, 
[2x+ 3y+4z] pnts 9J Ans. 


Alternate Solution 


Since, F = constant, we can also use. 


W=F-S 
Here, S=r,—4r,=(i+ 2j+ 3k)— (2+ 3) + 4k) 
=Ci-j-&) 
W = (2i + 3j+ 4k): (-i- j-k) 
=-2-3-4=-9]J Ans. 


© Example 9.8 An object is displaced from position vector r= (2i + 3]) m to 
r, = (4i + 6j) m under a force F =(3x"7i + 2yj) N. Find the work done by this 


force. 


Solution We [? F-dr = ls (3x7i + 2yj)- (dai + dyj + dzk) 
Yr Yr 


= I, (3x? dx+ 2ydy)= [x? + ae : 


=83J Ans. 


In the above two examples, we saw that while calculating the work done we did not mention the path 
along which the object was displaced. Only initial and final coordinates were required. It shows that 
in both the examples, the work done is path independent or work done will be same along all paths. 
The forces in which work is path independent are known as conservative forces. 


Thus, if a particle or an object is displaced from position A to 1 
position B through three different paths under a conservative force 
field. Then, 

Wy = Wa =, 
Further, it can be shown that work done in a closed path is zero A 3 
under a _ conservative force field. (Wyg=—-Wpg, or 
Wig +Wp,4 =0). Gravitational force, Coulomb’s force and spring 
force are few examples of conservative forces. On the other hand, if the work is path dependent or 
W, #W,#W;, the force is called a non-conservative. Frictional forces, viscous forces are 


Fig. 9.13 


non-conservative in nature. Work done in a closed path is not zero in a non-conservative force field. 


Note The word potential energy is defined only for conservative forces like gravitational force, electrostatic force 
and spring force etc. 
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We can differentiate the conservative and non-conservative forces in a better way by making a table 
as given below. 


S.No Conservative Forces Non-conservative Forces 

1. Work done is path independent Work done is path dependent 

2. Work done in a closed path is zero Work done in a closed path is not zero 

3. The word potential energy is defined for The word potential energy is not defined for 
conservative forces non-conservative forces. 

4. Examples are: Examples are: 
gravitational force, electrostatic force, spring _ frictional force, viscous force etc. 
force etc. 


&® Extra Points to Remember 

e Gravitational force is a conservative force. Its work done is path independent. For small heights it only 
depends on the height difference ‘h’ between two points. Work done by gravitational force is (£mgh), in 
moving the mass ‘m’ from one point to another point. This is (+ mgh)if the mass is moving downwards (as 
the force mg and displacement both are downwards, in the same direction) and (—™mgh) if the mass is 
moving upwards. 


Sleds BANE areas B 
h Wap = —mgh 
Wea = +mgh 


Fig. 9.14 
e The magnetic field (and therefore the magnetic force) is neither conservative nor non-conservative. 


e Electric field (and therefore electric force) is produced either by static charge or by time varying magnetic 
field. First is conservative and the other non-conservative. 


9.4 Kinetic Energy 


Kinetic energy (KE) is the capacity of a body to do work by virtue of its motion. If a body of mass m 
has a velocity v, its kinetic energy is equivalent to the work which an external force would have to do 
to bring the body from rest upto its velocity v. The numerical value of the kinetic energy can be 
calculated from the formula. 


1 
KE=— mv" 
2 


This can be derived as follows: 


Consider a constant force F which acting on a mass m initially at rest. This force provides the mass m 
a velocity v. 
Ifin reaching this velocity, the particle has been moving with an acceleration a and has been given a 


displacement s, then 
F=ma (Newton’s law) 


v? =2as 


Work done by the constant force = F's 


2 
or W =(ma) [pm 
2a} 2 
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But the kinetic energy of the body is equivalent to the work done in giving the body this velocity. 


1 
Hence, KE= 5 mv? 


Regarding the kinetic energy the following two points are important to note: 
1. Since, both m and v? are always positive. KE is always positive and does not depend on the 
direction of motion of the body. 
2. Kinetic energy depends on the frame of reference. For example, the kinetic energy of a person of 
mass m sitting in a train moving with speed v is zero in the frame of train but 5 mv? in the frame 


of earth. 


9.5 Work Energy Theorem 


This theorem is a very important tool that relates the works to kinetic energy. According to this 
theorem: 


Work done by all the forces (conservative or non-conservative, external or internal) acting on a 


particle or an object is equal to the change in kinetic energy of it. 
Wie =AKE=K, —K; 


net 


Let, F,, F,...be the individual forces acting on a particle. The resultant force is F= F, + F, +...and the 
work done by the resultant force is 


W=|F-dr=| (F,+F)+...)-dr 
=|F,-dr+[F, -dr+... 


where, | F, - dr is the work done on the particle by F, and so on. Thus, work energy theorem can also 


be written as: work done by the resultant force which is also equal to the sum of the work done by the 
individual forces is equal to change in kinetic energy. 


Regarding the work-energy theorem it is worthnoting that : 


(i) If W,., 18 positive then K , — K; = positive, 
ic. K,>K, or kinetic energy will increase and if W,, is negative then kinetic energy will 


decrease. 

(ii) This theorem can be applied to non-inertial frames also. In a non-inertial frame it can be written as 
work done by all the forces (including the pseudo forces) = change in kinetic energy in non-inertial 
frame. Let us take an example. 
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Refer Figure (a) 


A block of mass m is kept on a rough plank moving with an acceleration a. There is no relative motion 
between block and plank. Hence, force of friction on block is f = ma in forward direction. 


Refer Figure (b) 
Horizontal force on the block has been shown from ground (inertial) frame of reference. 


If the plank moves a distance s on the ground, the block will also move the same distance s (as there is 
no slipping between the two). Hence, work done by friction on the block (w.r.t. ground) is 

We = fs=mas 
From work-energy principle if v is the speed of block (w.r.t. ground), then 


1 
KE=W, or 5m =mas or v=~72as 
Thus, velocity of block relative to ground is ¥2as. 


Refer Figure (c) 
Free body diagram of the block has been shown from accelerating frame (plank). 
Here, f, = pseudo force = ma 
Work done by all the forces, 
W=W, +W, =mas—mas=0 
From work-energy theorem, 


1 
5 mr =W=0 or v, =0 


Thus, velocity of block relative to plank is zero. 


Note Work-energy theorem is very useful in finding the work-done by a force whose exact nature is not known to 
us or to find the work done of a variable force whose exact variation is not known to us. 


© Example 9.9 An object of mass 5 kg falls from rest through a vertical distance 
of 20 m and attains a velocity of 10 m/s. How much work is done by the 
resistance of the air on the object ? 
(g =10 m/s”) 
Solution Applying work-energy theorem, 
work done by all the forces = change in kinetic energy 


or Wag PN gi = Z mv" 
2 
W, eae W, a eg? mgh 
alr B) mg 2 gs 
2 : x 5x (10)? — (5) x (10) x (20) 


=-—750J Ans. 
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© Example 9.10 An object of mass m is tied to a string of 
length | and a variable force F is applied on it which brings 
the string gradually at angle 8 with the vertical. Find the 
work done by the force F . 


Solution In this case, three forces are acting on the object: S 
1. tension (7) Fig. 9.16 
2. weight (mg ) and 

3. applied force (F') 

Using work-energy theorem 


| h=1(1 —cos6) 


or W,+W,. +Wr =0 .. (i) 


mg 

as AKE = 0 

because K,=K -=0 

Further, W; = 0, as tension is always perpendicular to displacement. 
W, 


mg 


or W, 


mg 


—mgh 
—megl (1—cos 8) 
Substituting these values in Eq. (1), we get 
W, = mel (1—cos 8) Ans. 


Note Here, the applied force F is variable. So, if we do not apply the work energy theorem we will first find the 
magnitude of F at different locations and then integrate dW (=F -dr) with proper limits. 


© Example 9.11 A body of mass m was slowly hauled up the 
hill as shown in the Fig. 9.18 by a force F which at each | 
point was directed along a tangent to the trajectory. Find es h 
the work performed by this force, if the height of the hill is | 
h, the length of its base is l and the coefficient of friction is 
UL. | ————1 


Solution Four forces are acting on the body: Dies ale 


1. weight (mg ) 

2. normal reaction (N ) 
3. friction (f) and 

4. the applied force (F’) 
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Using work-energy theorem 


Wet = AKE 
or Wg t Wig FW We =0 .. (i) 
Here, AKE = 0, because K,; = 0= Ky 
WF ae = mgh 
Wy =0 


(as normal reaction is perpendicular to displacement at all points) 
W, can be calculated as under 
f =u mg cos 8 
(dW ap )¢ =— fds 

=— (u mg cos 8)ds 

=—[ mg (dl) 
2 f=-uUmg Xd =-wu megl 
Substituting these values in Eq. (i), we get 

W,, =mgh+umgl 


Note 


(as ds cos 9 = dl) 


Ans. 


Here again, if we want to solve this problem without using work-energy theorem we will first find 


magnitude of applied force F at different locations and then integrate dW (=F - dr) with proper limits. 


© Example 9.12 The displacement x of a particle moving in one dimension, under 
the action of a constant force is related to time t by the equation 


t=Vx +3 


where, x is in metre and t in second. Calculate: (a) the displacement of the particle 
when its velocity is zero, (b) the work done by the force in the first 6 s. 


Solution As t = Vx +3 


ie. x=(¢-3) 
So, v= (dx/ dt) = 2(t — 3) 
(a) vwillbe zerowhen 2(t-3)=0 ie. t=3 
Substituting this value of ¢ in Eq. (i), 
x= (3-3) =0 


i.e. when velocity is zero, displacement is also zero. 

(b) From Eq. (ii), (v),-9 =2(0—3)=—6 m/s 
and (v),-56 =2(6-3)=6 m/s 
So, from work-energy theorem 


w= AKE== ml} ve] = 5 mis" (-6)"]=0 


i.e. work done by the force in the first 6 s is zero. 


(i) 
...(ii) 


Ans. 


Ans. 
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INTRODUCTORY EXERCISE 


1. Aball of mass 100 gm is projected upwards with velocity 10 m/s. It returns back with 6 m/s. Find 
work done by air resistance. 


2. Velocity-time graph of a particle of mass 2 kg moving in a straight line is as shown in Fig. 9.20. 
Find the work done by all the forces acting on the particle. 


v (m/s) 


20 


2 t(s) 
Fig. 9.20 


3. Is work-energy theorem valid in a non-inertial frame? 

4. A particle of mass m moves on a straight line with its velocity varying with the distance travelled 
according to the equation v = a/x, where o is a constant. Find the total work done by all the 
forces during a displacement from x =0 to x =b. 


5. A5kg mass is raised a distance of 4 m by a vertical force of 80 N. Find the final kinetic energy of 
the mass if it was originally at rest. g = 10 m/s”. 


6. An object of mass m has a speed vy as it passes through the origin. It is subjected to a retarding 
force given by F, =—Ax. Here, A is a positive constant. Find its x-coordinate when it stops. 
7. Ablock of mass Mis hanging over a smooth and light pulley through a light string. The other end 
of the string is pulled by a constant force F. The kinetic energy of the block increases by 40J in 
1s. State whether the following statements are true or false: 
(a) The tension in the string is Mg 
(b) The work done by the tension on the block is 40 J 
(c) The tension in the string is F 
(d) The work done by the force of gravity is 40J in the above 1s 
8. Displacement of a particle of mass 2 kg varies with time as s = (2t? — 2t + 10) m. Find total work 
done on the particle in a time interval fromt =0 tot =2s. 
9. Ablock of mass 30 kg is being brought down by a chain. If the block acquires a speed of 40 cm/s 
in dropping down 2 m. Find the work done by the chain during the process. 
(g =10m/s”) 


9.6 Potential Energy 


The energy possessed by a body or system by virtue of its position or configuration is known as the 
potential energy. For example, a block attached to a compressed or elongated spring possesses some 
energy called elastic potential energy. This block has a capacity to do work. Similarly, a stone when 
released from a certain height also has energy in the form of gravitational potential energy. Two 
charged particles kept at certain distance has electric potential energy. 
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Regarding the potential energy it is important to note that it is defined for a conservative force field 
only. For non-conservative forces it has no meaning. The change in potential energy (dU ) of a system 
corresponding to a conservative force is given by 


dU =—¥F-dr=-dw 
ce [/au =-f” F-dr 


A 
or AU =U,-U, =-|" Far 


We generally choose the reference point at infinity and assume potential energy to be zero there, i.e. if 
we take 7, =o (infinite) and U, =0 then we can write 


u=-[- F-dr=-W 


or potential energy of a body or system is the negative of work done by the conservative forces in 
bringing it from infinity to the present position. 


Regarding the potential energy it is worth noting that: 


1. Potential energy can be defined only for conservative forces and it should be considered to be a 
property of the entire system rather than assigning it to any specific particle. 


2. Potential energy depends on frame of reference. 


3. Ifconservative force F and potential energy associated with this force U are functions of single 
variable r or x then : 


Now, let us discuss three types of potential energies which we usually come across. 


Elastic Potential Energy 
In Article 9.2, we have discussed the spring forces. We have seen there that the work done by the 
spring force (of course conservative for an ideal spring) is — 5 kx” when the spring is stretched or 
compressed by an amount x from its unstretched position. Thus, 


1 1 
U=-W=- -5 bs) or U =5 (k = spring constant) 


Note that elastic potential energy is always positive. 


Gravitational Potential Energy 
The gravitational potential energy of two particles of masses m, and m, separated by a distance r is 
given by 

mm) 


U=-G 


r 
11 N-m? 


Here, G = universal gravitation constant = 6.67 x 107 ve 
g 
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If a body of mass m is raised to a height / from the surface of earth, the change in potential energy of 
the system (earth + body) comes out to be 


h 
AU = a (R =radius of earth) 
(+5) 
R 
or AU =mgh if h<<R 


Thus, the potential energy of a body at height h, i.e. mgh is really the change in potential energy of the 
system for h<< R. So, be careful while using U = mgA, that h should not be too large. This we will 
discuss in detail in the chapter of Gravitation. 


Electric Potential Energy 


The electric potential energy of two point charges qg, and q, separated by a distance r in vacuum is 
given by 


_ 1 192 
4méy or 
Kea 
Here, =9.0x10° - = constant 
ATE 9 Cc 


@® Extra Points to Remember 
e Elastic potential energy is either zero or positive, but gravitational and electric potential energy may be 
Zero, positive or negative. 
e For increase or decrease in gravitational potential energy of a particle (for small heights) we write, 
AU = mgh 
Here, h is the change in height of particle. In case of a rigid body, h of centre of mass of the rigid body is seen. 


e Change in potential energy is equal to the negative of work done by the conservative force (AU = — AW), If 
work done by the conservative force is negative, change in potential energy will be positive or potential 
energy of the system will increase and vice-versa. 


Ground 
Fig. 9.21 
This can be understood by a simple example. Suppose a ball is taken from the ground to some height, 


work done by gravity is negative, i.e. change in potential energy should increase or potential energy of the 
ball will increase. 


IW acti SMe) 
AU =+ ve (AU = - AW) 
or Gh, =U, =p We) 
e F=- o i.e. conservative forces always act in a direction where potential energy 
/ F 
of the system is decreased. This can also be shown as in Fig 9.22. 


If a ball is dropped from a certain height. The force on it (its weight) acts in a 
direction in which its potential energy decreases. Fig. 9.22 
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© Example 9.13 A chain of mass ‘m’ and length T is kept in three positions as 
shown below. Assuming h=0 on the ground find potential energy of the chain in 
all three cases. 


| fb 
: | 
Y LLL ddddddidddddddd Ground 
) (c) 


(a) (b 
Fig. 9.23 
Solution For finding potential energy of chain we will have to see its centre of mass height ‘h’ 
from ground. 
In figure (a): h, =0 
In figure (b): A, =h 
h 


In figure (c): s =5 => Potential energy, U=mg 5 


=> Potential energy, U=0 
=> Potential energy, U=mgh 


© Example 9.14 Potential energy of a body in position A is -40 J. Work done by 
conservative force in moving the body from A to B is —20d. Find potential 
energy of the body in position B. 
Solution Work done by a conservative force is given by 
W 443 =-AU=—- (Uz —Uy )=Uy —UR 
ae Up, =U, —Wa43 =(—40)-(— 20) =-20) Ans. 


INTRODUCTORY EXERCISE 


1. If work done by a conservative force is positive then select the correct option(s). 
(a) potential energy will decrease 
(b) potential energy may increase or decrease 
(c) kinetic energy will increase 
(d) kinetic energy may increase or decrease. 
2. Work done by a conservative force in bringing a body from infinity to Ais 60 J and to B is 20 J. 
What is the difference in potential energy between points A and B, i.e. Ug — Uy. 


9.7 Three Types of Equilibrium 


A body is said to be in translatory equilibrium, if net force acting on the body is zero, i.e. 


F ia > 0 
If the forces are conservative Fo - — 
r 
and for equilibrium F' =0. 
dU dU 
So, -—=0, or = =U 
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i.e. at equilibrium position slope of U-r graph is zero or the potential energy is optimum (maximum, 
os Pe : woe ay dU 
minimum or constant). Equilibrium are of three types, i.e. the situation where F =0 and an =0can 
ia 
be obtained under three conditions. These are stable equilibrium, unstable equilibrium and neutral 
equilibrium. These three types of equilibrium can be better understood from the given three figures. 


— = 


(a) (b) (c) 
Fig. 9.24 


Three identical balls are placed in equilibrium in positions as shown in figures (a), (b) and (c) 
respectively. 

In Fig. (a), ball is placed inside a smooth spherical shell. This ball is in stable equilibrium position. In 
Fig. (b), the ball is placed over a smooth sphere. This is in unstable equilibrium position. In Fig. (c), 
the ball is placed on a smooth horizontal ground. This ball is in neutral equilibrium position. 

The table given below explains what is the difference and what are the similarities between these 
three equilibrium positions in the language of physics. 


Table 9.1 
. No. Stable Equilibrium Unstable Equilibrium Neutral Equilibrium 
Net force is zero. Net force is zero. Net force is zero. 
2 — = Oor slope of U-r graph is oe = Oor slope of U-r graph is — = Oor slope of U-r graph is 
Ir Ir Ir 
Zero. Zero. zero. 

3. When displaced from its When displaced from its equilibrium When displaced from its 
equilibrium position a net restoring position, a net force starts acting on equilibrium position the body has 
force starts acting on the body the body which moves the body in neither the tendency to come 
which has a tendency to bring the __ the direction of displacement or back nor to move away from the 
body back to its equilibrium away from the equilibrium position. — original position. It is again in 
position. equilibrium. 

4. Potential energy in equilibrium Potential energy in equilibrium Potential energy remains constant 
position is minimum as compared _ position is maximum as even if the body is displaced from 
to its neighbouring points. compared to its neighbouring its equilibrium position. 

2 i 2 
or a7 = positive points. oe or i =0 
or or = negative Or 
dr? 

5. When displaced from equilibrium When displaced from equilibrium When displaced from equilibrium 
position the centre of gravity of the position the centre of gravity of position the centre of gravity of 
body goes up. the body comes down. the body remains at the same 


level. 
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® Extra Points to Remember 
e lfwe plot graphs between F andror U andr, F will be zero at equilibrium while U will be maximum, minimum 
or constant depending on the type of equilibrium. This all is shown in Fig. 9.24 


F 


Fig. 9.25 
At point A, F = 0, o = 0, but U is constant. Hence, A is neutral equilibrium position. 
Ir 
At points B and D, F = 0, — = Obut U is maximum. Thus, these are the points of unstable equilibrium. 
iF 


At point C, F = 0, a = 0, but U is minimum. Hence, point C is in stable equilibrium position. 


Ip 


(a) (b) 
Fig. 9.26 
e Oscillations of a body take place about stable equilibrium position. For example, bob of a pendulum 
oscillates about its lowest point which is also the stable equilibrium position of the bob. Similarly, in 
Fig. 9.26 (b), the ball will oscillate about its stable equilibrium position. 


e Ifa graph between F and r is as shown in figure, then F = 0, atr =1,r =" andr =r. Therefore, at these 
three points, body is in equilibrium. But these three positions are three different types of equilibriums. For 
example : 


F 


Fig. 9.27 
at r = r,, body is in unstable equilibrium. This is because, if we displace the body slightly rightwards (positive 
direction), force acting on the body is also positive, i.e. away from r = fF, position. 
At r = 5, body is in stable equilibrium. Because if we displace the body rightwards (positive direction) force 
acting on the body is negative (or leftwards) or the force acting is restoring in nature. 
At r =z, equilibrium is neutral in nature. Because if we displace the body rightwards or leftwards force is 
again zero. 
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© Example 9.15 For the potential energy curve shown in figure. 


(a) Find directions of force at points A, B, C, Dand E. 
(b) Find positions of stable, unstable and neutral equilibriums. 


Solution (a) F = a or a (slope of U -x graph ) 
dr dx 
Point Slope of U - x graph F = (Slope of U - x graph) 
A Positive Negative 
B Positive Negative 
Cc Negative Positive 
D Negative Positive 
E Zero Zero 


(b) At point x= 6m, potential energy is minimum. So. it is stable equilibrium position. 
At x=2m, potential energy is maximum. So, it is unstable equilibrium position. 


There is no point, where potential energy is constant. So, we don't have any point of 
unstable equilibrium position. 


© Example 9.16 The potential energy of a conservative force field is given by 
U =ax” — bx 


where, a and b are positive constants. Find the equilibrium position and discuss 
whether the equilibrium is stable, unstable or neutral. 


Solution Ina conservative field F = -< 
oe 
d, 9 
F= (ax” — bx)= b— 2ax 
dx 
For equilibrium F' = 0 
or b-2ax=0 «. gan 
2a 


d°U re ee 
From the given equation we can see that eo 2a (positive), i.e. U is minimum. 
dx 


Therefore, x = ~ is the stable equilibrium position. Ans. 
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INTRODUCTORY EXERCISE 


1. Potential energy of a particle moving along x-axis is given by 
3 
U= [= —4x + | 
3 


Here, U is in joule and x in metre. Find position of stable and unstable equilibrium. 


2. Force acting on a particle moving along x-axis is as shown in figure. Find points of stable and 
unstable equilibrium. 


Fig. 9.29 
3. Two point charges + q and + q are fixed at (a, 0, 0) and (—a, 0, 0). A third point charge -q is at 
origin. State whether its equilibrium is stable, unstable or neutral if it is slightly displaced : 
(a) along x-axis. (b) along y-axis. 
4. Potential energy of a particle along x-axis, varies as, U = — 20 + (x — 2)*, where Uis in joule and 
X in meter. Find the equilibrium position and state whether it is stable or unstable equilibrium. 


5. Force acting on a particle constrained to move along x-axis is F =(x —4). Here, Fis in newton 


and x in metre. Find the equilibrium position and state whether it is stable or unstable 
equilibrium. 


9.8 Power of a Force 


Power of a force is the rate of work done by this force. Now, power may be of two types: 
(i) Instantaneous power (P, or P) (11) Average power (P.,,) 


Instantaneous Power 


The rate of doing work done by a force at a given instant is called instantaneous power of this force. 


Thus, 
W F-d 
pui® = . (as dW=F -dr) 
dt dt 
dr 
Vv (as ht v) 
= Fycos0 
pol og. v=Fvcos@ 
dt 


Here, 8 is the angle between F andv. Hence power of a force is the dot product of this force and 
instantaneous velocity. If angle between F and v is acute then dot product is positive (or cos®@ is 
positive). So, power is positive. If angle is 90°, then dot product, cos 9 and hence power are zero. If@ is 
obtuse, then dot product, cos and hence power are negative. 
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Average Power 


The ratio of total work done and total time is defined as the average power. 


W, 
Thus: Py= re 


total 
© Example 9.17 A ball of mass 1 kg is dropped from a tower. Find power of 
gravitational force at time t=2.s. Take g=10 mls”. 
Solution At t=2s, velocity of the ball, 
v= gt=10x2=20m/s (downwards) 
Gravitational force on the ball, 
F=mg=1x10=10N (downwards) 


*, Instantaneous power, P=F- v=Fvcos0@ 
= (10)(20)cos 0° aos 
=200W Ans. Fig. 9.30 


© Example 9.18 A particle of mass m is lying on smooth horizontal table. A 
constant force F tangential to the surface is applied on it. Find 


(a) average power over a time interval from t = 0 tot =t, 
(6) instantaneous power as function of time t. 


Solution (a) a= =f = constant 
m 


veat=—t => Py= 
m t t 
2 
= P’t Ans. 
2m 
2 
() P= Frveos = Fv=(F)(Z)=7 : Ans. 
m m 
INTRODUCTORY EXERCISE 


1. A block of mass 1 kg starts moving with constant accelerationa =4m/s?. Find 


(a) average power of the net force in a time interval fromt =O tot =2s, 
(b) instantaneous power of the net force att =4s. 


2. A constant power P is applied on a particle of mass m. Find kinetic energy, velocity and 
displacement of particle as function of time t. 


3. A time varying power P =2t is applied on a particle of mass m. Find 


(a) kinetic energy and velocity of particle as function of time, 
(b) average power over a time interval fromt =0 tot =¢. 
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9.9 Law of Conservation of Mechanical Energy 


Suppose, only conservative forces are acting on a system of particles and potential energy U is 
defined corresponding to these forces. There are either no other forces or the work done by them is 


zero. We have 


ae a 
and W=K,—K; (from work energy theorem) 


The sum of the potential energy and the kinetic energy is called the total mechanical energy. We see 
from Eq. (i), that the total mechanical energy of a system remains constant, if only conservative 
forces are acting on a system of particles and the work done by all other forces is zero. This is 


called the conservation of mechanical energy. 


The total mechanical energy is not constant, if non-conservative forces such as friction is also acting 


on the system. However, the work energy theorem, is still valid. Thus, we can apply 


Wot Wao + Went =K ¢ —K; 
Here, W, ==(0 7, =U 7) 
So, we get Wie + Wert =(Ky +09) —(K; +U,;) 
or Wg Wag = pm SHE 


Here, E = K +U is the total mechanical energy. 


@® Extra Points to Remember 
e Work done by conservative forces is equal to minus of change in potential energy 
W, =-AU=-(U, -U;)=U;-U, 
e Work done by all the forces is equal to change in kinetic energy. 
W,,, =AK =K;-K; 
e Work done by the forces other than the conservative forces (non-conservative + external forces) is equal 
to change in mechanical energy 


Who + Wey =AE=E, —E; = (K; +U;)—(K; +U;) 
e lf there are no non-conservative forces, then 
Wet =AE =E; —E; 
Further, in this case if no information is given regarding the change in kinetic energy then we can take it zero. 
In that case, 


Wey, = AU =U; — U; 


© Example 9.19 A body is displaced from position A to position B. Kinetic and 
potential energies of the body at positions A and B are 


Find work done by 
(a) conservative forces (b) all forces (c) forces other than conservative forces. 
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Solution (a) W, =-AU=-(U, -U,) 
=U,-U; =U, —U, 


=-—30-20=-50J Ans, 
(b) Wall =AK=K + -K; 
=K,-Ky 
=10-—50=-40] Ans. 


(c) Work done by the forces other than conservative 
=AE=E,-E; 
= (Ky +U,)—(K;+U;) 
=(K,+U,)-(K,+4+U,) 
= (10+ 20)— (50— 30)= 10J Ans. 


Note Work done by conservative force is negative (= —50 J). Therefore potential energy should increase and we 
can see that, Ur >U; as Ug >Uy 


Final Touch Points 


1. Suppose a particle is released from point A with u = 0. 


u=0 


Friction is absent everywhere. Then velocity at B will be 
v= 2gh (irrespective of the track it follows from A to B) 


Here, h=h, —hp 
2. In circular motion, centripetal force acts towards the centre. This force is perpendicular to small 
displacement dS and velocity v. Hence, work done by it is zero and power of this force is also zero. 


Solved Examples 


TYPED PROBLEMS 


Type 1. Based on conversation of mechanical energy. 


Concept 


If only conservative forces are acting on a system then its mechanical energy remains 
conserved. Otherwise, if all surfaces are given smooth, then also, mechanical energy will be 
conserved. 


How to Solve? 


If mechanical energy is conserved then it is possible that some part of the energy may be decreasing while 
the other part may be increasing. Now the energy conservation equation can be written in following two 
ways : 


First method Magnitude of decrease of energy = magnitude of increase of energy. 


aw eu=0 
h 
= . h=0 
Vv 
Second method E; =; (i > initial and f — final) 


i.e. write down total initial mechanical energy on one side and total final mechanical energy on the other 
side. While writing gravitational potential energy we choose some reference point (where h = 0), but 
throughout the question this reference point should not change. Let us take a simple example. 

Aball of mass‘ mis released from a height h as shown in figure. The velocity of particle at the instant when it 
strikes the ground can be found using energy conservation principle by following two methods. 
Method-1 Decrease in gravitational potential energy = increase in kinetic energy 


ee 
mgh = inv 
or v=,2gh 
Method-2 
E, =E; 
or K,; + U; =K; + U; 
or 0+ mgh = mv? +0 


=> v=2gh 


Chapter 9 Work, Energy and Power ° 387 


© Example 1_ In the figure shown, all surfaces are smooth and force constant of 
spring is 10 N/m. Block of mass 2 kg is not attached with the spring. The spring 
is compressed by 2m and then released. Find the maximum distance ‘d’ travelled 
by the block over the inclined plane. Take g=10 m/s’. 


2m 


Solution In the final position, block will stop for a moment and then it will return back. 
In the initial position system has only spring potential energy : kx” and in the final position it 


has only gravitational potential energy. 


v=0 


Final 
Position 


Initial 
Position 
Since, all surfaces are smooth, therefore mechanical energy will remain conserved. 
> E,=E; or 5 ka =mgh=me($] 
2 2 
' d 
where h=dsin 30° = 5 
2 
- oe kx 
mg 
Substituting the values we have, 
q_ 610) 2” 
(2) (10) 
=2m Ans. 


© Example 2. A smooth narrow tube in the form of an arc 
AB of a circle of centre O and radius r is fixed so that A is 
vertically above O and OB is horizontal. Particles P of 
mass m and @ of mass 2 m with a light inextensible string 
of length (x r/2) connecting them are placed inside the 
tube with P at A and Q at B and released from rest. 
Assuming the string remains taut during motion, find the 
speed of particles when P reaches B. 
Solution All surfaces are smooth. Therefore, mechanical energy of the system will remain 
conserved. 

Decrease in PE of both the blocks = increase in KE of both the blocks 


Tr _ 1 2 
(mgr) + (22mg) (=| ar (m + 2m)v 


or v= ie (1+ n)gr Ans. 


Q 
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© Example 3 One end of a light spring of natural length d 
and spring constant k is fixed on a rigid wall and the other 
is attached to a smooth ring of mass m which can slide 
without friction on a vertical rod fixed at a distance d from 
the wall. Initially the spring makes an angle of 37° with the 
horizontal as shown in figure. When the system is released 
from rest, find the speed of the ring when the spring becomes 
horizontal. (sin 37° = 3/5) 

Solution If 1is the stretched length of the spring, then from figure 


2 ude, i.e. je2d 
1 5 4 


So, the stretch = ged po 
4 4 
and ae See CeO 
4 5 64 


Now, taking point B as reference level and applying law of conservation of mechanical energy 
between A and B, 


E,=Ep 
or mgh + = ha == mo” [At B, h =O and x=0] 
2 
or * med + = k(S] ae? (eed peed andy ced 
4 2 4 2 4 4 
or v=d i. Ans. 
2d 16m 


Type 2. Based on the position of equilibrium and momentary rest. 
K 
Concept 
In the figure shown, block attached with the spring is released from rest at A 
natural length of the spring at A. ; 
At this position a constant force mg is acting on the block in downward direction. B 
So, block starts moving downwards and spring is stretched. So, a variable spring 
force kx starts acting on the block in upward direction which keeps on increasing c 


with extension ‘x’. In position B, also called equilibrium position, kx 
kx = mg ra 
TF es = 0 
mg 


But the block does not stop here. Rather, it has maximum velocity in this position. After 
crossing B the block retards, as kx> mg and net force is upwards. At point C (the maximum 
extension) block stops for a moment (v=0) and then it returns back. The block starts 
oscillating between A and C. 


Chapter 9 Work, Energy and Power ¢ 389 


Thus, 
Direction of net Direction of 

Sula fovaning force velocity pee 
AtoB mg > kx Downwards Downwards Increasing 

at B mg = kx Fret =O . Maximum 
BtoC kx > mg Upwards Downwards Decreasing 
CtoB kx > mg Upwards Upwards Increasing 
BtoA mg > kx Downwards Upwards Decreasing 

Note (i) Points A and C are the points of momentary rest, where v =0 but F,,. #0. So the maximum extension (at 


point C) can be obtained by energy conservation principle but not by putting F,,., =0. 


(i) Point B is the point of equilibrium where F,,., =0 and speed is maximum. This point can be obtained by 
putting F,,.,=0 and after that, maximum speed can be obtained by energy conservation principle. 


Example 4 In the figure shown in the concept, find 
(a) Equilibrium extension x)(= AB) 

(b) Maximum extension x,,(= AC) 

(c) Maximum speed at point B. 


Solution (a) At point B, kxo 
Fret =0 
> kx =mg 
=> Xo = mg mg Ans. 
K 


(b) From A to C (v4 =t¢ =0) 
Decreasing in gravitational potential energy = increasing in spring potential energy. 


Mili = Key (AC =x,,) 
2mg 

=> =? Ans. 
Pe 


(c) From A to B 


Decreasing in gravitational potential energy = increasing in (spring potential energy 
+ kinetic energy) 


1 ab 
=> ME Xi => Kx + > mv, 


2 max 


Substituting the value of x, -3 in the above equation, we get 
Umax = 2 | g Ans. 


Example 5 Consider the situation shown in figure. Mass of block A is m and 
that of block B is 2 m. The force constant of spring is K. Friction is absent 
everywhere. System is released from rest with the spring unstretched. Find 

(a) the maximum extension of the spring X,, 
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(b) the speed of block A when the extension in the spring is x= ae 
x 


(c) net acceleration of block B when extension in the spring is x= = 


Solution (a) At maximum extension in the spring 
U4 = Up =0 (momentarily) 
Therefore, applying conservation of mechanical energy: 


decreasing in gravitational potential energy of block B = increasing in elastic potential 
energy of spring. 


or MpEXy, = 3 Kx, 
or 2 MX, = 3 Kx? 
Xn = = Ans. 
2mg 
At ¢ em 28 
(b) 3 ER 
Let U4 = Up = U (say) 


Then, decrease in gravitational potential energy of block B= increase in elastic potential 
energy of spring + increase in kinetic energy of both the blocks. 


1 1 
Mp gx = 5 Kx? + . (m4 + mp)v" 


2 
or (2m) (g) (Pz2) =5 K ea + ; (m + 2m)v” 


v=2g Eva Ans. 


(c) Atx= Xm = ms 
4 K 
r 
t 
kx=mg «—Qiij—>T Bm }2 
—a 
2mg 
or Kx =mg 
_ Net pulling force 2mg—mg 
Total mass 3m 
— . (downwards) Ans. 
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Type 3. Problems with friction 


Concept 


Mechanical energy does not remain constant if friction is there and work done by friction is 


not zero. So, initial mechanical energy is more than the final mechanical energy and the 
difference goes in the work done against friction. 


How to Solve? 


° The problem can be solved by the following simple equation: 
initial mechanical energy — final mechanical energy if work done against friction. 


Here, work done against friction is equal to (u mg d )if the block is moving on horizontal ground and this is 
equal to (ud mg cos 8)if the block is moving on an inclined plane. In these expressions ‘d’ is the distance 


travelled over the rough ground (not the displacement). If uu, and u, two coefficients of friction are given, 
then we will have to take p,. 


© Example 6 


— 10 m/s 


In the figure shown, AB= BC=2m. Friction coefficient everywhere is 1 =0.2. Find the 
maximum compression of the spring. 


Solution Let xbe the maximum extension. 


—>+10 m/s Final 
2kg ah a a position 
Initial 
position 


h=(24+x)sin30°=(1+05x)m 
The block has travelled d, =2m on rough horizontal ground and d,=(2+ x)m on rough inclined 


ground. In the initial position block has only kinetic energy and in the final position spring and 
gravitational potential energy. So, applying the equation. 


E, — E; = work done against friction 


=> (5 me?) - (; ko + met) =u mg d, + (umg cos®) dy 


> 5X2 (10)*-=x10xa—2 10x (140.53) =0.2x2x10x2+ 0.2x2x10xcos 30°) (2+ x) 


Solving this equation we get, 


x=245m Ans. 
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© Example 7 Asmail block slides along a track 
with elevated ends and a flat central part as 
shown in figure. The flat portion BC has a length 
1=8.0 m. The curved portions of the track are 
frictionless. For the flat part, the coefficient of 
kinetic friction is 1, = 0.20, the particle is 
released at point A which is at height h =1.5 m 
above the flat part of the track. Where does the block finally comes to rest? 


Solution As initial mechanical energy of the block is mgh and final is zero, so loss in 
mechanical energy = mgh. This mechanical energy is lost in doing work against friction in the 


flat part, 

So, loss in mechanical energy = work done against friction 

or mgh =umgd 1.e. ge" e 18 a9 ex 
uw 0.2 


After starting from B, the block will reach C and then will rise up till the remaining KE at C is 

converted into potential energy. It will then again descend and at C will have the same value as 
it had when ascending, but now it will move from C to B. The same will be repeated and finally 
the block will come to rest at E such that 


BC +CB+ BE=7.5 


or 34+34+ BE=7.5 
i.e. BE=1.5 
So, the block comes to rest at the centre of the flat part. Ans. 


© Example 8 A0.5kg block slides from the point A on a horizontal track with an 
initial speed 3 m/s towards a weightless horizontal spring of length 1 m and 
force constant 2 N/m. The part AB of the track is frictionless and the part BC has 
the coefficient of static and kinetic friction as 0.22 and 0.20 respectively. If the 
distances AB and BD are 2 m and 2.14 m respectively, find the total distance 


through which the block moves before it comes to rest completely. (g = 10 m/s? ) 
(JEE 1983) 


Solution As the track AB is frictionless, the block moves this distance without loss in its 
initial KE == mv" =5%0.5 x 37 =2.25 J. In the path BD as friction is present, so work done 
against friction 
=uU,mgd =0.2x0.5x10x2.14=2.14 9 
So, at D the KE of the block is = 2.25 -2.14=0.11 J 
Now, if the spring is compressed by x 
0.11=4xkx x" + wymgx 


Le. O11 =5 x22" + 0.20.5 10x A B D Cc 


or x7 +x-0.11=0 
which on solving gives positive value of x =0.1m 


After moving the distance x = 0.1 m the block comes to rest. 
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Now the compressed spring exerts a force: 
F=kx=2x0.1=0.2N 


on the block while limiting frictional force between block and track is f, =W,mg 
=0.22x0.5x10=1.1N. Since, F < f,. The block will not move back. So, the total distance 
moved by the block 


= AB+ BD+0.1=2+2.144+0.1 
=4.24m Ans. 


Type 4. Dependent and path independent works 


Concept 
W= | F. dr 
Here, dr = dxi+dy j+dzk 
In the following three cases work done is path independent. 
(i) Fis a constant force. 
(ii) Fis of the type F=f,(oit+ i (i+ h Ok 
@ii) F-dr isin the form d (function of x, y and z) e.g. d(xy), so that, 


B B 
Wasp=|,F-dr=[, d(ay)=leylA 


In all other cases, we will have to mention the path. Along different paths work done 
will be different. 


© Example 9 A body is displaced from origin to (2m, 4m) under the following two 

forces : 
(a) F=(2i1+6j)N, a constant force 
(b) F=(2xi+ 3y?)N 
Find work done by the given forces in both cases. 
Solution (a) F=@i+6j)N 

dr = (dxi + dy j) 

F-dr=2dx+6dy 


(2m, 4m) (2m,4m) 
W= | F-dr= | @dx+6 dy) 
(0, 0) (0, 0) 


= [2x+ 6yIg7)” = @x2+6x4) 
=28d Ans. 
Note Here, F is constant, so the work done is path independent. 
(b) F=2xi+3y?j)N 
dr =(dxi + dy j) 
F- dr=(2xdx+3y"dy) 
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(2m, 4m) (2m, 4m) 
We | F-dr= | @xdx+3y"dy) 
(0, 0) (0, 0) 
= [x?+ ¥ Ios = @)?+ @) 
=68J Ans. 


Note Here the given force is of type F=f,(x) i+ fh (Vi 
So, the work done is path independent. 


© Example 10 A force F=- k(yi + xj) (where k is a positive constant) acts on a 
particle moving in the x-y plane. Starting from the origin, the particle is taken 
along the positive x-axis to the point (a,0) and then parallel to the y-axis to the 


point (a,a). The total work done by the force F on the particle is (JEE 1998) 
(a) -2ka® (b) 2ka” (c) -ka® (d) ka® 
Solution dW =F-dr, where dr =dxi + dyj+ dzk 
and F=—k (yi + xj) 
dW =-k (ydx + xdy) =— kd(xy) 
W = dW =-k feed (xy) 


=~ [xyl{G: 9} 
W =- ka? 
The correct option is (c). 
Alternate Method 
While moving from (0, 0) to (a, 0) along positive x-axis, y =0 
IFS hxj i.e. force is in negative y-direction while the displacement is in positive x-direction. 
Therefore, W, =0 (Force 1 displacement). 


y (a,a) 
W2 
(.0| Wi (ad) 


Then, it moves from (a, 0) to (a, a) along a line parallel to y-axis (x = +a). During this 
F =-k (yi + aj) 
The first component of force, -kyi will not contribute any work, because this component is along 
negative x-direction (—i) while displacement is in positive y-direction (a,0) to (a, a). 
The second component of force i.e. — kaj will perform negative work as : 
F=-kaj and S=aj 

i W,=F-S 
or W,, = (-ka) (a) =— ka” 

W =W,+W,=- ka’ 


Note For the given force, work done is path independent. It depends only on initial and final positions. 
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© Example 11_ A body is displaced from origin to (1m,1m) by a force 

F=(2 yi +3x i) along two paths 
(a) x=y (b) y= x" 
Find the work done along both paths. 
Solution F=(2yi+3x7 j) 

dr =(dxi + dy j) 

F- dr=(2y dx+ 3x" dy) 
We cannot integrate F- dr or (2y dx+ 3x” dy) as such to find the work done. But along the given 
paths we can change this expression. 
(a) Along the path x= 4, 
(2y dx+ 3x"dy) = (Qx dx+3y"dy) 
(1m,1lm) (1m, 1m) 
W,= | F-dr= | Qx dx+3y"dy) 
(0,0) (0,0) 


2 3 71.m,1 
= [x +y toe m) 


= (1)? + @=2d Ans. 
(b) Along the path y=x" 
2y dx+ 3x"dy) = (2x dx+3y dy) 


(1m,1m) (1m,1m) 
W.= [F-ar= | @27dx+ 3y dy) 
(0,0) (0,0) 
(1m,1m) 
fet 


2 3 3 2 

=-(1" +20 
a a 
6 


Note We can see that W, #W, or work done is path dependent in this case. 


Ans. 


Type 5. Based on relation between conservative force (F) and potential energy (U) associated with 


this force. 
Concept 
dU 
F=-—— eee 
cP (i) 
[dU =-| Fax (ii) 


If U-x function is given, we can make F-x function by simple differentiation, using Eq. (i). If 
F-x function is given, then U-x function can be made by integration, using Eq. (11). In this 
case, some limit of U (or value of U at some given value of x) should be known to us to make 
complete U-x function. Otherwise an unknown constant of integration will be there in U-x 
equation. If no limit is given in the question and we have to select the most appropriate 
answer then we can take U=0Oat x=0. 
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© Example 12. A particle, which is constrained to move along x-axis, is subjected 
to a force in the same direction which varies with the distance x of the particle 
from the origin as F (x)=—kx + ax®. Here, k and a are positive constants. For 
x = 0, the functional form of the potential energy U (x) of the particle is (JEE 2002) 


U(x) U(x) U(x) U(x) 
x — x Le Xx A x 
(b) (c) (d) 


(a) 
Solution F =- ot 
dx 


dU =-F-dx or U @)=-| Chet ax?) dx 


kx? ax* 

U (x) = — -— 

(x) . i 
2k 


a 


U (x) = negative for x> jee 
a 


Further, F =0 at x=0. Therefore slope of U-x graph should be zero at x =0. 


U (x) =0 at x=Oand x= 


Hence, the correct answer is (d). 


Note /n this example, we have assumed a limit :U =0 at x =0. 


© Example 13 A particle is placed at the origin and a force F = kx is acting on it 
(where k is a positive constant). If U (0) = 0, the graph of U (x) versus x will be 


(where, U is the potential energy function) fire soo) 
Ue) oo) U(x) U(x) 
a SS aL a 
(a) (b) (c) (d) 
Solution From F =- ules 
dx 


Ud ==( Hiss] Gide 
| | Fax=-, 


0 
U @=- as U (0)=0 


Therefore, the correct option is (a). 


Miscellaneous Examples 


© Example 14 A small mass m starts from rest and slides down the smooth 
spherical surface of R. Assume zero potential energy at the top. Find 
(a) the change in potential energy, 
(b) the kinetic energy, 
(c) the speed of the mass as a function of the angle 8 made by the 
radius through the mass with the vertical. 
Solution In the figure, h = R (1 — cos 0) 
(a) As the mass comes down, potential energy will decrease. Hence, 
AU =-mgh =-mgkR (1 - cos 8) 
(b) Magnitude of decrease in potential energy = increase in kinetic energy 


Kinetic energy = mgh 
=mgkR (1 - cos 8) Ans. 


(c) ; mv” = mgR (1 — cos @) 


v=./2gR (1 — cos 8) Ans. 


© Example 15 A smooth track in the form of a quarter-circle of radius 6 m lies in 
the vertical plane. A ring of weight 4 N moves from P, and P, under the action of 
forces F,, F, and F,. Force F, is always towards P, and is always 20 N in 
magnitude; force F, always acts horizontally and is always 30 N in magnitude; 
force F, always acts tangentially to the track and is of magnitude (15 — 10 s)N, 
where s is in metre. If the particle has speed 4 m/s at P,, what will its speed be at 


P,? 
Solution The work done by F, is Le Bh | 
P. 
W, =|, F, cos @ ds Fa Pe 
P, 
From figure, s=R (z - 26| 
R=6m 
or ds=(6m)d(-20) =-12 d0 in 
and F, = 20. 
At BP, 99-% + gpk : 20N 
2 4 [YX Fs = (15-108) N 
At P,, 20=0 => 8=0 2 Fo = 30N 
o ye 
Hence, W, =-240 Lvs cos 8 dé P, edi 
= 240 sin “ =120V2 J 
The work done by F; is 
6(/2) nm 6n 
W; =| Fs ds=| (15 — 10s) ds [an-Re-=) 


= [15s — 5s” =- 302.8 J 


398 © Mechanics - I 


To calculate the work done by F, and by w, it is convenient to take the projection of the path in 
the direction of the force. Thus, 


W.= FOF) =30(6) =180 J 
W, =C w)(hO) = -4)6) =-24 J (w = weight) 
The total work done is W,+W,+W.+ W, =23 J 
Then, by the work-energy principle. 
Kp, — Kp, =23 4 


hl Bg. Tit Bee 
>(4) 4 >(4) gs 


Uz =11.3 mis Ans. 


© Example 16 A single conservative force F(x) acts on a 1.0 kg particle that moves 
along the x-axis. The potential energy U(x) is given by: 
U(x) = 20+ (x - 2) 
where, x is in meters. At x = 5.0 m the particle has a kinetic energy of 20 J. 


(a) What is the mechanical energy of the system? 

(6) Make a plot of U(x) as a function of x for -10m<x<10™m, and on the same graph 
draw the line that represents the mechanical energy of the system. 
Use part (b) to determine. 

(c) The least value of x and 

(d) The greatest value of x between which the particle can move. 

(e) The maximum kinetic energy of the particle and 

(f) The value of x at which it occurs. 

(g) Determine the equation for F(x) as a function of x. 

(h) For what (finite) value of x does F(x) = 0? 

Solution (a) Potential energy at x=5.0 mis 

U =20+ 6-2)? =29 J 
Mechanical energy 


E=K+U=20+29=49J 


X (m) 


(b) Atx=10m, U=84J at x=-10m, U=164J 
and atx=2m, U =minimum = 20 J 


(c) and (d)_ Particle will move between the points where its kinetic energy becomes zero or its 
potential energy is equal to its mechanical energy. 
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Thus, 49 =20 + (x—2)” 
or (x — 2)? =29 
or x—2=+ 29 =+5.38m 


& x=7.388m and -3.38m 
or the particle will move between x = — 3.38 m and x= 7.38 m 
(e) and (f) Maximum kinetic energy is at x =2 m, where the potential energy is minimum and 
this maximum kinetic energy is, 
Kinax = E -U yin = 49 — 20 
=29 J 


(g) F= ee 2(x — 2) =2(2 — x) 
dx 


(h) F(x) =0, at x=20m 


where potential energy is minimum (the position of stable equilibrium). 


© Example 17 A small disc A slides down with initial velocity equal to zero from 
the top of a smooth hill of height H having a horizontal portion. What must be the 
height of the horizontal portion h to ensure the maximum distance s covered by 
the disc? What is it equal to? 


<—'S—F1 


Solution In order to obtain the velocity at point B, we apply the law of conservation of energy. 


So, 
Loss in PE = Gain in KE 
m g (H ~h)=5 mo" 
v=2g (A -h)] 
Further h= : gt? 
t= /@2h/g) 
Now, s=uxt=/2g(H —h)] x /@ hig) 


or s=./[4 A(H — A) ...(i) 


For maximum value of s, a =0 
dh 


1 
2 [4 h(A —h)] 
Substituting h = H/ , in Eq. (i), we get 
s=./[4(H/2) (H - H/2)| =VH* =H Ans. 


x 4(H -2h)=0 or h== Ans. 
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© Example 18 A smail disc of mass m slides Qm 
down a smooth hill of height h without initial 
velocity and gets onto a plank of mass M lying on 
a smooth horizontal plane at the base of hill 
figure. Due to friction between the disc and the M 
plank, disc slows down and finally moves as one 
piece with the plank. (a) Find out total work 
performed by the friction forces in this process. (b) can it be stated that the result 
obtained does not depend on the choice of the reference frame. 
Solution (a) When the disc slides down and comes onto the plank, then 


mgh = 5 mv" 


a v=(2 gh) ...(i) 
Let v, be the common velocity of both, the disc and plank when they move together. From law of 
conservation of linear momentum, 


mu =(M +m) v, 
mu a 
vu, = ———— 33 
1 (+m) - 
Now, change in KE = (K), — (K); = (work done)piction 


: (M +m)? 5 me" = (work done)eiction 


2 
or Wa] Orem || a ae 
2 M+m 2 
oie id 1 
2 | M+m 
as Pat pie 
2 cr 
M 
W,.=—-mgh Ans. 
h : Pad 


(b) In part (a), we have calculated work done from the ground frame of reference. Now, let us 
take plank as the reference frame. 


f=umg<—_»m , 
S Mo = umg 


Acceleration of plank ay = J re 
M OM 


Free body diagram of disc with respect to plank is shown in figure. 
Here, may = pseudo force. 


-. Retardation of disc w.r.t. plank. 
2 
ums 
_ftmay _ Wrst Miya Hs 
a, Hs + 
m m M 


-(*en) z 
Mu Hi, 
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The disc will stop after travelling a distance S, relative to plank, where 
v2 Mgh 


a 


“2a, (M+ mug 


(0 =v? -2a,S,) 


r 


. Work done by friction in this frame of reference 
Meh 


Wr = fS,= ome | 


__ Mmgh 
(M +m) 


which is same as part (a). 


Note Work done by friction in this problem does not depend upon the frame of reference, otherwise in general 
work depends upon reference frame. 


© Example 19 Two blocks Aand Bare connected to pps : 
each other by a string and a spring. The string passes Ea 
over a frictionless pulley as shown in figure. Block B ‘ 
slides over the horizontal top surface of a stationary & al 


block C and the block A slides along the vertical side of 

C, both with the same uniform speed. The coefficient of 

friction between the surfaces of the blocks is 0.2. The 

force constant of the spring is 1960 Nm. If the mass of block A is 2 kg, calculate 


the mass of block B and the energy stored in the spring. (g = 9.8 m/s”) 


Solution Let m be the mass of B. From its T UN’ T, 
free-body diagram | | 
T -—uN =mx0=0 — 
uN B T ” 

where, 7 = tension of the string and N = mg a ™ 
ae T= 

oo ; T 2g 
From the free-body diagram of the spring (a) (b) (c) 

T-T =0 
where, 7” is the force exerted by A on the spring or T = T’ = mg 
From the free-body diagram of A 2g-(T +uN’)=2x0=0 


where, N’ is the normal reaction of the vertical wall of Con A and N’ =2 x0 (as there is no 
horizontal acceleration of A) 


2g=T’ =umg or ag i ey Ans. 
Hs 
Tensile force on the spring = T or T” =umg =0.2 x10 x9.8=19.6N 
Now, in a spring tensile force = force constant x extension 


19.6=1960x or x= ws m or U (energy of a spring) = : hex 


1 ea 
= 5 x 1960 x [7] =0.098 J Ans. 
2 100 


Exercises 


LEVEL 1 


Assertion and Reason 

Directions Choose the correct option. 
(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 
(6) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 
(d) If Assertion is false but the Reason is true. 

1. Assertion: Power of a constant force is also constant. 
Reason: Net constant force will always produce a constant acceleration. 

2. Assertion: A body is moved from x= 2 to x=1, under a force F' = 4x, the work done by this 
force is negative. 
Reason: Force and displacement are in opposite directions. 

3. Assertion: If work done by conservative forces is positive, kinetic energy will increase. 
Reason: Because potential energy will decrease. 

4. Assertion: In circular motion work done by all the forces acting on the body is zero. 
Reason: Centripetal force and velocity are mutually perpendicular. 

5. Assertion: Corresponding to displacement- time graph of a particle 
moving in a straight line we can say that total work done by all the forces 
acting on the body is positive. 
Reason: Speed of particle is increasing. 


6. Assertion: Work done by a constant force is path independent. 
Reason: All constant forces are conservative in nature. 

7. Assertion: Work-energy theorem can be applied for non-inertial frames also. 
Reason: Earth is a non-inertial frame. 


8. Assertion: A wooden block is floating in a liquid as shown in figure. In vertical direction 
equilibrium of block is stable. 


Reason: When depressed in downward direction is starts oscillating. 
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9. Assertion: Displacement-time graph of a particle moving in a straight line is shown in 
figure. Work done by all the forces between time interval ¢, and ¢, is definitely zero. 


Reason: Work done by all the forces is equal to change in kinetic energy. 


10. Assertion: All surfaces shown in figure are smooth. Block A comes down along the wedge B. 
Work done by normal reaction (between A and B) on Bis positive while on A it is negative. 


Reason: Angle between normal reaction and net displacement of Ais greater than 90° while 
between normal reaction and net displacement of Bis less than 90°. 


wv 


11. Assertion: A plank A is placed on a rough surface over which a block Bis placed. In the 
shown situation, elastic cord is unstretched. Now a gradually increasing force F is applied 
slowly on A until the relative motion between the block and plank starts. 


ae fy 


B 
Friction fo F 
\E 


At this moment cord is making an angle 9 with the vertical. Work done by force F is equal to 
energy lost against friction f,, plus potential energy stored in the cord. 


Reason : Work done by static friction f, on the system as a whole is zero. 


12. Assertion: A block of mass m starts moving on a rough horizontal surface with a velocity v. It 
stops due to friction between the block and the surface after moving through a ceratin distance. 
The surface is now tilted to an angle of 30° with the horizontal and the same block is made to go 
up on the surface with the same initial velocity v. The decrease in the mechanical energy in the 
second situation is smaller than that in the first situation. 


Reason: The coefficient of friction between the block and the surface decreases with the 
increase in the angle of inclination. 
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Objective Questions 
Single Correct Option 


1. 


Identify, which of the following energies can be positive (or zero) only? 
(a) Kinetic energy 

(b) Potential energy 

(c) Mechanical energy 

(d) Both kinetic and mechanical energies 


. The total work done on a particle is equal to the change in its kinetic energy 


(a) always 

(b) only if the forces acting on the body are conservative 
(c) only in the inertial frame 

(d) only if no external force is acting 


. Work done by force of static friction 


(a) can be positive (b) can be negative (c) can be zero (d) All of these 


. Work done when a force F= (i+ 2j+ 3k) N acting on a particle takes it from the point 


r= (i+ j+k) to the point r,= (i - j+ 2k)is 
(a) -3 J (b) -1 J (c) zero (d)2J 


. A particle moves along the x-axis from x = 0 to x = 5 m under the influence of a force given by 


F = 7- 2x + 3x”The work done in the process is 
(a) 360 J (b) 85 J (c) 185 J (d) 135 J 


. A particle moves with a velocity v= (5i — 3j+ 6k) ms ! under the influence of a constant force 


F=(10i+10 j + 20k) N. The instantaneous power applied to the particle is 
(a) 200 W (b) 8320 W (c) 140 W (d) 170 W 


. A pump is required to lift 800 kg of water per minute from a 10 m deep well and eject it with 


speed of 20 m/s. The required power in watts of the pump will be 
(a) 6000 (b) 4000 (c) 5000 (d) 8000 


. Aball is dropped onto a floor from a height of 10 m. If 20% of its initial energy is lost, then the 


height of bounce is 
(a) 2m (b) 4m (c)8m (d) 6.4 m 


. Abody with mass 1 kg moves in one direction in the presence of a force which is described by the 


potential energy graph. If the body is released from rest at x= 2 m, than its speed when it 
crosses x = 5mis (Neglect dissipative forces) 


(a) 2/2 mst (d)3ms 1 
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10. A body has kinetic energy EH when projected at angle of projection for maximum range. Its 


11 


12. 


13. 


14. 


15. 


16. 


kinetic energy at the highest point of its path will be 


(a) E (b) ‘ () = ee 


. Aperson pulls a bucket of water from a well of depth h. If the mass of uniform rope is m and that 


of the bucket full of water is WM, then work done by the person is 


(a) [w + meh (b) : (M +m)gh 


(c)(M +m) gh (d) & + n) gh 


The velocity of a particle decreases uniformly from 20 ms * to zero in 10 s as shown in figure. If 
the mass of the particle is 2 kg, then identify the correct statement. 


v (m/s) 


20 


) 70 i(s) 


(a) The net force acting on the particle is opposite to the direction of motion 
(b) The work done by friction force is —400 J 

(c) The magnitude of friction force acting on the particle is 4 N 

(d) All of the above 


The minimum stopping distance of a car moving with velocity v is x. If the car is moving with 
velocity 2v, then the minimum stopping distance will be 

(a) 2x (b) 4x 

(c) 8x (d) 8x 


A projectile is fired from the origin with a velocity up, at an angle 0 with the x-axis. The speed of 
the projectile at an altitude h is 


(a) Up cos® (b) AUG —2gh (c) J up sin?0 —2gh (d) None of these 


A particle of mass m moves from rest under the action of a constant force F which acts for two 
seconds. The maximum power attained is 

Fr 2F 2F° 
(a) 2Fm (b) — (c) — (d) — 
m m m 


A body moves under the action of a constant force along a straight line. The instantaneous 
power developed by this force with time ¢ is correctly represented by 


P P P P 
(a) (b) ‘ (©) | (d) ( 
O / O Y O : O : 
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17. A ball is dropped at t= 0 from a height on a smooth elastic surface. Identify the graph which 


correctly represents the variation of kinetic energy K with time t. 


K K K K 
(a) (b) (c) (d) 
rs} *t rs} a i) ; Oo : 


18. A block of mass 5 kg is raised from the bottom of the lake to a height of 3 m without change in 


kinetic energy. If the density of the block is 3000 kg m”’, then the work done is equal to 
(a) 100 J (b) 150 J (c) 50 J (d) 75 J 


19. A body of mass m is projected at an angle 9 with the horizontal with an initial velocity u. The 


20. 


average power of gravitational force over the whole time of flight is 


(a) mgu cos® (b) ; mg .{u cos® (c) ; mgu sin8 (d) zero 


A spring of force constant k is cut in two parts at its one-third length. When both the parts are 
stretched by same amount. The work done in the two parts will be 


(a) equal in both (b) greater for the longer part 
(c) greater for the shorter part (d) data insufficient 


Note Spring constant of a spring is inversely proportional to length of spring. 


21. 


22. 


A particle moves under the action of a force F= 201 + 15j along a straight line 3y + ax= 5, 
where, a is a constant. If the work done by the force F is zero, then the value of @ is 
Oe 2 
9 4 
(c)3 (d) 4 
A system of wedge and block as shown in figure, is released with the spring in 


its natural length. All surfaces are frictionless. Maximum elongation in the 
spring will be 


2 mg sin® mg sin®@ 

a —— es 
(a) K (b) K 

4 mg sin® mg sin®@ 

owe @™ 
K 2K 


23. A force F = (3ti + 5 j)N acts on a body due to which its displacement varies as $ = (2¢” i= 5j) m. 


24. 


Work done by this force in 2 second is 
(a) 32 J (b) 24 J 
(c) 46 J (d) 20 J 


An open knife of mass mis dropped from a height h on a wooden floor. If the blade penetrates up 
to the depth d into the wood, the average resistance offered by the wood to the knife edge is 


2 
(a) mg (1 + *| (b) mg (1 + *) 


(c) mg (1 - *) (d) mg (1 + <) 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 
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Two springs have force constants ky and kp such that kg = 2k,. The four ends of the springs are 
stretched by the same force. If energy stored in spring Ais E, then energy stored in spring Bis 


(a) ‘ (b) 2 (c) E (d) 4E 


A mass of 0.5 kg moving with a speed of 1.5 m/s on a horizontal smooth surface, collides with a 
nearly weightless spring of force constant k= 50 N/m. The maximum compression of the spring 
would be 

(a) 0.15 m (b) 0.12 m (c) 0.5 m (d) 0.25 m 


A bullet moving with a speed of 100 ms‘ can just penetrate into two planks of equal thickness. 
Then the number of such planks, if speed is doubled will be 
(a) 6 (b) 10 (c) 4 (d) 8 


A body of mass 100 g is attached to a hanging spring whose force constant is 10 N/m. The body is 
lifted until the spring is in its unstretched state and then released. Calculate the speed of the 
body when it strikes the table 15 cm below the release point 

(a) 1 m/s (b) 0.866 m/s (c) 0.225 m/s (d) 1.5 m/s 


An ideal massless spring S can be compressed 1.0 m in equilibrium by a force of 100 N. This 
same spring is placed at the bottom of a friction less inclined plane which makes an angle 
8 = 30° with the horizontal. A 10 kg mass mis released from the rest at the top of the inclined 
plane and is brought to rest momentarily after compressing the spring by 2.0 m. The distance 
through which the mass moved before coming to rest is 

(a)8m (b) 6m 

(c)4m (d)5m 


A body of mass m is released from a height h on a smooth inclined plane 
that is shown in the figure. The following can be true about the velocity 
of the block knowing that the wedge is fixed 

(a) vis highest when it just touches the spring 

(b) vis highest when it compresses the spring by some amount 

(c) vis highest when the spring comes back to natural position 

(d) vis highest at the maximum compression 


plane of height / and inclination 6 with the help of a string parallel to 
the incline. Which of the following statement is incorrect for the block 
when it moves up from the bottom to the top of the incline? 

(a) Work done by the normal reaction force is zero 

(b) Work done by the string is mgh 

(c) Work done by gravity is mgh 

(d) Net work done on the block is zero 


A block of mass m is directly pulled up slowly on a smooth inclined A 


m 
7) 
A spring of natural length / is compressed vertically downward against the floor so that its 


compressed length becomes ma On releasing, the spring attains its natural length. If k is the 


stiffness constant of spring, then the work done by the spring on the floor is 
(a) zero (b) ; Re 


1 2: 
(c) o (5) (d) ki? 
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33. 


34. 


35. 


36. 


37. 


38. 


39. 


The relationship between the force F' and position x of a body is as shown in figure. The work 
done in displacing the body from x= 1m tox =5m will be 


(a) 30 J (b) 15 J 
(c) 25 J (d) 20 J 


Under the action of a force, a 2 kg body moves such that its position x as a function of time is 


given by x= = where x is in metre and tin second. The work done by the force in the first two 


seconds is 
(a) 1600 J (b) 160 J 
(c) 16 J (d) 1.6 J 


The kinetic energy of a projectile at its highest position is K. If the range of the projectile is four 
times the height of the projectile, then the initial kinetic energy of the projectile is 


(a) J2K (b) 2K 
(4K (d) 2V2 K 


Power applied to a particle varies with time as P = (3t” — 2¢ + 1) watt, where tis in second. Find 
the change in its kinetic energy between time t= 2s andt=4s 

(a) 32 J (b) 46 J 

(c) 61 J (d) 102 J 

A block of mass 10 kg is moving in x-direction with a constant speed of 10 m/s. It is subjected toa 


retarding force F =- 0.1x J/m during its travel from x= 20m to x= 30m. Its final kinetic 
energy will be 


(a) 475 J (b) 450 J 

(c) 275 J (d) 250 J 

A ball of mass 12 kg and another of mass 6 kg are dropped from a 60 feet tall building. After a 
fall of 30 feet each, towards earth, their kinetic energies will be in the ratio of 

(a) ¥2:1 (b) 1:4 

() 2:1 (a) 1: V2 

A spring of spring constant 5 x 10° N/m is stretched initially by 5 cm from the unstretched 
position. The work required to further stretch the spring by another 5 cm is 


(a) 6.25 N-m (b) 12.50 N-m 
(c) 18.75 N-m (d) 25.00 N-m 
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Subjective Questions 


1. 


10. 


Momentum of a particle is increased by 50%. By how much percentage kinetic energy of particle 
will increase ? 


. Kinetic energy of a particle is increased by 1%. By how much percentage momentum of the 


particle will increase ? 


. Two equal masses are attached to the two ends of a spring of force constant k. The masses are 


pulled out symmetrically to stretch the spring by a length 2x, over its natural length. Find the 
work done by the spring on each mass. 


. A rod of length 1.0 m and mass 0.5 kg fixed at one end is initially hanging vertical. The other 


end is now raised until it makes an angle 60° with the vertical. How much work is required ? 
s 


. A particle is pulled a distance / up a rough plane inclined at an angle o to the horizontal by a 


string inclined at an angle f to the plane (a+ B < 90° ). If the tension in the string is 7), the 
normal reaction between the particle and the plane is N, the frictional force is F and the weight 
of the particle is w. Write down expressions for the work done by each of these forces. 


. Achain of mass m and length 7 lies on a horizontal table. The chain is allowed to slide down 


gently from the side of the table. Find the speed of the chain at the instant when last link of the 
chain slides from the table. Neglect friction everywhere. 


. A helicopter lifts a 72 kg astronaut 15 m vertically from the ocean by means of a cable. The 


acceleration of the astronaut is =. How much work is done on the astronaut by (g = 9.8 m/s”) 


(a) the force from the helicopter and 

(b) the gravitational force on her ? 

(c) What are the kinetic energy and 

(d) the speed of the astronaut just before she reaches the helicopter ? 


. A 1.5 kg block is initially at rest on a horizontal frictionless surface when a horizontal force in 


the positive direction of x-axis is applied to the block. The force is given by F(x) = (2.5 — x7)i N, 
where, x is in metre and the initial position of the block is x = 0. 

(a) What is the kinetic energy of the block as it passes through x =2.0m ? 

(b) What is the maximum kinetic energy of the block between x=0 and x=2.0m? 


. A small block of mass 1 kg is kept on a rough inclined wedge of inclination 45° fixed in an 


elevator. The elevator goes up with a uniform velocity v = 2 m/s and the block does not slide on 
the wedge. Find the work done by the force of friction on the block in 1 s. (g = 10 m/s?) 


Two masses m, = 10 kg and m, = 5 kg are connected by an ideal string as shown in the figure. 
The coefficient of friction between m, and the surface is p = 0.2. Assuming that the system is 
released from rest. Calculate the velocity of blocks when m, has descended by 4 m.(g = 10 m/ s”) 
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11. 


12. 


13. 


14. 


15. 


A smooth sphere of radius Ris made to translate in a straight line with a constant acceleration 
a=g. A particle kept on the top of the sphere is released from there at zero velocity with respect 
to the sphere. Find the speed of the particle with respect to the sphere as a function of angle@ as 
it slides down. 


In the arrangement shown in figure m, = 4.0 kg and mg = 1.0 kg. The system is released from 
rest and block B is found to have a speed 0.3 m/s after it has descended through a distance of 
1m. Find the coefficient of friction between the block and the table. Neglect friction elsewhere. 
(Take g=10 m/s’). 


B 


In the figure, block A is released from rest when the spring is in its natural length. For the block 


B of mass m to leave contact with the ground at some stage what should be the minimum mass 
of block A? 


— 


2 [inl 


As shown in figure a smooth rod is mounted just above a table top. A 10 kg collar, which is able 
to slide on the rod with negligible friction is fastened to a spring whose other end is attached toa 
pivot at O. The spring has negligible mass, a relaxed length of 10 cm and a spring constant of 
500 N/m. The collar is released from rest at point A. (a) What is its velocity as it passes point B ? 


R t fe int C. 
(b) Repeat for point C. sinccandts 


Cc 


' 
' 
' 
' 
' 
1 
' 
' 
‘ 


A block of mass m is attached with a massless spring of force 


constant K. The block is placed over a rough inclined surface for ve “ 

which the coefficient of friction isp = -. Find the minimum value of i> 

M required to move the block up the plane. (Neglect mass of string M 
and pulley. Ignore friction in pulley). 37° 


16. 


17. 


18. 


19. 


20. 


21. 
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A block of mass 2 kg is released from rest on a rough inclined ground as 
shown in figure. Find the work done on the block by 
(a) gravity, (b) force of friction 


when the block is displaced downwards along the plane by 2 m. 
(Take g= 10 m/s”) 


: ; : aoe A 
The potential energy of a two particle system separated by a distance r is given by U(r)=—, 
r 
where A is a constant. Find the radial force F,, that each particle exerts on the other. 


A single conservative force Ff, acts on a 2 kg particle that moves along the x-axis. The potential 
energy is given by 
U =(x- 4)" -16 

Here, x is in metre and U in joule. At x = 6.0 m kinetic energy of particle is 8 J. Find 

(a) total mechanical energy 

(b) maximum kinetic energy 

(c) values of x between which particle moves 

(d) the equation of F,, as a function of x 

(e) the value of x at which F,, is zero 
A 4 kg block is on a smooth horizontal table. The block is connected to a second block of mass 
1 kg by a massless flexible taut cord that passes over a frictionless pulley. The 1 kg block is 1 m 
above the floor. The two blocks are released from rest. With what speed does the 1 kg block hit 


the ground ? 
mA, 
i 


Litkg 4m 
Y 


Block A has a weight of 300 N and block B has a weight of 50 N. Determine the distance that A 
must descend from rest before it obtains a speed of 2.5 m/s. Neglect the mass of the cord and 
pulleys. 


A sphere of mass m held at a height 2R between a wedge of same mass m and a rigid wall, is 
released from rest. Assuming that all the surfaces are frictionless. Find the speed of both the 
bodies when the sphere hits the ground. 
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22. 


23. 


24. 


25. 


26. 


The system is released from rest with the spring initially stretched 75 mm. 
Calculate the velocity v of the block after it has dropped 12 mm. The spring has a 
stiffness of 1050 N/m. Neglect the mass of the small pulley. 


es kg 


Consider the situation shown in figure. The system is released from rest and the block of mass 
1 kg is found to have a speed 0.3 m/s after it has descended through a distance of 1 m. Find the 
coefficient of kinetic friction between the block and the table. 


1.0kg fy 


A disc of mass 50 g slides with zero initial velocity down an inclined plane set at an angle 30° to 
the horizontal. Having traversed a distance of 50 cm along the horizontal plane, the disc stops. 
Find the work performed by the friction forces over the whole distance, assuming the friction 
coefficient 0.15 for both inclined and horizontal planes. (g= 10 m/ s”) 


Block A has a weight of 300 N and block B has a weight of 50 N. If the coefficient of kinetic 
friction between the incline and block A is w; = 0.2. Determine the speed of block A after it 
moves 1 m down the plane, starting from rest. Neglect the mass of the cord and pulleys. 


Figure shows, a 3.5 kg block accelerated by a compressed spring whose spring constant is 
640 N/m. After leaving the spring at the spring’s relaxed length, the block travels over a 
horizontal surface, with a coefficient of kinetic friction of 0.25, for a distance of 7.8 m before 
stopping. (g = 9.8 m/s”) 


}«—— No friction ——>— 7.8 m—>| 


(a) What is the increase in the thermal energy of the block-floor system ? 
(b) What is the maximum kinetic energy of the block ? 
(c) Through what distance is the spring compressed before the block begins to move ? 


LEVEL 2 


Objective Questions 
Single Correct Option 


1 . ; 
1. Abead of mass , kg starts from rest from Ato move in a vertical plane along 


a smooth fixed quarter ring of radius 5 m, under the action of a constant 
horizontal force F = 5 N as shown. The speed of bead as it reaches the point B 
is [Take g=10ms”] 

(a) 14.14 ms 4 (b) 7.07 ms + 

(c) 4ms (d) 25 mst 


2. Acar of mass m is accelerating on a level smooth road under the action of a single force F’. The 
power delivered to the car is constant and equal to P. If the velocity of the car at an instant is v, 
then after travelling how much distance it becomes double? 


F 
i) © 
Tmv Amv? 
(a) “3p. (b) 3P 
mv 18mv’ 
(c) Pp (d) 7p 


3. An ideal massless spring S can be compressed 1 m by a force of 100 N in equilibrium. The same 
spring is placed at the bottom of a frictionless inclined plane inclined at 30° to the horizontal. A 
10 kg block WM is released from rest at the top of the incline and is brought to rest momentarily 
after compressing the spring by 2 m. If g=10 ms”, what is the speed of mass just before it 


touches the spring? 
pring v7 


S 
0% 


(a) 20 ms"! (b) 30 ms"! (c) ¥10 ms (d) 40 ms"! 


4. A smooth chain AB of mass m rests against a surface in the form 
of a quarter of a circle of radius R. If it is released from rest, the 
velocity of the chain after it comes over the horizontal part of the 
surface is 


(a) y2gR (b) /gR 


(© joer (a 7 2) (a) (2gR Om) 
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10. 


. In the diagram shown, the blocks A and Bare of the same mass MW 


. Initially the system shown in figure is in equilibrium. At the moment, the string is cut i 


the downward acceleration of blocks A and B are respectively a, and ay. The 
magnitudes of a, and a, are 

(a) zero and zero 

(b) 2g and zero k 
(c) g and zero 

(d) None of the above ps) 


and the mass of the block Cis M,. Friction is present only under the 
block A. The whole system is suddenly released from the state of 
rest. The minimum coefficient of friction to keep the block A in the 
state of rest 1s equal to 


(a) o (b) 


gat (c) ii, (d) None of these 
M 2M 


string tension between two masses just after, when one of the springs is cut. Mass of 
both the blocks is same and equal to m and spring constant of both the springs is k 


. System shown in figure is in equilibrium. Find the magnitude of net change in the “gee 
k k 


mgs mg m 
oe ery | 

mg 3mg m 
(c) 3) (d) 3) 


. A body is moving down an inclined plane of slope 37°. The coefficient of friction between the 


body and the plane varies as = 0.3 x, where x is the distance traveled down the plane by the 


body. The body will have maximum speed. (sin 387° = : 


(a) atx=1.16m (b) atx=2m 
(c) at bottommost point of the plane (d) atx=2.5m 


. The given plot shows the variation of U, the potential energy U 


of interaction between two particles with the distance 
separating them r. 


1. Band Dare equilibrium points 


2. Cisa point of stable equilibrium > 
38. The force of interaction between the two particles is 
attractive between points C and D and repulsive between Dand E 
4. The force of interaction between particles is repulsive between points E and F. 
Which of the above statements are correct? 
(a) 1 and 2 (b) 1 and 4 (c) 2 and 4 (d) 2 and 3 


A particle is projected at ¢ = 0 from a point on the ground with certain velocity at an angle with 
the horizontal. The power of gravitation force is plotted against time. Which of the following is 
the best representation? 


t t t t 
P P P P 
(a) (b) (©) > (d) = 
t— {— 


11. 


12. 


13. 


14. 


15. 


16. 
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A block of mass mis attached to one end of a mass less spring of spring constant k. The other end 
of spring is fixed to a wall. The block can move on a horizontal rough surface. The coefficient of 
friction between the block and the surface is u. Then the compression of the spring for which 
maximum extension of the spring becomes half of maximum compression is 
(a) 2mg (b) mE (c) ame (d) None of these 

k k k 
A block of mass m slides along the track with kinetic friction. A man pulls the block through a 
rope which makes an angle 0 with the horizontal as shown in the figure. The block moves with 
constant speed v. Power delivered by man is 


(a) Tu (b) Tu cos® 
(c) (T cos®8 —Umg) v (d) zero 


The potential energy 6 in joule of a particle of mass 1 kg moving in x-y plane obeys the law, 
= 3x + 4y. Here, x and y are in metres. If the particle is at rest at (6m, 8m) at time 0, then the 
work done by conservative force on the particle from the initial position to the instant when it 
crosses the x-axis is 

(a) 25 J (b) — 25 J (c) 50 J (d) -50 J 


The force acting on a body moving along x-axis varies with the position of the particle shown in 
the figure. The body is in stable equilibrium at 


F 
x 
x X2 
(a) x=%, (b) x = x, 
(c) both x, and x, (d) neither x, nor x, 


A small mass slides down an inclined plane of inclination 8 with the horizontal. The coefficient 
of friction is L =[9x, where x is the distance through which the mass slides down and Uy a 
positive constant. Then the distance covered by the mass before it stops is 


(a) Es tan@ (b) = tan@ (c) _ tan@ (d) H. tan@ 
Ho Ho 2Mo Mo 


Two light vertical springs with spring constants k, and hk, are separated 
by a distance /. Their upper ends are fixed to the ceiling and their lower 
ends to the ends Aand B of a light horizontal rod AB. A vertical 1 $*——!—>$ kn 


downward force F is applied at point C on the rod. AB will remain c 
horizontal in equilibrium if the distance AC is e 
(a) ») 4 = 
ky hy + ky 
lk lk 
(c) (d) —— 
ky kh, + ky 


416 © Mechanics - I 


AE. 


18. 


19. 


20. 


21. 


A block of mass 1 kg slides down a curved track which forms one quadrant of a circle of radius 
1 m as shown in figure. The speed of block at the bottom of the track is v = 2 ms‘. The work 


done by the force of friction is 


(a)+4Jd (b) -4J (c) -83 (d)+ 8d 
The potential energy function for a diatomic molecule is U(x) = so — = In stable equilibrium, 
x x 

the distance between the particles is 

2a\"6 a\"6 
@ (72) w (2) 

5 \6 5 \/6 
(3) @ (2) 

2a a 
A rod of mass M hinged at O is kept in equilibrium with a spring of stiffness k as shown in 


figure. The potential energy stored in the spring is 


(mg) (mg) (mg) (mg) 
b d 
(a) us (b) ot (c) ah (d) ; 
In the figure, m, and mg (< m,) are joined together by a pulley. When the mass m, 
is released from the height h above the floor, it strikes the floor with a speed 
(a) [2gh [ect (b) \2gh | 
mM, + Mo 
jh ey 
(c) araEe (a) 2m gh J f 
m, +m, Im +M, 2 


A particle free to move along x- axis is acted upon by a force F = — ax + bx” where a and b are 
positive constants. For x= 0, the correct variation of potential energy function U(x) is best 
represented by 


U , U ; U 
O x O x O Xx O x 
(a) (b) (c) (d) 
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22. Equal net forces act on two different blocks A and B of masses m and 4m respectively. For same 
displacement, identify the correct statement. 
(a) Their kinetic energies are in the ratio Ba = : 
B 
. : at Use 

(b) Their speeds are in the ratio + =— 

UB 

. . Wa il 
(c) Work done on the blocks are in the ratio — =— 

B 


(d) All of the above 


23. The potential energy function of a particle in the x-y plane is given by U = k(x + y), where kis a 
constant. The work done by the conservative force in moving a particle from (1, 1) to (2, 3) is 
(a) -3k (b) + 3k (ck (d) None of these 
Oo 
24. A vertical spring is fixed to one of its end and a massless plank fitted to the other end. 
A block is released from a height h as shown. Spring is in relaxed position. Then 


choose the correct statement. 
(a) The maximum compression of the spring does not depend on h 
(b) The maximum kinetic energy of the block does not depend on h 
(c) The compression of the spring at maximum KE of the block does not depend on h k 
(d) The maximum compression of the spring does not depend on k 


25. A uniform chain of length mr lies inside a smooth semicircular tube ABof radius r. Assuming a 
slight disturbance to start the chain in motion, the velocity with which it will emerge from the 
end Bof the tube will be 


(a) Jagr (a n =) (b) [2gr (= i 4 
(c) Jar (@ + 2) (d) /agr 


26. A block of mass m is connected to a spring of force constant k. Initially the block is at rest and 
the spring has natural length. A constant force F' is applied horizontally towards right. The 
maximum speed of the block will be (there is no friction between block and the surface) 


k F 
m 
F F J2F QF 
one ae oak Te 
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27. Two blocks are connected to an ideal spring of stiffness 200 N/m.At a certain moment, the two 


blocks are moving in opposite directions with speeds 4 ms! and 6 ms", and the instantaneous 
2 


elongation of the spring is 10 cm. The rate at which the spring energy 7 is increasing 1s 


(a) 500 J/s (b) 400 J/s (c) 200 J/s (d) 100 J/s 


28. A block Aof mass 45 kg is placed on another block Bof mass 123 kg. Now block Bis displaced by 
external agent by 50 cm horizontally towards right. During the same time block A just reaches 
to the left end of block B. Initial and final positions are shown in figures. The work done on block 
Ain ground frame is 


B F 


Initial position Final position 


(a) -18d (b) 18 J 
(c) 36 J (d) -36 J 


29. A block of mass 10 kg is released on a fixed wedge inside a cart which is moving with constant 
velocity 10 ms”! towards right. There is no relative motion between block and cart. Then work 
done by normal reaction on block in two seconds from ground frame will be (g = 10 ms”) 


10 m/s 


(a) 1320 J (b) 960 J (c) 1200 J (d) 240 J 


30. A block tied between two identical springs is in equilibrium. If upper spring is cut, then 
the acceleration of the block just after cut is 5 ms *. Now if instead of upper string lower : 


spring is cut, then the acceleration of the block just after the cut will be 
(Take g = 10 m/s”) 
(a) 1.25 ms” (b) 5ms~ 
(c) 10ms” (d) 2.5 ms® 
More than One Correct Options 


1. The potential energy of a particle of mass 5 kg moving in xy-plane is given as 
U =(7x + 24y) joule, x and y being in metre. Initially at ¢ = 0, the particle is at the origin (0, 0) 
moving with a velocity of (8.61+ 23.2 j) ms‘. Then 


(a) The velocity of the particle at t=4s, is 5ms + 


(b) The acceleration of the particle is 5 ms” 


(c) The direction of motion of the particle initially (at t=0) is at right angles to the direction of 
acceleration 
(d) The path of the particle is circle 
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2. The potential energy of a particle is given by formula U = 100 - 5x + 100x”, where U and x are 
in SI units. If mass of the particle is 0.1 kg then magnitude of it’s acceleration 
(a) At 0.05 m from the origin is 50 ms” 
(b) At 0.05 m from the mean position is 100 ms” 
(c) At 0.05 m from the origin is 150 ms” 


(d) At 0.05 m from the mean position is 200 ms” 


3. One end of a light spring of spring constant k is fixed to a wall and the other end is tied to a block 
placed on a smooth horizontal surface. In a displacement, the work done by the spring is 


+ (5) kx”. The possible cases are 


(a) The spring was initially compressed by a distance x and was finally in its natural length 
(b) It was initially stretched by a distance x and finally was in its natural length 

(c) It was initially in its natural length and finally in a compressed position 

(d) It was initially in its natural length and finally in a stretched position 


4. Identify the correct statement about work energy theorem. 
(a) Work done by all the conservative forces is equal to the decrease in potential energy 
(b) Work done by all the forces except the conservative forces is equal to the change in mechanical 
energy 
(c) Work done by all the forces is equal to the change in kinetic energy 
(d) Work done by all the forces is equal to the change in potential energy 
5. A disc of mass 3m and a disc of mass m are connected by a massless spring of stiffness k. The 


heavier disc is placed on the ground with the spring vertical and lighter disc on top. From its 
equilibrium position the upper disc is pushed down by a distance 6 and released. Then 


(ats ae iomerdise mall Someaug 
(b) if 6 = awe maximum normal reaction from ground on lower disc = 6 mg 


F 2 ; : : 
(c) if6= ae maximum normal reaction from ground on lower disc = 4 mg 


(ares 22 


, the lower disc will bounce up 


6. In the adjoining figure, block Ais of mass m and block Bis of mass 2 m. The spring has force 
constant k. All the surfaces are smooth and the system is released from rest with spring 
unstretched. 


A 


5 


A4Amg 


(a) The maximum extension of the spring is 


(b) The speed of block A when extension in spring is a8 , is2g a 


(c) Net acceleration of block B when the extension in the spring is maximum, is A g 


2m 


(d) Tension in the thread for extension of cf in spring is mg 
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7. If kinetic energy of a body is increasing then 
(a) work done by conservative forces must be positive 
(b) work done by conservative forces may be positive 
(c) work done by conservative forces may be zero 
(d) work done by non-conservative forces may be zero 


8. At two positions kinetic energy and potential energy of a particle are 
K, =10J:U, =-20J, K,=20 J,U,=-10J. In moving from 1 to 2 
(a) work done by conservative forces is positive 
(b) work done by conservative forces is negative 
(c) work done by all the forces is positive 
(d) work done by all the forces is negative 


9. Block A has no relative motion with respect to wedge fixed to the lift as 2 
shown in figure during motion-1 or motion-2. Then, 
(a) work done by gravity on block A in motion-2 is less than in motion-1 
(b) work done by normal reaction on block A in both the motions will be positive 
(c) work done by force of friction in motion-1 may be positive 1 
(d) work done by force of friction in motion-1 may be negative 


Comprehension Based Questions 
Passage (Q. Nos. 1 to 2) 


The figure shows the variation of potential energy of a particle as a function of x, the x-coordinate 
of the region. It has been assumed that potential energy depends only on x. For all other values of 
x, U is zero, i.e. forx<—10 andx>15,U =0. 


Based on above information answer the following questions: 
U (x) 
A 


1. If total mechanical energy of the particle is 25 J, then it can be found in the region 
(a) -10<x<-5and6<x<15 
(b) -10<x<Oand6<x<10 
(c) -5<x<6 
(d) -10<x<10 


2. If total mechanical energy of the particle is — 40 J, then it can be found in region 
(a)x<-10andx>15 
(b) -10<x<-5and6<x<15 
(c)10<x<15 
(d) It is not possible 
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Match the Columns 


1. A body is displaced from x= 4m to x= 2 m along the x-axis. For the forces mentioned in 
Column I, match the corresponding work done is Column II. 


Column I Column II 
(a) F= 4i | (p) positive 
(b) F=(4i-4}) (q) negative 
() F=-4i (x) zero 
(d) F=(-4i-4}) (s) |W|=8 units 


2. A block is placed on a rough wedge fixed on a lift as shown in figure. A string is also attached 
with the block. The whole system moves upwards. Block does not lose contact with wedge on the 
block. Match the following two columns regarding the work done (on the block). 


Column | Column II 
(a) Work done by normal reaction | (p) positive i 
(b) Work done by gravity (q) negative es 
(c) Work done by friction (r) zero 
(d) Work done by tension (s) Can’t say anything 


3. Two positive charges + g each are fixed at points (—a, 0) and (a, 0). A third charge + Q is placed 
at origin. Corresponding to small displacement of +@Q in the direction mentioned in Column I, 
match the corresponding equilibrium of Column II. 


Column I Column II 


(a) Along positive x-axis | (p) stable equilibrium 
(b) Along positive y-axis | (q) unstable equilibrium 
(c) Along positive z-axis |(r) neutral equilibrium 
(d) Along the line x = y (s) no equilibrium 


4. A block attached with a spring is released from A. Position-B is the mean position and the block 
moves to point C. Match the following two columns. 


Column I Column II 


(a) From A to B decrease in gravitational (p) less than 
potential energy is........ the increase in 
spring potential energy. 

(b) From A to Bincrease in kinetic energy of (q) more than x 
block is......... the decrease in gravitational Ea 
potential energy. ; 

(c) From BtoC decrease in kinetic energy of (x) equal to Bal B 
block is..... the increase in spring potential ; 
energy. i 

(d) From Bto C decrease in gravitational Bal Cc 
potential energy is ......... the increase in 
spring potential energy. 
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5. System shown in figure is released from rest. Friction is absent and string is massless. In time 
t=0.3s. 


Column I Column II 


(a) Work done by gravity on 2 kg block | (p)-1.5d 
(b) Work done by gravity on 1 kg block | (q)2 J 
(c) Work done by string on 2 kg block (r)3 J 
(d) Work done by string on 1 kg block (s)-2 J a 


Take g=10ms~” ~. 


6. In Column I, some statements are given related to work done by a force on an object while in 
Column II the sign and information about value of work done is given. Match the entries of 
Column I with the entries of Column II. 


Column I Column II 


(a) Work done by friction force on the block | (p) Positive 
as it slides down a rigid fixed incline 
with respect to ground. 
(b) In above case work done by friction (q) Negative 
force on incline with respect to ground. 
(c) Work done by a man in lifting a bucket | (vr) Zero 
out of a well by means of a rope tied to 
the bucket with respect to ground. 
(d) Total work done by friction force in (a) (s) may be positive, negative 
with respect to ground. or zero. 


Subjective Questions 


1. Two blocks of masses m, and m, connected by a light spring rest on a horizontal plane. The 
coefficient of friction between the blocks and the surface is equal tou. What minimum constant 
force has to be applied in the horizontal direction to the block of mass m, in order to shift the 
other block? 


2. The flexible bicycle type chain of length ~ and mass per unit length p is released from rest 


with 8 = 0° in the smooth circular channel and falls through the hole in the supporting surface. 
Determine the velocity v of the chain as the last link leaves the slot. 
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3. A baseball having a mass of 0.4 kg is thrown such that the force acting on it varies with time as 
shown in the first graph. The corresponding velocity time graph is shown in the second graph. 
Determine the power applied as a function of time and the work done till t= 0.8 s. 


FIN) vim/s ) 


800 D0 se remem eint ereime 


t(s) t(s) 


0.2 0.3 0.3 
4. A chain AB of length / is loaded in a smooth horizontal table so that its fraction of length h 
hangs freely and touches the surface of the table with its end B. At a certain moment, the end A 
of the chain is set free. With what velocity will this end of the chain slip out of the table? 


LOMO LD) 


5. The block shown in the figure is acted on by a spring with spring constant k and a weak 
frictional force of constant magnitude f. The block is pulled a distance x) from equilibrium 
position and then released. It oscillates many times and ultimately comes to rest. 


(a) Show that the decrease of amplitude is the same for each cycle of oscillation. 
(b) Find the number of cycles the mass oscillates before coming to rest. 


6. A spring mass system is held at rest with the spring relaxed at a height H above the ground. 
Determine the minimum value of H so that the system has a tendency to rebound after hitting 
the ground. Given that the coefficient of restitution between m, and ground is zero. 


I 
pi) ¥ 

H 
—E 


7. Ablock of mass m moving at a speed vu compresses a spring through a distance x before its speed 
is halved. Find the spring constant of the spring. 
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8. In the figure shown masses of the blocks A, Band C are 6 kg, 2 kg and 1 kg respectively. Mass of 


the spring is negligibly small and its stiffness is 1000 N/m. The coefficient of friction between 
the block A and the table is u = 0.8. Initially block C is held such that spring is in relaxed 
position. The block is released from rest. Find (g = 10 m/s”) 


(a) the maximum distance moved by the block C. 
(b) the acceleration of each block, when elongation in the spring is maximum. 


9. A body of mass m slides down a plane inclined at an angle a. The coefficient of friction isu. Find 


10. 


11. 


12. 


the rate at which kinetic plus gravitational potential energy is dissipated at any time ft. 


A particle moving in a straight line is acted upon by a force which works at a constant rate and 
changes its velocity from u and v over a distance x. Prove that the time taken in it is 

3. (u+vu)x 

2 ut ve + uv 


A chain of length / and mass m lies on the surface of a smooth sphere of radius R> / with one 
end tied to the top of the sphere. 


(a) Find the gravitational potential energy of the chain with reference level at the centre of the 
sphere. 


(b) Suppose the chain is released and slides down the sphere. Find the kinetic energy of the chain, 
when it has slid through an angle 0. 


(c) Find the tangential acceleration e of the chain when the chain starts sliding down. 


Find the speed of both the blocks at the moment the block m, hits the wall AB, after the blocks 
are released from rest. Given that m, = 0.5 kg and m, = 2 kg,(g=10 m/ s”) 
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13. A block of mass M slides along a horizontal table with speed u,. At x = 0, it hits a spring with 
spring constant k and begins to experience a friction force. The coefficient of friction is variable 
and is given by = bx, where 6 is a positive constant. Find the loss in mechanical energy when 
the block has first come momentarily to rest. 


— +X 


14. A small block of ice with mass 0.120 kg is placed against a horizontal compressed spring 
mounted on a horizontal table top that is 1.90 m above the floor. The spring has a force constant 
k= 2300 N/m and is initially compressed 0.045 m. The mass of the spring is negligible. The 
spring is released and the block slides along the table, goes off the edge and travels to the floor. 
If there is negligible friction between the ice and the table, what is the speed of the block of ice 
when it reaches the floor. (g = 9.8 m/s”) 


Table 


Wall 


15. A 0.500 kg block is attached to a spring with length 0.60 m and force constant k= 40.0 N/m. The 
mass of the spring is negligible. You pull the block to the right along the surface with a constant 
horizontal force F = 20.0 N. (a) What is the block’s speed when the block reaches point B, which 
is 0.25 m to the right of point A? (b) When the block reaches point B, you let go off the block. In 
the subsequent motion, how close does the block get to the wall where the left end of the spring 
is attached? Neglect size of block and friction. 


Introductory Exercise 9.1 
4 J 


5. (a) 7.2J (b) —7.2J5 (c) zero 


9. (a)-15J (b)+15J (c)3J (d) 275 


Introductory Exercise 9.2 


dy. BO) 2. -400 J 

5. 1205 6. vo [2 
A 

8. 32J 9. -597.6 J 


Introductory Exercise 9.3 
1. (a,d) 2. 404 


Introductory Exercise 9.4 


1. x =2 mis position of stable equilibrium. x = — 2 mis position of unstable equilibrium. 


Answers 


2. (a) 24.9 J (b) zero (c) zero (d)24.9J 3. 7x, 0,0,-Fx 


6.-12 J 


3. Yes 4. 


7-1 


4. -— mel 
A gs 


8. 30J 
10. (a) 4.0 J (b) zero (c)-1.0 J (d) 3.0 J 


7. (a) False (b) False (c) True (d) False 


2. Points Aand E are unstable equilibrium positions. Point C is stable equilibrium position. 


3. (a) unstable (b) stable 


Introductory Exercise 9.5 


4.x =2 1m, stable 


1. (a)16W (b)64W 2.K=Pt,v={2PE 5 [BP 32 
m 9m 


3. @k=t2,v= [2 (b) P,, =t 
m 


LEVEL 1 
Assertion and Reason 
1. (d) 2. (a) 3. (d) 4 
11. (a) =: 12. (c) 
Single Correct Option 
1. (a) 2. (a) 3. (d) 4 
11. (a) 12.(a) 13. (b) 14 
21. (d) 22. (a) 23. (b) 24 
31.(c) 32.(a) 33.(d) 34 
Subjective Questions 
1. 125% 2.05% 3. —-Kxé 


6. /gl 


Exercises 
. (d) 5. (a) 6. (c) 7. (b) 8. (a) 
. (b) 5. (d) 6. (c) 7. (b) 8. (c) 
.(b) 15.(d) 16. (b) 17. (b) 18. (a) 
(a) 25. (a) 26.(a) 27. (d) 28. (b) 
.(c) 35. (b) 36. (b) 37. (a) 38. (c) 
4. W =1.225 J 5. Tl cos 8, 0,-FI,-WI sing 


7. (a) 116425 J (b) -10584 J (c) 1058 J (d) 5.42 m/s 


9. (d) 


9. (a) 
19. (d) 
29. (c) 
39. (c) 


8. (a) 2.33 (b) 2.635 J 


5. x = 4m, unstable 


10. (a) 


10. (b) 
20. (c) 
30. (b) 
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9. 10) 10.4m/s 11. /2Rg(+siné—cos®) 12.0.115 13, 2 


14. (a) 2.45 m/s (b)2.15 m/s 15. 2 m 16. (a)34.6J (b)-10J 17. F, = 4 
r 


18. (a)-4J (b) 12J (c)x =(4-2V3) mto x = (4+ 2¥3)m (d)F, =8-2x (e)x=4m 19. 2m/s 
20. 0.796m 21. vy, = /2gR cosa,v, =/2gR sina 

22. v=0.37ms! 23.u,=0.12 24.-0.05J 25.1.12 ms} 

26. (a) 66.88) (b) 66.88) (c) 45.7cm 


LEVEL 2 


Single Correct Option 
1.(a)0 2. (a) 3 (a) 4 (C) CSS () CSD) (@)—(iK A) (C)~—‘10. () 
11. (c) 12. (b) 13. (c) 14. (b)) «15. (a) «16. (d)Ss17- (ce) S18. (a) S19. (c) ~—20. (a) 
21. (c) 22. (c) 23. (a) 24. (c) 25. (b) 26. (b) 27. (c) 28. (b) 29. (b) 30. (b) 


More than One Correct Options 
1. (a,b) 2. (a,b,c) 3. (a,b) 4. (b,c) 5. (b,d) 6. (a) 7. (b,c, d) 
8. (b,c) 9. (all) 


Comprehension Based Questions 

1. (a) 2. (d) 
Match the Columns 
(a) (q,s) (b)> (qs) (C)> (ps) (d)> (p,s) 
(aj> (Pp) ()>@ Cr”) Md) (Pp) 
(aj> (P) (b)>@) ()>2@) CM) (s) 
(a>) (b)>(~) (©>(P) M)>(P) 
av>o() (b)>(P) ()>(8) (> (q) 
@>q@ ©>7M ©) Wd (@) 


eo 7 PWN 


Subjective Questions 


Mp T 4 

+ 4 2 rl—+— 

(m 5 Jue 8 E = 

3. Fort<0.2s, P= (53.3 t) kW, for t> 0.2 s, P = (160t — 5337) kW, 1.69 kJ. 4. /2ghin (5) 


2 
5. 3] Ae - i ei, ae | AN) a, am 
4. f k 2m, 4x 


8. (a) 2x10%m (b) aq = ag = 0, a6 =10 m/s? 9. umg? cos a(sina — pL cos a)t 


2 2 
11. (a) mas sin( =] (b) ms sin( = + sin® sin(0 =| (c) Rg 1 cos (= 
R i R R 1 R 
bgVZM? 
* 2(k+ bMg) 
14. 8.72 ms" 15. (a) 3.87 ms? (b) 0.10m 


Pp 


12. v,=3.03 ms} vz = 3.39 ms"! 13 


Circular Motion 


Chapter Contents 


10.1 
10:2 
10.3 
10.4 
10S 


Introduction 

Kinematics of Circular Motion 
Dynamics of Circular Motion 
Centrifugal Force 

Motion in a Vertical Circle 


10.1 Introduction 


Circular motion is a two dimensional motion or motion in a plane. This plane may be horizontal, 
inclined or vertical. But in most of the cases, this plane is horizontal. In circular motion, direction of 
velocity continuously keeps on changing. Therefore, even though speed is constant and velocity 
keeps on changing. So body is accelerated. Later we will see that this is a variable acceleration. So, 
we cannot apply the equations v=u +ar etc. directly. 


10.2 Kinematics of Circular Motion 
Velocity 


In circular motion, a particle has two velocities : 
(1) Angular velocity 
(ii) Linear velocity 


Angular Velocity 
Suppose a particle P is moving in a circle of radius r and centre O. 
The position of the particle P at a given instant may be described by the angle 
8 between OP and OX. This angle 9 is called the angular position of the 
particle. As the particle moves on the circle its angular position @ changes. 
Suppose the point rotates an angle A@ in time A‘. The rate of change of angular 
position is known as the angular velocity (@). Thus, 
A® d@0 
= lim —=— 
At>0 At dt 


00) 


Fig. 10.1 


Here, @ is the angular speed or magnitude of angular velocity. Angular velocity is a vector quantity. 
Direction of is perpendicular to plane of circle and given by screw law. 


(a) (b) 
Fig. 10.2 
In the Fig. 10.2 (a), when the particle is rotating clockwise, direction of @ is perpendicular to paper 
inwards or in © direction. 
In Fig. 10.2 (b), when the particle is rotating in anticlockwise direction, direction of @ is 
perpendicular to paper outwards or in © direction. 


: as ds dr 
Linear velocity is as usual, v=— or — 
dt dt 
Magnitude of linear velocity is called linear speed v. Thus, 
ds dr 
v=|v|=|— or — 
dt dt 
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Relation between Linear Speed and Angular Speed 
In the Fig. 10.1, linear distance PP’ travelled by the particle in time Af is 


As = rA@ 
; As ‘ A@ 
or lim —=r lm — 
At— 0 At At—> 0 At 
ds de 
or —=r— or! v=ro 
dt dt 
Acceleration 


Like the velocity, a particle in circular motion has two accelerations: 
(i) Angular acceleration 
(ii) Linear acceleration 
The rate of change of angular velocity is called the angular acceleration (). 


do _€8 


Thus, Qo=—= 
dt dt? 


Angular acceleration is also a vector quantity. Direction of & is also perpendicular to plane of circle, 
either parallel or antiparallel to w. If angular speed of the particle is increasing, then a is parallel tom 
and if angular speed is decreasing, then o is antiparallel to @. Angular acceleration is zero if angular 
speed (or angular velocity) is constant. 


In circular motion, linear speed of the particle may or may not be constant but direction of linear 
velocity continuously keeps on changing. So, velocity is continuously changing. Therefore, 
acceleration cannot be zero. But of course we can resolve the linear acceleration into two 
components: 

(i) tangential acceleration (a, ) 

(11) radial or centripetal acceleration (a.. ) 


Component of linear acceleration in tangential direction is called tangential acceleration (a, ). This 
component is responsible for change in linear speed. This is the rate of change of speed. Thus, 
_ dv _ d|v| 


a,=—= 
dt dt 

If speed of the particle is constant, then a, is zero. If speed is increasing, then this is positive and in the 

direction of linear velocity. If speed is decreasing, then this component is negative and in the 

opposite direction of linear velocity. 

Tangential component of the linear acceleration and angular acceleration have following relation: 
dv d(r®) do 

= = = rr 


‘dt at dt 


do 
r (as FF ) 


a,=ra 
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Component of linear acceleration in radial direction (towards centre) is called radial or centripetal 
acceleration. This component is responsible for change in direction of linear velocity. So, this 
component can never be zero, as the direction continuously keeps on changing. Value of this 
component is 


Vv 
a, =—=ro" (as v=r@) 
r 
These two components are mutually perpendicular. So, the net linear acceleration is 12 
the vector sum of these two, as shown in figure. : 
a= a; +a - = 
aoe 


or a= (ra)? +(ro’)? Fig. 10.3 


and tan@="" or @=tan! (2) 
a, a, 
Three Types of Circular Motion 
For better understanding, we can classify the circular motion in following three 
types: 
(1) Uniform circular motion in which v and o are constant. 


In this motion, 


vor|v|= constant = a,=0 => =constant > a=0 
ie 0 = 90° 
2 


=—_=ro i 
a a, Fig. 10.4 


a=a 


a is towards centre, v is tangential and according to the shown figure, @ is perpendicular to paper 
inwards or in ® direction. 


a 
(ii) Accelerated circular motion in which v and @are increasing. So, a, is in WS - v 
the direction of v and @ is in the direction of @. ! 
In the figure shown, & and @ both are perpendicular to paper inwards. 
Further, 
a= a? +a - 
a 8 is acute 
and tan§@ =— Fig. 10.5 
a, 
es : Poe : : — at, v 
(iii) Retarded circular motion in which v and are decreasing. So, a, is inthe “| Bak 
opposite direction of v and © is in the opposite direction of @. a} 
In the figure shown, @ is perpendicular to paper inwards in © direction and 
a is perpendicular to paper outwards in © direction. 
Note Inthe above figures, 0 is the angle between vand a. 6 is obtuse 


Fig. 10.6 
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® Extra Points to Remember 
e Relation between angular velocity vector w, velocity vector vand position vector of the particle with respect 
to centre r is given by 
v=Oo0xr 
e Incircular motion, if angular acceleration a is constant then we can apply the following equations directly: 


O=0,+0t > @°=05+200and O= og + Dat? 


Here, @p is the initial angular velocity anda, the angular velocity at time t. Similarly, @is the angle rotated by 
position vector of the particle (with respect to centre). 

e lf angular acceleration is not constant, then we will have to take help of differentiation or integration. The 
basic equations are 


ec! and pean 
at at de 


[00 = [aat, [do = [at and Jode = [aoe 


© Example 10.1 A particle moves in a circle of radius 0.5 m at a speed that 
uniformly increases. Find the angular acceleration of particle if its speed 
changes from 2.0 m/s to 4.0 m/s in 4.0 s. 


Solution The tangential acceleration of the particle is 


as dv _4.0-—2.0__ OSaie 
dt 4.0 
i : a, 0.5 2 
The angular acceleration is a=—= as = Irad/s Ans. 
r : 


© Example 10.2. The speed of a particle moving in a circle of radius r =2m 
varies with time t as v = t’, where t is in second and v in m/s. Find the radial, 


tangential and net acceleration at t = 2s. 


Solution Linear speed of particle at t = 2s is 


y= (2)° =4 m/s 
ye Gy 2 
*, Radial acceleration a, =—= oo 8 m/s 
r 


: a d 
The tangential acceleration is a, = os = 2t 
t 
*, Tangential acceleration at t = 2s is 
a, =(2)(2)=4 m/s” 
*, Net acceleration of particle at t = 2s is 


a= (a, +(a,)° = (8) + (4)? or a= 80 mis? 


Note Onany curved path (not necessarily a circular one) the acceleration of the particle has two components a, 
and a, in two mutually perpendicular directions. Component ofa along v is a, and perpendicular to vis a,,. 


Thus, 
|a|= Jap +a, 
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© Example 10.3 In circular motion, what are the possible values (zero, positive 
or negative) of the following : 
(a) @-v (b) v-a (c) @-O 
Solution (a) vlies in the plane of circle and @ is always perpendicular to this plane. 
vlLo@ (always) 
Hence, ®- vis always zero. 


(b) wand a both lie in the plane of circle and the angle between these two vectors may be acute 
(when speed is increasing) obtuse (when speed is decreasing) or 90° (when speed is 
constant). 


Hence, v-a may be positive, negative or zero. 


(c) @ and ware either parallel (6 = 0° between @ and ) or antiparallel (0 = 180°). In uniform 
circular motion, a has zero magnitude. Hence, @-a may be positive, negative or zero. 


INTRODUCTORY EXERCISE 


1. Is the acceleration of a particle in uniform circular motion constant or variable? 


2. Which of the following quantities may remain constant during the motion of an object along a 
curved path? 


(i) Velocity (ii) Speed (iii) Acceleration (iv) Magnitude of acceleration 
3. A particle moves in a circle of radius 1.0 cm with a speed given byv =2t, where vis in cm/s and t 
in seconds. 


(a) Find the radial acceleration of the particle att = 1s. 
(b) Find the tangential acceleration att =1s. 
(c) Find the magnitude of net acceleration att =1s. 


4. Aparticle is moving with a constant speed in a circular path. Find the ratio of average velocity to 


its instantaneous velocity when the particle rotates an angle6 = (5). 


5. A particle is moving with a constant angular acceleration of 4 rad/s? in a circular path. At time 
t =0, particle was at rest. Find the time at which the magnitudes of centripetal acceleration and 
tangential acceleration are equal. 

6. A particle rotates in a circular path of radius 54 m with varying speed v = 4t?. Here v is in m/s and 
tin second. Find angle between velocity and acceleration att =3s. 

7. Figure shows the total acceleration and velocity of a particle 
moving clockwise in a circle of radius 2.5 m at a given instant of J 
time. At this instant, find : 

(a) the radial acceleration, 
(b) the speed of the particle and 
(c) its tangential acceleration. a= 25 m/s* 
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10.3 Dynamics of Circular Motion 


In the above article, we have learnt that linear acceleration of a particle in circular motion has two 
components, tangential and radial (or centripetal). So, normally we resolve the forces acting on the 
particle in two directions: 


(1) tangential 
(ii) radial 
In tangential direction, net force on the particle is ma, and in radial direction net force is ma... 


In uniform circular motion, tangential acceleration is zero. Hence, net force in tangential direction is 
zero and in radial direction 


2 
Ma 2 
Fao =a, = : =mr@o 
2 
¥ 2 
as, a, =—=ro 
r 


This net force (towards centre) is also called centripetal force. 
In most of the cases plane of our uniform circular motion will be horizontal and one of the tangent is 
in vertical direction also. So, in this case we resolve the forces in: 

(1) horizontal radial direction 

(ii) vertical tangential direction 


In vertical tangential direction net force is zero (a, =0) and in horizontal radial direction (towards 
2 


or mra” ig 


centre) net force is 
# 


2 
. mv ; . . : 
Note Centripetal force —— or mr w*(towards centre) does not act on the particle but this much force is required 
f 


to the particle for rotating in a circle (as it is accelerated due to change in direction of velocity). The real 
forces acting on the particle provide this centripetal force or we can say that vector sum of all the forces 


: ae mv : : . : : 
acting on the particle is equal to —— or mr? (in case of uniform circular motion). The real forces acting 
r 


on the particle may be, friction force, weight, normal reaction, tension etc. 


Conical Pendulum 


If a small particle of mass m tied to a string is whirled in a horizontal 
circle, as shown in Fig.10.8. The arrangement is called the ‘conical 
pendulum’. In case of conical pendulum, the vertical component of 
tension balances the weight in tangential direction, while its horizontal 
component provides the necessary centripetal force in radial direction ; 


(towards centre). Thus, 


2 
mv 


T sin 0= 


r 


and T cos8 =mg .. (ii) 
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From these two equations, we can find 


=/rg tan0 


Vv 
tan 0 
.. Angular speed O= ey 
r r 

So, the time period of pendulum is 

20 Lcos0@ : 

T=—=2n "— =2n ee (as r=Lsin @) 
oO g tan®@ g 
L 
or T =20 ast 
& 


Motion of a Particle Inside a Smooth Cone 


A particle of mass ‘m’ is rotating inside a smooth cone 


: ; N cos 0 
in horizontal circle of radius ‘7’ as shown in figure. 
constant speed of the particle is suppose ‘v’. Nsin 6 
Only two forces are acting on the particle in the shown 
directions: mg 


(i) normal reaction NV 
(ii) weight mg Fig. 10.9 
We have resolved these two forces in vertical 

tangential direction and horizontal radial direction. In vertical tangential direction, 


net force is zero. 


N cos0=mg 
2 
; oat nee . my 
In horizontal radial direction (towards centre), net force is 
r 
2 
. mv 
N sin@= 
r 


‘Death Well’ or Rotor 


In case of ‘death well’ a person drives a bicycle on a vertical 
surface of a large wooden well while in case of a rotor, at a Pe. 
certain angular speed of rotor a person hangs resting against the | 

wall without any support from the bottom. In death well walls En 7 > 
are at rest and person revolves while in case of rotor person is at a 
rest and the walls rotate. > 


In both cases, friction force balances the weight of person while 


; : . ; Se (A) (B) 
reaction provides the centripetal force for circular motion, i.e. 


Death well Rotor 
2 Fig. 10.10 

my 
f=mg and N= = mr” (v=r0) 
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A Cyclist Bends Towards Centre on a Circular Path 
In the figure, F is the resultant of N and /. 


F=N?+f? 


When the cyclist is inclined to the centre of the 


rounding of its path, the resultant of NV, f and md 

mg is directed horizontally to the centre of the 

circular path of the cycle. This resultant force 

imparts a centripetal acceleration to the Fig. 10.11 


cyclist. 


Resultant of NV and f, i.e. F should pass through G, the centre of gravity of cyclist (for complete 


equilibrium, rotational as well as translational). Hence, 
2 
mv 
tan 8 -£, where f =—— and N =mg 
Ff 


2 


tan 8 ars 
rg 


Circular Turning of Roads 


When vehicles go through turnings, they travel along a nearly circular arc. There must be some force 
which will provide the required centripetal acceleration. If the vehicles travel in a horizontal circular 
path, this resultant force is also horizontal. The necessary centripetal force is being provided to the 
vehicles by following three ways: 

1. By friction only. 

2. By banking of roads only. 

3. By friction and banking of roads both. 

In real life, the necessary centripetal force is provided by friction and banking of roads both. Now, let us 
write equations of motion in each of the three cases separately and see what are the constraints in each 
case. 


1. By Friction Only 


Suppose a car of mass m is moving at a speed v in a horizontal circular arc of radius r. In this case, the 
necessary centripetal force to the car will be provided by force of friction facting towards centre. 


Thus, f= au 

r 
Further, limiting value of fis uN. 
or ft, =MN =ymg (N =mg) 
Therefore, for a safe turn without sliding 

mv? mv? 
<f, or —Sumg 
r r 
— 

or w2— or vsurg 
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Here, two situations may arise. If and r are known to us, the speed of the vehicle should not exceed 
2 


. ‘ Pave v 
rg and if v andr are known to us, the coefficient of friction should be greater than —. 
"S 
Note You might have seen that if the speed of the car is too high, car starts skidding outwards. With this, radius of 
the circle increases or the necessary centripetal force is reduced (centripetal force « 1 ). 


2. By Banking of Roads Only 


Friction is not always reliable at circular turns if high speeds and sharp turns 
are involved. To avoid dependence on friction, the roads are banked at the 
turn so that the outer part of the road is some what lifted compared to the 
inner part. 


Applying Newton’s second law along the radius and the first law in the 


vertical direction. 
2 


; my ; 
N sin@ = (i) 
r 
and N cos 8 =mg ..-(ii) Fig. 10.12 
From these two equations, we get 
2 
Vv 
tan6=— or | v= yrg tan® 
rg 


Note This is the speed at which car does not slide down even if track is smooth. If track is smooth and speed is less 
than {rg tan®, vehicle will move down so that r gets decreased and if speed is more than this vehicle will 


move up. 


3. By Friction and Banking of Road Both 


Ifa vehicle is moving on a circular road which is rough and banked also, then three forces may act on 
the vehicle of these the first force, i.e. weight (mg) is fixed both in magnitude and direction. The 
direction of second force, i.e. normal reaction N is also fixed (perpendicular to the road) while the 
direction of the third force, i.e. friction f can be either inwards or outwards, while its magnitude can 
be varied from zero to a maximum limit (f; =p). So, the magnitude of normal reaction N and 


direction plus magnitude of friction f are so adjusted that the resultant of the three forces mentioned 
2 


. MV 
above is 
r 


direction plus magnitude of friction mainly depend on the speed of the vehicle v. Although situation 
varies from problem to problem yet, we can see that 


towards the centre. Of these m and r are also constant. Therefore, magnitude of N and 


(1) Friction f is upwards if the vehicle is at rest or v =0. 
Because in this case the component of weight mg sin 9 is balanced by f 
(ii) Friction f is downwards if v>./rg tan 8 


(111) Friction f is upwards if v<.rg tan 0 
(iv) Friction f is zero if v= rg tan0 
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Let us now see how the force of friction and normal reaction change as speed is gradually increased. 


Ncos 6+ fsin® Neos 6+ fsin® 
N 


Fig. 10.13 
In Fig. (a) When the car is at rest force of friction is upwards. We can resolve the forces in any two 
mutually perpendicular directions. Let us resolve them in horizontal and vertical directions. 
LFy =0 -. Nsin@— fcos8=0 ...(1) 
LF, =0 -. Ncos0+ f sin0=mg ... (il) 


ee : mv", eee: 
In Fig. (b) Now, the car is given a small speed v, so that a centripetal force —— is now required in 
i 


horizontal direction towards centre. So, Eq. (i) will now become, 
2 


N sin @ — f cos0 = ——— 
Z 2 


or we can say that in first case NV sin 8 and f cos @ are equal while in second case their difference is : 
r 


This can occur in following three ways: 
(1) N increases while fremains same. 
(ii) N remains same while f decreases or 
(iii) N increases and f decreases. 
But only third case is possible, i.e. N will increase and f will decrease. This is because Eq. (ii), 
N cos0 + f sin 8 = mg =constant is still has to be valid. 
So, to keep NV cos 8 + f sin 8 to be constant N should increase and fshould decrease (as 6 = constant). 


Now, as speed goes on increasing, force of friction first decreases. Becomes zero at v = ./rg tan 8 and 


then starts acting in downward direction, so that its horizontal component f cos 8 with N sin 8 now 
provides the required centripetal force. 


© Example 10.4 A small block of mass 100 g moves with uniform speed in a 
horizontal circular groove, with vertical side walls of radius 25 cm. If the block 
takes 2.0 s to complete one round, find the normal constant force by the side 
wall of the groove. 

Solution The speed of the block is 
— 2m x (25cm) 
2.0 s 


= 0.785 m/s 


The acceleration of the block is 


440 


Mechanics - I 


towards the centre. The only force in this direction is the normal contact force due to the side 
walls. Thus, from Newton's second law, this force is 


N =ma= (0.100 kg )(2.464 m/s” )= 0.246 N Ans. 


Example 10.5 A fighter plane is pulling out for a dive at a speed of 900 km/h. 
Assuming its path to be a vertical circle of radius 2000 m and its mass to be 
16000 kg, find the force exerted by the air on it at the lowest point. 

Take, g =9.8 m/s". 


Solution At the lowest point in the path, the acceleration is vertically upward (towards the 
centre) and its magnitude is y7/r. 
The forces on the plane are : 
(a) weight Mg downward and 
(b) force F’ by the air upward. 
Hence, Newton's second law of motion gives 
F-Mg=Mv"/r or F=M(g+v’/r) 


5 
on m/s = 250 m/s 


Here, v= 900 km/h = 


F =16000} 9.8+ oem) 
2000 


)x= 6.56x 10° N (upward). 


Example 10.6 Three particles, each of mass m are situated at the vertices of 
an equilateral triangle of side a. The only forces acting on the particles are their 
mutual gravitational forces. It is desired that each particle moves in a circle 
while maintaining the original mutual separation a. Find the initial velocity 
that should be given to each particle and also the time period of the circular 


Gm,m. 
motion. | F =——— 
2 
r 
Solution r= ; sec 30° = 4 
_ Gmm 
~ 9 
a 
Gmm 
Pt. = V3F = 3 (V3) 
a 
This will provide the necessary centripetal force. 
mv- 3 Gm mv fs Gm Fig. 10.14 
= or = 5 
r a’ (a/ V3) a 
=> y= Gm Ans 
a 


2nr 20 (a/V3)_ 4 a 


Vv {Gm/ a 3Gm 


T= 
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© Example 10.7 (a) How many revolutions per minute must the apparatus 
shown in figure make about a vertical axis so that the cord makes an angle of 
45° with the vertical? 


a 


Fig. 10.15 
(b) What is the tension in the cord then? Given, 1 = /2m,a = 20 cmand m= 5.0 kg? 


Solution (a) r=a+/sin 45° = (0.2) + (V2) [=| =12m 


Now, T cos 45° = mg (1) 
and T sin 45° = mrw” ...(ii) 


From Eqs. (i) and (ii), we have @ = 2nt = if 
r 
1 /g 60 [9.8 
n= = m =27.3rpm Ans. 
20 ig 2n V1.2 a - 
(b) From Eq. (i), we have 7 = J/2 mg = (V2) (5.0) (9.8) 
= 69.3 N Ans. 


© Example 10.8 A turn of radius 20 m is banked for the vehicle of mass 200 kg 
going at a speed of 10 m/s. Find the direction and magnitude of frictional force 
acting on a vehicle if it moves with a speed 
(a)5 m/s 
(b) 15 m/s. 
Assume that friction is sufficient to prevent slipping. (g = 10 m/s”) 
Solution (a) The turn is banked for speed v= 10 m/s 

2 2 
Therefore, tan@=~-= ONT es) 
re (20)(10) 2 


Now, as the speed is decreased, force of friction facts 
upwards. 


re Fig. 10.16 
Using the equations LF, = 
r 
and LF’, = 0, we get 
my? 


N sin @— fcos0= 


(i) 


r 
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Ncos@+ fsin9=mg .. (ii) 


Substituting, 6 = tan! 6 ,v=5 m/s, m= 200kg and r= 20 m, in the above equations, 


we get f = 300 J5N (upwards) 
(b) In the second case force of friction f will act downwards. N 2 
2 
Using SF = ™ --g5 
r 
and LF’, =0, we get 
2 ; 
: on Fig. 10.17 
Nsin@+ fcos0= as ... (ill) : 
r 
Ncos0-— fsin 8= mg ... (iV) 
Substituting @=tan! (5) ,v=15m/s, m= 200 kg 
and r= 20min the above equations, we get 
f=500V5N (downwards) 


INTRODUCTORY EXERCISE 


1. A turn has a radius of 10 m. If a vehicle goes round it at an average speed of 18 km/h, what 
should be the proper angle of banking? 


2. If the road of the previous problem is horizontal (no banking), what should be the minimum 
friction coefficient so that a scooter going at 18 km/h does not skid? 

3. A circular road of radius 50 m has the angle of banking equal to 30°. At what speed should a 
vehicle go on this road so that the friction is not used? 

4. |s a body in uniform circular motion in equilibrium? 

5. Acar driver going at speed v suddenly finds a wide wall at a distance r. Should he apply brakes 
or turn the car in a circle of radius r to avoid hitting the wall. 


6. A 4 kg block is attached to a vertical rod by means of two strings of 
equal length. When the system rotates about the axis of the rod, the 
strings are extended as shown in figure. 


(a) How many revolutions per minute must the system make in order 
for the tension in the upper string to be 200 N? 


(b) What is the tension in the lower string then? Fig. 10.18 


7. Acar moves at a constant speed on a straight but hilly road. One section has a crest and dip of 

the same 250 m radius. 

(a) As the car passes over the crest the normal force on the car is one half the 16 KN weight of 
the car. What will be the normal force on the car as its passes through the bottom of the dip? 

(b) What is the greatest speed at which the car can move without leaving the road at the top of 
the hill? 

(c) Moving at a speed found in part (b) what will be the normal force on the car as it moves 
through the bottom of the dip? (Take, g =10 m/s”) 
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10.4 Centrifugal Force 


Newton’s laws are valid only in inertial frames. In non-inertial frames a pseudo force —ma has to be 
applied. (a= acceleration of frame of reference). After applying the pseudo force one can apply 
Newton’s laws in their usual form. Now, suppose a frame of reference is rotating with constant 
angular velocity @ in a circle of radius ‘7’. Then, it will become a non-inertial frame of acceleration 
r@” towards the centre. Now, if we observe an object of mass ‘m’ from this frame then a pseudo force 
of magnitude mr” will have to be applied to this object in a direction away from the centre. This 
pseudo force is called the centrifugal force. After applying this force we can now apply Newton’s 
laws in their usual form. Following examples will illustrate the concept more clearly: 


© Example 10.9 A particle of mass m is placed over a horizontal circular table 
rotating with an angular velocity ® about a vertical axis passing through its 
centre. The distance of the object from the axis is r. Find the force of friction f 
between the particle and the table. 


Solution Let us solve this problem from both frames. The one is a frame fixed on ground and 
the other is a frame fixed on table itself. 


® N 


N= normal reaction 


f 


f= force of friction 


mg 


Fig. 10.19 


From Frame of Reference Fixed on Ground (Inertial) 
Here, N will balance its weight and the force of friction f will provide the necessary centripetal force. 
Thus, f =mro’ Ans. 


From Frame of Reference Fixed on Table Itself (Non-inertial) a 
In the free body diagram of particle with respect to table, in 
addition to above three forces (NV, mg and f ) a pseudo force of | 
magnitude mr®” will have to be applied in a direction away f<— Pseudo force = mrw* 
from the centre. But one thing should be clear that in this frame | 
the particle is in equilibrium, i.e. NV will balance its weight in 
vertical direction while f will balance the pseudo force in mg 
horizontal direction. Fig. 10.20 


or f= mro” Ans. 


Thus, we see that f comes out to be mrw* from both the frames. 
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© Example 10.10 Two blocks A and B of masses © =2m/s 
1 kg and 3 kg are attached with two massless aig 
strings as shown in figure. The system is kept over 
a smooth table and it is rotated about the axis _—" ara 

shown in figure with constant angular speed A | 8 | 


@=2rad/s. 
Find direction and magnitude of centrifugal force on 
(a) A as observed by B 


(b) B as observed by A eee 
Solution (a) Acceleration of B, 
ap = rg" =(2) (2)? =8 m/s? (towards centre) 
Mass of A m,=|lkg. 
.. Centrifugal force (or pseudo force) on A, 
F4=m4apz =(1)(8)=8N Ans. 
Direction of this force is in the opposite direction of a,. Therefore, direction of F, is radially 
outwards. 
(b) Acceleration of A, a, =r," =(1)(2)’ =4 m/s” (towards centre) 
Mass of B, mz =3kg 
.. Centrifugal force on B, 


F, =mga, =(3)(4)=12N Ans. 


Direction of Fz is also radially outwards. 


10.5 Motion in a Vertical Circle 


Suppose a particle of mass m is attached to an inextensible light string of length R. The particle is 
moving in a vertical circle of radius R about a fixed point O. It is imparted a velocity u in horizontal 
direction at lowest point A. Let v be its velocity at point B of the circle as shown in figure. Here, 


1 M9 sin 6 
Fig. 10.22 
h=R(1-cos ®@) ...(i) 
From conservation of mechanical energy 
1 
5 mur —v")= mgh 


or v* =u? —2gh ... (ii) 
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The necessary centripetal force is provided by the resultant of tension 7 and mg cos 0 
2 


T —mgcos@ =—— ...(iii) 
R 
Now, following three conditions arise depending on the value of w. 


Condition of Looping the Loop (u>./5gR) 


The particle will complete the circle if the string does not slack even at the highest point (6 = 70). 
Thus, tension in the string should be greater than or equal to zero (J 20) at @=7. In critical case 
substituting 7 =0 and 8 = 7 in Eq. (iil), we get 

2 


_ Vin 2 3 = : : 
mg = — Or Vinn =ZR Of Vain =VER (at highest point) 
Substituting 8 = 7 in Eq. (i), h=2R 
Therefore, from Eq. (ii), we have 
ua, = oe +2gh 
or Ue, =gR+2g(2R)=5 gR 


or Umin =VOZR 


Thus, if w2./5gR, the particle will complete the circle. At 


u=5gR, velocity at highest point is v = VgR and tension in the a 

string 1s zero. 

Substituting 8 = 0° and v = 5gk in Eq. (iii), we get 7 = 6 mg or in 

the critical condition tension in the string at lowest position is 

6 mg. This is shown in Fig. 10.23. eu Un = /59R 

Ifu< 5gR , following two cases are possible T=6 mg 
Fig. 10.23 


Condition of Leaving the Circle (/29R <u<4/5gR) 


If u<.5gR, the tension in the string will become zero before reaching the highest point. From 


Eq. (111), tension in the string becomes zero (T' =0) 


2 2 
= Ach — 
where, cos § = ee or cos0= a chal 
Rg Rg 
Substituting this value of cos @ in Eq. (i), we get 
2gh — u? h 2 4R 
a  el=" or AS =, Gay) _..(iv) 
Rg R 3g 


or we can say that at height , tension in the string becomes zero. Further, if u < ./5gR, velocity of the 


particle becomes zero when 
2 


O=u2—2gh or hah (say) ...(v) 


ie. at height h, velocity of particle becomes zero. 
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Now, the particle will leave the circle if tension in the string becomes zero but velocity is not zero or 
T =0 but v £0. This is possible only when 


2 2 
+R 
ui +Rg we 
3g Ag 
or Qu? +2Rg <3u? or u?>2Rg or u>/2Rg 


h<h, or 


Therefore, if ./2gR <u<./5gR, the particle leaves the circle. 


From Eq. (iv), we can see that h>R if u? > 22R. Thus, the particle will 


leave the circle when h>R or 90° <9 <180°. This situation is shown in 
the Fig. 10.24. 


J2gR <u<J5gR or 90°<0<180° 


Note After leaving the circle, the particle will follow a parabolic path as the particle 
comes under gravity. 


Condition of Oscillation © <u<./2gR) 


The particle will oscillate, if velocity of the particle becomes zero but tension in the string is not zero. 
or v=0, but T #0. This is possible when 


Fig. 10.24 


hy <h 
or 3u? <2u* +2Rg 
or ue <2Rg 
or u<.j2Rg 


Moreover, if h; =/y, u=./2Rg and tension and velocity both becomes zero simultaneously. 


Further, from Eq. (iv), we can see that h < Rifu <./2Rg. Thus, for0 <u < /2gR, particle oscillates in 
lower half of the circle (0° <@ <90°). 
This situation is shown in the figure. 


Fig. 10.25 


O<usJj2gR or 0°<08<90° 


Note The above three conditions have been derived for a particle moving in a vertical circle attached to a string. 
The same conditions apply, if a particle moves inside a smooth spherical shell of radius R. The only 
difference is that the tension is replaced by the normal reaction N. 
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Condition of Looping the Loop is u>./5gR 


u= V5gR, N=6mg 
Fig. 10.26 


Condition of Leaving the Circle is /29R <u<./5gR 


N=0 
v#0 
h>R 
Fig. 10.27 
Condition of Oscillation is O0< u<./29R 
v=0, N#04 
h<R 
¥ 
Fig. 10.28 


© Example 10.11 A stone tied to a string of length L is whirled in a vertical 
circle with the other end of the string at the centre. At a certain instant of time 
the stone is at it lowest position and has a speed u. Find the magnitude of the 
change in its velocity as it reaches a position, where the string is horizontal. 


Solution v= Ju? -2gh = Ju? — 2gk 
[AVE lyy= jl 


= \v +u? —2v-ucos 90° 
= (u? —2gL)+ wu? 
=J5G2 =e) Ge =e) Rae. Fig. 10.29 
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© Example 10.12 With what minimum speed v must a small ball should be 
pushed inside a smooth vertical tube from a height h so that it may reach the 
top of the tube? Radius of the tube is R. 


(2A — h) <d 


> 
<> |« >| 


d<<R 
Fig. 10.30 


Solution v,.. =v? — 2g (2R-h) 


To just complete the vertical circle v,,,, may be zero. 


= 0=,v? — 2g (2R-h) 
or v= 2g (2R—-h) Ans. 


© Example 10.13 A particle is suspended from a fixed point by a string of 
length 5 m. It is projected from the equilibrium position with such a velocity 
that the string slackens after the particle has reached a height 8 m above the 
lowest point. Find the velocity of the particle, just before the string slackens. 
Find also, to what height the particle can rise further? 


Solution At P, 


T=0 
mv? 
mg cos 9 = 
sd R 
- 
or cos 8 = — 
m R 
2 
or (2) =/ 
5; 65 Fig. 10.31 
v= 5.42 m/s Ans. 


After point P motion is projectile 
v? sin? @ (5.42)? (4/5) 
“Ie CK OB 
= 0.96 m Ans. 


h 


© Example 10.14 A heavy particle hanging from a fixed point by a light 
inextensible string of length | is projected horizontally with speed Jal. Find the 
speed of the particle and the inclination of the string to the vertical at the 
instant of the motion when the tension in the string is equal to the weight of the 
particle. 
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Solution Let T = mg at angle 0 as shown in figure. 
h= I(1—cos 8) ...() 


Applying conservation of mechanical energy between points 
A and B, we get 


5 mu? =e )=mgh 


mg cos 0 


mg sin 0 


Here, u? = gl ... (ii) A~ u=Vgl 
and v= speed of particle in position B Fig. 10.32 
v? =4* —2gh ... (iii) 
2 2 
Further, T — mg cos9= a or mg —mgcos0= a (T=mg) 
or v? = gl(1—cos 8) ...(iv) 
Substituting values of vu? and h from Eqs. (iv), (ii) and (1) in Eq. (iii), we get 
gl(1—cos 8)= gl— 2gl(1—cos®) or cosO0= ; or @=cos! (2) 
ea 2 : 
Substituting cos 0 = 2 in Eq. (iv), we get 
l 
= Ie" Ans. 
3 
INTRODUCTORY EXERCISE 
1. In the figure shown in Fig. 10.33, a bob attached with a light string of radius 
Ris given an initial velocity u =./4 gR at the bottommost point. 
(a) At what height string will slack. R 
(b) What is velocity of the bob just before slacking of string. 
2. In the above question, ifu=./gR then 
; 2 u=v4gR 


(a) after rotating an angle 9, velocity of the bob becomes zero. Find the 


value of 0. 


Fig. 10.33 


(b) If mass of the bob is ‘m’ then whatis the tension in the string when velocity becomes zero? 


3. In question number-1, if u=./7 gR then 


(a) What is the velocity at topmost point ? 
(b) What is tension at the topmost point ? 
(c) What is tension at the bottommost point ? 

4. A bob is suspended from a crane by a cable of length 
/=5m. The crane and load are moving at a constant 
speed vy. The crane is stopped by a bumper and the bob 
on the cable swings out an angle of 60°. Find the initial 
speed Vy. (g = 98 m/s?) 


Yo 


Fig. 10.34 
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Final Touch Points 


1. 


In general, in any curvilinear motion direction of instantaneous velocity is tangential to the path, while 
acceleration may have any direction. If we resolve the acceleration in two normal directions, one 


parallel to velocity and another perpendicular to velocity, the first component is a, while the other is a,, 
a 


Thus, a, = component ofa along v =acos@= a 
V 
= GV = aM = rate of change of speed 
at dt 


and a, =component ofa perpendicular to v =a sin@ = ,Ja* — a? =v?/R 


Here, v is the speed of particle at that instant and RF is called the radius of curvature to the curvilinear 
path at that point. 


. Ina, =acos@, if@is acute, a, will be positive and speed will increase. If@ is obtuse a, will be negative 


and speed will decrease. If @ is 90°, a; is zero and speed will remain constant. 


. Ifa particle of mass mis connected to a light rod and whirled in a vertical circle of radius R, then to 


complete the circle, the minimum velocity of the particle at the bottommost point is not ./5 gR. 
Because in this case, velocity of the particle at the topmost point can be zero also. Using 
conservation of mechanical energy between points A and B as shown in figure (a), we get 


or & 


u22VgR u>2VgR d<<R 
(a) (b) 
5 mu? —v?)=mgh or 3 mu? =mg (2R) (as v = 0) 


u=2/gR 
Thetetres the minimum value of uin this case is 2/gR. 
Same is the case when a particle is compelled to move inside a smooth vertical tube as shown in 
figure (b). 
Oscillation of a pendulum is the part of a vertical circular motion. At point A and C 
since velocity is zero, net centripetal force will be zero. Only tangential force is 
present. From A and Bor C to B speed of the bob increases. Therefore, tangential 
force is parallel to velocity. From B to A or B to C speed of the bob decreases. 
Hence, tangential force is antiparallel to velocity. 


XV 
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5. In circular motion, acceleration of the particle has two components 
. : ‘ dv 
(i) tangential acceleration a, = aE = Ra 
v2 
(ii) normal or radial acceleration a, = ae Ra? 
a, and a, are two perpendicular components of a. Hence, we can write a = a? + a° 


Since, circular motion, is a 2-D motion we can write 


2 2 2 a2 2 
Here, VEWVy tVy OF VoEVy+Vy 


6. Condition of toppling of a vehicle on circular tracks 


While moving in a circular track normal reaction on the outer wheels (N,) is 
more than the normal reaction on inner wheels (N,). 


or N, >No 
This can be proved as below. 

Distance between two wheels = 2a 

Height of centre of gravity of car from road =h <a >}<_ a >| 
For translational equilibrium of car 


N, + No =mg sa) 

and fs my? (ii) 
r 
and for rotational equilibrium of car, net torque about centre of gravity should be zero. 
or N,(a) = Np(a) + f(A) (iii) 
From Eq. (iii), we can see that 
Ny =N, (2) F=n, (=| ...(iv) 

a r a 
or N <N, 
From Eq. (iv), we see that N» decreases as v is increased. 
In critical case, N, =0 
and N,; =mg [From Eq. (i)] 
a N,(a) = f(h) [From Eq. (iii)] 
or imaya)= [| (h) or ve 


Now, if v > S ,N, <0, and the car topples outwards. 
h 


Therefore, for a safe turn without toppling v < = 


7. From the above discussion, we can conclude that while taking a turn on a level road there are two 
critical speeds, one is the maximum speed for sliding (= Jurg) and another is maximum speed for 


toppling (-/%}. One should keep ones car’s speed less than both for neither to slide nor to 


overturn. 
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8. Motion of a ball over a smooth solid sphere 
Suppose a small ball of mass mis given a velocity v 
over the top of a smooth sphere of radius R. The Vv 
equation of motion for the ball at the topmost point 
will be 


mv? mv? 


ng NS or N=mg -—— 


From this equation, we see that the value of N 
decreases as v increases. Minimum value of N can (a) (b) 


be zero. Hence, 
2 


O=mg -‘Tnax Of Vmax = VRQ 


So, ball will lose contact with the sphere right from the beginning if velocity of the ball at topmost point 
v > Rg. lfv <./Rq it will lose contact after moving certain distance over the sphere. Now, let us find the 
angle 8 where the ball loses contact with the sphere if velocity at topmost point is just zero. Fig. (b) 


h=R(1-cos 6) (i) 
v2 =2gh (ii) 
mg cos 9 = (as N=0O) (iii) 


Solving Eas. (i), (ii) and (iii), we get 
8 =cos"| (=) = 48,2° 
3 


Thus, the ball can move on the sphere maximum upto @ = cos ' (=) ‘ 


Exercise : Find angle 6 where the ball will lose contact with the sphere, if velocity at topmost point is 
Vinax = vgR 
2 2 


Ans. 6 =cos™! (5) = 41.4° 


Fe 


Hint: Only Eq. (ii) will change as, 
v? =u? + 2gh (u #0) 
9. In the following two figures, surface is smooth. So, only two forces Nand mg are acting. But direction 
of acceleration are different. 


a=V7/R 
(b) 


Net force perpendicular to acceleration should be zero. So, in the first figure. 
N=mg cos@ 
and in the second figure, Ncos®@=mg 


Solved Examples 


TYPED PROBLEMS 


Type 1. Based on vertical circular motion 


Concept 


(i) Vertical circular motion is a non-uniform circular motion in which speed of the particle 
continuously keeps on changing. Therefore, a, and a, both are there. In moving 
upwards, speed decreases. So, a, is In opposite direction of velocity. In moving 
downwards, speed increases. So, a, is in the direction of velocity. 

Gi) In circular motion normally, we resolve the forces in two directions, radial and 
tangential. 

Here only two forces act on the particle, tension (7) and weight (mg). Tension is always 
in the radial direction (towards centre). So, resolve ‘mg’ along radial and tangential 
directions. 

(iii) Weight (mg) is a constant force, while tension (7) is variable. It is maximum at the 
bottommost point and minimum at the topmost point. 


© Example 1_ In the figure shown, u=6gR (>./5 gR) O 
Find h, v, a,, a,, Tand F., when ‘ 
See — Mh----------3 M f th 
(a) 8=60 ’ t aoe 
(b) 8=90° 
(c) 0=180° eee 


Solution (a) When 6 = 60° 


mg cos 60° 


mg sin 60° mg 
-3 mg mg ~ 2 


In the figure, we can see that, 
h=PM=OP-OM=R- Rcos® 


a ee Ans. 


2 
v=,u"-2 gh = 6 gR-2 (4) =,/5 gR Ans. 
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2 | 2 
AS sa Ans. 
R R 
- a = 


T — me ema, =m (6g) 
T =55mg Ans 
Foot a8 Ans 
(b) When 6 = 90° 
h=R Ans. 
=,u7-2 gh =,/6 gR-2 gR 
=2/JeR Ans. 
2 2 
2 OVER, 
R R 
ee Le 
m m 


a=,a?+a? =[4g)" + (¢)=Vi7¢ 
T=ma,=m (4g) 
=4mg Ans. 
Fo, =ma=m (17 g) 
17 mg 
(c) When 0 = 180° 


h=2R Ans. 
v=y u*-2gh 
= J2gR Ans. 
_v'_ (2k)? 


=2g Ans. 
=0 (as F, =0, both forces are radial) 
a (as a, =0) 
=2g Ans. 
T+mg=ma,=m (2g) 
T=mg 
Note This is the minimum tension during the motion. 


Fo, =ma=m 2 g)=2mg Ans. 
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Note Points 


(i) F.,.,(= ma) is also the vector sum of two forces. T and mg acting on the body. 


Gi) 


mg Cos 8 


mg sin 8 


mg 
F 1 : 
In general, d= = Sa =gsin0 
m m 


At @=60°, 90° and 180°, this value is B ag and zero. 


2 
mv? mvU 


Similarly, T —- mgcos@= ma, = => T=mgcos0+ 


(ii) At topmost and bottommost points, both forces act in radial direction. N 
So, F,=0 Ty+mg\, 


F, O 
=> a, --t'-9 } 
m T; f 

mg 


Type 2. Based on motion of a pendulum 


Concept 


Motion of a pendulum is the part of a vertical circular motion. 
It is the case of oscillation in vertical circular 
motion.Therefore velocity at bottommost point C should be 
less than or equal to eal. a 
At extreme positions A and B where, 0=+0), v=0, 7'¥0, 
a,=0-T 
Therefore, a, =gsin0) and T=mgcos0, 
At the bottommost point C, where 6= 0° 

v= maximum 


a, = maximum 
T= maximum 
and a, =0 
At some intermediate point P, where 6=8, neither of the terms discussed above is zero, 
h=Icos0—Icos®8. 
v=,2gh 
2 


7) : 
a, = a, =gsin®, a=,a? +a?, 


2 
Fi,=ma and T- mgcos0= “= ma, 
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© Example 2. A bail of mass ‘m’ is released from point A where, 
0) =53° . Length of pendulum is ‘I’. Find v, a,, a,, a, T and 
| at 
(a) point A 
(6) point C 
(c) pont P, where 0= 37° 
Solution (a) At pont A 


v0 > @,=—=0 (R=1) 
R 


ay = gsin®)=gsin53°== g 


4 
Ga 0= 8 


T =mg cosy =mg cos53°=— mg 
4 
Fret ne ee 


(b) At point C 
h=OC-OM =I-Ic0s538° 


9 
T== 
5 me 


Fg =ma == mg 


(c) At point P 


h=OM -ON =1cos37°—1cos53° O 
ap ye! 
5 5 5 
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222 = 
ar or ae! 
= gsin0=gsin37°= 
2 
re ore rc M18 
T —mg cos®=ma, 


or ie 


6 
T=—m 
5 S 


F 


13 
net i deal ee 


Miscellaneous Examples 


© Example 3 A particle of mass m starts moving in a circular path of constant 
radius r, such that its centripetal acceleration a, is varying with time t as 
a,= k*rt’, where k is a constant. What is the power delivered to the particle by 


the forces acting on it ? 


[IIT JEE 1994] 
Solution As a,=(v%/r) so (vir)=k’rt? 
Kinetic energy K = ; mv? = ~ mk"? 
Now, from work-energy theorem 
W = AK => mk'r't?—0 [as at t=0, K =0] 
So, P= a -<( mk*r7¢? )- mk*r*t Ans. 
dt dt 


Alternate solution : Given that a, = kt”, so that 


F, =ma,=mk’rt? 


Now, as = (v/r), so (v7/r) = k’rt” 
or v=krt 
So, that a, = (dv/dt) = kr 
i.e. F, =ma, =mkr 
Now, as F=F,+ F, 
aw 


So, P=—— =F. v=(F,+F)-v 
di v=( 1) 
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In circular motion, F, is perpendicular to v while F, parallel to it, so 
P=F,v [as F,-v=0] 
P =mk’*r*t Ans. 


© Example 4 If a point moves along a circle with constant speed, prove that its 
angular speed about any point on the circle is half of that about the centre. 


Solution Let, O be a point on a circle and P be the position of the 
particle at any time t, such that 


ZPOA=8. Then, ZPCA=20 
Here, C is the centre of the circle. 


Angular velocity of P about O is @o = - 
and angular velocity of P about C is, 
d de 
Oc =— (20)=2 — 
a ein 
or Oc = 209 Proved. 


© Example 5 A particle is projected with a speed u at an angle 0 with the 
horizontal. What is the radius of curvature of the parabola traced out by the 


ae . : . 6... 
projectile at a point where the particle velocity makes an angle . with the 


horizontal. 


Solution Let vu be the velocity at the desired point. Horizontal component of 
velocity remains unchanged. Hence, 


ts) 
vcos — =u cos8@ 
2 


_ ucos® 


.. @) 


) 
cos — 
2 


Radial acceleration is the component of acceleration perpendicular to velocity or 


a, = £ cos (5) 
i 2 


wv 8 i 
Res (5) ..- (ii) 


Substituting the value of v from Eq. (i) in Eq. (ii), we have radius of curvature 


2 
u cos 8 


cos (5) 2 2 
R= Z ee Ans. 


g cos (3) g cos® (3) 
2 2 
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© Example 6 A point moves along a circle with a speed v = kt, where k = 0.5 m/s". 
Find the total acceleration of the point at the moment when it has covered the n“” 


: : Sees , 1 
fraction of the circle after the beginning of motion, where n = Tit 


Solution’ v= 2 =k or [i ds=k[ tae 3 ~ 22 be 
dt 0 0 2 


For completion of nth fraction of circle, 


s=2nrn = : kt? or t?=(4nnr)/k sell) 
. ; du hi 
Tangential acceleration = a, = ai =k ..- (11) 
2 42,2 
Normal acceleration = a,, = a cas ... (iii) 
r r 
Substituting the value of ¢? from Eq. (i), we have 
or a, =4ank 
a= (a? + a?) = [k? + 16n7n7K7]? 
=k [1 + 16n7n7}/? 
=0.50 [1 + 16 x (8.14)? (.10)?]? 
=0.8 mss” Ans. 
© Example 7 Ina two dimensional motion of a body, prove that tangential 
acceleration is nothing but component of acceleration along velocity. 
Solution Let velocity of the particle be, 
C= su,) 
a iQUe 2 
Acceleration a= Un Fg So j 
dt dt 
yp ae yy 
Component of a along v will be, ay at ~_dt ... (i) 
|v| te +, 
Further, tangential acceleration of particle is rate of change of speed. 
du d 2 al 1 du dv, 
or a, =— =—|,Ju, +0 or a,= 2vu, -—*+ 2u 
‘dt mm ans ‘og feel * de ” dt 
du, dv, 
UY, . = Vy Se 
or a, =a dt ... Gi) 


2 2 
te? Uy 


From Kgs. (i) and (ii), we can see that 
a-v 
a, =— 
Iv| 


or Tangential acceleration = component of acceleration along velocity. Hence proved. 


Exercises 


LEVEL 1 


Assertion and Reason 
Directions Choose the correct option. 
(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 
(6) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 
(d) If Assertion is false but the Reason is true. 
1. Assertion: A car moving on a horizontal rough road with velocity v can be stopped in a 


minimum distance d. If the same car, moving with same speed uv takes a circular turn, then 


minimum safe radius can be 2d. 
2 2 


Reason: d= oe and minimum safe radius = al 
2ug Hs 


2. Assertion: A particle is rotating in a circle with constant speed as 
shown. Between points A and B, ratio of average acceleration and average 
velocity is angular velocity of particle about point O. 


Reason: Since speed is constant, angular velocity is also constant. 


3. Assertion: A frame moving in a circle with constant speed can never be 
an inertial frame. 


Reason: It has a constant acceleration. 


4. Assertion: In circular motion, dot product of velocity vector (v) and acceleration vector (a) 
may be positive, negative or zero. 


Reason: Dot product of angular velocity vector and linear velocity vector is always zero. 
5. Assertion: Velocity and acceleration of a particle in circular motion at some instant are: 

v =(2i) ms! anda = (- i+ 23) ms”, then radius of circle is 2 m. 

Reason: Speed of particle is decreasing at a rate of 1 ms ”. 


6. Assertion: In vertical circular motion, acceleration of bob at position A is greater than ‘g’. 


Reason: Net acceleration at A is resultant of tangential and radial components of 
acceleration. 
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7. Assertion: A pendulum is oscillating between points A,BandC. Acceleration of bob at 
points A or C is zero. 


Reason: Velocity at these points is zero. 


8. Assertion: Speed ofa particle moving in a circle varies with time as, v = (4t — 12). Such type 
of circular motion is not possible. 


Reason: Speed cannot change linearly with time. 


9. Assertion: Circular and projectile motions both are two dimensional motion. But in circular 
motion, we cannot apply v = u+ at directly, whereas in projectile motion we can. 


Reason: Projectile motion takes place under gravity, while in circular motion gravity has no 
role. 


10. Assertion: A particle of mass m takes uniform horizontal circular motion inside a smooth 
funnel as shown. Normal reaction in this case is not mg cos8. 


) 


Reason: Acceleration of particle is not along the surface of funnel. 


11. Assertion: When water in a bucket is whirled fast overhead, the water does not fall out at the 
top of the circular path. 


Reason: The centripetal force in this position on water is more than the weight of water. 


Objective Questions 
Single Correct Option 


1. A particle is revolving in a circle with increasing its speed uniformly. Which of the following is 


constant ? 
(a) Centripetal acceleration (b) Tangential acceleration 
(c) Angular acceleration (d) None of these 


2. A particle is moving in a circular path with a constant speed. If@ is the angular displacement, 
then starting from 6 = 0, the maximum and minimum change in the linear momentum will 
occur when value of 8 is respectively 


(a) 45° and 90° (b) 90° and 180° 
(c) 180° and 360° (d) 90° and 270° 


3. A simple pendulum of length / has maximum angular displacement 8. Then maximum kinetic 
energy of a bob of mass m is 


(a) gl (b) ; mgl cos® (c) mgl (1 — cos 8) (d) ; mglsin® 
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4. A particle of mass m is fixed to one end of a light rigid rod of length / and rotated in a vertical 


10. 


11. 


circular path about its other end. The minimum speed of the particle at its highest point must 
be 


(a) zero (b) Jel 
(c) 15 gl (d) ,/2 gl 


. A simple pendulum of length / and mass m is initially at its lowest position. It is given the 


minimum horizontal speed necessary to move in a circular path about the point of suspension. 
The tension in the string at the lowest position of the bob is 


(a) 3 mg (b) 4 mg 
(c) 5 mg (d) 6 mg 


. A point moves along a circle having a radius 20 cm with a constant tangential acceleration 


5 cm/s”. How much time is needed after motion begins for the normal acceleration of the point 
to be equal to tangential acceleration? 

(a) ls (b) 2s 

() 3s (d) 4s 


. A ring of mass (27) kg and of radius 0.25 m is making 300 rpm about an axis through its 


perpendicular to its plane. The tension in newton developed in ring is approximately 
(a) 50 (b) 100 
(c) 175 (d) 250 


. Acar is moving on a circular level road of curvature 300 m. If the coefficient of friction is 0.3 and 


acceleration due to gravity is 10 m/s”, the maximum speed of the car can be 


(a) 90 km/h (b) 81 km/h 
(c) 108 km/h (d) 162 km/h 


. A string of length 1 m is fixed at one end with a bob of mass 100 g and the string makes 


(=) rev s' around a vertical axis through a fixed point. The angle of inclination of the string 
T 


with vertical is 


(5 (3 
(a) tan (2) (b) tan (2) 

1f{3 1{5 
(c) cos (2) (d) cos (2) 
In a previous question, the tension in the string = 
a 
(c) =. N (d) 7 N 


A small particle of mass 0.36 g rests on a horizontal turntable at a distance 25 cm from the axis 
: ; 1 7 ae 

of spindle. The turntable is accelerated at a rate of a = = rads”. The frictional force that the 

table exerts on the particle 2 s after the startup is 


(a) 40 uN (b) 30 uN 
(c) 50 WN (d) 60 uN 


12. 


13. 


14. 
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A simple pendulum of length / and bob of mass m is displaced from its equilibrium position O to 
a position P so that height of P above Ois h. It is then released. What is the tension in the string 
when the bob passes through the equilibrium position O ? Neglect friction. vis the velocity of the 
bob at O. 

2mgh 


2 
(a) m [s : 4 (o) 
(c) mg (1 + *) (d) mg (1 + 2m) 


Two particles revolve concentrically in a horizontal plane in the same direction. The time 
required to complete one revolution for particle A is 3 min, while for particle Bis 1 min. The 
time required for A to complete one revolution relative to Bis 

(a) 2 min (b) 1 min 

(c) 1.5 min (d) 1.25 min 

Three particles A,BandC move in a circle in anticlockwise direction with speeds 1 ms", 
2.5ms! and 2 ms‘ respectively. The initial positions of A, Band C are as shown in figure. The 


ratio of distance travelled by Band C by the instant A, Band C meet for the first time is 
B 


(a) 3:2 (b) 5:4 (c) 3:5 (d) data insufficient 


Subjective Questions 


1. 


2. 


A car is travelling along a circular curve that has a radius of 50 m. If its speed is 16 m/s and is 
increasing uniformly at 8 m/s”. Determine the magnitude of its acceleration at this instant. 


A 70 kg man stands in contact against the inner wall of a hollow cylindrical drum of radius 3 m 
rotating about its vertical axis. The coefficient of friction between the wall and his clothing is 
0.15. What is the minimum rotational speed of the cylinder to enable the man to remain stuck 
to the wall (without falling) when the floor is suddenly removed? 


. A particle is projected with a speed wu at an angle @ with the horizontal. Consider a small part of 


its path near the highest position and take it approximately to be a circular arc. What is the 
radius of this circle? This radius is called the radius of curvature of the curve at the point. 


. Find the maximum speed at which a truck can safely travel without toppling over, on a curve of 


radius 250 m. The height of the centre of gravity of the truck above the ground is 1.5 m and the 
distance between the wheels is 1.5 m, the truck being horizontal. 


. Ahemispherical bow] of radius R is rotating about its axis of symmetry which is kept vertical. A 


small ball kept in the bow] rotates with the bow] without slipping on its surface. If the surface of 
the bowl is smooth and the angle made by the radius through the ball with the vertical is a. Find 
the angular speed at which the bow] is rotating. 


. Show that the angle made by the string with the vertical in a conical pendulum is given by 


cos 6 = ca , where L is the length of the string and @ is the angular speed. 
(0) 
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7. A boy whirls a stone of small mass in a horizontal circle of radius 1.5 m and at height 2.9 m 


10. 


above level ground. The string breaks and the stone flies off horizontally and strikes the ground 
after travelling a horizontal distance of 10 m. What is the magnitude of the centripetal 
acceleration of the stone while in circular motion ? 


. Ablock of mass m is kept on a horizontal ruler. The friction coefficient between the ruler and 


the block is uw. The ruler is fixed at one end and the block is at a distance L from the fixed end. 

The ruler is rotated about the fixed end in the horizontal plane through the fixed end. 

(a) What can the maximum constant angular speed be for which the block does not slip ? 

(b) If the angular speed of the ruler is uniformly increased from zero at an angular acceleration a, 
at what angular speed will the block slip ? 


. Athin circular wire of radius R rotates about its vertical diameter with an angular frequency w. 


Show that a small bead on the wire remains at its lowermost point for @ < /g/ R.What is angle 


made by the radius vector joining the centre to the bead with the vertical downward direction 
for @ = /2g/ R ? Neglect friction. 


Two blocks tied with a massless string of length 3 m mo) 
are placed on a rotating table as shown. The axis of Cu 
rotation is 1 m from 1 kg mass and 2 m from 2 kg mass. 


I 
The angular speed 2kg am 2" 7 
@ = 4 rad/s. Ground below 2 kg block is smooth and I 2 


below 1 kg block is rough. (g = 10 m/s”) I 

(a) Find tension in the string, force of friction on 1 kg 
block and its direction. 

(b) If coefficient of friction between 1 kg block and ground is p = 0.8. Find maximum angular speed 
so that neither of the blocks slips. 

(c) If maximum tension in the string can be 100 N, then find maximum angular speed so that 
neither of the blocks slips. 


Note Assume that in part (b) tension can take any value and in parts (a) and (c) friction can take any value. 


11. 


12. 


A small block slides with velocity 0.5,/gr on the horizontal frictionless surface as shown in the 
figure. The block leaves the surface at point C. Calculate angle @ in the figure. 
A |» 8B 


The bob of the pendulum shown in figure describes an arc of circle in a vertical plane. If the 
tension in the cord is 2.5 times the weight of the bob for the position shown. Find the velocity 
and the acceleration of the bob in that position. 
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13. The sphere at A is given a downward velocity uv) of magnitude 5 m/s and swings in a vertical 
plane at the end of a rope of length / = 2m attached to a support at O. Determine the angle 6 at 
which the rope will break, knowing that it can withstand a maximum tension equal to twice the 
weight of the sphere. 


Bo~s, 
N 
\ 
\ 
\ 
A 1 
/ l fe) : 
I 
/ 
Vo’ rd 
SC uw 


LEVEL 2 


Objective Questions 
Single Correct Option 


1. Acollar Bof mass 2 kg is constrained to move along a horizontal smooth and fixed circular track 
of radius 5 m. The spring lying in the plane of the circular track and having spring constant 
200 Nm is undeformed when the collar is at A. If the collar starts from rest at B, the normal 


reaction exerted by the track on the collar when it passes through A is 


(a) 360 N (b) 720 N 
(c) 1440 N (d) 2880 N 


2. A particle is at rest with respect to the wall of an inverted cone rotating with uniform angular 
velocity ® about its central axis. The surface between the particle and the wall is smooth. 
Regarding the displacement of particle along the surface up or down, the equilibrium of particle 
is 


C5 a 


(a) stable (b) unstable 
(c) neutral (d) None of these 
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3. Arough horizontal plate rotates with angular velocity @ about a fixed vertical axis. A particle of 
mass m lies on the plate at a distance ae from this axis. The coefficient of friction between the 
plate and the particle is > The largest value of w” for which the particle will continue to be at 
rest on the revolving plate 7 A r 
(a) = ) == Ora () 


4. A ball attached to one end of a string swings in a vertical plane such that its acceleration at 
point A (extreme position) is equal to its acceleration at point B(mean position). The angle@is 


! 0 
I A 
B 1 
(a) cos(2) (b) cos( 4) 
(c) cos'(2) (d) None of these 


5. A skier plans to ski a smooth fixed hemisphere of radius R. He starts from rest from a curved 


smooth surface of height (2) The angle 0 at which he leaves the hemisphere is 


(2 a5 (5 af _5_| 
(a) cos (=) (b) cos a (c) cos (?) (d) cos 2B | 


6. A section of fixed smooth circular track of radius R in vertical plane is shown in the figure. A 
block is released from position A and leaves the track at B. The radius of curvature of its 
trajectory just after it leaves the track at Bis ? 


(a) R (b) «@# (a) . 


7. 


10. 


11. 


12. 
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A particle is projected with velocity u horizontally from the top of a smooth sphere of radius a so 
that it slides down the outside of the sphere. If the particle leaves the sphere when it has fallen 


a height . the value of u is 


(a) Jag (b) ve 


. A particle of mass m describes a circle of radius r. The centripetal acceleration of the particle is 


+ What will be the momentum of the particle ? 
r 


m m 
a) 2— b) 2 — 
(a) (b) ae 
(c) 4 - (d) None of these 
vr 
. A10 kg ball attached at the end of a rigid massless rod of length 1 m rotates at constant speed in 


a horizontal circle of radius 0.5 m and period of 1.58 s, as shown in the figure. The force exerted 
by the rod on the ball is (g = 10 ms ”) 


(a) 158 N (b) 128 N 
(c) 110 N (d) 98N 


A disc is rotating in a room. A boy standing near the rim of the disc of radius R finds the water 
droplet falling from the ceiling is always falling on his head. As one drop hits his head, other one 
starts from the ceiling. If height of the roof above his head is H, then angular velocity of the disc 
is 


2gR 2gH 
a) 7 T 
( ) \ H2 (b) R? 
(c) % i (d) None of these 
In a clock, what is the time period of meeting of the minute hand and the second hand? 
60 

59 — 
(a) 59s (b) 59° 

59 3600 

= aye 
ene ge 
A particle of mass m starts to slide down from the top of the fixed smooth sphere. What is the 


tangential acceleration when it breaks off the sphere ? 
28 v5 g 
a5: b) 22 

(a) 3 (b) 3 


g 
(c) g (d) 3 
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13. 


14. 


15. 


16. 


17. 


18. 


A particle is given an initial speed u inside a smooth spherical shell of radius R so that it is just 
able to complete the circle. Acceleration of the particle, when its velocity is vertical, is 


(a) g J10 (b) g 
(c) g v2 (a) g V6 


An insect of mass m = 3kgis inside a vertical drum of radius 2 m that is rotating with 

an angular velocity of 5 rads. The insect doesn’t fall off. Then, the minimum 
coefficient of friction required is 

(a) 0.5 

(b) 0.4 

(c) 0.2 a 
(d) None of the above 

A simple pendulum is released from rest with the string in horizontal position. The vertical 


component of the velocity of the bob becomes maximum, when the string makes an angle @ with 
the vertical. The angle 6 is equal to 


v1 =i 1 
(a) q (b) cos (=| 


1 Tt 

(c) sin-*( 5] (d) = 
V3 3 

A particle is moving in a circle of radius R in such a way that at any instant the normal and 

tangential component of its acceleration are equal. If its speed at t = 0 is up. The time taken to 

complete the first revolution is 


Ce oy 
Uo Uo 
@f%a-e% @ ~ate*) 
Up Y% 


A particle is moving in a circular path in the vertical plane. It is attached at one end ofa string 
of length / whose other end is fixed. The velocity at lowest point is u. The tension in the string is 
T and acceleration of the particle is a at any position. Then T- a is zero at highest point if 


(a) u>./5 gl 

(b) u=/5 gl 

(c) Both (a) and (b) are correct 

(d) Both (a) and (b) are wrong 

In the above question, T- a is positive at the lowest point for 
(a)u <./2 gl (b) u =./2 gl 

(c) u<./2 gl (d) any value of wu 
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More than One Correct Options 


1. A ball tied to the end of the string swings in a vertical circle under the influence of gravity. 
(a) When the string makes an angle 90° with the vertical, the tangential acceleration is zero and 
radial acceleration is somewhere between minimum and maximum 
(b) When the string makes an angle 90° with the vertical, the tangential acceleration is maximum 
and radial acceleration is somewhere between maximum and minimum 
(c) At no place in circular motion, tangential acceleration is equal to radial acceleration 
(d) When radial acceleration has its maximum value, the tangential acceleration is zero 


2. A small spherical ball is suspended through a string of length J. The whole arrangement is 
placed in a vehicle which is moving with velocity v. Now, suddenly the vehicle stops and ball 
starts moving along a circular path. If tension in the string at the highest point is twice the 
weight of the ball then (assume that the ball completes the vertical circle) 

(a) v=,5 gl 

(b) v=J/7al 

(c) velocity of the ball at highest point is Jel 

(d) velocity of the ball at the highest point is 3 gl 


3. A particle is describing circular motion in a horizontal plane in contact with the smooth 
surface of a fixed right circular cone with its axis vertical and vertex down. The height of 
the plane of motion above the vertex is h and the semi-vertical angle of the cone is a. The 
period of revolution of the particle 


(a) increases as / increases (b) decreases as h decreases 
(c) increases as & Increases (d) decreases as & increases 


4. In circular motion of a particle, 
(a) particle cannot have uniform motion 
(b) particle cannot have uniformly accelerated motion 
(c) particle cannot have net force equal to zero 
(d) particle cannot have any force in tangential direction 


5. A smooth cone is rotated with an angular velocity @ as shown. A block Ais placed at height h. 
Block has no motion relative to cone. Choose the correct options, when @ is increased. 


Ge", 


(a) net force acting on block will increase (b) normal reaction acting on block will increase 
(c) A will increase (d) normal reaction will remain unchanged 
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Comprehension Based Questions 
Passage 1 (Q.Nos. 1 to 2) _-* 
I 


A ball with mass m is attached to the end of a rod of mass M and length /.The /’ 

other end of the rod is pivoted so that the ball can move in a vertical circle. The A ouU——+ 
rod is held in the horizontal position as shown in the figure and then given just \ if 
enough a downward push so that the ball swings down and just reaches the \ ’ 
vertical upward position having zero speed there. Now answer the following “= 
questions. 


1. The change in potential energy of the system (ball + rod) is 


(a) mgl (b) (M+ m) gl (©) (4 + m| gl (ME) 


2 
2. The initial speed given to the ball is 


(a) jst + 2mgt (b) ,/2 gl (c) ee (d) None of these 
m m 


Note Attempt the above question after studying chapter of rotational motion. 


Passage 2 (Q.Nos. 3 to 5) 


A small particle of mass m attached with a light inextensible thread of length Lis 
moving in a vertical circle. In the given case particle is moving in complete vertical 
circle and ratio of its maximum to minimum velocity is 2: 1. : 


: iE ' 
3. Minimum velocity of the particle is ie | we 
m 


el el 

(a) 4 (b) 2 
gL [gL 

(c) 3) (d) 3 3) 


4. Kinetic energy of the particle at the lower most position is 


Qi mgL (b) 2mgL (c) 8mgL (d) 2mgl 
3 3 3 
5. Velocity of the particle when it is moving vertically downward is 
10 gL gL 8 gL 13 gL 
ae ot gq |e Per dy joe 84 
(a) : (b) 4] E (c) 5 (d) F 


Match the Columns 


1. A bob of mass m is suspended from point O by a massless string of length / as shown. At the 
bottommost point it is given a velocity u = 12gl for ]=1m and m=1kg, match the following 


two columns when string becomes horizontal (g = 10 ms~”) (@) 
Column I Column II (SI units) 
(a) Speed of bob (p) 10 l 
(b) Acceleration of bob (q) 20 
(c) Tension in string (xr) 100 


(d) Tangential acceleration of bob | (s) None 
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2. Speed of a particle moving in a circle of radius 2 m varies with time as v = 2¢ (SI units). Att=1s 


match the following two columns : 
Column I 


(a) a-v 
(b) Jax@| 
(c) v-@ 
(d) |vxa| 


Here, symbols have their usual meanings. 


Column II (SI units) 


(p) 2 V2 
(q) 2 
(r) 4 
(s) None 


. Acar is taking turn on a rough horizontal road without slipping as shown in figure. Let F' is 
centripetal force, f the force of friction, N, and N». are two normal reactions. As the speed of car 
is increased, match the following two columns. 


Turn al No 
D {o} {o] 
f 
Column I Column II 

(a) N, (p) will increase 
(b) Ny, (q) will decrease 
(c) Fif (x) will remain unchanged 
(d) f (s) cannot say anything 


. Position vector (with respect to centre) velocity vector and acceleration vector of a particle in 
circular motion are r = (3i — 4j) m, v = (4i— aj) ms ‘ anda = (- 61 + bj) ms ~. Speed of particle is 
constant. Match the following two columns. 


Column I Column II (SI units) 
(a) Value of a (p) 8 
(b) Value of b (q) 3 
(c) Radius of circle (vr) 5 
(d) r-(vxa) (s) None 


. A particle is rotating in a circle of radius R= (=) m, with constant speed 1 ms’. Match the 


Tl 


following two columns for the time interval when it completes oth of the circle. 


Column I Column II (SI units) 


2 

(a) Average speed (p) 2 
2 
(b) Average velocity (q) 2 - 


(c) Average acceleration | (r) v2 
(d) Displacement (s) 1 
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Subjective Questions 


1: 


. If the system shown in the figure is rotated in a horizontal circle 


Bob B of the pendulum AB is given an initial velocity ./3Zg in horizontal direction. Find the 
maximum height of the bob from the starting point, 


A 
L 


ma 


(a) if ABis a massless rod, (b) if AB is a massless string. 


. Asmall sphere B of mass m is released from rest in the position shown and swings freely in a 


vertical plane, first about O and then about the peg A after the cord comes in contact with the 
peg. Determine the tension in the cord 


(a) just before the sphere comes in contact with the peg. 
(b) just after it comes in contact with the peg. 


. A particle of mass m is suspended by a string of length / from a fixed rigid support. A sufficient 


horizontal velocity Up =  3g/ is imparted to it suddenly. Calculate the angle made by the string 
with the vertical when the acceleration of the particle is inclined to the string by 45°. 


. Aturn of radius 20 m is banked for the vehicles going at a speed of 36 km/h. If the coefficient of 


static friction between the road and the tyre is 0.4. What are the possible speeds of a vehicle so 
that it neither slips down nor skids up ? (g = 9.8 m/s”) 


. A particle is projected with a speed wu at an angle 0 with the horizontal. Find the radius of 


curvature of the parabola traced out by the projectile at a point, where the particle velocity 
makes an angle “ with the horizontal. 


. A particle is projected with velocity 20/2 m/s at 45° with horizontal. After 1 s, find tangential 


and normal acceleration of the particle. Also, find radius of curvature of the trajectory at that 
point. (Take g = 10 m/s”) 


with angular velocity o . Find (g= 10 m/s”) 

(a) the minimum value of @ to start relative motion between the two 
blocks. 

(b) tension in the string connecting m, and m, when slipping just 
starts between the blocks. |< R_—____ >| 


The coefficient of friction between the two masses is 0.5 and there is no friction between m, and 
ground. The dimensions of the masses can be neglected. (Take R = 0.5m, m, = 2kg, m, = 1 kg) 
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8. The simple 2 kg pendulum is released from rest in the horizontal position. As it reaches the 
bottom position, the cord wraps around the smooth fixed pin at B and continues in the smaller 
arc in the vertical plane. Calculate the magnitude of the force R supported by the pin at B when 
the pendulum passes the position 6 = 30°. (g= 9.8 m/s”) 

800 mm 


9. A circular tube of mass M is placed vertically on a horizontal surface as shown in the figure. 
Two small spheres, each of mass m, just fit in the tube, are released from the top. If@ gives the 
angle between radius vector of either ball with the vertical, obtain the value of the ratio M/m if 


the tube breaks its contact with ground when 0 = 60°. Neglect any friction. 
mm 
99) 


10. A table with smooth horizontal surface is turning at an angular speed @ about its axis. A groove 
is made on the surface along a radius and a particle is gently placed inside the groove at a 
distance a from the centre. Find the speed of the particle with respect to the table as its distance 
from the centre becomes L. 


11. A block of mass m slides on a frictionless table. It is constrained to move inside a ring of radius 
R. At time t = 0, block is moving along the inside of the ring (i.e. in the tangential direction) with 
velocity Up. The coefficient of friction between the block and the ring isu. Find the speed of the 
block at time ¢. 


12. Aring of mass M hangs from a thread and two beads of mass m slides on it without friction. The 
beads are released simultaneously from the top of the ring and slides down in opposite sides. 


Show that the ring will start to rise, if m> a 
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13. A smooth circular tube of radius R is fixed in a vertical plane. A particle is projected from its 
lowest point with a velocity just sufficient to carry it to the highest point. Show that the time 


taken by the particle to reach the end of the horizontal diameter is ie nC 44/2), 
§ 


Hint: | sec6@- d@= In(sec@ + tan@) 


14. A heavy particle slides under gravity down the inside of a smooth vertical tube held in vertical 
plane. It starts from the highest point with velocity ./2ag, where a is the radius of the circle. 
Find the angular position 6 (as shown in figure) at which the vertical acceleration of the particle 
is Maximum. 


Vo = \2ag 


=> 


15. A vertical frictionless semicircular track of radius 1 m is fixed on the edge of a movable trolley 
(figure). Initially, the system is rest and a mass m is kept at the top of the track. The trolley 
starts moving to the right with a uniform horizontal acceleration a = 2g/9. The mass slides 
down the track, eventually losing contact with it and dropping to the floor 1.3 m below the 
trolley. This 1.3 m is from the point where mass loses contact. (g = 10 m/s”) 


(a) Calculate the angle 0 at which it loses contact with the trolley and 
(b) the time taken by the mass to drop on the floor, after losing contact. 


Answers 


Introductory Exercise 10.1 


1. Variable 2. speed, acceleration, magnitude of acceleration 
3. (a) 4.0 cm/s? (b) 2.0cm/s? (c) 2V5em/s? 4. 242g. 3s 6. 45° 
T 


7. (a) 21.65 ms* (b)7.35 ms! (c) 12.5 ms* 


Introductory Exercise 10.2 
1. tan” (= 2.0.25  3.(a)17ms 4. No 5.He should apply the brakes 


6. (a) 39.6 rpm (b)150N —_7. (a) 24 KN (b) 50 ms“! (c) 32 KN 
Introductory Exercise 10.3 


a (@2R (b) = gr 2. (a) 60° (b) 78 3. (a) [BER (b)2meg (c)8mge 4.7 ms? 


Exercises 
LEVEL 1 


Assertion and Reason 
1. (a) 2. (b) 3. (c) A. (b) 5. (b) 6. (a) 7. (d) 8. (c) 9. (c) 
11. (a) 

Single Correct Option 
1. (c) 2. (c) 3. (c) A. (a) 5. (d) 6. (b) 7. (d) 8. (c) 9. (d) 
11. (c) 12. (d) 13. (c) 14. (b) 


Subjective Questions 


1. 9.5 ms? 2. 4.7 rad/s 4. 35 m/s 


1 


g -2 ug [yug)? o |4 ; 
5, —- 7. 113 ms 8. (a) = (7) a 9. 60 


10. (a)7 = 64N,f=48N (outwards) (b)163 rad/s (c) 5 rad/s 


11. @=cos” (3) 12. 5.66 ms“, 16.75 ms 13. sin(4 | 


LEVEL 2 


Single Correct Option 


1. (c) 2.(b) 3.(d) 4. (c) 5. (c) 6. (c) 7. (c) 8.(b) 9. (b) 
11. (d) 12. (b) «13. (a) «14.(c) «15. (b) 16. (c) 17. (b)_—s:18. (d) 


10. (a) 


10. (b) 


10. (c) 
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More than One Correct Options 
1.(b,d) 2. (b,d) 3. (a,d) 4. (a, b, c) 5. (d) 


Comprehension Based Questions 
1. (c) 2.(d) 3.(b) 4. (c) 5. (a) 


Match the Columns 

(a> (Pp) (dK) > (8) (C) > (1) (d) > (p) 
a> >) ©} (s) dd (ry 
@ao@ ®>-~) OM7M dd (P) 
(a> (s)_ (bY > (S) (CC) >) (d) > (s) 
@o() -@ O>7M Wd (@) 


oP WN Bb 


Subjective Questions 


a. (a) Eo (by Eon (ay SME ay Egg = 4. 4.2 mss vs15ms2 
2 27 2 2 2 
u? cos* 2 ~2 
. 6. a = - 2V5 ms”, a, = 4V5 ms?,R = 25V5 mM 7. (a) Opin = 6.32 rad/s (b) T = 30N 
g cos (6/2) 
M 1 2 2 V, *(3] 
8. 45N 9, == 10. v=q@/L* -—a 11. 0 14. 6=cos*| = 
m 2 1+ Lot 3 
R 


15. (a) 37° (b) 0.385 


Hints 
Solutions 


Basic Mathematics 


Subjective Questions d’y 
and — =—4 sin 2x 
2. (c)2 sin 45° cos 15° dx 
_ : dy _ 
sinC + sin D=2 sin (< si 7) cos (<= 7) Pouns dx oe 
2 cos 2x -1=0 
CPP 24s oe ea peat ...(i) 1 
2 ae cos 2x = 5 
CAD: _ aks are “s 
ge or C—D=30 ..-(i1) oe m=+ 60° = 
Solving these two equations, we get ss eer 
C =60°, D =30° @ 
2 sin 45° cos 15° = sin 60° + sin 30° At 2x=+ 60°, _ is —ve, so value of y is 
- nee ol ee a dy 
- 9 . maximum. At 2x =— 60°, ae is positive. So value 
he 
(d) Apply of vis minimum. 
‘ ; . —D +D 
sin C — sin D =2 sin (£ cos (£ 5 es Jax = sin (+60°) 3 
C = 60° and D = 30° V3 T 
“. 2sin15°cos 45° = sin 60° — sin 30° 2 aes 
(3 Ans. or x=/6 
2 
and Jnin = Sin (—60°) + * 


4. (c) and (d) parts : Refer (c) and (d) parts of 


example-1.2 at ooo ks 
6. (e) y= (sin 2x — x) 6 
dy m3 A 
—=2co0s 2x -1 6 2. ms 
dx 


Measurement and Errors 


INTRODUCTORY EXERCISE 2. (a) 16.235 x 0.217 x 5 
1. (a) 13.214 + 234.6 + 7.0350 + 6.38 = 17.614975 

= 261.229 meu 
= (rounding off to minimum one number of 
—aole ignificant figure) 

(rounding off to smallest one number of decimal i. 0. 7 435 . . 

place) 

(b) 1247 + 134.5 + 450 + 78 =ete 
= 1909.5 aun 
= (rounding off to minimum two number of 
aiscbs ignificant figures) 

(rounding off to smallest one number of decimal er _ 

place) 

Exercises 
Objective Questions a GM 
" & 3 
3. A=1x b= 3.124 x 3.002 x 5 
= 9,378248 m? si os 
. 0, 7 —s 0 7 
= 9378 m2 . %change in g = (—2) (% change in R) 


(rounding off to four significant digits) Ans. 
4. V =lbt=12x6x2.45 
= 176.4 cm? =2 x 10° cm? 


(rounding off to one significant digit of breadth) 


Ans. 
5. Vv =_ oR? 
3 
(% errorinV)=3 (%errorinR) 
=3 (1%) 
=3% Ans. 
6. p= eee = = ml 
Ved 


Maximum % error inp = (% error in m) 
+ 3 (% error in /) 


7. K= u mv" 
2 
-. % error in K = (% error in m) + 2 (% error in v) 
8. pot eo em 
A LF 


Permissible error (%) in P = (% error in F) 
+2 (% error in L) 


9. H=iPRt 
% error in H =2(% error ini) + (% error in R ) 
+ (% error in ¢) 


11. 


12. 


= (-2)(-2) =+ 4% 
Rotational kinetic energy, 


i 
=— wall 
7 (i) 
L= angular momentum = constant 
2 1 7 
I=—mR . (il 
Z (ii) 
From Eqs. (i) and (ii), 
K « R® 
.. % change in K = (—2) (% change in R ) 
= (-2) (-2)=+4% Ans. 


6 ertror in A = — ( %error in p) + — (“error in gq 
Y ind => (% in p)+ > in q) 


+2 (% error inr ) +3 (% error ins) 


fea! aap 
n n 
AF i002 = 2100 
= 9! L100 = 0.05 % 
2x 100 
DT ihe" ey09 
1 100 cm 
=0.1% 
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4x71 
= —— «x — 
ro 
-. % error in g = (% error in/) +2 (% error inT) 


or 


= 0.1% +2 (0.05%) =0.2% Ans. 


13. Number 25 has infinite number of significant 
figures. Therefore we will round off to least 
number of significant figures or three significant 
figures in the measurement 1.76 kg. 

At 


14.725 S ave 
n n 


Af sitios 100 
T i 
2 OF 190 
25 
= 0.8% Ans. 


Subjective Questions 
6. a=6.75x10°cm 
b= 4.5210? cm 
= 0.452 x 10° cm 
= 0.45 x 10° cm(upto 2 places of decimal) 
a+ b=(6.75 x 10° + 0.45 x 10°) em 
=7.20 x 10° cm 


25.2 x 1374 


7. We have = 1039.7838 


Out of the three numbers given in expression 25.2 
and 33.3 have 3 significant digits and 1374 has 
four. The answer should have three significant 
digits. Rounding 1039.7838... to three significant 


digits, it becomes 1040. Thus we write 
25.2 x 1374 


33.3 

8. (4.0x 10) — (0.025 x 10) 
= 4.025 104 
=4.0x104 


= 1040 


upto one decimal place Ans. 
9. (a)2.3kg, (b) 0.02 g 
10. V =n7'1 
= (m) (0.046 cm)? (21.7 cm) 
= 0.1443112 cm? = 0.14 cm? 
(rounding off to two significant digits) 
Ans. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


V = a’= (2.342 m)'= 12.84578569 m? 
= 12.85 m? (rounding off to four significant digits) 
S =a = (2.342) m? = 5.484964 m? 

= 5.485 m” (rounding off to four significant digits) 


Ans. 
_m _ 9.23 
“Fe i 
= 8.3909090 kg/m? = 8.4 kg/m? 
(rounding off to two significant digits) Ans. 
V = (4.234 x 1.005 x 2.01) m3 
= 8.5528917 m? = 8.55 m? 
(rounding off to three significant digits) Ans. 
S =4n7? =4n (2.1) =55.4 cm? 
BP gige — a Ageoxl us 
Yr r 
=2x 9 x 55.4 =26.4 cm? 
21 
(S + AS) = (55.4 + 26.4) cm? Ans. 
(50°C + 0.5°C) — (20°C + 0.5°C) 
= (30°C + 1°C) Ans. 


The percentage error in V is 5% and in J it is 2%. 
The total error in R would therefore be 
5% + 2% =7% 


AP 100= (=) (“*) (=) x 100 
p r R I 
eee a 1 109 
02 60. 150 


= 23.4 % 


Ans. 


% error in p = 3 (% error in @) +2 (% error in B) 
+ 5 (Yertor in y) + (% error in 1) ) 


g=4n7L/T? 
Here, T = z and AT = a Therefore, el = 2k 
n n vg t 
The errors in both Z and ¢ are the least count errors. 
Therefore, 


(Ag/g) = (AL/L) + 2(AT/T) 
= (AL/L) + 2(At/t) 


mee +2 AN 0.027 
20.0 90 
Thus, the percentage error in g is 


(Ag/g) x 100 = 2.7% 


wie 


Experiments 


INTRODUCTORY EXERCISE 


LC= Smallest division on main scale 


Number of divisions on vernier scale 


Pe 26 ance 00 ee 
10 
Positive zero error = N + x (LC) 
=0+5x0.01 
= 0.05 cm 


Diameter = 3.2 + 4 x 0.01 = 3.24 cm 
Actual diameter = 3.24 — 0.05 = 3.19 cm 
. (VN +m) VSD=(N) MSD 


=> IVSD= 
N+m 


) MSD 


Le=IMSD -1 sb =1 Ms -[ ul 
N+m 


2." Mews : MSD 
N+m 1+ N/m 


Now, least count will be minimum for m = 1. 


MSD 


INTRODUCTORY EXERCISE 
_ Pitch 
Number of divisions on circular scale 
ee ee 
100 


Linear scale reading = 10 (pitch) = 10 mm 
circular scale reading = n (LC) = 65 x 0.01 


= 0.65 mm 
Total reading = (10 + 0.65) mm = 10.65 mm 
tes nh 
Number of divisions on circular scale 
Le et 
50 

Positive zero error = n, (LC) 
or, e=6x 0.02 = 0.12 mm 


Linear scale reading = 3 (pitch) = 3 mm 
Circular scale reading = n, (LC) = 31 x 0.02 


= 0.62 mm 
Measured diameter of wire = (3 + 0.62) mm 
= 3.62 mm 


Actual diameter of wire 
= 3.62 mm — 0.12 mm = 3.50 mm 


ba & moon 


INTRODUCTORY EXERCISE 


. A pendulum which has a time period of two seconds 


is called a second's pendulum. 


. Because T = 21./L/g is based on the assumption 


that sin 8 = which is true only for small amplitude. 


. No, the time period does not depend on any of the 


given three properties of the bob. 


L=(.85| i 
4n 


. The length of the pendulum used in clocks increases 


in summer and hence 7 increases whereas in winter, 
the length of the pendulum decreases, so T 
decreases. T increases means clock goes slow. 


. Invar is an alloy which has a very small coefficient 


of linear thermal expansion. Hence, the time period 
does not change appreciably with the change of 
temperature. 


. During the draining of the sand, the period first 


increases due to change in effective length, then 

decreases and finally attains a value that it had when 

the sphere was full of sand. 

Searth & an i 
6 6 


constant 


.. 1 should be made x at moon 


6 
[tecaner =28 |Z =n |S 
g g/6 


INTRODUCTORY EXERCISE 
4FL 4x1.0x9.8 x2 
Y= — 
nd°l (nm) (0.4 x 10°) (0.8 x 10°) 
=1.94 x 10! N/m? 


Further, Y= atl 
td‘l 
AY Ad Al 
=> —_ = — | + — 
Y d 1 


«arp 
{s(n 


= 0.22 x 10!! N/m? 
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INTRODUCTORY EXERCISE 


1. Let Al be the end correction. 
Given that fundamental tone for a length 
0.1m and first overtone for the length is 0.35 m. 
v 
~ 4(0.14 Al) 
- 3v 
~ 4(0.35 + Al) 
Solving this equation, we get 
Al = 0.025m 
2. With end correction, 


v 
f=n ts} (where, n = 1, 3,...) 


=o (+06 | 


Because, e = 0.6 r, where r is radius of pipe. 
For first resonance, n= 1 
Vv 


f=4 . £067) 
or / =—~— - 0.6r 
4 a 
; ea -0.6x 2 om 
4x 512 
=15.2 cm 
INTRODUCTORY EXERCISE 
4. oe ndV _ (3.14)(2.00 x 10°*)*(100.0) 
: All (4)(31.4)(10.0) x 107 


1.00 x 10+ Q - m (to three significant figures) 


2. =P 100=| 254 pe eee, A | x:100 
p d V I 


=|2*( Fro) Gna) * (ata) * Gna) 


x 100 


=2.41% 


= erw-[2)-(2)}om 
-[24 0.1 


+ x 100 = 1.1% 
100 10 


3. We will require a voltmeter, an ammeter, a test 
resistor and a variable battery to verify Ohm’s law. 
Voltmeter which is made by connecting a high 
resistance with a galvanometer is connected in 
parallel with the test resistor. 

Further, an ammeter which is formed by connecting 
a low resistance in parallel with galvanometer is 
required to measure the current through test resistor. 


INTRODUCTORY EXERCISE 
1.R>2Q => 100-—x>x 
22 R 


ke— x —>}x—100 — x —>| 
|t 


—-x + 20 —>« 80 — x>| 
PR 
Applyin. = 
pplying O75 
We have aa i) 
R 100—x 
Esere ii) 
2 80—x 


Solving Eqs. (1) and (ii), we get, R=3.Q 
‘, Correct option is (a). 
2. Using the concept of balanced, Wheatstone bridge, 


we have, 
P_R 
oS 
xX — 10 
(52+1) (4842) 
gale 566 


‘. Correct option is (b). 

3. Slide wire bridge is most sensitive when the 
resistance of all the four arms of bridge is same. 
Hence, B is the most accurate answer. 


INTRODUCTORY EXERCISE - 
L222 
QO xX 


= e-(B)e) 


R lies between 142 Q and 143 Q. 


Objective Questions 
R_ 20 
"80 80 
R=202 


11. Thermal capacity = ms 


= (0.04 kg) (4.2 x 10? Jkg™! °C) 


=16.8J/°C 
12. interes 
f 


Therefore, f= a = a 
Intercept 0.5 
=2m 
13. Deflection is zero for R = 324 Q 
Now, X= Q R= aa) (324) 
P 100 
= 3.24 Q 


14. | MSD == (1om)=1 mm 
10 VSD = 8 MSD 


1 VSD = = MSD 
10 


Least count = 1 MSD —1 VSD 
LC = 1mm - 2 mm 
10 


L¢= Z mm 
10 
2 
LC = — cm = 0.02 cm 
100 
15. 50 VSD = 49 MSD 
Lvsp = 7? Msp 
50 


VC=1MSD—1VSD 
VC=1MSD — * Msp 
50 
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Therefore, the unknown resistance X lies between 
14.2 QO and 14.3 Q. 


2. Experiment can be done in similar manner but now 
K, should be pressed first then K,. 

3. BC, CD and BA are known resistances. 
The unknown resistance is connected between A 
and D. 


Exercises 


Ans. 


Ans. 


Ans. 


VC= = MSD 
50 


1 MSD = 50 (VC) 
= 50 (0.001 cm) 
1 MSD = 0.5 mm Ans. 


16. Lc=1 Msp 
n 


Here, n = number of vernier scale divisions 


0.005 cm = 3 (7 em] 
n\10 


= 01 — 1000 
0.005 50 
# n= 20 Ans. 
17. 100 VCD = 99 MSD 


LVSD = 2” Msp 
100 
LC =1MSD—1VSD 
LC =1MSD - 22 Msp 
100 


LC = 0.01 MSD 
LC=0.01(1mm)=0.0lmm Ans. 


0.8 cm 


18. 1VSD= = 0.08 cm 


1 MSD = 0.1 cm 
LC =1MSD-1VSD 
= 0.1 cm — 0.08 cm 
= 0.02 cm 
19. A=I1xb 
=10x1.0=10 cm? 
AA _ Al Ab 
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=+ 0.1 = ) eit 
10.0 1.00 
=+ 0.2 cm? 


21. Distance moved in one rotation = 0.5 mm 


0.5 mm 


Least count, LC = = 0.01 mm 


50 divisions 


Screw gauge has negative zero error. 


This error is (50 — 20) 0.01 mm or (30) (0.01) mm. 


Thickness of plate 
= (2 x 0.5 mm) + (30 + 20) (0.01 mm) 
=1.5mm Ans. 


22. 


Solving these two equations, we get 
_5-3h 
2 
92: 22 
2 


1 
=—m 
100 
ule _ 1,-—3 (015) 
100 2 
1, =0.47m 
1=47cm Ans. 


e=lcm 


24. pete a weit 
340 


Length of air columns may be, 
on ae an. or 25 cm, 75 cm 125 cm.... 
4 4 4 

Minimum height of water column 

= 120 — maximum height of air column 


=120-75=45 em 
25. f 7 i) 


Now, l= 


26. 


27. 


28. 


29. 


or AN=2(,-1) 
Substituting in Eq. (i), we have 
y 
f= 
2 (4-4) 
1 
=> « 
h-h 
Ff, _b-1, 90-30 3 
fh b-l 30-10 1 


Heat lost by aluminium = 500 x s x (100 — 46.8) cal 
: Heat lost = 26600 s 
Heat gained by water and calorimeter 
= 300 x 1 x (46.8 — 30) 
+ 500 x 0.093 x (46.8 — 30) 
Heat gained = 5040 + 781.2= 5821.2 
Now, heat lost = Heat gained 
26600 s = 5821.2 
s = 0.22 cal g' (°C) 
Heat lost = Heat gained 
mS,AT, = myS,AT, 
_ My8,AT, 
m AT, 
_ 05x 4.2x 10° x3 
0.2 x 77 
s,=041x10° Jkg! °c! Ans. 


J kg! ocr! 


Heat lost = Heat gained 
0.20 x 10° x s(150 — 40) 
= 150 x 1x (40-27) 
+ 0.025 x 10° x (40 — 27) 


Seige = lta ge Coy} 
22000 s = 1950 + 325 
22000 s = 2275 


s=010calg! CC)! Ans. 


_ R, =R,=R (i) 
When 24 Q is connected in parallel with R,, then the 
balance point is 70 cm, so 


24R 
Rp _\24+R) 30 


R R 70 


(Rp <R) 


168 = 72+ 3R 
96=3R 
: R=32Q Ans. 
30, M+ ., 
R, 50 
R, + 10=R, (i) 
Again, Hi = a = . 
R, 60 3 
ie 3R, =2R, 
Substituting the value of R, from Eq. (i), we get 
3R, = 2(R, + 10) 
$3 R, =20 Ans. 
31, 2201 
R, 80 4 
R, =4R, 
R,+15_ 40 _ 2 
R, 60 3 
R,+15_ 2 


4R, 3 
R, =9Q Ans. 


32. 


Y=4x 
4x1 
“Y 100-1 
4X 
4X 100-/ 
21 = 100 
7=50cm Ans. 


33. For meter bridge to be balanced 
ae 
QO 60 3 
2 
P= 
3 OQ 


When Q is shunted, i.e. a resistance of 10 Q is 
connected in parallel across Q, the net resistance 


becomes ie ‘ 
+Q 
Now, the balance point shifts to 50 cm, i.e. 
P 
ee | 
100 
10+ 0 
2 _ 10 
3 10+0O 
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20+ 20 = 30 
Q=5Q 
and P=e Ans. 


Subjective Questions 


2. The bridge method is better because it is the null 
point method which is superior to all other methods. 


3. Because the graph in this case is a straight line. 


4. In the case of second resonance, energy gets 
distributed over a larger region and as such second 
resonance becomes feebler. 


5. The bridge becomes insensitive for too high or too 
low values and the readings become undependable. 
When determining low resistance, the end 
resistance of the meter bridge wire and resistance of 
connecting wires contribute towards the major part 
of error. 


6. No, the resistance of the connecting wires is itself of 
the order of the resistance to be measured. It would 
create uncertainty in the measurement of low 
resistance. 

7. 20 VSD =19 MSD 


1 VSD = = MSD 
20 


LC =1MSD—-—1VSD 


=i Msp -2 usp =— msp 
20 20 
ee ee 
0 


: oe 1 
8. The value of one main scale division = — cm 


Number of divisions on vernier scale =20 
Value of one main scale division 


LC= 
Number of divisions on vernier scale 
1 
2202) pangs a Ans. 
20 400 


Value of one main scale division 


9. Least count = = : 
Number of divisions on vernier scale 
_imm_ 0..cm 


10 10 
= 0.01 cm Ans. 


Reading (diameter) 
= MS reading + (coinciding VS reading x Least 
Count) 
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10. 


11. 


12. 


13. 


=4.3cm-+ (7x 0.01) 
= 4,3 + 0.07 =4.37 cm 


Diameter = 4.37 cm 


Radius = “ = 2.185 cm 


=2.18 cm 


To the required number of significant figures. 


Pitch of the screw = Ln 


= 0.5 mm 


Least count = ue 
50 


= 0.01 mm Ans. 


Reading = Linear scale reading 


+ (coinciding circular scale x least count) 
= 3.0 mm + (32 x 0.01)= 3.0 + 0.32 


= 3.32 mm Ans. 
pes = peta 
50 
Thickness = 5 x 0.5 mm + 34 x 0.01 mm 
= 2.84 mm 
iS = hore 
50 


Negative zero error = (50-44) x 0.02 = 0.12 mm 
Thickness 
= (3 x 1) mm + (26 x 0.02) mm + 0.12 mm 


= 3.64 mm 


pes 260i wen 
100 


The instrument has a positive zero error, 
e=+n(LC)=+ (6x 0.01) =+ 0.06 mm 


or 


14. 


15. 


Linear scale reading = 2 x (1 mm) = 2 mm 
Circular scale reading 
= 62 x (0.01 mm) = 0.62 mm 
Measured reading 
=2+ 0.62 = 2.62 mm 
True reading 
= 2.62 — 0.06 
= 2.56 mm 
The instrument has a negative error, 
e=(-5 x 0.01) cm 
or e=— 0.05 cm 
Measured reading 
= (2.4 + 6x 0.01) = 2.46 cm 
True reading = Measured reading — e 
= 2.46 — (—0.05) 
= 2.51 cm 
Therefore, diameter of the sphere is 2.51 cm. 
We have, 
Least count of vernier callipers 


2 hi ian 0 bien 
10 
Side of cube = (10) (Imm) + (1) (LC) 
or a=10mm+ 0.1 mm 
or a=10.1 mm 
or a=1.01 cm 
mass — m 
~ volume a@° 
_ 2.736 
~ (1.018 
= 2.65553 g/cm? 
= 2.66 g/cm? Ans. 


Units and Dimensions 


Ans. 


Ans. 


Ans. 


Exercises 
Single Correct Option _|[F 
h [Mo]= 2 
1. L=mR=— 
2m 12. -: wk is dimensionless 
[L]=[h]=[mvR] 1 
2. Velocity gradient is change in velocity per unit [k]= oO =f] 
depth. a. bre 
3. Coefficient of friction is unitless and dimensionless. las 
4. Dipole moment = (charge) x (distance) Then, 
2-2 4a -14b —24¢ 
Electric flux = (electric field) x (area) [MUTT |" [LT |" [MLT~}" =[M] 
Hence, the correct option is (d). Equating the powers, we get 
_[F]_| MLT? a=1,b=-2and c=0 
5. [In] ell Gece —1 b 2 
eek. LEED 14. [F}* [L]’ [T]° =[M] 
6. a=F [MLT~*]*[L]” [T]° =[M] 
: Equating the powers we get, 
PF 
b= — a= 1, b=-1 
2 
and c=2 
ee ae 1. tome"" 
21 
From H =IRt , h 
= =[0] 
H £ 
we have R=— nx 
It 16. -- ae is dimensionless. 
2 
cor] [A]=[]=[L]=1A] 
17. In option (b), all three are related to each other. 
2 
_ ee Z | 48. [Y]- | X _ Capacitance 
MLT'L , Zz (Magnetic induction)” 
= [IM IL3T3A7] : Esa 
MLT?L2 “| WeoO2T 
8. >= Bs= ce 
Hh aL 37 2-44 
2 =[M-L“T'Q’] 
[g]=LT"] 
19 _ Ag _ &A 
10. If unit of length and time is double, then value of g ~C= AV. de 
will be halved. A_ hq 
ly i or €) — =— 
11. B=-% L AV 
2n 7 Aq) L 
F or Ey = (Aq) 
But = a (F =ilB) A(AV) 
i 
AV 
X =€,L — 
F = Ho 1 0 At 
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_ (Ag , AV 4. Fue ah 
A(AV) At 4me) 
i lel rep) = Lille) ___ UTE 
, a en [F][?] [MLT?][L7] 
. At =(MIL? TP] 
20 sz =[M°L°T?] 1 
k® Speed of light, c= 
k0 vEo Ho 
a-|] . (tel=——= : 
. ee feller (ML? ryt Fy 
Further [pl= H = [MLT I] 
(B] A | 5. CR and 3 both are time constants. Their units is 
7 P 7 Zp second. 


Dimensions of £6 are that to energy. Hence, 


2-2 
p-| 


= and s have the SI unit (second) |. Further, 
CR L 


resonance frequency ® = —— 


VLC 
[M°L?T°] 
Match the Columns 
More than One Correct Options 1 
, : 1. (a) U==kT 
1. (a) Torque and work both have the dimensions 2 
[MT], = [MLT?]=[k][K] 
(d) Light year and wavelength both have the > [K]= (MT 2K"! ] 
dimensions of length i.e. [L]} y 
2. Reynold’s number and coefficient of friction are (bo) F=nA ae 
dimensionless quantities. . 2 
Curie is the number of atoms decaying per unit time => [nl= mae 
and frequency is the number of oscillations per unit (ELT L”] 
time. Latent heat and gravitational potential both =(M>* TT] 
have the same dimension corresponding to energy (c) E=hv 
per unit mass. - [MI2T?]= [Ay[T"] 
3. pie others a 
i ampere => [A]=[MLT™ ] 
@ye=-1(“| = ». r=-—* a 22.548 
dt (di / dt) dt I 
volt- second p-3 
or henry = Yo Scone +, [eis [MLTL] _ [MLT°K7] 
ampere [LK] 
a) 2U 
(c) U= 5 Lv > o L==> 2. Angular momentum L =/@ 
U 2 = = 
joule e (L]=[1@]=[ML*][T']=[ML°T] 
or henry = ———_,, OQ 
(ampere) Latent heat, L = = (as O = mL) 
1 2 2 m 
(4d) U=-—Li' =i Rt W2 
2 = wi-[2)-S2 |e 
*, L=Rtor henry = ohm-second m M 
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LS eu) = volt-second/ampere 
(di) 
F=ilB 
F 
B= ri = newton/ampere-metre 
i 
Column I Column II 
Capacitance coulomb/( volt)! 
coulomb” joule! 
Inductance ohm-second, 
volt second/ampere' 
Magnetic induction | newton (ampere-metre) | 


Torque t=F XN, 
[t]=[F xr, ]=[MLT™][L] 
=[ML’T”] 
2 2 
Capacitance C = Eee asU = oe 
2U 2C 
2 2 
q Q -ly- 2 
. (C]= a = =| =[M/L°TQ7] 
2 lo» 
Inductance L=—,- ( U= sf 
1 
2 
w[5]-/ [si=2) 
1 Q t 
Qp-2-2 
ab T ies 
Resistivity p = “ (s R= p+) 
= >| || (as H = i°Rt) 
rt 
(BE) eee 
LQ t 
T nay 27-277 2 
- — iF [MU T-'Q] 
The correct table is as under 
Column I Column II 
Angular momentum [MULT] 
Latent heat (er| 
Torque [MU-T 7] 
Capacitance [M'L?TQ7] 
Inductance [M V’Q7] 
Resistivity [IM L'T'Q7] 


wt 3 > ., L=tR =ohm-second 


ust 
ps BY 
2 
cat=z coulomb”/joule 
U 
q=CVv 
C =4 = coulomb /volt 
V 
L= = 


di/dt 


. P= eM 


= Gravitational force between sun and earth 
> GMM, = Fr’ 
[GM.M, ]=[Fr’] 
=[MLT~?][L?]=[ML°T 7] 


3RT 
(b) Vins = 4 ap = rms speed of gas molecules 


3RT 
“M~ = Vims 
3RT = a 
| [Vins ]= (LT P = [LT] 
M 
(c) F = Bqv = magnetic force ona charged particle 
F 
——t— 
Bq 
F2 
_—pe? ry 27-2 
or ea] =[LT ] 
(d) v,= a = orbital velocity of earth's satellite 
e 
GM, _ 
R. 
or | SMe |= [v2}= Ty 
R, 


(p) W =qV = (Coulomb) (Volt) = Joule 


or [(Volt) (Coulomb) (Metre)] = [(Joule) 
(Metre)] 


=[(MU-T?][L]=[ML°T?] 
(q) [(kilogram) (metre)? (second) *] = [ML'T~?] 
(r) [(metre)* (second ye |= (L1 ] 
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1 
(s)U = gv” 
> (farad) (volt)? = Joule 
or [(farad) (volt)* (kg)! ]=[(Joule)(kg) '] 
=([MUT?][M!]=[V-T?] 


Subjective Questions 


1. 


[a@]=[y]=[L] 
=> [or] =[M°L°T? ] 
1 -l 

=—=[T 

[o] Gi [T"] 


@ is angle, which is dimension less. 


. IN=10° dyne 


1m?= 104 cm? 


20x10! NX 
m 


_ 2.0x10'! x 10° dyne 
104 em? 
=2.0x 10” dyne/cm” 
1 dyne =10°N 


lcm=10°m 
“. 72 dyne/cm 
_72x10°N 


107 m 


= 0.072N 
m 


[h]=[ML’T* ][T] 
=[MVT"] 


. s,={u+ 3 ar}: {uc N+ sae | 


[us a-34) 
2 


Equation is dimensionally correct. 
F/A 


. (a) Young's modulus = —— 


Al/l 
Hence, the MKS units are N/ m’. 


(c) Power of a lens (in dioptre) 
1 


~ f (in metre) 


7. 


10. 


11. 


[7 ]=[p‘d°E*]=[ML"T*]* [ML*]’[ML°T™*]° 
Equating the powers of both sides, we have 
a+b+c=0 .- (i) 
—a-3b+2c=0 
—2a-—2c=1 
Solving these three equations, we have 


pe 

6 2 
and oot 
3 


[Y]=[ML"T?] 


Fa _| MLT°L 
nl it 


=[ML'!T~?] 
Dimensions of RHS and LHS are same. Therefore, 
the given equation is dimensionally correct. 
[E]=k[m]* [n]” [af 
where, & is a dimensionless constant. 
[MU-T?]=k[M]*(T"]’ [L¥ 
Solving we get, 
x=1, y=2 


and 2S 2 
E=kmr'a 
Since dimension of 
Fy =[Fv]=[MLT~®][LT']=[MU-T*] 
So, 4] should also be [ML’T~*] 


x? 


1) ime) 
[x"] 
[B]=[ML‘T?] Ans. 
and [Fv + ‘] will also have dimension [ML’T*], 
x 


so LHS should also have the same dimension 
[ML?T?]. 


] 
[ao ]=[ML-T'] Ans. 


12. | : 
RTV 


=> [a]=[RTV] 
=([MU-T?][L?] 
=[ML°T?] 
[b]=[V]=[L*] 


= [M Oy OPO ] 


13. (a) Magnetic flux, @ = Bs= {| (s) 
qv 


[as F = Bqv] 
_| Fs |_| MLT°L? 
or fe 
=[ML'T'Q"] 


(b) [Rigidity Modulus] = = = 


MLT~? 
2 
=[ML'T?] 
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14. | is dimensionless. 


ya -x? 


i sin (2)| has the dimension of [L™ ]. 
a x 


dx 
| 2ax —x? 


Therefore, Gi sin! (=-1) should also be 
a 


15. 


| is dimensionless. 


dimensionless. Hence, n = 0 
16. (a) [density]=[F} [L}’ [TF 
[ML*]=[MLT“]*[L}’ [TF 
Equating the powers we get, 
x=1, y=—4and z=2 
[density ]=[FL“*T*] 


In the similar manner, other parts can be solved. 


Vectors 


INTRODUCTORY EXERCISE 3. A—2B+ 3C = (21+ 3j)—2(i+ j) + 3k 
3. Apply R = a? + B’+2AB cos 0 = (j+ 3k) 
4. Apply S =A? + B?-2AB cos - |A-2B+3C|= ("+ Gy 


= /10 units 


5. R=S => JA? + B?+2AB cos@ 
4. (a) Antiparallel vectors 


= oes Bh 
~ VA +B 28 C088 (b) Perpendicular vectors 


Solving we get, cos8=0 or 8=90° (c) A lies in x-yplane and Bis along positive 
z- direction. So, they are mutually perpendicular 
vectors 
INTRODUCTORY EXERCISE (d) r 
1. Aor|A|= (3) + 4) + (57 = 5V2 units 
Directions of cosines are, 
3 
cos & =~ = —= 
5/2 
A, 4 A 
cosB =—* =—— and = 
A 5V2 
cos Y= ae #. 
A 2 
2. AY 6 = 135 
INTRODUCTORY EXERCISE 
3. A-B= AB cos6 
>X a a 
4. 2A=4i -2j 
~3B=— 3j-3k 
i jk 
= (2A)x(-3B)=|4 -2 0 
: re 0-3 -3 
F.=10 cos 60°=5N (along negative x-direction) 
F,=10sin60°= 5/3 N (along negative y-direction) =i(6—0)+ j(0+ 12)+ k(-12—-0) = 61+ 12j-12k 
Exercises 
Single Correct Option 11. t=rxF 
6. A-B= 4B cos i a ik 
= (3) (5) cos 60° = 7.5 =|(3 2 3 
9. |A x B| = ABsind 23 4 


O0<sin0 <1 
és 0<|AxB|< AB 
10. W=F-s=9+16=25) Ans. 


=i (8+ 9)+ j(6-12)+k (9-4) 
=(17i — 6j-13k)N-m Ans. 


12 


13. 


14. 


15. 


16. 


17. 
18. 


20. 


21. 


22. 


23. 


24. 


25. 


(0.5) + (0.8% + =1 Ans. 
R= A+ A? +2 AA cos 0 
R= AatO =120° Ans. 
(2i + 3j + 8k): (414 -4j+ak)=0 
8-124 8a =0 
a => Ans. 
A-B=9+16—25=0 
.. Angle between A and B is 90°. Ans. 
A+B=7 
and A-B=3 
A=Sand B=2 Ans. 
P1Q=P-Q=0 
S=Irg—Ty 
=(-2i + 67+ 4k) - (3j-k) 
==31 +3] 45k Ans. 
A+B+C=0 
=> C=-(A+B) 
or |C|=|-(A + B) 
or A~BSCSA+B8B 


Resultant is always inclined towards a vector of 
larger magnitude. 


A=|A|= (3) + 6) + QY 
=7 


“aren 
O = cos ~ | = cos 
A 7 


= angle of A with positive x-axis. 


Similarly, B and y angles. 
R=A+B=12i+ 5j 


R=|R|= (12) + 6 


=13 
r-F® 
R 
Component of A along B 
= Acos® 
_A-B_24+3 = 5 die: 
Bo fi+1 v2 


C? = A> + B? +2AB cos0 
At@ = 90°; C? = A? + B? 


26. 


27. 


28. 


29. 


30. 


31. 


32. 
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|Ax B|=V3 A-B 
= AB sin@ = V3 AB cos® 
or tan 0 = /3 
=> 8 = 60° 
|A + B|= 4/4? + B? + 2.4B cos 60° 


=./A*> + B? + AB 
(B x A) is L to both A and B 
(Bx A)-A=0 


R=,P? + Q? + 2PO cos® 

Substituting the values of P, O and R we get, 
cos 8 =0 

=> 8 = 90° 


[P| = |Ql=x 
|[R|=J2 x 
(P +Q):(P-Q) 
= P* + PO cos@ — PO cos® — Q” 


= Pp? ¢Q? 
Since dot product may be positive (if P>Q), 
negative (if O > P) or zero (if P=@Q). Therefore 
angle between (P + Q) and (P — Q) may be acute, 
obtuse or 90°. 
Scalar triple product of three vectors 

= volume of parallel applied =0 


2 3 -2 
5 n 1 |=0 
-1 2 3 


Solving this equation, we get 
n=18 
(a + b) x (a — b) 
=axa-axb+bxa-—bxb 
=2(bxa) 
As a X aand bx bare two null vectors 
and-a x b=bxa 
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33. R= JGPy + (2P) + 2 (3P) (2P) cos 8 (i) 
2R = JPY + (2P) +2(6P)(2P)cos® __...(ii) 
Solving these two equations we get, 

ieeee or 8=120° 
2 
R= 2x cos 0 
= < >X 
2x sin 0 
2x sin@ =x 
i 6 = 30° 
or a = 120° Ans 
35. A-B=0 
ALB 
A-C= 
ALC 


Ais perpendicular to both Band C and B x C is also 
perpendicular to both B and C. Therefore, A is 


parallel to Bx C. 
a R= 8N 
B B cos 6 = 8N 
: | 
>A ~< > 
Bsin 0 A 
A+ B=16 (i) 
BsnO@=A 
and Bcos8=8 
Squaring and adding these two equations, we get 
B? = A? 4+ 64 ii) 


Solving Eqs. (i) and (ii), we get 
A=6N and B=10N Ans. 
37. (A+ B)1(A-B) 
(A +B): (A—B)=0 
A’ + BA cos@ — AB cos @ — B? = 0 
or A=B Ans. 
38. 4~B<C<A+B 
39. 4~B<S<C<A+B 


Match the Columns 


1. (a) AB sin 8 =|AB cos 6| 
tan@=+ 1 
=> v= 45° 
or 135° Ans. 


1. 


2. 


(b) If A and B are parallel or antiparallel to each 
other then their cross product is a null vector and 
they may be said to be equal otherwise for any other 
angle, 

AXB=-—-BxA 


(c) | A? + B? + 24B cos ® 


= 4/4? + B? -2AB cos ® 
2 cos8@=0 
or 6 = 90° Ans. 
(d) A+ B=C only at® =0° 


Subjective Questions 


6= cos'( 22) 
ab 


If the angle between A and Bis 9, the cross product 
will have a magnitude 


|A x B|= AB sin 8 


or 15=5x6sin9 
or sin 8 = a 
2 
Thus, 8 = 30° 
or 150° 


The angle between the force F and the displacement 
r is 180°. Thus, the work done is 


W=F-r 
= Fr cos® 
= (12 N) (2.0 m) (cos 180°) 
=-24N-m=-24]J 
A x Bis perpendicular to both A and B. So this is 


parallel or antiparallel to C. Now, cross product of 
two parallel or antiparallel vectors is zero. Hence, 


C x (Ax B)=0. 
A x Bis perpendicular to A. Now, dot product of 
two perpendicular vectors is zero. Hence, 
A-(A x B)=0 
S=S,+S,+S8, 
=[(5cos37°)i + (Ssin37°)j] + 3i + 2j 
= (4i + 3j) + 31+ 2j 
=(7i + 5j)m 


5m 


S= (7 + (5% =V74m 


10. 


11. 


12. 


13. 


14. 


15. 


tan = 


or 6= tan™(3) 
7 


ln 


. Suppose a is the angle between A and B and f the 


angle between C and B. Buta #8. 


Given that, 16. 
A-B=C-B 

> AB cosa = CB cosh 

> Acosa =C cosB 

or A#Casa#B 

A+ RSRS32 7, 17. 


A-B=S=i+ 5j 
Now, angle between R andS§ is 


6 =cos! (25) 
RS 


Ratio of their coefficients should be same. 


2 3 _=-4 
sa he 
% a=-4.5 
and b=-6 
ijk 
AXB=|2 4 -6 
: o 2 18. 
=i (8-0)+ j(-6-4)+k 0-4) 
= 8i -10j-4k 
Area of parallelogram = |A x B| 19. 
= (8) + doy + 4 
= 13.4 units Ans. 20 
See the hint of Q-23 of objective type problems. 
2-3 #7 
A-(BxC)=|1 0 2 21. 
QQ: JT = 
=2(0-2)-3 (0+ 1) + 7 (1-0) 
=-4-34+7=0 
(a) A+B=R 
R, =A, + B, 
B.=R,- A, =10-4=6m 
Similarly, 


B,=R,-A,=9-6=3m 


(b) B= [82+ B = (6 + GY 
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=3/5m 
By 

ee et 
B 6 2 


6 = tan! (5) 
2 


(a)at+ b+ c=P =i -2j 
(b)a+ b-c=i+4j=Q 


(c) Angle between P and Q is, @ = cos! (2) 


R =[(10cos30°)i + (10cos60°)j] 

+ [(10cos60°)i + (10cos30°)j] 
= 10(cos30° + cos 60° ji + 10(cos 60°+ cos 30°)j 
= 10(2cos45° cos15°)i + 10(cos45° cos15°)j 
= 20 cos45° cos15°i + 20 cos 45° cos15°j 
=Rit R,j 
Here, R, = R, = 10V2.cos15° 


|R|=,/R2 + Re = 20cos15° 
Since, R= R,, therefore, 8 = 45° 
Their x components should be equal and opposite. 
6cos0 =— 4 


or 6= cos{-5] 
3 


Component of A along another vector (say B ) is 
: A-B 
given by, 4A cos0 = ae 


. Find A x Band then prove that (A x B)- A = 0 and 


(A xB): B=0. 
It means (A x B) to both A and B. 


—_ 
A 


R=xcos8 
or * =x cos 8 
2 
1 
cos 8 = — 
2 
or 8 = 60° 
a = 150° Ans. 
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22. y 
3P 
4P 2P 
O 3 x 
R = (Pi + 2Pj — 3Pi — 4Pj) 
= (-2Pi — 2P}) 
IR|=(2P)? + (2PY 

= 2/2 P Ans. 
23. R? =P? + QO? + 2PO cos® (i) 
S? =P? + Q? -2PO cos0 ..(ii) 


Adding these two equations we get, 
R? +S? =2(P? +0’) 


24. From polygon law of vector addition we can see 
that, 


AB+ BC +CA=0 
*. ci + (asin Bj-—acos Bi) 
+ (-b cos Ai — b sin Aj) =0 
Ba (c—acos B—bcos A)i 


+ (asin B—bsin A) j=0 


Putting coefficient of j = 0, we find that 
a b 


sind sinB 
Now taking Bas origin and BC as the x-axis, we can 
prove other relation. 


Kinematics 


INTRODUCTORY EXERCISE 

. (a) v-a=6-4-4 =-2 m/s? 

(b) Since dot product is negative. So angle between 
vand a is obtuse. 


(c) As angle between vand a at this instant is obtuse, 
speed is decreasing. 


INTRODUCTORY EXERCISE 
. wand a both are constant vectors. Further, these two 
vectors are antiparallel. 


. ais function of time and wand a are neither parallel 
nor antiparallel. 


INTRODUCTORY EXERCISE 
. Distance may be greater than or equal to magnitude 
of displacement. 


. Constant velocity means constant speed in same 
direction. Further if any physical quantity has a 
constant value (here, the velocity) then its average 
value in any interval of time is equal to that constant 
value 

. Stone comes under gravity 

F=mg 


or a=—=g Ans. 


Totaldistance_ d 

Total time t 
_ (20R/4)_ TR _ 12.0) 
15 30 30 


a (2) cm/s Ans. 
15 


Total displacement _ s 


Average speed = 


Average velocity = 


Total time t 
= . Ee aay = = cm/s Ans. 


5. 


a. 


(a) Ona curvilinear path (a path which is not straight 
line), even if speed is constant, velocity will change 
due to change in direction. 
: a#0 
(b) (@) On a curved path velocity will definitely 
change (at least due to change in direction). 
a a#0 
(11) In projectile motion, path is curved, but 
acceleration is constant (= g). 
(iii) Variable acceleration on curved path is 


definitely possible. 
i Par™ ao5108 Ans. 
Vv 


(b) (4) Since speed is constant. Therefore, 
average speed = constant speed 
=1.0 cm/s Ans. 


s_ V2R _4J2R 


ii) Average velocity = 
w” 5 WA) OT 


_ 4)0/2)04.0) _ 
25.13 
(iii) Velocity vector will rotate 90° 
|Av|= \v? + v? —2vv cos 90° 
=v2v 
_ldvi_ v2 _ 4v2v 
At (T/4) T 


= (42)(1.0) = (0.23 cm/s? Ans. 
25.13 


0.9 cm/s Ans. 


lay | 


INTRODUCTORY EXERCISE 


d da +d 
Average speed = So 1-2 


— Vili + Vat 


= 5.2 m/s Ans. 
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2. a 2 mis C g4D  3aI4 
dy amis’ 6mis 
es 
t t 
2t=d, (1) 
(d/4) 4 (3d/4) _ 
4 6 
3d 7 
=> ef {ii 
ig (ii) 
eens epeed= total cae 
total time 
16t 
dee: uae G 
2t 2t 
= = m/s 
3 
INTRODUCTORY EXERCISE 


1. S, = (displacement upto f¢ second) 
— [displacement upto (t—1) sec] 


[u (¢—-1)4 sa y’] 


ee: 
= (ut+ —at 
( 5 ) 


1 
=u+at——a 
2 
2. s [ws . luc 1)+ | ati | 
_ “2 “3 
= (u(1) + = 5 20 = 5 ay 


The first term is (w) (1), which we are writing only wu. 
Dimensions of w are [LT~'] and dimensions of | 


(which is actually 1 second) are [T] 
[(u)()]=[LT"][T] 
=[L]=s, 
Therefore dimension of (wv) (1) are same as the 


dimensions of s,. Same logic can be applied with 
other terms too. 

5. In 4s, it reaches upto the highest point and then 
changes its direction of motion. 


s=utt ; at’ = (40) (6) + ; (-10) (6) 


= 60m Ans. 
ol al ck 
d = |s|o-4 + |Sla6 =|——]+ =g(t-%) 
7 : 2g) |2 
_ (40) +2 10x 6-47 =100m Ans. 
“2x10 2 


10. 


< ut + — at 
Ungy ; ; =u at 
v=u-t+at 


i.e. v-t function is linear. In linear function, 


(final value + initial value) 
average value = 


2 
= oy Vie — 
aa 2h _ fl x 125 _ 
eae = = 25 m/s (downwards) 
1 4 
a S =ut+—at 
(a) 2 
= (2.5 x 2/45 (0.5) (2)° 
=6m= Pe also 
(b) v=u+ at 
75=25+05xXt = t=10s 
(c) v= + 2as 
(7.5)° = (2.5° + (2) (0.5)s 
=> s = 50 m = distance also 
2 2 
(a)h=—= 50)" 195m 
2g 2x10 
(b) Time of ascent = ‘= ld =5s 
g 10 


(c) v= +2as= (50) + 2(-10) (=) 
Solving, we get speed v =~ 35 m/s 


INTRODUCTORY EXERCISE 


dv 
» (a) a=— =5-2t 
(a) Ht 


At t=2s 
a=1m/s? 
3 3 
(b) x =| vat =| (0+ 7) di 
0 0 


3 3 
=|1014252—-5 
3 0 


3 
= (10 x 3) + (2.5) BY — a 


=43.5m 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Chapter 6 Kinematics e 499 


2. (a) Acceleration of particle, INTRODUCTORY EXERCISE 
a= = (6+ 18%) m/s? aed 
dt ; 
Att=3s, 2 m/s? 
a= (6+ 18x 3)cm/s” 
= 60cm/s* 
(b) Given, v = (3 + 6¢ + 9f)cm/s i “pane ere 
ds = 2 
i ao a = (2c0s60°) i + (2sin60°) j 
or ds =(3 + 6t + 9) dt =(i+ V3 j) 
Ss 8 
J, ds=J, G+ 6+ 977) at t=2s 00 ; 
Sac (i) v=u + at = (21) + (i + V3) 2) 
s=[3t+3°+37°f eo 
= 1287 
ue  |vla¥4y+ v3? 
3. (a) Position, x = (2t- 3) 
d =2V7 m/s Ans. 
: x 
VeGy, Y= Crome (ii) s=urt : at? =(2i) (2)+ + d+ v3j) 2" 
and acceleration, a= = 8 m/s? = (61 + 2V3j) 
t 
: _ 2 2 
iiao8 « |s|=f(6)? + V3) 
x=(2x2-3Y . ee ane 
2. v=(2i + 2tj 
=1.0m ( : d 
v=4(2x2-3) (i) a=" = Qj) m/s? = constant 
=4m/s i v=u + at can be applied. 
_ . 1 ie |. - 
an aoe (ii) s=[ vde = [ Qi + 24) de=[201 + 791) 
(b) At origin, x = 0 0 0 
or (2t—3)=0 = (2i + pm Ans. 
Vv t 
. ames ae 3. [av = [ade =| Qt + 37°) at 
4. (a) Att=0,x=2.0m Ans. i ! 
(b) v= - =2t+ 6f Solving we get v= 347i + Pj 
t x oR 
M0, p= ro Att=1s, v=(3i+ j) m/s 
t t 3 
(as =2 410 far =| var=[[2+ i+ Pilar 
dt 0 0 0 
At t=2s P A ft’. 
2 . . 
a=26 m/s” Ans. => rae So 
5. yx fi4 
, Mesiexe14j 
a-2 => a«tll4 : 3 4! 
t 


7/4 Therefore, the co-ordinates are (Z. ;| m 
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= 


2. 


3. 


INTRODUCTORY EXERCISE 
(b) v = Slope of x -¢ graph 


. Distance travelled = displacement 


= area under v -f graph 
Acceleration = Slope of v -t graph 


. Acceleration = Slope of v-t graph 


Distance travelled = displacement 


= area under v -¢ graph 


(a) Average velocity = San 
t 


— *10 sec 7 *0 sec _ 100 
10 10 
(b) Instantaneous velocity = Slope of x -¢ graph 


=10m/s 


. From 0 to 20s, 


displacement s, = area under v -¢ graph 
=+50m 
From 20 to 40 s, 
displacement s, = area under v - ¢ graph 
=-—50m 
Total distance travelled = s, + |s,|= 100 m 


(as vis negative) 


(as vis negative) 
: Ss syt+s. 
Average velocity = — = 2 
t t 


_ 50-50 _ 
40 


0 


INTRODUCTORY EXERCISE 


- v4 = Slope of A ===04 m/s 


vg = Slope of B = = =2.4m/s 


“Vag =V4—-Vg =-2m/s 
d4=dzp=Z (downwards) 
a4p = 44 —ag=0 Ans. 
40 
(a) go aos Ans. 
10 


(b) BC = (2 m/s) (t) 
=2x40 =80m Ans. 


4. Applying sine law in AABC, we have 


150 vy 20 
sin (150° — 8) 


sin30° sin® 


From first and third we have, 


¢ le} 
sin (150° goo il 
150 15 
150° -6 =sin! (=) Ans. 
15 


Hence, we can see that direction of 150 m/s is 


150° —6 or sin | (4) , east of the line AB 
(b) 150° —@ = sin” (=) = 3.8° 
15 


6 = 146.2° 
From first and second relation, 
150 sin8 
y = ——_ 
sin 30° 
Substituting the values we get, 
v=167 m/s 
_ AB 
Vv 


_ 500 x 1000 
167 x 60 


t 


min = 49.9 min 


= 50 min Ans. 


5. Let v, = velocity of river 
v,, = velocity of river in still water and 


@ = width of river 


Given, ti, =10 min or - =10 sso (i) 
bi 
A 
Vor o 
A 


For minimum time 


Drift in this case will be, 
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_ f2 2 
Vp = Vor — Vr 


Now, ees a = ... (iii) 


v 2 ae 
b Vor — Vp 


Solving these three equations, we get 
Vp, = 20 m/min, 
vy, =12 m/min 
and @ = 200m 


Net velocity 
of boatman 


(g1=F=>=10s 


(b) Drift = 5t= 50m 


Exercises 


x=v,t 
a 120 = 10v, ... (ii) 
Shortest path is taken when v, is along AB. In this 
case, 
Y B 
Vor Vb 
A 
Shortest path 
LEVEL 1 


Assertion and Reason 
1. a=-2(i- j)=-2v 


i,e. a and ware constant vectors and antiparallel to 
each other. So motion is one dimensional. First 
retarded then accelerated in opposite direction. 


2. In the given situation, v-t graph is a straight line. 
But s-t graph is also a straight line. 
4 s 


v=constant = Vo S=Vot 


3. Average velocity = : 
t 


_ area of v-t graph 
t 


Ge 
_ 42 **) _ v0 


i; 2 


4. It is not necessary that if v = 0 then acceleration is 
also zero. If a particle is thrown upwards, then at 
highest point v = 0 but a + 0. 


5. If acceleration is in opposite direction of velocity 
then speed will be decreasing even if magnitude of 
acceleration is increasing. 


6. a= 2t# constant 


Therefore, velocity will not increase at a constant 
rate. 


7. Ifa particle is projected upwards then s = 0, when it 
returns back to its initial position. 
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Average velocity = S=0 
t 


But its acceleration is constant = g 
8. At point A, sign of slope of s-t graph is not changing. 
Therefore, sign of velocity is not changing. 


9. y= SL = 0-8) 
d. 

yy = 2 = (2+ 81 

= = ) 


a Vig = Vy — Vn = (4 — 162) 
V17 does not keep on increasing. 


10.022" 
dt 


So, direction of a and d vis same. 


11. i= pe. ht 
& & 


Velocity of second particle at height . is, 


v= — 2g (h/2) 


= Jgh-gh=0 


or : is its highest point. 


u 

t=—=——= — 

& & & 
=> t= 
mg —F 


12. a= 


F a 
= g —— =depends on m | [ 
m 


Since m, #m) 


mg 
a, Fa, 


or t et 


Single Correct Option 


1. Packet comes under gravity. Therefore only force is 
mg. 


F 
ee g (downwards) 


mm 

2. Air resistance (let F ) is always opposite to motion 
(or velocity) 

Retardation in upward journey 

Fi + mg F 

a, ="! 24-1 

m m 


Vv Fo 
Fy mg mg V 
Upward Downward 
journey journey 


Acceleration in downward journey 


mg — F, EF, 
a= & 2g 2 
m m 
Since, a>a => T,<T, 
a 2nR_ (2n)(1)_ (2 age 
T 60 


In 15 s, velocity vector (of same magnitude) will 
rotate 90°. 


|Av|=|v-— v;|= \v? + y? —2vvc0s90° 


= fay = 78? omnis Ans. 
30 
2 
po oruxvh 
2g 
_oe ss 
t t+h 
ae (18) (11) + (42) (v) 
60 
> y=25.3 m/s Ans. 
SO Ser 
dt 
v=0 at t=2s 
pa a4 6; 
dt 
at t=2s, a=-—32 m/s” Ans. 
. a=bt 
Way 
dt 
v t 
or | dv = J @ dt 
vo 0 
bt 
et Soe 
£ t 
s=foa=[[n+ a 
0 0 
bt 
Sir ee 


bts) = =1% 11. 
& 
T OF. 
fo 
@+ 
OF: 
| to 
SS @e . 42. 
Let f) is the interval between two drops. Then 
2hm=t 
4 =0.5s 
aH drop has taken fp time to fall. Therefore distance 
fallen, 
d= gh = (5) (10) (0.5) 
2 2 13. 
=1.25m 
Height from ground = h — d 
=5-1,25 
= 3.75 m Ans. 
1 2 1 2 
9. 5 t =20(¢- +> at-D 
Solving this equation we get, 
t=1.5s 
Now, d=20(¢-) +5 et-1) 
=11.25cm Ans. 14, 
10..." s@% 
“dt 
x t 
[a= | (8-2) a 
14 2 
x—-14 =(4¢ — 21) - (12) 
x=4P° -264+2 (i) 
_W 
y~ dt ~ 
y y 15. 
| dy= | 2dt 
4 2 
—4=2t-4 
or =2t 
t= eA 
2 
Substituting this value of ¢ in Eq. (i) we have, 
x= y —yt+2 Ans. 
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dx 
wa =5 
“dt 
_¥ 
* dt 
= (4t+ 1) 
At 45°, Vy = Vy 
=> t=ls Ans. 
Lp 
h=— eT 
> & 
T : 
At = second, distance fallen 
1 (T h 
d et A 
2° ( | 9 
: 8h 
*. Height from ground =h—-d =a: Ans. 
It should follow the path POR. 
Ans. 
At4s 
u=at=8m/s 
Sy =! of =+ x24? =16m 
2 2 
From 4s to8s 
a= 0, v=constant = 8 m/s 
e Sy = vt = (8)(4) =32m 
From 8s to 12s 
$3=s,=l6m 
Stotal = 8, +S. + 53 = 64m Ans. 


Retardation is double. Therefore retardation time 
will be half. 


Let f) = acceleration time 


t ‘ ‘ 
Then 5 = retardation time 
t+ tat 
= 2t 
—s 
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Now, S=S, + Sy 


1 1 7 
= [FJeae? 5. [Joa 4) 


=— Ans. 


16. At the time of overtaking, 


5] = Sy 

Tes.25 1 2 

2ut + — at’ = ut + — (2a)t 
2 2 


2u 
t=— 
a 


2 
s,(or 59) = u{ 2x) + : (ol 74) 


2 
6ue 


a 


Ans. 


80m 8 


= =—s, 
30m/s 3 


Now in vertical direction 
es 2u, 
a, 


ta, 
or u, =— 
P 
(8/3) (10) 
2 


= ~ m/s Ans. 


17. 


(a.=g =10 m/s’) 


18. s =net area of v-t graph 


At 2s, net area = 0 
se s=0 
and the particle crosses its initial position. 


2 
19. Total height = 15 + _ 
2g 


or h=20m 
Initial velocity u =./2gh 


=,/2x10x 20 


= 20 m/s 


Now applying 
v=u+at,wehave 
v = (+ 20) + (—10) (3) 


=-10m/s 
.. Velocity is 10 m/s, downwards. 
20. eo” 20247 
dt 
v 2 
—5y? =| 
10 0 
Fas 
Vio 
Oo ay 
v 10 
or v=2.0 m/s 
21. d=d,+4d, 
ve yy 
=~ 14,72. 
2a, 2a 
_ (0) r (20) 
2x2 (2x1) 
=225m 
22. S, = Sy 


(40) 1-5 x10 7? = (40) (¢= 2 


Ans. 


Ans. 


1 2 
-—xl0x(t-2 
(¢— 2) 


Solving this equation, we get 
t=5s 


Then 5 = (40) (5) - 5 x10 (5) 
=75m 
23. d=59(0-0 
Free fall 
“_k hk O 
T-t |g 
oe 
H 
t oh 


Ans. 


24, x45 
2 
ae dx ee 7 _ tt 
a Geo 8 
dy t 
Mo 
Att=2s 
vy, = 2 m/s 
and v, =4 m/s 
v= vi + vj = (2i + 4j) m/s 
25. Vx =t+3 
x=(t+ 3° 
dx 
or ars 
=2 (t+ 3) 
*, v-tequation is linear Ans. 


26. Av =v, — v; =area under a-t graph 


v, =0 
=> Vv, = area 
= 40 + 50 
= 90 m/s Ans. 


27. v°=25+ 25s 
or v? = (5)? + 2 (12.5) s 
Now compare with y? = uv? + 2as 
28. Retardation during upward motion 
a, =10+2 
=12 m/s” 


2 m/s2 


g| |2 


10 m/s? 2 m/s@ 10 m/s? 


Acceleration during downward motion, 
a =10—2=8 m/s’ 


2s 
t=,|/— 
a 


1 
or t «x — 


va 


t 
He - 2 Ans. 
t Ya Viz V3 
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29. F=3r —32 


get (0.3 ? — 3.2) 
m 
5. 


far=faa=[o3 Ps oa 
0 


10 0 
v-10=-3.5 
v=6.5 m/s Ans. 
30. =v - 2g (4) 


(10)? = Ww — gh 
uw = (100 + gh) 
- uw _ 100+ gh 


Now, =— 
2g 2g 
h 2 
Bee ss (as 2g = 20 m/s) 
h=10m Ans. 


Subjective Questions 

dy 

1. — 
(a) 7 


is the magnitude of total acceleration. 


d\v| 


While —— represents the time rate of change of 
t 


speed (called the tangential acceleration, a 
component of total acceleration) as | v| = v. 
(b) These two are equal in case of one dimensional 


motion. 
2. (a) x =2t =ge™ 
2 
x? 
2 
=f or y=|=— 
y v=(3] 
x? =4 y is the trajectory Ans. 
(b) r=xi + yj =(2ti) + (Pj) 
eo 22 2rj) units Ans. 
dt 
d “ : 
(c)a =" = 2) units Ans. 
dt 
N 
WwW E 
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(a) Distance = AB + BC + CD 
= (500 + 400 + 200) =1100m 


(b) Displacement= 4D = (4B — CD + BC? 


= /(500 — 200)? + (400)? 


= 500m 
Total dist: 
(c) Average speed = JoralaiNaite 
Total time 
= — = 55m/min 
20 


: AD 
(d) Average velocity = ra 


= = = 25 m/min (along AD) 


4. (a) The distance travelled by the rocket in 1 min 
(= 60 s) in which resultant acceleration is vertically 
upwards and 10 m/ s” will be 


h, = (1/2) x 10 x 607 = 18000 m= 18 km ...(i) 
and velocity acquired by it will be 
v=10x 60= 600 m/s .. (ii) 
Now, after 1 min the rocket moves vertically up 
with velocity of 600 m/s and acceleration due to 


gravity opposes its motion. So, it will go to a 
height h, till its velocity becomes zero such that 


0 = (600)" — 2gh, 
or fy =18000m[as g=10m/s"] ...(iii) 
=18km 
So, from Eqs. (i) and (iii) the maximum height 
reached by the rocket from the ground 
h=h, +h, =18+ 18=36km Ans. 
(b) As after burning of fuel the initial velocity from 
Eq. (ii) is 600 m/s and gravity opposes the 


motion of rocket, so the time taken by it to reach 
the maximum height (for which v = 0), 


0 = 600 — gt 
or t=60s 
i.e. after finishing fuel the rocket further goes up 
for 60s, or 1 min. Ans. 
2 2 
5. pw t= 2) 20m 
2g 2x10 
20 m/s 
| 
60m 


Let tbe the time when particle collides with ground. 


F 1 
Then using the equation s = ut + 5 at? 
1 
we have, —60 = (20) t+ 5 (-10) ? 
Solving this equation, we get 


t=6s 
Total distance 


a) Average speed = 
m id Total time 
20 + 20+ 60 
6 
= 16.67 m/s Ans. 
: 60 
(b) Average velocity = 7 = ms 


= 10 m/s (downwards) Ans. 
Total displacement 


6. Average velocity = - 
Total time 


_ Vly + 2vlg + 3vT 
fo tt +T 


2.5v 


Solving, we get 
T=4t Ans. 
7. Retardation time is 8 s (double). Therefore, 
retardation should be half or 2 m/s’. 


s, = acceleration displacement 


a 5x4 x4) 32m 


Sy = retardation displacement 


x 2x (8) = 64m 


vp 7% _ 0-0 
t 12 

(b) and (c) d=s=s, + s)=96m 

Average speed = Average velocity 


(a) a, 0 Ans. 


_@ 
t 
or Pe eis Ans. 
t 12 
22)\/{ 21 
one © @ (= 
8. T =6s 
v 1 
p<tee 
3 


Particle will rotate by 120°. 


2R sin — 
(a) Vv =-= : (0 = 120°) 
AQ 
= WBR = _ / Ans. 
t 
(b) |Av | {v + v’ — 2w cos 120° 
Agy = = 
t 
= v3 v= ae m/s? Ans. 
t 


9. At minimum distance, their velocities are same, 


V4y=Vgp Or Uy t+ ayt=Ugt agt 


or (3+?f)=(14+2t) or t=2s 


Minimum distance, d,;, =Initial distance — 
extra displacement of A upto this instant due to its 


greater speed 


=10-(s, — 5p) 


=10+ sp -sy 
Le 
apt u,t + 
7B [u 


ee 
[us t 9 at 


=10+ G (2)+ : (2) oy 2 ce (2) + ; (l) ay 


=10 


=8m Ans. 
10. Given A, -h, =10m 
")  @ 
Lo 2 
— et ——g(t-ly =10 
ae 5 & ) 
Solving equation, we gett = 15s Ans. 


11. At the time of collision, 
5) = 585 


1 1 
vol 5 Bt = Mo ((—H) 5 8 by 


12. 


13. 


14. 


15. 


16. 
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Solving this equation we get, 
palo 4 bo 
g 2 
(a) Velocity = slope of s-¢ graph 


Ans. 


.. Sign of velocity = sign of slope of s-t graph 

(b) Let us discuss any one of them, let the portion 
cd, slope of s-t graph (= velocity ) of this 
region is negative but increasing in magnitude. 
Therefore velocity is negative but increasing. 
Therefore sign of velocity and acceleration 
both are negative. 

Displacement s = net area of v-t graph 


= 40+ 40+ 40-—20=100m 
Distance d = |Total area | 
= 40+ 40+ 40+ 20=140m 


: 100 50 
(a) Average velocity = 5=——="' m/s Ans. 
t 14 7 
d_ 140 
(b) Average speed = — = a 10 m/s Ans. 
t 
v, = speed of person 
v, = speed of escalator 
i 
y=— and vy.=— 
ty h 
l 
f= = 
Vytvy 1 7 
bo ob 
tt _ 20x60 _ 5. Ages 
t, +t, 90+ 60 


At time t=1¢,, slope of s-t graph (= velocity) is 
positive and increasing. Therefore velocity is 
positive and acceleration is also positive. 

At time t=4, slope is negative but decreasing 
(in magnitude). Therefore velocity is negative but 
decreasing in magnitude. Hence, acceleration is 
positive. 

Comparing with v = u + at, we have, 


u=40m/s and a=—10m/s* 


X=-60m X= X=+60m 
t= 


< 


I 
I 
if bi 


Distance of 60 m from origin may be atx =+ 60 m 
and x =— 60 m. 


508 ¢ Mechanics - I 


17. 


From the figure, we can see that at these two points 
particle is at three times, ¢,, 4, and f. 


For X =+ 60 mor ¢, and ¢, 


1 3 
s=ut+ —at 
2 


=> 60 = (+40) t+ ; (-10) ? 


Solving this equation, we get 
t, =2sandt,=6s 
For X =— 60 mor, 


Ans. 


a) 
s=ut+—at 
2 


60 = (+40) 1+ 5 ( 10) 7 


Solving this equation, we get positive value of ¢ as 
t,=2(2+J7)8 Ans. 


Displacement = Area under velocity-time graph 


Hence, So4 = 5 X210=10m 
Syp =2X10=20m 
or Soap =10+ 20=30m 
Sac = 5 X 2(10 + 20) = 30 m 
or Sospc = 30+ 30= 60m 
and Sep = 5 X 2X 20= 20m 
or Soagcp = 00+ 20= 80m 


s(m) 


u t(s) 


1 

1 
2 4 6 
Between 0 to 2 s and 4 to 6 s motion is accelerated, 
hence displacement-time graph is a parabola. 
Between 2 to 4s motion is uniform, so 
displacement-time graph will be a straight line. 
Between 6 to 8s motion is decelerated hence 
displacement-time graph is again a parabola but 
inverted in shape. At the end of 8 s velocity is zero, 
therefore, slope of displacement-time graph should 
be zero. The corresponding graph is shown in above 
figure. 


VE VE Vie =v 
18. (a) a, =-_+=-2 
(2) day t 12-6 
= cone 20) =-5m/s* Ans. 
(b) Av=v, —v; = net area of a-t graph 
Vig — Vp = 40 + 30+ 40 — 20=90 
But Vo = 0 
: V14 = 90 m/s Ans. 
r,-r; 
19. @) v,,===2— 
t i 
_ i +4j)-@ + 2) 
4 
= (125i + 0.5j) m/s Ans. 
A Vr Vi 
(b) a,,=—=— 
t 
_ (21 + 10j) — (41 + 6)) 
4 
= (-0.5i + j) m/s” Ans. 


(c) We cannot calculate the distance travelled from 
the given data. 


20. In falling 5 m, first stone will take 1 s (from 
poe t°) 
2 & 


First stone, 


t= |— (i) 
g 


Second stone, (t—1) = ees) ..-(11) 
& 


Solving these equations, we get 


h=45m Ans. 


21. Ifwe start time calculations from point P and apply 
the equation, 


= —- V=alo 
sr A 92 a 
|« 9 alo >| 
1 
s=ut+—at’ 
2 


(-3 ai] = (+aty) t+ : (-a) t? 


Solving we get, t= (J2 + Dh 
=2.414 fh 
Total time, 7 =1+ t 


= (3.414) t Ans. 


22. 


23. 


24. 


25. 


2 
(a)h=15+—— 
2g 


5 
=15+ () 
2x10 
=16.25m Ans. 
oe 2h _ [2 x 16.25 8s ‘Ave: 
g 10 
(a)and(b) 60 =u (6)+ ; xax (6) ...(i) 
15 =u+ (a) (6) (ii) 
Solving these two equations, we get 
u=5m/s 
and a= : m/s” Ans. 
2 5 2 
(c) (5) =() (2) RY (v =2 as) 
s=7.5m Ans. 
1 4 
S=Sq + ut+ —at 
2 
at t=0,s=sp=2m ..-(1) 
at t=10s, 
S=0=Sy) + cue 
2 
or 0=2+ 10u+ 50a 
or 10u + 50a = —2 (ii) 
v=utat 
O0=u+ 6a (at t=6s) 
oe u+ 6a=0 ...(iii) 
Solving Eqs. (ii) and (iii) we get, 
u=—1.2 m/s 
and a=0.2 m/s” Ans. 
Now, v=u+at 
v = (-1.2) + (0.2) (10) 
= 0.8 m/s Ans. 
After 2 s 


Vv, =u+ayt, 
= 0+ (2i) (2) = (4i) m/s 
1 2 


nar ue 


=(2i + 4j)+ ; (2i) (2) 


=(61+4j)m 


26. 


27. 


28. 
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After next 2 s 

(a) Vy =v, + ant, 
= (41) + (2i — 4j) (2) 
= (8i — 8j) m/s 


(b) n=rnt+veit : tat 
= (61 + 4j) + (41) (2) + ; (21 — 4j) (2) 


=(18i —4j)m 
Co-ordinates are, 
x=18m 


and y=-4m 


x=uUutt f a,t 
rae 

29 = (0) (t)+ ; x (4.0) 77 

?=145 8? or 


(a) y= uyt + ; a, 


t=3.8s 


= (8) (3.8) + + x2x 14.5 


=44.9m=45m Ans. 
(b) v=u + at 
= (8j) + (4.01 + 2.0j) (3.8) 
= (15.2i + 15.6j) 
. Speed = |v|=4/(15.2)° + (15.6) 
= 22 m/s Ans. 
dv__ 3m/s 
ds m 
dv 
a=v:-— 
ds 
= (10) (-3) 
=—30 m/s” Ans. 
v=3P-6 => v=0 at t=2s 


For t <2, velocity is negative. At t = 2s, velocity 


is zero and for ¢ > 2s velocity is positive. 
35 35 


s= | var = Kea — 6t) dt 
0 0 


=6.125m 


= displacement upto 3.5 s 
2 2 


Sy = [ vdt= |G? — 6f) dt 
0 0 
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=-—4m 
= displacement upto 2 s 


6.125 m 


> 


d = distance travelled in 3.5 s 


=44+4+4 6.125 
=14.125m Ans. 
Average speed = 2 = paaet 
t 3.5 
= 4.03 m/s Ans. 
Average velocity = a a 
t 3.5 
=1.75 m/s Ans. 
29. a= 4 or a 
v dt v 
v t 
| vdy = J4 dt 
6 2 
y 
—-18=4t-8 
2 
v=./8t+ 20 
_Wv___4 
dt J8t+ 20 
At t=3s 
a= 0.603 m/s” Ans. 
30. v-s equation is ves) 


pee 54 20 
3 
dv 2 
“. — =—— per second 
ds 3 
Ats=15m,v=10m/s a 
pe ea ware Ans. 
ds 3 


31. a=slope of v-t graph and s = area under v-t graph. 


Further, for ¢ < 2s, velocity (i.e. slope of s-t graph) 
is positive but increasing. Therefore, s-t graph is as 
under. 

s 


t 


Same logic can be applied with other portions too. 
32. Same as Q.No. 31. 


33. Kinetic energy will first increase and then decrease. 


v=gt (in downward journey) 


Hence, KE versus t graph is a parabola. 

34. Speed first increases. Then just after collision, it 
becomes half and now it decreases. 
Pattern of velocity is same (with sign). In the 
answer, downward direction is taken as positive. 


Further, v=gt 
Hence, v-¢ graph is straight line. 
35. Area of a-t graph gives change in velocity 
: Av = vy —v; = area of a-tgraph 


Since, Vp =; 


B 


D 


Net area of a-t graph should be zero 
Be Area OABC = Area CDE 
Substituting the values we get, 
tp = (2+ ¥3)s Ans. 

36. (a) a=slope of v-t graph 

(b) s = 7% — 7, =net area of v-7¢ graph 

; ty =i + netarea 
=10+ 10+ 204+ 10-10-10 
=30m 
(c) (i) For0<t<2s 


u = initial velocity = 0 


So =initial displacement = 10 m 
a=slope of v-tgraph = + 5 m/s” 


1 
8 =) + ut += at =10+ 250° 


(ii) For4s<r<8s 
u =initial velocity = 10 m/s 
= velocity at 4s 
So = (10 m) + area of v-t graph upto 4 s 
=10+ 10+ 20=40m 
a= slope of v-t graph = —5 m/s” 


s=s)tu(t 4)+ 5a 4y 


=40+10(¢-4)-2.5(t-4) — Ans. 


37. (a) a, =a =-g 


ayy =4,—a,=0 Ans. 
(b) uy, = uy — u, = 20 —-(-s) 
=+25 m/s Ans. 
(Cc) tj =— th, =—25 m/s 
Since, a =0 


Uy = constant 
=—25 m/s Ans. 
(d) a,,=0. Therefore, relative motion between 


them is uniform with constant velocity 25 m/s. 
poh oes Ans. 
vy 25 
38. (a) When the two meet, 
18 m/s 


ee |9 
2 m/s = constant 


Sy=S8,+7 
or = (2t) = (184) - (4.977) +7 
Solving we get, 
t=3.65s Ans. 
Sy =2x3.65=7.3m 
Height = 5+ 7.3 
=12.30m Ans. 
(b) Man =U— gt =18 —- 9.8 x 3.65=-17.77 m/s 
.. Velocity of ball with respect to elevator 
= velocity of ball — velocity of elevator 


= (-17.77) - (2) 

=-19.77 m/s 

=—19.8 m/s Ans. 
Negative sign indicates the downward 


direction. 
39. (a) For truck 


t=7.39s Ans. 


Chapter 6 Kinematics e 511 


(b) For automobile 
Sy =; aot =; x 3.5.x (7.39) 
=95.5m 
Initial distance between them, 
= 82 — 8} 
=35.5m Ans. 


(c) v; =a, t= (2.2) (7.39) = 16.2 m/s 
and v, =a t= (3.5) (7.39) = 25.9 m/s 
40. Net velocity is along AB or at 45° if, 
B 


A (4 sin 0 + 2) 


4 cos®@ =4sin@ + 2 
Solving this equation we get, 


0 = 24.3° Ans. 
41. (a) sind = 2 2 0.4 
500 
N 
"NS 
So, E 
Net hi 
velocity = v Z 


P 200 km/h 


@ = sin”! (0.4), west of north 


(b) v=,/(500) — (200) 
= 100/21 km/h 
_PQ_ 1000 _ 10 
v 100V21 V21 


Ans. 


42. 
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v v 
=, => t= 7 
t x 
Vv, a7 
0 y > he 0 
b y 
1 1 ‘ 
ti+ih= “(2 + , =4 w(1) 


Further, 


area =displacement 
1 — 
5 VW xXt=s 
But numerically, t = s = 4 units 
Vo = 2units 


Substituting in Eq. (1) we get, 


apo? 
x yy 


LEVEL 2 


Single Correct Option 
1. Let velocity of rain is 


5 m/s i 


37° 


5 m/s 
(i) (ii) (iii) 

Vr = ai - bj 

Infirstcase,  Vy= (-4i 7 3)) 

~ Veu = Ve - Vy =(at4)it (-b+3)j 
It appears vertical 
a+4=0 
or a=—-4 


In second case, Vj, = (4i + 3}) 


Vem = Va — Vy = (a—-4)i + Cb-3j) 


=-8i + (-b-3}j) 


It appears at 8 = tan7! (2) 


—b-3=-7 
s b=4 
and speed of rain = Ja” + b” 
= 732 m/s Ans. 


A aha 
dt 
da__4w 
dt dt 
=-4 (-4v + 8) 
= 1l6v —32 
(“| =16v,-—32 
dt ), 
= (16) (0) — 32 
= —32 m/s” 
Further, 
Vv t 
| dv = [a 
9 8 4¥ 4 


Solving this equation we get, 
v=2(l-e”) 


v (m/s) 


Hence, v-t graph is exponentially increasing graph, 
terminating at 2 m/s. 


. For collision, 


ry, =Tp (at same instant) 
(tj; + V,)4=(j + Vp 
=> (Si + 10j+ 5k) t= 30i + (10i + 5j + 5k) t 


Equating the coefficients of x 


5t=30+ 10t 
=> t=—ve 
So, they will never collide. 
dv, 
=2t 
dt 
d 
v= oo S=P 
; dt 
3 
t : 
or =— wd 
y= (i) 
and x=vut > t= al 
v 


Substituting in Eq. (1) we have, 
3 
x 
y= Ans. 
. 3ve 


5 at (20x +B) 
dx 
dx 1 
SS — a 
dt 2ox + B 
dv 1 . dx 
4=- = : 
dt 2ox+B) dt 
= — 20 (v7) (v) == 207 
dv 
6. f=v-—=a-bx 
i rs 
or | vav = | @- bx) dx 
0 0 


v =4/2ax — bx? 


At other station, v = 0 
_ 2a 
b 


=> x 


Further acceleration will change its direction when, 


f=0 or a-—bx=0 or 


At this x, velocity is maximum. 
Using Eq. (1), 


ton = 24($)-0(8) = 


_p2 
7. i Me 
m m 
dv kx’ 
ig 
dx m 
v 0 kee? 
or Jva=[-— ax 
0 a me 
2 3m 
2ka® 
v= 
3m 
dv 
8. a=v-—=(4) (-tan 60°) 
ds 
=-4,3 m/s” 


1 
9. x, =— gt =05 gt 
2 
1 
Es +x) =5 8 Qt =290° 
Xo = 2¢t? —x,=1.5 gt 


X%,—x%,=gf or t= 
&§ 


a 
x= 


Xy— xy 


10. 

Ans. 
11. 

(i) 

Ans, 

Ans. 
12. 

Ans. 
13. 
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2 m/s 


vy cos 60° = 2 m/s 


v=4m/s Ans. 


90 km/h = 90 x =. = 25 m/s 


180 kan = 108 x = 30 m/s 


At maximum separation their velocities are same. 
Velocity of motorcycle = 25 m/s 
or at = 25 
or t=5s 
But thief has travelled up to 7s. 
s, = displacement of thief 
=v,t,=25x7=175m 
Sy = displacement of motorcycle 
=5 Xm iE 


1 2 
=—x5x(5 
5 (5) 


=625m 
Maximum separation 
= $8, —S8,=112.5m Ans. 


Relative velocity of A with respect to B should be 


along AB or absolute velocity components 
perpendicular to AB should be same. 
sin 6 =usin 30° 
6 =sin! (=) Ans. 
4 


Deceleration is four times. Therefore, deceleration 


time should be : th. 


Vmax = 4t 


k— 4t—> t>| 


Vmax = (4) 40) =O) 4=4t 
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More than One Correct Options 


Area of v-t graph = displacement 
1 
200 = = (50) (48) 1. (a)a=-avv 
dv 
or t= 20s ” ra avy 
Total journey time = St = 22.4 s Ans. é ye is 
: or fae=-—[v"' -dv 
14. Area of v-t graph = displacement ! o 
1 = 
1032 =— (56+ t)) (24) or 4 =305s 2 
( 0) (24) 0 ee 24% ron 
v (m/s) a 
(d)a=-avv 
K-b—| dv 
- é aan 
ds 
Ss 0 
«>| x t>| f(s) au! [ie 
|x—— 56s —>| BS fas=--[v dv 
0 vo 
Deceleration time t; = =6s 2v9 7 
4 os s= Ans. 
.. Acceleration time 4, = 56—%) —t, = 20s a 
24 2 2 «soe 
Acceleration = a =1.2 m/s Ans. . : dt 
a v t 
15. vg =—20i [av =[-0.5¢ar 
y 16 0 
v=16- 0.2577 
OP=3m 3 
25¢ 
OQ=4m s= [var = 160-2 
3 
v=0 when 16-0.257 =0 
: 4m 20 cm/s or t=8s Ans. 
Vp =— 20 cos 601 — 20 sin 60° j So direction of velocity changes at 8 s. Up to 8 s 
=~ 10i —10V3 j distance = displacement 
Assuming P to be at rest, - At4s : 
Vor = Vo ~ Vp =~ 101 + 10V3 j d=16x4 — 228% OY cg 67m Ans. 
10V3 
Now, ~. tan@=—*~ = ¥3 or 0 = 60° 0.25) (8° 
10 s<16ee ) 8) 
where, @ is the angle of Vgp from x-axis towards 3 
positive y-axis. = 85.33 m 
Vap 0.25) (10)° 
So, =16 x10 C20 
= 76.67 cm 
|} 85.33 m ————_> 
e—_____+_________@8s 
Os I 
1 
a) 
10s 


|k— 76.67m —>| 


Distance travelled in 10 s, 
d = (85.33) + (85.33 — 76.67) 


Shortest distance = PM = PN sin 60° 
=94m Ans. 


v3 = 50V3 cm 


3 
= (100) == 


5. 


At10s 
v =16— 0.25 (10)? =—9 m/s 


Speed = 9 m/s Ans. 


. Ifa =constant 


Then |a|is also constant or 


dv 
— | = constant 
dt 


r,=3i+ 4j 
at t=0 
v4 = (-20j) 


vz = (40 cos 37°)i + (40 sin 37°)j 
= (32i + 24) 


Vip = (-32i — 44j) km/h Ans. 
VB 
af° 
Attime t= 0, 
Tyg =t4—¥g = Gi+ 45) 
Attime t=f, 


Typ = (typ att=0)+ Vygt 


=(3-32)i+ (4-44) Ans. 


at, = ab 
Vinax = 40 = hh 
s, = Area of v-¢graph 
1 
=> (th + 4) (ah) 
2 
Vmax 


K- tt >k- b> t 
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Sy 1 


= =-at 
a ae es 


vj 
max 


1 
S=-(t,+h)yv, 
by ra 3) 


1 
= 5 (¢, + 2) 2a, t,) 


V2 = ab, 


~(W+h) 


ke h}>k— 3 >| 


From the four relations we can see that 
Vy = 2V, 
and 28, <5, < 4s, Ans. 


. Inthe complete journey, 


. 


s=0 and a=constant =g (downwards) 
Fa , 
» a=—=—t . (1) 
m m 
or axt 


i,e. a-t graph is a straight line passing through 
origin. 

Ifu = 0, then integration of Eq. (i) gives, 

_ ar 
2m 
Hence in this situation (when u = 0 ) v-t graph is a 
parabola passing through origin. 


2 


v or vat 


. d-s equation corresponding to given graph is, 


re 


or foav=[ (6-5) a 


2 
or y= 4/125 -~ 
5 


At s=10m, v=10 m/s Ans. 
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Maximum values of v is obtained when 


a =0 whichgives s=30m 
ds 
5} 
Vira =4]12 x 39-2 
= +180 m/s Ans. 
d 
9. v,,=- and v, =— 
Now, d=|s| 
Vay 2 | Vay | 
10. v=atandx ; at’ (u = 0)i.e. v-t graph is a straight 


line passing through origin and x-t graph a parabola 
passing through origin. 


11. For minimum time 


For reaching a point exactly opposite 


} u 


b 


> Net velocity 
Net velocity = vw (but v > wu) 
b 


{=—__—_ 
net velocity 
12. Fort<T,v=-ve 
Fort >T,v=+ve 
At t= 13 y=0 
Particle changes direction of velocity at t=T 
S = Net area of v-t graph = 0 
a= Slope of v-t graph = constant 


v 
13. v=o, > 4 =— 


ke 4 +k— bp >} b>| 


tf =t-t,-t -(: is 7 
0 1 2 
a B 


1 > a) 
1/=—Qt) + vt; +—Bt5 
2 1 0 5 Bra 


-40(2) (2-3) +t0(2) 


Now, 


For ¢ to be minimum its first derivation with respect 
to velocity be zero or, 


I + 
v 2a8 
— 2108 
a+B 
14. x= > Vy al 2t 
“dt 
dv, 
> == 
dt 
=> y= -2t 
= aD 3p 2 
“dt 
dv, 
> a, =— = 6t 
dt 
Att=0, vy, =0,v, =-2, a, =2 and a, =0 
v=-2j and a=2i 
or via 


ates v, =0,v, #0. 
= 


Hence, the particle is moving parallel to x-axis. 
15. (14)? = (2)? + 2as 
: 2 as = 192 units 


At mid point, v? = (2° + 2a (5) 


ea =100 
2 
v=10m/s Ans. 
XA:AY=1:3 


Yaaesg and Avs? « 
4 4 


v2 = (2)? + 2a (=| 


eh a5 
y= 52 #5 m/s Ans. 
10=2 + at, (v=u+ at) 
8 
t,=- 14=10+ at, 
a 
4 
b=-— or t=2tb Ans. 
a 


S, =(2t)+ ; a (t’) = distance travelled in first half 


S, =2(2t)+ ; a (2ty 


S =S, —S, = distance travelled in second half 
We can see that, 


Comprehension Based Questions 
1. Velocity of ball with respect to elevator is 15 m/s 
(up) and elevator has a velocity of 10 m/s (up). 
Therefore, absolute velocity of ball is 25 m/s 
(upwards). Ball strikes the floor of elevator if, 


S,=S,+2 
10t + 2.5 = 25t—5t7 +2 


Solving this equation we get, 
t=2.13s Ans. 


2. If the ball does not collides, then it will reach its 
maximum height in time, 

23 

g 10 


Since, ¢ < %, therefore as per the question ball is at 
its maximum height at 2.13 s. 


Imax = 50+ 24+ 25 2.13-5 x (2.13) 
= 82.56m Ans. 


o= 2.58 
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3. S =25x2.13-5~x (2.137 


= 30.56 m Ans. 


4. At maximum separation, their velocities are same 
25-10t=10+ 5t 
or t=ls 
Maximum separation = 2+ S,—S, 


=2+[25x1-5~x (I) ]-[10 x 1+ 2.5 (1)7] 


=9.5m Ans. 
5. uu, + aT = ug — a,T 
Putting T=4s 
weget 4 (a, + dg)=Ug — Uy w(1) 
Now, S,=S, 
ee ee 
U = =Upt- = 
abr a4 Bl 4B 
=7 Me“) ox%4=85 Ans. 
(a4 + ag) 
6. S,=S, 
1 2 1 DB) 
S5t+—a,t° =15t-——= a,t” 
a o> 
or 10+ ayt=30—agt 
“. (5+ ayt)—(15 — agt) =10 
or v4 —Vg =10m/s Ans. 
7. 8=6+ a, =6+ 4a, 
ae a, =0.5 m/s 
At 10s, 
Vy4=uUuyt at 
= (6) + (0.5) (10) 
=11m/s Ans. 


Match the Columns 


1. In (a) and (b), if velocity is in the direction of 
acceleration (or of the same sign as that of 
acceleration) then speed increases. And if velocity 
is in opposite direction, then speed decreases. 

In (c) slope of s-t graph (velocity) is increasing. 
Therefore speed is increasing. In (d) slope of s-t 
graph is decreasing. Therefore, speed is decreasing. 


2. If v-a = 0, speed is constant because angle between 


vand a in this case is 90°. 

If v- a = positive then speed is increasing because 
angle between vand a in this case is acute. 

If v- a = negative then speed is increasing because 
angle between vand a in this case is obtuse. 
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3. In portion AB, we can see that velocity is positive 
and increasing. Similarly for other parts we can 
draw the conclusions. 


4. (a) Average velocity = ; gainers 


Time 
20 
=—=5m/s 
4 
: VeVi 
(b) Average acceleration = ——— 
time 
Vas Vis 0-5 5 2 
= - = m/s 
4-1 3 3 


d_ |Total 

(c) Average speed = —= (Total anes . nie | 
t Time 

_ 20+ 10 _ 5 m/s 


(d) Rate of change of speed at 4 s = |a| 
= |slope of v-t graph |= 5 m/s” 


5. (a) x=0 at ¢t=2s8 
iis Siig and on 
dt dt 
v=aatls 
(c) v=10¢ 
Velocity is positive all the time. 
(d) v=0 at t=0s 
6 ey er) 
dt 
ms 
* dt 
ae me 
“dt 
dv, 
a,=— =2 
: dt 
(a) It crosses y-axis when, x = 0 
=> t=1s 


At this instant v,, is —2 m/s. 
(b) It crosses x-axis when, y= 0 
=> t=2s 
At this instant v, is +2 m/s 
(c) Att=0,v, =—2 m/s and v, =—4 m/s 


Speed = ,/v? + vy = 275 m/s 
(d) Att=0,a, =2 m/s” 


and a, =2 m/s” 


= fc 
a=a. + a, 


= 2/2 m/s 


Subjective Questions 


4 a EN +ve 
“ew At At 
[2g hp + 2g h; 
ke =Ve 
_ (2x 98x24 42K 98x 4 
12x10° 
= 1.26 x 10° m/s” Ans. 


Note v; is upwards (+ve) andv; is downwards (— ve). 


2. vdv=ads 


i) 


# = = area under a-s graph froms = Otos =12 m. 


=24+12+6+4 
= 24 m/s” 
or v=~48 m/s =4¥3 m/s Ans. 
3. Let AB= BC =d 
BD=x 
and BB’ = s = displacement of point B. 
A 


From similar triangles we can write, 


1.3 
at 
wees 92 
d+x x d-x 
From first two equations we have, 
d_ vt 
1+—=— 
x os 
d_ vt : 
or —=—-l ... (4) 
x os 
From last two equations we have, 
1 5 
— Ot 
d a 
@_ 422 
x s 
2 
— Ot 
d te 
or “2241 ..-(i1) 
x s 


Equating Eqs. (i) and (11) we have, 


1 
vt =at’ 
say pene a 
s s 
1 
vt ——at? 
or —_ 2 29 
S 


‘ ; 1 
Comparing with s = ut + su we have, 


“i : _ Vv F a 
Initial velocity of Bis + 3 and acceleration — S 


. Let us draw v-+ graph of the given situation, area of 


which will give the displacement and slope the 
acceleration. 


Vv 


mas axd +5 yd .. (i) 


S3—S) =xd + yd + 5 yd ..-(11) 


Subtracting Eq. (i) from Eq. (11), we have 


(sz = ¥ 5153) 


83 +S; — 28) = yd 
or 83 + 8; — 24/55; = yd 


Dividing by d* both sides we have, 


(1 - v3)" _ 
d d 
= slope of v-tgraph= a. Hence proved. 


. Area of v-t graph = displacement 


v (m/s) 


t (s) 
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530002 N=14 Ans. 


Solving this equation, we get 
3t=205s 


Note Maximum speed 0.2 t is less than 2.5 m/s. 


6. Let f& be the breaking time and a the magnitude of 
deceleration. 
80.5 km/h = 22.36 m/s, 48.3 km/h = 13.42 m/s. 
In the first case, 


2 
56.7 = (22.36 X ty) + e508) 


(i) 


13.42) . 
ae oe (i) 


and 24.4 = (13.42 t)) + 
Solving these two equations, we get 

ty = 0.74 s 
and a= 6.2 m/s” Ans. 


7. Absolute velocity of ball = 30 m/s 


10 m/s | 
30 m/s 


2 fem 
1 


28m 


(a) Maximum height of ball from ground 
(30) _ 
2x98 


=28+2+ 76m 


(b) Ball will return to the elevator floor when, 
S, =S,+2 
or 10¢ = (30t - 4.977) +2 


Solving, we get ¢=4.2s Ans. 


8. (a) Average velocity 


5 
_ Displacement _ Je dt 
Time 5 


5 2 
: [Ge —t)dt 
5 
= — 0.833 m/s 
(b) Velocity of particle = Oatt=3s 


i.e. at 3 s, particle changes its direction of 
motion. 


Total distance 
Average speed = —————_—— 
Total time 
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_ (Distance from 0 to 3 s) + (Distance from 3 s to 5 s) 


Time 


3 
dy3 = Je —~P)dt=4.5m 


"2 
dy.5 = KG — 3t) dt = 867m 


4.5 + 8.67 
5 
= 2.63 m/s 


Average speed = 


9. (a) a=2t—2 (from the graph) 
v t t 
Now, I, dy = Ja dt = [2 —2) dt 
v= -2t 
4 45 
(b) s =|» at=| — 2t) dt = 6.67 m 


10. (a) 


120m 


— 
> (4-—3sin 6) 


Time to cross the river 
7 120 _ 40 
‘3 cos@  cos0 


= 40 sec 0 


Drift along the river x = (4 — 3 sin @) 


= (160 sec 8 — 120 tan 0) 


40 
cos 0 


Ans. 


To reach directly opposite, this drift will be 


covered by walking speed. 
Time taken in this, 


4 
160 sec 8 — 120 tan 8 
L= 1 
= 160 sec @ — 120 tan 0 


Total time taken 
t=, + t = (200 sec ® — 120 tan 0) 


For ¢ to be minimum, a =0 
dé 


or 200 sec@ tan 6 — 120 sec? 6 = 0 


Ans. 


Ans. 


or 6 = sin”! (3/5) 
(b) tnin = 200 sec® — 120 tan ® (where, sin 8 = >) 
= 200 x 2 120 x s 
4 4 
= 250 - 90 = 160s =2min40s 
11. Given that |v,,| =v, = BY u 
“dt 
dx 2Vo 
vj=v=—=)]— I y 
ae ae ( - ) J 
; : dy uc 
From Eqs. (i) and (ii) we have, — = —— 
x  2Zvoy 
Vor 
c 
Vr y 
y 
x 
y uc x >  ucx 
or ydy=——| dx or ye = 
Io oon 2Vo Ih : Vo 
At y= ba x= sa 
2 4u 
cy 
or Xpet = 2X = on 


12. a= oe = v (slope of v-s graph) 
s 


Ats=50m 
v = 20 m/s and ld = = = 0.4 per sec 
ds 100 
. a=20x 04 =8 m/s” 
Ats=150m 


v=(40+ 5) = 45 m/s 
and cl = a = O.lper sec 
ds 100 
a=45x01=4.5 m/s” 


a-s graph 
From s=0to s=100m v=04s 
and tad = 0.4 

ds 


a= i =0.16s 
ds 


i.e a-s graph is a straight line passing through origin 
of slope 0.16 per (sec)’. 


Ats=100 m,a= 016x100 =16 m/s” 
From s =100 m to s = 200 m 


v=01ls+ 30 
6 
ds 


a= oe = (01s + 30)(0.1) = (0.015 + 3) 
1S 


i.e. as graph is straight line of slope 0.01 (sec)? and 
intercept 3 m/s’. 
Ats=100m, a=4 m/s? 


and at s= 200m, a=5 m/s” 
Corresponding a-s graph is as shown in figure. 


a (m/s?) 


>s (m) 


13. (a) Let v,, be the velocity of boatman relative to 
river, v, the velocity of river and v, is the absolute 
velocity of boatman. Then, 

Y 
A 
N J 
tw 
OH > x ee = 
A i 
Vor 
Ss 
—— 
Vy = Vp + Y, 
Given, |v,,[=vand |v, |= 
dy v : 
Now u=V, =—=x(a-x) 6) 
~ dt a ( 
d. 5a 
and vevy,=e ey ...(il) 
“dt 


Dividing Eq. (i) by Eq. (11), we get 


oe) - dy = 28—) ae 
dx a a 


14. 
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of dy= | pls es dx 


a 

2 3 
x x aad 
or = .. (U1 
Ae. ae “ 


This is the desired equation of trajectory. 
(b) Time taken to cross the river is 


~ 
| 
ll 
<1 


x 

(c) When the boatman reaches the opposite side, 
x = aorv, = 0[from Eq. (i)] 
Hence, resultant velocity of boatman is v along 
positive x-axis or due east. 

(d 


w~ 


From Eq. (iii) 


At x = a (at opposite bank) 
Hence, displacement of boatman will be 


s=xit+yj or s=ait 


(a) Since, the resultant velocity is always 
perpendicular to the line joining boat and R, the boat 
is moving in a circle of radius 2m and centre at R. 

R 
is. 
1 


(0) 


1 
1 
i ~ Ss 
Qi 


( 

1 

1 
P 


(b) Drifting = OS =4/4m? — ? = V3o. 


(c) Suppose at any arbitrary time, the boat is at 
point B. 


RN60° 


Q Y Vnet 
Vv 
B 
P 

Vact = 2v cos 8 
d0_ Vig — vcos® 


net 


dt 2 o 
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15. 


.. Total time = 12.0 s 


or © sec dO = dt 
Vv 
60° 
[ar== fisece d8 
0 y 10 


i [In (sec @ + tan 6) 
vy 


1.31 
or = i Ans. 
Vv 
For0<s<60m 
(52 ehGege2 
60 


-20)=3[3+3]=3 a 2a(1) 


5 5 25 
3 Ss 
or a=—+— 
a 25 
i.e. a-s graph is a straight line. 
3 
At s=0, a=—m/s* = 0.6 m/s” 
andat s=60m, a=3.0m/s" 
For s>60m 
v = constant 
a=0 


Tharefane the corresponding a-s graph is shown in 
figure. 


a (m/s?) 


From Eq. (i), = = 


oP Bel fa 


60 
v=3e or i} ds = 3f é? dt 
0 0 
60 = 15 (e’> -1) or 4) = 808 
Time taken to travel next 60 m with speed 15m/s 
will be a =4s 
15 


Ans. 


16. From the graph, 


pas Ss oor 
150 


v 60 
| esis ds 
0 0 150 


— = 22.5 x 60-— x, £60)" 
2 150 * 2 


v = 46.47 m/s 
17. (a) u, =3m/s 
a, =—1.0 m/s” 


Maximum x-coordinate is attained after time 


ae 


Ans. 


u, 
t=|—]=3s 


ig 
a, 


At this instant v. =0 and 
vy, =u, +at=0-05x3=-15 m/s 


v=(-1.5 j)ms Ans. 
1 2 

b) x=ut+—at 

(b) ae 


=3x34 > 10)(3)'=4.5m 


y=u,tt ; at’ =0- ; (0.5) 3)? =—2.25m 


r=(4.5i-225j)m Ans. 


18. (b) vey,ity, j and a=a,itaj 


va=v.d, + V4, 


2 2 
Further v= vy ty, 
va V,@,+vy a, 
v 2 2 
Uy, Vy 
dv 
=—=4, 
dt 


or component of a parallel to v 
= tangential acceleration. 


19. (a) v,, =4 m/s, v, =2 m/s 


BC |v,| 2 1 
tan 0 
AB |v,| 4 2 
D 
a 
rs 


I xy 


! 
Vos a - 


In this case, v, should be along CD. 


v, Cos @ = v,, sin & 


D 
————————— 

aN 

16 Ss. 

I Mg 

I Vb , 

! Vor y 

I a (*) 

Liao eu 

1 ‘CSC. 

(Me 


or ies 
5 
a =@ = tan”! (3) 
2 
6) 1,=200. 200 59, 
lVzy | 


DC = DB sec@ = (100) 4 =50V5 m 


|v, |= |v,,| cos & — |v,.| sin @ 


NT) ae 


pati 4 DC 275, 50V5 _ 200, 
2 |v; J 3 
V5 
or ce Ans. 
t 3 


20. v, = velocity of boatman = v,, + v, 
and v, = velocity of child = v, 
Vic = Vy — Vo = Vop 
v,- Should be along BC. 
i.e. V,, Should be along BC, 


0.6 3 
where, tan @ = =— 
0.8 4 
or @=37° Ans. 
Child C ; 0.8 km. a A 
a | 
i} 
i} 
i} 
| 0. 
i} 
B Boat 
Further i= Be = a h 
|vz,| 20 


=3 min Ans. 
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21. In order that the moving launch is always on the 
straight line AB, the components of velocity of the 
current and of the launch in the direction 
perpendicular to AB should be equal, i.e. 


usin B = v sin a ...(i) 

S = AB =(ucosB + v cos a)t, ...(ii) 

Further BA =(ucosB—vcosa@)t .. (iii) 

tt+th=t ..-(iv) 

Solving these equations after proper substitution, 
we get 

u=8m/s and B=12° Ans. 


22. Here, absolute velocity of hail stones v before 
colliding with wind screens is vertically downwards 
and velocity of hail stones with respect to cars after 
collision vjyc is vertically upwards. Collision is 
elastic, hence, velocity of hail stones with respect to 
cars before collisionv,,;- and after collision vc will 
make equal angles with the normal to the wind screen. 


ae (WHc)1 


(Vic), = velocity of hail stones — velocity of car 1 
=Vv-Vvy 
From the figure, we can see that 
B + 90° — 28 + a, = 90° 


or o,=B or 2B=20, 
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InAABC, tan 2B = tan 20, =— 
v 


Similarly, we can show that 
v 
tan 20, =— 
v 


From Eqs. (i) and (ii), we get 


v, _ tan 20, _ tan 60° _ V3 _ 
v, tan20, tan30° 1/V3 
y 
ele 
V3 
dv kv cos 8 k 
23 go = on 
“dt m m ~ 
dv, k Vy dy, 
—* =-—dt or | x =_ 
vy, m Vg cos 89 Vy 
ah 
or Vy = Vy COSOy e ™ 


.. (ii) 


Ans. 


k et 
Jy 


(i) 


Similarly, 
pees ky sin 0 (zy, + 
~ dt m m? = 
Vy dv, 
or | a et en 
vo sin 09 k 0 
Se 


| (4 lh 
or —|In Vy =-t 
k m ey: 

vo sin 89 


k 
abe =? 


or 
k : 
—vp) sin®) +g 
m 


k 
k : = ot x 
or v= 5 (: Vo Sin 89 + :| em | . (il) 


m 


(b) Eq. (i) can be written as 


k 


dx a 
—=Vy) cosO,e ” 
dt 


k 
x t S42 
or dx =v, cos9 e™ dt 
0 o Jo 


8 re 
mMVo COS ae 
or x=—*—Yl-e ™ ] 

k 

_ MVo COS By 
Xin = 
k 
at t = 0, Ans. 

24. Inthe first case, BC = vt, and w=ut, 


B C 


x 


In the second case, 


usina=v and w=(ucosa)t, 


Solving these four equations with proper 
substitution, we get 

w = 200 m, 

u = 20m/min, 

v =12m/min 
and a = 36°50 Ans. 


Projectile Motion 


INTRODUCTORY EXERCISE 

1. v,-v,=0 

> (u,; + a,f)-(u, + a,t)=0 

= — (10i—10¢j)- (-20i —107j) = 0 

=> ~200+ 1001? = 0 

=> t= 4/2 sec 
2. It is two dimensional motion. 
3. The uniform acceleration is g. 


4. u=(40i + 30j) mss, a = (-10j) m/s”, t= 2 sec 
Now, v= ut arand s=ur+— at’ 
5. u, =u, = 20 m/s, a,=—10 m/s? 
lL. 
Sy = uit rea 
= -25 = 201-5 «10x? 


Solving this equation, we get the positive value of, 
t=5 sec 
Now apply, v=u+ at ands, = u,t 


INTRODUCTORY EXERCISE 


1. u=40i + 40; 


a=—10j 
t=2s 
40 m/s 
40v2 m/s |@= g= 10 m/s? 
45° 
40 m/s 


(a) Apply v=u+at as a=constant 
1 
(b) Apply s = ut + a at’ 


3. Average velocity 
s R_(u,T) ; 
= = — = SO 


t T T . 
=ucosa 


0 T 

x 

O S - 
}<——— R —— 


4. Av=v,;—V; 


y A 
LL. 
Uu A 
i 
Qa 
O 
Uu 


=(u cos Qi — u sin aj) — (ucos ai + usin aj) 


= (-2u sin a) j 
Therefore, change in velocity is 2using in 
downward direction. 


Oh pe) 
5 tre u ane H= u’ sin“8 
g 2g 
ed T= 2usin® 
& 


Here, u=20/2 m/s and @=45° 
(b) v=u+at 

where, u =(20i + 20j) m/s 

and a= (-10}) m/s” 


(c) Horizontal component remains unchanged 
(= 20i) and vertical component is reversed in 


direction (= — 20j) 
v = (20i — 20j) m/s Ans. 
6. (a) Since, acceleration is constant. Therefore, 


. Av 
a =a=g=(-l0j)= 
a g =(-10j) i 


Av = (-10}) (At) = (-10j) (3) 
= (-10j) (3) = (-30j) m/s 
..Change in velocity is 30 m/s, vertically 
downwards. Ans. 


1 
ut+—ar 


b) v,=-= 2 =u+-—at 
00) Var= 7 t 2 
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= (201 + 20j) + + (-10j) (3) 


= (201 + 5j) m/s 


[Vayl = (20) + (5 


= 20.62 m/s Ans. 
1 
: 2x 20 x = 
7. 7p a2 sin 8 _ V2 9195 
g 10 
gis u’sin2®@ — (20) sin 90° 

g 10 

=40m 


Now the remaining horizontal distance is 
(50 — 40) m=10 m. Let v is the speed of player, 


then 
_10_ 10 5 


vl =10 or v=— =——m/s_ Ans. 


rf a2 2 


8. (a) Initial velocity is horizontal. So, in vertical 


direction it is a case of free fall. 


2h _ 2x100 = (90 se 
g 10 


(b) x =u,t= 20/20 m 
(c) vy, =u, = 20 m/s 


Vy =U, + at 


= 0-10/20 
=—10/20 m/s 


v=,vt+v, =49 m/s 


6= in (*) = tan! (4/5) 


Vy 


R= wu’ sin 60° - 


9. 3km 
& 
u 3 
= = _ 
g Res sin 60° 
= 2V3 km 


Since, RK, <5 km 
So, it can't hit the target at 5 km. 
10. Comparing with, 


2 
y=x tan @ — 5 (I+ tan? @) 
u 


tan@=b,g=a 


- (a) y=) =8 


&§ 2 
and —°~ (1+ tan’ @)=c 
Qu? 


a (1+ b’) 
Qu? 


[aa+ b’) 
u = ,| ——— 
2c 


INTRODUCTORY EXERCISE 
2u sin (a — B) 
~ g cosh 
_ (2) (20V2) sin (45° — 30°) _ 


(10) (cos 30°) 
2 
R =—~— [sin (20 - B) - sin B] 
g cos’ B 


_ (202) 
~ (10) cos? 30° 
= 39m 
p= 2usin (a + B) 
gcos B 
_ 2x 20V2 sin (45° + 30°) 
(10) cos 30° 


1.69 s 


[sin (2 x 45° — 30°) — sin 30° ] 


=6.31s 


R=— sin (20 + B) + sin B] 


_ (20V2) 
(10) cos” 30° 
=145.71m 


[sin (2 x 45° + 30°) + sin 30°] 


. Using the above equations with a = 0° 


es 2 (20) sin 30° 231s 
(10) cos 30° 
(20) 
(10) cos? 30° 
= 53.33 m 


[sin 30° + sin 30° ] 


. (a) Horizontal component of velocities of 


passenger and stone are same. Therefore 
relative velocity in horizontal direction is zero. 
Hence the relative motion is only in vertical 
direction. 
(b) With respect to the man, stone has both velocity 
components, horizontal and vertical. Therefore 
path of the stone is a projectile. 


(downwards) 


Relative acceleration = 0 
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(b) Uy =uU,—-U, Ee d=|u,,|t 
= (20j) — (20i + 20j) =20x2=40m 
= (-20i) m/s 6. The range is maximum at, 
or 20 m/s in horizontal direction Q= x + B (given in the theory) 
(c) Uy = (-20i) m/s is constant. 4 2 aa? 
Therefore relative motion is uniform. = 45° + oS = 60° Ans. 
Exercises 
LEVEL 1 T= 2u sin® => Te«usin®d 


& 
T, _ (usin®), _ 2 


T, (usin®), 1 


Assertion and Reason 


1. In the cases shown below path is straight line, even 
if a is constant 


u ‘ 7 R=u,T 
. ; Ti .(2) (?)=1 
; Ry (Uy). Th 2/\1 
3. os > Pry ee 
g 2 “ R, =f, 
yy aie sin’® _ (eT /2) 9. | - 10 mis? 
2g 2g 
: dlv| 2 
or H«T But 7 #10 m/s 
4. 10. v, =u, 


ay of 
v= oe uy — 2gh 
ee 2 
and va vy + Vy 


ey ae 
and uwe=u. + Uy, 


5. In projectile motion along an inclined plane, Single Correct Option 


normally we take x and j~axis along the plane and 1. a=g =constant for small heights. 
perpendicular to it. In that case, a, and a, both are Pan 
non-zero. , 2. Hy = 5 
2u sin® e 
T= =4 
g H = u’ sin? (90 —8) _ u’ cos’ 
90-0 
(u sin 0) = 20 m/s 2g 2g 
2 sin? 2 A sin” @ 
pe EPO oe Ans. os 
2g 20 Hog cos’ 8 
8 = u- sin? 0 3. Ry = Rass 
) 2 a : 
or usin @ « JH a w’sin20 _ 1 ua or en ae 
g 2\g 2 


(usin®), |4H _ 
(u sin 8), A . 26 =30° or @=15° 
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10. 


At 45°, range is maximum. At highest point, it has 
only horizontal component of velocity or 
20 cos 45° = 14 m/s. 


. F-v=0 => Flv 


Hence path is parabola. 


s Vy = Uy 


v cos 30° = u cos 60° 


u 
or Ve > 


v3 


Velocity has become x times. Therefore, kinetic 


energy will become 1/3 times. 


_ 2u sin® _ 2ucos® 
1 g 42 
& g& 
R= 2 (u sin8) (u cos®@) 
g& 
teal 
= 2/42) 
g& 
1 
=— gf\T, Ans. 
2 
ve 
Riax =—~ at 0 =45° 
g& 


= 2 
Arnax =u Rinax 


. Maximum range is obtained at 45° 


2 
u 


—=16 or u=4m/s 
g 
pa 2usings? _ 2x4 x (/v2) 
g 10 
=0.4V2 s 


Number of jumps in given time, 


t  10V2 _ 


n=— =—— =25 
T 0AV2 
-. Total distance travelled=1.6x 25=40m_ Ans. 
i= uw sin? 
2g 
Oe DUNG 
102 = (u~) sin* 60 
20 


u=52.2 m/s 


11. 


12. 


13. 


14. 


15. 


Other stone should be projected at 90° —@ or 30° 
from horizontal. 
i= u’ sin? 30° 
2g 
_ (52.2) (1/4) 
20 


=34m Ans. 


: 1 : ; ee 
Using s = ut + Fi at’ in vertical direction 
: 1 
—70 = (50 sin 30°) t + 5 (-10) #7 


On solving this equation, we get 
t=7s 


S =H? + R7/4 


Ans. 


«— A/2 —>| 


F SS — 28 
Average velocity = — = —~ = — 
t T/)2 Tf 


Velocity of train in the direction of train is also 


30 m/s. So there is no relative motion in this 
direction. In perpendicular direction, 
faRe uw sin 20 
& 
2 as ° 
2 OW 200 fi Ang 
10 
For maximum value of y 
ld =10-2r=0 
dt 
=> t= 3:8 
fax = (10) (5) - (5) 
=25m Ans. 
2 
R=—*,— [sinQ2a + B) + sinB] 
gcos B 
u=50m/s, g =10 m/s”, a = 0°, 
2 
= a [sin (2 x 0 + 30°) + sin 30° ] 
10 cos* 30° 
(2500) (1, ; 
10x (3/4) 2. 2 
= zd m Ans. 


_ 2usin® — (2) (8) sin 53° _ 
g 10 
Po u’ sin 20 _ (80)° sin (106°) 
g 10 
Distance travelled by tank, 
d=(5)T =(5) (1.28)=6.4m 
Total distance = (615.2 + 6.4)m 


16. 7 1.28 s 


=615.2m 


= 621.6m Ans. 
Subjective Questions 
1. At 45° y 
vy =tv, =u, =+ 60 cos 60° 
=+30 m/s 
Now, vy =u, t+ ayt 
= vv, x 
a, 
_ (£30) — 60sin 60° 
-10 

t,=2.19s and 4 =8.20s Ans. 


2. Vertical component of initial velocity 
u=20V2 sin 45° = 20 m/s 


1 ; : 
Now, apply s=ut+ 5 at’ (to find ¢ ) in vertical 


direction, with 
s=15m,u=20 m/s and a=-—10 m/s’ Ans. 


3. v, =u, = 20 cos 60° = 10 m/s 


x: 


Given, ya 
2 
4y=r 
or 4 (2 + v5) = 
4 [(10)° + v,]= (207 
or v,=0 
Hence, it is the highest point 
a T _u sin 8 
2 g 
_ (20) sin 60° 
10 
=vV35 Ans. 


4. For collision to take place, relative velocity of A 
with respect to B should be along AB or their 
vertical components should be same. 

Vertical components of A 
vy, = 10 sin 30° =5 m/s 
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and vertical component of B 

v) = 5V2 cos 45° = 5 m/s 
Since, v, = v7, so they may collide 
Now the second condition is, 


R, +R, 2d (d =15 m) 
92g > 
a2 sin 60 = 866m 
10 
Daas ° 
py = OY Sn 90 _ 


Since, R,; + R, < d, so they will not collide. 
5. v,:v,=0 when v,lv, 
(u,; + aj,f)- (u, + a,t) =0 
“ (3i — 10¢j)- (41 — 107j) = 0 
or t= 0.12 s 


Now in vertical direction they have no relative 
motion and in horizontal direction their velocities 
are opposite. 


d=3t+4t=7t 


= (7) (V0.12) m 


=2.5m Ans. 


6. y=x (1 - | tana 
» R 


tana = i 
x (R-x) 
_ 3) 24) _ 2 
~ (6) (18) 3 
a = tan”! (=) Ans. 
3 
7. y-coordinate of particle is zero 
when, 
4t—5t° =0 
t=0 and 08s 
x=3t 
at t=0,x=0 
and at t=08s,x=2.4m Ans. 
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_ 2u sin @ —B) 

~ gcosB 

_ 2x10 sin 30° 

~ (10) cos 30° 
2 

=—=s 


V3 


v, =u, = 10 cos 60° = 5 m/s 


8. T 


Vy = Uy + a,t 


= (10 sin 60°) + (-10) (2/3) 


20 5 

= 5/3 -“==--—_ m/s 
V3 V3 

=v= wou, 

=, 154 
3 

ee. 

3 


9. Vy = Uy + ayt 


= (10 sin 30°) + (-g cos 30°) T 


10 m/s 


30° 
30° 


edgy gy 
2° V3 


=—5m/s 
10. In vertical direction, 


——->— <___—_ 
Sa SB 


In horizontal direction, 
d=|S4|+ |S3| 
= (10) t+ 10¢=20t 
=20m (as t=1s) 


(a = 60°, B = 30°) 


11. 


12. 


13. 


14. 


Horizontal component of velocity always remains 
constant 
40 cos 60° = v cos 30° 
_ 40 


or v= 
V3 


(a) If they collide in air then relative velocity of A 
with respect to B should be along AB or their 
vertical components should be same. 

20 sin @ =10 
or 8 = 30° Ans. 
(b) x=|S4|+ [Sp 
= (20 cos 30°) (t)+ 0 
=20~x ¥3 x i 
2 2 
=5/3 m Ans. 


m/s Ans. 


Vv, =u, = 7.6 m/s 


v= Vu —2gh 
uy = ali + 2gh 


= (6.1 +2x10x9.1 


= 14.8 m/s 
2 2 
uy 8) 
(a) fate a =llm 
2g 2x10 
2u,U,, 
(b) R=— = - 23m Ans. 
& 


(c) u= fie + u, 
=,/ (7.6) + (14.8) 


= 16.6 m/s Ans. 


=tan! (#2) ~ tan”! (2), 


below horizontal. Ans. 
us + uw, =(2/gh) =4gh Gh 


16. R-a= 


vy = ait, —2gh 


Vy = Uy, 


(ii) 
, (iii) 
Now for the projectile ABC, v, and v,, are the initial 
components of velocity. 
2V.V, — 2uVv, 

& g 


or Uu, = ah .-(1V) 


Vy 


2h = range = 


Using Eqs. (ii) and (iv) for rewriting Eq. (i) we have, 


2 
=| + (v; + 2gh)=4gh 


vy 
vy — gh) v5 + 7h? =0 


> Ight J4g7h’ —4e°h° 


Vv 
y 
: 2 


ll 


gh 
vgh 


Vy 


Now, tyc =time of projectile ABC 
2Vv,, 
=_“=2 f: Ans. 
g & 
15. Let vis the velocity at time ¢ 
Using v, =u, + ayt 
v sin B = usin & — gt (i) 
Vy = U, 
v cos B =u cosa ..(li) 
From Egg. (i) and (ii), we get 
ucosa) . : 
sinB = usina — gt 
( cos B 
On solving we get, 
pee: cosB 
sin (@ —B) 
= u> sin 20 
g 
Multiplying with b we have, 
bu’ sin 2 ; 
rene (i) 
g 
Qo. 
R+ basin 28 
g 
Multiplying with awe have, 
9. 
2 Ss 
aR + ab= ae an} .- (11) 


& 


17. 


18. 


19. 
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Adding Eqs. (i) and (ii) and by putting 


R= uw sin 20 
& 
we get the result. 
- 10 
(a= 22 = 
Uy, 
=2s 
(b) Vertical components of velocities are zero. 
1 3 
h=— gt 
2 &§ 
=lyo8x y 
aad 
=19.6m 


(c) S, =u,t=7.5x2=15m 
u, = 20 km/h = 20 x - = 5.6 m/s 


u, =12 km/h 
=12x > =3.3 m/s 
18 


: 1 : . ee 
Using S = ut + 5 at’ in vertical direction, we have 


-50 = (3.3) t+ ; (-10) 7? 


Solving this equation we get, 
t=3.55s 
At the time of striking with ground, 
v, =u, = 5.6 m/s 
Vy = Uy + a,t 
= (3.3) + (-10) (3.55) 


= 32.2 m/s 


Speed = 4/(32.2)° + (5.6)" 
= 32.7 m/s 
x =(usin 0)T 
L ag? 
y=(Ser )- eeose)7 


1 
—gT* —(ucos6)T 


Y =tan 0 = - 
x (u sin 0) T 


(2u sin 8) (tan 8) = gT — (2u cos 9) 
_ 2u[sin® tan® + cos0 ] 
g 


T 


_ 2u sec® 
& 
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20. 


21. 


ucos 0 


Now, R= (x) sec0 
=(u sin® T) sec® 


= (u sin @) (24 8) (sec @) 
g 


_ 2u? sin®@ sec” 0 
& 


(a) Acceleration of stone is g or 10 m/s” in 


downward direction. Acceleration of elevator is 
1 m/s? upwards. Therefore, relative acceleration of 
stone (with respect to elevator) is 11 m/s” 


downwards. Initial velocity is already given 
relative . 
2u, sin®, _ (2) (2) sin 30° 


b) T= 
(b) 7 
=0.18s . Ans, 
(C) Vy = Vog + Ve 
1 m/s 
2m/s 
2m/s 
30°. 3 mis 
Elevator Stone relative to elevator 
3 m/s p¢------ 2V3 m/s 


V3 m/s 
Absolute velocity of stone 


(d) In that case relative acceleration between stone 
and elevator will be zero. So, with respect to 
elevator path is a straight line (uniform) with 
constant velocity of 20 m/s at 30°. But path, 
with respect to man on ground will remain 
unchanged. 


(i) x4 =X 
10 + (wu, cos 8,) t= 30 — (uw cos 85) t 
(u, cos8, + wy cos®,) t= 20 


(il) 4 = Vp 
10+ (14, sin ,)¢—— gt” = 20 


+ (wv sin 0,)t- ; gt 


or (u, sin 8; — w sin ®,)t=10 


LEVEL 2 
Single Correct Option 


1. Relative acceleration between two is zero. 


Therefore, relative motion is uniform. 
up, =u,;+u, 
= (20j) — (20 cos 30°i + 20 sin 30° j) 
= (10j —10V3 i) 


ju >|=4(10)? + (0V3)? =20 m/s 


d=|Wy.|t=24m Ans. 
ees 
& 
d=(u)T =u en 
2 
ese" Ans. 
& 
uw 
R= zz [sin 20 +B) + sin B] 
g cos’ B 
u=10 m/s, g = 10 m/s”, B = 30° and @ = 60° 
a 
gx 
. y=x tan 0 -—>—_ 
: 2u’ cos” @ 
ae —— x 
dx u’ cos’ 8 


d F : : : ; 
- versus x graph is a straight line with negative 
x 


slope and positive intercept. 


dy dx dy ax (*) 
». —=(2Bx)- and =) | 
dt Gh dt dx” |S dt 


Chefs 

ie 

de d: 
=, = Oand v=y, 

dt t 
a =2B-v? 

or Vv, = ae Ans. 

2 2p 
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Da é 5 
g. F-# sin 2 (60°) 8. a, = a 
2 2g dt 
2 
_v3u Be toy 4 9). 
4g dt dt 
2 2 2 
2g 8g C t t 
RY a, =a=(2y+ 2)(0)+ 26 
_ 2 
ae (¥) ue = 50 m/s” Ans. 
Vai 9. tng 2 
~ 8g RI2 R 
_ (2u? sin? a)/2g _ tano 
B (2u’ sina cos a)/g 2 
ite B = tan7! (=) Ans. 
2, 
A 10. a4 =a=g (downwards) 
Kk fla— 30 m/s 10 m/s 
Ans 
7. : en 1 > < 2 
ili 10V3 m/s 10V3 m/s 
Wedge 
10V3 sin 60° = 15 m/s |. 203 m ———>| 
20V3 m/s 
10V3 cos 60° = 5V3 m/s 
Particle 


10V3 m/s 1S ls 


a =0 
60° Relative motion between them is uniform. 
5V3 m/s Relative velocity v,, 
Particle with respect to wedge Grin = 20V3 sin 30° 
pe 2u sin (a — B) =10/3 m Ans. 
gcosB 
_ 2(10V3): sin (60° — 30°) _ de More than One Correct Options 
10 cos 30° 1. a+B=90° or B=90°-o 
20:2 9 19) 
joe sin“ Sad pet cos’ 
10V3 m/s 2g 2g 
At 2usin a 2u cos O 
t= and ft, = ———— 
Rest g g 


i <\ Rak 2u° sina cosa =R 
g 
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2. Since u = 0, motion of particle is a straight line in the 


direction of a, . 


4H 
Anet 
p_ [2h [2x49 
g 9.8 
=3.16s 
3. Horizontal component of velocity 


unchanged 
v cos 0 =Y cos (90 — 8) 
or Vv =vcotd 
In vertical (y) direction, 
Vy = Uy + ayt 


Vv, —Uu 
Va y 
t= — = 


a, 


" —v! sin (90 —8) — vsin® 


—§ 
_ (vcot®)- cos + v sin® 

& 

_ v cosec® 
& 
4. u,=v, =10 m/s 
uy = le; + 2gh 
= (10)? + (2) (10) (15) 


= 20 m/s 


Angle of projection, 


u,, 
6 =tan! (=) = tan! (2) 


Uy 


_ 2m _ (2) (20) _ 


= 4s 
g 10 
R=u,T = (10) (4)=40m 
2 > 
u,, 
H=—= (20) =20 
2g 2x10 
dv 
» —=a-=constant = g 
dt 
d°y_da 
—; =— =0=constant 
dt dt 


6. Horizontal component of velocity remains unchanged 


xX 
Xo4 = 20m = —42 
t 
ioa = oe =ls 
For AB projectile 
2u., 
T=2s=-— 
& 
u, =10 m/s 
7 u, — (10? 


= = =3m 
2g 2x10 
Maximum height of total projectile, 
=15+5=20m 
top =tog + tag =1+2=35 
For complete projectile 
T =2 (fo4) + tap 
2u 
=45=— 
& 
u, = 20 m/s 
y= = = 20 mis 
“typ 2 


Ans. 


remains 


Comprehension Based Questions 


1. At QO, component parallel to OB becomes zero 
Ans. 


Ans. 


Vy. = U, a a,t 
0 = (u cos 30°) + (—g sin 30°) ¢ 


V3 u 


Ans. 


2. PO = range = 2 (PM) = 2a cos 30° 
3 
= (2) 4.9) (2) 
2 
= 4.9/3 m 
_ w sin2 (60°) 
9.8 
_ wt (V3/2) 
= 9.8 


u=9.8 m/s Ans. 


Note Velocity at P is making an angle of 60° with 
horizontal and velocity at Q is making an 
angle of 60° with horizontal. That is the reason 
PQ =range. Because under this condition, 
points P and Q lie on same horizontal line. 


Match the Columns 


1. (a) Ax = (u,.). (t- D 
= (10) (2-1) 
=10m 


1 1 
(b) 4, =~ gf =—x10x (2) =20m 
2 2 
nazet-1=5m 
Ay=),-),=15m 
(c) v,, =0,v,, =10 m/s 
‘ Vy. — Vy, = 10 m/s 
(d) v,, =gf=10x2=20m/s 
Vy =g(t-1)=10x1=10m/s 


Vo Y= 10 m/s 


2 
uy, 
2. H=—=20m 
2g 
u, = 20 m/s 
2u,, 
T=—=4s 
& 
R=u,T =40m 


u, aw =10m/s 
T 


2 ° 
3. 10=2 sin 2 (15°) 


=20m 


(a) Rinax =“ =20m 
& 


2 
(b) Hinax = = when thrown vertically 
§ 


=10m 
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(c) Ryse = Ryso = 10m 


5D, nice) 
u’ sin* 30° 
(d) 39. =———_——_ 
2 
29 e235 ti 
8g 
2u,, 
4.T=— => Tau, 
2g 3 
2 
ai 
2g 
> H «uw, 
R=uT 
=> R«T 
> Re« uy, 
u, 
> tan@=— 
Uy 
> tan 6 « u,, 


By doubling w,,, tan 8 will become two times, not. 


1 A 
5. (a) a= a= (-gj) = 7 
Av = (-gj) At 


a (T 
= (-gj) (=) 
_ oy { usin 8 
=( | - 


= (-u sin 0) j 


(b) v,, == 
t 


Okk— R/2 >| 
(R/2Y + H? 
Ti2 
(c) Av = (-gj) (Ar) 
= (-gj) T 


= gi) ( sin 
& 


= (-2u sin ®) j 
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(d) Vay = 


a|w 
> 


O| W— > B 


S=R 
_ ut 
a. 
=u, =ucos® 
6. (a) x, =(u,,) t= 30) (2)= 60m 
Xy = (130) + (42) @- 1) 
= 130 + (20) (1) 
=110m 
Ax =50m 


1 
(b) y= Uy yt — 3 gt 


= (30) (2) -5 (10) (2° 
=40m 
Vy = 75+ Uy (t-1)-=g (t-1) 


= 15+ 20x1-> x10 (1? 


=90m 
Ay=50m 
(c) v,, = 30 m/s 
Vy =— 20 m/s 
Vy1 — Vy = 50 m/s 
(d) vy) =u, + at 


= (30) + (10) (2) 
=10 m/s 
Vio = Uy + a, (¢- 1) 
= 20 + (-10) (1) 
=10m/s 
Vy1 —Vy9 = 0 


u, 


7.H=— of Hew, 
2g 
Since H is same. Therefore, w,, is same for all three. 
2u,, 
T=— or txu, 
2g J 


Since w,, is same. Therefore T is same for all. 
R=ul 


or Rou, (as T — same) 


R for C is maximum. Therefore u, is greatest for C. 


ae 
U=/u, + ut, (u, — same) 


R is least for A. Therefore u, and hence wu is least 
for A. 


Subjective Questions 


- U, = Vo COS 0, u, = Vo sin 8, a, =— g sin 8, 
a, = g cos® 
AtQ,v, =0 
e u, + at = 0 


oo 7@! 
o aol 
y 7 Sy fy 
jf Ah 
Q / | 
7 1 
i] 
I 
(4) 1 
O 
or t= waa ..-(A) 
g sin® 
5s, =hcos® 
uyt + Z a,t =hcos® 
J 2 ? 
(vp sin 8) ee = | 
g sin®@ 
1 0) 
+ =(g cos6)| 2" | =n cose 
2 g sin® 
Solving this equation we get, 
Vo = = Ans. 
2+ cot” 0 
» Let v, and Vv, be the components of v, along x and y 
directions. 
(v,)(2) = 2 
v, =1m/s 
v,(2) = 10 
or vy=5 m/s 


wat 
= /26 ms 


tan 0 = v,/v, = S/l 
@ = tan! (5) Ans. 


Note We have seen relative motion between two 


particles. Relative acceleration between them 
is zero. 


_ Vy =(u cos) i + (u sin & ~ gt) j 

Vv. =(v cosB) i + (v sin B - gt) j 

These two velocity vectors will be parallel when, 
the ratio of coefficients of i and j are equal. 


ucosa usin — gt 


veosB  vsinB-gt 
Solving we get, 
uv sin (a — B) 
g(v cos B — u cos a) 


Ans. 


At height 2 m, projectile will be at two times, which 
are obtained from the equation, 


2 = (10 sin 45°)t + sc 10)¢? 


or 2=5V2t- 52 
or 5? — 5/2t + 2=0 
| _ 5v2 — 50-40 
or = + 
' 10 
_ 5¥2 - V0 
10 
5/2 + V10 
and tb = ————_ 
10 
Now d = (10 cos 45°)(t — t,) 
_ 10 (2V10) _ 4 aay 
J2\ 10 
Distance of point of projection from first hurdle 
= (10 cos 45° )t, 
_ 10 (5¥2 - 10 
V2 10 
=5-5 
=2.75m Ans. 


or w= 2/gh 
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ba-h 


Vg 


Now (4 —4)u. = hy, or soa() 
ur, t, 
1 4 
Further h=u,t- 5 gt 
or et" —2u,t+h=0 
or get —4,/gh t+ 2h=0 
4,[/gh — [l6gh — 8gh h 
t, = = (2-2) |- 
2g g 
h 
and b=(2+ V2) J= 
g 
Substituting in Eq. (1) we have, 
Vy 2, 
+= = Ans. 
Uy J2+41 


. (a) Time of descent ¢ = ao = e gala 
g 10 


= 8.94 s 
Now Vv, = ay= V5y 
or a =J5 Ga = 575? 
dt 2 
[a = 5/5 ee dt 
0 0 


or horizontal drift 


5/5 
30 
(b) When particle strikes the ground 
v, = V5 y= (V5)(400) = 400V5 m/s 
Vv, = gt = 89.4 m/s 


Speed = ,/v? + vy = 899 m/s = 0.9 km/s Ans. 


(8.94) = 2663 m = 2.67 km. 


x= 


. At t=0, vy =(10j) m/s 


Vs = 10 cos 37°k — 10 sin 37°i = (8k — 61) m/s 
Vs =Vor + Vp = (-6i + 10j + 8k) m/s 
(a) At highest point vertical component (k) of Vs 
will become zero. Hence, velocity of particle at 
highest point will become (— 6i + 10j) m/s. 


2vz_ 2x8 


(b) Time of flight, 7 =—+ =16s 
g 


10 
x=x,+ VT 
a ey 6s ASH 
T 


y= (10) (16) =16 mand z=0 
Therefore, coordinates of particle where it finally 
lands on the ground are (— 4.5m, 16m, 0). 
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a 


At highest point, ¢ = : =0.8s 


ge @ os 0ou 
TT 


y= (10) (0.8) = 8.0 m 


2 2 
and =% = oe =3.2m 
2g =20 
Therefore, coordinates at highest point are, 
(0.3 m, 8.0 m, 3.2 m) Ans. 


8. |v91,{= (v) + v2) cos 60° = 12 m/s 


[Vor] = (v2 — vj) sin 60° = 4/3 m/s 


2 Vy, = 2) + (403) = 7192 m/s 


BC =(vy,) t= 240m 
AC =70m 


Hence, AB = ,/(240)* + (70)? = 250m Ans. 


9. (a) Let, (x, y) be the coordinates of point C 


(Given) 


V5 
1 
2 
x =OD =OA + AD 
gay ae ... (1) 
3 3 
As point C lies on the trajectory of a parabola, 
we have 
2 
y=x tana oe (1+ tan? Q) .. (11) 
u 


Given that, tan a = 0.5= ; 


Solving Eqs. (i) and (11), we get x = 5 m and 


y=1.25 m. 
Hence, the coordinates of point C are (5m, 
1.25 m). Ans. 


(b) Let v,, be the vertical component of velocity of 
the particle just before collision at C. 


Vy COS 37° 


Using vy, =u, + at, we have 
vy =u sin & — g (x/ucosa)(. t=x/u cos) 
_ 5V5 10x5 
5 (55 2/5) 


Thus, at C, the particle has only horizontal 
component of velocity 


v, =ucos a = 5V5 x (2/5) =10m/s 


Given, that the particle does not rebound after 
collision. So, the normal component of velocity 
(normal to the plane 4B) becomes zero. Now, 
the particle slides up the plane due to tangential 


component v, cos 37° = (10) 5 =8m/s 
Let / be the further height raised by the particle. 
Then 
mgh = ; m(8) or h=3.2m 

Height of the particle from the ground = y+h 

A =1.254+ 3.2=445m Ans. 

10. For shell u, = 20 sin 60° = 17.32 m/s 
50 kg 


4 m/s 


40 kg 
v 10 kg (20c0860° + v) 
—>- 


z= ut -> gf=(1732%2)- (3 x 984) 


or z=l5m > u,=0 
” y=0 
For u, conservation of linear momentum gives, 
50 x 4 = (40) (v) + 10(20 cos 60° + v) 
or v=2m/s 
u,, = (20 cos 60°) + 2=12 m/s 
x =u,t = (12)(2)= 24m 


r= (241+ 15k)m Ans. 


Laws of Motion 


INTRODUCTORY EXERCISE 


1. w, = weight of cylinder 


w, = weight of plank 

N, =normal reaction between cylinder and plank 
N, = normal reaction on cylinder from ground 
N, = normal reaction on plank from ground 

J, = force of friction on cylinder from ground 
J, = force of friction on plank from ground 


Ny 
N3 
Wp 
f, fs 
2. N =normal reactions 
w = weights 
T 
TN 
Ne N3 
A 
Ny C Na 
f B 
N3 Y 
Wp W; 
FBD of sphere FBD of rod 


(i) (ii) 
In the figure 
N, =normal reaction between sphere and wall, 
N, = normal reaction between sphere and ground 
N = normal reaction between sphere and rod and 
N4 = normal reaction between rod and ground 

f = force of friction between rod and ground 


. In the figure 


No friction will act between sphere and ground 
because horizontal component of normal reaction 
from rod (on sphere) will be balanced by the 
horizontal normal reaction from the wall. 


Fy 


Fu 2 


w 
FBD of rod 


In the figure 


T = tension in the string, W = weight of the rod, 
Fi, = vertical force exerted by hinge on the rod 


F,, = horizontal force exerted by hinge on the rod 


f, 


N,=Normal reaction at B, 
J, = force of friction at B, Nj= 
normal reaction at A, f,=force “\ 
of friction at A \ 
\ 


w = weight of the rod. 


h 
FBD of the rod 
Force IR F, 
F, 4 cos 30° 4 sin 30°=2N 


=2/3N 


F, | -4 cos 60° | 4 sin 60° = 2V3 N 
=-2N 

F; | 0 -6N 

F, |4N 0 


8. T, cos 45° =w 


and T, sin 45° = 30 N 
Tre! 
45° 
To=30N 
w 
w=30N Ans. 
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9. N, cos 30°=500N 
N, sin 30°=Np 


w=50kg=500N 
On solving these two equations, we get 
1000 
Ny=—=N 
V3 
and Nz= a 
V3 


T cos30°=w or T=—= 


11. w=100N 


¥ (forces in horizontal direction) = 0 
T + f cos 30°=N sin 30° 


we 100 newton 


(Forces in vertical direction) = 0 
N cos 30° + f sin 30° = 100 
¥ (moment of all forces about C) = 0 


(T) (R) = f (R) 


or T=f 
On solving these three equations, we get 
T = f =26.8N 


and N =100 newton 


i) 
ii) 


Ans. 


Ans. 


(i) 


ii) 


iii) 


Ans. 


1. (a) 


INTRODUCTORY EXERCISE 
fe Net pushing force 
Total mass 
_ 120-50 
1+4+2 
=10 m/s? 
120N 
———_ 4 
(b) 
120-R=1xa=10 
a R=110N 
(c) Fy, = ma = (2) (10) 
=20N 
. Ty=4g and 7,=()g asa=0 
Ty =4 Ans. 
qT 
az Net pulling force _F+10-20 (F =20N) 
Total mass 1+2 
210 m/s* Ans. 
3 
» myg = (2) (g)+ (2)g sin 30° asa=0 
my =3kg Ans. 


. Since surface is smooth, acceleration of both is 


g sin ® = 10sin 30° =5 m/s” down the plane. 


The component of mg down the plane (= mg sin 8) 
provides this acceleration. So, normal reaction will 
be zero. 


ae ee! is given N 
4 . Ps 
NV 
mg - —>~ = ma 
a 4 
~ 38 
4 mg 
a Net pulling force 
Total mass 
ee ida a ae Ans. 
3+4+2+1 
4kg 40-T, =4a T,=24N Ans. 
3kg 7, +30-T, =3a T, =42N Ans. 
lkg 7;-10=(1) (a) T;=14N Ans. 
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8: @jge Nene ee and (x) — x4) + 63 —x =h 
Total mass (length of second string) 
- 100 — 40 =3 m/s? or Xy +x; — 2x, = .. (ii) 
6+4+ 10 On double differentiating with respect to time, we 
(b) Net force on any block = ma get 
(c) N -40=10a=30 aa a) 


and a + a; — 2a, = 0 .. (iv) 
rf 10 kg 40 Newton But a,=—a, [FromEq. (iii)] 


We have, a, + a3;+ 2a, = 0 


——-a : . 
This is the required constraint relation between a, 
N =70 newton Ans. aand a 
2 3. 
9. (a) 7, =10a, T, —T, = 20a, 60 —T, = 30a 2. In above solution, we have found that 
10 kg 2 _ a + a, + 2a, =0 
Similarly, we can find 
——>a 
Vy + ¥3 4+ 2v, =0 
q; 20 kg Tp Taking, upward direction as positive we are given 
——>a Vv, =v) =1 m/s 


te 30 kg 6ON a v3 =-3 m/s 


i.e. velocity of block 3 is 3 m/s (downwards). 


——>a 
Net pulling force 60 3. 2kg 2T =2 (a) Gi) 
e Total mass —-10+ 20+ 30 1kg 10-T =1 (2a) ...di) 
=1 m/s? On solving these two equations, we get 
Onsolving, we get T,=10N,7)=30N Ans. T= ~ N 


(b) T, = 0, T, = 20a, 60 — T, = 30a 
bee Net pulling force —60 
Total mass 20+ 30 
=1.2 m/s? [2k +er [22 
On solving, we get ——>a 
T, =24N Ans. 


T 


mg =10N 


INTRODUCTORY EXERCISE and 2a=2T = at m/s? 
3 


1. Points 1, 2, 3 and 4 are movable. Let their = acceleration of 1 kg block 


displacements from the fixed dotted line be 


X1,Xy, x, and x, (ignoring the length over the pulley) 4. T 
ayer —E 
xi ‘a 
ye Tn 
—_ Day |x. T =Ma (i) 
Xo Mg -T =Ma (i) 
2 On solving these two equations, we get 
| a=8 
We have, a 
x, +x,=/, (length of first string) ... (i) and r=-2 Ans. 
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5. In the figure shown, 
ae Net pulling force 30 — 20 
Total mass 34+2 


=2m/s* 


Cu 
Pp Stationary 


2kg T-20=2xa=4 
ats T=24N 
Now, Mg =2T 
= 
g 10 
=48kg 
6. T =m, (2a) = (0.3) (2a) = 0.6a 
F-2T =ma 
ats 2T = 0.4 -0.2a 
On solving these two equations, we get 
a= é m/s? 
7 
ma --— i 
— 2a —_>- a 
and 2T = ee N 
35 


7. a=at+a,=6 
a =a,-a=4 
On solving these two equations, we get 


a=1m/s" 


Ans. 
(i) 


(ii) 


Ans. 


Ans. 


i) 
(ii) 


8. T — Mg sin 30° = Ma (i) 
2Mg — 2T =2M (5) ii) 
Solving these equations, we get 

a= & Ans. 
3 
25 
T 
a 
SO fal |e 
ES a 
30° 
2 Mg 


INTRODUCTORY EXERCISE 


. (a) Fy =—myag =(4j)N 


(b) Fy =— mga, =(-4i)N 


. Constant velocity means acceleration of frame is 


Zero. 
INTRODUCTORY EXERCISE 
. Figure (a) N =mg=40N 
uN =24N 
Since, F<uN 
Block will remain stationary and 
f=F=20N 
Figure (b) N =mg=20N 
UsN =12N 
and U.N =8N 


Since, F > U.N, block will slide and kinetic friction 
(= 8 N) will act. 
F-f 20-8 


m 


6 m/s” 


. If 0 <angle of repose, the block is stationary, 


a=0, F. 


2“ net 


Oand f = mg sin 8. 
If@ > angle of repose, the block will move, 


f =lung cos 8 
aa 8 sin 8 — Umg cos 8 


m 
= g sin 8 — ug cos 8 and F,,, 

Further, wU=tana (a =angleofrepose= 45°) 
= tan 45°=1 


= ma 


Exercises 


LEVEL 1 


Assertion and Reason 


1. If net force is zero but net torque # 0, then it can 
rotate. 


2. If three forces are above a straight line (say AB ), 
then there should be some force below the line AB 
also to make their resultant = 0. 


A B 


3. a =gsinO+ugcosd 


a = g sin®@—ug cos@ 


ft pals for 6 = 45° 
a I1-L 

4. For (-2i) m/ 3? component of acceleration, a 
horizontal force in —ve x- direction is required 
which can be provided only by the right vertical 
wall of the box. 

5. By increasing F, limiting value of friction will 
increase. But it is not necessary that actual value of 
friction acting on block will increase. 


7. Ifm,>m, 
we Net pulling force _ (m, — m) g 


Total mass mM, + My 
FBD of m, 
m, (m, — mM) g 


mM, + My, 


mg—-T =m a= 


_ 2mm 


7 (m, + m) 


10. 


11. 


Since m, >m,,T < m,g but T > mg 


Similarly, 
we can prove that 

T <mg 
and T>mg 
if mM, > mM). 


Therefore under all conditions T lies between m,g 
and mg. 

A frame moving with constant velocity (a= 0) is 
inertial. 

If vector sum of concurrent forces is zero, then all 


forces can be assumed a pair of two equal and 
opposite forces acting at one point. 


Pro Fy=Fe 


Fo 
oP 
Now, if we take moment about any general point P, 
then moment of F;, is clockwise and moment of F, 
(of same magnitude) is anti-clockwise. Therefore 
net moment is zero. 


N =mg — Fsin® 


Fcos@ =uUN =U(mg — F'sin®) 


m : 
r=o—P" __yfe i) 
cos® + usin® 
For F to be minimum, denominator should be 
maximum. 


d 
or —(cos8 + usin8) = 0 
mh usin®) 


From here we get 0 = tan”! (1) = angle of friction. 


With this value of 8 we can also find that minimum 
value of force required from Eq. (1). 


Friction (or you can say net force on man from 
ground) is in the direction of motion. 
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Single Correct Option 
fe he Net pulling force 


T 
Total mass 
_Q+2-28_g |. 
24242 3 
FBD of C 
_ mg 
a a aang mg 
fal wi 
3 gs 
2 
= eben Ans. 
2 ga th a 
: m m 


F F ; 
F=air resistance 


% <_ 


mg 
my > Mg 
a4 > dg and A will reach earlier 
3. Only two forces are acting, mg and net contact force 
(resultant of friction and normal reaction) from the 


inclined plane. Since the body is at rest. Therefore 


these two forces should be equal and opposite. 
Net contact force = mg (upwards) 


4. T,=10g=100N 


Tz sin 30° = T, 
To =—=N 
C3 
-T re 
5. gas? ages. 
m m 


AInin = § — —— 


om m 
ego ae : 
m 3 


a Net pulling force 10x10—5x10_ 10 - 
10+ 5 3 


T-5x10=5xa=— 


Total mass 
5 kg 


p= 200 
3 


This is also the reading of spring balance. 


pa fe ee 
a va 
th |@ 
bh Va 


2 g sin® _ 1 
1 gsin8 —Ux g cos® l-py 


as, sin 8 = cos @ at 45° 
On solving the above equation, we get 
He= 4 
F, =mg sin ®@ + umg cos 8 
F, =mg sin 8 —umg cos 8 
Given that F, = 2 F, 
“.(mg sin 8 + mg cos0)= 2(mg sin® — umg cos 8) 
On solving, we get tan 8 = 3 


During acceleration, 


F,=— (i) 


ii) 


If =6 
<b 
t>b 


then F, =F, 
then F,>F, and 
then F, < Fy 


10. Angle of repose @ = tan”! (1) 


11. 


So, particle may be placed maximum upto 30°, as 
shown in figure 
V3 


h=R-Reos 0-1-7 | 


Net pulling force F, = 15g — 5g 
F, =10g =100N 
Net stopping force F, = 0.2 5x10=10N 


Since F, > F;, therefore the system will move 
(anticlockwise) with an acceleration, 


pe, MiP 90 
15-55 25 
= 3.6 m/s” 
15 kg block 
15x 10-7, =15xa=15 x 3.6 
# T, = 96N 
5 kg block 
T, -5x10=5xa=5x3.6 
T, =68N 
T, 6817 
T, 96 24 


12. Acceleration of block with respect to lift 


Pseudo force = (downward) 


poet oes er: 
m 


_ 2S _ 2L 
a, (g + a) sin® 


13. Since the block is resting (not moving) 
f =mg sin 8 #\, mg cos 8 
til 


or m 


7 g sin® 
- 10 
10 x sin 30° 


=2kg 


14. At point P, 


F =2T cos 30° 
F 

T =— 
V3 


Ans. 


Chapter 8 Laws of Motion e 545 


Acceleration of particle towards each other 


_ component of T towards each other particle 


m 
_T cos 60° (F/V3) (1/2). F 
2/3 m 


m m 


15. uw =tan o 


17. 


18. 


N =mg-F sin® 


F cos®0 =uUN = (tan 0) (mg — F sin @) 
= ([=# ‘| (mg — F sin ®) 


cos ® 


On solving this equation, we get 


_ mg sino 
cos (0 — 6) 
. N=mg=40N 
uN =0.2x40=8N 
At t=2s,F=4N 
Since F <uN 
f=F=4N 
S= u at 
2 
t = or ¢ : 
=. |—_ C— 
\ va 

th a 

bh Va 

t i = 

= _ fg sin® qo fie 
2r \ g sin 8 
On solving this equation, we get 
3 
=— tand Ans. 
. 4 
d,,» = acceleration of man relative to rope - 
=a, — 4, 

Gn = Any oh a, = 
= (a) + (@) £ 
=2a 

Now, T-—mg=m (a,,) 
=m (2a) mg 
T =m (g + 2a) Ans. 


Note Manslides down with a deceleration a relative 


to the rope. SO, dm, =+ a not -a. 
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19. aaa rate means, net force = 


Dy er 
(50 +25) g 


3T =75g= i" 
or T =250N Ans. 
20. NV, =u, (i) 
N,=w (ii) 
=M, = 
3 ds 
w (5) =N, (4) (111) 
2 
A N, 
Np 
B 
e Np 
w 
On solving these equations, we get 
3 
=— Ans. 
: 8 


In the figure, V, is always equal to wor 250 N 


Bs 


w=250N 


Maximum value of friction available at B is 
uN, or 75 N. 


ye sea 
M 


_ Mg-wmg _g& 


Now at the mid point 


—- a 


cD )u@ulrx 


M M 
sey aa, 


(0 


F 1 
Putting u = 5° we get 


T= Ms Ans. 
2 
23. Angle of friction @ = tan™' (1) 
1 
or @ = tan | | —|=30° 
a 
F 
@. 


Suppose the body is dragged by a force F acting at 
an angle a with horizontal. Then, 


N =mg-F sina 
and F cosa =uUN =u (mg — F sina) 
™. : 
2. i) 
cos +L sing 


F is minimum when denominator is maximum or 
d : 
— (cosa + UL sina) =0 
da 


or —sin& + LU cosa = 0 
1 


5 


a = 30°, the angle of friction® 


or tana =U = 


At a@=30°, force needed is minimum. 
Substituting the values in Eq. (1) we have, 
1 
a (=) (25) (g) 
m™ GI2+ G3) 072) 
=125¢ 
=12.5kegf Ans. 


Note From this example we can draw a conclusion 
that force needed to move the block is 
minimum when pulled at an angle equal to 
angle of friction. 


24. 


25. 


26. 


27. 


28. 


N =mg=40N 
uN =32N 
Applied force F = 30 N <uN 
Therefore friction force, 
f=F =30N 
Net contact force from ground on block 


=JN?+ f? =50N 


Maximum value of friction between B and ground, 
=—UN =p (my + mg) g 
= (0.5) (2+ 8) (10)=50N 
Since applied force F = 25 N is less than 50 N. 
Therefore system will not move and force of friction 
between A and B is zero. 


mg sin 8 = (10) (10) (3/5) = 60 N 

This 60 N>30N. Therefore friction force f will 

act in upward direction. 
F 


Ans. 


N 


F=,N?+ f? =net force by plane on the block. 


If force applied by man is F’. Then in first figure 
force transferred to the block is F’, while in second 
figure force transferred to the block is 2F’. 


(i) (ii) 
Total upward force = 4 & =2mg 


Total downward force = (m + m) g =2 mg 
Net force = 0 
pas 
2 


Chapter 8 Laws of Motion e 547 


29. Maximum friction between two, 


30. 


ax =HN = mg 
upper block moves only due to friction. Therefore 
its maximum acceleration may be, 


Apex. = fan ="g 


Relative motion between them will start when 
common acceleration becomes |g. 
_ Netforce _ at 
Total mass 2m 
¢= 2u mg 
a 


Ans. 


a, = g sin 30° = g/2 
a = g sin 60° 
= 43 g/2 
a, = |a, — ag| 
Angle between a, and a, is 30° 


a, =a? + a, — 2a, a, cos 30° =5 


Subjective Questions 


1. 


2. 


LF. =0 
F —3 cos 60° — 10 sin 60° = 0 
F=10.16N Ans. 


LF,=0 
R+ 3 sin 60° — 10 cos 60° = 0 
R=24N Ans. 


Resolving the tension 7, along horizontal and 
vertical directions. As the body is in equilibrium, 


VY 


Tp 
__ 4kg wt. 


T, sin 60° = 4 x 9.8N (i) 
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T, cos 60° =T, (ii) 
4x98 4x98x2 
~ sin 60° ~ V3 
= 45.26N Ans. 
T, =T, cos 60° = 45.26 x 0.5 
= 22.63 N Ans. 
3. (a) AtP 


T 
AtP, = wd 
R se 
w=T cos 45° = le (ii) 
= =5 ed 
AtQ, Fi= a5 ..-(iii) 


From these three equations, we can see that 


T= 2302 Ana. 

v2 2 

4. Various forces acting on the ball are as shown in 
figure. The three concurrent forces are in 
equilibrium. Using Lami’s theorem, 


Fi.=F,=w 


T — Tr, _ 10 
sin 150° sin 120° sin 90° 
T, T, 10 
or = = 
sin 30° sin60° 1 
T, =10 sin 30° = 10 x 0.5 
=5N Ans. 
and T, = 10 sin 60° =10% 13 
= 5/3 N Ans. 
5. H =T cos 60° => (i) 
V +T sin 60° = 40 ..-(ii) 


YM, =0 
40(7) =T (/ sin 60°) or T a 
2 V3 
- 
mg=40N 
He 6 and V=20N 
V3 
Net hinge force = 4H? +V= < N 
aA 
B 
al 
mg 
ForA T cos 45° = ma 
or T =V2 ma 
For B_ mg —T cos 45° = ma 
mg —ma=ma_ or a=* 
ees he : mg 
Substituting in Eq. (1), we get T =—2 
g q g 2 
ae Net pulling force _ 8 
Total mass te2 
=2 m/s? 
Tz 8 —T, = ma = (1) (2) 
. Tz =6N 
T, Ty = m a= (2) (2) 
=4N 


8. (a) 7, — 2g =2a 


T, =2(g+ a) 
= 2 (9.8 + 0.2) 
=20N 


Ans. 


(i) 


Ans. 


(b) T, — Sg =5a 


T, =5(g + a) 
=5(9.8 + 0.2) 
=50N 
9. (a) a= Net pulling force 
Total mass 
_ 200-16 x 9.8 
16 
= 2.7 m/s” 
(b) 200-50-T, = 5a 200 N 
a 
T, = 200-5 2.7-50 { 
=136.5N uke 
(c) T, - 9g =9a oO 
Ty 
Tp 


a 


ea) 


T, =9(g+a) 
=9 (9.8 + 2.7) 
=112.5N 
10. In figure, 4B is a ladder 
of weight w which acts 
at its centre of gravity 
G. 
Z ABC = 60° 
Z BAC = 30° 
Let N, be the reaction 
of the wall, and N, the 
reaction of the ground. 
Force of friction f 
between the ladder and 
the ground acts along 
BC. 
For horizontal equilibrium, 


f=N, (i) 
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For vertical equilibrium, 
N,=w .. (ii) 
Taking moments about B, we get for equilibrium, 


N,(4 cos 30°) — w(2 cos 60°) = 0 ... (iil) 
Here, w= 250N 
Solving these three equations, we get 
f=T7217N 
and N,=250N 
f — 7217 
yu = = —_ 
N, 250 
= 0.288 Ans. 


11. Constant velocity means net acceleration = 0. 


Therefore, net force should be zero. Only two forces 
T and mg are acting on the bob. So they should be 
equal and opposite. 
Asked angle ® = 30° 

T =mg = (1) (10)=10N 


12. T sin ® — mg sin 30° = ma =" 


T sin 9 =mg (i) 
T cos 8 = mg cos 30° 


= Ail) 


or T cos8= 


Solving Eqs. (1) and (ii), we get 


2. 
6 =tan! (=) Ans. 
V3 
and c= v7 mg 
2 
=5/7N Ans. 
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13. a= Net pulling force 


Total mass 
_28-Mg 
2+1 
=& 2/0 m/s” 
3. 3 
After 1 s, 
10 
vy=at=— m/s 
3 


At this moment string slacks (T*= 0) 


10 m 1 kg 2kg u=0 
3 


g So g 


S, = Sy 
10 1 5 2 2 
—t-—gt =-—gt = 10 m/s* 
a ae 38 (g ) 
On solving we get, 
1 
t=—s Ans. 
3 


14. Since, acceleration of block w.r.t. wedge (an 
accelerating or non-inertial frame of reference) is to 


be find out. 

N 

\9 
mg+Fp=mg+ma 

~a® 

oD 
20" 
ane \ 0 


FBD of ‘block’ w.r.t. ‘wedge’ is shown in figure. 
The acceleration would had been g sin 8 (down the 
plane) if the lift were stationary or when only weight 
(i.e. mg) acts downwards. 
Here, downward force is m(g + a). 

Acceleration of the block (of course w.r.t. 
wedge) will be (g + a) sin 8 down the plane. 


a Net pulling force 
Total mass 
a 
<5 
rary 
M: 
q=——*_ (i) 
m,+m,+M 
m, N cos30° = mg (ii) 
N sin30° = ma (iii) 
1 
130; N 
——> a 
30° 
mM 
From Eqs. (ii) and (ili), we get 
& 
a= gtan30° = 
° 3 
Substituting this value in Eq. (i) we get, 
M = 6.83 kg Ans. 
16. (a) With respect to box (Non-inertial) 
a=5m/s? 
(due to pseudo force) 
[2 
X=Xy t+ uit Fi at 
=x) + 10¢— 2.527 Ans. 
V, =U, + at =10—5t Ans. 
(b) vy, =0 at2s=% (say) 
.. To return to the original position, 
time taken= 2%, =4 s Ans. 


17. (a) Incar's frame (non-inertial) 
a, = — 5 m/s” (due to pseudo force) 
u, = 0 
a,=0 
u, =10 m/s 
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1 
Now apply, v=u+atand s=s) + ut+ . at’ = (6) (10) (2) 


in x and z-directions. 


=52N 
‘scented . . 
(Die eran ame) (a) Force needed to keep the block stationary is 
a, =0,u,=0,a,=0and u,=10m/s 
a Fi =F -psN (upwards) 
18. Relative to car (non-inertial) = 52-18 


a,=5 mse [| u,=10 m4 =34N (upwards) Ans. 
fA 


a=", =3 m/s? UN 
ge 
ax 
a, is due to pseudo force t ais 


a, =— (5+ 3)=-8 m/s? 


Block will stop when (b) If the block moves downwards with constant 
velocity (a= 0, F,, = 0), then kinetic friction 


2” net 


ater art will act in upward direction. 


or at t=1.25s Force needed, 
So, for¢#<1.25s F,=F -UgN (upwards) 
tg =57- 12 
Re eee 2 ae =40N (upwards) Ans. 
=x) + 10-47 Fe a 
vy, =u, + at =10—- 8t 


After this ,g>5 m/s” as pL, > 0.5 


Therefore, now the block remains stationary with “ 
wv 
respect to car. i) 60° 
19. 
(c) Kinetic friction will act in downward direction 
F, — 52-12 = ma= (6) (4) 
F, =88N (upwards) Ans. 
€s 
a 
a 
N cos 37° + f sin 37° = mg (i) 
N sin 37° — f cos 37° = ma ..-(i1) 
On solving these two equations, we get 60° 
= 3.6 
f : m g xo 
= ae mg Ans. ot 
20. N =meg cos 60° 21. As shown in Fig. when force F is applied at the end 
1 of the string, the tension in the lower part of the 
= (Oat) q =e a=1m/s* 
—= 
lsN =18N . z 
UxN =12N —— a : T a! 
Driving force F = mg sin 60° [ee 


= force responsible to move the body downwards 
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22. 


23. 


24. 


string is also F. If 7 is the tension in string 
connecting the pulley and the block, then, 


T=2F 
But T =ma= (200)(1) = 200 N 
ae 2F =200N 
or F=100N 
N=F=40N 
f 

} - 

- N 

Zs 

mg =20N 


Net moment about C = 0 


.. Anti-clockwise moment of 
f =clockwise moment of N 


(20) (= = (40)-x 


or x=5cm Ans. 


Force diagram on both sides is always similar. 
Therefore motion of both sides is always similar. 
For example, if monkey accelerates upwards, then 
T > 20 g. But same T is on RHS also. 


cE T 
20g 20g 


Therefore, bananas also accelerate upwards. 
T,=3T,T, =T 


In such type of problems 
ax— 
|ag| = 3 |a,| 


or dg =—3a,, aS a, and ag are in opposite 
directions. 


25. 


26. 


PoE) eee 


Fix line 


= constant on double differentiating with respect to 
time, we get, 


ay + 2az + ac =0 Ans. 
P, 27, =2T, 
# T, =T, i) 
1kg T, = (1) (a) Adi) 
2kg T, -20=2 (« 2 z) iii) 
a js 
3kg 30-T, =3 (4, + 3) . (iV) 


50 
a = a, — 2 =-> m/s’ 
2 11 
50 
or a = it m/s* (downwards) 


0 
a3 =a, + 5 = “ m/s* (downwards) Ans. 


27. 2T -50=5a ...(i) 
40 —T =4 (2a) (ii) 
On solving these equations, we get 
2T T 
[ig [2 
50 N 40N 
a=—m/s" or | Ans. 
and 2a= cau m/s? or = Ans. 
28. na =.g =3 m/s” 
m 
—- da 


| ef f=umg 


(a) Relative motion will stop when velocity of 
block also becomes 6 m/s by the above 


acceleration. 
v=at 
f= 7 = 6 =25 Ans. 
a 3 
(b) S= ; at? = ; (3) 2 =6m Ans. 


29. 2 kg block has relative motion towards right. 
Therefore, maximum friction will acts on it towards 


left. 
Sf =uN = (0.4) (1) 10)=4 N 
a ak an m/s” 
a ee, m/s* 
2 
1kg 2m/s 
4N 
—_ a, 
—~<—__>+ 
4 
2 kg 8 m/s 
~<— a 


(a) Relative motion between them will stop when, 
Vj = Vy 

(i) 

(ii) 

Ans. 


uy + at=u+ at 
2+4t=8—-2t 
or t=ls 


30. 


31. 


32. 
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(b) Substituting value of 'f' in Eq. (11), either on 
RHS or on LHS, common velocity = 6 m/s Ans. 


1 
(c) S, =ujtt zi at 


=(2)()+ 54)? =4m Ans. 
ane: 
Sp = unt = 3 at 
1 
= (8) (1)4 ; (-2) 1 =7m Ans. 
N =20 N= applied force 
usN =16N 
and U.N =12N 
Driving force F=mg (downwards) 


Since, F >[Utg NV, block will slide downwards and 
kinetic friction of 12 N will act in upward direction 
oe F-UxN 
m 
_ 20-12 


(downwards) 


=4 m/s” Ans. 


(downwards) 


Snax =WN = mg 
=0.8x2x10=16N 


Block will not move till driving force F = 2t 
becomes 16 N. This force becomes 16 N in 8s 


Fort<8s 
a=0 


Fort>8s 
_F = fina _ 2t- 16 
m 2 


i.e. a-t graph is a straight line of slope +1 and 
intercept —8. 


a a=t-8 


Corresponding a -¢ graph is shown below 


a (m/s?) 
45° 
t(s 
; (s) 
N =mg =60N 
Us N =36N 
UN =24N 


Driving force F = 4t 
Block will move when, 

F=usN or 4t=36 => 
Fort <9s 


t=9s 


a=0 
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Fort=>9s 


At 9s block will start moving. Therefore kinetic 
friction will act 
F-UgN 
a= ———— 


.. a-t graph is a straight line 
Att=9s,a=2m/s° 


The corresponding a - ¢ graph is as shown in figure. 


LEVEL 2 


Single Correct Option 
1. Maximum value of friction between A and B 
(fnax =BN , = pmyg 
= 0.3 x 50x10 
=150N 
Maximum value of friction between B and ground 


(fr) max =UN, =u (m4 + mg) & 
= (0.3) (120) (10) = 360 N 
Force diagram is as shown below 
qT 


je | |B | 
Te 
: —— fy f, f, 
MG 


T, =(fmx = 150N 


T, = 2T, + (f)max + (4a) max 
= 300 + 150 + 360= 810N 


T, =m. 
eta erie Ans. 
g 10 
dv ‘ - 
2. a=— =(8i -4¢j 
a D ee 
Atls F,4 = ma = (1) (8i — 4j) = (81 — 49) 
=W+F 


where, F= force on cube 
F=(8i-4j)-w 
= (8i - 4j) - (-10j) 
= (8i + 6j) 
or IF|= (8) + ©) 
=10N Ans. 


3. During motion of block, a component of its 
acceleration comes in the direction of mg cos 9. 


Therefore, 
Motion relative 
mg cos 8 to wedge 
mg cos@ > N 


4. Maximum friction available to m, is 


Cf max ) =Umg 
Therefore maximum acceleration which can be 
provided to m, by friction, (without the help of 
normal reaction from m,) is 


= Siias — 
Imax = ——— = HS 
My 
If a> Ug, normal reaction from m, (on m,) is non 
Zero. 


a=gcot0 Ans. 
6. x + y= constant 

>VY x 

[AL 

~Vv y 

[BI +i 
dx dy _ 
dt at 


: ae 


or V} — Vo = VW Ans. 


7. a, = 8 = 30 jg? 
m+m, 7 


a = (m, — m) & 


m, + My 
10 
= m/s" 
7 
tis mg — m,g sin 30° 
m, + Mm, 
10 
= — m/s” 
7 
a, > a) = a; 
8. T —pmg = ma 
<x—a 


T =umg + ma 
F -T -—umg =ma 
-. F —Umg — ma—Wmg = ma 


or a= # = 
2m - 


10. z=)? + ¢ 


Now, w+ytzel 
or wt yt yetce=l 
d d d. 

Licey maar : *=0 


dt dt [242 at 
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a [ *) *( *) _ dy i) 
dt z\ dt dt 


xX 7 
and —=sin0 
Zz 


Substituting these values in Eq. (i) we have 


Aine vy (I+ sin 8) =v, Ans. 
11. On the cylinder 
If MN =normal reaction between cylinder and 
inclined plane 
N sin 9 = horizontal component of V 
= ma w(i) 
N cos ® = vertical component of NV 
=mg ..(11) 
Dividing Eq. (1) by (ii) we get, 
tan @ =~ 
g 
a=gtan0 Ans. 
Ans. 12. With respect to trolley means, assume trolley at rest 
and apply a pseudo force (= ma, towards left) on the 


bob. 


mg sin ® — ma cos ® 


net 
m 
=g sin®@ —acos® Ans. 
13. q— Netpulling force _ (M ~m)g (i) 
Total mass (M + m) 
Since, M>>m 


= M-m=M+m=M 
Substituting in Eq. (1), we have 
a=g 
FBDofm T—mg=ma=mg 
T =2mg Ans. 
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14. Leta = angle of repose 
For 8 <a Block is stationary and force of friction, 
f =mg sin® 
or f «sin® 
i.e. it is sine graph 
For 8 2a Block slides downwards 
f =lumg cos 8 
or f «cos® 


i.e. now it is cosine graph 
The correct alternative is therefore (b). 


15. If they do not slip, then net force on system = F 


Acceleration of system a = — 


3m 
T=F 
F 
FBDofm F-wumg=ma= 2 
—a 
umg 
2F 2F 
img =—— or = Ans. 
3 3mg 


16. FBD of m w.r.t. chamber 


Relative acceleration along the inclined plane 
_ ma cos ® + mg sin 0 


a, 
m 


=(acos@+ g sin 8) 


2s 2L 
t= = ; Ans. 
a, acos®+ g sin® 


N 


ma 
(pseudo & 


force) aA” 


aL, 
mg 
17. FBD of m w.r.t. wedge 


Relative acceleration along the inclined plane 


ma cos ® — mg sin 8 
& 


m 
=acos8-g sin®@ 


= (10V3) [2] — (10) (5) 


=10 m/s” 
(- PS. [2X1 1, tie 
a, 10 | (/5 
a2 
N 4 
it 


(Pseudo force) 


=ma 
a 
mg 
18. (fh )max =Hymg = 6N 
(fy) max =HoMg = 10N 
At t=2s,F’=4N 
Net pulling force, F, = F’— F’ =11N 
— 
fy =1N 
wat aN |——- 15N 
fy = 1 ON 
Total maximum resisting force, 
fy = (Aina a (fa) max = 16N 
Since F, < Fy, system will not move and free body 
diagrams of the two block are as shown in figure. 
19. a= Net pulling force 
Total mass 


_ 2mg sin 30° a8 


2m+m 3 
-— i 
Paes 
a 
FBD of m 
T =ma=mg/3 


Resultant of tensions 
R=-(T cos 30°) i — (7 sin 30° + T) j 


Putting T = mg/3 
V3 > mg 
R=-— mgi -— j 
6 ies 


Since, pulley P is in equilibrium. Therefore, 


F+R=0 
where, F = force applied by clamp on pulley 
F=-R="5 W3i+3) Ans. 


20. (frig max = Ho g = 0.6 x 2x10=12N 


(Sake max = Hag g = 0.34 x10=12N 

Net pulling force F =16N and 

Net resistive force F” = (fy xy max + (/4 kg )max 
=24N 

Since, F < F’, system will not move and free body 

diagrams of two blocks are as shown below. 


T F=16N 


ho f, = 12N 
4kg T+12=16=>T=4N 
2kg f=T=4N Ans. 


21. FBD of rod w.r. t. trolley 


Pseudo force 
=ma 


mg 
N,=ma (i) 
N,=mg ..-(i1) 


Net torque about point C = 0 


N, (; sind) =N, (; cos 0] 
2 2 


or (ma) (sin 8) = (mg) (cos 8) 
=> a=gcot@ Ans. 
22. v=2° 
a= a =4t 
dt 

At t=ls, 

a=4 m/s" (i) 
Limiting value of static friction, 

fi =Hs mg 
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Maximum value of acceleration of coin which 
can be provided by the friction, 


hi 


Imax =— =Hs & ..-(i1) 
m 
Equating Eqs. (i) and (11), we get 
4 =ps (10) 
Ls = 0.4 Ans. 


23. Just at the time of tipping, normal reaction at | will 
become zero. 


X (moments of all forces about point 2) = 0 


; 


Wy Wp 
Je amrfe— x 
w, (4) = wy (x) 
or x= ai G0) _J m Ans. 


w 80g 2 


24. In vertical direction, net force = 0 


mg 


N,cos@=mg or N,= 
cos 8 


(i) 
Under normal condition, normal reaction is, 
N,=mg cos® ..-(11) 
N 
—2 = cos” 0 Ans. 
1 


25. © (moments of all forces about point C ) = 0 


9 
Nz 


f= mg sin 0 


+ 


om mg cos0 


6=45° 
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r(Z)=n 
(mg sin ®) () = (mg cos @) x 


At 45°, sin 8 = cos 8 


or 


26. 
f=F 
_ng oe 
— 73 
x (moments of all forces about point C ) = 0 29. 
a a 
Nx =F-—+ f-— 
2 f 2 
gla mg (a 
or mg)x = : 
(mg) 3 (5) 3 (<) 
or x= is Ans. 
3 
7. gehts 
2 4 4 
Na Np 
x Ciey 
w 
= ee 
- 2 6 3 
X (moments of all forces about point C ) = 0 
3 Ny x= Np y 30 
N ) . 
or CLP me eas Ans. 
Nz, x 3 
28. Let acceleration of box at this instant is 'a' (towards 


right). 
FBD of ball w.r.t. box 


Net force in OP direction is zero 


ma _ mg (i) 
v2 V2 “ 
FBD of box w.r. t. ground 
—>a 
N45? 
r 
T cos 45° = ma 
or Yi J2 ma 
Substituting in Eq. (1), we get 
a= & Ans. 
3 
= tan 37° = 2 
a 4 
a=12 m/s" 


Let NV =normal reaction between rod and wedge. 
Then N sin 37° will provide the necessary ma force 


to the wedge 


A 
I 
e 1 
I 
I 
I 
I 
I 
I 


N sin 37° = ma = (10) (12) = 120 


_ 120 
~ sin 37° 
= 200N 
N =ma 
St, =WN =0.5 ma 
Vertical acceleration, 
go I ng 254 
m 
=10-0.5x4 
=8 m/s” 


1 
Applying s = 5 at’ 


2s. 2 : : 
or t=,/— in vertical direction, we have 
a 


[2x1 
t=,./——= 
8 


_ 120 
0.6 
Ans. 
“ 
| —> N 
—a 
ay | 
mg 
0.558 Ans. 


31. 


32. 


33. 


T-(nm+ M)g=(nm+ M)a 
n (mg + ma)=T — Mg —- Ma 
T 


o———_ 


(nm+ M) 


_T-M (gta) 
m(g+a) 
Trax -M (g + a) 
m(g +a) 
_ 2x 10* — 500 (10+ 2) 
80 (10 + 2) 
= 14.58 
But answer will be 14. 


or n 


Nmax = 


Ans. 


It implies that the given surface is the path of the 
given projectile 


2 
Rx 

y=x tan 8 —-—>—_— 

2u" cos” 0 

2 
=x tan 60° 0) 
(2) (20)° cos” 60° 

y=vV3 x—0.05 x” (i) 


Slope, Da x (ii) 
dx 


At y=5m 
5=/3 x-0.05x° 
or 0.05x7 -V3 x + 5=0 
pad £y3-1 _ v3 4 V2 
0.1 0.1 


From Eq. (11) slope at these two points are, —J/2 and 
V2. 


Horizontal displacement of both is same (=/). 


Horizontal force on A is complete 7. But horizontal 
force on B is not complete 7. It is component of T. 
So, horizontal acceleration of B will be less. 


T 


ty > ty 


34. 


35. 
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Maximum value of friction between 10 kg and 20 kg 
is 


i 


(f\)max = 9.5 X10 x 10=50N 
Maximum value of friction between 20 kg and 30 kg 
is 
(fo)max = (0.25) (10 + 20) (10)= 75 N 
Now let us first assume that 20 kg and 30 kg move as 
a single block with 10 kg block. So, let us first 
calculate the requirement of /f , for this 


100-— f, =10a 
i, =50a 
On solving these two equations, we get 
f, = 83.33. N 


Since, it is greater than (f,),,, SO there is slip 
between 10 kg and other two blocks and 50 N will 
act here. 


Now let us check 50 N 
between 20kg and fs ; 
30 kg or not. For this 30 kg aia 
calculate 
requirement of f, for no slip condition. 
On solving these two equations, we get 

fo=30N and a=1m/s’ 
between 20 kg and 30 kg and both move together 
with same acceleration of | m/s’. 


whether there is slip 

we will have to 
50-f,=20a and f,=30a 

Since, f, is less than (f/5)max, SO there is no slip 
ARIS _ 


cos 8 = 0.8 


6 = 37° 


ual = tan 0 = tan 37° =3 


0) 
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36. Varn =V4-Vz af 


V4=Var + vy, 

=(-2)+2=0 
Let z = length of string at some 
instant. Then, 


[" m/s 


sighs 
dt 
Now, yex—(e-x)=2x-z 
2% 4-2) 
dt dt dt 


=2 (2 m/s)+ 2 m/s 
=6m/s=Vz 


37. Relative acceleration 


Ans. 


L—— Lift 


(Given) 


Ans. 


a, =2a 
ee = 2.5 m/s” 
2 
At point P 
2T cos0=F 
fo 
2 cos 8 
At mass m 


Component of T along the other mass m is T sin 8 


a= T sin® _ F (=) 
m 2 cos 9 m 


F= 2ma_2x03x2.5 
tan 0 (3/4) 


=2N Ans. 
38. x+x+ y + & =1= length of string 


Differentiating w.r.t. time, we get 


or 2Vzp = 


VA 


cos 8 
v4=2 Vg cos® 
= (2) (10) (0.8) 
=16m/s Ans. 
39. Maximum force of friction between c and ground is 
(f.)max = (0.5) (60) (10) = 300 N 
Since it is pulling the blocks by the maximum force 


(without moving). Therefore the applied force is 
F =300N 


(Sug) max = 0-4 X 60 x 120 x 10= 240 N 
(foc max = 0-3 X 120 x 10 = 360 N 


Since (fgg )max 18 greater than 300 N, blocks will not 
move. Free body diagrams of block are as shown 
below. 


f=0 
mae 
F =300N 


fgg=300N 

40. Leta, =ai 
Then, A yp =a,— Ag 
=(15-a)i+ 15j 


Since, a4, is along the plane as shown in figure. 
tan 37° = aoa 
4 15-a 


Solving this equation, we get a=—5 


or ap= (-Si) 


41. Acceleration, 
2F-F F 
a = = 
m+m 2m 


(towards left) 


Horizontal forces on B gives the equation, 
2F —N sin 30°=m-a 


or 2F — uo =m (=| 
2 2m 
N=3F Ans. 
42. Distance AB = constant 
B 
LS 
< 
‘ A 
u 


.. Component of v along BA = component of u 
along BA 

or v cos 60° = u- cos45° 

or ve v2u Ans. 
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43. Let a = maximum acceleration of A. 


Under no slip condition acceleration of B is also a 
FBD of A w.r. t. ground 


(ii) 
Solving these two equations, we get 
a=g ted Ans. 
I= 


44. For M, and M, 


_ Mog — 
M,+M, 
_8 
2 
Now FBD of M,j gives the equation, 
M 
Mog -T =M,-a= 7 
T= Mog 
2 
or 2T =Mog 


Now taking moments of forces about support point 
Mig (1) = @T) bh = Wg) Bh) 
—=3 Ans. 


45. Resultant of N and N (= 2 N )is equal to mg cos 8 
V2 N = mg cos ® 


562 © Mechanics - I 


_ mg cos 8 
V2 


N N 


N 


Now kinetic friction will act from two sides 
aa 8 sin 8 — 2u,N 


m 
Substituting the value of V, we get 
a=g(sn@—V2p, cos 8) Ans. 


46. /, > force of friction between 2 kg and 3 kg 


(Amex =0.5*3x10=15N 

/; > force of friction between 2 kg and | kg 
(fo) max = 0-3 5X 10=15N 

J; > force of friction between | kg and ground 
(fy) max = 0.1X 6X 10=6N 


When F >6N system will start moving with a 
common acceleration 


a= - (4-1) m/s” 


34+2+4+1 6 
f ~<a 
1kg 
6N 
fi, -6=@B)a=—-3 
PF 
=|6+—-3 
fi=(6+5-3) 
2 
Since F is slightly greater than 6 N 
A, <1ISN or <(fy) max 
No slipping will occur here 
<x—a 
fy 
1kg 
6N 
PF 
o=Ma==4 
PF 
=r? 


Again f) < (fy)max- SO no slip will take place here 
also. 


AT. (Sf, )max = between | kg and 2 kg 
p= 0.2 
30 N 
p= 0.5 
/—— 1m ——>| 


=0.2x1x10=2N 
(f>)max = between 2 kg and ground 


—> ay 


1 kg 
2N 


2N — ap 


15N 


=0.5x3x10=15N 


Ss Ans. 


More than One Correct Options 


1. Maximum value of friction between two blocks 


Tmax = 90.2 X1X10=2N 
In critical case, 


T=2N 
F=T+2=4N 
System is in equilibrium if f < 4 N Ans. 
For F>4N 
F-( +2)=ma= (I) (a) ..-(i) 


T —2=m,a=(l) (a) ..-(11) 


7 
> 
4 
Ne) 
Zz 


On solving these two equations, we get 


r== 
2 


When, F=6N, T=3N Ans. 


2. Resultant of mg and mg is 4/2 mg. 


ts 
By 


mg 
Therefore 7, should be equal and opposite of this. 
or T, =J/2 mg (i) 
Further, T, cos B = mg (ii) 
and T, sin B = mg .. (ili) 
or sinB=cosB = B=45° 


T, cosa =mg + T, cosB 


=mg + V2 mg =| 


or T, cos @ = 2 mg . (IV) 
, . 1 
T, sin & =T, sinB = J2 mg (=. 
T, sin & = mg .(V) 
q; 
a i} 
l 
mg 
B 
B 
mg 


From Eqs. (iv) and (v), we get 
tan a= 5 and 7, =J5 mg 


tanB=tan45°=1 and T7,= 2 mg 
tanB=2tana and J27,=V57; 
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3. a=slope of v-t graph 
=-1m/s" 
Retardation = 1 m/s” = i ug 
m 
1 1 
or p=—=—=0.1 
g 10 
Ifu is half, then retardation ais also half. So using 
v=u-at 
or O0=u-at 
u 
or t=— or t«— 
a a 
we can see that ¢ will be two times. 
4. Maximum force of friction between A and B 
(fi)max = 0.3 X 60 x 10 =180 N 
Maximum force of friction between B and ground 
(fy)max = 9.3 X (60 + 40) g = 300 N 
A |——~> T= 125N 
f 
— f, 
fy 
Both are stationary 
f, =T =125N 
fp=T + f, =250N 
5. a, = wg ses gsin® 


m 
N x mo’ 7 
ee.) 
(oe mg cos 0 


It is also moving in y-direction 


mg cos8>N 
_ mg cos 8 —N 


41 
1 
1 
i 
{ 
1 

ay ! 
i) 
1 
1 
| 
1 
1 
I 
1 
1 
1 


Now, 


a=Jat+a@ >gsin® 
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6. Maximum value of friction between A and B is 


(fimax = 0.25 3X10=7.5N 
Maximum value of friction between B and C 
(fy)max = 0.25 X 7X10 =17.5N 


and maximum value of friction between C and 
ground, 


(fy)max = 0-25 X 15 X 10 =37.5N 
Fo = force on A from rod 


F< @ pt (f2)max = 17.5 N 

—s 

> (f3)max = 37.5 N 

If C is moving with constant velocity, then B will 


also move with constant velocity 
For B, T =17.5+7.5=25N 
ForC, F =17.5+ 25+ 37.5=80N 
For F = 200N 
Acceleration of B towards right 

= acceleration ofC towards left 

=a (say ) 

T-7.5-17.5=4a (i) 
200 —-17.5-37.5-T =8a (ii) 
On solving these two equations, we get 
a=10 m/s” 


Then 


» Since, HW, >b> 
(Sinz > (fa) max 
Further if both move, 


_ T -umg 
m 


a 


ut of block is less. Therefore, its acceleration is more. 
. N cos®=mg =10 (1) 


N sin®@=ma=5 (ii) 
On solving these two equations, we get 
N | 
I 
Q! 
a<— 


mg 


N =5V5N and tan 8 == 


9. 


10. 


11. 


12. 


tf, — force of friction between 2 kg and 4 kg 


Jj, > force of friction between 4 kg and ground 
(fs )max = 0.4 X 2x 10=8N 
Fx, =0.2xX2x10=4N 
(fs, max = 0-6 X 6 X 10 = 36 N 
Fr, =0.4x6x10=24N 


Att=1s,F =2N <36N, therefore system remains 
stationary and force of friction between 2 kg and 
4 kg is zero. 

At t=4s,F =8N<36N. Therefore system is 
again stationary and force of friction on 4 kg from 
ground is 8 N. 


At t=15s,F =30N<36N and system is 
stationary. 
Net pulling force = 0 
> a=0 
T,=|1xg=10N 
T, =2xg=20N 
T, = 20+ T, =30N 
Tmax = 0.3X2X10=6N 
Att=28s,F =2N< fix, 
AF f=F=2N 
Att=8s,F =8N> fix 
f=6N 
Att=10s,F =10N> fi, 
f=6N 
a aia ec 2 m/s? 
m 2 
F= fox =ONat6s 
For 6s<r<10s 
pee eae Ema ae 
m 2 
v 10 
[av =| ade = | (0.5¢- 3) dt 
0 6 
v=4m/s 
After 10s 
a Boy Wes 2 m/s” 
m 2 
= constant 
vY=vt+at 
=4+ 2 (12-10) 
=8m/s 


Maximum force of friction between 2 kg and 4 kg 
=04x2x10=8N 


2 kg moves due to friction. Therefore its maximum 


acceleration may be 
8 2 
Omax = - 4 m/s 


Slip will start when their combined acceleration 
becomes 4 m/s” 


F 2t 
a= or 4= 


or f=12s 
m 
Att=3s 
Re Ae ca 
m 6 6 
=1 m/s" 


Both a, and a, are towards right. Therefore pseudo 
forces F, (on 2 kg from 4 kg) and F, (on 4 kg from 
2 kg) are towards left 

F, =(2)() =2N 

F,=(4)()=4N 
From here we can see that F, and F; do not make a 
pair of equal and opposite forces. 


13. See the hint of of Q.No-10 of Assertion and Reason 
type questions of Level-1. 


Comprehension Based Questions 


1. Letu, =p, thenuy = 2p 
According to first condition, 
F+mgsin8 =p, mg cos8 =2u mg cos®_...(i) 
According to second condition, 
mg sin® =F +z mg cos ® 
=F +Umg cos® ..-(i1) 
Putting 8 = 30°, we get 


F + mg/2 =2umg (2) 


or V3 img =F + 0.5 mg ..-(ii1) 
mg as 
=Ft+um 
re ume(S) 
or 0.5 V3 mg = 0.5 mg —F .-(1V) 
Dividing Eq. (iii) and (iv), we get 
Fr=78 Ans. 
6 
2. Substituting value of F in Eq. (iii), we have 
2 
= 515 =Ux 
4 
Hs = 2u ~ 33 
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3. qa ft mg sin ® ~U« mg cos ® 


m 


- (mg/6) + (mg /2) - (5 mg (2) 


m 


_& Ans. 
3 
4. F’ =mg sin0 + U,mg cos 
mg 4 V3 
= mg 
2 3v3 2 
= las Ans. 
6 
5. F’ =mg sin® + [Lg mg cos 
2 v3 
= (mg/2) + | —= | mg | — 
(mg/2) ( 5 2 g ; 
= ome Ans. 
6 
6. Acceleration a, = eee aes 
1200 
= 1.225 m/s y= 0 
_ Ng 
Retardation, a, = se a2 
1200 
= 1.63 m/s” “ 
ake hy ay 
hy+h=25 _ ...(i) 
u=0 
v= 2a h, or {2ah, 
or 2a, h, = 2a 
fie Adi) 
hy 
a4 
1.225 
Solving these equations, we get 
h, =14.3m Ans. 
1. ¥=s2ay =s/2 ¥1,225 «143 
= 5.92 m/s Ans. 


8. tan6 = 2 4 @ = tant (5) =28° 
15 15 


(f4)max = 9.2 x 170 x 10 x cos 28° 
= 300.2 N = 300 N 
(fe )max = 0-4 X 170 x 10 x cos 28° 
= 600.4 N =~ 600 N 
Now, 
(m4 + mg) g sin 8 = (340) (10) sin 28°= 1596 N 
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Since this is greater than (fy)max + (/3)max> 
therefore blocks slides downward and maximum 
force of friction will act on both surfaces 


Srotat = (fa)max + (fp )max 


= 900 N Ans. 
9. ae (m, + Mg ) & sin 8 — Jrotal 
my + Mpg 
ot otal 

340 

oe. J 
Se 
oe 
mn? 


F =force on connecting bar 

my g sin® — F —(fy)max = Mya 

F=imyg sin ® —(fy)imax — 4a 
=170 x 10 x sin 28° — 300 — 170 x 2.1 
=141N Ans. 


Match the Columns 
1. F=2t 
L, mg = 20M, 
M,mg = 20 [Ly 
(a) Motion starts at 4 s 
a F=u,mg 
= (2) (4) = 20p, 
5 u, =0.4 
(b) At 4s, when motion starts, 
a= F -Mymg 
m 
_ 8 20u, 
a 
Solving we get, u, = 0.3 


1 


(c) At t= 0.1 s, when motion has not started, 
f=F =2x01=02N 

(d) At8s 

_ FM, mg 

7 m 


_ 2x 8-0.3 x 20 
2 
=5 m/s" 


a 


 - 0.5 m/s? Ans. 
10 


2. (a) At® =0°, driving force F = 0 


Ba friction = 0 
(b) At@ = 90°, N=0 
Maximum friction = LN = Oor friction = 0 
(c) Angle of repose, 
6, = tan”! (u) = 45° 

Since 0 <@,., block is at rest and 

f =mg sin®@ =2 x10 sin 30°=10N 
(d) 8 >6.,.. Therefore block will be moving 

f =pmeg cos 0 
= (1) (2) (10) cos 60° = 10 N 


» (a) N -10=ma=5x2 


N ~<— 5 m/s? 
10.N Us= 0.4 
2 kg 
U,= 0.3 
F 
w 


N =20N 
u,N =8N 
u,NV =6N 
W =mg=20N 
(b) When F =15N 
w-F=5N 
This is less than, V 
Ba f=5N (upwards) 
(c) F=w-p,N =20-8=12N 
(d) F=wtpsN =20+ 8=28N 


(downwards) 


. (a) Net pulling force F = net resisting frictional 


force atC =10N 
(b) f. = 9 
(c) N. =(mg + me) g=20N 


(d) T=F=10N (everywhere) 


. Ground is smooth. So all blocks will move towards 


right 2 kg and 5 kg blocks due to friction. 


2kg 
f, 
f, 
3 kg F 
fy 
fe 
5 kg 


8. mg cos®@ =15N 


oN 2T 
ie | 
or 30 


T -10-15=2a Ai) 
30-27 =3 (<) (ii) 


ro| 


Solving these two equations we get, 
a=—3.63 m/s” 


So, if we take the other figure, 


4 2T 
te : - | 
x 
08 30 N 


This figure is not feasible. Because for'a'to be down 


Po] 


the plane, 
1ON>7 415 

which is not possible 

# a=0 

and free body diagrams are as shown below. 
2T=30N 

a=0 
30 N 


Subjective Questions 


1. It is just like a projectile motion with g to be 
replaced by g sin 45°. 
After 2 s, 


of 4.32 
va vy + Vy 


= {( sin 45° —-& x 2 + (10 cos 45°)? 


V2 


=10m/s Ans. 


2. Suppose 7 be the tension in the string attached to 
block B. Then tension in the string connected to block 
A would be 47. 
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Similarly, if a be the acceleration of block A 
(downwards), then acceleration of block B towards 


right will be 4a. 
Equations of motion are 
For block A, myg —4T = mya 
or 50-4T =5a vaie(i) 
For block B, T — f =10(4a) 
or T — (0.1)(10)(10) = 40a 
or T -—10=40a .. (il) 
Solving Eqs. (1) and (ii), we get 
a= = m/s” Ans. 
33 


. (a) When the truck accelerates eastward force of 


friction on mass is eastwards. 


Srequirea = Mass X acceleration = (30 x 1.8) 
=54N 
Since it is less than ., mg 
f=54N (eastwards) 


(b) When the truck accelerates westwards, force of 
friction is westwards. 


Srequired = Mass X acceleration = 30 x 3.8 
=114N 
Since it is greater than mg. Hence 
f= f, =L_mg = 60 N (westwards) Ans. 


. Block B will fall vertically downwards and A along 


the plane. 
Writing the equations of motion. 
For block B, 
mpg —N = mgag 
or 60—N = 6az ssa(1) 
(N + myg) sin 30° = myay 
or (N + 150) = 30 ay .. (ii) 
Further ag = a, sin 30° 
or a4 = 2d .. (ili) 
Solving these three equations, we get 
(a) ay = 6.36 m/s” Ans. 
(b) dp4 = a4 cos 30° = 5.5 m/s” Ans. 


. Let acceleration of m be a, (absolute) and that of M 


be a, (absolute). 
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Writing equations of motion. 


ee 
mg Cos 0. -—__» N sin 
M ——> ay 
Form mg cosa—N =ma, ... (1) 
For M, N sina = Ma, ..-(11) 


Note Inthe FBD only those forces which are along a, 
and a, have been shown. 
Constraint equation can be written as, 
a, = a sin ..- (dil) 
Solving above three equations, we get 
acceleration of rod, 


mg cos O sin O 


a, = Ans. 
: M 
m sin a + — 
sin O 
and acceleration of wedge 
mg Cos O 
a = = Ans. 
m sin a + — 
sin O 


6. (a) N, and mg pass through G. N, has clockwise 
moment about G, so the ladder has a tendency to 
slip by rotating clockwise and the force of friction 
(f) at B is then up the plane. 

(b) XM, =0 


fl=mg (; sin 45°] (i) 


“LF, =0 
mg = N,cos 45° + f sin 45° 
From Egg. (i) and (ii), 


(ii) 


3 
—_m 
2 2/2 Sg A 
mg 
and = 
f 2/2 
f 
or La =— 
min N, 
a Ans 
3 


7. Here f, = force of friction between man and plank 


and f,=force of friction between plank and 
surface. 


N 
f 
mg 
N+mg N+mg 
FBD of man FBD of plank 


10. 


For the plank not to move 


Dia Cfo) ieaz s i SF + (fa) max 
or F-u(M+mgsmasF+pu(M+m)g 
or ashould lie between a = wi ms 
m m 
Fwd + me 


m m 


and Ans. 


Writing equations of motion 
5T T 


a A 


Mg mg 
FBD of M FBD of m 


For M 
For m, 


5T — Mg = Ma, ... (i) 
mg —T = may ..-(11) 
From constraint equation, 
ay = Sa, .. (iii) 
Solving these equations, we get 
acceleration of M, 


a 5m—-M 
Cres a 


andofm, a =5 [sents 


aS, oN 
or t= 2=— 
ay Ss; m 


2a)8, = 2aySy 


g sina m 
or - = 
ug cosa—-—gsina an 


Solving it, we get 


(7**) 
w= tan 
m 


Limiting friction between A and B 
ft, =UN =0.4 x 100=40N 
(a) Both the blocks will have a tendency to move 
together with same acceleration (say a). 


So, the force diagram is as shown. 


a 
—- 


f<——_ 
f 
= 


Equations of motion are, 


30- f=10xa .. (i) 
f=25xa asi) 
Solving these two equations, we get 
a= 0.857 m/s” 


and f =2142N 


As this force is less than f;, both the blocks will 
move together with same acceleration, 


ay = dg = 0.857 m/s” 
(b) 250- f =10a 
f =25a 
Solving Eqs. (iii) and (iv), we get 
f =178.6N 


.. (iii) 
... (iV) 


As f > f,, slipping will take place between two 


blocks and 
f=f, =40N 
_ 250-40 
a i 
= 21.0 m/s” 


dg =— =1.6 m/s? Ans. 


11. Normal reaction between A and B would be 
N =mg cos 8. Its horizontal component is NV sin 0. 
Therefore, tension in cord CD is equal to this 
horizontal component. 

Hence, T = N sin 0 = (mg cos8) (sin 0) 


— oe sin2 0 Ans. 
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12. Assuming that mass of truck >> mass of crate. 
Retardation of truck 
a, = (0.9) g =9 m/s” 
Retardation of crate 
a = (0.7) g=7 m/s” 
or relative acceleration of crate 
a, = 2m/s* . 


Truck will stop after time 


and crate will strike the wall at 


2 
pe Se" ate 
a, 2 


As t, > ¢, , crate will come to rest after travelling a 
distance 


2 
s=tah=3x20x(2) 
2 9 


by) T 
=2.77m Ans. 
13. u,mg = 0.2 x10x10=20N 
For t< 0.2 s 
F+uy 
Retardation a, = ain 
m 
_ 20+ 20 _ hae 
10 
At the end of 0.2 s, 
v=u-at 
v=12-4x02=04 m/s 
Fort >0.2s 
+ 20 
Retardation a, = a =3 m/s” 


Block will come to rest after time 


pete Shige 
a 3 
Total time = 0.2 + 0.13 = 0.33 s Ans. 


14. Block will start moving at, F =mg 


or 25t = (0.5) (10) (9.8) = 49 N 

os t=1.96s 

Velocity is maximum at the end of 4 second. 
W _PN=D be he 
dt 10 


i hn dv =| i (2.5 t — 4.9) dt 


Vmax = 5.2 m/s Ans. 
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For 4 s<t<7s 


49 — 40 
Net retardation a, = ~ = 0.9 m/s” 
V=Vinx — 4 t = 5.2 -0.9 x 3 = 2.5 m/s 
Fort>7s 
Retardation a, = - = 4.9 m/s* 
pot = 0515 
a 49 


Total time = (4 — 1.96) + (7 — 4) + (0.51) 
=5.55s Ans. 


15. Let B and C both move upwards (alongwith their 
pulleys) with speeds vz and v, then we can see that, 
A will move downward with speed, 2vg + 2v. So, 
with sign we can write, 


VA 
Vp = 2 ™~ Ve 
Substituting the values we have, vp = 0 Ans. 


16. FBD of A with respect to frame is shown in figure. 
A is in equilibrium under three concurrent forces 
shown in figure, so applying Lami's theorem 


Pseudo force 
=ma 
ma _ mg 
sin (90+ 60) — sin (90 + 30) 
° 
a= eo! = 5.66 m/s” 
cos 30° 


17. FBD of M, and M, in accelerated frame of reference 
is shown in figure. 


Note Only the necessary forces have been shown. 
Mass M, will neither rise nor fall if net pulling 
force is zero. 


i.e. M,a=M3g 


F=(M,+M,+M;3)a 
M 
=(M,+M,+M,)—¢ Ans. 
M, 


18. Retardation a=u,g = 0.15 x 9.8= 1.47 m/s” 


Distance travelled before sliding stops is, 


v 
s=— 
2a 
2 
oJ shou Ans. 
2x 1.47 
19. /2 N =mg cos0 
V2N 
mg cos 8 
N an oa N N 


mg sin 9 — 2u,N 
ae 


m 
=g sin @—/2 U,g cos 8 
= g (sin 8 — V2, cos 0) Ans. 
20. y. dv _Net force F-pu,p(L—-x)g 


dx mass pL 
[ivav=f° Fr-pPE-x)g ,. 
0 pL 
ae u op + Hk& 
2 2 


p 
v= oF ith ot Ans. 
p 


21. (a) v=a,t, =2.6 m/s 


1 2 1 2 
§ = -at=-x2x (1.3) =169m 
155 ath 5x 2* (3) 
Sy = (2.2 - 1.69) =0.51m 
2 
Now, S$, =— 
2a 
5 2 
gel = BO apa ale 
2s, 2x051 
vy 
and bh=—=04s8 
a 


(b) Acceleration of package will be 2m/s”_ while 
retardation will be l,g or 2.5 m/s” not 
6.63 m/s’. 


For the package, 


1.69 m 


1 
v=at,=2.6m/s=> s, ae 
2 


1 
Sy = Vb) - ; dB =2.6x04- 5 25x (0.4) 


= 0.84 m 
.. Displacement of package w.r.t. belt 
= (0.84- 0.51) m= 0.33 m Ans. 


Alternate Solution For last 0.4 s 
\a,|= 6.63 — 2.5 = 4.13 m/s” 


1 2_1 2 
s.=—la.|jt=—x 413 x (0.4 
pag lalP=s (04) 


= 0.33 m 


22. Free body diagram of crate A w.r.t ground is shown 
in figure. 


mag = 100 N 
Ag. 30° 


Equation of motion is 
100—N = 10a, ... (i) 


1 
a4, = asin 30° = a5] or a,=I1m/s" 


Substituting in Eq. (1), we get 


N =90N. 
23. (a) Force of friction at different contacts are shown 
in figure. 
| 
— 
f 
10m : 
h 
Here, ft, =bomg 
and fp =, (Ll mg) 
Given that ,>I11py, 
st heh 
Retardation of upper block 
a = A = bog 
m 


Acceleration of lower block 


_fi-~h_ U.-Up)g 
m 10 


a 
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Relative retardation of upper block 


11 
a, =a, + dy OF @, = 75 Ua “Bas 
Now, 0=v2,, —2a,l 


~ *min 


Vmin = + 24,1 = pans Ans. 


or ees = au Ans. 


a, Hy -—My)g 


24. y= se + vy 


Retardation a =ug 


r 


.. Time when slipping will stop is ¢ = bia 


a 
2 2 
Vv ty . 
or p= Vl ... (0) 
Hg 
2 2 2 
aelee Vy + Vy 
"2a 2 ug 
2 2 
vy) +yv Vv. 
x, =— Ss, cos8 = c _ z ; 
2ug at Pe 


2 2 
Vo VVy + Vo 


Vo = Vo 


In time ¢, belt will move a distance s = vot 


2 2 
Voy Vy + V2 


or ———— in x-direction. 
Ug 


Hence, coordinate of particle, 


2 2 
Voy Vy + Vy 


X=X,+S= 
2ug 
2 2 
+ vy. 
and yy a ee Ans. 
2Ug 
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25. FBD of m, (showing only a 
the horizontal forces) . e _ 
Equation of motion for m, 
is 
T-N=maq, .. (i) 
T 
T 
N [— ay | a3 
mg ap 
m39 
FBD of m, . 
Equations of motion for m, are 
N =my,a, .. (ii) 
and mg —T = ma, .. (iii) 
Equation of motion for m, are 
mg —T = m,a; .. (iv) 
Further from constraint equation we can find the 
relation, 
a, =a + a, ..(V) 
We have five unknowns 4, a, a3, T and N solving, 
we get 
2 
a, = le Ans. 
(my + m3) (m, + m,) + mm, 
26. Writing equations of motion, 
T —N =3ma, ... (1) 
N =2ma, ... (il) 
2mg —T =2ma, ... (iil) 


7-8 = ma, ...(iv) 
2 
From constraint equation, 
a =h- a; .(V) 
We have five unknowns. Solving the above five 
equations, we il 


N ara 
— mg sin 30° 
ng 
a 2mg “2 
FBD of 3m FBD of 2m FBD of m 
3 : 19 andy 13 
a, =— 2, =.— — ae 
ee aa Bae 
: 13 
Acceleration of m = a, = — g, 
34 
: v3 
Acceleration of 2m = ya, + ue = ae g 
‘ 3 
and acceleration of 3m = a, = G g Ans. 
27. a=__ "8 
m+M+m 
For the equilibrium of B, 
ret eh yee Lumm 4g 
m,+M+im 
M+ 
ae ( m)m 
(u — lm 
M+ 
My = ie) Ans. 
u-l 


Note m>0O . u>1 


Work, Energy and Power 


INTRODUCTORY EXERCISE 
. W=F-S=F-(r,-1) 
= (61 —2j+ k)-[(i+ 3j—4k) 
- (i+ 4j + 6k)] 


=-2J 
» (a) Wp = FS cos 45° 
1 
= (16) (2.2) | = |= 24.9 J Ans. 
(16) (2.2) ( + 
(b) Wy =NS cos 90° =0 Ans. 
(C) Wig = (mg) (S) cos 90° = 0 Ans. 


(d) Only three forces are acting. So, total work done 
is summation of all above work done. 

» Wr =(T) (x) cos 0° = Tx 

Wy =(W) (x) cos 90° = 0 

Wy =(N) (x) cos 90° = 0 

Wy =(F) (x) cos 180° = — Fx 


. mg -T =ma=~& Te 
4 
= 7 aos [2 
4 
Wr, =(T) ( (cos 180°) 
ae mgl ng 
4 g 
Wene= Pads iee 
v2 


Moving with constant speed means net force = 0 


1 F 
F cos 45° = = 18 
A A) 


4F Lig. 
2 V2 
tev? 


F= 
(a) W, = FS cos 45° 


= a (2) (=) =72) 


(b) W, = (UN) (S) cos 180° 
1 F 
)6+-BJoves 


=-7.2J 
(Cc) Wig = (mg) (S) cos 90° = 0 


6. 


-4 -4 
W = | Fax = | (-2x) de 
2 2 


=[ x? ]5*= 
2 24 

W =| Fdx=|— dx 
4 4* 


[16-4]= 


2 
aslo aria 
xd4 2 4 


W =area under F'-x graph 
From X =—4 to X =—2 
F=-—ve 
S =+ ve 


Wy =-5x2x10=-105 


From —2 to 4 
F=+ ve 


S=+ ve 


W, =+5 (6 + 2) (10) 


=+40J 
Wr =W,+W,=30J 
(a) Fromx =10mtox=5m 
S =-ve 
F=+ve 
W, =— Area 
=-—5x3 
=-15J 
(b) Fromx=5m to x=10m 
S =+ ve 
and F=+ve 


W,=+ Area=5 x 3 


=15J 
(c) Fromx=10m to x=15m 
S =+ ve 
F=+ve 
W, = Area 
=3 
(d) Fromx=0 to x=15m 


S =+ veand F =+ ve 


12J Ans. 


Ans. 


(from graph) 


Ans. 


(from graph) 


Ans. 


Ans. 


Ans. 
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W, =+ Area f. (a) T =i, (b) W aut forces =40J 
1 
=—x3x (12+ 6)=27) Ans. 8. *e@ ear 
2 dt 
10. (a) Fromx=0 to x=3.0m Wy =AK =K,—-K,=K,,-Ko, 


=+ ve _l on 30 
F=+ve =e ") 
W, =+ Area 1 2 5 
ae = 5 214 x 2-27 (4x 0-2)"] 
(b) Fromx=3m to x=4m =32J Ans 
F=0 => W,=0 
(c) Fromx=4m to x=7m a a ae a aa 
S =+ veand F =— ve “ Wine + W cain = Ky 
. W,=+ Area =—1J or Wein =K¢ — Wing == mv; —imgh 
(d) Fromx=0 to x=7m ‘ , v2 
W =W,+W,+W,=3) = 5 X30 (0.4) — 30x 102 
=-— 597.6 J Ans. 
INTRODUCTORY EXERCISE 
1. From work energy theorem, INTRODUCTORY EXERCISE 
= a! 2.2 
Wet = Wing Wag = me Vs) 1. AU=-W 


So, if work done by conservative force is positive 
then AU is negative or potential energy will 
decrease. But there is no straight forward rule 
regarding the kinetic energy. 


=> 04+W,, = ; x 0.1[(6)? — (10) J=-3.2 J 


2. Way =AKE=K,-K; 


=5 m3 v}) = 5x2 (0-207) 2. U,=-60J 
=—400J A Uz =-205 
= ns. 2 U,-U,=40) 
4 Vy=9 =9 Vy =p =O b 
Way =AKE=Ky—K; INTRODUCTORY EXERCISE 
1 a eee 2 
=—m(ve—-Vv;) = x m[(avb) 20] ‘ 
20 : 1. U =~ 4x46 
1 2 
=—mab Ans. 
2" peed 
5. W, =FS cos 0°= 80x 4 x1 =320J dx 
<= emo lAae F=0 at x=+2m 
Wg = (mg) (S) cos 180° .s _ 
= (50) (4) -)) et ge 
=-—200 J < F xXx=—2 0 x=2 ay 
K,=Way =120J Ans. F=0 F=0 


For x>2m,F =-—ve ie. displacement is in 
positive direction and force is negative. Therefore 
x = 2 is stable equilibrium position. 
For x<—-—2m, F =-ve 
ie i.e. force and displacement are in negative 
mye = aa Yo ut ans: directions. Therefore, x=—2m is unstable 
2 A equilibrium position. 


6. K,-K,=W, =| Fax 


1 * 
0-—= mya = | —Axdx 
2 0 
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will 


2. At A,x=Oand F =0 —>F 
For x > 0, F =+ ve. ie. force is in the direction of YW 
displacement. Hence A is unstable equilibrium 
position. pee a Ec a =a 
Same concept can be applied with E also. 7 . 
At point C, F = 0. s 
For x >x¢, F =— ve Therefore, equilibrium is unstable. 
Displacement is positive and force is negative 
(in opposite direction of displacement). Therefore, INTRODUCTORY EXERCISE 
C point is stable equilibrium point. 

3. (a) Atx =0,F =0. At P, attraction on —g or W a mv. z m (aty 
F, > attraction F, 1. (a) Py = rh = ra - ; 

p> Fret 1 5 1 ; 
gece eal ee = Zma t=—x1x@y Q) 
o—_____#__e—_# 
+9 x=0 —q +q =16W 
-———— 
S (b) P. = Fv = (ma) (at) 
Net force is in the direction of displacement. =mat = (1) (47 (4) 
So, equilibrium is unstable. -64W 
(b) F,.4 iS in opposite direction of S. Therefore r 
equilibrium is stable. 2. (i) W =Pt=—mv 
—q 
2Pt 
(ii) v = ,;— 
F F 
Y Fret (iii) Integrating the velocity, we 
X=-a s | xX=+a displacement 
° 2 
+q x=0 +q s- 2 (F)- Ee 
4. U = minimum = -— 20 J m \ 3/2 9m 
at x=2m 3. (a) KE=W | Pat [2e-ae ra 
x = 2 mis stable equilibrium position Ans. — 
mae =f 
5. F=(x—-4) 5° 
F=0 at x=4m " 2 ; 
When x>4m,F =+ ve m 
When displaced from x =4m (towards positive WwW Pf 
direction) force also acts in the same direction. (b) Ry = 7: = Se 
Exercises 
LEVEL 1 ms 
v=at=— 
Assertion and Reason aa 

1. F =constant eae tN 

a= a = constant P # constant 


m 


But P«t 


Ans. 


Ans. 


get 


Ans. 


Ans. 


Ans. 
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3. In the figure, work done by conservative force 
(gravity force) is positive, potential energy is 
decreasing. But kinetic energy may increase, 
decrease or remain constant, depending on the value 
of F. 


i” ~» External force 


mg 


4. In non-uniform circular motion (when speed # 
constant) work done by all the forces is not zero. 


5. Slope of S-t graph is increasing. 
Therefore, speed of the particle is increasing. 
9. Way, =AK =K,-K; 


1 22 
= m (v7 —v; ) 


vy =v, = Slope of S-t graph at t, 
v; =v, = Slope of S'-t graph at ¢, 
These two slopes are not necessarily equal. 


10. 


S53 a 


05 is obtuse 


0, is acute 
11. Wr on 4=— fs 
(Wy, Jon g =+ fiS 
Net work done by /; =0 
= ne 
“— _-; 


12. Decrease in mechanical energy in first case 


=E,-E,=+ my? 0 
es 


2 
=—mv 
2 


Decrease in mechanical energy in second case 


1 
=E,-E,= 5 my — mgh 


Further, 11 does not depend on angle of inclination. 


Single Correct Option 


3. 


10. 


Wy)4,=+ ve 
(Wy)g =—ve f 


ae 


s 


a ~ "a> 


between A and B then / is static and total work done 


If there is no slip 


by static friction on system is zero.. 
W =F -S=F- (tr, -1;) 


w =| Fér= [7-204 3x") dx 


0 0 
=135J 
P=F-v 
1 
mgh + — mv 
ele 2 
t ic 
(800 x 10 x 10) + : x 800 x (20) 
60 
= 4000 W 
E, = 80% of E; = mght = (0.8) mgh 
or h =08h=8m 


K,+U,=K,+U, 
O+ 6= 5x 1x42 


v= 2,2 m/s 
Maximum range is obtained at 45°. 


E= Z mu 
2 


u 
At highest point, v =u cos 45° = — 
g p 2 


2 
et ere es 
2 2 \V2 


i) 


Ans. 


Ans. 


(i) 


Ans. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
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(a) Velocity is decreasing. Therefore, acceleration 
(or net force) is opposite to the direction of motion. 


(b) and (c): some other forces (other than friction) 
may also act which retard the motion. 


Let retarding force is F’ 


Then, Fx= ; mv" (1) 
and F (x)= ; m (2v)? ii) 


Solving these two equations, we get 


x =4x Ans. 
K,+U,=K,+U, 
1 3 1 4 
—mv+0=—mv + mgh 
7 ieee 2 2 
v= vo —2gh Ans. 
F 
a=— 
m 
v=at=(4) (2) 
m 
2 
PaF-ya2t_ Ans. 
m 
F 
a=— 
m 
F 
v=at=—t 
m 
F2 
parv-(E); 
m 
or P«t 


i.e. P-t graph is a straight line passing through 
origin. 
Ke= ie mv = + m (gt?) 
2 2 
ie. Ket? 


i.e. during downward motion. K-t graph is a 
parabola passing through origin with K increasing 
with time. Then in upward journey K will decrease 
with time. 


Upthrust = (Volume immersed) (density of liquid) g 
5 
=| —— | (1000) (10 
( 0 | (1000) (10) 


=—wN 
3 


weight = 50 N 
Applied force (upwards) = weight — upthrust 


a 
3 3 
W =FS= ” 3 
3 
=100J Ans. 
19. S=0 (in vertical direction) 
> W=FS=0 
p, = 2 = 
20. kx” 
1 


/ of shorter part is less, therefore value of k is more 
W => ke? 
2 


W spocter part will be more. 


21. Let, is the angle of F with positive x-axis. 


Fy 15 _ 3 
tan@, =—-=—=—=m 5a 
1 F. 20 4 1 ( y) 
: : a 
Slope of given line, m = a 
W=0 if FLS 
or m,M,=—1 
ata 
4 3 
a=4 Ans. 


22. Decrease in gravitational potential energy of block 
= increase in spring potential energy 


mg (X, sin 8) = : Kx. 


on has. 
K 
93. ye eH 
dt 
P=F-v=120 
2 2 
W =| Pat =| (12) Pat 
0 0 
=24J Ans. 


24. Decrease in potential energy = Work done against 


friction 
: mg (h+ d)=F-d 
Here F = average resistance 


h 
=> F=mg|1+— 
e( i] 
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25. F=k = xaZ 
1,39 
Now, U=—kx 
2 
5 
=3#(7] 
2: k 
or pes 
k 


kz is double. Therefore, Uz will be half. 
26. . mv" at AX? 
2 2 


x= ft 
k 


=0.15m Ans. 
27. F =resistance is same 
; mv =n (F-d) 


=> ne y? 


If v is doubled, will become four times. 
28. E,= Ey 


0 =; x 10 x (0.15) — 0.1 10 x 0.15 
1 2 
+—x0.1xv 
2 
v = 0.866 m/s Ans. 
29. From F =kx 
a 
we 
F _ 100 
x 1.0 
= 100 N/m 
Decrease in gravitational potential energy 


= increase in spring potential energy 


=> 10x10x(d + 2)sin 30° => x 100 2) 


Solving, we get d=2m 
Total distance covered before 
momentarily to rest 


=d+2=4m Ans. 


coming 


30. Speed (and hence the kinetic energy) will increase 
as long as mg sin® > kx. 


31. (a) Wy = NS cos 90° = 0 


(b) W, =TS cos 0° = (mg sin ®) (| 
sin 8 
=mgh 


(Cc) Wing = (mg) (A) cos 180° = —mgh 
(d) Wrotas = AK =K,— K; =0 
As block is moved slowly or Ky = K; 
32. Displacement of floor = 0 


33. W = area under F-x graph 


From X =1to X = 3, force and displacement both 
are positive. Therefore work done is positive. 
W,=+ Area=+ 20J 
From X =3 to X =4, force is negative but 
displacement is positive. Therefore work done is 
again positive. 
Be W,=—Area=—5J 
From X = 4 to XY =5, force and displacement both 
are positive. Therefore work done is again positive. 
W;,=+ Area=+ 5J 
Wrota =W, + W. + W;= 203 


ry aa 
dt 
W a! oP = mt 
2 
l 4 
= eae =16J Ans. 
35. At highest point, 
1 
= mu =K 
go 
2K 
uy, = ,{|— 
‘ m 
R=4H 
2u,U, Au, 
g 2g 
2K 
Uy = Uy = 4|— 
: m 
[gl 2 
Now, K, == mu =— m(u, + u,) 
2 2, : 2 
1 a x) 
=—m|—+— 
2 m m 
=2K Ans. 
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4 
36. AK =W =| Pdt =| (3° -2t+ 1) dt 
2 
=46J Ans. 


37. Ky-K,=W =| Fax 
30 
K,=K,+ [(-0.1x) dx 
20 


1 2 30 
== X10 @0y =| 0122 
2 zh, 


=475J Ans. 
38. KE = decrease in potential energy = mgh 
or KEaxm 
on Ey 2 
(KE), 6 1 


= a! 2 y2 
39. W =U,-U, => K (X¢-X)) 


= ; x 5x 10° [(0.1)? — (0.05) ] 


=18.75 J Ans. 


Subjective Questions 


2 
1 Ke 
2m 


2m 2m 
2 
= (2.25)? =2.25K 
2m 


= 100 


% increase = 


=125% Ans. 


1 
2. p=/2Km or P« K? 


For small % changes, 


% change in p= ; (% change in K ) 


=; (1%) = 0.5% Ans. 


3. Total work done = -5 K (2m)=-2 Kx 


Work done on one mass 
2 
= 7% 


Kx. 
5) 0 


4. For increase in gravitational potential energy of a 
rod we see the centre of the rod. 


W =change in potential energy 
1 
= mg — (1— cos 8) 
2 
Substituting the values, we have 
1.0 
W = (0.5) (9.8) (+) (1 — cos 60°) 


= 1225] Ans. 
5. W, =(T) (1) cosB 


Wy =(N) (J) cos 90° = 0 
Wy =(W) (0) cos (90+ 0)=-Wi sina 
W, =(F) (2 cos 180° =— Fl 
6. Decrease in potential energy of chain 
= increase in kinetic energy 


or ida 


7. T-—mg=ma a aT 
T =m(g +.a)=72 (9.8 + 0.98) f 
= 776.16 N 
(a) W, =TS cos 0° 
= (776.16) (15) 
=11642J Ans. 


(b) W,.¢ = (mg) (S) cos 180° 


= (72 x 9.8 x 15) (-1) 
=—10584 J Ans. 
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(c) K =Werojg = 11642 — 10584 


= 1058 J Ans. 
1 3 
d) K =— mv 
(d) 5 
y= PR _ [21058 
m 72 
= 5.42 m/s Ans. 
2 
8. (a) K=W = | Fax = | (2.5—x") dr 
0 
=2.33 J Ans, 


(b) Maximum kinetic energy of the block is at a 
point where force changes its direction. 
or F=0 


at X =V2.5 


=1.58m 
1.58 


Koux = [ (2.5— 7) de 
0 


= 2.635 J Ans. 


9. W, = fS cos 45° 


Here, f/=mgsin®, because uniform velocity 
means net acceleration = 0 or net force = 0 


Wy = (mg sin 8) (S) (cos 45°) 
= (1) (10) (sin 45°) (S) (cos 45°) 
If S=vt=2x1l=2m 


r-on(g)0(4 


=10J Ans. 


im = (say) 
Ann = Any = 4m 


Using the equation, 
E, — E, =Work done against friction 


0 [3x04 5) (v’) sx10x4| 


=0.2x10x10x4 
Solving we get, 
v=4m/s 


TA: 


12. 


13. 


FBD of particle w.r.t. sphere 


Pseudo force 
=ma 


1 
Ke 3 my, =Wan 


1, 
or 3 mv, =Wy + We + Wag 
=0+ Fx + mgh 
= (ma) (Rsin®) + mg [R (1— cos 8)] 
v,= 4{2gR (1+ sin 8 — cos 8) Ans. 


From constraint relations, we can see that 
V4=2Vp 

Therefore, v, = 2(0.3) = 0.6 m/s 

as vg =0.3 m/s (given) 

Applying W,,. = AU + AK 

we get 


1 1 
—L mygS 4 = — mpgSz 4 5 myV4 + 5 MpVa 


Here, S4= 2S, =2m as Sz = 1m (given) 
- —41(4.0) (10) (2) = ~ (1) (10) (1) + : (4) (0.67 
1 2 
Sar (1) (0.3) 


or —80u =—10+ 0.72 + 0.045 


or 80u=9.235 or w=0.115 Ans. 
Let x,,,, = Maximum extension of spring 
Decrease in potential energy of A kXmmax 
= Increase in elastic potential energy of 
spring 
1 > 
M48%X max = 9 KX ax 
_ 2m4g 
max k Bg 
To just lift the block B, 
KX max = Mp 
2m, & = Mpg =mg 
My = sl Ans. 


2 


14. (a) K,+U,=K, +U; 
0+ 5 x 500 x (0.5 ~ 0.1) 


510 x ¥? + 5 x 500 (0.3 = 0.17 


On solving, we get 


v=2.45 m/s Ans. 
(b) CO =,(BOY + (BCY 
= /(30) + (20) 
= 36cm 
=0.36m 
Again applying the equation, 
K,+U4=Ket+Uc¢ 
O+ ; x 500 x (0.5 — 0.1)° 
1 2 1 2 
=—x1l0x w+ — x 500 (0.36 — 0.1) 
2 2 
On solving, we get 
v=2.15 m/s Ans. 


15. Let X 


decrease in potential energy of M = increase in 
elastic potential energy of spring 


m 1S Maximum extension of spring. Then 


or 
Now, kX, = mg sin 37° + umg cos 37° 
3 3 4 
or 2 Mg =(m + m, 
os (3) 3) : (5) 
3 
M=—m Ans. 
5 
16. (a) Wg = (mg) (S) cos 30° 
= (20) (2) (V3/2) 
= 34.6J Ans. 
305 
S mg 
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(b) W, = f'S cos 180° f 
= (umg cos 6) (S) (1) 180° 
=- (3) (20) (cos 60°) (2) 
=-10J Ane 
‘7. pee == sic 
dr r 


18. (a) Atx=6m, 


19. 


20. 


21. 


U =(6-4)y -16=-12J 
K=8J 


E=U+K=-4]J Ans. 
(b) Unyin =—16J at x=4m 
Kam =E —U min 
=-4416 
=12J Ans. 
(c) K =0 
: U=E 
or (x—4)-16=-4 
or x= (4+ 2V3)m Ans. 
(d) pe a@ 05 Ans. 
(ce) F.=0 at x=4m Ans. 


Decrease in potential energy of 1 kg = increase in 
kinetic energy of both 


=> Ix10x1=>x (4+ Dx v4 


Ans. 


If A descends X then B will ascend 2x. Further if 
speed of A at this instant is 2.5 m/s, then speed of B 
at this instant will be 5 m/s. Now, 


yv=2m/s 


Decrease in potential energy of A = increase in 
potential energy of B + increase in kinetic energy of 
both 


(300) x = (50) (2x) + ; (2 | (2.57 


9.8 
1 (50) (5 op 
(3) CY 


+ 


Solving we get, 


x = 0.796 m Ans. 


If speed of sphere is v downwards then speed of 
wedge at this instant will be v cot a in horizontal 
direction. 
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Now, 


Decrease in potential energy of sphere = Increase in 
kinetic energy of both 


Lp, 2 
mgR =— mv +—m(v cota 
aor . ( ) 

1 

=— mv’ cosec” a 

2 


v=./2gR sin & =speed of sphere 
and speed of wedge = v cot 


=,/2gR cos a Ans. 


22. If block drops 12 mm, then spring will further 
stretch by 24 mm. Now, 


E, = Ey 
; ; x 1050 x (0.075)° = —45 x 10 x 0.012 


+ ; x45 xv? + ; x 1050 x (0.099)? 


Solving we get, v = 0.37 m/s Ans. 


23. If speed of block of 1.0 kg is 0.3 m/s then speed of 
4.0 kg block at this instant would be 0.6 m/s. 
Applying, 

E, — E, = work done against friction 


0 3 x 1.0 x (0.3)? + ; x 4.0 x (0.6) 


—1x10x IJ=p, x 4 x 10x (2) 
Solving this equation we get, 
Ww, = 0.12 Ans. 


24. Retardation on horizontal surface, 
a, ="g = 0.15 x 10 =1.5 m/s” 
Velocity just entering before horizontal surface, 
y= fdas 
= J2x15x05 
=v1.5 m/s 


ag 


rae 


Sp h 


Z\ 


Acceleration on inclined plane, 
ad = gsin ® —Ug cos ® 


V3 


=10x2~015x10x%3 
2 2 


=3.7m/s 


v=J2mS> = 15 


ee 


Sy = =0.2m 


2a, ~2x3.7_ 
h=S, sin 30°=0.1 m 
Now work done by friction 


= —[ initial mechanical energy] 
=-—mgh =-— (0.05) (10) (0.1) 
=-0.05J Ans. 


25. If A moves | m down the plane and its speed is v, 
then B will move 2m upwards and its speed will be 
2v. 


LZ 


Using the equation, 
E,; — E, =Work done against friction 


0-[5x30xv +3 x5 x(n) 
2 2 
3 
PE = 2 


= 0.2 30x10 2x1 


Solving this equation we get, 
v=1.12m/s Ans. 


Note hz=dsin0=(1) (2) m=2m 


m, = “4 =30 kg and My = 8 =5kg 
g g 


26. (a) Thermal energy = Work done against friction 


=[« mgd 
= (0.25) (3.5) (9.8) (7.8) J 
= 66.88 J Ans. 
(b) Maximum kinetic energy 
= work done against friction 
= 66.88 J Ans. 


1 : ee 
(c) 3 kx = maximum kinetic energy 


m 


; x 640 x x2, = 66.88 


Xm = 0.457 m = 45.7 cm Ans. 
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LEVEL 2 Shek ( i 2) 
T 
Single Correct Option 
1 Now, U,+K; =U, + Ky 
1. Wy, =— mv" 
a. oe mgR (1-2}=04 5 m* 
1 > v1 2 
Wr + Wig + Ws my 3 
1 14 or v=,|2gR (1 = 2) Ans. 
65x5)+[3x10%5]+0=2x2x¥7 i 
_ 5. T =2mg 
pa Teia rae oe As soon as string is cut JT (on A) suddenly becomes 
2. P=Fv=constant zero. Therefore a force of 2mg acting on upward 
P direction on A suddenly becomes zero. 
i ap So net force on it will become 2mg downwards. 
2 
ay ( dv\ _P i a, = el 2g (downwards) 
ds v : - : 
; y Spring force does not become instantly zero. So 
| Pe | vdy acceleration of B will not change abruptly. 
0 # or a =0 
Tmv* 6. Let X,, is maximum elongation of spring. Then, 
Solving we get, s = —— Ans. . . ; : ; 
3P increase in potential energy of spring = decrease in 
3. Fk potential energy of C. 
1 
kal _ 100 - 5 Xn = MisXy 
7 } or KX, =maximum spring force 
E ~ i se = 2M \g =P min Mg 
emis 2M 
1 «ai : s Lnin = ——> Ans. 
* —=x10x v == x 100 x (2)° — (10) (10) (2 sin 30°) M 
2 ” 2 7. T, =mg (i) 
t. 
Solving we get, dies tag 
v=/20 m/s Ans. - kx = mg 
m 2m One kx force (acting in upward direction) is 
4. dm= r/2 d@= i do suddenly removed. So, net downward force on 
system will be kx or mg. Therefore, net downward 
h=R (1-—cos 0) acceleration of system, 
yo 8, 
2m 2 
Free body diagram of lower block gives the equation, 
mg 
mg —T, =ma=— 
Ely 2 
mg as 
T, =— é( 
724 (ii) 
From these two equations, we get 
2mgR mg 
dU, = (dm) gh= <i (1 — cos 8) d® AT = ss Ans. 
ix ‘Tau, _ 2mgR (5 1 8. Fi. = mg sin 8 — ng cos 6 
‘ i : nm \2 = mg sin 8 — 0.3 xmg cos 8 (i) 
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10. 


11. 


12. 


13. 


At maximum speed F,,, = 0. Because after this net 
force will become negative and speed will decrease. 
From Eq. (i), Fr = 0 at 


a Et a6 a Ans. 
0.3 0.3 
. AtC, potential energy is minimum. So, it is stable 
equilibrium position. 
Further, 
dU 


Fe= ae —(Slope of U -r graph) 


7 
Negative force means attraction and positive force 
means repulsion. 


P=F.-v 
= (mg j)-[ui + (uy — gt) j] 
= (-mgu,) + met 


i.e. P versus t graph is a straight line with negative 
intercept and positive slope. 


E, — Ey = Work done against friction 


1 1 x 7 x 
oe ke? K =umg|x+— 
= 3] x( 4 


ed el 3 Ans. 
k 
P=F-v=Fvcos0=T7V cos@ Ans. 
eee Kaan 
ox oy 
= (-3i - 4j) 
y 


Since, particle was initially at rest. So, it will move 
in the direction of force. 


14. 


15. 


16. 


17. 


18. 


We can see that initial velocity is in the direction of 
PO. So the particle will cross the X-axis at origin. 


K,+U,;=K,+U, 
04+ (3x6+4x8)=K,+ (3x04+4x0) 


or Ky =50J Ans. 


F =0Oatx =x. When displaced from x, in negative 
direction, force is positive i.e. in the opposite 
direction of displacement. Similarly, when 
displaced in positive direction, force is negative. 


F 


net = Mg sin 8 — mg cos 0 
= mg sin 9 —Upxg cos 8 


Fé 


m 


a= 


=g sin 89 —Upxg cos 8 


oes sin 8 —Uyxg cos 8 
dx 


0 xm 


or | vav = Ie sin 8 —U xg cos 8) dx 
0 0 


Solving this equation we get, 


2 
x, =— tan 0 


a Ans. 
Lo 
Y (Moments about C) = 0 
(k,x) AC = (kx) BC 
AC Hk : 
a= =-2 (i) 
BC k, 
AC + BC=!l (ii) 
Solving these two equation we get, 
4e2|) _\j Ans. 
k, +k, 
Work done by friction = E, — E; 
= 51x 27-1101 
=-8J Ans. 
dU 12a 6b 


dx xB? 


2aV"6 
At equilibrium, =0 or x= (=) 
2 
At this value of x, we can see that ae is positive. 
x 


So, potential energy is minimum or equilibrium is 
stable. 


19. 


20. 


21. 


22. 


23. 


24. 


¥ (Moment about O) = 0 


(x)= (4) or x = “8 


2k 
2 
U= U ke? = (mg) Ans. 
2 8k 
B= Be 
0 =m gh — mgh+ ; (m, + my) v 
v=_[2gh (zu) Ans. 
m, + my 
eae 
dx 
or dU =-Fadx = (ax — bx’) dx 


Assuming U = Oat x = 0, and integrating the above 
equation we get, 


2 3 
3a 
U =0 at x=0 and x = — 
2b 
3 2 
For 608 a and U- will become 
2b 3 2, 


negative. So, option (c) is the most appropriate 
answer. 


W=FS 
F and S are same. Therefore, 
Wa _1 
W, 1 
From work energy theorem, 
K, Wy, 1 
Ky Ws 1 
or oe ee 
2 2 
vy [mg _ 2 
vy Vm 1 


Work done by conservative force 
=-AU 
=U; -Uy 
=[k (1+ l]-[k (2+ 3)] 


=—3k Ans. 


After falling on plank downward force on block is 
mg and upward force is kx. Kinetic energy will 
increase when mg > kx and it will decrease when 
kx > mg. Therefore it is maximum when, 
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25. 


26. 


27. 


mg 


x= 
k 


kx =mg_ or, 


and this does not depend on h. 


dm = (=) d0 
TT 


dU = (dm) gh = (= «) gr sin ® 
1 


2mer 


v1 
U,=| dU = 
jaua= 


v=,|2gr (2 + *) Ans 
mT 2 
Maximum speed is at equilibrium where 
F=k > x= - 
k 
1g. DT gig 
Now, F-x=—mv+—k 
2 2 
2 
or FF) a5 me+ oe (2 
k 2 2 \k 
Solving we get, 
a Ans. 


——————— a) 
Vvmk aii 


Increase in potential energy per unit time = decrease 
in kinetic energy of both 


= 5 (E my + + m2] 
PA eae) 
2) 
dt 


= vy (Mm, a) + V2 (—m ay) 


dU : 

or ; =v, (-F,) + v2 (-F)) (A) 
Here, —-F, =-F, =kx = 200 x 0.1=20N 
Substituting in Eq. (1) we have, 

dU 

—~ = (4) (20) + (6) (20) 

dt 

= 200 J/s Ans. 
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28. There is slip, so maximum friction will act on 4 in 
the direction of motion (or towards right) 


f =pmg = 0.2 x 45x 10=90N 
S =40-10-10=20cm=0.2m 
W = 78 S165 Ans. 
29. Constant velocity means net force = 0 


Using Lami's theorem in the figure, 


S=vt= 20m 


N _ 100 
sin (180° — 53°) sin 90° 
a N =100 sin 53° = 80N 
Now, Wy = NS cos 53° 


= (80) (20) (0.6) 
= 960 J Ans. 
30. In both cases sudden changes in force by cutting the 
spring would be Ax. 
a= = = bad (in both case) 
mom 


In one case it is downwards and in other case it is 
upwards. 


More than One Correct Options 


1. F= i oi} =« Ti —24j) N 


i 
aX oy 

F T> i) 

a=— =| --i-—j] m/s 
m ( 5 5 
2 2 
jal= (7) +(2) =5 m/s? Ans. 
5 5 


Since, a = constant, we can apply, 
v=u+at 


= (8.61 + 23.2j) + (-zi a 4) (4) 


= (3i + 4j) m/s 


lvi=(G)? + (4° =5m/s Ans. 


2. Pen” 25 -Fiey 
dx 
At origin, x = 0 
F=5N 
S 2 
a=—=—=50m/s 
m Ol 


Mean position is at F = 0 
or at, x= = = 0.025 m 
200 


f= = (50 — 2000x) (i) 
m 0.1 


At 0.05 m from the origin, 
x=+0.05m 
or x =—0.05 m 
Substituting in Eq. (1), we have, 
|a|= 150 m/s? 
or = 50 m/s” 


At 0.05 m from the mean position means, 


x = 0.075 
or x =—0.025 m 
Substituting in Eq. (1) we have, 
|a|=100 m/s” Ans. 


3. Spring force is always towards mean position. If 
displacement is also towards mean position, F' and S 
will be of same sign and work done will be positive. 


4. Work done by conservative force = — AU 
Work done by all the forces = AK 
Work done by forces other than conservative forces 
=AE 

5. At equilibrium 


mi| }------- Equilibrium position 
3m 
kdo9 = mg 
or b= ae 
k 


where, 5) = compression 


_ 3mg 
k 
=k max =k (22) =3mg (downward) 


(b) Srotal =S+ 59 


EF, 


max 


Nmax 


ie 


3 mg 


Finax 


N F 


max 


= 3mg + = 6mg Ans. 


max 


(d) If 6 > ae. then upper block will move a 


‘ 4 3 
distance x > < —6)orx > a from natural 


length. 
Hence in this case, extension 
3 
es 
or F=kx>3mg _ (upwards on lower block) 


So lower block will bounce up. 


6. (a) Decrease in potential energy of B = increase in 


spring potential energy 


2mg X= kx 

Xm = amg Ans. 

k 

(b) E; = Ey : 
C= Ged Bab? 5k x (728) 
2 2 k 
2mg 
-(2 — 

(mg) (228) 

m 

yv=2¢ .|— 

- 3k 

kx, — 2 
(c)a=—* ie (upwards) 
2m 
4mg 
k — 2m 
[ k _ 
2m 

(d) T — 2mg = ma (1) 
2mg —T =2ma (i) 
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8. 


Solving these two equations, we get 
a=0 and T=2mg 


T 
—a 
<—| m|-+r 2m a 
ioc = 3g [2m] | 
2mg 
Work done by conservative forces 
=U, -U,=-20+ 10=-10J 


Work done by all the forces, 
=K,-K,;=20-10=10) 


» (a) Work done by gravity in motion 1 is zero 


(8 = 90°) and in motion 2 is negative (0 = 180°). 
(b) In both cases angle between N and S is acute. 
(c) and (d) : Depending on the value of acceleration 
in motion 1, friction may act up the plane or down 
the plane. Therefore angle between friction and 
displacement may be obtuse or acute. So, work done 
by friction may be negative or positive. 


Comprehension Based Questions 


1: 


2. 


U=E-K=25-K 


Since, K20 
re U<25J 
U=E-K=-40-K 
Since K=0 
U <-40J 


Match the Columns 


1. 


2. 


S =r, 4, =(+2i)- (4 4i)=-2i 
Now apply VW =F-S 


Friction force = 0, as tension will serve that purpose 


N Ss 


4 


mg 


Angle between N and S or between T and S is acute 
W, and W,, are positive. Angle between S and 
mg is 180°. 

Therefore, W 


mg 


is negative. 
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3. (a) Net force is towards the mean position x = 0 


where, F' = Owhen displaced from this position. 
Therefore, equilibrium is stable. 
Net force 
= 


Zo 


H—> S$ 


(b) Net force is away from the mean position. 
Therefore, equilibrium is unstable. 
asst force 


(c) Same logic can be applied as was applied in 
part (b). 

(d) Net force is neither towards x = 0 nor away from 
x = 0. Therefore, equilibrium is none of the three. 


% 


wt 
\ 
\ 
\ 
© 
Fg 
7 
rg 
an 


/ 


/ 
/ 


\ 
\ 
* 
sz 


ay 


Q 
® 
\ 
aks alae’ 
i] 
[o) 


4. (a) From A to B speed (or kinetic energy) will be 
increasing. Therefore net potential energy 
should decrease. 

(b) From A to B, a part of decrease in gravitational 
potential energy goes in increasing the kinetic 
energy and rest goes in increasing the potential 
energy of spring. 

(c) and (d) : From B to C kinetic and gravitational 
potential energy are decreasing and spring 
potential energy is increasing. 

(decrease in kinetic energy) + (decrease in 
gravitational potential energy) = increase in 
spring potential energy. 


5. Common acceleration of both blocks 
ae Net pulling force T 
Total mass 
20 - 
20-1010. | 
1+2 3 


10 10N 


1kg T -10=ma=1x— 


T=—N 
3 


Go! Pots (0.3)? = 0.15 m 
2 3 
T a 
S 
| 2ka] | 
Ss 
10N 20N 
(a) W,,.0n 2 kg block = (20) (S) cos 0° 
= (20) (0.15) =3J Ans. 
(b) W,,.0n 1 kg block = (10) (S) cos 180° 
= (10) (0.15) (1) 
=-1.5J Ans. 
(c) W; on 2 kg block = (T) (S) cos 180° 
= (+) (0.15) CN) 
3 
=-2J Ans. 
(d) W; on 1 kg block = (7) (S) cos 0° 
= (+ (0.15) () 
3 
=+2J Ans. 
6. (a) F 
Ss 
W, = fS cos 180° = negative 
S=0 
(b) ~ 
f 
Wr= 0 
(c) and (d) : No solution is required. 
Subjective Questions 
1. 
Mo m —F 
u 
(F ae Lun, g)X,, al sha 
or kx, = 2(F —umg) 
Second block will shift if kx,, = png 
2(F — bung) > wing 
or F> [m + *) lg Ans. 


Initial 


Initial PE, 


Tv 


@=n/2 
U; = Joo (r d8) (p) (g) (r cos 8) 


= (pg 7°) [sin 0)" = pgr* 


Final PE, 
mr mr/2 n rpg 
U =|—xX = 
f ( | (g) 5 8 
2 
AU =rpg|1+ E. 
8 
AU = KE 
or r 1+ ul sigh * (Pp) v 
re 8 2\2 
=> v= /4rg (- + | 
xr 8 
or v= lrg (5 + <) Ans. 
2 4. 
. Fort <0.2s 
F=800N and v= Zo. t 
0.3 
P=Fv=(53.3 t)kW Ans. 
For ¢>0.2s 
F = 800 - (20) (t— 0.2) and pseu 
0.1 0.3 


P = Fy = (1601-533 7?) kW 
0.2 0.3 2 
W =|, (53.3 ‘dt+ | (160 t — 533 7°) dt 
= 1.69 kJ Ans. 


. At the instant shown in figure, net pulling force 


gh 


~ {3s 
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> 


Total mass being pulled = “ (x + h) 


.. Acceleration a= Setoulling ee 


Total mass being pulled 


__gh 
xt+h 
y _aW = gh 
dx xt+h 
r 0 dx 
or Ne aaa oe, 
v l-h 
eee SO, 
2 
v 1 
or —=ghln|— 
ie 3) 


v=,/2ghIn(1/h) Ans. 


. (a) From energy conservation principle, 


Work done against friction = decrease in elastic PE 


1 
or Fo + 41) => k(x — a7) 

2 : 
or Xo -— =f eal) 


From Eq. (i), we see that decrease of amplitude 


sz ee 
(Xo — a1) 1s a which is constant and same for each 


cycle of oscillation. 
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(b) The block will come to rest when ka = f 


k 
or a=— 
f 
In the similar manner, we can write 
2f 
a = a = “Ee 
2f 
A — a= = 
2f 
Gy, —1 — ay, = ke 
Adding Eqs. (1), (ii),... etc., we get 
2f 
aesiealee 
2f 
or a, =X%y —N (74) 


Equating Eq. (A) and (B), we get 
be =2(2) 
f k 
_&k 
f _ key 1 
2f Ff 2 
k 
Number of cycles, 


Xo 


or n= 


2 —n_ ky 1 _ lf ky | 
2 4f 4 4\ fF 
6. Conservation of mechanical energy gives, 
E,= Ep, 
or bing ke an x 
a. ) 1& 
or 2m, gH = kx? + 2m) gx 
v=0 
B m 


| 
| 


m2 7) 


(A) 


(i) 
.. (ii) 


...(n) 


...(B) 


Ans. 


...(i) 


The lower block will rebounce when 
mg 
k 


x> (kx = mg) 


Substituting, x = — in Eq. (1), we get 


2 
2m, gH =k (72) + 2mg ka 


ee H = 728. | Ma + 2m, 
k 2m, 

Thus, A ec = mgs mm, + 2m, Ans. 
k 2m, 

se a 


or k= Ans. 


umy,g =0.8x6x10=48N 
(mg + mc)g = (1+ 2)x10=30N 
Since (mg + mc)g > Umyg, a, = ag = 0. 


From conservation of energy principle we can prove 
that maximum distance moved by C or maximum 
extension in the spring would be 


” _ 2meg _ 2x1x10 
= k 1000 
= 0.02 m 


| kXm 
cl] fe 


Mg 


At maximum extension 


mc 
Substituting the values we have, 


dc = 10 m/s’, Ans. 


. Rate at which kinetic plus gravitational potential 


energy is dissipated at time f¢ is actually the 
magnitude of power of frictional force at time t. 


|P/|= f.v = (umg cos 0)(at) 
= (umg cos a)[(g sin & — Ug cos 0)t] 
= mg’ cos a(sina — LL cos a)t Ans. 


10. From work-energy principle, W = AKE 


Pt= ; m (v7 —w’) (P = power) 
m 2 2 < 
or t=—(v-u Arey ol 
AP ( ) (i) 
Further 
F-vy=P 
Mm alas 2 =p 
ds 
v4 = P 
or I, v dv=— |, ds 
(3 -w)= Es 
m 
ot it 
P yp-w 
Substituting in Eq. (1) 
3 + 
t= mer y) Hence proved. 


2 (Ww 44 uv) 


11. (a) Mass per unit length = 7 


dm = 7 Rda 
h=Rcosa 
megR? 
dU = (dm) gh= ; cos - do 
1 2 
U= “aU men sin : 
1 R 
(b) KE =U; -U, 
2 
Here, U; = mee sin if 
1 R 
and 
UR+0 2 
p= fi’ au =" | sin (4+) -sine 
4 8 1 R 


2 
. KE= men sin (5) + sin 8 — sin c + ;] 
1 R R 


Ans. 
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2 
(c) ] mv? = mek sin : + sin 8 — sin c + | 
2 I R R 
2 
or v= ane sin ( | + sin 8 — sin [0 + “| 
I R R 
2 
geacek sin( 3 sin 8 sin (0 | 
i R R 


2 
pa cos 8 cos (0 | ae 
dt 1 


2 
& cos 8 — cos] 0 4 i 
dv 1 R de : 
..(4) 
dt 2v dt 
Here dt = 2 = 2 
v v R 


Substituting in Eq. (1), we get 


a cos 8 — cos aa! 
dt i R 


At t=0, 0=0° 


Hence, ay = Be 1-—cos : Ans. 
dt I R 


12. From conservation of energy, 


1 1 
my gh, =m, gh, + = my; += Mmv3 
2 2 
Here, Vv; =V> cos 8 


“2x10 x 1= (0.5) (10) (3-4 5x05 


1 2 


2 
wes) Bo eeas 
2 V5 2 2 


20=618+ 023+ v5 


vy = 3.39 m/s Ans. 
2 
and Vv, = V2 cos 8 = —= x 3.39 
1 2 V5 
or vy, = 3.03 m/s Ans. 
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13. Net retarding force = kx + bMgx 


14. 


.. Net retardation = (AF) “x 
M 
So, we can write 
a3 k+ bMg\_ 
M 
or Jv: dy=- vt = mi [xa 
M 


M 
or = | 
k+ bMe 


Loss in mechanical energy 


Ap=s My, - 1? 
2 2 


or AE= : Mvy. : a vo 
2 k + bMg 
2 
a Ape yl 
k + bMg 
__vobMg 
2(k + bMg) 


From conservation of mechanical energy, 
BE, 


1 1 
or 5h + mgh, = si 


vr = | 2gh; + Le, 
m 


15. 


Ans. 


Substituting the values we have, 


v= P X98 x 19+ 2300 0.04577 
0.12 
= 8.72 m/s Ans. 


(a) From work energy theorem, 
Work done by all forces = Change in kinetic energy 


— [ake = ke? 
m 


Substituting the values we have, 
_ P x 20 x 0.25 — 40 x 0.25 x 0.25 


0.5 


= /15 m/s = 3.87 ms Ans. 
(b) From conservation of mechanical energy, 
B= Ey 
or —mv; + 1? at + 
2 2 
2 
mv; 
or xp = +x 
k 
0.5 x 15 
my eka (7) 2 
40 
= 0.5 m (compression) 
Distance of block from the wall 
= (0.6 — 0.5) m 
=01m Ans. 


. Circular Motion 


INTRODUCTORY EXERCISE 


1. Direction of acceleration (acting towards centre) 
continuously keeps on changing. So, it is variable 
acceleration. 


2. In uniform circular motion speed remains constant. 
In projectile motion (which is a curved path) 
acceleration remains constant. 


~V~ 20" yp 


3. (a) a, At 
oe R10 
At t=l1s,a,=4 cm/s” Ans. 
d 
(b) a, = & =2 cm/s" Ans. 
dt 


() a= a? + a? = 4" + QY 


= 21/5 cm/s” Ans. 
4. v,, == V2R T/4 
t (T/4) 
_ 4J2R 
(2nR)/v 5 
ae 22 Ans. 
v T 
5. (Rw) = Ra 
wo” =a 
or (at) =a 
ae en 
va V4 
=0.5s Ans. 
6. a, = OY 282 
dt 
a ary _ 84 
eR SA FT 
Att=35, 


a, = 24 m/s” 


a, = 24 m/s” 


tan@=“=1 


a, 


0 = 45° Ans. 


B 


7. (a) a, =acos 30° = (25) “S 


= 21.65 m/s” Ans. 


N 


~ 


> 


2 


(b) a, =— = v= Jar 
or v = (21.65) (2.5) 


= 7.35 m/s Ans. 


(c) a, =a sin 30° = (25) (5) 12.5m/s? Ans. 


INTRODUCTORY EXERCISE 
18 
v= = =5m/s 
18 
5 2 
tan 0 = aa er 
Rg 10x10 4 
6 = tan! (7) Ans. 
4 
v= HRg 
ees 
gR 10x10 
= 0.25 Ans. 
v =,/Rg tan @ = ./50 x 10 x tan 30° 
=17m/s Ans. 
a#0 => F,, =ma#0 


net 
Hence, particle is not in equilibrium. 


If he applies the breaks, then to stop the car in a 
distance r 


O=v* -2ar 


2 


v wed : : 
. a= - =minimum retardation required. 
r 


(by friction) 
If he takes a turn of radius r, the centripetal 
acceleration required is 
3 


(provided again by friction) 


v 
b=— 
7 


Since a, < a, it is better to apply brakes. 
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6. 7 
) 
to 5: 
e 4 
Ty 3 
mg 
T, cos @ + T, cos 8 = mrw* 


@ = (2nT) 
Here, n = number of revolutions per second. 
Substituting the proper values in Eq. (i), 


200 x (2) +T,x (2) = (4)(3)(2nn)? 


5 
or 600 + 37, = 240 n’n? 
Further, 7,sin®@=7, sin® + mg 
or 200xt=7,x 414410 
5 = 
or 800 = 47, + 200 


Solving Eqs. (ii) and (iii) we get, 
T,=150N and n=0.66 rps 
= 39.6 rpm 


2 
mv 


7. (a) mg-N,= zi 


Ny 
No 
mg 
mg 
mg _ mv 
or mg — mg = ae 
mv" _ mg _ 16KN _ kN 
R 2 


2 


mv m 
Now, N,-—mg =—— or N,=mg + — 
2 S R 2 gs R 


=m jE oy, 
Ss 72 Ss 


= 5 (16 kN) = 24 kN 


2 
mv 

or N =mg —- 
2 R 


2 
mv 

b) mg-N = 
(b) mg 7 


0=mg —- 


Vmax = ¥gR = 4/10 x 250= 50 m/s 


i) 


ii) 


iii) 


Ans, 


Ans. 


i) 


mv 
(c) Eee aa 


2 
v 
v=m[ +=] 


3 
_ 16x10 fio 2500) 


10 250 
= 32x10°N =32kN Ans. 


INTRODUCTORY EXERCISE 


» (a) String will slack at height h,, discussed in article 


10.5 where, 


2 
gal ="R (as u’ = 4gR) 
3g 3 


v =u’ —2gh, = |4gR —2g x SR 


a 
=,|<eR 
a 


h= 


» (a) Velocity becomes zero at height /, discussed in 


article 10.5 where, 


Now, hy = R (1—- cos 8) 


= =Rd cos 0) => 0 = 60° 


(b) T = mg cos 8 = “Sat 6 = 60° 


. (a) v =u’ —2gh = J 7gR —2g(2R) = /3gR 


2 
mv m 
b) T + mg = —— = —(mgR 
(b) Ses Ps 
T =2mg 
mu? 


m 
c) T —mg =—— = —(7eR 
(c) aaa nO 


T =8mg 


F h=1— 108 60° = 5 =2.5 m 


<q 


i 
Yo 


vp = J2gh = 2x 9.8x 2.5 =7 m/s Ans. 


Exercises 


LEVEL 1 
Assertion and Reason 
2. AtoB S=J2R 


and = |Av|=4/v? + v? — 2v-v cos 90° 
=v2v 
|Av| V2v 


Average acceleration = —— = —— 
t t 


and average velocity = 


F wv 
The desired ratio is Q =O 


3. Direction of acceleration keeps on changing. So, it 
is variable accelration. Further, it is accelerated so it 
is non-inertial. 


4. v v 


v=constant vis increasing 


Vv 


vis decreasing 


In first figure, v-a=0 
In second figure, v- a = positive and 
In third figure, v- a = negative 
Further, @ and v are always perpendicular, so 
@-v=0 
5. Component of acceleration perpendicular to 
velocity is centripetal acceleration. 
v v _ (2) _ 


a,=— or R=— 
R a. 2 


c 


2m 


6. At A 
Tangential acceleration is g. Radial acceleration is 
2 


Vv 


Rr 


7. AtAandC, v= 0. Therefore, radial acceleration a 


10. 


TA. 


2 


is zero. But tangential acceleration g sin® is 
non-zero. 


For t<3sec, speed is negative which is not 
possible., 

In circular motion, a # constant, so we cannot apply 
v=u + atdirectly. 


In vertical circular motion, gravity plays an 
important role. 


<>) 


mg 
i) 
N cos® =mg 
=> N =mg sec® 
2 
and N sing = 
R 


Weight (plus normal reaction) provides the 
necessary centripetal force or weight is used in 
providing the centripetal force. 


Single Correct Option 


1. 


2. 


4. 


Magnitude of tangential acceleration is constant but 
its direction keeps on changing. 


At® = 180°, |AP| = 2 mv = maximum 
At ® = 360°, |AP| = 0 = minimum 
h=1-I1cos9=/(l—cos8) 


v? = 2gh = 2g] (1— cos ®) = Ve ox 
| ; mv" = mgl (1— cos ®) Ans. 


max 


Rod does not slack (like string). So, minimum 
velocity at topmost point may be zero also. 
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5. T 
u 
mg 
mu my 5gR y 
T -—mg= = 
R R 
s T =6mg Ans. 
2 
6. > =a,=a (Here, a, = asay) 
or (aty’ =a 
R 
= fe = PP mas Ans. 
a 2 


7. cos (d®) components of 7 are cancelled and 


sin (d®8) components towards centre provide the 
necessary centripetal force to small portion PQ. 


27 sin (d®) = (mpg) (R) @* 
For small angle, sin d@ = d® 
(20) (R) (2nn) 


2r de =| 
21 

T =2n mn’R 
Substituting the values we get, 


T = (2m) (2m) (300/60) (0.25) 


= 250N Ans. 
2 
8. — =umg 
v= Rg =,/0.3 x 300 x 10 
= 30 m/s = 108 km/h Ans. 
9. T cosO =mg ...(i) 
T sin 9 = mr” = m (1 sin 8) 0” (di) 


Solving these two equations we get, 
cos 8 = * = = 
la” 1 (2mn) 


10 


=—_____ (/=1m) 


2 
E x =| 
T 
8 = cos! (5/8) 


10. T mg  0.1x10 BN 
cos 8 5/8 5 


11. f=ma=ma+a@ 
=m.(Ra) + (Ro?) 


=m (Ray +[R@ YP 


Ans. 


Ans. 


2. 
= 0.36 x - (0.25 x ;) + [os E x 2 


=50x10°N 
=50uUN 
12. v? =2gh 
” 
Vv 
mg 
2 
fongS 
1 
or T= eps we 


Ga 
=mg re 


Ans. 


Ans. 


13. (, —@,)t=2n 


ee 2n 21 
@,-@, (2n/T,)— Q2/T)) 
T,T, _ 3x1 
T,-T, 3-1 
=1.5 min Ans. 
“4229 Ans 
doc vt 2 4 
Subjective Questions 
1. a,=8 m/s" 
2 2 
po a OY L510 nis? 
R 
a= Va; + a; = 9.5 m/s* Ans. 
2. uN 
mg 
N =mRo* Ai) 
uN = mg (ii) 
From these two equations we get, 
o= |& 
UR 
zu 4.7 rad/s Ans. 
0.15 x 3 
2 2 2 
3. aa” => Re” (u cos 8) ‘Ane 
R a g 


In critical case, normal reaction on inner wheel NV; 
will become zero. Normal reaction on outer wheel 
N,=mg. Friction will provide the necessary 
centripetal force. 


Chapter 10 Circular Motion e 597 


Taking moment about C 


N, @=f “™ 
2 
mv 

or mg)x =| —|h 
(mg) (* 
h 

_ [9.8 x 250 x 0.75 
15 
= 35 m/s 


5. Let @ be the angular speed of rotation of the 


bowl.Two forces are acting on the ball. 
pa 


1. normal reaction NV 
2. weight mg 


The ball is rotating in a circle of radius r(= R sin a) 
with centre at A at an angular speed @. Thus, 


N sin & = mro* 
= mRo” sina ssa(1) 
and N cos & = mg .. (il) 
Dividing Eq. (1) by Eq. (11), we get 
1 _@R 
cosa ge) 


& 
R cosa 


oO= 


6. R=Lsin®@ 


T sin® =mRo? =m (LZ sin 8) wo 
T =mLo”’ 
Now, 7 cos0=mg 
mg omg _ g 
T mLo’ Lo? 
Hence proved. 


cos 8 = 
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7. 22 jee = 07s 
g 9.8 


Horizontal distance x = vt 


_x_ 10 
¢ 077 
=13m/s 
_¥ _Usy 
~F 15 
= 113 m/s” Ans. 


8. (a) The frictional force provides the necessary 
centripetal force. 


mL = umg 
or O= ak 
L 


(b) Net force of circular motion will be provided by 
the friction 


@ =o ea(i) 


Foat = my a; + ae 
lung = my (La)? + (Lw’) 


a, = Lo and a, = Lo’ 


.. (11) 
Here, 


Substituting @ = ot in Eq. (ii) we have, 


ug = qi + Lait 


1 


ue? Ea? 4 
Dat 


Substituting the value of ¢ in Eq. (i) we have, 


-ee)--} 


9. Ncos@ = mg 


mg 
Kr 
N sin @ = mro* 
=m (Rsin 8) w” 

Dividing these two equations, 
g : 

.- (1) 
a 


we get cos 8 = 


= g 
Rcos8 


At lowermost point, 8 = 0° 


®=,|/= 
R 


Substituting @ = ,/2g/R in Eqs. (i), we have, 


cos § = . 
2 
6 = 60° Ans. 
10. (a) ar ¥e 


T = myn’ = (2) (2) (4) = 64 N 
Centripetal force required to 1 kg block is 


1 kg 
T=64N 
f=48N 
F.=m,7, 0 = (1) (I) (4 =16N 


But available tension is 64 N. So, the extra force 
of 48 N is balanced by friction acting radially 
outward from the centre. 


(b) fax =bg =0.8x1x10=8N 
2kg T T 1kg 8N 


=< oes 
(Mp f2 0?) — (MF @?) 


T =mn@ = (2) (2) 0 =4 w wi) 

T —8=m, 7,0° = (1) (1) @*) =o" ...(ii) 
Solving Eqs. (1) and (ii) we get, 

@ = 1.63 rad/s Ans. 


(c) T=m, 4 wo 


2kg T 
—-> M lr wo? 
100 = (2) (2) w* 
or @=Srad/s 
11. v’=vo + 2gh= (0.5 Jer)? + 2gr (1— cos 0) 
= (2.25 gr — 2gr cos 8) 
At the time of leaving contact, N = 0 
2 
*, mg cos8 = aS 2.25 mg — 2 mg cos 9 
i 


eee == 
3 4 


6 = cos! (3/4) Ans. 
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LEVEL 2 
Single Correct Option 
1. E,=Es 
5 my => x 200% 13-7) (m= 2kg) 
vy = 60 m/s 
ee mv2— (2) (60! 
i Ms = Até4, N=—45 =1440N Ans. 


2. Let us see the FBD with respect to rotating cone 
(non-inertial) 
N 


F = mRo? = centrifugal force 


mg 


N, F and mg are balanced in the shown diagram. If 
displaced upwards, F' will increase as R is increased. 
This will have a component up the plane. So, it will 
move upwards. Hence, the equilibrium is unstable. 
v= 5.66 m/s 3. ung = mRo 

- - @? = 18 - W/3)g _ 48 
Pret = V25 mg) + (mgy + (2) (2.5 mg) (mg) cos 150° - R Sa/4 l5a 
= = mg 4 


net 


yee = SE = 1.7 g = 16.75 m/s” Ans. 4, av = 2gh _ 2gR (I= cos 6) 
eR R R 
Given, a4 = ap 
ee sin 8 =2—2cos0 
Squaring these two equations we have, 
sin’ 6 = 4 + 4 cos” 8 — 8 cos@ 


or 1l—cos?@=4 +4 cos? 6-8 cos® 


Ans. 


» d4=gsin® 


13. v=1+2gh=vh5+2gR sin® 


On solving this equation, we get 


3 7 
ONES or 8=cos ! (3/5) Ans. 
=(5° +2x10x2sin@ 
= (25 + 40 sin 8) 


5. At the time of leaving contact 


2 


Now, 2 mg — mg sin @ =" 
or 2g - as” 
S—-8 R 

25 + 40 sin @ 


or 2x10-10sin0 = 5 


Solving this equation we get, 
.-1(1 

6 =sin! (3) Ans. 
4 
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2mr _ (2m) (0.5 
o\ ethos) jp OS) 
2h 4 T 1.58 
cos 8 =— = 
R f Fy 
On solving this equation, we get 2 
{5 
cos@=5/6 or @=cos” (2) Ans. mg 
6. hy, = R cos 37° — R cos 53° 
VB 
B a 
=2m/s 
7, Fy =e 100 N 
N 
‘ ga ae ey 
g a, = radial acceleration r 0.5 
-~08R—0.6R Net force by rod on ball 


=0.2R =F) + F=128N Ans. 
Vp = 2ghyn = 04gR 10. +=T 


2 
0.4 gR 
a, = g cos 37° = (0.8g) = a Te 2, 2H _ 2m 
7 . ‘| 


I 


g 0) 
r= radius of curvature at B 5) 
R . @ =2n i= = j-2 Ans. 
== 2H H 


2 
7. At the time of leaving contact at P, 11. @t— aot = 2n . 
=> U ae t= i 
0, —, 
Hf _ 20 
(2n/T,) — (20%/T>) 
_ Nh 
Ip =F; 


_ (3600) (60) 
~ (3600) — (60) 
mg 3600 

= Ss 


— Ans. 
N =0 o ; 
mv? m(w + 2gh) 12. Particle breaks off the sphere at cos 8 = — 
mg cos 9 = 0 = 2 3 
2 
uo + 2g (a/4) 
3a/4) = ——>——_ 
g GBa/4) : 
u= 1 Ans. 
2 
8 v _4 
ep . ; oe : 
a 5 The tangential acceleration at this instant is 
ana = g sin @ = g,/1— cos” 0 
7 
2m 4 5 
P=mv=— Ans. = g,/1-—=—_ Ans. 
my ar g os g 


13. u=./5gR 


v? =w —2gh = (5gR) — 2eR 


=3gR 
v 
a,=—=3 
rR & 
a, =& 
a= a+ a 
= gv10 
14. N =mRow’ 
uN 
mg 
uN = mg 
From these two equations. we get 
ae. 1 
Be Ror 
10 
2% (5 
15. h=Rcos0 


Vertical component of velocity is, 
V=Vo sin® 
= sin 0,/2gR cos 0 
For v to be maximum 
d 
av 5 
d® 


16. 
Ans. 
Ans 
17. 
18. 
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-. [cos® J2gR cos @ | 
x sin 8 
2,/2gR cos @ 
4gR cos’ —2gR sin’@ = 0 
or 2cos*@—(1—cos*@)=0 


(-2gR sin 0) =0 


or cos 8 = es 
V3 
6 =cos! (=) Ans. 
3 
a, = a, 
dv v 


—= (v = speed) 


or 
vow ™R Rvo 
R 
ai SO 
R-— vot 
dx = Rvo (x = distance travelled) 
dt R-vot 
x t 
or | dx = | tM dt 
4 ‘ R-—vot 
1 t 
x = Rvy| -—|[In (R - vo], 
Yo 
t 
=-Rin (1 = “¢) 
R 
l Volt —x/R 
R 
R = 
oF t=t=—(1- ey 
Vo 
Putting x = 27R, we get 
t= R (l-e°") Ans. 
Vo 


If u>./5gl, then T and a are in same direction. 
Hence, T - a is positive. 
Ifu=/5gi, then T = 0 
we T-a=0 
At lowest point T and a are always in same direction 
(towards centre). 

T-a is always positive. 
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More than One Correct Options 


1. Radial acceleration is given by, 


=4------O 


3 ee 


by |<. 


At A, speed is maximum. 

Therefore, a, is maximum. 

At C, speed is minimum. 

Therefore, a, is minimum. 

Tangential acceleration is g sin 0. 

At point B,@ = 90°. 

Therefore, tangential acceleration is maximum 


(= g). 
m uw 


2. T+ mg=—— 


u 


mu 
2mg+mg= a 


or u=/3gl 
v=w +2 gh=3el + 2g (21) 
=7gl 
3. R=hcota 


N cosa =mg 


- 
: mv 
N sin o = — 


Solving these two equations, we get 


v=./Rg tana 


=./(A cot o) (g tan a) 
= gh 


Now, 
T= 2mR _ 2n hcota 
_ age 
h 
= 20 fi cot a 
g 
Towvh 
and T « cot a 
. Ncos0=mg ..-(1) 
N sin ® = mRo” .. di) 
From Eq. (i), 
N=—~8 = constant 
cos 
as 6 = constant 


Net force is the resultant of N and mg and both 
forces are constant. 


Hence, net force is constant. 


O= g tan0 
R 
But R= i 
tan 8 
O= = tan 8 
h 
or @ « “2 (8 = constant) 
vh 
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Comprehension Based Questions ) a, = v 7 v 
1. AU =AU,,4 + AU pan Rol ; a, 
! = OY = 100 m/s? 
= Mg 5 + mgl I 
M a,=g=10m/s* 
=|—+m| gl Ans. 
( 2 )s BA a= Ja +a = 
2. 0=~ = 100.49 m/s? 
: mv? (1) (10) 
Now, decrease in rotational kinetic energy (c) T= TT = =100N 
= increase in potential energy ) 
1 M (d) a =g=10m/s 
510? = (Sm) a 


3. Maximum velocity is at bottommost point and 
minimum velocity is at topmost point. 


Vieig + 2g QL) 2 


Umin 1 


On solving, we get 


gL 
Unin = 2 3 Ans. Atl S, 

a, =2 m/s” 

[sz ; , 

4. ray = 2 Unin = 37 a, =2 m/s’, 

1 3 8mgL v=2m/s 
K =— = Ans. 
a cs 3 ns and @ = 1 rad/s 
5. v= fui — 2g (L) (a) a- v=av cos 45° 
= (2¥2) (2) (V2) = 4 m?/s? 
(b) |a X @| = a@ sin 90° 
= = (2V2) (1) (1) = 2V2 m/s? 
[net (c) v-@=0as 60 = 90° 
tina ve (d) |vxa|=vasin 45° = 4 m?/s° 
2 
mv 
= SH 2g1 = ro 3. fae 
3 3 
Ps 
Match the Columns i 

1. (a) v=4w —2gh =./12¢1 — 2¢/ With increase in speed f will increase but 5 will 


= /10g/ = 10 x 10x 1 =10 m/s Ans. remain same. 
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Av 
(©) lay |= 
N, Cc No 
_ (3 +yP- 2v,v; cos 90° 
(T/4) 
_ 4v2v awe 
f=mv7/R a (as v; = vy =v) 
- (4V2) v_ 2/2? 
mg (2mR/v) ™R 
Further, with increase in the value of v, friction f = xf m/s” 
will increase. Therefore, anticlockwise moment of > 
f about C will also increase. Hence, clockwise (dd) S=J2R= V2 (=) 
moment of NV, should also increase. Thus, NV will u 
increase. But V; + N, = mg. So, N, will decrease. 2/2 
4. r=|r|=/G) + (4 =5m Sgr 
| 2 
oasis Subjective Questions 
2: 
a, =|al|=y36+5 1. (a) Applying conservation of energy 
In uniform circular motion, v is always a isn 
perpendicular to a. nee 3” (y3tg) 
os v-a=0 3L 
or —24 -ab=0 - ears me 
: ab = 24 (i) (b) Since, ./3Lg lies between ,/2Lg and ,/5Lg, the 
2 
g225 string will slack in upper half of the circle. 
a. Assuming that string slacks when it makes an 
2 angle 6 with horizontal. We have 
pag = ii) w? 
mg ea ... (i) 


Solving these two equations, we can find the values 


of aand b. y= (/3gL = 2¢L (1+ sin 8) .. (il) 


(d) r, i lie in Sams plane. But vxa is Solving Hig, (Gjaad Ba. Lili we wet 
perpendicular to this plane. 


rivxa sin 8 = 3 
or r:-(vxa)=0 F a! 
5. (a) Since, speed = constant a ee 
Average speed = this constant value = | m/s. Maximum height of the bob from starting point, 
(b) Average velocity = al TA Vv a, 
_V2R 
T/4 
4J2R O h=L(1+sin 6) 
~ QnR/v) 
- 4/2 u 
2n v sin? (90° — 6) 


_ 2V2 H=L(1+sin®@)+ 
=—— m/s 2g 
T 


=—L Ans, 


Note Maximum height in part (b) is less than that in 
part (a), think why? 
2. h=0.8 sin 30°=0.4m 


v= 2gh 


(a) Just before, 
2 
T, — mg sin 30° = ae (R, = 0.8 m) 
1 


_mg im (2g) (0.4) 


T, 
2 0.8 
= Sms Ans. 
2 
(b) Just after, 
my? 


T, — mg sin 30° = (R, = 0.4 m) 
2 


_mg im (2g) (0.4) 


i 
ane 0.4 
or T, = ome Ans. 


3. h=I(1—cos 0) 
v= ve — 2gh = 3gl — 2gl(1— cos 0) = gi(1 + 2 cos 8) 


At 45° means radial and tangential components of 


acceleration are equal. 
y) 


v ‘ 
—=gsin0 
] g 
or 1+ 2cos@=sin 0 
Solving the equation we get,@ = 90° ort Ans. 


2 
4. Banking angle, 6 = tan”! (=) 
Rg 


36 km/h = 10 m/s 


6 = tan! Ns 27° 
20 x 9.8 
Angle of repose, 


6, = tan”! () = tan”! (0.4) = 21.8° 


Since 0 >@,, vehicle cannot remain in the given 
position with v = 0. At rest it will slide down. To 
find minimum speed, so that vehicle does not slip 
down, maximum friction will act up the plane. 


To find maximum speed, so that the vehicle does not 
skid up, maximum friction will act down the plane. 
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Minimum Speed 


Equation of motion are, 
Ncos@+ UN sin 0 = mg ..- (4) 
N sin 8 —LN cos 8 = Vinin ..-(i1) 
Solving these two equations, we get 
Vin = 4.2 m/s Ans. 


Maximum Speed 
Equations of motion are, 
Ncos®@—UN sin 8 =mg .. (iil) 


N sin@ + pN cos 8 =F . (ly) 


max 


Solving these two equations, we have 
Vinax = 15 m/s Ans. 


max 
5. Let vbe the velocity at that instant. Then, horizontal 
component of velocity remains unchanged. 


Vv 
6/2 


g 
8 ucos@ 
vcos—=ucos0 or v= 
2 8 
cos — 
2 


Tangential component of acceleration of this instant 
will be, 


a, = g cos (1/2 + 8/2) =— g sin 8/2 
a, =a’ - a = gg sin? S 


= ae 
2 2 
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. v 
Since, a, =— 
R 
y) 
u cos 8 
8 
0) cos — 2 P) 
v u’ cos’ 8 
or R=—= 2 = Ans. 


An oe cos® : 
z & 2 


6. Afters  v=u+ar=20i+10j, 
v = /500 m/s = 10/5 m/s 
a=-10j 
ad, =a cos® 
a-v_ —100 
vy 10V5 
=— 24/5 m/s” Ans. 
= fa? — a? = /ao0y — 25)? 
a, = a, = ( ) ( ) 
= /80 m/s’ = 4/5 m/s” Ans. 
2 [ay2 
An 4/5 
7. (a) Force diagrams of m, and m, are as shown 
below 
Seg 
—— 


(Only horizontal forces have been shown) 
Equations of motion are 
T + umg = m Ro ... (1) 
T -umg = mR” .. (ii) 
Solving Eqs. (1) and (ii), we have 
2m 
(m : mR 
Substituting the values, we have 
Oynin = 6.32 rad/s Ans. 
(b) T = mRo* +um,g 
= (1) (0.5) (632) + (0.5) (2) (10) 
= 30N Ans. 
8. Speed of bob in the given position, 
v=./2gh 
Here, h=(400+ 400 cos 30°) mm 


= 746 mm = 0.746 m 
v=./2 x 9.8 x 0.746 = 3.82 m/s 


Tsin 30° 


T Tcos 30° 
mv 
Now T —mgcos0= : 
7 =2X9.8x cos 30° + 2% G82)" 
(0.4) 
or T=90N 
R=T sin 30°=45N Ans. 
T’ =T cos 30° 
9. Speed of each particle at angle 0 is, 
v=/2gh (from energy conservation) 
where, h=R(1—cos 8) 


v=./2gR(1— cos 8) 


2 
N + mg cos@ = 
R 


or N + mg cos 9 = 2mg(1— cos 0) 


or N = 2mg — 3mg cos ® ...() 
The tube breaks its contact with ground when 
2N cos®@ > Mg 
Substituting, 2N cos@ = Mg 
or 4mg cos 8 — 6mg cos’ 0 = Mg 
Substituting, 8 = 60° 
2mg — ic Mg 
2 
or M = e Ans. 
m 2 
Note Initially normal reaction on each ball will be 


radially outward and later it will be radially 
inward, so that normal reactions on tube is 
radially outward to break it off from the 
ground. 
10. At distance x from centre, 
Centrifugal force = mx oo 


. Acceleration a = x 0” 


dv = 2 
Vv. 


or .— =x 
dx 


11. 


12. 


v itt E 
or Jy dv=@ Jz dx 
2 2 
v (0) 2 2 
or —=—(-a 
Wek fi ) 
or v= of? - a Ans. 
ye™ 
R 
(== pnv* 
i R 
Retardation a= Sra. 
m 
_ pv? 
R 
fae 
t R 
v dy lu rt 
or —>=-—| dt 
I, v R-0 
or y=—_“0 : Ans. 
fy Etot 
R 
Let R be the radius of the ring 
h= R(1— cos @) 
v’ = 2gh = 2gR(1— cos @) 
2 
Sens mg cos 9 
R 
or N =2mg(1— cos 8) — mg cos ® 


N =2mg — 3mg cos ® 


In the critical condition, tension in the string is zero 
and net upward force on the ring 


F =2N cos@ = 2mg(2 cos @ — 3 cos” @) ses (il) 
F is maximum when ee 0 
de 
or —2 sin 8 + 6 sin 8 cos8 =0 


1 
or cos 8 =— 
3 


13. 


14. 
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Substituting in Eq. (1) 
1 1 2 
Fix =2mg|2x—-3x—|=—m 
. ( 3 5] 3 . 


max 


Fax > Mg 
2 
or 3 mg > Mg 
3 
or m> 5 M Hence proved. 


Minimum velocity of particle at the lowest position 
to complete the circle should be ./4.gR inside a tube. 


So, u=.4gR 
h=R(1— cos 8) 
a) 
vi =u’ —2gh 
or v= 4gR — 2gR(1- cos 8) 
= 2gR(1+ cos 8) 
or v= 2gR (2 cos” .) 


or v=2,/gR coe 
2; 
From ds=v-dt 
We get RdO@=2/gR 008 5 di 
1 |R pw2 ce) 
or [a= =f" sec | — | dO 
0 2\g "0 2 
ein(=se3)], 
or t= _|/— | In] sec — + tan — 
Vg 2 2/1 
R 
or ae (1+ V2) Hence proved. 
& 


At position 0, 
v= Vo” + 2gh 


where, h=a(1— cos 8) 
v’ = (,/2ag)° + 2ag(1— cos 0) 
or v? = 2ag(2 — cos @) (i) 
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15. 


nN 


N + mg cos0= — 
or N + mg cos 0 = 2mg(2 — cos 0) 
or N =mg(4 —-3 cos 8) 
Net vertical force, 
F=N cos0+ mg 
= mg(4 cos 8 — 3 cos” 6 + 1) 


This force (or acceleration) will be maximum when 


aF _9 
d0 
or —4 sin 8 + 6 sin 8 cos8 =0 
So, either 
sin 8 = 0, 
6=0° 
2 
or cos0=-, 
3 


6 =cos! (=) 
3 


6 = 0°is unacceptable 
Therefore, the desired position is at 


6 =cos! (5) Ans. 


(a) Let v, be the velocity of mass relative to track at 
angular position 0. 


From work energy theorem, KE of particle relative 
to track 


= Work done by force of gravity + work done by 
pseudo force 


; mv? = mg(1—cos8)+ m (72) sin 8 


4g. 
-_ V7 = 2g(1~ cos 8) + —* sin 6 .. (i) 


Particle leaves contact with the track where N = 0 


sin 0 
~+#—>| 


2g). 
or mg cos®—m @ sin 8 = mv, 


2g. 4g. 
or g cos 8 ~~ sin @ = 2g(1 — cos @) + ~~ sin 8 


or 300s -C sin @ =2 


6 = 37° Ans. 
(b) From Eq. (1), we have 


Solving this, we get 


vy, = pst — cos 8) + os sin 0 


or v, = 2.58 m/s at 8 = 37° 
Vertical component of its velocity is 
v, =v, sin 0 


=2.58x2 
5 
= 1.55 m/s 
Now, 13= 1.55¢+ 57 ie s=utt+ ; &*] 
or 5t + 1.55t-1.3=0 
or t=0.38s Ans. 


JEE Main and Advanced 


Previous Years’ Questions (2018-13) 


1. 


JEE Main 


The density of a material in the shape of a 
cube is determined by measuring three 
sides of the cube and its mass. If the 
relative errors in measuring the mass and 
length are respectively 1.5% and 1% , the 
maximum error in determining the 
density is 
(a) 2.5% 


(2018) 


(b) 3.5%  (c) 4.5%  (d) 6% 


All the graphs below are intended to 
represent the same motion. One of them 


does it incorrectly. Pick it up. (2018) 
Velocity Distance 
(a) ——reaten (b) |/<—<§ me 
Position Velocity 


(c) [me (d) A. 


Two masses m, = 5kg and m, = 10kg 


connected by an inextensible string over a 
frictionless pulley, are moving as shown 
in the figure. The coefficient of friction of 
horizontal surface is 0.15. The minimum 
weight m that should be put on top of m, 
to stop the motion is (2018) 


ca 
Mel 


{T 
m4 
mg 

(a) 18.3 kg (b) 27.3 kg 

(c) 43.3 kg (d) 10.3 kg 


4. 


7. 


A particle is moving in a circular path of 
radius a under the action of an attractive 


potential U = - —.. Its total energy is 
. (2018) 
k k 
a) -—~ b) —— 
2 4a’ oe 
3k 
c) zero djs" 
(c) (d) Da 


In a collinear collision, a particle with an 
initial speed vu, strikes a stationary 
particle of the same mass. If the final 
total kinetic energy is 50% greater than 
the original kinetic energy, the magnitude 
of the relative velocity between the two 


particles after collision, is (2018) 
Yo b) V2 c) “o d) Yo 
aT (b)V2y, (e) > Sar 


A particle is moving with a uniform speed 
in a circular orbit of radius RA in a central 
force inversely proportional to the nth 

power of R. If the period of rotation of the 


particle is 7, then : (2018) 
(a)T « R°? foranyn — (b)T « R2 
(c)T « Rint? (d) T « RR"? 


A body is thrown vertically upwards. 

Which one of the following graphs 

correctly represent the velocity us time? 
(2017) 


' f 
V Vv 
(a) (b) = 
A 
Ln. 


8. 


10. 


11. 


A body of mass m = 10°°kg is moving ina 
medium and experiences a frictional force 
F =~ kv’. Its initial speed is vy, = 10 ms”. 


If, after 10 s, its energy is 1/8 mu,, the 


value of k will be (2017) 
(a) 10° kgs"! (b) 10% kgm! 
(c) 10" kgnv's! (d) 10° kgm! 


A time dependent force F' = 6¢ acts ona 
particle of mass 1 kg. If the particle starts 
from rest, the work done by the force 
during the first 1 s will be 


(a) 22 J (b) 9J (c) 18J 


(2017) 
(d) 4.5 J 


A point particle of mass m, moves along 
the uniformly rough track PQR as shown 
in the figure. The coefficient of friction, 
between the particle and the rough track 
equalsu. The particle is released from 
rest, from the point P and it comes to rest 
at a point R. The energies lost by the ball, 
over the parts PQ and QR of the track, are 
equal to each other, and no energy is lost 
when particle changes direction from PQ 
to MR. The values of the coefficient of 
friction u and the distance x 


© QR), are respectively close to (2016) 
_P. 
h=2am 
| 309 R 
ad 
Horizontal ————>Q 
surface 


(a) 0.2 and 6.5m 
(c) 0.29 and 3.5 m 


(b) 0.2 and 3.5m 
(d) 0.29 and 6.5 m 


A person trying to loose weight by burning 
fat lifts a mass of 10 kg upto a height of 1 m 
1000 times. Assume that the potential 
energy lost each time he lowers the mass is 
dissipated. How much fat will he use up 
considering the work done only when the 
weight is lifted up? Fat supplies 3.8 x 10’ J 
of energy per kg which is converted to 
mechanical energy with a 20% efficiency 
rate. (Take, g= 9.8 ms”) (2016) 
(a) 2.45 x 10° kg (b) 645 x 10° kg 

(c) 989 x 10° kg (d) 12.89x 10° kg 


12. 


13. 


14, 


15. 
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The period of oscillation of a simple 
pendulum is 7’ = 27 ./L/g. Measured 


value of Lis 20.0 cm known to 1 mm 
accuracy and time for 100 oscillations of 
the pendulum is found to be 90 s using a 
wrist watch of 1s resolution. The accuracy 
in the determination of g is (2015) 


(a) 3% (b) 2% (c) 1% (d) 5% 


Two stones are thrown up simultaneously 
from the edge of a cliff 240 m high with 
initial speed of 10 m/s and 40 m/s, 
respectively. Which of the following graph 
best represents the time variation of 
relative position of the second stone with 
respect to the first? 

(Assume stones do not rebound after 
hitting the ground and neglect air 


resistance, take g = 10m/s’ ) (2015) 


Given in the figure are two blocks A and 
B of weight 20 N and 100 N, respectively. 
These are being pressed against a wall by 
a force Fas shown in figure. If the 
coefficient of friction between the blocks is 
0.1 and between block B and the wall is 
0.15, the frictional force applied by the 


wall in block B is (2015) 
Af; A fo 
F R 
—> A R—> B \<——_R 
+ | 
In = 20N fl We = 200N 
(a)100N (b)120N (c)80N_ (d)150N 


The current voltage relation of diode is 
given by I = (e'°°”’" — 1) mA, where the 
applied voltage V is in volt and the 
temperature Tis in kelvin. If a student 
makes an error measuring + 0.01 V while 


Previous Years’ Questions (2018-13) 


16. 


17. 


18. 


» (Cc)... Density, p= 


measuring the current of 5 mA at 300 K, 
what will be the error in the value of 


current in mA? (2014) 
(a) 0.2 mA (b) 0.02 mA 
(c) 0.56 mA (d) 0.05 mA 


A student measured the length of a rod 

and wrote it as 3.50 cm. Which 

instrument did he use to measure it? 

(a) A meter scale (2014) 

(b) A vernier caliper where the 10 divisions in 
vernier scale matches with 9 divisions in main 
scale and main scale has 10 divisions in 1 cm 

(c) Ascrew gauge having 100 divisions in the 
circular scale and pitch as 1 mm and pitch 
as 1mm 

(d) A screw gauge having 50 divisions in the 
circular scale 


From a tower of height H, a particle is 
thrown vertically upwards with a speed u. 
The time taken by the particle to hit the 
ground, is n times that taken by it to 
reach the highest point of its path. The 
relation between H, u and n is (2014) 
(a) 2gH =n*u* (b) gH = (n- 2)°u* 

(c) 2gH = nu’ (n- 2) (d) gH = (n- 2)? u* 

A block of mass m is placed on a surface 
with a vertical cross-section given by 
y=x°/6.If the coefficient of friction is 0.5, 


19. 


20. 


21. 


2 


the maximum height above the ground at 
which the block can be placed without 


slipping is (2014) 
(a) 1/6 m (b) 2/3m 
(c) 1/3m (d) 1/2m 


When a rubber band is stretched by a 
distance x, it exerts a restoring force of 
magnitude F = ax + bx’, where a and b are 
constants. The work done in stretching the 
unstretched rubber band by L is (2014) 


(a) al? + bL (b) 1/2(@L’ + bL’) 


2 a 2 3 
(c) alt + pL (d) (e+ =) 
2\ 2 3 


Let [€,] denote the dimensional formula of 


the permittivity of vacuum. If M = mass, 
L= length, T = Time and 
A= electric current, then 
(a) [e,] =[M'L° T? A] 

(b) [e,] =[M'L® T* A*] 

(c) [e,] =[M*°L TAS | 

(d) [e,] =[M'L? TA’) 

A projectile is given an initial velocity of 
(i+ 2j) m/s, where, iis along the ground 
and j is along the vertical. If g= 10 m/s’, 
then the equation of its trajectory is (2013) 
(a) y=x-5x?* (bo) y= 2x —5x* 

(c) 4y = 2x —5x? (d) 4y = 2x — 25x° 


(2013) 


Answer with Explanations 


Mass M M 

=_ or p=— 

Volume L$ Pe 

Ap _ AM , SAL 
p M L 


So, maximum % error in measurement of p is 


“P< 100 = “% x 100: SOL e406 


= Error in density 


or % error in density= 15+ 3x1 
% error = 4.5% 


. (b) If velocity versus time graph is a straight line with 


negative slope, then acceleration is constant and 
negative. 
With a negative slope distance-time graph will be 


parabolic (s =ut — zat’ 


So, option (b) will be incorrect. 


3. 


(b) Motion stops when pull due to m, < force of friction 
between m and m, and surface. 

> mg <u(m, + mg 

> 5x 10 < 015(10 + m) x 10 

> M2 23.33 kg 

Here, nearest value is 27.3 kg 

SO, Min = 27.3 kg 


» (C) .«. Force = — = 
dr 


: : d ( -k ) __k 
dr\2r? r 
As particle is on circular path, this force must be 


centripetal force. 


=> | F |= — 


2 
So, £ ela 
r r 
1 9 K 
> —mv* =—~ 
2 2r° 
.. Total energy of particle = KE + PE 
Sn Pe 
ar ar? 


Total energy = 0 


« (6) Momentum is conserved in all type of collisions. 

Final kinetic energy is 50% more than initial kinetic 

energy 

150 1 
x 


mve cull 
2 100 2 ° 0 


=> mvs 4 


Before collision 


m m 
After collision 
Conservation of momentum gives, 
mv, = Mv, + Mv, 
Vo =Vot Vy .. (ii) 
From Eqs. (i) and (ii), we have 
2 2 ph 
Vi + V5 4+ 2V,\V, = V5 


=> 2v,V, = —2 
2 
(Vv, —Vo)° = (Vv, + V2)° — 4V,V_ 
=2ve 
or Vi. = vV2Vv 


. (C) «. Force = Mass x Acceleration = mw°R 


and given, Fo 5 pS 
R° R° 
So, we have 
ae (22) 
R° T 
2 
=> T? 40 m 7 pre 
k 
nad 
= T«R 2 


« (b) Initially velocity keeps on decreasing at a constant 
rate, then it increases in negative direction with same 
rate. 


. (b) Given, force, F = — kv? 
. Acceleration, a = hy 
m 


av = a : av k eh 
at m Vv m 


or 


10. 


11. 
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Now, with limits, we have 


viv _ ik * oft 
10 \y? m 40 
> ( ;) = By 
Vo m 
= Jaq 
Vv m 
1 1 
> v= ae 
o14 “01+ 1000k 
m 
=> temxveatxye 
> ys 2s8 
2 
oat 2s 
0.1 + 1000 k 
> 1=0.5 + 5000k 
0.5 
> pS 
5000 
> k = 10% kg/m 
» (d) From Newton’s second law, ~ =F 
1 
> Ap =FAt = p= [dp= I, Fat 
> p= | 6tat =3kg (2) 
° Ss 
2 2 
Also; ak 222 = 3 =45 
2m 2x1 


So, work done = Ak = 4.5J 
(c) As energy loss is same, thus 
lumg cosé@ - (PQ) = wng - (QR) 


QR = (PQ)cosé 
> OR = 4x23=2/8 = 36m 


Further,decrease in potential energy = loss due to 
friction 
mgh = (wmg cosé)d, + (umg)d, 
mx10x2=p xmx 10x28 x4 
+uxmxi10x 2/3 
=> 4V3 pp =2 
1 

= —— = 0.288= 0.29 

2V3 
(d) Work done in lifting mass = (10 x 9.8 x 1) x 1000 


If m is mass of fat burnt, then energy 


=mx3.8x 10’ x 20 
100 


Y 


Equating the two, we get 


is 12.89 x 10° kg 
3.8 


Previous Years’ Questions (2018-13) 


12. (a) Time period is given by, T = a 


n 
T=2n[- 
g 


_ (4m*)L _ (4n*)(L) 
T? t ra 
(7) 

Percentage error in the value of ‘g’ will be 


AG 100 = [$=] «100 2 (7) 100 
g L t 


= 410042 x( : ) x 100=2.72% 
20 90 


Further, 


L 


= 28 
Le 


g 


.. The nearest answer is 3%. 


13. (b) 
10 m/s 40 m/s 


1 +ve 


240m 


Let us first find, time of collision of two particles with 
ground in putting proper values in the equation 


s=ut + J at 
2 


' 40 xt? 
2 


=> 240 = 10t, 


Solving, we get the position value oft, = 8 sec 


Therefore, the first particle will strike the ground at 8 sec. 


Similarly, —240 = 40t, - 5 x10xt2 
Solving this equation, we get positive value oft, 
=2S8 


Therefore, second particle strikes the ground at 
12 sec. 


If yis measured from ground. Then, 


from Oto8s y, = 240+ s, 


= 240 + u,t + Tay 
2 
or y, = 240+ 10-1 x 10xt? 
2 


Similarly, y, = 240+ 40¢ - ; x10 xt? 


> t, — y, = 30t 


14. 


15. 


16. 


.(Y> — Y;) versust graph is a straight line passing 
through origin 
Att = 8s, y. — y, = 240m 


From8sto12s y, =0 


> yp = 240+ 40t — 1x 10 xt? 
2 


= 240 + 40t - 5t 
(Vy. — y;)=240 + 40t - 5t? 


Therefore, (y, — y,)versust graph is parabolic, 
substituting the values we can check that att = 8 sec, 
Yo — y, is 240 m and att = 12 sec, y, — y, is zero. 


(b) Note It is not given in the question, best assuming 
that both blocks are in equilibrium. The free body 
diagram of two blocks is as shown below, 


Reaction force, R = applied force F 
For vertical equilibrium of A; 
f, = friction between two blocks = W, = 20N 


For vertical equilibrium of B; 
f, = friction between block B and wall 


W, + f, = 100 + 20=120N 
(a) Given, [= (eT — 1)mA,aV = + 0.01V 
T = 300K 
So [=e OT _ 4 
= [+ 1 = @00v/T 
Taking log on both sides, we get 
1000 V 
log(/ + 1) = ——— 
r 
On differentiating, 2” dv 
1+4 T 
af = Rx (+ 1) dV 
af = 100 , 5 + 1)x 001 
300 
=0.2 mA 


So, error in the value of current is 0.2 mA. 

(c) If student measures 3.50 cm, it means that there is 
an uncertainly of order 0.01 cm. 

For vernier scale with 1 MSD = — cm 


and 9 MSD = 10 VSD 
LC of vernier caliper = 1MSD — 1VSD 


-3 (1-2) 
10 10 
Zo cm= 0.01 cm 


100 


6 


17. (c) Time taken to reach the maximum height,t, = — 


x | 


Ift, is the time taken to hit the ground, then 


; 1 
ie. -H=ut, - gite 
But t, =nt, 
2,,2 
So, H y aU Lgoe 
g 2 g* 
Bie 
—y amy _ imu 
g 29 
=> 2gH = nu*(n - 2) 


u 
g 


[Given] 


18. (a) A block of mass m is placed on a surface with a 


vertical cross-section, then 


y 
m 
y 
| 8 >X 
3 
(5) _« 
tan® = dy es = x 
ax ax 2 
At limiting equilibrium, we get 
2 
u =tane > 0.5=~— 
2 
> Y~=1>5 x=+1 


3 
Now, putting the value of x in y = = we get 


When x=-1 
(-1)? _ -1 


6 6 


1 oe 
6 


19. 


21. 
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So, the maximum height above the ground at which 
the block can be placed without slipping is 1/6 m. 


(c) Thinking Process We know that change in 
potential energy of a system corresponding to a 
conservative internal force as 


U,-U,=-W=-f F-dr 
Given, F =ax+ bx? 


We know that work done in stretching the rubber band 
by Lis|qW | =| Fax| 


|W | = [\(ax+ bx?) ax =| aa 


L 


_fal? ax orl, foxk xt 
| 2 2 | | 3 3. | 


2 3 
“ij ee 
2 3 
« (6b) From Coulomb's law, F = mE 
4nme, R* 
€.= 192 
0 2 
4nFR 
Substituting the units, we have 
— CF _ [A ia 
* Nem? [MLT*] [L?] 
=[M"L°T‘A?] 


(b) Initial velocity = (i + 2j) m/s 


Magnitude of initial velocity, 


u = (1)? + (2)? = V5 m/s 


Equation of trajectory of projectile is 


2 
y = xtan@ — S75 (I+ tan’e) iano —— 7 =2| 


ue x 
10(x)° 2 
2 14+(2 
y=xx 3/5) [1+ (2)"] 
pg ie. 25 
2x5 
= 2x — 5x? 


JEE Advanced 


1. Two vectors A andB are defined as A = ai 
and B = a(cos oti + sin wtj), where aisa 
constant andw = 7/6 rads’. If 
|A +Bl= 3] A -B|at time t= t for the 
first time, the value of t, in seconds, is 

[Numerical Value, 2018] 


2. A spring block system is resting on a 
frictionless floor as shown in the figure. 
The spring constant is 2.0 Nm7'and the 
mass of the block is 2.0kg . Ignore the 
mass of the spring. Initially, the spring is 
in an unstretched condition. Another 
block of mass 1.0 kg moving with a speed 
of 2.0 ms collides elastically with the 
first block. The collision is such that the 
2.0kg block does not hit the wall. The 
distance, in metres, between the two 
blocks when the spring returns to its 
unstretched position for the first time after 
the collision is ............ : 

[Numerical Value, 2018] 


4 
1kg Pee 2kg 


Paragraph X (Q. Nos. 3-4) 


In electromagnetic theory, the electric and magnetic 
phenomena are related to each other. Therefore, the 
dimensions of electric and magnetic quantities must also 
be related to each other. In the questions below, [E] and 
[B] stand for dimensions of electric and magnetic fields 
respectively, while [€, ] and [1, ] stand for dimensions of 
the permittivity and permeability of free space, 
respectively. [L] and [T] are dimensions of length and 
time, respectively. All the quantities are given in SI 
units. (2018) 


3. The relation between [E£] and [B] is 
(a) [EJ=[B] [L] [7] (b) [E] = [B][LI"17] 
(c) [F) = [By UI0" (d) (E] = (BLO 
4. The relation between [e,] and [U,] is 
) 
) 


(a) Ho] =[e NLP IT? = (b) fu] = fe (LP *ET° 


[H 
(c)Mol=le LPI? — (d) hol = le LY? TT? 


Paragraph A (Q. Nos. 5-6) 


If the measurement errors in all the independent 
quantities are known, then it is possible to determine the 
error in any dependent quantity. This is done by the use 
of series expansion and truncating the expansion at the 
first power of the error. For example, consider the 
relation z = x/ y. If the errors in x, yand z are Ax, Ay and 
Az respectively, then 


-l 
+ 
gi Ot (2}( 1222] 
ytAy y 


-1 
: 2 A : 
The series expansion for fis =) , to first power in 
y 
Ay/ y, is 1¥ (Ay/ y). The relative errors in independent 
variables are always added. So, the error in z will be 


Az = Z Ax + Ay 

x x 
The above derivation makes the assumption that 
Ax/x<< 1,A y/ y<« 1 Therefore, the higher powers of 
these quantities are neglected. (2018) 


=o) to be 
(1+ a) 
determined by measuring a dimensionless 
quantity a. If the error in the 
measurement of ais Aa(Aa/a< 1), then 
what is the error Ar in determining r ? 

Aa —2Aa 2Aa 2aha 
@) (1+)? : (1+ a)? ie) (1-a)? . (1- a’) 


6. In an experiment, the initial number of 
radioactive nuclei is 3000. It is found that 
1000 + 40 nuclei decayed in the first 1.0s. 
For|4<« 1, In(1+.x)=x up to first power 
in x. The error AA, in the determination of 
the decay constant A ins", is 
(a)004  (b)003 = (c)002 = (d) 001 


7. A particle of mass m is initially at rest at 
the origin. It is subjected to a force and 
starts moving along the X-axis. Its kinetic 
energy K changes with time as 
dK / dt = yt, where y is a positive constant 
of appropriate dimensions. Which of the 
following statements is (are) true? 

(More than One Correct Option, 2018) 


5. Consider the ratior = 


10. 


11. 


(a) The force applied on the particle is constant 

(b) The speed of the particle is proportional to 
time 

(c) The distance of the particle from the origin 
increases linearly with time 

(d) The force is conservative 


A solid horizontal surface is covered with 
a thin layer of oil. A rectangular block of 
mass m = 0.4 kg is at rest on this surface. 
An impulse of 1.0N s is applied to the block 
at time t = 0, so that it starts moving 
along the X-axis with a velocity 

v(t)= vu, e’* , where v, is a constant and 
t=4s. The displacement of the block, in 
metres, at t= TIS... . (Take, 

e' = 0.87). (Numerical Value, 2018) 


A ball is projected from the ground at an 
angle of 45° with the horizontal surface. It 
reaches a maximum height of 120 m and 
returns to the ground. Upon hitting the 
ground for the first time, it loses half of its 
kinetic energy. Immediately after the 
bounce, the velocity of the ball makes an 
angle of 30° with the horizontal surface. 
The maximum height it reaches after the 
bounce, in metres, is .......... : 

(Numerical Value, 2018) 


A person measures the depth of a well by 
measuring the time interval between 
dropping a stone and receiving the sound 
of impact with the bottom of the well. The 
error in his measurement of time is 

d5T = 0.01s and he measures the depth of 
the well to be L = 20 m. Take the 
acceleration due to gravity g=10ms~ and 
the velocity of sound is 300 ms™'. Then 
the fractional error in the measurement, 


éL . 
—, is closest to 
L (Single Correct Option, 2017) 


(a) 1% (b) 5% (Cc) 3% (d) 0.2% 


Three vectors P,Q and R are shown in the 
figure. Let S be any point on the vector R. 
The distance between the points Pand S 
is b [R]. The general relation among 
vectors P,Q and Sis 

(Single Correct Option, 2017) 


12. 


13. 


14, 
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(a) S=(1-b°)P+bQ 
(c) S=(1-b)P+b6Q 


(b) S=(0-1)P+bQ 
(d) S=(1-b)P+b°Q 


A flat plane is moving normal to its plane 
through a gas under the action of a 
constant force Ff’. The gas is kept at a very 
low pressure. The speed of the plate v is 
much less than the average speed wu of the 
gas molecules. Which of the following 
option(s) is/are true? 
(More than One Correct Option, 2017) 
(a)At a later time the external force F balances 
the resistive force 
(b)The plate will continue to move with constant 
non-zero acceleration, at all time 


(c)The resistive force experienced by the plate 
is proportional to v 


(d) The pressure differnce between the leading and 
trailing faces of the plate is proportional to uv 


A length-scale (J) depends on the 
permittivity (€) of a dielectric material, 
Boltzmann’s constant (k,), the absolute 
temperature (7’), the number per unit 
volume (7) of certain charged particles, 
and the charge (q) carried by each of the 
particles. Which of the following 
expression (s) for / is (are) dimensionally 
correct? (More than One Correct Option, 2016) 


[az )/= [ ar) 
ek,T nq 

q = q 
| [=| — [ate 


In an experiment to determine the 
acceleration due to gravity g, the formula 
used for the time period of a periodic motion 
teat | The values of R andr 

5g 
are measured to be (60 + 1) mm and (10 + 1) 
mm, respectively. In five successive 


(a) /= 
(c)/= 


is T = 20 
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15. 


16. 


measurements, the time period is found to 
be 0.52 s, 0.56 , 0.57 s, 0.54 s and 0.59 s. 
The least count of the watch used for the 
measurement of time period is 0.01 s. 
Which of the following statement(s) is (are) 
true? (More than One Correct Option, 2016) 


(a) The error in the measurement of ris 10% 
(b) The error in the measurement of Tis 3.57% 
(c) The error in the measurement of Tis 2% 
(d) The error in the measurement of g is 11% 


There are two vernier callipers both of 
which have 1 cm divided into 10 equal 
divisions on the main scale. The vernier 
scale of one of the callipers (C,) has 10 
equal divisions that correspond to 9 main 
scale divisions. The vernier scale of the 
other callipers (C,) has 10 equal divisions 
that correspond to 11 main scale 
divisions. The readings of the two 
callipers are shown in the figure. The 
measured values (in cm) by callipers C, 
and C, respectively, are 

(Single Correct Option, 2016) 


2 3 
C Ltt | LI 
' HT 


0 5 10 


2 3 
cpl lis 


(a) 2.87 and 2.87 
(c) 2.85 and 2.82 


(b) 2.87 and 2.83 
(d) 2.87 and 2.86 


A uniform wooden stick of mass 1.6 kg of 
length / rests in an inclined manner on a 
smooth, vertical wall of height h (< 1) such 
that a small portion of the stick extends 
beyond the wall. The reaction force of the 
wall on the stick is perpendicular to 

the stick. The stick makes an angle of 30° 
with the wall and the bottom of the stick 
is on a rough floor. The reaction of the 
wall on the stick is equal in magnitude to 
the reaction of the floor on the stick. The 


17. 


18. 


19. 


ratio h/I and the frictional force f at the 
bottom of the stick are (g=10ms”) 
(Single Correct Option, 2016) 


(a) 2-93) _ 163, (ps2. - 163, 
/ 16 3 / 16 3 

(c) 2=3¥3, _8V3 4, (a) 2-3V3_ _16V3y, 
/ 16 3 / 16 3 


The energy of a system as a function of 
time tis given as E(t) = A’ exp (—a), 
where o = 0.2s"'. The measurement of A 
has an error of 1.25%. If the error in the 
measurement of time is 1.50%, the 
percentage error in the value of E(t) at 
t=5sis (Single Integer Type, 2015) 


Planck’s constant h, speed of light c and 
gravitational constant G are used to form 
a unit of length ZL and a unit of mass M. 
Then, the correct option(s) is/are 


(More than One Correct Option, 2015) 


(a)M «Je (b) M« VG 
(c)L« JA (d)L«VG 


Consider a vernier callipers in which each 
1 cm on the main scale is divided into 8 
equal divisions and a screw gauge with 
100 divisions on its circular scale. In the 
vernier callipers, 5 divisions of the 
vernier scale coincide with 4 divisions on 
the main scale and in the screw gauge, 
one complete rotation of the circular scale 
moves it by two divisions on the linear 
scale. Then, 
(More than One Correct Option, 2015) 
(a)if the pitch of the screw gauge is twice the 
least count of the vernier callipers, the least 
count of the screw gauge is 0.01 mm 
(b)if the pitch of the screw gauge is twice the 
least count of the Vernier callipers, the least 
count of the screw gauge is 0.05 mm 
(c)if the least count of the linear scale of the 
screw gauge is twice the least count of the 
vernier callipers, the least count of the screw 
gauge is 0.01 mm 
(d) if the least count of the linear scale of the 
screw gauge is twice the least count of the 
vernier callipers, the least count of the screw 
gauge is 0.005 mm. 
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20. 


A particle of unit mass is moving along the 
x-axis under the influence of a force and its 
total energy is conserved. Four possible 
forms of the potential energy of the particle 
are given in Column I (a and Uy are 
constants). Match the potential energies in 
Column I to the corresponding statements in 


Column II. (Matching Type, 2015) 
Column | Column Il 
ul. eel P. The force acting 
A. U,(x)= aL = (*) | on the particle is 
2 a zero atx=a 
Let ee The force acting 
B. Up(x)= <2(*) Q._ on the particle is 
zero at x= 0 
U.(x\2 | (x? ]. RB. The force acting 
C. usa) =59(*) on|-(3) on the particle is 
zero atx =-a 
[ 3| S. The article 
D. U(x) = Yo LO fe Pinte oa 
Dla Bla periences an 
attractive force 
towards x = 0 in 
the region| x| <a 
T. The particle with 
t Yo 
otal energy a 
can oscillate 
about the point 
xX=-@a. 
21. Airplanes A and B are flying with 


constant velocity in the same vertical 
plane at angles 30° and 60° with respect 
to the horizontal respectively as shown in 
figure. The speed of A is 100V3 ms“. At 


time t = Os, an observer in A finds B ata 
distance of 500 m. This observer sees B 
moving with a constant velocity 
perpendicular to the line of motion of A. 

If at t= tj, A just escapes being hit by B, ty 
in seconds is (Single Integer Type, 2014) 


22. 


23. 
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A rocket is moving in a gravity free space 
with a constant acceleration of 2ms~? 
along +x direction (see figure). The length 
of a chamber inside the rocket is 4m. A 
ball is thrown from the left end of the 
chamber in +x direction with a speed of 
0.3 ms"! relative to the rocket. At the 
same time, another ball is thrown in 

—x direction with a speed of 0.2 ms! 
from its right end relative to the rocket. 
The time in seconds when the two balls 
hit each other is (Single Integer Type, 2014) 


a=2 m/s* 

0.3 ms 0.2ms1 {x 
¢———__ > <——_—__+4 
~< > 


4m 


A block of mass m, =1kg another mass 


My = 2 kg are placed together (see figure) 
on an inclined plane with angle of 
inclination 8. Various values of 6 are given 
in Column I. The coefficient of friction 
between the block m, and the plane is 
always zero. The coefficient of static and 
dynamic friction between the block m, and 
the plane are equal tou = 0.3. In Column IT 
expressions for the friction on the block m, 
are given. Match the correct expression of 
the friction in Column II with the angles 
given in Column I, and choose the correct 
option. The acceleration due to gravity is 
denoted by g. 


Hy 


Ly 
iS He 


[Useful information tan (5.5° ) = 0.1; 
tan (11.5° )= 0.2; tan (16.5° ) = 0.3] 
(Matching Type, 2014) 


Column | Column Il 
P. @=5° 1. mg sin@ 
Q. @=10° 2. (m+m,)g sin® 
R.. O:= 15° 3. wm,g cos 8 
S. 6=20° 4. w(m,+m,)gcos® 
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24. 


25. 


26. 


Codes 

PQRS PQRS 
(a) 1,1, 1,3 (b) 2, 2, 2,3 
(c) 2, 2, 2,4 (d) 2, 2, 3,3 


In the figure, a ladder of mass m is shown 
leaning against a wall. It is in static 
equilibrium making an angle 0 with the 
horizontal floor. The coefficient of friction 
between the wall and the ladder isu, and 
that between the floor and the ladder is 
ly. The normal reaction of the wall on the 
ladder is N, and that of the floor is N9. If 
the ladder is about to slip, then 


(More than One Correct Option, 2014) 


(a), =OM, #O0andN, tang = 


(b) w, # Ou, = OandN, tang =" 


(Cc), #0, #0andN, = ue 


1+ Hil, 
mg 


(d)u, =0,u, # Oand N, tan 0= 
Consider an elliptically 
shaped rail PQ in the 
vertical plane with 

OP =3m and OQ =4m. 

A block of mass 1 kg is 
pulled along the rail from 
P to Q with a force of 18 
N, which is always parallel to line PQ 
(see figure). Assuming no frictional 
losses, the kinetic energy of the block 
when it reaches Q is (n x 10) J. The 
value of n is (take acceleration due to 


. -2 
gravity = 10 ms “) (Single Integer Type, 2014) 


A tennis ball is dropped on a horizontal 
smooth surface. It bounces back to its 
original position after hitting the surface. 
The force on the ball during the collision 
is proportional to the length of compression 
of the ball. Which one of the following 
sketches describes the variation of its 
kinetic energy K with time ¢ most 
appropriately? The figures are only 
illustrative and not to the scale. 


(Single Correct Option, 2014) 


27. 


28. 


29. 


(b) K 
7% 


A wire, which passes 
through the hole in a small 
bead, is bent in the form 
of quarter of a circle. The 


(d) K é , 
t 
wire is fixed vertically on 


A 
f 90 B 
ground as shown in the 


figure. The bead is released from near the 
top of the wire and it slides along the wire 
without friction. As the bead moves from 
A to B, the force it applies on the wire is 
(Single Correct Option, 2014) 


(a) always radially outwards 

(b) always radially inwards 

(c) radially outwards initially and radially inwards 
later 

(d) radially inwards initially and radially outwards 
later 


Using the expression 2d sin0 = A, one 

calculates the values of d by measuring 

the corresponding angles 0 in the range 0 

to 90°. The wavelength 1 is exactly known 

and the error in @ is constant for all 

values of 0. As 0 increases from 0°, then 
(Single Correct Option, 2013) 

the absolute error in d remains constant 

the absolute error in d increases 

the fractional error in d remains constant 

the fractional error in d decreases 


(a 
(b 
(c 
(d 


wewerew 


Match the Column I with Column II and 
select the correct answer using the codes 


given below the column. (Matching Type, 2013) 


Column | Column Il 
P. Boltzmann constant 1. [ML2T'] 
Q. Coefficient of viscosity 2. [ML'T7] 
R. Planck constant 3. [MLTSK~] 
S. Thermal conductivity 4. [ML?T °K] 
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30. 


31. 


32 


Codes 
PQRs 
(a)3 1 24 
(c)4 2 13 
The diameter of a cylinder is measured 
using a vernier callipers with no zero 
error. It is found that the zero of the 
vernier scale lies between 5.10 cm and 
5.15 cm of the main scale. The vernier 
scale has 50 divisions equivalent to 
2.45 cm. The 24th division of the vernier 
scale exactly coincides with one of the 
main scale divisions. The diameter of the 
cylinder is (Single Correct Option, 2013) 
(a) 5.112 cm (b) 5.124 cm 
(c) 5.186 cm (d) 5.148 cm 


The work done on a particle of mass m by 


oo 
(x7 + ye? (x7 + ye? | 


a force, «| 


(K being a constant of appropriate 
dimensions), when the particle is taken 
from the point (a, 0) to the point (0, a) 
along a circular path of radius a about the 
origin in the x-y plane is 
(Single Correct Option 2013) 

2K 

a a 


(a) 


A particle of mass 0.2 kg is moving in one 
dimension under a force that delivers a 
constant power 0.5 W to the particle. If 
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the initial speed (in ms”) of the particle is 
zero, the speed (in ms_!) after 5s is 
(Single Integer Type, 2013) 


Passage (Q. Nos. 33 & 34) 


A small block of mass 1 kg is released from rest 
at the top of a rough track. The track is a 
circular arc of radius 40 m. The block slides 
along the track without toppling and a frictional 
force acts on it in the direction opposite to the 
instantaneous velocity. The work done in 
overcoming the friction up to the point Q, as 
shown in the figure, is 150 J. 


(Take the 
g=10ms”) 


due to gravity, 
(Passage Type, 2013) 


acceleration 


>Xx 


33. The speed of the block when it reaches 
the point Q, is 

(a) 5ms7" (b) 10ms™ 

(c) 10/3 ms“ (d) 20ms"! 

The magnitude of the normal reaction 
that acts on the block at the point @ is 
(a) 7.5N (b) 86N (c) 11.5N (d) 22.5N 


34. 


Answer with Explanations 


» (2.0) A=ai andB = acosai + asinotj 


A+B=(a+t+ acosat)i + asinat j 


A-B=(a-—acosat)i+ asinot j 
|A+B| = J3|A-B| 
via + acosat)” + (asinat)? = V3 


va —acosoat)* + (asinot )* 


> 2cos@ = + 3x2 sin 
of , 1 ot 
tan ale: > nts 


1 T 
—t = nwt — 
12 6 
t =(12n+2)s 

=2s,10S,14s andsoon. 


2. (2.09 m ) Just Before Collision, 


2m/s 
Tkgo-—> 2 ko Larrrere 
Just After Collision 
Vo 
Tkop yy, 2 ko Liggearo 


Previous Years’ Questions (2018-13) 


Let velocities of 1 kg and 2 kg blocks just after collision 

be v, and v, respectively. 

From momentum conservation principle, 
1x2=WWv,+2V5 0) 

Collision is elastic. Hencee = 1or relative velocity o 

separation = relation velocity of approach. 

Vo-Vy =2 (ii) 

From Eqs. (i) and (ii), 


Vo= 4 nis, Vy = = m/s 
3 3 


2 kg block will perform SHM after collision, 


ta Taa/? 3.148 
2 k 


Distance =|v,|t = - x 3.14= 2.093 = 2.09m 


3. (c) In terms of dimension, Fo =F, 


> gE =qvB or E=vB 
(E] = (B)(LT™") 
4. dc=-— 
vi of 
ga 
Moo 
i 5! co 


In r= In(1—- a) —In(1+ a) 
Differentiating, we get 
dr__ da da 
¢ 12a THe 


or, we can write 


r [4 =—@ Ta 
Ar —2 Aa 
r 1-a? 
a Ar 2Aa (= —2 Aa 
iar (1+ a)? 
6. (c) N=Ne™ 
InN =In No — At 
Differentiating w.r.t A , we get 
J Nast 
N dh 
= ey ee 
Nt 2000 x 1 
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7. (a,b) K= 4 rv? xy OR = ry & 
2 at at 
F dK av 
Given, = => mv = 
t " at " 
v t 2 2 
> fvav = f Cot sf a eS 
(Mm m2 


= va tr = an Xe | 
m dt Vm 


F =ma = .ym =constant 
2 
yids {t j 2 Ae t 
dt m m2 
NOTE Force is constant. In the website of IIT, option (d) is 
given correct. In the opinion of author all constant 
forces are not necessarily conservative. For example : 


viscous force at terminal velocity is a constant force 
but it is not conservative. 


8. (6.30) Linear impulse, J = mv 


Vo= a = 2.5 m/s 
m 
ve vert 
ax t/t 
—=Vv 
dt : 
x tT 
fox =vo fe*!at 
0 0 


= 2.5(-4) (0.37 - 1) 


x= 630m 
u’sin? 45° 
9. (30).-H = 2S ~ 120m 
2 
an W=120m 
4g 


If speed is v after the first collision, then speed should 
ae eee cuss 
remain —— times, as kinetic energy has reduced to 


V2 
half. 
=> vet 
V2 
Qarne 
v©sin® 30° 
Pmax > $= 
29 
_ u/V2)’sin? 30° 


29 
2 
-[! (20.) = 122 = 30m 


4 4 


L 
10. (a a 
(a) Z 
1 1/2 ( 1 
dt = al. 4 dL 
nae 30 
1 4 dl. 
= dL 4 0.01 
25 V20 
(5 a0) 0.01 
20 3 
at| 21200, 22 
| 300 | 16 
of x itos 2 x xit0e 2 1% 
L 16 20 6 
11. (c)S=P+ bDR=P+ bQ-P)=P(1-b)+ bQ 
12. (a,c,d) 
Y_ YF 
ev, ~< ui, ~< ° e > 
V4 Vo 


Just before the collision Just after the collision 


V,=U+2V => Av; = (2u +4 2v) 
2 £ es pAlu + v)(2u + 2v)=2pAu + vy 
Vo =(U+2v) => Avy = (2u -2v) 
Bj wee pA —v)(2u —2v)= 2pAu vy? 
Fo 
F, 
[AF is the net force due to the air 
molecules on the plate] 
AF = 2 pA(4uv)= 8pAuv 
AF 
P= = 8p(uv 
Fi pt) 
Fig =(F =AF)= [m is mass of the plate] 
F —(8pAu)v = ma 
13. (b, d) [n] = (L*) [q] = [AT] 
[e] = [M'LSA*T*] 
iT] = [LI] 
= [L 
[ke] = (MILT ] 


14. 


15. 
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(a) RHS 


_ [L°A*T*] 
[M'LST*A7] [ML2T"K~'] [K] 
[LSA7T7] _ 


[L?] = 
[L'TA7] 


Wrong 
(b) RHS 
7 jeer [ML?T-*K~'] [K] 
[L] [A*T*] 


[L'T2A2] 


Vi rAz = [L] Correct 


[A*T*] 
[M'LST*A7] [L-?] [ML2T-*K~'] [K] 


= J [L°] Wrong 


(d) RHS = 


(c) RHS = 


[A*T*] 

V [MLS T4A7] [Lt] [MILAT KY 
—— 

= mare = [L] Correct 


(a,b,d) Mean time period 
_ 0.52 + 0.56 + 0.57 +4 
5 
= 0.556 = 0.56 sec as per significant figures 
Error in reading = —T,| = 0.04 
— T,| = 0.00 
—T,| = 0.01 
— T,| = 0.02 
[Tnean — T5| = 0.03 
Mean error = 0.1/5 = 0.02 % error in 


Pe a x 100 = ~~ x 100 = 357% 


0.54 + 0.59 


IT, mean 
IT, mean 
IT, mean 


IT, mean 


%6 error in r = 100 = 10% 


% error in R = x 100 = 167% 
60 


% error in 
Ad x 190 = AUR) + AM) y s09 42 x AP 
g R-r T 
= = 410042357 
50 
=4%+ 7% =11% 
(b) For vernier C, 


10 VSD = 9MSD = 9mm 

1 VSD = 09mm 

=LC =1MSD-1VSD 
=1mm-09 mm=01 mm 
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Reading of C, = MSR + (VSR) (LC) 
= 28mm + (7)(0.1) 
Reading of C; = 287 mm = 2.87 cm 
For vernier C, : the vernier C, is abnormal 
So, we have to find the reading form basics. 
The point where both of the marks are matching : 


distance measured from main scale = distance 
measured from vernier scale 


28 mm + (1 mm) (8) = (28mm + x) + (1.4mm) (7) 


Solving we get, x=03mm 
So, reading of Cy, =28mm+ 0.3mm 
=2.83cm 
16. (d) 
19. 
LF, =0 
N,cos 30°-f = 0 ...(i) 
Vy =0 
N, Sin30°+ Nz—mg = 0 . (ii) 
Vit =0 
mg cos 60° — NV. —_— 0 (iii) 
2 "cos 30° . 
Also, given N, = Np ..(iV) 
Solving Eqs. (i), (ii), (ii) and (iv) we have 
h_3v3 
I 16 20. 
and f 16Vv3 
3 
17. (4) E(t)=Ae% (i) 
a=0.2s"! 
(4) x 100 = 125% 
A 
(=) x 100 = 1.50 
> (dt x 100) = 1.5 =1.5x 5=7.5 


& (F] x 100=+ [3] x 100 + o (dt x 100) 


I 


18. (c,d) M « h*c°G° 


Me (M ae Ne (LT 4p (M'LST* f 
ze Me-cL22 + +8c7 -a-b-& 


2at+b+x=0 
a+b+2c=0 .. (iii) 
On solving (i), (ii), (iii), 
a ‘ ,b=4 ve ‘ 
2 2 2 


». M « Ve only > (a) is correct. 
In the same way we can find that, L « h'*c~3/*G"? 


L« Jh, L « JG = (c), (d) are also correct. 
(b,c) For vernier callipers 
1 MSD = - cm 
8 


5 VSD = 4MSD 


. 1vsD=4usp=4x1=1om 
3) 5 8 10 
Least count of vernier callipers = 1 MSD — 1VSD 
= 1 om | om = 0.025 cm 
8 10 
Fore screw gauge 
Pitch of screw gauge = 2 x 0.025 = 0.05cm 


Least count of screw gauge = a cm 


= 0.005 mm 
Least count of linear scale of screw gauge = 0.05 mm 
Pitch = 0.05 x 2 = O.1cm 


Least count of screw gauge = rae cm = 0.01 mm 


A>P,Q,R,T, B>Q,S, C>P,Q,R,S, D> P,R,T 


(A) F, = OE = 280 yal pd xt al 
ax a 
F=Oatx=0, x=a,x a 
and U=Oatx=-a and x=a 
F(x) 
= a 
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U(X) 
> >X 
F(x) 
=a a a 


=x? /x? 
(C) F, a =Uo" sa Px al lx + a] 
F(x) 
A 
=a a 
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21. (5) Relative velocity of B with respect to A is 
perpendicular to line PA. Therefore, parallel to PA, 
velocity components of A and B should be same. 


Va =100/3 m/s 


Vg cos 30° 


‘A 30° 
Pp 


> V4 = 100 V3 = vg cos 30° 
=> Vg = 200m/s 
As A and B just hit 
500 500. _ 
Vg sin 30° 200x 1/2 
22. (2) 
A B 
e——__>> <_——* 
0.3 m/s 0.2 m/s 
i 4m > 


Relative to rocket neither of ball has any all elevation. 
So, if balls meet in timet then, 


02t+ 03t =4 
> 0.5t = 4 
=> i=85 


23. (d) Block will not slip if 


(m, + Ms) g SINO®< Weg Cos O 


=> 3sinO< wf] B08 
10 
tan6<1/5 
> 6<11.5° 
P) 8 = 5° friction is static 
f=(m, + Ms) g sin® 
Q) 8 = 10° friction is static 
f=(m, + Ms) g sin® 


R) 8 = 15° friction is kinetic 


f =wM.g Cos 8 
S) 6 = 20° friction is kinetic 


> f =[uM.g cos 0 
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24. 


25. 


26. 


27. 


(c, d) 15 Can never be zero for equilibrium. 
LN, 
N, A 
No 
A) 
B UaNo 
When uw, = 0, we have 
N, = WoN> (i) 
No = mg .- (ii) 


Ta=0> mg = cos® = N,L sin 


> i= mg cote 
2 
> N, tan = am 
2 
When, w, # 0 we have 
uN, + No = mg (ili) 
oo = Ny ..-(iv) 
- No =— 79 
T+ Uitte 


(5) From work-energy theorem, 
Work done by all forces = change in kinetic energy 
or We + Wing = Ky — K; 
18 x 5 + (1 x 10) (-4) = kK; 
90 — 40 = kK; or K; = 50 
J=5x10d 


(b) 
t=0 


(Before collision) | 
t 


v=qt 


LIVTTTTTTTTTTTTITTTTTTTTTT TTT TT 


1 
K =—mg*? 
5 g 


K «t® Therefore, K-t graph is parabola. 


During collision retarding force is just like the spring 
force (F « x), therefore kinetic energy first decreases to 
elastic potential energy and then increases. 

Most appropriate graph is therefore (b). 

(d) h=R —- Rcosé 

Using conservation of energy, 


mgR (1 —cos 8) = ; mv? 


28. 
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mg 


Radial force equation is 


2 
mg cos@— N= 


Here, N = normal force on bead by wire 


2 
N=mg cos @- “T= mg(8cos @ 2) 


N= Oatoos 6 = = 


= Normal force act radially outward on bead, if 


cos 80> = and normal force act radially inward on 


bead, ifcos@< 2/3 
-. Force on ring is opposite to normal force on bead. 


(d) 2d sinb=2 =a =—* 
2sine 

Differentiate od) = : d(cosecé) 

ad) = : (— cosec 8 cot) 00 

adj== Acosé 30 

2sin?0 

So, Ad = ae AO 

d sind 


: cos@ 
As 0 increases, sae! decreases 
sin 


> ee decreases 
d 
Alternate Solution 
= nr 
2sin8 


Ind =Ina& —In2 —- Insine 
A@) _ 0-O0- _!. x cos6 (A8) 
d sin 


Fractional error, | + (7)| =cot® Ae | 


Absolute error, Ad = (cot) A@= 7 x cae 46 
2sin@ sino 
Ad = ca X- Ae 
sin’ 
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29. (c) (P) U= 3 KT r= OP = xi + yj 
k 
> [ML2T~*] = [Ak] K ~ Of + yp? 
> [K] = [ML°T*K~] + 4k 
(xi + yj) = 30) 
Q) Foye j 
ax Since, F is alongr or in radial direction. 
[MLT?] _ [ML T] Therefore, work done is zero. 
2) 7-1) -1 
a ae 32. (5) W=2 mv? set = 1m? 
(R) E=hv 2 2 
= [ML2T?] = [h] (™} S ee 2Pt  j2x05x5 _ Snile 
= [h] = [ML2T~] a a . 
6) dQ _ kAA@ 33. (b) Height fallen up to Q is Rsin30°= ae 20m 
dt / 
ss E, — E; = work done against friction 
[k]= [LT *L] _ [MLT“kK~"] _ ‘ 
3 ; zl 1 al_ 
[L“K] a 0 eee eae 


30. (b) 1 MSD = 5.15 cm— 5.10 cm= 0.05 cm 
1VSD = 2.45 cm 


(1) (10) (20) - 1x 1x v2 =150 or v=10m/s 
= 0.049 cm 2 


4 
o_ Mm 
LC =1MSD-1 VSD = 0.01 cm As Aa in ees 
Hence, diameter of cylinder = (Main scale reading) + 
(Vernier scale reading) (LC) 


= 5.10+ (24) (0.001)= 5.124 cm 


31. (d) 


ee 
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PREFACE 


The overwhelming response to the previous editions of this book 
gives me an immense feeling of satisfaction and I take this an 
opportunity to thank all the teachers and the whole student 
community who have found this book really beneficial. 


In the present scenario of ever-changing syllabus and the test 
pattern of JEE Main & Advanced. 

The NEW EDITION of this book is an effort to cater all the 
difficulties being faced by the students during their preparation 
of JEE Main & Advanced. Almost all types and levels of questions 
are included in this book. My aim is to present the students a fully 
comprehensive textbook which will help and guide them for all 
types of examinations. An attempt has been made to remove all 
the printing errors that had crept in the previous editions. 


Iam very thankful to (Dr.) Mrs. Sarita Pandey, Mr. Anoop 
Dhyani and Mr. Nisar Ahmad 


Comments and criticism from readers will be highly appreciated 
and incorporated in the subsequent editions. 


DC Pandey 
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11.1 Centre of Mass 


When we consider the motion of a system of particles, there is one point in it which behaves as though 
the entire mass of the system (i.e. the sum of the masses of all the individual particles) is concentrated 
there and its motion is the same as would ensue if the resultant of all the forces acting on all the 
particles were applied directly to it. This point is called the centre of mass (COM) of the system. The 
concept of COM is very useful in solving many problems, in particular, those concerned with 
collision of particles. 


Position of Centre of Mass 
First of all we find the position of COM of a system of particles. Just to make the subject easy we 
classify a system of particles in three groups: 
1. System of two particles. 
2. System of a large number of particles and 
3. Continuous bodies. 
Now, let us take them separately. 


Position of COM of Two Particles 
Centre of mass of two particles of mass m, and m, separated by a distance of d lies in between the two 
particles. The distance of centre of mass from any of the particle (7) is inversely proportional to the 
mass of the particle (m). 


COM 
I—__>—____—_9 
m Mo 
— —>\« Ip >| 
Fig. 11.1 
1 
Le. ro 
m 
fy 
or MWe 
mm 
or MK = M71 
m m 
or = z d and n= j d 
My a mM mM ae My 
Here, 7 =distance of COM from m, 
and r = distance of COM from m, 


From the above discussion, we see that 


d. : é 
=m =~ ifm, =m), i.e. COM lies midway between the two particles of equal masses. 
2 


Similarly, 4, > if m <my, and 7% <7 ifm, > my), i.e. COM is nearer to the particle having larger 
mass. 
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© Example 11.1. Two particles of masses 1 kg and 2 kg are located at x =0 and 
x =38 m. Find the position of their centre of mass. 


Solution Since, both the particles lie on x-axis, the COM '™=1kg COM M2= 2 kg 


will also lie on x-axis. Let the COM is located at x =x, then 3 3 2 
7, = distance of COM from the particle of mass 1 kg = x an ° = - @ io : 
\~« =x >\<— fo = x)—" 
and 7 =distance of COM from the particle of mass 2 kg Fig. 11 
= (3-x) —— 

Using pi ease 3 

Rh mM 
or = 2 or x=2m 

3-x 


Thus, the COM of the two particles is located at x = 2 m. 


Position of COM of a Large Number of Particles 
If we have a system consisting of n particles, of mass m,,m,...,m, With r,,15,...,¥,, as their 
position vectors at a given instant of time. The position vector rogy of the COM of the system at that 
instant is given by: 


Yr, = 
M 
sa mM +M,+...+M, 


x m,¥; x m,X; 
i=l i= 
= or Ycom i 
x m, 
i=l 
Here, M =m, +m), +...+m,, and £m,r;is called the first moment of the mass. 
Further, r; =x,i+ y,j+z,k 
and com =Xcomi + Yom J+ Zcomk 


So, the cartesian co-ordinates of the COM will be 


MX, +MzX_ +...+M,X, 


Xx, = 
COM 
m, +m, +...+m, 
=——_ oF _XcCom = —— 
x“m = M 


Similarly, Voom = 


and ZCOM _ 
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© Example 11.2 The position vector of three particles of masses m, =1kg, 
Mm, =2 kg and mz, =3 kg are r, =(i+ 4j+k) m,r. =(i+ j+k)mand 
r, =(2i — j-— 2k) m respectively. Find the position vector of their centre of mass. 
Solution The position vector of COM of the three particles is given by 
mM Yr, + MyV> + M3 r3 
Tcom SS 
mM + My + mM, 
Substituting the values, we get 
_ (DG + 45+ k)+ (2) + f+ k)+ 302i - j- 2k) 
14+2+3 


Tcom 


_ 914+ 3j-3k 
6 


fuck un # 


© Example 11.3 Four particles of masses 1 kg, 2 kg, 3 kg and 4 kg are placed at 
the four vertices A, B, C and D of a square of side 1 m. Find the position of 
centre of mass of the particles. 
Solution Assuming D as the origin, DC as x-axis and DA as y-axis, wey 
have t 
A‘ B 

m = lkg, (x Pal ) = (0, 1m) 

m, = 2kg,(x>, y.)= (1m, 1m) 

m, = 3kg,(x;, y3)= (1m, 0) Dy 
and my = 4kg, (x4, v4) = (0, 0) D Cc 
Coordinates of their COM are 

= MX, + MyXo + MN3X3 + M4X4 


Fig. 11.3 


com 
m +m, +m; + M4, 


_ (1)(0) + 201) + 3(1) + 4(0) 
14+2+3+4 


= i m=0.5m 
10 


_ MY, +My Vz. + Mz 3 + Mg V4 
mM + My + M3 + mM, 
_ CC) + 20) + 3(0) + 4(0) 
14+2+3+4 


Similarly, Ycom 


cee an 
10 


(Xcom » Ycom ) = (0.5 m, 0.3 m) 
Thus, position of COM of the four particles is as shown in Fig. 11.4. 
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Position of COM of Continuous Bodies 
If we consider the body to have continuous distribution of matter the summation in the formula of 
COM is replaced by integration. Suppose x, y and z are the co-ordinates of a small element of mass 
dm, we write the co-ordinates of COM as 


[2 dm | xdm 
XCOM = 
| dm M 
| ydm | ydm 
YCOM | d aan: 


Here, dm is the mass of small element and (x, y, z) co-ordinates of COM of this element. 
Note !n most of the cases element is a particle. In this case, COM of this particle lies over the particle itself. 


Let us take an example. 


Centre of Mass of a Uniform Rod 


Suppose a rod of mass M and length L is lying along the x-axis with its one end at x = Oand the other at 
x=L. 


P Q 
WWMMH#@@!7>'®#Y IMM, 
x=0 pea x=L 
Fig. 11.5 


M 
Mass per unit length of the rod = ra 


; : M 
Hence, the mass of the element PQ of length dx situated at x =x is dm= ra dx 


The coordinates of the element PQ are (x, 0, 0). Therefore, x-coordinate of COM of the rod will be 


they (# 
I, x dm Jp @) cal l pL L 
Xcom = fa = M =>, a, 
m 
The y-coordinate of COM is 
| ydm 
Yocom = j ; =) (as y=0) 
m 
Similarly, Zcom =9 


i.e. the coordinates of COM of the rod are E 0; 0} Or it lies at the centre of the rod. 
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Proceeding in the similar manner, we can find the COM of certain rigid bodies. Centre of mass of 
some well known rigid bodies are given below : 


1. Centre of mass of a uniform rectangular, square or circular plate lies at its centre. 


. aos ee ‘ 2R : 
2. Centre of mass of a uniform semicircular ring lies at a distance of h = — from its centre, on the 
Tl 


axis of symmetry where R is the radius of the ring. 


SFYCOM. + 4p 
| ais \y 3x 
O 


Fig. 11.8 


4R 
3. Centre of mass of a uniform semicircular disc of radius R lies at a distance of h= aa from the 
Tl 
centre on the axis of symmetry as shown in Fig. 11.8. 
R . 
4. Centre of mass of a hemispherical shell of radius R lies at a distance of h= 2 from its centre on 


the axis of symmetry as shown in figure 11.9. 


; : : 3R : 
5. Centre of mass ofa solid hemisphere of radius R lies at a distance of h = ie from its centre on the 


axis of symmetry. 


{os ls 
O 
Fig. 11.10 


© Example 11.4 A rod of length L is placed along the x-axis between x =0 and 
x = L. The linear mass density (mass/length) p of the rod varies with the 
distance x from the origin asp =a + bx. Here, a and b are constants. Find the 
position of centre of mass of this rod. 
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Solution Mass of element PQ of length dx situated at 


xX=xis 
PQ 
W]WWVMMMI@/™OMMMM 
x=0 ay XSL 
Fig. 11.11 


dm=p dx = (a+ bx) dx 
The COM of the element has co-ordinates (x, 0, 0). Therefore, x-coordinate of COM of the rod 
will be 


L L 
I, xdm I, (x)(a + bx) dx 


XcomM =~ Z 
ik dm [. (a+ bx) dx 


ra 
e “| 
— + — 
2 2 lly 3aL + 2b? 
a xX; _—___ ooo 
Be COM 6a + 3BL 
ax + — 
2 Io 
The y-coordinate of COM of the rod is 
| ydm 
jou = = 0 (as y=0) 
| dm 
Similarly, Zcom = 9 
2 
Hence, the centre of mass of the rod lies at E- + — 0, Ans. 
+ 


@®% Extra Points to Remember 

e For a laminar type (2-dimensional) body the formulae for finding the position of centre of mass are as 
under: 

— Af se Able oP scott Aalp 


l 
v coe Jb ae TANS ae on ate Ale 
i A,X + ApXp +... + AnXp 
(ii Xcom = 
AM oe Ay oP ooo ar Aly 
“ _ Ail se AUS ae coos? Ani 
Pie fh ae Ay oP ounce AL 
ard ae (ze ap nis oP ooo sp lye. 


JM sp the oP ooo ar Aly 


Here, A stands for the area. 
e lf some mass or area is removed from a rigid body, then the position of centre of mass of the remaining 
portion is obtained from the following formulae: 
Mm,4 — Mor A,t, — Aor. 
led ee or em = ae 


i r = 
0 ou m, —M, A, — As 


8 © Mechanics - II 


(i) Ve REO on Aix, — AoXo 
COM = COM 
mM, — Mp A, — A> 
= MOA EN ey; _ Ais = AaYo 
i m. a Aa 
oS ee oe 
M,Z, — MpZ, AZ, — Aoz 
= AG 2 = ‘1 ame, 
and Zcom = OF Zoom = 
Mm, — Mp i = Als 


Here, m,, A;,t X;, Y, and z, are the values for the whole mass while m,,Ao,f», Xo, Yo and z, are the values for 
the mass which has been removed. 


© Example 11.5 Find the position of centre of mass of the uniform lamina 
shown in figure. 


Fig. 11.12 


Solution Here, A, =area of complete circle = na? 


A, =area of small circle 


(2) Ta? 
=TT!]— — 
2 4 


(x, , ; )= coordinates of centre of mass of large circle = (0, 0) 


(xy, 2 )=coordinates of centre of mass of small circle = E j 0 


Usin x, _ 
g COM te 
2 Ta’ a 
Ta” )(0)—| —— ] | — 
(ma* )(0) 4 (5) 
we get Xcom = ; 
2 Ta 
Ta” — —— 


and Vooy = 0as y, and y, both are zero. 


Therefore, coordinates of COM of the lamina shown in figure are (- 


als 
a, 


Chapter 11. Centre of Mass, Linear Momentum and Collision ° 9 


INTRODUCTORY EXERCISE 


1. What is the difference between centre of mass and centre of gravity? 
The centre of mass of a rigid body always lies inside the body. Is this statement true or false ? 
The centre of mass always lies on the axis of symmetry if it exists. Is this statement true or false? 


PON 


If all the particles of a system lie in y-z plane, the x-coordinate of the centre of mass will be zero. 
Is this statement true or false? 


5. What can be said about the centre of mass of a solid hemisphere of radius r without making any 
calculation. Will its distance from the centre be more than r/2 or less than r/2? 

6. All the particles of a body are situated at a distance R from the origin. The distance of the centre 
of mass of the body from the origin is also R. Is this statement true or false? 

7. Three particles of masses 1 kg, 2 kg and 3 kg are placed at the corners A, B and C respectively 
of an equilateral triangle ABC of edge 1 m. Find the distance of their centre of mass from A. 

8. Find the distance of centre of mass of a uniform plate having 


semicircular inner and outer boundaries of radii a and b from the 
centre O. 


Hint : Distance of COM of semicircular plate from centre is =. 
1 


9. Find the position of centre of mass of the section shown in Fig. 11.13 
figure 11.14. 


x 
O99 
Fig. 11.14 
Note Solve the problem by using both the formulae: 
AX, + Aox es A\X, — Aox 
Oxy =— {= ‘and Weg = 
COM A, +A; COM A, A 


10. Four particles of masses 1 kg, 2 kg, 3 kg and 4 kg are placed at the four vertices A, B, C and D of 
a square of side 1 m. Find square of distance of their centre of mass from A. 


11. Asquare lamina of side a and a circular lamina of diameter a are placed 
touching each other as shown in Fig. 11.15. Find distance of their Oo 
centre of mass from point O, the centre of square. 
12. The density of 2 fin rod of length / varies with the distance x from one Fig. 11.15 


end asp=Pp r Find the position of centre of mass of rod. 


13. A straight rod of length L has one of its end at the origin and the other at x =L. If the mass per 
unit length of the rod is given by Ax where Ais a constant, where is its centre of mass? 
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11.2 Motion of the Centre of Mass 


Let us consider the motion of a system of n particles of individual masses m,, m,..., m,, and total 
mass M. It is assumed that no mass enters or leaves the system during its motion, so that / remains 
constant. Then, as we have seen in the above article, we have the relation 


_— MY, + Myr, +...+mM,1, 


Vr, — 
ata Mm +My, +...+M, 
mY, +m, +...+m,4¥,, 
M 
or Mrcom =m, + Mm zVr> +...+M,Y, 
Differentiating this expression with respect to time 4, we have 
dy, dr dr dr 
M COM =m, 1 +m, 24 4+m, a 
dt dt dt dt 
dr ; 
Since, — = velocity 
dt 
Therefore, Mvcom = V, +m V7+...+m,V, .. (i) 
or velocity of the COM is 
: _ mV, +mV2+...+m,V, 
COM M 
n 
x m,V; 
i=1 
or Vv =—_—_. 
COM We 


Further, mv = momentum of a particle p. Therefore, Eq. (i) can be written as 


Pcom = Pi + Py +--+ Py 
or Pcom eo P; 


Differentiating Eq. (1) with respect to time f, we get 


dv dv dv dv 
M COM =m, 1 +m, 24 +m,— 
dt dt dt 
or Macom =m, a; +m,a,+...+m,a, .. (il) 
ma, +ma,t+... +m,a 
or Acom = Lei Dee nn 
M 
n 
x ma; 
i=l 
or AcOomM = 


M 
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Further, in accordance with Newton’s second law of motion F = ma. Hence, Eq. (11) can be 
written as 


Foom =F, + F) +...+F, 


Thus, as pointed out earlier also, the centre of mass of a system of particles moves as though it were a 
particle of mass equal to that of the whole system with all the external forces acting directly on it. 


@® Extra Points to Remember 

e Students are often confused over the problems of centre of mass. They cannot answer even the basic 
problems of COM. For example, let us take a simple problem: two particles one of mass 1 kg and the other 
of 2 kg are projected simultaneously with the same speed from the roof of a tower, the one of mass 1 kg 
vertically upwards and the other vertically downwards. What is the acceleration of centre of mass of these 
two particles? When | ask this question in my first class of centre of mass, three answers normally come 


from the students g, = and zero. The correct answer is g. Because 


Ey oe Mines 


a = 
COM m, + M, 
Here, a,=a,=9 (downwards) 
Acom = Org Ov) =¢ (downwards) 
+ 


The idea behind this is that apply the basic equations when asked anything about centre of mass. Just as 
a revision | am writing below all the basic equations of COM at one place. 
_ Mt, + Mot +... + Mr, 


i 
COM 
mM, + My + ...+ M, 
MX, + IMpXo + 22 + IMpXp 
XCOM 
m, +m, +...+M, 
— MY, + MoYo +... + Mn 
Ycom 
M, + My + ...+ M, 
7 = MZ + MZ +... + MZ) 
COM 
mM, + My + ...+ Mp, 
Ve = TUM + MV + 2. + MV 
com 


Mm +M, +..+M, 

Poom =P, + Po +...+P, 

_ Ma,+ MA, + ...+ MA 
fh Se (ily o> ono? teil 


Acom 


and Foom =F, + Fo +...+ F, 
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Example 11.6 Two particles A and B of masses l1kgand2kg _ DB 
respectively are projected in the directions shown in figure with ( 
speeds u 4, =200 m/s and uz =50 m/s. Initially they were 90 m Up 
apart. They collide in mid air and stick with each other. Find 90m 

the maximum height attained by the centre of mass of the Up 
particles. Assume acceleration due to gravity to be constant. 

(g = 10 mis”) = Le 
Solution Using myr, =mgrpz Fig. 11.16 

or (D(%4 = (2)(% ) 

or r4 = 2% ..-(i) 
and ry +z =90m .. (ii) 


Solving these two equations, we get 

r,=60m and rg =30m 
i.e. COM is at height 60 m from the ground at time ¢ = 0. 
m,a4 +Mpap 


Further, Aacom = 
M4 = Mp 
=g=10m/s - (downwards) 
as a, =a, =g (downwards) 
my u A Ss Mp Up 
Ucom = 
my + Mp 
_ (1)(200)— (2)(50) _ 100 as (anomcds) 
1+2 3 
Let, h be the height attained by COM beyond 60 m. Using, 
Voom = “com + 24com/t 
2 
or 0= (=) — (2) (10)h 
2 
or pa OY 3 95:55 
180 
Therefore, maximum height attained by the centre of mass is 
A= 60+ 55.55=115.55m Ans. 


Example 11.7 In the arrangement shown in figure, my, =2 kg and mp =1 kg. 
String is light and inextensible. Find the acceleration of centre of mass of both 
the blocks. Neglect friction everywhere. 
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Solution Net pulling force on the system is (m, — mg )g 


Fig. 11.18 


or (2-lg=g 
Total mass being pulled ism, + mg or3 kg 
Net pulling force g 
i= = 


Total mass 3 
+ 2 -( 
Now, Acom = might myn ONE) 8 8 (downwards) 
my +Mpg 1+2 3.9 

Alternate Method T 
Free body diagram of block A is shown in Fig. 11.19. | 

2g —-T =m, (a) A | 7 
or T=2g-—my,a 

4 
=2g- @(£) = 8. 
7 mag = 2g 
Free body diagrams of A and B both are as shown in Fig. 11.20. Fig. 11.19 
Net force on both the blocks T T 
aco = 
m,+mp 
_ (m4 + mp )g — 2T 
2+1 é i 
3g — 8g 
= 3.8 (downwards) mag msg 
3 2 Fig. 11.20 


© Example 11.8 Two blocks A and B of equal masses are released on two sides 
of a fixed wedge C as shown in figure. Find the acceleration of centre of mass of 
blocks A and B. Neglect friction. 


Fig. 11.21 
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Solution Acceleration of both the blocks will be g sin 45° or 


ae right angles to each other. Now, 
V2 


msa, +mpgag 


Acom = 
My + Mp 
Here, mM, =Mp 
Acom = : (a, +ag )= : g (downwards) Fig. 11.22 
INTRODUCTORY EXERCISE 


1. A block of mass 1 kg is at x = 10 m and moving towards negative x-axis with velocity 6 m/s. 
Another block of mass 2 kg is at x = 12m and moving towards positive x-axis with velocity 4 m/s 
at the same instant. Find position of their centre of mass after 2 s. 

2. Two particles of masses 1 kg and 2 kg respectively are initially 10 m apart. At time t =0, they 
start moving towards each other with uniform speeds 2 m/s and 1 m/s respectively. Find the 
displacement of their centre of mass att =1s. 

3. There are two masses m, and m, placed at a distance / apart. Let the centre of mass of this 
system is at a point named C. If m, is displaced by /, towards C and mj is displaced by/, away 
from C. Find the distance, from C where new centre of mass will be located. 

4. Atone instant, the centre of mass of a system of two particles is located on the x-axis at x =3.0 
m and has a velocity of (6.0 m/s)j . One of the particles is at the origin, the other particle has a 
mass of 0.10 kg and is at rest on the x-axis at x =12.0 m. 

(a) What is the mass of the particle at the origin ? 
(b) Calculate the total momentum of this system. 
(c) What is the velocity of the particle at the origin ? 

5. Astone is dropped att =0. A second stone, with twice the mass of the first, is dropped from the 
same point att = 100 ms. 

(a) How far below the release point is the centre of mass of the two stones att = 300 ms ? 
(Neither stone has yet reached the ground). 
(b) How fast is the centre of mass of the two-stone system moving at that time ? 


6. Two blocks A and B of equal masses are attached to a string passing over a smooth pulley fixed 
to a wedge as shown in figure. Find the magnitude of acceleration of centre of mass of the two 
blocks when they are released from rest. Neglect friction. 


60° 30° 
Fig. 11.23 
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11.3 Law of Conservation of Linear Momentum 


The product of mass and the velocity of a particle is defined as its linear momentum (p). So, 
p=mv 
The magnitude of linear momentum may be written as 


1 
p=mv or Pp =m’ vy? =2m ¢ my? |=2mk 
2 


Thus, p=wv2Km_ or K=—— 
m 


Here, K is the kinetic energy of the particle. In accordance with Newton’s second law, 


aaa dv 7 d(mv) = dp 
t dt dt 
d 
Thus, F= lt 
dt 
In case the external force applied to a particle (or a body) be zero, we have 
dp 


F=—=0 or p=constant 
dt 


showing that in the absence of an external force, the linear momentum of a particle (or the body) 
remains constant. This is called the law of conservation of linear momentum. The law may be 
extended to a system of particles or to the centre of mass of a system of particles. For example, for a 
system of particles it takes the form : 

Ifnet force (or the vector sum of all the forces) on a system of particles is zero, the vector sum of linear 
momentum of all the particles remain conserved, or 


If F=F, +F,+F;+...4+F, =0 

Then, Pp, + Po + p3 +...+ p, =constant 

The same is the case for the centre of mass of a system of particles, i.e. if 
Foom =9; Pcom =constant. 


Thus, the law of conservation of linear momentum can be applied to a single particle, to a system of 
particles or even to the centre of mass of the particles. 


The law of conservation of linear momentum enables us to solve a number of problems which can not 
be solved by a straight application of the relation F=ma. 


For example, suppose a particle of mass m initially at rest, suddenly explodes into two fragments of 
masses m, and m, which fly apart with velocities v, and v, respectively. Obviously, the forces 
resulting in the explosion of the particle must be internal forces, since no external force has been 
applied. In the absence of the external forces, therefore, the momentum must remain conserved and 
we should have 


MV; = MV, Si My V7 
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Since, the particle was initially at rest, v,; =0 and therefore, 
mM, vi + My Vv = 0 


Showing at once that the velocities of the two fragments must be inversely proportional to their 
masses and in opposite directions along the same line. This result could not possibly be arrived at 
from the relation F=ma, since we know nothing about the forces that were acting during the 
explosion. Nor, could we derive it from the law of conservation of energy. 


® Extra Points to Remember 

e lf law of conservation of linear momentum is applied to a single particle, then we can explain it like this. 
If net force or net external force (as there is no internal force on a single particle) acting on the particle is zero 
then its linear momentum remains constant. If mass of the particle is constant, then velocity of the particle is 
also constant. If the particle is at rest then it will remain at rest for ever. If itis moving then it will continue to be 
moving with constant velocity. 


e lf law of conservation of momentum is applied to a system of particles (may be a rigid body also) then the 
law is like this : 
It net force or net external force (as summation of net internal forces acting on a system of particles is 
already zero) on a system of particles (or on the centre of mass of the system of particles) is zero, then total 
momentum of the system of particles (or momentum of centre of mass of the system of particles) remains 
constant. If total mass of the system of particles is constant then velocity of centre of mass will also remain 
constant. 

e Ifa projectile explodes in air in different parts, the path of the centre of mass remains unchanged. This is 
because during explosion no external force (except gravity) acts on the centre of mass. The situation is as 
shown in figure. 


3 
1 Explosion 
Bi - 


»- “NK ~e 
ot \\ Path of COM 
iN 


\ 


A Cc 
Fig. 11.24 
Path of COM is parabola, even though the different parts travel in different directions after explosion. 
This situation continues till the first particle strikes the ground. Because, after that force behaviour of system 
of particles will change. 


© Example 11.9 Linear momentum of particle is increased by 


(a) 100 % (51% 
without changing its mass. Find percentage increase in its kinetic energy in both 
cases. 


Solution (a) Relation between kinetic energy K and momentum p is given by: 
2 
Pp 
5 (i 
2m ) 
Now, momentum is increased by 100%. 
So, new momentum, p =2p 


Chapter 11 Centre of Mass, Linear Momentum and Collision © 17 


pO N COY gl Be 
K i ce iE 4K [From Eq. (i)] 


Now percentage change in kinetic energy, 
__{ Final ae Initial value x 100 
Initial value 


-(* =~ x100 =( =) 100 
K K 
=+300% 


Plus sign indicates that, with increase in linear momentum, kinetic energy will also increase. 


Ans. 


2 
(b) K= Poor K« pe (as m= constant) 
2m 
Here, power of K is | and power of p is 2. For small changes, we can write it like this 


(1) (% change in K) = (2)(% change in p) 


or % change in K =(2)(1%)=+2% Ans. 
© Example 11.10 Kinetic energy of a particle is increased by 
(a) 50 % (()1% 
Find percentage change in linear momentum. 
(i) 


Solution (a) p= J2Km 
Kinetic energy is increased by 50 %. So, the new value of kinetic energy is 
K’=15K 
P’=J2K’m 
= 4/2(L5K )m= 41.5 (/2Km) 
=1.22,/2 Km=1.22 p 


[From Eq. (1)] 


So, the percentage change in momentum is 


(252 )x100 = [222-2 ) 10 =199%, Ans. 
p Pp 


(as m=constant ) 


1 
(b) p=2Km or pK or p«K2 
Here, power of p is 1 and the power of K is " 
For small percentage changes we can write as 
(1) (% change in P) = (3) (% change in K) 


Ans. 


or % change in p== (1%) =+0.5% 


18 © Mechanics - II 


>) 


>) 


Example 11.11 Two blocks A and B of masses 1 kg and 2 kg are connected 
together by means of a spring and are resting on a horizontal frictionless table. 
The blocks are then pulled apart so as to stretch the spring and then released. 
Find the ratio of their, 

(a) speed 

(b) magnitude of momentum and 

(c) kinetic energy at any instant. 

Solution (a) Net force on the system of two blocks is zero. Therefore, linear momentum of the 
system will remain constant. Initially, they are at rest. So, at any instant the net momentum will 
be zero. 


P, + Po =9 
5 Pi =—P 0) 
or m Vv = My Vo 
or (1)v, =-2v, 
vi] 
or —=2 Ans. 
[v2 | 
(b) From Eq. (1), [pl =1 
|P2| 


2 


3 
(c:)K=f orK «xf 
2m m 


2 

= -(2:| [22}-«?(2)=2 Ans. 

K, Po my, 1 
Example 11.12 A gun (mass = M) fires a bullet (mass = m) with speed v, 
relative to barrel of the gun which is inclined at an angle of 60° with horizontal. 
The gun is placed over a smooth horizontal surface. Find the recoil speed of 
gun. 
Solution Let the recoil speed of gun is v. Taking gun + bullet as the system. Net external force 


on the system in horizontal direction is zero. Initially the system was at rest. Therefore, applying 
the principle of conservation of linear momentum in horizontal direction, we get 


v, sin 60° 


[ Vv, COS 60°— v 


Components of velocity 
of bullet relative to ground 


Fig. 11.25 
Mv — mv, cos 60° — v)=0 
Oo 
ya Mr COS 60 mv, ron 


or v= 
M+m 2(M +m) 
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© Example 11.13 A projectile of mass 3 m is projected from ground with velocity 
20V2 m/s at 45°. At highest point it explodes into two pieces. One of mass 2 m 
and the other of mass m. Both the pieces fly off horizontally in opposite 
directions. Mass 2 m falls at a distance of 100 m from point of projection. Find 
the distance of second mass from point of projection where it strikes the ground. 
(g =10 mls”) 


Solution Range of the projectile in the absence of explosion 
_ wu’ sin 20 (20V2)° sin 90° _ 
g 10 


The path of centre of mass of projectile will not change, 1.e. xcoy4 18 
still 80 m. Now, from the definition of centre of mass 


R 80m y 


MX, + My Xo 


Xcom = m, +m, al A x 
90 = Lima) + (2m)(100) is Xcom 
ae ig. 11.26 
Solving this equation, we get x, =40m 
Therefore, the mass m will fall at a distance x, = 40cm from point of projection. Ans. 
INTRODUCTORY EXERCISE 


1. Three particles of masses 20 g, 30 g and 40 g are initially moving along the positive direction of the 
three coordinate axes respectively with the same velocity of 20 cm/s. When due to their mutual 
interaction, the first particle comes to rest, the second acquires a velocity (1 0i+20 k) cm/s. What is 
then the velocity of the third particle? 

2. A boy of mass 25 kg stands on a board of mass 10 kg which in turn is kept on a frictionless 
horizontal ice surface. The boy makes a jump with a velocity component 5 m/s in a horizontal 
direction with respect to the ice. With what velocity does the board recoil? With what rate are the 
boy and board separating from each other? 

3. Find the ratio of the linear momenta of two particles of masses 1.0 kg and 4.0 kg if their kinetic 
energies are equal. 

4. A uranium-238 nucleus, initially at rest, emits an alpha particle with a speed of 1.4 x10’m/s. 
Calculate the recoil speed of the residual nucleus thorium-234. Assume that the mass of a 
nucleus is proportional to the mass number. 

5. Aman of mass 50 kg starts moving on the earth and acquires a speed of 1.8 m/s. With what 


speed does the earth recoil? Mass of earth =6 x 1074 kg. 


6. A man of mass 60 kg jumps from a trolley of mass 20 kg standing on smooth surface with 
absolute velocity 3 m/s. Find velocity of trolley and total energy produced by man. 


7. A projectile is fired from a gun at an angle of 45° with the horizontal and with a speed of 20 m/s 
relative to ground. At the highest point in its flight the projectile explodes into two fragments of 
equal masses. One fragment, whose initial speed is zero falls vertically. How far from the gun 
does the other fragment land, assuming a level terrain? Take g = 10 m/s?? 
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11.4 Variable Mass 


In our discussion of the conservation of linear momentum, we have so far dealt with systems whose 
mass remains constant. We now consider those systems whose mass is variable, i.e. those in which 
mass enters or leaves the system. A typical case is that of the rocket from which hot gases keep on 
escaping, thereby continuously decreasing its mass. 

In such problems you have nothing to do but apply a thrust force (F, ) to the main mass in addition to 
the all other forces acting on it. This thrust force is given by, 


d 
F, =V rel (+2) 
dt 


Here, v ,.; iS the velocity of the mass gained or mass ejected relative to the main mass. In case of 


rocket this is sometimes called the exhaust velocity of the gases. Fi is the rate at which mass is 


increasing or decreasing. 


The expression for the thrust force can be derived from the conservation of linear momentum in the 
absence of any external forces on a system as follows : 


system 


Fig. 11.27 


Suppose at some moment mass of a body is m and its velocity is v. After some time interval dt its mass 
becomes (m— dm) and velocity becomes v + dv . The mass dm is ejected with relative velocity v.,. 
Absolute velocity of mass ‘dm’ is therefore (v,. + v + dv). If no external forces are acting on the 
system, the linear momentum of the system will remain conserved, or 


P; =P; 
or mv =(m—dm)(v + dv)+dm(v,+v+tdv) 
or mv =mv + mdv — dmv —(dm) (dv) +dmv + v ,.dm + (dm) (dv) 
mdv=—v,dm or m #)- v{-4 
dt dt 
d 
Here, m @ = thrust force (F; ) 


dm : re 
and ~ =rate at which mass is ejecting 
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Problems Related to Variable Mass can be Solved in Following Three Steps 
1. Make a list of all the forces acting on the main mass and apply these forces on it. 


Vv. 3m 
"\ dt 


direction is given by the direction of v ,. in case the mass is increasing and in the direction of —v 
if it is decreasing. 


2. Apply an additional thrust force F, on the mass, the magnitude of which is and 


3. Find net force on the mass and apply 


Fie =" (m= mass at that particular instant) 


Rocket Propulsion 


Let my be the mass of the rocket at time ¢ = 0.7m its mass at any time ¢ and v its velocity at that moment. 
Initially let us assume that the velocity of the rocket is w. 


Exhaust velocity = v, 
Fig. 11.28 


—di : ead : 
Further, let (=) be the mass of the gas ejected per unit time and v, the exhaust velocity of the 


—d . ; 
gases. Usually (=) and v, are kept constant throughout the journey of the rocket. Now, let us write 


few equations which can be used in the problems of rocket propulsion. At time ¢ = ¢, 


1. Thrust force on the rocket 


dm 
Fo =y.|—- — upwards 
2=% [ * (up ) 
2. Weight of the rocket 
w= mg (downwards) 
3. Net force on the rocket 
Fig = Ff, -W (upwards) 
—dm 
or F... =v. | —|-m 
net 7 ( dt S 
: F 
4. Net acceleration of the rocket a=— 
m 
y 


dv v, (==) 
or —_ —|-¢g 
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—di 
or dv=v, [=a |e 
m 
Vv m —dm t 
or dv=v —— dt 
I, Ii, m § 0 
or v—u=v, In| — |-gt 
m 
Mo : 
Thus, v=u-— gtt+ v, In} — ..-(i) 
m 


Note (i) =v, (- = is upwards, as v, is downwards and ae is negative. 


(ii) If gravity is ignored and initial velocity of the rocket u =0, Eq. (i) reduces tov =v, |n (=) 
m 


© Example 11.14 (a) A rocket set for vertical firing weighs 50 kg and contains 
450 kg of fuel. It can have a maximum exhaust velocity of 2 km/s. What should 
be its minimum rate of fuel consumption 


(i) to just lift it off the launching pad? 
(ii) to give it an initial acceleration of 20 m/s”? 


(b) What will be the speed of the rocket when the rate of consumption of fuel is 
10 kg/s after whole of the fuel is consumed? (Take g = 9.8 m/s”) 


Solution (a) (i) To just lift it off the launching pad 
weight = thrust force 


Ps ee (==) 
Ss r at 


_ (==) _mg 
dt v, 


Substituting the values, we get 
(==) _ (450+ 50)(9.8) 


dt 2x 10° 
= 2.45 kg/s Ans. 
(ii) Net acceleration a = 20 m/s” 
ma=F, — mg 
F, 
or a=—-—g 
m 
or a=~ (=) -g 
m \ dt 


This gives 
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Substituting the values, we get 
( =) _ (450+ 50)(9.8 + 20) 
dt 2x 10° 


= 7.45 kg/s Ans. 


(b) The rate of fuel consumption is 10 kg/s. 


So, the time for the consumption of entire fuel is 


cle 
10 


Using Eq. (i), i.e. v=u—gttv, In (*) 
m 


Here, u=0, v,=2x10° m/s, my) = 500kg and m= 50kg 


Substituting the values, we get 


v= 0- (9.8)(45) + (2x 10° ) In (= 


or v=—441+ 4605.17 

or v= 4164.17 m/s 

or v= 4.164 km/s Ans. 
INTRODUCTORY EXERCISE 


1. A rocket of mass 20 kg has 180 kg fuel. The exhaust velocity of the fuel is 1.6 km/s. Calculate 
the minimum rate of consumption of fuel so that the rocket may rise from the ground. Also, 
calculate the ultimate vertical speed gained by the rocket when the rate of consumption of fuel is 
(g =9.8 m/s”) 

(i) 2 kg/s (ii) 20 kg/s 

2. A rocket, with an initial mass of 1000 kg, is launched vertically upwards from rest under gravity. 
The rocket burns fuel at the rate of 10 kg per second. The burnt matter is ejected vertically 
downwards with a speed of 2000 ms“ relative to the rocket. If burning ceases after one minute, 


find the maximum velocity of the rocket. (Take g as constant at 10 ms~*) 


3. A rocket is moving vertically upward against gravity. Its mass at time t is m =m  —t and it 
expels burnt fuel at a speed u vertically downward relative to the rocket. Derive the equation of 
motion of the rocket but do not solve it. Here, u is constant. 

4. A rocket of initial mass mp has a mass m,(1-t/3) at time t. The rocket is launched from rest 
vertically upwards under gravity and expels burnt fuel at a speed u relative to the rocket 
vertically downward. Find the speed of rocket att = 1. 
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11.5 Linear Impulse 


Consider a constant force F which acts for a time ¢ on a body of mass m, thus, changing its velocity 
from u to v. Because the force is constant, the body will travel with constant acceleration a where 


F=ma 
and at=v-u 
F 
hence, —t=v-u 
m 
or Ft=mv-mu 


The product of constant force F and the time ¢ for which it acts is called the impulse (J) of the force 
and this is equal to the change in linear momentum which it produces. 


Thus, Impulse (J) = Ft = Ap= p; — P 


Instantaneous Impulse There are many occasions when a force acts for such a short time that the 
effect is instantaneous, e.g. a bat striking a ball. In such cases, although the magnitude of the force and 
the time for which it acts may each be unknown but the value of their product (i.e., impulse) can be 
known by measuring the initial and final momenta. Thus, we can write 


J=| Fdt=Ap=p, —p; 


Regarding the impulse it is important to note that impulse applied to an object in a given time interval 
can also be calculated from the area under force-time (F-) graph in the same time interval. 


In one dimensional motion, we can simply write as, 
J=|F dt=Ap= py — Dp; 


In this equation all vector quantities (J, F and p) are taken with proper signs. 
Further, if mass is constant, then we can write, 

Py Pi aA&mM(v_—v;) 
Now depending on the nature of force there are following three cases : 


Case1_ If force is constant, then linear impulse can be obtained by multiplying this constant force 
with the given time interval. Now, this impulse is change in linear momentum. 


Case 2 If force is a function of time, then linear impulse can be obtained by integrating this linear 
function of time in the given time interval. Result of this integration (or linear impulse) is equal to the 
change in linear momentum. 


Case 3 If force versus time graph is given, then linear impulse can be obtained by the area under 
F-t graph. This area (or the linear impulse) is equal to the change in linear momentum. 


Note Normally, the word impulse is used when a large force acts for a short interval of time but the equations 
discussed above can be used even if the time interval is large. 
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© Example 11.15 A ball of mass 200 g is projected with a velocity of 30 m/s at 
30° from horizontal. Using the concept of impulse, find change in velocity in 2 s. 
Take g=10 m/s. 


Solution In air, a constant force (= weight = mg) will act on the ball. Therefore, the linear 
impulse can be obtained directly by multiplying this constant force with the given time interval. 
Further, this linear impulse is equal to the change in linear momentum. Thus, 


J=Fxt=Ap=mAv 


=> av-(“)r-(4] mg 
m m 
=egxt= (10m/s” downwards )(2 s ) 
= 20m/s (downwards) Ans. 


© Example 11.16 A time varying force, F =2t is acting on a particle of mass 
2 kg moving along x-axis. velocity of the particle is 4 m/s along negative x-axis at 
time t=0. Find the velocity of the particle at the end of 4 s. 


Solution Given force is a function of time. 


So, linear impulse can be obtained by integration. Further, this impulse is equal to change in 
linear momentum. 


Thus, J=|Fdt=Ap=p,- p,=m(v,—¥,) 


or v a+) Fatty =< [*(2)at—4 (v,=—4 m/s) 
fom "9 Jo ; 


1244 1 
=—[t 4=—[16-0]-4 
51 lo 5 ] 
=+4m/s Ans. 


Therefore, the final velocity is 4 m/s along positive x-direction. 


© Example 11.17 A particle of mass 2 kg is initially at rest. A force starts acting 
on it in one direction whose magnitude changes with time. The force time graph 
is shown in figure. Find the velocity of the particle at the end of 10 s. 


rn) 


Solution Using impulse = Change in linear momentum (or area under F-t graph) 


We have, mv ¢ — v;)= Area 
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or 2(v —oy=2 x 2x 1042x104 4x 2x (10+ 20)+4x 4x 20 
f 2 D 2 


=10+20+30+40 or 2v, =100 
vr = 50 m/s Ans. 


© Example 11.18 A bullet of mass 10~° kg strikes an obstacle and moves at 60° 
to its original direction. If its speed also changes from 20 m/s to 10 m/s. Find 
the magnitude of impulse acting on the bullet. 


Solution Mass of the bullet m=10™ kg 


20 m/s Jj 10 cos 60° 
| | 
10 sin 60° 
Fig. 11.30 


Consider components parallel to J/,. 
J, = 107 [-10cos 60° - (-20)] or J, =15x 107 N-s 
Similarly, parallel to J,, we have 
J, =1073[10sin 60° — 0]= 5V3 x 10 N-s 


The magnitude of resultant impulse is given by 


J= JJ? +53 =107 J(15)° + (5V3)? or J =V3x107N-s Ans. 


INTRODUCTORY EXERCISE 


1. A truck of mass 2 x 10° kg travelling at 4 m/s is brought to rest in 2 s when it strikes a wall. What 
force (assume constant) is exerted by the wall ? 

2. Aballofmass m, travelling with velocity 2i + 3j receives an impulse —3mi.What is the velocity of 
the ball immediately afterwards ? 


3. The net force versus time graph of a rocket is shown in figure. The mass of the rocket is 1200 kg. 
Calculate velocity of rocket, 16 seconds after starting from rest. Neglect gravity. 
F (kN) 


20}----- 


2 10 16 
Fig. 11.31 


4. A 5.0 g bullet moving at 100 m/s strikes a log. Assume that the bullet undergoes uniform 
deceleration and stops in 6.0 cm. Find (a) the time taken for the bullet to stop, (b) the impulse on 
the log and (c) the average force experienced by the log. 
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11.6 Collision 


Contrary to the meaning of the term ‘collision’ in our everyday life, in physics it does not necessarily 
mean one particle ‘striking’ against other. Indeed two particles may not even touch each other and 
may still be said to collide. All that is implied is that as the particles approach each other, 


(1) an impulse (a large force for a relatively short time) acts on each colliding particles. 
(ii) the total momentum of the particles remain conserved. 


The collision is in fact a redistribution of total momentum of the particles. Thus, law of 
conservation of linear momentum is indispensable in dealing with the phenomenon of collision 
between particles. Consider a situation shown in figure. 


v4 Vo F F Vv Vv 
—> — — — — — 
m| <i || | mi Low | 


V1 5 Vo Maximum compression =X; 
(a) (b) (c) 
F F vy! Vo! 
— — => —_ 
yer Me m, | aN mo | 
Vy! < Vo! 
(d) (e) 
Fig. 11.32 


Two blocks of masses m, and m, are moving with velocities v,; and v,(< v, ) along the same straight 
line ina smooth horizontal surface. A spring is attached to the block of mass m,. Now, let us see what 
happens during the collision between two particles. 


Figure (a) Block of mass m, is behind m,. Since, v, > v,, the blocks will collide after some time. 


Figure (b) The spring is compressed. The spring force F (= kx) acts on the two blocks in the 
directions shown in figure. This force decreases the velocity of m, and increases the velocity of m),. 


Figure (c) The spring will compress till velocity of both the blocks become equal. So, at maximum 
compression (say x,,) velocities of both the blocks are equal (say v). 


Figure (d) Spring force is still in the directions shown in figure, i.e. velocity of block m, is further 
decreased and that of m, is increased. The spring now starts relaxing. 
Figure (e) The two blocks are separated from one another. Velocity of block m, becomes more than 


the velocity of block m,, i.e. vj >v/. 


Equations Which can be Used in the Above Situation 
Assuming spring to be perfectly elastic following two equations can be applied in the above situation. 


(1) In the absence of any external force on the system the linear momentum of the system will 
remain conserved before, during and after collision, 1.e. 


MV, + MV. =(mM, +m, )V =m Vi +MVv5 .. (i) 
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(ii) In the absence of any dissipative forces, the mechanical energy of the system will also remain 
conserved, i.e. 


rls te = a) +5 en 
1 , 1 ; 7 
5myi +5 mav3" .. (il) 


Note Inthe above situation we have assumed, spring to be perfectly elastic, i.e. it regains its original shape and 
size after the two blocks are separated. In actual practice there is no such spring between the two blocks. 
During collision, both the blocks (or bodies) are slightly deformed. This situation is similar to the 
compression of the spring. Due to deformation, two equal and opposite forces act on both the blocks. These 
two forces redistribute their linear momentum in such a manner that both the blocks are separated from 
one another. The collision is said to be elastic if both the blocks regain their original shape and size 
completely after they are separated. On the other hand if the blocks do not return to their original form the 
collision is said to be inelastic. If the deformation is permanent and the blocks move together with same 
velocity after the collision, the collision is said to be perfectly inelastic. 


Types of Collision 
Collision between two bodies may be classified in two ways: 
1. Elastic collision and inelastic collision. 
2. Head on collision or oblique collision. 


As discussed earlier also collision between two bodies is said to be elastic if both the bodies come to 
their original shape and size after the collision, i.e. no fraction of mechanical energy remains stored as 
deformation potential energy in the bodies. Thus in addition to the linear momentum, kinetic energy 
also remains conserved before and after collision. On the other hand, in an inelastic collision, the 
colliding bodies do not return to their original shape and size completely after collision and some part 
of the mechanical energy of the system goes to the deformation potential energy. Thus, only linear 
momentum remains conserved in case of an inelastic collision. 


Further, a collision is said to be head on (or direct) if the directions of the velocity of colliding 
objects are along the line of action of the impulses, acting at the instant of collision. If just before 
collision, at least one of the colliding objects was moving in a direction different from the line of 
action of the impulses, the collision is called oblique or indirect. 


Head on Elastic Collision 


Let the two balls of masses m,and m, collide each other elastically with velocities v, and v, in the 
directions shown in Fig. 11.33(a). Their velocities become v,’ and v,’ after the collision along the 
same line. Applying conservation of linear momentum, 


we get 
me V2 2 vy > V2! . Vy! 
(a) Before collision (b) After collision 
Fig. 11.33 


, : ses 
MV, +MzVy = MV, +M7V2 .. (iit) 
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In an elastic collision kinetic energy before and after collision is also conserved. Hence, 


2 1 2 72 1 2 
~mMmV +> MyV5 = ~m Vv, +> MyV> 
2 2 2 2 


Solving Eqs. (iii) and (iv) for v,’ and v,’, we get 
, (zo 2m, 
vy =| —— |v, +] —— ] 

m, +m m, +My 
mM, —m 2m 

and vf BS) V> (22) Vv 
m, +My m, +m 

Special Cases 


1. Ifm, =m), then from Eqs. (v) and (vi), we can see that 


ro d i 
YF V2 an Vz = Vy 
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...(iv) 


..(V) 


...(Vi1) 


i.e. when two particles of equal mass collide elastically and the collision is head on, they exchange 


their velocities., e.g. 


4m/s 3 m/s 3 m/s  4Am/s 
——— —_— mM 
Before collision After collision 
= v=0 
2m/s 4 ty  2m/s 
Before collision After collision 
Fig. 11.34 


2. If m, >> my and v, =0. Then —* ~0 with these two substitutions C =0 and —=0 
m my 
vy, =0 , Vv; =0 
Vp m, Vo 
Before collision After collision 
Fig. 11.35 


we get the following two results 


, , 
Vv) =0 and Vo Vo 


| 


i.e. the particle of mass m, remains at rest while the particle of mass m, bounces back with same 


speed v>. 


3. If m, >>m and Vy =0, 
V3 = Vo 


~ % y= 0 Vy = 2Ve 
— rn — ' , 
Before collision After collision 


Fig. 11.36 
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with the substitution + ~ 0 and v, =0, we get the results 
m) 
v,/=2v, and vy’ =v 
i.e. the mass m, moves with velocity 2v, while the velocity of mass m, remains unchanged. 


Note It is important to note that Eqs. (v) and (vi) and their three special cases can be used only in case of a head 
on elastic collision between two particles. | have found that many students apply these two equations even 
if the collision is inelastic and do not apply these relations where clearly a head on elastic collision is given in 
the problem. 


Head on Inelastic Collision 


As we have discussed earlier also, in an inelastic collision, the particles do not regain their shape and 
size completely after collision. Some fraction of mechanical energy is retained by the colliding 
particles in the form of deformation potential energy. Thus, the kinetic energy of the particles no 
longer remains conserved. However, in the absence of external forces, law of conservation of linear 
momentum still holds good. 


‘ Vo / A) 7 Vo! ‘ Vy! 
n— yi— ni yn 
L 4 wm © j +ve 


Before collision After collision 
Fig. 11.37 


Suppose the velocities of two particles of mass m, and m, before — 
collision be v, and v, in the directions shown in figure. Let v,’ and v,” 4 

be their velocities after collision. The law of conservation of linear . . 
momentum gives 


Fig. 11.38 

MV, + MyV> = My Vp + M4V5 .. (vil) 
Collision is said to be perfectly inelastic ifboth the particles stick together after collision and move with 
same velocity, say v’ as shown in Fig. 11.38. In this case, Eq. (vii) can be written as 

MV, +MyV> = (mM, +m, )V’ 
MV, + MV a 
or yvott .. (viii) 
m, + mM, 
Newton's Law of Restitution 


When two objects are in direct (head on) impact, the speed with which they separate after impact is 
usually less than or equal to their speed of approach before impact. 
Experimental evidence suggests that the ratio of these relative speeds is constant for two given set of 
objects. This property formulated by Newton, is known as the law of restitution and can be written in 
the form 

separation speed _ 


= ...(1X) 
approach speed 


The ratio e is called the coefficient of restitution and is constant for two particular objects. 


In general O<ex<l 
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e=0, for completely inelastic collision, as both the objects stick together. So, their separation speed is 


zero or e=0 from Eq. (ix). 


e=1, for an elastic collision, as we can show from Eq. (v) and (vi), that 


, 
Wyo = Vo. Vy 


or separation speed = approach speed 
or e=1 
> V2 > M4 Va! ‘ 
Before collision After collision 
Fig. 11.39 


Let us now find the velocities of two particles after collision if they collide directly and the coefficient 


of restitution between them is given as e. 
Applying conservation of linear momentum 
, , 
al + My V4 = mM, Vy} + My V4 
Further, separation speed = e (approach speed) 
or Vv, —- Vv,’ =e(v. -Vv,) 


Solving Eqs. (x) and (xi), we get 


m;—em mM, +em 
v= I 2 2 2 V5 
m, +m), m, + Mm, 
, | M— em, m, + em, 
and Vy =| ——— | v2 +| —— |v 
m, +My, m, +My, 


Special Cases 
1. Ifcollision is elastic, i.e. e=1, then 


,_|{ My ~My 2m, 
Vv} =| —— Vy} | ——————— V9 
Mm + My m + My 


mM, —m 2m 
and vf =(2 oS) V> (2) v1 
which are same as Eqs. (v) and (vi). 


2. Ifcollision is perfectly inelastic, i.e. e=0, then 


mV, + MyVo , 
vy,’ =v,’ =——— = v’ (say) 
mM, +My 


which is same as Eq. (viii). 


..(X) 


...(X1) 


(xii) 


.. (xiii) 
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3. Ifm, =m, and vy, =0, then 


l+e P l-e . 
Vy =| — Vo and Vo =| — Vo ee .(xiv) 
2 2 
Mo m 1 ' 
.— v4 =0 = = 
Before collision After collision 
Fig. 11.40 
) u=0 


Note (i) If mass of one body is very-very greater than that of the other, then after collision 
velocity of heavy body does not change appreciably. (Whether the collision is 
elastic or inelastic). 

(ii) In the situation shown in figure if e is the coefficient of restitution between the ball 
and the ground, then after n” collision with the floor the speed of ball will remain 
n, . . . 2n 
e"Vo and it will go upto a height e“"h or, ; ; i ooh 
y= Evo € segn Fig. 11.41 
and h, = e"h 


EXERCISE Derive the above two relations. 


Oblique Collision 


During collision between two objects a pair of equal and opposite impulses act at 
the moment of impact. Ifjust before impact at least one of the objects was moving 
in a direction different from the line of action of these impulses the collision is said 
to be oblique. 


In the figure, two balls collide obliquely. During collision impulses act in the 
direction xx. Henceforth, we will call this direction as common normal direction 
and a direction perpendicular to it (i.e. yy) as common tangent. 


Fig. 11.42 


Following four points are important regarding an oblique collision : 

1. A pair of equal and opposite impulses act along common normal direction. Hence, linear 
momentum of individual bodies do change along common normal direction. If mass of the 
colliding bodies remain constant during collision, then we can say that linear velocity of the 
individual bodies change during collision in this direction. 

2. No component of impulse act along common tangent direction. Hence, linear momentum or 
linear velocity of individual bodies (if mass is constant) remain unchanged along this direction. 

3. Net impulse on both the bodies is zero during collision. Hence, net momentum of both the bodies 
remain conserved before and after collision in any direction. 

4. Definition of coefficient of restitution can be applied along common normal direction, i.e. along 
common normal direction we can apply 
Relative speed of separation = e (relative speed of approach) 

Here, e is the coefficient of restitution between the particles. 


© Example 11.19 Two blocks A and B of equal mass 
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ye) 


.0 m/s 
—> 


m= 1.0 kg are lying on a smooth horizontal surface as shown 5 i 
in figure. A spring of force constant k = 200 N/m is fixed at By woven mueers 


one end of block A. Block B collides with block A with velocity 


Up =2.0 m/s. Find the maximum compression of the spring. ede 


Solution At maximum compression (x,, ) velocity of both the blocks is same, say it is v. 
Applying conservation of linear momentum, we have 


(m4 + mg v= mpg Vo Poo Sea 
’ Vv 
1.0+1.0v=(1. / \ 
or (1.0 oo 0) vo 'g ~ Fe 
or y=~9 = 2" =10m/s R ” 
2 2 Pees gam -- 
Xm 
Using conservation of mechanical energy, we have Fig. 11.44 
1 > 1 Joa, ben a 
—Mgvo =— (my +m, Vv +— kx, 
5 Ma Yo a 4+ Mp) 5 
Substituting the values, we get 
5x (1) x (2.0)? =5% (1.0+ 1.0) x (1.0)? tox (200) x x2 
or 2=1.0+ 100x2 
or X,, =9.1m= 10.0cm Ans. 


Example 11.20 Two balls of masses m and 2 m moving in opposite directions 
collide head on elastically with velocities v and 2v. Find their velocities after 
collision. 


Solution Here, vy. =—v, v, =2v,m, = mand m, = 2m. 
2v ? 
27 —m —e 
Fig. 11.45 


Substituting these values in Eqs. (v) and (vi), we get 


w-(SZ]eo-[ ail Jen or (ey 
m+ 3 


om 
and v= oe (2v)+ au 
m+ 2m m+ 2m 


2m 


Fig. 11.46 


i.e. the second ball (of mass 2m) comes to a rest while the first (of mass m) moves with velocity 
3v in the direction shown in Fig. 11.46. 
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© Example 11.21 Two pendulum bobs of masses m and 2m collide head on 
elastically at the lowest point in their motion. If both the balls are released from 
a height H above the lowest point, to what heights do they rise for the first time 
after collision? 


Solution Given, m, =m,m, =2m,v, =—.J2gH and v,=.,/2gH 


2 = —> +ve 
*] "i 
Vo VY 


Fig. 11.47 


Since, the collision is elastic. Using Eqs. (v) and (vi) discussed in the theory the velocities after 
collision are 


w-(S2] (- Pa +( 4m ) eH 


m+2m m+ 2m 


3 3 3 
and ype) 2 opera 2 |e oer 
m+ 2m m+ 2m 
_V2gH 2/2gH 2gH 
3 3 3 
*] 2 
— —> 
OH , 5 
ips = Vy! = = 2gH 
Fig. 11.48 


i.e. the velocities of the balls after the collision are as shown in Fig. 11.48. 


Therefore, the heights to which the balls rise after the collision are: 


_@/y a ae 
= + (using v~ = u~ — 2gh) 


or h, =-———— or h =—H 
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»\2 
and hy = Oy 
2g 
2 
 2g¢H 
‘ 3 
or = 
2g 
H 
or hy = 7) 


Note Since, the collision is elastic, mechanical energy of both the balls will remain conserved, or 


E; =F; 
> (m+ 2m) gH =mgh, + 2mgh, 
a 3mgH = (mq) (= H| + (2mq) (=) 
> 3mgH =3mgH 


© Example 11.22 A bail of mass m moving at a speed v makes a head on 
inelastic collision with an identical ball at rest. The kinetic energy of the balls 


after the collision is ria of the original. Find the coefficient of restitution. 
A 2 ~ Ve! V4" 
Before collision After collision 
Fig. 11.49 


Solution For the given conditions, we can use Eq. (xiv) or 


Given that K f =2K 
or 1 ny, Pe -3(5 mv) 
a 4\2 


Substituting the value, we get 


(He) (5) eI 
ie = 
2 2 4 


or (l+e)? +(1-e) =3 
or 24+2e =3 
a | 
or e=— 
2 
or aa. Ans 
a) 
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© Example 11.23 A ball is moving with velocity 2 m/s towards a heavy wall 
moving towards the ball with speed 1 m/s as shown in figure. Assuming 
collision to be elastic, find the velocity of ball immediately after the collision. 


2m/s 1ms& 


Fig. 11.50 

Solution The speed of wall will not change after the collision. So, let v 

be the velocity of the ball after collision in the direction shown in figure. y 1m/s 
Since, collision is elastic (e = 1). —s 

separation speed = approach speed 
or y—-1=241 After collision 
Fig. 11.51 

or v=4 m/s Ans. 


© Example 11.24 A ball of mass m hits a floor with a speed v, making an angle 
of incidence & with the normal. The coefficient of restitution is e. Find the speed 
of the reflected ball and the angle of reflection of the ball. 


Solution The component of velocity vg along common tangent direction vy sin & will remain 
unchanged. Let v be the component along common normal direction after collision. Applying 


' Vv 
' 
sy 
cs 
. Vo sin a 4 Vo SiN a 
a 
Yo 
Vo COS & 


Fig. 11.52 


Relative speed of separation = e (relative speed of approach) 
along common normal direction, we get 
V= eV COS OH 


Thus, after collision components of velocity v’ are vp sin & and evy cos 
r_ | Ry 2 
V =4/(V% sina)” + (ev9 cos a) v! 
€Vp COS Hf Hi 
Vo sin O& | 4 
and tan B = -—— B : 
€Vp COS O \ Vo sin o 


tan o 
or tan B = 


Fig. 11.53 


Note For elastic collision, e=1 
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© Example 11.25 After perfectly inelastic collision between two identical balls 
moving with same speed in different directions, the speed of the combined mass 
becomes half the initial speed. Find the angle between the two before collision. 


Solution Let be the desired angle. Linear momentum of the system will remain conserved. 


¥ 2m 
‘ Vv 
m Ve 
. 8 J 2 
m 
V 


Fig. 11.54 
Hence, p> = p- + p2 +2pyp> cos® 
2 
or \2m (2) = (mv) + (mv) + 2(mv)(mv)cos 8 
or 1=1+1+2cos@ or cos =~ 
6 = 120° Ans. 


© Example 11.26 The coefficient of restitution between a snooker ball and the 
side cushion is z. If the ball hits the cushion and then rebounds at right angles 


to its original direction, show that the angles made with the side cushion by the 
direction of motion before and after impact are 60° and 30° respectively. 


Solution Let the original speed be uw, in a direction making an angle @ with the side cushion. 
Using the law of restitution 
Relative speed of separation along common normal direction 


= e(relative speed of approach) 


or v= = (usin 6) => —=— 


ee 9) 7 
usin 0 Pa 
a Q -) sig 
ucos 8 V 
Fig. 11.55 
: cos@ 3cos0 
After impact, tan@=— = 
Vv sin 8 

=> tan? @=3 
=> tan0=/3 
=> 6 = 60° 


Therefore, the directions of motion before and after impact are at 60° and 30° to the cushion. 
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INTRODUCTORY EXERCISE 


1. 


10. 


11. 


Two blocks of masses 3 kg and 6 kg respectively are placed on a smooth horizontal surface. 
They are connected by a light spring of force constant k =200 N/m. Initially the spring is 
unstretched. The indicated velocities are imparted to the blocks. Find the maximum extension 
of the spring. 


1.0 m/s 2.0 m/s 
— = 
3kg 6kg 

Fig. 11.56 


A moving body of mass m makes a head on elastic collision with another body of mass 2m 


which is initially at rest. Find the fraction of kinetic energy lost by the colliding particle after 
collision. 


What is the fractional decrease in kinetic energy of a body of mass m, when it makes a head on 
elastic collision with another body of massm, kept at rest? 


In one dimensional elastic collision of equal masses, the velocities are interchanged. Can 
velocities in a one dimensional collision be interchanged if the masses are not equal. 

After an head on elastic collision between two balls of equal masses, one is observed to have a 
speed of 3 m/s along the positive x-axis and the other has a speed of 2 m/s along the negative 
x-axis. What were the original velocities of the balls ? 

A ball of mass 1 kg moving with 4 ms~' along + x-axis collides elastically with an another ball of 
mass 2 kg moving with 6 m/s is opposite direction. Find their velocities after collision. 

Three balls A, B and C are placed on a smooth horizontal surface. Given thatm, =Mc =4mz. 


Ball B collides with ball C with an initial velocity v as shown in figure. Find the total number of 
collisions between the balls. All collisions are elastic. 


Fig. 11.57 


Ball 1 collides directly with another identical ball 2 at rest. Velocity of second ball becomes two 
times that of 1 after collision. Find the coefficient of restitution between the two balls? 


A sphere A of mass ™, travelling with speed v, collides directly with a stationary sphere B. If Ais 
brought to rest and B is given a speed V, find (a) the mass of B (b) the coefficient of restitution 
between A and B? 


A smooth sphere is moving on a horizontal surface with velocity vector i+ 2j immediately 
before it hits a vertical wall. The wall is parallel to j and the coefficient of restitution of the sphere 


and the wall is e = 5 . Find the velocity of the sphere after it hits the wall? 


A ball falls vertically on an inclined plane of inclination « with speed v, and makes a perfectly 
elastic collision. What is angle of velocity vector with horizontal after collision. 
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Final Touch Points 


1. Centre of mass frame of reference or C-frame of reference or zero momentum frame _ A frame of 
reference carried by the centre of mass of an isolated system of particles (i.e. a system not subjected 
to any external forces) is called the centre of mass or C-frame of reference. In this frame of reference. 


(i) Position vector of centre of mass is zero. 
(ii) Velocity and hence momentum of centre of mass is also zero. 
2. A liquid of density p is filled in a container as shown in figure. The liquid comes out from the container 


through a orifice of area ‘a’ at a depth ‘h’ below the free surface of the liquid with a velocity v. This 
exerts a thrust force in the container in the backward direction. This thrust force is given by 


Here, (in forward direction) 
and 

as 

or F =pav? (in backward direction) 


Further, we will see in the chapter of fluid mechanics that v =./2gh. 


3. Suppose, a chain of mass per unit length 4 begins to fall through a hole in the ceiling as shown in 
Fig. (a) or the end of the chain piled on the platform is lifted vertically as in Fig. (b). In both the cases, 
due to increase of mass in the portion of the chain which is moving with a velocity v at certain moment 
of time a thrust force acts on this part of the chain which is given by 
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Fe=V, (= Here, v. =v and ain AV 
at at 
Here, v, is upwards in case (a) and downwards in case (b). Thus, 


F=iv" 
The direction of F is upwards in case (a) and downwards in case (b). 


4. Suppose a ball is a projected with speed u at an angle 6 with horizontal. It collides at some distance 
with a wall parallel to y-axis as shown in figure. Letv, and v, be the components of its velocity along x 
and y-directions at the time of impact with wall. Coefficient of restitution between the ball and the wall 
is e. Component of its velocity along y-direction (common tangent) v,, will remain unchanged while 
component of its velocity along x-direction (common normal) v, will become ev, is opposite 
direction. 


@2 
Further, since v, does not change due to collision, the time of flight (time taken by the ball to return to the 


same level) and maximum height attained by the ball will remain same as it would had been in the 
absence of collision with the wall. Thus, 


loss = ten + toer =T 


g 
ee 
and Ay =he = u® sin’ @ 
29 
Further, CO + OF < Range or OB 
u® sin 26 


It collision is elastic, then CO + OF =Range = 


and if it is inelastic, CO + OF < Range 
5. In the projectile motion as shown in figure, 
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2Uy 
T=— >To Uy 
g 
2 
U 
= H=— = Heuy 
29 
2uy 
R=u,T =u, o. =R«KU,Uy 
euy 
P ux _ Uy 
P 
Uy 
Just before Just after 
collision collision 


As shown in above figure, vertical component of velocity just after collision becomes eu, or e times, 
while horizontal component remains unchanged. Hence, the next time, 7 will become e times (as 
Tuy), Hwill become e” times (as H« uy) and Fwill also becomes e times (as R «u,Uy). 


Thus, if To, Hp and Rg are the initial values then after first collision, 
T,=eT), H,=e7Hyand R,=eR, 
Similarly after n-collisions, 
T, =6"Ty, H, =e™"H,and R, =e"Ry 
6. Thrust force in variable mass system is nothing but a result of law of conservation of linear momentum. 
Let us take an example. 


en 
smooth 


A boy is standing over a trolley kept over a smooth surface. If the boy throws a stone towards right, 
then mass of (trolley + boy) system is decreasing. Relative velocity of stone is towards right. So, a 
thrust force will act on (trolley + boy) system towards left (in a direction opposite to relative velocity, as 
mass is decreasing). Due to this thrust force (trolley + boy) system will move towards left. 
And this is nothing but law of conservation of linear momentum. Initial momentum of system was zero. 
Therefore final momentum should also be zero. If momentum of stone is towards right, then 
momentum of (trolley + boy) system should be towards left (of same magnitude), to make total 
momentum equal to zero. 
7. In perfectly inelastic collision, all bodies stick together and they have a common velocity given by: 
Total momentum _ Protai 
Total mass Myotal 


Vcommon 


and this common velocity is also equal to the velocity of centre of mass of the system. 


Solved Examples 


TYPED PROBLEMS 


Type 1. Based on law of conversation of linear momentum. 


Concept 
(i) If net force on a system is zero, then linear momentum of the system (or centre of mass 
remains constant). 

(i) Normally the ground is given smooth. So, the net force on a system in horizontal 
direction will be zero and momentum of the system in horizontal direction will remain 
constant. 

.. Initial momentum = Final momentum 

or Di = Pr (in horizontal direction) 
(ii) If all individual bodies/blocks of the system are initially at rest then, p,; will be zero. 

Therefore, total momentum of the system at any instant or p, is also zero. 

(iv) Since, we are using only one conservation law i.e. law of conservation of linear 
momentum, so we have only one equation and only one unknown. 


© Example 1 _ A trolley of mass M is at rest over a © © 
smooth horizontal surface as shown in figure. Two nih 
boys each of mass ‘m’ are standing over the trolley. | 
They jump from the trolley (towards right) with 
relative velocity v, [relative to velocity of trolley just ( ) ( ) 
after jumping] 
(a) together 
(6) one after the other. 
Find velocity of trolley in both cases. 


Solution (a) Let velocity of trolley just after jumping is uv, (towards left). Relative velocity of 
boys towards right is v,. Therefore, there absolute velocity is v,—v,, towards right. 


e —————> +ve 
M+2m 
At rest “4 M 2m 
0 
. . . 7 (v;- v4) 
Before jumping After jumping 


Net force on the system in horizontal direction is zero. Hence, linear momentum of the system 
in horizontal direction is zero. 


or Pi = Pr 
> 0=2m (vu, — u,)- Mv, 
=> Y= cali Ans. 


~2m+M 
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(b) Let v, be the velocity of trolley after the first boy jumps. Then, 


—————> +ve 


e 
M+2 
( mn M+m m 
At rest “!«OU ——Vr- V4 
Di = Pr 
> O=m (u,-v,)-(W +m) v, 
mv, ; 
=> uv, =—-— sas(l) 
1" M+2m 


Now, the second boy jumps from the moving trolley and let v, be the velocity of trolley after 
the second boy also jumps. Then, 


—————> +ve 
M+m M m 
——————_*s 0 oe 
v4 i) Vp— V2 
P= Pr 
> —(M+m)vy, =m (vu, — vg) - Mv, 
: _mu,+(M +m) v, 
(M+m) 
i (en ee 
M+m})" * 


Substituting the value of v, from Eq. (i), we have 
=D [at 1 | Ans 
2 . | +m M+2 mn | , 


© Example 2. Two toy trains each of mass ‘M’ are moving in opposite directions 
with velocities v, and v, over two smooth rails. Two stuntmen of mass ‘m’ each are 
also moving with the trains (at rest w.r.t. trains). When trains are opposite to 
each other the stuntmen interchange their positions, then find the final velocities 
of the trains. 


Solution When the stuntmen are in air (after jumping) they also have horizontal velocities vu, 
and v, in opposite directions. Initially (A) and (B) were together. Similarly (C) and (D) were 


together. 


are ae 
System 1 System 2 


Now, (A) will fall over (D). So this is one system and suppose velocity of this system is V, 
(towards right or in positive direction) after jumping. Similarly, (C) will fall over (B) after 


jumping. 
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Let V, is the velocity of this system towards right after jumping. 
Applying conservation of linear momentum. 


System 1 Pi = Pr 

> mu —-M v2.=(M+m)V, 

> V, fh" a Ans. 
M+m 

System 2 Pi = Py 

=> Mv, -mv,=(M+m) Ve, 

=> Vy sere Ans. 
M+m 


Type 2. Based on conservation on linear momentum and mechanical energy. 


Concept 


In these type of problems, all surfaces are given smooth. So, linear momentum in 
horizontal direction and mechanical energy of the system remains conserved. Since, we are 
applying two conservation laws. Therefore, number of equations are two. Hence, number of 
unknowns are also two. 


© Example 3 All surfaces shown in figure are smooth. Find velocity of wedge (of 
mass M) when the block (of mass m) reaches the bottom of the wedge. 


ce? 


(™~ 


Solution When the block reaches to the bottom of the wedge, their velocities are as shown in 
figure. Here v is the absolute velocity (with respect to ground), but v, is the relative velocity 
(relative to wedge). 


Their absolute velocity components are as shown below: 


——> +ve 
_ (v, Cos 8 — v) 


Seed e ee Vv 


v= Je, sin 6)” + (u, cos 8 — v)? 
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Linear momentum in horizontal direction is conserved. 


“ Pi = Pr 
or 0 =m (vu, cos ® — v)— Mu ..- (1) 
Mechanical energy is also conserved. 
E; = E; 
or nah” Mes ee, 
2 2 
or mgh= ; Mv" + ; m [(v, sin ®)”+ (v, cos — v)”] (ii) 


We have two equations and two unknowns vu and v,. Solving these equations, we can find the 
value of v. 


Exercise: Solve these two equations to find the value of v. 


Example 4 All surfaces shown in figure are smooth. Wedge of mass ‘M’ is free to 
move. Block of mass 'm’ is given a horizontal velocity Uy as shown. Find the 
maximum height ‘h’ attained by ‘m’ (over the wedge or outside it). 


Yo 


Solution At maximum height vertical component of velocity of ‘m’ will be zero. It will have 
only horizontal component of velocity and this is equal to the horizontal component of ‘MW also 
(think why ?). So at the highest point figure is like this: 


ji 


Applying law of conservation of linear momentum in horizontal direction, 


< 
> ——— | 


=>— | 


Di = Pr 
=> Mvp =(M +m) v ..-(i) 
Now, applying law of conservation of mechanical energy, 
5 muy =5 M+ m) "+ mgh ... (ii) 


We have two unknowns v and h. 
So, we can find the value of ‘h’ by solving these two equations. 
Exercise: Solve these two equations to find the value of ‘h’. 
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Type 3. Based on following four equations. 


x Fp =LF,, Dy MRpaR =) my,az, py MpUp=X mMyzULZ; py MpXp=X MX, 
In these equations, R stands for right hand side and L stands for left hand side. x is the 
absolute displacement with respect to ground. 


Concept 


If net force on a system in a particular direction is zero (normally in horizontal direction). 
And this can done by giving the ground smooth. Initially, the system is at rest. So, in this 
case individual bodies can move towards right or towards left, but centre of mass will 
remain stationary. Further, net force in horizontal direction is zero. Hence, total force 
towards right is equal to the total force towards left or, 


L Fp =LF, ..-(i) 
or XL Mpdp=cXumy ay stl) 
Now, integrating ‘a’ we will get ‘v’ and by further integrating ‘uv’, we will get ‘x’. 

XU Mpvp=Xmyvy, .. (111) 
and LUMpXp=Lmy x, .. (iv) 


Note  /f the system is initially not at rest but net force is zero, then Eqs. (i) and (ii) are still applicable but not the 
Eqs. (iii) and (iv). Think why ? 


smooth horizontal floor. A man of mass 60 kg starts 

moving from one end of the plank to the other end. The i 

length of the plank is 10 m. Find the displacement of the 2 ool 
plank over the floor when the man reaches the other end of <—__10 m—___» 
the plank. 

Solution Here, the system is man + plank. Net force on this system in horizontal direction is 


zero and initially the centre of mass of the system is at rest. Therefore, the centre of mass does 
not move in horizontal direction. 


Let x be the displacement of the Plank. Assuming the origin, i.e. x =0 at the position shown in 
figure. 


© Example 5 A wooden plank of mass 20 kg is resting on a é 


7: 
X= 010 m—— Initial position 


i 


<— X—>«—10— x—» Final position 


As we said earlier also, the centre of mass will not move in horizontal direction (x-axis). 
Therefore, for centre of mass to remain stationary, 


X= Xf 


Note 
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(60)(0) + 20 (~) (60)(10 — x) + 20 (= ” 


2 
60 + 20 60 + 20 
10 
F 600-x)+2(4"—a) 60 —6x+ 10-2 
or = = 
4 8 8 
or 5=380-38x+5-x 
or 4x = 30 
or x= 2m or x=7.5m 
The centre of mass of the plank lies at its centre. 


Alternate Method 
x, = displacement of plank towards left = x 
mz, = mass of plankdisplaced towards left = 20 kg 
Xp = displacement of man relative to ground towards right= 10- x 


and Mp =mass of man displaced towards right = 60 kg 
Applying XpMp = xpmMz, we get 
(10 — x)(60) = 20x 
or x=30-3x 
or 4x =30 
x= “ =7.5m 


Example 6 A man of mass m, is standing on a platform of mass m, kept on a 
smooth horizontal surface. The man starts moving on the platform with a velocity 
v, relative to the platform. Find the recoil velocity of platform. 

Solution Absolute velocity of man = v, — v where v= recoil velocity of platform. 


Taking the platform and the man as a system, net external force on the system in horizontal 
direction is zero. The linear momentum of the system remains constant. Initially both the man 
and the platform were at rest. 
Hence, 0 =m, (vu, — v) — Mgu 
™mU, 
m, + Ms 
Alternate Method Using the equation, 
XUMpvUp = xm Uy, 
we have, m, (vu, — Vv) = Mguv 
m 
p= 
m, + Mz, 


r 
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© Example 7_ A block of mass m is released from the top of a wedge of mass M as 
shown in figure. Find the displacement of wedge on the horizontal ground when 
the block reaches the bottom of the wedge. Neglect friction everywhere. 


Solution Here, the system is wedge + block. Net force on the system in horizontal direction 
(x-direction) is zero, therefore, the centre of mass of the system will not move in x-direction so 
we can apply, 


XRMp = XM, vs (i) 
Let x be the displacement of wedge. Then, 
x, = displacement of wedge towards left = x 
my, =mass of wedge moving towards left = M 
Xp = displacement of block with respect to ground towards right = h cot 8 — x 
and Mp =mass of block moving towards right =m 
Substituting in Eq. (i), we get 
m(h cot 8 — x)=xM 
mh cot 8 
x = ————. 
M+m 


Ans. 


Type 4. Explosion of a bomb or a projectile. 
Concept 


If a bomb or a projectile explodes in two or more than two parts, then it explodes due to 
internal forces. Therefore, net force or net external force is zero. Hence, linear momentum 
of the system can be conserved just before and just after explosion. By this momentum 
conservation equation, we can find the velocity of some unknown part. If explosion takes 
place in air, then during the explosion, the external force due to gravity (= weight) can be 
neglected, as the time of explosion is very short. So, impulse of this force is negligible and 
impulse is change in linear momentum.Hence, change in linear momentum is also 
negligible. 


© Example 8 A bomb of mass ‘5m’ at rest explodes into three parts of masses 2m, 
2m and m. After explosion, the equal parts move at right angles with speed v 
each. Find speed of the third part and total energy released during explosion. 


Solution Let the two equal parts move along positive x and positive y directions and suppose 
the velocity of third part is V. From law of conservation of linear momentum, 


we have, P; = Py 
=> 0=2m (vi)+2m(vj)+mV 
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Solving this equation we have, V=-2vi-2 Uj 
.. Speed of this particle 
=|Vjor V 
= /(-2v)?+ 20)" 
=2/2v Ans. 
Energy released during explosion, 
= kinetic energy of all three parts 


=5 (2m)v" 4 = Om)" ; = (n) (2V2v)” 


=6mv" Ans. 


© Example 9 A projectile of mass 3 kg is projected with velocity 50 m/s at 37° 
from horizontal. After 2 s, explosion takes place and the projectile breaks into two 
parts of masses 1 kg and 2 kg. The first part comes to rest just after explosion. 
Find, 
(a) the velocity of second part just after explosion. 
(b) maximum height attained by this part. Take g=10mI/s” 


Solution y 
50 m/s a =g 
37° 
fo) >X 
(a) u = (60 cos 37°) i+ 60 sin 37°) j 


= (401 +30 j)més 


a= (-10}) m/s” = constant 


After t=2s v=udat 
= (40i + 30j) + (-10}) 2) = (401+ 10})m/s 


S=ut+—at 
2 


= (40i + 30))(2)+ : (-10))(2)? = (80i+ 40j)m 


8, =40m 
Hence, the explosion takes place at a height of 40 m and the velocity just before explosion is 
(40i+ 10j)m&. 
Velocity of first part just after explosion is zero and let velocity of second part just after 
explosion is V, then from conservation of linear momentum, 

Pi = Py 

> 3 (401+ 10j)=() 0)+2V 
=> V =(60i+15j)més Ans. 
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(b) Vertical component of velocity of second part just after collision is 15 m/s and explosion has 
taken place at a height of 40 m. Therefore total height of this part from ground. 


; (15)? 


U. 
=40+— =404 =51.25m Ans. 
2g 2x10 


Type 5. Based on variable mass system. 


Concept 


dm 


In case of a variable mass system, a thrust force of magnitude] v, x aE has to be applied on 


the system, whose mass is changing. Direction of this force is in the direction of v , if mass is 
increasing and in the opposite direction of v ,, if mass is decreasing, Further, v ,. is zero if a 
mass is just dropped from a moving body. Because the dropped body has the same velocity as 
of the moving body at the time of dropping. So, no thrust force will act in this case. 


© Example 10 A constant force F is applied on a trolley of initial mass my kept 
over a smooth surface. Sand is poured gently over the trolley at a constant rate of 
(u)kg/s. After time t, find 


Smooth 


(a) mass of the trolley (with sand) 
(b) net force on the trolley 
(c) velocity of trolley 
Solution (a) Mass of the trolley after time t¢ is 
m= mass of trolley + (mass of sand poured per second) (time) 
=Mo +t 

(b) Let vis the velocity of trolley at time t. Sand is poured gently. So, velocity of sand is zero or, 

relative velocity of sand is v in the opposite direction of velocity of trolley. Mass of trolley is 


increasing. So, thrust force on the trolley is in the direction of relative velocity or in the 
opposite direction of motion of trolley. 
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Net force on trolley =F — F, 


or Fy, =F —pu Ans. 


Note nthe above expression of F.,., velocity v is a function of time which has been asked in the next part. 
(c) Past == vu 


ma =F —wv 
=> (mo + ut) (2) =P 
zy [’ dv =| dt 
OF —-pu 10m) +ut 
Solving this equation we get 
Ft 
v= meray Ans. 


© Example 11 A trolley of initial mass m, is kept over a smooth surface as shown 
in figure. A constant force F is applied on it. Sand kept inside the trolley drains 
out from its floor at a constant rate of (u)kg/s. After time t find: 


Smooth 


(a) total mass of trolley and sand. 
(b) net force on the trolley. 
(c) velocity of trolley. 
Solution (a) Total mass of trolley and sand 
m= initial mass — mass of sand drained out 
or M=Mp —Ut 
(b) Let vis the velocity of trolley at time t. Then, velocity of sand drained out is also v or relative 
velocity is zero. Hence, no thrust force will act in this case. Therefore, 


Frye =F 
(c) Fie =F 
or ma=F or PL 
dt 
dv 
—ut)—=F 
or (mo Mt) 


Solving this equation we get, 


U= = log, [ mo Ans. 
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Type 6. Problems based on linear impulse (J) and coefficient of restitution (e). 


Concept 


(i) During collision, equal and opposite impulses act on the two colliding bodies along 
common normal directions. This impulse changes the linear momentum of an 
individual body, but total momentum of the system remains constant, as the total linear 
impulse is zero. Further, this linear impulse is equal to change in linear momentum. 

(i) Coefficient of restitution between two colliding bodies is defined along common normal 
direction and this is given by: 
_ relative speed of separation 


relative speed of approach 


© Example 12 Two bails of masses m and 2m and 
momenta 4p and 2p (in the directions shown) collide as (7) Gr) 
shown in figure. During collision, the value of linear 
impulse between them is J. In terms of J and p find coefficient of restitution ‘e’. 
Under what condition collision is elastic. Also find the condition of perfectly 
inelastic collision. 


Solution Directions of linear impulses on the two colliding bodies at the time of collision are 
shown in Fig. (b). 


—— 4p . <—— 2p re wt, gaan i; 2p 
(mv Gn) @) e&) vie(m)  Qn)->vs 
Before collision At the time to collision After collision 


(a) (b) (c) 
Linear impulse is equal to the change in linear momentum. Hence, momenta of the balls after 
collision are shown in Fig. (c). 
Let v, and v, are their velocities before collision [in the directions shown in figure (a)] and vu, 
and v, are the velocities after collision as shown in figure (c). 
os linear momentum 


mass 
_ relative speed of separation 


relative speed of approach 


J-4p ,J-2p 
Uy! + vy m 2m 
or e= = 
U + Ug 4p , 2p 
m 2m 
or e= Sf L0p 2 1 Ans. 
10p 10p 
For elastic collision, 
e=l => neg or fo" 5 Ans. 
10p 3 
For perfectly inelastic collision, 
e=0 > oe g or eer Ans. 
10p 3 
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Type 7. Based on conservation of linear momentum and vertical circular motion. 


Concept 


A ball of mass Mis suspended from a massless string of length / as shown in 

figure. A bullet of mass m moving with velocity vp collides with the ball and 

sticks with the ball. 

Now, velocity of the combined mass (M+m) just after collision at the 
bottommost point (say it's w) can by obtained from law of conservation of Vo 
linear momentum. After finding the value of uw we can use the theory of m 
vertical circular motion. For example, if u>f5gl, then the combined mass 
will complete the vertical circular motion. 

If /2gl<u<.f5gl, string will slack in upper half of the circle and if 0<u<./2gl, the 
combined mass will oscillate in lower half of the circle. 


M 


© Example 13 In the situation discussed above, find 
(a) velocity of combined mass just after collision at the bottommost point (or wu). 
(6) loss of mechanical energy during collision. 
(c) minimum value of Up so that the combined mass completes the vertical circular motion. 


Solution (a) Applying conservation of linear momentum, just before and just after collision. 
MUp 


= => muy=(M+mu> u= Ans. 
D, = Pr o = ( ) Mam 
/ 
59 U 
m 
M (M+m) 
Just before Just after 
collision collision 
(b) Loss of mechanical energy during collision, 
= E,-E, (E = mechanical energy) 
= mv -=(M+m)u? 
2 
a: 1 
=—mv2-—(M m| seas 
2 M+m 
= i Mm vi Ans. 
2 (M+m) 


(c) For completing the vertical circular motion, velocity at bottommost point, u>./5 gl 
MUg M+m 
— 2,5gl > . Ue 5 gl 
M+m ? ” m . 


or (Up) min = ae 5 gl Ans. 
m 
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Example 14 A pendulum bob of mass 10° kg is raised to a height 5 x10 m and then 


released. At the bottom of its swing, it picks up a mass 10°° kg. To what height will the 
combined mass rise ? 


Solution Velocity of pendulum bob at bottom most point 


vy, = J2gh =J2x10x5x107 =1 m/s 
When the bob picks up a mass 10°° kg at the bottom, then by conservation of linear momentum 
the velocity of combined mass is given by 
MV, + MgUy = (M, + Mg) V 
10°x1+10°% x0=(107+ 10) v 
10” _ 10 


or v=————_, =— m/s 
1.1x10 11 
Now, h= vw 7 20/11)" =4.1x107m Ans. 
2g 2x10 
e 
Miscellaneous Examples 
Example 15 The friction coefficient between the horizontal surface and each of 


the block shown in the figure is 0.2. The collision between the blocks is perfectly 
elastic. Find the separation between them when they come to rest. 
(Take g =10 m/s”). 


2kg 4kg 


16cm 
Solution Retardation, a = ll ug =02 x 10 =2m/s” 
m 


Velocity of first block before collision, 
uj = 1? -2 @)x0.16 =1-0.64 
v, =0.6 m/s 

By conservation of momentum, 2 x 0.6 =2u, + 4U, 

also v, — v, =v, for elastic collision 


It gives U, =0.4m/s, v; =—0.2 m/s 
Now distance moved after collision 
_ (0.4)? 
2x2 
and So = (0.2)? 
2x2 


s=s, + 8 =0.05m=5cm Ans. 
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© Example 16 Three identical balls, ball I, ball II and ball III are placed on a 
smooth floor on a straight line at the separation of 10 m between balls as shown 
in figure. Initially balls are stationary. Ball I is given velocity of 10 m/s towards 
ball IT, collision between balls I and II is inelastic with coefficient of restitution 
0.5 but collision between balls II and IIT is perfectly elastic. What is the time 
interval between two consecutive collisions between ball I and IT? 


© © © 


< 


10m 10m 


Solution Let velocity of I ball and II ball after collision be v, and vy 


Ug — = 0.5 x 10 ... GQ) 
MU, + mv, =m X10 ... (ii) 
=> vy + vu, =10 


Solving Eas. (i) and (ii), we get v, =2.5 m/s, v2 = 7.5 m/s 
Ball II after moving 10 m collides with ball III elastically and stops. But ball I moves towards 
ball II. Time taken between two consecutive collisions 
2.5 
10 10-10 x — 


7.5 2.5 


=4s Ans. 


© Example 17 A plank of mass 5 kg is placed on a frictionless horizontal plane. 
Further a block of mass 1 kg is placed over the plank. A massless spring of natural 
length 2 m is fixed to the plank by its one end. The other end of spring is 
compressed by the block by half of spring’s natural length. They system is now 
released from the rest. What is the velocity of the plank when block leaves the 
plank ? (The stiffness constant of spring is 100 N/m) 
1kg 


<— 4m — 


Solution Let the velocity of the block and the plank, when the block leaves the spring be u 
and v respectively. 


By conservation of energy ; kx? = ; mu? 4 : Mv” [M = mass of the plank, m = mass of the block] 
> 100 =u? + 5v" ... i) 
By conservation of momentum 

mu+ Mv=0 > u=-5v ... Gi) 
Solving Eqs. (i) and (ii) 30v°=100 = v= i m/s 


From this moment until block falls, both plank and block keep their velocity constant. 


Thus, when block falls, velocity of plank = A m/s. Ans. 
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© Example 18 A bail is projected from the ground with speed u at an angle o 
with horizontal. It collides with a wall at a distance a from the point of projection 
and returns to its original position. Find the coefficient of restitution between the 
ball and the wall. 

Solution As we have discussed in the theory, the horizontal component of the velocity of ball 


during the path OAB is u cos a@ while in its return journey BCO it is eu cos a. The time of flight 
T also remains unchanged. Hence, 


T = toap + taco 


2u sin a a a 
or = 
g ucosa eu cosa 
a 2u sin a a 
or = 
eu COS O g U COS O 
7 a 2u” sin & cos & — ag Fr 
7 _ a 
el COS O gu cos a 
a, 
—— 
2u” sin @ cos & — ag 
1 
or e= 


so 
E sin 20 -1] 
ag 


© Example 19 A ball of mass m=1 kg falling 
vertically with a velocity vy =2 m/s strikes a wedge 


of mass M =2 kg kept on a smooth, horizontal =" 
surface as shown in figure. If impulse between ball $v 
and wedge during collision is J. Then make two 

equations which relate J with velocity components of — 


wedge and ball. Also find impulse on wedge from 
ground during impact. 
Solution Given M=2kg and m=1l1kg 


Let, J be the impulse between ball and wedge during collision and u,, v, and v, be the 
components of velocity of the wedge and the ball in horizontal and vertical directions 


respectively. 
“ Jcos "| r 
Y4 ¢€ : 
€ J sin 30° 
m= V2 ia 
iE 
(ES (ae 
J cos 30° 
Applying impulse = change in momentum 
we get J sin 80° = Mv, = mv, 


J 


or —=2u, =v. ses! 
5 24 = (i) 
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J cos 80° =m (u; + Up) 


By =(y + 2) ... (ii) 
So these are two equations relating J and velocity components of wedge and ball. 


or 


Further, net vertical impulse on wedge should be zero. Therefore, impulse on wedge from 


ground is J sin 30° or 2 in upward direction. 


Example 20 Two blocks of equal mass m are connected by an unstretched 
spring and the system is kept at rest on a frictionless horizontal surface. A 
constant force F is applied on one of the blocks pulling it away from the other as 
shown in figure. (a) Find the displacement of the centre of mass at time t. (b) If 
the extension of the spring is x, at time t, find the displacement of the two blocks 


at this instant. 
_ Slvr all — 
m m 


Solution (a) The acceleration of the centre of mass is 
F 


acom = om 


The displacement of the centre of mass at time t¢ will be 

1 . Ft 
x=-—a ti =— Ans. 
9 YOM res 
(b) Suppose the displacement of the first block is x, and that of the second is x,. Then, 
2 
eam tmx, | Fi" xm +% 
2m 4m 2 


Ft? : 
or 5 bak «+ () 
m 


Further, the extension of the spring is x, — x». Therefore, 


% — X= Xq 
From Kags. (i) and (ii), 


Example 21 A block of mass m is connected to another block of mass M by a 
massless spring of spring constant k. The blocks are kept on a smooth horizontal 
plane. Initially, the blocks are at rest and the spring is unstretched when a 
constant force F starts acting on the block of mass M to pull it. Find the 
maximum extension of the spring. 


: F Fy k Fo 
rn er 
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Solution The centre of mass of the system (two blocks + spring) moves with an acceleration 
F 


mr 


a= . Let us solve the problem in a frame of reference fixed to the centre of mass of the 


system. As this frame is accelerated with respect to the ground, we have to apply a pseudo 
force ma towards left on the block of mass m and Ma towards left on the block of mass M. The 
net external force on m is 


F, =ma= (towards left) 


and the net external force on M is 
PeveMgere oe 


= (towards right) 
m+M m+M 


As the centre of mass is at rest in this frame, the blocks move in opposite directions and come to 
instantaneous rest at some instant. The extension of the spring will be maximum at this 
instant. Suppose, the left block is displaced through a distance x, and the right block through a 
distance x, from the initial positions. The total work done by the external forces F, and F, in 
this period are 


mF 
W =F\x, + Pox. = ——— (4 + x. 
1% 2X9, eT) (x 2) 
This should be equal to the increase in the potential energy of the spring, as there is no change 
in the kinetic energy. Thus, 
2mF 


mF 1 2 
x + x%)=— Rk (xm + x. or x + X%»=———— Ans. 
aT a! 2) >) (x 2) roxy 2 kim + M) 


This is the maximum extension of the spring. 


© Example 22. Two blocks A and B of masses m and 2m respectively are placed 
on a smooth floor. They are connected by a spring. A third block C of mass m 
moves with a velocity vy along the line joining A and B and collides elastically 
with A, as shown in figure. At a certain instant of time t) after collision, it is 
found that the instantaneous velocities of A and B are the same. Further, at this 
instant the compression of the spring is found to be x). Determine (i) the common 
velocity of A and B at time ty), and (ti) the spring constant. 


B 


2m 


Solution Initially, the blocks A and B are at rest and C is moving with velocity ug to the right. 
As masses of C and A are same and the collision is elastic the body C transfers its whole 
momentum muy to body A and as a result the body C stops and A starts moving with velocity vg 
to the right. At this instant the spring is uncompressed and the body B is still at rest. 

The momentum of the system at this instant = mug 

Now, the spring is compressed and the body B comes in motion. After time ty, the compression 
of the spring is x) and common velocity of A and B is v (say). 


As external force on the system is zero, the law of conservation of linear momentum gives 


U 
Mvp =mMut+ 2m)v- or v= = Ans. 
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The law of conservation of energy gives 


a ae ee ee : 
Muy = — mu 2m)vu~ + — kx 
i al a ) 0 
“b 1 
or wie = a kxg 
2 2 2 
2 
Lis” (2) eed 
2 2; 3 2 
1,2 1 2 1.2 
= kx) == mv, -—= mv 
g 0 = 5 0 0 
1,2 1 2 
or — kx) == mv 
ae aa 
2 
pao Ans. 
3 XH 


Example 23 A uniform chain of mass m and length | hangs on a thread and 
touches the surface of a table by its lower end. Find the force exerted by the table 


on the chain when half of its length has fallen on the table. The fallen part does 
not form heap. 


Solution Force exerted by the chain on the table consists of two parts: 


1. Weight of the portion BC of the chain lying on the table, 


W= ns (downwards) 
2. Thrust force F, = Av” 
Here, A = mass per unit length of chain = = 
v= (/gl)” = gl 
Fi= (=) (gl) =mg (downwards) 


Net force exerted by the chain on the table is 


F=aW+F,= +mg= mg (downwards) 
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So, from Newton’s third law the force exerted by the table on the chain will be 3 mg 
(vertically upwards). 


Note Here, the thrust force (F,) applied by the chain on the table will be vertically downwards, as F, =v, (=) 


and in this expression v, is downwards plus sf is positive. So, F, will be downwards. 


© Example 24 A ball of mass m makes an elastic collision with another identical 
ball at rest. Show that if the collision is oblique, the bodies go at right angles to 
each other after collision. 


Solution In head on elastic collision between two particles, they exchange their velocities. In 
this case, the component of ball 1 along common normal direction, v cos 8 becomes zero after 
collision, while that of 2 becomes u cos 8. While the components along common tangent direction 
of both the balls remain unchanged. Thus, the components along common tangent and common 
normal direction of both the balls in tabular form are given below. 


vsin 0 
V 
@ vcos 8 
\ 


. 


G) vcos 8 


Before collision After collision 


vsin 0 


Ball Component along common tangent direction Component along common normal direction 


Before collision After collision Before collision After collision 
1 v sine vsine vcos @ 0) 
2 0 0 0 v cos 0 


From the above table and figure, we see that both the balls move at right angles after collision 
with velocities usin 8 and u cos 0. 


Exercises 


LEVEL 1 


Assertion and Reason 
Directions : Choose the correct option. 
(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 
(b) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 
(d) If Assertion is false but the Reason is true. 

1. Assertion: Centre of mass of a rigid body always lies inside the body. 

Reason: Centre of mass and centre of gravity coincide if gravity is uniform. 


2. Assertion: A constant force F is applied on two blocks and one spring system as shown in 
figure. Velocity of centre of mass increases linearly with time. 


im LW 2in F 


Smooth 
Reason: Acceleration of centre of mass is constant. 
3. Assertion: To conserve linear momentum of a system, no force should act on the system. 
Reason: If net force on a system is zero, its linear momentum should remain constant. 


4. Assertion: A rocket moves forward by pushing the surrounding air backwards. 
Reason: It derives the necessary thrust to move forward according to Newton’s third law of 
motion. 


5. Assertion: Internal forces cannot change linear momentum. 
Reason: Internal forces can change the kinetic energy of a system. 


6. Assertion: In case of bullet fired from gun, the ratio of kinetic energy of gun and bullet is 
equal to ratio of mass of bullet and gun. 


; if momentum is constant. 


Reason: Kinetic energy « 
mass 


7. Assertion: All surfaces shown in figure are smooth. System is released from rest. 
Momentum of system in horizontal direction is constant but overall momentum is not constant. 


A 


Reason: A net vertically upward force is acting on the system. 


8. Assertion: During head on collision between two bodies let Ap, is change in momentum of 
first body and Ap, the change in momentum of the other body, then Ap, = Apo. 


Reason: Total momentum of the system should remain constant. 
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9. Assertion: In the system shown in figure spring is first 
stretched then left to oscillate. At some instant kinetic energy “im WWW 2m F 
of mass mis K. At the same instant kinetic energy of mass 2m Smooth 


should be *. 


2 


Reason: Their linear momenta are equal and opposite and K = or K « cs 


m m 
10. Assertion: Energy can not be given to a system without giving it momentum. 
Reason: If kinetic energy is given to a body it means it has acquired momentum. 


11. Assertion: The centre mass of an electron and proton, when released moves faster towards 
proton. 


Reason: Proton is heavier than electron. 


12. Assertion: The relative velocity of the two particles in head-on elastic collision is unchanged 
both in magnitude and direction. 


Reason: The relative velocity is unchanged in magnitude but gets reversed in direction. 


13. Assertion: An object of mass m, and another of mass m.(m, > m,) are released from certain 
distance. The objects move towards each other under the gravitational force between them. In 
this motion, centre of mass of their system will continuously move towards the heavier mass 
Mg. 

Reason: Inasystem ofa heavier and a lighter mass, centre of mass lies closer to the heavier 
mass. 


14. Assertion: A given force applied in turn to a number of different masses may cause the same 
rate of change in momentum in each but not the same acceleration to all. 


Reason: r=Panda=* 


15. Assertion: In an elastic collision between two bodies, the relative speed of the bodies after 
collision is equal to the relative speed before the collision. 


Reason: In an elastic collision, the linear momentum of the system is conserved. 


Objective Questions 


Single Correct Option 


1. A ball is dropped from a height of 10 m. Ball is embedded in sand through 1 m and stops. 
(a) only momentum remains conserved 
(b) only kinetic energy remains conserved 
(c) both momentum and kinetic energy are conserved 
(d) neither kinetic energy nor momentum is conserved 


2. If no external force acts on a system 
(a) velocity of centre of mass remains constant 
(b) position of centre of mass remains constant 
(c) acceleration of centre of mass remains non-zero and constant 
(d) All of the above 


10. 


11. 
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. When two blocks connected by a spring move towards each other under mutual interaction 


(a) their velocities are equal 

(b) their accelerations are equal 

(c) the force acting on them are equal and opposite 
(d) All of the above 


. If two balls collide in air while moving vertically, then momentum of the system is conserved 


because 

(a) gravity does not affect the momentum of the system 

(b) force of gravity is very less compared to the impulsive force 
(c) impulsive force is very less than the gravity 

(d) gravity is not acting during collision 


. When a cannon shell explodes in mid air, then identify the incorrect statement 


(a) the momentum of the system is conserved at the time of explosion 
(b) the kinetic energy of the system always increases 

(c) the trajectory of centre of mass remains unchanged 

(d) None of the above 


. In an inelastic collision 


(a) momentum of the system is always conserved 

(b) velocity of separation is less than the velocity of approach 
(c) the coefficient of restitution can be zero 

(d) All of the above 


. The momentum of a system is defined 


(a) as the product of mass of the system and the velocity of centre of mass 
(b) as the vector sum of the momentum of individual particles 

(c) for bodies undergoing translational, rotational and oscillatory motion 
(d) All of the above 


. The momentum of a system with respect to centre of mass 


(a) is zero only if the system is moving uniformly 

(b) is zero only if no external force acts on the system 
(c) 1s always zero 

(d) can be zero in certain conditions 


. Three identical particles are located at the vertices of an equilateral triangle. Each particle 


moves along a meridian with equal speed towards the centroid and collides inelastically. 

(a) all the three particles will bounce back along the meridians with lesser speed. 

(b) all the three particles will become stationary 

(c) all the particles will continue to move in their original directions but with lesser speed 

(d) nothing can be said 

The average resisting force that must act on a 5 kg mass to reduce its speed from 65 to15ms ‘in 
2s is 

(a) 12.5 N (b) 125 N (c) 1250 N (d) None of these 

In a carbon monoxide molecule, the carbon and the oxygen atoms are separated by a distance 
1.2x 101° m. The distance of the centre of mass from the carbon atom is 

(a) 048x107? m (b) 051 x 1071? m 

(c) 0.74 x 107° m (d) 0.68 x 107!° m 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 
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. Abomb of mass 9 kg explodes into two pieces of masses 3 kg and 6 kg. The velocity of mass 3 kg 
is 16 ms’. The kinetic energy of mass 6 kg is 


(a) 96 J (b) 384 J (c) 192 J (d) 768 J 


A heavy ball moving with speed v collides with a tiny ball. The collision is elastic, then 
immediately after the impact, the second ball will move with a speed approximately equal to 


(a) v (b) 2u (c) 5 (d) 7 


A loaded 20, 000 kg coal wagon is moving on a level track at 6 ms’. Suddenly 5000 kg of coal is 
dropped out of the wagon. The final speed of the wagon is 
(a) 6 ms! (b) 8 ms"! (c) 4.8 ms? (d) 4.5 ms? 


A machine gun shoots a 40 g bullet at a speed of 1200 ms~'. The man operating the gun can bear 
a maximum force of 144 N. The maximum number of bullets shot per second is 


(a) 3 (b) 5 (c) 6 (d) 9 


A projectile of mass m is fired with a velocity v from point P at an angle 45°. Neglecting air 
resistance, the magnitude of the change in momentum leaving the point Pand arriving at Qis 


Vv 
P 


Q 


(a) V2 mv (b) 2mv () 7 (d) 1 


A ball after freely falling from a height of 4.9 m strikes a horizontal plane. If the coefficient of 
restitution is 3/4, the ball will strike second time with the plane after 


(5s (b) 1s (os (5s 


The centre of mass of a non uniform rod of length LZ, whose mass per unit length varies as 
k- x? ; ; ; ; 
p= a where k is a constant and x is the distance of any point from one end is (from the same 


end) 
3 1 1 2 
Lal ge =) =IL dy} = |L 
@ (2) 0) (4) (2) @ (2) 
A boat of length 10 m and mass 450 kg is floating without motion in still water. A man of mass 
50 kg standing at one end of it walks to the other end of it and stops. The magnitude of the 
displacement of the boat in metres relative to ground is 
(a) zero (b) 1 m (c) 2m (d)5m 
Aman of mass M stands at one end of a stationary plank of length LZ, lying on a smooth surface. 
The man walks to the other end of the plank. If the mass of the plank is M/3, the distance that 
the man moves relative to the ground is 
3L L 4L L 
aes b) = = d) — 
(a) i (b) a (c) 5 (d) 3 


A ball of mass m moving at a speed u collides with another ball of mass 3m at rest. The lighter 
block comes to rest after collision. The coefficient of restitution is 


1 2 1 
(a) 5 (b) 7 (c) ri (d) None of these 


22. 


23. 


24. 


25. 


26. 
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A particle of mass m moving with velocity uw makes an elastic F 
one-dimensional collision with a stationary particle of mass m. They 
come in contact for a very small time fy. Their force of interaction 
increases from zero to Fp linearly in time 0.5t), and decreases linearly to 
zero in further time 0.5 ¢, as shown in figure. The magnitude of Fo is 


Fo 


mu 2mu 
(a) — (b) t 
to to 0.5to to 
(c) on (d) None of these 
0 


Two identical blocks A and B of mass m joined together with a massless spring as shown in 
figure are placed on a smooth surface. If the block A moves with an acceleration ao, then the 
acceleration of the block B is 


m m 
F 
Ree a - 
(a) a (b) a () * a (a) * 


Aball of mass m moving with velocity vg collides a wall as shown 


in figure. After impact it rebounds with a velocity + U5 The ™ 


impulse acting on ball during impact is 


m LE 
a) —— U 
(a) >) oJ 
3 
4 


3 4 
-—m 
(b) ri Up! 
—5 y 
(c) 7. mug © 
(d) None of the above 


A steel ball is dropped on a hard surface from a height of 1 m and rebounds to a height of 64 cm. 
The maximum height attained by the ball after n“ bounce is (in m) 

(a) 0.64)" (b) 0.8)" 

(c) .5)™" (d) 0.8)" 


A car of mass 500 kg (including the mass of a block) is moving on a smooth road with velocity 
1.0 ms! along positive x-axis. Now a block of mass 25 kg is thrown outside with absolute 


velocity of 20 ms? along positive z-axis. The new velocity of the car is (ms ‘) 


Vv 
— y 


(a) 101 + 20k (b) 10i-20k 
Ce ee (a) 103 - 2% 
19 19 19 
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27. The net force acting on a particle moving along a straight line varies with time as shown in the 
diagram. Force is parallel to velocity. Which of the following graph is best representative of its 
speed with time ? (Initial velocity of the particle is zero) 


F 


t 
Vv Vv Vv V 
(a) (b) i : (c) (d) 4 
t t t t 


28. In the figure shown, find out centre of mass of a system of a uniform circular plate of radius 3R 
from O in which a hole of radius R is cut whose centre is at 2R distance from the centre of large 
circular plate 


R R 
a) — bh) — 
(a) 5 (b) 7 
R 
(c) a (d) None of these 
29. From the circular disc of radius 4R two small discs of radius R are cut Ay 
off. The centre of mass of the new structure will be at i 
its; 
55 
»,R ~R 
b) -i=—+ j= 
(b) RIS 
,R ~R 
ec) -i—-jr 
(c) 5 IF 


(d) None of the above 


30. A block of mass m rests on a stationary wedge of mass M. The wedge 
can slide freely on a smooth horizontal surface as shown in figure. If 
the block starts from rest 
(a) the position of the centre of mass of the system will change 
(b) the position of the centre of mass of the system will change 

along the vertical but not along the horizontal 
(c) the total energy of the system will remain constant 
(d) All of the above 


31. 


32. 


33. 


34. 


35. 


36. 


37. 
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A bullet of mass m hits a target of mass M hanging by a string and gets embedded in it. If the 
block rises to a height h as a result of this collision, the velocity of the bullet before collision is 


(a) v= /2gh (0) v= Bah jt + (© v= Pah p14 | (@) v= Bah ]1 | 


A loaded spring gun of mass M fires a bullet of mass m with a velocity uv at an angle of elevation 
0. The gun is initially at rest on a horizontal smooth surface. After firing, the centre of mass of 
the gun and bullet system 


(a) moves with velocity a m 


(b) moves with velocity 


me in the horizontal direction 
cos0 


(c) does not move in horizontal direction 


(M —m) 


(d) moves with velocity . in the horizontal direction 

+m 
Two bodies with masses m,and m, (m, > my) are joined by a string passing over fixed pulley. 
Assume masses of the pulley and thread negligible. Then the acceleration of the centre of mass 
of the system (m, + m,) is 


2 
m, - —m 
(a) coed g (b) eed g 
m, +My m, + My 
(c) Ms (a) _ 2s 
m, +My m, +My 


A rocket of mass m, has attained a speed equal to its exhaust speed and at that time the mass of 
the rocket is m. Then the ratio “ is ( neglect gravity ) 

m 
(a) 2.718 (b) 7.8 (c) 3.14 (d) 4 
A jet of water hits a flat stationary plate perpendicular to its motion. The jet ejects 500g of 
water per second with a speed of 1 m/s. Assuming that after striking, the water flows parallel to 
the plate, then the force exerted on the plate is 
(a)5.N (b) 1.0N 
(c) 0.5 N (d) 10 N 


Two identical vehicles are moving with same velocity v towards an 
intersection as shown in figure. If the collision is completely inelastic, then &y 
(a) the velocity of separation is zero . 
. . . 6 Vv 
the velocity of approach is 2usin — 
(b) y of app 5 SE 


: pogeecins 6 
(c) the common velocity after collision is vcos 5 


(d) All of the above 


A ball of mass m =1 kg strikes a smooth horizontal floor as shown in figure. The impulse 
exerted on the floor is 


(a) 6.25 Ns (b) 1.76 Ns (c) 7.8 Ns (d) 2.2 Ns 
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A small block of mass m is placed at rest on the top of a smooth wedge of mass M, which in turn 
is placed at rest on a smooth horizontal surface as shown in figure. It h be the height of wedge 
and 0 is the inclination, then the distance moved by the wedge as the block reaches the foot of 
the wedge is 


m 
h 
| (~™ 
Mh cot® mh cot® Mh cosec0 mh cosec8 
(a) ———_ (b) —_——_ (c) ——— (d) ——— 
Mt+m M+m M+m Mt+m 


A square of side 4 cm and uniform thickness is divided into four squares. The square portion 
A’ AB’ D is removed and the removed portion is placed over the portion DB’ BC’. The new 
position of centre of mass is 


(a) (22cm, 2 cm) (b) (2 cm, 3 cm) (c) (2 cm, 2.5 cm) (d) (3 em, 3 cm) 


A boy having a mass of 40 kg stands at one end Aof a boat of length 2 m at rest. The boy walks to 
the other end Bof the boat and stops. What is the distance moved by the boat? Friction exists 
between the feet of the boy and the surface of the boat. But the friction between the boat and the 
water surface may be neglected. Mass of the boat is 15 kg. 


< 2m oan 
(a) 0.49 m (b) 2.46 m (c) 1.46 m (d) 3.2 m 
Three identical particles with velocities Up i, - 3Uy j and 5u k collide successively with each 


other in such a way that they form a single particle. The velocity vector of resultant particle is 
@) Pd+i+& ) 2 d-5+k) () 2 @-35+k) (a) PG -3)+5k) 


A mortar fires a shell of mass M which explodes into two pieces of mass = and a at the top of 


the trajectory. The smaller mass falls very close to the mortar. In the same time the bigger piece 
lands a distance D from the mortar. The shell would have fallen at a distance R from the mortar 
if there was no explosion. The value of D is (neglect air resistance) 


(a) “ (b) a (c) a (d) None of these 
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Subjective Questions 
1. Consider a rectangular plate of dimensions a x 6. If this plate is considered to be made up of 


four rectangles of dimensions 5 x . and we now remove one out of four rectangles. Find the 


position where the centre of mass of the remaining system will be zero. 
y 


<im@ —_ op — 


< mm —— Qq ——>> 


2. The uniform solid sphere shown in the figure has a spherical hole in it. Find the position of its 
centre of mass. 
y 


b> 


3. A gun fires a bullet. The barrel of the gun is inclined at an angle of 45° with horizontal. When 
the bullet leaves the barrel it will be travelling at an angle greater than 45° with the 
horizontal. Is this statement true or false? 


4. Two blocks A and B of masses m, and mz are connected together by means of a spring and are 
resting on a horizontal frictionless table. The blocks are then pulled apart so as to stretch the 
spring and then released. Show that the kinetic energies of the blocks are, at any instant 
inversely proportional to their masses. 


5. Show that in a head on elastic collision between two particles, the transference of energy is 
maximum when their mass ratio is unity. 


6. A particle moving with kinetic energy K makes a head on elastic collision with an identical 
particle at rest. Find the maximum elastic potential energy of the system during collision. 


7. A ball is projected from the ground at some angle with horizontal. Coefficient of restitution 
between the ball and the ground is e. Let a, 6 and c be the ratio of times of flight, horizontal 
range and maximum height in two successive paths. Find a, b and c in terms of e. 


1 
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. x-y is the vertical plane as shown in figure. A particle of mass 1 kgis y 


at (10 m, 20 m) at time t = 0. It is released from rest. Another particle 

of mass 2 kg is at (20 m, 40 m) at the same instant. It is projected with 

velocity (10i + 10 j) m/s. After 1s. Find | g = 10 mis? 

(a) acceleration, 

(b) velocity and 

(c) position of their centre of mass. O > X 


. Asystem consists of two particles. At t = 0, one particle is at the origin; the other, which has a 


mass of 0.60 kg, is on the y-axis at y= 80m. At t = 0, the centre of mass of the system is on the 
y-axis at y = 24m and has a velocity given by (6.0 m/s’ )t7j. 


(a) Find the total mass of the system. 
(b) Find the acceleration of the centre of mass at any time ft. 
(c) Find the net external force acting on the system at t =3.0s. 


A particle of mass 2 kg moving with a velocity 5i m/s collides head-on with another particle of 
mass 3 kg moving with a velocity — 2i m/s. After the collision the first particle has speed of 
1.6 m/s in negative x direction. Find 

(a) velocity of the centre of mass after the collision, 

(b) velocity of the second particle after the collision, 

(c) coefficient of restitution. 


A rocket of mass 40 kg has 160 kg fuel. The exhaust velocity of the fuel is 2.0 km/s. The rate of 
consumption of fuel is 4 kg/s. Calculate the ultimate vertical speed gained by the rocket. 
(g=10 m/s”) 


A boy of mass 60 kg is standing over a platform of mass 40 kg placed over a smooth horizontal 
surface. He throws a stone of mass 1 kg with velocity v = 10 m/s at an angle of 45° with respect to 
the ground. Find the displacement of the platform (with boy) on the horizontal surface when the 
stone lands on the ground. Take g = 10 m/s”. 


A man of mass m climbs to a rope ladder suspended below a balloon of mass M. The balloon is 

stationary with respect to the ground. 

(a) If the man begins to climb the ladder at speed v (with respect to the ladder), in what direction 
and with what speed (with respect to the ground) will the balloon move ? 

(b) What is the state of the motion after the man stops climbing ? 


Find the mass of the rocket as a function of time, if it moves with a constant acceleration a, in 
absence of external forces. The gas escapes with a constant velocity u relative to the rocket and its 
mass initially was mo. 


A particle of mass 2 m is projected at an angle of 45° with horizontal with a velocity of 
20/2 m/s. After 1 s explosion takes place and the particle is broken into two equal pieces. As a 
result of explosion one part comes to rest. Find the maximum height attained by the other part. 
Take g= 10 m/s’. 


A ball of mass 1 kg is attached to an inextensible string. The ball is released from 
the position shown in figure. Find the impulse imparted by the string to the ball 
immediately after the string becomes taut. (Take g = 10 m/s”) 


= 
K-35 —| 
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Two balls shown in figure are identical. Ball A is moving 


towards right with a speed uv and the second ball is at rest. a 
Assume all collisions to be elastic. Show that the speeds of 4 : 
the balls remain unchanged after all the collisions have Vv 8 


taken place. 


A particle of mass 0.1 kg moving at an initial speed v collides with another particle of same 
mass kept initially at rest. If the total energy becomes 0.2 J after the collision, what would be 
the minimum and maximum values of v ? 


A particle of mass m moving with a speed uv hits elastically another stationary particle of mass 
2m ona smooth horizontal circular tube of radius r. Find the time when the next collision will 
take place? 


In a one-dimensional collision between two identical particles A and B, B is stationary and A 
has momentum p before impact. During impact, B gives an impulse J to A. Find the coefficient 
of restitution between A and B? 


Two billiard balls of same size and mass are in contact on a billiard table. A third ball of same 
mass and size strikes them symmetrically and remains at rest after the impact. Find the 
coefficient of restitution between the balls? 


Two identical blocks each of mass M = 9kg are placed on a rough 
horizontal surface of frictional coefficient u = 0.1. The two blocks are 


joined by a light spring and block Bis in contact with a vertical fixed Vo A B 
wall as shown in figure. A bullet of mass m = 1 kg and uy = 10 m/s hits M -se0000t | 


block A and gets embedded in it. Find the maximum compression of 
spring. (Spring constant = 240 N/m, g= 10 m/s”) 


Block A has a mass of 5 kg and is placed on top of a smooth triangular block, B having a mass of 
30 kg. If the system is released from rest, determine the distance, B moves when A reaches the 
bottom. Neglect the size of block A. 


0.5m 


A trolley was moving horizontally on a smooth ground with velocity v with respect to the earth. 
Suddenly a man starts running from rear end of the trolley with a velocity (3/2) v with respect to 
the trolley. After reaching the other end, the man turns back and continues running with a 
velocity (3/2) v with respect to trolley in opposite direction. If the length of the trolley is L, find 
the displacement of the man with respect to earth when he reaches the starting point on the 
trolley. Mass of the trolley is equal to the mass of the man. 


A 4.00 g bullet travelling horizontally with a velocity of magnitude 500 m/s is fired into a 

wooden block with a mass of 1.00 kg, initially at rest on a level surface. The bullet passes 

through the block and emerges with speed 100 m/s. The block slides a distance of 0.30 m along 

the surface from its initial position. 

(a) What is the coefficient of kinetic friction between block and surface ? 

(b) What is the decrease in kinetic energy of the bullet ? 

(c) What is the kinetic energy of the block at the instant after the bullet has passed through it ? 
Neglect friction during collision of bullet with the block. 
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A bullet of mass 0.25 kg is fired with velocity 302 m/s into a block of wood of mass m, = 37.5kg. 
It gets embedded into it. The block m, is resting on a long block my, and the horizontal surface on 
which it is placed is smooth. The coefficient of friction between m, and mg is 0.5. Find the 
displacement of m, on m, and the common velocity of m, and m,. Mass m, = 1.25kg. 


A wagon of mass M can move without friction along horizontal rails. A simple pendulum 
consisting of a sphere of mass m is suspended from the ceiling of the wagon by a string of length 
1. At the initial moment the wagon and the pendulum are at rest and the string is deflected 
through an angleo from the vertical. Find the velocity of the wagon when the pendulum passes 
through its mean position. 


Ablock of mass M with a semicircular track of radius R rests ona 
horizontal frictionless surface shown in figure. A uniform 
cylinder of radius r and mass mis released from rest at the point 
A. The cylinder slips on the semicircular frictionless track. How 
far has the block moved when the cylinder reaches the bottom of 
the track ? How fast is the block moving when the cylinder 
reaches the bottom of the track ? 


A ball of mass 50 g moving with a speed 2 m/s strikes a plane surface at an angle of incidence 
45°. The ball is reflected by the plane at equal angle of reflection with the same speed. Calculate 
(a) The magnitude of the change in momentum of the ball. 

(b) The change in the magnitude of the momentum of the wall. 


A uniform rope of mass m per unit length, hangs vertically from a support so that the lower end 
just touches the table top shown in figure. Ifit is released, show that at the time a length y of the 
rope has fallen, the force on the table is equivalent to the weight of a length 3y of the rope. 


Sand drops from a stationary hopper at the rate of 5 kg/s on to a conveyor belt moving with a 
constant speed of 2 m/s. What is the force required to keep the belt moving and what is the 
power delivered by the motor, moving the belt ? 


A 3.0 kg block slides on a frictionless horizontal surface, first moving to the left at 50 m/s. It 
collides with a spring as it moves left, compresses the spring and is brought to rest 
momentarily. The body continues to be accelerated to the right by the force of the compressed 
spring. Finally, the body moves to the right at 40 m/s. The block remains in contact with the 
spring for 0.020 s. What were the magnitude and direction of the impulse of the spring on the 
block? What was the spring’s average force on the block? 


Block A has a mass 3 kg and is sliding on a rough horizontal surface with a velocity v, = 2 m/s 
when it makes a direct collision with block B, which has a mass of 2 kg and is originally at rest. 
The collision is perfectly elastic. Determine the velocity of each block just after collision and the 
distance between the blocks when they stop sliding. The coefficient of kinetic friction between 
the blocks and the plane isu, = 0.3. (Take g = 10 m/s”) 


LEVEL 2 


Objective Questions 
Single Correct Option 


1. A pendulum consists of a wooden bob of mass m and length /. A bullet of mass 
m, is fired towards the pendulum with a speed v, and it emerges from the bob 


with speed = The bob just completes motion along a vertical circle. Then v, 


is 


(a) ™ Bei (o) 2 fei Sis <n 
my, 2m, m, v1 m4 3 
@2 (=| [Bal (a) (=] Jal 
3 \m, m 


2. A bob of mass m attached with a string of length / tied to a point on ceiling is released from a 
position when its string is horizontal. At the bottom most point of its motion, an identical mass 
m gently stuck to it. Find the maximum angle from the vertical to which it rotates. 


(a) cos+ (=) (b) cos"! (=) 


41{1 ° 
(c) cos (3) (d) 60 


3. A train of mass Mis moving on a circular track of radius R with constant speed v. The length of 
the train is half of the perimeter of the track. The linear momentum of the train will be 


(a) zero (b) a (c) MuR (d) Mv 


4. Two blocks A and B of mass m and 2 m are connected together by a 
light spring of stiffness k. The system is lying on a smooth horizontal 
surface with the block A in contact with a fixed vertical wall as shown 


in the figure. The block B is pressed towards the wall by a distance x, |” 2m 
and then released. There is no friction anywhere. If spring takes time A B 
At to acquire its natural length then average force on the block A by 
the wall is 

2mk vmk v3mk 
a) zero x, C x, d x, 
(a) zer (b) ye J aare " ae 0 


5. A striker is shot from a square carom board from a point A exactly at YA 
midpoint of one of the walls with a speed of 2 ms! at an angle of 45° with 
the x-axis as shown in the figure. The collisions of the striker with the 
walls of the fixed carom are perfectly elastic. The coefficient of kinetic 
friction between the striker and board is 0.2. The coordinate of the 
striker when it stops (taking point O to be the origin) is (in SI units) O Aes 


A a 
1 1 1 |~«———_—_—_—___>-| 
S22 ee 1 
@) Ba *)0,5 2 L= pm 
1 1 i 
oR" OB BE 
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6. A ball of mass 1 kg is suspended by an inextensible string 1 m m=4kg 
long attached to a point O of a smooth horizontal bar resting 
on fixed smooth supports Aand B. The ball is released from xX ) v4 B 
rest from the position when the string makes an angle 30° As! 


with the vertical. The mass of the bar is 4 kg. The 
displacement of bar when ball reaches the other extreme 
position (in m ) is 

(a) 0.4 (b) 0.2 

(c) 0.25 (d) 0.5 


M= 1kg 


. Aball falls vertically onto a floor with momentum pand then bounces repeatedly. If coefficient 


of restitution is e, then the total momentum imparted by the ball to the floor is 


(a) p(l + e) gp 
l-e 


l-e l+e 
© [=] @ [24] 


8. A bullet of mass m penetrates a thickness h of a fixed plate of mass M. If the plate was free to 


10. 


11. 


move, then the thickness penetrated will be 


Mh 2Mh 
(a) M+m ) M+m 
mh Mh 
© 3ar+m) O° 3a + m) 


. Two identical balls of equal masses A and B, are lying on a smooth surface as shown in the 


figure. Ball A hits the ball B (which is at rest) with a velocity v= 16 ms’. What should be the 


minimum value of coefficient of restitution e between A and Bso that Bjust reaches the highest 
point of inclined plane? (g = 10 ms”) 


2 1 1 
= b) — d)— 
(a) : (b) Fi (d) 3 
The figure shows a metallic plate of uniform thickness and density. The value x 
of Jin terms of L'so that the centre of mass of the system lies at the interface of L 
the triangular and rectangular portion is 
L L 
l = l =— 
(a) I= 5 (b) I= 5 
L 2 
aie (a) 1=,/2L <5 
~ v3 3 7 


Particle A makes a head on elastic collision with another stationary particle B. They fly apart in 
opposite directions with equal speeds. The mass ratio will be 


1 I 
(a) 3 (b) 2 
1 2 


(c) 4 (d) 3 


12. 


13. 


14. 


15. 
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A particle of mass 4m which is at rest explodes into four equal fragments. v 


All four fragments scattered in the same horizontal plane. Three fragments 


are found to move with velocity uv as shown in the figure. The total energy 90° 
released in the process is Vv 
(a) mv?(3 - V2) (b) ; mv?(3 - V2) 135° 

4 
(c) 2mv" (d) ; mv” (1 + V2) 


In figures (a), (b) and (c) shown, the objects A, Band C are of same mass. String, spring and 
pulley are massless. C strikes Bwith velocity u in each case and sticks it. The ratio of velocity of 
Bin case (a) to (b) to (c) is 


Cc Cc 
Ami me | 
cf A iB Av |B 
(a) (b) (c) 
(a)1:1:1 (b) 3:3:2 
(c)3:2:2 (d)1:2:3 


A ladder of length L is slipping with its ends against a vertical wall and a horizontal floor. At a 
certain moment, the speed of the end in contact with the horizontal floor is v and the ladder 
makes an angle@ = 30° with horizontal. Then, the speed of the ladder’s centre of mass must be 


V3 u 
ira ike 


(c) v (d) 2u 

A body of mass 2 g, moving along the positive x-axis in gravity free space with velocity 20 cms — 
explodes at x = 1m, t= Ointo two pieces of masses 2/3 g and 4/3 g. After 5s, the lighter piece is 
at the point (8m, 2m, — 4m). Then the position of the heavier piece at this moment, in metres is 
(a) (1.5, -1, -2) (b) (1.5, —2, —2) 

(c) (1.5, -1, -1) (d) None of these 


A body of mass m is dropped from a height of h. Simultaneously another body of mass 2m is 


1 


thrown up vertically with such a velocity v that they collide at height =. If the collision is 


perfectly inelastic, the velocity of combined mass at the time of collision with the ground will be 


(a) “eh (b) (gh (c) £ (d) None of these 


cart is at rest. Now, man jumps horizontally with velocity u relative to 


cart. Then work done by man during the process of jumping will be 
2 2 
mu~ 3mu 
a 
(a) : (b) 7 be 


(c) mu? (d) None of these 


A man is standing on a cart of mass double the mass of man. Initially f 
m 
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Two balls of equal mass are projected upwards simultaneously, one from the ground with initial 
velocity 50 ms! and the other from a 40m tower with initial velocity of 30 ms '. The maximum 
height attained by their COM will be 

(a) 80 m (b) 60 m 

(c) 100 m (d) 120 m 


A particle of mass m and momentum p moves on a smooth horizontal table and collides directly 
and elastically with a similar particle (of mass m) having momentum - 2 p. The loss (—) or gain 


(+) in the kinetic energy of the first particle in the collision is 
2 2 2 


(@ay+2 a e422 (d) zero 
2m 4m 2m 
An equilateral triangular plate of mass 4m of sideais keptasshown. Y 
Consider two cases: (1) a point mass 4m is placed at the vertex P of 
the plate (11) a point mass m is placed at the vertex R of the plate. In 
both cases the x-coordinate of centre of mass remains the same. Then 
x coordinate of centre of mass of the plate is 
a a 
(a) = (b) — 
a a 
c) — ayn 
(c) 7 (d) : 


Four cubes of side a each of mass 40 g, 20 g, 10 g and 20 g are arranged in XY plane as shown in 
the figure. The coordinates of COM of the combination with respect to point O is 


Ya 
40 
Oo 
19a 17a 17a lla 17a 18a 18a 17a 
(a) —— , —— (b) —— ,—— (c) — , — (d) = 
18 18 18 18 18 18 18, 18 


A particle of mass mo, travelling at speed ug, strikes a stationary particle of mass 2my. As a 
result the particle of mass my is deflected through 45° and has a final speed of Yo Then the 


V2 


speed of the particle of mass 2m, after this collision is 


Vo V2 % 

a) = — c) V2u d) — 
(a) . (b) (c) V2Up (d) 5) 
Two bars of masses m, and mg, connected by a weightless spring of stiffness k, rest on a smooth 
horizontal plane. Bar 2 is shifted by a small distance xq to the left and released. The velocity of 
the centre of mass of the system when bar 1 breaks off the wall is 


1 2 
™, ARRARAAE mg 
km x, +m km 
(a) xp s ae (0) xk 2 (d) xy 1 


m, + My m, + Ms Mo (m, + My) 
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24. n elastic balls are placed at rest on a smooth horizontal plane which is circular at the ends with 


radius r as shown in the figure. The masses of the balls are m, LLL 2 


2° 9? 
respectively. What is the minimum velocity which should be imparted to the first ball of mass m 
such that n™ ball completes the vertical circle 


oe 

~~ 
oo é 
ww | 


3 n-1 4 n-1 

@ (2) veer ) Ber 
3 n-1 ) n-1 

(c) (=) V5gr (a) (=) 5gr 


More than One Correct Options 
1. A particle of mass m, moving with velocity v collides a stationary particle of mass 2m. As a 
result of collision, the particle of mass m deviates by 45° and has final speed of > For this 


situation mark out the correct statement (s). 


; : ss Hause fin A 
(a) The angle of divergence between particles after collision is 7 


(b) The angle of divergence between particles after collision is less than 7 


(c) Collision is elastic 
(d) Collision is inelastic 


2. A pendulum bob of mass m connected to the end of an ideal string of length] m 1 
is released from rest from horizontal position as shown in the figure. At the g¢———_Y_ 
lowest point the bob makes an elastic collision with a stationary block of 
mass 5m, which is kept on a frictionless surface. Mark out the correct \ 
statement(s) for the instant just after the impact. \ 


! 
{e) 
a 
lg 


(a) Tension in the string is o mg ee 
(b) Tension in the string is 3 mg. 


(c) The velocity of the block is aoe 


(d) The maximum height attained by the pendulum bob after impact is (measured from the lowest 


position) “ 


3. A particle of mass m strikes a horizontal smooth floor with a velocity u making an angle @ with 
the floor and rebound with velocity v making an angle 6 with the floor. The coefficient of 
restitution between the particle and the floor is e. Then 
(a) the impulse delivered by the floor to the body is mu (1 + e) sin® 
(b) tan =e tan8® 


(c) v=euy1-( — e*)sin70 


(d) the ratio of the final kinetic energy to the initial kinetic energy is cos”@ + e’ sin? 
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4. A particle of mass m moving with a velocity (3i +2 i) ms ' collides with another body of mass M 
and finally moves with velocity (-2i + j) ms~!. Then during the collision 
(a) impulse received by m is m (i + j) 
(b) impulse received by m is m (-5i — j) 
(c) impulse received by M is m (-5i — j) 
(d) impulse received by M is m (i+ j) 


5. All surfaces shown in figure are smooth. System is released from rest. x and y components of 
acceleration of COM are 


y 
bal 
(2) Gon Je = () (em x =e 
m, + Mz, (m, + Mg) 
2 
(c) (Gem )y = [ae rf (d) (Qa dy = Fen g 
m, + Mz m, + my 
6. A block of mass m is placed at rest on a smooth wedge of mass M placed my 


at rest on a smooth horizontal surface. As the system is released 

(a) the COM of the system remains stationary 

(b) the COM of the system has an acceleration g vertically downward 
(c) momentum of the system is conserved along the horizontal direction 
(d) acceleration of COM is vertically downward (a < g) 


7. In the figure shown, coefficient of restitution between A and Bis e= > then 


(a) velocity of B after collision is . 

(b) impulse between two during collision is “ mv 

(c) loss of kinetic energy during the collision is o mu" 
(d) loss of kinetic energy during the collision is imu! 


8. In case of rocket propulsion, choose the correct options. 
(a) Momentum of system always remains constant 
(b) Newton’s third law is applied 
(c) If exhaust velocity and rate of burning of mass is kept constant, then acceleration of rocket 
will go on increasing 
(d) Newton’s second law can be applied 
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Comprehension Based Questions 
Passage 1 (Q. Nos. 1 to 2) 


A block of mass 2 kg is attached with a spring of spring constant 4000 Nm“! and the system is 
kept on smooth horizontal table. The other end of the spring is attached with a wall. Initially 
spring is stretched by 5 cm from its natural position and the block is at rest. Now suddenly an 
impulse of 4 kg-ms is given to the block towards the wall. 

1. Find the velocity of the block when spring acquires its natural length 
(a) 5ms* (b) 3ms* 
(c) 6ms* (d) None of these 

2. Approximate distance travelled by the block when it comes to rest for a second time (not 
including the initial one) will be (Take V45 = 6.70) 
(a) 30 cm (b) 25 cm 
(c) 40 cm (d) 20 cm 

Passage 2 (Q. Nos. 3 to 7) 

A uniform bar of length 12L and mass 48 m is supported horizontally on two fixed smooth tables 
as shown in figure. A small moth (an insect) of mass 8m is sitting on end A of the rod and a 
spider (an insect) of mass 16m is sitting on the other end B. Both the insects moving towards 
each other along the rod with moth moving at speed 2u and the spider at half this speed 
(absolute). They meet at a point P on the rod and the spider eats the moth. After this the spider 


moves with a velocity 5 relative to the rod towards the end A. The spider takes negligible time 
in eating on the other insect. Also, let v = x where T' is a constant having value 4 s. 


A B 


<—__ <_—__> 
3L 4L 


3. Displacement of the rod by the time the insect meet the moth is 
(a) s (b) L (c) a (d) zero 


4. The point P is at 
(a) the centre of the rod 
(b) the edge of the table supporting the end B 
(c) the edge of the table supporting end A 
(d) None of the above 


5. The speed of the rod after the spider eats up the moth and moves towards A is 
(a) 5 (b) v OF; (d) 2v 
6. After starting from end Bof the rod the spider reaches the end A at a time 
(a) 40s (b) 80s (c) 80s (d) 10s 
7. By what distance the centre of mass of the rod shifts during this time? 
8L 4L L 
Saal bias L d) = 
(a) 3 (b) 3 (c) (d) 3 
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Match the Columns 


1. Two identical blocks A and Bare connected by a spring as shown in Y 


figure. Block A is not connected to the wall parallel to y-axis. Bis 
compressed from the natural length of spring and then left. Neglect 
friction. Match the following two columns. 


[= t 


> X 


Column I Column II 


(a) Acceleration of centre of | (p) remains constant 
mass of two blocks 


(b) Velocity of centre of mass) (q) first increases then 
of two blocks becomes constant 


(c) x coordinate of centre of | (r) first decreases then 
mass of two blocks becomes zero 


(d) ,y-coordinate of centre of | (s) continuously increases 
mass of two blocks 


2. One particle is projected from ground upwards with velocity 20 ms. At the same time 
another identical particle is dropped from a height of 180 m but not along the same vertical 
line. Assume that collision of first particle with ground is perfectly inelastic. Match the 
following two columns for centre of mass of the two particles (g = 10 ms ”) 


Column I Column II 


(a) Initial acceleration | (p) 5 SI units 


(b) Initial velocity (q) 10 SI units 


(c) 


Acceleration at t¢=5s) (vr) 20 SI units 


(d) Velocity att=5s (s) 25 SI units 


Note Only magnitudes are given in column-ll. 


3. Two identical blocks of mass 0.5 kg each are shown in figure. A massless elastic spring is 
connected with A. Bis moving towards A with kinetic energy of 4 J. Match the following two 
columns. Neglect friction. 


A-wnanr [a 


Column I Column II 
(a) Initial momentum of B (p) zero 
(b) Momentum of centre of mass of (q) 1 kg-ms 
two blocks 
(c) Momentum of Aat maximum | (r) 2 kg-ms 4 
compression 
(d) Momentum of B when spring is| (s) 4 kg-ms + 


relaxed after compression 


Chapter 11 


4. Two identical balls A and B are kept on a smooth table as shown. B 


collides with A with speed v. For different conditions mentioned in (m)—>v (m) 


Column I, match with speed of A after collision given in Column II. 


Column I Column II 
3 
(a) Elastic collision (p) i v 
: F Bas 5 
(b) Perfectly inelastic collision (q) 8 v 
(c) Inelastic collision with e= 5 (r) ov 
(d) Inelastic collision with e -7 (s) 5 


B 


Centre of Mass, Linear Momentum and Collision ¢ 81 


A 


5. Two boys A and Bof masses 30 kg and 60 kg are standing over a plank C of mass 30 kg as shown. 
Ground is smooth. Match the displacement of plank of Column II with the conditions given in 


Column I. 


Smooth 
Column | Column II 
(a) A moves x towards right (p) x towards right 
(b) Bmoves x towards left (q) 2x towards left 
(c) A moves x towards right and B (r) an awande let 


moves x towards left 


(d) Aand Bboth move x towards right | (s) None 


Note All displacements mentioned in two columns are with respect to ground. 


6. A man of mass M is standing on a platform of mass m, and holding a string passing over a 
system of ideal pulleys. Another mass m, is hanging as shown. 


(a) 
(b) 


(c) 
(d) 


(m, = 20kg, m, = 10kg, g=10 ms”) 


Column | Column II 
Weight of man for equilibrium (p) 100 N 
Force exerted by man on string to (q) 150 N 


accelerate the COM of system upwards 

Force exerted by man on string to (r) 500 N 
accelerate the COM of system downwards 

Normal reaction of platform on man in (s) 600 N 
equilibrium 
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7. Two blocks of masses 3 kg and 6 kg are connected by an ideal spring and are placed on a 
frictionless horizontal surface. The 3 kg block is imparted a speed of 2 ms! towards left. 
(consider left as positive direction) 


2m/s 
<— 3kg Laninnnr 6kg | 


Column I Column II 
(a) When the velocity of 3 kg (p) velocity of centre of mass is 
block is 2 ms? = ms! 
38 3 
(b) When the velocity of 6 kg (q) deformation of the spring is 


block is ; ms! zero 


(c) When the speed of 3 kg block | (r) deformation of the spring is 


is minimum maximum 
(d) When the speed of 6 kg block | (s) both the blocks are at rest 
is maximum with respect to each other 


8. In a two block system shown in figure match the following 


Rough 
| 1kg 10 m/s 
5 m/s 
<— 2kg 
Smooth 
Column I Column II 
(a) Velocity of centre of mass (p) Keep on changing all the time 


(b) Momentum of centre of mass | (q) First decreases then become zero 
(c) Momentum of 1 kg block (r) Zero 
(d) Kinetic energy of 2kg block | (s) Constant 


Subjective Questions 


1. A ladder AP of length 5 m inclined to a vertical wall is slipping over a horizontal surface with 
velocity of 2 m/s, when A is at distance 3 m from ground. What is the velocity of COM at this 
moment? 


2 m/s 
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2. A ball of negligible size and mass m is given a velocity vp on the 


centre of the cart which has a mass M and is originally atrest. 2 a A 
If the coefficient of restitution between the ball and walls A € 
and Bis e. Determine the velocity of the ball and the cart just O O 


after the ball strikes A. Also, determine the total time needed 
for the ball to strike A, rebound, then strike B, and rebound L d 1 d >| 
and then return to the centre of the cart. Neglect friction. 


3. Two point masses m, and m, are connected by a spring of natural length J,. The spring is 
compressed such that the two point masses touch each other and then they are fastened by a 
string. Then the system is moved with a velocity uy along positive x-axis. When the system reached 
the origin, the string breaks (f=0). The position of the point mass m, is given by 
Xx, = Upt - A(1— cos@t) where A and ® are constants. Find the position of the second block as a 
function of time. Also, find the relation between A and Jp. 


4. A small sphere of radius R is held against the inner surface of larger sphere of radius 6R (as 
shown in figure). The masses of large and small spheres are 4M and M respectively. This 
arrangement is placed on a horizontal table. There is no friction between any surfaces of 
contact. The small sphere is now released. Find the coordinates of the centre of the large sphere, 
when the smaller sphere reaches the other extreme position. 

y 


5. A chain of length / and mass m lies in a pile on the floor. If its end A is raised 
vertically at a constant speed Up, express in terms of the length y of chain which 
is off the floor at any given instant. 

(a) The magnitude of the force P applied to end A. 
(b) Energy lost during the lifting of the chain. 


6. A is a fixed point at a height H above a perfectly inelastic smooth horizontal plane. A light 
inextensible string of length L(> H)has one end attached to A and other to a heavy particle. The 
particle is held at the level of A with string just taut and released from rest. Find the height of 
the particle above the plane when it is next instantaneously at rest. 


— 
I 
Hy 
I 
— 


7. A particle of mass 2 m is projected at an angle of 45° with horizontal with a velocity of 20V2 m/s. 
After 1s, explosion takes place and the particle is broken into two equal pieces. 
As a result of explosion one part comes to rest. Find the maximum height attained by the other 
part. (Take g= 10 m/s”) 
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. Asphere of mass m, impinges obliquely on a sphere, of mass M, which is at rest. Show that, if 


m = eM, the directions of motion of the spheres after impact are at right angles. 


. Agun of mass M (including the carriage) fires a shot of mass m. The gun along with the carriage 


is kept on a smooth horizontal surface. The muzzle speed of the bullet v, is constant. Find 

(a) The elevation of the gun with horizontal at which maximum range of bullet with respect to the 
ground is obtained. 

(b) The maximum range of the bullet. 

A ball is released from rest relative to the elevator at a distance h, above the floor. The speed of 

the elevator at the time of ball release is vy. Determine the bounce height h, relative to elevator 


of the ball (a) if vp is constant and (b) if an upward elevator acceleration a = q begins at the 


instant the ball is released. The coefficient of restitution for the impact is e. 


A plank of mass 5 kg is placed on a frictionless horizontal plane. Further a block of mass 1 kg is 
placed over the plank. A massless spring of natural length 2 m is fixed to the plank by its one 
end. The other end of spring is compressed by the block by half of spring’s natural length. The 
system is now released from the rest. What is the velocity of the plank when block leaves the 
plank? (The stiffness constant of spring is 100 N/m). 


To test the manufactured properties of 10N steel balls, each ball is released from rest as shown 
and strikes a 45° inclined surface. If the coefficient of restitution is to be e = 0.8, determine the 
distance s, where the ball must strike the horizontal plane at A. At what speed does the ball strike 
at A?(g = 9.8 m/s”) 


@s 


= 
je O>|;«— o— >| 


3 


3 
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13. Two particles A and B of equal masses lie close together on a horizontal table and are connected 
by a light inextensible string of length /. A is projected vertically upwards with a velocity /10g/. 
Find the velocity with which it reaches the table again. 


14. A small cube of mass m slides down a circular path of radius R cut into a large block of mass M, 
as shown in figure. M rests on a table, and both blocks move without friction. The blocks are 
initially at rest, and m starts from the top of the path. Find the horizontal distance from the 
bottom of block where cube hits the table. 


15. A thin hoop of mass M and radius ris placed on a horizontal plane. At the 
initial instant, the hoop is at rest. A small washer of mass m with zero 
initial velocity slides from the upper point of the hoop along a smooth 
groove in the inner surface of the hoop. Determine the velocity u of the 
centre of the hoop at the moment when the washer is at a certain point A 
of the hoop, whose radius vector forms an angle with the vertical Re 
(figure). The friction between the hoop and the plane should be neglected. 


16. A shell of mass 1 kg is projected with velocity 20 m/s at an angle 60° with horizontal. It collides 
inelastically with a ball of mass 1 kg which is suspended through a thread of length 1 m. The 


other end of the thread is attached to the ceiling of a trolley of mass : kg as shown in figure. 


Initially the trolley is stationary and it is free to move along horizontal rails without any 
friction. What is the maximum deflection of the thread with vertical? String does not slack. 
Take g= 10 m/s”. 


20 mis fm 


60° 

17. A small ball is projected at an angle a between two vertical walls 
such that in the absence of the wall its range would have been 5d. 
Given that all the collisions are perfectly elastic, find 
(a) maximum height attained by the ball. u 
(b) total number of collisions with the walls before the ball comes back 

to the ground, and 

(c) point at which the ball finally falls. The walls are supposed to be 


-—— d/2—__>| 
very tall. 
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18. 


19. 


20. 


21. 
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Two large rigid vertical walls A and B are parallel to each other and separated by 10 m. A 
particle of mass 10 g is projected with an initial velocity of 20 m/s at 45° to the horizontal from 
point P on the ground, such that AP = 5 m. The plane of motion of the particle is vertical and 
perpendicular to the walls. Assuming that all the collisions are perfectly elastic , find the 
maximum height attained by the particle and the total number of collisions suffered by the 
particle with the walls before it hits ground. Take g= 10 m/s”. 


45° 


Two blocks of masses 2 kg and MW are at rest on an inclined plane and are separated by a 
distance of 6.0 m as shown. The coefficient of friction between each block and the inclined plane 
is 0.25. The 2 kg block is given a velocity of 10.0 m/s up the inclined plane. It collides with M, 
comes back and has a velocity of 1.0 m/s when it reaches its initial position. The other block MW 
after the collision moves 0.5 m up and comes to rest. Calculate the coefficient of restitution 
between the blocks and the mass of the block M. 


[Take sin 0 ~ tan@ = 0.05 and g= 10 m/s" 


M 


w- 
2kg od 


A small block of mass m is placed on top of a smooth hemisphere also of mass m which is placed 
on a smooth horizontal surface. If the block begins to slide down due to a negligible small 
impulse, show that it will loose contact with the hemisphere when the radial line through 
vertical makes an angle 0 given by the equation cos® 0 — 6 cos0 + 4=0. 


A ball is projected from a given point with velocity u at some angle with the horizontal and after 
hitting a vertical wall returns to the same point. Show that the distance of the point from the 


wall must be less than , where e is the coefficient of restitution. 


1+e)g 


Answers 


Introductory Exercise 11.1 


x mt; z Wit; 
1. oom = = while tcg = 1 Here, w=weight (mg), tcom='tcg when g-=constant 
xm; x Wj 
j=l i=l 
2. False 3. True 4. True 5. less than 5 
2 2 
6. False 7, 19 iy ee aaa 9. & 4 
6 3n a+b 6 6 
5 rr 3/ 2 
10. 0.74m 11. a 12. Xcoy = — 13.41 
n+4 4 3 
Introductory Exercise 11.2 
1. Xyp=12.67m 2 zero 3, Mit Mele 4. (a) 0.30 kg (b) (2.4 kg-ms~4j_ (c) (8.0 ms~}j 
m+ M, 
V3-1 
5. (a) 28 cm (b) 2.3 ms7} 6. | 
(a) (b) | ae 
Introductory Exercise 11.3 
1. (2.5 14+ 15j+5k)cm/s 2. 12.5 m/s in opposite direction, 17.5 m/s 3.1:2 
4. 24x10° m/s 5. 1.5 10°*3 m/s 6. 9 ms}, 1.08 kJ 7.60m 
Introductory Exercise 11.4 
1. 1.225 kgs], (i) 2.8 kms“}, (ii) 3.6 kms 2. 1232.6 ms} 
d?x 3 
3. (Mm t u-(m t 4. uln| = |- 
eh Weg HY UR te (5)-¢ 
Introductory Exercise 11.5 
1. 4x107N 2.-i+3j 3. 200m/s 4.(a)1.2x10%s (b)0.5N-s (c)417N 
Introductory Exercise 11.6 
1. 30cm re $i 4. No 
9 (m, + Mp) 
5. 2ms-tin negative x-axis, 3 m/s in positive x-axis. 
y= iG ms~!(in negative x-direction) and vz = g ms‘ (in positive x-direction) 
7. Two 8. = 9. (a) = (b) v 10.-f + 9] 11. 90° — 20 
Vv 


Exercises 
LEVEL 1 


Assertion and Reason 


1.(d) 2. (a) 3.(d) 4.(d) 5. (b) 6 (a) 7. (c) 8.(d) 9 (a) 10. (d) 
11. (d) 12. (d) 13. (d) 14.(a) 15. (d) 
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Single Correct Option 


1. (a) 2. (a) 3. (c) 4. (b) 5. (b) 6. (d) 7. (d) 8. (c) 9.(d) 10. (b) 
11. (d)  12.(c) 13. (b) 14.(a) 15.(a) 16.(a) 17. (c) 18 (a) 19. (b) 20. (b) 
21. (d) 22. (b) ~=23. (c) «=o 24. (c)—so 25. (b) = 26. (c)~—s 27. (a) ~—s 28. (c)~—s 29. (d)~— 30. (dd) 
31. (c) 32.(c) 33. (b) 34.(a) 35.(c) 36.(d) 37. (a) 38. (b) 39. (c) 40. (c) 
41. (d) 42. (c) 

Subjective Questions 

a 2 _ &b K 
1. (-3- 3) 2. Xeon =~ ays 3. True 6. F 
111 
oe te 
8. (a) (-10j) ms~2 () 2 @i- jms" (i+ 35j)m 
9. (a) 2.0kg (b)(12.0 ms~)tj (c) (72.0 N)j 10. (a) 0.8im/s (b) 2.4im/s (c) ; 
11. 2.82 kms"! 12. 10cm 13. (a) ue (b) balloon will also stop moving 
M+m 
14. m= mee 15. 35m 16. 2V10 N-s 
18. 2ms-}, 2/2 ms 19, 2% 
Vv 
20. 24-1 21,2 
P 3 
22, 1m 
6 
23. 71.4mm 24. + 


25. (a)0.43 (b) 480 J (c) 1.28 J 
26. 0.011mm, 1.94 m/s 


28. alae ee 2g(R - 1) 
M+m M (M + m) 


29. (a) 0.14 kg-ms (b) zero 
31. 10N, 20W 


27. 2msin (5) haat m 


32. 270 N-s (to the right), 13.5 KN (to the right) 


33. 0.4ms7} 2.4 ms} 0.93 m 


LEVEL 2 
Single Correct Option 
1.(b) 2.(b) 3.(b) 4b) 5. (a) 6.(b) 7.(d) 8 (a) 9. (b) 
11.(a) 12.(a) 13.(b) 14.(c) 15.(d) 16.(d) 17.(d) 18. (c) 19. (c) 
21. (a) 22. (b) 23. (b) ~—.24. (a) 
More than One Correct Options 
1. (b,d) 2.(a,c,d) 3. (all) 4. (b,d) 5. (b,c) 6. (c,d) 7. (b,c) 
Comprehension Based Questions 
1. (b) 2. (b) 3. (d) 4. (b) 5. (c) 6. (c) 7. (a) 


10. (c) 
20. (b) 


8. (b,c,d) 
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Match the Columns 

(a)> (r) (b)> (q) (c)> (S) (A) (Pp) 

(ad> (q) (b)> (q) (C) > () (> G) 
(ay>() ()>—(/ (C)> (q) (d)> (Pp) 

(a)> (r) (b) > (S) (€)> (P) (d)> (Q) 

(a)> (r) (b)> (p) (€)> (Pp) (d)> (s) 

(a)> (r) (6) > (8) (c)> (p,q) Cd) > (p) 
(a)> (p,r,s) (b)> (p,r,s) (Cc) (p) (d)> (p,q) 
(a)> (rs) (b)> (8) (c)> (Gq) (d)> (q) 


PN OARWNE 


Subjective Questions 


1.1.25ms1 2. Van = ae mi) Vo (leftwards), Voart = ii ) MVo (rightwards); t = ao. (2 + 7 + = 
M+m ) M+m) e 


3. p= iot+ MAC-cosod) =[™+1)A 4. (L + 2R, 0) 
Mp Mp 


2 5 
5. (a) @ 2) (by Mo 6. ood 
(@)— fey + Vo) §) a ia 
2 
7. 35m 9. (a) 45° | iM j# 
M+m)geg 
10. (a)e7h, (b) e7h, 
11. fe ms"! 12. 0.93 m, 6.6 ms"! 
13. 2/gi 14.R aa im 
15. v=mcos9o eens wees %) 5 16. 60° 
(M+ mM + msin* 6) 
2 eine 
17. (a) = (b) nine (c) point O 


18. 10m, Four 19. 0.84, 15.12 kg 


Rotational 
Mechanics 


Chapter Contents 


12.1 Introduction 

12.2 Moment of Inertia 

12.3 Angular Velocity 

12.4 Torque 

12.5 Rotation of a Rigid Body about a Fixed Axis 
12.6 Angular Momentum 

12.7. Conservation of Angular Momentum 

12.8 Combined Translational and Rotational Motion of a Riggid Body 
12.9 Uniform Pure Rolling 

12.10 Instantaneous Axis of Rotation 

11.11 Accelerated Pure Rolling 

12.12 Angular Impulse 

12.13 Toppling 
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12.1 Introduction 


A particle means mass with negligible volume. A rigid body is made up of too many particles but 
distance between any two particles is always constant. In any type of motion of a rigid body this 
distance always remains constant. A particle has only translational motion. Even if a particle is 


rotating in a circle it has only translational motion and it has only translational kinetic energy 5 my’. 


A rigid body may have either of the following three types of motions : 
(i) Translational motion 
(ii) Rotational motion 

(iii) Translational plus rotational motion 


In translational motion of the rigid body all particles of the rigid body have same linear displacement, 
same linear velocity and same linear acceleration. In rest two motions, different particles have 
different linear displacement, different linear velocity and different linear acceleration. 


As far as translational motion 1s concerned we do not differentiate between a particle and a rigid body. 
This motion is already discussed in the chapter of kinematics. This is the reason, in the chapter of 
kinematics, sometimes we write: a particle is moving and sometimes we write: a block (or a body) is 
moving. Rest two motions are only defined for a rigid body. In the present chapter, we shall discuss 
these two motions of a rigid body. 


12.2 Moment of Inertia 


Like the centre of mass, the moment of inertia is a property of an object that is related to its mass 
distribution. The moment of inertia (denoted by /) is an important quantity in the study of system of 
particles that are rotating . The role of the moment of inertia in the study of rotational motion is 
analogous to that of mass in the study of linear motion. Moment of inertia gives a measurement of the 
resistance of a body to a change in its rotational motion. If a body is at rest, the larger the moment of 
inertia of a body, the more difficult it is to put that body into rotational motion. Similarly, the larger 
the moment of inertia of a body, the more difficult it is to stop its rotational motion. The moment of 
inertia is calculated about some axis (usually the rotational axis) and it depends on the mass as well as 
its distribution about that axis. 


Moment of Inertia of a Single Particle 
For a very simple case the moment of inertia of a single particle about an axis is given by, 


Fig. 12.1 
2 . 
Il=mr ...(i) 


Here, m is the mass of the particle and 7 its distance from the axis under consideration. 
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Moment of Inertia of a System of Particles 
The moment of inertia of a system of particles about an axis is given by, 


Fig. 12.2 
telmry (ii) 
L 
where, 7; is the perpendicular distance from the axis to the i particle, which has a mass m,. 
For example, in Fig. 12.2: 


= 2 2 2 
Ll=mny +m +37; 


Moment of Inertia of Rigid Bodies 


For a continuous mass distribution such as found in a rigid body, we replace the 
summation of Eq. (ii) by an integral. If the system is divided into infinitesimal 
elements of mass dm and if r is the distance from a mass element to the axis of 
rotation, the moment of inertia is, 


=| r° dm 


: : Fig. 12.3 
where the integral is taken over the system. 


Moment of Inertia of a Uniform Cylinder 


Let us find the moment of inertia of a uniform cylinder about an axis through its centre of mass and 
perpendicular to its base. Mass of the cylinder is V and radius is R. 

We first divide the cylinder into annular shells of width dr and length / as shown in figure. The 
moment of inertia of one of these shells is 


Fig. 12.4 
dl =r’dm=r’ (p-dV) 
Here, p = density of cylinder 
and dV =volume of shell =217rl dr 


dI =2nplr? dr 
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The cylinder’s moment of inertia is found by integrating this expression between 0 and R, 


R l abs 
So, 1 =2npl [dr="> R’ (iii) 
The density p of the cylinder is the mass divided by the volume. 
M ‘ 
p= .. (Iv) 
TR*/ 
From Eqs. (iii) and (iv), we have 
T= MR? 
2 


Proceeding in the similar manner we can find the moment of inertia of certain rigid bodies about some 
given axis. Moments of inertia of several rigid bodies with symmetry are listed in Table. 12.1. 


Table 12.1 


Thin rod mi? 
L 0 1=— 
12 
2 2 
lz = Lilie LL I 
3 12 


2 
ea me sin’ 8, Ig = mx* 


Circular disc 4 2 a _ mR? 
12 


Re 
1 kah+h=™ 
5 3 5 


I, = lp + mR? = mR? 


Circular ring 4 


Rectangular 
slab 
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Square slab ; # ee ma® 
- - 1 2 3 42 
toy 2 
: + ma 
és ee alee 
Solid sphere 2 1 , = mR? 
5 
ly = 1, + mR? 
=! mp? 
5 
m=mass of sphere 
Hollow sphere 2 1 i, == mR? 
3 
ly =|, + mR® 
= > mR? 


Theorems on Moment of Inertia 


There are two important theorems on moment of inertia, which, in some cases, enable the moment of 
inertia of a body to be determined about any general axis, if its moment of inertia about some other 
axis is known. Let us now discuss both of them. 


Theorem of Parallel Axes 


A very useful theorem, called the parallel axes theorem relates the moment of inertia of a rigid body 
about two parallel axes, one of which passes through the centre of mass. 


an 
re 


Fig. 12.5 


Two such axes are shown in figure for a body of mass M. If is the distance between the axes and 
Icom and J are the respective moments of inertia about them then, these two are related by, 


I =Icoy + Mr? 
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We now present a proof of the above theorem. 


Proof To prove this theorem, we consider two axes, both parallel to the z-axis, one through the 
center of mass and the other through a point P (Fig 12.6). First we take a very thin slice of the body, 
parallel to the x1-plane and perpendicular to the z-axis. We take the origin of our coordinate system to 
be at the centre of mass of the body; the coordinates of the centre of mass are then 
Xom = Vem = Zom = 9. The axis through the centre of mass passes through this thin slice at point O and 
the parallel axis passes through point P, whose x and ycoordinates are (a, b). The distance of this axis 
from the axis through the centre of mass is 7, where r? =a? +b’. 

Axis of rotation passing through COM and 

perpendicular to the plane of the figure 


y Mass element ™; 
1 


parallel to the one 
through the COM 


Slice of a body of mass M 
Fig. 12.6 


We can write an expression for the moment of inertia Jp about the axis through point P. Let m; be a 
mass element in our slice, with coordinates (x,, y;, z; ). Then, the moment of inertia J.9,, of the slice 
about the axis through the centre of mass (at O) is 


Icom = =m; (x; +97) 


The moment of inertia of the slice about the axis through P is 
Ip =Emj[(x; — a)” +; — 8)" 


These expressions don’t involve the coordinates z; measured perpendicular to the slice, so we can 
extend the sums to include all particles in all slices. Then, Jp becomes the moment of inertia of the 
entire body for an axis through P. We then expand the squared terms, regroup and obtain 


Ip =m, (x; + y7)—2aLm;x; —2bEm, y, +(a? + y)Em, 
L 1 L L 
The first sum is Joo. From the, definition of the centre of mass the second and third sums are 


proportional to x,,,, and y,,,. These are zero because we have taken our origin to be the centre of 
mass. The final term is r? multiplied by the total mass or r’. This completes our proof that 


Tp =leoy + Mr’ 
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Note From the above theorem we can see that among several parallel axes, moment of inertia is least about an 
axis which passes through centre of mass. e.g. > is least among I,, I> and I. Similarly, I, is least among |, Is 


and Ic. ; 
es) os 


Fig. 12.7 


Theorem of Perpendicular Axes 


This theorem is applicable only to the plane bodies (two dimensional). y 
The theorem states that the moment of inertia of a plane lamina about an 
axis perpendicular to the plane of the lamina is equal to the sum of the 
moments of inertia of the lamina about two axes perpendicular to each 
other, in its own plane and intersecting each other, at the point where the 
perpendicular axis passes through it. Let x and y axes be chosen in the 
plane of the body and z-axis perpendicular, to this plane, three axes being 
mutually perpendicular, then the theorem states that 


I,=1, +1, Fig. 12.8 
Proof Consider an arbitrary particle P of mass m,, distant 7, from O and 


x, and y, are the perpendicular distances of point P from the x and y-axes respectively, we have 


= 2 = 2 = 2 
I, =m, 77,1, =i m,y; and 1, =2m;x; 
L L L 


So that, 1 tly HM, ye +2 m;x; 
=E m; (yf +x; )=E mr? =1, 
Le. 1 Ht, tly Hence Proved. 


Radius of Gyration 


Radius of gyration (K) of a body about an axis is the effective distance 
from this axis where the whole mass can be assumed to be concentrated so 
that the moment of inertia remains the same. Thus, 


I=MK?* or K=,/— 
M 


e.g. radius of gyration of a disc about an axis perpendicular to its plane 
and passing through its centre of mass is 


Fig. 12.9 
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@® Extra Points to Remember 


e Theorem of parallel axes is applicable for any type of rigid body whether it is a two dimensional or three 
dimensional, while the theorem of perpendicular axes is applicable for laminar type or two dimensional 
bodies only. 

e |ntheorem of perpendicular axes, the point of intersection of the three axes (x, yandz) may be any point on 
the plane of body (it may even lie outside the body also). This point may or may not be the centre of mass 
of the body. 

e If whole mass of the rigid body is kept at same distance x or R from the axis, then moment of intertia is mx? 
or MR?, where mis the mass of whole body. 


Rod ; 
SSS | I 
Axis : 
Se A, ee Axis 1 [= mR2 
x= mx 


Fig. 12.10 


e If a portion is symmetrically cut about an axis and mass of 
remaining portion is M. Then, moment of inertia of the remaining 
portion is same as the moment of inertia of the whole body of 
same mass M. e.g. in figure 12.11(a) moment of inertia of the 
section shown (a part of circular disc) about an axis 


perpendicular to its plane and passing through point O is ; MR? 


R 
O 


(a) (b) 


as the moment of inertia of the complete disc is also > MR?. Fig. 12.11 


Proof : Suppose the given section is i th part of the disc, then mass of the disc will be nM. 
n 


1 
ae 5 (nM)R® 
1 1 
section — n laisc a 2 MR® 
e lfwhole mass of the rigid body is kept over the axis then, moment of inertia ___-~~- ees ees Axis 
is zero. For example, moment of inertia of a thin rod about an axis passing 4 =0 
through the rod is zero. Fig. 12.12 


© Example 12.1 Three particles of masses 1g, 2g and 3g are kept at points 
(2cm, 0), (0,6 cm), (4cm, 38cm). Find moment of inertia of all three particles 
(in gm-cm”) about, (a) x-axis (b) y-axis (c) z-axis 


Solution (a) About x-axis ; y 
I, =1, +1, +1; | 

ee: 2 2 

SM +My +37 ee a ae: a8 
Here r= perpendicular distance of the particle from x-axis | 3m 1 2-" 

1, = (1) (0) +(2)(6)" + 3)" 

= 99g-cm? Ans. «2 cm> 
. k— 4cm —" 

(b) About y-axis Fig. 12.13 


= 2 2 2 
I, =m +m +37; 
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Here, r= perpendicular distance of the particle from y-axis 
1, =(1(2)? + (2)(0)" + (3)(4)" = 52g-cm? Ans. 
(c) About z-axis T, =m +m +m3ry 


Here, r= perpendicular distance of the particle from z-axis. 


m= ¥G) +4) =5em 


I, =(1)(2)? + (2)(6)” +3(5)° = 151g-cm? Ans. 
Note In the above example, from theorem of perpendicular axes, we can see that 
L=ltly 
© Example 12.2. Three rods each of mass m and length | are A 


Joined together to form an equilateral triangle as shown in 
figure. Find the moment of inertia of the system about an 
axis passing through its centre of mass and perpendicular to 
the plane of the triangle. 


Solution Moment of inertia of rod BC about an axis perpendicular to 


plane of triangle ABC and passing through the mid-point of rod BC 8 c 
(i.e. D) is Fig. 12.14 

ml? 

I; er 
12 
r= BDtan 30° 

a (2) 1 - l 

2\V3) wW3 


From theorem of parallel axes, moment of inertia of this rod about the 
asked axis is 


2 2 2 
ee +m ae Pi Ans. 
12 wW3 6 
Moment of inertia of all the three rods is 
2 2 
jG fee a Ans 
6 2 


© Example 12.3 Find the moment of inertia of a solid sphere of mass M and 
radius R about an axis XX shown in figure. Also find radius of gyration about 


the given axis. . 


Fig. 12.16 
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Solution From theorem of parallel axis, . 
Igy =Icoy + Mr’ = SMR? + MR? 
7 #CO 
=— MR? Ans. 
5 
7 2 X <> 
tA ree ee. Gus: 
Radius of gyration, K rT 7} a Fig. 12.17 


Note |f whole mass M is kept at a distance K - iE e| as a particle, then moment of inertia is again - MR?. 


© Example 12.4 Consider a uniform rod of mass m and length 21 with two 
particles of mass m each at its ends. Let AB be a line perpendicular to the 
length of the rod and passing through its centre. Find the moment of inertia of 
the system about AB. 


'A 
Solution Lap = 1 bd ate L yoth particles 
2 
2 i " 
= d ml? Ans. 
3 '‘B 
Fig. 12.18 


© Example 12.5 Find the moment of inertia of the rod AB about an axis yy as 
shown in figure. Mass of the rod is m and length is I. 


Fig. 12.19 


Solution Mass per unit length of the rod = sh 


Mass of an element PQ of the rod is, dm= | dx 
Perpendicular distance of this elemental mass about yy is, r= x sin & 


Moment of inertia of this small element of the rod (can be 
assumed as a point mass) about yy is, 


dl = (dm)r? = ( as] (x sin a)? = ( sin? a) x? dx 
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Moment of inertia of the complete rod, 


a 2, 
re dt =" sin? of x? ge deta Ans. 
x=0 1 0 3 
2 
Note (i)/=0ifa=0 (ii) j= if =% or 90° 
INTRODUCTORY EXERCISE 


1. 


10. 


Find the radius of gyration of a rod of mass mand length2/ about an axis passing through one of 
its ends and perpendicular to its length. 


A mass of 1 kg is placed at (1 m, 2 m, 0). Another mass of 2 kg is placed at (3 m, 4 m, 0). Find 
moment of inertia of both the masses about z-axis. 


Four thin rods each of mass m and length / are joined to make a square. Find moment of inertia 
of all the four rods about any side of the square. 


About what axis would a uniform cube have its minimum moment of inertia? 


There are four solid balls with their centres at the four corners of a square of side a. The mass of 
each sphere is m and radius is r. Find the moment of inertia of the system about (i) one of the 
sides of the square (ii) one of the diagonals of the square. 


Anon-uniform rod AB has a mass M and length2/. The mass per unit length of the rod is mx ata 


point of the rod distant x from A. Find the moment of inertia of this rod about an axis 
perpendicular to the rod (a) through A (b) through the mid-point of AB. 


The uniform disc shown in the figure has a moment of inertia of 0.6 kg -m? around the axis that 


passes through O and is perpendicular to the plane of the page. If a segment is cut out from the 
disc as shown, what is the moment of inertia of the remaining disc? 


ZN 


> 


Fig. 12.21 
If two circular disks of the same weight and thickness are made from metals having different 
densities. Which disk, if either will have the larger moment of inertia about its central axis. 
Particles of masses 19,29,3g,...100g are kept at the marks 1cm,2cm,3cm,...,100cm 
respectively on a metre scale. Find the moment of inertia of the system of particles about a 
perpendicular bisector of the metre scale. 
If /, is the moment of inertia of a thin rod about an axis perpendicular to its length and passing 
through its centre of mass and /, the moment of inertia of the ring formed by the same rod about 
an axis passing through the centre of mass of the ring and perpendicular to the plane of the ring. 


Then find the ratio : ; 
2 
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12.3 Angular Velocity 
Angular velocity is a vector quantity. It is represented by @. Its SI unit is radian per second. It can be 
defined for following three situations : 
(i) Angular velocity of a particle (in motion) about a fixed point. 
(ii) Angular velocity of a rigid body in pure rotational motion. 
(iii) Angular velocity of a rigid body in rotational and translational motion. 


Angular Velocity of a Particle (in motion) about a Fixed Point 
At a given instant a particle P has velocity v. It has position 
vector r with respect to a fixed point O as shown in figure. 


After some time position vector has become r’. We can see two 
changes in its position vector. 


First, its magnitude |r| has changed, second its direction has 
changed or we can say, its position vector has been rotated. Ifwe © 
resolve v along r and perpendicular to r then its two components Fig. 12.22 
v, and y_ have the following meanings. 

ver 


Vy =vcos®@ = — 
r 


d|r | 


= component of v along r= a 


= rate by which magnitude of r changes 


= rate by which distance of P from O changes. 

6 = angle between r and v Fig. 12.23 

a ee 

Ir| r+ OP 

= angular velocity of particle P about point O at this instant 
rate by which r rotates 


) 


If 0 is acute, cos 0 or v) is positive i.e. distance of P from O is increasing. If 0 is 
obtuse, cos or v) is negative i.e. distance of P from O is decreasing. If@ is 90°, 
then cos @ or v, is zero or distance of P from O is constant. For example, when 
particle rotates in a circle then with respect to centre, 6 is always 90°. This is the 
reason, why distance of particle from centre always remains constant.With 
respect to any other point @ is sometimes acute and sometimes 
obtuse. Therefore, distance sometimes increases and sometimes decreases. Fig. 12.24 


Vv, =@ Xr i.e. perpendicular component of velocity in vector form is the cross product of @ and r. 


Direction of @ is given by right hand screw law. For example: P 
in Fig. 12.24 rotation is clockwise. So, @ is perpendicular to ° * r si _ 
paper inwards. Ifa particle moves in a straight line, then about Fig. 12.25 


any point lying on this line angle between r and v is 0° or 180°. 
Hence, v, =0 orm =0. 
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Angular Velocity of a Rigid Body in Pure Rotational Motion 


Consider a rigid body rotating about a fixed line AB. Consider a particle 
P. Draw a perpendicular PO to the axis of rotation. In time A‘, this 
particle moves to point Q. 


Let ZOOP =A6 


Then, we say that the particle has rotated through an angle AQ. In fact, all 
the particles of the rigid body have rotated the same angle A® or we can 
say that the whole body has rotated through an angle A@. 


The average angular velocity of the rigid body during the time interval 
At is 


o,, _ Ae Fig. 12.26 
At 
The instantaneous angular velocity of the rigid body is 
. A@ dd 
= lim — =— 
At>0 At = dt 


Direction of angular velocity is given by right hand rule. The direction of angular velocity is defined 
to be the direction in which the thumb of your right hand points when you curl your fingers in the 
direction of rotation. 


For example, direction of @ in the given figure is along the axis of rotation from B to A. The magnitude 
of angular velocity is called angular speed. However, we shall continue to use the word angular 
velocity. 


Angular Velocity of a Rigid Body in Rotational and Translational Motion 


Consider two particles A and B on a rigid body (in translational and rotational motion). In general, 
velocity of A is not equal to the velocity of B. 


Fig. 12.27 


or V,tVe 
Find their components along AB and perpendicular to AB. Now, 
(a) Along AB their components are always equal or, 
V4 COSH=V, cosB 
This is because, in a rigid body distance between two particles (here A and B) is always constant. 
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If the components are not equal then the distance AB will either increase 
(when v , cos > vz cosB) or decrease (when vz cosB>v, cosa). 


Fig. 12.28 


(b) Find relative component perpendicular to AB and divide it by the distance AB to find angular 
velocity of the rigid body. In the given figure, the perpendicular components are v , sina and 
v, sinB (in the same direction). Suppose v, sina>v, sinB. Then, the relative component 
perpendicular to AB is 
v, =Vy4 sin®—v, sinB 
v, V4 sina—v, sink 
AB AB 


oO= 


As, v, SinQ@>v, sin, so rotation of the body is clockwise and according to right hand rule, 
angular velocity vector is perpendicular to paper inwards. This direction is also shown like ®. 


@® Extra Points to Remember 


e Ifa particle P is moving in a circle, its angular velocity about centre of the circle ‘ 
(@, )is two times the angular velocity about any point on the circumference of the O i 
Circle () OF Me =2Mp 


This is because ZP’CP = 2 ZP’OP (by property of a circle) 


PGP AP OP 
= ,M = 


lay li aay’ 


Cc 


: Fig. 12.29 
From these relations we can see that @, =2@p. 


e In pure translational motion of a rigid body its angular velocity will be zero. 


e According to right hand rule direction of angular velocity in some cases (in pure rotational motion) have 
been shown below : 


@ is perpendicular @ is perpendicular 
(0) to paper inwards or to paper outwards 
in ®) direction or in © direction 


Fig. 12.30 
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© Example 12.6 Rod AB has a length L. Velocity of end A of the rod has velocity 
U, at the given instant. 


A 


Fig. 12.31 
(a) Which type of motion the rod has? 
(b) Find velocity of end B at the given instant. 
(c) Find the angular velocity of the rod. 
Solution (a) The rod has rotational plus translational motion. 
(b) Let velocity of end B is vz in the direction shown in figure. 


¢ 
¢ 


Alz 


V3V0 
° 2 
Yo yo 7 ” ~~ 
2 Le ~ 


VB 
Ve 
2 
Fig. 12.32 
Components of v, and vg along AB and perpendicular to AB are also shown in the same 


figure. 
Rod is a rigid body. So, distance AB should remain constant or the components along AB 
should be same. 


3 

v3¥9 ="2 or vy, =V¥3V% Ans. 
2 2 

(c) Perpendicular to AB, components are in opposite directions. So, the relative component will 


be 


Fig. 12.33 


y, = 3¥e 
2 2 


Substituting vp = V3v5 we get, V, =2Vo 
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Now angular velocity of the rod is O= “ 
2 
or w=" Ans. 
L 


Rotation of the rod is anticlockwise. Therefore, from right hand rule @ is perpendicular to paper 
outwards or in© direction. 


INTRODUCTORY EXERCISE 


1. Find angular speed of second’s clock. 


2. Two points P and Q, diametrically opposite on a disc of radius R have linear velocities v and 2v 
as shown in figure. Find the angular speed of the disc. 


Vv P 

2v 
Q 
Fig. 12.34 


3. A particle is located at (3 m, 4 m) and moving with v =(4i ~3j)m/s. Find its angular velocity 
about origin at this instant. 


4. In the figure shown, the instantaneous speed of end A of the rod is v to the left. Find angular 
velocity of the rod at given instant. 


Fig. 12.35 


12.4 Torque 


Suppose a force F is acting on a particle P and let r be the position vector of P 
this particle about some reference point O. The torque of this force F, about 
O is defined as, > 


tT=rxF O 


This is a vector quantity having its direction perpendicular to both r and F, Fig. 12.36 
according to the rule of cross product. 


Note Here,r=rp—1 


Ip = position vector of point, where force is acting and 
Ip = position vector of point about which torque is required. 
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Torque of a Force about a Line 


Consider a rigid body rotating about a fixed axis AB. Let F be a A 
force acting on the body at point P. Take the origin O somewhere 
on the axis of rotation. The torque of F about O is Pe 


T=rVxFE F 
Its component along AB is called the torque of F about AB. This is 


also equal to Ve 


T=F Xr, Fig. 12.37 


Here, r, =perpendicular distance of point of application of force from the line AB 


© Extra Points to Remember 
e When a rigid body is rotating about a fixed axis and a force is applied on it at some point then we are 
concerned with the component of torque of this force about the axis of rotation not with the net torque. 
e The component of torque about axis of rotation is independent of the choice of the origin O, so long as itis 
chosen on the axis of rotation, i.e. we may choose point O anywhere on the line AB. 
e Component of torque along axis of rotation AB is zero if 
(a) Fis parallel to AB (b) F intersects AB at some point 
e IfFis perpendicular to AB, but does not intersect it, then component of torque about line AB = magnitude 
of force F x perpendicular distance of F from the line AB (called the lever arm or moment arm) of this 
torque. 
e |f there are more than one force F,, F,,... acting on a body, the total torque will be 
Sle) OS Le) ab [ey OS I Fh cee 
But if the forces act on the same particle, one can add the forces and then take the torque of the resultant force, 
or 
SE &6 (esp lp 4F ace) 


© Example 12.7 Find the torque of a force F =(i + Qj - 3k) N about a point O. 
The position vector of point of application of force about O is r =(2i+ 38j-—k)m. 


A 


ij k 
Solution Torquet=rxF=/2 3 -l 
12 -3 


= {i (-9+ 2)+ j(-l1+ 6)+ k(4-3) 
or t=(-7i+ 5j+k) Nm Ans. 


© Example 12.8 A smail ball of mass 1.0 kg is attached to one end of a 1.0 m 
long massless string and the other end of the string is hung from a point O. 
When the resulting pendulum is making 30° from the vertical, what is the 
magnitude of net torque about the point of suspension? 

[Take g =10 m/s] 
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Solution Two forces are acting on the ball 
(i) tension (7) (ii) weight (mg ) 
Torque of tension about point O is zero, as it passes through O. 


Ting = Fxr, 
Here, r, =OP=1.0sin 30° = 0.5m 
: Nag (mg )(0.5) 
= (1)(10)(0.5)= 5 N-m Ans. 


Fig. 12.38 


© Example 12.9 A force F =(2i + 3] - 4k) N is acting at point P(2 m,—3 m, 6 m). 
Find torque of this force about a point O whose position vector is 
(2i —5]+3k) m. 
Solution t=rxF Here, r=rp—rg =(2i-3j+ 6k)— (2i—5j+ 3k) = (2j+ 3k)m 


A A 


ij k 

Now, t=rxXF=|0 2 3/=(-17i+6j-4k)N-m Ans. 
x g 4 

INTRODUCTORY EXERCISE 


1. AforceF = (2i + 3j 7 2k) Nis acting on a body at point (2 m, 4 m, —2 m). Find torque of this force 
about origin. 

2. Aparticle of mass m = 1kg is projected with speed u = 20V2 m/s at angle 6 = 45° with horizontal. 
Find the torque of the weight of the particle about the point of projection when the particle is at 
the highest point. 

3. Point C is the centre of mass of the rigid body shown in figure. Find the total torque acting on the 
body about point C. 


Fig. 12.39 


4. Find the net torque on the wheel in figure about the point O ifa =10 cm andb =25cm. 
10.0 N 


9.0 N 
Fig. 12.40 
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12.5 Rotation of a Rigid Body about a Fixed Axis 


When a body is rotating about a fixed axis, any point P located in the body A 

travels along a circular path. Before, analyzing the circular motion of point P, 
a do 

we will first study the angular motion properties of a rigid body. i 
Angular Motion "G 
Since, a point is without dimension, it has no angular motion. Only lines or og 


bodies undergo angular motion. Let us consider the angular motion of a radial 
line r located with the shaded plane. 


Angular Position 


The angular position of 7 is defined by the angle 8, measured between a fixed 
reference line OA and r. 


Angular Displacement 
The change in the angular position, often measured as a differential d® is 


nie “Noe 
called the angular displacement. (Finite angular displacements are not vector > atl 
quantities, although differential rotations d@ are vectors). This vector has a E 
; age ; : 8 
magnitude d@ and the direction of d@ is along the axis. Fig. 12.41 


Specifically, the direction of d@ is determined by right hand rule; that is, the 
fingers of the right hand are curled with the sense of rotation, so that in this case the thumb or d0 
points upward. 

Angular Velocity 


The time rate of change in the angular position is called the angular velocity o. Thus, 


aa 


de 
Fig. 12.42 
dd . 
= — oes 
di (i) 


It is expressed here in scalar form, since its direction is always along the axis of rotation, i.e. in the 
same direction as dQ. 


Angular Acceleration 


The angular acceleration measures the time rate of change of the angular velocity. Hence, the 
magnitude of this vector may be written as, 
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do 7 
a= We ea(Ih) 
It is also possible to express as, 
at 


The line of action of & is the same as that for @, however its sense of direction depends on whether @ is 
increasing or decreasing with time. In particular, if@ is decreasing, o is called an angular deceleration 
and therefore, has a sense of direction which is opposite to 0. 


Torque and Angular Acceleration for a Rigid Body 


The angular acceleration of a rigid body is directly proportional to the sum of the torque components 
along the axis of rotation. The proportionality constant is the inverse of the moment of inertia about 
that axis, or 
Xt 
C= 
I 


Thus, for a rigid body we have the rotational analog of Newton’s second law : 
Xt =/a .. (iil) 


Following two points are important regarding the above equation : 
(i) The above equation is valid only for rigid bodies. If the body is not rigid like a rotating tank of 
water, the angular acceleration o is different for different particles. 


(ii) The sum Xt in the above equation includes only the torques of the external forces, because all 
the internal torques add to zero. 


Rotation with Constant Angular Acceleration 


If the angular acceleration of the body is constant then Eqs. (1) and (ii) when integrated yield a set of 
formulae which relate the body’s angular velocity, angular position and time. These equations are 
similar to equations used for rectilinear motion. Table given ahead compares the linear and angular 
motion with constant acceleration. 


Table 12.2 
Straight line motion with constant linear Fixed axis rotation with constant angular 
acceleration acceleration 
a=constant a = constant 
v=u+at @ =) + at 
Ss) tut +S at® 0=0) + of + Lat” 
v* =u* + 2a(s — Sp) wo =@% + 20 (0-8) 


Here, 0, and @, are the initial values of the body’s angular position and angular velocity respectively. 


Note /fa is not constant then we will have to take help of either differentiation or integration (with limits). The 
equations involved are : 
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Equations of Differentiation 


Equations of Integration 
[de=[adr, | do=[adt and {odo =|oade 


Kinetic Energy of a Rigid Body Rotating about a Fixed Axis 


Suppose a rigid body is rotating about a fixed axis with angular speed w. Then, o 
kinetic energy of the rigid body will be 


1 1 
K=L—m,v? =Z =m, (or) 
i 2 i2 


2 


I 1 

== 0° Lm,r; =; 10° (as £ m,r? =1) 
1 2 

Thus, KE= 5 Ia Fig. 12.43 


Sometimes it is called the rotational kinetic energy. 


® Extra Points to Remember 


e In pure rotational motion of a rigid body all particles rotate in circular paths 
except the particles lying on the axis. The particles lying on the axis are at 


rest. 
e Planes of all circular paths are mutually parallel with their centres lying on the 
axis. 
e Linear velocity of any particle is tangential to its own circle and its linear 
speed is, 
V=ro 
In this equation, wis same for all particles (and that is also called @ of the 
rigid body). 
S Vor Fig. 12.44 
In the figure shown, b> => o.Vo>Vy 


Further, r for the particles lying on the axis is zero. Therefore, their linear velocity is zero or they are at rest. 


e Since every particle is rotating in a circle (except the particles lying on the axis). Hence acceleration of the 
particle has two components : 
(i) Radial component or centripetal acceleration given by 
a, =ro" aa 
i 
This component is always towards the centre and this can't be zero. 


(i) Tangential component givenby a =2 =a where, a-2 
This component is tangential and it may be zero, positive or negative. If v or@is constant then a, is zero. If 
v or wis increasing then this component is positive and in the direction of linear velocity. If v or @ is 
decreasing then this component is negative and in the opposite direction of linear velocity. 

(iii) Net acceleration of the particle is the resultant of these two perpendicular components. 
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Note From the above discussions, we have seen that pure rotational motion of a rigid body is nothing but circular 
motion of its different particles. So, before solving the problems of this topic make yourself expert in circular 
motion. 


© Example 12.10 A solid sphere of mass 2 kg and radius 1 m is free to rotate 
about an axis passing through its centre. Find a constant tangential force F 
required to rotate the sphere with 10 rad/s in 2 s. Also find the number of 
rotations made by the sphere in that time interval. 


Solution Since, the force is constant, the torque produced by it and the angular acceleration 
will be constant. Hence, we can apply 
®©=0,+o0f => 10=0+()(2) = a=5rad/s* 


Further, the force is tangential. Therefore, the perpendicular distance from the axis of rotation 
will be equal to the radius of the sphere. 


_t F-R _ OF a pa zmnko 
I : mR2 | 2mR 5 
Substituting the value, we have F= CENDe) =4N Ans. 


Further, angle rotated 0 = 3 ot? = : (5)(2)° = 10rad 


.. Number of rotations n = ns = » = = Ans. 


2n 2m 


© Example 12.11 The angular position of a point on the rim of a rotating wheel 
is given by 0 = 4t — 3t” + t°, where 0 is in radians and t is in seconds. What are 
the angular velocities at 
(a) t = 2.0s and (b) t= 4.0s ? 
(c) What is the average angular acceleration for the time interval that begins at 
t = 2.0 sand ends at t = 4.0 s? 


(d) What are the instantaneous angular acceleration at the beginning and the end of 
this time interval? 


Solution Angular velocity @ = “ 7 ~ (4¢-307 +27?) or w=4-6¢43¢7 
t t 


(a) Att=2.0s, ®@=4-6x2+3(2)” or w=4 rad/s Ans. 
(b) Att=4.0s, ma =4- 6x 44+ 3(4) or @ = 28 rad/s Ans. 
Oy —M; 28-4 


or O,, =12 rad/s* Ans. 


(c) Average angular acceleration 0, = 
teat 4-2 
(d) Instantaneous angular acceleration is, 
Lae | ee Tee or &=— 6+ 6f 
dt dt 
At t=2.0s, = -—6+6x2=6 rad/s” Ans. 
At t= 4.0s, O=-6+6x4=18 rads Ans. 
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© Example 12.12. A circular disc is rotating Ay 
with an angular speed (in radian per sec) y 
w = 2¢? 
Given, CP=2m 
In terms of i, jand k, at t=1s “ 
find, 
(a)@ 
(b) a Fig. 12.45 


(c) linear velocity of the particle lying at P 
(d) linear acceleration of the particle lying at P 


Solution @=2t7 => a= a 4t 

dt 
At t=ls, ®=2rad/s and a=4 rad/s” 
For the particle at P, r=CP=2m 


(a) Rotation is clockwise. So, according to right hand rule, @ is perpendicular to paper inwards 
along negative z-direction. 


w =(—2k)rad/s 
(b) @ is increasing. So, @ is also in the direction of o. 

a= (—4k )rad/s” 
(c) v=ra=(2)(2)=4m/s 


This velocity is tangential to the doted circle of P as shown 
in figure. 


v= (4cos 53° )i—(4sin 53° )j 
or v= (2.4i—3.2 j)m/s 
(d) Acceleration of the particle has two components 
(i) a, = ro? (radial component) 
= (2)(2)* = 8m/s” 
This components is towards centre C. 
(ii) a, =ra (tangential component) 
= (2)(4) =8m/s” 


This component is in the direction of linear velocity, as 
@ or v is increasing. 


a=(8cos 53° — 8cos 37° )(i) 
+ (8sin 53° + 8sin 37° )(— j) 
or a=(—1.6i—11.2j)m/s” Ans. 
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INTRODUCTORY EXERCISE 


1. 


2. 


Hint lf y = y(t), then mean/average value of y betweent, andt,is <y>= 


7. 


10. 


11. 


A wheel rotating with uniform angular acceleration covers 50 rev in the first five seconds after 
the start. Find the angular acceleration and the angular velocity at the end of five seconds. 


A body rotates about a fixed axis with an angular acceleration 1 rad/s*. Through what angle 
does it rotates during the time in which its angular velocity increases from 5 rad/s to 15 rad/s? 
A flywheel of moment of inertia 5.0 kg -m? is rotated at a speed of 10 rad/s. Because of the 
friction at the axis it comes to rest in 10 s. Find the average torque of the friction. 

A wheel starting from rest is uniformly accelerated at 4 rad/s? for 10 s. It is allowed to rotate 


uniformly for the next 10 s and is finally brought to rest in the next 10 s. Find the total angle 
rotated by the wheel. 


A wheel of mass 10 kg and radius 0.2 m is rotating at an angular speed of 100 rpm, when the 
motion is turned off. Neglecting the friction at the axis, calculate the force that must be applied 
tangentially to the wheel to bring it to rest in 10 rev. Assume wheel to be a disc. 

A solid body rotates about a stationary axis according to the law = 6f — 2t?. Here, 0 is in radian 
and tin seconds. Find 


(a) the mean values of the angular velocity and angular acceleration averaged over the time 
interval betweent =0 and the complete stop, 
(b) the angular acceleration at the moment when the body stops. 


to 

| Sy(at 
i 

tp —ty 
A body rotating at 20 rad/s is acted upon by a constant torque providing it a deceleration of 
2 rad/s”. At what time will the body have kinetic energy same as the initial value if the torque 
continues to act ? 
A wheel whose moment of inertia is 0.03 kg m2, is accelerated from rest to 20 rad/s in 5s. When 
the external torque is removed, the wheel stops in 1 min. Find 
(a) the frictional torque, (b) the external torque. 
A flywheel whose moment of inertia about its axis of rotation is 16 kg -m? is rotating freely in its 
own plane about a smooth axis through its centre. Its angular velocity is 9 rad s 'whena torque 
is applied to bring it to rest in ty seconds. Find f, if 
(a) the torque is constant and of magnitude 4 N-m, 
(b) the magnitude of the torque after t seconds is given by kt. 
A shaft is turning at 65 rad/s at time zero. Thereafter, angular acceleration is given by 
a =—10 rad/s? —5trad/s? 
where t is the elapsed time. 
(a) Find its angular speed att =3.0s. 
(b) How much angle does it turn in these 3s ? 
The angular velocity of a gear is controlled according to m =12 —3t? where @, in radian per 
second, is positive in the clockwise sense and f is the time in seconds. Find the net angular 


displacement AO from the time t =0 tot =3 s. Also, find the number of revolutions N through 
which the gear turns during the 3 s. 


Chapter 12 Rotational Mechanics © 115 


12.6 Angular Momentum 


A mass moving in a straight line has linear momentum (P). When a mass rotates about some 
point/axis, there is momentum associated with rotational motion called the angular momentum (L). 
Just as net external force is required to change the linear momentum of an object a net external torque 
is required to change the angular momentum of an object. Keeping in view the problems asked in 
JEE, the angular momentum is classified in following three types. 


Angular Momentum of a Particle about a Fixed Point 
Suppose a particle A of mass m is moving with linear momentum P = mv. Its angular momentum L 


about point O is defined as 
L=rxP=rxX(mv)=m(r X v) 


Here, r is the radius vector of particle A about O at that instant of time. The magnitude of Lis 


L=myr sin 8 = mvr, 


Here, r, =rsin@ is the perpendicular distance of line of action of velocity v from point O. The 
direction of Lis same as that of r x v. 
Direction of angular momentum can also be by right hand rule as shown below: 


P Vv 
----- qJ----*+—— V -----7----~<—+ P 

rut fh 

1 | 
(UN a 

O oO 

(a) (b) 
P. 


Fig. 12.49 


In figures (a) and (c), rotation is clockwise. Hence, according to right hand rule angular momentum is 
perpendicular to paper inwards or in ® direction. 

In figures (b) and (d), rotation is anticlockwise. Hence, direction of angular momentum is 
perpendicular to paper outwards or in © direction. 
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®% Extra Points to Remember 
e If line of action of velocity passes through the point O, then r, =0. Therefore, angular momentum is Zero. 


Fig. 12.50 


e If aparticle rotates in a circle then r, from centre is always equal to R (= radius of circle). Or, @ between r 
and v (or P) is always 90°. Therefore, angular momentum about centre is L=mvR 


Vv Vv 
(a) (b) 
Fig. 12.51 

In figure (a), direction of angular momentum is perpendicular to paper inwards ® and in figure (b) outwards 

oro. 
e |fa particle is moving with a constant velocity (speed and O03 

direction of velocity both are constant) then angular NZ 

Cc 


momentum about any point always remains constant. But 
this constant value will be different about different points. 


In the figure shown, i, OnnW Sa nines a 
Lo, = Oasr,=0 ax v = constant 
lo, =mvb (= constant), perpendicular to paper inwards O> 

Lo, =Mve (= constant), perpendicular to paper outwards. Fig. 12.52 


Angular Momentum of a Rigid Body Rotating about a Fixed Axis 


Suppose a particle P of mass m is going ina circle of radius r and at some instant A oy 
the speed of the particle is v. For finding the angular momentum of the particle 

about the axis of rotation, the origin may be chosen anywhere on the axis. We 

choose it at the centre of the circle. In this case r and P are perpendicular to each 

other and r X P is along the axis. Thus, component of r x P along the axis is mvr 

itself. The angular momentum of the whole rigid body about AB is the sum of 

components of all particles, i.e. 


L=E mny; 8 
t . 
Here, v, =r Fig. 12.53 
L=z m,r@ 
1 
or L=@Lm,r? or | L=Io (as m,r? =1) 
i i 


Here, / is the moment of inertia of the rigid body about AB. 


Thus, L=/@ is the component of angular momentum of the whole rigid body about axis of rotation 
AB. Direction of this component is again given by right hand rule. For example, in the given figure 
L=Iq@ is upwards or along the axis of rotation from B to A. 
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© Extra Points to Remember 


e The vector relation L = /q@ is not correct in the above case because L and @ do not point in the same 
direction, but we could write Ly, = /@. If however the body is symmetric about the axis of rotation L and w 
are parallel and we can write (L = /@) in vector form as L = /@.. 


e By symmetric we mean that for every mass element in the body there must be an identical mass element 
diametrically opposite the first element and at the same distance from the axis of rotation. 


e Thus, remember that L = /@ applies only to bodies that have symmetry about the (fixed) rotational axis. 
Here, L stands for total angular momentum. However the relation Lag =/@ holds for any rigid body 
symmetrical or not that is rotating about a fixed axis. 


Angular Momentum of a Rigid Body in Combined Rotation and Translation 
Let O be the fixed point in an inertial frame of reference. 


rsin@=r, 


Fig. 12.54 


Angular momentum of the rigid body about O is the vector sum of two terms (as discussed above). 
(1) mvrsin® or mvr, (ii) J@ 
Here, v is the velocity of centre of mass. Moment of inertia J is about an axis passing through 
centre of mass. Directions of above two terms can be determined by right hand rule. If both the 
terms are in the same direction then these two terms are additive and if they are in opposite 
directions, then they are subtractive. 


© Example 12.13 A particle of mass m is moving along the line y = b,z =0 with 
constant speed v. State whether the angular momentum of particle about origin 
is increasing, decreasing or constant. 


Solution |L|=mvrsin ®= mvr, = mvb 


|L|= constant as m, v and b all are constants. 


Fig. 12.55 


Direction of r X valso remains the same. Therefore, angular momentum of particle about origin 
remains constant with due course of time. 


Note /n this problem |r| is increasing, 8 is decreasing but rsin®, ie. b remains constant. Hence, the angular 
momentum remains constant. 
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Example 12.14 A particle of mass m is projected from origin O with speed u 
at an angle 8 with positive x-axis. Positive y-axis is in vertically upward 
direction. Find the angular momentum of particle at any time t about O before 
the particle strikes the ground again. 


Solution L= m(r X v) 
Here, r(1)=ai +») (u-e0s OA + (wr sin @-— gt? )j 
and Vit)=Vv,i+Vv,j =(ucos6)i + (usin 0— gt)j 


L=m(r X v)=m|(ucos8)t (usin ey set 


Fig. 12.56 


2 


oo F> 


ucos 8 usin 8 — gt 


= mu sin 8 cos 8)t — (ucos 9)gt? - (u? sin 8 cos 8)t + ; (ucos Oat k 


=~ 5 mcos 6) gt? k Ans. 
Example 12.15 A rod of mass 2kg and length 2m is 
: : ; f — 
rotating about its one end O with an angular velocity . 
o =4 rad/s. Find angular momentum of the rod about the Fig. 12.57 


axis rotation. 


Solution In pure rotational motion of a rigid body, component of total angular momentum 
about axis of rotation is given by 


2 2 
te =| _ le jail 
3 3 


r= DP og 


Substituting the values we have, 


) 
= - kg -m’*/s Ans. 


Direction of this component is perpendicular to paper inwards (from right hand rule), as the 
rotation is clockwise. 


Example 12.16 A circular disc of mass m and radius R is 
set into motion on a horizontal floor with a linear speed v in 


Bnet U. 
the forward direction and an angular speed ® = R in 


clockwise direction as shown in figure. Find the magnitude of 
the total angular momentum of the disc about bottommost Fig. 12.58 
point O of the disc. 


Solution As we have discussed, angular momentum about O is the vector sum of two terms: 
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I@ and mvr, 


Here, 10 =1,,,0 = E mR el (=) = ; mvR (perpendicular to paper inwards) 
and myn, =myv.r, =mRv (perpendicular to paper inwards) 
Since, both the terms are in the same direction. 
Lrotal = : mvR + mvR 
3 : ; 
or _total = a mvR (perpendicular to paper inwards) 


Fig. 12.59 


INTRODUCTORY EXERCISE 


1. A uniform rod of mass m is rotated about an axis passing through point O as shown. Find 
angular momentum of the rod about rotational axis. 


Fig. 12.60 
2. A particle of mass 1 kg is moving along a straight line y = x + 4. Both x and y are in metres. 
Velocity of the particle is 2 m/s. Find magnitude of angular momentum of the particle about 
origin. 


3. A particle of mass m is projected from the ground with an initial speed u at an angle a. Find the 
magnitude of its angular momentum at the highest point of its trajectory about the point of 
projection. 


4. \f the angular momentum of a body is zero about some point. Is it necessary that it will be zero 
about a different point? 


5. Asolid sphere of mass mand radius Ris rolling without slipping as shown in figure. Find angular 
momentum of the sphere about z-axis. 
y 


Vv 
R 
fe) - > xX 


Fig. 12.61 
6. In example number 12.16 suppose the disc starts rotating anticlockwise with the same angular 


velocity @ = . , then what will be the angular momentum of the disc about bottommost point in 


this new situation? 


7. Two particles each of mass m and speed y, travel in opposite directions along parallel lines 
separated by a distance d. Show that the vector angular momentum of this system of particles is 
the same about any point taken as origin. 
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12.7 Conservation of Angular Momentum 


As we have seen in Article 12.6, the angular momentum of a particle about some reference point O is 
defined as, 
L=rxp ..-(i) 
Here, P is the linear momentum of the particle and r its position vector with respect to the reference 
point O. Differentiating Eq. (i) with respect to time, we get 
dL dp dr 
=rx—+4+—xp 


.. (il 
dt dt dt @ 
dp r : : 

Here, —=F and —=v velocity of particle 
Ht 7 ( y of p ) 
Hence, Eq. (ii) can be rewritten as, 
dL 


—=rxF+vx 
dt P 


Now, v X p=a null vector, because v and pare parallel to each other and the cross product of two 
parallel vectors is a null vector. Thus, 
—=rxF=T or |t=— ... (iii) 
dt dt 


Which states that the time rate of change of angular momentum of a particle about some reference 
point in an inertial frame of reference is equal to the net torques acting on it. This result is rotational 


: d . : . 
analog of the equation F = = which states that the time rate of change of the linear momentum of a 


particle is equal to the force acting on it. Eq. (iii), like all vector equations, is equivalent to three scalar 


equations, namely 
(=) ( “| (=) 
T,=|—], T,=]/—] and tT, =| — 
dt), * dt }, dt), 


The same equation can be generalised for a system of particles as,T ,., = ar According to which the 


time rate of change of the total angular momentum of a system of particles about some reference point 
in an inertial frame of reference is equal to the sum of all external torques (of course the vector sum) 
acting on the system about the same reference point. 


dL 
Now, suppose that T.,, =0, then os =0, so that L= constant. 


ext 


When the resultant external torque acting on a system is zero, the total vector angular momentum of 
the system remains constant. This is the principle of the conservation of angular momentum. 
For a rigid body rotating about an axis (the z-axis, say) that is fixed in an inertial reference frame, we 
have 

L, =I 
It is possible for the moment of inertia / of a rotating body to change by rearrangement of its parts. If 
no net external torque acts, then L, must remain constant and if J does change, there must be a 
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compensating change in @. The principle of conservation of angular momentum in this case is expressed 
as 


J@=constant or | 1,0, =/,0, .. (iv) 


Note According to above equation, if some mass moves away from the axis of rotation, its moment of inertia will 
increase. So, to conserve angular momentum or Iw its angular speed w should decrease. Therefore, time 


period of rotation (7 -2) should also increase. 
(0) 


© Example 12.17 A wheel of moment of inertia I and radius R is rotating about 
its axis at an angular speed W,. It picks up a stationary particle of mass m at 
its edge. Find the new angular speed of the wheel. 


Solution Net external torque on the system is zero. Therefore, angular momentum will remain 
conserved. Thus, 


Lo 
1,@, =1,0> or OM, = ! ! 
I, 
Here, I, =1, ®, = , I, =1+ mR? 
Io 
@, =—. Ans. 
I+mR 


INTRODUCTORY EXERCISE 


1. A thin circular ring of mass M and radius R is rotating about its axis with an angular speed Wp. 


Two particles each of mass m are now attached at diametrically opposite points. Find the new 
angular speed of the ring. 

2. If the ice at the poles melts and flows towards the equator, how will it affect the duration of 
day-night? 

3. When tall buildings are constructed on earth, the duration of day night slightly increases. Is this 
statement true or false? 


4. lf radius of earth is increased, without change in its mass, will the length of day increase, 
decrease or remain same? 


12.8 Combined Translational and Rotational Motion of a Rigid Body 


This is the most complex motion of a rigid body. But this can be simplified by splitting this motion 
into following two parts: 
(1) pure translational motion with the velocity (v) and acceleration (a) of centre of mass. 
(ii) pure rotational motion about an axis passing through centre of mass with angular velocity w and 
angular acceleration a. 
As we have discussed earlier also, different particles of the rigid body in this type of motion have 
different linear velocity and linear acceleration. So, now the question is how to find linear velocity 
and linear acceleration of a general particle P on the rigid body? 


122 © Mechanics - II 


Method of Finding Linear Velocity of a General Particle P 


Suppose linear velocity v (of centre of mass) and angular velocity @ (of the rigid body) are known to 
us and we wish to find linear velocity of a general particle P at a distance r from C. 


Fig. 12.62 


As we know that 

Vec =Vp—Vo 
ate Vp=VotVopc 
or, absolute velocity of P is the vector sum of Vv, and V pc. Here, Vv; = v and motion of P with respect 
to C is a circle (dotted circle shown in figure). In circular motion, velocity of a particle is ro, 
tangential to its circle (in the direction of rotation). So, v pc 1s r@ in the tangential direction as shown 
in Fig. 12.62. Thus net velocity of P is the vector sum of following two terms: 
(i) v and (il) r@ 
For different particles, values of vy andw@ are same. But values of 7 and therefore rw and direction of r@ 
are different . This is the reason why different particles have different linear velocities. 


Method of Finding Acceleration of a General Particle P 
Suppose linear acceleration a (of centre of mass) angular velocity o and 
angular acceleration o (of the rigid body) are known to us and we wish to 
find linear acceleration of a general particle P at a distance r from C. 

As we know that 
Apc =Ap — ac 
ap ac Tape 
Thus, absolute acceleration of P is the vector sum of ac and apc. 
Here, ac =a and motion of P with respect to C is a circle (dotted circle 


: ; : : ; Fig. 12.63 
shown in figure). In circular motion, acceleration of a particle has two ° 
components: 
(1) tangential component, a, (11) radial component, a, 
dw 
Here, a, =ra (where, & = ap 


This component is tangential in the direction of linear velocity if @ is increasing and in the opposite 


direction of linear velocity if @ is decreasing. Further, this component is zero if @ is constant. 


2 
a, =r@ 
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and this component is always towards centre C. 
Hence, net acceleration of the particle P is the vector sum of the following three terms: 
(i) a (ii) a, =ro (iii) a, =ro* 


For different particles, values of a,@and« are same. But value of 7 is different. Therefore 7a, r@” and 
their directions are different. This is the reason why different particles have different linear 
accelerations. 


Kinetic Energy of Rigid Body in Combined Translational and Rotational Motion 


Here, two energies are associated with the rigid body. One is translational (- a m ve and another 


1 ee ; 
is rotational ¢ 5 Icom w? . Thus, total kinetic energy of the rigid body is 


1 2 1 2 
K=-my +-—T] (00) 
3 "¥com * 5 *COM 


Fig. 12.64 


© Example 12.18 


In the figure shown v=2 m/s,@=5rad/s and CP=1m 
In terms of i and j find linear velocity of particle P. 
Solution For particle P, 


Fig. 12.65 


r=CP=l|1m 
=> r@ = (1)(5)=5 m/s 
Net velocity of P is the vector sum of v and 7@ as shown in figure. 
Vp =2i+(5cos53°i — Ssin 53° j) 
= 2i+3i—4j =(5i—4j) m/s Ans. 
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© Example 12.19 A disc of radius R has linear velocity v and angular velocity @ as 
shown in the figure. Given v = rq. Find velocity of points A, B, Cand D on the disc. 


Fig. 12.66 


Solution As stated in above article, velocity of any point of the rigid body in rotation plus 
translation is the vector sum of v (the velocity of centre of mass) and rw. Here, r is the distance of 
the point under consideration from the centre of mass of the body. Direction of this r@ is perpen- 
dicular to the line joining the point with centre of mass in the sense of rotation. Based on this, 
velocities of points A, B, C and D are as shown below 


Vg = V2v = V2 Ro 


I 
| 
! v+ Rw = 2v 
i} 


“V 


LV 


V2V= Vp 
Fig. 12.67 


Thus, v, is zero, velocity of B and D is V/2v or J2R and velocity of C is 2v or 2Ro in the 
directions shown in figure. 


© Example 12.20 In the shown figure, 
a=2m/s”, @=(2t) radst and CP=1 m. 


x 


Fig. 12.68 


In terms of i and j , find linear acceleration of the particle at Pat t=1 s. 
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Solution For particle at P 
r=CP=1m 
=> ee ah eae? 
dt dt 
Att=ls, 
@ = 2rad/s 
a= 2rad/s” 
a; =ra=2m/s” 
a, =ro” =4 m/s” 
and a=2m/s* 


Net acceleration of P is the vector sum of three terms a, a, and a, as shown in figure below. 


re ere 

2 mis? i 

37% 

x 2 mis? a, = 4m/s2 

Fig. 12.69 
a p = 2i + (2cos 37° i— 2sin 37° j) + (— 4sin 37° i— 4cos 37° j) 
= 21+1.6i-1.2j-2.41-3.2j 
= (1.2i-4.4 j) m/s” Ans. 
INTRODUCTORY EXERCISE 


1. Inthe figure shown, @ = a In terms of i and ji, find linear velocities of particles M, N, Rand S. 


2R 
R y 
ey | | 


Fig. 12.70 


2. In the same figure, if vand @ both are constant, then find linear accelerations of points M, N, R 
and S in terms of R, w, i and j, where R is the radius of disc. 
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12.9 Uniform Pure Rolling 


Pure rolling means no relative motion (or no slipping) at point of contact between two bodies. 

For example, consider a disc of radius R moving with linear velocity v and angular velocity @ on a 
horizontal ground. The disc is said to be moving without slipping if velocities of points P and O 
(shown in figure 12.71 (b) are equal, i.e. 


=> 
Ro V 
Q 
(a) (b) 
Fig. 12.71 
Vp =Vo 
or v—R@=0 
or v= Ro 


If vp > Vg or v> RO, the motion is said to be in forward slipping and if vp <vg or v< RQ, the 


motion is said to be in backward slipping (or sometimes called forward English). 


Ro = Vv 
7 aie a 


Fig. 12.72 


In pure rolling (v = Ro) over a stationary ground net velocity of bottommost point of the body is zero. 
In forward slip condition (v > R@) net velocity is in the direction of motion. In backward slip 
condition (v < R@) net velocity is in the opposite direction of motion. 
Thus, v= RQ is the condition of pure rolling on a stationary ground. Sometimes it is simply said 
rolling. Suppose the base over which the disc in rolling, is also moving with some velocity (say vo) 
then in that case condition of pure rolling is different. 
For example, in the Fig. 12.72, 

Vp =Vo 
or v—RW= V9 
Thus, in this case v— Rw #0, but v— R= vy. By uniform pure rolling we mean that v and @ are 
constant. 


They are neither increasing nor decreasing. 
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© Extra Points to Remember 
In case of pure rolling on a stationary horizontal ground (when v = Ra), following points are important to 
note: 

e Distance moved by the centre of mass of the rigid body in one full rotation is 2 2A. 


s=2nR 
< > 
Fig. 12.73 
This is because S=v-T=(@R) [=2)=2nn 
(0) 
In forward slipping s>2mR (as v > @R) 
and in backward slipping S<2mR (as v < oR) 


e The speed of a point on the circumference of the body at the instant shown in 
figure is 2v sin ; or 2Ro sin sie! 


,.. 0) ae) 
v,p|=Vv, =2vsin—=2Rosin 
| pl p D D 


This can be shown as : Fig. 12.74 


Fig. 12.75 Fig. 12.76 
Vip = Vie or Vine 


|vp| =v? +v® + 2v-v cos (180° - 6) =2v sin 
¢ From the above expression we can see that : 

Va, =0 as @=0° 

Vg =v2v as @=90° 


and Ve =2v as 8=180° 
° The path of a point on circumference is a cycloid and the distance moved by this A 
point in one full rotation is 8R. Fig. 12.77 
As 


Fig. 12.78 
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In the figure, the dotted line is a cycloid and the distance A, A, ... A; is 8R. This can be proved as under. 
In Fig. 12.79 


Fig. 12.79 


8=ot 
Speed of point A at this moment is, Vy, =2RoM sins =2Rosin & 


Distance moved by it in time at is, ds =v, dt =2Rosin (+) dt 


Therefore, total distance moved in one full rotation is, 


On integration we get, Ss =8R. 
° ee 1 for aring 
Ky 
= for a disc 
2 
= : for a solid sphere 
= - for a hollow sphere etc. 


Here, Kp stands for rotational kinetic energy (- ; io*) and K; for translational kinetic energy (- ; rm? ) : 


For example, for a disc 


@ 
k= plo? = 3 (5mn* |<) 
2 ZN\P R 
=14 mv? and K, = mv? 
4 2 
ee 
K, 2 


© Example 12.21 A solid disc is rolling without 
slipping on a horizontal ground as shown in figure. 
Its total kinetic energy is 100 J. What is its 
translational and rotational kinetic energy. 
Solution In case of pure rolling, ratio of rotational kinetic Fig. 12.80 
energy and translational kinetic energy is 


or Kr _l => . K,= a (Total kinetic energy) 
Kr 2 1+2 
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a apes Ans. 
3 3 
ie 2 Bt 
Similarly, Kr= (3) (Total kinetic energy) 
+ 
af p= Ans. 
3 3 


© Example 12.22 A disc of radius R starts at time t =0 moving along the 
positive x-axis with linear speed v and angular speed w. Find the x and y 
coordinates of the bottommost point at any time t. 


y 


O 
Fig. 12.81 


Solution At time ¢ the bottommost point will rotate an angle 8 = wr with respect to the centre 


of the disc C. The centre C will travel a distance s = vt. 
y 


s=vt 
Fig. 12.82 
In the figure, PO=RsinO0=Rsin@t and CO=Rcos8= KR cos wt 
Coordinates of point P at time ¢ are, 
x= OM — PQ=vt— Rsin wt 
and y=CM —-CQ=R- Roos wt 
: (x, y)=(vt— Rsin ot, R- Rcos Mt) 


INTRODUCTORY EXERCISE 
1. A solid sphere is rolling without slipping on a horizontal ground. Its rotational kinetic energy is 
10 J. Find its translational and total kinetic energy. 


2. Under forward slip condition, translational kinetic energy of a ring is greater than its rotational 
kinetic energy. Is this statement true or false? 


3. In backward slip condition, translational kinetic energy of a disc may be equal to its rotational 
kinetic energy. Is this statement true of false? 
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12.10 Instantaneous Axis of Rotation 


As we have seen that combined rotational and translational motion of a rigid body is the most 
complex motion. But this motion can be simplified and may be assumed to be in pure rotational 
motion (with same @) about an axis called instantaneous axis of rotation. 


Further as we know that, in pure rotational motion, points lying on the axis of rotation are at rest. 
Therefore, we can say that, instantaneous axis of rotation passes through those points which are at 
rest. 

For example, in pure rolling over ground instantaneous axis of rotation (AOR) passes through the 
bottommost point, as it is a point of zero velocity. Thus, the combined motion of rotation and 
translation can be assumed to be pure rotational motion about bottommost point with same angular 
speed 0. 


Fig. 12.83 


Now, there are two uses of the concept of instantaneous axis of rotation. 
(1) Velocity of any point P can obtained by a single term 


sai FSg0° 
as in pure rotational motion this is the expression of velocity of any r 
point P. Here r is the distance of P from instantaneous axis of rotation. as a 
With respect to O, point P is rotating in a circle with centre at O and Fig 7 2 BA 


radius as r. Velocity of P is tangential to this circle (or perpendicular 
to OP), in the direction of rotation. 


(ii) We can find total kinetic energy of the body by a single term. 


But here, J is the moment of inertia about instantaneous axis of rotation. 


© Example 12.23 Using the concept of instantaneous axis of rotation. Find 
speed of particle P as shown in figure, under pure rolling condition. 


Fig. 12.85 
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Solution In pure rolling, combined rotation and translation 
motion may be assumed to be a pure rotational motion about 
an axis passing through bottommost point (with same @) or 
instantaneous axis of rotation. 


|vp|=(OP)w Here, OP = 2R sin : Fig. 12.86 


o v=Ro 


Ivpl=(2Rsin $= 2Re sin (S)=2»sin$ 
2 2 2 


Example 12.24 A disc is rolling (without slipping) on a 
horizontal surface. C is its centre and Q and P are two 
points equidistant from C. Let up ,Ug and Ug be the 
magnitude of velocities of points P,Q and C respectively, 
then (JEE 2004) 


(a) Ug > Uc > Up (b) Ug < UG < Up 

(6) Ug = Up,Ug = 5 Up (d) Ug < Ug > Up 
Solution In case of pure rolling bottom most point is the instanta- 
neous centre of zero velocity. 


Fig. 12.87 


Velocity of any point on the disc, v= ro, where ris the distance of 


point from O. ae 
'o > 1c > Ip — re Vo > Vc > Vp O 


Therefore, the correct option is (a). 


INTRODUCTORY EXERCISE 


1. A disc is rolling without slipping with linear velocity v as shown in figure. With the concept of 
instantaneous axis of rotation, find velocities of points A,B, C and D. 


Fig. 12.89 


2. A solid sphere is rolling without slipping as shown in figure. Prove that 


777777, 77. 
O 


Fig. 12.90 
ee ree 2_1, 9 
mv*+—Il.0* =—I,@ 

a7 a” 
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12.11 Accelerated Pure Rolling 


Till now we were discussing the uniform pure rolling in which v and @ were constants. Now, suppose 
an external force is applied to the rigid body, the motion will no longer remain uniform. The condition 
of pure rolling on a stationary ground is, 


v=Ro 
Differentiating this equation with respect to time, we have 
dv do 
de dt 
or a=Ro 
Thus, in addition to v = R@ at every instant of time there is one additional F 


condition, linear acceleration = R x angular acceleration or a = Ra for pure 
rolling to take place. Here, friction plays an important role in maintaining 
the pure rolling. The friction may sometimes act in forward direction, 
sometimes in backward direction or under certain conditions it may be zero. 
Here, we should not forget the basic nature of friction, which is a self 
adjusting force (upto a certain maximum limit) and which has a tendency to 
stop the relative motion between two bodies in contact and here the relative 
motion stops when at every instant v = Ra. To satisfy this equation all the time, a = Ra equation 
should also be satisfied. Let us take an example illustrating the above theory. 


Fig. 12.91 


Suppose a force Fis applied at the topmost point of a rigid body of radius a F 
R, mass M and moment of inertia J about an axis passing through the 
centre of mass. Now, the applied force F' can produce by itself: 

(1) a linear acceleration a and 

(ii) an angular acceleration a. 


If a = Ra, then there is no need of friction and force of friction f =0. If 

a < Ra, then to support the linear motion the force of friction fwill act in Fig. 12.92 
forward direction. Similarly, if a >Ra, then to support the angular 

motion the force of friction will act in backward direction. So, in this case force of friction will be 
either backward, forward or even zero also. It all depends on M, J and R. For calculation purpose 
initially we can choose any direction of friction. Let we assume it in forward direction, 


Let, a = linear acceleration, & = angular acceleration 


P F+ 
then, a=—t = f (i) 
M M 
G —_— 
ate _- PR fii) 
I I 
For pure rolling to take place, a=Ra ... (iii) 
— “a (MR? -1) ; 
Solving Eqs. (1), (ii) and (ili), we get f/ =———~——_. F ...(iV) 


(MR? +1) 


Chapter 12 Rotational Mechanics * 133 


From Eq. (iv) following conclusions can be drawn 
Ga) If = MR _ (e.g. incase ofaring) f =0 i.e. ifa force F is applied on the top of a ring, the force 
of friction will be zero and the ring will roll without slipping. 
(ii) If 7 < MR”, (e.g. in case of a solid sphere or a hollow sphere), fis positive, i.e. force of friction 
will be forward. 

(iii) If 1 > MR”, fis negative, i.e. force of friction will be backwards. Although under no condition 
I> MR?. (Think why?). So, force of friction is either in forward direction or zero. Here, it 
should be noted that the force of friction f obtained in Eq. (iv) should be less than the limiting 
friction (uMg) for pure rolling to take place. Further, we have seen that for J < MR * force of 


friction acts in forward direction. This is because @ is more if J is small c = £) i.e. to support 


the linear motion force of friction is in forward direction. 


Note It is often said that rolling friction is less than the sliding friction. This is because the force of friction 
calculated by equation number (iv) is normally less than the sliding friction (u,N) and sometimes it is in 
forward direction, ie. it supports the motion. 


@® Extra Points to Remember 


e |naccelerated pure rolling, v=Ra@and a=Ra are not the only conditions to be satisfied, sense of rotation is 
also important as per the direction of linear acceleration. Sense of rotation (or direction of a) should be as 
shown below in following two figures: 


pana) => 
)- € 7 


Fig. 12.93 


e In following two figures accelerated pure rolling is not possible. 


Mf \\ 


a 
oO a a 


Fig. 12.94 


e There are certain situations in which the direction of friction is fixed. For example in the following situations 
the force of friction is backwards. This is because linear acceleration ‘a' due to the applied force (= mg sin®@ 
in first case) is in the direction shown in figure. So, direction of a should also be in the shown direction. We 
have only friction force which can provide ‘@ in that direction. Hence, it should be in backward direction. 


©- 


Fig. 12.95 
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Rolling on Rough Inclined Plane 


A body of mass M, radius R and moment of inertia J is kept over a 
rough ground as shown in figure. In this case no external force is 
applied for accelerated pure rolling. But mg sin® is already acting at 
centre. 


As we said earlier also, force of friction in this case will be 
backward. Equations of motion are 


Fig. 12.96 
Mg sin 8 — f ; 
a= ..-(i) 
M 
fR - 
a =— .. (il 
; (i 
For pure rolling to take place, 
a= RO .. (iii) 
Solving Eqs. (1), (ii) and (iii), we get 
Mg sin 8 ‘ 
i= 5) ...(iV) 
MR 
1+ 
I 
in 0 
and a= a ...(V) 
MR? 


From Eq. (v), we can see that if a solid sphere and a hollow sphere of same mass and radius are 
released froma rough inclined plane and pure rolling is taking place, then the solid sphere reaches the 
bottom first because 


Lsotid <Lpotiow OT Asotid > Fhottow =~ tsotid < hollow 
Further, the force of friction calculated in Eq. (iv) for pure rolling to take place should be less than or 
equal to the maximum available friction uMg cos 0. 
Mg sin 8 tan 0 
or eae St Mg cos 6 or fe—— |; 
MR MR 


1+ 1+ 


Thus, minimum value of friction required for pure rolling is 
tan® 


1+ MR? /I 
If given value of u > ,,;,, then friction acting on the body is 
_ Mgsin® 
1+ MR? /I 
and in this case linear acceleration of the body is 
gsin® 
are 
1+1/ MR 


B nin aa 
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© Example 12.25 Inthe shown figure, accelerated pure rolling will takes place, 
if a= Ra. Find the case if 
(a) a> Ra (b)a< Ra 


> 


Fig. 12.97 
Solution (a) If a> Ra, then at any instant v> Rw. So, it is a case of forward slipping. 
(b) If a< Ra, then at any instant v< Ra. So, it is a case of backward slipping. 


© Example 12.26 If accelerated pure rolling is taking place on a stationary 
ground, then work done by friction is always zero. Comment on this. 
Solution In pure rolling on stationary ground the bottommost point of the rigid body (where 
force of friction is acting) is at rest. Therefore, work done by friction is zero. 


© Example 12.27 In the shown figure, M is mass of the M, R, I 
body, R its radius and I the moment of inertia about an ’ 
axis passing through centre. Find force of friction f 
acting on the body (upwards), its linear acceleration ‘a’ 
(down the plane) and type of motion if: 

(a)u=0 (OP SP i (C)M>H min 
where, L min 1S the minimum value of coefficient of friction Fig. 12.98 
required for pure rolling. 
Solution (a) If’ =0 then, 
f=90 and a=gsin0= a, (say) 


and the motion is only translational. 
(b) Ifu<pu i, , then maximum value of friction will act, as friction is insufficient to provide 
accelerated pure rolling or to stop the relative motion. 
S= fimax =H mg cos 9 


id qa Mgsin®—H Mg cos® 


m 
= gsin8—ugcos0=a, (say) 
In this case, motion is rotation + translation with forward slip (as a> Ra). 
(c) If > win, Then we have discussed in the above article that 
= Mgsin®@ aa a gant 


=a, (say) 
2 3 
MR 14 


1+ 
MR? 


Motion in this case is rotation + translation with accelerated pure rolling. 


Note Inthe above example, we can see that a, and a, are independent of moment of inertia I, but a; depends on 
it. 
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© Example 12.28 A tangential force F acts at the top of a thin spherical shell of 
mass mand radius R. Find the acceleration of the shell if it rolls without 


slipping. 
F 
Fig. 12.99 
Solution Let f be the force of friction between the shell and the F 
horizontal surface. 
For translational motion, 
F+f=ma ... (i) 
‘ : f 
For rotational motion, Fig. 12.100 
a 
FR- fR=la=I— 
f R 
[a= Ro for pure rolling ] 
= F-f=I 20H) 
R 
Adding Eqs. (i) and (11), we get 
2F = [m + =| a 
R2 
Ged 
=|m+—m|a=—ma 
3 
5 2 12 
or Fea é ma ; LT shell = 5 mR 
= a= cl Ans. 


© Example 12.29 A horizontal force F acts on the sphere at its centre as shown. 
Coefficient of friction between ground and sphere is u. What is maximum value 
of F, for which there is no slipping ? 


Solution F- f=Ma .. (i) 
F 
r= 1a=1(2) 
R 
_ 2 2a 
rt pie R Fig. 12.101 
= f==Ma (ii) 
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Solving Eqs. (i) and (ii) we get, 


fair F 
27 <umg f 
7 Fig. 12.102 
=> Fs cere Ans. 
2 
INTRODUCTORY EXERCISE 


1. Work done by friction in pure rolling is always zero. Is this statement true or false? 


2. In the figure shown, a force F is applied at the top of a disc of mass 4 kg and radius 0.25 m. Find 
maximum value of F for no slipping. 


F 


u=0.6 
Fig. 12.103 
3. In the figure shown a solid sphere of mass 4 kg and radius 0.25 
m is placed on a rough surface. Find (g = 10 ms”) 


(a) minimum coefficient of friction for pure rolling to take place. 
(b) If u >U,j,, find linear acceleration of sphere. 


(c) Ifu = eon , find linear acceleration of cylinder. 


Fig. 12.104 


Here, [,i, is the value obtained in part (a). 


4. Aball of mass M and radius Ris released on a rough inclined plane of inclination 6. Friction is not 
sufficient to prevent slipping. The coefficient of friction between the ball and the plane is w. Find: 


(a) the linear acceleration of the ball down the plane, 
(b) the angular acceleration of the ball about its centre of mass. 


5. Aspool is pulled by a force in vertical direction as shown in figure. What is the direction of friction 
in this case? The spool does not loose contact with the ground. 


F 


Fig. 12.105 
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12.12 Angular Impulse 


In the previous chapter, we have learnt that linear impulse 
= F-At=J = change in linear momentum AP 
or, J=AP=P,—P, =m{v ¢—v;) 
In one dimension, we can simply write as: 
J=AP=P,—P,=m(v;-v;) 
Ifv,; =O and v, =v, then 


J 
J=mv_ or | v=— 
m 


In the similar manner, angular impulse 
=t-At=A-/ =change in angular momentum AL 


or A-T=tAt=AL=L, -L; 
But t=F Xr, 
: A-I=F xr, XAt 
=Jxr, (as F x At=J) 


Thus, A-l=Jxr, =Ly -L; 
IfL; =0, then L, =L=1@ 


JIXr, 

A-Il=JxXr, =Io or a 
if CP=r, 
-a _J 
v= ay Va 

J 
ot 
(a) (b) 
Fig. 12.106 


In Fig. (a) A linear impulse J/is applied at centre of mass C of the rigid body. Just after hitting, it will 
have only translational motion and its linear velocity will be given by 
y=— 
m 
In Fig. (b) A linear impulse J is applied at point P, at a perpendicular distance r, =CP. Just after 
hitting it will have both translational and rotational motion. Its linear velocity v and angular velocity o 
will be given by 


JX 
rec and @=——> 
m I 


If, is increased (keeping J to be constant) then v will remain same but @ will increase. So, the 
translational kinetic energy will have the same value but rotational kinetic energy will be more. 
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@® Extra Points to Remember 
e Angular impulse A-/=t x At =AL 
Now, there are following three cases: 


i) If torque is constant, then angular impulse can be obtained by directly multiplying this constant torque 
with the given time interval. 


(ii) If torque is a function of time then angular impulse can be obtained by integration. 
A:l= [ . tat 


=> 


iil) If torque versus time graph is given then angular impulse can be obtained by the area under that graph. 
In all three cases, angular impulse is equal to the change in angular momentum. 


© Example 12.30 A solid sphere of mass M and radius R is hit by a cue at a 
height h above the centre C. For what value of h the sphere will roll without 


slipping ? 


Fig. 12.107 


Solution For rolling without slipping, 


_, 
Vv 
Fig. 12.108 


v= Ro 
Here, vand @ are the values obtained just after hitting. 
cam eee i) 
M I 
2-5 
Here, 7, =handJ=IJ¢ =e 


Substituting these values in Eq. (i), we have 


h=ER Ans. 
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© Example 12.31 <A uniform sphere of mass m and radius R starts rolling 
without slipping down an inclined plane. Find the time dependence of the 
angular momentum of the sphere relative to the point of contact at the initial 
moment. How will the result be affected in the case of a perfectly smooth inclined 
plane? The angle of inclination of the plane is 0. 


Solution Applying the equation (about bottommost point) 


Fig. 12.109 


Angular impulse = change in angular momentum about point of contact we have, 
t= (mg sin ®) R = constant 
Angular impulse = T x ¢ = (mg sin®) Rt 
or L= (mg sin 8) Rt Ans. 


Note There will be no change in the result even if body pure rolls or slides, as the torque of force of friction is zero 
about point of contact. So, it hardly matters whether the surface is rough or smooth. 


INTRODUCTORY EXERCISE 


1. A cylinder is rolling down a rough inclined plane. Its angular momentum about the point of 
contact remains constant. Is this statement true or false? 


2. A solid sphere and a hollow sphere both of same mass and same radius are hit by a cue at a 
height h above the centre C. In which case, 


—_» 


Solid sphere Hollow sphere 
Fig. 12.110 


(a) linear velocity will be more ? 
(b) angular velocity will be more ? 
(c) rotational kinetic energy will be more ? 


Note Linear impulse in both cases is same. 
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12.13 Toppling 


You might have seen in your practical life that ifa force Fis F 

applied to a block A of smaller width and greater height it is 4] : fs 
more likely to topple down before sliding while if the same ee] 
force F is applied to an another block B of broader base, = 
chances of its sliding are more compared to its toppling. Have 


you ever thought why it happens so. To understand it in a 
better way let us take an example. 


Fig. 12.111 


Suppose a force F'is applied at a height b above the base AE of the block. 
Further, suppose the friction /is sufficient to prevent sliding. In this case, 
if the normal reaction N also passes through C, then despite the fact that 
the block is in translational equilibrium (F =f and N =mg), an 
unbalanced torque (due to the couple of forces F and /) is there. 


This torque has a tendency to topple the block about point E. To cancel W= mg 
the effect of this unbalanced torque the normal reaction N is shifted Fig. 12.112 
towards right a distance ‘a’ such that, net anticlockwise torque is equal 

to the net clockwise torque or 


F'b=(mg)a 
Fb 
or g=— 
mg 


Now, if F or b (or both) is increased, distance a also increases. But it can not go beyond the right edge 
of the block. So, in extreme case (beyond which the block will topple down), the normal reaction 
passes through E as shown in Fig. 12.113 (b). 


Fig. 12.113 


Now, if F or b is further increased, the block will topple down. This is why N 
the block having the broader base has less chances of toppling in 

comparison to a block of smaller base. Because the block of larger base has 

more margin for the normal reaction to shift. On the similar ground we can 

see why the rolling is so easy. 


nq 


Because in this case the normal reaction has zero margin to shift. So even if 
the body is in translational equilibrium (F = f, N =mg) an unbalanced 
torque is left behind and the body starts toppling and here the toppling mg 
means motion. Under ideal conditions, the body will start moving by a very Me tee 
small force F' tending to zero also. 
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© Example 12.32 A uniform cube of side a and mass m rests on a rough 
horizontal table. A horizontal force F is applied normal to one of the faces at a 


: . : 3 . 
point directly above the centre of the face, at a height op above the base. What is 


the minimum value of F for which the cube begins to tip about an edge? 


Solution In the limiting case normal reaction will pass through 
O. The cube will tip about O if torque of F exceeds the torque of 


mg. 
3a a 
Hence, F|—|>mg|— f 
4 2 
2 F 
or ie Fig. 12.115 


Therefore, minimum value of F is ; mg. 


© Example 12.33 A uniform cylinder of height h and radius r is placed with its 
circular face on a rough inclined plane and the inclination of the plane to the 
horizontal is gradually increased. If u is the coefficient of friction, then under 
what condition the cylinder will (a) slide before toppling (b) topple before 
sliding. 
Solution (a) The cylinder will slide if 


Fig. 12.116 


mg sin 89> umg cos 8 
or tan@>u ..(i) 


The cylinder will topple if (mg sin 0) - > (mg cos 8)r 
or tan 80> = .. (ii) 


Thus, the condition of sliding is tan 89> and condition of toppling is tan > =. Hence, the 


cylinder will slide before toppling if 
2r 


<< 
eS 


(b) The cylinder will topple before sliding if p> 2 
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Final Touch Points 


1. Whether a particle is in translational motion, rotational motion or in both it merely depends on the 


reference point with respect to which the motion of the particle is described. 


vcos 0 
e =e 7+ P 8 yo 
a - or, / 
' 1 ' v vsin@ 
én Z r 
ec 


(a) (b) (c) 


For example: a particle P of mass mis moving in a straight line as shown in figures (a), (b) and (c). 
Refer Fig. (a) With respect to point A, the particle is in pure translational motion. Hence, kinetic 
energy of the particle can be written as 
KE =! mv? 
2 
Refer Fig. (6) With respect to point B, the particle is in pure rotational motion. Hence, the kinetic 
energy of the particle can be written as 


1 1 vy 1 
KE =— /w? = (mr2y( } =—mv? 
2 2 r 2 
Refer Fig. (c) With respect to point C, the particle can be assumed to be in rotational as well as 
translational motion. Hence, the kinetic energy of the particle can be written as 


2 


KE = m(v cos 8)! | fe 


a 
1 v sin )* 
m(v cos 6)* 5 (mr2)( 
P 


Thus, in all the three cases, the kinetic energy of the particle comes out to be the same. 


. In cases where pulley is having some mass and friction is sufficient enough to prevent slipping, the 
tension on two sides of the pulley will be different and rotational motion of the pulley is also to be 
considered. 
. Finite angular displacements are not vector quantities, the reason being that they do not obey the law 
of vector addition. This law asserts that the order in which vectors are added does not affect their 
sum. 

A+B=B+A 


It can be seen applying two successive 90° rotations-one about the x-axis, and the other about the 
z-axis to a six-sided dice. In the first case, the z-rotation is applied before the x-rotation and vice 
versa in the second case. It can be seen that the dice ends up in two completely different states. 
Clearly, the z-rotation plus the x-rotation does not equal the x-rotation plus the z-rotation. This 
non-commutative algebra cannot be represented by vectors. We conclude that, rotations are not, in 
general, vector quantities. 


However infinitesimal angles do commute under addition, making it possible to treat them as vectors. 
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4. Rotation plus translation motion of a rigid body is simplified by splitting this motion into two parts. 
(i) pure translation motion with the linear velocity and acceleration of the centre of mass. 


(ii) pure rotational motion about an axis passing through centre of mass and perpendicular to the 
plane of motion of the particles. 
But this motion may be considered as pure rotational motion about an axis called instantaneous 
axis of rotation (say AOR). If this /AOR is non-inertial, then we cannot apply, 
Text = 10 
about this axis. This is because in the derivation of this equation we use F =ma for each particle. If 


AOR has an accelerationa, we have to apply a pseudo force — ma to each particle. These pseudo 
forces produce a pseudo torque about this axis. 


But this equation can be applied about an axis passing through centre of mass even if this is 
non-inertial. Let us prove this: 


Take the origin at the centre of mass. The total torque of the pseudo force is 
Lr x(—ma;)=-(2Mm, 5) xa 


--m (=A) 
M 


But =" is the position vector of the centre of mass and that is zero as the centre of mass is at the 


origin. Hence, the torque of pseudo forces acting on all particles of the rigid body is zero. 


Solved Examples 


TYPED PROBLEMS 


Type 1. Based on rotational equilibrium about a fixed axis. 


Concept 


Given that a rigid body can only rotate about a fixed axis, (i.e. hinged at some point) still it 
is not rotating or it is at rest or it is in equilibrium. 


How to Solve? 
e Net torque about hinge point should be zero. But torque of hinge force about the same point is already 
zero. 
e Net force on the rigid body is also zero. 


© Example 1. A uniform L shaped rod of mass 3m O 
is hinged at point O. Length OB is two times the 
length OA. It is in equilibrium. 

Find A 
(a) relation between a and B (b) net hinge force. 


Solution (a) Length OB is two times the length OA. Therefore, 
mass of OB is 2m and that of OA is m and their weight will act at 
their centres (as the rod is uniform). 


If total length is 3/ then, 


GAte ome a! 
2 2 
and 7, =OC, sina = {sina 


OB=21>0C, 2 l 


and r,=OC,sinB =/sinB 
Net torque about O=0 
= anticlockwise torque of mg = clockwise torque of 2mg 


=> (mg)r, = @mg)r, 
> mg (; sin «| = (2mg) lsinB 
r = =4 is the required relation between @ and B. 


sin 


(b) Net force on the rod is also zero. Therefore, hinge force is 3mg(=mg + 2mg) in upward 
direction. 
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Type 2. 7o find total kinetic energy of a system of rigid bodies in rotation plus translation. 


Concept 


A particle has only translation kinetic energy 5 mv”. But a rigid body may have 5 mv” and 


1 : : : -_ : 
5 Im”. Here, v is velocity of centre of mass, @ is angular speed of the rigid body and J is the 


moment of inertia about an axis passing through centre of mass and perpendicular to the 
plane of motion of the body. 


© Example 2. A ring of mass ‘m’ is rolling without slipping Cc 
with linear speed v as shown in figure. Four particles each of 
mass ‘m’ are also attached at points A, B, C and D. Find 
total kinetic energy of the system. B D 


Solution Earlier we have learned that in case of pure rolling, TIVOTTTTIT “btéd 


o > V4 =0, Ug =Up J2uv and Uc =2v 


Now, total kinetic energy = [translational kinetic energy of four particles]+[translational kinetic 
energy of ring + rotational kinetic energy of ring] 
2 | 


(KE) oral = gms ;m (2 v)? + ;m (2 v)2+ :m eur] F mv2+ slo | 


Substituting ]=mR? and @ =F 


we get, (KE) otal =5mv" Ans. 


Type 3. Energy conservation in pure rotational motion. 


Concept 


A rigid body (suppose a rod) is hinged at O as shown in figure. It can have only rotational 
motion in a vertical plane about a smooth horizontal axis passing through O and 
perpendicular to plane of paper. 


oO O 
oe ~ 


~ 
~~, 
~», 


ft, 


It is released from the horizontal position. As the rod rotates downwards its gravitational 
potential energy decreases and rotational kinetic energy increases. 
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How to Solve? 
e Put decrease in gravitational potential energy (mgh) equal to increase in rotational kinetic energy (3 10° 


Here, his the fall of height of centre of mass of the rigid body. In case of particle, ‘h’ is decrease in height 
of the particle. From this equation, we can find the value of . 
° In pure rotational motion velocity of any point is 
V=ro 
Here, ris the distance of that point from the axis of rotation. 


© Example 3 A uniform circular disc has radius R and 
mass m. A particle, also of mass m, is fixed at a point A 
on the edge of the disc as shown in the figure. The disc 
can rotate freely about a horizontal chord PQ that is at 
a distance R/A from the centre C of the disc. The line 
AC is perpendicular to PQ. Initially the disc is held 
vertical with the point A at its highest position. It is 
then allowed to fall, so that it starts rotation about PQ. 
Find the linear speed of the particle as it reaches its lowest position. (JEE 1998) 
Solution Initial and final positions are shown below. 


Decrease in potential energy of mass 


=mg {2x2} mee 


Decrease in potential energy of disc 


= mel2 x a 


| mgR 


2 


Therefore, total decrease in potential energy of system 
= ae z mun =Snah 


a : ‘ 1 
Gain in kinetic energy of system = 5 Io’ 


where, J = moment of inertia of system (disc + mass) about axis PQ 
= moment of inertia of disc + moment of inertia of mass 


=| m( 4) fom (2) 
_15 mR? 
8 


I 
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From conservation of mechanical energy, 

Decrease in potential energy = Gain in kinetic energy 

15 mR? 2 
0) 

8 


1 
3 mgR == 
- 3( 


=4 y= 182 
BR 


Therefore, linear speed of particle at its lowest point 


) 
v=ro=|— 
4 
4 V5bR 
=> v=5gR Ans. 

Type 4. Based on Angular Impulse. 
Concept 

Angular impulse A.I[=tAt 

If torque is a function of time, then 

Al=|tdt 


and this angular impulse is equal to the change in angular momentum. 


© Example 4 _ A solid sphere of mass ‘m’ and radius ‘R’ is F=2t 
kept over a rough ground. A time varying force F'=2t is 
acting at the topmost point as shown in figure. 
(a) Find angular momentum of the sphere about the 
bottommost point as a function of time ‘’. 
(6) Does this result depend on the fact whether the ground is anne 
rough or smooth? Rough 


Solution (a) Suppose ‘f’ is the force of friction acting on the sphere 
in forward direction as shown in figure. 


Taking torque about bottommost point O. Torque of friction is 
already zero, as this force already passes through O. Torque of 
applied force is only there. 
t=F xr, 
= (2t)(2R)=4RT 


As, this toque is a function of time. 
t t 
.. Angular impulse = I, tdt= [, (4Rt) dt =2 Rt? 
This angular impulse is equal to change in angular momentum. Hence, angular momentum 
at time ‘t’ is 2Rt”. 
(b) This result is independent of the nature of surface (smooth or rough), as the torque of friction 


about bottommost point is already zero. It does not contribute in angular impulse and 
therefore in angular momentum. 
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Type 5. Role of friction in acceleration pure rolling. 


Concept 

Friction has a tendency to stop the relative motion. In case of rolling (rotation + 
translation) over a stationary ground relative motion is stopped when v= Ro equation is 
satisfied at all instants. To satisfy this equation, a should be equal to ‘Ro’. Hence, friction 
has a tendency to satisfy the equation,a=Ra. Sometimes friction is sufficient and 
sometimes not. 

If friction is sufficient, then accelerated pure rolling will takes place. Otherwise forward or 
backward slipping occurs. 


How to Solve? 
° Find N, uN andu,N (or WN) 
e Find requirement of friction to satisfy the equation a=Ra. 
For this, apply a general value of fin either forward or backward direction. 
e Puta=Ra 


or Fret = A=) 
m | 


and find the required value of f for accelerated pure rolling. 
° Iff <p Ni.e. requirement < availability then pure rolling will take place anda=Ra. In this case the 
obtained value of friction in step (iii) will act. 
© Iff>u.N then either forward or backward slip will take place and a#Ra. But, 
a= Fret and o =e 
m / 
are still applicable. 
In this case, uN friction will act. 
© If required value of friction in step (iii) comes out to be negative then just change the direction of friction 
which was initially assumed. Otherwise, magnitude wise all calculations are same. 


e After calculation, if force of friction comes in forward direction, then if there is slip, it is backward slip and 
a<Ra. 


© Example 5 A solid sphere of mass 5 kg and radius 1 m F=30N 
is kept over a rough surface as shown in figure. A force 
F=80N is acting at the topmost point. 
(a) Check whether the pure rolling will take place or not. 
(6) Find direction and magnitude of friction actually acting on 
the sphere. Ll, = 0.3 
(c) Find linear acceleration ‘a’ and angular acceleration @’. pent? 
Take g=10 m/s" 


Solution (a) Availability of friction. 
N=mg=5x10=50N 
u,N =08x50=15N 
U,N =0.2x50=10N 
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Requirement of friction for accelerated pure rolling (or to satisfy a= Ra). 


F 
a 
f 
Let the friction f acts in forward direction. 
a=Ra 
> Fret RZ) 
m I 
[ 
ea F+f_ R ie fR 
m 2 mR? 
5 
Solving this equation, we get 
3 
=—f 
f 7 
3 90 
=— (380) =— 
7 eo 7 


Since, this value of fis less thany.,N. Therefore, friction is sufficient for accelerated pure 
rolling to take place. Hence, pure rolling is taking place. 


(b) The above value of f is positive, hence direction of friction is forward and “ N friction will 


be acting. 
(c) The actual forces acting on the sphere are as under 
F=30N 
a 
- 90 
fa F 
F 30+ 0 
q=—Bet = 7 =857mb? Ans. 
m 5 
Since, a= Ra 
gota aay rad/s” Ans. 
Roi 


© Example 6 Repeat all parts of above problem for F=40N. 
Solution (a) and (b): We have already calculated that, requirement of friction for pure rolling 
is 


_3 
faa 


For, F=40N > f-= N 
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Now, this value of fis more than u,N, so backward slip (a < Ra) will take place because fis 
positive so kinetic friction or 10 N will act in forward direction. 


(c) The actual forces acting on the sphere are as under : 


F=40N 
a 
f=m,N=10N 
eee eT m/s? Ans. 
m 5 
a 
a #— 
R 
— a = fae ARP 
I A nae 
5 
_25(F-f) 25 (40-10) 
mR (5) (1) 
= 15 rad/s”. Ans. 


Note Wecansee that a<Ra. 


Type 6. Based on conservation of mechanical energy and no change in rotational kinetic energy. 


Concept 


If a body is kept in translational plus rotational motion 

condition over a smooth inclined plane then two forces acting SS smooth 
on the body (weight and normal reaction) pass through centre 

of mass. So, they cannot provide the torque and therefore 

angular acceleration. Therefore, its angular speed and 6 

rotational kinetic energy remains constant. Same is the case, 

when the body moves freely under gravity. Here, the only force acting on the body is ‘mg’ 
which also passes through centre of mass. When the body moves up, its translational 
kinetic energy decreases and gravitational potential energy increases but rotational 
kinetic energy remains constant. Opposite is the case when the body moves down. 


Further, in case of accelerated pure rolling over a stationary rough ground, work done by 
friction is zero. Hence, mechanical energy will remain constant. In this case, 


K . : 
—R ~1 for ring = x for disc 
in 2 


= : for solid sphere etc. 


Thus, total mechanical energy (Kp,+K,+mgh) remains constant in case of accelerated 
pure rolling, over a smooth ground or under gravity. 
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© Example 7 A solid cylinder of mass m and radius r starts rolling down an 
inclined plane of inclination 8. Friction is enough to prevent slipping. Find the 
speed of its centre of mass when its centre of mass has fallen a height h. 


Solution Considering the two shown positions of the cylinder. 1 
As it does not slip hence total mechanical energy will be , 


conserved, 
Energy at position 1 is E, =mgh 
ts , 1 1 
Energy at position 2 is E,= 5 mveom + 5 Tey 0" 
” 
i; 2 
COM =m and coy = 
r 
3 

=> E,= 7 Wit 


32 
From conservation of energy, E, = E, or mgh = ri Mucom 


=> Ucom = 5 gh Ans. 


© Example 8 A smail solid cylinder of radius r is released 
coaxially from point A inside the fixed large cylindrical bowl of 
radius R as shown in figure. If the friction between the small and 
the large cylinder is sufficient enough to prevent any slipping, 
then find : 
(a) What fractions of the total energy are translational and rotational, when the small 

cylinder reaches the bottom of the larger one? 

(6) The normal force exerted by the small cylinder on the larger one when it is at the 


bottom. 
Solution (a) Kans = mo" 
1 71 v\ 1 
Kot = = 10 = [ mr?) } =— mv 
Z 2\2 r 4 
K = Kivans + Kyot = : mu" 
K erans 2 K vot i! 
=> = 
K 3 3 


(b) From conservation of energy, 
mg (R= 1) == mv" 


2 


mu 4 id 
R-r 8 
mv : 4 
Now, N -mg= = centripetal force = 3 mg 
-r 


N =—mg Ans. 
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© Example 9 A small object of uniform density rolls up a curved surface with an 
2 


ee . : : 3U ; 
initial velocity v. It reaches up to a maximum height Or ae with respect to the 
§ 


initial position. The object is (JEE 2007) 


(a) ring (b) solid sphere (c) hollow sphere (d) disc 
2 2 
Solution Ei he 1 “) =mg av 
2 2° \R 4g 
t=) mR? 
2 


.. Body is disc. The correct option is (d). 


© Example 10 A solid ball rolls down a parabolic path ie Cc 
ABC from a height h as shown in figure. Portion AB of 
the path is rough while BC is smooth. How high will the 
ball climb in BC ? 


Solution At B, total kinetic energy =mgh B 


kK— > —>| 


Here, m = mass of ball 


The ratio of rotational to translational kinetic energy would be, 

Kp 2 2 5 

—=- => «. Kp==mgh and Kr=—mgh 

Kao ae ial a 
In portion BC, friction is absent. Therefore, rotational kinetic energy will remain constant and 
translational kinetic energy will convert into potential energy. Hence, if H be the height to 
which ball climbs in BC, then 


h 


I] ot 


mgH =K,y or mgH => mgh or H= 


© Example 11 A bail moves over a fixed track as 4 C 
shown in the figure. From A to B the ball rolls without t 
slipping. If surface BC is frictionless and K,, Kp and h, 
Ke are kinetic energies of the ball at A, B and C 


he 


respectively, then (JEE 2006) A 
(a) hy > ho: Kp>Ke (b) hy > he: Kce>Ky 
() ha =hc; Kp=Ke (Dhy<hc;Kp> Ke 


Solution On smooth part BC, due to zero torque, angular velocity and hence the rotational 
kinetic energy remains constant. While moving from B to C translational kinetic energy 
converts into gravitational potential energy. 


The correct option is (a) 
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© Example 12 A small solid sphere of mass ‘m’ is released from point A. Portion 
AB is sufficiently rough (to provide accelerated pure rolling), BC is smooth and 
after C, the ball moves freely under gravity. Find gravitational potential energy 
(U), rotational kinetic energy (Kp) and translational kinetic energy (K_ ) at points 
A, BC, Dand E. 


A D 


Solution AB is sufficiently rough BC is smooth and after C motion is under gravity. So, total 
mechanical energy U + Kp + Kr) is always constant. On AB: 
Kp 2 : 
—£ — = (for solid sphere) 
Kr 5 
as accelerated pure rolling is taking place. 
After B, rotational kinetic energy will become constant. After C, centre of mass of the ball will 
follow a projectile motion. 


Up = Uc COS 60°= = = half of uc 


(Kp)p =7 ie 


At point A 
U=3mgh 
Kp=0 => K,=0 
-. Total mechanical energy HE =3 mgh = constant. 


At point B 
U=0 = E=8mgh 
K=E=3mgh (K = total K.E) 
But Kr _2 
Ky 5 
2 6 
K,=—K=—mgh 
Ra = § 
5 15 
K,=—K=—mgh 
oa ge 
At point C 
U=mgh 


6 
Kp =(Kr)p “7 mgh 


Kr,p=E-U-Kp 


=3mgh-—mgh = mgh == mgh 
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1 2 
Kr "a (Kroc =, 0eh 


U=E-Kp-Kp 
“Snel meh Wich 
7 7 


At point E U=0 
6 
Kp=(Kp)p mer 


K,=E-Kp-U 


=3mgh -mgh-0 =~ mgh 


Type 7. Based on instantaneous axis of rotation (IAOR). 


Concept 


We have seen that in case of pure of rolling (v= Ro) over a stationary ground JAOR passes 
through the bottommost point of the rigid body. Following are three more cases where we 


can locate the position of JAOR. In the following cases JAOR is written as IC. 


(i) Given the velocity of a point (normally the centre of mass) on the body and 


the angular velocity of the body 


If v and @ are known, the JC is located along the line drawn perpendicular to v at P, 
such that the distance from P to IC is, r = ” | Note that IC lie on that side of P which 
@ 


causes rotation about the IC, which is consistent with the direction of motion caused by 


@ and v. 


(ii) Given the lines of action of two non-parallel velocities 
Consider the body shown in figure where the line of action of vz, 
the velocities v , and vp are known. Draw perpendiculars at A 
and B to these lines of action. The point of intersection of these 
perpendiculars as shown locates the JC at the instant 
considered. 
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(iii) Given the magnitude and direction of two parallel velocities 
When the velocities of points A and B are parallel and have known magnitudes v, and 
Ug then the location of the IC is determined by proportional triangles as shown in 


figure. 
U4 UB 
In both the cases, Tac =—~ and rgyo =— 
@ @ 
In Fig. (a) Tac +TB IC =d 
and in Fig. (b) rpc ~Ta,ic = 4 


As a special case, if the body is translating, v4, = vg and the JC would be located at 
infinity, in which case @ = 0. 


© Example 13 A rotating disc moves in the positive direction of the x-axis. Find 
the equation (x) describing the position of the instantaneous axis of rotation if at 
the initial moment the centre c of the disc was located at the point O after which 
it moved with constant velocity v while the disc started rotating counterclockwise 
with a constant angular acceleration a. The initial angular velocity is equal to 
zero. 


Ox 


Solution t=~ and w=at=~ y 
v U . 
The position of IC will be at a distance i 
O 


= or a * 
L= a5 = ax 
UV 
vw" vu" ge = 
or y=— or xy=—=constant 
Ox a 


This is the desired x-y equation. This equation represents a rectangular hyperbola. 
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© Example 14 A uniform thin rod of mass m and length | is standing on a smooth 
horizontal surface. A slight disturbance causes the lower end to slip on the smooth 
surface and the rod starts falling. Find the velocity of centre of mass of the rod at 
the instant when it makes an angle 8 with horizontal. 


Solution As the floor is smooth, mechanical A 

energy of the rod will remain conserved. Further, no 

horizontal force acts on the rod, hence the centre of \ 

mass moves vertically downwards in a straight line. ~y 

Thus velocities of COM and the lower end B are in A c tn=4(1 —sin 6) 


the directions shown in figure. The location of IC at 
this instant can be found by drawing perpendiculars 
to Vc and vz at respective points. Now, the rod may 
be assumed to be in pure rotational motion about fi 
IAOR passing through JC with angular speed a. 2 


3sin i) 


Applying conservation of mechanical energy. 
Decrease in gravitational potential energy of the rod 
= increase in rotational kinetic energy about IC 


mee Ete 
2 
or m, Ta eee — +— cos’ 0 
ar 2 


Solving this equation, we get 
12g¢(1 —sin 0) 
\ 1 +3 cos” @) 


Now, I vol = (; cos 0] (0) 


—sgi 2 
_ /sgld —sin ee ) Aas: 
¥  (@+3cos"8) 


Type 8. Based on rotational pulleys. 


Concept 


If the pulley is not massless and is sufficiently rough then tension on a string passing over 
it on its both sides will be different. In this case, the string does not slip over the pulley but 
the pulley also rotates. 
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In the above figure, pulley is massless, smooth and stationary. String slips over the pulley. 


at 


(If Ty < T> ) 
Ty Tp 


In this figure, pulley is neither massless nor smooth. It rotates with the string. If there is no 
slip then, a= Ra. 


© Example 15 In the arrangement shown in figure the mass of the uniform solid 
cylindrical pulley of radius R is equal to m and the masses of two bodies are 
equal to m, and m,. The thread slipping and the friction in the axle of the pulley 
are supposed to be absent. Find the angular acceleration of the cylinder and the 


fy : : ; . 
ratio of tensions oa of the vertical sections of the thread in the process of motion. 
2 


Solution Leto = angular acceleration of the pulley and a = linear acceleration of two bodies 
(07 


~~ 7 7 
m le Mo la 
qT Tp mg meg 
Equations of motion are 
For mass m,, T, —m,g=m,a .-- (i) 
For mass mo, mg — T, =m a .+- (11) 
For pulley, o = — ... ii) 
= mR? 
2 
For no slipping condition a=Ra ... (iv) 
‘ : 2m, - 
Solving these equations, we get ids RL Ans. 
(2m, +2m,+m)R 
and Ai. Pag) Res. 


T, m.(m+ 4m,) 
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Type 9. When friction converts forward or backward slip into pure rolling. 


Concept 
If a body is kept in forward or backward slip condition (v# Rw) over a rough horizontal 
ground, then kinetic friction will act in the opposite direction of slip. This friction provides 
both linear acceleration ‘a’ and angular acceleration ‘a’. They are in the directions so as the 
equation v= Rw (with proper sense of rotation) is satisfied so that pure rolling may start. 
For example, if initially v>rq@, then ‘@ is in the opposite direction of ‘v’ (to decrease it) and ‘@ 
is in the direction of ‘w’ (to increase it). 
Once pure rolling starts, relative motion (or slipping) is stopped and friction becomes zero. 
During slip, mechanical energy is not conserved. But, some part of mechanical energy is 
used up in doing work against friction. Once pure rolling starts, mechanical energy 
becomes constant. 
If only one coefficient of friction or tis given in the question then, instead of kinetic friction, 
apply uN during the slip. 


© Example 16 A solid sphere of radius r is gently placed on 
a rough horizontal ground with an initial angular speed 0, e 
and no linear velocity. If the coefficient of friction is p, find 
the time t when the slipping stops. In addition, state the 
linear velocity v and angular velocity @ at the end of 
slipping. 
Solution Let m be the mass of the sphere. 


Since, it is a case of backward slipping, force of friction is in forward direction. Limiting friction 
will act in this case. 


Linear acceleration a = f ale lug 
mom 
Angular retardation a = Fe a 
Io2 5 Qr 
— mr 
5 
Slipping is ceased when v= ro 
or (at) =r @o — at) 
or ugt=r [oy p net or u Ugt = TW 
2r 2 
t= eh Ans. 
7 US 
2 
v=at=pgt = [ TO Ans. 
and o=t= z Wo Ans. 
r 7 
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Alternate Solution 


Net torque on the sphere about the bottommost point is zero as friction is passing through that 
point. Therefore, angular momentum of the sphere will remain conserved about the bottommost 


point. 
L; = Ly 
Ia, = Im + mrv 
or . mr — : mr*o + mr@r) 
2 2 
p= and pa Ans. 


© Example 17 _ A billiard ball, initially at rest, is given a 
sharp impulse by a cue. The cue is held horizontally a 
distance h above the centre line as shown in figure. The ball 
leaves the cue with a speed Uy, and because of its forward 
english (backward slipping) eventually acquires a final 


4 
speed Up. Show that h = 5 R 


where R is the radius of the bail. 


Solution Let @, be the angular speed of the ball just after it leaves the cue. The maximum 


friction acts in forward direction till the slipping continues. Let v be the linear speed and @ the 
angular speed when slipping is ceased. 


Given, ..-(i) 
..- (11) 
Applying, Linear impulse = change in linear momentum 
= F dt=mvp ..-(i11) 
Angular impulse = change in angular momentum 
2 ; 
tdt=Io,. or (Fh)dt= 5 mR? ...(iv) 
During the slip, angular momentum about bottommost point will remain conserved. 
1e. L; = Ly 
or 109 + mRuy = In + mRv 
9u 9 
= mR? @y + mRuy = | 2) mRv wv 
0 0-5 7R 7 0 (v) 


Solving Eas. (iii), (iv) and (v), we get h= : R Proved. 
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Type 10. Based on critical value of u. 


Concept 


If a force is applied on a block as shown in figure and the force is increased then in some 
cases the block slides before toppling and in other cases it topples before sliding. It mainly 
depends on: 


(i) base length a 4 | 
(ii) height of point of application of force h 

(iii) coefficient of friction LL. 

For example, if is small then chances of sliding are more. If a 

is small then chances of toppling are more. Rotigh k—— a ——>| 
For given values of a and hit only depends on the value of. In 


such problems, there is a critical value u ,,. If given value of u>u .,, then the block topples 
before sliding and if<p,, then the block slides before toppling. 


h 


How to Solve? 
e Make two conditions: 
Condition of sliding 


Condition of toppling, when the normal reaction (just before toppling) shifts to the right side edge). 
From these, two conditions we can find L,,. 


© Example 18 For the given dimensions shown in figure, find critical value of 
coefficient of friction u. 
F > 


k—— 2a ——| 


Solution Condition of sliding 


The block will slide if, 
F>uN 
but N=mg (m= mass of the block) 
is F>umg .. (i) 
Condition of toppling 
AN 
F 
| 
2a 
a an 
fs77 
O 
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Block will topple about an axis passing through O and perpendicular to plane of paper if: 
clockwise torque of F'> anticlockwise torque of mg 


F'@a)>(mg)(a) 
“= F><mg ei) 
From Eqs. (i) and (ii), we can see that, 
1 
== Ans. 
H., 2 


If given value of ut is less than LL... (say it is ,) then Eq. (i) is, 
1 
F>-m 
ri 8 


So, Eq. (i) is satisfied before Eq. (ii). Therefore, the block will slide before toppling. 
If given value of 1 is greater than [1 .,(say it is 7) then Kq. (i) is, 


3 
F>—m 
Zi 8 


So, Eq. (ii) is satisfied before Eq. (i). Hence, the block will topple before sliding. 


Type 11. When pure translational motion of a rigid body converts into pure rotational motion by a 
Jerk (or linear impulse). 


Concept 


A block in pure translational motion (with linear velocity v) meets an obstacle at O. A linear 
impulse will act on the block at point O. Just after the impact, the block starts rotating 
about point O (with an angular speed say w). The value of this @’ can be found by 
conservation of angular momentum about O because during the impact, the angular 
impulse of the linear impulse about point O will be zero (as r, =0). Just before impact 
motion is pure translational. So, angular momentum is mur sin or mur, . Here, vis the 
velocity of centre of mass. Just after impact motion is pure rotational. So, angular 
momentum is Jo, where, Jis the moment of inertia passing through O and perpendicular to 
plane of paper. 


Pro 


abe there will be loss mechanical energy during impact 


=H; -E;= a Sie 5 Ta® } But after on the mechanical energy remains constant. As 


the block moves up, its potential energy increases and rotational kinetic energy decreases. 


© Example 19 In the figure shown in the text, if the block is a cube of side ‘a’. 
Find 
(a) ® just after impact 
(6) loss of mechanical energy during impact 
(c) minimum value of v so as the block overcomes the obstacle and does not turn back. 
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Solution 
C_ Vi o 
rm TIVITITIVITITITTI?. «= po 
ee 8 
nay CO= r= Va 


(a) From conservation of angular momentum about O, 
L; = Ly 


ofa) a) 


=> = 2 (2) Ans. 
4\a 
(b) Loss of mechanical energy, 
=" mv" — 2 I,” 
2 2 
ant Bae [ ma? m( a ye a 
2 3 | 6 2, | 4a 
ms mv Ans. 
16 
(c) 
Cc 
—_ i 2 7 
O O 


; . ‘ a : 
Block overcomes the obstacle at O if centre of mass rises upto a height —= as shown in 


V2 


figure (from the initial height 3 


Because after that torque of ‘mg’ about O will itself rotate the block on other side as shown 
in figure. 


O mg 


Decrease in rotational kinetic energy = increase in gravitational potential energy 


; sl’s “(is |lsal =m ea) 
v=Jllga Ans. 
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Type 12. 7o identify number of unknowns and then make equations corresponding to that. 


Concept 


A disc and block system are released from rest as C2 T 

shown in figure. Ground is sufficiently rough, so that 

there is no slip anywhere. We have to find a2 

accelerations of both, tension in the string and force OL 

of friction. TITTTTTT. 7 

In such problems, first of all find the number of 

unknowns: 

(i) Block can have only translational motion. So, it fa 

has some linear acceleration say a, 

(ii) Disc can have translational as well as rotational motion. So, it has linear acceleration 
a, and angular acceleration ‘o’. 

(iii) Ground is rough. So, there is one unknown friction ‘f’ 


(iv) One more unknown is tension in the string 7. 
Therefore, there are total five unknowns in this problem, a,, a,,a, T and /f. 


How to Solve? 
We will make three acceleration equations for a,,a. anda by using the equations 


a= Fret and Q= Thet 
m / 
There are two contact equations atc, andc». 


Atc,, disc is in contact with ground and atc, with string. At the other end string is connected to the block. 
So, there should not be any slip at c; between disc and ground and at cy between disc and string. 
Following two examples illustrate the method of making these equations. 


© Example 20 Consider the arrangement shown in , 
figure. The string is wrapped around a uniform cylinder | " ) 5) 
which rolls without slipping. The other end of the string 


is passed over a massless, frictionless pulley to a falling 

weight. Determine the acceleration of the falling mass m 

in terms of only the mass of the cylinder M, the mass m im 
and g. 


Solution Let T be the tension in the string and f T 
the force of (static) friction, between the cylinder and t 


the surface. (/ T 

a 
a, = acceleration of centre of mass of cylinder e [ac 
towards right 


a, = downward acceleration of block m mg 
a = angular acceleration of cylinder (clockwise) 
Acceleration equations 


For block, mg —-T =may ... (0) 
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For cylinder, T+f=Ma, ...(1i) 
ee lili) 
= MR? 
2 


Contact equations 
The string is attached to the mass m at the highest point of the cylinder, hence 


Un = Ucom + Ro 


Differentiating, we get a,=a,+ Ra ..(iv) 
We also have (for rolling without slipping) 
a, = Ra .(V) 
; ; 8mg 
Solving these equations, we get = Ans. 
q e : 2~3M + 8m 


Alternate Solution (Energy Method) 


Since, there is no slipping at all contacts mechanical energy of the system will remain 
conserved. 


Decrease in gravitational potential energy of block m in time t = increase in translational 


kinetic energy of block + increase in rotational as well as translational kinetic energy of 
cylinder. 


Log leg dans 
mgh = Us + — Im* + — Mu 
oe ge gy 2° 
1») 1 9 (3 ,) 2,1 2 . 
~at°|=—m (at) +—|- MR*| @t)+— M(a,t oe 
or me (5 at] bm (ayt)?+ 3 (4 me?) ae)? +4 Meat (vi) 


Solving Eas. (iv), (v) and (vi), we get the same result. 


© Example 21 A thin massless thread is wound on a reel 
of mass 3 kg and moment of inertia 0.6 kg-m”. The hub DR 
radius is R=10 cmand peripheral radius is 2R = 20 cm. 
The reel is placed on a rough table and the friction is 


enough to prevent slipping. Find the acceleration of the 
centre of reel and of hanging mass of 1 kg. 
Solution Here, number of unknowns are five: A| 


a, = acceleration of centre of mass of reel 
a, = acceleration of 1 kg block 

a = angular acceleration of reel (clockwise) 
T = tension in the string 


and f = force of friction 
Acceleration equations : 
Free body diagram of reel is as shown in figure: (only horizontal forces are shown). 
Equations of motion are 
T — f =3a, ..-(i) 
_t_f@R)-T.R_0.2f-01T f T 
I I 0.6 3. 6 


...(ii) 
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Free body diagram of mass is, 
Equation of motion is, 


—— 


10-T=a, .. (iil) 
Contact equations: fac 
For no slipping condition, 
a,=2Ra or a, =0.20 ...(iv) 10N 
and ad ,=a,-Ra or ag=a,-0.10 ose(V) 
Solving the above five equations, we get 
a, =0.27m/s” and a,=0.135 mss” Ans. 


Type 13. Energy method of solving problems of accelerated pure rolling. 


Concept 
In accelerated pure rolling over a stationary ground work done by friction is zero. So, 


mechanical energy remains constant. Therefore, some problems of accelerated pure rolling 
can also be solved by using energy conservation principle. 


© Example 22 A body of mass m, radius R and moment of 
inertia I (about an axis passing through the centre of mass 
and perpendicular to plane of motion) is released from rest 
over a sufficiently rough ground (to provide accelerated 
pure rolling). Find linear acceleration of the body. 
Solution Let linear acceleration is ‘a’ and angular acceleration ‘a’. 


For accelerated pure rolling, 


a 
a=— 
R 


After time ¢, displacement of centre of mass along the plane, s=5 at” 
Height fallen by centre of mass 
h=(s)(sin®) =; at”sin® 
linear velocity v=at 
angular velocity @=a t= s 


From energy conservation principle, decrease in potential energy = increase in translational 
and rotational kinetic energy. 


or neh te. Lig? 
2 2 


Substituting the value we have, 


Solving this equation we get, a=? Ans. 
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Type 14. Problems of accelerated pure rolling by finding angular acceleration ‘o.’ about the 


bottommost axis. 
Concept 
We have discussed in final touch points that : 
Voxt 
—s 
I 


can be applied from an inertial frame or about an axis passing through centre of mass 
(even if it is accelerated). 


Same is the case about an axis passing through bottommost axis if accelerated pure rolling 
is taking place on a stationary ground. 

Although the bottommost point is accelerated (= Rw”, towards centre), yet for symmetrical 
bodies net torque of pseudo forces on all particles of the rigid body about bottommost axis is 
zero. So, 


can be applied about this axis also. 


© Example 23 In example 22, find linear acceleration ‘a’ of the body by 
calculating « about bottommost axis. 
To (mgsin®)R 


Solution a= 5 
I, (.+MR*) 
But [,=I ; f = friction 
ga iné Rsin@ «d 
I+mR? 
2, . 
Now, a, or a=Ra= nee ae 
I+mR 
or i" : Ans. 
I 
1+ a 
mR* 


Type 15. Based on hinge force. 


Concept 


A rod OA is hinged at O. It is released from the horizontal 
position as shown in figure. We have to find hinge force acting on 
the rod at a general angle 0. 

We can see that motion of the rod is pure rotational about an 
axis passing through O. As the rod rotates downwards, its 
eravitational potential energy decreases and rotational kinetic 
energy increases. If the hinge is smooth, then we can apply the 
equation. 
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mgh== 10" i) 


Here, h= height fallen by centre of mass C of the rod. 
and faJ5 
From here we can find o”. 


At the same time, we can see that @ is increasing. So, there is an angular acceleration ‘a’ 
about O. Only two forces are acting on the rod, hinge force and weight. 


Torque of hinge force about O is zero. Therefore, torque of ‘mg’ will only provide ‘©’. Thus, 
a= me i) 
I 
Now, only two forces are acting on the rod, hinge force (say F) and weight (mg). 
F+ mg=mMacoy OF Mac 
or F=ma,-—mg ...(i11) 
By finding a, we can find the hinge force F from Eq. (iii). 


How to Solve a,? 
e Inthe figure, we can see that C is rotating in a circle with centre at O and radius r =OC 5 , where / is the 


length of rod. In a circular motion, acceleration of a particle has two components. 

© (i) radial a, =ro* 

* (ii) tangential a =ra 

° w* can be obtained from Eq. (i), @ can be obtained from Eq. (ii). Writing all vector quantities in proper vector 
notations and then substituting in Eq. (iii) we can find the hinge force F. 


© Example 24 In the figure given in the text if mass of the rod is ‘m’ then find 
hinge force. 
(a) Just after the rod is released from the horizontal position. 
(6) When the rod becomes vertical. 
Solution (a) 


<—_ Fy —— y. 

\ 

‘ 

O ‘C A 
Ya 
x 
mg 
Just after the release, @ =0 
a, =ro’=0 
Tv 
o=—= (about O) 


(ng) () 
_ (mg) () _ 2) _ 388 
I, (m2/3) 21 


aare(s) oo) ae 
4 g)\21) 4 
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From Eq. (iii), the hinge force is 


F=m (a,-g) 
=m [a, (-j) - -gj)] 
=m} -2 git ai 
cle Ans. 
4 


Therefore, hinge force is sr in vertically upward direction. 


(b) 


When the rod becomes vertical height fallen by centre of mass is h = : 


Therefore, from Eq. (i), 


a, =Tro" = [ ) (*2) = : g (towards O) 


At this moment 'mg' also passes through O. Therefore, its torque about O is also zero. So, 
from Eq. (ii), 


a=0 => a,=ra=0 
Now, substituting proper values in Eq. (iii), the hinge force is, 
F =m (a,-g) 
=m [a,j-C gi] 


=m It e) j+ wi 


= (? s) F Ans. 


ou 


2 


Therefore, hinge force is > mg in vertically upward direction. 
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Type 16. Collision Problems. 


Concept 
There are mainly three types of collisions. 
Type 1. O O 
/ 
=> 
u 
o—> "4 
m 
M M+m 


A ball of mass Mis suspended by a light string of length ‘7. A bullet of mass ‘m’ strikes the 
ball with velocity u and sticks. This type of collision we have already discussed in the 
previous chapter. 
The three important points in this collision are 
(i) Velocity of combined mass after collision (say v) can be obtained by conservation of 
linear momentum or 


Pr=Pi 
> (M+m)v=mu 
mu 

or v= 

M+m 

(ii) Mechanical energy is lost only during collision. This loss is given by 
E; -E; (E= mechanical energy) 
1 


7 2 wis = a ae 

2 2 

(iii) After collision now the mechanical energy remains constant and the combined mass 
executes vertical circular motion. If v>/5gl circle is completed. If J2gl <vu<./5dgl, 
string slacks in upper half of the circle and if 0< vs J2el , combined mass oscillates in 
lower half of the circle. 


Type 2. O O 


-&S 


244 m 
A rod of mass M and length Lis hinged at point O. A bullet of mass m moving with velocity 
u strikes the rod at its bottommost point and sticks. Just after collision the combined 
system (rod + bullet) starts rotating about the hinge point O with an angular speed w. 
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So, the translational motion converts into rotational motion. The three important points in 
this collision are 
(i) At the time of collision, a linear impulse acts on the system at point O from the hinge. 
Angular impulse of this linear impulse about O is zero (asr, =0). Therefore, angular 
momentum of the system about O remains constant or 


L, =L, 
mur, =Io 
or mu L=(Lyoa + Ipgunet)® 


2 


From this equation, we can find ‘a’. 
(ii) Mechanical energy is lost only during collision (not after that) and this loss is 


E; E,=—mu? 1 i? 
2 2 


(iii) After the collision, as the system moves upwards its gravitational potential energy 
increases and rotational kinetic energy decreases. So, we can write : 


decrease in rotational kinetic energy = increase in gravitational potential energy. 


Type 3. mou 


o> pA pA 
Cy PPaad 
=> | @ 
-C, C, = 
Bb UB 


M, L 


A rod of mass M and length L is lying on a smooth table. A bullet of mass ‘m’ and speed ‘w’ 
strikes the rod at A and sticks. C, is the centre of rod and C, is the centre of mass of system 
(rod + bullet). 
Just after collision motion of the combined system is rotation (with angular velocity w) and 
translation (with linear velocity v). 
Thus, by the collision, translation motion converts into rotation plus translation motion. 
The three important points in this type of collision are: 
(i) System is kept over a smooth horizontal table. So, net linear impulse on the system is 
zero. Therefore, v can be obtained by conservation of linear momentum or, 
Pr = Pi 
> (M+m)v=mu 
p= _ mu 
M+m 

Since, net linear impulse on the system is zero. Therefore, angular impulse about any 

point is also zero. Hence, angular momentum of the system can be conserved about any 

point and can be obtained. But normally, we conserve it about point of impact (or A). 
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L,=L; (about A) 
or (m+M)or, +I1o =0 => L,=mur, 
Here, =0 (asr, =Ofrom A) 


[= Ea + Tputtet 
To find r, of v from A first we will have to find position of COM or C, of the combined 
system. 
(ii) Mechanical energy is lost only during collision (not after that) and this loss is: 


ee OF -( mu? || (M+ m)v? +510] 
2 2 2 


(iii) Since, the system is kept over a smooth table, v and m remain constant after the 
collision. 


© Example 25 Two uniform rods A and B of length 0.6 m each and of 
masses 0.01 kg and 0.02 kg respectively are rigidly joined end to end. 
The combination is pivoted at the lighter end, P as shown in figure. 
Such that it can freely rotate about point P in a vertical plane. 
A small object of mass 0.05 kg, moving horizontally, hits the lower 
end of the combination and sticks to it. What should be the velocity of 
the object, so that the system could just be raised to the horizontal 
position? (JEE 1994) 


Solution System is free to rotate but not free to translate. During collision, net torque pe @ 
on the system (rod A+ rod B+ mass m) about point P is zero. 


Therefore, angular momentum of system before collision 


= angular momentum of system just after collision (about P). ie 
Let @ be the angular velocity of system just after collision, then 
L,=L, => mv) =Io #41) 
Here, J = moment of inertia of system about P 
; ; fe cy 2] i B 
=m (21° + m,(I7/3) + mp| — + fe 7 | 
| 12 2 | 


Given, /= 0.6m, m=0.05 kg, m, = 0.01 kg and mg= 0.02 kg. 


@ 


@=0 DS 
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Substituting the values, we get 
I= 0.09 kg- m? 
Therefore, from Eq. (i) 


ae 2mul _ @) 0.05) (v)O6) 
I 0.09 
@ =0.67U ... (ii) 
Now, after collision, mechanical energy will be conserved. 
Therefore, decrease in rotational KE = increase in gravitational PE 


1 l l 
or Pa 2—mg 2) ms e(5] + mpg (14 a 
se i= gl (4m + ee 
_ 98) 06) 4 x 0.05 + 0.01 + 3 x 0.02) 
0.09 
= 17.64 (rad/s)” 
& @ =4.2 rad/s ...(ili) 
Equating Eqs. (11) and (iii), we get 
joe m/s or v= 6.3 m/s Ans. 
0.67 


© Example 26 A rod AB of mass M and length L is lying on a horizontal 
frictionless surface. A particle of mass m travelling along the surface hits the end 
A of the rod with a velocity Ug in a direction perpendicular to AB. The collision is 
elastic. After the collision the particle comes to rest. (JEE 2000) 
(a) Find the ratio m/M. 
(b) A point P on the rod is at rest immediately after collision. Find the distance AP. 
(c) Find the linear speed of the point P a time nL/3u, after the collision. 


Solution (a) Suppose velocity of COM of the rod just after collision is v and angular velocity 
about COM isw. Applying following three laws: 


me—>? me 
L 
2 
- COM COM Vo eS 
o 
L 
2 
Before collision After collision 


(1) External force on the system (rod + mass) in horizontal plane along x-axis is zero . 
.. Applying conservation of linear momentum in x-direction. 
muy, = Mv .-() 
(2) Net torque on the system about COM of rod is zero. 
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.. Applying conservation of angular momentum about COM of rod, we get mus 


L_ ML 
or muy — = 
2 12 
MLow 
or MUo = 
6 
(3) Since, the collision is elastic, kinetic energy is also conserved. 
: = mw? 1 0? 
2 2 Z 
2 
or mug = Mv" + ie wo” 
12 
From Eas. (i), (ii) and (iii), we get the following results 
as 
M 4 
fol wend) sys 
M ML 
(b) Point P will be at rest if xm =v 
or x= Ea or x=L/6 
@ 6mu/ML 
A 
Vv Vv 
=> os 
x 20 P o A 
P 
spo’ s Ea or apetT 
2 6 
(c) After time t= aa 
3 U9 
angle rotated by rod, 6 = at = Bini 2% 
ML 3u 
=2n (=) =2n (=) 
M 4 
e=2 
2 
Therefore, situation is as shown in figure. 
.. Resultant velocity of point P will be 
m 
inp |=vB0= v2 (7) vy : 
v2 Un = Yo 
ee) 
Uo 


or | vp| = —= 


2 


(ii) 


.. (iii) 


Ans. 


Ans. 


Ans. 


Miscellaneous Examples 


© Example 27 A thread is wound around two discs on either sides. 
The pulley and the two discs have the same mass and radius. There is 
no slipping at the pulley and no friction at the hinge. Find out the 
accelerations of the two discs and the angular acceleration of the 
pulley. 


Solution Let R be the radius of the discs and T, and T, be the tensions in the left 
and right segments of the rope. 


Ty Tp 


> . ‘\ «, 


1 


ay mg mg a2 

Acceleration of disc 1, ae 

mg — T, : 

a, = a1 mG) 
m 
Acceleration of disc 2, 
_mg-Ty, ae 
a= ... (11) Ei To 

Angular acceleration of disc 1, Oo, = : ssesaeest ... (iii) 

I 1.32 mR 

—mR 
2 
ee . . 2T,, . 

Similarly, angular acceleration of disc 2, Q).= aR ... (IV) 

m 
Both a, and a, are clockwise. 
Angular acceleration of pulley, 

(Ty-T)R _ 20-1) ye 

1 mR. mR 
2 
For no slipping, Ra, — a, =a,- Ra, = Ra ...(V1) 
Solving these equations, we get 
a=0 and Q, =a,= = Ans. 


Alternate Solution 


As both the discs are in identical situation, T, = T, and a =0. i.e. each of the discs 
falls independently and identically. Therefore, this is exactly similar to the problem 
shown in figure. 
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© Example 28 Determine the maximum horizontal force F that may be applied to 
the plank of mass m for which the solid sphere does not slip as it begins to roll on 
the plank. The sphere has a mass M and radius R. The coefficient of static and 
kinetic friction between the sphere and the plank arew, and uw, respectively. 


e in ay 
Ls Mg 


Writing equations of motion 


For sphere Linear acceleration 


Angular acceleration 


For plank Linear acceleration 


For no slipping 


Solving the above four equations, we get 


Thus, maximum value of F'can be 


use [M+ in| 


Hs Mg > a2 
= 
Mg 3 
a, =e =, .. (i) 
o = Hse) R 
7) 
= MR? 
5 
=? bse di) 
jt ee iia) 
m 
a, =a, + Ra ... (iv) 
7 
F=wu,g [w + es m) 
Ans. 


© Example 29 A uniform disc of radius ry lies on a smooth horizontal plane. A 
similar disc spinning with the angular velocity @, is carefully lowered onto the 
first disc. How soon do both discs spin with the same angular-velocity if the 
friction coefficient between them is equal to uw? 


Solution From the law of conservation of angular momentum. 


Im) = 21 
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Here, I= moment of inertia of each disc relative to common rotation axis 


o . 
@ = > = steady state angular velocity 


The angular velocity of each disc varies due to the torque Tt of the friction forces. To calculate 1, 
let us take an elementary ring with radii r and r + dr. The torque of the friction forces acting on 
the given ring is equal to 


Friction 
force 


mass = dm 


dt = (friction force) (7) = [u(dm) g](r) 


= (8) Qurdr)r 


0 


where, m is the mass of each disc. Integrating this with respect to r between 0 and 7, we get 


2 
T= 3 mg = constant 


_t_ (2umgyr, /3) 
I (mr/2) 
= 4g = constant 

37 


back . . 0) . 
Now, angular speed of lower disc increases with this a from O to a and © is constant. 


(0) 370 
or =—2= 57 0 Ans. 


Exercises 


LEVEL 1 


Assertion and Reason 
Directions: Choose the correct option. 
(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 
(6) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 
(d) If Assertion is false but the Reason is true. 
1. Assertion : Moment of inertia of a rigid body about any axis passing through its centre of mass 
is minimum. 
Reason : From theorem of parallel axis, 
l=I1,, + Mr? 


2. Assertion : A ball is released on a rough ground in the condition shown in 
figure. It will start pure rolling after some time towards left side. C 
Reason: Friction will convert the pure rotational motion of the ball into pure 
rolling. 


3. Assertion : A solid sphere and a hollow sphere are rolling on ground with same total kinetic 
energies. If translational kinetic energy of solid sphere is K, then translational kinetic energy 
of hollow sphere should be greater than K. 


Reason: In case of hollow sphere rotational kinetic energy is less than its translational kinetic 
energy. 


4. Assertion : A small ball is released from rest from point A as shown. If , 
bowl is smooth, than ball will exert more pressure at point B, compared to 
the situation if bowl is rough. 
B 


Reason: Linear velocity and hence, centripetal force in smooth situation is 
more. 


5. Assertion : A cubical block is moving on a rough ground with velocity up. 
During motion net normal reaction on the block from ground will not Yo 
pass through centre of cube. It will shift towards right. 
Reason : It is to keep the block in rotational equilibrium. 

6. Assertion : A ring is rolling without slipping on a rough ground. It strikes 


elastically with a smooth wall as shown in figure. Ring will stop after some 
time while travelling in opposite direction. 


Reason : After impact net angular momentum about an axis passing meen 
through bottommost point and perpendicular to plane of paper is zero. 
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7. Assertion : There is a thin rod ABand a dotted line CD. All the axes we are talking about are 
perpendicular to plane of paper. As we take different axes moving from A to D, moment of 


inertia of the rod may first decrease then increase. 
a -D 


Reason : Theorem of perpendicular axis cannot be applied here. 
8. Assertion : If linear momentum of a particle is constant, then its angular momentum about 
any point will also remain constant. 
Reason : Linear momentum remains constant, if F,,, =0 and angular momentum remains 
constant if tT, = 0. 
9. Assertion : In the figure shown, A, Band C are three points on the circumference of a disc. Let 
U4, Up and Ug are speeds of these three points, then 
Vo >Vp>Vy 
A 


Reason: In case of rotational plus translational motion of a rigid body, net speed of any point 
(other than centre of mass) is greater than, less than or equal to the speed of centre of mass. 


10. Assertion : There is a triangular plate as shown. A dotted axis is lying in the plane of slab. As 
the axis is moved downwards, moment of inertia of slab will first decrease then increase. 


Reason : Axis is first moving towards its centre of mass and then it is receding from it. 

11. Assertion: A horizontal force F is applied at the centre of solid sphere placed over a plank. The 
minimum coefficient of friction between plank and sphere required for pure rolling isu, when 
plank is kept at rest and, when plank can move, then [ly <j. 

ee F 


= =—sti‘<i‘ 


Reason : Work done by frictional force on the sphere in both cases is zero. 
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Objective Questions 
Single Correct Option 


1. 


The moment of inertia of a body does not depend on 
(a) mass of the body 

(b) the distribution of the mass in the body 

(c) the axis of rotation of the body 

(d) None of the above 


. The radius of gyration of a disc of radius 25 cm about a centroidal axis perpendicular to disc is 


(a) 18cm (b) 12.5 cm (c) 836 cm (d) 50 cm 


. A shaft initially rotating at 1725 rpm is brought to rest uniformly in 20s. The number of 


revolutions that the shaft will make during this time is 
(a) 1680 (b) 575 (c) 287 (d) 627 


. A man standing on a platform holds weights in his outstretched arms. The system is rotated 


about a central vertical axis. If the man now pulls the weights inwards close to his body, then 
(a) the angular velocity of the system will increase 

(b) the angular momentum of the system will remain constant 

(c) the kinetic energy of the system will increase 

(d) All of the above 


. The moment of inertia of a uniform semicircular disc of mass M and radius r about a line 


perpendicular to the plane of the disc through the centre is 
(a) Mr? (b) 5M (c) Mr (d) = Mr? 


. Two bodies Aand B made of same material have the moment of inertial in the ratio 


I,:Ip =16:18. The ratio of the masses m,: mz is given by 
(a) cannot be obtained (b) 2:3 
(c) 1:1 (d) 4:9 


. When a sphere rolls down an inclined plane, then identity the correct statement related to the 


work done by friction force 

(a) The friction force does positive translational work 
(b) The friction force does negative rotational work 
(c) The net work done by friction is zero 

(d) All of the above 


. Acircular table rotates about a vertical axis with a constant angular speed w. A circular pan 


rests on the turn table (with the centre coinciding with centre of table) and rotates with the 
table. The bottom of the pan is covered with a uniform small thick layer of ice placed at centre of 
pan. The ice starts melting. The angular speed of the turn table 

(a) remains the same 

(b) decreases 

(c) Increases 

(d) may increase or decrease depending on the thickness of ice layer 


. If Ris the radius of gyration of a body of mass M and radiusr, then the ratio of its rotational to 


translational kinetic energy in the rolling condition is 
R? R? pr 

a) —=— —_ ec) s 

ey R’ +r? ») ©) R? 


d 
2 (d) 1 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 
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A solid sphere rolls down two different inclined planes of the same height but of different 
inclinations 

(a) in both cases the speeds and time of descend will be same 

(b) the speeds will be same but time of descend will be different 

(c) the speeds will be different but time of descend will be same 

(d) speeds and time of descend both will be different 


For the same total mass, which of the following will have the largest moment of inertia about an 
axis passing through the centre of mass and perpendicular to the plane of the body 

(a) a disc of radius R (b) aring of radius R 

(c) a square lamina of side 2R (d) four rods forming a square of side 2R 


A disc and a solid sphere of same mass and radius roll down an inclined plane. The ratio of the 
friction force acting on the disc and sphere is 


7 5 
a) — hs 
(a) - (b) i 
(c) : (d) depends on angle of inclination 


A horizontal disc rotates freely with angular velocity about a vertical axes through its centre. 
Aring, having the same mass and radius as the disc, is now gently placed coaxially on the disc. 
After some time, the two rotate with a common angular velocity. Then 

(a) no friction exists between the disc and the ring 

(b) the angular momentum of the system is conserved 


(c) the final common angular velocity is 50 


(d) All of the above 


A solid homogeneous sphere is moving on a rough horizontal surface, partly rolling and partly 
sliding. During this kind of motion of the sphere 

(a) total kinetic energy of the sphere is conserved 

(b) angular momentum of the sphere about any point on the horizontal surface is conserved 

(c) only the rotational kinetic energy about the centre of mass is conserved 

(d) None of the above 


A particle of mass m = 3 kg moves along a straight line 4y — 3x = 2 where x and y are in metre, 
with constant velocity v = 5 ms‘. The magnitude of angular momentum about the origin is 


(a) 12 kgm’s! (b) 6.0 kgm’s (c) 4.5 kgm’s? (d) 8.0kgm’s? 


A solid sphere rolls without slipping on a rough horizontal floor, moving with a speed v. It 

makes an elastic collision with a smooth vertical wall. After impact, 

(a) it will move with a speed v initially 

(b) its motion will be rolling with slipping initially and its rotational motion will stop momentarily 
at some instant 

(c) its motion will be rolling without slipping only after some time 

(d) All of the above 


The figure shows a square plate of uniform mass distribution. AA’ 
and BB’ are the two axes lying in the plane of the plate and passing 
through its centre of mass. If J) is the moment of inertia of the plate 
about AA’ then its moment of inertia about the axis BB’ is 

(a) Ip (b) Ip cos 0 

(c) Ip cos70 (d) None of these 
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18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


A spool is pulled horizontally on rough surface by two equal and 


opposite forces as shown in the figure. Which of the following F 
statements are correct? 
(a) The centre of mass moves towards left —— 
(b) The centre of mass moves towards right 
Rough 


(c) The centre of mass remains stationary 
(d) The net torque about the centre of mass of the spool is zero 


Two identical discs are positioned on a vertical axis as shown in the figure. The 
bottom disc is rotating at angular velocity @, and has rotational kinetic energy Ko. 
The top disc is initially at rest. It then falls and sticks to the bottom disc. The 
change in the rotational kinetic energy of the system is 

(a) Ky2 (b) - Ky /2 

(c) —-K)/4 (d) Ky/4 


The moment of inertia of hollow sphere (mass ™) of inner radius R and outer radius 
2R, having material of uniform density, about a diametric axis is 

(a) 31 MR?/70 (b) 43 MR7/90 

(c) 19 MR?/80 (d) None of these 


A rod of uniform cross-section of mass M and length Lis hinged about an end to swing freely in 
a vertical plane. However, its density is non uniform and varies linearly from hinged end to the 
free end doubling its value. The moment of inertia of the rod, about the rotation axis passing 
through the hinge point is 


2ML’ 3ML* 7ML? 

a c d) None of these 
(a) 5 (b) a () es (d) s 
Let J, and J, be the moment of inertia of a uniform square plate about axes x1 
shown in the figure. Then, the ratio J,: I, 1s <2 Pee 

il 12 Se a 
a) 1:— 1? — Bare SS 
(a) 1:5 (b) 15 te 
(1:4 (d) 1:7 “Bs 

‘12 , 


Moment of inertia of a uniform rod of length L and mass M, about an axis passing through L/4 
from one end and perpendicular to its length is 
ML? 

12 


(a) “ ML? (b) = ML? (c) = ML? (d) 


A uniform rod of length L is free to rotate in a vertical plane about a fixed 
horizontal axis through B. The rod begins rotating from rest. The angular 
velocity @ at angle @ is given as 


(a) IS) sin (b) (2) cos S 
(c) (2) sin 8 (d) (2) cos 8 


Two particles of masses 1 kg and 2 kg are placed at a distance of 3m. Moment of inertia of the 
particles about an axis passing through their centre of mass and perpendicular to the line 
joining them is (in kg-m’). 

(a) 6 (b) 9 

(c) 8 (d) 12 


26. 


27. 


28. 


29. 


30. 
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Find moment of inertia of a thin sheet of mass M in the shape of an Axis 
equilateral triangle about an axis as shown in figure. The length of each 

side is L 

(a) ML/8 (b) 3V3 ML’/8 

(c) 7ML?7/8 (d) None of these 


A square is made by joining four rods each of mass M and length L. Its moment of P 


inertia about an axis PQ, in its plane and passing through one of its corner is 145° 
(a) 6 ME? (b) 5 MI? ! 
L 
(c) 8 ur (d) 10 yr? 
3 3 Q 
Oo 


A thin rod of length 4/, mass 4 m is bent at the points as shown in the , ; 


figure. What is the moment of inertia of the rod about the axis passing 20° : oF 
through O and perpendicular to the plane of the paper? ! 
me 10mi? 
Ay 
(a) 3 (b) 3 
me me 
nS Ayo 
(c) a (d) od 


The figure shows two cones Aand B with the conditions : hy<hg;i pya>Pppi | 


Ry, = Rg my, = mg. Identify the correct statement about their axis of symmetry. 
(a) Both have same moment of inertia 


(b) A has greater moment of inertia 
(c) B has greater moment of inertia (A) 
(d) Nothing can be said (B) 


Linear mass density of the two rods system, AC and CB is x. Moment of 
inertia of two rods about an axis passing through ABis 


xP xP 
@ 7B Oe 

af xP 
a ©” Be 


Subjective Questions 


1. 


If radius of the earth contracts to half of its present value without change in its mass, what will 
be the new duration of the day? 


. The radius of gyration of a uniform disc about a line perpendicular to the disc equals its radius 


R. Find the distance of the line from the centre. 


. Find the moment of inertia of a uniform square plate of mass M and edge a about one of its 


diagonals. 


. Moment of inertia of a uniform rod of mass m and length / is mi? about a line perpendicular 


to the rod. Find the distance of this line from the middle point of the rod. 
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5. 


10. 


11: 


12. 


13. 


14. 


15. 


16. 


Two point masses m, and m, are joined by a weightless rod of length r. Calculate the moment of 
inertia of the system about an axis passing through its centre of mass and perpendicular to the 
rod. 


. Radius of gyration of a body about an axis at a distance 6 cm from its centre of mass is 10 cm. 


Find its radius of gyration about a parallel axis through its centre of mass. 


. Awheel rotates around a stationary axis so that the rotation angle @ varies with time as 0 = at”, 


where a= 0.2 rad/s. Find the magnitude of net acceleration of the point A at the rim at the 
moment t = 2.5 sif the linear velocity of the point A at this moment is v= 0.65 m/s. 


. Particle P shown in figure is moving in a circle of radius R = 10cm with linear speed v = 2 m/s. 


Find the angular speed of particle about point O. 


. A particle of mass m is projected with velocity v at an angle 0 with the horizontal. Find its 


angular momentum about the point of projection when it is at the highest point of its trajectory. 


Linear mass density (mass/length) of a rod depends on the distance from one end (say A) as 
i, =(ax +B). Here, a and are constants. Find the moment of inertia of this rod about an axis 
passing through A and perpendicular to the rod. Length of the rod is J. 


When a body rolls, on a stationary ground, the acceleration of the point of contact is always 
zero. Is this statement true or false? 


A solid sphere of mass m rolls down an inclined plane a height h. Find rotational kinetic energy 
of the sphere. 


The topmost and bottommost velocities of a disc are v, and vg (< v,) in the same direction. The 
radius is R. Find the value of angular velocity o. 


A circular lamina of radius a and centre O has a mass per unit area of kx”, where x is the 
distance from O and kis a constant. If the mass of the lamina is M, find in terms of M and a, the 
moment of inertia of the lamina about an axis through O and perpendicular to the lamina. 


A solid body starts rotating about a stationary axis with an angular acceleration 
a = (2.0x 10°”) t rad/s”, here, t is in seconds. How soon after the beginning of rotation will the 
total acceleration vector of an arbitrary point of the body form an angle @ = 60° with its velocity 
vector? 


A ring of radius R rolls on a horizontal ground with linear speed v and angular speed . For 
what value of 6 the velocity of point P is in vertical direction. (u< Rw) 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 
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Two forces F, and F, are applied on a spool of mass M and moment of Fy 
inertia J about an axis passing through its centre of mass. Find the ratio 


a , so that the force of friction is zero. Given that I < 2Mr?. é 
2 2 


A disc is placed on the ground. Friction coefficient is u. What is the 
minimum force required to move the disc if it is applied at the topmost point? 


A cube is resting on an inclined plane. If the angle of inclination is gradually increased, what 

must be the coefficient of friction between the cube and plane so that, 

(a) cube slides before toppling? (b) cube topples before sliding? 

A uniform disc of mass 20 kg and radius 0.5 m can turn about a smooth axis through its centre 

and perpendicular to the disc. A constant torque is applied to the disc for 3 s from rest and the 

angular velocity at the end of that time is ay rev/min. Find the magnitude of the torque. If the 
T 


torque is then removed and the disc is brought to rest in ¢ seconds by a constant force of 10 N 
applied tangentially at a point on the rim of the disc, find t. 


A uniform disc of mass m and radius R is rotated about an axis passing through its centre and 
perpendicular to its plane with an angular velocity ® . It is placed on a rough horizontal plane 
with the axis of the disc keeping vertical. Coefficient of friction between the disc and the surface 
isu. Find 

(a) the time when disc stops rotating, 

(b) the angle rotated by the disc before stopping. 


A solid body rotates about a stationary axis according to the law 0 = at — bt?, where a = 6 rad/s 
and b = 2rad/s*. Find the mean values of the angular velocity and acceleration over the time 
interval between ¢t = 0 and the time, when the body comes to rest. 

Arod of mass m and length 2R is fixed along the diameter of a ring of same mass m and radius R 


as shown in figure. The combined body is rolling without slipping along x-axis. Find the angular 


momentum about z-axis. y 


O >x 
The figure shows a thin ring of mass M =1 kg and radius R= 0.4 m spinning 
about a vertical diameter. (Take I = 5 MR’). A small bead of mass m = 0.2kg can 
slide without friction along the ring. When the bead is at the top of the ring, the 


angular velocity is 5 rad/s. What is the angular velocity when the bead slips 
halfway to 0 = 45°? 


A horizontal disc rotating freely about a vertical axis makes 100 rpm. A small piece of wax of 
mass 10 g falls vertically on the disc and adheres to it at a distance of 9 cm from the axis. If the 
number of revolutions per minute is thereby reduced to 90. Calculate the moment of inertia of 
disc. 
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26. 


27. 


28. 


29. 


30. 


31. 


32. 


A man stands at the centre of a circular platform holding his arms extended horizontally with 
4 kg block in each hand. He is set rotating about a vertical axis at 0.5 rev/s. The moment of 
inertia of the man plus platform is 1.6 kg-m*, assumed constant. The blocks are 90 cm from the 
axis of rotation. He now pulls the blocks in toward his body until they are 15 cm from the axis of 
rotation. Find (a) his new angular velocity and (b) the initial and final kinetic energy of the 
man and platform. (c) how much work must the man do to pull in the blocks ? 


A horizontally oriented uniform disc of mass M and radius R rotates freely about a stationary 
vertical axis passing through its centre. The disc has a radial guide along which can slide 
without friction a small body of mass m. A light thread running down through the hollow axle of 
the disc is tied to the body. Initially the body was located at the edge of the disc and the whole 
system rotated with an angular velocity @,. Then, by means of a force F' applied to the lower end 
of the thread the body was slowly pulled to the rotation axis. Find : 

(a) the angular velocity of the system in its final state, 

(b) the work performed by the force F. 


Consider a cylinder of mass M and radius R lying on a rough horizontal is ar 
plane. It has a plank lying on its top as shown in figure. A force F is oe 


applied on the plank such that the plank moves and causes the cylinder 

to roll. The plank always remains horizontal. There is no slipping at any ™ ia 

point of contact. Calculate the acceleration of the cylinder and the 

frictional forces at the two contacts. 

Find the acceleration of the cylinder of mass m and radius R and that of plank of mass M placed 


on smooth surface if pulled with a force F as shown in figure. Given that sufficient friction is 
present between cylinder and the plank surface to prevent sliding of cylinder. 


A uniform rod AB of length 2/ and mass m is rotating in a horizontal plane about a vertical axis 
through A, with angular velocity o, when the mid-point of the rod strikes a fixed nail and is 
brought immediately to rest. Find the impulse exerted by the nail. 


A uniform rod of length L rests on a frictionless horizontal surface. The rod is pivoted about a 
fixed frictionless axis at one end. The rod is initially at rest. A bullet travelling parallel to the 
horizontal surface and perpendicular to the rod with speed v strikes the rod at its centre and 
becomes embedded in it. The mass of the bullet is one-sixth the mass of the rod. 

(a) What is the final angular velocity of the rod ? 


(b) What is the ratio of the kinetic energy of the system after the collision to the kinetic energy of the 
bullet before the collision ? 


A uniform rod AB of mass 3m and length 2/ is lying at rest on a smooth horizontal table with a 
smooth vertical axis through the end A. A particle of mass 2m moves with speed 2u across the 
table and strikes the rod at its mid-point C. If the impact is perfectly elastic. Find the speed of 
the particle after impact if 


(a) it strikes the rod normally, (b) its path before impact was inclined at 60° to AC. 


LEVEL 2 


Objective Questions 
Single Correct Option 
1. In the given figure a ring of mass m is kept on a horizontal surface 

while a body of equal mass m is attached through a string, which is 
wounded on the ring. When the system is released, the ring rolls 
without slipping. Consider the following statement and choose the 
correct option. 
G) acceleration of the centre of mass of ring is “ _m| 


- : : : _ A 
(ii) acceleration of hanging particle is 


(iii) frictional force (on the ring) acts in forward direction 

(iv) frictional force (on the ring) acts in backward direction 

(a) only statements (i) and (ii) are correct (b) only statements (11) and (iii) are correct 
(c) only statements (i11) and (iv) are correct (d) None of these 


2. A solid sphere of mass 10 kg is placed on a rough surface having 


coefficient of friction up = 0.1. A constant force F' = 7 N is applied along a F=7N 

line passing through the centre of the sphere as shown in the figure. The 

value of frictional force on the sphere is ee 
(a) 1N (b) 2N w= 0.1 
(c) 3N (d) 7N 


3. From a uniform square plate of side a and mass m, a square portion DEFG of , 


side 5 is removed. Then, the moment of inertia of remaining portion about the 


E 

axis ABis 

Tma? 3ma” 
a 
(a) 16 (b) 16 

3ma? 9ma? 
c d 
(c) (d) aT 


4. A small solid sphere of mass m and radiusr starting from rest from the rim 
of a fixed hemispherical bow] of radius R(>>r) rolls inside it without 
sliding. The normal reaction exerted by the sphere on the hemisphere when 
it reaches the bottom of hemisphere is 
(a) (3/7) mg (b) 9/7) mg (c) (13/7) mg (d) (17/7) mg 


5. A uniform solid cylinder of mass m and radius R is placed on a rough’ =F P 
horizontal surface. A horizontal constant force F' is applied at the top point 
P of the cylinder so that it starts pure rolling. The acceleration of the 
cylinder is 
(a) F/3m (b) 2F'/3m 
(c) 4F'/3m (d) 5F/3m 
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6. 


10. 


11. 


12. 


. Asmall pulley of radius 20 cm and moment of inertia 0.32 kg-m” is used to hang a2 kg 


. Auniform circular disc of radius R is placed on a smooth horizontal surface 


In the above question, the frictional force on the cylinder is 
(a) F'/3 towards right (b) F'/3 towards left 
(c) 2F'/3 towards right (d) 2F'/3 towards left 


mass with the help of massless string. If the block is released, for no slipping condition 
acceleration of the block will be 

(a) 2 m/s? (b) 4 m/s? 

(c) 1 m/s? (d) 3 m/s” 


with its plane horizontal and hinged at circumference through point O as 
shown. An impulse P is applied at a perpendicular distance h from its centre 
C. The value of h so that the impulse due to hinge is zero, is 


(a) R (b) R/2 
(c) RB (d) R/4 


. A rod is supported horizontally by means of two strings of equal 


length as shown in figure. If one of the string is cut. Then tension in 

other string at the same instant will 

(a) remain unaffected 

(b) increase Mg 
(c) decrease 

(d) become equal to weight of the rod 


The figure represents two cases. In first case a block of mass M is 
attached to a string which is tightly wound on a disc of mass M and 
radius R. In second case F = Mg. Initially, the disc is stationary in each 
case. If the same length of string is unwound from the disc, then 

(a) same amount of work is done on both discs 

(b) angular velocities of both the discs are equal 

(c) both the discs have unequal angular accelerations 

(d) All of the above 


A uniform cylinder of mass M and radius R is released from rest on a 
rough inclined surface of inclination 8 with the horizontal as shown in 


figure. As the cylinder rolls down the inclined surface, the maximum . 

elongation in the spring of stiffness kis M,R 
3 Mg sin 0 2 Mg sin @ 

a —-——_—_ as = Tckaatae 

(a) ts (b) ; " 

(:) “8 — i (a) None of these 


A uniform rod of mass m and length / rotates in a horizontal plane with an angular velocity w 
about a vertical axis passing through one end. The tension in the rod at a distance x from the 
axis is 

1 2 1 2 x” 1 2 x” 1 2 [ x| 
a) =mo~x —mo*| 1—-— c) =m l)1-—; d) =ma@‘l)1-— 
(ais (b) | Cs Z ies lee 


13. 


14. 


15. 


16. 


17. 


18. 


19. 
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A rod of length 1 m rotates in the xy plane about the fixed point O in YA 

the anticlockwise sense, as shown in figure with velocity @ = a+ bt 

where a= 10rads ‘and b= 5rads *. The velocity and acceleration of i) & aa 
the point A at t= Ois 0 

(a) +10i ms"! and + 5i ms~” (b) + 10j ms and (— 100 i + 5j) ms” 

(c) —10j ms“! and (100i + 5j) ms~2 (d) —10j ms~! and —5j ms~? 


A ring of radius R rolls on a horizontal surface with constant acceleration a 

of the centre of mass as shown in figure. If @ is the instantaneous angular a 
velocity of the ring, then the net acceleration of the point of contact of the 

ring with ground is 

(a) zero (b) oR 


(c) a (d) Ja?+ @?R)? 


The density of a rod ABincreases linearly from Ato B. Its midpoint is O and its centre of 
mass is at C. Four axes pass through A, B,O and C, all perpendicular to the length of the 
rod. The moments of inertia of the rod about these axes are I, , Ip, Ip and Ic respectively. 
Then 


@ ie b) <i, (©) In >Io (a) All of these 


The figure shows a spool placed at rest on a horizontal rough surface. A tightly 
wound string on the inner cylinder is pulled horizontally with a force F. Identify 
the correct alternative related to the friction force f acting on the spool 

(a) f acts leftwards with f<F 

(b) f acts leftwards but nothing can be said about its magnitude 

(c) f <F but nothing can be said about its magnitude 

(d) None of the above 


A circular ring of mass m and radius R rests flat on a horizontal smooth 
surface as shown in figure. A particle of mass m, and moving with a 
velocity v, collides inelastically (e = 0) with the ring. The angular velocity 
with which the system rotates after the particle strikes the ring is 


Vv v 
(a) a (b) a (c) = (di 


A stationary uniform rod in the upright position is allowed to fall on a smooth 
horizontal surface. The figure shows the instantaneous position of the rod. Identify 
the correct statement. 


(a) normal reaction N is equal to Mg Mg 
(b) N does positive rotational work about the centre of mass i SITTATSIt 
(c) a couple of equal and opposite forces acts on the rod N 


(d) All of the above 


A thin uniform rod of mass m and length /1s free to rotate about its upper end. When it is at 
rest. It receives an impulse J at its lowest point, normal to its length. Immediately after 
impact 

(a) the angular momentum of the rod is J/ 

(b) the angular velocity of the rod is 3J/ml 

(c) the kinetic energy of the rod is 3.J7/2m 

(d) All of the above 
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20. 


21. 


22. 


23. 


24. 


25. 


A rectangular block of size (b x h) moving with velocity v, enters on a rough 


surface where the coefficient of friction is u as shown in figure. Identify the cic 
correct statement. 


(a) The net torque acting on the block about its COM isu mg (clockwise) sinogiy, Benoni 
(b) The net torque acting on the block about its COM is zero 

(c) The net torque acting on the block about its COM is in the anticlockwise sense 

(d) None of the above 


A uniform rod of length Z and mass m is free to rotate about a frictionless 

pivot at one end as shown in figure. The rod is held at rest in the horizontal <5 
position and a coin of mass mis placed at the free end. Now the rodis released. | ——.—_, 
The reaction on the coin immediately after the rod starts falling is 


(a) “8 (b) 2 mg 
mg 
(c) zero (d) = 


A spool is pulled at an angle 6 with the horizontal on a rough 
horizontal surface as shown in the figure. If the spool remains at 
rest, the angle 0 is equal to 


= ) se r? 
a) co — n Tea. 
(a) cos ( - (b) si ry 
(9 » a(9 

(c) cos R (d) sin R 
Uniform rod ABis hinged at end Ain horizontal position as shown in the 
figure. The other end is connected to a block through a massless string as 
shown. The pulley is smooth and massless. Mass of block and rod is same 
and is equal to m. Then acceleration of block just after release from this A ani 
position is ry ; 5 
(a) 6 g/13 (b) gi4 —_ 
(c) 8g/8 (d) None of these 


A cylinder having radius 0.4 m, initially rotating (at ¢ = 0) with @) = 54 rad/s is »N 
placed on a rough inclined plane with 0 = 37° having friction coefficient u = 0.5. 
The time taken by the cylinder to start pure rolling is (g = 10 m/s”) 


(a) 5.48 (b) 2.48 37° 
(c) 1.48 (d) None of these 


A disc of mass M and radius Fis rolling purely with center’s velocity uv, on a flat horizontal floor 
when it hits a step in the floor of height R/4. The corner of the step is sufficiently rough to 
prevent any slipping of the disc against itself. What is the velocity of the centre of the disc just 


after impact? 
—_ 


oO — 


(a) 4u)/5 (b) 4u9/7 
(c) 5Uj/6 (d) None of these 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 
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A solid sphere is rolling purely on a rough horizontal surface (coefficient 
of kinetic friction = 1) with speed of centre = w. It collides inelastically = 
with a smooth vertical wall at a certain moment, the coefficient of == 


restitution being > The sphere will begin pure rolling after a time 


3u 2u 3u 2u 
(a) —— (b) —— (c) —— (d) —— 

Tug Tug 5 ug 5 Ug 
A thin hollow sphere of mass mis completely filled with non viscous liquid of mass m. When the 
sphere roll-on horizontal ground such that centre moves with velocity v, kinetic energy of the 
system is equal to 


(a) mv" (b) =m” (c) =m” (d) None of these 


A solid uniform disc of mass m rolls without slipping down a fixed inclined plank with an 


acceleration a. The frictional force on the disc due to surface of the plane is 

(a) =ma (b) = ma (c) ma (d) = ma 

A uniform slender rod of mass m and length Lis released from rest, with its lower end touching 
a frictionless horizontal floor. At the initial moment, the rod is inclined at an angle 6 = 30° with 
the vertical. Then the value of normal reaction from the floor just after release will be 


(a) 4mg/7 (b) 5mg/9 

(c) 2mg/5 (d) None of these 

In the above problem, the initial acceleration of the lower end of the rod will be 
(a) gv3/4 (b) gV35 

(c) 83gv3/7 (a) None of these 


angular velocity. The angle between the velocity and acceleration vectors of point P_ P 
is 

(a) zero (b) 45° 

(c) tan! (2) (d) tan! (1/2) 


A straight rod ABof mass M and length Lis placed on a frictionless horizontal surface. A force 
having constant magnitude F and a fixed direction starts acting at the end A. The rod is 
initially perpendicular to the force. The initial acceleration of end Bis 

(a) zero (b) 2 F/M 

(c) 4F/M (d) None of these 


A particle moves parallel to x-axis with constant velocity vas shown in Y 
the figure. The angular velocity of the particle about the origin O 
(a) remains constant 

(b) continuously increases 

(c) continuously decreases 

(d) oscillates 


A disc of radius R is rolling purely on a flat horizontal surface, with a constant a 


A thin uniform rod of mass M and length Lis hinged at its upper end, and released from rest 
from a horizontal position. The tension at a point located at a distance L/3from the hinge point, 
when the rod becomes vertical, will be 

(a) 22 Mg/27 (b) 11 Mg/13 

(c) 6 Mg/11 (d) 2 Mg 
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35. 


36. 


37. 


38. 


39. 


40. 


41. 


A uniform rod AB of length ZL and mass m is suspended freely at A and hangs 
vertically at rest when a particle of same mass m is fired horizontally with speed v to 
strike the rod at its mid point. If the particle is brought to rest after the impact. Then 

the impulsive reaction at Ain horizontal direction is - 
(a) mov/4 (b) mov/2 
(c) mu (d) 2 mv 


A child with mass m is standing at the edge of a merry go round having moment ve 
of inertia J, radius R and initial angular velocity @ as shown in the figure. The 
child jumps off the edge of the merry go round with tangential velocity v with 


respect to the ground. The new angular velocity of the merry go round is 


2.7 9 2 2 
@) [To = ) ‘aaa mv 


I@ —mvR I+ mR”) @—mvR 
@ om (a $ ’ 


A disc of radius Ris spun to an angular speed @, about its axis and then 

. . . ; R _— 

imparted a horizontal velocity of magnitude = The coefficient of Vo 
friction is 1. The sense of rotation and direction of linear velocity are 


shown in the figure. The disc will return to its initial position 


(a) if the value of p <0.5 

(b) irrespective of the value of u 
(c) if the value of 0.6<p<1 

(d) ifu>1 


A racing car is travelling along a straight track at a constant velocity of er — 


_____ Seer 
40 m/s. A fixed TV camera is recording the event as shown in figure. In /40m/s 


order to keep the car in view, in the position shown, the angular velocity of Gin a 
camera should be 30°/ 
(a) 3 rad/s (b) 2 rad/s 

(c) 4 rad/s (d) 1 rad/s 


A uniform rod OA of length /, resting on smooth surface is slightly 
distributed from its vertical position. P is a point on the rod whose locus is a 
circle during the subsequent motion of the rod. Then the distance OP is equal to 
(a) 1/2 

(b) W/3 

(c) U/4 

(d) there is no such point 


In the above question, the velocity of end O when end A hits the ground is 
(a) zero 

(b) along the horizontal 

(c) along the vertical 

(d) at some inclination to the ground (¢ 90°) 


In the above question, the velocity of end A at the instant it hits the ground is 
(a) ¥8gl (b) J12g/ 


(c) /6gl (d) None of these 
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42. A solid sphere of mass m and radius Ris gently placed on a conveyer belt moving with constant 
velocity up. If coefficient of friction between belt and sphere is 2/7, the distance traveled by the 
centre of the sphere before it starts pure rolling is 


ee 
2 2 
(a) 2 (b) 220. 
Tg 49g 
2 2 
(c) 2u0 (a) 20 
5g 7g 


More than One Correct Options 
1. A mass m of radius r is rolling horizontally without any slip with a linear speed v. It then rolls 
2 
up to a height given by ou 
42 
(a) the body is identified to be a disc or a solid cylinder 
(b) the body is a solid sphere 


(c) moment of inertia of the body about instantaneous axis of rotation is = mr 


: : : : 4 teh 
(d) moment of inertia of the body about instantaneous axis of rotation is = mr” 


2. Four identical rods each of mass m and length 7 are joined to form a rigid square frame. The 
frame lies in the xy plane, with its centre at the origin and the sides parallel to the x and y axes. 
Its moment of inertia about 


(a) the x-axis is =m? 

(b) the z-axis is sme! 

(c) an axis parallel to the z-axis and passing through a corner is " me 
(d) one side is 2m? 


3. A uniform circular ring rolls without slipping on a horizontal surface. At 
any instant, its position is as shown in the figure. Then 
(a) section ABC has greater kinetic energy than section ADC 
(b) section BC has greater kinetic energy than section CD 
(c) section BC has the same kinetic energy as section DA 
(d) the sections CD and DA have the same kinetic energy 


4. A cylinder of radius R is to roll without slipping between two planks as —>v 
shown in the figure. Then 


(a) angular velocity of the cylinder is 7 counter clockwise 
. : ee ; 
(b) angular velocity of the cylinder is - clockwise SS 


(c) velocity of centre of mass of the cylinder is v towards left 
(d) velocity of centre of mass of the cylinder is 2u towards right 
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5. 


10. 


A uniform rod of mass m = 2 kg and length / = 0.5 m is sliding along 

two mutually perpendicular smooth walls with the two ends P and Q 

having velocities vp = 4 m/s and vg = 3 m/s as shown. Then Q 

(a) The angular velocity of rod, @ = 10 rads, counter clockwise Vo =3 m/s 

(b) The angular velocity of rod, @ = 5.0 rad/s, counter clockwise 

(c) The velocity of centre of mass of rod, v,,, =2.5 m/s P 


(d) The total kinetic energy of rod, K = = joule 


. A wheel is rolling without slipping on a horizontal plane with velocity v and Cc 


acceleration a of centre of mass as shown in figure. Acceleration at 

(a) A is vertically upwards B 
(b) B may be vertically downwards 

(c) C cannot be horizontal 

(d) a point on the rim may be horizontal leftwards A 


. A uniform rod of length / and mass 2 m rests on a smooth horizontal table. A point mass m 


moving horizontally at right angles to the rod with velocity u collides with one end of the rod and 
sticks it. Then 


. ae 
(a) angular velocity of the system after collision is eT 
(b) angular velocity of the system after collision is a 


(c) the loss in kinetic energy of the system as a whole as a result of the collision is sme’ 


2 


(d) the loss in kinetic energy of the system as a whole as a result of the collision is 


. Anon-uniform ball of radius R and radius of gyration about geometric centre = R/2,is kept ona 


frictionless surface. The geometric centre coincides with the centre of mass. The ball is struck 
horizontally with a sharp impulse = J. The point of application of the impulse is at a height h 
above the surface. Then 

(a) the ball with slip on surface for all cases 

(b) the ball will roll purely if h =5R/4 

(c) the ball will roll purely if h =3R/2 

(d) there will be no rotation ifh =R 


. A hollow spherical ball is given an initial push, up an incline of inclination angle a. The ball 


rolls purely. Coefficient of static friction between ball and incline =u. During its upwards 
journey 

(a) friction acts up along the incline (b) Umin = 2 tan 0)/5 

(c) friction acts down along the incline (d) Unin = 2 tan a)/7 


A uniform disc of mass m and radius R rotates about a fixed vertical axis passing through its 
centre with angular velocity w. A particle of same mass m and having velocity of 20R towards 
centre of the disc collides with the disc moving horizontally and sticks to its rim. Then, 

(a) the angular velocity of the disc will become w/3 

(b) the angular velocity of the disc will become 5w/3 


(c) the impulse on the particle due to disc is = maR 


(d) the impulse on the particle due to disc is 2m@R 
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11. The end Bof the rod ABwhich makes angle 0 with the floor is being pulled y 
with a constant velocity uy as shown. The length of the rod is /. 


A 
(a) At 9 =37° velocity of end A is ; Up downwards 
(b) At 9 =37° angular velocity of rod is mn 
() Vo 
(c) Angular velocity of rod is constant O B x 


(d) Velocity of end A is constant 


Comprehension Based Questions 
Passage 1 (Q. Nos. 1 to 4) 


initially in vertical position and touching a block of mass M which is 
at rest on a horizontal surface. The rod is given a slight jerk and it 
starts rotating about point O. This causes the block to move forward 
as shown. The rod loses contact with the block at ® = 30°. All surfaces ® 
are smooth. Now answer the following questions. 


A uniform rod of mass m and length | is pivoted at point O. The rod is Ay 
1 
i 
1 
1 
1 


1. The value of ratio M/m is 
(a) 2:3 (b) 3:2 (c) 4:3 (d) 3:4 
2. The velocity of block when the rod loses contact with the block is 


3. The acceleration of centre of mass of rod, when it loses contact with the block is 


(a) 5g/4 (b) 5g/2 (c) 3g/2 (d) 3g/4 
4. The hinge reaction at O on the rod when it loses contact with the block is 
(a) 28 G+ 0 (™8)j @(™)i 8 +9 


Passage 2 (Q. Nos. 5 to 7) 


Consider a uniform disc of mass m, radius r, rolling without slipping 

on a rough surface with linear acceleration ‘a’ and angular i 
acceleration « due to an external force F as shown in the figure. 
Coefficient of friction is u 


5. The work done by the frictional force at the instant of pure rolling is 
umgat? 2 at 

(a) — (b) umgat (c) umg — (d) zero 
o 


6. The magnitude of frictional force acting on the disc is 


(a) ma (b) ung () (d) zero 


7. Angular momentum of the disc will be conserved about 
(a) centre of mass 
(b) point of contact 
(c) a point at a distance 3R/2 vertically above the point of contact 
(d) a point at a distance 4R/3 vertically above the point of contact 
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Passage 3 (Q. No. 8 to 10) 


A tennis ball, starting from rest, rolls down the hill in the drawing. At the end of the hill the ball 
becomes airborne, leaving at an angle of 37° with respect to the ground. Treat the ball as a 
thin-walled spherical shell. 


8. The velocity of projection vu is 
10 5 6 
(a) j2gh (b) 7 gh (c) V7 gh (d) 5 gh 


9. Maximum height reached by ball H above ground is 


9h 18h 18h 27h 
tale ele an po 
(a) 35 (b) 35 © 25 (@) 125 
10. Range x of the ball is 
144 48 48 24 
—h —h —h d) —h 
®) 195 ©) 35 O35 O- 


Match the Columns 
1. A solid sphere, a hollow sphere and a disc of same mass and same radius are released from a 
rough inclined plane. All of them rolls down without slipping. On reaching the bottom of the 
plane, match the two columns. 


Column I Column II 


(a) time taken to reach the bottom | (p) maximum for solid sphere 


(b) total kinetic energy (q) maximum for hollow sphere 
(c) rotational kinetic energy (vr) maximum for disc 
(d) translational kinetic energy (s) same for all 


2. A solid sphere is placed on a rough ground as shown. Eis the centre of sphere and DE > EF. We 
have to apply a linear impulse either at point A, Bor C. Match the following two columns. 


yy i) 
I 
Bee 
C}eeer 
——— | 
Column I Column II 


(a) Sphere will acquire maximum angular | (p) A 
speed it impulse is applied at 


(b) Sphere will acquire maximum linear (q) B 
speed it impulse is applied at 
(c) Sphere can roll without slipping if (vr) C 


impulse is applied at 
(d) Sphere can roll with forward slipping if | (s) at any point A, B or C 
impulse is applied at 
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3. The inclined surfaces shown in Column I are sufficiently rough. In Column II direction and 
magnitudes of frictional forces are mentioned. Match the two columns. 


Column I Column II 
r'V4 
(a) aa (p) upwards 
Rolling upwards 


SY 


(b) aan (q) downwards 


Kept in rotating position 
“XY 
(c) Ze —_ (r) maximum friction will act 


Kept in translational 
position 


7 
(d) (s) required value of friction will 


Kept in translational act 
position 


4. A rectangular slab ABCD have dimensions a x 2a as shown in figure. Match the following two 
columns. 


4 2! 
| 
Al | 28 B 
a 
: fp 
saa ey eas 
! | 
Column I Column II 


a 
(a) Radius of gyration about axis-1 | (p) 2 


(b) Radius of gyration about axis-2 | (q) 


(c) Radius of gyration about axis-3 | (r) 


gale Sl8 §| 


(d) Radius of gyration about axis-4 | (s) 
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5. A small solid ball rolls down along sufficiently rough surface from 1 to 3 as shown in figure. 
From point-3 onwards it moves under gravity. Match the following two columns. 


Column I Column II 
1 
(a) Rotational kinetic energy of ball at point-2 (p) 7 mgh 


2 
(b) Translational kinetic energy of ball at point-3 | () 7 mgh 


5 
(c) Rotational kinetic energy of ball at point-4 (x) 7 mgh 
(d) Translational kinetic energy of ball at point-4 | (s) None 
6. A uniform disc of mass 10 kg, radius 1 m is placed on a rough horizontal surface. The coefficient 
of friction between the disc and the surface is 0.2. A horizontal time varying force is applied on 


the centre of the disc whose variation with time is shown in graph. 
F(N) 


80N 


Column I Column II 


(a) Disc rolls without slipping (p) att=7s 


(b) Disc rolls with slipping (q) att=38s 
(c) Disc starts slipping at (r) att=4s 
(d) Friction force is 10 N at (s) None 


7. Match the columns. 
Column I Column II 


(a) Moment of inertia of a circular disc of mass M and (p) MR? 
radius R about a tangent parallel to plane of disc 2 


(b) Moment of inertia of a solid sphere of mass M and (q) 7 MR? 
radius R about a tangent 

(c) Moment of inertia of a circular disc of mass M and  (y) 5 MR? 
radius Rabout a tangent perpendicular to plane of disc 


(d) Moment of inertia ofa cylinder of mass M and radius R about its (s) 3 MR? 
axis 
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Subjective Questions 


1. 


Figure shows three identical yo-yos initially at rest on a horizontal surface. For each yo-yo the 
string is pulled in the direction shown. In each case there is sufficient friction for the yo-yo to 
roll without slipping. Draw the free-body diagram for each yo-yo. In what direction will each 
yo-yo rotate ? 


. Auniform rod of mass m and length / 1s held horizontally by two vertical 


strings of negligible mass, as shown in the figure. 

(a) Immediately after the right string is cut, what is the linear acceleration 
of the free end of the rod ? 

(b) Of the middle of the rod ? 

(c) Determine the tension in the left string immediately after the right 
string is cut. 


. Asolid disk is rolling without slipping on a level surface at a constant speed of 2.00 m/s. How far 


can it roll up a 30° ramp before it stops? (Take g = 9.8 m/s”) 


. Alawn roller in the form of a thin-walled hollow cylinder of mass Mis pulled horizontally with a 


constant horizontal force F applied by a handle attached to the axle. If it rolls without slipping, 
find the acceleration and the friction force. 


. Due to slipping, points A and B on the rim of the disk have the velocities shown. Determine the 


velocities of the centre point C and point F at this instant. 


F va=1.5m/s 


. Auniform cylinder of mass M and radius R has a string wrapped around it. The string is held 


fixed and the cylinder falls vertically, as in figure. 
r 


(a) Show that the acceleration of the cylinder is downward with magnitude a = = 


(b) Find the tension in the string. 
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7. Auniform disc of mass M and radius R is pivoted about the horizontal axis through its centre C. 
A point mass m is glued to the disc at its rim, as shown in figure. If the system is released from 
rest, find the angular velocity of the disc when m reaches the bottom point B. 


ve 


m 


B 


8. A disc of radius R and mass m is projected on to a horizontal floor with a backward spin such 
that its centre of mass speed is vy and angular velocity is@,. What must be the minimum value 
of @, so that the disc eventually returns back ? 


9. A ball of mass m and radius r rolls along a circular path of radius R. Its speed at the bottom 
(6 = 0°) of the path is up. Find the force of the path on the ball as a function of 0. 


10. A heavy homogeneous cylinder has mass m and radius R. It is 
accelerated by a force F, which is applied through a rope wound around (7 F 
alight drum of radius r attached to the cylinder (figure). The coefficient 
of static friction is sufficient for the cylinder to roll without slipping. 
(a) Find the friction force. 


(b) Find the acceleration a of the centre of the cylinder. 


(c) Is it possible to choose r, so that a is greater than — ? How? 
m 


(d) What is the direction of the friction force in the circumstances of part (c) ? 

11. A man pushes a cylinder of mass m, with the help of a plank of mass m,as_ FF a 
shown. There is no slipping at any contact. The horizontal component of the ~~ 
force applied by the man is F. Find : m 


(a) the acceleration of the plank and the centre of mass of the cylinder and 
(b) the magnitudes and directions of frictional forces at contact points. 


12. For the system shown in figure, M=1kg, m=0.2kg,r=0.2 m. M 


Calculate: (g = 10 m/s”) ro 
(a) the linear acceleration of hoop, Hoop 


(b) the angular acceleration of the hoop of mass M and Sinooth | 


(c) the tension in the rope. = 


Note Treat hoop as the ring. Assume no slipping between string and hoop. 


13. A cylinder of mass m is kept on the edge of a plank of mass 2m and m( 7 m/s 
length 12 m, which in turn is kept on smooth ground. Coefficient of 5 
friction between the plank and the cylinder is 0.1. The cylinder is 


given an impulse, which imparts it a velocity 7 m/s but no angular 
velocity. Find the time after which the cylinder falls off the plank. 
(g=10m/s”) 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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The 9 kg cradle is supported as shown by two uniform disks that roll 30N 

without sliding at all surfaces of contact. The mass of each disk is 

m = 6kg and the radius of each disk isr = 80 mm. Knowing that the 

system is initially at rest, determine the velocity of the cradle after it A B 
has moved 250 mm. 


The disc of the radius r is confined to roll without slipping at A and B. If the plates have the 
velocities shown, determine the angular velocity of the disc. 


vV<~— | 


2v 


A thin uniform rod AB of mass m = 1kg moves transnationally with acceleration a = 2 m/s” due 


to two antiparallel forces F, and F,. The distance between the points at which these forces are 
applied is equal to /= 20cm. Besides, it is known that F, = 5N. Find the length of the rod. 


Fix—_,— A 


The assembly of two discs as shown in figure is placed on a rough horizontal surface and the 
front disc is given an initial angular velocity @). Determine the final linear and angular velocity 
when both the discs start rolling. It is given that friction is sufficient to sustain rolling in the 
rear wheel from the starting of motion. 


a) 


A horizontal plank having mass m lies on a smooth horizontal surface. 
A sphere of same mass and radius r is spined to an angular frequency @ 
and gently placed on the plank as shown in the figure. If coefficient of 
friction between the plank and the sphere isu. Find the distance moved 
by the plank till the sphere starts pure rolling on the plank. The plank 
is long enough. 


A ball rolls without sliding over a rough horizontal floor with velocity vu) = 7 m/s towards a 
smooth vertical wall. If coefficient of restitution between the wall and the ball is e= 0.7. 
Calculate velocity v of the ball long after the collision. 


A uniform rod of mass m and length / rests on a smooth horizontal surface. One of the ends of 
the rod is struck in a horizontal direction at right angles to the rod. As a result the rod obtains 
velocity Up. Find the force with which one-half of the rod will act on the other in the process of 
motion. 
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21. 


22. 


23. 


24. 


25. 


26. 


A sphere, a disk and a hoop made of homogeneous materials have the same radius (10 cm) and 
mass (3 kg). They are released from rest at the top of a 30° incline and roll down without 
slipping through a vertical distance of 2 m. (g = 9.8 m/s”) 

(a) What are their speeds at the bottom ? 

(b) Find the frictional force fin each case 

(c) If they start together at ¢ =0, at what time does each reach the bottom ? 


ABC is a triangular framework of three uniform rods each of mass m and length 21. It is free to 
rotate in its own plane about a smooth horizontal axis through A which is perpendicular to 
ABC. If it is released from rest when AB is horizontal and C is above AB. Find the maximum 
velocity of Cin the subsequent motion. 


A uniform stick of length Z and mass M hinged at one end is released from rest at an angle 0) 
with the vertical. Show that when the angle with the vertical is 0, the hinge exerts a force F,. 


along the stick and F, perpendicular to the stick given by Ff. = “ Mg (5cos 8 — 3cos6,) and 
R= - Mg sin® 


A uniform rod AB of mass 3m and length 41, which is free to turn in a vertical plane about a 
smooth horizontal axis through A, is released from rest when horizontal. When the rod first 
becomes vertical, a point C of the rod, where AC = 3], strikes a fixed peg. Find the linear 
impulse exerted by the peg on the rod if 

(a) the rod is brought to rest by the peg, 

(b) the rod rebounds and next comes to instantaneous rest inclined to the downward vertical at an 


angle 5 radian. 


Auniform rod of length 4] and mass mis free to rotate about a horizontal axis passing through a 
point distant / from its one end. When the rod is horizontal, its angular velocity is@ as shown in 


figure. Calculate : 
I 
@ ! 
fe: 


(a) reaction of axis at this instant, 

(b) acceleration of centre of mass of the rod at this instant, 

(c) reaction of axis and acceleration of centre mass of the rod when rod becomes vertical for the 
first time, 

(d) minimum value of @ , so that centre of rod can complete circular motion. 


A stick of length / lies on horizontal table. It has a mass M and is free to move in any way on the 
table. A ball of mass m, moving perpendicularly to the stick at a distance d from its centre with 
speed vu collides elastically with it as shown in figure. What quantities are conserved in the 
collision ? What must be the mass of the ball, so that it remains at rest immediately after 
collision? 


27. 


28. 


29. 


30. 
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A rod of length / forming an angle 0 with the horizontal strikes a frictionless floor at A with its 
centre of mass velocity ug and no angular velocity. Assuming that the impact at A is perfectly 
elastic. Find the angular velocity of the rod immediately after the impact. 


AJ \e 


Three particles A, B and C, each of mass m, are connected to each other by three massless rigid 
rods to form a rigid, equilateral triangular body of side /. This body is placed on a horizontal 
frictionless table (x-y plane) and is hinged to it at the point A, so that it can move without 
friction about the vertical axis through A (see figure). The body is set into rotational motion on 
the table about A with a constant angular velocity o. 


Ya 
A x 
/ 
F 
l 
B«———>C 


(a) Find the magnitude of the horizontal force exerted by the hinge on the body. 

(b) At time T, when the side BC is parallel to the x-axis, a force F is applied on B along BC 
(as shown). Obtain the x-component and the y-component of the force exerted by the hinge on 
the body, immediately after time T. 


A semicircular track of radius R = 62.5 cm is cut in a block. Mass of block, having track, is 
M =1kg and rests over a smooth horizontal floor. A cylinder of radius r = 10cm and mass 
m = 0.5 kg is hanging by thread such that axes of cylinder and track are in same level and 
surface of cylinder is in contact with the track as shown in figure. When the thread is burnt, 
cylinder starts to move down the track. Sufficient friction exists between surface of cylinder 
and track, so that cylinder does not slip. 

m 


3/R 


M 


Calculate velocity of axis of cylinder and velocity of the block when it reaches bottom of the 
track. Also find force applied by block on the floor at that moment. (g = 10 m/s”) 


A uniform circular cylinder of mass m and radius r is given an initial angular velocity @, and no 
initial translational velocity. It is placed in contact with a plane inclined at an angle © to the 
horizontal. If there is a coefficient of friction p for sliding between the cylinder and plane. Find 
the distance the cylinder moves up before sliding stops. Also, calculate the maximum distance it 
travels up the plane. Assume ul > tan a. 
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31. 


32. 


33. 


34. 


35. 


Show that if a rod held at angle @ to the horizontal and released, its lower end will not slip if the 
friction coefficient between rod and ground is greater than —— 

1+ 3sin“0 

One-fourth length of a uniform rod of mass m and length / is placed on a rough horizontal 
surface and it is held stationary in horizontal position by means of a light thread as shown in 
the figure. The thread is then burnt and the rod starts rotating about the edge. Find the angle 
between the rod and the horizontal when it is about to slide on the edge. The coefficient of 
friction between the rod and the surface is L. 


V4 
In figure the cylinder of mass 10 kg and radius 10 cm has a tape wrapped round it. The pulley 


weighs 100 N and has a radius 5 cm. When the system is released, the 5 kg mass comes down 
and the cylinder rolls without slipping. Calculate the acceleration and velocity of the mass asa 


function of time. 
20 a oO 10 cm 
y ee 


Rough 


| 
5 kg 


A cylinder is sandwiched between two planks. Two constant horizontal forces F and 2F are 
applied on the planks as shown. Determine the acceleration of the centre of mass of cylinder 
and the top plank, if there is no slipping at the top and bottom of cylinder. 


M 
—> F 
Ge 2M 
2 ~<a 


smooth 


A ring of mass m and radius r has a particle of mass m attached to it at a point A. The ring can 
rotate about a smooth horizontal axis which is tangential to the ring at a point B diametrically 
opposite to A. The ring is released from rest when AB is horizontal. Find the angular velocity 


and the angular acceleration of the body when AB has turned through an angle .. 


<> 
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36. A hoop is placed on the rough surface such that it has an angular velocity @ = 4 rad/s and an 
angular deceleration a = 5 rad/s”. Also, its centre has a velocity of vy = 5 m/s and a deceleration 


dy = 2 m/s”. Determine the magnitude of acceleration of point B at this instant. 


37. A boy of mass m runs on ice with velocity vg and steps on the end of a plank of length / and mass 
M which is perpendicular to his path. 


(a) Describe quantitatively the motion of the system after the boy is on the plank. Neglect friction 
with the ice. 
(b) One point on the plank is at rest immediately after the collision. Where is it? 


38. A thin plank of mass M and length / is pivoted at one end. The plank is released at 60° from the 
vertical. What is the magnitude and direction of the force on the pivot when the plank is 


horizontal? 
ae 2 


| 


Answers 


Introductory Exercise 12.1 


2 2 5 2 
1. —/ 2. 55kg-m* 3.—ml 

V3 3 
4. About a diagonal, because the mass is more concentrated about a diagonal 
5. (i) Sm? + 2ma? (ii) Sm? +ma® 6. (a) 2M? (b) 5 M2 


2 
7. 0.5 kg-m? 8. The one having the smaller density 9. 0.43 kgm? 10. - 
Introductory Exercise 12.2 


1. 2 rads? 2.0= a 3. (-k) rads} 4. 7 perpendicular to paper inwards 


Introductory Exercise 12.3 
1. (-2i = 2k) N-m 2.400 N-m (perpendicular to the plane of motion) 3.2.71 N-m 4. = N-m 


Introductory Exercise 12.4 

1. 8nrad-s~*, (40) rad- s7} 2. 100 rad 3.5N-m 4.800 rad 5.0.87 N 

6. (a) 4 rad-s7!, -6 rad-s* (b)-12 rad-s"* 7.20s 8. (a) 0.01 N-m(b)10.13N-m 9. (a) 36s (b) 12/2 
10. (a) 12.5 rad (b) 127.5 rad 11. 9 rad, 1.43 
Introductory Exercise 12.5 


9 7 
1. mio 2. 4V2kg- m2s7! ee 4. No 5.-(Zmrv i 6. = mRv (clockwise) 
g 


Introductory Exercise 12.6 
@ M 
M+ 2m 


2. Duration of day night will increase 3. True 4. Increase 


Introductory Exercise 12.7 


3% Ao! VES Vi ; ; 

1. vy=—vi,v vi ,Vv i,v vi+ 
M> 5 N a) RB Ss J 
2. ay = (Rw*)j, ay = (Rw?)i, ap = — (Rw*)j, as = — (Rw?)i 


Introductory Exercise 12.8 
1:. 25.J, 35.J 2. True 3. True 


Introductory Exercise 12.9 
1. v, is zero. Rest three velocities are: |Vc|= 2v, |Vg|=|vpl= J2v 


Introductory Exercise 12.10 
lug cos®@ 


2 25 _2 30 -2 : 5 
1. False 2.72N 3. (a) —~(b) —ms~* (c) —ms 4. (a) gsin® — ug cos@ (b 
ATO hes (a) g ug (b) OR 


5. Leftwards 
ae 


Introductory Exercise 12.11 
1. False 2. (a) Same in both cases (b) Solid sphere (c) Solid sphere 


Exercises 


LEVEL 1 


Assertion and Reason 


1.)  2.(b) 3.) 4 (a) 5. (a) 
11. (c) 


Objective Questions 
1.(d) 2. (a) 3. (c) 4.(d) 5. (b) 
11. (d) 12. (a) 13. (b) 14. (b) = 15. (b) 
21.(c) 22.(d) 23. (b) 24. (a) ~— 25. (a) 


Subjective Questions 
R Ma? | 2 

17:6: 2: 3: 4. 5. /=ur*, where uw = 
J2 12 V2 . - 


6. (a) 


6. (a) 
16. (d) 
26. (d) 


mm 
m+ Mp 
cos@ 


7. (c) 8. (b) 9. (b) 


7. (c) 8.(b) 9. (b) 
17. (a) 18. (b) 19. (b) 
27. (c) 28. (b) 29. (a) 


3.9 
6. 8cm 7.07ms~* 8. 10rad-s7! g, mv sin () 


10. 


4 3 
I=(4 | 11. False 


2g 
_ 2 

12. 2mgh 13.4—"2 14.2 ma? 15.75 16.4 cos" : ) Go 

7 OR 3 Ro 4Mr? —1 
18. lim can make the body move 19.(a)u<1 (b)u>l 

FO 

2 

20. 29 N-m, 4s 21. (a) 380% (py Sao 

3 Aug 8ug 


22. Wa, =4tad/s, a4, =—-6.0 rad-s? 23. ats mRv 
3 


\k 24. @ rad-s 25. 7.29x 10 kg-m? 


26. (a) 14.3rad-s?= 2.27 rev-s! (b) E; = 39.9J, F,=181J (c) 141.14 
4F cos®@ 3MF cos®@ MF cosé 
“3M + 8m’ 3M+ 8m’ 3M + 8m 


2m 1 252 2m 

27. (a)o=/1+ —l]o b) = m@6R*| 1+ — 
@oa=(1+ 22) (0) mogr(1+ 27) 
F 


each in opposite directions 
M+ 3m 


32. (a) S (b) 


LEVEL 2 


Objective Questions 
1. (d) 2. (b) 3. (b) 4. (d) 5. (c) 
11. (b) 12.(c) 13. (b) 14. (b) 15. (d) 
21. (c) 22. (b) 23.(c) 24. (d) 25. (c) 
31. (b) 32. (b) 33. (c) 34. (d) 35. (a) 
41. (a) 42. (a) 


2u 
¥3 


More than One Correct Options 


1. (a,c) 2. (all) 3. (a,b,d) 4. (a,d) 
8. (b,d) 9. (a,b) 10. (a,c) 11. (a,b) 


30. + mio 
3 


6. (a) 
16. (a) 
26. (a) 
36. (d) 


10. (a) 


10. (b) 
20. (d) 
30. (d) 


is called the reduced mass of two masses. 


10. (c) 
20. (b) 
30. (c) 
40. (a) 


2v 1 
31. a) we 
7. (a) 8. (b) 9. (c) 
17. (b) 18. (b) 19. (d) 
27. (b) 28. (d) 29. (a) 
37. (b) 38. (d) 39. (c) 
5. (a,c,d) 6. (all) 


7. (a,c) 
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Comprehension Based Questions 
1. (c) 2. (a) 3.(d) 4 (b) 5.(d) 6. (c) 7. (c) 


Match the Columns 


1. (abo q (b)> s (c)> q (d)> p 
2. (a)> p (b)> s (c)> p (d)> r 
3. (ajo ps (b)> pr (c)—> q,r (d) > p,r 
4. (ajo q (b)> r (c)> r (d)> p 
5. (ajo q (b)> s (c)> p (d)> s 
6. (a)> q,r (b)> p (c)> s (d)> q 
7. (aor (b) > q (c)> s (d)> p 


Subjective Questions 


8.(d)  9.(d) 10. (a) 


1. In each case in clockwise direction 2. (a) 3g/2, (b) 3g/4 (c) mg/4 3. 


5. 0.75ms1.98ms! 6.(b) i Mg 7. |_*78 a, 2% 
3 (2m+ M)R R 


ee 


0.612 m 4. , 
2M 


hp[m 


2 
9. f=2 me sino, n= "8 a7 cos 6-10) + 0 
7 (R-1) 
10 2(1 9r ; ; 2F 1 
. (a) f==|—=-—]F, assuming fopposite to F (b) a= (R+r) (c) yes, ifris greater than = R. 
3\2 R 3mR 2 
(d) fin same direction as F. 11. (a) oF F ad 
3m+ 8m 3m+ 8m 
(b) Riese (between plank and cylinder) mF (between cylinder and ground) 
3m + 8m, 3m, + 8m 
12. (a) 1.43 ms (b) 7.15 rad-s* (c) 1.43N 13. 2.255 14. 0.745 ms“! (rightwards) 
22 2 
15. 3" (anticlockwise) 16.1m 17. 90%-®0 ag.g= 280" 49 y=15ms" 20. 3 mo 
2r 6 6 81lug / 
21. (a) Sphere, 5.29 ms, disk 5.11 ms~), hoop 4.43 ms™! 
(b) Sphere 4.2 N, disk 4.9 N, hoop 7.36 N Sphere, 1.51 s disk 1.56 s hoop 1.81 s 
22. a 8 24. (a) (5 bia aby =m (6a (/2 41) 
[, . (Zl?) ( 3 6 
25. (a) & me es A} (b) 38 * + dw??? © (22 me + mio?), ( SE + 10?) Om 
2 
26. Linear momentum, angular momentum and kinetic energy, ur = 27. @= BM ia 5 
12d° +1 1 \1+ 3cos* 6) 
28. (a) V3 mim? (b) F, = -5 F,=VJ3 mila’ 29. 2.0ms', 1.5ms', 16.67 N 
30. d= ros cos a — sina) 7 r? 5 (u cos a — sina) 
= 22e(3u cosa - sina)* ’ a 4g sina (3u cosa — sina) 
32. @= tan? (4) 33. 3.6ms2, 48 gq, _F | 21F 3g. |6av3 38 36. 6.21 ms~ 


11 "26M | 26M “Vo. '1 
37. (b) 2! trom the boy 38. v10 Mg, oe o = tar! (=) 
3 4 3 


Gravitation 


Chapter Contents 


13.1. Introduction 

13.2 Newton's Law of Gravitation 

13.3 Acceleration Due to Gravity 

13.4 Gravitational Field and Field Strength 

13.5 Gravitational Potential 

13.6 Relation between Gravitational Field and Potential 
13.7 Gravitational Potential Energy 

13.8 Binding Energy 

13.9 Motion of Satellites 


13.10 Kepler’s Laws of Planetary Motion 
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13.1 Introduction 


Why are planets, moon and the sun all nearly spherical? Why do some earth satellites circle the earth 
in 90 minutes, while the moon takes 27 days for the trip? And why don’t satellites fall back to earth? 
The study of gravitation provides the answers for these and many related questions. 
Gravitation is one of the four classes of interactions found in nature. These are : 

(1) the gravitational force 

(11) the electromagnetic force 
(iii) the strong nuclear force (also called the hadronic forces) 
(iv) the weak nuclear forces. 
Although, of negligible importance in the interactions of elementary particles, gravity is of primary 
importance in the interactions of large objects. It is gravity that holds the universe together. 
In this chapter, we will learn the basic laws that govern gravitational interactions. 


13.2 Newton's Law of Gravitation 


Along with his three laws of motion, Newton published the law of gravitation in 1687. According to 
him; “every particle of matter in the universe attracts every other particle with a force that is directly 
proportional to the product of the masses of the particles and inversely proportional to the square of 
the distance between them.” 


Thus, the magnitude of the gravitational force F between two particles m, and m, placed at a distance 
r Is, 


MM) MM) 


or |F=G ; 
r r 


Here, G is a universal constant called gravitational constant whose magnitude is, 
G =6.67x10 |! N-m7/kg? 
The direction of the force F is along the line joining the two particles. 


Following three points are important regarding the gravitational force : 
(i) Unlike the electrostatic force, it is independent of the medium between the particles. 
(11) It is conservative in nature. 


(iii) It expresses the force between two point masses (of negligible volume). However, for external 
points of spherical bodies the whole mass can be assumed to be concentrated at its centre of mass. 


Gravity 


In Newton’s law of gravitation, gravitation is the force of attraction between any two bodies. If one of 
the bodies is earth then the gravitation is called ‘gravity’. Hence, gravity is the force by which earth 
attracts a body towards its centre. It is a special case of gravitation. 
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© Extra Points to Remember 


e Direct formula pS can be applied under following three conditions: 
r 
(a) To find force between two point masses 
mM, m2 
e e 
kK r >| 
Fig. 13.1 


(b) To find force between two spherical bodies 


QO ©@® 


I iF I 
_ 


Pp WS},2 
(c) To find force between a spherical body and a point mass. 


Fig. 13.3 


e To find force between a point mass and a rod single integration is required. In this case, we cannot 
assume whole mass of the rod at its centre to find force between them. Thus, 


r 
Cc 


CLLLLEL I LLL LLL 


M,L fd 


Fig. 13.4 
~aMm 
r2 


e To find force between two rods double integration is required but normally, double integration is not asked 
in physics paper. 


F 


CLZZZZZZZZZEZZZZ LZZZZZZZEZEZEZZZZ 
My, Ly Mbp, Lo 


Fig. 13.5 
e Two or more than two gravitational forces acting on a body can be added by vector addition method. 


© Example 13.1 Three point masses ‘m’ each are placed at the three vertices of 
an equilateral triangle of side ‘a’. Find net gravitational force on any one point 
mass. 
Solution We are finding net force on the point mass kept at O. 


_ G(m)(m) _ Gm? 
a° a 
Since, the two forces are equal in magnitudes, therefore the 
resultant force will pass through the centre as shown in figure. 
Fy =\F? + F? +2(F)(F cos 60° 

-/3F 
_ V3 Gm? 
= 


a 


F 


Ans. 
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© Example 13.2. Four particles each of mass ‘m’ are placed at the four vertices 
of a square of side ‘a’. Find net force on any one of the particle. 


Solution. We are finding net force on the particle at D. B a C 
G(m)(m)_ Gm? 
Foc =F pa =A rn) _ On" = (say) 
a 
p.. -Glm)(m) _1Gm* _F 
DB ( J2ay a ge 2 F 
A D 
Now, resultant of Fp, and Fc is /2 F in the direction of DB. F 
a i Fig. 13.7 
Fue =V2F +—= (vis )F 
2 2 
2 
= (2 + ;] o (towards DB) Ans. 
a 


© Example 13.3 Six particles each of mass ‘m’ are placed at six vertices A, B, C, 
D, E and F of a regular hexagon of side ‘a’. A seventh particle of mass ‘MW is 
kept at centre ‘O’ of the hexagon. 

(a) Find net force on ‘M’. 
(b) Find net force on ‘MW’ if particle at A is removed. 
(c) Find net force on ‘M’ if particles at A and C are removed. 


Solution (a) F, =F, =Fo =Fp =F, =F r — F (say) 
a 


Fig. 13.8 
So, net force will be zero, as three pairs of equal and opposite forces are acting on ‘M’ at O. 


(b) When particle at A is removed then F', is removed. So, there is no force to cancel Fp. 
GMm 


Piet =p = 


(towards D) Ans. 


net Z 9: 

(c) When particles at A and C are removed then, F', and F> are removed. Fz and F; are still 
cancelled. So, net force is the resultant of two forces F,) and F, of equal magnitudes acting 
at 120°. So, the resultant will pass through the centre or towards £. Magnitude of this 
resultant is 


Fyy =F? + F? +2(F)(F cos 120° 


GMm 


2 
a 


=F= (towards E) Ans. 
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© Example 13.4 Five particles each of mass ‘m’ are kept at five vertices of a 
regular pentagon. A sixth particle of mass ‘M’ is kept at centre of the pentagon 
‘O’. Distance between ‘M’ and ‘m’ is ‘a’. Find 
(a) net force on ‘M’ 

(b) magnitude of net force on ‘M’ if any one particle is removed from one of the 
vertices. 


a7 F (say) 
a 


Solution (a) Fy =Fx =Fo =Fp =F 


. . 360° 
Angle between two successive force vectors is 8= “= =72°. 


When these five force vectors are added as per polygon law of vector 
addition we get another closed regular polygon as shown below. 


Fe 


Fig. 13.9 


Fp Fz 


Fig. 13.10 


Therefore, net resultant force on ‘MW’ is zero. 


Note This result is true (F,., =0) for any number of particles, provided masses at vertices are equal and polygon is 
regular. 
(b) When particle at A is removed, then F', will be removed. So, magnitude of net force will be 
F as shown below: 


Fret 
Fig. 13.11 


F..=F= Ans. 


© Example 13.5 A mass mis at a distance a from one end of a uniform rod of 
length land mass M. Find the gravitational force on the mass due to the rod. 


RO"u-DW-—-—--' ZY’ 
K 1 >|< a—>| 


Fig. 13.12 
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G(dM af. dsm A 7 
Solution dF = ( 5 1 5 ax in 
% x - 
x= (atl) GMm x 
i Miao aca Fig. 13.13 


© Example 13.6 A uniform ring of mass m is lying at a distance V3 a from the 
centre of a sphere of mass M just over the sphere (where a is the radius of the 
ring as well as that of the sphere). Find the magnitude of gravitational force 
between them. 


Solution Net force on ring =| _ dF sin 60° omen geen 
whole ring 1 609 dF 
dF 3a! 24 
_ f GM (dm) V3 ae 
whole ring (2a) ie) 2 i J 
_ V3 GMm 
7 8a? M,a 
wa fo. @, am=m Fig. 13.15 
whole ring 
INTRODUCTORY EXERCISE 


1. Three uniform spheres each having a mass M and radius a are kept in such a way that each 
touches the other two. Find the magnitude of the gravitational force on any one of the spheres 
due to the other two. 


2. Four particles having masses m, 2m, 3m and 4m are placed at the four corners of a square of 
edge a. Find the gravitational force acting on a particle of mass m placed at the centre. 


3. Two particles of masses 1.0 kg and 2.0 kg are placed at a separation of 50 cm. Assuming that 
the only forces acting on the particles are their mutual gravitation, find the initial accelerations of 
the two particles. 


4. Three particles A, B and C, each of mass m, are placed in a line with AB = BC =d. Find the 
gravitational force on a fourth particle P of same mass, placed at a distance d from the particle B 
on the perpendicular bisector of the line AC. 


5. Spheres of the same material and same radius r are touching each other. Show that 
gravitational force between them is directly proportional tor’. 
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13.3 Acceleration due to Gravity 


When a body is dropped from a certain height above the ground it begins to fall towards the earth 
under gravity. The acceleration produced in the body due to gravity is called the acceleration due to 
gravity. It is denoted by g. Its value close to the earth’s surface is 9.8 m/s”. 

Suppose that the mass of the earth is MW, its radius is R, then the force of attraction acting on a body of 
mass m close to the surface of earth is 


_ GMm 
are 
According to Newton’s second law, the acceleration due to gravity 
_F GM 
&= m = R 2 


This expression is independent of m. If two bodies of different masses are allowed to fall freely, they 
will have the same acceleration, i.e. if they are allowed to fall from the same height, they will reach 
the earth simultaneously. 


Variation in the Value of g 


The value of g varies from place to place on the surface of earth. It also varies as we go above or 
below the surface of earth. Thus, value of g depends on following factors : 


Shape of the Earth 


The earth is not a perfect sphere. It is somewhat flat at the two poles. The equatorial radius is 
approximately 21 km more than the polar radius and since 


The value of g is minimum at the equator and maximum at the poles. 


Height above the Surface of the Earth 
The force of gravity on an object of mass m at a height h above the surface of earth is, 


Fe GMm : siti 
(R +h) [h 
.. Acceleration due to gravity at this height will be, a 
sf. GM 
m (R+h) 
GM Fig. 13.16 
This can also be written as, = Se g 
h 
R? [i + 4) 
R 
GM 
or g = oe = as —— g 


(eA 
1+— 
R 
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Thus, g <g 
i.e. the value of acceleration due to gravity g goes on decreasing as we go above the surface of 
earth. Further, 


-2 
h 2h 
“=e/1l+— or ‘=z=o/1-—] if h<<R 
gae(i4t) ot e’me(1-Z] 


Depth below the Surface of the Earth 


Let an object of mass m is situated at a depth d below the earth’s surface. Its 
distance from the centre of earth is (R — d). This mass is situated at the surface of 
the inner solid sphere and lies inside the outer spherical shell. According to 
Gauss theorem (you will study in class XII) the gravitational force of attraction 
on a mass inside a spherical shell is always zero. Therefore, the object 
experiences gravitational attraction only due to inner solid sphere. 


The mass of this sphere is, 


Fig. 13.17 
M 4 3 
“=| ———~ |= 1 (R-@) 
fea 
Raa 
or yeaa a 
R 
_ GM’m _GMm(R —- 4) 
(R -d)? R? 
and eo 
m 


a ; d)\| .. 0 
Substituting the values, we get | g°’=g [i - 4) Le.g <g 


Note Wecansee from this equation that g’ =0 at d=R, Le. acceleration due to gravity is zero at the centre of 
the earth. 
Thus, the variation in the value of g with r (the distance from the centre g’ 
of earth) is as shown in Fig. 13.18. 


d) gr 2 
For r<R, ’=o9/]—-— Ja ; 
e e| : R | 
as R-d=r or g’«r r=R re 
7p? Fig. 13.18 
For r2R, ge 
[ay 
1+— 
R 
1 


as R+d=r or go«x— 
r 


Chapter 13. Gravitation © 217 


Axial Rotation of the Earth 


Let us consider a particle P at rest on the surface of the earth, at latitude @. Then the pseudo force 
acting on the particle is mr” in outward direction. The true acceleration g is acting towards the 
centre O of the earth. Thus, the effective acceleration g’ is the resultant of g and rw” or 


=’ +(ro*)? +2g(r ) cos (180° —0) 
as angle between g and ro” is (180° — 9). 


or g =? +r°o* —2gro* cos ...(i) 
2 = ee 
T 24x3600 


is small. Hence, this term can be ignored. Also, r=R cos. Therefore, 
Eq. (1) can be written as 


Here, the term r’@* comes out to be too small as @ = rad/s 


g’ =(g? —2gRo? cos? 9)! 
2Rw? cos? V2 
ag [- cos 


& 
Rw’ cos” 
=e (= —_—— 
& 
, 2 29 
Thus, g =g-—R‘ cos” o 


Following conclusions can be drawn from the above discussion : 
(i) The effective value of g is not truly vertical passing through the centre O. 
(11) The effect of centrifugal force due to rotation of earth is to reduce the effective value of g. 


(111) At equator o =0°. 
Therefore, g’=g-Ro’ 
and at poles o=90°, 
Therefore, g=g 


Thus, at equator g’ is minimum while at poles g’ is maximum. 


© Example 13.7 Assuming earth to be a sphere of uniform mass density, how 
much would a body weigh half way down the centre of the earth, if it weighed 
100 N on the surface? 


Solution Given, mg=100N => g’=g (- | 
d=—- => dil 
2 R 2 
, 1\_8 
— i —_ =— 
e'=s(I-3)=£ 
100 


mg! = = =——= SON Ans. 


218 © Mechanics - II 


© Example 13.8 Suppose the earth increases its speed of rotation. At what new 
time period will the weight of a body on the equator becomes zero? Take 
g =10 m/s” and radius of earth R = 6400 km. 


Solution The weight will become zero, when 


g’=0 or g-Rw’ =0 (on the equator g’ = g — R@”) 


ee or T=22 R 
il? R g 
[6400x 10° 
20 ,| ———_——_ 
10 a 


3600 
or T=1.4h Ans. 


Substituting the values, T= 


Thus, the new time period should be 1.4 h instead of 24 h for the weight of a body to be zero on 
the equator. 


© Example 13.9 Draw g’ versus d and g’ versus h graph. Here, ‘d’ is depth 
below the surface of earth and h is the height from the surface of earth. 


Solution On the surface of earth, 
i 
At depth ‘d’ below the surface of earth, 


i.e. g’ decreases linearly with depth. 


gf 
g 
d< >h 
d=R d=0 
h=0 
Fig. 13.20 
At, d=R, g’=0 
At height h above the surface of earth. 
, &§ 


2 
(a) 
R 
With increase in the value of ‘h’ value of g’ decreases but not linearly. At h -, g’> 0. 


The correct graph is as shown in Fig. 13.20. 
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© Example 13.10 At what depth below the surface of earth, value of acceleration 
due to gravity is same as the value at height h=R, where R is the radius of 
earth. 


Solution Given that, g’ at depth d=g’ at height h=R 
gf 


>h 


Substituting, / = R, we get 
d==R Ans. 


From the graph we can see that value of g’ at depth d= : Rand height h=R are same. 


INTRODUCTORY EXERCISE 


1. Value of g on the surface of earth is 9.8 m/s”. Find its value on the surface of a planet whose 
mass and radius both are two times that of earth. 

2. Value of g on the surface of earth is 9.8 m/s?. Find its value 
(a) at heighth =R from the surface, 


(b) at depthd = > from the surface. (R = radius of earth) 


3. Calculate the distance from the surface of the earth at which the acceleration due to gravity is 
the same below and above the surface of the earth. 


4. Calculate the change in the value of g at altitude 45°. Take radius of earth R =6.37 x 10° km. 

5. At what height from the surface of earth will the value of g be reduced by 36% from the value at 
the surface? Take radius of earth R = 6400 km. 

6. Determine the speed with which the earth would have to rotate on its axis, so that a person on 


the equator would weigh : th as much as at present. Take R = 6400 km. 


7. A body is weighed by a spring balance to be 1000 N at the north pole. How much will it weight at 
the equator? Account for the earth’s rotation only. 

8. At what rate should the earth rotate so that the apparent g at the equator becomes zero ? What 
will be the length of the day in this situation? 

9. Assuming earth to be spherical, at what height above the north pole, value of g is same as that 
on the earth’s surface at equator? 
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13.4 Gravitational Field and Field Strength 


The space around a mass or system of masses in which any other test mass experiences a gravitational 
force is called gravitational field. When this test mass is moved from one point to another point, some 
work is also done by this gravitational force. 

Mathematically, gravitational field at any point can be defined by two physical quantities. One is 
vector quantity, called gravitational field strength or intensity of gravitational field and it is 
denoted by E. This is related to the gravitational force (a vector quantity) experienced by test mass in 
gravitational field. We also sometimes called it gravitational field. 

The other physical quantity is gravitational potential. It is represented by V. This is related to the 
work done (a scalar quantity) by gravitational force in moving the test mass from one point to another 
point in the gravitational field. 


Gravitational Field Strength (E) 


The force experienced (both in magnitude and direction) by a unit test mass placed at a point in a 
gravitational field is called the gravitational field strength or intensity of gravitational field at that 
point. Thus, 


F 
E=— 
m 
SI unit of Eis N/kg. 


Note The test mass to find field strength at some point should be infinitesimally small otherwise it will produce its 
own field and will disturb the original field. 


In Article 13.3, we have seen that acceleration due to gravity g is also —. Hence, for the earth’s 
m 


gravitational field g and E are same. The E versus r (the distance from the centre of earth) graph are 
same as that of g’ versus r graph. 


r=R 
Fig. 13.22 


Field due to a Point Mass 


Suppose, a point mass Mis placed at point O. We want to find the intensity of gravitational field Eat a 
point P, a distance r from O. Magnitude of force F acting on a particle of mass m placed at P is, 


GMm 
=F 2% M r 
r° Oe --------- E P 
E= F or = GM Fig. 13.23 
m r- 


The direction of the force F and hence of Eis from P to O as shown in Fig. 13.23. 
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Gravitational Field due to a Uniform Solid Sphere 


Field at an External Point 


A uniform sphere may be treated as a single particle of same mass placed at its centre for calculating 
the gravitational field at an external point. Thus, 
nla 


1 
A(t) = for r2R or Eirhse 
r r 


Here, 7 is the distance of the point from the centre of the sphere and R the radius of sphere. 


Field at an Internal Point 


The gravitational field due to a uniform sphere at an internal point is E 
proportional to the distance of the point from the centre of the sphere. 


‘ a .. GM : 
At the centre itself, it is zero and at surface it is a where R is the ait steatinkices 
R 


radius of the sphere. Thus, 


GM 
A=, F for rsR or E(r)xr 
R Fig. 13.24 


Hence, E versus r graph is as shown in Fig. 13.24. 


Field due to a Uniform Spherical Shell 


At an External Point 


For an external point the shell may be treated as a single particle of same mass placed at its centre. 
Thus, at an external point the gravitational field is given by, 


Me 
E(n)=24 for r2R 
r 
at r=R_ (the surface of shell) 


M 1 
= salad and otherwise E «— 
R? r 


At an Internal Point 
The field inside a uniform spherical shell is zero. 
E 


Fig. 13.25 


Thus, E versus r graph is as shown in Fig. 13.25. 
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Field due to a Uniform Circular Ring at some Point on its Axis 
Field strength at a point P on the axis of a circular ring of radius R and mass M is given by, 


_ GMr 
i (R? +723? 


E(r) 


This is directed towards the centre of the ring. It is zero at the centre 


R 
of the ring and maximum at r=—= (can be obtained by putting 


V2 
dE 


Ir =0). Thus, E-r graph is as shown in Fig. 13.27. 
z 


_ 2GM 
a/R 


13.5 Gravitational Potential 


As we have discussed earlier also, this is a scalar quantity related to work done by gravitational force 
in moving a unit test mass in gravitational field from one point to another point. 


The maximum value is F.. 


Gravitational potential at any point is defined as the negative of work done by gravitational force in 
moving a unit test mass from infinity (where potential is assumed to be zero) to that point. Thus, 
potential at P is 


—W, 
Vp=——e (by gravitational force) 
m 
It SI unit is J/kg. 
Potential due to a Point Mass 
r P m 
M FP x-axis 
x mu x . 
Fig. 13.28 


Suppose a point mass ‘MW’ is placed at origin (x =0). We wish to find gravitational potential at P, at a 
distance ‘7’ from M. 

First of all we will calculate the work done by gravitational force in moving a test mass ‘m’ from 
infinity to P. Gravitational force on ‘m’ when it is at a distance ‘x’ from M is 


GMm 


2 
x 


F=- 
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Here, negative sign implies that this force is towards ‘MW’ or towards negative x-direction. This is a 
variable force (a function of x). Therefore, work done is 


W=|_ Fdx=|" (- oa a ome 


x 


Now, from the definition of potential, 


W GM 
l= SS = 

m r 

GM | 
V=-—— 


Potential due to a Uniform Solid Sphere 
Potential at some External Point 


The gravitational potential due to a uniform sphere at an external point is same as that due to a single 
particle of same mass placed at its centre. Thus, 


Pee! | ex 
r 


At the surface, r-R and V=—-—— 


Potential at some Internal Point 
At some internal point, potential at a distance r from the centre is 
given by, 
M 
vin=-< (1.5R? -0.5r7)| r<R 


M 
Atr=R, Vira 
R 


1.5GM Fig. 13.29 
R 


i.e. at the centre of the sphere the potential is 1.5 times the potential at the surface. The variation of V 
versus r graph is as shown in Fig. 13.29. 


while atr=0, V=- 


Potential due to a Uniform Thin Spherical Shell 
Potential at an External Point 


To calculate the potential at an external point, a uniform spherical shell may be treated as a point mass 
of same magnitude at its centre. Thus, potential at a distance r is given by, 


M 
G0 ee r2R 
r 


at r=R, V=-— 
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Potential at an Internal Point 


The potential due to a uniform spherical shell is constant at any point inside the shell and this is equal 


M 
to — a . Thus, V-r graph for a spherical shell is as shown in Fig. 13.30. 


_GM 


Fig. 13.30 


Potential due to a Uniform Ring at some Point on its Axis 


The gravitational potential at a distance r from the centre on the axis of a 
ring of mass M and radius R is given by, 


GM See : 
V(r) = - —— O<rso 
VR Pdeg* 
GM Fig. 13.31 
At r=0,V aaa i.e. at the centre of the ring gravitational potential is 
GM 
a 
_GM 
R 
r 
V 


Fig. 13.32 
The V-r graph is as shown in Fig. 13.32. 
© Example 13.11 Three point masses ‘m’ each are kept at three vertices of a 


square of side ‘a’ as shown in figure. Find gravitational potential and field 
strength at point O. 
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Solution Gravitational potential is a scalar quantity. 


Vo = scalar sum of potentials due to point masses at A, B and C. 
_Gm_Gm_ Gm 


a 2a a 
=~ Gm [2s a Ans. 
al 2 


Gravitational field strength is a vector quantity. So, net field strength at O is the vector sum of 
three field strengths produced due to the three point masses at A, B and C. 


Fig. 13.34 
Field strength due to A = field strength due to C= = (towards the point masses) 
a 
= E (say) 
Gm _Gm_E 


Field strength due to B= 
(/2a)’ we 2 


Resultant of E and E is MoE towards B. 


: is also towards B. 


Be =V2E+> -(V+3)e 


= [2 + ;] al (towards B) Ans. 
a 


© Example 13.12 Four point masses each of mass ‘m’ are placed at four vertices 
A, B, C and D of a regular hexagon of side ‘a’ as shown in figure. Find 
gravitational potential and field strength at the centre O of the hexagon. 


226 © Mechanics - II 


Solution Gravitational potential is a scalar quantity. Therefore, 

Vo =scalar sum of gravitational potentials produced by four point masses at A, B, C and D. 
Gm Gm Gm Gm 
aoa a a 

_ 4Gm 


a 


Ans. 


Gravitational field strength is a vector quantity. So, it is a vector sum of four vectors of equal 
magnitudes. 


E E,=E, =Ec =Ep 


Fig. 13.36 


E, and Ep are cancelled. So, net field strength is a vector sum of Ez and E¢ at angle 60°. 
Enet = YE? +E? +2(E)(E)cos 60° = V3 E 
- V3Gm 


a 


Ans. 


Note /fE, =E, =E and@ be the angle between them then, E,, =2E cos (5 


This net field strength is along the bisector line of ZCOB, away from O, between E, and Eg. 


© Example 13.13 At what distance ‘d’ from the surface of a solid sphere of 
radius ‘R’, 


or : R 
(a) potential is same as at a distance a from the centre ? 
‘ ; : R 
(b) field strength is same as at a distance a from centre. 


Solution (a) Given, V eutsias =V inside 


. , ‘ . . ~15GM ‘ : M 
No such point will exist. Because potential at centre is et Potential at surface is — — 


1.5GM 


and potential at infinity is zero. From centre to surface potential varies between — 


and . From surface to infinity potential varies between and zero. 


(b) Given, E 


inside = E outside 
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Here, 4, and 7, are the distances from centre. 
GM (4) _ GM 
R> \4) (R+dy 


Solving this equation, we get 
d=R Ans. 


INTRODUCTORY EXERCISE 


1. Two points masses ‘m’ each are kept at the two vertices of an equilateral triangle of side ‘a’ as 


shown in figure. 
m 


m O 
Fig. 13.37 


Find gravitational potential and magnitude of field strength at O. 


2. Five point masses ‘m’ each are kept at five vertices of a regular pentagon. Distance of centre of 
pentagon from any one of the vertices is ‘a’. Find gravitational potential and field strength at 
centre. 


3. In the above problem, if any one point mass is removed then what is gravitational potential and 
magnitude of field strength at centre? 
4. A particle of mass m is placed at the centre of a uniform spherical shell of same mass and 


radius R. Find the gravitational potential at a distance . from the centre. 


5. A particle of mass 20 g experiences a gravitational force of 4.0 N along positive x-direction. Find 
the gravitational field at that point. 


13.6 Relation between Gravitational Field and Potential 


In gravitational field, field strength E and potential V are different at different points. So, they are 
functions of position. In cartesian co-ordinate system position of a point can be represented by three 
variable co-ordinates x, y and z. So, Eand V are functions of three variables x, y and z. But in physics, 
we normally try to keep least number of variables. So, in one dimension (say along x-axis) position of 
a point can be represented by a single variable co-ordinates x. 

So, £ and V are functions of only one variable x. Similarly, in case of point mass or spherical bodies 
this single variable is 7. Where r is the distance from point mass or distance from the centre of the 
spherical body. 

Further, E and V are not two independent functions, but they are related to each other either by 
differentiation or integration. 
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Conversion of V Function into E Function 


To convert V function into E function, differentiation is required. If there are more than one variables 
then partial differentiation is done and if there is only one variable then, direct differentiation is done. 


More than one variables _ In this case, 


E=- gradient y= ine oe ‘| 
> Wx Ws 
E=- i j k 
or Ea aoe 


ov . a oh ; ae re : ; 
Here, ye is called partial differentiation of V with respect to x. In this differentiation we differentiate 
he 


: ; . a av ov 
V with respect to x, assuming other two variables y and z to be constant. Similarly Wy and —. 
My 


Oz 


Only one variable In this case, 


dV dV 
=———=-~— or E=(-slope of V-x) or (— Slope of V- 7 graph) 
dx dr 


Conversion of E Function into / Function 


In this case, integration will be required. In integration, we will be required value of V at some given 
position (also called limit) to get complete V function. Otherwise an unknown constant of integration 
remains in the expression. One known limit is V =0 at infinity. This limit may not be given in the 
question. 


More than one variables _ In this case, | dV =—E-adr 
b b 
or I dv =-| E- dr 
b 
= V, -V, =—| E- de 


Here, E will be given in the question and dr is a standard vector given by 
dr=dx i+dy jtdzk 


Only one Variable 
[av =-| Ear 
or [ dV =-[" Edr 
b 
=> V,-V,=-| Edr 


Here, EF as a function of r will be given in the question. We may also write the above equation as 
Jav=-| eax 


where, F is a function of x. 


>) 


>) 
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Example 13.14 Gravitational potential in x-y plane varies with x and y 
coordinates as 
Vax? y+ 2xy 
Find gravitational field strength E. 
Solution Gravitational field strength is given by 


For the given potential function 


OV 
a ay) 


xX 
and OE 23 +2x 
oy 
E =-[(2xy+2 y)i+ (x? +2x)j] Ans. 


Example 13.15 Gravitational potential at a distance T’ from a point mass ‘m’ 


is 
yom 
r 

Find gravitational field strength at that point. 
Solution F=- a 

dr 

d ( on) Gm é |z|=o™" 

dr r r 2 


Negative sign implies that direction of Eis towards the point mass. 


Example 13.16 Gravitational potential 
varies along x-axis as shown in figure. 

(a) Plot E versus x graph corresponding to given 
V-x graph. 

(b) A mass of 2 kg is kept at x=3m. Find 
gravitational force on it. 


Solution (a) E=- a“. slope of V-x graph. Fig. 13.38 
X 
From x=0to x=4m 
Slope =+ 25425 N/kg 


E=-2.5 Ni/kg 


From x=4mto x=8m 
Slope =0 
E=0 
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From x=8mto x=12m ie 
Sipea- == 95 N/kg Rea ee ane ——— 
4 4 81 12 
E=+2.5 Nikg a) 
Therefore, E -x graph is as shown in figure. 25 
(b) Atx=3 m E=-2.5 N/kg 
.. Gravitational force 
Fig. 13.39 
F=mE (as E= , 
m 
a(2)(-25)==3N Ans. 
Here, negative sign implies that this force is acting towards negative x-direction. 
© Example 13.17 Gravitational field in x-y plane is given as 
E = (2xi+ 3y7j) N/kg 
Find difference in gravitation potential between two points A and B, where 
co-ordinates of A and B are (2m, 4m) and (6m, 0). 
Solution We know that, dV =-E.-adr ..(i) 
Here dr =dxi+dyj 
E. dr = (2x dx+3ydy) 
Now, Eq. (1) can be written as 
[fav=-[* (axdr+3y7dy) 
i - y dy 
or V,—-Vp =p te leo 
=—[{(2)’ + (4)°}- (6)? +0)" 
=-32J/kg Ans. 

INTRODUCTORY EXERCISE 

1. The gravitational potential due to a mass distribution is V = 3x7y + ir Find the gravitational 
field. 

2. Gravitational potential at x =2m is decreasing at a rate of 10 J/kg-m along the positive 
x-direction. It implies that the magnitude of gravitational field at x =2m is also 10 N/Kg. Is this 
statement true or false? 

3. The gravitational potential in a region is given by, V =20(x + y)J/kg. Find the magnitude of the 
gravitational force on a particle of mass 0.5 kg placed at the origin. 

4. The gravitational field in a region is given by E=(2i + 3j) N/kg. 


Find the work done by the gravitational field when a particle of mass 1 kg is moved on the line 
3y + 2x =5 from (1m, 1m) to (—2m, 3m). 
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13.7 Gravitational Potential Energy 


The concept of potential energy has already been discussed in the chapter of work, energy and power. 
The word potential energy is defined only for a conservative force field. There we have discussed that 
the change in potential energy (dU ) of a system corresponding to a conservative force is given by 


dU=-Fede ot f/du=-[7F-dr or Uy-U,=-["F-dr 


We generally choose the reference point at infinity and assume potential energy to be zero there, i.e. if 
we take 7, =o (infinite) and U, =0, then we can write 


r 
U=-|'F-dr=-W 
or potential energy of a body or system is negative of work done by the conservative forces in 
bringing it from infinity to the present position. 


Gravitational Potential Energy of a two Particle System 


The gravitational potential energy of two particles of masses m, and m, e¢------------- ° 
separated by a distance r is given by, 


Fig. 13.40 
Gm,m), z 
U =-—— 


r 


This is actually the negative of work done in bringing those masses from infinity to a distance r by the 
gravitational forces between them. 


Gravitational Potential Energy for a System of Particles 


The gravitational potential energy for a system of particles (say m,,m,, mz and m,) is given by 


mm, Mm, Mmm, Mmm, m,n, mm 
pe G) 8 
3 "42 Ta) 132 Py es) 
: n(n-l)_., . : 
Thus, for an particle system there are 5 pairs and the potential energy is calculated for each 


pair and added to get the total potential energy of the system. 


Gravitational Potential Energy of a Body on Earth’s Surface 


The gravitational potential energy of mass m in the gravitational field of mass MW at a distance r from it 
is, 


7 GMm 


r 


U= 
The earth behaves for all external points as if its mass M were concentrated at its centre. 
Therefore, a mass m near earth’s surface may be considered at a distance R (the radius of 


earth) from M. Thus, the potential energy of the system will be 


a ; 
R Fig. 13.41 
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Difference in Potential Energy (AU) 


Let us find the difference in potential energy in two positions shown in figure. The 0A 
potential energy when the mass is on the surface of earth (at B) is, hy 
GM ,8 
Up, == —_ 
R 
and potential energy when the mass m is at height / above the surface of earth (at A) is, 
GMm 
Oe aa Vals) Fig. 13.42 
AU =U , -—Ug, 
_ GMm GMm 
Rt+h R 
1 
=GMm| —- : 
R R+h 
_ GMmh 
~ R(R +h) 
GMimh mgh (Se 
= = —<—<—<$— S 
h 2 
rli42) (142 e 
R R 
Agee 
h 
1+— 
R 
For h<<R, AU =mgh 


Thus, mgh is the difference in potential energy (not the absolute potential energy), for h<< R. 


® Extra Points to Remember 

e Maximum height attained by a particle 
Suppose a particle of mass m is projected vertically upwards with a speed v and we want to find the 
maximum height h attained by the particle. Then we can use conservation of mechanical energy, i.e. 
Decrease in kinetic energy = increase in gravitational potential energy of particle. 


= fay = INU 
2 
or 1 mv? = uel 
2 1+ 
R 
Solving this, we get h= : 
2g -— 


2 
From this, we can see that h = _ ifv is small. 
g 
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© Example 13.18 Three masses of 1 kg, 2 kg and 3 kg are placed at the vertices 
of an equilateral triangle of side 1 m. Find the gravitational potential energy of 
this system. 
Take G = 6.67 x 107" N-m? /kg? 


j, m,m M3Mm LL 1k 
Solution y=—6{™t SAL 4 BND ; kg 
"32 By ry 


Here, 5 =13; =H, =1.0m, m =l1kg, J . 


mM, =2kg Zz 
and m, =3kg Pa % 
Substituting the values, we get okg ere ee =e 3 kg 
u=— (667% 10" )[ 224281 2X0) Fig. 13.43 
1 1 if 
or U=- 7337x107" J Ans. 


© Example 13.19 Light particles of mass ‘m’ each are placed at the vertices of a 
cube of side ‘a’. Find gravitational potential energy of this system. 


Fig. 13.44 


Solution Total particles are n=8 


(v-) 
2 


.. Total number of pairs are e or 28. 


In 12 pairs, distance between the particles is ‘a’. 


In 12 pairs, distance is 2a and in remaining 4 pairs distance is V3a. 
U= 1 cn) i= aa aa [= ea 
a V2a V3a 


2 
a [12s i+) Ans. 
3 


a 


© Example 13.20 A particle of mass ‘m’ is raised from the surface of earth to a 
height h=2R. Find work done by some external agent in this process. Here, R is 
the radius of earth and g the acceleration due to gravity on earth's surface. 
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Solution No information is given about the change in kinetic energy of the particle. So, 
assuming change in kinetic energy to be zero. 


Work done by external agent = change in potential energy 


Substituting = 2R, we get, Work done = ; mgR Ans. 


Example 13.21 A particle is projected from the surface of the earth with an 
initial speed of 4.0 km/s. Find the maximum height attained by the particle. 
Radius of earth = 6400 km and g =9.8 m/s” 


Solution The maximum height attained by the particle is, 
2 


v 
h= ae. 
Io — 
2 R 
3.49 
Substituting the values, we have A= (4.0x 10° ) — 
04 
6.4 x 10 
=935x10°m or h=935km hue: 


INTRODUCTORY EXERCISE 


1. 


Two particles of masses 20 kg and 10 kg are initially at a distance of 1.0 m. Find the speeds of 
the particles when the separation between them decreases to 0.5 m, if only gravitational forces 
are acting. 


Four particles each of mass m are kept at the four vertices of a square of side ‘a’. Find 
gravitational potential energy of this system. 


A particle of mass ‘m’ is raised to a height h=R from the surface of earth. Find increase in 
potential energy. R = radius of earth.g = acceleration due to gravity on the surface of earth. 


Show that if a body be projected vertically upward from the surface of the earth so as to reach a 
height NR above the surface 


(i) the increase in its potential energy is 2) mgR, 
n+ 


(ii) the velocity with which it must be projected is oe , where R is the radius of the earth and 
| n+ 


m the mass of body. 


A projectile is fired vertically from the earth's surface with an initial speed of 10 km/s. Neglecting 
air drag, how high above the surface of earth will it go? 


A particle is fired vertically upwards from earth’s surface and it goes upto a maximum height of 
6400 km. Find the initial speed of the particle. 
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13.8 Binding Energy 


Total mechanical energy (potential + kinetic) of a closed system is negative. The modulus of this total 
mechanical energy is known as the binding energy of the system. This is the energy due to which 
system is closed or different parts of the system are bound to each other. 


m 
Fig. 13.45 
Suppose the mass m is placed on the surface of earth. The radius of the earth is R and its mass is M. 
ee : ; ; GMi 
Then, the kinetic energy of the particle K =0 and the potential energy is U =— ra 
Therefore, the total mechanical energy is, 
GMi 
E=K+U =0-—— 
GMi 
or pa Gin 
R 
GMm 


Binding energy =| E|= ae 


It is due to this energy, the particle is attached with the earth. If minimum this much energy is given to 
the particle in any form (normally kinetic) the particle no longer remains attached to the earth. It goes 
out of the gravitational field of earth. 


Escape Velocity 


: — : . GM 
As we discussed above, the binding energy of a particle on the surface of earth kept at rest is iis If 


this much energy in the form of kinetic energy is supplied to the particle, it leaves the gravitational 
field of the earth. So, if v, is the escape velocity of the particle, then 


1 5, GMm 2GM 
=mvz = or Vv, =4/—— 
2 R R 


or v, = j2gR | as g=— 


Substituting the value of g (9.8 mis” ) and R (6.4 x 10° m), we get 
v, =11.2 km/s 


Thus, the minimum velocity needed to take a particle to infinity from the earth is called the escape 
velocity. On the surface of earth its value is 11.2 km/s. 
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© Extra Points to Remember 


The value of escape velocity is 11.2 km/s from the surface of earth. From some height above the surface 
of earth this value will be less than 11.2 km/s. 


Escape velocity is independent of the direction in which it is projected. In the figure shown, body is given 
11.2 km/s along three different paths. In each case, it will escape to infinity, but following different paths. 
For example, along path-1 it will follow a straight line. 


Fig. 13.46 
If velocity of a particle is v, , then its total mechanical energy is zero. As the particle moves towards infinity 
its kinetic energy decreases and potential energy increases, but total mechanical energy remains 


constant. At any point 

E=K+U=0 => K=-U 
For example, if K=100Jon the surface of earth then U=—100J. At some height suppose K becomes 60 J, 
then U will become — 604. At infinity K=0. So U is also zero. Hence, speed at infinity will be zero. 


If velocity of the particle is less than v, then total mechanical energy is negative and it does not escape to 
infinity. 


If velocity of the particle is more than v, then total mechanical energy is positive. Even at infinity some 
kinetic energy and speed are left in the particle. Although its potential energy becomes zero. 


© Example 13.22 Calculate the escape velocity from the surface of moon. The 


mass of the moon is 74 x 1072 kg and radius = 1.74 x 10° m. 


: 2GM 
Solution Escape velocity from the surface of moon is v, = = 7 
Substituting the values, we have 
2x 667x10'! x 7.4 x 10” 
ve> 
1.74 x 10° 
=2.4x 10° m/s=2.4 km/s Ans. 


© Example a Kinetic energy of a particle on the surface is Ey and potential 


. 0 
energy 1s -——. 
SY >) 


(a) Will the particle escape to infinity ? 

(b) At some height its kinetic energy becomes 0.6 Ey. What is potential energy at this 
height ? 

(c) If the particle escapes to infinity, what is kinetic energy of the particle at 
infinity? 
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Solution (a) Total mechanical energy 


E 
E=K +U=Ey-—-=0.5E, 


Since, E£ is positive, particle will escape to infinity. 
(b) Potential energy V=E—K =05E,) —06£) =—O1E, Ans. 
(c) At infinity, U=0 
K=E=05E) Ans. 


INTRODUCTORY EXERCISE 


1. What is the kinetic energy needed to project a body of mass m from the surface of the earth to 
infinity? Radius of earth is R and acceleration due to gravity on earth’s surface is g. 


2. Mass and radius of a planet are two times the values of earth. What is the value of escape 
velocity from the surface of this planet ? 

3. Kinetic energy of a particle on the surface of earth is FE, and the potential energy is —2 Ep. 
(a) Will the particle escape to infinity ? 
(b) What is the value of potential energy where speed of the particle becomes zero ? 


13.9 Motion of Satellites 


Just as the planets revolve around the sun, in the same way few celestial bodies revolve around these 
planets. These bodies are called ‘Satellites’. For example moon is a satellite of earth. Artificial 
satellites are launched from the earth. Such satellites are used for telecommunication, weather 
forecast and other applications. The path of these satellites are elliptical with the centre of earth at a 
focus. However the difference in major and minor axes is so small that they can be treated as nearly 
circular for not too sophisticated calculations. Let us derive certain characteristics of the motion of 
satellites by assuming the orbit to be perfectly circular. 


Orbital Speed 
The necessary centripetal force to the satellite is being provided by the Vo 
gravitational force exerted by the earth on the satellite. Thus, ni 
mv, GMm e Satellite 
a ~ re 
Vo = us or Vgc 2s Fig. 13.47 


r vr 


Hence, the orbital speed (v,) of the satellite decreases as the orbital radius (r) of the satellite 
increases. Further, the orbital speed of a satellite close to the earth’s surface (r =~ R) is, 


R V2 


Substituting vy, =11.2km/s => (vy =7.9km/s 
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Period of Revolution 
The period of revolution (7) is given by 


T= mls or T= alls 
Vo GM 
r 
3 3 
r r 2 
or T =2n,J,— or T=20 (as GM = gR*) 
\VGM gR* 
Energy of Satellite 
The potential energy of the system is 
Ua- GMm 
r 
The kinetic energy of the satellite is, 
1 1 GM 
K= mvs ==m 
2 2 r 
1 . 
ee Kal Gm Fig. 13.48 
2 27 
GMi 
The total energy is, E=K+U=- 5 ls 
r 
ea E=- GMm 
2r 


This energy is constant and negative, i.e. the system is closed. The farther the satellite from the 
earth the greater its total energy. 


@® Extra Points to Remember 


fe 


© T=2n,)—~ = Ter’? or T? cr? (which is alsothe Kepler's third law) 


e Time period of a satellite very close to earth's surface (r = R)is, 


roan fF 
g 


Substituting the values, we get T = 84.6 min 

e Suppose the height of a satellite is such that the time period of the satellite is 24 h and it moves in the same 
sense as the earth. The satellite will always be overhead a particular place on the equator. As seen from 
the earth, this satellite will appear to be stationary. Such a satellite is called a geostationary satellite. 
Putting T = 24h in the expression of T, the radius of geostationary satellite comes out to be r = 4.2 x 107 


km. The height above the surface of earth is about 36000 km. 


e The plane of orbit of a satellite always passes through the centre of the earth as force is always towards 
centre of earth. In case of geostationary satellite it is an equatorial plane (passing through equator) 
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© Example 13.24 As orbital radius r of a satellite is increased, state which of 
the following quantities will increase and which will decrease ? 


(i) Orbital speed (ii) Time period 
(iii) Frequency (iv) Angular speed 
(v) Kinetic energy (vi) Potential energy 


(vii) Total mechanical energy 


Solution (i) Orbital speed v, = cad or Vv, < 
y r 


r 


Therefore, orbital speed will decrease. 


3 
(i) T=2n J or Tar*? 
gR 


Therefore, time period will increase. 


(111) Frequency, f= 7 
Time period is increasing. So, frequency will decrease. 
; 2n 1 
iv) Angular speed oO=— or WOx— 
(iv) Angular sp ; [ 
Time period is increasing. Hence, angular speed will decrease. 
(v) Kinetic energy, = om or K = 
2r r 
Therefore, kinetic energy will decrease. 
(vi) Potential energy U=- il r Ua«—— 
r r 
Therefore, potential energy will increase. 
(vii) Total mechanical energy, E =— oa Ba«—— 


So, mechanical energy will also increase. 


© Example 13.25 A geostationary satellite is orbiting the earth at a height of 6R 
above the surface of the earth where R is the radius of earth. The time period of 
another satellite at a distance of 3.5 R from the centre of the earth is ......... 
hours. (JEE 1987) 
3 
Solution T «pr? 


3 
T, = ey - (24)h=8.48h (7, = 24h for geostationary satellite) 
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© Example 13.26 A spaceship is launched into a circular orbit close to the earth’s 
surface. What additional velocity has now to be imparted to the spaceship in the 
orbit to overcome the gravitational pull. Radius of earth = 6400 km, g = 9.8 m/s”. 


Solution The speed of the spaceship in a circular orbit close to the earth’s surface is given by, 
vo =e 
and escape velocity is given by, v, =2gR 
Additional velocity required to escape 
Ve — Vy =f 2eR — JgR =(V2-Dy/gR 
Substituting the values of g and R, we get 
V, —V, = 3.278 X 10° m/s Ans. 


© Example 13.27 What is the minimum energy required to launch a satellite of 
mass m from the surface of a planet of mass M and radius R in a circular orbit 


at an altitude of 2R? (JEE 2013, Main) 
5GmM 2GmM 
b 
() ER () SR 
GmM GmM 
poilfoncs ) 2B 
(c) — (d) ae 


Solution E = Energy of satellite — energy of mass on the surface of planet 
GMm ( an 


2r R 
Here, r=R+2R=3R 
‘jeu : : 5GM 
Substituting the values in above equation we get, E = a 2 


The correct answer is (a) 


© .Example 13.28 An artificial satellite is moving in a circular orbit around the 


earth with a speed equal to half the magnitude of escape velocity from the earth. 
(1990, 8M) 


(a) Determine the height of the satellite above the earth’s surface. 


(b) If the satellite is stopped suddenly in its orbit and allowed to fall freely onto the 
earth, find the speed with which it hits the surface of the earth. 


Solution (a) Orbital speed of a satellite at distance r from centre of earth, 


,, - (EM _ [eM @ 
Vr Rh a 


v, _J2GM/R _ [GM “i) 
5 = o 


2 


Given, Vo = 


From Eqs. (i) and (ii), we get 
h=R =6400km 
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(b) Decrease in potential energy = increase in kinetic energy 


or eae =AU 
2 
eS) 
y= POH. 1+h/R aR (h=R) 
= 9.8 x 6400 x 10° 
= 7919m/s = 7.9km/s Ans. 
INTRODUCTORY EXERCISE 


1. Is it possible to have a geostationary satellite which always remains over New Delhi ? 


2. Two satellites A and B revolve around a planet in two coplanar circular orbits in the same sense 
with radii 10* km and 2 x 10* km respectively. Time period of A is 28 hours. What is time period 


of another satellite? 


3. Two satellites A and B of the same mass are orbiting the earth at altitudes R and 3R 
respectively, where Ris the radius of the earth. Taking their orbits to be circular obtain the ratios 
of their kinetic and potential energies. 


4. A satellite of mass 1000 kg is supposed to orbit the earth at a height of 2000 km above the 
earth’s surface. Find (a) its speed in the orbit, (b) its kinetic energy, (c) the potential energy of 
the earth-satellite system and (d) its time period. Mass of the earth =6 x 1074 kg. 


5. Asky lab of mass 2 x 10° kg is first launched from the surface of earth in a circular orbit of radius 
2R and then it is shifted from this circular orbit to another circular orbit of radius 3R. Calculate 
the energy required 
(a) to place the lab in the first orbit, 

(b) to shift the lab from first orbit to the second orbit. (R =6400 km, g = 10 m/s?) 


13.10 Kepler's Laws of Planetary Motion 


Kepler discovered three empirical laws that accurately described the motion of the planets. The three 
laws may be stated as, 


(i) 


(ii) 


(iii) 


Each planet moves in an elliptical orbit, with the sun at one focus of the ellipse. This law is also 
known as the law of elliptical orbits and obviously gives the shape of the orbits of the planets 
round the sun. 

The radius vector, drawn from the sun to a planet, sweeps out equal areas in equal time, i.e. its 
areal velocity (or the area swept out by it per unit time) is constant. This is referred to as the law of 
areas and gives the relationship between the orbital speed of the planet and its distance from the 
sun. 

The square of the planet’s time period is proportional to the cube of the semi-major axis of its 
orbit. This is known as the law of time period and gives the relationship between the size of the 
orbit of a planet and its time of revolution. 
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Kepler did not know why the planets move in this way. Three generations later when Newton turned 
his attention to the motion of the planets, he discovered that each of Kepler’s laws can be derived. 
They are consequences of Newton’s law of motion and the law of gravitation. 

Let us first consider the elliptical orbits described in Kepler’s first law. Figure shows the geometry of 
the ellipse. The longest dimension is the major axis with half length a. This half length is called the 


semi-major axis. 
ay 
ek P ; 
eh on Aphelion 
Ss’ S 
ea ea 


<> — 
— | 


Fig. 13.49 


SP +S’ P =constant 
Here, S and S’ are the foci and P any point on the ellipse. The sun is at S and planet at P. 


The distance of each focus from the centre of ellipse is ea, where e is the dimensionless number 
between 0 to | called the eccentricity. If e =0, the ellipse is a circle. The actual orbits of the planets are 
nearly circular, their eccentricities range from 0.007 for Venus to 0.248 for Pluto. For earth e=0.017. 
The point in the planet’s orbit closest to the sun is the perihelion and the point most distant from the 
sun is aphelion. 


Explanation of First Law 
1 
Newton was able to show that for a body acted on by an attractive force proportional to ae the only 
r 


possible closed orbits are a circle or an ellipse. The open orbits must be parabolas or hyperbolas. He 
also showed that if total energy F is negative the orbit is an ellipse (or circle), if it is zero the orbit is a 
parabola and if £ is positive the orbit is a hyperbola. Further, it was also shown that the orbits under 


K ae: 
the attractive force F = — are stable for n <3. Therefore, it follows that circular orbits will be stable 
Ye 


for a force varying inversely as the distance or the square of the distance and will be unstable for the 
inverse cube (or a higher power) law. 


Explanation of Second Law 


PP’ =vat 

P’ M =(PP’ )sin (180° —6) = PP’ sin 8 
=(vsin 8) dt 
ve... 
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Kepler’s second law is shown in figure. In a small time interval dt, the line from the sun S to the planet 
P turns through an angle d0. The area swept out in this time interval is, 
dA = area of triangle shown in figure 


= : (base )(height ) 


=> (SP\(P’ M) 


=> (r) (v sin 8) dt 


. dA 1 . : 
Areal velocity —=—rvsin® ..-(i) 
dt 2 
Now, 7vsin@ is the magnitude of the vector product r x v which in turn is — times the angular 
m 
momentum L= r X mv of the planet with respect to the sun. So we have, 
dA 1 L 
— =— |r xX mvj=— ... (ii) 
dt 2m 2m 
dA iL 
or — =— =constant 
dt 2m 


Thus, Kepler’s second law, that areal velocity is constant, means that angular momentum is constant. 
It is easy to see why the angular momentum of the planet must be constant. According to Newton’s 
law the rate of change of L equals the torque of the gravitational force F acting on the planet, 


dL 
—=rxF=t 
dt 


Here, r is the radius vector of planet from the centre of the sun and the force F is directed from the 
planet towards the centre of the sun. So, these vectors always lie along the same line and their vector 


: dh - 
product rx F is zero. Hence, Pia or L=constant. Thus, from Eq. (ii) we can see that 


dA : : ‘ 
- = constant if L= constant. Thus, second law is actually the law of conservation of angular 
momentum. 


Explanation of Third Law 
In Article 13.9 we have already derived Kepler’s third law for the particular case of circular orbits 
(T 2 73 ). Newton was able to show that the same relationship holds for an elliptical orbit, with the 
orbit radius r replaced by semimajor axis a. Thus, 


(elliptical orbit) 


Here, M, is the mass of the sun. 
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® Extra Points to Remember 

e Most of the problems of planetary motion are solved by two conservation laws: 
(i) conservation of angular momentum about centre of the sun and 
(ii) conservation of mechanical (potential + kinetic) energy 


Fig. 13.51 


Hence, the following two equations are used in most of the cases, 


mvr sin ® = constant veal(l) 


i mv2 on GMm 


= constant coc l(l)) 
i 
At aphelion (or M) and perihelion (or N) positions 8 = 90° 
Hence, Eq. (i) can be written as, 
mvr sin 90° =constant 


or mvr = constant (1) 
Further, since mass of the planet (m) also remains constant, Eq. (i) can also be written as 
vr sin® =constant ...(iV) 
Os Vif = Volo (0 = 90°) 
h>lp 
V1 <Vo 


© Example 13.29 Name the physical quantities which remain constant in a 
planetary motion (in elliptical orbits). 


Solution Angular momentum about centre of sun and mechanical energy. 


© Example 13.30 Consider a planet moving in an elliptical orbit round the sun. 
The work done on the planet by the gravitational force of the sun is zero in any 
small part of the orbit. Is this statement true or false ? 


Solution False, only at aphelion and perihelion positions F is perpendicular to dS. So, at these 
two positions work done by gravitational force is zero. At other points angle between F and dS 
is not 90°. So, work done is not zero. But, being a conservative force work done in a closed path 
(or in one full rotation) is zero. 
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Final Touch Points 


Polar and Geostationary Satellites 


1. Satellites in low polar orbit pass over the poles. They orbit between 100 km and 200 km above the 
Earth's surface, taking around 90 minutes to make each orbit. The earth spins beneath the satellites 
as it moves, so the satellite can scan the whole surface of the earth. Low orbit polar satellites have 
uses such as 


Equatorial orbit 


Polar orbit 


¢ Monitoring the weather. 
¢ Observing the earth's surface. 
¢ Military uses including spying. 

2. Geostationary satellites have a different trajectory to polar satellites. They are in orbit above the 
equator from west to east. The height of their orbit-36,000 km is just the right distance so that it takes 
them one day (24 hours) to make each orbit. This means that they stay in a fixed position over the 
earth's surface. A single geostationary satellite is on a line sight with about 40 percent of the earth's 
surface. Three such satellites, each separated by 120 degrees of longitude, can provide coverage of 
the entire planet. Geostationary satellites have uses such as: 

* communications- including satellites phones 

¢ global positioning or GPS. 

Geostationary satellites always appear in the same position when seen from the ground. This is why 
satellite television dishes can be bolted into one position and do not need to move. 


3. Acceleration due to moon’s gravity on moon's surface is 7 because 


Mn 1 Me fae 
R2 6 R2 R? 

While acceleration due to earth’s gravity on moon’s surface is approximately oe or man . This is 

because distance of moon from the earth’s centre is approximately equal to 60 times the radius of earth 


and g « + 
F 


- In the shown figure 


Earth 
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4. Total energy of a closed system is always negative. For example, energy of planet-sun, satellite-earth 
or electron-nucleus system is always negative. 


5. If the law of force obeys the inverse square law (F ox i =) 
r 
U 
hye 


1 
The same is true for electron-nucleus system because there also, the electrostatic forceF, « =. 
r 


6. Trajectory of a body projected from point A in the direction AB with different initial velocities : 


Let a body be projected from point A with velocity vin the direction AB. For different values of v the 
paths are different. Here, are the possible cases. 


(i) If v =0, path is a straight line from A to M. 

(ii) If O< V < Vg, path is an ellipse with centre O of the earth as a focus. 

(iii) If v=V,, path is a circle with O as the centre. 

(iv) If vj <V <V,, path is again an ellipse with O as a focus. 

(v) If v =v,, body escapes from the gravitational pull of the earth and path is a parabola 
(vi) If v>V,, body again wl F but now the path is a hyperbola. 


Here, v, = orbital speed [SH {& at A for a circular orbit and v, = escape velocity from A. 


A O<v<y Vo <V<y, 
0 0 e 


Note 1. From case (i) to (iv), total mechanical energy is negative. Hence, these are the closed orbits. For case (v), 
total energy is zero and for case (vi) total energy is positive. In these two cases orbits are open. 
2. If v is not very large the elliptical orbit will intersect the earth and the body will fall back to earth. 
A Vo 
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7. IfFo«r" 
then T? «(r)i™" 


and if U« r™ 
then T? «(r)?” (Applicable only for circular orbits) 


8. T= an |A = 84.6 min comes in following four places in whole physics : 
g 


(i) If time period of rotation of earth becomes 84.6 min, effective value of g on equator becomes 
zero or we feel weightlessness on equator. 
(ii) Time period of a satellite close to earth’s surface is 84.6 min. 
(iii) Time pendulum of a pendulum of infinite length is 84.6 min. 
(iv) If a tunnel is dug along any chord of the earth and a particle is released from the surface of earth 
along this tunnel, then motion of this particle is simple harmonic and time period of this is also 


84.6 min. 
Note (a) Points (iii) and (iv) come in the chapter of simple harmonic motion. 
(b) T =2n o is also the time period of small oscillations of a block inside a smooth spherical bowl of 


radius R. 
But this is not 84.6 min because here R is the radius of bowl not the radius of earth. 


This expression can be compared with the time period of a pendulum T =2n fe 
g 


Solved Examples 


TYPED PROBLEMS 


Type 1. Two or more than two particles rotate in circular motion under their mutual gravitational 
attraction. We have to find speed of each particle. 


How to Solve? 


Find net force on any one particle. It should come towards centre of the circle. This net force provides the 
necessary centripetal force. 


© Example 1= Three particles each of mass m, are located at the 
vertices of an equilateral triangle of side a. At what speed must 
they move if they all revolve under the influence of their 
gravitational force of attraction in a circular orbit circumscribing 
the triangle while still preserving the equilateral triangle ? 


Solution Fy = Fup =F Fic 


2 2 
-2| Jom 30° = 3] 
a a 
mee 
V3 ? 
2 2 
Now ae F or v8mv* _¥8Gm 
r a a 
v= Gm Ans. 
a 


© Example 2. In the above problem, find total mechanical energy of the system. 
Solution Total mechanical energy, 
H=U+K 
where, U = potential energy of 3 identical pairs of masses ‘m’ each at a distance ‘a’ 
3 [Gmm]|__ 3Gm? 
a a 


alt mel nl [ * 3Gm? 
a alle 2 “(fe 2a 
3Gm 


papeK= 


K =kinetic energy of three particles 


Ans. 


2a 


Note Total mechanical energy is negative, as the system is closed. 
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Type 2. Gravitational field and force on a mass due to spherical shells. 


Concept 


According to Gauss theorem, net field strength at any point in the 
above situation is only due to the masses inside an imaginary 
spherical surface drawn at that point. 


For example, field strength at Pis ¢ is 
Ep ih) (towards C) 
r 
If a mass mis kept at P, then force on this mass is Ma 
M. 
F=mEp = om ws (towards C) : 
if 


© Example 3 Two concentric shells of masses M, and M, are concentric as 
shown. Calculate the gravitational force on m due to M, and M, at points P,Q 


and R. 
Cc 
R Ms 
Solution At P, F=0 
GM. 
AtQ, F= - 
ACR, p= GM + Ma)m 


Ce 


Type 3. 7o find variation of time period of a satellite in circular orbit with its orbital radius ‘r’ if 
gravitational potential energy between two point masses varies as U <r" with 


negative sign. 


How to Solve? 
From the relation between conservative force F and its potential energy U, 


dr 
First find the variation of Fwithr. Then, this force provides the necessary centripetal force. So, find variation of 
v with r by putting, 


Now, finally time period is given by T a So, find variation of T with r. 
Vv 
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© Example 4 Gravitational potential energy between two points masses is 
Ua K mm, 


r” 


where, K is a positive constant. With what power of T’ time period of a satellite of mass ‘m’ 
varies in circular orbit if mass of planet is M ? 


. KM 
Solution U =- ih 
r” 
pu_d¥ _KMmn on Fe poe) 
dr pti 
Now, this force provides the necessary centripetal force. 
mv? KMm 2 -n 
—= or u«r 
r pret 
7 
ver 2 
Time period is given by 
2 
= ll or Tx 
v v 
r 1+— 
or T« = = T«r 2 
r2 
Note Under normal conditions 
GMm 
U=- 
. 
So, if we compare with the given equation then, n=1. 
ie 2 
Now, Txr 2 or T«r? (for n=1) 


© Example 5 Imagine a light planet revolving around a very massive star in a 
circular orbit of radius R with a period of revolution T. If the gravitational force 
of attraction between the planet and the star is proportional to R°?, then 
(a) T” is proportional to R? 

(b) T is proportional to R? 
(c) T? is proportional to R*? 
(d) T” is proportional to R®”” 


2 
Solution mY « R-*? 

R 
’ vx R34 

2 
Now, P= ale or T? « @ 
U UV 
R 2 

or T? «(Fr or T? « R"? 


The correct answer is (b). 
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Type 4. Based on conservation of mechanical energy. 


Concept 


In the figure, M>>m, hence only the particle moves along the line CP. The spherical body 
remains at rest. The problem of any such type can be solved by energy conservation 
principle or 


> 
P 
M 
> U; +K; = Uy +Ky 
Here, U=- aoe for external points 


and U=mvV for internal points of sphere. 


where, V is the gravitational potential due to M. In this type, we are using only one 
conservation law. Therefore, number of unknown should be only one. 


© Example 6 There is a smooth tunnel upto centre C of a solid sphere of mass ‘M’ 
and radius R. A particle of mass m(<< M) is released from point P along the line 
CP. Find velocity of ‘m’ while striking at C. 


Solution Using mechanical energy conservation equation. 
Ec=Ep => Kcot+Uc=Kp+Up 
GMm 


Here, Vo = potential at C due to mass M=-3S" 


Substituting this value in Eq. (i) and then solving we get, 


Uc = an Ans. 


© Example 7_ A particle of mass ‘m’ is projected from the surface of earth with 
velocity v=2u,, where v, is the value of escape velocity from the surface of earth. 
Find velocity of the particle on reaching to interstellar space (at infinity) in terms 
of v,. 
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2 
Solution v,=,|72M = GM _% ti) 
R R 2 

Using conservation of mechanical energy at the surface of earth and infinity. 

We have, Kt Ueki; 

- Li 0 moe eo mer 
2 2 R 
2 

Substituting the value of an 7 < 


From Eq. (i) in Eq. (ii) we get, v,, =V3 v, 
Alternate Method 
On the surface of earth speed is two times the escape velocity. So, kinetic energy is four times. 


One kinetic energy is used in taking it to infinity. So, three kinetic energies are still left at 
infinity. In terms of speed it is 30,. 


Type 5. Based on conservation of mechanical energy and linear momentum. 


Concept 


Two particles (or two spherical bodies) of masses m, and my, are free »—> ~<—e 
to move along the line joining them. This time their masses are "7" me 
comparable. Net force on the two particle system is zero.Therefore, 

linear momentum of the system may be conserved. Further, gravitational forces are 
conservative in nature. 


LC) 


Therefore, mechanical energy of the system is also conserved. Since, we are using two 
conservation laws, therefore number of unknowns are also two. 


© Example 8 In the figure shown in the text, my =m, m, =2mand initial distance 
between them is ry. Find velocities of the masses when separation between them 


Ay 
becomes cae 


m mu = Me—>V1 V2<—e2m 
.———— Uso o 
2 
Solution Let their velocities are v, and v,. From conservation of linear momentum. 
Pi = Pr 
O0=muv, —2mv, .. (i) 
From conservation of mechanical energy, 
E; a Ey 
or K,+U,;=K, +U,; 
or pe ee ... ii) 
Yo 2 2 (72/2) 
Solving Eas. (i) and (ii), we get 
v, =2 anny Us = am Ans. 
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Type 6. Based on conservation of angular momentum (L =mvr sin®) and mechanical energy. 


Concept 


In the figure shown, M>>m. Hence, the sphere of mass M is at rest Vv 
and only the particle of mass ‘m’ will move. This particle is projected 
with velocity v at some angle 6 from the surface as shown. 
Gravitational force on ‘m’ is always towards centre of ‘MW’. So, its 
torque about centre is always zero and angular momentum of particle 
about centre may be conserved. Further, the gravitational force, 
being a conservative force mechanical energy can also be conserved. 
We are applying two conservation laws, so number of unknown are 
also two. 


© Example 9 Find the maximum and minimum distances of the planet A from 
the sun S, if at a certain moment of time it was at a distance ry and travelling 
with the velocity vg, with the angle between the radius vector and velocity vector 
being equal to 0. 


Solution At minimum and maximum distances velocity vector (v) makes an angle of 90° with 
radius vector. Hence, from conservation of angular momentum, 
MUpTo SIN > = mru ..- (i) 
Here, m is the mass of the planet. 
From energy conservation law, it follows that 
mu, GMm_mv? GMm 
2 1 2 r 


...(ii) 


Here, M is the mass of the sun. 
Solving Eqs. (i) and (1i) for r, we get two values of 7, one is 7,,,, and another is r,,;,- 50, 


Tmax = a+ /1-K@-K)sin’ 4) 

and Hes = a -1-K@-K)sin? 9) 
r2y2 
H , — _0"0 
ere GM 


© Example 10 A projectile of mass m is fired from the surface of the earth at an 


GM 
angle a = 60° from the vertical. The initial speed vp is equal to R ©. How high 


e 


does the projectile rise ? Neglect air resistance and the earth’s rotation. 
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Solution Let v be the speed of the projectile at highest point and r,,,, its distance from the 
centre of the earth. Applying conservation of angular momentum and mechanical energy, 


MUp SIN & = MUpgx $1n 90° 


or MUp SIN = MU pax .+- (i) 
1 M 1 M, “3 
mve GM git mv" GM saa (1) 
2 R, 2 gare 
Solving these two equations with the given data we get, 
3R, 
Tax = 
2 
: : R 
or the maximum height Ainax = "max — Ee = 5 Ans. 


Type 7. Based on double star system. 


Concept 


In motion of a planet round the sun we have assumed the mass of the 
sun to be too large in comparison to the mass of the planet. Under 
such situation the sun remains stationary and the planet revolves 
round the sun. If however masses of sun and planet are comparable 
and motion of sun is also to be considered, then both of them revolve 
around their centre of mass with same angular velocity but different 
linear speeds in the circles of different radii. The centre of mass 
remains stationary. This system of two stars is called a double star 
system. 

We use following equations under this condition. 


My, _ Molo ..-(i) 

Gm,m 2 

mr,o" = Mog” = 1 ...(11) 
(1 +12) 


Solving these two equations, we can find that 


@ = es or T= aur 
r3 VGM 


Here, M=m,+m, and r=r,+1rg 


Further, angular momentum of the system about COM 


b=, +1,)0=[ 


mM 


ro =ur’o 


Kinetic energy of system, K = a) a r’o? = 2 ur2@? 
2\m,+ ms, 2 
and moment of inertia of system, 
1-[ mM, Jr =r? 


m,m 
Here, wu = —1 2 = reduced mass 
My, + Mo 
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Thus, the two bodies can be replaced by a single 
body whose mass is equal to reduced mass. This 
single body revolve in a circular orbit whose radius 
is equal to the distance between two bodies and 
centripetal force of circular motion is equal to force ¥ 
of interaction between two bodies for actual 
separation. 


at 
@ 


© Example 11_ A planet of mass m, revolves round the sun of mass m,. The 
distance between the sun and the planet is r. Considering the motion of the sun 
find the total energy of the system assuming the orbits to be circular. 


Solution Both the planet and the sun revolve around their centre of mass with same angular 
velocity (say @) 


r=r7t+%% ..-(i) 
mn@? = mango? = GM ...(ii) 
re 
Solving Eas. (i) and (ii), we get 
Li it m Nn 2 mM 
m, + Mo, oS 
COM 


and O° = 


Now, total energy of the system is 


E=PE+KE or B= Sta mri? + & mardo® 
r 


Substituting the values of 7,, 7, and @”, we get 
E=- Gmm, 


2r 


Ans. 


Type 8. 7o find gravitational field strength for spherical mass distribution when mass density is a 
function of r (not constant), where r is the distance from centre. 


Concept 


Mass density of a solid sphere of radius R varies as p=p,r”, where py isa 
positive constant, we have to find variation of E with r. 
According to Gauss theorem, the mass inside a spherical surface only be 
contributes in the field strength on the surface of that sphere or at a ay 
distance ‘7’ from the centre 

pa GMin (i) 

et 

where, m,, 1s the mass inside that sphere. Here, m,, will be obtained by integration as the 
mass density is not constant. 
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Let us take a small element of thickness dr at distance ‘7’. Volume of this element. 
dV =(4nr”)dr 
Mass density at distance ris 


= 2 
P=Por 
Therefore, small mass of this element 
dm=pdV 
or dm=(4npor*)dr 
Min =|, dm= [, (4np or*)dr 
or Min = Pos ... (ii) 


Substituting this value of m,, in Eq. (@) we can find E. 


© Example 12 In the problem discussed in the text, find E-r expressions for inside 
and outside points. 
Solution Inside points (r<R) 
Directly substituting value of m,, from Eq. (ii) in Eq. (i) we have, 


B~S |*oe" | 
r 5 

3 
or g=S2C Por 


Outside points (r>R) 

Mass is only upto r=R. So, substituting r= Rin Eq. (ii) we have, 
A4tp 

in — 5 - R° 

Now, substituting this value of m;, in Eq. (i), we have 


m 


or E= 


Note Direction of Eis always towards the centre of the sphere. 


Type 9. 7o draw E-r andV -r graphs due to two points masses, along the line joining two masses. 


Concept 
(i) Expressions of E and V due to a point mass are 
E= au (towards the point mass) 
r 
and v2 
r 


ai) Asr>o, Hand V both 0. 
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(ii) Asr> 0, E> 0 and V>-« 
(iv) Eis a vector quantity. On two sides of a point mass directions are different. So, on one 
side if value is +> (just over the mass asr— 0) and on its other side value will be —». 


too —> t*ve 


1 
1 
1 
a emalscei 
E om 
i 
Nt 
| 


Ke. 
E 


(v) Vis ascalar quantity. On both sides of the mass (as r— 0) value will be —-. 


(vi) Between two zero values, we will get one maximum (or minimum value) 
E V 


E=0,atr>0 r 
or V=0 
> 


E=0 at r— co 


How to Solve? 


Just write down the values at r— ce and r— 0, then draw the graph with the help of five points discussed 
above. 


© Example 13 Two points masses ‘m’ and 2m are kept at certain distance as 
shown in figure. Draw E-r and V -r graphs along the line joining them 
corresponding to given mass system. 


m 2m 


Solution E-rGraph 


Region I Fields of m and 2m both are positive. Hence, net field at any point is also positive. 


Region II Field at m is negative and field of 2m is positive. So, at some point P (nearer to m) 
two fields are equal and opposite and net field is zero. 
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Region III Fields of m and 2m both are negative. Hence, net field at any point is also negative. 
V-r Graph 


| 
8 


2 A 

+s 

Ld 

8 oO 

a — 2 ae 

) 
Pe 4 
) 
as 
Lf 

ro) 

Y 


—oo —oo 


Gravitational potential is always negative on both sides. So, net potential at any point is always 
negative. Between two masses potential varies between — and —. So, graph is as shown in 
figure. 


Type 10. 7o find value of E or V at some point due to a solid sphere having some cavity in it. 


How to Solve? 


k— 3R ——" 
Suppose a solid sphere of mass M and radius RF has a cavity of radius 7 as shown in figure and we wish to 


find net gravitational field and potential at point P. Then, 


E, =Eg + Ey 
5 E, =E, —Ec ...(i) 
Similarly, Vg =Vp —Vo ...(ii) 


Here, R stands for remaining mass, 7 for total mass and C for cavity. 


© Example 14 In the problem discussed in the text, find the values of E and V at 
P due to the remaining mass. 


3 
Solution Total mass is M of volume 5m. Therefore, mass of cavity of volume sf (=) will be 


M 
64 
Further, Gren. 
4 4 
M 
(5) 
: : GM _; 64 * 
U Eq. (i), Ep = 
sing Eq. (i) IR GR? i) Ra? | i) 


Note Field strength is always towards the centre. 
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35 GM _ ; 
pS a -i) Ans. 
Field Strength is ap ou towards C. 
324 R- 
Using Eq. (11), we have 
[ G ( M )] 

Vp = GM 64 

Rk 3R | QR/4) 
_ AT GM Ans. 

144 R 


Type 11. 7o find minimum velocity required to project one particle from the surface of one planet to 
other planet. 


Concept 


Suppose the particle of mass ‘m’ is projected from the surface of planet of mass M, and we 
wish to project it upto the surface of other planet. In between the two planets, there is a 
point P, where net field strength is zero. Or, net force on ‘m’ is zero. 

From C, to P field strength of M, is stronger and net force on ‘m’ is towards C,. At point P 
field strengths of both M, and M, are equal and opposite. Between C, and P field strengths 
of M, is stronger and net force on ‘m’ is towards C,. 


So, we have to project the particle only upto P. After P, it automatically moves towards the 
surface of B by the attraction of M.. 


How to Solve? 
First find the point P, where net gravitational force on ‘m’ is zero. Then, apply energy conservation equation 
between A and P where, 
Va = minimum velocity required and vpis tending to zero. 


Note By applying energy conservation principle we can also find velocity at B, on reaching to the surface of B. 


© Example 15 Distance between the centres of two stars is 10a. The masses of 
these stars are M and 16M and their radii a and 2a respectively. A body of mass 
m is fired straight from the surface of the larger star towards the surface of the 
smaller star. What should be its minimum initial speed to reach the surface of the 
smaller star? Obtain the expression in terms of G,M and a. (JEE 1996) 
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Solution Let there are two stars 1 and 2 as shown below. 
M 16M 


1p) 


1 2 


Let P is a point between C, and C,, where gravitational field strength is zero or at P field 
strength due to star 1 is equal and opposite to the field strength due to star 2. Hence, 


ey coe) 24 also 1 +m=10a 
t\ 9 at 


n-(4) (l0a)=8a and 7 =2a 
4+1 


Now, the body of mass m is projected from the surface of larger star towards the smaller one. 
Between C, and Pit is attracted towards 2 and between C, and P it will be attracted towards 1. 
Therefore, the body should be projected to just cross point P because beyond that the particle is 


attracted towards the smaller star itself. 


: . 1 2 
From conservation of mechanical energy . MU" min 


= Potential energy of the body at P — Potential energy at the surface of larger star. 


15 [| GMm 16GMm| [ GMm_ 16GMm| 


Main = 
2 | n lp 10a — 2a 2a | 
_f GMm 16GMm| [ GMm 8GMm| 
2a 8a 8a a 


tp (2) GMm 3V5 ( [GM 
or MUnin = =>. Unin = 
2 8 a 2 a 


Type 12. 70 find gravitational potential due to two or more than two spherical shells. 


Concept 


At any point inside the shell (upto the surface). 


V=- ou = constant 
R 


In the denominator, substitute R, radius of the shell. 


At any point outside the shell, 


pe! ek ve 
r ig 


In the denominator, substitute r, actual distance of the point from the centre. 


Ans. 
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© Example 16 Three spherical shells of masses M, 2M and 3M have radii R, 3R 
and 4R as shown in figure. Find net potential at point P, where CP =2R 


Solution Point P lies outside the innermost shell. So, in the denominator we will substitute 


actual distance of P from the centre or r=CP=2R. 
This point P lies inside the other two shells. So, we will substitute their radii, 3R and 4R in the 


Ans. 


denominator. 
a GM G@M) G@M)_ 23GM 
P" 9R  -3R 4R 12R 


Miscellaneous Examples 


© Example 17 Explain the reason of weightlessness inside a satellite. 


Solution Feeling of weight is due to the normal reaction from the 
ground. Inside a satellite, this normal reaction becomes zero, which can _ Satellite 


be proved as given below. 
Orbital speed is given by r 
GM : 
v=,|-— .@) : 
ia I 
\ 
Two forces are acting on the person. \ 
(i) F = gravitational force from earth _ 
M 7 — 
pee al ...(ii) 
r 


or 


(ii) NV = normal reaction 
Person is also revolving in circular motion with same speed v. So, it needs a centripetal 


bo 


F-N= oor NaF 
: i r 


two 


force. 


Substituting the values of F and vu in Eqs. (i) and (ii) we have, 
Hence Proved. 


2 
ye eMm = x e 
Tr cE r 


Note Moon is also an earth's satellite but there we don't feel weightlessness because mass of moon is large and 
we feel weight due to the gravitational force due to the moon (which is not insignificant like other satellite as 


its mass is less in comparison to the moon). 
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© Example 18 Find the speeds of a planet of mass m in its perihelion and 
aphelion positions. The semimajor axis of its orbit is a, eccentricity is e and the 
mass of the sun is M. Also find the total energy of the planet in terms of the given 


parameters. 
Solution Let v, and v, be the speeds of the planet at perihelion Vo 
and aphelion positions. 

7 =a(l—e) . Bogert) a 
and ry =a(l + e) se) 
Applying conservation of angular momentum of the planet at P 14) 


(perihelion) and A (aphelion) 

mv,r, sin 90° = mvzr, sin 90° 
or UT = Vol’ .+ (11) 
Applying conservation of mechanical energy in these two positions, we have 


mv, == Mv, .. (ii) 
2 a 2 To 


Solving Eas. (i), (ii) and (iii), we get 


om (ise) Jom (Axe) 
UV, = .{/—— and Uy =,/—— 
a 1- a \l+e 


Further, total energy of the planet 


1.» GMm 1 [GM(1+e\l GMm 
E==mv, =—m 
2 rh 2 [a 1-e)| a(1-e) 
_ GMm (44) 7 
all—e| 2 
7 GMm (3) pa_GMn hae, 
a(l—-e)\ 2 2a 


© Example 19 The minimum and maximum distances of a satellite from the 
centre of the earth are 2R and 4R respectively, where R is the radius of earth and 
M is the mass of the earth. Find 
(a) its minimum and maximum speeds, 
(6) radius of curvature at the point of minimum distance. 


Solution (a) Applying conservation of angular momentum Vo 


mv, (2R) = mv,(4R) 
v = 20, ~@ ( Se : 
From conservation of energy eA 


1 2 GMm 1 2 GMm 
mv; == Mv; 
2 2R 4R Vy 
Solving Eas. (i) and (ii), we get 
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(b) If ris the radius of curvature at point A 


mu; _GMm 
pr QR? 
—_ 4upR° _ 8k (putting value of v,) 
GM 3 


Example 20 A planet of mass m revolves in elliptical orbit around the sun of 
mass M so that its maximum and minimum distances from the sun are equal to 
rz andr, respectively. Find the angular momentum of this planet relative to the 
sun. 
Solution Using conservation of angular momentum 

MUS) = MUM y 
As velocities are perpendicular to the radius vectors at apogee and perigee. 
> Up! p = Vala 
Using conservation of energy, 

GMm 1 2 = GMm iL 2 
mv, = + 


mu 
Ts Oe Ta 2 °% 
By solving, the above equations, 
2GMr, 
Up, = ,|-———* 
Typ + Ta) 
2GMr,r, 


L=mv,r,=m 
DP 
(rT, + Tq) 


Example 21 If a planet was suddenly stopped in its orbit supposed to be 


. : : : 2.. : 
circular, show that it would fall onto the sun in a time rs times the period of the 


planet’s revolution. 


Solution Consider an imaginary planet moving along a strongly ue “he 
extended flat ellipse, the extreme points of which are located on % 
the planet’s orbit and at the centre of the sun. The semi-major axis, , 
of the orbit of such a planet would apparently be half the 
semi-major axis of the planet’s orbit. So, the time period of the 


vu 
D 
a 
® 
a 


imaginary planet 7” according to Kepler’s law will be given by . aun pi ! 
3 \ pik) 
-) 7 a : a 
T) \r je 


3 
or 7 q ? [as r= r) 
2 2 


3 
1-225) > (-2 7 
Do = 2 8 


264 © Mechanics - II 


© Example 22 A satellite is revolving round the earth in a circular orbit of radius 
r and velocity vy.A particle is projected from the satellite in forward direction 
with relative velocity v =(v 5/4 — 1) U,. Calculate its minimum and maximum 


distances from earth’s centre during subsequent motion of the particle. 


Solution v,= jeu = orbital speed of satellite ..-(i) 
r 


where, M = mass of earth. 
Absolute velocity of particle would be 


Up =U+t Up fom v1.25 U9 ss<(11) 


Since, Up lies between orbital velocity and escape velocity, path of the particle would be an 
ellipse with r being the minimum distance. 


Let r’ be the maximum distance and v, its velocity at that moment. 


5 
Vp = 4 Yo 


Particle <a 


Vp 


Then, from conservation of angular momentum and conservation of mechanical energy, we get 


mur = mv, ... (ii) 
and : mv, GM od mu, oy ... (iv) 
2 r 2 r 
Solving the above Eas. (i), (ii), (iii) and (iv), we get 
, or 
r=— and r 
3 


; voce : 5r ‘ 
Hence, the maximum and minimum distances are 3 and r respectively. 


© Example 23 An earth satellite is revolving in a circular orbit of radius a with 
velocity v,.A gun is in the satellite and is aimed directly towards the earth. A 


v 
bullet is fired from the gun with muzzle velocity 3 Neglecting resistance offered 


by cosmic dust and recoil of gun, calculate maximum and minimum distance of 
bullet from the centre of earth during its subsequent motion. 
Solution Orbital speed of satellite is 
Y= (i) 
From conservation of angular momentum at P and Q, we have 
mau, = mor 
pa Xo 


...(ii) 


or 


r 
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From conservation of mechanical energy at P and Q, we have 


Vnet_s, 
VQ aay OZ) 


1 2 uv) GMm_ 1_ 5 GMm 
—m)vU,+ = MU 
a 2 r 
5 5» GM vw GM 
or U; = 
8 a 2, Ti 


Substituting values of v and v, from Egs. (i) and (ii), we get 
5GM GM_a° (4) GM 


8 a a rr’ \2a r 
3 a 1 
or pee oe eS 
8a 2r? 4 
or —3r” =4a? -8ar 
or 3r? -8ar + 4a? =0 
8a + 64a” — 48a? 
or r= 
6 
8a + 4a 
or r= 
6 
or r=2a and = 


: hare : 2a : 
Hence, the maximum and minimum distances are 2a and 3 respectively. 


© Example 24 Binary stars of comparable masses m, and m, rotate under the 
influence of each other’s gravity with a time period T. If they are stopped 
suddenly in their motions, find their relative velocity when they collide with each 
other. The radii of the stars are R, and R, respectively. G is the universal 
constant of gravitation. 
Solution Both the stars rotate about their centre of mass (COM). 


me 
m 

e COM Ro 

i r i r H 

“ i >I é >! 

i ‘ r { 

< 1 pI 

bet noon +7, r 
For the position of COM, LS (r=7, + 15) 

M, Mm m+m, mtm, 
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2 Gmm, 
Also, MNO = 5 
r 
2 Gm 
or =— 
nr 
mor 
But, r= ae 
m, + Mo 


G +m 
o2= (m, 2) 
P 


a2 {i + ma 


or 5 


@” 


Applying conservation of mechanical energy, we have 


Gmm, Gmm, 1. 9 
= + — LLU, 
r (R, +R) 2 
Here, Ht = reduced mass 
— ying 
m, + Ms, 


and v, = relative velocity between the two stars. 
From Eq. (ii), we find that 


pe 2Gm,m, [ 1 1) 


uu R,+R, 7 
_ 2Gmm, 1 1 
MM R,+R, 7 

m, +m, 


1 1 


Substituting the value of r from Eq. (i), we get 


re 2 |" | 


[ 4 
= OEE) Fae eoeio | 


sas(I) 


.. (ii) 


Exercises 


LEVEL 1 


Assertion and Reason 
Directions : Choose the correct option. 
(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 
(b) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 
(d) If Assertion is false but the Reason is true. 


1. Assertion : When two masses come closer, their gravitational potential energy decreases. 
Reason : Two masses attract each other. 


2. Assertion : In moving from centre of a solid sphere to its surface, gravitational potential 
increases. 


Reason : Gravitational field strength increases. 


3. Assertion : There are two identical spherical bodies fixed in two positions as shown. While 
moving from A to B gravitational potential first increases then decreases. 


Reason : At centre point of A and Bfield strength will be zero. 


4. Assertion : If we plot potential versus x-coordinate graph along the x-axis, then field strength 
is zero where slope of V-x graph is zero. 


Reason : If potential is function of x-only then 


5. Assertion : A particle is projected upwards with speed v and it goes to a height h. If we double 
the speed then it will move to height 4h. 


Reason : In case of earth, acceleration due to gravity g varies as 


go (for r > R) 


6. Assertion : In planetary motion angular momentum of planet about centre of sun remains 
constant. But linear momentum of system does not remain constant. 


Reason : Net torque on planet about any point is zero. 
7. Assertion : Plane of space satellite is always equatorial plane. 


Reason : On the equator value of gis minimum. 
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8. Assertion : On satellites we feel weightlessness. Moon is also a satellite of earth. But we do not 
feel weightlessness on moon. 


Reason : Mass of moon is considerable. 
9. Assertion : Plane of geostationary satellites always passes through equator. 
Reason : Geostationary satellites always lies above Moscow. 


10. Assertion : It we double the circular radius of a satellite, then its potential energy, kinetic 
energy and total mechanical energy will become half. 


Reason : Orbital speed of a satellite. 
5 1 
ie 
where, r is its radius of orbit. 


11. Assertion : If the radius of earth is decreased keeping its mass constant, effective value of g 
may increase or decrease at pole. 


GM 


Reason : Value of gon the surface of earth is given by g= a 


Objective Questions 
Single Correct Option 


1. A satellite orbiting close to the surface of earth does not fall down because the gravitational pull 
of earth 
(a) is balanced by the gravitational pull of moon 
(b) is balanced by the gravitational pull of sun 
(c) provides the necessary acceleration for its motion along the circular path 
(d) makes it weightless 


2. For the planet-sun system identify the correct statement. 
(a) the angular momentum of the planet is conserved about any point 


(b) the total energy of the system is conserved 
(c) the momentum of the planet is conserved 
(d) All of the above 


3. If the earth stops rotating about its axis, then the magnitude of gravity 
(a) increases everywhere on the surface of earth 
(b) will increase only at the poles 
(c) will not change at the poles 
(d) All of the above 


4. For a body to escape from earth, angle from horizontal at which it should be fired is 
(a) 45° 
(b) 0° 
(c) 90° 
(d) any angle 


10. 


11. 


12. 
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. The correct variation of gravitational potential V with radius r measured from the centre of 


earth of radius Ris given by 


V, 
(b) 
I 
O r= R P 
Vv 
(c) (d) None of these 
O r=R r 
. The Gauss’ theorem for gravitational field may be written as 
m m m 
(a) pg-ds=7 (b) - }g-dS =4nmG (©) pg-d8 = (d) - feds =" 


. In the earth-moon system, if 7, and T, are period of revolution of earth and moon respectively 


about the centre of mass of the system then 
(a) T, >T, (b) T, =T, (c) 7, <T, (d) Insufficient data 


. The figure shows a spherical shell of mass M. The point Ais not at the centre but M 


away from the centre of the shell. If a particle of mass m is placed at A, then 
(a) it remains at rest 

(b) it experiences a net force towards the centre 

(c) it experiences a net force away from the centre 

(d) None of the above 


. If the distance between the earth and the sun were reduced to half its present value, then the 


number of days in one year would have been 


(a) 65 (b) 129 
(c) 183 (d) 730 
The figure represents an elliptical orbit of a planet around sun. The planet R C 


takes time 7; to travel from Ato Band it takes time T, to travel from C to D. 
If the area CSD is double that of area ASB, then 


(a) T, =T, 
(b) T, =2T, 
(c) T, =05T, A 


(d) Data insufficient B 


At what depth from the surface of earth the time period of a simple pendulum is 0.5% more than 
that on the surface of the Earth? (Radius of earth is 6400 km) 
(a) 32 km (b) 64 km (c) 96 km (d) 128 km 


If M is the mass of the earth and R its radius, the ratio of the gravitational acceleration and the 
gravitational constant is 
2 


R M : M 
(a) uw (b) Re (c) MR (d) R 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


The height above the surface of earth at which the gravitational field intensity is reduced to 1% 
of its value on the surface of earth is 
(a) 100R, (b) 10R, (c) 99R, (d) 9R, 


For a satellite orbiting close to the surface of earth the period of revolution is 84 min. The time 
period of another satellite orbiting at a height three times the radius of earth from its surface 
will be 

(a) (84) 2V2 min (b) 8 (84) min 

(c) (84) 3V3 min (d) 3 (84) min 


The angular speed of rotation of earth about its axis at which the weight of man standing on the 
equator becomes half of his weight at the poles is given by 

(a) 0.034 rad s™ (b) 8.75 x 10*rads"! 

(c) 123 x 107rads™* (a) 7.65 x10-‘rads* 


The height from the surface of earth at which the gravitational potential energy of a ball of 
mass m is half of that at the centre of earth is (where R is the radius of earth) 


R R 3R 4R 
(a) £ (b) 3 (c) Ae (d) 3 


A body of mass m is lifted up from the surface of earth to a height three times the radius of the 
earth R. The change in potential energy of the body is 


(a) 3mgR (b) > mek 
(c) = mgR (d) 2mgR 


A satellite is revolving around earth in its equatorial plane with a period T. If the radius of 
earth suddenly shrinks to half without change in the mass. Then, the new period of revolution 
will be 

(a) 8T (b) 2/2 T 

(c) 27 (d) T 

A planet has twice the density of earth but the acceleration due to gravity on its surface is 
exactly the same as that on the surface of earth. Its radius in terms of earth’s radius R will be 

(a) Ri4 (b) RR 

(c) RB (a) RB 

The speed of earth’s rotation about its axis is @. Its speed is increased to x times to make the 


effective acceleration due to gravity equal to zero at the equator, then x is around (g= 10 ms 7; 
R= 6400 km) 

(a) 1 (b) 8.5 

(c) 17 (d) 34 

A satellite is seen every 6 h over the equator. It is known that it rotates opposite to that of 


earth’s direction. Then, the angular velocity (in radian per hour) of satellite about the centre of 
earth will be 


T Tt T Tt 
(a) 2 (b) 3 (c) x (d) 8 


For a planet revolving around sun, if a and 0 are the respective semi-major and semi-minor 
axes, then the square of its time period is proportional to 


(@) (* Hy b) (: - ai 


(c) B® (ad) a 


23. 


24. 


25. 


26. 


27. 
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The figure represents two concentric shells of radii R, and R, and masses M> 
M, and M, respectively. The gravitational field intensity at the point A at 
distance a(R, < a< R,)is 
G (M, + M,) GM, GM, (7 
a) ———_,-—_ b + = 
( ) a ( ) ae Re A < | 
(c) ays (d) zero 
a 


A straight tunnel is dug into the earth as shown in figure at a distance bfrom 
its centre. A ball of mass m is dropped from one of its ends. The time it takes ™ 
to reach the other end is approximately 

(a) 42 min (b) 84 min 


(c) 84 (3) min (d) 42 (2) min 


Three identical particles each of mass M are placed at the corners of an equilateral triangle of 
side /. The work done by external force to increase the side of triangle from / to 2/ is 


3 GM? ~3GM? 
(a) tae (b) a or 
3 GM? 3GM? 
= d 
(c) ar (d) ; 


A particle is thrown vertically upwards from the surface of earth and it reaches to a maximum 
height equal to the radius of earth. The ratio of the velocity of projection to the escape velocity 
on the surface of earth is 
(a) — (b) + (©) = (@) 

fi 2 4 2/2 
The gravitational potential energy of a body at a distancer from the centre of earth is U. Its 
weight at a distance 2r from the centre of earth is 

U U U U 
a) — b) — c) — d) — 
(a) — Pe Core (d) s 


Subjective Questions 


1. 


A particle of mass 1 kg is kept on the surface of a uniform sphere of mass 20 kg and radius 1.0 m. 
Find the work to be done against the gravitational force between them to take the particle away 
from the sphere. 


. What is the fractional decrease in the value of free-fall acceleration g for a particle when it is 


lifted from the surface to an elevation h? (h < < R) 


. Two masses m, and m, at an infinite distance from each other are initially at rest, start 


interacting gravitationally. Find their velocity of approach when they are at a distance r apart. 


. Ifa satellite is revolving close to a planet of density p with period T, show that the quantity pT” 


is a universal constant. 


. A satellite is revolving around a planet in a circular orbit. What will happen, if its speed is 


increased from vg to 


(a) V1.5 vp (b) 2u, 


. If the radius of the earth contracts to half of its present value without change in its mass, what 


will be the new duration of the day? 


272 © Mechanics - II 


7. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


Two concentric spherical shells have masses m,, my and radii R,, R,(R, < R,). Calculate the 
force exerted by this system on a particle of mass m, if it is placed at a distance ee from 


the centre. 


. Find the force of attraction on a particle of mass m placed at the centre of a semicircular wire of 


length Z and mass M. 


. A rocket is accelerated to speed uv = 2,/gR near the earth’s surface (R = radius of earth). Show 


that very far from earth its speed will be v= /2gR. 


Two spheres one of mass M has radius R. Another sphere has mass 4M and radius 2R. The 
centre to centre distance between them is 12R. Find the distance from the centre of smaller 
sphere where 


(a) net gravitational field is zero, 

(b) net gravitational potential is half the potential on the surface of larger sphere. 

A uniform solid sphere of mass M and radius a is surrounded symmetrically by a uniform thin 
spherical shell of equal mass and radius 2a. Find the gravitational field at a distance (a) 7 a 


from the centre, (b) ; a from the centre. 


The density inside a solid sphere of radius a is given by p = pya/r, where p, is the density at the 
surface and r denotes the distance from the centre. Find the gravitational field due to this 
sphere at a distance 2a from its centre. 


Two neutron stars are separated by a distance of 10/° m. They each have a mass of 10° kg anda 
radius of 10° m. They are initially at rest with respect to each other. 

As measured from the rest frame, how fast are they moving when 

(a) their separation has decreased to one-half its initial value, 

(b) they are about to collide. 

A mass m is taken to a height R from the surface of the earth and then is given a vertical 


velocity v. Find the minimum value of v, so that mass never returns to the surface of the earth. 
(Radius of earth is R and mass of the earth MV). 


In the figure masses 400 kg and 100 kg are fixed. 


<2m—> <2m—->- 
~ > 


10m 


(a) How much work must be done to move a 1 kg mass from point A to point B? 


(b) What is the minimum kinetic energy with which the 1 kg mass must be projected from A to the 
right to reach the point B ? 


Two identical stars of mass M orbit around their centre of mass. Each orbit is circular and has 
radius R, so that the two stars are always on opposite sides of the circle. 


(a) Find the gravitational force of one star on the other. 
(b) Find the orbital speed of each star and the period of the orbit. 
(c) What minimum energy would be required to separate the two stars to infinity ? 
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17. Consider two satellites A and B of equal mass, moving in the same circular orbit of radius r 
around the earth but in the opposite sense and therefore a collision occurs. 


(a) Find the total mechanical energy E, + Ep of the two satellite-plus-earth system before collision. 
(b) If the collision is completely inelastic, find the total mechanical energy immediately after 
collision. Describe the subsequent motion of the combined satellite. 


18. In a certain binary star system, each star has the same mass as our sun. They revolve about 
their centre of mass. The distance between them is the same as the distance between earth and 
the sun. What is their period of revolution in years ? 


19. (a) Does it take more energy to get a satellite upto 1500 km above earth than to put it in circular 


orbit once it is there. 
(b) What about 3185 km? 
(c) What about 4500 km? (Take R, = 6370 km) 


LEVEL 2 


Objective Questions 
Single Correct Option 


1. An artificial satellite of mass mis moving in a circular orbit at a height equal to the radius R of 
the earth. Suddenly due to internal explosion the satellite breaks into two parts of equal pieces. 
One part of the satellite stops just after the explosion. The increase in the mechanical energy of 
the system due to explosion will be 
(Given, acceleration due to gravity on the surface of earth is g) 


(a) mgR o) mE 

mgR 38mgR 

“et qd) 2te* 
(c) Fi (d) i 

2. Gravitational field at the centre of a semicircle formed by a thin wire ABof mass M and length / 
1s 
Ay 
eee Caras 
A oO B x 
(a) ws along x-axis (b) a along y-axis 
T 

(c) oe along x-axis (d) aie along y-axis 


3. Four particles, each of mass M, move along a circle of radius R under the action of their mutual 
gravitational attraction. The speed of each particle is 


GM 
(a) — (b) 2/2 = 


GM 2J2+1 
R 4 


\ 
() zp @V2 +1) (d) \ 
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4. 


10. 


A projectile is fired from the surface of earth of radius R with a velocity ku, (where v, is the 
escape velocity from surface of earth and k< 1). Neglecting air resistance, the maximum height 
of rise from the centre of earth is 


as 2 
@) (b) RR 
R 


. Suppose a vertical tunnel is dug along the diameter of earth, which is assumed to 


be a sphere of uniform mass density p. If a body of mass m is thrown in this tunnel, y i °m 
its acceleration at a distance y from the centre is given by 


(a) = Goym (b) xp 


() 5 (a) 5 xGpy 


. A train of mass m moves with a velocity v on the equator from east to west. If@ is the angular 


speed of earth about its axis and Ris the radius of the earth then the normal reaction acting on 
the train is 


[ @R-2v0 v | [ @R-v)o v? | 
(a) mg Re | (b) mg le 2 - Re | 
[ @R+2u0 v | [ @R-vo vw! 
(c) mg |’ Re | (d) mg 5 2 . Re | 


. The figure represents a solid uniform sphere of mass M and radius R. A spherical 


cavity of radius r is at a distance a from the centre of the sphere. The gravitational 


field inside the cavity is Vek 
(a) non-uniform (b) towards the centre of the cavity R 
(c) directly proportional to a (d) All of these 


. Ifv,is the escape velocity for earth when a projectile is fired from the surface of earth. Then, the 


escape velocity if the same projectile is fired from its centre is 


(a) f v, ) 2», 


2 
©) fee (a) =u, 


. If the gravitational field intensity at a point is given by g= se Then, the potential at a 
pe 


distance r is 


-2GM -GM 
@) 5 0) 

2GM GM 
©) @ 


Three identical particles each of mass M move along a common circular path of radius R under 
the mutual interaction of each other. The velocity of each particle is 


GM {2 GM 
@ Te V3 © Vr 
GM 2GM 
© Var O V3 
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11. If T be the period of revolution of a planet revolving around sun in an orbit of mean radius R, 
then identify the incorrect graph. 


q2 T2/3 
(a) f (b) 
R83 
T2 . 


(c) 
(d) None of these 
1/R° 
12. A person brings a mass of 1 kg from infinity to a point A. Initially, the mass was at rest but it 
moves at a speed of 3 m/s as it reaches A. The work done by the person on the mass is — 5.5 J. 
The gravitational potential at Ais 


(a) —1 J/kg (b) — 4.5 J/kg (c) — 5.5 J/kg (d) — 10 J/kg 
13. With what minimum speed should m be projected from point C in Vinin 
presence of two fixed masses M each at A and Bas shown in the figure mA30° 
such that mass m should escape the gravitational attraction of A and B? xs 
2GM 2/2GM a 
(a) "R (b) R J | R % 
GM GM M/ 1 \M 
balers as a Ld) ee 54 
(©) 2) (d) 2v2 = hae ae: 


14. Consider two configurations of a system of three particles of masses m, 2m and 3m. The work 
done by gravity in changing the configuration of the system from figure (i) to figure (ii) is 


3m 
2m 
a f \ 
2m 
n <——— > a 
a 3m 


a 
(i) (ii) 


6 Gm? 1 6 Gm? 1 6 Gm? 1 
(a) zero (b) - {1 + a (c) a i _ = (d) = 2 = =} 


15. A tunnel is dug along the diameter of the earth. There is a particle of mass m at the centre of the 
tunnel. Find the minimum velocity given to the particle so that is just reaches to the surface of 
the earth.(R = radius of earth) 


GM 
VR 
GM 
) Jon 
2GM 
OTR 


(d) it will reach with the help of negligible velocity 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 


A body is projected horizontally from the surface of the Earth (radius = R) with a velocity equal 
to n times the escape velocity. Neglect rotational effects of the earth. The maximum height 
attained by the body from the earth’s surface is R/2. Then, n must be 

(a) 06 (b) (W3)/2 (c) 04 (d) 1/2 


A tunnel is dug in the earth across one of its diameter. Two masses m and 2m are dropped from 
the two ends of the tunnel. The masses collide and stick each other. They perform SHM, the 
amplitude of which is (R = radius of earth) 

(a) R (b) R/2 (c) RB (d) 2R/3 


There are two planets. The ratio of radius of the two planets is k but ratio of acceleration due to 
gravity of both planets is g. What will be the ratio of their escape velocity? 
(a) (kg) (b) (key? (c) (kg)” (a) (kg)? 


A body of mass 2 kg is moving under the influence of a central force whose potential energy is 
given by U = 2r° J. If the body is moving in a circular orbit of 5 m, its energy will be 

(a) 625 J (b) 250 J (c) 500 J (d) 125 J 

A research satellite of mass 200 kg circles the earth in an orbit of average radius 3R/2, where R 
is the radius of the earth. Assuming the gravitational pull on the mass of 1 kg on the earth’s 
surface to be 10 N, the pull on the satellite will be 

(a) 1212N (b) 889 N (c) 1280 N (a) 960 N 


A satellite of mass m revolves around the earth of radius R at a height x from its surface. If gis 
the acceleration due to gravity on the surface of the earth, the orbital speed of the satellite is 


gR gR” gR” 
(a) Jgex os ame (c) Noe @ Ie 


A solid sphere of uniform density and radius R applies a 

gravitational force of attraction equal to /, on a particle placed at 

P, distance 2R from the centre O of the sphere. A spherical cavity 

of radius R/21is now made in the sphere as shown in figure. The { = g [4_-----»|«------ >p 
sphere with cavity now applies a gravitational force Ff, on same R 
particle placed at P. The ratio F,/ F, will be 

(a) 1/2 (b) 7/9 

(c) 3 (d) 7 


More than One Correct Options 


1. 


Three planets of same density have radii R,,R, and R, such that R, = 2R,=3R,. The 
gravitational field at their respective surfaces are g,, g. and g, and escape velocities from their 
surfaces are U,, VU. and vs, then 

(a) 8/8, =2 (b) 81/83 =3 

(c) v,/v, = 1/4 (d) u,/v3 =3 


. For a geostationary satellite orbiting around the earth identify the necessary condition. 


(a) it must lie in the equatorial plane of earth 
(b) its height from the surface of earth must be 36000 km 


(c) it period of revolution must be 27 fe where RF is the radius of earth 
gs 


(d) its period of revolution must be 24 hrs 
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3. A ball of mass m is dropped from a height / equal to the radius of the earth above om 
the tunnel dug through the earth as shown in the figure. Choose the correct i 
options. (Mass of earth = M) 

(a) Particle will oscillate through the earth to a height h on both sides R” 
(b) Particle will execute simple harmonic motion , 
(c) Motion of the particle is periodic 

: . 2GM 
(d) Particle passes the centre of earth with a speed v= -—s 

4. Two point masses mand 2mare kept at points Aand Basshown. ™ 2m 
Erepresents magnitude of gravitational field strength andV the a 2 
gravitational potential. As we move from Ato B 
(a) E will first decrease then increases (b) E will first increase then decrease 
(c) V will first decrease then increase (d) V will first increase then decrease 

5. Two spherical shells have masses m and 2m as shown. Choose the correct 2m 
options. 


(a) Between A and B gravitational field strength is zero 

(b) Between A and B gravitational potential is constant 

(c) There will be two points one lying between Band C and other lying 
between C and infinity where gravitational field strength are same 

(d) There will be a point between Band C where gravitational potential 
will be zero 


6. Four point masses are placed at four corners of a square as shown. When positions of m and 2m 
are interchanged 


4m 3m 


m 2m 


(a) gravitational field strength at centre will increase 

(b) gravitational field strength at centre will decrease 

(c) gravitational potential at centre will remain unchanged 
(d) gravitational potential at centre will decrease 


7. Two identical particles 1 and 2 are projected from surface of earth with same velocities in the 
directions shown in figure. 
| 


(a) Both the particles will stop momentarily (before striking with ground) at different times 
(b) Particle-2 will rise upto lesser height compared to particle-2 

(c) Minimum speed of particle-2 is more than that of particle-1 

(d) Particle-1 will strike the ground earlier 
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8. A planet is moving round the sun in an elliptical orbit as shown. As the planet moves from A to 


B 
B 


A 


Planet 


(a) its kinetic energy will decrease 

(b) its potential energy will remain unchanged 

(c) its angular momentum about centre of sun will remain unchanged 
(d) its speed is minimum at A 


9. A satellite of mass m is just placed over the surface of earth. In this position mechanical energy 
of satellite is Z,. Now it starts orbiting round the earth in a circular path at height h = radius of 
earth. In this position, kinetic energy, potential energy and total mechanical energy of satellite 
are K,,U, and E, respectively. Then 
(a) een (b) peal (c) K,=-E, (d) K,=-— 

2 4 2 
10. A satellite is revolving round the earth in circular orbit 
(a) if mass of earth is made four times, keeping other factors constant, orbital speed of satellite 
will become two times 
(b) corresponding to change in part (a), times period of satellite will remain half 
(c) when value of G is made two times orbital speed increases and time period decreases 
(d) Ghas no effect on orbital speed and time period 


Match the Columns 
1. There is a small hole in a spherical shell of mass M and radius R. A particle 


Aqm 
of mass m is dropped from point Aas shown. Match the two columns for the ! 
situation shown in figure. a! 
1 
Column I Column II 
1 
(a) Potential energy from A to B (p) Continuously increases 
(b) Potential energy from BtoC (q) Continuously decreases 1C/M,R 
(c) Speed of particle from B to C (vr) First increases then 


remains constant 


(d) Acceleration of particle from A to | (s) None of these 
C 


2. Five point masses m each are placed at five corners of a regular pentagon. Distance of any 
corner from centre isr. Match the following two columns. 


Column I Column II 
(a) Gravitational field strength at centre (p) GmIir? 
(b) Gravitational potential at centre (q) 4Gm/r 


(c) When one mass is removed gravitational | (r) zero 
field strength at centre 

(d) When one mass is removed gravitational (s) None of these 
potential at centre 
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3. | Potential | on the surface of a solid sphere is x and radius is y. Match the following two 


columns. 
Column I Column II 
(a) Field strength at distance 2 from centre (p) _* 
2y 
: . y x 
(b) | Potential | at distance a from centre (q) Fi 
(c) Field strength at distance y/2 from centre (r) rm 
J 
(d) | Potential | at distance 2y from centre (s) None 


4. Match the following two columns. 


Column I Column II 
(a) Work done is raising a mass m toa heighth=R (p) - mgR 
4 
(b) Kinetic energy of a satellite of mass m at height (q) mgR 
h=R 


1 
(c) Difference in energies of two satellites each of mass | (r) —mgR 
m but one at height h, = Rand another of height 2 
hy=2R 


(d) Kinetic energy required to raise a particle of mass | (s) None 
m toa height h = Rif projected vertically from 
surface of earth. 


5. Match the following two columns. 


Column I Column II 


(a) Gravitational field strength is maximum at | (p) r=0 


(b) Gravitational field strength is zero at (q) r=R 
aoe re (r) ._ #& 
(c) Gravitational potential is minimum at c= Yo 
(d) Gravitational potential is zero at (s) None of these 


Here, r is distance from centre of a solid sphere or distance from centre of a ring along its 
axls. 


Subjective Questions 


1. Three particles of mass m each are placed at the three corners of an equilateral triangle of side 
a. Find the work which should be done on this system to increase the side of the triangle to 2a. 


2. A man can jump vertically to a height of 1.5 m on the earth. Calculate the radius of a planet of 
the same mean density as that of the earth from whose gravitational field he could escape by 
jumping. Radius of earth is 6.41 x 10° m. 
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3. An artificial satellite is moving in a circular orbit around the earth with a speed equal to half 
the magnitude of escape velocity from the surface of earth. (Radius of earth = 6400 km) 
(a) Determine the height of the satellite above the earth’s surface. 
(b) If the satellite is stopped suddenly in its orbit and allowed to fall freely on the earth, find the 
speed with which it hits the surface of earth. 


4. A uniform metal sphere of radius R and mass m is surrounded by a thin uniform spherical shell 
of same mass and radius 4R. The centre of the shell C falls on the surface of the inner sphere. 
Find the gravitational fields at points A and B. 


B 
AC=3R, BC=5R 
5. Figure shows a spherical cavity inside a lead sphere. The surface of the <«—_g—_> 
cavity passes through the centre of the sphere and touches the right side 
of the sphere. The mass of the sphere before hollowing was M. With what 
gravitational force does the hollowed out lead sphere attract a particle of | pA J we 


mass m that lies at a distance d from the centre of the lead sphere on the 
straight line connecting the centres of the spheres and of the cavity. 


6. The density of the core of a planet is p, and that of the outer shell is py, the radii of the core and 
that of the planet are R and 2R respectively. The acceleration due to gravity at the surface of the 


planet is same as at a depth R. Find the ratio of Pa 
Po 


iS 


7. If a satellite is revolving around a planet of mass M in an elliptical orbit of semi-major axis a. 
Show that the orbital speed of the satellite when it is at a distance r from the focus will be given 
by 


8. A uniform ring of mass m and radius ais placed directly above a uniform sphere of mass M and 
of equal radius. The centre of the ring is at a distance 3a from the centre of the sphere. Find 
the gravitational force exerted by the sphere on the ring. 


9. Distance between the centres of two stars is 10a. The masses of these stars are M and 16M and 
their radii a and 2a respectively. A body of mass m is fired straight from the surface of the 
larger star towards the smaller star. What should be its minimum initial speed to reach the 
surface of the smaller star? Obtain the expression in terms of G, M and a. 


10. 


11. 


12. 


13. 


14. 
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A smooth tunnel is dug along the radius of earth that ends at centre. A ball is released from the 
surface of earth along tunnel. Coefficient of restitution for collision between soil at centre and 
ball is 0.5. Calculate the distance travelled by ball just before second collision at centre. Given 
mass of the earth is M and radius of the earth is R. 


Inside a fixed sphere of radius R and uniform density p, there is spherical cavity of radius a 


such that surface of the cavity passes through the centre of the sphere as shown in figure. A 
particle of mass mz, is released from rest at centre B of the cavity. Calculate velocity with which 
particle strikes the centre A of the sphere. Neglect earth’s gravity. Initially sphere and particle 
are at rest. 


A ring of radius R = 4m is made of a highly dense material. Mass of the ring is m, = 5.4x 10°kg 
distributed uniformly over its circumference. A highly dense particle of mass m, = 6 x 10° kg is 
placed on the axis of the ring at a distance x, = 3m from the centre. Neglecting all other forces, 
except mutual gravitational interaction of the two. Calculate 

(i) displacement of the ring when particle is at the centre of ring, and 

(ii) speed of the particle at that instant. 


Two planets of equal mass orbit a much more massive star (figure). Planet m, moves in a 
circular orbit of radius 1 x 10° km with period 2 yr. Planet My moves in an elliptical orbit with 
closest distance r, = 1x 10° km and farthest distance r, = 1.8 x 10° km, as shown. 


sot nh 
7 , Star, % 
Aix—2 +—>' P 
7" = 
wuts, citioeet 


(a) Using the fact that the mean radius of an elliptical orbit is the length of the semi-major axis, find 
the period of m,’s orbit. 


(b) Which planet has the greater speed at point P ? Which has the greater total energy ? 

(c) Compare the speed of planet m, at P with that at A. 

In a double star, two stars one of mass m, and another of mass my, with a separation d, rotate 
about their common centre of mass. Find 

(a) an expression for their time period of revolution. 

(b) the ratio of their kinetic energies. 

(c) the ratio of their angular momenta about the centre of mass. 

(d) the total angular momentum of the system. 

(e) the kinetic energy of the system. 


Answers 


Introductory Exercise 13.1 
V3 GM? 4/2 Gm? 
2 2. 2 
4a a 


V2+4+1 
V2 


2 
1. 3. a= 5.3x107° ms*, a, = 2.65x107° ms? 4, ( \Se (along PB) 


Introductory Exercise 13.2 


1. 4.9ms* — 2. (a) 2.45 ms~* (b) 4.9 ms~* 3. ee where R is the radius of earth 4. 
-0.0168 ms 
5. 1600km 6. 7.8x 10 rad/s 7.997 N 8. 1.237 x 10°? rad/s, 84.6 min 
9. Approximately 10 km 
Introductory Exercise 13.3 
1. =2GM ; eam 2: = em zero 3: mn ; ull 4. =< 5. 200 N/kg along +x- direction 
a a a a a 


Introductory Exercise 13.4 
1. -[6xyi+ (3x? + 3y2z)j+ yk] 2. False 3.10/2N 4. zero 


Introductory Exercise 13.5 


2 
1. 2.1x10% ms and42x10°m/s 2, —47 (4472) 3.2mgR  5.2.51x10*km 6.7.9 km/s 
a 


Mle 


Introductory Exercise 13.6 
1. mgR 2. 11.2 km/s 3. (a) No (b)-E, 


Introductory Exercise 13.7 
1. No 2.56/2h 3.2:1,2:1 


3/2 
4. (a) 6.90 km/s (b) 2.38 x 10!° J (c) -4.76 x 10!° J with usual reference (d) fa (24) h 


106 
5. (a)9.6x10!J (b) 1.07 x 10! J 


Exercises 
LEVEL 1 


Assertion and Reason 
1. (b) 2. (b) 3. (b) A. (d) 5. (d) 6. (d) 7. (d) 8. (a) 9.(c) 10. (b) 
11. (d) 


Single Correct Option 
l(c) 2.(b+) 3.(c) 4) 5.(d) 6 (b) 7. (b+) 8 (a) 9b) 10. (Cc) 
11. (b) 12. (b) 13.(d) 14. (b) 15. (6) 16. (b) 17. (c) 18. (4) 19% (6) 20. (c) 
21. (c) 22.(d) 23. (c) 24.(a) 25. (c) 26.(a) 27. (c) 
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Subjective Questions 


1. 1.334x 10° J 2, --2(2) 3, [25 m+ Mm) 
& r 


5. (a) Orbit will become elliptical (b) The satellite will escape 
4Gmm — g 2nGMm 


6. 6h Tf = 10. (a) 4R (b) 7.65 Rand 1.49 R 


4GM 


oe (towards the centre) (b) 8GM (towards the centre) 12. GPa 
a 


11. (a) oe 5 


13. (a)81.6km/s (b)1.8x104kms? 14. v= ee 


15. (a)7.5x 10° (b)8.17x 107° 


_ GM? _ {GM 4nR3/? GM? -GMm -2GMm 
16. (a) F or: (b) v ie Tein (c) 7B 17. (a) ; (b) ; 
18. 0.71 yr 19. (a) No (b) Same (c) Yes 
LEVEL 2 


Single Correct Option 
1@ 2@ 32@ 4© 5.(d) 6.(a) 7. (c) 8 (a) 9 (a) 10. (b) 
11. (4d) 12.(d) 13. (6b) 14.(c) 15.(a)) «16. (a) «17. (ce) S18. (dd) 19. (a)_~—.20.. (b) 
21:(d)° 22. (b) 


More than One Correct Options 


1. (a,b,d) 2. (a,b,d) 3. (a,c,d) 4. (a,d) 5. (a,b,c) 6. (a,c) 7. (b,c,d) 
8. (c,d) 9. (all) 10. (a,b,c) 


Match the Columns 

(ayo q (b)> s (c)> s (dj> r 
(ayo r (b)> s (c)> p (d)> s 
(ay> r (b)> s (c)>p (d)> q 
(ayo r (b)> p (c)> s (d)> r 
(aj> qr (b)>p (c)> p (d)> s 


og Pwn Pe 


Subjective Questions 


2 
1, SGM 2. 3.1x 108m 3. (a) 6400km (b)7.92kms? 4, GM _O1Gm 
2a 16R2’ 900R 
5, amy 1 |g. 73 a, Y30Mm —g 3 [BEM ag. ge ap 
a | 8d-R/20)7| Ba 2V a 


11. iS nGpR2 12. (i) 0.3m (ii) 18 cm/s 


13. (a) 3.31 yr (b) m, has greater speed and greater total energy (Cc) vp = 1.8v, 
8 
14. (a) 2n d (b) ™ (cy ™ (A) pod? 
G(m + m,) m, m 


(e) Sn0??, where uw is the reduced mass and @ the angular velocity. 


A 


Simple Harmonic 
Motion 


Chapter Contents 


14.1 
14.2 
14.3 
14.4 
14.5 
14.6 


Introduction 

Displacement Equation of SHM 

Time Equation of SHM 

Relation between SHM and Uniform Circular Motion 
Methods of Finding Time Period of a SHM 

Vector Method of Combining Two or More SHM 
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14.1 Introduction 
Following are given some general points regarding motion, periodic motion and simple harmonic 
motion (SHM): 
1. In general, motion of a body (or its path) depends on two factors: 
(i) the nature of force (or acceleration) of the body and 

(ii) its velocity 

For example 

A constant force or constant acceleration always gives a straight line or parabolic path. If initial 


velocity is zero or parallel (or antiparallel) to constant acceleration then path is straight line. In all 
other cases, path is a parabola. For small height, acceleration due to gravity (a =g) is constant. 


So, path is either straight line or parabola. 


u=0 
1 


Fig. 14.1 


If force of constant magnitude is acting on a particle and its direction is v4 
always perpendicular to velocity, then path is circular motion in which “4 
speed is constant. This is also called uniform circular motion. 


2 
IF, | = IF, | = IF, | = IF, | = ae = centripetal force 


V2 


lv, |=|v,|=|v;|=|v,|=v = speed of the particle. Wa 


Now let us consider a particle free to move along x-axis, which is being Fig. 14.2 

acted upon by a force given by, 
F=-kx" 

Here, k is a positive constant. 

Now, following cases are possible depending on the value of 77 : 

(i) If is an even integer (0, 2, 4, ... etc), force is always along negative x-axis. If the particle is 
released from any position on the x-axis (except at x =0) a force in negative direction of 
x-axis acts on it and it moves rectilinearly along negative x-axis. 

(ii) If n is an odd integer (1, 3, 5, ... etc), force is along negative x-axis for x >0, along positive 
x-axis for x <0 and zero for x =0. Thus, the particle will oscillate about stable equilibrium 
position (also called the mean position), x =0. The force in this case is called the restoring 
force. Of these, if n =1, 1.e. F =— kx the motion 1s said to be SHM. 

2. In every oscillatory motion, there is one mean position (or stable equilibrium position) and two 
extreme positions. 
3. Distance between mean position and the extreme position is called amplitude of oscillation A. 


10. 


11. 


12. 
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Oscillations does not start by itself. Normally the body has to be displaced from the mean position. 
In this displacement F' =— kx type force opposes the motion. So, work has to be done against this 
force which remains stored in the system in the form of mechanical energy. In the absence of any 
dissipative forces (like friction or viscous force) this mechanical energy remains constant. While 
moving from extreme positions to mean position potential energy decreases and kinetic energy 
increases but total mechanical energy remains constant. Similarly, in moving from mean position 
to extreme positions potential energy increases and kinetic energy decreases. 


The more the initial displacement from the mean position, more is the amplitude, more is the 
initial work done and more is the mechanical energy given for oscillations. 


Like any other motion, SHM is also a motion. So, basic characteristics of any motion 


(like v =< a a etc.) can also be applied to SHM. 


In most of the motions, displacement of the particle is measured from the starting point (t =0). But 
in SHM displacement is normally measured from the mean position and it is denoted by x 

(or y). 

At mean position, x =0, F =0, a=0 

v=maximum, kinetic energy = maximum and potential energy is minimum (not necessarily zero) 
At extreme positions, x =+ A, F = maximum, a= maximum, kinetic energy =0 and potential 
energy = maximum. 

SHM is called simple harmonic motion because its mathematics is simple. Mathematics of 
periodic motion of higher powers (n = 3, 5, 7 ete in F =—kx") is slightly complex. This is the 
reason, we study only simple harmonic oscillatory motion at this stage. 

In SHM, we shall discuss x, A, v, a, F, K, U, E, T, fand @. Here, 

x= displacement from the mean position 

A=amplitude of oscillations 

v=velocity (or speed) 

a=acceleration 

F = force 

K=kinetic energy 

U = potential energy 

£=total mechanical energy 

T =time period of oscillations 

f = frequency of oscillations and 

@ = angular frequency of oscillations. 

SHM may be linear or angular. For example, motion of a pendulum for small amplitudes is 
angular SHM and motion of spring block system is linear SHM. 

Like any other motion, equations of SHM can be written in terms of its displacement 

(v? =u? +2as) or time (v=u+at). The only difference is, in most of the equations of SHM ‘x’ is 
measured from the mean position. 
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14.2 Displacement Equations of SHM 


In most of the equations of SHM displacement will be represented by x, where x = displacement from 


the mean position. 


Force Equation As we have discussed earlier also, 


F=—-Kx 


is the force required for a particle to execute SHM. This type of force is obtained when a block is 
attached with a spring. Therefore, motion of block with a spring is always SHM. 


Following are given some important points in this equation : 
(i) x varies between + A and — A 


(ii) F -x graph is a straight line passing through x =0 or the mean position (not necessarily the origin) 


Fig. 14.3 


Atx=1A,F =7 KA 
(iii) F =0 at x=0 or at the mean position 
(iv) \F | max =A at x=+ A or at the extreme positions. 


(v) F«-x 
—_ x i, 
| 
a o -. +A 
x 
a 
-A =P O +A 
Fig. 14.4 


Here, negative sign implies that direction of F and x are always opposite or direction of force is 
always towards the mean position. Hence, it is always restoring in nature. 


Further, magnitude of force is proportional to magnitude of x. It means magnitude of force varies 
linearly with magnitude of x. If magnitude of x is doubled then magnitude of force will also 


become two times. 
(vi) tan 8 = slope of F - x graph =— K 
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Acceleration Equation 


K [K 
Here, @? =— or w@=,|/— 
m m 


Following are given some important points in above two equations: 
[K : ‘ 
(i) ®@=,/— is called angular frequency of SHM. Later we will see that most of the equations of 
m 


SHM can be derived from uniform circular motion. Angular frequency of SHM is similar to 
angular speed @ of uniform circular motion. At both places we can find time period 7 and 


frequency f from . 
[K es) 
O=,/— =— 
m T 


T=2n {c (in SHM) 
K 


(ii) a-x graph is a straight line passing through x =0 or the mean position. 


a=-— 2x 


tanB =Slope=-@7 => Atx=tA,a=F A 


(iii) a=0 at x =0, or at the mean position. 
(iv) | a le =" Aatx=+A or at extreme positions. 


(v) ax-x 
So, direction of ‘a’ is always opposite to the direction of x 


-A Q@ “a +A 
x 
ge 
-A —a O +A 
Fig. 14.6 


or acceleration is always towards the mean position. Further, magnitude of ‘a’ is directly proportional 
to (linear variation) magnitude of ‘x’. 
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Velocity Equation v-x graph in SHM is given by 


veto, A? -x? 


Note We will derive this v-x equation in example 14.7. 


Following are given some important points in this equation: 
(i) The given equation can be written as 


y x? 3 
eo aa 
ow” (1) 
Therefore, v- x graph is an ellipse as shown below. 
AV 
+o0A v=+q@VA2-— x2 
A +A 
—@A 
Fig. 14.7 


(ii) v=0O at x=+ A or at extreme positions. 
(iii) v=+@A or | v | max =A at x=0, or at the mean position. 


(iv) For upper half of the ellipse velocity is positive (when the body is moving from —A to +A). 
For lower half of the ellipse velocity is negative (when the body is moving from +A to —A). 


(v) At mean position (or x =0), velocity is +@A when the body is moving towards +A and velocity is 
—@A when the body is moving towards — A. 


Energy Equations 
Total Mechanical Energy 


As we have discussed earlier also, at mean position potential energy is minimum (say U,). This 
minimum potential energy U, may be zero, positive or negative. If not given in the question then we 
will take is zero. Now, suppose W is the work done in displacing the body from x =0 to x= A. Then, 
total mechanical energy is now E=W-+ U,. Let us start with an example of spring-block system kept 
at height A, so that the block has already a potential energy, U, =mgh at mean position or natural 
length of spring where F =0. 


Up = mgh 
TITITITTTITITITIVITITITITITITTTTTITITTTTTIT TTT TT TTT TTT 
Fig. 14.8 


Now, the block is displaced upto x= A. Work done (by external agent) in this displacement (against 
1 
the spring force — kx) is W= 5 KA’. 
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.. Total mechanical energy E=U,)+Ww 
_ a i 2 42 2_K Sey! 
or et i eye em A (as o~ =— or K=mO°) 
m 


Note (i) Inthe above discussion, Up is positive as the spring block system is kept at some height. This value will be 
zero if the system is kept on ground. In some cases, it may be negative also. 
(ii) In the absence of any dissipative forces, this total mechanical energy remains constant at every point 
between +A and -A. 


At extreme positions, kinetic energy is zero. So, total mechanical energy is in the form of potential 
energy. 


1 
E=U =Ug+5KA : 
1 
or Uyt+ 5 mo A” 
1 1 
At mean position, potential energy is minimum or Uy and the kinetic energy is a or 5 mo? A’. 


1 1 
Thus, U, is present at every point. This is initial work done n(- - KA? or 5 mo A* ) 


which changes between potential and kinetic energies. This is also called energy of oscillation. At 
mean position, it completely converts into kinetic energy and at extreme positions it converts into 
potential energy. 


Potential Energy From Fig. 14.8, we can see that, at a general displacement x (from the mean 
position) the potential energy is 


: : 1 1 
U=U,+Spring potential energy or U=U, +5 Kx =U, +5morx? 


Kinetic Energy Here, let us call it T as we are using K for spring constant of spring. 
At a general displacement x, 
T=E-U 


1 i 
= U9 + KA? }- Uy += Kx’ 
2 2 
1 1 
T=5K (A? —x°)=>mo’(A*—x") 


Note At some places kinetic energy may be represented by K and force constant by k. 


Alternate Method 
1 1 
=m =e wy A? =x" | 


=F m0?(4? i) 
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Graphs The three equations of total mechanical energy, potential energy and kinetic energy are 

1 1 

E=U)+~K A? =U) +=mo’A’ 
2 2 
Lg 1 2.2 

U=U)+-Kx* =Uy+=mo'x 
2 2 

a! a ee 
saa —Xx a (A -x") 


Fis aconstant function. U -x and T -x graphs are parabolas as shown in the Fig.14.9. 
At mean position (x =0) 


1 
E=U)+~KA’ 
2 
U =U, =minimum value and 
1 
T= ao ° — maximum value. 
At extreme positions (x =+ A) 
1 
E=U,)+—KA’ 
2 
a) : 
U=Uy)+ 5 KA“ =maximum value 


and T=0 


The three graphs are as shown in figure. 


Fig. 14.9 


© Example 14.1 Describe the motion of a particle acted upon by a force 
@) F=- Ax - 2)° 
(ii) F = — Ax - 2)? 
(iii) F = — 2x - 2) 
Solution (i) F =-2(x-2) 
F=0 at x=2 
Force is along negative x-direction for x > 2 and it is along positive x-direction for x< 2. 
Thus, the motion of the particle is oscillatory (but not simple harmonic) about x = 2. 


(11) F' = O for x = 2, but force is always along negative x-direction for any value of x except at 
x = 2. Thus, the motion of the particle is rectilinear along negative x-direction provided it is 
not kept at rest at x = 2. 


(iii) Let, us take x — 2= X, then the given force can be written as, 
F=-2X 


This is the equation of SHM. Hence, the particle oscillates simple harmonically about X = 0 
or x= 2, 
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© Example 14.2. Maximum acceleration of a particle in SHM is 16 cm/s” and 
maximum velocity is 8 cm/s. Find time period and amplitude of oscillations. 


Solution Q max = w* A=16cm/s ..-(i) 
Umax =O A=8cm/s .. (ii) 
Solving Eqs. (i) and (ii), we get 
A=4cm Ans. 
and @ =2rad/s 
Now, poe. 
o 2 
or T=3.14s Ans. 


© Example 14.3 F -x equation of a body in SHM is 
F+4x=0 
Here, F is in newton and x in metre. Mass of the body is 1 kg. Find time period of 
oscillations. 


Solution The given equation can be written as 


F=-4x 

Comparing this equation with the standard equation of SHM or 
F=-kKx 

we get K=4N/m 


Now, T=2n {t 


K 
I 
=2n iD =(t)s Ans. 


© Example 14.4 A linear harmonic oscillator has a total mechanical energy of 
200 J. Potential energy of it at mean position is 50 J. Find 
(i) the maximum kinetic energy, 
(ii) the minimum potential energy, 
(iii) the potential energy at extreme positions. 


Solution At mean position, potential energy is minimum and kinetic energy is maximum. 
Hence, 


U min = 50I (at mean position) 
and K max =E —U min = 200-50 
=150J (at mean position) 


At extreme positions kinetic energy is zero and potential energy is maximum 
U max = E 


max 


= 200J (at extreme position) 
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© Example 14.5 A particle executes SHM. 
(a) What fraction of total energy is kinetic and what fraction is potential when 
displacement is one half of the amplitude? 
(6) At what value of displacement are the kinetic and potential energies equal? 
Solution Here, let us take minimum potential energy at mean position 
U, =0 


We know that total = : mo? A? 


KE= + mo" (A? —x?) and U=5 mos? 


(a) When x= = 
2 
2 
2 4 
=> aE mo Ans, 
EF rotat 4 
2 
At x= a 7 = J mo a 
2: 2 4 
=> e = Ls Ans, 
EF total 4 
(b) Since, K=U 
= mw? (A? — x? )=— mo x? 
2 2 A 
or 2x° = A“ or x=—==0.707A Ans. 
2 


© Example 14.6 The potential energy of a particle oscillating along x-axis is 
given as 
U = 20+ (x — 2)? 
Here, U is in joules and x in metres. Total mechanical energy of the particle is 36 J. 
(a) State whether the motion of the particle is simple harmonic or not. 
(b) Find the mean position. 
(c) Find the maximum kinetic energy of the particle. 
Solution (a) F=- gu =— 2(x- 2) 
dx 
By assuming x — 2= X, we have F=-2X 
Since, Fau-X 
The motion of the particle is simple harmonic. 
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(b) The mean position of the particle is X¥ = Oor x — 2= 0, which gives x = 2m. 
(c) Maximum kinetic energy of the particle is, 
K ax HE —U pin = 36—- 20= 165 


Note U,,,, is 20/ at mean position or at x =2 m. 


INTRODUCTORY EXERCISE 


1. a-x equation of a particle in SHM is a+4x =0 


Here, ais in cm/s? and x in cm. Find time period in seconds. 


2. Atx = =, what fraction of the mechanical energy is potential? What fraction is kinetic? Assume 


potential energy to be zero at mean position. 


3. Acart of mass 2.00 kg is attached to the end of a horizontal spring with force constant 
k =150N/m. The cartis displaced 15.0 cm from its equilibrium position and released. What are 


(a) the amplitude (b) the period (c) the frequency (d) the mechanical energy (e) the 
maximum velocity of the cart? Neglect friction. 


4. A0.5 kg body performs simple harmonic motion with a frequency of 2 Hz and an amplitude of 
8 mm. Find the maximum velocity of the body, its maximum acceleration and the maximum 
restoring force to which the body is subjected. 


5. Can we use the equation v =u + at in SHM or not ? 


14.3 Time Equations of SHM 


In one dimensional motion, if acceleration as a function of time is given, then by integrating 
a -t equation we can make v-¢ equation. By further integrating v - t equation we can make s-t or 
x-¢ equation. 

Meaning of General Solution 


In one dimensional motion, if a= constant then general solution of v -¢ equation is (which can be 
obtained by integrating a - t equation) 


v=utat 
In this equation, uv and a are constants but v and ¢ are variables. In different problems, values of these 
constants u and a are different but basic nature of all v- ¢ equations are same. Here, the basic nature is 
linear equation in v and ¢ or straight line graph between v and 1. 
Standard Differential Equation of SHM 
In article 14.2, we have seen that a -x equation of SHM is 
a=-0"x 
This equation can also be written as 
d°x 2 F 
eC ae ..-(i) 
dt 
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This is standard second order differential equation of SHM. Solving this differential equation we can 
find x - f equation. But normally we do not solve a differential equation in physics at this stage. So, we 
can directly write general solution of Eq. (i). The general solution of Eq. (1) is 

x=Asin(@tto) or x=Acos(Wt+o) 
In these equations x and ¢ are variables. But A, @ and 6 are constants. In different problems, values of 
these constants are different but basic nature of all equations will be same. Here, the basic nature is 
sinusoidal (sine or cosine) x - tf equation and x - ¢ graph. 


By differentiating x - t equation we can also make other equations. For example, if 
x=Asin(@t+o) 


Then v= <0 Acosot+0) 
dv 4 “ 2 : 
and, oa Asin(@t£o)=—@* x [as Asin@@r+ ) =x] 


Time Period (7) and Frequency (f) 


In the above equations, time period of oscillations is 


and frequency of oscillation is 


Phase Angle at Time ¢ 


In any trigonometric function its angle is very important. The value of function varies with this angle. 
For example, suppose we have a trigonometric function. 


ll 
y=sin®@ then, y=0 for 8@=0°, Ja, nea 


So, value of y depends on the angle 9. This angle is called the phase angle. In x-t, v-t and a-t 
equations of SHM we have seen above that the phase angle is same, (wt+ ). This may be called the 
phase angle of x- t, v-tand a -¢ equations at time ¢. With the help of this angle values of x, v and a can 
be obtained at any time ¢. Here, x varies between +A and —A, v varies between +@4 and —@4A and a 
varies between +@* A and—w? A. If(@t +0) is 30° at some instant, then according to above equations 
A 304 @°A 
values of x, v and a are +—, + and — . 
2 2 2 
This condition is shown in following figure: 


Fig. 14.10 


A +3 0A =0'A 
x=+—,v= and a= 
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Initial Phase Angle 


In the phase angle wt +0 if we substitute t=0, then the angle is +. This is called initial phase angle. 
With the help of initial phase angle we can determine initial values of x, v and a. 


Dependence of Initial Phase Angle 


Initial phase angle depends on following three factors : 
(i) Whether we write sine equation or cosine equation. 
(ii) Initial value of x (at t=0) 

(iii) Initial direction of velocity. 

For example, in first figure the body starts 


-A oO 7 4 +A 


-A O es 2 +A 


Fig. 14.11 


A 
(t=0, u#0) from 5 with velocity v, = and the initial phase angle is suppose 6, 


(corresponding to sine equation) 


In second figure, body starts from the same point ear but direction of velocity is opposite or 


V3@A4 


V7 =- 5 and the initial phase angle is suppose , (corresponding to sine equation). Then 


0, #05 
Similarly, if we wish to write cosine equations and their initial phase angles are suppose 0,’ and, , 
then, #0,’ ando, #0, 


Four Frequently used x -¢ Equations 


Between + A and-— A there may be infinite number of points from where the body may start its journey 
(t=0 but u is zero only if, it starts from + A or — A). 


Further at every point (except at + A and — A) two directions (positive x or negative x) of initial 
velocity can exist. So, infinite number of initial phase angles are possible or infinite number of x - ¢ 
equations can be written. But following four initial conditions (t=0) and corresponding four x - ¢ 
equations are frequently used. 


298 © Mechanics - II 


Table 14.1 
Initial Conditions at t=0 x -t equation x -t graph 


—> U=+ 0A 


isa X=A sinot 


-A oO +A 


—uU=-0A 


[] x=-Asinot 


-A O +A 
u=0 x 
_ _ i i#i£+i x=Acosot +A 
-A Oo +A 
t 
-Af--- 
u=0 x 
x=-—Acosoat +A; --75 
4 
-A oO +A >t 
-A 


Six Time Equations of SHM and their Graphs 


Six time equations in SHM arex -t, v-t,a-t, E-t,U -tandT -t(T =kinetic energy). If one equation is 
given other five equations can be made. Let us start with x-¢ equation : 


x=Asin@t ..-(i) 


According to this equation the body starts from mean positive, moving towards positive x-direction 
with initial velocity, u=+@ A. 


dx d : 
Now, v=“ =“ (Asinwt)=0 Acosat 
dt dt 
or v= Acos@t ... (ii) 
dv d : 
a= =~ (@ Acos@t)=—-@* Asinwt 
dt dt 
or a=-@° Asinwt ... (iii) 


I I 
E=Up+5K A*=Uy+5mod’ ...(iv) 
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7 eo = ee 
SU ee =Lige A sin” Mt 
1 
=U, +5 ma’ A* sin* ot 
1 1 
or U =Ug +5 KA’ sin* @t=U9 +5 mo’ A* sin* oo 
re ae 2 
T=—mv* =—m(@ Acos@?) 
2 2 
1 1 
=—mw’ A’ cos? @t=— KA’ cos’ wt 
2 2 
1 1 
or T or KE=>KA* cos’ @1=> mo" A’ cos’ ot 


From the above six equations, we can draw following conclusions : 
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..(V) 


...(Vi) 


(i) x—t, v—t and a—t are sine or cosine functions of same o. So, x, v and a oscillate sinusoidally 


: : : 20 
with same time period T =—. 
10) 


(ii) U -t and 7 -t are sin” and cos” functions of time. But oscillation frequency of sin? or cos 


2 


functions is double of the oscillation frequency of sine and cosine functions. So, U and T 


oscillate with double the frequency of oscillations of x, v and a. 


1 1 
Minimum value ofU isU, and maximum value of UisU 9 + 5 KA? orU 0 5 mo” A. Therefore, 


1 
U oscillates between Uy and Uy +5 KA’. Similarly, minimum value of 7 is zero and the 


1 1 
maximum value is 5 KA’ or 5 mo? A’. 
1 
Hence, 7 oscillates between 0 and ge 


(iii) E does not oscillate because it is constant. 

(iv) Att=0 
x =0 (starts from mean position) 
v=@ A (maximum velocity) 
a=0 


1 
eu, +5 KA’ 
U =U, (minimum value) 


and T ot KE=5 KA” 


1 
or 5 mo A* (maximum value) 
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ane , swat al : 
(v) Average value of cos” function in one time period is - Therefore, from Eq. (vi) we can see that 
1 1 
maximum value of kinetic energy is 3 KA? or 5 mo~ A’. But average value of kinetic energy in 
1 1 
one time period is ght or A m@” A. 


(vi) The six graphs are as shown below. 
x 


+At=> 


v=@Acos wt 


=— «A sin wt 


07 U= Up + KA? sin? at 


1 ane KE = 1 kA? cos? at 
ie aes 2 
>t 
T u=0 
=A O +A 
KE 

Up + KA? 
o"2 


Fig. 14.12 


In the first five graphs we can see that in time 7(=27 /@): x, v and a oscillate once but U and KE 
oscillate twice. 
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Note (i) If the first equation, x=A sinwt is changed then other five equations (and their graphs also) will change. 
But the basic nature will remain same. Here the basic nature is that x, v and a oscillate sinusoidally with 
same time period and frequency. E does not oscillate. U and KE oscillate with double frequency. 


S.No. 


ths 


7 : . . 1 
(ii) Phase difference between x-t andv-t equations or between v -t and a-t equations is 3 or 90°. Phase 


difference between x-t and a-t equations is m or 180°. 


List of Formulae of Articles 14.2 and 14.3 (with U, = 0) 


Name of the equation 


Displacement-time 


Table 14.2 


Expression of the equation 


x=Acos (at + 6) 


Remarks 


x varies between +A and-—A 


Velocity - time (v = = 


v=-—Aagsin(@t + 6) 


v varies between + Aw and —Aw 


= t 
3, Acceleration - time (2 2 + a=— Aw’ cos (at + 6) a varies between + Aw* and —Aw* 
er : eee: ee ey ere 1 22 
4. Kinetic energy - time | KE = a mv KE = . A= w* sin (at + 6) KEvaries between 0 and 5 mA‘@ 
5, Potential energy - time [uv = - marx? | KE= ; ma°A? cos? (at + 6) U varies between - mA’* and 0 
6. Total energy - time (E = KE + U) fa) mo2a2 E is constant 
2 

7. Velocity - displacement v=t+q@/A2 - x? v=Oatx=+ Aandatx=0 

v=+t Aw 
8. Acceleration - displacement a=-a-x a=Oatx=0 

a=-t@*Aatx=FA 
9. Kinetic energy - displacement KE = 1 ma2(A? - x2) KE = Oatx=+ A. KE=_ mo®A? at 

2 a 

x=0 

10. Potential energy - displacement U=_ mo*x? 


U=O0atx=0, U = mora? at 


X=tA 


11. 


Total energy - displacement 


E= 1 meta? 
2 


Eis constant 


© Example 14.7 From the time equations of SHM, prove the relation, 


Solution Let, x= Asinot 


Then, 


Now, 


sin @ t= 


v + wVA2-x? 


& 
A 


dx 
v=—=0 Acosw@t 
dt 


=@ Ay1-sin? Mt 
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or v=to V ae Hence Proved. 


© Example 14.8 If aSHM is represented by the equation x =10 sin G + 4 in 


SI units, then determine its amplitude, time period and maximum velocity 
Vin? 


max 


Solution Comparing the above equation with 


x= Asin (@ft + ), we get 


A=10m Ans. 
ec ase and o=~ 
Ss 6 
ne Ans. 
0) 
Vinax = OA = (107) m/s Ans. 


© Example 14.9 A particle executes SHM with a time period of 4 s. Find the 


time taken by the particle to go directly from its mean position to half of its 
amplitude. 


Solution If the particle starts from the mean position in positive direction, then: 


x= A sin (@f) 


or er (ot ) 
2 
or ca (ot ) 
2 
ee | (5) T 
wt =sin = |=— 
2 6 
_ = _ aT 
6M 6(27) 
2m 
as oO = — 
T 
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© Example 14.10 A particle executes simple harmonic motion about the point 
x =0. At time t =0, it has displacement x =2 cm and zero velocity. If the 
frequency of motion is 0.25 s~', find (a) the period, (b) angular frequency, (c) the 
amplitude, (d) maximum speed, (e) the displacement from the mean position at 
t=3s and (f) the velocity at t=3s. 


Solution (a) Period ae 


1 


=—— =4s Ans. 
0.2567 
20 
(b) Angular frequency @= ae 
— at = rad/s 
4 2 
= 1.57rad/s Ans. 
(c) Amplitude is the maximum displacement from mean position. Hence, A = 2— 0= 2cm. 
(d) Maximum speed v,,,, =A@ 
29 T cm/s 
2 
=3.14cm/s Ans. 
(e) At ¢=0, particle starts from extreme position. 
x= Acosa@t 
= 200s{% ‘ 
2 
At t=3sec 
x=0 Ans. 
(f) Velocity at x= 0, is Vijay Le. 3.14 cm/s. Ans. 


© Example 14.11 Find the period of the function, 
y= sinq@t + sin 2m¢t + sin 3ot 


Solution The given function can be written as, 


Y= VY + V2 + V3 


Here, ea ae 
oO 

; 2n oT 

=sin 2Mt, T, =—=— 

2 2 6 
and y3 =sin 36, T- ao 
3 on as 


T,=2T, and 7, =37; 
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. ; . . 2 
So, the time period of the given function is 7, or i Ans. 
(0) 


ae 20 : Pee ; 
Because in time T = —., first function completes one oscillation, the second function two 
(0) 


oscillations and the third three. 


INTRODUCTORY EXERCISE 
1. A 2.0 kg particle undergoes SHM according to x = 15 sin & + 4 (in SI units) 


(a) What is the total mechanical energy of the particle? 

(b) What is the shortest time required for the particle to move from x =0.5m to x =-0.75 m? 
2. Given that the equation of motion of a mass is x =0.20 sin(3.0t) m. Find the velocity and 

acceleration of the mass when the object is 5 cm from its equilibrium position. Repeat for x =0. 
3. Aparticle executes simple harmonic motion of amplitude A along the x-axis. Att = 0, the position 


of the particle is x = S and it moves along the positive x-direction. Find the phase constant 4, if 


the equation is written as x = Asin (at + 8). 

4. An object of mass 0.8 kg is attached to one end of a spring 
and the system is set into simple harmonic motion. The 
displacement x of the object as a function of time is shown in 
the figure. With the aid of the data, determine 
(a) the amplitude A of the motion, 

(b) the angular frequency o, 

(c) the spring constant kK, 

(d) the speed of the object att = 10s and Fig. 14.13 
(e) the magnitude of the object’s acceleration att = 10 s. 


5. The equation of motion of a particle started att =O is given by x =5sin (201 + *) , where xis in 


cm and tin sec. When does the particle (a) first come to rest, (b) first have zero acceleration, 
(c) first have maximum speed. 


6. Describe the motion corresponding to x -t equation, x = 10-4 cos at. 


14.4 Relation between Simple Harmonic Motion and 
Uniform Circular Motion 


Consider a particle Q, moving on a circle of radius A with constant angular velocity w. The projection 
of QO ona diameter BC is P. It is clear from the figure that as Q moves around the circle the projection 
P oscillates between B and C. The angle that the radius OQ makes with the x-axis is, 9 = @t + 0. Here, 
is the angle made by the radius OQ with the x-axis at time ¢ = 0. Further, 

OP =OQ cos 9 
or x =Acos (@t +0) 
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This is standard x — ¢ equation of SHM. Hence, P executes SHM. That is 


Fig. 14.14 Relation between SHM and uniform circular motion. (b) Position, (c) velocity and (d) acceleration 


When a particle moves with uniform circular motion, its projection on a diameter moves with SHM. 


The velocity of Q is perpendicular to OO and has a magnitude of velocity v’ = @A. The component of 
v’ along the x-axis is, 
v=-vsinO or v=-@Asin (f+) 


which is also the velocity of P. The acceleration of Q is centripetal and has a magnitude, a’ = wo A. 


The component of a’ along the x-axis is 


a=—a’cos@ or a=—@Acos (wt+d) 
Which again coincides with the acceleration of P. 


Note v =velocity of SHM of particle P = a a [Acos (wt + 6)] =-@Asin(@t + 6) 


a = acceleration of SHM of particle = “ =-«@*Acos (wt + ) 


14.5 Methods of Finding Time Period of a Simple Harmonic Motion 


If F -x or a-x equations are known then we can easily find the time period of SHM. For example, 


F -x equation is of type F=- kx 
and time period in this case is T=20 \n 
Similarly, a-x equation is of type 
a=—-O os 
a} 20 
oO=.//-—=— 
x| T 


displacement 


acceleration 


or r=2n/[*|=20| 
a 


In angular SHM, we will be required tT —8 or & —9 equations. 
Now, there are following two methods of finding F - x and a - x equations (ort —8 anda —@ equations). 
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Restoring Force or Torque Method 
The following steps are usually followed in this method: 


Step 1 Find the stable equilibrium position which usually is also known as the mean position. Net 
force or torque on the particle in this position is zero. Potential energy is minimum. 


Step 2 Displace the body from its mean position by a small displacement x (in case of a linear 
SHM) or 9 (in case of an angular SHM). 


Step 3 Find net force or torque in this displaced position. 
Step 4 | Show that this force or torque has a tendency to bring the body back to its mean position and 
magnitude of force or torque is proportional to displacement, i.e. 
Fa«-x or F=-kKx ...(i) 
or tx—O or t=— kO ... (ii) 
This force or torque is also known as restoring force or restoring torque. 


Step 5) Find linear acceleration by dividing Eq. (i) by mass m or angular acceleration by dividing 
Eq. (11) by moment of inertia 7. Hence, 


gee eansigt or Gen ba s28 

m I 
Step6 Finally, o- ee 7 
an fal | 0 | 
T Vix | 6 | 

T=20 = or 20 2 | 

Va | o. | 

Energy Method 


Repeat steps-1 and step-2 as in method-1. Find the total mechanical energy (£) in the displaced 
position. Since, mechanical energy in SHM remains constant. 


dE 
~“=0 
dt 
: bon ; ; : i AX d0 dv 
By differentiating the energy equation with respect to time and substituting rs V, a O, a a, 


do ; ; . 
and — = we come to step-5 or we directly get F' — x and a — x equations (ort — 8 or x — 9 equation). 


The remaining procedure is same. 


Note (i) E usually consists of following terms : 
(a) Gravitational PE (b) Elastic PE (c) Electrostatic PE 
(d) Rotational KE and (e) Translational KE 
(i) For gravitational PE, choose the reference point (h =0) at mean position. 


Now, let us take few examples of finding time period (7') of certain simple harmonic motions. 
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The Simple Pendulum 


An example of SHM is the motion of a pendulum. A simple pendulum is defined as a particle of mass 
m suspended from a point O by a string of length / and of negligible mass. 


Fig. 14.15 


When the particle is pulled aside to position B, so that the string makes an angle 6, with the vertical 
OC and then released, the pendulum will oscillate between B and the symmetric position B’. The 
oscillatory motion is due to the tangential component F’, of the weight mg of the particle. This force 
F; is maximum at B and B’ and zero at C. Thus, we can write, 


Fr =— mg sin 8 
Here, minus sign appears because it is opposite to the displacement. 
x=CA 
mar =—mgsin® ..-(i) 
d°0 
Here, ar =la where, & =—— 
dt 
and sin 8 =0 for small oscillations 
mla =— mg 


Since, is proportional to —@ . Hence, motion is simple harmonic. 


l g 


lo 


8| or T =20 ih 
0. | g 


Note that the period is independent of the mass of the pendulum. 


T =20 


Energy Method 


Let us derive the same expression by energy method. Suppose @ be the angular velocity of particle at 
angular displacement @ about point O. Then, total mechanical energy of particle in position A is, 


1 
E=5 lo” +mg(h4 —he) 


1 
or E => (ml")o° +mgl(1—cos @) 
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E is constant, therefore, a =0 or 0=ml’o cat + mglsin 0 sie 
dt dt dt 


Putting — =o, 


a ie =o and sin 8 ~ 0, we get the same expression 


Spring-block System 

Suppose a mass m is attached to the free end of a massless spring of m <—F 

spring constant k, with its other end fixed to a rigid support. | 

If the mass be displaced through a distance x, as shown, a linear ~ 

restoring force, Fig. 14.16 . 
F=-k .. (a) 

starts acting on the mass, tending to bring it back into its original position. The negative sign simply 

indicates that it is directed oppositely to the displacement of the mass. 


Eq. (1) can be written as, 


ma =— kx .. (ii) 
x | m 
or —f=— 
a | k 
T =2n z| or rao | 
| k 
Energy Method 


The time period of the spring-block system can also be obtained by the energy method. Let v be the 
speed of the mass in displaced position. Then total mechanical energy of the spring-block system is. 


E = kinetic energy of the block + elastic potential energy 


1 
or E=—mv’ + : kx? 
2 2 

Since, E is constant 

oe or O0=mv ad + (=) 

d dt dt 
Substituting, sa =v and ad =a 

dt dt 
We have, 

ma =— kx 
T =20 | *) =2n,|— 
la 
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Example 14.12 F'-x equation of a body of mass 2 kg in SHM is 
F+8x=0 
Here, F is in newton and x in metre. Find time period of oscillations. 
Solution The given equation can be written as, F =— 8x 
Comparing with the standard equation of SHM, F =— Kx we have, 
K=8N/m 


r=on,|™ 
K 
=n |? 
8 
=(t)s=314s Ans. 


© Example 14.13 Acceleration of a particle in SHM at displacement x=10cm 
(from the mean position is a=—2.5 cm/s). Find time period of oscillations. 


Solution Time period is given by 


T=2n | |— 
a 
Substituting the values we have, 
T=2n i = (41 )s Ans. 
2.5 


© Example 14.14 Find time period of a vertical spring-block system by both 
methods. 


Solution Force Method 


x< 


Fig. 14.17 


Position A In this position, spring is in its natural length. But net force on block is not zero. Its 
mg is downwards. 
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Position B_ This is equilibrium position. Net force on block is zero. Spring force xy in upward 
direction is equal to mg force in downward direction. 


kXo 
F=0 
mg 
Fig. 14.18 
Position C_ This is displaced position. 
F 


t 


K (x + Xo) 


mg 
Fig. 14.19 


Net restoring force is upward direction or towards the mean position is 
F=—[k(x+x9 )-mg] =—kx (as kx) =mg) 


r=2n|™ 
k 


Energy Method Taking /=0, at the mean position B, total mechanical energy in displaced 


Since, F =— kx 


position C is 


E=5 my? +k (ray ie —mgx 


As E'=constant = =0 
dt 


1 dv 1 dx dx 
or —m(2v)—+—k[2(x+x —-—mg —=0 
pe as Pe ay 
Rae dx dy ; : 
Substituting, ap =, a =a, kxy =mg and ma=F, the above equation also converts into, 
t t 


F=—ke 


ran | 
k 


Example 14.15 A block with a mass of 3.00 kg is suspended from an ideal 
spring having negligible mass and stretches the spring by 0.2 m. 


(a) What is the force constant of the spring? 
(6) What is the period of oscillation of the block if it is pulled down and released? 
Solution (a) In equilibrium, 


kl= mg (/ = extension in spring ) 


kam ..(i) 
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Substituting the proper values, we have 
ee (3.00)(9.8) 


0.2 
= 147 N/m Ans. 
(b) From Eq. (1) m8 
k g 
i i 
T = 20 ,{— = 20, |— 
k g 
= 20 a2 = 0.89758 Ans. 
9.8 
INTRODUCTORY EXERCISE 


1. a-x equation of a body in SHM is a + 16 x =0. Here, x is in cm and ain cm/s“. Find time period 
of oscillations. 


2. Amass M, attached to a spring, oscillates with a period of 2 s. If the mass is increased by 4 kg, 
the time period increases by one second. Assuming that Hooke’s law is obeyed, find the initial 
mass M. 


3. Three masses of 500 g, 300 g and 100 g are suspended at the end of a spring as shown and are in 


equilibrium. When the 500 g mass is removed suddenly, the system oscillates with a period of 2 s. 
When the 300 g mass is also removed, it will oscillate with period T. Find the value of T. 


100g 


300g 
500g 


Fig. 14.20 


4. Aparticle executes simple harmonic motion. Its instantaneous acceleration is given bya = — px, 
where p is a positive constant and x is the displacement from the mean position. Find angular 
frequency of oscillations. 


5. A mass M is suspended from a spring of negligible mass. The spring is pulled a little then 
released, so that the mass executes simple harmonic motion of time period T. If the mass is 


increased by m, the time period becomes = Find the ratio of m/M. 


6. The length of a simple pendulum is decreased by 21%. Find the percentage change in its time 
period. 


7. Aparticle executes SHM on a straight line path. The amplitude of oscillation is 2 cm. When the 
displacement of the particle from the mean position is 1 cm, the numerical value of magnitude of 
acceleration is equal to the numerical value of magnitude of velocity. Find the frequency of SHM 
(in Hz). 
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14.6 Vector Method of Combining Two or 
More Simple Harmonic Motions 


A simple harmonic motion is produced when a force (called restoring force) proportional to the 
displacement acts on a particle. If a particle is acted upon by two such forces the resultant motion of 
the particle is a combination of two simple harmonic motions. Suppose the two individual motions 
are represented by, 

x, = A, sin fF 
and Xy = A, sin (Wt +0) 
Both the simple harmonic motions have same angular frequency o. 


Ay 
Fig. 14.21 


The resultant displacement of the particle is given by, 
X=X, +x, 
= A, sin Wt + A, sin (@t +0) 
= Asin (Ot +) 


Here, A= Ja + AS +2A, A, cos 
Ants 
and tan @ = eae 
A, + A, cos 


Thus, we can see that this is similar to the vector addition. The same method of vector addition can be 
applied to the combination of more than two simple harmonic motions. 


© Example 14.16 Find the displacement equation of the simple harmonic 
motion obtained by combining the motions. 


x, =2sinot, x. =4sin [or + 4 and x, =6sin [or + 4 
6 3 


Solution The resultant equation is, 


P'S 


Fig. 11.22 
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x= Asin (@t+ 6) 
XA, =2+ 4 cos 30° + 6cos 60° = 8.46 
and m4, =4 sin 30° + 6cos 30° = 7.2 


A= (24, )° + (24, )? 


= 4/(8.46)° +(7.2)° 


=11.25 
and tan @ = —— 
= 72 = 0.85 
8.46 
or o = tan “| (0.85) 
= 40.4° 


Thus, the displacement equation of the combined motion is, 
x=11.25sin (of + 0) 
where, od = 40.4° Ans. 


INTRODUCTORY EXERCISE 


1. Aparticle is subjected to two simple harmonic motions of the same frequency and direction. The 
amplitude of the first motion is 4.0 cm and that of the second is 3.0 cm. Find the resultant 
amplitude if the phase difference between the two motions is 
(a) 0° (b) 60° (c) 90° (d) 180° 

2. A particle is subjected to two simple harmonic motions. 


X,=40sin (100zt) and Xo =30 sin (1 OOnt + ) 


Find 
(a) the displacement att =0 
(b) the maximum speed of the particle and 
(c) the maximum acceleration of the particle. 
3. Three simple harmonic motions of equal amplitudes A and equal time periods in the same 


direction combine. The phase of the second motion is 60° ahead of the first and the phase of the 
third motion is 60° ahead of the second. Find the amplitude of the resultant motion. 


4. A particle is subjected to two simple harmonic motions in the same direction having equal 
amplitudes and equal frequency. If the resultant amplitude is equal to the amplitude of the 
individual motions. Find the phase difference between the individual motions. 
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Final Touch Points 
1. Simple Pendulum 


(i) Time period =n 4 is applicable only for small oscillations. 


(ii) If the time period of a simple pendulum is 2 s, it is called seconds pendulum. Length of this 
pendulum is 1m. 
(iii) If length of the pendulum is large, g no longer remains vertical but will be directed towards the 
centre of the earth and expression for time period is given by, 
1 


a) 
| R 
Here, F is the radius of earth. From this expression we can see that, 


(a) fiom |e Landy Soe e 
| oR g 


T=2n 


(b) as [> a OandT =2n fe and substituting the value of R and g, we get T= 84.6 min. 
9g 


(iv) Time period of a simple pendulum depends on acceleration due to gravity ‘g’ [as To« +z) so 


Vg 


take | Qor| in T = 27 iE Following two cases are possible : 


(a) If a simple pendulum is in a carriage which is accelerating with accelerationa, then 
Get =G-a 
e.g. if the acceleration a is upwards, then 
/ 
gta 


IQerl=Q+ta and T=2n 


If the acceleration a is downwards, then (with g > a) 
/ 


go> 


IQorl=Q-a and T=2n 


ie) 


If the acceleration a is in horizontal direction, then 


Ger = a* + o 


In a freely falling lift go =O and T =cei.e. the pendulum will not oscillate. 
(b) If in addition to gravity one additional force F, (e.g. electrostatic force F,) is also acting on 
the bob, then in that case, 
F 
Get =9 + — 
m 


Here, mis the mass of the bob. 


(v) Due to change in temperature, length of pendulum and so the time period will change. If A@ is the 
increase in temperature then, 


, 


’=/(1+@A8) or T= 1+ 0.80 


reff + ato)? =(1 + 50.0] 
T VI 2 
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—-1=—aA0 
T 2 
or i 
T 
1 
or AT =—TaA@ 
2 
Note Incase ofapendulum clock, time is lost if T increases and gained if T decreases. Time lost or gained in time t 
is given by, 
At = ald t 
1 


eg. if T=2s5,T’ =3s, then AT =15 


Time lost by the clock in 1h. 
At =5 x 3600 = 1200 s 


(vi) Above the surface of earth, blow the surface of earth, in moving from pole to equator and on moon 
value of g decreases, therefore time period of pendulum will increase. 


2. Spring-block System 
(i) 


K 
smooth 


(a) (c) 
In all three figures shown above, restoring force in displaced position is F =—kx. Therefore, time 


period is, 
T=2n,|2 
K 


The only difference is, their mean positions are different. In the first figure, mean position is at the 
natural length of spring. In the second figure, mean position is obtained after an extension of 
mg sin® 


Xo = "9 (as kxg =™mqg) and in the third figure after an extension of Xo = K 


(ii) In case of a vertical spring-block system, time period can also be written as, 


T=2n | 
g 


Here, /= extension in the spring when the mass mis suspended from the spring. 


This can be seen as under : 
kl=mg (in equilibrium position) 
_m | 


Py k 9 
or T=an JO = on |F 
k g 
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(iii) Equivalent force constant (k) If a spring block system is 


constructed by using two springs and a mass, the following 
three situations are possible: ky 
Refer Fig. (a) 
In this case, 
k 


eS 2 
k ky ko 
or Keg ae 
k, + Ko (a) 
T= 2n {2 = an | + Ke) 
k kik 
Fig. (b) and (c) 
In both the cases, 
k=k, +k 


or T= on | =r = 
k k,+ Kp 


(iv) If spring has amass m, and a mass mis suspended from it, then time period is given by, 


Mey 

m+— 

Tf =2ny—. 
k 


(v) If the spring connected with two masses m, and m, is K 
compressed or elongated by x, and then left for oscillations then 
both blocks execute SHM with same time period (and therefore emaoth 
same frequency) but different amplitudes. 


This time period is 
T=2n je 
K 


Here, uw is called their reduced mass given by 
1 1 1 or wa Me 


om, Ms M,+ Mp 


Their amplitudes of oscillations are in inverse ratio of their masses or 
1 A, mM 
— geal = 2 


A«— ae 
m Ar ™ 
m m 
=> A= 2_/x, and A = | x 
m+ Mo mM, + Mp5 
1 1 

Note /fm,>>!m,, then — <<— 
m  ™ 


back or w=m and T=2n j—2 
wo M K 


my 


So, in this case we can understand that m, is almost stationary. Only m, will oscillate. 
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(vi) The force constant (k) of a spring is inversely proportional to the length of 


the spring. i.e. 
l 
a £ 2k 
length of spring Lk => 
This can be visualized as: = 
A spring of length /and spring constant k can be supposed to be made 2’ 


up by two springs in series, of length 5 and force constant 2k.In series, 


ike _ (2k) (2k) 


ky+ky  2k+2k — 


eff = 


3. Oscillations of a fluid column 


Initially the level of liquid in both the columns is same. The area of 
cross-section of the tube is uniform. If the liquid is depressed by xin one 
limb, it will rise by x along the length of the tube is the other limb. Here, 
the restoring force is provided by the hydrostatic pressure difference. 


F =-(AP)A=-(h,+hs)pgA 
=—pgA(sin0, + sin@,) x 
Let, mbe the mass of the liquid in the tube. Then, 
ma =—pgA(sin®, + sin@,) x 
Since, F or ais proportional to — x, the motion of the liquid column is simple harmonic in nature, time 
period of which is given by, 


rate gle 
la| 
m 


or T=2n |————_——_ 
pgA (sin 8, + sin8,) 


Note Fora U-tube, if the liquid is filled to a height 1, 8, =90° =95 and m=2 (/Ap) 


So, Ta2n |t 
g 


; l ot 
Thus, we see that the expressionT =2n [- comes in picture at three places. ! 
g 


() Time period of a simple pendulum for small oscillations. 
(ii) Time period of a spring-block system in vertical position. 
(ii) Time period of a liquid column in a U-tube filled to a height l. 
But | has different meanings at different places. 
4. Lissajous figures Suppose two forces act on a particle, the first alone would produce a simple 
harmonic motion in x-direction given by, 
xX=asinot 
and the second would produce a simple harmonic motion in y-direction given by, 
y=bsin(@t+ 6) 
The amplitudes a and b may be different and their phases differ by o. The frequencies of the two simple 


harmonic motions are assumed to be equal. The resultant motion of the particle is a combination of the 
two simple harmonic motions. 
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Depending on the value of @ and relation between a and 5, the particle follows different paths. These 
different paths are called Lissajous figures. Given below are few special cases : 


Case 1 (When 6 =0°) When the phase difference between two simple harmonic motions is 0°, i.e. 


X=asinot => sinat= 


y=bsinot => sinot= 


xX oy =} 
-=- or y=/—|x 
a bd 4 (; 


which is equation of a straight line with slope 2 Thus, the path of the particle is a straight line. As a 
a 


Tl< |x 


From Eqs. (i) and (ii), we get 


special case y = x ifa =bor slope is 1. 


Case 2 [when b= z) When the phase difference is 5 i.e. 


X=asinot => sin ot =~ (iii) 
a 


y=bsin(ot + £) =b cos ot 


y : 
=> cos wt = — (IV 
5 (iv) 
Squaring and adding, Eqs. (iii) and (iv), we get 
x? y? 
ay + —= =1 
a b 
which is an ellipse. Again as a special case, the above equation reduces to, 
2 2 
= + = =1 
a a 
or x? 4 y? =a? (for a = b) 


This is an equation of a circle. 
5. Free and damped oscillations 


We know that in reality, a spring won't oscillate forever with constant amplitude. These constant 
amplitude oscillations (which will really occur in vacuum) are called “free oscillations”. Frictional 
forces will diminish the amplitude of oscillation until eventually the system comes to rest. 


We will now add frictional forces to the mass and spring. Imagine that the mass was put in a viscous 
liquid. To incorporate friction, we can just say that there is a frictional force that’s proportional to the 
velocity of the mass. This is a pretty good approximation for a body moving at a low velocity in air, or in 
a liquid. So we say the frictional force f =—bv. The constant b depends on the kind of liquid and the 
shape of the mass. The negative sign, just says that the force is in the opposite direction to the body’s 
motion. Let’s add this frictional force in to the equation F,., =ma 

—kx —bv =ma (i) 
In terms of derivatives, 

2 

mex 4p Xs kx =0 (ii) 
dt at 
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This is a differential equation. In the solution of this A 
type of differential equation instead of the amplitude 4 LT" ' 
being constant, it is decaying with time. b 


A()=Ae™ L 


Here, a is a positive constant. 


0.5 - 
So, | x(t)=A(t) cos (wt + 8) = Aye! cos (wt + 8) r 
Here’s a plot of an example of such a function. + 
These types of oscillations which eventually come to [ 
end are called “damped oscillations”. There are 5 
further three types of damped oscillations, namely t 
(i) Under damped 7 
(ii) Critically damped and 05 
(iii) Over damped oscillations eee eee eee Sees ee ee 
But their detailed discussion is out of our syllabus 0 2 4 6 8 19 t 

at this stage. 


Natural Frequency (or Characteristic Frequency) 
That is the frequency at which a system would oscillate by itself if displaced. The natural frequency of 


a spring-mass system is fy) = x {x where k is the spring constant and mis the mass of the object 
aVm 


attached to the spring. 
Forced Oscillations 


A periodic force at a given frequency (called driving frequency f,) is applied to an oscillating system 
of natural frequency f{. At the beginning (transient stage), there is a mixture of two kinds of 
oscillations, one has the frequency f and the other has f,. The former will gradually die out because of 
the damping effect. Eventually (at the steady state) the system settles down with oscillation at the 
frequency of the driving force (f,). 


Resonance 


When the driving frequency is at the same frequency as the natural frequency of the oscillator, the 
amplitude of oscillation is at its greatest. When this happens the energy of the oscillator becomes a 
maximum. This is called a condition of resonance. 


Resonance and its Consequences 


The fact that there is an amplitude peak at driving frequencies close to the natural frequency of the 
system is called resonance. Physics is full of examples of resonance ; building up the oscillations of a 
child on a swing by pushing with a frequency equal to the swing's natural frequency is one. 
Inexpensive loudspeakers often have an unwanted boom or buzz when a musical note happens to 
coincide with the resonant frequency of the speaker cone. Resonance also occurs in electric circuits ; 
a tuned circuit in a radio or television receiver responds strongly to waves having frequencies near its 
resonant frequency, and this fact is used to select a particular station and reject the others. 
Resonance in mechanical systems can be destructive. A company of soldiers once destroyed a 
bridge by marching across it in step ; the frequency of their steps was close to the natural vibration 
frequency of the bridge and the resulting oscillation had large enough amplitude to tear the bridge 
apart. Ever since, marching soldiers have been ordered to break step before crossing a bridge. 


Nearly everyone has seen the film of the collapse of the Tacoma Narrows suspension bridge in 1940. 


Solved Examples 


TYPED PROBLEMS 


Type 1. According to given x - t equation we have to find initial conditions (at t = 0). 
Concept 


The method discussed here is a general method which can be applied for any type of 
motion. 


How to Solve? 


Differentiate the given x -t equation and find v-t equation. Now, putt =0 in both x-t and v-t equations. 


© Example 1. «x-t equation of a particle executing SHM is 
x= Acos(@ t— 45°) 


Find the point from where particle starts its journey and the direction of its initial velocity. 
Solution Given, x= Acos(@t-—45°) 


...(i) 
po = Asinie=45") .. (il) 
dt 
Putting t=0 in both equations we have, 
age and gag 2 
v2 v2 
at 
Um, 
-A O gle +A 
V2 
Att=0 


So, the particle starts from x=+ 


with velocity in positive direction. 
V2 


Note By further differentiating v- t equation, we can make a-t equation and by putting t = 0, we can also find 
initial value of acceleration. 


Type 2. First Use of reference circle (to make x- t equation corresponding to given initial conditions). 
How to Solve? 


For the given SHM particle P on the diameter we have to find its circular motion particle Q on the circle 
according to given initial conditions. The following points will help you in finding the particle Q. 
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ay 


-A a3 
cosine 
line 


sine line 


Particle Q can rotate, either clockwise or anticlockwise. But in all problems, we will take it anticlockwise. 
We can draw the perpendicular on any diameter but in all problems we will draw the perpendicular lying 
along x-axis. 

If initial velocity of SHM particle P is negative then Q lies in upper half of the reference circle. Because, whenQ 
moves in upper half of the circle (anticlockwise) P moves from+A to —A along negative x-direction. 
Similarly, if P has an initial velocity in positive direction then Q is in lower half of the circle. 

If initial value of x is positive then Q lies to the right of O (between 0 and + A) and if x is negative, then Q lies to 
the left of O (between 0 and —A). 


If initial value of x is suppose + aE and velocity is negative then circular particle Q is in the position as 


shown in figure. 

This particle is 120° ahead (in anticlockwise direction) or 240° behind (in clockwise direction) from sine line or 

it is 30° ahead or 330° behind the cosine line. Hence, the x-t equation corresponding to given initial 
conditions may be 

x= Asin 

= Asin 

= Acos 

= Acos 


= 


wt +120°) 
wt —240°) 
wt + 30°) 
wt — 330°) 


ee oS 


eg 8 A. : 
© Example 2. A particle in SHM starts its journey (at t=0) from a in negative 


direction. Write x -t equation corresponding to given conditions. Angular 
frequency of oscillations is @. 
Solution For the given initial conditions, particle @ on reference circle is as shown in figure. 
This is 210° ahead or 150° behind the sine line or 120° ahead or 240° behind the cosine line. 
Therefore, the x-¢ equation can be written as 

AY 


—— >X 
+A cosine line 


sine line 


x= Asin@t+210°) = Asin@t—150°)= Acos@t+120°)= A cos@t-—240°) 
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Type 3. Second use of reference circle (to find the shortest time in moving the particle from one 
point to another point between+ A and — A ). 


Concept 


Linear speed of particle in SHM is not constant (more near mean positive and less near 
mean extreme positions) 


So, we cannot apply 
: distance 
time = —————_ 
speed 
but the angular speed of its corresponding particle on reference circle is constant. 


Therefore, p<". 6 Saddian) 
@ 


can be applied for that particle. The following table will help you in solving such problems. 


Angle rotated in radian Angle rotated in degrees Time taken 
2u 360° a 
™ 180° T/2 
n/3 120° T/3 
mw/2 90° T/4 
m/4 45° T/8 
1/6 30° T/12 


© Example 3 In terms of time period of oscillations T, find the shortest time in 
; : A 3 
moving a particle from ar to = 


Solution As shown in figure, as the SHM particle P moves from P, to P,, its corresponding 
particle @ on reference circle rotates from @, to Q@, an angle of 90°. From the above table, we can 


see that, in rotating an angle of 90° the time taken is rE 


t=— Ans. 
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Note Some, standard results which are frequently asked are given in following table: 


From To Time taken 

O A/2 T/12 
A/2 A T/6 
O Al V2 T/8 
AlV2 A T/8 

-A Al2 AV2 A 

nee ee 

T/12 T/6 
a oe 
T/8 7/8 


Near the mean position, speed of particle is more. Therefore, it covers first half of the 
distance (from 0 to A/2) in a shorter time compared to the second half (from A/ 2 to A). 


Type 4. Third Use of reference circle (finding time of collision of two particles executing SHM along 
same Straight line with same w and A but different initial conditions). 


How to Solve? 
Corresponding to initial conditions of SHM particles P, and Py, first find their particles Q, and Q, on the 


reference circle. y 
@ 


Q “ie. Q; 


AVA Ge 


never collide as they are rotating in the same direction 
diculars from Q,; and Qs on our diameter along x-axis will 
line of the constant angle B (between OQ, and OQ,) as 


Now, we can see that the particles Q, and Q, wil 
(anticlockwise) with same @ and 7. But the perpen 
collide when this diameter becomes the bisector 
shown below. 

ay 


Q2 
Now, either of the two particles has rotated an angle. 
6=a+ (6/2) 
.. Time taken is eel 


@ 
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VBA 


© Example 4 Two SHM particles P, and P, start from 3S and ae both in 


negative directions. Find the time (in terms of T:) when they collide. Both particles 
have same @, Aand T and they execute SHM along the same line. 
Solution 


YX 


In the first figure, we have shown two particles Q, and Q, corresponding to given initial 
conditions of PB, and P;. In the second figure, we have shown the moment when the SHM 


particles are colliding at x=— Acos45°=-— = 


E 
We can see that either of the particles @, and Q, has rotated an angle 0 = 75° or cg So, the time 


taken is 


=9 ORD) (5) 
@ (Qn/T) \24 


Note Inthe above problem, the constant angle between OQ, and OQ; is 90°. So, the constant phase difference 
between two SHM particles corresponding to given initial conditions is also 90°. 


Type 5. Spring Block Systems. 


Concept 


There are a lot of problems based on spring-block system. The main concepts are: 


(1) r=2n | and jee = 
K fb m 


(ii) Force constant of spring, 
1 


Length of spring 


(iii) 


K=K,+ Kp 


K, 
K, Kp or 
Js 
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Gv) 


Let us take some examples based on the above concepts. 


© Example 5 A mass is suspended separately by two springs and the time periods 
in the two cases are T, and T,. Now the same mass is connected in parallel 
(K=K,+K,) with the springs and the time is suppose Tp. Similarly time period 
in series is T’g, then find the relation between T,, T, and Tp in the first case and 


T,, T, and Tg, in the second case. 


Solution T =2n {nm 
K 


or 


First case In parallel, 
Using Eq. (i), 


This is the desired relation. 


Second case _ In series, 


Now, using Eq. (11) we have, 


This is the desired relation in this case. 


a 
T= — where, 2x Vm =a = constant 
TE 
2 
(of : 
K=—, ..-(i) 
1? - 
K of ... (11) 
K=K,+K, 
a? a? a? 
T TT 
Y Dae aa a Ans. 
i Og A 
K K, K, 
ae Ts 
72 ot 2 
a a Oo 
fiat ST; Ans. 


© Example 6 Time period of a block with a spring is T). Now, the spring is cut in 
two parts in the ratio 2 : 3. Now find the time period of same block with the 


smaller part of the spring. 


Solution T=2nx {= => 
K 


But 


(J= length of spring) 


To Jl eec(l) 
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Now, suppose total length of the spring is 5/ and it is cut in two parts of lengths 2/ and 31. 
Eq. G) can be written as 


2 2 
T 2, ag -| 2] Tp Ans. 


© Example 7 With the assumption of no slipping, determine the mass m of the 
block which must be placed on the top of a 6 kg cart in order that the system 
period is 0.75 s. What is the minimum coefficient of static friction L, for which the 
block will not slip relative to the cart if the cart is displaced 50 mm from the 
equilibrium position and released? Take(g = 9.8 m/s”). 


600 N/m _m | Us 
6kg 


Solution (a) pig Jere T =2n ie 
600 K 
or Tee ee ea 
600 
(0.75) x 600 
m= eae oa 
Qn) 
=2.55 kg Ans. 
(b) Maximum acceleration of SHM is, 
Qmax =O°A (A = amplitude) 


i.e. maximum force on mass ‘m’is mw’A which is being provided by the force of friction between 
the mass and the cart. Therefore, 


2 
ugmg>mo"A or U,> oF 
§ 
2 2 
or u,2 (=) = or W,2 [=] (<=) (A =50 mm) 
T) g 0.75 9.8 

or 3 20.3858 
Thus, the minimum value of 1, should be 0.358. Ans. 


© Example 8 A block is kept over a horizontal platform, executing vertical SHM of 
angular frequency ®. Find maximum amplitude of oscillations, so that the block 


does not leave contact with the platform. 
N 


mg 
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Solution At mean position, acceleration, a =0 
> N=mg (N = normal reaction) 
Below the mean position, acceleration is upwards (towards the mean position) 
* N-mg=ma or N=m(g+a) 
Above the mean position, acceleration is downwards (towards the mean position) 
2 mg-N=ma or N=m(g-a) 
In this case, N decreases as ‘a’ increases. At the extreme position acceleration is maximum 
(=@7A), so N is minimum. When the block leaves contact with the plank N becomes zero. 


O=m(g-@7A) or A=% 
@ 


Therefore, the maximum value of amplitude A for not leaving the contact is +. 
Example 9 A particle of mass m is attached with three springs 
A, B and C of equal force constants k as shown in figure. The 
particle is pushed slightly against the spring C and released. 
Find the time period of oscillation. 

Solution OP =x 


ZPOM = ZPON = 45° 
= 
v2 


y=xcos 45° = 


Net restoring force, 


Fi =— [kx + 2ky cos 45° | 
x 
=-(2k)x as y=—= 
anx — [asy=) 
k, =2k 
Now, T=2n |e =aon |™ 
k 2k 


e 


Example 10 A spring block system is kept inside a lift moving 
with a constant velocity vy as shown in figure. Block is in 
equilibrium and at rest with respect to lift. The lift is suddenly 
stopped at time t=0. Taking upward direction as the positive 
direction, write x-t equation of the block. 


Solution Lift is suddenly stopped but block will not stop instantly. It will have same velocity ug 
at t=0. But this is the velocity at its mean position (as it was at rest w.r.t lift). So, this is also 
its maximum velocity of SHM. 


0) 
Now, at t=0, block is at mean position and has a velocity u) in upward or positive direction. 
Therefore, the x-¢ equation is 


Up =Umax =O A > A 2b, (where, o= |) 
m 


x=Asinot Ans. 


where, A — Yo and @= {2 
@ m 
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© Example 11 One end of an ideal spring is fixed to a wall at origin O and axis of 
spring is parallel to x-axis. A block of mass m= 1kg is attached to free end of the 
spring and it is performing SHM. Equation of position of the block in co-ordinate 
system shown in figure is x = 10 +8 sin(10t). Here, t is in second and x in cm. 
Another block of mass M = 3 kg, moving towards the origin with velocity 30 cm/s 
collides with the block performing SHM at t=0 and gets stuck to it. Calculate 


O 


(a) new amplitude of oscillations, 
(6) new equation for position of the combined body, 
(c) loss of energy during collision. Neglect friction. 


Solution (a) Initially, ge 
m 


k =m’ = (1) (10)? = 100 N/m 

—— 30 cm/s ~— 30 cm/s << v 

Ei | a) 
At t =0, block of mass m is at mean position (x = 10 cm) and moving towards positive 
x-direction with velocity A@ or 30 cm/s. 
From conservation of linear momentum, 

(M + m)v = M(80) — m(80) 

Substituting the values, we have 
v= velocity of combined mass just after collision = 15 cm/s or 0.15 m/s 
From conservation of mechanical energy, 


v=15 cm/s 

1 2 1 12 

— (M+ m)u" =— k(A’) 

2 2 m|M 
Here, A’ = new amplitude of oscillation of combined mass 

2 M+m 4" 
A= v= (0.15) =0.03 m 

k 100 

or A =3cm Ans. 
(b) New angular frequency w’ = | a io =5 rad/s 
M+m 4 
x =10-3sin 5t Ans. 


(c) Loss of mechanical energy E; — E; 


.135 J Ans. 
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Type 6. Time period of a periodic motion which is not completely simple harmonic. 


© Example 12 A pendulum has a period T for small oscillations. 
An obstacle is placed directly beneath the pivot, so that only the 
lowest one-quarter of the string can follow the pendulum bob when 
it swings to the left of its resting position. The pendulum is 
released from rest at a certain point. How long will it take to 
return to that point again ? In answering this question, you may 
assume that the angle between the moving string and the vertical 
stays small throughout the motion. 


Solution Half the oscillation is completed with length / and rest half with length - 
[ Tl 
peti g Ss Qn abe 4 
2 2 2 g g 
310, E|-2e. where 7 =2n,|1 Ans. 
4 l 2 | 4 g 


© Example 13 A block of mass 100 g attached to a 
spring of stiffness 100 N/m is lying on a frictionless 5 cm 
floor as shown. The block is moved to compress the | 
spring by 10 cm and released. If the collision with the 
wall is elastic then find the time period of oscillations. 


Solution The given distance on RHS 5 cm is “ and from 0 to “ time taken is = 


T= tuys + thus = +2(2] 


-27=2en) |” 
3° 3 k 


26h OF sides Ans. 
3 \100 


© Example 14 Two light springs of force constants k, and k, and a block of mass m 
are in one line AB on a smooth horizontal table such that one end of each spring is 
fixed on rigid supports and the other end is free as shown in the figure. The distance 
CD between the free ends of the spring is 60 cm. If the block moves along AB with a 
velocity 120 cm/s in between the springs, calculate the period of oscillation of the 
block. (Take k, =1.8 N/m, k, =3.2 N/m, m= 200 g) (JEE 1985) 

k— 60 cm— 


Cc 


1 
k, 
D B 
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Solution Between C and D block will move with constant speed of 120 cm/s. Therefore, period 
of oscillation will be (starting from C). 


T. T; 
T=tep+—~+tpc +2 
cpt > + wet > 
Here, T, =2n ” and Fyn an | 
VA ky 
60 
d tcp =tpc =—~ =0.5 
an op = "De = F59 8 
T =0.5 4 an Je +0.54+ am pa 
2 V3.2 2 V1.8 
T =2.828 Ans. 


© Example 15 A block is released from point A as 
shown in figure. All surfaces are smooth and there 
is no loss of mechanical energy anywhere. Find the 
time period of oscillations of block. 


Solution As there is no loss of mechanical energy, the A C 
block rises upto the same height ‘/’ on other side also. 


I i 
dys. po." hi if 
sina sinB > 
ae ,  dsdbddddddidddd TOTTTTTTTY, 
a, =gsing, a,=gsinB 
U4, =Uc =0 
Using t= zs (with u=0) 
a 


.. Time period of oscillations, 
T =2tap + 2tcp = 2(tap + tcp) 


[ - h se a | 
=2 sina } sinB 
gsing gsinB 
=2 OF enact sk wonaeb| Ans. 
& 


Type 7. When point of suspension of the pendulum has an acceleration a. 


Concept 


As we have discussed in the theory, time period in this case is 


T=2n ee 
&e 


where, g.=g-a or g+(—a) and g, =|g,| 
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© Example 16 A simple pendulum of length | is suspended from the ceiling of a 
cart which ts sliding without friction on an inclined plane of inclination 8. What 
will be the time period of the pendulum? 


Solution Here, point of suspension has an acceleration. a = g sin 0 (down the plane). Further, 
g can be resolved into two components gsin 9 (along the plane) and g cos 6 (perpendicular to 
plane). 


J 


Q 
+) a 
3 ae oe eS 
Zt 9 3° 
a 


A as Sikora Sa En ae Le 


Be Sore =B-a =" + (a) 
Resultant of g and —a will be gcos8@. 


Sere = g cos 0 (perpendicular to plane) 


T =2n a 20 : Ans. 
| Z ore | g COS 8 


Note /f8=0°T=2n if: which is quiet obvious. 
g 


Type 8. When displacement is not measured from the mean position. 


Concept 


In most of the x-t equations of SHM, x is measured from the mean position. In this type of 
problems, we have to write S-t equation. But S here is not measured from the mean 
position. The method can be best explained by the following example: 


© Example 17 A block in SHM starts from + A position. Write S-t equation of the 
block, if S is measured from — A. 


Solution 


Ss 
-_—_____» 
een a /// ee 7/7) 
—-A oO t=t +A 
<—_—_._ A —————— t=0 


When the block starts from +A and x at any time ‘t’ is measured from the mean position, then 
x=Acoswt 
In the figure, we can see that 
S=A+x or S=A+Acosmt or S=A(1+cos@t) Ans. 

Check From the equation we can see that, 

S=2Aatt=0 

Sashes and gee 2 pee 
T 2 


S=0at T= and gee => @Ot=n 
2 Ju 


332 © Mechanics - II 


Type 9. Based on the concept of pseudo force. 


Concept 


If a block is observed from an accelerating or non-inertial frame of reference, a pseudo force 
(=-— ma) has to be applied on the block. Here, ‘m’ is the mass of the block and a the 
acceleration of frame of reference. 


© Example 18 A spring block system is kept inside the smooth surface of a trolley 


as shown in figure. 
| 0 ° 
oe 


At t=0, trolley is given an acceleration ‘a’ in the direction shown in figure. 
Write S -t equation of the block 

(a) with respect to trolley. 

(6) with respect to ground. 


Note Shas to be measured from the starting point (at t =0) not from the mean position of SHM with respect to 
trolley. 


Solution (a) Trolley is an accelerating or non-inertial frame. So, a pseudo force F =ma has to 
be applied on the block towards left. 


F=ma F=ma 
KXxo 


Qu %) 1 P 
| 
! I 
x=0 x=+A 
t=0 
Here, P or natural length of the spring is not the mean position (of SHM of the block with 
respect to trolley). 


Let mean position (where F,,, =0) is obtained after an extension of x). Then 


ma 

ma=kxy => xX) =— 

k 
This xp is also the amplitude of SHM of block with respect to trolley. 
ma 
A =X, =— 
oR 
Further, at t=0, block is at x=+ A. 
Therefore, x- ¢ equation of block is, x=Acos@t (where, @ = {5 
m 


But in this equation x is measured from the mean position and we have to measure S from the 
starting point (=+ A) 


Spt 


-A O t=t +A 


>+ve 
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From the figure we can see that, 
S,, = displacement of block with respect to trolley. 


=-(A-x) 
=-(A-Acos@t) 
S,, =(A cos@ t— A) Ans. 
(b) Displacement of trolley at time ‘t’ is 
S,= E at” 
2 
Now Sp. =S, —S, 
2 Sy =Sy, +S; 
or S, = displacement of block with respect to ground. 
or S, =(Acos@ t-A)+ Sat" Ans. 


Type 10. Distance travelled in a given time interval. 


Concept 
Linear speed of particle in SHM is not constant. Therefore, we cannot apply, 
distance = speed x time 


How to Solve? 
From the given x -t equation, find the starting point, amplitude and time period of oscillations. 


© Example 19 x-t equation of a particle in SHM is 
x=(4cm)cos (5 | 
2 
Here, t is in seconds. Find the distance travelled by the particle in first three seconds. 


Solution A=4cm 
O= (=) rad/s 
2 


a” aes 
fh 


The given equation is x= Acos@t. 
Therefore, the particle starts from x=+ A. 


The given time t=3 sec is = So, the particle moves from + A to — A and then from — A to O. 


T/2 
~< 
-A O +A 


T/4 


So, distance travelled in the given time interval is 3A or 12 cm. Ans. 
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Type 11. Graph Based problems. 


© Example 20 For a particle executing SHM, the displacement x is given by 
x =A cos wt. Identify the graph which represents the variation of potential energy 


(PE) as a function of time t and displacement x. (JEE 2003) 
PE PE 
1 ll 
Aaa ill 
x IV 
x 
>t > 
x 
(a) I, I (b) Il, IV (c) I, UI (d) 1, IV 


Solution Potential energy is minimum (in this case zero) at mean position (x=0) and 
maximum at extreme positions (x =+ A). 


At time t=0,x= A. Hence, PE should be maximum. Therefore, graph I is correct. Further in 
graph III, PE is minimum at x=0. Hence, this is also correct. 


© Example 21 x-tgraph of a particle in SHM is 


x 


At time t=to, what are the signs of v and a of the particle? 
. dx 
Solution =a = slope of x-¢ graph. 


At time t=tp, slope is positive. So, velocity is positive. 

ax-Xx 
At time t=fp, x is positive. Hence, acceleration is negative because ‘a’ and ‘x’ are always of 
opposite signs. 


Note At time to, velocity is positive and acceleration is negative. So, speed of the particle at this instant is 
decreasing or the particle is moving towards the extreme position. 


Type 12. Based on two body oscillator system. 


Concept 


As discussed in the theory, if the spring is compressed or elongated by x, and released then 
both blocks execute SHM with same time period T (and ® also) but different amplitudes in 
the inverse ratio of their masses. 

m K tp) 


[ -tornnnnnnnnnnrc7—| | 
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T=2n fH 
k 


m,m 
Here, w= reduced mass= ——1—2 
1 A, m 
Ax or Le 
m A, m, 
Ms 
A, = Xo 
m 
and Ayes |: ——*— |x, 
Mm, ar Mo 


© Example 22. The system shown in the figure can move on a smooth surface. 
They are initially compressed by 6 cm and then released, then choose the correct 


options. 


k = 800 N/m 
3kg 6kg 


(a) The system performs, SHM with time period 5 8 


(6) The block of mass 3 kg perform SHM with amplitude 4 cm 

(c) The block of mass 6 kg will have maximum momentum of 2.40 kg-m/s 
(d) The time periods of two blocks are in the ratio of 1: 42 

Solution w = Reduced mass 


= +_=2keg 
m, + Mo, 
T =2n E 
k 
S|" gett en: 
800 10 
Hei 
m 
As _6 _2 
301 


A,;=4cem and Ag=2cm 
ary ee =M6 Wi) nace 
= me Ag) 
20 


=2.4kg-mi/s 
.. The correct options are (a, b, c) 
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Type 13. Change in variable force method for finding time period of SHM. 


Concept 


(i) Two types of forces may act on a body: constant and variable. 
Weight of a body (for small heights) and the upthrust force on a solid when it is 
completely immersed in a liquid are constant forces. 
Spring force, upthrust force when the body is partially immersed in a liquid, tension and 
normal reaction are variable forces. Tension and normal reaction seem to be constant 
forces but actually they are variable forces. 


In the figure shown, AN 

N=mg if a=0 

N=m(g+a) if ais upwards and r f° 
N=m(g-a) if ais downwards. 


So, normal reaction N is not a constant force. ymg 
(i) In equilibrium, summation of all constant and variable forces is zero. 


(iii) When displaced from the mean position, constant forces do not contribute in the net 
restoring force (therefore in time period). They can only change the mean position. 


So, just forget the constant forces. Only change in variable force becomes the net 
restoring force. 


Fe, =—| AF |= net restoring force. 


where, Fis the variable force. 


(iv) If two or more than two variable forces are acting on a body and both either increase or 
decrease (when displaced from the mean position), then 


Fiet =— AF, |+ |AF, |] 

If one variable force increases and the other decreases then, 
Fie =- [|AF;| ~|AF,|] 

Let us understand this concept with an example. 


Fy 
F, = Fo= 10N (say) -- wae see een nna: 
Fret =0 t F, = 10N 
Fe Fret 
Equilibrium Fp = 8N 
position Displaced position 


In the above figures, F, is a constant force and F, is a variable force. In equilibrium, 
F, =F, =10N (say) 

or Fie =0 

When displaced from the mean position, F, being a constant force remains 10 N. 

But, suppose F, becomes Fy =8N. 


Then, net force is 2N(=F, —F) in upward direction or towards the mean position. We 
can see that this net force is also equal to change (here decrease) in variable force Fy. 
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How to Solve? 


¢ Consider a mean or equilibrium position of the body. 


¢ Displace the body from the mean position and find the change(s) in variable force(s) and calculate the net 
restoring force by the method discussed above. This net restoring force should be of type 


F=-kx > Now, rao fm 


© Example 23 A plank of mass ‘m’ and area of cross-section A is floating in a 


Note 


non-viscous liquid of density p. When displaced slightly from the mean position, it 
starts oscillating. Prove that oscillations are simple harmonic and find its time 
period. 


Solution Two forces are acting on the plank: weight and upthrust. Weight is a constant force. 
So, forget it. Upthrust (if partially immersed) is a variable force. When displaced downwards by 
a distance x, then 


Net restoring force F’,., =— [change or increase in variable force upthrust] 
=-—[(extra immersed volume)(density of liquid) (g)] 
=— [(Ax) €) (g)] 

This force is of type F =— kx. 

So, motion is simple harmonic, where k=p Ag 


r=2n|™ or T=2n ue Ans. 
k p Ag 


() Upthrust force is given by 
F = (immersed volume of solid) (density of liquid) (g) 
=Vpg =... AF=(AV;) pg [as p and g are constant] 


(ii) In the above problem, upthrust is just like a spring force of force constant: 
k=p Ag 


Example 24 A plank of mass ‘m’ and area of cross-section A is floating as 
shown in figure. When slightly displaced from mean position, plank starts 
oscillations. Find time period of these oscillations. 
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Solution Three forces are acting on the plank : 

(i) weight (ii) spring force 

(iii) upthrust 

Weight is a constant force. So, it will not contribute in the time period. Spring force and 


upthrust are variable forces. When displaced downwards from the mean position, both forces 
increase. 


So, their force constants are additive 
k,=k+pAg 


r=2n |” 
k, 


m 
k+pAg 


=2n Ans. 


Note /fthe plank oscillates with fully immersed position, then upthrust also becomes a constant force. So, the only 
varibale force remains kx. Therefore, 
T= 2m] 
k 


© Example 25 Figure shows a system consisting of a massless pulley, a spring of 
force constant k and a block of mass m. If the block is slightly displaced vertically 
down from its equilibrium position and released, find the period of its vertical 
oscillation in cases (a) and (b). 


Solution (a) 


Equilibrium position 
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Two forces are acting on the block : 

(i) weight 

(ii) tension 

Weight is a constant force which does not contribute in time period. Tension is a variable force. 
Let tension increases by Ff when displaced from the equilibrium position by x. This increase in 

tension is the change in variable force. So, this is also the net restoring force. The distribution 

of this increase in tension F'is as shown in figure. 


Spring gets an extra stretching force 2F’. Let x) is the extra extension in the spring by this extra 
force 2F’. Then, 


2F =kxq 
2F : 
) Xp =— sa 
ee om (@) 


Now, we can see that by this extra extension of spring, pulley will also come down by the same 
distance x) and 


=> =—x 


But Fis also the net restoring force on block. So, we can write 


T=2n 5A (as k, =k/4) 
=2n 7” Ans. 
k 
(b) Using the same concepts as discussed above, 
F — 
iia 
2k 
But this time, 
Xo = extra extension on spring. 
= extra increase in length ABCD 
=22x Equilibrium position 
or Ff =2x x 
2k 
or F =4kx 
Due to the restoring nature of F we can write, 
F=-(4k)x 


T =2n,|™ (as k, =4k) 
4k 


Miscellaneous Examples 


© Example 29 For a two body oscillator system, prove the relation, 


r= on |e 
k 


Solution A system of two bodies connected by a spring so that both are free to oscillate simple 
harmonically along the length of the spring constitutes a two body harmonic oscillator. 


MMs 
Mm, + My 


where, = = reduced mass 


y 
—>rF F<— 
Mo m4 
6 x 
x. 
——2_»| 
x4 


Suppose, two masses m, and my are connected by a horizontal massless spring of force constant 
k, so as to be free to oscillate along the length of the spring on a frictionless horizontal surface. 


Let J) be the natural length of the spring and let x», and x, be the coordinates of the two masses 
at any instant of time. Then, 


Extension of the spring X= (% — %y) —Iy .-(i) 
For x >0, the spring force F = kx acts on the two masses in the directions shown in above figure. 


Thus, we can write 


d’x, . 

m, ——=-kx eo (Dl 
ge a 
dx, a 

My, —< = kx ioe 
* dt? sia 


Multiplying Eq. (ii) by m, and Eq. (iii) by m, and subtracting the latter from the former, we 
have 


dx, d x5 
mm mm My, + m,) kx 
m2 2 m2 2 (mg 1) 
2 — 
or MM, Lae 7 2) =— kx (m, + mg) 
dt 
2 
mm, | d : 
or =-k .. (IV 
[2 + oa dt? (4 ~%) * “ 


Differentiating Eq. (i), twice with respect to time, we have 
dx 


d? 
ae ae“ 
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Also, m2 = reduced mass of the two blocks 


m, + Mg 


Substituting these values in Eq. (iv), we have 


dx 
— > =-kx 
ae 
2 2 2 
or ua,=—kx (Here, a, = oye, Oe Relative acceleration) 


av dt dt? 
This, is the standard differential equation of SHM. Time period of which is 


T =2n Ea or 7 =2n | 
k 


la,| 


Example 30 Two particles move parallel to x-axis about the origin with the 


ae : A 
same amplitude and frequency. At a certain instant they are found at distance — 


from the origin on opposite sides but their velocities are found to be in the same 
direction. What is the phase difference between the two ? 


Solution Let equations of two SHM be 


x, = Asin wt ... i) 
X= Asin (it + o) ax (1) 
Give that 2 = Asin wt 
and J aia (wt + 0) 
3 
Which gives sin wt = ; ... (iii) 


sin (@t + 9) =—= ali) 
From Eq. (iv), 


‘ : 1 
sin wt cos d + cos @t sin =a 


1 1. 
> cos 0 + ,/1 sin 0 = 
3 ° 9 % 


Solving this equation, we get 


7 
or cos ¢=—1,— 
4 9 

=> o=% or cos! (=) 


Differentiating Eqs. (i) and (i), we obtain 
v, = AM@cos@t and v,= AW cos @t + 6) 
If we put 0 = 7, we find v, and v, are of opposite signs. Hence, = 7 is not acceptable. 


= aie | A 
¢ =cos (2 ns. 
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© Example 31 For the arrangement shown in figure, the spring is initially 
compressed by 3 cm. When the spring is released the block collides with the wall 
and rebounds to compress the spring again. 


m=1k 
k = 104 N/m ‘ 
-—ANAANNA— - 1 cm— 


= eee 
(a) If the coefficient of restitution is 


fe 


find the maximum compression in the spring after 


collision. 


(b) If the time starts at the instant when spring is released, find the minimum time after 
which the block becomes stationary. 


Solution (a) Velocity of the block just before collision, 
ey ee tee 
2 2 2 
or Uy = 4{— (x2 — x”) 
m 


Here, x) =0.03m, x=0.01m, k=104N/m, m=1kg 


Uy =2 V2 m/s 
i 
After collision, v= eu, == 2/2 =2 m/s 
0 J2 


Maximum compression in the as is 


5 hak = 5 ke + 5 mo" 


or Nm = fx + — v 


=,/0. 01)? + wer m=2.23 cm Ans. 


(b) In the case of spring-mass system, since the time period is independent of the amplitude of 
oscillation. 


Time = tap + tac od top + tap 


aby (32) sin (5) (32) sin-f Z )+ aff 
4 20 3 20 2.23 4 


: 2.23 cm Cc 
D 
I~ >I< >I 
3cm 1cm 


Here, T) =2n { 
k 


Substituting the values, we get 


Total time= | |x + sin’! (5 : sin ) Ans. 
Pal 3 2.23) | 
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© Example 32 A long uniform rod of length L and mass M is 
free to rotate in a horizontal plane about a vertical axis 
through its one end ‘O’. A spring of force constant k is 
connected between one end of the rod and PQ. When the rod 
is in equilibrium it is parallel to PQ. 
(a) What is the period of small oscillation that result when the rod p 
is rotated slightly and released? 


(6) What will be the maximum speed of the displaced end of the rod, if the amplitude of 
motion is 05? 


Solution (a) Restoring torque about ‘O’ due to elastic force of the spring 


t=—-FL=-kyL (F = ky) 
t=—-kL76 (as y = L0) 
2, 
tal 1 a 28 
3 dt 
2, 
+ ap 2? - RL*® 
3 dt 
de 8k 
—, =-— 6 
dt M 
3k 
@ = ,|— 
M 


> T=2n, ms Ans. 
3k 


(b) In angular SHM, maximum angular velocity 


de 3k 
=0 =0 
ae oe OM 
(=) 
v=r|— 
dt 


So, eee & 
dt 


= 10, a Ans. 
max M 


© Example 33 A block with a mass of 2 kg hangs without vibrating at the end of 
a spring of spring constant 500 N/m, which is attached to the ceiling of an 


elevator. The elevator is moving upwards with an acceleration 5. Al time t =0, the 


acceleration suddenly ceases. 

(a) What is the angular frequency of oscillation of the block after the acceleration ceases? 

(6) By what amount is the spring stretched during the time when the elevator is 
accelerating? 

(c) What is the amplitude of oscillation and initial phase angle observed by a rider in the 
elevator in the equation, x = Asin(@t+ 0)? Take the upward direction to be positive. 
Take g= 10.0 m/s”. 
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Solution (a) Angular frequency 


fe [500 
@=,/— or @=,/— 
m 2 


or @ =15.81 rad/s Ans. 
(b) Equation of motion of the block (while elevator is accelerating) is, 


i 


mg 


ha —mg = ma =m = 


_ 4mg 

8k 

_ 4)@)(10) 
(3)(600) 


or x=5.3 cm Ans. 


=0.053 m 


(c) (i) In equilibrium when the elevator has zero acceleration, the equation of motion is, 


f kxo 


mg 
kx) =mg 
on sy = Mf = 2000) 
k 500 
=0.04m=4cm 
-. Amplitude A=x-% =5.3-4.0 
=1.3cm Ans. 


(ii) At time t =0, block is at x =— A. Therefore, substituting x =— A and t =0 in equation, 


X=+A 


+ Mean position 


x= Asin (@t + 6) 


We get initial phase d= a Ans. 
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© Example 34 Calculate the angular frequency of the system shown in figure. 
Friction is absent everywhere and the threads, spring and pulleys are massless. 
Given that my, = mp =m. 


Solution Let x, be the extension in the spring in equilibrium. Then, equilibrium of A and B 
give, 

T = kx) + mg sin 0 ...(0) 
and 2T =mg .-. (11) 
Here, T'is the tension in the string. Now, suppose A is further displaced by a distance x from its 


mean position and v be its speed at this moment. Then, B lowers by 5 and speed of B at this 


instant will be A . Total energy of the system in this position will be, 


2 
1 it  @ dl v 
BH=—k(x+x m,v.+—m +m,gh,—mpgh 

. ( 0) 5 tA 5 8 (=) AgN, — MBs Np 

1 1 nl x 
or E=—k(x+x,) mu” + — mv? + mgxsin 6 — — 

grrr ee 8 cal me 
or H= ee en en en 7 

gure t's ne a) 
Since, FE is constant, mals = 

dt 
or O=R(x + 1) + > mv (2) + mg (sin 0) (=) -2() 
dt 4 dt dt 2 \dt 
Substituting, bat =u > cd =a 
dt dt 
; mg . os 
and kxg +mg sin 0 = oa [From Eqs. (1) and (ii)] 
5 

We get, [oom 
Since, ax-x 


Motion is simple harmonic, time period of which is, 


T=2n 


a 


oat = [4k Ans. 
T Vim 
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© Example 35 _ A solid sphere (radius = R) rolls without slipping in a cylindrical 


through (radius = 5R). Find the time period of small oscillations. 


Solution For pure rolling to take place, 
v= Ro 
@ = angular velocity of COM of sphere C about O 


_v_ko_o 
4R 4R 4 


go 23 oo 
dt 4 dt 
Cy 
“0 
om 


8 


’ 
~~ 
’ 


, a 
or Qa == 
4 
a 
Qa=— 
R 
where, a= ee 
I 
1+ 5 
mR 
_ 5g sin 0 
7 
as, t=" mR? 
5 
,__ 5gsin@ 
28R 
For small 6,sin 0 ~ 0, being restoring in nature, 
5B 
28R 
T =2n 2) 
a 
i 28R 


for pure rolling 


Ans. 


Chapter 14 Simple Harmonic Motion e 347 


© Example 36 Consider the earth as a uniform sphere of mass M and radius R. 
Imagine a straight smooth tunnel made through the earth which connects any 
two points on its surface. Show that the motion of a particle of mass m along this 
tunnel under the action of gravitation would be simple harmonic. Hence, 
determine the time that a particle would take to go from one end to the other 
through the tunnel. 

Solution Suppose at some instant, the particle is at radial distance r from centre of earth O. 


Since, the particle is constrained to move along the tunnel, we define its position as distance x 


from C. Hence, equation of motion of the particle is, 
ma, =F, 


The gravitational force on mass m at distance r is, 


Fe= ee (towards O) 
Therefore, 
F,=-F sin 
=— GMmr () [rons 
Rg ke 
_ GMm 
a 2 
Since, Ff, « —x, motion is simple harmonic in nature. Further, 
‘i, 2 
R 
or => GM x 
Via 
.. Time period of oscillation is, 
T =2n =| 
la,| 
R 
=20 Gu 


=T ,.j/—— Ans. 


Exercises 


LEVEL 1 


Assertion and Reason 
Directions : Choose the correct option. 
(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 
(b) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 
(d) If Assertion is false but the Reason is true. 

1. Assertion : In x= A cost, xis the displacement measured from extreme position. 
Reason : In the above equation x = A at time t = 0. 

2. Assertion : A particle is under SHM along the x-axis. Its mean position is x = 2, amplitude is 
A=2and angular frequency o. At t= 0, particle is at origin, then x-co-ordinate versus time 
equation of the particle will be x = -— 2 coswt+ 2. 

Reason : At ¢ = 0, particle is at rest. 


3. Assertion : A spring block system is kept over a smooth surface as shown in figure. If a 


constant horizontal force F'is applied on the block it will start oscillating simple harmonically. 
kee 


_bannnne= |i] 
Reason : Time period of oscillation is less than on,|—. 


4. Assertion : Time taken by a particle in SHM to move from x = Atox= is same as the time 


taken by the particle to move from x = 3A tox= < 


2 


Reason : Corresponding angles rotated in the reference circle are same in the given time 
intervals. 


5. Assertion : Path of a particle in SHM is always a straight line. 
Reason : All straight line motions are not simple harmonic. 
6. Assertion : In spring block system if length of spring and mass of block both are halved, then 


angular frequency of oscillations will remain unchanged. 


Reason : Angular frequency is given by ® = ,/— 
m 


7. Assertion : All small oscillations are simple harmonic in nature. 


Reason: Oscillations of spring block system are always simple harmonic whether amplitude is 
small or large. 
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8. Assertion : In x= Acos@t, the dot product of acceleration and velocity is positive for time 


interval 0< t< ae 
20 


Reason : Angle between them is 0°. 


9. Assertion : For a given simple harmonic motion displacement (from the mean position) and 
acceleration have a constant ratio. 


Hedeoun a = or displacement 


acceleration 


10. Assertion : We can call circular motion also as simple harmonic motion. 


Reason : Angular velocity in uniform circular motion and angular frequency in simple 
harmonic motion have the same meanings. 


Objective Questions 
Single Correct Option 


1. A simple harmonic oscillation has an amplitude A and time period 7. The time required to 


travel aa is 
vi Jil T T 
4 b) — ia 4) 
Ore OG © 3 1) aa 


2. The potential energy of a particle executing SHM varies sinusoidally with frequency f. The 
frequency of oscillation of the particle will be 
f f 
a) = b) — c d) 2 
(a) (b) a () f (d) 2f 
3. For a particle undergoing simple harmonic motion, the velocity is plotted against displacement. 
The curve will be 
(a) a straight line (b) a parabola 
(c) acircle (d) an ellipse 


4. Asimple pendulum is made of bob which is a hollow sphere full of sand suspended by means of a 
wire. If all the sand is drained out, the period of the pendulum will 
(a) increase (b) decrease 
(c) remain same (d) become erratic 


5. Two simple harmonic motions are given by y, = a gall Fl t+ 4| and y, = 6b aul at t+ ‘i The 
aia ©) ae aaa Cai 


phase difference between these after 1 s is 
(a) zero (b) 1/2 
(c) 1/4 (d) 2/6 
6. A particle starts performing simple harmonic motion. Its amplitude is A. At one time its speed 
is half that of the maximum speed. At this moment the displacement is 


2A 3A 
(c) YB (d) ay 
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7. 


10. 


11. 


12. 


13. 


Which of the following is not simple harmonic function? 


(a) y=asin 2ot + bcos? at (b) y=asinot + b cos2at 
(c) y=1-2sin’ot (d) y=(/a7+ 6”) sin wt cos wt 


. The displacement of a particle varies according to the relation y = 4(cos at+ sin mt). The 


amplitude of the particle is 
(a) 8 units (b) 2 units (c) 4 units (d) 4V2 units 


. Two pendulums X and Y of time periods 4 s and 4.2 s are made to vibrate simultaneously. They 


are initially in same phase. After how many vibrations of X, they will be in the same phase 
again? 

(a) 30 (b) 25 

(c) 21 (d) 26 


A mass M is suspended from a massless spring. An additional mass m stretches the spring 
further by a distance x. The combined mass will oscillate with a period 


(a) 2n See (b) 2x ain 
mg (M +m) x 

(c) 2n {arem| (a) = ae 
mgx 2\(|W+m)x 


Two bodies P and Q of equal masses are suspended from two separate massless springs of force 
constants k, and k, respectively. If the two bodies oscillate vertically such that their maximum 
velocities are equal. The ratio of the amplitude of P to that of @ is 


ul hy 
@ ie o) 7 
Re hy 
Ot, @ 


A disc of radius R is pivoted at its rim. The period for small oscillations about an axis 
perpendicular to the plane of disc is 


Gy Onl (by ne (e™ 
g g 
pr BR 


Identify the correct variation of potential energy U as a function of displacement x from mean 
position (or x”) of a harmonic oscillator (UU at mean position = 0) 


U U 
(a) 4 (b) 
x 
fo) 
U x 


(c) 2 (d) None of these 
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14. If the length of a simple pendulum is equal to the radius of the earth, its time period will be 
(a) 2n./R/g (b) 2n,/R/2g 
(c) 2n 2R/g (d) infinite 


15. The displacement-time (x-t) graph of a particle executing simple harmonic motion is shown in 
figure. The correct variation of net force F acting on the particle as a function of time is 


x 


16. In the figure shown the time period and the amplitude respectively, when m is left from rest 
when spring is relaxed are (the inclined plane is smooth) 


(a) 2n Zo (b) 2n ne anew 


(c) 2n {t we (d) None of these 


2 
17. The equation of motion of a particle of mass 1 gis + n7x = 0, where x is displacement (in m) 
t 


from mean position. The frequency of oscillation is (in Hz) 


(a) 1/2 (b) 2 (c) 5V10 (d) 1/5 J10 
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18. 


19. 


20. 


21. 


22. 


23. 


24. 


The spring as shown in figure is kept in a stretched position with extension x when the system 
is released. Assuming the horizontal surface to be frictionless, the frequency of oscillation is 


1 [k(@M+m)] 1 | mM | 
Oa Mm | ©) oF lz (1+ m) | 


1 | km | 1 | km | 
io aries \ 
nt \|m+M 2x \| M+m 


The mass and diameter of a planet are twice those of earth. What will be the period of 
oscillation of a pendulum on this planet. It is a second’s pendulum on earth? 


(a) V2 s (b) 2V2 s () z s (a) B 


The resultant amplitude due to superposition of three simple harmonic motions x, = 3sin wt, 
x, = 5sin(@t+ 37°) and x, =- 15 cost is 
(a) 18 (b) 10 (c) 12 (d) None of these 


Two SHMs s, =a sin@t and s, = bsinwt are superimposed on a particle. The s, and s, are 
along the directions which makes 37° to each other 

(a) the particle will perform SHM 

(b) the path of particle is straight line 

(c) Both (a) and (b) are correct 

(d) Both (a) and (b) are wrong 


The amplitude of a particle executing SHM about O is 10 cm. Then 

(a) when the KE is 0.64 times of its maximum KE, its displacement is 6 cm from O 

(b) its speed is half the maximum speed when its displacement is half the maximum displacement 
(c) Both (a) and (b) are correct 

(d) Both (a) and (b) are wrong 


A particle is attached to a vertical spring and is pulled down a distance 4 cm below its 
equilibrium and is released from rest. The initial upward acceleration is 0.5 ms”. The angular 


s 


frequency of oscillation is 

(a) 3.53 rad/s (b) 0.28 rad/s 

(c) 1.25 rad/s (d) 0.08 rad/s 

A block of mass 1 kg is kept on smooth floor of a truck. One end of a spring of force constant 
100 N/m is attached to the block and other end is attached to the body of truck as shown in the 
figure. At t= 0, truck begins to move with constant acceleration 2 m/s”. The amplitude of 
oscillation of block relative to the floor of truck is 


k M - a2 


RU 


(a) 0.06 m (b) 0.02 m (c) 0.04 m (d) 0.03 m 


Chapter 14 Simple Harmonic Motion e 353 


Subjective Questions 


1. Find the period of oscillation of the system shown in figure. 


2. A block of mass 0.2 kg is attached to a massless spring of force constant 80 N/m as shown in 
figure. Find the period of oscillation. Take g = 10 m/s”. Neglect friction. 


iN 


30° 


3. A body of weight 27 N hangs on a long spring of such stiffness that an extra force of 9 N 
stretches the spring by 0.05 m. If the body is pulled downward and released, what is the period ? 


4. A clock with an iron pendulum keeps correct time at 20°C. How much time will it lose or gain in 
a day if the temperature changes to 40°C. Thermal coefficient of linear expansion 
ao = 0.000012 per°C. 


5. A 50 g mass hangs at the end of a massless spring. When 20 g more are added to the end of the 
spring, it stretches 7.0 cm more. (a) Find the spring constant. (b) If the 20 g are now removed, 
what will be the period of the motion ? 


6. An object suspended from a spring exhibits oscillations of period T. Now, the spring is 
cut in half and the two halves are used to support the same object, as shown in figure. 
Show that the new period of oscillation is 7/2. 


7. The string, the spring and the pulley shown in figure are light. Find the time period of / 
the mass m. 


8. A simple pendulum with a solid metal bob has a period T. What will be the period of the same 
pendulum if it is made to oscillate in a non-viscous liquid of density one-tenth of the metal of the 
bob? 
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9. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


A particle moves under the force F(x) =(x”—-—6x)N, where x is in metres. For small 
displacements from the origin what is the force constant in the simple harmonic motion 
approximation? 


The initial position and velocity of a body moving in SHM with period T = 0.25s are x = 5.0 cm 
and v= 218cm/s. What are the amplitude and phase constant of the motion? 


A point particle of mass 0.1 kg is executing SHM of amplitude 0.1 m. When the particle passes 
through the mean position, its kinetic energy is 8 x 10°° J. Write down the equation of motion of 
this particle when the initial phase of oscillation is 45°. 


Potential energy of a particle in SHM along x-axis is given by 
U =10+ (x-2)" 
Here, U is in joule and x in metre. Total mechanical energy of the particle is 26 J. Mass of the 
particle is 2 kg. Find 
(a) angular frequency of SHM, 
(b) potential energy and kinetic energy at mean position and extreme position, 
(c) amplitude of oscillation, 
(d) x-coordinates between which particle oscillates. 


A simple pendulum is taken at a place where its separation from the earth’s surface is equal to 
the radius of the earth. Calculate the time period of small oscillations if the length of the string 
is 1.0 m. Take g= 1” m/s’ at the surface of the earth. 


A solid cylinder of mass M = 10kg and cross-sectional area A = 20 cm” is suspended by a spring 
of force constant k= 100 N/m and hangs partially immersed in water. Calculate the period of 
small oscillations of the cylinder. 


A simple pendulum of length / and mass m is suspended in a car that is moving with constant 
speed uv around a circle of radius r. Find the period of oscillation and equilibrium position of the 
pendulum. 


A body of mass 0.10 kg is attached to a vertical massless spring with force constant 
4.0 x 10° N/m. The body is displaced 10.0 cm from its equilibrium position and released. How 
much time elapses as the body moves from a point 8.0 cm on one side of the equilibrium position 
to a point 6.0 cm on the same side of the equilibrium position? 


A body of mass 200g is in equilibrium at x=0 under the influence of a force 

F(x) = (— 100x + 10x”) N. 

(a) Ifthe body is displaced a small distance from equilibrium, what is the period of its oscillations? 

(b) If the amplitude is 4.0 cm, by how much do we error in assuming that F(x) =— kx at the end 
points of the motion. 


A ring of radius r is suspended from a point on its circumference. Determine its angular 
frequency of small oscillations. 


le) 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 
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A spring mass system is hanging from the ceiling of an elevator in equilibrium. 
The elevator suddenly starts accelerating upwards with acceleration a. Find 

(a) the frequency and 

(b) the amplitude of the resulting SHM. 


A body makes angular simple harmonic motion of amplitude 1/10 rad and time period 0.05 s. 
If the body is at a displacement 8=7/10 rad at t=0, write the equation giving angular 
displacement as a function of time. 


A particle executes simple harmonic motion of period 16 s. Two seconds later after it passes 
through the centre of oscillation its velocity is found to be 2 m/s. Find the amplitude. 


A simple pendulum consists of a small sphere of mass m suspended by a thread of length /. The 
sphere carries a positive charge g. The pendulum is placed in a uniform electric field of strength 
E directed vertically upwards. With what period will pendulum oscillate if the electrostatic 
force acting on the sphere is less than the gravitational force? 


Hint: Electrostatic force is given by F = qE 


Find the period of oscillation of a pendulum of length / if its point of suspension is 

(a) moving vertically up with acceleration a. 

(b) moving vertically down with acceleration a «< g). 

(c) falling freely under gravity 

(d) moving horizontally with acceleration a. 

A block with mass M attached to a horizontal spring with force constant k is moving with simple 
harmonic motion having amplitude A,. At the instant when the block passes through its 


equilibrium position a lump of putty with mass m is dropped vertically on the block from a very 

small height and sticks to it. 

(a) Find the new amplitude and period. 

(b) Repeat part (a) for the case in which the putty is dropped on the block when it is at one end 
of its path. 


A bullet of mass m strikes a block of mass M. The bullet remains embedded in the block. Find 
the amplitude of the resulting SHM. 


m Yo M 


An annular ring of internal and outer radii r and R respectively oscillates in a vertical plane 
about a horizontal axis perpendicular to its plane and passing through a point on its outer edge. 


Calculate its time period and show that the length of an equivalent simple pendulum is as 


r> Oand2Rasr—> R. 


A body of mass 200 g oscillates about a horizontal axis at a distance of 20 cm from its centre of 
gravity. If the length of the equivalent simple pendulum is 35 cm, find its moment of inertia 
about the point of suspension. 


Show that the period of oscillation of simple pendulum at depth h below earth’s surface is 
inversely proportional to,/R—-h , where Ris the radius of earth. Find out the time period of a 
second pendulum at a depth R/2 from the earth’s surface ? 
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29. 


30. 


31. 


32. 


33. 


34. 


The period of a particle in SHM is 8 s. At ¢ = Oit is in its equilibrium position. 
(a) Compare the distance travelled in the first 4 s and the second 4 s. 
(b) Compare the distance travelled in the first 2 s and the second 2 s. 


(a) The motion of the particle in simple harmonic motion is given by x = a sin wt. If its speed is 
u, when the displacement is x, and speed is v, when the displacement is x,,show that the 
amplitude of the motion is 


(b) A particle is moving with simple harmonic motion in a straight line. When the distance of 
the particle from the equilibrium position has the values x, and x,, the corresponding 
values of velocity are u, and us, show that the period is 


2 2 W2 
T on| % “| 
[ue ui | 


Show that the combined spring energy and gravitational energy for a mass m hanging from a 


light spring of force constant k can be expressed as Uy + . ky”, where y is the distance above or 


below the equilibrium position and U, is constant. 


The masses in figure slide on a frictionless table. m, but not m,,is fastened to the spring. If now 
m, and m, are pushed to the left, so that the spring is compressed a distance d, what will be the 
amplitude of the oscillation of m, after the spring system is released ? 


m, Mo 


The spring shown in figure is unstretched when a man starts pulling on the cord. The mass of 
the block is M. If the man exerts a constant force F, find 


(a) the amplitude and the time period of the motion of the block, 
(b) the energy stored in the spring when the block passes through the equilibrium position and 
(c) the kinetic energy of the block at this position. 


In figure, k= 100 N/m, M=1kg and F=10N. 


=o 


35. 


36. 


37. 


38. 


39. 
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(a) Find the compression of the spring in the equilibrium position. 


(b) Asharp blow by some external agent imparts a speed of 2 m/s to the block towards left. Find the 
sum of the potential energy of the spring and the kinetic energy of the block at this instant. 


(c) Find the time period of the resulting simple harmonic motion. 

(d) Find the amplitude. 

(e) Write the potential energy of the spring when the block is at the left extreme. 

(f) Write the potential energy of the spring when the block is at the right extreme. 

The answers of (b), (e) and (f) are different. Explain why this does not violate the principle of 
conservation of energy? 

Pendulum A is a physical pendulum made from a thin, rigid and uniform rod whose length is d. 


One end of this rod is attached to the ceiling by a frictionless hinge, so that the rod is free to 
swing back and forth. Pendulum B is a simple pendulum whose length is also d. Obtain the 


ey ; : ee 

ratio “a of their periods for small angle oscillations. 
B 

A solid cylinder of mass m is attached to a horizontal spring with force constant k. The cylinder 

can roll without slipping along the horizontal plane. (See the accompanying figure.) Show that 

the centre of mass of the cylinder executes simple harmonic motion with a period T = 2n = if 


displaced from mean position. 


A cord is attached between a 0.50 kg block and a spring with force constant k= 20 N/m. The 
other end of the spring is attached to the wall and the cord is placed over a pulley (I = 0.60 MR?) 


of mass 5.0 kg and radius 0.50 m. (See the accompanying figure). Assuming no slipping occurs, 
what is the frequency of the oscillations when the body is set into motion? 


Two linear SHM of equal amplitudes A and frequencies @ and 2 are impressed on a particle 
along x and y-axes respectively. If the initial phase difference between them is 1/2. Find the 
resultant path followed by the particle. 


A particle is subjected to two simple harmonic motions given by 
x, =2.0sin(100 nt) and x,=20sin(120n7t+7/ 3) 


where, x is in cm and ¢ in second. Find the displacement of the particle at 
(a) ¢ =0.0125, (b) t =0.025. 


LEVEL 2 


Objective Questions 
Single Correct Option 


1. A particle of mass 2 kg moves in simple harmonic motion and its potential 
energy U varies with position x as shown. The period of oscillation of the 
particle is 


2m 2/2 
(a) a (b) 5 s 
21 An 
(c) a s (d) rie 


2. In the figure shown, a spring mass system is placed on a horizontal 
smooth surface in between two vertical rigid walls W, and W,. One end of 
spring is fixed with wall W, and other end is attached with mass m which 
is free to move. Initially, spring is tension free and having natural length 
J). Mass mis compressed through a distance a and released. Taking the 
collision between wall W, and mass mas elastic and K as 
spring constant, the average force exerted by mass m on wall W, in one 
oscillation of block is 


2ak 2ma 
is OF 
oS je 

1 m 


3. Two simple harmonic motions are represented by the following equations y, = 40 sin@tand 
yo =10(sin@t+ccosot).If their displacement amplitudes are equal, then the value of c 
(in appropriate units) is 


(a) V13 (b) J15 
(c) V17 (d) 4 


4. A particle executes simple harmonic motion with frequency 2.5 Hz and amplitude 2 m. The 
speed of the particle 0.3 s after crossing, the equilibrium position is 
(a) zero (b) 2m m/s 
(c) 4m m/s (d) mm/s 

5. A particle oscillates simple harmonically with a period of 16 s. Two second after crossing the 
equilibrium position its velocity becomes 1 m/s. The amplitude is 


is =m (b) oP 
© 3m a 
TU TT 


6. A seconds pendulum is suspended from the ceiling of a trolley moving horizontally with an 
acceleration of 4 m/s”. Its period of oscillation is 


(a) 1.90 s (b) 1.70 s 
(c) 2.308 (d) 1.40s 
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7. A particle is performing a linear simple harmonic motion. If the instantaneous acceleration and 
velocity of the particle are a and v respectively, identify the graph which correctly represents 
the relation between a and v. 


v2 v2 
(a) (b) 
a2 O a2 
v2 
(c) (d) : 
fe) a 


a2 


8. In a vertical U-tube a column of mercury oscillates simple harmonically. If the tube contains 
1 kg of mercury and 1 cm of mercury column weighs 20 g, then the period of oscillation is 


(a) ls (b) 2s 
(c) V2s (d) Insufficient data 


9. A solid cube of side a and density py floats on the surface of a liquid of density p. If the cube is 
slightly pushed downward, then it oscillates simple harmonically with a period of 


(a) 2n [Po & (b) 2n [2.2 
pP sg Po § 


(c) 2m 


10. A uniform stick of length /is mounted so as to rotate about a horizontal axis perpendicular to 
the stick and at a distance d from the centre of mass. The time period of small oscillations has a 
minimum value when d// is 


1 1 
OE ” Ti 

1 1 
OF O% 


11. Three arrangements of spring-mass system are shown in figures (A), (B) and (C). If 
T,, T, and T; represent the respective periods of oscillation, then correct relation is 


Aster, GBs eh Cnens7 Ger 7 
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12. 


13. 


14. 


15. 


Three arrangements are shown in figure. 


3 
> 


(A) (B) (C) 


(a) A spring of mass m and stiffness k 
(b) A block of mass m attached to massless spring of stiffness k 


(c) A block of mass = attached to a spring of mass = and stiffness k 


If7,, T, and T; represent the period of oscillation in the three cases respectively, then identify 
the correct relation. 

@ Beet, (b) T, <Ty <T, 

Of-Rs7, @ tat ao, 


A block of mass M is kept on a smooth surface and touches the two springs as shown in the 
figure but not attached to the springs. Initially springs are in their natural length. Now, the 
block is shifted (/)/2) from the given position in such a way that it compresses a spring and 
released. The time-period of oscillation of mass will be 


k Mi 4k 
lo 2Ip 
—<$<$$<$<—P>- 
nm |M M 
sey ieee on .|— 
@ ove () 20 
3n |M M 
aia) ean d a 
(c) aT (d) ™,| or 


A particle moving on x-axis has potential energy U = 2- 20x + 5x” joule along x-axis. The 
particle is released at x = — 3. The maximum value of x will be (x is in metre) 

(a) 5m (b) 3m 

(c) 7m (d) 8m 

A block of mass m, when attached to a uniform ideal spring with force constant kand free length 
L executes SHM. The spring is then cut in two pieces, one with free length n LZ and other with 
free length (1 — n) L.The block is also divided in the same fraction. The smaller part of the block 
attached to longer part of the spring executes SHM with frequency f,. The bigger part of the 
block attached to smaller part of the spring executes SHM with frequency f,. The ratio f/f, is 


(a) 1 ) 


l+n (a) n 
lt+n 


(c) 


16. 


17. 


18. 


19. 


20. 


21. 
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A body performs simple harmonic oscillations along the straight line ABCDE with C as the 
midpoint of AE. Its kinetic energies at Band D are each one fourth of its maximum value. If 
AE = 2R, the distance between Band Dis 


A B Cc D E 


V3 R 
a) ““R b) = c) W3R d) V2R 
(a) . (b) B (c) (d) 
In the given figure, two elastic rods P and Q are rigidly joined to end supports. A small mass m 
is moving with velocity v between the rods. All collisions are assumed to be elastic and the 
surface is given to be smooth. The time period of small mass m will be (A = area of cross section, 
Y = Young’s modulus, L = length of each rod) 


(a) Aon [me 
V AY 

(c) 20 ag uid 
UV AY 


A particle executes SHM of period 1.2 s and amplitude 8 cm. Find the time it takes to travel 
3 cm from the positive extremity of its oscillation. [cos '(5/8) = 0.9 rad] 


(a) 0.28 s (b) 0.32 s (c) 0.17 s (d) 0.42 s 


A wire frame in the shape of an equilateral triangle is hinged at one vertex so that it can swing 
freely in a vertical plane, with the plane of the triangle always remaining vertical. The side of 
the frame is 1//3 m. The time period in seconds of small oscillations of the frame will be 
(g= 10 m/s”) 


(a) n/V2 (b) n/V3 
(c) nW6 (d) n/V5 
A particle moves along the x-axis according to x = A [1+ sinwt]. What distance does is travel in 


time interval from t= 0 to t= 2.52/o ? 
(a) 4A (b) 6A (c) 5A (d) 8A 


A small bob attached to a light inextensible thread of length / has a periodic time T when 
allowed to vibrate as a simple pendulum. The thread is now suspended from a fixed end O of a 
vertical rigid rod of length 3//4. If now the pendulum performs periodic oscillations in this 
arrangement, the periodic time will be 


31/4 


(a) 38T/4 (b) 47/5 (c) 27/3 (d) 5T/6 
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22. 


23. 


24. 


25. 


26. 


27. 


28. 


A stone is swinging in a horizontal circle of diameter 0.8 m at 30 rev/min. A distant light causes 
a shadow of the stone on a nearly wall. The amplitude and period of the SHM for the shadow of 
the stone are 

(a) 0.4 m, 4s (b) 0.2 m, 2s 

(c) 0.4 m, 2s (d) 0.8 m, 2s 


Part of SHM is graphed in the figure. Here, y is displacement from mean position. The correct 
equation describing the SHM is 


y(cm) 


(a) y=4 cos (0.6 t) (b) y=2sin(2 1-2) 
(c) y=2sin(Z-2,) (d) y=2e0s (061+ 2) 


A particle performs SHM with a period 7 and amplitude a. The mean velocity of particle over 
the time interval during which it travels a distance a/2 from the extreme position is 

(a) 6a/T (b) 2a/T 

(c) 8a/T (d) a/2T 

A man of mass 60 kg is standing on a platform executing SHM in the vertical plane. The 


displacement from the mean position varies as y = 0.5 sin (27ft). The value of f, for which the man 
will feel weightlessness at the highest point, is (y in metre) 


(a) gi4n (b) 4ng () a (d) 2n 2g 


A particle performs SHM on a straight line with time period T and amplitude A. The average 
speed of the particle between two successive instants, when potential energy and kinetic energy 
become same is 


A 4J2A 
(a) T (b) aia 
2A 2J2A 
(c) T (d) a 


The time taken by a particle performing SHM to pass from point Ato Bwhere its velocities 
are same is 2 s. After another 2 s it returns to B. The ratio of distance OB to its amplitude 
(where O is the mean position) is 

(a) 1:V2 (b) (V2 -1):1 

() 1:2 (da) 1:2V2 

A particle is executing SHM according to the equation x= Acoswt. Average speed of the 
particle during the interval 0< t< oo is 


(0) 
(@ BAe () BAe 
() 24° (a) 24° @-,B) 
1 Tt 
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More than One Correct Options 


1. A simple pendulum with a bob of mass m is suspended from the roof of a car moving with 
horizontal acceleration a 
(a) The string makes an angle of tan‘ (a/g) with the vertical 


(b) The string makes an angle of sin{2] with the vertical 
8§ 


(c) The tension in the string is ma? + a 
(d) The tension in the string is m , g?- a? 
2. A particle starts from a point P at a distance of A/2 from the mean position O and travels 


towards left as shown in the figure. If the time period of SHM, executed about O is T and 
amplitude A then the equation of the motion of particle is 


Al2 
<_m—_> 
|/\-___} «+» 
fo a <c 
A 
. (20 T . (270 51 
=A —t+— =A t 
(a) x sin (3 = (b) x sin (3 =| 
2m T 21 Tt 
(c) x= Acos (r+ 2) (d) x= Acos (21+ 2) 
7 6 7 3 


3. A spring has natural length 40 cm and spring constant 500 N/m. A block of mass 1 kg is 
attached at one end of the spring and other end of the spring is attached to a ceiling. The block is 
released from the position, where the spring has length 45 cm 
(a) the block will perform SHM of amplitude 5 cm 
(b) the block will have maximum velocity 30 V5 cm/s 
(c) the block will have maximum acceleration 15 m/s” 

(d) the minimum elastic potential energy of the spring will be zero 


4. The displacement-time graph of a particle executing SHM is shown in figure. Which of the 
following statements is/are true? 


(a) The velocity is maximum at ¢ = 7'/2 

(b) The acceleration is maximum at t=T 

(c) The force is zero at t=3T7/4 

(d) The kinetic energy equals the total oscillation energy at t = 7/2 


5. For a particle executing SHM, x=displacement from mean position, v= velocity and 
a= acceleration at any instant, then 
(a) v-x graph is a circle (b) v-x graph is an ellipse 
(c) a-x graph is a straight line (d) a-x graph is a circle 
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6. The acceleration of a particle is a=-— 100x + 50. It is released from x = 2. Here, a and x are in 
SI units 
(a) the particle will perform SHM of amplitude 2 m 
(b) the particle will perform SHM of amplitude 1.5 m 
(c) the particle will perform SHM of time period 0.63 s 
(d) the particle will have a maximum velocity of 15 m/s 


7. Two particles are performing SHM in same phase. It means that 
(a) the two particles must have same distance from the mean position simultaneously 
(b) two particles may have same distance from the mean position simultaneously 
(c) the two particles must have maximum speed simultaneously 
(d) the two particles may have maximum speed simultaneously 
8. A particle moves along y-axis according to the equation 
y (in cm) =3 sin 100at + 8sin?50n¢ —6 
(a) the particle performs SHM 
(b) the amplitude of the particle’s oscillation is 5 cm 
(c) the mean position of the particle is at y=—2 cm 
(d) the particle does not perform SHM 


Comprehension Based Questions 


Passage (Q Nos. 1 to 2) 


A 2 kg block hangs without vibrating at the bottom end of a spring with a force constant of 
400 N/m. The top end of the spring is attached to the ceiling of an elevator car. The car is rising 
with an upward acceleration of 5 m/s” when the acceleration suddenly ceases at time t = 0 and 


the car moves upward with constant speed (g = 10 m/s”) 


1. What is the angular frequency of oscillation of the block after the acceleration ceases? 


(a) 10V2 rad/s (b) 20 rad/s 

(c) 20V2 rad/s (d) 32 rad/s 
2. The amplitude of the oscillation is 

(a) 7.5cm (b) 5cm 

(c) 2.6cm (d) lcm 


Match the Columns 


1. For the x-t equation of a particle in SHM along x-axis, match the following two columns. 
x=2+2cosat 


Column | Column II 
(a) Mean position (p) x=0 
(b) Extreme position (q) x=2 


(c) Maximum potential energy at | (r) x=4 
(d) Zero potential energy at (s) Can’t tell 
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2. Potential energy of a particle at mean position is 4 J and at extreme position is 20 J. Given that 
amplitude of oscillation is A. Match the following two columns. 


Column I 


. A 
(a) Potential energy at x= a 


Column II 
(p) 18d 
(q) 16J 
(r) 8d 
(s) None 


3. Acceleration-time graph of a particle in SHM is as shown in figure. Match the following two 


eae A 
(b) Kinetic energy at x= ri 
(c) Kinetic energy at x«=0 

ee A 
(d) Kinetic energy at x= > 

columns. 
a 
ty 
Column I 


Column II 


(a) Displacement of particle att, | (p) zero 
(b) Displacement of particle at t, | (q) positive 


(c) Velocity of particle at t, 
(d) Velocity of particle at t, 


(r) negative 
(s) maximum 


4. Mass of a particle is 2 kg. Its displacement-time equation in SHM is 


x=2sin (411) 


(SI Units) 


Match the following two columns for 1 second time interval. 


Column I 


(a) Speed becomes 30 m/s 
(b) Velocity becomes + 10 m/s 


Column II 


(p) two times 
(q) four times 


(c) Kinetic energy becomes 400 J (r) one time 
(d) Acceleration becomes- 100 m/s? | (s) None 


5. x-t equation of a particle in SHM is, x= 4+ 6 sin at. Match the following tables corresponding 


to time taken in moving from 


Column I 
(a) x=10mtox=4m 
(b) x=10mtox=7m 


(c) x=7mtox=1m 
(d) x=10mtox=-2m 


Column II 
1 
(p) 3 second 


(q) bs second 
2 


(r) 1 second 
(s) None 
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Subjective Questions 


1. A 1 kg block is executing simple harmonic motion of amplitude 0.1 m on a smooth horizontal 
surface under the restoring force of a spring of spring constant 100 N/m. A block of mass 3 kg is 
gently placed on it at the instant it passes through the mean position. Assuming that the two 
blocks move together. Find the frequency and the amplitude of the motion. 


2. Two particles are in SHM along same line. Time period of each is JT’ and amplitude is A. After 
how much time will they collide if at time t= 0. (a) first particle is at x, = a and moving 


towards positive x-axis and second particle is at x, = - — and moving towards negative x-axis, 


V2 


(b) rest information are same as mentioned in part (a) except that particle first is also moving 
towards negative x-axis. 


3. A particle that hangs from a spring oscillates with an angular frequency of 2 rad/s. The spring 
particle system is suspended from the ceiling of an elevator car and hangs motionless (relative 
to the elevator car) as the car descends at a constant speed of 1.5 m/s. The car then stops 
suddenly. (a) With what amplitude does the particle oscillate ? (b) What is the equation of 
motion for the particle ? (Choose upward as the positive direction) 


4. A 2 kg mass is attached to a spring of force constant 600 N/m and rests on a smooth horizontal 

surface. A second mass of 1 kg slides along the surface toward the first at 6 m/s. 

(a) Find the amplitude of oscillation if the masses make a perfectly inelastic collision and remain 
together on the spring. What is the period of oscillation ? 

(b) Find the amplitude and period of oscillation if the collision is perfectly elastic. 

(c) For each case, write down the position x as a function of time t for the mass attached to the 
spring, assuming that the collision occurs at time t =0. What is the impulse given to the 2 kg 
mass in each case? 


5. A block of mass 4 kg hangs from a spring of force constant k = 400 N/m. The block is pulled down 
15 cm below equilibrium and released. How long does it take the block to go from 12 cm below 
equilibrium (on the way up) to 9 cm above equilibrium? 


6. A plank with a body of mass m placed on it starts moving straight up according to the law 
y = a(1— cos wt), where y is the displacement from the initial position, @ = 11 rad/s. Find 
(a) The time dependence of the force that the body exerts on the plank. 
(b) The minimum amplitude of oscillation of the plank at which the body starts falling behind the 
plank. 


7. A particle of mass m free to move in the x-y plane is subjected to a force whose components are 
F,, = — kx and F, = — ky, where k is a constant. The particle is released when ¢ = 0 at the point 
(2, 3). Prove that the subsequent motion is simple harmonic along the straight line 2y — 3x = 0. 


8. Determine the natural frequency of vibration of the 100 N disk. Assume the disk does not slip 
on the inclined surface. 


we 
o 
ay 


30° 
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9. The disk has a weight of 100 N and rolls without slipping on the horizontal surface as it 


10. 


11. 


12. 


oscillates about its equilibrium position. If the disk is displaced, by rolling it counterclockwise 
0.4 rad, determine the equation which describes its oscillatory motion when it is released. 


k= 1000 N/m 


A solid uniform cylinder of mass m performs small oscillations due to the action of two springs 
of stiffness k each (figure). Find the period of these oscillations in the absence of sliding. 


@ 
A block of mass m is attached to one end of a light inextensible string passing over a smooth 
light pulley B and under another smooth light pulley A as shown in the figure. The other end of 


the string is fixed to a ceiling. A and B are held by springs of spring constants k, and k,. Find 
angular frequency of small oscillations of the system. 


In the shown arrangement, both the springs are in their natural lengths. The coefficient of 
friction between m, and m, isu. There is no friction between m, and the surface. If the blocks are 
displaced slightly, they together perform simple harmonic motion. Obtain 


ky 


(a) Frequency of such oscillations. 


(b) The condition if the frictional force on block m, is to act in the direction of its displacement from 
mean position. 


(c) Ifthe condition obtained in (b) is met, what can be maximum amplitude of their oscillations? 
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13. 


14. 


15. 


16. 


Two blocks A and B of masses m, = 3 kg and mz, = 6 kg respectively k 

are connected with each other by a spring of force constant k= 200 | ¢ —+“| 4 B 

N/m as shown in figure. Blocks are pulled away from each other by 

X 9 = 38cm and then released. When spring is in its natural length 

and blocks are moving towards each other, another block C of mass 

m = 3 kg moving with velocity up = 0.4 m/s (towards right) collides with A and gets stuck to it. 

Neglecting friction, calculate 

(a) velocities v, and v, of the blocks A and B respectively just before collision and their angular 
frequency. 

(b) velocity of centre of mass of the system, after collision, 

(c) amplitude of oscillations of combined body, 

(d) loss of energy during collision. 


Arod of length / and mass m, pivoted at one end, is held by a spring at its mid-point and a spring 
at far end. The springs have spring constant k. Find the frequency of small oscillations about 
the equilibrium position. 


In the arrangement shown in figure, pulleys are light and springs are ideal. k,, kn, k, and k, are 
force constants of the springs. Calculate period of small vertical oscillations of block of mass m. 


A light pulley is suspended at the lower end of a spring of constant k,,as shown in figure. An 
inextensible string passes over the pulley. At one end of string a mass m is suspended, the other 
end of the string is attached to another spring of constant k,. The other ends of both the springs 
are attached to rigid supports, as shown. Neglecting masses of springs and any friction, find the 
time period of small oscillations of mass m about equilibrium position. 


|: 
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17. Figure shows a solid uniform cylinder of radius R and mass M, which is free to rotate about a 


18. 


fixed horizontal axis O and passes through centre of the cylinder. One end of an ideal spring of 
force constant k is fixed and the other end is hinged to the cylinder at A. Distance OA is equal to 


<. An inextensible thread is wrapped round the cylinder and passes over a smooth, small 


pulley. A block of equal mass M and having cross sectional area A is suspended from free end of 
the thread. The block is partially immersed in a non-viscous liquid of density p. 


— ae 
7 
M,R 
M 
- 


If in equilibrium, spring is horizontal and line OA is vertical, calculate frequency of small 
oscillations of the system. 


Find the natural frequency of the system shown in figure. The pulleys are smooth and 
massless. 


Answers 


Introductory Exercise 14.1 
1. a _ ie 3. (a) 15.0cm (b) 0.726s (c) 1.38Hz (d) 1.69J (e) 1.30 m/s 
4. 0.101 m/s, 1.264 m/s”, 0.632N  5.No 


Introductory Exercise 14.2 


1. (a) 1.39J (b) 11s 2. + 0.58 m/s, - 0.45 ms?, + 0.60 m/s, zero 3: é 

4. (a) 0.08m (b) 1.57 rad/s (c) 1.97 N/m (d) Zero (e) 0.197 m/s” 

5. (a) — sec (b) = sec (c) — sec 6. See the hints. 

120 30 30 

Introductory Exercise 14.3 

1. (Z) sec 2. 3.2 kg 3. 1 sec 4. Jp 5. 6 6.11% 7. v3 

2 9 2n 

Introductory Exercise 14.4 

1. (a) 7.0cm (b) 6.1 cm (c)5.0cm (d) 1.0 cm 

2. (a) 2.6 unit (b) 1917unit (c) 6.0 x 10°unit 3. 2A 4. 

Exercises 


LEVEL 1 


Assertion and Reason 
1. (d) 2. (b) 3. (c) A. (a) 5. (d) 6. (d) 7. (d) 8. (a) 9.(a) 10 


Objective Questions 


1. (a) 2. (a) 3.(d) 4. (c) 5.(d) 6 (b) 7. (b) 8. (d) 9%(c) 10 
11. (c) 12.(d) 13(c) 14 (b) 15.(b) 16.(a) 17. (a) 18.(a) 19.(b) 20 
21. (c) 22. (a) 23. (a) 24. (b) 


Subjective Questions 
1. 7 =2n {= 2.0.314s 3.0.78s 4. The clock will lose 10.37s 5. (a) 2.8N/m_ (b) 0.845 


a a nj 8. ( 2) T 9.6.0 N/m 10. 10.0 cm, ztad 11. y=(0.1 m) sin] (4st gi 


. (d) 


« (a) 
. (d) 


| 


4 | 


12. (a) 1 rad/s (b) Unean = 10J, Kmean = 16 J, Uextreme = 26 J, Kextreme = O(c) 4m (d) x=6mandx=-2m 


13. 4s 14. 1.8s 


2 
and inclined to the vertical at an angle @ = tan} (= away from the centre 
rg 


15. 2n 
v2 


16. 14x10°%s 17. (a) 0.28s(b)0.4% 18. iz 19.(a) 1 {Eo ine 20.0 =( as rad) cos [(402s7)t] 
2r 2n\Vm k 10 
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/ i i o i 
21. 7.2m 22. 20 23. (a) 20 b) 27% |} (ce). Infinite. <¢<d) 27°. | ————___ 
|g a Ve+ a) " \Ve-a) ” “ \(e? + a)” 
m 
M M+m M+m mv 
24. (a) A, = , T= 2n,| b) A> = T= 2n|| 25, "0 ___ 
Oe gem k Oe k [KM + m) 
Re 
26. T=2n2—2R 9 27.14x 10° gcm? 28.2/2s5 29.(a) equal (b) equal 
g 
2 2 
32. A=di™ 33. @F,anjM (i 165 
m+ mM k k 2k 2k 
34. (a)l0cm (b)2.5J (c) Z sec (d)20cm (e)4.5J (f)0.5J 35.0816 37. 0.38Hz 
z 
38. Parabola, y = ali =| 39. (a)-2.41 cm (b) 0.27 cm 


Single Correct Option 


1. (d) 2. (a) 3.(b) 4. (a) 5. (b) 6. (a) 7. (c) 8. (a) 9. (a) 10. (b) 


11. (c) 12. (b) 13.(c) 14 (c) 15.(a) 16.(c) 17. (a) 18 (c) 19.(d) 20. (c) 
21. (a) 22. (c) 23. (b) 24. (c) 25. (c) 26.(b) 27. (a) 28. (d) 


More than One Correct Options 


1. (a,c) 2. (bd) 3. (b,c,d)_ 4. (b,c) ~—5. (b,c) 6.(b,c,d) 7. (b,c) 8. (a, b, c) 


Comprehension Based Questions 


1. 


(a) 2. (c) 


Match the Columns 


QRWN Pe 


(aj>q (b> pr (c)>pr (d)ras 
(ayo r (b)> s (c)> q (d)> s 
(avr r (b) > p (c)> r (d)> r,s 
(a)> s (b)> q (c)> $s (d)> q 
(aj> q (b)> p (c)> p (d)> r 


Subjective Questions 


1. 


4. 
5. 


10. 


13. 
14. 


17. 


0.8Hz,0.05m 2. az T (b) 7 T 3. (a)A=0.75m (b)x=-0.75 sin 2t 


(a) 14.1 cm, 0.44 s (b) 23 cm, 0.36 s (c) x= + (14.1cm) sin(10V2 t), x=+ (23 cm) sin (10V3 t), 4 N-s, 8 N-s 


3 s=0.157s 6. (a)N = m(g+ aw* cosat) (b)8.1cm 8. 0.56Hz 9.6=04cos (16.16 t) 


kk. + 
T == [3m 11. Bee 12. (a) 1 [kth (b) Km (c) LM, + M2), g 
20NuK Am(k + ko) 2n Vm+ mM ky = Mp Mky — Mk, 


(a) 0.2 m/s, 0.1 m/s, 10 rad/s (b) 0.1 m/s (towards right) (c) 4.8cm (d) 0.03 J 


2,20 gered imitate le!) desi ees 
2n V4m k bh kh kk 
at [k+ 4Apg 18. ie 

2n 6M n\VM 


Elasticity 


Chapter Contents 


15.1 Introduction 

15.2 Elasticity 

15.3 Stress and Strain 

15.4 Hooke’s Law and Modulus of Elasticity 
15.5 The Stress-Strain Curve 

15.6 Potential Energy Stored in a Stretched Wire 
15.7 Thermal Stresses of Strain 
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15.1 Introduction 


The properties of material under the action of external deforming forces are very essential, for an 
engineer, to enable him, in designing him all types of structures and machines. 


Whenever a load is attached to a thin hanging wire it elongates and the load moves downwards 
(sometimes through a negligible distance). The amount by which the wire elongates depends upon 
the amount of load and the nature of wire material. Cohesive force, between the molecules of the 
hanging wire offer resistance against the deformation, and the force of resistance increases with the 
deformation. The process of deformation stops when the force of resistance is equal to the external 
force (i.e. the load attached). Sometimes the force of resistance offered by the molecules is less than 
the external force. In such a case, the deformation continues until the wire breaks. 
Thus, we may conclude that if some external deforming force is applied to a body it has two effects on 
it, namely : 

(i) deformation of the body, 

(11) internal resistance (restoring) forces are developed. 


15.2 Elasticity 


As we have already discussed that whenever a single force (or a system of forces) acts on a body it 
undergoes some deformation and the molecules offer some resistance to the deformation. When the 
external force is removed, the force of resistance also vanishes and the body returns back to its 
original shape. But it is only possible if the deformation is within a certain limit. Such a limit is called 
elastic limit. This property of materials of returning back to their original position is called the 
elasticity. 

A body is said to be perfectly elastic if it returns back completely to its original shape and size after 
removing the external force. If a body remains in the deformed state and does not even partially 
regain its original shape after the removal of the deforming forces, it is called a perfectly inelastic or 
plastic body. Quite often, when the external forces are removed, the body partially regains the 
original shape. Such bodies are partially elastic. If the force acting on the body is increased and the 
deformation exceeds the elastic limit, the body loses to some extent, its property of elasticity. In this 
case, the body will not return to its original shape and size even after removal of the external force. 
Some deformation is left permanently. 


15.3 Stress and Strain 


Stress 
When an external force is applied to a body then at each cross-section of the body an internal restoring 
force is developed which tends to restore the body to its original state. The internal restoring force per 
unit area of cross-section of the deformed body is called stress. It is usually denoted by o (sigma). 


Restoring force 


Thus, Stress (0) = 
Area 


Note /n equilibrium, when further deformation stops, the restoring force is equal to the external force (or the 
suspended load from a hanging wire). Therefore, the stress is also sometime called the external deforming 
force per unit area. 
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Strain 
When the size or shape of a body is changed under an external force, the body is said to be strained. 
The change occurred in the unit size of the body is called strain. Usually, it is denoted by e. Thus, 
Ax 
€=— 
x 
Here, Ax is the change (may be in length, volume etc.) and x the original value of the quantity in which 


change has occurred. For example, when the length of a suspended wire increases under an applied 
load, the value of strain is, 


15.4 Hooke's Law and the Modulus of Elasticity 


According to Hooke’s law, 


“For small deformation, the stress in a body is proportional to the corresponding strain.” i.e. 


stress « strain or stress = (£) (strain) 
stress es : 
Here, E = seni is a constant called the modulus of elasticity. Now, depending upon the nature of 
strain 


deforming force applied on the body, stress, strain and hence modulus of elasticity are classified in 
following three types: 


Young’s Modulus of Elasticity (Y ) 


When a wire is acted upon by two equal and opposite forces in the direction of its length, 


Al 
the length of the body is changed. The change in length per unit length (=) is called the ; 


longitudinal strain and the restoring force (which is equal to the applied force in i 
equilibrium) per unit area of cross section of the wire is called the longitudinal stress. af T 
For small change in the length of the wire, the ratio of the longitudinal stress to the 

corresponding strain is called the Young’s modulus of elasticity (Y ) of the wire. Thus, Fig. 15.1 


F/A Fl 
yal! 


=——_ or =—_ 
Al/l AAI 


Let there be a wire of length / and radius 7. Its one end is clamped to a rigid support and a mass M is 
attached at the other end. Then, 


F=Mg and A=nr’ 


Substituting in above equation, we have 
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Bulk Modulus of Elasticity (8) 


When a uniform pressure (normal force) is applied all over the surface of a body, the volume of the 
body changes. The change in volume per unit volume of the body is called the ‘volume strain’ and 
the normal force acting per unit area of the surface (pressure) is called the normal stress or volume 
stress. For small strains, the ratio of the volume stress to the volume strain is called the ’bulk 
modulus’ of the material of the body. It is denoted by B. Then, 


oe —Ap 
= or 
AV /V (AV/V) 


Fig. 15.2 
Here, negative sign implies that, when the pressure increases volume decreases and vice-versa. 
Compressibility 


The reciprocal of the bulk modulus of the material of a body is called the ‘compressibility’ of that 
material. Thus, 


1 
Compressibility = = 


Modulus of Rigidity (1) 


When a body is acted upon by an external force tangential to a surface of the 
body, the opposite surface being kept fixed, it suffers a change in shape, its 
volume remaining unchanged. Then, the body is said to be sheared. 


The ratio of the displacement of a layer in the direction of the tangential 
force and the distance of the layer from the fixed surface is called the 
shearing strain and the tangential force acting per unit area of the surface is 
called the “shearing stress”. 


For small strain the ratio of the shearing stress to the shearing strain is called 
the “modulus of rigidity” of the material of the body. It is denoted by 1. 


F/A 
Thus, = ipar 
KK’/KN 
Here, =tan0=0 
FIA F 
ee or ]=— 
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© Extra Points to Remember 
e lf aspring is stretched or compressed by an amount A/, the restoring force produced in it is, 


Fs Sle NI awal(l) 
Here, k = force constant of spring 
Similarly, if a wire is stretched by an amount A /, the restoring force produced in it is, 
F-(2) Al i) 
as, Y= FIA 
Al/I 
Comparing Eqs. (i) and (ii), we can see that force constant of a wire is, 
k= as (iii) 


i.e. a wire is just like a spring of force constant “ .SO, all 


formulae which we use in case of a spring can be applied ay J ok 
to a wire also. 2” a 
From Eq. (iii), we may also conclude that force constant of Li =? 
a spring is inversely proportional to the length of the spring 
lor 
1 
ee Fig. 15.4 


i.e. if a spring is cut into two equal pieces its force constant is doubled. 


© Example 15.1 Determine the elongation of the steel bar 1m long and 1.5 cm” 
cross-sectional area when subjected to a pull of 1.5x10* N. 
(Take Y =2.0 x10"! N/m?) 


Solution Y mee: 3 
Al/l 
are Ft 
AY 
Substituting the values, 
Ai * 10* (1.0) 
(1.5x 10+ (2.0 10'! ) 
=0.5x107 m 
or Al= 0.5 mm Ans. 


© Example 15.2 The bulk modulus of water is 2.3 x 10° N/m”. 
(a) Find its compressibility in the units atm”. 
(6) How much pressure in atmospheres is needed to compress a sample of water by 
0.1% ? 
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Solution Here, B = 2.3x 10° N/m? 


_ 2.3 10° 
1.01x 10° 
= 2.27x 104 atm 
(a) Compressibility = Pe : ==4.4x10" atm! Ans. 
B 227% 10 


AV 
(b) Here, 7 =-0.1%=- 0.001 
Required increase in pressure, 
AV 
A Bx 
§ V 7) 
= 2.27x 10* x 0.001 
= 22.7 atm Ans. 


INTRODUCTORY EXERCISE 


1. Two wires A and B of same dimensions are stretched by same amount of force. Young’s 
modulus of A is twice that of B. Which wire will get more elongation? 

2. Arod 100 cm long and of 2cm x 2.cm cross-section is subjected to a pull of 1000 kg force. If the 
modulus of elasticity of the material is 2.0 x 10° kg/cm?, determine the elongation of the rod. 


3. A cast iron column has internal diameter of 200 mm. What should be the minimum external 
diameter so that it may carry a load of 1.6 MN without the stress exceeding 90 N/mm?? 


4. Find the dimensions of stress, strain and modulus of elasticity. 


15.5 The Stress-Strain Curve 


A plot of longitudinal stress (either tensile or compressive) 
versus longitudingal strain for a typical solid is shown in figure. —%|- 
The strain is directly proportional to the applied stress for values PI- 
of stress upto Gp. In this linear region, the material returns to its 
original size when the stress is removed. Point P is known as the 
proportional limit of the solid. For stresses between Op and oz,  o 
where point E is called the elastic limit, the material also returns The stress-strain curve for a typical solid 
to its original size. Fig. 15.5 


(Fracture point) 
7 E (Elastic limit) 
P (Proportional limit) 


However, notice that stress and strain are not proportional in this region. For deformations beyond the 
elastic limit, the material does not return to its original size when the stress is removed, it is 
permanently distorted. Finally, further stretching beyond the elastic limit leads to the eventual 
fracture of the solid. The proportionality constant for linear region or the slope of stress-strain curve 
in this curve is called the Young’s modulus of elasticity Y. 
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15.6 Potential Energy Stored in a Stretched Wire 


When a wire is stretched, work is done against the inter atomic forces. This work is stored in the wire 
in the form of elastic potential energy. Suppose on applying a force F on a wire of length /, the 
increase in length is A/. The area of cross-section of the wire is A. The potential energy stored in the 
wire should be, 


1 2 
U =—k(Al 
5 (Al) 
YA 
Here, | es 
I 
1 YA 2 
U =-— (Al 
5 7 | ) 


Elastic potential energy per unit volume of the wire (also called energy density) is, 
1 YA 


=— (Aly 
ou 27 (Al) 
u= or “== 
volume Al 
Al 1 
or u= aie. Y-—] or u=-=(strain) (Y xstrain) 

2d l 2 
1 : 

or u= 5 (strain) X (stress) 


15.7 Thermal Stresses or Strains 


Whenever there is some increase or decrease in the temperature of the body, it causes the body to 
expand or contract. If the body is allowed to expand or contract freely, with the rise or fall of the 
temperature, no stresses are induced in the body. But if the deformation of the body is prevented, 
some stresses are induced in the body. Such stresses are called thermal stresses or temperature 
stresses. The corresponding strains are called thermal strains or temperature strains. 


Consider a rod AB fixed at two supports as shown in figure. 


—— 


A B 
Fig. 15.6 

Let /= length of rod 

A = area of cross-section of the rod 

Y = Young’s modulus of elasticity of the rod 
and o=thermal coefficient of linear expansion of the rod 
Let the temperature of the rod is increased by an amount ¢. The length of the rod would had increased 
by an amount AJ if it were not fixed at two supports. Here 

Al= lat 
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But the rod is fixed at the supports. Hence a compressive strain will be produced in the rod. Because at 
the increased temperature, the natural length of the rod is /+ AJ, while being fixed at two supports its 
actual length is /, Hence, thermal strain 


Al Al lat 
I+Al 1 l 
or €=Ot 
Therefore, thermal stress o=Ye (stress = Y X strain) 
or o = Yat 


or force on the supports, 
F =0A=YAat 


This force F is in the direction shown below. 


." F FF 
a 
Fig. 15.7 


© Example 15.3 A steel wire 4.0 m in length is stretched through 2.0 mm. The 
cross-sectional area of the wire is 2.0 mm”. If Young’s modulus of steel is 
2.0 x 10'' N/m?. Find 
(a) the energy density of wire, 
(b) the elastic potential energy stored in the wire. 
Solution Here, /=4.0m, Al=2x107 m A=2.0x10° m’, Y=2.0x10'! N/m? 


(a) The energy density of stretched wire 


1 : 
U= 5 x stress X strain 


= : x Y x (strain y 


2 
= : x 2.0 10!! x fee) 
= 0.25x 10° = 2.5 10* J/m? Ans. 
(b) Elastic potential energy = energy density x volume 
=2.5x 104 x (2.0x 10°) x 4.0 J 
= 20x10? =0.20J Ans. 


© Example 15.4 Arubber cord has a cross-sectional area 1mm? and total 
unstretched length 10.0 cm. It is stretched to 12.0 cm and then released to 
project a missile of mass 5.0 g. Taking Young’s modulus Y for rubber as 
5.0 x 10° N/m”. Calculate the velocity of projection. 
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Solution Equivalent force constant of rubber cord 
_¥4 _6.0x10°)(.0x10°) | 
l (0.1) 


k 5.0x 10° N/m 


Now, from conservation of mechanical energy, 


elastic potential energy of cord = kinetic energy of missile 


Len? =a? = & pal Ea 
2 3 


3 
=| JL" | (12.0- 10.0)x 10° = 20 m/s Ans. 
1 5.0x10- 


Note Following assumptions have been made in this problem : 
() k has been assumed constant, even though it depends on the length (I). 
(i) The whole of the elastic potential energy is converting into kinetic energy of missile. 


INTRODUCTORY EXERCISE 


1. Find the dimensions of energy density. 
2. (a) Awire4m long and0.3mm in diameter is stretched by a force of 100N. If extension in the 
wire is 0.3mm, calculate the potential energy stored in the wire. 
(b) Find the work done in stretching a wire of cross-section 1 mm? and length 2m through 0.1mm. 
Young's modulus for the material of wire is 2.0 x 10" N/m?. 


@® Extra Points to Remember 
e Modulus of elasticity E (whether, it is Y, B or 1) is given by 
Fe Suess 
strain 
Following conclusions can be made from the above expression : 
(i) E «stress (for same strain), i.e. if we want the equal amount of strain in two different materials, the one 
which needs more stress is having more E. 


(ii) E « 


(for same stress), i.e. if the same amount of stress is applied on two different materials, the 


strain 
one having the less strain is having more E. Rather we can say that the material which offers more 
resistance to the external forces is having greater value of E. So, we can see that modulus of elasticity 
of steel is more than that of rubber or 


reel >E 


rubber 
(ili) E = stress for unit strain (= =a Ol AXe— x) , Le. suppose the length of a wire is 2 m, then the Young’s 
x 
modulus of elasticity (Y)is the stress applied on the wire to stretch the wire by the same length of 2 m. 
e The material which has smaller value of Y is more ductile, i.e. it offers less resistance in framing it into a 


wire. Similarly, the material having the smaller value of B is more malleable. Thus, for making wire we will 
more concentrate on Y. 
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e Asolid will have all the three modulii of elasticity Y, B and 7. But in case of a liquid or a gas only B can be 
defined, as a liquid or a gas cannot be framed into a wire or no shear force can be applied on them. 


e Fora liquid or a gas, 
B= (=) or __Ap- 
aV/V AV/V 


So, instead of p we are more interested in change in pressure dp or Ap. 


e Incase of a gas, bulk modulus is process dependent and is given by, 


3} = 40 


in the process pV* =constant 
For example, for x = 1, or pV =constant (isothermal process), B = p. 
i.e., isothermal bulk modulus of a gas (denoted by B,) is equal to the pressure of the gas at that instant of 


time or 


Cc 

Similarly, for x = y = os or pV" = constant (adiabatic process), B = yp. 
Vv 

i.e., adiabatic bulk modulus of a gas (denoted by B,) is equal to y times the pressure of the gas at that 

instant of time or B, = yp 

In general for a gas, B< pin all processes. 

Physically this can be explained as under: 


Fig. 15.8 


Suppose we have two containers A and B. Some gas is filled in both the containers. But the pressure inA is 
more than the pressure in B, i.e. Pp, > Pp 

So, bulk modulus of A should be more than the bulk modulus of B, or B, > B, 

and this is quiet obvious, because it is more difficult to compress the gas in chamber A, i.e. it provides 
more resistance to the external forces. And as we have discussed earlier also, the modulus of elasticity is 
more for a material which offers more resistance to external forces. 


e When a pressure is applied on a substance, its density is changed. The change in density can be 


calculated as under : 


= ainass (p = density) 
volume 
or px - (mass = constant) 
[Lie eae 
p VW V+dVv 


or p'=p M 
V+aVv 
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From this expression, we can see that p’ increases as pressure is increased (dp is positive) and 
vice-versa. 


We can also write the above equation as 


: dp) ' 
=o 1-—£ 
p= 1-2) 
r dp : 
or p =p Le (ifap << B) 
, (p) 
or == N= Oa 
Pp —Pp=Ap=p B 
Ap 
Ap=p| — 
p ef 4 
e Inthe figure shown 
Work done by gravity is 
W =(Mg)al a 
: « 
Fig. 15.9 


But potential energy stored in the stretched wire is 


U= [0 oy energy density (volume) 
volume 
1 


[4 


= [poe x eran) velmel 


or U=—(Mg)(Al) ooel(l)) 


From Eqs. (i) and (ii), we can see that half of the work done by gravity is stored as potential energy in 
stretched wire and rest half (or 50%) is dissipated in the form of heat, sound etc. during stretching. 


Solved Examples 


TYPED PROBLEMS 


Type 1. Based on change in length of a wire. 


Concept 
We have discussed in article 15.4 that change in lengthis given by Al= ne 


Here, F is the internal restoring force in the wire. So, this is also the tension in the wire. 


Therefore, we can also write the above equation as 


ee 
AY 
Now, the concept is, if tension is uniform then this equation can A, 


be applied directly to find the change in length. If tension is MD) i 


non-uniform then we will find change in length by integration. 


In that case, Al=[ dl=| ao 


Here, 7’, is the tension at some intermediate point x and 


T,.dx . ; , : : : 
dl=— . is the change in length in a small element dx, due to the tension 7’, at this point. 


Note TofindT, atsome intermediate point (if it is non-uniform) students can refer the chapter ‘Laws of motion’. 


© Example 1 A bar of mass mand length lis hanging from point Aas 
shown in figure. Find the increase in its length due to its own weight. The 
Young’s modulus of elasticity of the wire is Y and area of cross-section of 


the wire is A. 


Solution Consider a small section dx of the bar at a distance x from B. 


Tension in the bar at this pointis T,=W,= (72) x 


Elongation in section dx will be dl= aa = (72) x dx 
AY LAY 


Total elongation in the bar can be obtained by integrating this expression from x =0 


tox=1. 
x=l 1 
Al= { at=( 7) | x dx 
x=0 LAY 0 
or Al= amet Ans. 
2AY 


Chapter 15 Elasticity « 385 


© Example 2. A rod PQ of mass m, area of cross section A, 


length land Young's modulus of elasticity Y is lying ona __ WIM{/1/7)—F 
smooth table as shown in figure. A force F is applied at P. Q P 


Find 

(a) tension at a distance x from end P, 
(6) longitudinal stress at this point, 
(c) total change in length and 

(d) total strain in the rod. 


Solution (a) Acceleration of the rod, a ea -i34 
m 
Tx F 
F-T, = (py) =( 7 x] (=) M P 
l m 
fe (1 = *) Ans. 
(b) Stress o= cs ee (a *) Ans. 
A AA l 
l T.dx 
Ch in length Al= “ 
(c) Change in leng \, AY 
F (2 - *) dx 
=f. J 
0 AY 
Al= a Ans. 
2AY 
(d) Strain = ca = =e Ans. 
1 2AY 


Type 2. Based on thermal stresses. 


Concept 


As discussed in article 15.7, if temperature of a rod is increased or decreased, it has a 
tendency to expand or contract. If rod is not fixed from its two ends and it is free to expand 
or contract then no stresses will be developed in it. If rod is fixed from its two ends then it 
means rod is not allowed to expand or contract. So stresses are developed. If temperature is 
decreased, then its natural length is less but it is fixed from two ends. So, we can assume 
that it has been stretched by A/ from its natural length /— Al(= 1). So, tensile stresses will be 
developed. Similarly, compressive stresses are developed if temperature is increased. 


© Example 3 A steel rod of length 6.0 m and diameter 
20 mm is fixed between two rigid supports. Determine the 


stress in the rod, when the temperature increases by —@$—$ 
F 6.0m 

80°C if 

(a) the ends do not yield (b) the ends yield by 1 mm. 


Take Y = 2.0x 10° kg/cm” and a = 12x 10° per°C. 
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Solution Given, length of the rod 1=6m=600 cm 

Diameter of the rod d=20mm=2cm 

Increase in temperature t = 80°C 

Young’s modulus 

Y =2.0 x 10° kg/em? 

and thermal coefficient of linear expansion a = 12 x 10° per°C 
(a) When the ends do not yield 

Let, 


Using the relation o =atY 


0, =stress in the rod 


6, = (12x 10°°)(80)(2x 10°) 


= 1920 kg/cm? Ans. 
(b) When the ends yield by 1 mm. 
Increase in length due to increase in temperature Al = lat 
of this 1 mm or 0.1 cm is allowed to expand. Therefore, net compression in the rod 
Ale = (lat — 0.1) 

or compressive strain in the rod, 

f= Aline _ [ae 2) 

l I 
stress 06, =Ye=Y [ae - 2) 
Substituting the values, 
Gy=2 10° (12 x 10° x80- =| 
. 600 
= 1587 kg/cm” Ans. 


Note For more examples of thermal stresses, students can refer the topic thermal expansion. 


Type 3. Based on breaking stress. 


Concept 


Every material has a limit of maximum stress which can be applied to this. This is called 
breaking stress. Material breaks beyond this. 


Now, the maximum force which can be applied across it depends on its area of 
cross-section. 


Om =n, 


A ( ,,= breaking stress) 


Maximum force F,, =(6,,)A 


© Example 4 If the elastic limit of copper is 1.5 x 10° N/m?, determine the 


minimum diameter a copper wire can have under a load of 10.0 kg, if its elastic 
limit ts not to be exceeded. 
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Solution aoe On 
Anin 
- =6, OY din= ee, 
Td nin T Om 


= Scie - =9.1x104 m=091mm Ans. 
3.14*1.5 x10 


© Example 5 Find the greatest length of steel wire that can hang vertically 
without breaking. Breaking stress of steel = 8.0 x 10° N/m”. Density of steel 
= 8.0 x 10°kg/m?®. Take g =10m/s". 
Solution Let / be the length of the wire that can hang vertically without breaking. Then, the 


stretching force on it is equal to its own weight. If therefore, A is the area of cross-section and p 
the density, then 


Maximum stress (6,,) = Weight [Stress _ mae 
A area 
or = (Alp)g 
A 
J = Sm 
Ps 
8 
Substituting the values 8.0 x 10 =10'm Ais: 


~ (8.0 x 10° )(10) 


Type 4. Based on change in density due to change in pressure. 


Concept 


As discussed in extra touch points, if extra pressure Ap is applied on a body its volume 

decreases without change in its mass. So, its density increases. If Ap<< B, where B is the 
: : Beas A 

bulk modulus, then increase in density is given by Ap= ee 


© Example 6 Bulk modulus of water is 2.3x10° N/m?. Taking average density of 
water p=10° kg/m, find increase in density at a depth of 1km. Take g=10m/s" 


Solution Pressure increases with depth of a liquid. At a depth ‘h’ below the water surface 


increase in pressure is given by Ap=pgh 
: : A 
Using the equation, Ap =p - 
h 2oh 
wrest Apah We J PSB 
B B 


Substituting the values we have, 
_ (10*)?(10) (10°) 
2.3x10° 


Ap = 4.33 kg/m? Ans. 


Miscellaneous Examples 


© Example 7 The pressure of a medium is changed from 101x10° Pa to 
1165x10° Pa and change in volume is 10% keeping temperature constant. The 
bulk modulus of the medium is 
(a) 204.8x 10° Pa (b) 102.4x10°Pa = (c) 51.210’ Pa (d) 1.55x10° Pa 
Solution From the definition of bulk modulus, B wee 
(AV /V) 
Substituting the values, we have 
re (1.165 -1.01) x 10° 
(10/100) 


=155x10° Pa 


Therefore, the correct option is (d). 


© Example 8 A light rod of length 2.00 m is suspended from the ceiling 
horizontally by means of two vertical wires of equal length tied to its ends. One of 
the wires is made of steel and is of cross-section 10~? m? and the other is of brass 
of cross-section 2 x 107° m®. Find out the position along the rod at which a weight 
may be hung to produce, 
(a) equal stresses in both wires (6b) equal strains on both wires. 
Young’s modulus for steel is 2x 10'' N/m? and for brass is 10‘! N/m’. 


Solution (a) Given, stress in steel = stress in brass 
Ts _ Tp 


Ag ~ Ag Steel Brass 
Ts _ As 
Ts, As a Ts 
1072 1 A t Cc 
>| 


= —__, == nel 
2x10? 2 @) MX 2-x 


As the system is in equilibrium, taking moments about D, we have 
Ty: x = Tp 2 — x) 
Ts _2-x 
Tp x 
From Kgs. (i) and (ii), we get x=1.33m Ans. 
@)Staine 
Given, strain in steel = strain in brass 
Ts/Ag _ Tp/Ag 
Ys Yp 
T,  A¥o 0. x10°)@ 10" = 
T, ApYz,  (2x107°)(10!") 


From Kgs. (ii) and (ii), we have x=1.0m Ans. 


.. (il) 
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© Example 9 A sphere of radius 0.1mand mass 81 kg is attached to the lower end 
of a steel wire of length 5.0 mand diameter 10° m. The wire is suspended from 
5.22 m high ceiling of a room. When the sphere is made to swing as a simple 
pendulum, it just grazes the floor at its lowest point. Calculate the velocity of the 
sphere at the lowest position. Young’s modulus of steel is 1.994 x 10". N/m’. 


Solution Let Albe the extension of wire when the sphere is at mean position. Then, we have 
1+ Al+ 2r=5.22 
or Al=5,.22 —1-2r 
=5.22-5-2 x 0.1 
=0.02 m 
Let T' be the tension in the wire at mean position during oscillations, then 


5.22 m Tr 


yaZA 

Alll 
_YAAL_ Ynr*Al 
a 


Ee 


Substituting the values, we have 
_ (1.994 x 10'1) x x x 0.5 x 10)? x 0.02 


T 
5 
= 626.43 N 
The equation of motion at mean position is, 
2 
mu ' 
T ~mg =—— wi 
a= (i) 
Here, R=5.22 —r=5.22-0.1=5.12m 
and m=8n kg =25.18 kg 
Substituting the proper values in Eq. (i), we have 
2 
(626.43) — (25.13 x 9.8) = = 


Solving this equation, we get 
v= 8.8 m/s Ans. 
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© Example 10 A thin ring of radius R is made of a material of density p and 
Young’s modulus Y. If the ring is rotated about its centre in its own plane with 
angular velocity @, find the small increase in its radius. 
Solution Consider an element PQ of length di. Let T be the tension and A the area of 
cross-section of the wire. 
Mass of element dm = volume x density 


= A(dl)p 
The component of T, towards the centre provides the necessary centripetal force to portion PQ. 
F =27 sin (2 =(dm)Ro” (i) 
For small angles sin “ = - — = 


Tcos (d@/2) 1”: Tcos (de/2) 


or d@ = — 


Substituting in Eq. (i), we have 


7: “ = A(d)) pRw? 


or T = Apw°R® 
Let AR be the increase in radius. 
Al _ A@nR) AR 


Longitudinal strain = 


2nR R 
ee __TIA 
AR/R 
AR= 2% 
AY 
_ (Apw’R?)R 
AY 


2 
or AR= ae Ans. 


Exercises 


LEVEL 1 


Assertion and Reason 
Directions: Choose the correct option. 
(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 
(b) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 
(d) If Assertion is false but the Reason is true. 


1. Assertion: Steel is more elastic than rubber. 
Reason: For same strain, steel requires more stress to be produced in it. 
2. Assertion: If pressure is increased, bulk modulus of gases will increase. 


Reason: With increase in pressure, temperature of gas also increases. 
z ; Fl . Ae . 
3. Assertion: From the relation Y = AAI” we can say that, if length of a wire is doubled, its 


Young’s modulus of elasticity will also becomes two times. 
Reason: Modulus of elasticity is a material property. 


4. Assertion: Bulk modulus of elasticity can be defined for all three states of matter, solid 
liquid and gas. 


Reason: Young’s modulus is not defined for liquids and gases. 
5. Assertion: Every wire is like a spring, whose spring constant, K « ; where / is length of 


wire. 
Reason: It follows from the relation 
| 
l 
6. Assertion: Ratio of stress and strain is always constant for a substance. 
Reason: This ratio is called modulus of elasticity. 
7. Assertion: Ratio of isothermal bulk modulus and adiabatic bulk modulus for a monoatomic 


, . 3 
gas at a given pressure 1S B 


Reason: This ratio is equal to 
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8. Assertion: A uniform elastic rod lying on smooth horizontal surface is pulled by a constant 


horizontal force of magnitude F' as shown in the figure. Another identical elastic rod is pulled 
vertically upwards by a constant vertical force of magnitude F as shown in the figure. The 
extensions in both the rods will be same. 


F 


F 
LLL Ne 


Reason: Ina uniform elastic rod, the extension depends only on forces acting at the ends of 
rods. 


9. Assertion: Identical springs of steel and copper are equally stretched. More work will be done 


on the steel spring. 


Reason: Steel is more elastic than copper. 


Objective Questions 
Single Correct Option 


1: 


The bulk modulus for an incompressible liquid is 
(a) zero (b) unity 
(c) infinity (d) between 0 and 1 


. The Young’s modulus of a wire of length (Z) and radius (r)is Y. If the length is reduced to £ and 


radius > then its Young’s modulus will be 


(a) i, (b) Y 
(c) 2Y (d) 4Y 


. The maximum load that a wire can sustain is W. If the wire is cut to half its value, the 


maximum load it can sustain is 
W 
(a) W (b) ae 


Ww 
(c) ry (d) 2W 


. Identify the case when an elastic metal rod does not undergo elongation 


(a) it is pulled with a constant acceleration on a smooth horizontal surface 
(b) it is pulled with constant velocity on a rough horizontal surface 

(c) it is allowed to fall freely 

(d) All of the above 


. Vessel of 1 x 10° m® volume contains an oil. If a pressure of 1.2 x 10° N/m” is applied on it, then 


volume decreases by 0.3 x 10°? m®. The bulk modulus of oil is 
(a) 6x10!° N/m? (b) 410° N/m? 
(c) 2x10" N/m? (d) 1x 10° N/m? 


6. 


10. 


11. 
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A load of 4 kg is suspended from a ceiling through a steel wire of length 20 m and radius 2 mm. 
It is found that the length of the wire increases by 0.031 mm, as equilibrium is achieved. If 
g= 31x ms”, the value of Young’s modulus of the material of the wire (in Nm~™) is 

(a) 2x10” (b) 4 x 101 

(c) 2x10" (d) 0.02 x 10° 


. A wire of length 1m and radius 1mm is subjected to a load. The extension is x. The wire is 


melted and then drawn into a wire of square cross-section of side 2 mm. Its extension under the 
same load will be 


mx mx 
aa ©) 16 

mx x 
(c) ae (d) On 


. Figure shows the stress-strain curve of two metals P and Q. From the graph, it can be concluded 


that 


Strain 


P 


Stress 


(a) P has greater Young’s modulus and lesser ductility 
(b) @ has greater Young’s modulus and lesser ductility 
(c) P has greater Young’s modulus and greater ductility 
(d) Q has greater Young’s modulus and greater ductility 


. The bulk modulus of water is 2.0 x 10° N/m”. The pressure required to increase the density of 


water by 0.1% is 
(a) 2.0 x10? N/m? (b) 2.0 x 10° N/m? 
(c) 2.0 x10° N/m? (d) 2.0 x10" N/m? 


If the work done in stretching a wire by 1 mm is 2 J, then work necessary for stretching another 
wire of same material but with double radius of cross-section and half of the length by 1 mmis 
(a) 8d (b) 163 

(c) 4 J (d) 32 J 


The graph shows the behaviour of a steel wire in the region for which the wire obeys Hooke’s 
law. The graph is a parabola. The variables X and Y -axes, respectively can be [ stress (0), strain 
(e) and elastic potential energy (U) | 


X 


(a)U,o (b) U,e 
(c) O,€ (d) None of these 
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12. 


13. 


14. 


15. 


16. 


Depth of sea is maximum at Mariana Trench in West Pacific Ocean. Trench has a maximum 
depth of about 11 km. At bottom of trench water column above it exerts 1000 atm pressure. 
Percentage change in density of sea water at such depth will be around 


(Given, B= 2x 10? Nm™ and pyjm = 1X 10° Nm”) 


(a) about 5% (b) about 10% 
(c) about 3% (d) about 7% 


One end of a horizontal thick copper wire of length 2Z and radius 2R is welded to an end of 
another horizontal thin copper wire of length LZ and radius R. When the arrangement is 
stretched by applying forces at two ends, the ratio of the elongation in the thin wire to that in the 
thick wire is 

(a) 0.25 (b) 0.50 

(c) 2.00 (d) 4.00 

An air filled balloon is at a depth of 1km below the water level in an ocean. The normal stress of 
the balloon (in Pa) is 

(Given, Pyator =10°kgm™, g=9.8ms~“ and p,,,, =10°Pa) 

(a) 10° (b) 9.9 10° 

(c) 99x10" (a) 99x 10° 

A load of 10 kN is supported from a pulley, which in turn is supported by a rope of 


cross-sectional area 10?’mm” and modulus of elasticity 10’'Nmm™~ as shown in the figure. 
Neglecting friction at the pulley, then downward deflection of the load (in mm) is 


900 mm 
600 mm 


10 KN 


(a) 3.75 (b) 4.25 (c) 2.75 (d) 4.00 

A body of mass 3.14 kg is suspended from one end of a wire of length 10 m. The radius of 
cross-section of the wire is changing uniformly from 5x10“*m at the top (i.e. point of 
suspension) to 9.8x 10m at the bottom. Young's modulus of elasticity is 2x 10'! N/m”. The 
change in length of the wire is 

(a)4x107°m (b) 3x107°m 

(c) 10m (d) 2x10 ?m 


Subjective Questions 


1: 


2. 


What is the density of lead under a pressure of 2.0 x 10°N/m/”, if the bulk modulus of lead is 
8.0 x 10°N/m? and initially the density of lead is 11.4 g/em?? 


A cylindrical steel wire of 3 m length is to stretch no more than 0.2 cm when a tensile force of 
400 N is applied to each end of the wire. What minimum diameter is required for the wire ? 


Yo =21 10" N/m? 


Ss 
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3. The elastic limit of a steel cable is 3.0 x 10°N/m? and the cross-section area is 4 cm”. Find the 
maximum upward acceleration that can be given to a 900 kg elevator supported by the cable if 
the stress is not to exceed one-third of the elastic limit. 

4. Find the increment in the length of a steel wire of length 5 m and radius 6 mm under its own 
weight. Density of steel = 8000 kg/m® and Young’s modulus of steel = 2 x 10''N/m?. What is 
the energy stored in the wire ? (Take g= 9.8 m/s”) 


5. Two wires shown in figure are made of the same material which has a breaking stress of 
8x 10°N/m?. The area of cross-section of the upper wire is 0.006 cm? and that of the lower wire 


is 0.003 cm”. The mass m, = 10kg, m, = 20 kg and the hanger is light. Find the maximum load 


that can be put on the hanger without breaking a wire. Which wire will break first if the load is 
increased ? (Take g = 10 m/s”) 


Ma 


6. A steel wire and a copper wire of equal length and equal cross-sectional area are joined end to 
end and the combination is subjected to a tension. Find the ratio of 


copper | steel 


(a) the stresses developed in the two wires, 
(b) the strains developed. (Y of steel = 2 x 10'! N/m? and Y of copper = 1.3 x 10’! N/m?) 


7. Calculate the approximate change in density of water in a lake at a depth of 400 m below the 
surface. The density of water at the surface is 1030 kg/m® and bulk modulus of water is 


2x 10°N/m?. 


8. In taking a solid ball of rubber from the surface to the bottom of a lake of 180 m depth, reduction 
in the volume of the ball is 0.1%. The density of water of the lake is 1 x 10° kg/m®. Determine 


the value of the bulk modulus of elasticity of rubber. (g = 9.8 m/s”) 


LEVEL 2 


Single Correct Option 


1. A wire elongates by / units, when a load w is suspended from it. If the wire gets over a pulley 
(equally on both the sides) and two weights w each are hung at the two ends, the elongation of 
wire (in units) will be 


(a) zero (b) : 
(c) 1 (d) 2/7 
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2. Maximum stress that can be applied to a wire which supports on elevator iso. Mass of elevator 
is m and it is moved upwards with an acceleration of g/2. Minimum diameter of wire 
(Neglecting weight of wire) must be 

2m, 3m, 
(a) |= ) | 
V to 210 


5mg [émg 
(c) \ one (d) Te 


3. A bob of mass 10 kg is attached to a wire 0.3 m long. Its breaking stress is 4.8 x 10’ N/m”. The 
area of cross-section of the wire is 10° m”. What is the maximum angular velocity with which it 


can be rotated in a horizontal circle? 
(a) 8 rad/s (b) 4 rad/s 
(c) 2 rad/s (d) 1 rad/s 


4. A uniform steel rod of cross-sectional area A and length L is suspended so that it hangs 
vertically. The stress at the middle point of the rod is 


1 1 
“pol —pgl 
(a) 5 Pe (b) 48 
(c) pgL (d) None of these 


5. The potential energy U of diatomic molecules as a function of separation r is shown in figure. 
Identify the correct statement. 


(a) The atoms are in equilibrium if r=OA 

(b) The force is repulsive only if r lies between A and B 
(c) The force is attractive if r lies between A and B 

(d) The atoms are in equilibrium if r= OB 


6. The length of a steel wire is J, when the stretching force is JT, and /, when the stretching force is 
T,. The natural length of the wire is 


(a) LT, + 1T, (b) IT, + LT, 
T, + T, T,+ Ts 

LT — UT. T, — LT. 

(c) ‘2 1 L, 2 (d) L ‘I ‘2 2, 
T, - Ty T, - T, 


7. A mass m is suspended from a wire. Change in length of the wire is Al. Now the same wire is 
stretched to double its length and the same mass is suspended from the wire. The change in 
length in this case will become (it is assumed that elongation in the wire is within the 
proportional limit) 

(a) Al (b) 2Al (c) 4Al (d) 8Al 

8. A uniform metal rod fixed at its ends of 2mm” cross-section is cooled from 40°C to 20°C. The 
coefficient of the linear expansion of the rod is 12x 10° per degree celsius and its Young’s 
modulus of elasticity is 10'' N/m”. The energy stored per unit volume of the rod is 


(a) 2880 J/m* (b) 1500 J/m? 
(c) 5760 J/m® (d) 1440 J/m? 
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9. A rod of length 1000 mm and coefficient of linear expansion a = 10 per degree celsius is placed 
in horizontal smooth surface symmetrically between fixed walls separated by 1001 mm. The 
Young’s modulus of rod is 10'! N/m”. If the temperature is increased by 20°C, then the stress 
developed in the rod is (in N/m?) 

(a) 10° (b) 10° 
(c) 10° (d) 10° 

10. A uniform elastic plank moves due to a constant force Fo applied at one end whose area is S. The 
Young’s modulus of the plank is Y. The strain produced in the direction of force is 

o) 22 () 20 a 


2 
=o (aq) 
2SY SY SY SY 


More than One Correct Options 


1. Figure shows the graph of elastic potential energy (U) stored versus extension, for a steel wire 
(Y =2 x10" Pa) of volume 200 cc. If area of cross-section A and original length L, then 


Elastic potential 
energy (in J) 
(=) 
ine) 


02 
Extension (in mm) 


(a) A=10*m? (b) A=10°3 m? (ec) L=15m (d) L=2m 


2. A metal wire of length L , area of cross-section A and Young’s modulus Y is stretched by a 
variable force F' such that F'is always slightly greater than the elastic forces of resistance in the 
wire. When the elongation of the wire is / 


2 
(a) the work done by F is a 


2 
(b) the work done by F is Bal: 


_ . YAP 
(c) the elastic potential energy stored in the wire is OL 


’ ; iia, 
(d) the elastic potential energy stored in the wire is 4 


3. Two wires A and Bof same length are made of same material. The figure represents the load F 
versus extension Ax graph for the two wires. Then 


F 
B 


A 


AX 
oO 


(a) The cross sectional area of A is greater than that of B 
(b) The elasticity of Bis greater than that of A 
(c) The cross-sectional area of Bis greater than that of A 
(d) The elasticity of A is greater than that of B 
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4. A body of mass M is attached to the lower end of a metal wire, whose upper end is fixed. The 


elongation of the wire is /. 
(a) Loss in gravitational potential energy of M is Mgl 


(b) The elastic potential energy stored in the wire is Mgl 


(c) The elastic potential energy stored in the wire is ; Mgl 


(d) Heat produced is 5 Mgl 


5. Two light wires P and @ shown in the figure are made of same material and have radiirp 44/4 


and rg, respectively. The block between them has a mass m. When the force F = “a? 


then one of the wires breaks. Choose the correct option(s). 


(a) P breaks, if rp = 1% 
(b) P breaks, if rp < 2rg 
(c) Either P or Q may break, if rp = 2% 


(d) To predict, which wire will break, the lengths of P and Q must be known 


6. Two wires Aand Bhave equal lengths and are made of the same material, but diameter 


mgs 


of wire A is twice that of wire B. Then, for a given load, 


(a) the extension of B will be four times that of A 
(b) the extensions of A and B will be equal 

(c) the strain in Bis four times that in A 

(d) the strains in A and B will be equal 


7. A light rod of length 2 m is suspended from a ceiling horizontally by means of two vertical wires 
of equal length tied to its ends. One of the wires is made of steel and is of cross-section 10°? m” 
and the other is of brass of cross-section 2 x 107? m”. x is the distance from steel wire end, at 


which a weight may be hung. Y,,.., = 2X 10''Pa and Yj,,,, = 10'' Pa 


Which of the following statement(s) is/are correct? 


(a) x=1.2m, if the strains of both the wires are to be equal 
(b) x= 1.42m, if the stresses of both the wires are to be equal 


(c) x=1m, if the strains of both the wires are to be equal 


(d) x= 1.33 m, if the stresses of both the wires are to be equal 


8. A steel rod of cross-sectional area 16 cm” and two brass rods each of cross-sectional area 10 cm” 
together support a load of 5000 kg as shown in the figure. (Given, Y,,,., = 2X 10°kg cm™ and 


Yirass = 10° kg cm~”). Choose the correct option(s). 


5000 kg 


x 


Steel 


Brass| 30 om 


Brass |20 cm 


A 6 


VVVVVVVVVVVVVVVN 


(a) Stress in brass rod =121 kgcm™~ (b) Stress in steel rod = 161 kg cm™ 
(c) Stress in brass rod = 141 kg cm™ (d) Stress in steel rod = 141 kg cm 
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Comprehension Based Questions 

Passage 1 (Q. Nos. 1 to 3) 
The axle of a pulley of mass 1 kg is attached to the end of an elastic string of length 1 m, 
cross-sectional area 10° m” and Young’s modulus 2 x 10° Nm~, whose other end is fixed to the 


ceiling. A rope of negligible mass is placed on the pulley such that its left end is fixed to the 
ground and its right end is hanging freely, from the pulley which is at rest in equilibrium. Now, 
the free end A of the rope is subjected to pulling with constant force F =10N. Friction between 
the rope and the pulley can be neglected. (Given, g = 10 ms”) 


A 
F 


1. The elongation of the string before applying force is 


(a) 50 cm (b) 5cm (c) 0.5 em (d) 0.05 cm 
2. The greatest elongation of the string is 

(a) 35 cm (b) 30 cm (c) 25cm (d) 20 cm 
3. The maximum displacement of point A after applying F is 

(a) 70 cm (b) 60 cm (c) 40 cm (d) 50 cm 


Passage 2 (Q. Nos. 4 to 6) 


On gradual loading, stress-strain relationship for a metal wire is as follows. 
Stress 


Within proportionality limit, stress « strain or, =a constant for the material of wire. 


train 


Piney +. Elastic+'«—Plastic—> 


region 


region 


ie) 1 
propdrtionality 
i 


> 
Strain 
4. Two wires of same material have length and radius (L,r) and (22,5), The ratio of their 


Young’s modulii is 


(a) 1:2 (b) 2:3 
(c) 2:1 (d) 1:1 
5. Just on crossing the yield region, the material will have 
(a) increased and breaking stress (b) reduced and breaking stress 


(c) constant stress (d) None of these 


400 ¢ Mechanics - II 


6. If pines is x in elastic region and y in the region of yield, then 
Strain 
(a)x>y (b) x= y (c)x<y 


Match the Columns 


(d) x=2y 


1. Match the following two columns. (dimension wise) 


Column I 
(a) Stress 
(b) Strain 
(c) Modulus of elasticity 


(d) Force constant of a wire | (s) 


Column II 


(p) coefficient of friction 
(q) 


(r) 


relative density 
energy density 


None 


2. A wire of length J, area of cross section A and Young’s modulus of elasticity Y is stretched by a 
longitudinal force F. The change in length is Al. Match the following two columns. 


Note 


Column I 


(a) Fis increased 
(b) is increased 
(c) Ais increased 


(d) Y is increased 


In column I, corresponding to every option, other factors remain constant. 


Column II 


(p) Al will increase 


(q) stress will increase 
(xr) Al will decrease 


(s) stress will decrease 


3. In Column I, a uniform bar of uniform cross-sectional area under the application of forces is 
shown in the figure and in Column II, some effects/phenomena are given. Match the two 


columns. 
Column I 
(a) fy WF (p) 
(c) Smooth (r) 
<e 
@ , Smooth | (s) 


Subjective Questions 


Column II 
Uniform stresses are developed in 
the rod. 
Non-uniform stresses are developed 
in the rod. 


Compressive stresses are developed 
in the rod. 


Tensile stresses are developed in the 
rod. 


1. Asolid sphere of radius R made of a material of bulk modulus Bis surrounded by a liquid ina 
cylindrical container. A massless piston of area A (the area of container is also A) floats on the 
surface of the liquid. When a mass M is placed on the piston to compress the liquid, fractional 


change in radius of the sphere is a 
a AB 


. Find the value of a. 
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2. A 0.1 kg mass is suspended from a wire of negligible mass. The length of the wire is 1 m and its 
cross-sectional area is 4.9x 10-' m”. If the mass is pulled a little in the vertically downward 
direction and released, it performs SHM with angular frequency 140 rad s"'. If the Young’s 
modulus of the material of the wire is p x 10° Nm~, find the value of p. 


3. A wire having a length LZ and cross-sectional area A is suspended at one of its ends from a 
ceiling. Density and Young’s modulus of material of the wire arep and Y, respectively. Its strain 

pg" AL 
(or 


energy due to its own weight is . Find the value of a. 


4. A wire of length 3 m, diameter 0.4 mm and Young’s modulus 8 x 10!° N/m? is suspended from a 
point and supports a heavy cylinder of volume 10° m? at its lower end. Find the decrease in 
length when the metal cylinder is immersed in a liquid of density 800 kg/m’. 


5. A sphere of radius 10 cm and mass 25 kg is attached to the lower end of a steel wire of length 5 m 
and diameter 4 mm which is suspended from the ceiling of a room. The point of support is 521 cm 
above the floor. When the sphere is set swinging as a simple pendulum, its lowest point just 
grazes the floor. Calculate the velocity of the ball at its lowest position (Y,,..) = 2X 10'' N/m”). 


6. A uniform ring of radius R and made up of a wire of cross-sectional radius r is rotated about its 
axis with a frequency f. If density of the wire isp and Young’s modulus is Y. Find the fractional 
change in radius of the ring. 


7. A6 kg weight is fastened to the end of a steel wire of unstretched length 60 cm. It is whirled ina 
vertical circle and has an angular velocity of 2 rev/s at the bottom of the circle. The area of 
cross-section of the wire is 0.05 cm”. Calculate the elongation of the wire when the weight is at 
the lowest point of the path. Young’s modulus of steel = 2 x 10'' N/m”. 


8. A homogeneous block with a mass m hangs on three vertical wires of equal length arranged 
symmetrically. Find the tension of the wires if the middle wire is of steel and the other two are 
of copper. All the wires have the same cross-section. Consider the modulus of elasticity of steel 
to be double than that of copper. 


m 


9. A uniform copper bar of density p, length L, cross-sectional area S and Young’s modulus Y is 
moving horizontally on a frictionless surface with constant acceleration ay. Find 
(a) the stress at the centre of the wire, 
(b) total elongation of the wire. 


10. A 5 m long cylindrical steel wire with radius 2x 10™° m is suspended vertically from a rigid 
support and carries a bob of mass 100 kg at the other end. Ifthe bob gets snapped, calculate the 
change in temperature of the wire ignoring radiation losses. (Take g = 10 m/s”) 

(For the steel wire, Young’s modulus = 2.1 x 10'' N/m”; Density = 7860 kg/m’; 
Specific heat = 420J/kg-°C). 


Answers 


Introductory Exercise 15.1 
1. WireB  2.0.0125cm — 3. 250.2 mm_ 4. [ML T~*], [M°L° T°], [ML?T~?] 


Introductory Exercise 15.2 
1. [MLtT~*] 2. (a) 0.015J (b)5.0x 10-4) 


Exercises 
LEVEL 1 


Assertion and Reason 
1. (a) 2. (c) 3. (d) A. (b) 5. (a) 6. (d) 7. (c) 8. (c) 9. (a) 


Objective Questions 


1. (c) 2.(b)  3.(a) 4. (c) 5.(b) ‘6. (a) 7.(b) 8. (a) 9.(b) 10. (b) 
11. (b) 12. (a) 13 (c) 14.(d) 15.(a) 16. (c) 


Subjective Questions 
1. 1169 g/cm? 2. 1.91mm 3. 34.64 m/s? 4. Al = 4.9 x 10m, U = 5.43 x 1075 


5. Load = 14 kg, lower string 6. (a) 1 (b) Ratio = a 7.2.0kg/m®> 8. B = 1.76 x 10° N/m? 


LEVEL 2 


Single Correct Option 
l(c) 2) 3.(b) 4 (a 5.) 6c) 7. (c) 8 (a) 9b) 10. (a) 


More than One Correct Options 
1. (a,d) 2. (a,c) 3. (Cc) 4. (a,c, d) 5. (a, b,c) 6. (a, C) 7. (c, d) 8. (a, b) 


Comprehension Based Questions 
1. (b) 2. (c) 3.(d) 4 (d) 5.(b) 6. (a) 


Match the Columns 
liao r (b)>p,q (c)>or (d)> s 
2.(a) > p,q (b) > p (c)> r,s (d)> r 
3.(a)> p,r (b)>p,s (c)73q,s (d)>q,r 


Subjective Questions 


1. 3 2.4 3.6 4.A/=234x10%m 5.v=3123 m/s 6 


242 2 
aS 7. 38x10 m 


1 pal? 


= 10. 4.568 x 103°C 
2 Y 


; 9 (a) 5 Lay (b) 


0 
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16.1 Definition of a Fluid 
Fluid mechanics deals with the behaviour of fluids at rest and in motion. A fluid is a substance that 
deforms continuously under the application of a shear (tangential) stress no matter how small the 


shear stress may be. 
exists. The distinction between a fluid and the solid state of matter is clear if you compare fluid and 


solid behaviour. A solid deforms when a shear stress is applied but it does not continue to increase 
with time. However, if a shear stress is applied to a fluid, the deformation continues to increase as 


Thus, fluids comprise the liquid and gas (or vapour) phases of the physical forms in which matter 
long as the stress is applied. We may alternatively define a fluid as a substance that cannot sustain 


a shear stress when at rest. 


(b) Fluid 


(a) Solid 
Behaviour of a solid and a fluid, under the action of a constant shear force 


Fig. 16.1 


Ideal Fluid 
An ideal liquid is incompressible and non-viscous in nature. An incompressible liquid means the 
density of the liquid is constant, it is independent of the variations in pressure. A non-viscous liquid 
means that, parts of the liquid in contact do not exert any tangential force on each other. Thus, there is 
no friction between the adjacent layers of a liquid. The force by one part of the liquid on the other part 


is perpendicular to the surface of contact. 
16.2 Density of a Liquid 
Density (p) of any substance is defined as the mass per unit volume or 
m 


mass oe _m 
p volume P V 


Relative Density (RD) 


density of the substance to the density of water at 4°C. Hence, 


In case of a liquid, sometimes an another term Relative Density (RD) is defined. It is the ratio of 
Density of substance 


RD= ; 
Density of water at 4°C 


RD isa pure ratio. So, it has no units. It is also sometimes referred as specific gravity. Density of water 
at 4°C in CGS is 1 g/em >| Therefore, numerically the RD and density of substance (in CGS) are equal 


In SI units, the density of water at 4°C is 1000 kg/m?. 
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Density of a Mixture of two or more Liquids 
Here, we have two cases: 


Case 1 | Suppose two liquids of densities p, andp, having masses m, and m, are mixed together. 
Then, the density of the mixture will be 

_ Totalmass — (m, +m) 

~ Total volume — (VV, +V>) 


_ (m +m) 


qe 
Pi Po 
_ 2P1P> 


Pi +P> 


Case 2, Iftwo liquids of densitiesp, andp, having volumes V, andV, are mixed, then the density 
of the mixture is, 


_ Totalmass — m +m) 
~ Total volume Vi +V; 
PIM +P V5 

VW, +¥, 


_ Pi +P2 
p> 


If V; =V,, then 


Effect of Temperature on Density 


As the temperature of a liquid is increased, the mass remains the same while the volume is increased 


1 
and hence, the density of the liquid decreases c pe 5) . Thus, 


p Vv. Vv 

p V’ V+dV V+VyA0 

pl 
or ee 

p 1+yA0 
Here, y= thermal coefficient of volume expansion 
and A@ = rise in temperature 

,_ _ ?P 

OT Ae 

We can also write p’ =p(1+ yA@) 


or | p’=p(1— yA) | (if yA@ <<1) 
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Effect of Pressure on Density 
As pressure is increased, volume decreases and hence density will increase. Thus, 


z 
V 
po Vo Vv V 
p V’ V+dV dp ii 
B 
or Ps 
Pp ,_@ 
B 
Here, dp= change in pressure 
and B =bulk modulus of elasticity of the liquid 
,__ ?P 
Therefore, p =—— 
dp 
|= 
B 
' -1 
> “=p} 1- 
p’=0(1-) 
d 
or p’ = o( ‘ #) (if dp << B) 
A 
Further, 5p slp =P gg PEP 


B B 


© Example 16.1 Relative density of an oil is 0.8. Find the absolute density of oil 
in CGS and SI units. 


Solution Density of oil (in CGS) = (RD) g/cm? 
= 0.8 g/cm? 
= 800 kg/m? Ans. 


16.3 Pressure in a Fluid 


When a fluid (either liquid or gas) is at rest, it exerts a force perpendicular to any 
surface in contact with it, such as a container wall or a body immersed in the 
fluid. While the fluid as a whole is at rest, the molecules that makes up the fluid are in 
motion, the force exerted by the fluid is due to molecules colliding with their 
surroundings. Fig. 16.2 


dF OF, 


If we think of an imaginary surface within the fluid, the fluid on the two sides of the 
surface exerts equal and opposite forces on the surface, otherwise the surface would 
accelerate and the fluid would not remain at rest. 
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Consider a small surface of area dA centered on a point on the fluid, the normal force exerted by the 
fluid on each side is dF’, . The pressure p is defined at that point as the normal force per unit area, 1.e. 


_ dF 
pw"dA 
If the pressure is the same at all points of a finite plane surface with area A, then 
en 
A 


where, F', is the normal force on one side of the surface. The SI unit of pressure is pascal, where 
1 pascal = 1 Pa=1.0 N/m? 


One unit used principally in meterology is the Bar which is equal to 10° Pa. 
1 Bar =10° Pa 


Atmospheric Pressure (p,) 


It is pressure of the earth’s atmosphere. This changes with weather and elevation. Normal 
atmospheric pressure at sea level (an average value) is 1.013 x10° Pa. Thus, 


latm =1.013x10° Pa 


Note Fluid pressure acts perpendicular to any surface in the fluid no matter how that surface is oriented. Hence, 
pressure has no intrinsic direction of its own, it is a scalar. By contrast, force is a vector with a definite 
direction. 


Absolute Pressure and Gauge Pressure 


The excess pressure above atmospheric pressure is usually called gauge pressure and the total 
pressure is called absolute pressure. Thus, 


Gauge pressure = absolute pressure — atmospheric pressure 


Absolute pressure is always greater than or equal to zero. While gauge pressure can be negative also. 


Variation in Pressure with Depth 


If the weight of the fluid can be neglected, the pressure in a 
fluid is the same throughout its volume. But often the fluid’s 
weight is not negligible and under such condition pressure 
increases with increasing depth below the surface. 


Let us now derive a general relation between the pressure p at 
any point in a fluid at rest and the elevation y of that point. 
We will assume that the density p and the acceleration due to 
gravity g are the same throughout the fluid. If the fluid is in 
equilibrium, every volume element is in equilibrium. 


Consider a thin element of fluid with height dy. The bottom and top surfaces each have area A, and 
they are at elevations y and y+ dy above some reference level where y=0. The weight of the fluid 
element is 

dw = (volume) (density) (g)=(A dy)(p)(g) or dw=pgAdy 
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What are the other forces in y-direction on this fluid element? Call the pressure at the bottom surface 
p, the total y-component of upward force is pA. The pressure at the top surface is p + dp and the total 
y-component of downward force on the top surface is (p + dp) A. The fluid element is in equilibrium, 
so the total y-component of force including the weight and the forces at the bottom and top surfaces 
must be zero. 


LF, =0 
pA—(p+dp)A—pgd dy=0 
dp : 
or — == oooh 
a Pg (i) 


This equation shows that when y increases, p decreases, i.e. as we move upward in the fluid, pressure 
decreases. 


If p, and p, be the pressures at elevations y, and y, and ifp and g are constant, then integrating 
Eq. (1), we get 


[Pip=-pe 


or Pr - Py =- P82 - V1) 


It is often convenient to express Eq. (ii) in terms of the depth below the 
surface of a fluid. Take point | at depth / below the surface of fluid and let p 
represents pressure at this point. Take point 2 at the surface of the fluid, where 
the pressure is py (subscript zero for zero depth). The depth of point 1 below 
the surface is, 


ee Fig. 16.4 
a ig. 16. 
and Eq. (ii) becomes Po — P=—P2(%. —-¥1)=—pgh 
P= Po +pgh (iii) 


Thus, pressure increases linearly with depth, ifp and g are uniform. A graph between p and / is shown 
below. 


o Po Po 


ij 
A B 
e e 


h Pa=Pg=Pot pgh 
Fig. 16.5 Fig. 16.6 


Py P=po+pgh 


Further, the pressure is the same at any two points at the same level in the fluid. The shape of the 
container does not matter. 
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Pascal’s Law 

Pascal’s law or the principle of transmission of fluid-pressure is a principle in fluid mechanics that 
states that pressure exerted anywhere in a confined incompressible fluid is transmitted equally in all 
directions throughout the fluid. 
The simplest instance of this is stepping on a balloon; the balloon bulges out on all sides under the 
foot and not just on one side. This is precisely what Pascal’s law is all about — the air which is the fluid 
in this case, was confined by the balloon and you applied pressure with your foot causing it to get 
displaced uniformly. 
A well known application of Pascal’s law is the hydraulic lift used to support or lift heavy objects. It is 
schematically illustrated in figure. 

Fy 


Ai | OMNEEEO) Ao 


Fig. 16.7 


A piston with small cross section area A, exerts a force F, on the surface of a liquid such as oil. The 


FE 
applied pressure p= ve is transmitted through the connecting pipe to a larger piston of area A,. The 
1 


applied pressure is the same in both cylinders, so 


_F _F, 
a? Ay 
A, 

A, 


Now, since A, > A,, therefore, F, > F,. Thus, hydraulic lift is a force multiplying device with a 
multiplication factor equal to the ratio of the areas of the two pistons. Dentist’s chairs, car lifts and 
jacks, many elevators and hydraulic brakes all use this principle. 


© Extra Points to Remember 
e Atsame point on a fluid pressure is same in all directions. In the figure, 


(2) = ea = 1a = (eh 


Fig. 16.8 


e Forces acting on a fluid in equilibrium have to be perpendicular to its surface. Because it cannot sustain 
the shear stress. 
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e Inthe same liquid pressure will be same at all points at the same level 
(provided their speeds are same). 


For example, inthe figure p, #5, P3; =P, and Pp; = pz 
Further, [Os = [Op 
Py) + p,gh, = Py + poghs 


or ph, =PoMo or | he ; 


e Barometer It is a device used to measure atmospheric pressure. 
In principle, any liquid can be used to fill the barometer, but mercury is the 


substance of choice because its great density makes possible an instrument Z eat 
of reasonable size. 
h 

Pp = Po 1 
Here, p, = atmospheric pressure (0) ‘ 3 
and P> =0+ pgh=pgh 
Here, p = density of mercury 

Py =pgh Fig. 16.10 


Thus, the mercury barometer reads the atmospheric pressure (/,) directly from the height of the mercury 
column. For example, if the height of mercury in a barometer is 760 mm, then atmospheric pressure will be 


Py =pgh = (13.6x10°)(9.8)(0.760)=1.01 x 10° N/m? 


e Manometer tis a device used to measure the pressure of a gas inside 
a container. 
The U-shaped tube often contains mercury. 
P, = Po 
Here, P, = pressure of the gas in the container (p) 
and > = atmospheric pressure (Py) + pgh 
Pesto Fig. 16.11 
This can also be written as P— Py =Gauge pressure = hpg 


Here, pis the density of the liquid used in U-tube. 
Thus, by measuring h we can find absolute (or gauge) pressure in the vessel. 

e Free body diagram of aliquid The free body diagram of the liquid (showing the vertical forces only) is 
shown in Fig. 16.12 (b). For the equilibrium of liquid, 


PoA 
A li 
p h tw 
(a) | pA 
Fig. 16.12 


net downward force = net upward force 
PpA+W=pA here, W=pghA -. p=p,+pgh 
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© Example 16.2 For the arrangement shown in the figure, what is the density of 
oul ? 


Oil 


Solution Pp=Pa 


Po +Pw gl= po + Poi (l+d)g 
=> pa — Pwt _ (1000) 035) _ g1¢ kg/m? Ans. 
I+d  (135+12.3) 


© Example 16.3 A U-tube of uniform cross-sectional area and open to the 
atmosphere is partially filled with mercury. Water is then poured into both 
arms. If the equilibrium configuration of the tube is as shown in figure with 
h, =1.0 cm, determine the value of h,. 


Fig. 16.14 


Solution p, = p> 


Fig. 16.15 
Po +PwS (h, + hy + h)= Po +Pyght Pyyghs 
—p, )h 
hy - (Pre Py ) 2 
Pw 


_ (13.6— 1) (1.0) 
1 
=12.6cm Ans. 
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© Example 16.4 A U-shaped tube open to the air at both 
ends contains some mercury. A quantity of water is 
carefully poured into the left arm of the U-shaped tube 
until the vertical height of the water column is 15.0 cm. Water 
(a) What is the gauge pressure at the water mercury interface ? 
(6) Calculate the vertical distance h from the top of the 
mercury in the right hand arm of the tube to the top of the 
water in the left-hand arm. 


Mercury 
Solution (a) Gauge pressure =/,,,gh,, Fig. 16.16 


= (10° ) (9.8) (0.15) 
= 1470 N/m? Ans. 


(b) Let us calculate pressure or two sides at the level of water and mercury interface. 
Po t+Pw8 Ay = Po +Pug Shue 
Pwhy =Pug Ang 
(1) (15)= (13.6) (15— A) 
h=13.9cem Ans. 


© Example 16.5 For the system shown in figure, the cylinder on the left, at L, 
has a mass of 600 kg and a cross-sectional area of 800 cm”. The piston on the 
right, at S, has cross-sectional area 25 cm” and negligible weight. If the 
apparatus is filled with oil (p = 0.78 g/cm®), what is the force F required to hold 
the system in equilibrium? 


L | 600 kg 


Fig. 16.17 


Solution Let A, = area of cross-section on LHS and 
A, = area of cross-section on RHS 
Equating the pressure on two sides of the dotted line. 


Then, —+pgh= Me (M = 600kg) 


Mg 
F=<A,|—* =peh 
4 ea 
= (25x 1074) SI 9.8x 8 
800 x 107 


=31N Ans. 
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INTRODUCTORY EXERCISE 

1. Water and oil are poured into the two limbs of a U-tube containing mercury. - 
The interfaces of the mercury and the liquids are at the same height in both t 
limbs. K hg 


A 
Determine the height of the water column h, if that of the oilhy = 20cm. The fi 
density of the oil is 0.9. 


2. The liquids shown in figure in the two arms are mercury (specific 
gravity = 13.6) and water. If the difference of heights of the mercury 
columns is 2 cm, find the heighth of the water column. 


3. The heights of mercury surfaces in the two arms of the manometer shown 
in Fig.16.20 are 2 cm and 8 cm. Atmospheric pressure is 1.01 x 10°Nm~?. 


Find (a) the pressure of the gas in the cylinder and (b) the pressure of 
mercury at the bottom of the U tube. 


ace) 
ir oe 
ues) a 


a 
> 


4. A cylinderical vessel containing a liquid is closed by a smooth piston of 
mass m as shown in the Fig. 16.21. The area of cross section of the 
piston is A. If the atmospheric pressure is pp, find the pressure of the Fig. 16.20 
liquid just below the piston. 


Fig. 16.21 
5. The area of cross section of the two arms of a hydraulic press are 1 cm? 
and 10cm? respectively (Fig.16.22). A force of 5 N is applied on the water 


in the thinner arm. What force should be applied on the water in the 
thicker arm so that the water may remain in equilibrium? 


Fig. 16.22 


6. The area of cross section of the wider tube shown in Fig. (16.23) is 900 cm’. If the body standing 
on the position weighs 45 kg, find the difference in the levels of water in the two tubes. 


Fig. 16.23 
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16.4 Pressure Difference in Accelerating Fluids 


If fluids are at rest then pressure does not change in horizontal direction. 
It changes only in vertical direction. 
At a height difference ‘h’, difference in pressure (or change in pressure) is 


Pressure increases with depth. So, Ap=+p gh in moving downwards and Ap=—p gh in moving 
upwards. 


If fluids are accelerated then pressure changes in both horizontal and vertical directions. 


In Horizontal Direction 
(1) Pressure decreases in the direction of acceleration. 
(ii) At a horizontal distance x change in pressure is 
(a = horizontal acceleration) 


Take Ap=+p ax, while moving in opposite direction of acceleration. Because pressure increases in 
the opposite direction of acceleration and take AP=—pax while moving in the direction of 
acceleration. 


In Vertical Direction 
Instead of ‘g’ in the equation, Ap=+p gh take effective value of g or g,. Thus, 


Here, g, =g if vertical acceleration of fluid is zero. 

g. =g+a if vertical acceleration of fluid ‘a’ is upwards and 

g. =g-—a if vertical acceleration ‘a’ is downwards. 

In equation form, all above statements can be explained as below. 


Consider a liquid kept at rest in a beaker as shown in Fig. 16.24 (a). In this case, we know that 
pressure do not change in horizontal direction (x-direction), it decreases upwards along y-direction. 
So, we can write the equations, 


dp dp . 
—=0 and —=- lh 
hk a pg (i) 
Ya o> 
ay 
i= 
o >» X ete - ~~~ »>X 


(a) (b) 
Fig. 16.24 
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But, suppose the beaker is accelerated and it has components of acceleration a, and a,, in x and y 
directions respectively, then the pressure decreases along both x and y-directions. The above 
equations in that case become, 


dp 
dx ~ pa, 

and Oe nieeg 5 ...(i1) 
dy ’ 


These equations can be derived as under : 


Consider a beaker filled with some liquid of density p accelerating upwards with an acceleration a, 
along positive y-direction. Let us draw the free body diagram of a small element of fluid of area A and 
length dy as shown in figure. 


YA 
(p + dp)A 
a> 
<a> 
--> Xx ne 
Fig. 16.25 


Equation of motion for this fluid element is, 
pA—W—(p+dp)A=(mass)(a,) or —W—(dp)A=(Ap dy)(a,) 
dp 
or —(Apg dy)—(dp)A=(Ap dy)(a,) — or ot P(g +a,) 


Similarly, if the beaker moves along positive x-direction with an acceleration a,, the equation of 
motion for the fluid element shown in figure is, 


a 
wees > ay 
B pA (p + dp)A 
no “Oa 
ax ----> ay 
5 ---> X 
Fig. 16.26 
pA — (p+ dp)A = (mass)(a, ) 
or — (dp) A = (Ap dx)a, 
d 
or & =—pa, 
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Note (i) ’ =-—pa,, Ap=—p a,x = pressure difference in a horizontal distance x. 
x 


Here, negative sign implies that pressure decreases with x or in the direction of acceleration. 
(ii) In Fig. 16.26, pressure on left hand side of the fluid element should be more than the pressure on right 
hand side of this element. This is because this element is accelerated only due to this pressure difference. 


.. dp 
Sa + 
(a) iy p(gt+ay,) 


> Ap=-p(gtay)y 
or Ap=-pg,h 
Here, negative sign implies that pressure decreases with ‘y’ or in moving upwards. 


Free Surface of a Liquid Accelerated in Horizontal Direction 


Consider a liquid placed in a beaker which is accelerating horizontally with * 
an acceleration ‘a’. Let A and B be two points in the liquid at a separation x ) 
in the same horizontal line. As we have seen in this case 


dp 
dx 0 Or >a 
ia dp =—pa dx 
Integrating this with proper limits, we get x 
P4 — Pg =Pax ... (iii) Fig. 16.27 
Further, Pa=Potpgh 
sis Pg = Po + Pgh, 


Substituting in Eq. (iii), we get 


pg(h, — hy) =pax 
h, —hy _a 


x 


= tan 0 


tan 8 = 


og | QR) 9 | 


Pressure Difference in Rotating Fluids 


In a rotating fluid (also accelerating) pressure increases in moving away from the rotational axis. Ata 
distance ‘x’ from the rotational axis, pressure difference is 


2,2 
pax 
Ap=+——— 
‘Pp 2 


po x 


Take Ap=+ in moving away from the rotational axis, as pressure increases in this direction 


2,2 
and take Ap=—P° a 


in moving towards the rotational axis. 
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Proof 
Suppose that liquid of density p kept inside a tube of area of cross-section A is rotating with an angular 
velocity ‘@’ as shown. 


Fig. 16.28 


Consider a small element of length ‘dx’ at a distance x from the axis of rotation. Mass of this element 
is, 


dm= (density ) (volume) 
or dm=(p Adx) 


This element is rotating in a circle of radius ‘x’. So, this is accelerated towards centre with a 
centripetal acceleration 


a=xw" (as a=R@’) 
To provide this acceleration, pressure on right hand side of the element should be more. 
(p+ dp)A-(p)A = (dm) a=(p Adx) (x0”) 
or dp = (px) dx 


Ap= |" (pa) xd 


_ pax? 


or A 
a3 


Hence proved. 


© Example 16.6 A closed container shown in figure is filled with water 
(p=10° kg/m?) 


2 m—__— 
Fig. 16.29 

This is accelerated in horizontal direction with an acceleration, a=2 m/s”. Find 

(a) Po- Pp and (b) pa Pp 

Solution (a) In horizontal direction, pressure decreases in the direction of acceleration. 

Thus, Pc> Pp 


or Po -Pp=tpax 
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Substituting the values, we have 
Pc ~ Pp = (10° )(2)(2) 


or Pc - Pp =4.0X 10° N/m? Ans. 
(b) In vertical direction, pressure increases with depth. 
Pc? Pa 
or Pa- Pc =—Pgh (=) 
=~ (10° )(10)(6) 
=—60x 10° N/m? 
Now, Pa-Pp=(Pa-Pc)t+(Pc- Po) 
= (— 60x 10° )+ (4.0x 107) 
= —56x10° N/m? 
=-5.6x10*N/m? Ans. 


Note Container is closed. So, nowhere inside the container pressure is atmospheric pressure Po. 


© Example 16.7 A closed tube is filled with 


A 


ce 


Fig. 16.30 
AB=2m 
BC =4cm 


water (p=10° kg/m®). It is rotating about an axis shown in figure with an angular 
velocity ® =2 rad/s. Find, p, — Pc. 


Solution Pressure decreases in moving towards the axis of rotation and increases in moving 
72 
(0) 
away from the axis Ap=+0° * 
P4>Pg and pg<Pc 
P4-DPc=(P4- Pp )t(Pe- Pc) 


22 2.2 
_{ Poa), {-petx, 
2 2 


Here, x, =AB=2m 
and XxX, =BC=4m 
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Substituting the values we have, 
(10° )(2)” (2) _ (10° )(2)° (4) 
a 2 2 
=-2.4x10° N/m? Ans. 


Pa 


© Example 16.8 A liquid of density p is in a bucket that spins with angular 
velocity @’ as shown in figure. Prove that the free surface of the liquid has a 
parabolic shape. Find equation of this. 


Fig. 16.31 


Solution In the figure shown, suppose the coordinates of point M are (x, v) with respect to the 
coordinate axes. 


Fig. 16.32 


Then, MN = y, NO=x 
Points M and Q are open to atmosphere. 


Pu = Po = atmospheric pressure py 


Now, Pum —Pwn =—P8y 
= Po Pn =—P8y (i) 
pox? 
Pn ~ Po 5) 
2.2 
wx . 
Py -Po=e ii) 


N 
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Adding Eqs. (i) and (11), we have 


22 
0=-pgy+P°* 
2 
ye 
2g 


This is the required equation of free surface of the liquid and we can see that this is an equation 
of a parabola. 


INTRODUCTORY EXERCISE 


1. Inexample 16.6, which point has the maximum pressure and which has the minimum pressure. 


2. A cubical closed vessel of side 5 m filled with a liquid is accelerated with an acceleration a. Find 
the value of a so that pressure at mid point M of AC is equal to pressure at N. 
N 


A M Cc 
Fig. 16.33 


3. Water (p =10° kg/m®)is filled in tube AB as shown in figure.  =10 rad/s. Tube is open at end A. 
Atmospheric pressure is Py =10°N/m?. Find absolute pressure at end B. 


1 
yo 
1 


Fig. 16.34 


16.5 Archimedes’ Principle 


Ifa heavy object is immersed in water, it seems to weightless than when it is in air. This is because the 
water exerts an upward force called buoyant force. It is equal to the weight of the fluid displaced by 
the body. 


A body wholly or partially submerged in a fluid is buoyed up by a force equal to the weight of the 
displaced fluid. 


This result is known as Archimedes’ principle. 
Thus, the magnitude of buoyant force (F’) is given by, 


F=Vip,2 


Here, V; =immersed volume of solid, p, =density of liquid 
and g = acceleration due to gravity 
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Proof 


Consider an arbitrarily shaped body of volume V placed in a container filled with a fluid of density p, . 
The body is shown completely immersed, but complete immersion is not essential to the proof. To 
begin with, imagine the situation before the body was immersed. The region now occupied by the 
body was filled with fluid, whose weight was Vp , g. Because the fluid as a whole was in hydrostatic 
equilibrium, the net upwards force (due to difference in pressure at different depths) on the fluid in 
that region was equal to the weight of the fluid occupying that region. 

Now, consider what happens when the body has displaced the fluid. The 

pressure at every point on the surface of the body is unchanged from the value at PL 

the same location when the body was not present. This is because the pressure at 

any point depends only on the depth of that point below the fluid surface. Hence, od 
the net force exerted by the surrounding fluid on the body is exactly the same as i 
that exerted on the region before the body was present. But we know the latter to 

be Vp , g, the weight of the displaced fluid. Hence, this must also be the buoyant 


force exerted on the body. Archimedes’ principle is thus proved. Fier D6.35 
Law of Floatation 
Consider an object of volume V and density p , floating in a liquid of density 
p,,. Let V; be the volume of object immersed in the liquid. % 
For equilibrium of object, - 
Weight = Upthrust 
Vp sg=ViP 18 
Ve Pe . Fig. 16.36 
yo ..-(i) 
Pr, 


This is the fraction of volume immersed in liquid. 


Ps ¥100 


V, 
Percentage of volume immersed in liquid = 7 x 100= 
L 
Three possibilities may now arise: 


(i) Ifp, <p,, only fraction of body will be immersed in the liquid. This fraction will be given by 
the above equation. 


(ii) Ifp, =p, the whole of the rigid body will be immersed in the liquid. Hence, the body remains 
floating in the liquid wherever it is left. 


(ui) Ifp, >p,, the body will sink. 


Buoyant Force in Accelerating Fluids 


Suppose a body is dipped inside a liquid of density p, placed in an elevator moving with an 
acceleration a. The buoyant force F in this case becomes, 


F =VP) Sere (VV =immersed volume of solid or V; ) 


Here, Ser =|8—al 
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For example, if the lift has an upward acceleration a, the value of gy, is g + a and if it has a downward 
acceleration a, the Zag is g—a.Ina freely falling lift go is zero (as a = g) and hence, net buoyant 
force is zero. This is why, in a freely falling vessel filled with some liquid, the air bubbles do not rise 
up (which otherwise move up due to buoyant force). The above result can be derived as follows. 


Suppose a body is dipped inside a liquid of densityp, in an elevator moving up with an acceleration 
a. As was done earlier also, replace the body into the liquid by the same liquid of equal volume. The 
replaced liquid is at rest with respect to the elevator. Thus, this replaced liquid is also moving up with 
an acceleration a together with the rest of the liquid. 
The forces acting on the replaced liquid are, 

(i) the buoyant force F and 

(ii) the weight mg of the substituted liquid. 
From Newton’s second law, 

F-mg=ma or F=m(g+a) 

Here, m=Vp, 
“ F=Vp, (g+4)=VP, Ser 
where Sop —Zta 


@® Extra Points to Remember 


e In weight of a solid, take total volume of solid, density of solid and g. In upthrust (or buoyant force) take 
immersed volume of solid, density of liquid and g,,. Thus, 


W =Vp.g 
F = VP, Derr 


e Upthrust force also makes a pair of equal and opposite forces. On solid it is upwards and on liquid, it is 
downwards. 


© Example 16.9 Density of ice is 900 kg/m?.A piece of ice is floating in water of 
density 1000 kg/m?*. Find the fraction of volume of the piece of ice outside the 
water. 
Solution Let V be the total volume and V,; the volume of ice piece immersed in water. For 
equilibrium of ice piece, 
weight = upthrust 


oe Vp ig =Vipyge 
Here, p; =density of ice = 900 kg/m? 
and p,, =density of water = 1000 kg/m? 
Substituting in above equation, we get 

Pi 2 ON 

V 1000 


i.e. the fraction of volume outside the water, 
f=1-0.9=0.1 Ans. 
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© Example 16.10 A metallic sphere floats in an immiscible mixture of water 
(p,,=10° kglm?) and a liquid (p,,=18.5 x 10° kg/m*) such that its : th volume is 
in water and = th volume in the liquid. Find the density of metal. 
Solution Total upthrust = weight of metal sphere 
(: r| (10° )g + (2 r] (13.5% 10°) g=(V)@ meat (2) 
P metal = 3-5X 10° kg/m? Ans. 


© Example 16.11 A block of mass 1 kg and density 0.8 g/cm’ is held stationary 
with the help of a string as shown in figure. The tank is accelerating vertically 
upwards with an acceleration a =1.0 m/s”. Find 


a 


Fig. 16.37 


(a) the tension in the string, 
(b) if the string is now cut find the acceleration of block. 
(Take g = 10 m/s” and density of water = 10° kg/m? ). 


Solution (a) Free body diagram of the block is shown in Fig. 16.38. 
F 
i, 
‘hes T 


Fig. 16.38 


In the figure, 


F = upthrust force 
=VPo (g +a) 
_{ mass of block 
density of block 


Je. (g +a) 


1 
=| — | (1000)(10+ 1)= 13.75 N 
(a) )d0+ 1) 


w=mg=10N 
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Equation of motion of the block is, 
F-T-w=ma 
13.75-T-10=1x1 
T=2.75N Ans. 
(b) When the string is cut, T = 0 


_ 13.75-10 
1 
= 3.75 m/s” Ans. 


© Example 16.12 The tension in a string holding a solid block below the surface 
of a liquid (of density greater than that of solid) as shown in figure is T) when 
the system is at rest. What will be the tension in the string if the system has an 
upward acceleration a ? 


%» —~> 


Fig. 16.39 


Solution Let m be the mass of block. 


Initially for the equilibrium of block, 


F=T,) +mg ..-(i) 
Here, F is the upthrust on the block. 
|: 
To + mg T+mg 
(a) (b) 
Fig. 16.40 


When the lift is accelerated upwards, g .- becomes g + a instead of g. Hence, 


pron (S28 ...(ii) 
& 
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From Newton’s second law, 


F’-T-mg=ma ... (iti) 
Solving Eqs. (i), (11) and (iii), we get 
T=Ty [ + “) Ans. 
& 
INTRODUCTORY EXERCISE 


1. A block of material has a density p, and floats three-fourth submerged in a liquid of unknown 


density. Show that the density p, of the unknown liquid is given byp, = +P 


2. A block of wood weighing 71.2 N and of specific gravity 0.75 is tied by a string to the bottom of a 
tank of water in order to have the block totally immersed. What is the tension in the string? 


3. A beaker when partly filled with water has total mass 20.00 g. If a piece of metal with density 
3.00 g/cm? and volume 1.00 cm? is suspended by a thin string, so that it is submerged in the 


water but does not rest on the bottom of the beaker, how much does the beaker then appear to 
weigh if it is resting on a scale? 


4. Asmall block of wood of density0.4 x 10° kg/m? is submerged in water at a depth of 2.9 m. Find 


(a) the acceleration of the block towards the surface when the block is released and 
(b) the time for the block to reach the surface. Ignore viscosity. 


16.6 Flow of Fluids 
Steady Flow 


If the velocity of fluid particles at any point does not vary with time, the flow is said to be steady. 
Steady flow is also called streamlined or laminar flow. The velocity at different points may be 
different. Hence, in the figure, 


Vv, =constant, v, =constant, v,; =constant but v; #V,#V; 
V3 
v1 


V2 
Fig 16.41 


Principle of Continuity 


It states that, when an incompressible and non-viscous liquid flows in Q 
a stream lined motion through a tube of non-uniform cross-section, P 
then the product of the area of cross section and the velocity of flow is 

same at every point in the tube. 


V2 
A2 
1 om 
Thus, A, Vv; = AnV7 or Av=constant or v« a Fig. 16.42 


This is basically the law of conservation of mass in fluid dynamics. 
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Proof 
Let us consider two cross sections P and Q of area A, and A, of a tube through which a fluid is 
flowing. Let v, and v, be the speeds at these two cross sections. Then, being an incompressible fluid, 
mass of fluid going through P in a time interval At = mass of fluid passing through Q in the same 
interval of time Ar. 


A, 
\ A2 Vj 
—> Vj —> V2 
ST ° Va 
P 
Fig. 16.43 
A,v,pAt = A,v,p At 

or Av, = AV Proved. 
Therefore, the velocity of the liquid is smaller in the wider parts of the tube and larger in the narrower 
parts. 
or Vo >Vy as A, <A, 


. dv ; . 
Note The product Av is the volume flow rate he the rate at which volume crosses a section of the tube. 


Hence, 


a = volume flow rate = Av 


The mass flow rate is the mass flow per unit time through a cross-section. This is equal to density (Pp) 
: dV 
times the volume flow rate ae 
We can generalize the continuity equation for the case in which the fluid is not incompressible. Ifp, 
and p, are the densities at sections | and 2 then, 
P4)¥, =P24V9 
So, this is the continuity equation for a compressible fluid. 
Bernoulli’s Equation 


Bernoulli’s equation relates the pressure, flow speed and height for flow of an ideal (incompressible 
and non-viscous) fluid. The pressure of a fluid depends on height as in the static situation and it also 
depends on the speed of flow. 


Fig. 16.44 
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The dependence of pressure on speed can be understood from the continuity equation. When an 
incompressible fluid flows along a tube with varying cross section, its speed must change, and so, an 
element of fluid must have an acceleration. If the tube is horizontal, the force that causes this 
acceleration has to be applied by the surrounding fluid. This means that the pressure must be different 
in regions of different cross section. 

When a horizontal flow tube narrows and a fluid element speeds up, it must be moving towards a 
region of lower pressure in order to have a net forward force to accelerate it. If the elevation also 
changes, this causes additional pressure difference. 

To derive Bernoulli’s equation, we apply the work-energy theorem to the fluid in a section of the 
fluid element. Consider the element of fluid that at some initial time lies between two cross sections a 
and b. The speeds at the lower and upper ends are v, and v,. In a small time interval, the fluid that is 
initially at a moves to a’ a distance aa’ = ds, = v, dt and the fluid that is initially at b moves to b’ a 
distance bb’ = ds, = v, dt. The cross-section areas at the two ends are A, and A, as shown. The fluid 
is incompressible, hence, by the continuity equation, the volume of fluid dV passing through any 
cross-section during time df is the same. 


That is, dV = A,ds, = A,ds, 
Work Done on the Fluid Element 


Let us calculate the work done on this fluid element during time interval dt. The pressure at the two 
ends are p, and py, the force on the cross section at ais p, A, and the force at b is p, A,. The net work 
done dW on the element by the surrounding fluid during this displacement is, 


dW = p, Ads, — py Ayds, =(p, — pr )dV .--(i) 
The second term is negative, because the force at b opposes the displacement of the fluid. 


This work dW is due to forces other than the conservative force of gravity, so it equals the change in 
total mechanical energy (kinetic plus potential). The mechanical energy for the fluid between 
sections a and b does not change. 


Change in Potential Energy 


At the beginning of df the potential energy for the mass between a and a’ is dmgh, =pdVgh,. At the 
end of dt the potential energy for the mass between b and b’ is dmgh, =pdVgh,.The net change in 
potential energy dU during dt is, 


dU =p(dV )g(hy —h,) (ii) 
Change in Kinetic Energy 
At the beginning of dt the fluid between a and a’ has volume A, ds,, mass pA, ds, and kinetic energy 


1 
5 p(A,ds, )v;. At the end of df the fluid between b and b’ has kinetic energy 5 p(A,ds, )v3. The net 


change in kinetic energy dK during time dt is, 


dK = : p(dV (v5 —v;) (iii) 
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Combining Eqs. (i), (11) and (iii) in the energy equation, 


dW = dk +dU 
We obtain, 
1 
(Pi — P2)dV = 5 pdV (v3 — vj) +P(AV g(a — hy) 
oe ; 
Or Pi Pa = 5 PAY —vy )+pgthy —h) .--(IV) 


This is Bernoulli’s equation. It states that the work done on a unit volume of fluid by the surrounding 
fluid is equal to the sum of the changes in kinetic and potential energies per unit volume that occur 
during the flow. We can also express Eq. (iv) in a more convenient form as, 


1 1 : : 
PDP, +pgh, + 5 pv; = py +pgh, + 5 pve Bernoulli’s equation 
The subscripts | and 2 refer to any two points along the flow tube, so we can also write 


ae 
pt+pgh+ ; pv~ =constant 


@® Extra Points to Remember 


e In Bernoulli's equation, there are three terms; p, sev" and pgh. Under following three cases, this equation 


reduces to a two term Bernoulli. 
Case1_ lfall points are open to atmosphere then pressure at every point may be assumed to be constant 
(=P) and the Bernoulli equation can be written as, 


sev" +pgh=constant 


At greater heights ‘h’, speed ‘v’ will be less as p and g are constants. 


Case 2. If the liquid is passing through a pipe of uniform cross-section, then from continuity equation 
(Av=constant), speed v is same at all points. Therefore, the Bernoulli equation becomes, 


p+ pgh =constant 
or P, + pgh, = P2 +pgh, 
or Py — Po = PQ (hp hy) 
This is the pressure relation we have already derived for a fluid at rest or pressure decreases with height of 
liquid and increases with depth of liquid. 


Case 3 If a liquid is flowing in a horizontal pipe, then height ‘h’ of the liquid at every point may be 
assumed to be constant. So, the two term Bernoulli becomes, 


p+ sev" =constant 
From this equation, we may conclude that pressure decreases at a point where speed increases. 


© Example 16.13 Water is flowing through a horizontal tube of non-uniform 
cross section. At a place, the radius of the tube is 1.0 cm and the velocity of water 
is 2 m/s. What will be the velocity of water where the radius of the pipe is 2.0 cm? 
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Solution Using equation of continuity, 4,v, = 4,V, 


or vy = 0.5 m/s 
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Ans. 


© Example 16.14 Calculate the rate of flow of glycerine of density 
1.25 x 10° kg/m? through the conical section of a pipe, if the radii of its ends 


are 0.1 mand 0.04 mand the pressure drop across its length is 10 N/m?. 


Solution From continuity equation, 


Aly = A, i) 
2 
Gt Vv} 2 A, = Try > rn 
vy. 4A ome Gi 
7 (20) 4 
0.1 25 
From Bernoulli’s equation, 
Ai, PA 
Ae, P2 
V2 


Fig. 16.45 


2_ 2 _ 21 — Pr) 


1 94 1 4 
a i ae a or vy — Vy 


or wav = aw =1.6x 107 m/s? 
1.25x 10 
Solving Eqs. (1) and (ii), we get —-v. = 0.128 m/s 


Rate of volume flow through the tube 
Q= Axv. = (mry W2 
= 1 (0.04)? (0.128) 
=6.43x 10" m/s 


p 
.. ii) 


Ans. 
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© Example 16.15 Waiter is flowing smoothly through a closed-pipe system. At 
one point the speed of the water is 3.0 m/s, while at another point 1.0 m higher 
the speed is 4.0 m/s. If the pressure is 20 kPa at the lower point, what is the 
pressure at the upper point ? What would the pressure at the upper point be if 
the water were to stop flowing and the pressure at the lower point were 18 kPa ? 


Solution (i) Dy +5ovi +pgh, = p> +5003 +pgh, 
(20x 10°) +510? x (3)? +0 = pr + 5x10 x (4)? +10° x 10x 1 


P> =6.5X 10° N/m? 
=6.5kPa Ans. 
(11) Again applying the same equation, we have 
(18x 10° )+ 0+ 0= p, + 0+ (10° ) (10) (1) 
= D> =8X10° N/m? 
=8kPa Ans. 


INTRODUCTORY EXERCISE 


1. Water flows through a tube shown in figure. The areas ofcross ,. ~~ 
section at A and B are 1cm? and 05cm? respectively. The 


height difference between A and B is 5 cm. If the speed of 
water at A is 10cms™', find (a) the speed at B and (b) the Fig. 16.46 
difference in pressures at A and B. 


2. Water flows through a horizontal tube of variable cross eccien as _ 
shown in figure. The area of cross section at A and B are 4mm? and eee 


2mm? respectively. If 1 cc of water enters per second through A, find (a) ee ee 


the speed of water at A, (b) the speed of water at B and (c) the pressure Fig. 16.47 
difference p, — Pp. 


3. Water from a tap emerges vertically downwards with an initial speed of 1.0 m/s. The 
cross-sectional area of tap is 10-* m?. Assume that the pressure is constant throughout the 


stream of water and that the flow is steady, the cross-sectional area of stream 0.15 m below the 


tap is (JEE 1998) 
(a) 50 x 1074 m? (b) 10 x 10+ m2 
(c) 5.0 x10°° m? (d)2.0 x 10° m? 


4. A horizontal pipeline carries water in a streamline flow. At a point along the pipe, where the 
cross-sectional area is 10 cm?, the water velocity is 1 ms~' and the pressure is 2000 Pa. The 
pressure of water at another point where the cross-sectional area is 5 cm”, is ......Pa. (Density 
of water = 10° kg-m?) (JEE 1994) 
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16.7 Application Based on Bernaulli’s Equation 


Atomizer or Spray Gun 


Fig. 16.48 shows the essential parts of spray gun. When the piston is pressed, the air rushes out of the 
horizontal tube B decreasing the pressure to p, which is less than the pressure p, in the container. As 
a result, the liquid rises up in the vertical tube A. When it collides with the high speed air in tube B, it 
breaks up into a fine spray. Filter pumps, bunsen burner and sprayers used for perfumes or to spray 
insecticides work on the same principle. 


Container 


Principle of Lifting of an Aircraft 


We all know that airplanes fly. This is a result ofa lift force acting on the wings of the aircraft. Lift can 
be generated when an asymmetric object moves through a fluid. The asymmetry of the object requires 
the fluid particles to travel different distances along different paths as they pass around the object. 
The molecules will either speed up or slowdown in order to remain even with the fluid molecules on 
the other side. For example, in Fig. 16.49, the air particles passing along the top of the body must 
travel a greater distance than those travelling below. 


High velocity __| Low pressure 


Low velocity High pressure 


Fig. 16.49. The principle of lift of an aircraft 


In order to arrive at the other side of the foil at the same time, these particles must travel more quickly 
than those travelling below the foil. The difference in the velocities of the fluid molecules results in a 
pressure difference according to the Bernoulli principle: high velocities are associated with relatively 
low pressure regions, while low velocities are associated with relatively high pressure regions. This 
pressure difference produces a force in upward direction. 
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Magnus Effect and Spinning of a Ball 


Spinning objects can also generate force. When an object spins in a fluid medium, the fluid boundary 
layer spins along with the object. This results in a difference in velocity on two sides. A pressure 
difference is created from one side of the object to the other and the object curves towards the area of 
low pressure. This influence of rotation of an object on its flight path is termed the magnus effect. 
This magnus force changes the path of a rotating cricket ball. This is called spinning of ball. 


Path of 
motion Relative low pressure 


Relative high velocity flow 


Relative high pressure 
Relative low velocity flow 


Fig. 16.50. The magnus effect 


Blowing Off the Roof during Wind Storm 


During certain wind storm or cyclone, the roofs of some houses are blown off without damaging the 
other parts of the house. The high wind blowing over the roof creates a low pressure p, in accordance 
with Bernoulli's principle. The pressure p, below the roof is equal to the atmospheric pressure which 
is larger than p,. The difference of pressure (p, — pz) causes an upward thrust and the roof is lifted 
up. Once the roof is lifted up, it is blown off with the wind. 


Venturimeter 


Figure shows a venturimeter used to measure flow speed in 

a pipe of non-uniform cross-section. We apply Bernoulli’s Af 
equation to the wide and narrow parts of the pipe, with p Y 

hy =hy Po 


1 ge 1 , 
Py rae N = P2 +5 P¥2 Ao 


Ay, 


From the continuity equation v, = Fig. 16.51 


2 
Substituting and rearranging, we get 


1 a 
Pi — P2 ==) [sy cas) 


Because A, is greater than A,, v, is greater than v, and hence the pressure p, is less than p,. A net 
force to the right accelerates the fluid as it enters the narrow part of the tube (called throat) and a net 
force to the left slows as it leaves. 
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The pressure difference is also equal to pgh, where h is the difference in liquid level in the two tubes. 
Substituting in Eq. (i), we get 


Note The discharge or volume flow rate can be obtained as, 


dv ph 2gh 


2 
dt AL i 
A, 
Speed of Efflux 

Suppose, the surface of a liquid in a tank is at a height 4 from the orifice O on its sides, through which 
the liquid issues out with velocity v. The speed of the liquid coming out is called the speed of efflux. If 
the dimensions of the tank be sufficiently large, the velocity of the liquid at its surface may be taken to 
be zero. Applying Bernoulli’s equation at the surface and just outside the orifice. 


Fig. 16.52 


12 
are +pgh+ p=constant 


with h =0 at the orifice, we have 


1 
pgh+ po =e + py or | v=/2gh 
Evangelista Torricelli show that this velocity is the same as the liquid will attain in falling freely 
through the vertical height (/) from the surface to the orifice. This is known as Torricelli’s theorem 


and may be stated as, “The velocity of efflux of a liquid issuing out of an orifice is the same as it would 

attain if allowed to fall freely through the vertical height between the liquid surface and orifice.” 
Range (R) 

Let us find the range R on the ground. 

Considering the vertical motion of the liquid, 


(HH) =5 gt? or t= a 
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Now, considering the horizontal motion, 


R=vt 
or r= ofan ( PAE? | 
& 
or R=2Jh(A —h) 


From the expression of R, following conclusions can be drawn, 


Fig. 16.53 


(G)R, =Ry_, as R, =2fh(H—-h) and Ry_, =2y¥(1—-hjh 
This is shown in Fig. 16.53. 


H 
(ii) Ris maximum at h= o and Ro. =H. 


Proof R? =4(Hh-h’) 
in H 
For R to be maximum, uae =0 or H-2h=0 or h=— 
dh 2 
. ; : H 
That is, R is maximum at h= 2 
H H 
and R max =2 > [1 - 2) =H Hence Proved. 


Time Taken to Empty a Tank 


We are here interested in finding the time required to empty a tank if a hole is made at the bottom of 
the tank. 


Consider a tank filled with a liquid of density p upto a height H. A small hole of area of cross section a 
is made at the bottom of the tank. The area of cross-section of the tank is A. 


Let at some instant of time the level of liquid in the tank is y. Velocity of efflux at this instant of time 


would be, 
v=,2gy 
yy 


d 
Now, at this instant volume of liquid coming out of the hole per second is (2) 4 
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dV. 
Volume of liquid coming down in the tank per second is (3) : 
a, _ as 
dt dt 
av=A [- #) 
dt 
d 
aVy2gy=A - #) 
dt 
; AP 8 
or dt = -—_= y dy 
I a2 he 
2A H 
t=——[ Vy] 
adie 
,4 pH 
avs 


© Example 16.16 Water flows through a horizontal tube 
as shown in figure . If the difference of heights of water 
column in the vertical tubes is 2 em and the areas of 


Fig. 16.54 


(i) 


cross-section at A and B are 4cm” and 2cm? respectively. —s 4 >>~g - os 
Find the rate of flow of water across any section. a 
Fig. 16.55 
Solution Applying Bernoulli’s equation at A and B 
1 1 
Da +5Pva + Paha = Py +>Pvp + shy (hy =hp) 


or =Pv3 Spr =pe (hy ~ hy) 
or vz — v4, = 2g (hy —hy) 

=2x 10x 0.02 
or va 1, = 0.4 m*/s” 


v4A4 =VpAp 
or 4v, =2vp 
ae Vp =2vy 
Solving Eqs. (i) and (ii), we get 
v4 = 0.363 m/s 
Volume flow rate=v , A , 
= (0.365) (4x10 4) 


= 1.46x 10° * m?/s= 146cm?/s 


.. (i) 


.. (it) 


Ans. 
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© Example 16.17 Water flows through the tube as shown in figure. The areas of 
cross-section of the wide and the narrow portions of the tube are 5 cm” and 
2cm” respectively. The rate of flow of water through the tube is 500 cm®/s, Find 


the difference of mercury levels in the U-tube. 


Fig. 16.56 


Solution Applying continuity equation 
A,v, = AyVv, =rate of flow of water 
5v, = 2v, = 500cm?/s 
v, = 100 cm/s = 1.0 ms 
Vv, = 250cm/s = 2.5 m/s 


Now, applying Bernoulli’s equation at 1 and 2 


1 1 
Py +5Pw Mt +P,gh, = Pp +5Pw¥2 +P,,gh, (hy =h,) 
1 
=> 5 Pwr 7 vy )= P| — P2 =Pug Shug 
1 
or 3 Pw (v3 ~ vi )= Pug & hug 
y= Pw 2) 
ie. 
2 Pug & 
10° (6.25—1) 
2x 13.6x 10° x 9.8 
= 0.0196 m 
=1.96cm Ans 


© Example 16.18 A tank is filled with a liquid upto a height H. A small hole is 
made at the bottom of this tank. Let t, be the time taken to empty first half of 


t 
the tank and t, the time taken to empty rest half of the tank. Then find a 
2 


Solution Substituting the proper limits in Eq. (i), derived in the theory, we have 


ty A fH!2 _4)9 
dt =— y '* dy 
[, a 2¢ i 


Chapter 16 Fluid Mechanics 


2A H 
or t, =—=LJy15 0 


or nad Hay 
aVg 


— a A 0 -1/2 
Similarly, I, dt = ae ip _ ly 
A |H 
or a 
aVvs 
From Eqs. (ii) and (iii), we get 
t 
a | 
7) 
or ae 0.414 
ty 
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ii) 


.. iii) 


Ans. 


Note From the above example we can see thatt, <t,. This is because initially the pressure is high and the liquid 
comes out with greater speed. 


INTRODUCTORY EXERCISE 


1. 


There is a small hole at the bottom of tank filled with water. If total pressure at the bottom is 


3 atm (1 atm = 10° Nm”), then find the velocity of water flowing from hole. 


Liquid is filled in a container upto a height of H. A small hole is made at the bottom of the tank. 


Time taken to empty from H to ; is to. Find the time taken to empty the tank from - to zero. 


Water is filled in a cylindrical container to a height of 3 m. The ratio of the cross-sectional area of 
the orifice and the beaker is 0.1. The square of the speed of the liquid coming out from the orifice 


is(g =10m/s”) 


Fig. 16.57 
(b) 50.5 m2/s2 
(d) 52 m/s? 


(a) 50 m?/s? 
(c) 51m?/s? 


(JEE 2005) 
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16.8 Viscosity 


Viscosity is internal friction in a fluid. Viscous forces oppose the motion of one portion of a fluid 


relative to the other. 
> F 


L 


The simplest example of viscous flow is motion of a fluid between two parallel plates. 


Fig. 16.58 


The bottom plate is stationary and the top plate moves with constant velocity v. The fluid in contact 
with each surface has same velocity at that surface. The flow speeds of intermediate layers of fluid 
increase uniformly from bottom to top, as shown by arrows. So, the fluid layers slide smoothly over 
one another. 


According to Newton, the frictional force F (or viscous force) between two layers depends upon the 
following factors, 
(i) Force F is directly proportional to the area (A) of the layers in contact, i.e. 


Fe«A 
is 5 ae : : ; dv ne 
(ii) Force F is directly proportional to the velocity gradient ap between the layers. Combining 
ay 


these two, we have 


d 
FeA— or | F=-74— 
dy dy 
Here, 1 is constant of proportionality and is called coefficient of viscosity. Its value depends on the 


nature of the fluid. The negative sign in the above equation shows that the direction of viscous force F 
1s opposite to the direction of relative velocity of the layer. 


The SI unit of 1 is N-s/m7. It is also called decapoise or pascal second. Thus, 
1 decapoise = 1 N-s /m? = 1 Pa-s = 10 poise 

The SI unit of viscosity is sometimes referred to as the poiseuille (symbol PI). 

Thus, 1 Pl=1N-s/m? 

Dimensions of 1 are [IME TS } 


Coefficient of viscosity of water at 10°C is 7 =1.3 x 107° N-s/m”. Experiments show that coefficient 
of viscosity of a liquid decreases as its temperature rises. 
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Stoke’s Law and Terminal Velocity 


When an object moves through a fluid, it experiences a viscous force which acts in opposite direction 
of its velocity. The mathematics of the viscous force for an irregular object is difficult, we will 
consider here only the case of a small sphere moving through a fluid. 


The formula for the viscous force on a sphere was first derived by the English physicist G. Stokes in 
1843. According to him, a spherical object of radius r moving at velocity v experiences a viscous 
force given by 


F =6nnrv (n= coefficient of viscosity) 
This law is called Stoke’s law. 


Terminal Velocity (Vv; ) 


Consider a small sphere falling from rest through a large column of viscous fluid. The t+ 
forces acting on the sphere are, | 


(i) Weight w of the sphere acting vertically downwards a 
Ww 


Fy 


(ii) Upthrust F, acting vertically upwards 
(111) Viscous force F’, acting vertically upwards, i.e. in a direction opposite to velocity 
of the sphere. 


Initially, F,=0 (as v=0) 
and w>F, 


Fig. 16.59 


and the sphere accelerates downwards. As the velocity of the sphere increases, F,, increases. 
Eventually a stage in reached when 


w=F, +F, i) 


After this net force on the sphere is zero and it moves downwards with a constant velocity called 
terminal velocity (v; ). 


VA 
Vib esse ee ee eee ese es 
vo. 
Fig. 16.60 
Substituting proper values in Eq. (1) we have, 
4 4 7 
3 mr pga trog + 6m, .. (ii) 
Here, p-=density of sphere, o =density of fluid 
and 1 =coefficient of viscosity of fluid 
2r°(p-o 
From Eq. (ii), we get Vr = 9 Foe 
7 


Figure shows the variation of the velocity v of the sphere with time. 
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® Extra Points to Remember 

e Terminal velocity v; cr? 

e Ifthe fluid is air, then its density o is negligible compared to density of sphere. So, in that case upthrust will 
be zero and terminal velocity will be 

melon 

er 

In this case, weight is equal to the viscous force when terminal velocity is attained. 


e lf density of fluid is greater than density of sphere (o>p) then terminal velocity comes out to be negative. 
A Fy 


Uy 


“i ib 


YW+Fy 
Fig. 16.61 


So, in this case terminal velocity is upwards. In the beginning upthrust is greater than the weight. Viscous 
force in this case will be downwards. 


2 
Vv; = orice When terminal velocity is attained, 
1 
haWor 


This is the reason why, air bubbles rise up in water. 


© Example 16.19 A plate of area 2 m” is made to move horizontally with a 
speed of 2 m/s by applying a horizontal tangential force over the free surface of 
a liquid. If the depth of the liquid is 1 mand the liquid in contact with the bed 
is stationary. Coefficient of viscosity of liquid is 0.01 poise. Find the tangential 
force needed to move the plate. 


Solution Velocity gradient = ; = 


v=2ms 
UNV LLZLLLLLLLLLLLELLLLLILLLEELLTLLLTT ITLL LL amen 
F 
1m 
Fig. 16.62 
From, Newton’s law of viscous force, 
Av 
[Fl = tat 
Ay 
= (0.01x i )(2)(2) 
=4x10°N. 


So, to keep the plate moving, a force of 4 x 10° N must be applied. Ans. 


Chapter 16 Fluid Mechanics * 441 


© Example 16.20 Two spherical raindrops of equal size are falling vertically 
through air with a terminal velocity of 1 m/s. What would be the terminal 
speed if these two drops were to coalesce to form a large spherical drop? 


Solution Vr & r ... (i) 


Let r be the radius of small rain drops and R the radius of large drop. 


Ae =2(Snr') 
3 3 


Equating the volumes, we have 


R 


REO)?» ot — SO)” 
r 
, 2 
v R 
T -(4) = (2)23 
Vr r 


iy =) p= Cy (0) mis 
= 1.587 m/s Ans. 


© Example 16.21 With what terminal velocity will an air bubble 0.8 mm in 
diameter rise in a liquid of viscosity 0.15 N-s/m? and specific gravity 0.9 ? 

Density of air is 1.293 kg/m’. 

Solution The terminal velocity of the bubble is given by, 
_2r°@-s)g 
= al 
Here, r=04x107m, o = 0.9x 10° kg/m’, p=1.293kg/m?, 7= 0.15 N-s/m? 
and g = 98m/s” 
Substituting the values, we have 
_ 2, (0.4x 107° )? (1.293 - 0.9x 10° ) x 9.8 

9 0.15 
=-— 0.0021 m/s 
or Vp =— 9.21cm Ans. 


ve 


Vr 


Note Here, negative sign implies that the bubble will rise up. 


© Example 16.22 A spherical ball of radius 3.0 x 10~* mand density 104 kg/m? 
falls freely under gravity through a distance h before entering a tank of water. If 
after entering the water the velocity of the ball does not change, find h. Viscosity 
of water is 9.8 x 10~° N-s/m?. 
Solution Before entering the water the velocity of ball is J2gh . If after entering the water this 
velocity does not change then this value should be equal to the terminal velocity. Therefore, 


2 _ 
epee” (P-9)g 
| 
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2g 
22 Fr Oo) sé 
81 rv 
_ 2, Gx 10 *)*(10* - 10°? x 98 
81 (98x 10°)? 
= 165x 10? m Ans. 


© Example 16.23 A small sphere falls from rest in a viscous liquid. Due to 
friction, heat is produced. Find the relation between the rate of production of 
heat and the radius of the sphere at terminal velocity. (JEE 2004) 
: ‘ : 2r? g 
Solution Terminal velocity v; = a (Ps —P,) 
1 


and viscous force F = 6ny)rv; 


Rate of production of heat (power) : as viscous force is the only dissipative force. Hence, 


“e = Fv = (6mNrvz )(17 ) 

= 6nnrv; 
2 ‘ 

= con} 2 5 -p1 | 
a 

8ng? d 
- a (Ps —P,)r° or Ber Ans. 
INTRODUCTORY EXERCISE 


1. A typical riverborne silt particle has a radius of 20 um and a density of 2x 10° kg/m?. 
The viscosity of water is 1.0 mPI. Find the terminal speed with which such a particle will settle to 
the bottom of a motionless volume of water. 

2. Two equal drops of water are falling through air with a steady velocity v. If the drops coalesced, 
what will be the new velocity ? 


3. A large wooden plate of area 10 m? floating on the surface of a river is made to move 
horizontally with a speed of 2 m/s by applying a tangential force. If the river is 1 m deep and the 
water in contact with the bed is stationary, find the tangential force needed to keep the plate 
moving. Coefficient of viscosity of water at the temperature of the river = 10° poise. 


4. The velocity of water in a river is 18 km/h near the surface. If the river is 5 m deep, find the 
shearing stress between the horizontal layers of water. The coefficient of viscosity of 
water = 10°? poise. 
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16.9 Surface Tension 


A needle can made to float on a water surface if it is placed there carefully. The forces that support the 
needle are not buoyant forces but are due to surface tension. The surface of a liquid behaves like a 
membrane under tension. The molecules of the liquid exert attractive forces on each other. There is 
zero net force on a molecule inside the volume of the liquid.But a surface molecule has a net force 
towards inside of the liquid. Thus, the liquid tends to minimize its surface area, just as a stretched 


membrane does. 


Fig. 16.63 


Freely falling raindrops are spherical because a sphere has a smaller surface area for a given volume 
than any other shape. Hence, the surface tension can be defined as the property of a liquid at rest by 
virtue of which its free surface behaves like a stretched membrane under tension and tries to occupy 
as small area as possible. 


Let an imaginary line AB be drawn in any direction in a liquid surface. The surface on 
either side of this line exerts a pulling force on the surface on the other side. This force 
is at right angles to the line AB. The magnitude of this force per unit length of AB is 
taken as a measure of the surface tension of the liquid. Thus, if F' be the total force 
acting on either side of the line AB of length Z, then the surface tension is given by, 


PF 
T= — 
L 
Hence, the surface tension of a liquid is defined as the force per unit length in the plane of the liquid 


surface, acting at right angles on either side of an imaginary line drawn on that surface. 


Fig. 16.64 


Examples of Surface Tension 


Example 1 Take a ring of wire and dip it in a soap solution. When the ring is taken out, a soap 
film is formed. Place a loop of thread gently on the soap film. Now, prick a hole inside the loop. 
The thread is radially pulled by the film surface outside and it takes a circular shape. 


Fig. 16.65 


Reason Before the pricking, there were surfaces both inside and outside the thread loop. Surfaces 
on both sides pull it equally and the net force is zero. Once the surface inside was punctured, the 
outside surface pulled the thread to take the circular shape so that area outside the loop becomes 
minimum (because for given perimeter area of circle is maximum). 
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Example 2_ 4 piece of wire is bent into a U-shape and a second 
piece of wire slides on the arms of the U. When the apparatus is 
dipped into a soap solution and removed, a liquid film is formed. 
The film exerts a surface tension force on the slider and if the frame 
is kept in a horizontal position, the slider quickly slides towards the 
closing arm of the frame. If the frame is kept vertical, one can have 
some weight to keep it in equilibrium. This shows that the soap Fig. 16.66 
surface in contact with the slider pulls it parallel to the surface. 


Example 3 Needle supported on water surface Take a greased needle of steel on a piece of 
blotting paper and place it gently over the water surface. Blotting paper soaks water and soon sinks 
down but the needle keeps floating. The floating needle causes a little depression. The forces F and F 
due to surface tension of the curved surface are inclined as shown in Fig.16.67. The vertical 
components of these two forces support the weight of the needle. 


Fig. 16.67 
Example 4 Small mercury droplets are spherical and larger ones tend to flatten. 
Reason Small mercury droplets are spherical because the 
forces of surface tension tend to reduce their area toa © @& CED 
minimum value and a sphere has minimum surface area for a Fig. 16.68 


given volume. 

Larger drops of mercury are flattened due to the large gravitational force acting on them. Here the 
shape is such that the sum of the gravitational potential energy and the surface potential energy must 
be minimum. Hence the centre of gravity moves down as low as possible. This explains flattening of 
the larger drops. 


Example 5 The hair of a painting brush cling together when taken out of water. 


Fig. 16.69 


Reason This is because the water films formed on them tend to contract to minimum area. 


Note The surface tension of a particular liquid usually decreases as temperature increases. To wash clothing 
thoroughly, water must be forced through the tiny spaces between the fibers. This requires increasing the 
surface area of the water ,which is difficult to do because of surface tension. Hence, hot water and soapy 
water is better for washing. 
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Surface Energy 


When the surface area of a liquid is increased, the molecules from the interior rise to the surface. This 
requires work against force of attraction of the molecules just below the surface. This work is stored 
in the form of potential energy. Thus, the molecules in the surface have some additional energy due to 
their position. This additional energy per unit area of the surface is called ‘surface energy’. The 
surface energy is related to the surface tension as discussed below. 


Let a liquid film be formed on a wire frame and a straight wire of length / can slide on this wire frame 
as shown in figure. The film has two surfaces and both the surfaces are in contact with the sliding wire 
and hence, exert forces of surface tension on it. If Tbe the surface tension of the solution, each surface 
will pull the wire parallel to itself with a force T/. Thus, net force on the wire due to both the surfaces 
is 277. One has to apply an external force F equal and opposite to it to keep the wire in equilibrium. 


Thus, 
F=2T! 
Now, suppose the wire is moved through a small distance dx, the work done by the force is, 
dW =F dx = (2TI) dx 
But (2/) (dx) is the total increase in area of both the surfaces of the film. Let it be dA. Then, 


dW=T dA 

dw AW 

or T=— or — 
dA AA 


Thus, the surface tension 7 can also be defined as the work done in increasing the surface area by unity. 


Further, since there is no change in kinetic energy, the work done by the external force is stored as the 
potential energy of the new surface. 


dU AU 
T=— or — 
dA AA 


Thus, the surface tension of a liquid is equal to the surface energy per unit surface area. 


(as dW = dU) 


Excess Pressure inside a Bubble or Liquid Drop 
Surface tension causes a pressure difference between the inside and outside of a soap bubble or a 
liquid drop. 

Excess Pressure Inside Soap Bubble 


A soap bubble consists of two spherical surface films with a thin layer of liquid between them. 
Because of surface tension, the film tend to contract in an attempt to minimize their surface area. But 
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as the bubble contracts, it compresses the inside air, eventually increasing the interior pressure to a 


level that prevents further contraction. 


Fig. 16.71 
We can derive an expression for the excess pressure inside a bubble in terms of its radius R and the 


surface tension 7 of the liquid. 
Each half of the soap bubble is in equilibrium. The lower half is shown in figure. The forces at the flat 


circular surface where this half joins the upper half are 


Surface tension force Force due to pressure 
= (2T)(2nR) difference 
= (Ap) mR? 
Fig. 16.72 


(a) The upward force of surface tension. The total surface tension force for each surface (inner and 
outer) is 7(27R), for a total of (27)(27R). 


(b) downward force due to pressure difference. 
The magnitude of this force is (Ap)(™R”). In equilibrium these two forces have equal 


magnitude. 
(27 )(2nR) = (AP)(TR*) 4 
0 
4T 
Ap=— 
or \) z 


Note Suppose, the pressure inside the air bubble is P, then 
AT 


P-Po => 
. Fig. 16.73 


Excess Pressure Inside a Liquid Drop 
A liquid drop has only one surface film. Hence, the surface tension force is 7(27R), half that for a 
soap bubble. Thus, in equilibrium, 

T (20R) = Ap(mR*) 

2T 
~R 


or Ap 
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Note (i) If we have an air bubble inside a liquid, a single surface is formed. There is air 
on the concave side and liquid on the convex side. The pressure in the concave 
side (that is in the air) is greater than the pressure in the convex side (that is in 
Py 


the liquid) by an amount ae 
_ 27 
ae as Fig. 16.74 


The above expression has been written by assuming P, to be constant from all sides of the bubble. For 
small size bubbles this can be assumed. 
(i) From the above discussion, we can make a general statement. The pressure on the concave side of a 


spherical liquid surface is greater than the convex side by rs 


© Extra Points to Remember 


e Radius of curvature of a curve : 
To describe the shape of a curved surface or interface, it is necessary to know the radii of curvature to a 
curve at some point. Consider the curve AB as shown in figure: 


O xe 
Fig. 16.75 


Let P be a point on this curve. The radius of curvature R of AB at P is defined as the radius of the circle 
which is tangent to the curve at point P. 

e Principal radii of curvature of a surface : 
The spherical and cylindrical surfaces are rather simple cases for mathematical treatment. In many other 
cases however, the shapes are more complicated. 
Let us now consider a curved surface. At each point on a given surface, two radii of curvature (which are 
denoted by r, and r,) are required to describe the shape. 
If we want to determine these radii at any point (say P), the normal to the surface at this point is drawn and 
a plane is constructed through the surface containing the normal. This will intersect the surface in a plane 
curve. The radius of curvature of the curve at point P is denoted by r,. An infinite number of such planes can 
be constructed each of which intersects the surface at P. For each of these planes, a radius of curvature 
can be obtained. 
If we construct a second plane through the surface, containing the normal and perpendicular to the first 
plane, the second line of intersection and hence the second radius of curvature at point P (i.e., 1) is 
obtained. These two radii define the curvature at P completely. It can be shown that (1/1, + 1/1) called 
mean radius of curvature of the surface is constant, which is independent of the choice of the planes. 
An infinite set of such pairs of radii is possible. For standardization, the first plane is rotated around the 
normal until the radius of curvature in that plane reaches minimum. The other radius of curvature is 
therefore maximum. These are the principal radii of curvature (denoted by R, and R,). 

e Young-Laplace Equation : 
There exists a difference in pressure across a curved surface which is a consequence of surface tension. 
The pressure is greater on the concave side. The Laplace equation relates the pressure difference to the 
shape of the Young surface. 
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This difference in pressure is given by 
1 1 
=) |e 
ai a Ro 
The simplified forms of spherical, cylindrical and planar surfaces are given below 


For a spherical surface: 


R,=R,=R (say), therefore ap=a 


For a cylindrical surface: 


R,=R and R, =>, therefore ap=T 


For a planer surface: 
R,=R, =», therefore Ao=0 
e As we know that molecules of a liquid reach to its surface after struggling with the net inward force acting 
on them from other liquid molecules. So, we can say that the surface molecules have some extra energy 
compared to inner molecules and every system has a tendency to keep its energy minimum. So, a liquid 
also has a tendency to keep its energy minimum by putting least number of molecules on the surface or by 
making its surface area minimum. This property of a liquid is called surface tension. 


e Surface tension is a property of a liquid. It does not depend on the surface area. 


(i) A> A, (ii) 
Fig. 16.76 


For example, both containers have the same liquid under same conditions. A, >A, but surface tension will 
be same in both cases. 


© Example 16.24 How much work will be done in increasing the diameter 
of a soap bubble from 2 cm to 5cm ? Surface tension of soap solution is 


3.0x107 Nim. 
Solution Soap bubble has two surfaces. Hence, 
W=TAA (7 = 4 
AA 
Here, AA = 2[4n {(2.5x 10)? — (1.0x 107 )?}] 
= 1.32x 107 m? 
W = (3.0107 )(1.32x 107) J 
=3.96x 107 J Ans. 


© Example 16.25 Calculate the energy released when 1000 small water drops 
each of same radius 10~' mcoalesce to form one large drop. The surface tension 


of water is 7.0x 107 N/m. 
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Solution Let r be the radius of smaller drops and R of bigger one. Equating the initial and final 
volumes, we have 


Sah = (1000) (3 xr) 

3 3 
or R=10r=(10)(10” )m 
or R=10°m 


Further, the water drops have only one free surface. Therefore, 
AA = 4nR* — (1000)(4zr7 ) 

=4n [(10°)* — (10° (10-7)? 

=— 36n(10°'? )m?* 
Here, negative sign implies that surface area is decreasing. Hence, energy released in the process. 

U =T|AA| =(7x 107 )(36n x 1077 ) J 

=7.9x10? J Ans. 

Example 16.26 What should be the pressure inside a small air bubble of 


0.1 mm radius situated just below the water surface. Surface tension of water 
= 7.2 x 10°N/m and atmospheric pressure = 1.013 x 10° N/m’. 


Solution Surface tension of water T=7.2X 10-7 N/m 
Radius of air bubble R = 0.1mm=107 m 


The excess pressure inside the air bubble is given by, 


_ 2 
P27 P= Fr? 
.. Pressure inside the air bubble, 
P2=Pir = 
R 


Substituting the values, we have 
(2x 7.2 107) 
104 
= 1.027x 10° N/m? Ans. 


Py = (1.013 x 10° )+ 


Example 16.27 Two separate air bubbles (radii 0.004 m and 0.002 m) formed 
of the same liquid (surface tension 0.07 N/m) come together to form a double 
bubble. Find the radius and the sense of curvature of the internal film surface 
common to both the bubbles. 


. 4T AT 
Solution p, = pot => Pro=Pot 
Hi Ky 


y<h 


P2> Pi 
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i.e. pressure inside the smaller bubble will be more. The excess pressure 


Fig. 16.77 


i-r : 
pops m nar! _ ::(4) 
ee, 
This excess pressure acts from concave to convex side, the interface will be concave towards 
smaller bubble and convex towards larger bubble. Let R be the radius of interface then, 
4T 


oars .. (it) 


From Eqs. (i) and (i1), we get 
hrm _ (0.004)(0.002) 
Kh —h% (0.004 — 0.002) 


= 0.004 m Ans 


R= 


© Example 16.28 Under isothermal condition two soap bubbles of radii r, and ry 
coalesce to form a single bubble of radius r. The external pressure is py. Find 
the surface tension of the soap in terms of the given parameters. 


Solution As mass of the air is conserved, 
ny tn,=n (as pV =nRT) 
pM i PVy _ pV 
RT, RT, RT 


As temperature is constant, 


OO-() 


Fig. 16.78 
T, =%)=T 
PY, + Povo = pV 


4S (; 4 4S (; ( “ (; ‘ 
H 3 rh )\3 r J\3 
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Solving, this we get 


3 3 3 
_ Pol -F -) 
AC +r —r’) 


Ans. 


Note To avoid confusion with the temperature, surface tension here is represented by S. 


© Example 16.29 Assume that a drop of liquid evaporates by decrease in its 
surface energy, so that its temperature remains unchanged. What should be the 
minimum radius of the drop for this to be possible? The surface tension is T, 


density of liquid is p and L is its latent heat of vaporization (2013 Main) 
oL ia iy 2T 

a) — b) {— c) — d) — 

@ a OV ol Oe 


Solution Decrease in surface energy = heat required in vaporization. 
T (dS )= L(dm) 
T(2) (4nr) dr = L(4nr’ dr)p 
27 
r=— 
pL 


The correct options is (d). 


INTRODUCTORY EXERCISE 


1. Amercury drop of radius 1 cm is sprayed into 10° droplets of equal size. Calculate the increase 
in surface energy if surface tension of mercury is 35 x10~° N/m. 


2. Awater film is made between two straight parallel wires of length 10 cm each and at a distance 
of 0.5 cm from each other. If the distance between the wires is increased by 1 mm, how much 
work will be done? Surface tension of water =7.2 x 10°? N/m 


3. A soap bubble of radius R has been formed at normal temperature and pressure under 
isothermal conditions. Compute the work done. The surface tension of soap solution is T. 
4. A small air bubble of radius ‘r is at a depth ‘h’ below the water surface (density of water =p). 


Surface tension of water is T, atmospheric pressure is p,. Find pressure inside the air bubble for 
the condition r <<h. 


16.10 Capillary Rise or Fall 


Cohesive and Adhesive Forces 
The force of attraction between the molecules of the same substance is called cohesion. 


In case of solids, the force of cohesion is very large and due to this solids have definite shape and size. 
On the other hand, the force of cohesion in case of liquids is weaker than that of solids. Hence, liquids 
do not have definite shape but have definite volume. The force of cohesion is negligible in case of 
gases. Because of this fact, gases have neither fixed shape nor volume. 
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Examples 


(i) Two drops of liquid coalesce into one when brought in mutual contact because of the cohesive 
force. 


(ii) It is difficult to separate two sticky plates of glass wetted with water because a large force has to 
be applied against the cohesive force between the molecules of water. 

(iii) It is very difficult to break a drop of mercury into small droplets because of large cohesive force 
between mercury molecules. 


The force of attraction between molecules of different substance is called adhesion. 


Examples 
(i) Adhesive force enables us to write on the black board with a chalk. 
(ii) Due to force of adhesion, water wets the glass plate. 
(111) Fevicol and gum are used in gluing two surfaces together because of adhesive force. 


Contact Angle 


When a liquid surface touches a solid surface, the shape of the liquid surface near the contact is 
generally curved. When a glass plate is immersed in water, the surface near the plate becomes 
concave. On the other hand, if glass plate is immersed in mercury, the surface is depressed near the 
plate. 


The angle between the tangent planes at the solid surface and the liquid at the 
contact is called the contact angle. In this case the tangent plane to the solid 
surface is to be drawn towards the liquid and the tangent plane to the liquid is to [®s, 
be drawn away from the solid. : 


Those liquids which wet the walls of the container (say in case of water and 
glass) have meniscus concave upwards and their values of angle of contact is 
less than 90° (also called acute angle). However, those liquids which don't wet 
the walls of the container (say in case of mercury and glass) have meniscus 
convex upwards and their value of angle of contact is greater than 90° (also called obtuse angle). The 
angle of contact of mercury with glass is about 140°, whereas the angle of contact of water with glass 
is about 8°. But, for pure water, the angle of contact 6 with glass is taken as 0°. 


9 < 90° 9 > 90° 
Fig. 16.79 


Shape of Liquid Meniscus 


When the adhesive force (P) between solid and liquid molecules is more than the cohesive force (Q) 
between liquid-liquid molecules (as with water and glass), shape of the meniscus is concave and the 
angle of contact @ is less than 90°. In this case, the liquid wets or adheres to the solid surface. The 
resultant (R) of P and Q passes through the solid. 


Fig. 16.80 
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On the other hand when P < Q (as with glass and mercury), shape of the meniscus is convex and the 
angle of contact 8 > 90°. The resultant (R) of P and Q in this case passes through the liquid. 


Glass 


Mercury 
Fig. 16.81 
Let us now see why the liquid surface bends near the contact with a solid. A liquid in equilibrium can 
not sustain tangential stress. The resultant force on any small part of the surface layer must be 
perpendicular to the surface at that point. Basically three forces are acting on a small part of the liquid 
surface near its contact with solid. These forces are, 
(i) P, attraction due to the molecule of the solid surface near it 

(ii) Q, attraction due to liquid molecules near this part and 

(iii) The weight w of the part considered. 
We have considered very small part, so weight of that part can be ignored for better understanding. As 
we have seen in the last figures, to make the resultant (R) of P and Q perpendicular to the liquid 
surface the surface becomes curved (convex or concave). 


Capillarity 
Surface tension causes elevation or depression of the liquid in a narrow tube. This effect is called 
capillarity. When a glass capillary tube (A tube of very small diameter is called a capillary tube) open 
at both ends is dipped vertically in water the water in the tube will rise above the level of water in the 


vessel as shown in figure (a). In case of mercury, the liquid is depressed in the tube below the level of 
mercury in the vessel as shown in figure (b). 


(a) (b) 
Fig. 16.82 


When the contact angle is less than 90° the liquid rises in the tube. For a non-wetting liquid angle of 
contact is greater than 90° and the surface is depressed, pulled down by the surface tension forces. 


Explanation 
When a capillary tube is dipped in water, the water meniscus inside the tube is concave. The pressure 


: : : : _, 27 : : 
just below the meniscus is less than the pressure just above it by 7 where T is the surface tension of 


water and R is the radius of curvature of the meniscus. The pressure on the surface of water is po, 
the atmospheric pressure. The pressure just below the plane surface of water outside the tube is also 
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oN eae 
Po, but that just below the meniscus inside the tube is py) — ri We know that pressure at all points in 


: 2T 
the same level of water must be the same. Therefore, to make up the deficiency of pressure >. below 


the meniscus water begins to flow from outside into the tube. The rising of water in the capillary stops 
2T 

at a certain height A. In this position, the pressure of water column of height / becomes equal to = 
1.e. 

2T 
hpg =— 

Ps R 
2T 
h=— 

Rpg 

If is the radius of the capillary tube and 6 the angle of contact, then 


or 


r 


~ cos 0 
hz 2T cos 8 
rpg 
Alternative Proof for the Formula of Capillary Rise 


Fig. 16.83 


As we have already seen, when the contact angle is less than 90°, the total surface tension force just 
balances the extra weight of the liquid in the tube. 


The water meniscus in the tube is along a circle of circumference 277 which is in contact with the 
glass. Due to the surface tension of water, a force equal to T per unit length acts at all points of the 
circle. If the angle of contact is 8, then this force is directed inward at an angle 0 from the wall of the 
tube. 

Tcos @ (2nr) 


Tcos 8 Tcos®@ 


Fig. 16.84 


In accordance with Newton’s third law, the tube exerts an equal and opposite force T per unit length 
on the circumference of the water meniscus. This force which is directed outward, can be resolved 
into two components T cos @ per unit length acting vertically upward and 7 sin ® per unit length 
acting horizontally outward. Considering the entire circumference 2mr, for each horizontal 
component 7 sin 8 there is an equal and opposite component and the two neutralise each other. The 
vertical components being in the same direction are added up to give a total upward force 
(2nr)(T cos 8). It is this force which supports the weight of the water column so raised. 
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Thus, 
(T cos 8)(2%r) = Weight of the liquid column. 
= (mr’pgh) (i) 
h= 2T cos 0 
Ps 


The result has following notable features : 


(i) Ifthe contact angle 6 is greater than 90°, the term cos 8 is negative and hence, / is negative. The 
expression then gives the depression of the liquid in the tube. 


Fig. 16.85 


(ii) The correction due to weight of the liquid contained in the meniscus can be made for contact 
angle 8 = 0°. The meniscus is then hemispherical. The volume of the shaded part is 


NA 


SS "| rs M.__” 
Fig. 16.86 


V =(mr° \(r)- : (; nr? =-nr° 


1 
The weight of this shaded part is 3 Tr°pg. 
Therefore, we can write Eq. (1) as, 


1 
(T cos 0° )(2mr) = mr?pgh + ; trpg 


2T + 
or pe ee 
rpg 3 
(iii) Suppose a capillary tube is held vertically in a liquid which has a concave meniscus, then 
capillary rise is given by, 
2T cos® = 2T r 
h=— =— as R= 
rpg Reg cos 8 
2T 
or hR =— ...(i1) 


PS 
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When the length of the tube is greater than h, the liquid rises in the tube, so as to satisfy the above 
relation. But if the length of the tube is insufficient (i.e. less than h) say h’, the liquid does not emerge 
in the form of a fountain from the upper end (because it will violate the law of conservation of energy) 
but the angle made by the liquid surface and hence, the R changes in such a way that the force 
2mrT cos 0 equals the weight of the liquid raised. Thus, 


2nrT cos 0’ = mr*pgh’ 


, _ 2T cos 0’ 
TPS 
2T 
or h=— 
R'pg 
2T 
or h’ RK’ =— .. (iil) 
Ps 
- sa pep QE 
From Eqs. (ii) and (iii), we have hR=WN' R’= og 
& 


Practical Applications of Capillarity 
1. The oil in a lamp rises in the wick by capillary action. 


2. The tip of nib ofa pen is split up, to make a narrow capillary so that the ink rises upto the tin or nib 
continuously. 


3. Ifone end of the towel dips into a bucket of water and the other end hangs over the bucket, the 
towel soon becomes wet throughout, due to capillary action. 


4. Ink is absorbed by the blotter due to capillary action. 


© Example 16.30 A capillary tube whose inside radius is 0.5 mm is dipped in 
water having surface tension 7.0 x 10” N/m. To what height is the water 


raised above the normal water level? Angle of contact of water with glass is 0°. 
Density of water is 10° kg/m? and g =9.8 m/s’. 


2T cos 8 
PS 
Substituting the proper values, we have 
= L20.0x 10-7 )cos 0° 
(0.5 10° )(10° )(9.8) 
= 2.86x 10° m= 2.86 cm Ans. 


Solution h= 


© Example 16.31 A glass tube of radius 0.4 mm is dipped vertically in water. 
Find upto what height the water will rise in the capillary ? If the tube in 
inclined at an angle of 60° with the vertical, how much length of the capillary is 
occupied by water ? Surface tension of water = 7.0 x 10° N/m, density of 


water = 10° kg/m’. 


Chapter 16 Fluid Mechanics ° 457 


Solution For glass-water, angle of contact 0 = 0°. 


Fig. 16.87 
_ 2 cos ® 


Now, h 
rpg 


_ (2)(7.0x 10 )cos 0° 
(0.4 x 107° )(10° (9.8) 


= 3.57x 107 m =3.57cm Ans. 

ee ee 7.14cm Ans. 
cos 60° al 
2 


© Example 16.32 Mercury has an angle of contact of 120° with glass. A narrow 
tube of radius 1.0 mm made of this glass is dipped in a trough containing 
mercury. By what amount does the mercury dip down in the tube relative to the 
liquid surface outside. Surface tension of mercury at the temperature of 
the experiment is 0.5 N/m and density of mercury is 13.6 x 10° kg/m?. 
(Take g = 9.8 m/s”). 

2T cos 8 


1PS 


Solution h= 


2x 0.5.x cos 120° 
10° x 13.6x 10° x 9.8 
=—3.75x10° m 
or h=—3.75 mm Ans. 


Substituting the values, we get h= 


Note Here, negative sign implies that mercury suffers capillary depression. 


© Example 16.33 If a5 cm long capillary tube with 0.1 mm internal diameter 
open at both ends is slightly dipped in water having surface tension 
75 dyne cm“, state whether (a) water will rise half way in the capillary, 


(6) Water will rise up to the upper end of capillary and (c) water will overflow 
out of the upper end of capillary? Explain your answer. 


Solution Given that surface tension of water, T = 75 dyne/cm 


Radius r= : mm = 0.05mm = 0.005 cm 


Density p = lgm/cem? , angle of contact, @ = 0° 
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Let h be the height to which water rises in the capillary tube. Then 
2Tcos® 2x 75xcos 0° 
= = cm 
rpg 0.005 x 1x 981 
= 30.58 cm 
But length of capillary tube is 4’ = 5cm 


h 


(a) Because h> - therefore the first possibility does not exist. 


(b) Because the tube is of insufficient length therefore the water will rise upto the upper end of 
the tube. 

(c) The water will not overflow of the upper end of the capillary. It will rise only up to the 
upper end of the capillary. 
The liquid meniscus will adjust its radius of curvature R’ in such a way that 


R’h’=Rh |: hR= a const 
PS 
where, R is the radius of curvature that the liquid meniscus would possess if the capillary 
tube were of sufficient length. 


pa Rh _ rh _ 0005 x 3058 _ 9 o396 cm oe 
5 cos8 cos 0° 


INTRODUCTORY EXERCISE 


1. Water rises in a capillary tube to a height of 2.0 cm. In another capillary tube whose radius is 
one third of it, how much the water will rise? 


2. Water rises up in a glass capillary upto a height of 9.0 cm, while mercury falls down by 3.4 cm in 
the same capillary. Assume angles of contact for water glass and mercury glass 0° and 135° 
respectively. Determine the ratio of surface tension of mercury and water(cos 135° = —0.71). 


3. A tube of insufficient length is immersed in water (surface tension =0.7 N/m) with 1 cm of it 


projecting vertically upwards outside the water. What is the radius of meniscus ? 
Given, radius of tube = 1mm. 


4. A capillary tube is dipped in a liquid. Let pressures at points A,BandC be py, Pp and po 
respectively, then 


Fig. 16.88 
(a) Pa =Pp=Pc (D) Pa =Pg<Pc (C) Pa =Pc <Pp (d) Pa =Pc > Pp 
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Final Touch Points 


1. Application on Surface Tension 
(i) When the detergent materials are added to liquids, the angle of contact decreases and hence the 
wettability increases. On the other hand, when water proofing material is added to a fabric it 
increases the angle of contact, making the fabric water-repellant. 
(ii) Surface tension of all lubricating oils and paints is kept low so that they spread over a large area. 
(iii) Oil spreads over the surface of water because the surface tension of oil is less than the surface 
tension of cold water. 


2. Effect of Temperature and Impurities on Surface Tension 
The surface tension of a liquid decreases with the rise in temperature and vice-versa. Surface tension 
becomes zero at a critical temperature. It is for this reason that hot soup tastes better. Surface tension 
of a liquid changes appreciably with addition of impurities. For example, surface tension of water 
increases with addition of highly soluble substances like Nacl, ZnSO, etc. On the other hand surface 
tension of water gets reduced with addition of sparingly soluble substances like phenol, soap etc. 


3. Laminar and Turbulent Flow, Reynolds Number 
When a liquid flowing in a pipe is observed carefully, it will be seen that the pattern of flow becomes 
more disturbed as the velocity of flow increases. Perhaps this phenomenon is more commonly seen 
in a river or stream. When the flow is slow the pattern is smooth, but when the flow is fast, eddies 
develop and swirl in all directions. 


At the low velocities, flow is calm. This is called “laminar flow”. 


In a series of experiments, Reynolds showed this by injecting a Turbulent 

thin stream of dye into the fluid and finding that it ran in a smooth y 
stream in the direction of the flow at low speeds. As the velocity = ae) Cc™~ > 

of flow increased, he found that the smooth line of dye was i CLF SO C 
broken up, at high velocities, the dye was rapidly mixed into the 
disturbed flow of the surrounding fluid. This is called “turbulent 


Laminar 
flow”. 
. : > > > 
After many experiments Reynolds saw that the expression — — —_ 
— — —_ 
pud —- — == 
— > > > 


nN [ ] 
where, p = density, u=mean velocity, d = diameter and n= viscosity would help in predicting the 
change in flow type. If the value is less than about 2000 then flow is laminar, if greater than 4000 then 
turbulent and in between these two in the transition zone. 
This value is Known as the Reynolds number, R,. 

A= pud 
n 

Laminar flow: R, < 2000, Transitional flow: 2000 <R, < 4000, Turbulent flow: R, > 4000 
SI Units of Reynolds Number 


p=kg/m?, u=m/s, d=m, n=Ns/m? =kg/ms 
R _ pud _ (kg/m*)(m/s)(m) 
“4 (kg/ms) 


i.e. it has no units. A quantity that has no units is known as a non-dimensional (or dimensionless) 
quantity. Thus, the Reynolds number, R, is a non-dimensional number. 


=1 


Solved Examples 


TYPED PROBLEMS 


Type 1. Based on Law of Floatation. 


Concept 
Whenever a block floats in a liquid (density of block should be less than | 
density of liquid), there is one single equation. 
Weight of solid = Upthrust on solid 


“ Vp.8=Vipis 
Here, V is total volume of solid and V; is immersed volume of solid. 
7 =| 
ta fate 4 
4 Pr 


Here, f, is immersed fraction of volume of solid. 

Further, in figure (i) immersed volume is less and in figure (i) 
immersed volume is more. Upthrust on immersed volume in figure (i) 
is equal to weight of block-1 and upthrust on immersed volume in 
figure (11) is equal to weight of both the blocks 1 and 2. In other words, (ii) 

we can also say that upthrust on extra immersed volume in figure (ii) is equal to extra 
weight. In equation form, we can write as 


mg=(V;) pg and (m,+m,)g=(V;)oP 1g 
or mog=[(V;)o-(V;),]pig or (Am)g or Aw=(AV;)p g 


Note _ /f fluid is accelerated, then in the expression of upthrust g is replaced be ger. 


© Example 1_ A block of wood floats in a bucket of water placed in a lift. Will the 
block sink more or less if the lift starts accelerating up? 
Solution Under nromal conditions, fraction of volume immersed under floating condition is 


f, =P aa) 


If the lift starts accelerating up, then 

upthrust — weight = ma 
- V,p; (g + a) -Vp,g =Vp,a 
Solving this equation, we get 


wi = f= Ps ...(ii) 


h=h 


So, the block neither sinks less nor more. 
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Note From this example, we can make a general concept that by the acceleration of container, fraction 
(or percentage of volume immersed ) does not change. 


© Example 2 A raft of wood (density =600kg/m?®) of mass 120 kg floats in water. 
How much weight can be put on the raft to make it just sink? 
Solution Weight of raft + external weight = upthrust on 100% volume of raft 
120 3 
120+ =|—|x10° x 
( m) g ( a g 


m=80 kg Ans. 


Note Here immersed fraction used in upthrust is the total volume of solid - me oe mM } 
p 


Type 2. Level Problems. 


Concept 
Let us first note down the following four results: — 
(i) If ice is floating in water, then after melting of ice the level ‘h’ 
remains unchanged. 

(ii) In floating to floating condition level ‘h’ remains unchanged. 

For example Suppose some wooden blocks are floating in water 
kept inside a boat. If these wooden blocks are thrown into the water, then level will 
remain unchanged. This is because under both the conditions wooden blocks are 
floating. 

(ii) In the floating to sink condition, level ‘h’ decreases. 

For example _ In the above case if wooden blocks are replaced by stone pieces then 
level will fall. Because, initially stone pieces were floating (with the help of boat) but 
eventually those pieces will sink. 

(iv) A solid is floating in a liquid of density p,. After sometime, the solid melts and density 
(of solid) after melting (in liquid state) is suppose p.,, then there are following three 
cases : 

Case1 Ifp.=p,, then level remains unchanged. Note that this is also result (i). 


Case2_ Ifp.<pj, then level will increase. 
Case3 Ifp.>p,, then level will decrease. 


© Example 3. A piece of ice is floating in a glass vessel filled with water. Then 
prove that level of water in the vessel remains unchanged after melting of ice . 


Note This is result (i). 
Solution Let m be the mass of ice piece floating in water. 
In equilibrium, weight of ice piece = upthrust 
or mg =V0,8 


or Vj=" aa) 


Pw 
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Here, V; is the volume of ice piece immersed in water. 
When the ice melts, let V be the volume of water formed by m mass of ice. Then, 


= (ii) 


From Kgs. (i) and (ii), we see that 


Hence, the level will not change. Ans. 


Example 4_ A piece of ice having a stone frozen in it floats in a glass vessel filled 
with water. How will the level of water in the vessel change when the ice melts? 


This is result (iii). 
Solution Let, m, = mass of ice, m, = mass of stone 
Pgs = density of stone and p,, = density of water 
In equilibrium, when the piece of ice floats in water, 
weight of (ice + stone) = upthrust 


or (m, + Mo)g = V0.8 
Pw Pw 


Here, V; = Volume of ice immersed 


When the ice melts, m, mass of ice converts into water and stone of mass m, is completely 
submerged. 


Volume of water formed by m, mass of ice, 


V,=4 
Pw 
Volume of stone (which is also equal to the volume of water displaced) 
_ M2 
Vi= i 
Since, Pg > Pw 
Therefore, V,+V.<V; 
or the level of water will decrease. Ans. 


Example 5 A solid floats in a liquid of different material. Carry out an analysis 
to see whether the level of liquid in the container will rise or fall when the solid 
melts. 


This is result (iv). 

Solution Let M = Mass of the floating solid 
Pp» =density of liquid formed by the melting of the solid 
p, =density of the liquid in which the solid is floating 


The mass of liquid displaced by the solid is M. Hence, the volume of liquid displaced is acl 
Py 
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When the solid melts, the volume occupied by it is —. Hence, the level of liquid in container 
Po 


will rise or fall according as 

M M ; 

—> or <— le. Po< or >, 

Po Pi 
There will be no change in the level if p; =p.. In case of ice, floating in water p, =p. and hence, 
the level of water remains unchanged when ice melts. 


Type 3. Based on apparent weight or change in weight of a solid inside a liquid. 


Concept 
If density of a solid is greater than density of liquid then it cannot float, it will sink. In this 
case, we hold the solid inside the liquid. Upthrust acts on its 100% volume and the solid is 
felt lighter. The equations are as under. 
Wapp = Wactual ~ Upthrust on 100% volume or change in weight Aw=Upthrust=Vp ;g__ ...() 
From Eq. (i) we come across following two results: 
(i) If the liquid in which solid is immersed, is water, then 


Woe ey _.. Pune denmerer nodD) 
Decrease in weight 


This can be shown as under 


Weightinair — Weightinair — VPgg 
Decrease in weight Upthrustin water VpP,,g 
= si RD Hence proved. 
W 


(ii) Change in weight Aw is directly proportional to density of liquid or relative density of 


liquid. Thus, 
Aw, _ (07); _ (RD), 


Aw; (Pi)2 (RD); 


Aw«p,or (RD); => 
Note  Inthis case, 100% volume of solid remains immersed in the liquid, So Vand g are same in two liquids in Eq. (i). 


© Example 6 A metallic sphere weighs 210 g in air, 180 g in water and 120 g in 
an unknown liquid. Find the density of metal and of liquid. 
Solution Relative density of metal 
= weight in air — 210° © 
change in weight of water 210-180 


Density of metal = 7 g/cm? 
Change in weight in a liquid = upthrust in liquid 


= Vicia) Priquia) 8 
or AW & Priguid 
Au, PL 
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or Pi =—— Pw 


210-120 3 
—— |(1 / 
Ge 2 a | ani 
=3 g/cm? Ans. 


© Example 7 An ornament weighing 50 g in air weighs only 46 g is water. 
Assuming that some copper is mixed with gold to prepare the ornament. Find the 
amount of copper in it. Specific gravity of gold is 20 and that of copper is 10. 


Solution Let m be the mass of the copper in ornament. Then, mass of gold in it is (60 —m). 


Volume of copper V,=" [votume _ mass 
" density 
and volume of gold a a m 


When immersed in water (p,, = 1 g/cm? ) 
Decrease in weight = upthrust 
(60 —46)g =(V, + Vo) Pu 8 


or i. = or 80=2m+50-m 


10 20 


m=30¢g Ans. 


© Example 8 An iron casting containing a number of cavities weighs 6000 N in 
air and 4000 N in water. What is the volume of the cavities in the casting? 
Density of iron is 7.87 g/cm®. 
Take g = 9.8 m/s” and density of water = 10° kg/m’. 


Solution Let v be the volume of cavities and V the volume of solid iron. Then, 


nn _ ( 6000/9.8 = 0078 m? 
density 787 x 10° 
Further, decrease in weight= upthrust 
3 (6000 — 4000) = (V + v)p,,g 
or 2000 = (0.078 + v) x 10° x 98 
or 0.078 + v = 0.2 
v = 0.12 m? Ans. 


Type 4. Based on pressure equation. 


Concept 


(i) If we wish to find pressure difference between two points A and B, then start from A, 
write pressure p, and reach upto point B. Keep on writing increase or decrease in 
pressure and finally write pressure equal to pp. 

(ii) If fluids are at rest then there is no change in pressure in horizontal direction. In 
vertical direction write (+p gh) while moving in downward direction and (—p gh) while 
moving in upward direction (p= density of liquid). 
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ii) If the fluid is accelerated, write (+p ax) in horizontal direction opposite to horizontal 
acceleration ‘a’ and (—pax) in the same direction of acceleration. Here, x is the 
horizontal distance. In vertical direction, write (tp g,h). Here, g, is the effective value 


of acceleration due to gravity. 


wx” 


(iv) If the fluid is rotating, write [+ while moving away from the axis and 


2.2 
[- on in moving towards the axis. 


© Example 9_ A liquid kept in a container has a horizontal acceleration ‘a’ as 
shown in figure. 


Using the pressure equation along the path ABC find the angle 8. 
Solution Writing pressure equation along the path ABC we have 
Patp gh—-pax= po (p = density of liquid) 
Points A and C are open to atmosphere. 
Pa = Pc = Po = atmosphere pressure 


> p gh-pax=0 or we 
x 8s 
=> tane=— or =tan(2) Ans. 
& & 


© Example 10 A liquid of density p’ is rotated with an angular speed @’ as shown 
in figure. Using the pressure equation concept find the equation of free surface of 
the liquid. 


Solution Writing pressure equation along the path PMO. 


Points P and O are open to atmosphere. 
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So, pressures at these points are same (= atmospheric pressure). Therefore, the above equation 


becomes, 
pax” wo”) » 
-——-=0 or y=|—|x 
rey ta we v( 2! 
This is the required parabolic equation of free surface of liquid. 


© Example 11 


A liquid of density p is rotated by an angular speed @ as shown in figure, Using the concept of 
pressure equation, find a relation between h,, hy, x, and x. 


Solution Writing pressure equation between points A and B, we have 


P ghy= Pp 


Points A and B are open to atmosphere. 
Therefore, 

P4 = Pp = Po = atmospheric pressure. 
Substituting the values in above equation we have, 
_porxy | Pox 


pgh, 5) 


p gh,=0 

On simplifying we get, 

2 
0) 
(hyn) = 5 (2-1) 

This is the desired relation between hy, hy, x, and x», 
© Example 12.) Asmail uniform tube is bent into a circle of radius r whose plane 

is vertical. Equal volumes of two fluids whose densities are p and o(p > 6) fill half 


the circle. Find the angle that the radius passing through the interface makes 
with the vertical. 
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Solution hap =r-—r cos 90° -8)=r-rsin® 


hgpc =r —7r cos® 

hcp =r sin (90° — 8) =r cos 0 

App =r sin 0 
Writing pressure equation between points A and EF we have 

pat (r—-rsin 8) pg-(r—r cos 8) pg— (7 cos 8) (6) g- (rsin 9) 6 g= Dr 
But Pa = Pr = Pgas 
Solving this equation, we get 
tan@ = [P=] 
p-o 


Type 5. Based on concept of syphon. 


Concept 
In the figure shown, UV, = Up = 0 
Pi = P2= Pe= Po 


Note Point 3 is just above point 2. v7 =0 butv3 =v 


If area of cross-section of pipe is uniform, then from continuity equation, 
U3 = Ug = Us = Ug = U (say) 
Applying Bernoulli’s equation at 1 (or 2), 3, 4,5 and 6, we have 
1 1 
Pp +t 0+0= p, pe tr O= Py + pv" + pghy 


=p. +5 pu? + 0= py += pv* ~pghy 
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Ans. 
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From this equation, following conclusions can be made: 
G) Py = Po = Pe = Po 
(i) Ps = Ps < Po 
(ili) v, = vg = 0 
(v1) U3 = U4 = Us = Ug =U 
(v) v=./2gh, so, h, should be greater than zero 
(vi) Pa = Po —PE(hy + hg) 
From the last equation we can see that p, decreases as (h, + Ag) increases. Minimum 
value of pressure is at 4 or p, and this minimum value is zero and this will occur at, 
O= po -— Pah, + hg) 


Thus, (Ah, + Rg) max = PO and simultaneously h, > 0 
Ps 


max 


max 


Thus, syphon will work when h, > Oand(h, + hy)< 22. 
pg 


© Example 13 The U-tube acts as a water siphon. The bend in the tube is 1 m 
above the water surface. The tube outlet is 7 m below the water surface. The water 
issues from the bottom of the siphon as a free jet at atmospheric pressure. 
Determine the speed of the free jet and the minimum absolute pressure of the 
water in the bend. Given atmospheric pressure = 1.01 x 10° N/m”, g =9.8 m/s” 


and density of water = 10° kg/m?. 


8m 


£ 
kK 


Solution (a) Applying Bernoulli’s equation between points (1) and (2) 
1 1 
Pi + 5 PU + Psy = Py + 5 Pro + Pshy 
Since, area of reservoir >> area of pipe 
UY, = 0, 
also p, = py = atmospheric pressure 
So, Vg = J2g(h, — ho) 
=/2x9.8x7 


=11.7 ms Ans. 
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(b) The minimum pressure in the bend will be at A. Therefore, applying Bernoulli’s equation 
between (1) and (A) 


1 1 
Pi + 5 Pur + Psy = Pa + 5 PUA + PEM 
Again, v, ~ 0 and from continuity equation v, = UV, 
1 
or Pa=P, + pg, — ha) — 5 Pre 


Therefore, substituting the values, we have 


Pa = (1.01 x 10°) + (1000)@.8)(-1) - : x (1000)(11.7)? 


=2.27x104 Nim? Ans. 


Type 6. Based on pressure force and its torque. 


Concept 
F 
=— => F=pA 
ae Pp. 


Let us call this force as the pressure force. Now, this force is calculated on a surface. If 
surface is horizontal then pressure is uniform at all points. 

So, f= pAcan be applied directly. For calculation of torque, point of application of force is 
required. In the above case, point of application of force may be assumed at geometrical 
centre of the surface. 

If the surface is vertical or inclined, pressure is non-uniform (it increases with depth) so 
pressure force and its torque can be obtained by integration. After finding force and torque 
by integration, we can also find point of application of this force by the relation. 


(ast=F xn) 


r= ¥ 

© Example 14_ A liquid of density p is filled upto a height of ‘h’ in a container as 
shown in figure. Base of the container is a square of side L. Ignoring the 
atmospheric pressure find 


j 
| 


(a) pressure force F, on its base. 

(b) torque of force F, about an axis passing through C and perpendicular to plane of paper. 
(c) pressure force F, on the vertical side wall DC. 

(d) torque of force F, about the same axis mentioned in part (b). 

(e) point of application of force Fy. 
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Solution (a) Base is horizontal. So, we can directly apply 
F, = pA= @ gh) (LZ) (L) 
=p ghL? Ans. 


(b) Point of application of F, is at geometrical centre of base or at a perpendicular distance e 


from the axis mentioned in the question. 
L 
tn =F, xn, = ahL)( 2 
i! 3 
=5 pghL Ans. 


(c) and (d) : Side wall is vertical. Pressure is non-uniform. So, force and torque both will be 
obtained by integration. 


A 
p L 
p 
p dx 
Bl 
Pressure at depth x, 
P=Pp sx 
Area of small element shown in figure is 
dA= L (dx) 


& dF, = (p)(dA) = (0 gx)(L dx) 
Perpendicular distance of this small force dF’, from the axis mentioned in the question is 
(h—«x). Therefore, small torque of force dF, is 


dt=(dF,) (h—-x) 
= (@ gx)(h—x) (L dx) 


Now, F,=[ : dF, 
x=h 
and Tp, = dt 


2 
= p gLh 
2 
p gLh® 
and a 
(e) For point of application of Ff’, , we can apply 
TR, 
oe, fi 
ry F (from C) 
_ @ gLh' /6)_h 


~ (p gh?L/2) 3 
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Note that point of application of Ff, is below the centre, as pressure is not uniform. It is 
increasing with depth. 


F, and F, and their points of application are shown in figure below. 


Note 


In the figure shown, torque of hydrostatic force about point O, the centre of a semicylindrical (or 
hemispherical) gate is zero as the hydrostatic force at all points passes through point O. 


Type 7. Based on the concept of pressure force and upthrust. 


Concept 


(i) Pressure in a fluid (gas or a liquid) increases with depth. At a height (or depth) 
difference of h change in pressure is Ap=+pgh. 


Here, p is the density of fluid. Now, density of air is almost negligible, so for small 
height differences it is almost constant (=p). Therefore, value of atmospheric 
pressure is almost same everywhere. But this is not the case with a liquid, whose 
density is not negligible. 

(ii) If a solid is floating in a liquid then net pressure force (including p,A) on this solid is 
upwards. This force is called upthrust and this is numerically equal to V,;p,;g and in 
equilibrium this is equal to weight of the solid. 


|» Density of 
liquid = p 


A plank of area of cross-section Ais floating in a liquid of density p as shown in figure. 
Net upward pressure force = Ff, —F, = pyA- p,A 
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= (Po +Pgh)— PoA 
= (hA)pg 
=V,pg (hA=immersed volume) 
= upthrust 
= weight of plank in equilibrium 
(ii) In some cases when a plank floats in two or more than two liquids then net force by a 


liquid on a plank is zero but immersed volume of plank on this liquid contributes in the 
upthrust. 


A plank of area of cross-section A is floating in two liquids. h, height of the plank is 
immersed in first liquid and h, height in second liquid. Atmospheric pressures is 
constant at small height differences. So F, and F, forces shown in the figure can be 
obtained directly (= pressure x area). Inside the liquids pressure increases with depth. 
So, Fy and F, will be obtained by integration as they are acting on vertical surfaces. 
F; is acting on a horizontal surface so this force can also be obtained directly. 

In the above figure 

Net force on the plank by atmosphere = F, = py) A 

Net force on the plank by liquid -1=0 

Net force on the plank by liquid -2= Fy = pA=(py) +P; gh, +P, gh.) A 

Net upthrust pressure force on the plank = Ff, - F, 


= (hy A)p 8+ (hy, A)pog 

=(V;); Pigt+ (Vj )2 Pog (V; =immersed volume) 
=U,+U, (U =upthrust) 
= U rotal 


= Weight of plank in equilibrium. 
In this case, we can see that net force on plank by liquid-1 is zero, but immersed 
volume of plank in liquid-1 contributes in the upthrust (=U). 
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© Example 15 A uniform solid cylinder of density 0.8 g/cm® floats in equilibrium 
in a combination of two non-mixing liquids A and B with its axis vertical. The 
densities of the liquids A and B are 0.7 g/cm® and 1.2 g/cm*, respectively. The 
height of liquid Ais h,=1.2 cm. The length of the part of the cylinder immersed 
in liquid B is hp=0.8 cm. (JEE 2002) 


(a) Find the total force exerted by liquid Aon the cylinder. 

(6) Find h, the length of the part of the cylinder in air. 

(c) The cylinder is depressed in such a way that its top surface is just below the upper 
surface of liquid Aand is then released. Find the acceleration of the cylinder 
immediately after it is released. 


Solution (a) Liquid A is applying the hydrostatic force on cylinder uniformly from all the sides. 
So, net force is zero. 


. —— TT 
Air {r 
— 
—_ <— A hy 
ee i —____- 
B [he 


(b) In equilibrium 
Weight of cylinder = Net upthrust on the cylinder 
Let s be the area of cross-section of the cylinder, then 
weight = (s) (h + hg + hg) PeytinderS 
and upthrust on the cylinder 
= upthrust due to liquid A+ upthrust due to liquid B 
= sh pag + shpPps 
Equating these two, 
8(A+ hg + hg) PoytinderS = 8840.4 + ApPp) 
or (h+ hat hg) Peytinder = 2aP.a + hpPp 
Substituting, 
ha =1.2 cm, hg =0.8cm and p, =0.7 g/em® 
Pg = 1.2 glem® and P,yinger = 0.8 g/cm? 
In the above equation, we get h =0.25 cm Ans. 


474 © Mechanics - II 


(c) Net upward force = extra upthrust = shpgg 
Force 


Net acceleration a = - 
mass of cylinder 


on ae shppg 
s(h + ha + hp) P cylinder 
or a 


a= 
(h + hg + hg) Peytinder 
Substituting the values of h, ha hg, Pg and Peytinders 


we get, a= a (upwards) 
Type 8. Based on surface tension force. 
Concept 
Surface tension is given by 
pik 
1 


.. Surface tension force, F=T1 
This force acts only on a line on free surface of the liquid. This force has a tendency to 
decrease the free surface of the liquid. 
Following are given some figures for the direction of this force. 
F F 


© Example 16 Water is filled up to a height h in a beaker of 
radius R as shown in the figure. The density of water is p, the 
surface tension of water is J and the atmospheric pressure is 
Po. Consider a vertical section ABCD of the water column 
through a diameter of the beaker. The force on water on one 
side of this section by water on the other side of this section has | 
magnitude (JEE 2007) 


(a) |2 ppRh + nR*pgh — 2RT| 
(b) |\2p)Rh + Rogh? - 2RT| 
(c) | potR? + Rogh” — 2RT| 
(d)| pptR® + Rogh? + 2RT| 


K—>—>1 
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Solution Force from right hand side liquid on left hand side liquid. 


(i) Due to surface tension force =2RT (towards right) 2R 
(ii) Due to liquid pressure force 
x=h p 
d 
= | @o+pgx)@R- dx) Atdepth x 
“= 0 
= (2p,Rh + Rpgh”) (towards left) 


. Net force is |2p)Rh + Rpgh? —-2RT | 
The correct option is (b). 


© Example 17 On heating water, bubbles beings formed at the bottom of the vessel 
detach and rise. Take the bubbles to be spheres of radius R and making a circular 
contact of radius r with the bottom of the vessel. If r <<R and the surface tension of 


water is T, value of r just before bubbles detach is (density of water is p ,,) 
(JEE 2012 Main) 


2 [Pw8 2 [Pw8 2 [Pw8 2 3P ws 
(a) R er (b) R lee (c) R {a (d) R ee 


Solution The bubble will detach if, 


Buoyant force > Surface tension force 


5 TR Pw 2 [7 x dlsin0 
( Pw) ( xR | g >(T) 2xr)sin® 
Here, aneee 


R 
4 
Solving, — ae &§ _p youd 


No option matches with the correct answer. 
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Passage (Ex. 18 to 20) 


When liquid medicine of density p is to be put in the eye, it is done with the help of a dropper. 
As the bulb on the top of the dropper is pressed, a drop forms at the opening of the dropper. 
We wish to estimate the size of the drop. 

We first assume that the drop formed at the opening is spherical because that requires a 
minimum increase in its surface energy. To determine the size, we calculate the net vertical 
force due to the surface tension T when the radius of the drop is R. When this force becomes 
smaller than the weight of the drop, the drop gets detached from the dropper. 


© Example 18 [If the radius of the opening of the dropper is r, the vertical force 
due to the surface tension on the drop of radius R (assuming r << R) is 


(a) 2urT (b) 2nRT 
Qnr?T 2nR?T 
(c) (d) —— 
R r 
Solution Vertical force due to surface tension, 
FF 
F, =F sin0 h 

= (T)(2mr) (r/R) 2 
_20 rT 
~  R 


.. Correct option is (c). 


© Example 19 Ifr=5x10" m,p=10° kgm™*,g=10ms”, 
T =0.11 Nm‘, the radius of the drop when it detaches from the dropper is 


approximately 

(a) 1.4x107° m (b) 3.3x 10° m 
(c) 2.0x 10° m (d) 4.1x10°° m 
Solution 20rT mg =A nk pg 


Re 3r°T 3x 6x10 *)? O11) 
2g 2x 10° x10 
=4125 x10 m* 
R=1425x10°m 
=14x10°m 


.. Correct option is (a). 


© Example 20 After the drop detaches, its surface energy is 
(a) 1.4x 10° J (b) 2.7x 10° J (c) 5.4x10° J (d) 8.1x10° J 
Solution Surface energy, 
E = (4nR”) T 
= (4n) (14 x 107°)? 0.11) 


=2.7x10°J 
-. Correct option is (b). 
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Type 9. Based on force between two glass plates. 


Concept 


When a small drop of water is placed between two glass plates put face to face, it forms a 
thin cylindrical film which is concave outward along its boundary. In article 16.9, we have 
seen that pressure difference on two sides of a cylindrical surface is 


hee (i) 


If d be the distance between the two plates and @ the angle of contact for water and glass, 


on 1 2cos0 
then, from the figure, cos0= = po 
R R d 


Substituting for = in Eq. @, we get ap==— cos®. 


Angle 6 can be taken zero for water and glass, i.e. cos@=1. Thus, the upper plate is pressed 


downward by the atmospheric pressure minus — Hence, the resultant downward 


pressure acting on the upper plate is = If Abe the area of plate wetted by the film, the 


resultant force F' pressing the upper plate downward is given by 


F=resultant pressure xarea = a 


© Example 21 A drop of water of volume 0.05 cm? is pressed between two glass 


plates, as a consequence of which, it spreads and occupies an area of 40cm”. If the 


surface tension of water is 70 dyne/cm, find the normal force required to separate 
out the two glass plates in newton. 
Solution We have discussed above, 


puoZAl _2AT 
- da Ad 
But, Ad = volume 
pu2AT 
V 


Substituting the values we get, 
_ 2x (40x10)? (70x10) 
0.05 x 10° 
=45N Ans. 


Miscellaneous Examples 


© Example 22 A ball of volume V and density p, is moved downwards by a 
distance ‘d’ in liquid of density p,. Find total change in potential energy of the 
system. 


Solution Decrease in potential energy of the ball. 
=m, gh (m, = mass of ball) 
= (Vp) gd 

or AU, =-Vp, gd 

When V volume of solid comes down, then it is replaced by V volume of liquid. 

.. Increase in potential energy of liquid : 


=mygh (m,= mass of liquid of volume V) 
= (Vp.) gd 
% AU,=+V pogd 
Total change in potential energy, 
AU =AU, + AU,=V (€2-p,) gd Ans. 


© Example 23 In the figure shown find the value of h, for maximum range R if 


k—— R——J 


(a) h,=4H (b) h,=8H 
Also find the value of this maximum range in both cases. 
Solution (a) h,+6H =4H +6H =10H =h (say) 


Maximum range will be obtained from 


hy= 2-5 H Ans. 
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and this maximum range will be, 
Rinax =V=10 A Ans. 
(b) In this case, 
h=h,+6H =8H+6H =14H 
. or 7H point lies on the table. So, maximum range will be obtained from the bottommost 
point of the liquid container or h,=6H Ans. 
and this maximum range will be 
R=2 Sh (h-hg) 
=2,/6H x8H =8/3H Ans. 


Note From top to centre range first increases and then from centre to bottom range then decreases. Therefore, in 
the second case range will be maximum from bottommost point of the liquid container. 


© Example 24 In the figure shown, 


K Dok Dok 


KR 


find the range R. 
Solution Applying Bernoulli's equation at points 1 and 2. 


1 1 
Pi +5 @p) vu, + (2p) gh, = pot 5 @P) v3 + (2p) ghy 


Here, vu, =0, v2 =, hy =hg, P= Po 
and Pi =Pot+p gH +2pgH 
=pot+3pgH 


Substituting in the above equation we have, 
Po t+ 8pgH = pyt+pv" 


v=./3 gH 


Now, this velocity is horizontal. So, time taken by the liquid to fall to the ground is free fall 


time or 
t= zn (where, h = H) 
& 
2H 
or t= f[ 
& 


= /6H Ans. 
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© Example 25 In the figure shown 


find v, top and R. 


Solution v= V2 x g xdistance of orifice from top surface of liquid Ans. 
= 2gh, 
top = free fall time (as vis horizontal) 
2hy 


(where, h, = free fall height) 
& 


R=vt, = (a | Pte) =2 Jhyhy Ans. 


© Example 26 Figure shows a hydraulic press with the larger piston of diameter 
35 cm at a height of 1.5 m relative to the smaller piston of diameter 10 cm. The 
mass on the smaller piston is 20 kg. What is the force exerted on the load by the 
larger piston? The density of oil in the press is 750 kg/m?. (Take g =9.8 m/s”) 


olla 
20 x 9.8 ‘ 


Solution Pressure on the smaller piston = ———5 Nin 
mx (5 x10“) 


= = Nim” 
mT x (17.5 x 10°“) 


Pressure on the larger piston = 


The difference between the two pressures = hpg 


where h=1.5m 
and p = 750 kg/m? 
Thus, a F155 x 750x9.8 
mx(5x10°) 2wx(17.5x10~) 
which gives, F=1.3x10°N Ans. 


Note Atmospheric pressure is common to both pistons and has been ignored. 
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© Example 27 A glass full of water upto a height of 10 cm has a bottom of area 

10 cm’, top of area 30 cm? and volume 1 litre. 

(a) Find the force exerted by the water on the bottom. 

(b) Find the resultant force exerted by the sides of the glass on the water. 

(c) If the glass is covered by a jar and the air inside the jar is completely pumped out, 
what will be the answers to parts (a) and (b). 

(d) If a glass of different shape is used, provided the height, the bottom area, the top 
area and the volume are unchanged, will the answers to parts (a) and (6) change. 

Take g=10 m/s”, density of water = 10° kg/m® and atmospheric pressure 

=1.01x 10° N/m? 


Solution (a) Force exerted by the water on the bottom 
F, = (Bo + pgh)A, +) 
Here, Pp =atmospheric pressure = 1.01 x 10° N/m? 
p =density of water = 10° k/gm® 
g=10ms%, h=10cm=0.1m 
and A, =area of base =10 cm? =10? m? 
Substituting in Eq. (i), we get 
F, = (1.01 x 10° + 10° x10 x 0.1) x 10% 


or F, = 102 N downwards) Ans. 
(b) Force exerted by atmosphere on water 
Fy, = (Do) Ag 
Here, A, = area of top = 30 em? =3x10° m? 


F, = (1.01 x 10°)(8 x 10°?) 
= 303 N (downwards) 
Force exerted by bottom on the water 
F;=-F, or F, =102 N (upwards) 
weight of water W = (volume)(density)(g) = (10° )(10° )(10) 
= 10 N downwards) 


Let F' be the force exerted by side walls on the water (upwards). Then, for equilibrium of 
water 


Net upward force = net downward force 


or F+h=F,+Ww 
* F=F,+W —F, =303+ 10-102 
or F =211N (upwards) Ans. 
(c) If the air inside the jar is completely pumped out, 
F, = @gh)A, (as Po =0) 
= (10°)(10)(0.1)(10~°) = 1 N downwards) Ans. 
In this case, F,=0 
and Fr =1 N (upwards) 
: F=F,+W -F,=0+10-1 =9N (upwards) Ans. 


(d) No, the answer will remain the same. Because the answers depend upon py,p,g, h, A;and A, 
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© Example 28 A solid ball of density half that of water falls freely under gravity 
from a height of 19.6 m and then enters water. Upto what depth will the ball go. 
How much time will it take to come again to the water surface ? Neglect air 
resistance and viscosity effects in water. (Take g =9.8 mls”) 


Solution v=2gh =/2x9.8x19.6 =19.6 mis 


Dl 9% 
19% 


=19.6m 


Dtaz=g 


Let p be the density of ball and 2p the density of water. Net retardation inside the water, 
ne upthrust — weight 


mass 

_ V@p)g-VeEg) 
Ve) 

= g=9.8 mis" 


Hence, the ball will go upto the same depth 19.6 m below the water surface. Ans. 
Further, time taken by the ball to come back to water surface is, 


1=2(2)=2(22)-45 Ans. 
a 9.8 


© Example 29 _ A fresh water on a reservoir is 10 m deep. A horizontal pipe 4.0 cm 
in diameter passes through the reservoir 6.0 m below the water surface as shown 
in figure. A plug secures the pipe opening. 


(a) Find the friction force between the plug and pipe wall. 
(b) The plug is removed. What volume of water flows out of the pipe in 1 h? Assume 
area of reservoir to be too large. 
Solution (a) Force of friction 
= pressure difference on the sides of the plug x area of cross section of the plug 
=(pgh)A 
= (10° )(9.8)(6.0)(x)(2 x 10°°)? 
= 73.9N Ans. 
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(b) Assuming the area of the reservoir to be too large, 
Velocity of efflux 
v=. 2gh = constant 


v= j2x9.8x6 =10.84 mis 


Volume of water coming out per sec, 
ua = Av 
dt 
=n(2x 107)? (10.84) 
= 1.36 x 107 m?/s 


The volume of water flowing through the pipe in 1 h 
V= (=) t 
dt 
= (1.36 x 10°7)(3600) 
= 48.96 m? Ans. 


© Example 30 A wooden rod weighing 25 N is mounted on a hinge below the free 
surface of water as shown. The rod is 3 m long and uniform in cross section and 
the support is 1.6 m below the free surface. At what angle « rod is in equilibrium? 
The cross-section of the rod is 9.5 x 10+ m? in area. Density of water is 


1000 kg/m?. Assume buoyancy to act at centre of immersion. g =9.8 m/s”. Also 
find the reaction on the hinge in this position. 


1.6m 
Z\ a 


Solution Let G be the mid-point of AB and E the mid point of AC (i.e. the centre of buoyancy) 


AC =1.6 coseca 
Volume of AC = (1.6 x 9.5 x 10“) coseca 
Weight of water displaced by AC 
=(1.6x9.5 x10 x 10° x 9.8) coseca 
= 14.896 coseca 
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Hence, the buoyant force is 14.896 cosec a acting vertically upwards at HE. While the weight of 
the rod is 25 N acting vertically downwards at G. Taking moments about A, 


(14.896 coseca) (AE cos a) = (25)(AG cos a) 


or (14.896 cosec a) (= cessed) = 25x ° 
2 2 
or sin? =0.32 
Ee sin a =0.56 
or a =34.3° Ans. 


Further, let F' be the reaction at hinge in vertically downward direction. Then, considering the 
translatory equilibrium of rod in vertical direction we have, 


F' + weight of the rod = upthrust 
F = upthrust — weight of the rod 
= 14.896 cosec (34.3° ) — 25 
= 26.6 —25 
F=1.6N (downwards) Ans. 


© Example 31 A cylindrical tank of base area A has a small hole of area a at the 
bottom. At time t =0,a tap starts to supply water into the tank at a constant rate 
a m®/s. 
(a) what is the maximum level of water hiya, in the tank? 
(b) find the time when level of water becomes h (< hyyay )- 


Solution (a) Level will be maximum when 


vy Rate = a m?/s 


A 


Rate of inflow of water = rate of outflow of water 


i.e. QO = au 
or a = a,J2ghvax 
2 
> hinge = a Ans. 
2ga~ 


(b) Let at time ¢, the level of water be h. Then, 


dh 
A()=0-a 2gh or | 


tdt 


h dh ={ 
%~-a/2gh /9A 


Solving this, we get 


ag (or 


— Z E In {e- . ae Pah Ans. 


Exercises 


LEVEL 1 


Assertion and Reason 
Directions : Choose the correct option. 
(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 
(b) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 
(d) If Assertion is false but the Reason is true. 


1. Assertion: Pressure is a vector quantity. 


F : ; 
Reason: Pressure P= oe Here F, the force is a vector quantity. 


2. Assertion: Surface tension [7 = *) is not a vector quantity. 


Reason: Direction of force is specified. 


3. Assertion: At depth h below the water surface pressure is p. Then at depth 2/ pressure will 
be 2p. (Ignore density variation). 
Reason: With depth pressure increases linearly. 


4. Assertion: Weight of solid in air is wand in water is = Then relative density of solid is 3.0. 
Reason: Relative density of any solid is given by 


RD= Weight in air 


Change in weight in water 


5. Assertion: Water is filled in a U-tube of different cross-sectional area on two sides as shown 
in figure. Now equal amount of oil (RD = 0.5)is poured on two sides. Level of water on both sides 
will remain unchanged. 


Reason: Same weight of oil poured on two sides will produce different pressures. 


6. Assertion: An ideal fluid is flowing through a pipe. Speed of fluid particles is more at places 
where pressure is low. 


Reason: Bernoulli’s theorem can be derived from work-energy theorem. 
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7. Assertion: In the figure shown v and R will increase if pressure above the liquid surface 


inside the chamber is increased. 


Reason: Value of vu or Ris independent of density of liquid. 


8. Assertion: A ball is dropped from a certain height above the free surface of an ideal fluid. 


When the ball enters the liquid it may accelerate or retard. 


Reason: Ball accelerates or retards it all depends on the density of ball and the density of 
liquid. 


9. Assertion: On moon, barometer height will be six times compared to the height on earth. 


2 = iL ’ 
Reason: Value of gon moon’s surface is ; the value of gon earth’s surface. 


10. Assertion: In the siphon shown in figure, pressure at P is equal to atmospheric pressure. 


11. 


Reason: Pressure at Q is atmospheric pressure and points P and @ are at same levels. 


Assertion: Force of buoyancy due to atmosphere on a small body is almost zero 
(or negligible). 
Reason: Ifa body is completely submerged in a fluid, then buoyant force is zero. 


Objective Questions 
Single Correct Option 


1: 


When a sphere falling in a viscous fluid attains a terminal velocity, then 
(a) the net force acting on the sphere is zero 

(b) the drag force balances the buoyant force 

(c) the drag force balances the weight of the sphere 

(d) the buoyant force balances the weight and drag force 


10. 
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ul 


. Which one of the following represents the correct dimensions of the quantity : x =—, where 


N= coefficient of viscosity and p = the density of a liquid? 


(a) [ML°T*] (b) [ML*T?] 
(c) [ML°T*] (a) [M°?Ty 
. Viscosity of liquids 


(a) Increases with increase in temperature 
(b) is independent of temperature 

(c) decreases with decrease in temperature 
(d) decreases with increase in temperature 


. At critical temperature, the surface tension of a liquid 


(a) is zero 

(b) is infinity 

(c) is same as that at any other temperature 
(d) cannot be determined 


. A liquid will not wet the surface of a solid if the angle of contact is 


(a) 0° (b) 45° 
(c) 60° (d) >90° 


. The lower end of a capillary tube touches a liquid whose angle of contact is 110°,the liquid 


(a) rises into the tube 

(b) falls in the tube 

(c) may rise or fall inside 

(d) neither rises nor falls inside the tube 


. Two water droplets combine to form a large drop. In this process energy is 


(a) liberated 

(b) absorbed 

(c) neither liberated nor absorbed 

(d) sometimes liberated and sometimes absorbed 


. A number of small drops of mercury adiabatically coalesce to form a single drop. The 


temperature of the drop will 
(a) increase (b) remain same 
(c) decrease (d) depend on size 


. Two soap bubbles in vacuum of radius 3 cm and 4 cm coalesce to form a single bubble under 


isothermal conditions. Then the radius of bigger bubble is 


ian (b) = em 
(c) 12cm (d) 5cm 


A small ball (mass m) falling under gravity in a viscous medium experiences a drag force 
proportional to the instantaneous speed u such that Fj,,. = ku. Then the terminal speed of ball 
within viscous medium is 
k m. 
(a) — (>) 78 
mg k 


(c) us (d) None of these 
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11. A thread is tied slightly loose to a wire frame as in figure and the frame is Frame 
dipped into a soap solution and taken out. The frame is completely covered 
with the film. When the portion Ais punctured with a pin, the thread 

(a) becomes concave towards A 

(b) becomes convex towards A “\ Thread 
(c) either (a) or (b) depending on the size of A with respect to B 


(d) remains in the initial position 


12. A steel ball of mass m falls in a viscous liquid with terminal velocity v, then the steel ball of 
mass 8 m will fall in the same liquid with terminal velocity 
(a) v (b) 4v (c) 8v (d) 16V2v 


13. A liquid flows between two parallel plates along the x-axis. The difference between the velocity 
of two layers separated by the distance dy is dv. If Ais the area of each plate, then Newton’s law 
of viscosity may be written as 


dv dv 
F=-7nA— b) F=+ nA— 
(a) ia. (b) ae 
(c) Pega” (d) ey Ge 
dy dy 


14. The work done to split a liquid drop of radius R into N identical drops is (take o as the surface 
tension of the liquid) 
(a) 4nR?(N™ -1)6 (b) 4nR?No 
(c) 4nR?(N¥?- 1) (d) None of these 


15. Two soap bubbles of different radii R, and R,(< R,) coalesce to form an 
interface of radius R as shown in figure. The correct value of R is 


(a) R=R,-R, 0) R= 
tit od tlt vd ‘R 
ORR EB OP RR 


16. A viscous liquid flows through a horizontal pipe of varying cross-sectional area. Identify the 
option which correctly represents the variation of height of rise of liquid in each vertical tube 


(d) None of these 


17. 


18. 


19. 


20. 


21. 


22. 


23. 
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The terminal velocity of a rain drop is 30 cm/s. If the viscosity of air is 1.8x 10°° Nsm”. The 
radius of rain drop is 

(a) lpm (b) 0.6 mm 

(c) 0.05 mm (d) 1mm 


If a capillary tube is dipped and the liquid levels inside and outside the tube are same, then the 
angle of contact is 

(a) zero (b) 90° 

(c) 45° (d) Cannot be obtained 


Uniform speed of 2 cm diameter ball is 20 cm/s in a viscous liquid. Then, the speed of 1 cm 
diameter ball in the same liquid is 

(a) 5ems"! (b) 10 cms? 

(c) 40 cms (d) 80 cms"! 


The height of mercury barometer is h when the atmospheric pressure is 10° Pa. 
The pressure at x in the shown diagram is 


h 
Ald 

(a) 10° Pa (b) 0.8x 10° Pa 

(c) 0.2x10° Pa (d) 120x10° Pa 


A body floats in water with its one-third volume above the surface. The same body floats in a 
liquid with one-third volume immersed. The density of the liquid is 

(a) 9 times more than that of water 

(b) 2 times more than that of water 

(c) 3 times more than that of water 

(d) 1.5 times more than that of water 


A piece of ice is floating in a beaker containing thick sugar solution of water. As the ice melts, 
the total level of the liquid 

(a) Increases (b) decreases 

(c) remains unchanged (d) insufficient data 


A body floats in completely immersed condition in water as shown in figure. As the whole 
system is allowed to slide down freely along the inclined surface, the magnitude of buoyant 
force 


(a) remains unchanged (b) increases 
(c) decreases (d) becomes zero 
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24. 


25. 


26. 


27. 


28. 


The figure represents a U-tube of uniform cross-section filled with two immiscible liquids. One 
is water with density p,, and the other liquid is of density p. The liquid interface lies 2 cm above 
the base. The relation between p and p,, is 


(a) p=P,, (b) p=1.029,, (c) p=1.29,, (d) None of these 


For the arrangement shown in figure, initially the balance A and Breads F, and F, respectively 
and F, > F,. Finally when the block is immersed in the liquid then the readings of balance 
Aand Bare f, and f, respectively. Identify the statement which is not always (where, F is 
some force) correct statement. 


Initial Final 
(a) fh >f (b) F. + F>F,+F 
() ft fh=Kh+F, (d) None of these 


When a tap is closed, the manometer attached to the pipe reads 3.5 x 10° Nm. When the tap is 
opened, the reading of manometer falls to 3.0 x 10° Nm™”. The velocity of water in the pipe is 
(a) 0.1 mst (b) lms?! 
(c) ms"! (a) 10ms* 
A balloon of mass M descends with an acceleration ay. The mass that must be thrown out in 
order to give the balloon an equal upward acceleration will be 
(a May (b) 2May 2May (a) M (g+ do) 

gta ao 


The hydraulic press shown in the figure is used to raise the mass M through a height of 0.5 cm 
by performing 500 J of work at the small piston. The diameter of the large piston is 10 cm, while 
that of the smaller one is 2 cm. The mass M is 

W = 500J 


(a) 100 kg (b) 10° kg (c) 10°kg (d) None of these 
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29. When equal volumes of two substances are mixed, the specific gravity of the mixture is 4. When 
equal weights of the same substances are mixed, the specific gravity of the mixture is 3. The 
specific gravities of the two substances could be 
(a) 6 and 2 (b) 3 and 4 
(c) 2.5 and 3.5 (d) 5and 3 


30. A block of ice of total area A and thickness 0.5 m is floating in water. In order to just support a 
man of mass 100 kg, the area A should be (the specific gravity of ice is 0.9) 
(a) 2.2 m? (b) 1.0 m? 
(c) 0.5 m? (d) None of these 


31. A piece of gold (p = 19.3 g/cm®) has a cavity in it. It weights 38.2 g in air and 36.2 g in water. The 


volume of the cavity in gold is 
(a) 0.2 cm? (b) 0.04 em? 
(c) 0.02 em? (a) 0.01 em? 


32. Water stands at a depth D behind the vertical upstream face of a dam as shown in the figure. 
The force exerted on the dam by water per unit width is 


1 2 
(a) 3 pgD 

1 1 2 
(c) 3 ped (d) - (egD) 


33. The volume of a liquid flowing per second out of an orifice at the bottom of a tank does not 
depend upon 
(a) the height of the liquid above the orifice 
(b) the acceleration due to gravity 
(c) the density of the liquid 
(d) the area of the orifice 


34. The pipe shows the volume flow rate of an ideal liquid at certain time and its direction. What is 
the value of Q in m/s? (Assume steady state and equal area of cross section at each opening) 


2x10-8m3/s = 5 x 10° § m/s 


6 x 10-§ m/s 


I< 4 x 10-§ m3/s 
4x 10-6 m3/s8 x 10° m3/sQ 


(a) 10x10° (b) 11x10 
(c) 13x 10° (d) 18x 10° 
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35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


A uniform cube of mass M is floating on the surface of a liquid with three fourth of its volume 
immersed in the liquid (density =p). The length of the side of the cube is equal to 


(a) (4M/3p)*8 (b) (MB p)”® (c) (M/4p)*8 (d) None of these 


Water rises to a height of 10 cm in a certain capillary tube. An another identical tube when 
dipped in mercury the level of mercury is depressed by 3.42 cm. Density of mercury is 13.6 g/cc. 
The angle of contact for water in contact with glass is 0° and mercury in contact with glass is 
135°. The ratio of surface tension of water to that of Hg is 

(a) 1:3 (b) 1:4 (c) 1:5.5 (d) 1:6.5 


A capillary glass tube records a rise of 20 cm when dipped in water. When the area of 
cross-section of the tube is reduced to half of the former value, water will rise to a height of 
(a) 10/2 cm (b) 10 cm (c) 20cm (da) 20V2 cm 


A cylindrical vessel open at the top is 20 cm high and 10 cm in diameter. A circular hole of cross 
sectional area 1 cm” is cut at the centre of the bottom of the vessel. Water flows from a tube 
above it into the vessel at the rate of 10” cm?/s. The height of water in the vessel under steady 
state is (Take g= 10 m/s?) 

(a) 20cm (b) 15cm (c) 10cm (d) 5cm 


A horizontal pipeline carries water in a streamline flow. At a point along the tube where the 
cross sectional area is 10” m’”, the water velocity is 2 m/s and the pressure is 8000 Pa. The 
pressure of water at another point where cross sectional area is 0.5 x 10°” m? is 

(a) 4000 Pa (b) 1000 Pa (c) 2000 Pa (d) 38000 Pa 


Hight spherical rain drops of the same mass and radius are falling down with a terminal speed 
of 6 cms‘. If they coalesce to form one big drop, what will be its terminal speed? Neglect the 
buoyancy due to air 

(a) 1.5 cms"! (b) 6 cms™* (c) 24 cms" (a) 32 cms"! 


In a surface tension experiment with a capillary tube water rises upto 0.1 m. If the same 
experiment is repeated in an artificial satellite, which is revolving around the earth; water will 
rise in the capillary tube upto a height of 

(a) 0.1 m (b) 0.2 m (c) 0.98 m (d) full length of tube 


Two unequal soap bubbles are formed one on each side of a tube closed in the middle by a tap. 
What happens when the tap is opened to put the two bubbles in communication ? 

(a) No air passes in any direction as the pressures are the same on two sides of the tap 

(b) Larger bubble shrinks and smaller bubble increases in size till they become equal in size 

(c) Smaller bubble gradually collapses and the bigger one increases in size 

(d) None of the above 


A capillary tube of radius R is immersed in water and water rises in it to a height h. Mass of 
water in capillary tube is M. If the radius of the tube is doubled, mass of water that will rise in 
the capillary tube will be 


(a) 2M (b) M (c) = (d) 4M 
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44. A tube of fine bore AB is connected to a manometer M as shown. The stop cock S controls the 


45. 


46. 


47. 


48. 


49. 


flow of air. AB is dipped into a liquid whose surface tension is T’. On opening the stop cock for a 
while, a bubble is formed at B and the manometer level is recorded, showing a difference h in 
the levels in the two arms, if pbe the density of manometer liquid andr the radius of curvature 
of the bubble, then the surface tension T of the liquid is given by 


otis 


(a) p hrg (b) 2phgr (c) Aphrg (a) an 


A vessel whose bottom has round holes with a diameter of d= 0.1 mm is filled with water. The 
maximum height of the water level h at which the water does not flow out, will be (The water 
does not wet the bottom of the vessel). [ST of water = 70 dyne/cm] 

(a) h=24.0 cm (b) h=25.0 cm (c) h=260 cm (d) h=28.0 cm 

A large number of liquid drops each of radius ‘a’ coalesce to form a single spherical drop of 


radius 6. The energy released in the process is converted into kinetic energy of the big drop 
formed. The speed of big drop will be 


6rti_il aTi_il 
as la bl Vala 6 
aryi_il BIT1_i| 
Oi ala bl ONale 6 


A glass capillary tube (closed from top) of inner diameter 0.28 mm is lowered vertically into 
water in a vessel. The pressure in the capillary tube so that water level in the tube is same as 
that in the vessel in N/m? is (surface tension of water = 0.7N/m and atmospheric pressure 
=10° N/m”) 

(a) 10° (b) 99 x 10° 

(c) 100 x 10° (d) 101 x10° 


A thin wire is bent in the form of a ring of diameter 3.0 cm. The ring is placed horizontally on the 
surface of soap solution and then raised up slowly. Upward force necessary to break the vertical 
film formed between the ring and the solution is 

(a) 6x T dyne (b) 2 T dyne 

(c) 42 T dyne (d) 3x T dyne 

One end of a glass capillary tube with a radius r= 0.05 cm is immersed into water to a depth of 
h=2cm. Excess pressure required to blow an air bubble out of the lower end of the tube will be 
(S.T of water = 70dyne/cm). Take g = 980 cm/s” 

(a) 2840 dyne/em? (b) 5840 dyne/em? 

(c) 7840 dyne/em? (d) 4760 dyne/em? 
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Subjective Questions 


Note Question numbers 16, 17 and 29 are based on flow of viscous liquids. Engineering aspirants can skip those 


10. 


11 


12. 


13. 


14. 


problems. 


. A body of weight w, when floats in water displaces an amount of water w.. Then w, < Wy. Is this 


statement true or false? 


. A weightless balloon is filled with water. What will be its apparent weight when weighed in 


water? 


. Two vessels A and B have same base area. Equal volumes of a liquid are poured in the two 


vessels to different heights h, and hp(> h, ).In which vessel, the force on the base of vessel will 
be more? 


. The work done in blowing a bubble of volume Vis W, then what is the work done in blowing a 


soap bubble of volume 2V ? 


. A man is sitting in a boat which is floating in a pond. If the man drinks some water from the 


pond, how will the level of water in the pond change? 


. A metal ball weighs 0.096 N . When suspended in water it has an apparent weight of 0.071 N. 


Find the density of the metal. 


. A block of wood has a mass of 25 g. When a 5 g metal piece with a volume of 2 cm? is attached to 


the bottom of the block, the wood barely floats in water. What is the volume V of the wood? 


. What is the minimum volume of a block of wood (density = 850 kg/m?) if it is to hold a 50 kg 


woman entirely above the water when she stands on it ? 


. Acubical block of ice floating in water has to support a metal piece weighing 0.5 kg. What can 


be the minimum edge of the block so that it does not sink in water? Specific gravity of ice = 0.9. 


When a cube of wood floats in water, 60% of its volume is submerged. When the same cube 
floats in an unknown fluid 85% of its volume is submerged. Find the densities of wood and the 
unknown fluid. 


. A glass tube of radius 0.8 cm floats vertical in water, as shown in figure. What mass of lead 


pellets would cause the tube to sink a further 3 cm? 


A hydraulic automobile lift is designed to lift cars with a maximum mass of 3000 kg. The area of 
cross section of the piston carrying the load is 425cm”. What maximum pressure would the 
smaller piston have to bear? 


A U-tube contains water and methylated spirit separated by mercury. The mercury columns in 
the two arms are in level with 10.0 cm of water in one arm and 12.5 cm of spirit in the other. 
What is the relative density of sprit? 


In the above question, if 15.0 cm of water and spirit each are further, poured into the respective 
arms of the tube, what is the difference in the levels of mercury in the two arms? 
(Relative density of mercury = 13.6) 
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15. A manometer reads the pressure of a gas in an enclosure as shown in figure (a) When some of 
the gas is removed by a pump, the manometer reads as in (b). The liquid used in the 
manometers is mercury and the atmospheric pressure is 76 cm of mercury. 


18cm 


fe ; 


Hg 
(a) (b) 
(i) Give the absolute and gauge pressure of the gas in the enclosure for cases (a) and (b) in units 
of cm of mercury. 
(ii) How would the levels change in case (b) if 13.6 cm of water are poured into the right limb of 
the manometer? 


16. Water at 20°C is flowing in a pipe of radius 20.0 cm. The viscosity of water at 20°C is 
1.005 centipoise. If the water’s speed in the centre of the pipe is 3.00 m/s, what is water’s speed: 
(a) 10.0 cm from the centre of the pipe (half way between the centre and the walls) 
(b) at the walls of the pipe? 


17. Water at 20°C is flowing in a horizontal pipe that is 20.0 m long. The flow is laminar and the 
water completely fills the pipe. A pump maintains a gauge pressure of 1400 Pa, at a large tank 
at one end of the pipe. The other end of the pipe is open to the air, The viscosity of water at 20°C 
is 1.005 poise. 

(a) If the pipe has diameter 8.0 cm, what is the volume flow rate? 

(b) What gauge pressure must the pump provide to achieve the same volume flow rate for a pipe 
with a diameter of 4.0 cm? 

(c) For pipe in part (a) and the same gauge pressure maintained by the pump, what does the 
volume flow rate become if the water is at a temperature of 60°C (the viscosity of water at 
60°C is 0.469 poise)? 


18. An irregular piece of metal weighs 10.00 g in air and 8.00 g when submerged in water. 


(a) Find the volume of the metal and its density. 


(b) If the same piece of metal weighs 8.50 g when immersed in a particular oil, what is the density 
of the oil ? 


19. A tank contains water on top of mercury. A cube of iron, 60 mm along each edge, is sitting 
upright in equilibrium in the liquids. Find how much of it is in each liquid. The densities of iron 
and mercury are 7.7 x 10? kg/m® and 13.6 x 10° kg/m? respectively. 


Water 


KG 
Wi 


Mercury 
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20. A uniform rod AB, 4 m long and weighing 12 kg, is supported at end A, with a 6 kg lead weight 


21. 


22. 


23. 


at B. The rod floats as shown in figure with one-half of its length submerged. The buoyant force 
on the lead mass is negligible as it is of negligible volume. Find the tension in the cord and the 
total volume of the rod. 


A solid sphere of mass m = 2kg and density p = 500 kg/m’ is held stationary relative to a tank 
filled with water. The tank is accelerating upward with acceleration 2 m/s”. Calculate 
(a) Tension in the thread connected between the sphere and the bottom of the tank. 
(b) If the thread snaps, calculate the acceleration of sphere with respect to the tank. 
(Density of water = 1000 kg/m’, g=10 m/s’) 


a=2 mis?| 


The pressure gauge shown in figure has a spring for which k= 60 N/m and the area of the piston 
is 0.50cm’. Its right end is connected to a closed container of gas at a gauge pressure of 30 kPa. 


How far will the spring be compressed if the region containing the spring is (a) in vacuum and 
(b) open to the atmosphere ? Atmospheric pressure is 101 kPa. 


Piston 


Spring 


Area=A 


Water stands at a depth h behind the vertical face of a dam. It exerts a resultant horizontal 
force on the dam tending to slide it along its foundation and a torque tending to overturn the 
dam about the point O. Find 


O 


(a) horizontal force, (b) torque about O, (c) the height at which the resultant force would have to 
act to produce the same torque, / = cross-sectional length and p = density of water. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


Chapter 16 Fluid Mechanics ¢ 497 


Mercury is poured into a U-tube in which the cross-sectional area of the left-hand limb is three 
times smaller than that of the right one. The level of the mercury in the narrow limb is a 
distance / = 30cm from the upper end of the tube. How much will the mercury level rise in the 
right-hand limb if the left one is filled to the top with water ? 


A water barrel stands on a table of height h. Ifa small hole is punched in the side of the barrel at 
its base, it is found that the resultant stream of water strikes the ground at a horizontal 
distance R from the barrel. What is the depth of water in the barrel ? 


A pump is designed as a horizontal cylinder with a piston of area A and an outlet orifice of area 
a arranged near the cylinder axis. Find the velocity of out flow of the liquid from the pump if the 
piston moves with a constant velocity under the action of a constant force F. The density of the 
liquid is p. 

When air of density 1.3 kg/m? flows across the top of the tube shown in the accompanying 


figure, water rises in the tube to a height of 1.0 cm. What is the speed of the air ? 
—>v 


The area of cross-section of a large tank is 0.5 m”. It has an opening near the bottom having 
area of cross-section 1 cm”. A load of 20 kg is applied on the water at the top. Find the velocity of 
the water coming out of the opening at the time when the height of water level is 50 cm above 
the bottom. (Take g= 10 m/s”) 


What is the pressure drop (in mm Hg) in the blood as it passes through a capillary 1 mm long 
and 241m in radius if the speed of the blood through the centre of the capillary is 0.66 mm/s ? 
(The viscosity of whole blood is 4x 10°? Pl). 


A glass capillary sealed at the upper end is of length 0.11 m and internal diameter 2x 10~° m. 
The tube is immersed vertically into a liquid of surface tension 5.06 x 10° N/m. To what length 
has the capillary to be immersed so that the liquid levels inside and outside the capillary 
become the same ? What will happen to the water levels inside the capillary if the seal is now 
broken ? 


A film of water is formed between two straight parallel wires each 10 cm long and at a 
separation 0.5 cm. Calculate the work required to increase 1 mm distance between them. 
Surface tension of water = 72x 107° N/m. 


A barometer contains two uniform capillaries of radii 1.44x 10m and 7.2x10~‘m. If the height 


of the liquid in the narrow tube is 0.2 m more than that in the wide tube, calculate the true 
pressure difference. Density of liquid =10°kg/m°, surface tension = 7.2x10°N/m and 


g=9.8 m/s”. 
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33. A liquid of specific gravity 1.5 is observed to rise 3.0 cm in a capillary tube of diameter 0.50 mm 
and the liquid wets the surface of the tube. Calculate the excess pressure inside a spherical 
bubble of 1.0 cm diameter blown from the same liquid. Angle of contact = 0°. 


34. A glass U-tube is such that the diameter of one limb is 3.0 mm and that of the other is 6.0 mm. 
The tube is inverted vertically with the open ends below the surface of water in a beaker. What 
is the difference between the heights to which water rises in the two limbs? Surface tension of 
water is 0.07Nm. Assume that the angle of contact between water and glass is 0°. 


35. A minute spherical air bubble is rising slowly through a column of mercury contained in a deep 
jar. If the radius of the bubble at a depth of 100 cm is 0.1 mm, calculate its depth where its 
radius is 0.126 mm, given that the surface tension of mercury is 567 dyne/cm. Assume that the 
atmospheric pressure is 76cm of mercury. 


36. Ifa number of little droplets of water, each of radius r, coalesce to form a single drop of radius R, 
show that the rise in temperature will be given be 


ae 
J\r R 
where, T is the surface tension of water and J is the mechanical equivalent of heat. 


37. An empty container has a circular hole of radius r at its bottom. The container is pushed into 
water very slowly as shown. To what depth the lower surface of container (from surface of 
water) can be pushed into water such that water does not flow into the container ? 


LEVEL 2 


Objective Questions 
Single Correct Option 


1. An ice cube is floating in water above which a layer of lighter oil is poured. As the ice melts 
completely, the level of interface and the upper most level of oil will respectively 


(a) rise and fall (b) fall and rise 
(c) not change and no change (d) not change and fall 


Chapter 16 Fluid Mechanics e 499 


2. An open vessel full of water is falling freely under gravity. There is a small hole in one face of 
the vessel as shown in the figure. The water which comes out from the hole at the instant when 
hole is at height H above the ground, strikes the ground at a distance of x from P. 


Ground P 


Which of the following is correct for the situation described? 


(a) The value of xis 2, ae 
(b) The value of xis ae 


(c) The value of x can’t be computed from information provided 
(d) The question is irrevalent as no water comes out from the hole 


3. A uniform rod AB, 12 m long weighing 24 kg, is supported at end Bby a flexible light string and 
a lead weight (of very small size) of 12 kg attached at end A. 


J 


The rod floats in water with one-half of its length submerged. For this situation, mark out the 
correct statement. 

[Take g= 10 m/s”, density of water = 1000 kg/m?] 

(a) The tension in the string is 36 g 

(b) The tension in the string is 12 g 

(c) The volume of the rod is 6.4 x 10°? m? 

(d) The point of application of the buoyancy force is passing through C (centre of mass of rod) 


4. A water hose pipe of cross-sectional area 5cm? is used to fill a tank of 120 L. It has been 
observed that it takes 2 min to fill the tank. Now, a nozzle with an opening of cross-sectional 
area 1 cm” is attached to the hose. The nozzle is held so that water is projected horizontally from 
a point 1 m above the ground. The horizontal distance over which the water can be projected is 
(Take g= 10 m/s”) 

(a) 3m (b) 8m 
(c) 4.47m (d) 8.64 m 
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5. The height of water in a vessel is h. The vessel wall of width bis at an angle to the vertical. The 
net force exerted by the water on the wall is 


(a) 5 poh*g cose (b) 5 bhibg (c) 5pbh*g see (ai oad 


6. A body of density p is dropped from rest from a height fA into a lake of density o (o > p). The 
maximum depth the body sinks inside the liquid is (neglect viscous effect of liquid) 
h h h h 
(a) —? (b) —— () =P (@ 
o-p o-p fo) p 


7. A liquid stands at the plane level in the U-tube when at rest. If areas of cross-section of both the 
limbs are equal, what will be the difference in heights h of the liquid in the two limbs of U-tube, 
when the system is given an acceleration a in horizontal direction towards right as shown? 


«| ——>| 


2 
(a) 8 ) Ons (a) zero 
g a 
8. A liquid of density p and surface tensiono rises in a capillary tube of inner radius R. The angle of 
contact between the liquid and the glass is 8. The point A lies just below the meniscus in the 
tube and the point B lies at the outside level of liquid in the beaker as shown in figure. The 
pressure at Ais 


_ 20 cos8 (c) _ 20080 
R Pam R 


9. A large open tank has two holes in the wall. One is a square hole of side L at a depth A from the 
top and the other is a circular hole of radius R at a depth 4h from the top. When the tank is 
completely filled with water, quantities of water flowing out per second from both holes are the 
same. Then RF is equal to 


(a) a (b) 2nL (©) L (d) - 


(a) pp —-—pgh (b) pp (d) All of these 
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10. Two identical cylindrical vessels with their bases at the same level each, contain a liquid of 
density p. The area of either base is A but in one vessel the liquid height is h, and in the other 
liquid height is h,(hy< h,). If the two vessels are connected, the work done by gravity in 
equalizing the levels is 


1 1 
(a) 5 (iy — he)’ Apa (b) 5 (hy + hz) Apg 
1 1 
(0) 5 (i hz) Ag (d) 7 hy ~ hy)’ Apg 
11. A cubical block of side 10 cm floats at the interface of an oil and water as shown in the figure. 


The density of oil is 0.6 g cm™ and the lower face of ice cube is 2 cm below the interface. The 
pressure above that of the atmosphere at the lower face of the block is 


TUITAVTAA AAA A AA 
IIIT AAA AAA AA 


77TTT4 \C& Wrr777 
OO 
10 cm 


(a) 200 Pa (b) 620 Pa 
(c) 900 Pa (d) 800 Pa 


12. A leakage begins in water tank at position P as shown in the figure. The initial gauge pressure 
(pressure above that of the atmosphere) at P was 5x 10° N/m”. If the density of water is 


1000 kg/m? the initial velocity with which water gushes out is approximately 


(a) 3.2 ms 
(c) 28ms7? 


13. The figure shows a pipe of uniform cross-section inclined in a vertical plane. A U-tube 
manometer is connected between the points A and B. If the liquid of density p, flows with 
velocity Up in the pipe. Then the reading h of the manometer is 


(a) h=0 


2 
7 - Po 4 
(c) . (# 
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14. 


15. 


16. 


17. 


A horizontal tube of uniform cross-sectional area Ais bent in the form of U as shown in figure. If 
the liquid of density p enters and leaves the tube with velocity uv , then the external force F' 
required to hold the bend stationary is 


vs 
» ue 
V~<~— 
(a) F=0 (b) pAv” 
(c) 2pAv? (d) 5 PAL 


A rectangular container moves with an acceleration a along the positive direction as shown in 
figure. The pressure at the point Ain excess of the atmospheric pressure po is (take p as the 
density of liquid) 


(a) pgh (b) pal 
(c) p (gh + al) (d) Both (a) and (b) 


A candle of diameter d is floating on a liquid in a cylindrical container of diameter D (D>> d)as 
shown in figure. It it is burning at the rate of 2 cm/h. Then, the top of the candle will 


coats mat 
| | 
D 
(a) remain at the same height (b) fall at the rate of 1 cm/h 
(c) fall at the rate of 2 cm/h (d) go up at the rate of 1 cm/h 


A square gate of size 1 m x 1 mis hinged at its mid point. A fluid of density p fills the space to the 
left of the gate. The force F required to hold the gate stationary is 


(a) £2 


(c) uid (d) None of these 


18. 


19. 


20. 


21. 
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A thin uniform circular tube is kept in a vertical plane. Equal volumes of two immiscible liquids 
whose densities are p, and p, fill half of the tube as shown. In equilibrium the radius passing 
through the interface makes an angle of 30° with vertical. The ratio of densities (p,/p.)is equal to 


Jo =1 V3 +1 V3 +1 
a d 
© 8 © 348 Os 
A plate moves normally with the speed v, towards a horizontal jet of water of uniform area of 


cross-section. The jet discharges water at the rate of volume V per second at a speed of v,. The 
density of water isp. Assume that water splashes along the surface of the plate ar right angles 
to the original motion. The magnitude of the force — on the plate due to the jet of water is 


(a) pVu, (b) {“) mtu © Pw) (d) pV (uv, + v) 
2 


A spherical ball of density p and radius 0.003 m is dropped into a tube containing a viscous fluid 
up to the 0 cm mark as shown in the figure. Viscosity of the fluid = 1.26 N-s/m? and its density 


Pr= . = 1260 kg/m?. Assume that the ball reaches a terminal speed at 10 cm mark. The time 


taken by the ball to travel the distance between the 10 cm and 20 cm mark is (g = 10 m/ s”) 


(a) 2s 
(c) 0.5 s 


In the figure shown, the heavy cylinder (radius R) resting on a smooth surface separates two 
liquids of densities 2p and 3p. The height h/ for the equilibrium of cylinder must be 


aA 


fe 


(a) 3R2 (b) rfp 
(c) RV2 (d) Ss of these 
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22. 


23. 


24. 


25. 


26. 


27. 


A U-tube having horizontal arm of length 20 cm, has uniform cross-sectional area = 1 cm”. It is 
filled with water of volume 60 cc. What volume of a liquid of density 4g/cc should be poured 
from one side into the U-tube so that no water is left in the horizontal arm of the tube? 

(a) 60 cc (b) 45 ce (c) 50 cc (d) 35 cc 


A cubical block of side a and density p slides over a fixed inclined plane with constant velocity v. 
There is a thin film of viscous fluid of thickness t between the plane and the block. Then the 
coefficient of viscosity of the film will be 


(a) 


net (py “Past (¢) Past (a) None of these 
5u 5u U 

A spring balance reads 10 kg when a bucket of water is suspended from it. What will be the 

reading of the balance when an iron piece of mass 7.2 kg suspended by a string is immersed 

with half its volume inside the water in the bucket? Relative density of iron is 7.2. 

(a) 10 kg (b) 10.5 kg (c) 18.6 kg (d) 17.2 kg 

Three points A,BandC on a steady flow of a non-viscous and incompressible fluid are 

observed. The pressure, velocity and height of the points A, Band C are (2, 3, 1), (1, 2, 2) and 

(4, 1, 2) respectively. Density of the fluid is 1 kgm™ and all other parameters are given in 

SI units. Then which of the following is correct? (g = 10 ms ”). 

(a) Points Aand Blie on the same stream line 

(b) Points Band C lie on the same stream line 

(c) Points Cand A lie on the same stream line 

(d) None of the above 


A body of density p is dropped from rest from height h (from the surface of water) into a lake of 
density of water o (o > p). Neglecting all dissipative effects, the acceleration of body while it is in 
the lake is 


(a) g ( = 1 upwards (b) g (< - 1 downwards 
p p 
9 oO 

(c) g (<} upwards (d) g (=) downwards 
p p 


A tank is filled up to a height 2H with a liquid and is placed on a platform of height H from the 
ground. The distance x from the ground where a small hole is punched to get the maximum 
range Ris 


(a) H (b) 1.25 H (d) 2H 


28. 


29. 


30. 


31. 


32. 


33. 


34. 
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Two boats of base areas A, and Ay, connected by a string are being pulled by an external force 
Fy. The viscosity of water is n and depth of the water body is H. When the system attains a 
constant speed, the tension in the thread will be 


A, A, A Ay 
mu n(3| ©) Pos AD ©) S04 AD - “(Z| 


A U-tube is partially filled with water. Oil which does not mix with water is next poured into 
one side, until water rises by 25 cm on the other side. If the density of oil is 0.8 g/ cm’®, the oil 
level will stand higher than the water level by 

(a) 6.25 cm (b) 12.50 cm (c) 31.75 cm (d) 25 cm 


There is a horizontal film of soap solution. On it a thread is placed in the form of a loop. The film 
is punctured inside the loop and the thread becomes a circular loop of radius R. If the surface 
tension of the soap solution be T, then the tension in the thread will be 

(a) x R?/T (b) n?R-T 

(c) 2n RT (d) 2RT 


A thin metal disc of radius r floats on a liquid surface and bends the surface downwards along 
the perimeter making an angle @ with vertical edge of the disc. If the disc displaces a weight of 
liquid w and surface tension of liquid is T, then the weight of metal disc is 

(a) 2n rT + w (b) 2arT cos0-—w 

(c)2mrT cos8+ w (d) w—2 rT cos0 


The radii of the two columns is U-tube are 7, andr, (> 7,). When a liquid of density p (angle of 
contact is 0°) is filled in it, the level difference of liquid in two arms is h. The surface tension of 


liquid is 

(g = acceleration due to gravity) 

(a p ghrrs (by Pen) 
2(r2-74) 2n71o 

(c) 2(%-") (d) pgh 
Pp ghrjre 2(%)-7;) 


Water rises to a height / in a capillary tube lowered vertically into 
water to a depth / as shown in the figure. The lower end of the tube is 
now closed, the tube is then taken out of the water and opened again. 
The length of the water column remaining in the tube will be 

(a) 2hifl>handl+hifl<h 

(b) hifl>h andl+hifl<h 

(c) 4hifl>handl—-hifl<h 


(a) siflzh andl+hifl<h 


«— > 


Two parallel glass plates are dipped partly in the liquid of density ‘d’ keeping them vertical. If 
the distance between the plates is ‘x’, Surface tension for liquid is T and angle of contact is 0 
then rise of liquid between the plates due to capillary will be 

®) T cos® 2T cos® 2T T cos0 


b —— d 
xd (b) xdg ©) xdgcos® @) xdg 
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35. 


36. 


37. 


Two identical spherical soap bubbles collapses. If Vis the consequent change in volume of the 
contained air, S is the change in the total surface area and Tis the surface tension of the soap 
solution, then (if p) is atmospheric pressure and assume temperature to remain same in all the 
bubbles). 

(a) 3ppV + 4ST =0 (b) 4pp>V + 3ST =0 

() ppV + 4TS =0 (d) 4p,V + ST =0 


A cylinder with a movable piston contains air under a pressure p, and a soap bubble of radius 
‘r’, The pressure p, to which the air should be compressed by slowly pushing the piston into the 
cylinder for the soap bubble to reduce its size by half will be (The surface tension iso, and the 
temperature 7'is maintained constant). 


(@) 8.428) 0/4, + 28) 
(©) 2. ‘- aa (a) 2 p+ =e 


A thin metal ring of internal radius 8 cm and external radius 9 cm is supported horizontally 
from the pan ofa balance so that it comes in contact with water in a glass vessel, If is found that 
an extra weight of 7.48 gis required to pull the ring out of water. The surface tension of water is 
(g=10 m/s”) 

(a) 80x10 °N/m (b) 25x10? N/m 

(c) 45x10 °N/m (d) 70x10°N/m 


More than One Correct Options 


1. 


3. 


A large wooden plate of area 10 m’ floating on the surface of a river is made to move horizontally 
with a speed of 2 m/s by applying a tangential force. River is 1 m deep and the water in contact 
with the bed is stationary. Then choose correct statement(s). 

(coefficient of viscosity of water = 10° N-s/m?) 

(a) velocity gradient is2s' 

(b) velocity gradient is1s! 

(c) force required to keep the plate moving with constant speed is 0.02 N 

(d) force required to keep the plate moving with constant speed is 0.01 N 


. Choose the correct options. 


(a) Viscosity of liquids increases with temperature 

(b) Viscosity of gases increases with temperature 

(c) Surface tension of liquids decreases with temperature 

(d) For angle of contact 6 = 0°, liquid neither rises nor falls on capillary 


A plank is floating in a non-viscous liquid as shown. Choose the correct options. 


(a) Equilibrium of plank is stable in vertical direction 

(b) For small oscillations of plank in vertical direction motion is simple harmonic 

(c) Even if oscillations are large, motion is simple harmonic till it is not fully immersed 
(d) On vertical displacement motion is periodic but not simple harmonic 
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4. A non-viscous incompressible liquid is flowing from a horizontal pipe of non-uniform cross 
section as shown. Choose the correct options. 


(a) speed of liquid at section-2 is more 

(b) volume of liquid flowing per second from section-2 is more 

(c) mass of liquid flowing per second at both the sections is same 
(d) pressure at section-2 is less 


5. A plank is floating in a liquid as shown. Fraction f of its volume is immersed. Choose the 
correct options. 


(a) If the system is taken to a place where atmospheric pressure is more, f will increase 
(b) In above condition f will remain unchanged 

(c) If temperature is increased and expansion of only liquid is considered f will increase 
(d) If temperature is increased and expansion of only plank is considered f will decrease 


6. In two figures, 


(a) ul =5 (b) t/t, =2 
(c) R,/R,=1 (d) wey =+ 


7. A liquid is filled in a container as shown in figure. Container is accelerated towards right. There 
are four points A, B,C and D in the liquid. Choose the correct options. 


(a) Pa > Pp (b) De > Pa 
(Cc) Pp > Pg (d) Ps > Pc 
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8. A ball of density p is dropped from a height on the surface of a non-viscous liquid @ 
of density 2p. Choose the correct options. 1 
(a) Motion of ball is periodic but not simple harmonic Y 


(b) Acceleration of ball in air and in liquid are equal 
(c) Magnitude of upthrust in the liquid is two times the weight of ball 
(d) Net force on ball in air and in liquid are equal and opposite 


9. Two holes 1 and 2 are made at depths h and 16A respectively. Both the holes 
are circular but radius of hole-1 is two times. 
(a) Initially equal volumes of liquid will flow from both the holes in unit time 
(b) Initially more volume of liquid will flow from hole-2 per unit time 
(c) After some time more volume of liquid will flow from hole-1 per unit time 2 
(d) After some time more volume of liquid will flow from hole-2 per unit time 
10. A solid sphere, a cone and a cylinder are floating in water. All have same mass, density and 


radius. Let f,, f, and f are the fraction of their volumes inside the water and h,, hz and hs 
are the depths inside water. Then 


(2) h=h=f (b) RK >h>h 
(c) hg < hy (d) hs < hg 


Comprehension Based Questions 
Passage 1 (Q. Nos. 1 to 3) 


The spouting can is something used to demonstrate the variation of 
pressure with depth. When the corks are removed from the tubes in 
the side of the can, water flows out with a speed that depends on the 
depth. In a certain can, three tubes T,,T, and T; are set at equal 
distances ‘a’ above the base of the can. When water contained in this 
can is allowed to come out of the tubes, the distances on the 
horizontal surface are measured as x,, X2 and x3. 


1. Speed of efflux is 


(a) /3gh (b) /2gh (c) gh (a) 5 veeh 


2. Distance x; is given by 


(a) Ba (b) V2 a ©) 58a (a) 2v3 a 
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3. The correct sketch is 


(a) iz (b) L 


(d) None of these 


S=75 
X1= X3 


Passage 2 (Q. Nos. 4 to 7) 


A container of large uniform cross-sectional area A resting on a horizontal surface, holds two 
immiscible, non-viscous and incompressible liquids of densities d and 2d each of height H/2.as 
shown in the figure. The lower density liquid is open to the atmosphere having pressure Py. A 
homogeneous solid cylinder of length L(L< H/2) and cross-sectional area A/5is immersed such 
that it floats with its axis vertical at the liquid-liquid interface with length L/4 in the denser 
liquid. 


The cylinder is then removed and the original arrangement is restored. A tiny hole of area 
s(s<< A)is punched on the vertical side of the container at a height h(h< H/2). As a result of 
this, liquid starts flowing out of the hole with a range x on the horizontal surface. 


4. The density D of the material of the floating cylinder is 


(a) 5d/4 (b) 3d/4 (c) 4d (d) 4d/3 
5. The total pressure with cylinder, at the bottom of the container is 
6L +H L+6H 
(a) p+ H** ag ) ppt E*S ag 


ep UE (d) py ee) ae 


(c) p Z m1 
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6. The initial speed of efflux without cylinder is 


(a) v= Fe [BH + 4h] (b) v= 5 [4H —3h] 
(c) v= Is [3H — 4h] (d) None of these 


7. The initial value of x is 


(a) (GH + 4h)h (b) {Gh +4H)hA 
(c) {GH -—4h)h (d) GH -3h)h 


Match the Columns 


1. Three holes A, B and C are made at depths 1m, 2 m and 5 mas shown. Total 
height of liquid in the container is 8 m. Let vis the speed with which liquid 
comes out of the hole and R the range on ground. Match the following two 
columns. 


Column I Column II 


(a) vis maximum for | (p) hole A 
(b) vis minimum for | (q) hole B 
(c) Ris maximum for | (r) holeC 


(d) Ris minimum for | (s) will depend on density 


of liquid 
2. Match the following two columns. 
Column I Column II 
(a) When temperature is (p) Upthrust on a floating 
increased solid of constant volume 


will increase 
(b) When density of liquid is (q) Upthrust on a floating 
increased solid of constant volume 
will decrease 
(c) When density of solid is (rv) Viscosity of gas will 
increased decrease 
(d) When atmospheric pressure | (s) None 
is increased 


3. A ball of density pis released from the surface of a liquid whose density varies with depth / as, 
p; =a h. Here o is a positive constant. Match the following two columns. (liquid is ideal) 
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Column I Column II 
(a) Upthrust on ball (p) will continuously 
decrease 
(b) Speed of ball (q) will continuously 
increase 
(c) Net force on ball (rv) first increase then 
decrease 
(d) Gravitational potential (s) first decrease then 
energy of ball increase 


4. Match the following two columns. 


Column I Column II 
(a) Surface tension (p) [MU1tT?] 
(b) Coefficient of viscosity | (q) [iT] 
(c) Energy density (rv) [MT?] 
(d) Volume flow rate (s) [ML1T+] 


5. A cylinder of weight W is floating in two liquids as shown in figure. Net force on cylinder from 
top is &, and force on cylinder from the bottom is F,. Match the following two columns. 
Fy 


' 


= 


Column I Column II 


(a) Net force on cylinder from liquid-1 (p) Zero 


(b) Fo-F, (yy) W 

(c) Net force on cylinder from liquid-2 | (r) Net upthrust 

(d) Net force on cylinder from (s) None of these 
atmosphere 


Subjective Questions 


1. A wooden plank of length 1 m and uniform cross-section is hinged at one end to the bottom of a 
tank as shown in figure. The tank is filled with water upto a height of 0.5 m. The specific gravity 
of the plank is 0.5. Find the angle 6 that the plank makes with the vertical in the equilibrium 
position. (Exclude the case 6 = 0) 

los m 
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2. A cubical block of wood of edge 3 cm floats in water. The lower surface of the 
cube just touches the free end of a vertical spring fixed at the bottom of the 
pot. Find the maximum weight that can be put on the block without wetting 
the new weight. Density of wood = 800 kg/m? and spring constant of the 


spring = 50 N/m. (Take g= 10 m/s”) 
3. Figure shows a container having liquid of variable density. The density of liquid varies as 


p= oo 4 - 4 . Here, hy and pp are constants and / is measured from bottom of the container. 
0 


A solid block of small dimensions whose density is 7 Po and mass m is released from bottom of 


the tank. Prove that the block will execute simple harmonic motion. Find the frequency of 
oscillation. 


4. A cylindrical tank 1 m in radius rests on a platform 5 m high. Initially the tank is filled with 
water to a height of 5 m. A plug whose area is 10 ‘m? is removed from an orifice on the side of the 
tank at the bottom. Calculate (a) initial speed with which the water flows from the orifice, 

(b) initial speed with which water strikes the ground, (c) time taken to empty the tank to half its 
original value. (g = 10 m/s”) 


k 
h=5m 
—————— 
H=5m 
a 


5. A block of mass m is kept over a fixed smooth wedge. Block is attached to a sphere of same mass 
through fixed massless pullies PR, and P,. Sphere is dipped inside the water as shown. If specific 
gravity of material of sphere is 2. Find the acceleration of sphere. 


6. A cubic body floats on mercury with 0.25 fraction of its volume below the surface. What fraction 
of the volume of the body will be immersed in the mercury if a layer of water poured on top of the 
mercury covers the body completely ? 
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7. A siphon tube is discharging a liquid of specific gravity 0.9 from a reservoir as shown in the 
figure. 


(a) Find the velocity of the liquid through the siphon. 
(b) Find the pressure at the highest point B. 
(c) Find the pressure at point C. 


8. A long cylindrical tank of cross-sectional area 0.5m? is filled with water. It has a small hole at a 
height 50 cm from the bottom. A movable piston of cross-sectional area almost equal to 0.5 m7 is 
fitted on the top of the tank such that it can slide in the tank freely. A load of 20 kg is applied on 
the top of the water by piston, as shown in the figure. Calculate the speed of the water jet with 
which it hits the surface when piston is 1 m above the bottom. (Ignore the mass of the piston). 


9. The shape of an ancient water clock jug is such that water level descends at a constant rate at 
all times. If the water level falls by 4 cm every hour, determine the shape of the jar, i.e. specify x 
as a function of y. The radius of drain hole is 2 mm and can be assumed to be very small 
compared to x. 


10. A spring is attached to the bottom of an empty swimming pool, with the axis of the spring 
oriented vertically. An 8.00 kg block of wood (p = 840 kg/m?) is fixed to the top of the spring 
and compresses it. Then the pool is filled with water, completely covering the block. The 
spring is now observed to be stretched twice as much as it had been compressed. Determine 
the percentage of the block's total volume that is hollow. Ignore any air in the hollow space. 


11. A rectangular tank of height 10 m filled with water, is placed near the bottom of a plane 
inclined at an angle 30° with horizontal. At height h from bottom a small hole is made (as 
shown in figure) such that the stream coming out from hole, strikes the inclined plane 
normally. 
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12. 


13. 


14. 


15. 


16. 


16. 


Calculate h. 


y 
"| es 
30° Fy 
O 


A ball of density d is dropped onto a horizontal solid surface. It bounces elastically from the 

surface and returns to its original position in a time ¢,. Next, the ball is released and it falls 

through the same height before striking the surface of a liquid of density d,. 

(a) If d < d;, obtain an expression (in terms of d, ¢, and d,) for the time f¢, the ball takes to come 
back to the position from which it was released. 

(b) Is the motion of the ball simple harmonic ? 

(c) If d= d,, how does the speed of the ball depend on its depth inside the liquid ? Neglect all 
frictional and other dissipative forces. Assume the depth of the liquid to be large. 


There is an air bubble of radius 1.0 mm in a liquid of surface tension 0.075 N/m and density 
1000 kg/m’. The bubble is at a depth of 10 cm below the free surface. By what amount is the 
pressure inside the bubble greater than the atmospheric pressure ? (Take g= 9.8 m/s”) 


A metal sphere of radius 1 mm and mass 50 mg falls vertically in glycerine. Find 

(a) the viscous force exerted by the glycerine on the sphere when the speed of the sphere is 1 cm/s, 

(b) the hydrostatic force exerted by the glycerine on the sphere and (c) the terminal velocity with 
which the sphere will move down without acceleration. Density of glycerine = 1260 kg/m® and 
its coefficient of viscosity at room temperature = 8.0 poise. 


A wire forming a loop is dipped into soap solution and taken out, so that a film of soap solution is 
formed. A loop of 6.28 cm long thread is gently put on the film and the film is pricked with a 
needle inside the loop. The thread loop takes the shape of a circle. Find the tension in the 
thread. Surface tension of soap solution = 0.030 N/m. 


A cylindrical vessel is filled with water upto a height of 1 m. The cross-sectional area of the 

orifice at the bottom is (1/400) that of the vessel. 

(a) What is the time required to empty the tank through the orifice at the bottom? 

(b) What is the time required for the same amount of water to flow out if the water level in tank is 
maintained always at a height of 1 m from orifice? 


A tank having a small circular hole contains oil on top of water. It is immersed in a large tank of 
the same oil. Water flows through the hole. What is the velocity of this flow initially? When the 
flow stops, what would be the position of the oil-water interface in the tank from the bottom. 
The specific gravity of oil is 0.5. 

Air initial level 


Oil 5m 


Oil 


y 
Water m 


18. 


19. 


20. 


21. 


22. 


23. 
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What work should be done in order to squeeze all water from a 
horizontally located cylinder (figure) during the time ¢ by means ofa i 
constant force acting on the piston? The volume of water in the E 


cylinder is equal to V, the cross-sectional area of the orifice is s, with 
s being considerably less than the piston area. The friction and 
viscosity are negligibly small. Density of water is p. 


A cylinder is fitted with a piston, beneath which is a spring, as in the figure. The cylinder is 
open at the top. Friction is absent. The spring constant of the spring is 3600 N/m. The piston 
has a negligible mass and a radius of 0.025 m. (a) When air beneath the piston is completely 
pumped out, how much does the atmospheric pressure cause the spring to compress? (b) How 
much work does the atmospheric pressure do in compressing the spring? 


a 


A non-viscous liquid of constant density 1000 kg/m? flows in a streamline 

motion along a tube of variable cross-section. The tube is kept inclined in Q 
the vertical plane as shown in the figure. The area of cross-section of the 
tube at two points P and @ at heights of 2 m and 5 m are respectively Pp 
4x10? m? and 8x 10° m”. The velocity of the liquid at point P is 1 m/s. 2m 
Find the work done per unit volume by the pressure and the gravity forces 

as the fluid flows from point P to Q. Take g = 9.8m/s”. 


A glass plate of length 10 cm, breadth 1.54 cm and thickness 0.20 cm weighs 8.2 gm in air. It is 
held vertically with the long side horizontal and the lower half under water. Find the apparent 
weight of the plate. Surface tension of water = 73 dyne per cm, g= 980 cm/sec’. 


5m 


Two narrow bores of diameters 3.0 mm and 6.0 mm are joined together to form a U-shaped tube 
open at both ends. If the U-tube contains water, what is the difference in its levels in the two 
limbs of the tube? Surface tension of water at the temperature of the experiment is 
7.3x 10° Nm”. Take the angle of contact to be zero, and density of water to be 1.0 x 10° kg/m® 
(g=9.8 ms *). 


Two identical soap bubbles each of radiusr and of the same surface tension 7 combine to form a 
new soap bubble of radius R. The two bubbles contain air at the same temperature. If the 
atmospheric pressure is pp then find the surface tension T of the soap solution in terms of po, 7 
and R. Assume process is isothermal. 


Note Students are advised to attempt question numbers 24 and 25 after studying the chapter of electrostatics in 


24. 


25. 


class XII. 
A soap bubble of radius r and surface tension ‘T is given a potential of V volt. Show that the 
new radius ‘R’ of the bubble is related to its initial radius by equation , 
polR? —r?]+ 47 [R? —r?]-¢,V7R/ 2=0 
where, py is the atmosphere pressure. 


If the radius and surface tension of a spherical soap bubble are ‘R’ and ‘T respectively, then 
show that the charge required to double its radius would be, 87 R [e,R [7p,>R+ 12T]|"?, where 
Pp is the atmospheric pressure. 


Answers 


Introductory Exercise 16.1 
1. 18cm = 2. 27 cm__3. (a) LO9 x 10° N/m? (b) 112 x 10°N/m? 4. p= po + a 5.50N 6.50cm 


Introductory Exercise 16.2 
1. Maximum at C and minimum at B 2. 2g 3. 3x 10°N/m? 


Introductory Exercise 16.3 
2. 23.7N 3. 0.206 N 4. (a)147 m/s? (b) 0.63 s 


Introductory Exercise 16.4 
1. (a)20cm/s (b)485N/m? 2.(a)25cm/s (b)50cm/s (c)94N/m? 3.(c) 4.500 


Introductory Exercise 16.5 


t 
1. 20 m/s 2. 9 3. (a) 
Introductory Exercise 16.6 
1. 0.882 mm/s 2. v’ = (2)? v 3.F =0.02N 4.10°°N/m? 
Introductory Exercise 16.7 
1. 435x107 2.144 10° J 3. 8nR2T 4. p= Po + hpg + ar 
r 


Introductory Exercise 16.8 


1. 6.0cm 2. fn = 723 3.1.4mm 4. (d) 


Ww 


Exercises 
LEVEL 1 


Assertion and Reason 


1.(d) 2. (a) 3.(d) 4. (a) 5.(d) 6. (d) 7. (b) 8. (a) 9.(d) 10. 
11. (c) 


Single Correct Option 


1. (a) 2. (d) 3. (d) A. (a) 5. (d) 6. (b) 7. (a) 8. (a) 9.(d) 10. (d) 
11. (a) 12.(b) 13. (c) 14. (a) 15.(c) 16.(c) 17.(c) 18. (b) 19. (a) 20. (b) 
21. (b) 22.(a) 23.(c) 24.(a) 25. (a) 26.(d) 27. (c) 28.(d) 29. (a) 30. (d) 
31. (c) 32. (b) 33. (c) 34.(c) 35.(d) 36.(d) 37. (d) 38. (d) 39.(c) 40. (c) 
Al. (d) 42.(c) 43. (a) 44. (d) 45. (d) 46.(a) 47. (d) 48. (a) 49. (d) 

Subjective Questions 
1. False 2. Zero 3. Vessel B 4. 2°28 w 
5. Itwillremainsame 6. 3840 kg/m? 7. 28 cr? 8. 0.33 m? 

9. 17cm 10. 0.6 gm/cm?, 0.705 gm/cm? 11. 6.03 g 


12. 6.92 10° Pa 13. 0.8 


14. Mercury will rise in the arm containing sprit. The difference in level is 0.221 cm 
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15. (i) Absolute pressure = 96 cm of Hg, Gauge pressure = 20 cm of Hg for (a), 
absolute pressure = 58cm of Hg, gauge pressure = — 18cm of Hg for (b) 
(ii) Mercury would rise in the left limb such that the difference in the levels in the two limbs becomes 19 cm. 
16. (a) 2.25 m/s (b) zero. 17. (a) 7.0x 10° m/s (b) 2.24x 10% Pa (c) 1.5x 107 m/s 


18. (a) 2x 10m’, 5000 kg/m? (b) 750 kg/m? 19. 32 mm in mercury and 28 mm in water 


20. T = 20N,V = 32x 103m? 21. (a) 24 N (b) 12 m/s? 
2 3 2 
22. (a)10.9cm —(b)2.5cm__23. (a) PEL (py PB cy h 24 58cm 25, Ro 
2 6 3 Ah 
26. v= a 27.12.4 m/s 28. vg=3.28m/s 29. 19.5 mmofHg 30.h=1cm, if seal is broken water 
p 
will rise in the capillary. 
31. 144x105 32. 1860 N/m? 33. 440 dyne/cm? 34. 4.76 mm 
35. 9.48 cm yale 
pgr 
LEVEL 2 


Single Correct Option 
1.@) 2G Boe Aw? 5.(c) 6.(a) 7.(b) 8 (d) 9 (a) 10. (d) 
11. (d) 12. (b) 13. (a) 14.(c) 15. (b) 16. (b) 917. (c) +18. (d) 19. (d) 20. (d) 
21. (b) 22. (d) 23. (a) 24. (b) 25. (d) 26.(a) 27. (c) 28. (c) 29. (b) 30. (d) 
31. (c) 32. (a) 33. (a) 34. (b) 35.(a) 36.(a) 37. (d) 


More than One Correct Options 
1. (a,c) 2. (b,c) 3. (a,b,c) 4. (a,c,d) 5. (b,c,d) 6. (a,b,c) 7. (a,c) 
8. (a,c,d) 9. (a,d) 10. (a,c,d) 


Comprehension Based Questions 
1.(b) 2) 3.) 4a) 5.(b) ‘6. (c) 7. (c) 


Match the Columns 
1. (ado r,(b)>)p,(c)> r, (d)> p 2.(a)> s, (b)> Ss, (C)> p, (d)os 
3. (ado r, (bor, (c)3 5s, (Jos 4.(a)> r, (b) > Ss, (C) > p, (d)o g 
5. (a)> p, (b) > g,r, (Cc) s, (d)> s 


Subjective Questions 


1, 45° 2. 0.354 N 3. am a 4. (a) 10 m/s (b) 14.1 m/s (c) 9200s 
T lo 


5. zero 6. 0.19 7. (a) 9.9m/s (b) 4.36104 Pa (c) 6.6 x 10* Pa 8. 4.51 m/s 


9. y=04x* 10. 60.41% 11. 8.33m 
td 
d -d 
13. 1130Pa 14. (a)1.5x107N (b)5.2x10°N (c)32.5m/s 15. 3.0x107N 


3 
ae 19. (a) 5.5m (b) 5.445 J 
S$ 


12. (a) (b) No (c) The ball will continue to move with constant velocity v = ee inside the liquid. 


16. (a) 3min (b) 1.5 min 17. 9.8 m/s, 5.0 m 18. 


Po(2r° — R®) 


20. 29025 J/m?, 29400 J/m? 21. 8.1796 gg 22.5mm 23.7 =25 
A(R? — 21”) 


Hints 
Solutions 


= XomM 


. Centre of Mass, Linear Momentum and Collision 


INTRODUCTORY EXERCISE 


«COM 


The COM of L-shaped rod shown in above figure is 
lying outside the body. 
aki bs 


m, +m 


X,=X2=0 > Xey =O 


P Q 
x <r/2, as more mass is concentrated near the line 


All particles of semicircular ring lie at a distance R 
from origin O. But its COM distance yfrom O is less 
than R. 


m, X; + Mm, X + M,X, 
Xem = 
m, + m, +m; 
_ @) (0) + (2) 0) + GB) O.5)_ 7 - 
14243 12 
_ MY + My) + M3)3 
YCM 
m, +m, +m, 
V3 
(1) (0) + (2) (0) + (3) & 
~ (2924 
3 ki 
Ys 9(0.5 m, 13 m) 
2 
--->xX 
1kg 2 kg 
(0, 0) (1m, 0) 


d= Aeon + ee 


= v19 m Ans. 
6 
8. Kas Aiy,— Ary2 
. CM ee 
A, a A, 
_ (nb?/2) (46/3) — (na’/2) (44/30) 
(mb? /2) — (ma?/2) 
_ 4 [ 23 -a'| 
~ 37 be -a 
2 2 
_4 latabt ro 
3m a+b 
Ax, — AoXx, 
9. xqy =———_ 
A 17 A 2 
4a’) (a) —(a’) Ba/2) 5 
Oe )_ 5a ror 
4a’ -a 6 
jaye A\y,— Ary 
CM" |] |. 
A | A, 
_ (4a) (a) - (a’) Ba/2) 
4a -a 
= ae Ans. 
6 
410. ¥ = MX 4 + MpXp Te MCXc + MpXp 
n my + Mg t+ me+ Mp 
_ () 0) + 2(1) + 30) + 4(0) 
14+24+34+4 
=0.5m 
YA 
! 
D C 
1m 
1m 
A ama 
M4V4 alee Mp \B ale Mc Vc + Mp Yb 
Yom = 
my,+ mg+ met Mp 
_ 0) 0) + 20) +30) +40) _ 0.7m 
14+24+3+4 
oC < Meni + ye 
= 0.74 m? Ans. 


Chapter 11 
14 gle + A, d, 
, Ay+# As 
Here, d = distance of centre of mass from O. 
(a) (0) + (< | (a) 
d= 2 7] 
a+(w/4)a 
T 
= a 
T+ 4 
12. lk x —> ! | 
x=0 dx x= 


Let A = area of cross section of rod. 


1 i v1 
| xam | (x) (Adx) po 2 
Xcm = ° =+ i 
2 
| dm | (Adx) Por 
0 0 
_3l 
4 
L L 
| xam | (X) (Axdx) 
13. xq = a =2 7 =-L 
| dm | (Axdx) 
0 0 
INTRODUCTORY EXERCISE 
1. _ MX, + MX) 
“Ns m, + My 
_ my (x; + vt); + my (x; + Vt), 
m, + my 
_ (1) 0-6 x 2) + (2) (12+ 4 x 2) 
14+2 
=12.67m 
2. S.= mS, + mS, 
a m, + Mm, 
_ my (v;t) + mg (V71) 
m, + my 
_DNAOt+ACHVOM 
14+2 
=0 
3 m Mo 
> © — 


hy lo 


Ans. 


Ans. 


Ans. 


4. 


(m) (5 x 10x 0.3 x 03) + 2m (5 x10x0.2 x 02) 


Displacement of centre of mass, 
_ ml + ml 


Som 
m+ Mm, 
MX) + MX 
a) Xcqy = ————> 
(a) Xem Aint 
+ 32m (0) + (0.10) (12) 
m, + 0.1 


Solving this equation we get, 
m, = 0.3 kg 


(b) Pom = "cm Vom 
= (0.1+ 0.3) (6j) 
= (2.4j) kg-m/s 
(c) Poy =P, + Py 
(2.4j) = (0.3)v, + (0.1) (0) 
v= (8]) m/s 
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Ans. 


Ans. 


Ans. 


Ans. 


First stone gets 300 ms journey time and second 


stone gets 200 ms journey time. 
_ md, + md, 


(a) dom = 
m, + Mm, 
ft) +m (Ge) 
m,| —gt, | + m, | —et 
7 (Jee 2 382 
m, + mM, 


6. a 


m+ 2m 
= 0.283 m 
= 28cm 


mV, + MVvz 


(b) vom = 


m+ Mm, 
_ Mm, (gt) + my (gh) 
m, +m 


__ (m) (10 x 0.3) + (2m) (10 x 0.2) 


m+ 2m 


= 2.3 m/s 
_ Net pulling force 


Total mass 


Ans. 


Ans. 
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_ mg sin 60° — mg sin 30° 


2m 


_ a 
od aera 


|a,|=|a,|=a 
ja; +a, |=J/2a at 90° 


ma, + may 
acom =—_ 
m, +m 
=5 (a; + ap) (as m, = my) 
a2 
90° 
ay 
+ 
l4com| a1 ) aa 
_ wa 
2 
= ee = v3-1 Ans 
B al) 
INTRODUCTORY EXERCISE 
1. p=p, 


(20) (201) + 30 (20j) + 40 (20k) 
= (20) (0) + 30 (10i + 20k) + 40v 
Solving this equation we get, 
v = (2.51 + 15j+ 5k) cm/s Ans. 


2. p; = Py 
0 = (25)(5) + (10)(v) 
or v=-125m/s 
Negative sign implies that this velocity is opposite 
to the direction of velocity of boy. Two velocities 
are in opposite directions. 
Hence, _|v,.|=Magnitude of relative velocity 
=12.5+ 5.0=17.5 m/s 


pevm 
Pi _ ma ft a) 
Pr My 4 2 


3. p=V2km 


or 


se al 


0=(4)(14 x 10’) + (234)v 
v=-2.4 x 10°m/s 


Here, negative sign implies that this velocity is 
opposite to the direction of velocity of alpha 
particle. 


> P=Py 


0 = 50(18) + (6 x 1074)y 
v=-15x107 m/s 


Negative sign implies the opposite direction of the 
velocity of man. 


+ MV, = MV, (in opposite direction) 


(60) (3) = (20) v, 
v, =9 m/s Ans. 


KE = x 60x (3)? #5 x 20x 0)" 


= 1080J=1.08 kJ Ans. 


. Path of COM will remain unchanged 


j COM. 2 
3R 3 [" sin = 
Xo = = 
2. 2 g 
D cs ° 
ee oi Ans. 
2 10 
INTRODUCTORY EXERCISE 


1. Thrust force = mg 


= LORE 1.225 kg/s 
1.6 x10 
(i) In this case, fuel will be finished in 90 s. 
Mo 


v=u-gtt+ v, in (22) 


m 


=0-9.8 x 90+ (1.6 x 10°) In (=) 


= 2.8 km/s Ans. 


Chapter 11. Centre of Mass, Linear Momentum and Collision ¢« 523 


(ii) In this case, fuel is finished in 9 s. 


v=0-98x104+1.6x10° in (2) 


= 3.6 km/s Ans. 


. After 1 min total 600 kg gases will be burnt. 
v=u-gtt+V, in( 7) 
m 
=0-10x 60+ (2000)In( 2 
400 


= 1232.6 m/s 


Fy, = thrust force —weight 


ma=v (-=) —m 
r a Ss 


d°x 
or (1m) — Ut) — =u (L) — (my — Ut) g 


dt 
(- a _ Mo 
“dt 3 
At t = 1, mass will remain, 
m=m, —- 2 = 2 m 
073 > 3 Mo 
Now using the equation, 
e) 
v=u-gt+v, In| — 


m 


=0-g¢)+uin [= 


/3m9 


3 
=uln|]—|- Ans. 
(3) . 


INTRODUCTORY EXERCISE 


. Using impulse = change in linear momentum 


We have, F-t= mv, — mv; = mv; — v;) 

or F(2)=2x 10° [0-(-4)] 

or 2F =8x10° or F=4x10°N 
. Using J=m(v;—V;) 


3m i =m[v,—(2i + 39] 
or Vv, =—3i + (2i + 3)) 


or vp =—it 3j 


Note The velocity component in the direction of j is 


unchanged. This is because there is no impulse 
component in this direction. 


3. Impulse = area under F’-t graph 


=Ap=m (vy —v;) 

_ Area 

7 m 

ul, (20 x 10°) (8 + 16) 
2 12000 

= 200 m/s Ans. 


Ve (as v; = 0) 


4. (a) =i? — 2as 


_ uw 


~ 2s 
_ (100) 
2 x 0.06 


v=u-at 


a (v = 0) 


= 8.3 x10* m/s? 


0=u-at 
u 100 
or t=—=—___ 
a 83x10 
=1.2x10%s Ans. 
(b) Impulse = |Ap|= mv; 
= (5 x 10-7) (100) 
= 0.5 N-s Ans. 
(c) Impulse = (F,,, ) ¢ 


F, = Impulse 
t 
- 0.5 
1.2107 
=417N Ans. 
INTRODUCTORY EXERCISE 


. At maximum extension their velocities are same. 


This common velocity is given by 
_ Total momentum 


Total mass 
_2x6-1x3 
3+6 
Now, E, =E, 


=1 m/s 


1 2 1 > | 2 
—x6x(2)+—x3x (ly =—x9 (ly 
3 (2) 5 () 5 () 


+44 200xx2 
2 


Solving we get, x,,=0.3m 
= 30cm Ans. 
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2. Substituting the values in above result 
K,—Ky — 4mm 
K; (m, + my) 
_4xmx2m 
(m+ 2my 


= Ans. 


eee (oe Ans. 


4. yr af mam aa 2m ‘“ 
ay 
m, +m, m, +m, 


We can see that v,’ = v, only if m, = my 


Similarly vy,’ = v, if m, = m). 


5. In elastic collision between two equal masses, 
velocities are interchanged. 


m, —m 2m 
6. w’=[ : 2} n+ 2 J» 
m, + mM, m, + mM, 


ee 2x2 
2} e4: (22) " 


=—-—m/s Ans. 
2-1 2x1 
— 6) 4 + 4 
i Gar fan , 
=— m/s Ans. 


7. After first collision with B + C 


‘ m—4m 3 
Vz = v=-—yv 
m+ 4m 5 


F 2xm 2 
Vo = y=—v 
m+ 4m 5 


10. 


T.. 


After second collision with B + A 


3/3 

2(ey ty) 

= 6 =9 
10” 25” 


: 2 
Now since — v < =v or vo 
25 5 


So, B will not collide with C further. 
Hence total collisions are only 2. 


O @®-O" @- 


Pi = Pr 


v Fo 
mv=m 3 + mv 


= RVOS _v-v/2 
RVOA v 
_ v/2 _ (/3v)_ 1 


= Ans. 
v v 3 


Now, 


b = = 
©) RVOA v 


Component parallel to wall will remain unchanged 
and component perpendicular to wall will become e 
times but in opposite direction. 

Initial velocity vector is making an angle of 90° — a 


with plane. Therefore final velocity vector will also 
make an angle 90° — with inclined plane. 


Angle of v, with horizontal 
6 =(90°-a)-a 


8 = (90° — 20) Ans. 


Exercises 


LEVEL 1 


Assertion and Reason 


e COM 


= 


In the above case, centre of mass lies outside the 
body. 


PF 
2. doy = —— = constant 
3m 


or Yom & 


3. To conserve linear momentum, forces can act on a 
system but their vector sum should be zero. 


4. Gases inside the rocket are pushed backwards. 
5. Net vector sum of all internal forces = 0. So, they 
cannot change the linear momentum. 


6. p, =P, 
or le 
Ky, m, 
> res 


m 


7. Of the two masses 4 and B, mass A is moving 
downwards. Therefore net force on the system is 
vertically downwards and momentum is not 
conserved in vertical direction. 


8. Ap, + Ap, =0 
or Ap, =-Ap, 


10. Energy can be given in the form of potential energy 
without giving the momentum. 


11. Centre of mass remains stationary. 


12. e- RWS 
RVOA 
For elastic collision e= 1 


RVOS = RVOA 


Before collision they approach towards each other 
and after collision they recede from each other. 


13. Centre of mass remains stationary. 


15. Relative velocity of separation is equal to the 
relative velocity of approach. One of the case is 
shown below. 


4 m/s 2 m/s 
1 m/s 5 m/s 


Before collision, relative speed is 2 m/s and relative 
velocity of approach is 6 m/s. 

After collision, relative speed is 4 m/s and relative 
velocity of separation is 6 m/s. 


Single Correct Option 
10. Impulse = F,, (At) = |AP| 
_ |AP|_ my; -v,) 
At At 
_ (5) (65-15) 
= 
=125N 


av 


Ans. 


11. o_O 


=|" (1.2 x 10°!°) 
12+ 16 


= 0.68 x 1071°m Ans. 


3kg 6kg 
12. % af 4 
VY Vo 
3y, = 6" 
_ 3y, 
6 
_ 3x16 


V9 


=8 m/s 


1 
(KE)oug = 5 X 6% (8° 


=192J Ans. 
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iO @ 


At rest 


m, >> m, 


m,—-—m 2m 
Vv =|—2 | 9,4 1 yy, 
m, + mM, m, + my, 


Substituting m, = Oand v, = 0 we get, 
Vy = 2v 


14. Velocity of dropped out mass is also 6 m/s. So its 
relative velocity is zero and no thrust force will act. 
Therefore final speed remains 6 m/s. 


15. F= ee n(mv) 
At 


Here n = number of bullets fired per second 
F 


mv 


> n= 


144 
~ (40 x 10-7) (1200) 
16. |Ap|=| Impulse |=|F- Az| 
_ 2vsin 45° | V2 y 
&§ & 


=3 Ans. 


Here At =T 


and |F |=mg 
2v 
|Ap| = (mg) ) 
& 


= V2: mv Ans. 


17. Velocity of ball just before collision with ground, 
v=/2gh = 2x 98x 4.9 =9.8 m/s 
Velocity just after collision, 
3 
u=ev=|—| (9.8) m/s 
1=ev (=) (9.8) 
2u_ 2x (3/4)x9.8 3 2 


T= 
g 9.8 2 
—— a 
pec 
eh 
18: x=0 oxi x=L 


2 [ di 
kx xam 
-(=) dx => Xcom — a 


L Ans. 


e—- (10- x) 


450kg 50kg 
450 x = 50 (10 — x) 
x=lm Ans. 
20. *<—— e—> (L- x) 
M3 M 
—x=M (L-x) 
3 
x=—L 
4 
Displacement of man relative to ground 
L 
=L-x=— Ans. 


4 
vW/3 
21. 


Before collision After collision 
From conservation of momentum we can see that 


; . a v 
velocity of heavier mass after collision becomes ry 


Now, coefficient of restitution, 
RVOS _ v/3__ 1 
e=—— = == Ans. 
RVOA v3 
22. In elastic collision between equal masses velocities 
are interchanged. Therefore change in 
momentum in any one particle is mu. 
|Ap| = | Impulse | 
=area under F-tgraph 


Now, 


1 
eal X fy X Fo 


y= onli Ans. 
t 
, F 
23. Acceleration of centre of mass = a 
m 
ma, + mya, 
acm = 
m, +m, 
F _(m) (a) + (m)a, 
2m 2m 
F 
a=—-% Ans. 
m 
24. Impulse = A p=m (v; — v,) 
3 > 3 : am 
(-2 Vo cos 53°41 + — vo sin 33°j] | 
— (Vp cos 37°; + Vo sin 37° j ) 
5 
=-— mv Ans. 
4 
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25. h, =(2") hi i) 

Given that 

(64 cm) = (e”) (100 cm) 
BD e=0.8 
Substituting in Eq. (1) we have 
h, = (0.8)°" (1m) 
= (0.8)"" Ans. 

26. p; = py 


. (500) (i) = (25) (20j) + 475v 


v= (2 i 7 (= i) m/s Ans. 
F 


27. a=— or axF 
m 
a 
t 
O h tb 


Hence, a-t graph is similar to F’-t graph. 
From 0 to t, 


axt 
or a=kt (k— a positive constant) 
Integrating we get, 

2 
v=— or ve? 
2 

i.e. v-t graph is a parabola passing through origin. 
From ¢, to f, again acceleration is positive (in the 
direction of velocity). So, velocity will further 


increase. 
28. x. Ax, — Axx, 
A, ~ A, 
_m™ (BR) (0)— (aR?) (2R)_ oR 


m BR) — aR? 4 


: eee 
.. Distance of centre of mass from origin = Z Ans. 


29. to = Ayr, — Agr, — Agr; 
A, _ Ay -_ A; 
_m (4R)° (0) = (WR) GRi) — (WR?) BRj) 
mt (4R) — aR? — mR? 


3R> 3R% 
= a i-— i Ans. 
14 14 
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30. Net horizontal force on system is zero, Therefore, 
centre of mass does not move in horizontal. Further, 
all surfaces are smooth. Therefore mechanical 
energy of the system remains constant. 


31. Ler v is the velocity of (M + m) after collision. 


Then from conservation of linear momentum we 
have, 


mv =(M + m)v 


Now, Vv =,/2gh 


a — gh (“ + "| 


32. Net horizontal force on system is zero. 


33. 


2 Net pulling force 
Total mass 
_ mg — mg 
7 m, + My 


m,—m 
=| 2 : 
-( Je (1) 
m, + m, 
mM, a, + Mm, a 
= ah 2% 
Now, acm = 


m, + my 


_ mm (+a) + m (a) 


acm 
m, + my 


=| 17" | 
m, + My 
Substituting the value of a from Eq. (1) we have, 


2 

m,—m 

acm =| 1 | g Ans. 
m, + my 


34. Using the equation, 


v=u-gt+v,In (™*) 
m 
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Substituting the values we get, 
v, =0-0+4+ v,In & 


m 
7 = ¢=2.178 
m 
35. v, =1m/s, vy = 0 
Ap| (=) 
FI\=! = Vi — Ve 
FIT ay) 1) 
=0.5x1=0.5N 


vcos 0/2 vsin 0/2 


“To fo &, 


vsin 6/2 vcos 6/2 


Ans. 


From the figure, we can see that velocity of 


approach is 2v sin -. 


_— RYOS 
RVOA 

For completely inelastic collision, e = 0 
: RVOS =0 
P; = Py 
60> 0+] 


m) vcos Si —vsin $3] 


0+] 


+ m|vcos Si + vsin 23] 


= 2mv, 


. 6); 
Common velocity v, =| v cos Pile 


37. Component parallel to plane remains unchanged. 


0.8v=3 
or vy =— =3.75 m/s 
0.8 
3 m/s 0.6v 
0.8v 
4 m/s 
Just before Just after 
collision collision 


|Av| = (4 + 0.6 v)= 6.25 m/s (in vertical direction) 
Impulse = |Ap| = m |Av|= 6.25 N-s Ans. 
38. Horizontal side of wedge is h cot 0. 


M m 
—— e— (hcot 0 - x) 


Mx =m (h cot ® — x) 
mh cot 9 
x =-————_ 
M+m 
ae Aix, + AnXy + A3X3 + Ayxy 
A, + A, + A, + Ay 
40+ 4 0+ 4 B)+ 4G) _ 
16 
_ Ayyy + Ay + Az 3 + Avy 
A, + A, + Ay + Ay 
_ (4) 0) + 4 (3)+ 4 (3) +4 (3) _ 
16 
15kg 
e——> x 


Ans. 


2cm 


YCM 


2.5cm 


40. 409 
(2-x) 
40 (2-x) =15x 


x=1.46m Ans. 


41. p, =p, 
m (vi) +m (-3 voi) +m (5 vok) 
= 3mv 
Voz (4% * 
Vea — 3j+ 5k) 
_ MX, + MX, 


42. — 


m, + my 
_ (M/5) (0) + (4M/5) D 
M 


R 


pei R 


Ans. 
4 


Subjective Questions 
4 Ax, — AX) 
; A, ~ A, 


; (ab) (0) — (2) (4) 


Xcm = 


i) 
A\y, — Ary 
A,- A, 


ab\(b 
_ cay -(2) (2) 


Yom = 
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V = volume 
= ( ) 


43) a _( 4na° 
Gro ; Jo 
4 


= Ans. 


mm —* 
Velocity of 
gun 


Velocity of bullet 
relative to gun (at 45° ) 


At 45° means horizontal and vertical components 
are same (let w). 
u 
Net 


uv 


Absolute velocity 
of bullet 


In absolute velocity, since horizontal component of 
velocity has been decreased (= u— v). Therefore, 
8 > 45° 


4. p=constant 


4/2 Km = constant 


eX 
m 


or 


5. In head on elastic collision between two equal 
masses, velocities are interchanged. 


6. At maximum elastic potential energy, velocity of 
both particles is same. This common velocity will 
be given by 

_ Total momentum 


Total mass 
_ ,{2Km _ K 
2m 2m 
E; =E, 
1 K : 
K=—x2m|,j/—]| +¥yv, 
2 r x) _ 
K 
Vii = Ans. 


7. Just after collision x-component of velocity remain 
unchanged but y-component of velocity becomes e 
times. 
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euy 
lu > Uy 
Uy 
Just before Just after 
collision collision 
2u,, ue 2u, u,, 
Now, T=—,H=— and R=—— 
& & & 
or Te«u,, He«w and R « u,, 
Te pe ee 
T, eu, e 
Ri, wy 1 
Ry eu, e 
2 
U,, 
and Hi pS 
H, (eu,) 
6 ae _ ma; + maz 
(a) Acom Tate 
_ G) C10j) + (2) C10)) 
14+2 
= (-10j) m/s? 


(b) Voom = 


m, +m, 


MV, + MV 


_ m(u, + ayt) + m, (Uy + ayt) 


Ans. 


m, +m 
_ (1) [0 + (-10}) (1)] + 2 [Oi + 10j) + (-10}) 
ee 
= ~ (2i — i) m/s Ans. 
Coe mY, + mr, 
mM, + My 
; m, E +ut nal my E + ut a 
m, +m, 
cae ae : ls Aagticane 
=1 joi + 20)) + 0+ > C-10)) 0) | 
2} 20 + 40j) + (10i + 10) (1) + : (-10}) 0 | 
1-3 
= (> i+ 354) m Ans 
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= MN Thy 
m, + My 
(0.6) (80) + (7m) (0) 
Total mass 
.. Total mass= 2 kg Ans. 


9. (a) yeu 


24 = 


d d 
(b) cm == (Wow)= = [67] j 


= (12/) j m/s? Ans. 
(c) Fat = cm Acm = cm _ (Vom) 
= Mc (122) j 
Att=3s, Fig =(2kg) (12) (3) jN 
=(72j) N Ans. 


Uy, Tt Muy 


10. (a) v= =0.8i m/s 


m, + m, 
(b) v, =—16i m/s 
From COM, mu, + mu, =m,V, + mV, 
> Vv, = 2.4i m/s 


11. Fuel is finished in 40 s 


v=u-gt+v, In & 


m 


= 0-10 40+ (210°) n( 22) 


= 2818 m/s = 2.82 km/s Ans. 


12. Let v is the horizontal velocity of platform in 
opposite direction. Then from momentum 
conservation in opposite direction we have, 


(60 + 40) v = (1) (10 cos 45°) 
v= aN. cos 45°m/s 
100 


at cm/s 
V2 
Displacement of platform = vt 
_ (v) Qu sin 45°) 


g 

9xiox— 

=f 0) 5 V2 
a 10 


=10cm Ans, 


13. Since the system (or COM) was initially at rest. So it 
will always remain at rest. Because the net external 
forces are not changing. 


m Ju- v’) = Absolute 


(a) MV =m(v-V) 
_ mv 
M+m 


(b) If man stops climbing, then balloon will also 
stop to keep the system at rest. 


v 


Ans. 


= a= constant 


14. 


Solving this equation we get, 
m=m e“" Ans. 


15. At 1 seconds particle is at point Pas shown in figure. 
Let velocity of second part is v. Then applying 
momentum conservation, just before and just after 
explosion we have, 

2m (201i + 10j) =m (0) + mv 


v= (40i + 20)) 


10 m/s 
1s 
20 m/sh 
20 m/s x 
20m 
Its vertical component of velocity is still 20 m/s. So 
total height, 
2 
h=h+— 
2g 
2 
=154 (20) 
2x10 
=35m Ans. 
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16. h=(1+ 1)m=2m 


18. 


19. 


20. 


= J2x10x2 
= 6.32 m/s 
Impulse = Ap = m (v; — v;) 
= (1) [0 — (—6.32)] = 6.32 N-s 


(downwards) 


(upwards) 
In elastic collision, velocities are interchanged. So, v 
is minimum 


Ler ey 02 
2 


y =2 m/s = minimum value Ans. 


In perfectly inelastic collision, speed of combined 
mass will remain half. 


1 v 2 
$xo.1x(2] = 0.2 
2 2 


vy =2V2 m/s = maximum value Ans. 


Since collision is elastic. It means relative velocity 
of separation will remain v and relative velocity 
means one mass is assumed at rest. 


\y 


2m 


t= 2a Ans. 
v 
J =impulse =change in momentum 
a RVOS 
RVOA 
<«— J — J 
Initial momenta 
J—P J 
Final momenta 
_ (J/m) + (J-P/m) 
(P/m) 


ae Ans. 
P 
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21. Di = Py 
. mu = 2 mv cos 30° 
or yet 
“ae 
RVOS 
= —— alongC,C, or C,C 
RVOA (alongC, C, 1C3) 


v_ (w/V¥3)_ 2 hive 
ucos 30° V3u/2 3 
22. For the collision 
1x10=10xv => v=lIm/s 
If x be the maximum compression 
5X 10xP =p (mM) grt > ke? 
5 =10x + 120x” 
=> x= a Ans. 
6 
x 
o> 
* (0.5 -x) B 
mM, x4= Mp XB 
(5) (0.5 — x) = 30x 
x =0.0714m 
= 71.4 mm Ans. 
ee! 
' @/2)v 3v 
2m V m “0=«M 3 
e—___—-  -= e—— — > Yr+5V 
Trolley + Man Trolley Man 
L 26 
t = =— 
* B/2)v 3v 
Pi =P 


3 
2mv=my,+m Mia 


532 © Mechanics - II 


In return journey 


és 3v-vy 
m V m Vo 2 m 
e—__>> >= ee <9 
Trolley + Man Trolley Man 
Pi = Pr 
Gr») 
2mv=mv,—-m|—Vv—- Vv 
2 
7 
V2 = a Vv 
ae s : (7) (=) 7L 
ayes = 
24 )\3v) ~ bv 
Stotal = 51 + 82. = ss Ans. 
\ Vi V. 
ci el) 
(a) Pj = Pr 
7 MVy = mv, + mvy 
we mV) — mv, 
M 
_ (0.004) (500 — 100) 
1.0 
=1.6m/s 
Retardation due to friction, 
In, 
q = ANS =e = (10) 
m 
_%_ 
2a 20u 
y2 
a2) 
Zi 20s 
2 
a, = 0.43 Ans. 
20 x 0.3 


(b) Decrease in kinetic energy of bullet 


1 2.2 
=—m(vw-Vv 
5 (vo — v7) 


= ; x 0.004 [ (500)? — (100) ] 


= 480 J Ans. 
(c) Kinetic energy of block, 
14 
=— Mv 
ae 


I 2 
=—x1.0~x (1.6 
= (1.6) 


=1.28J Ans. 


26. 


: : Initial momentum 
(i) Common velocity = ———_—_ 
Total mass 


— 0.25 x 302 
© 0.25 + 37.54 1.25 
= 1.94 m/s Ans. 


_ Initial momentum 


(ii) v, = 


m, +m 

_ 0.25 x 302 _ 
3754025 
a, = rs 


m, +m 


2 m/s 


=ug =5 m/s" 


ft m, +m 
a = = Ug 
m+m+m \mt+mt+m 
_( 375+ 0.25 
37.5 + 0.25 + 1.25 
= 4.84 m/s” 


d, = a, — a, = 0.16 m/s” 


Jos x 10) 


Common velocity is achieved when, v, converts 
into v, by a retardation a,. 

ve =v, — at 
vy—v  2—-1.94 


c 


t= 


ay 5 
=0.012s 
Now, S. == a, e 
1 2 
= a x 0.16 x (0.012) 
= 0.011 mm Ans. 
27. h=1(1—cosa) (i) 


Pm = Py (in opposite directions) 


J2K,m = {2K yM 


or = 


di) 


~ 
=|= 
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K,, + Ky = mgh = mgl (1 — cos a) (ili) 


Solving these three equations we get, 


m 
Ky = mgl (l— cosa 
= [| al ( ) 


i 2 m 
Myv;, = mgl (1— cosa 
oo wal a ( } 


V_ = 2m sin : gl Ans. 
2 \M(M + m) 


M 
28. (i) *<— “— 
(R-1-x 


Mx =m (R-r-x) 


x= m(R—-1r) Ans. 
M+m 
(ai) M om 
Pu <———e o——> Dm 
Pu = Pm 
42K yM = 2K,,m 
K m : 
eS (i) 
K,, M 
K,, + K,, = decrease in potential energy of m 
=mg (R-1r) (ii) 


Solving these two equations we get, 


m 1 2 
Ky= mg (R-r)=— Mv 
- f # -) BR N= 5 Min 


Vy =m ee iha 9). Ans. 
M (M + m) 
29. (a) |Ap|= [77 + p3 — 2p,p, cos 90° 
=\ri+ DP 
= (0.05 x 2)? + (0.05 x 2)° 


= 0.14 kg-m/s Ans. 


(b) Initial and final velocity of wall is zero. 
Therefore change in momentum is zero. 


30. v=,/2gy 


Thrust force downwards 


31. 


32. 


33. 


F=)" (A = mass/length) 
or F=m (2gy) or F =2 mgy 
y length is lying on table. So its weight 
W =(ymn)g 
Total force on table = F + W= (3 mgy) 
= weight ofa length 3 y of the rope 


Relative velocity of sand is 2 m/s in backward 
direction. Since mass is increasing, therefore thrust 
force is in the direction of relative velocity 
(backwards). 


Thrust force = v,. (+ me 
= (5) (2)=10N (backwards) 


Force needed (F.,,) to move the belt with 
constant velocity (F,,, = 0) is 


Fy, =F =10N (in forward direction) 
P=F.y, v=20W Ans. 
Impulse = Ap = py — Pp; 
ny) 
= (3) [40 — (-50)] 
= 270 N-s 
i.e. impulse is 270 N-s_ (towards right) Ans. 


Impulse = F,,, At 

_ Impulse _ 270 

At 0.02 

= 13500 N 

=13.5kN (towards right) Ans. 


m,—m 2m 
vy =| —— a 
mM; + My mM, + m3 


“ (33) (2)+ 0 =0.4 m/s 


av 


34+2 


2x3 
yy =O+ 2)=2.4 m/s 
- [2S Jo 


Retardation of each block, 
q = EKMS yg =3 m/s 
m 


Before coming to rest 


72 2 

$3 = “3 = as = 0.03 m 
2a 2x3 
, 2 

,o 2? OAT sea 
2a 2x3 


d = sy — 8; =0.93 m Ans. 
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LEVEL 2 _2mv _2)_1 [2k . 


3m 3 3 Vm 


Single Correct Option Now, impulse on system = change in momentum of 
1. Let velocity of m just after collision is v. Then, from system 
conservation of momentum we have, “ F,, At = (3m) vey, = (W2mk ) Xo 
my, = mv + m— — poe mi : F _ (Vv2mk ) xo A 
3m bee ee! ie ns. 
Now, for just completing the circle, me 
I 
=,/5g/ 5. Retardation, a=——2 = 
: v Sg! 7 Ws 
mV, 
= =,/5g/ 
3 m e 
3 
y= eal {5g Ans. 
2m, Ps 
L/2 
2. v,, = 2gl 
From conservation of linear momentum, Li2 
yp ID 
Vy = = i. = 0.2 x 10=2 m/s 
2 1 Total distance travelled before coming to rest, 
Now, h= 2H = Tae Oi 
2g 4 d=—= =lm 
But h=l(1 ) Me 
u a, cos 8) “ sh | 
—=/(1—cos0 ND nD 
i =0.5m 
9 = cos 4 Therefore striker will stop after travelling a distance 
2x, as shown in figure. 
3. }components of momenta are cancelled and y 
x-components are added. Pp 
1 
_v. 
y ! 
1 
x l 
Vv IN A, Xx 
Z\8 Oo si 


L 
Co-ordinates of point P are, | — , L 
P= [ar = [amy sin 6) o-ordinates of point P are (5 ) 


n(M 2Mv 1 1 
= — i = — or ’ * 
= I, ( - ao) sin 8) : Ans. E Ix’ Ja 
6. Displacement of M relative to m on reaching the 


4. Let vis the velocity of mass 2m in natural length of 
other end is 2Z sin 30° or 1m. 


spring, then from conservation of energy we have, 


1, 1 2 X<—— oo 

5 oe 4kg 1kg (1-%) 
k =10= 

v=o a, 4x =1(1-x) 
2m = x=0.2m Ans. 
Velocity of centre of mass at this instant, 7. AP. =(1+0P 
Total momentum 
Yom = ———____ AP, = (1+ ¢) eP 


Total mass 


Chapter 11 
and so on 
r if (eP) 
P eP 
“ AF otal = AP, + AP, +... 


=(l+e)P(l+et+e +t...) 


7 l+e P 
l-e 


8. Assuming retardation force F’ to same in both cases, 


we have, 


; F 
retardation a = — 
m 


Using, vew- 2as, we have, 


o=-2{"\n 
m 


— (i) 


Now, v? =u -2as 


ass wMm 
2F (M + m) 
2 
Syeds 2h . 
Substituting, = = — from Eq. (i) we have, 
m 


Mh 
s= Ans. 
M+m 


or 


. Velocity of B after collision will become, 


l+e l+e 
( 2 r= 2 jas 


or 8 (1+ e) m/s 


11. 


12. 
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Now, 8 (1+ e)=,/2gh 
=/2x10x5=10 


e= 0.25 Ans. 


I 
I 
Cy 1 


Ax, = Axx, 


1 E l 
; (BL) (=) (b1) (4) 


Ans. 


Pi= Py 


MVo = mV + mv (i) 
- RVOS 
RVOA 
e= | for elastic collision 
RVOS = RVOA 
or 2v = VW ..-(11) 
From Eqs. (i) and (ii) we get, 
m1 


m, 3 


Net momentum of three fragments 


ra V2mv ae (V2-1)mv 


mv 


P; = py = 9 
Momentum of fourth part is (v2 —1)mv in 
opposite direction. 
So, velocity of fourth part is (v2 -l)v 


KE=3 (Im?) sm (2 I) vf 


Ans. 
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14. Distance AB 


= constant 
A 
60° 
y| Vy 
30° 
————_ 
.. Component of V along AB 
= component of valong AB 
V3¥ 
or —_ 
2 
or V3 v 
Now, 
(groan 
dt 
si jee 
5 J 
dr, > dys] 
i+—j 
a 2la a 
1 A 
=—[vi — V3 vj 
5 [ ] 
r 
Pale ( [2 Ans. 
2 
15. At5s 


Vi Vp iv, =3:3:2 


Yocom ="; + Vom ¢ 


=(i)+ (0.2x5)i 


= 2i 


_ Myr, + myx, 


m, + my, 


229 (3i + 2) --4k) + (4/3)r, 


: hh... 
16. mmass falls a distance on time, say ¢. 


2 
1, = (4.5i — j- 2k) 


So, the co-ordinates are(4.5m,—lm,—2m) Ans. 


Then, 


o9|N 
< 


For mass 2m, 


Now, let wis the velocity with which combined mass 
collides with ground, then 


4 2 
=,/— gh+—gh 
go ae 
_ V10 h Ans 
3 
17. 2mv=m (u-v) 
— | e——> u-v 
V 2m m 
u 
ves 
3 
2u 
u-Vv=— 
3 
2 2 
KEalx (=) ; m)(2) 
2 2 3 
1 3 
=— mu Ans 
3 
2 
18. Minx = 204 29) =100m Ans 
2g 
40 m/s 
x 2m 
20m 
COM 
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19. Let |p|=mv =p 
my Vv 
© <«@® .<«@® ©-> 
In elastic head on collision with equal masses, 
velocities are interchanged. 
Gain in kinetic energy of first 


= ; m[(2vy — v7] 


ns. 


2 2m 


| 
we 
3 
= 
Ne 
| 
SN 
N]w 
3 
eae, 
——\ 
= |s 
QC 
ins 
uw 
vu 
i 
> 


a 
a ene 


8m 5m 


(4m) X, + (4m) ( 
20. 


Solving this equation, we get 
X, = X-coordinate of COM of plate 


== Ans, 


21. Xo = mX 1+ M,Xy + m,X3 + MX 4 


m, + mM, + m+ mg, 
Similarly Yoyy. 
22. p;= Py 
2 vo { 1 > 1 i 
“. (MpVol ) = m i+ + 2mov 
(imVoi ) 0 2 (=. V2 J 0 


“075 “04 


Ivi=v2 2 = Ans. 


23. 


24. Velocity of second ball 


_{m/2-—m (0) 4 2xm 7 
m/2+m m+ m/2 


Velocity of third ball will become, 


4. 4 (4) 
times —v_ or v 
3 3 3 
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n-1 
v= (=) Sgr Ans. 


More than One Correct Options 


1. Momentum remains conserved in any type of 


equation 
vi2 
m V i 
o—_> 45° 
m 
p;= mv 


Pi = Py 


vO mV % 


cnviy =( i+ 5 i + (2m) Vv 


r) 0.32v 
0.18v 
V 


v = velocity of mass 2m 
= 0.32i — 0.35j 
= (0.32v) i — (0.18v) j 


V =037v 

tan 6 = 218 _ 0.5625 
2v 

0 =29,35° 


Since (0 + 45°)< 90° Therefore, the angle of 
divergence between particles after collision is less 


than 90°. 
Further, K; = ; my” and 
Live. A ‘ 
Ky= 5 m (=) + 5 (2m) (0.37v) 
Ky <K; 


Therefore, collision is inelastic. 


2. Just after collision, 


m—5m 2 
= 2g] =-— ./2¢l 
Vn [ - amy gl =~ > 28 


vn =[ 2xm ) aa 22 


m+ 5m 
2 
T —mg= nT (“2 
I T\9 
17 
T=—m 
9 rd 
Ym _ 4! 
m 2g 9 
3: u cos 0 =v cosd (i) 


v sing = eu sin ® 
or eu sin 8 =v sin 


di) 
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ee u cosé 
uU 


u sind 


v sing 


V 
Le v cosh 


From Eqs. (i) and (ii), we can see that, 


tan @ =e tan 0 
Momentum or velocity changes only in vertical 
direction. 
|Impulse| = |Ap| 


=m (usin® + eu sin®) 
=m (1+ e)usin@ 


v= J(vcoso) + (vsino) 
= Jw cos 6) + (eu sin 6) 
= Vu? (cos’ @ + e’sin’®) 


=u yl—(1-&) sin? 


K ; myv* 2 


i — mu 
2 
= cos” @ + & sin’ 6 
4. Impulse = Ap= m (v/ — v;) 


.. Impulse received by m 
=m[(-2i + j)- Gi + 25)] 


=m (-5i - i) 
Impulse received by M = — (impulse received by m) 
=m (Si + j) 
a, we Net pulling force mg 
; Total mass m, + My 
—a 
m, 
m, a 
Now, 
ma mymg 
(Gem de = ; = = 2 
m, +m, (m, + m) 


2 

(em )y = -( a Je 

“ my +m, \m, +m, 

6. Out of two blocks, one block of mass mis moving in 
vertical direction also (downwards). Therefore 
COM is moving vertically downwards and 
momentum of the system is not conserved in 
vertical direction. 


7. |Impulse| = |Ap, or Ap,| 


8. External force gravity acts on system. Therefore 
momentum of system is not conserved. 


Mass keep on decreasing. Therefore acceleration 
will keep on increasing. 


Comprehension Based Questions 


1. Impulse = mu 


ee Impulse -4 = pais 


m 


Now, 


; x2x (2) + ; x 4000 x (0.05) 


E, = Ey, 


=) wows? 
2 


Solving we get, 


v=3m/s Ans. 


2. Again using, 
B= Ey 
; x2x (2" + ; x 4000 x (0.05) 


= x 4000 xx? 

2 
x = 0.067 m = 6.7 m = compression 
d=5cm+ 6.7 cm+ 6.7 cm + 6.7 cm 


=25cm Ans. 


3. p= Py 
0 = (8m) (2v) — (16m) (v) + (48m) v 
Here v = absolute speed of rod 
=0 


.. Displacement of rod= 0 Ans. 
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e———> ——_ 
XA XB 
2vt+ vt=12L 
at wt=4L 
=> Xp, =vt=4L 


5. (24 m) Zou) =(48 mu 


"4 
gl 
<———_*® e——_> U 
24m 48m 
ee Ans. 
6 
(“) 12L-4L) 20L 
6. f=4 +h = = 
v v/2 v 
L 
But —=T=4s5 
Vv 
t=80s Ans. 


7. Till ,, rod is stationary. For time f, rod is moving 
with absolute speed u (= v/6) 


Displacement of rod = (=} b 


eee 
6 v 3 


Match the Columns 
1. P— compressed state of spring 


Q — natural length of spring 


i——— 
A www B | 


From P to O 
Kx 
dg =— 
Mp 
Mpdg _ (mg) (Kx) 
4m 


mgt Mg my+ mp 


From P to Q, compression x decreases. Therefore, 
dcm decreases. After Q, A leaves contact with wall, 
spring comes in its natural length. Net force on 
system becomes zero. 

Therefore, d¢,, becomes zero. 

From P to Q velocity of B, therefore velocity of 
COM will increase. After that ac¢,, becomes zero. 
Therefore, vc,, becomes constant. 


2u 2x20 
1=—= =4s 
g 10 
2x18 
ie 2h _ x ee je 
g 10 
Att=0 
ma, + ma, _ (m)(10)+ (m) (10) Y+ve 
dem = = 
m, + my, 2m 
=10 m/s” 
MV, + Mv _ (m) (—20) + (m) (0) 
Yom = = 
m, + My 2m 
=-10m/s 
Att=5s 
deny = OLD #09) = 5 92 
2m 
0)+ 50 
gg = LOO) +) (50) = 95 on /g 
2m 


» (a) p=+2Km =,/2*0.5%4 = 2 kg-m/s 


(b) Pom = P4 + Pp =04+ 2=2kg-m/s 
(c) At maximum compression, their velocities or, 
their momenta are same (half of poy). 

P4= Pp = PM = 1 kg-m/s 
(d) In elastic collision between two equal masses, 
velocities are interchanged. So, B comes to rest and 
A starts moving. 


t-e 
oy oe ere (52) v 


. (a) If A moves towards right then B andC will move 


towards left. 


A x,  (B*C) 
o> X << ——_e 
30kg 90kg 


30x = 90x, => x, =~ 


(b) 60x = 60x, => x, =x 


x B A+C 
——_e e——> Xo 
60kg 60kg 
(c) 30x + 30x; = 60x 
% xX3=X 
A x B Cc 
eo» X << e—> x. 
30kg 60kg  30kg 
(d) 90x = 30x, = x4,=3x 
A+B Cc 
e——> x X4<———_ 
90kg 30kg 
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6. (a) If 7 = tension on string connecting m, and my, 
then, 27 = tension in other string. 
Equilibrium of my gives, 
T =m, g=200N 
Equilibrium of (M + m,) gives, 
3T = Wan + MZ 
or 600=Wra, +100 => Wray =500N 
(b) Total upward force on system is 47 and total 


downward force is weight of all. To accelerate 
COM upwards, 


4T > 200+ 100+ 500 or TF >200N 
(c) To accelerate downwards, 
T <200N 


(d) In equilibrium, forces on 
man 


N + 400 = 500 
N =100N 


nf 2T=400N 


500 N 
Total momentum 
7. Vom = —— =. 
Total mass 
2x3 2 
= =— m/s = constant 
3+6 3 


At maximum deformation, 


V3ke = Vowg = Vem = P| m/s 


Upto maximum elongation spring force on 6kg is 
towards left. So 6 kg block will accelerate and its 
velocity will be maximum. 

8 Total momentum 


« Vag = 
<M Total mass 


_ (10 x 1I)— (5 x 2) 
3 
Pom = (Mem) (Vem) = 0 = constant 
Finally both blocks will stop. 


= 0 = constant 


Subjective Questions 


1. y=JP-” = a a de 


dt qi _ 2 dt 


<—__ x —_ > 


i x >| 


NO 


1 dx 1 dy 
Vi + 
i id . al 
= (0 +( * 21.25 mia Ans. 


. Applying conservation of linear momentum and 


v2 
—_ 
vy 
— 
V4 
ER 
V3 
fe | 


---+>+ve 
Relative speed of separation 
= - , we get 
Relative speed of approach 
mvy = Mvy — mv, .- (i) 
V1 + Vy = Vg .. (it) 


Solving these two equations, we get, 
eM —m e+1 

y= Vo, V2=mM Vo Ans. 
M+m M+m 


The desired time is 


d 2d d 
t=—+—+—— 
Vo eVo e Vo 
d ae | 
or r-£(1+2+5) Ans. 
Vo e e 
» (i) X; =Vot — AC — cos of) 
mx, +m 
t Xo, = 2X2 _ of 
m, +m 


X = Vot apis 1 A(1 — cos wf) 
my 


2 dx 
(il) a =—} =-0* A cos @t 
dt 
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The separation x, — x, between the two blocks will 
be equal to J) when a, = 0 or cos wr = 0 


x) —x, =! A(1— cos wt) + A(1— cos of) 


My 
or = (= + ) A (cos wt = 0) 
My 
Thus, the relation between /, and A is, 
hy = [a : i} Ans. 
ie) 


. Since, all the surfaces are smooth, no external force 
is acting on the system in horizontal direction. 
Therefore, the centre of mass of the system in 
horizontal direction remains stationary. 


y 


C1Co = 5R (in both cases) 


C2 = (x—5R, 9) Final 


x-coordinate of COM initially will given by 


x= Myx, T MDX, 
m, + mM, 
4M)(L)+ M(L+5R , 
aes ME) ¢ 1 ag + R) esa) 
4M + M 


Let (x, 0) be the coordinates of the centre of large 
sphere in final position. Then, x-coordinate of COM 
finally will be 

ree (4M )(x)+ M(x —5R) _ 


: aay, (x-R) ...(ii) 
Equating Eqs. (i) and (ii), we have 
x=L+2R 


Therefore, coordinates of large sphere, when the 
smaller sphere reaches the other extreme position 
are (L + 2R, 0). Ans. 


» (a) Chain has a constant speed. Therefore, net force 
on it should be zero. Thus, 


P= Weight of length y of chain + thrust force 


her p= ”) 


= = (gyt+ vo) Ans. 


m 2 
a VE + PV 


(b) Energy lost during the lifting = work done by 
applied force — increase in mechanical energy of 


chain 
ies m y l{m 2 
[oP (FJe(3) (7-9) 
_ mv Ans. 
21 


. In perfectly inelastic collision with the horizontal 


surface the component parallel to the surface will 
remain unchanged. Similarly when the string 
becomes taut again, the component perpendicular to 
its length will remain unchanged. 


A 
SNe: => v.=2gH 


H? 

Ve cos”0 = (/2gH) 7p =v (say) 
H4 

2 _ (2gH) TE 7 HD 


h= id Ans. 


2g 2¢ i 


. Applying conservation of linear momentum at the 


time of collision or at tf = 1s, 
mv + m (0) = 2m (20i + 10}) 
s v=40i + 20j 
At 1 s, masses will be at height 
hy = uyt + st = (20)(1) + st 10)(1)° = 15m 


After explosion other mass will further rise to a 
height : 


7 u, _ (20) 
2" 2g 2x10 
=20m 
=> u,, = 20 m/s just after collision. 
Total height h = h, + hy =35m Ans. 


. Let CT stands for common tangent direction and CN 


for common normal directions. 
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Mass m=eM Mass M 
CT CN CT CN 
V, (let) Vo (let) Zero Zero 
collision (given) (given) 
V4 V3 Zero V4 
collision (suppose) (Suppose) 
In the common tangent directions velocity 


components remain unchanged. 
In common normal direction applying conservation 
of linear momentum and definition of e. 


eMy, = eMv, + Mv, ... (i) 
From the definition of coefficient of restitution 
Vy-Vv .. 
e=+ 3 ..-(11) 


Vo 
Solving these two equations we get, 
v3 =0 but v, #0 
So, after collision velocity of m is along CT while 


that of M along CN or they are moving at right 
angles. 


. Muzzle velocity v, is given to be constant. 


From conservation of linear momentum in 


horizontal direction we have, 
Mv = m\(v, cos 8 — v) 
_ my, cos 9 


or v fl 

M+t+m @ 
Further, range of bullet on horizontal ground 

2v, sin 8 
Roo (v, cos 8 — v) 
& 
v, sin 8 
Vr 
ie, cos 6 
m 
Vv 


Components of velocity of 
bullet with respect to gun 


v, sin @ 


—- 


Components of velocity of 
bullet with respect to ground 


2v, sin 8 mv, cos 8 
= —_*—— _| v, cos 8 —- —>——_ 
g Mt+m 


<= 


10. 


11. 


_ 2Mv? sin ® cos ® 


(M + m)g 
Oh 
or e-( z J} “ ii) 
M+m g 
(a) From Eq. (ii) we see that maximum range is at 
6 = 45° Ans. 
(b) At 6 = 45°, 
2 
Rie -( a ) af Ans 
Mim) g 
(a) u,. = 0, a, = & 
v, = 42gh, 


After collision relative velocity 
v, = e/2gh, 


and relative retardation is still g (downwards). 
Hence, 


r\2 
hh = We eh, Ans. 
2g 
(b)u,.=0, a.=g+ 2 28 
pe 4 4 
sos 5g 
.. Just before collision v, = /2 ea h, 
Just after collision v,’ = ev,. 
Relative retardation is still = 
Hence, hy = We Pe *hy Ans 


Let the velocity of the block and the plank, when the 
block leaves the spring be wu and v respectively. 


. 1 1 1 
By conservation of energy 5 ke? = a mu: + 5 Mv" 


[M = mass of the plank, m = mass of the block] 


100=0 + 5" (i) 
By conservation of momentum 

mu+ Mv =0 
= u=— 5y .. (11) 


Solving Eqs. (1) and (ii) 


30° =100 => «. vay m/s 


From this moment until block falls, both plank and 
block keep their velocity constant. 


Thus, when block falls velocity of plank 


=,/— m/s. 


Chapter 11 


12. vy =/2gh = 2x 9.8 x 1.5 =5.42 m/s 


Component of velocity parallel and perpendicular 
to plane at the time of collision. 


Component 


parallel 
unchanged, while component perpendicular to 
plane becomes ev,, where 
ev, = 0.8 X 3.83 = 3.0 m/s 
Component of velocity in horizontal direction 
after collision 
ne (vy; + ev,) _ (3.83 + 3.0) _ 


to plane (v,) remains 


4.83 m/s 


. V2 V2 


While component of velocity in vertical direction 
after collision. 
Vv; —evy _ 3.83 — 3.0 


V,= = 0.59 m/s 
» 2 V2 
Let tbe the time, the particle takes from point C to A, 
then 


1.0 = 0.59t + ; xX 9.8 x 07 


Solving this we get, 


t=0.4s (Positive value) 
DA = v,t = (4.83)(0.4) = 1.93 m 
s=DA-DE 
=1.93-1.0 
s=0.93m Ans. 


Vy4 =Vye + gt 
= (0.59) + (9.8)(0.4) = 4.51 m/s 
V4 = Vyc = 4.83 m/s 


Vary Wa + ya) 


= 6.6 m/s Ans. 
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13. String becomes tight when A moves upwards by a 
distance |. Let v, be the velocity of A at this moment, 
then 


B V2 


v= ({10g/)° —2gl = 8gl or v, =./8g/ 


Let v, be the common velocities of both A and B just 
after string becomes tight. Then from conservation 
of linear momentum. 


Both particles return to their original height with 
same speed v,. String becomes loose after B strikes 
the ground and the speed v with which A strikes the 
ground is, 


Pav} + 2g = "2 + 261 


or v= 4gl or v= 2Jel Ans. 
14. 


my, = My, .. (i) 
lo. Vane ‘ 
mgR =— mv; + — Mv. .. (il 
& 5) ar 2 (ii) 

2(R/2 R 
t= pele) -/f iii) 

& & 

The desired distance is 

S=(v, + v9)t ... (iv) 


Solving Eqs. (i) and (ii) for v, and v, and substituting 
in Eq. (iv), we get 


S=R 2(M +m) Ans. 
\ M 
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15. 


16. H 


17. 


Let v, be the velocity of washer relative to centre of 


hoop and v the velocity of centre of hoop. Applying 
conservation of linear momentum and mechanical 
energy we have, 
m(v, cos d — v)= Mv ...(1) 
mgr(1+ cos >) 
2 


my,- + vo — 2vv, cos) ...(ii) 


Solving Eqs. (i) and (ii), we have, 


2gr(1+ cos o) 


v=mcos > 5 Ans. 
(M+ m)(M + m sin* 6) 


3 
2 
_ usin? @ | (20) =A 


2g 2x10 
i.e. the shell strikes the ball at highest point of its 
trajectory. Velocity of (ball + shell) just after 
collision, 


=15m 


u cos 60° 
y = ——_——_ 
2 
(from conservation of linear momentum) 


au = 5m/s 


“3x2 


At highest point combined mass is at rest relative to 
the trolley. Let v be the velocity of trolley at this 
instant. From conservation of linear momentum we 
have, 


2% s-(2+4)» or v=3m/s 


From conservation of energy, we have 


1 aa AN ns 
—x2x (5 ——| 2+—|B) =2 x 10(1— cos 
: (5) = ( J) (1 — cos®@) 


: 1 
Solving we get, cos0 = . 


6 = 60° Ans. 


While colliding with the wall its vertical component 
(v,,) of velocity will remain unchanged (component 
along common tangent direction remains 
unchanged) while horizontal component (v,) is 
reversed remaining same in magnitude. Thus, path 
of the particle will be as shown in figure. 


18. 


19. 


l 


1 
i} 
i} 
1 
><} >_>} >} 
d/2 d/2 d/2 d/2 d/2 
@ He wu’ sin? o 
2g 


(b) Total number of collisions with the walls before 
the ball comes back to the ground are nine. 

(c) Ball will return to point O (the starting point) 

As the collisions are perfectly elastic, collision of 

the ball will not affect the vertical component of its 

velocity while the horizontal component will be 

simply reversed. 


_ vy [20xsin 45°77 | 


Hence, H 10m 

m Ig 2x10 
Total time of flight 

1 
2x 20x (=. 
2v,, 
fe—*s v2 =2/2s 
g 10 


Total horizontal distance travelled before striking 
the ground x = v,T = 40m 
PB+ BA+ AB+ BA+ AB=45m 


Hence, total number of collision suffered by the 
particle with the walls before it hits ground = 4. 
Ans. 
Let v,; =velocity of block 2 kg just before collision 
vy = velocity of block 2 kg just after collision 
and v, = velocity of block © just after collision. 
Applying work energy theorem 


(change in kinetic energy = work done by all the 
forces) at different stages as shown in figure. 


Figure 1. 


Fig. 1 


AKE = Wiriction + Woravity 


Chapter 11 


F mv; 7 (oF) =— 6umg cos 8 — mgh, 
(m = 2 kg) 
or v7 — 100 = 2 [6ug cos 6 + gh, | 
cos @ = 1 — sin? @ = J/1- (0.05 = 0.99 
v? = 100 — 2[(6)(0.25)(10)(0.99) + (10)(0.3)] 


=> v, = 8 m/s 
Figure 2. 


2kg 


AKE = W iction + W cavity 


; m [(y’ (v3)] =— 6umg cos 8 + mgh, 


or 1—v? = 2[- 6u g cos0 + gh] 
= 2 [(—6)(0.25)(10)(0.99) + (10)(0.3)] 
=-— 23.7 
v3=24.7 or v,~5m/s 


va y 
“4 


9° 7 


od 
A ’ 
V3 


Figure 3. 


AKE = W wriction + Woravity 


; M[0 - v3 ]=— (0.5)(u)() g cos 0 — Mgh, 


or -v} =p g cos 0 — 2gh 
or v3 = (0.25)(10)(0.99) + 2(10)(0.025) 
or vs = 2.975 
v3 = 1.72 m/s 
Now 


(i) Coefficient of restitution 
_ Relative velocity of separation 


Relative velocity of approach 
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_vy+v3_ 541.72 _ 6.72 
Vy 8 8 
or e= 0.84 


(ii) Applying conservation of linear momentum 
before and after collision 


2v, = Mv, — 2v, 
_ 204, + v2) 2(8 +5) 26 
V3 1.72 1.72 
M =15.12 kg Ans. 


20. Let v, be the relative velocity of block as it leaves 


contact with the sphere (NV = 0)and v the horizontal 
velocity of sphere at this instant. 


M 


Vv, COS 8-V 


v, sin @ 


Absolute components of 
velocity of block 


Applying conservation of linear momentum in 
horizontal direction, we get 

mv = m(v, cos 8 — v) 
or 2v=y, cos 8 woe() 
Conservation of mechanical energy gives, 


1 1 
mgr(1—cos 8)= mv + sin by? 2vv,.cos 8) 


2 


or gr(1—cos0)= w+ - — vv, cos 8 .. (11) 
Equation of laws of motion gives, 
2 2 
mg cos@=— or gr= Las .. (iit) 
cos 8 
Solving Eqs. (1), (11) and (111), we get 
cos? @ — 6 cos8 + 4 =0 Ans. 


Note We have not considered pseudo force while writing 
the equation of motion. Think why? 


21. x ; x =f = 2 sino 
ucosa®  eucosa g 
eu” sin 20 eu 
sae ee (1+ eg ae (1+ eg 
at 2a = 90° Ans. 


INTRODUCTORY EXERCISE 


oy /3 2 


_ ff _ fm( 
1. ka fF = JROUS 2 


. Rotational Mechanics 
(a) I, = | “(dM) X= | i (mXdX) X? 


21 
Ans. = | M y3 ay )=2 Me Ans. 
oar 


2. 1=(1) RG + a] + 2[/(32) + (42 f (b) Ic = [oa (X -1P 


=55 kg-m? 


Ans. 


I 
dX 
3. [=h+hth+h : c—§_l - 
x | 
X-! 
21 5 
= J, (mXdX) (X — 1) 
_ 2M 5 
= I, (+) (O)e =1F ax 
5. = Z MP Ans. 
3 
5 5 2 2 
7. T= : Frotat = z (0.6) kg-m* = 0.5 kg-m 
8. T= mR or [«R* 
mand thickness are same. 
Therefore, radius R of the material having smaller 
density should be more, so the moment of inertia. 
9. 1 =50(0) + (49+ 51) (1) + (48 + 52) (2) 
erat + (1+ 99) (497 
| 
| 
t E mr 4 ma’ | + =m 499m 519m 
: : 49cm 50\cm 51cm 
=— mr + 2ma 50!gm 
| 
arr aera 
I=Ipt+Igt+Intls tem “* tem 
3 
a8 a? ele ae ea ae = 100[ (I)? + (2)? t......-+ (49)7] 
5 5 as F . 
= 4.3 x 10°gm-cm* = 0.43 kg-m Ans. 
2 5 ma” 1 
F ee 10. /=2nR => R= 
2n 
2 2 
ee er: I, mP/l2_ 1 
5 IT, mR? 12R? 
2 
6. M= [tam = Jo dx _. 
= 2 ml? 12 (1/2) 
2 
m= M — Ans. 
oF 3 


INTRODUCTORY EXERCISE 
1. = au 
T 
a zal 2 rad/s Ans. 
60 30 
oes vy 2v-Vv_ev 
PQ 2R  2R 


Rotation is clockwise. So, @ is perpendicular to 
paper inwards. 


Sine component of velocity perpendicular to r 


r 


r=3i+4j 

v=4i -3j 
Since, r-v=0 

vir 

@ =—=Irad/s 


v=|v|=5 m/s 

r=|r|=5m 
From the figure, we can see that @ is along negative 
z-axis. Ans. 


4. Component of velocities of A and B along AB 
should be same 


*. v4 cos 30° = vz cos 30° 


Vp =V4=V 
ae Relative velocity L to AB 
AB 
_ v4 sin 30° + vg sin 30° 
I 
=- (as Vy = Vz =v) 
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INTRODUCTORY EXERCISE 


1. r=(2i + 4j-2k) 


t=rxF Ans. 
Qs 
Be si mgR _ (mg) ue sin20 
2 2g 
7 R/2 
mg 
2 
mu 
— ee as 8 = 45° 
- ( ) 
_ () 20v2)? 
2 
= 400 N-m Ans. 
3: Tig = 0 
Toov = (20 cos 45° X 0.1) — (clockwise) 
=1.414N-m 
Troy = (30 sin 60° x 0.05) (clockwise) 
= 1.299 N-m 
; Trotal = 2-71 N-m 
4. Toy =10 x 0.25 
=2.5N-m (clockwise) 
Toy = 9X 0.25 
= 2.25 N-m (clockwise) 
Toy = 12 cos 60° x 0.1 
=0.6N (anticlockwise) 
Trop = 4.15 N-m 
INTRODUCTORY EXERCISE 
1. 6= Z at? 
2 
20 2 (50) (27) 
a= =z = ge 
t (5) 
= (8m) rad/s* 
= 25.14 rad/s” Ans. 
@=(ar) 
= (81) (5) 
= (407) rad/s Ans. 
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2. w =@, + 200 
_@° =@) _ 225-25 


cs) 
2a 2x1 
= 100 rad 
3. 0=0) -—at 
@) 10 
=> C= Ss —— 
t 10 
=| rad/s” 
t=la=5N-m 


4. 0 = Area under w-t graph 


40b=8 
aa ee 


10 20 30 


= : (30 + 10) (40) = 800 rad 


2 
o=(2° x28] —2a (10 x 27) 
60 


1 
— mR? 
2 


F = (0.87) (0.5 mR) 
= (0.87) (0.5) (10) (0.2) 


= 0.87 N 
6. oa" =g-6F 
dt 
oO" a5; 
dt 
o=0 
at t=l1s 
» wut 1 “ 
(a) (@),., =|, (6 — 6°) dt 
= 4 rad/s 
1 
i) (-121) dt 
— 40 
(4))., = l 
=—6 rad/s” 
(b) Att=1s 
a. = —12 rad/s” 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 


7. @=@) —at 
—20 = 20 - 2t 
t=20s 
8. (a) Angular impulse 


Ans. 


= change in angular momentum 


Tpt= Io 
I@ 0.03 x 20 
or tp = = 
: t 60 


(b) During acceleration 
(t.-—T,)t=10 


_/o , , _ 0.03 x 20 


+ 0.01 


=0.13 N-m 
9. (a) Angular impulse 


= 0.01 N-m Ans. 


Ans. 


= change in angular momentum 


Thy =1o 

_1@ _16x9 

ae 4 

(b) [tat =10 
to 
“. J, ktdt = Ia 

2 
ki _ 
2 
to 


@ 
Je |? 
k 


=36s 


= 16x59 |? = 12? 
k k 


10. (a) [ do = [oar 


iN do = i (-10 —52) dt 


o=65-[10t+ 2.577]3 


= 12.5 rad/s 
(b) ie do = I, (-10 — 5) dt 


@ = 64 —10r— 2.577 


6 3 3 
[, d= | wdt =| (65 — 10¢ 
9 =195 — 45 — 22.5 
= 127.5 rad 
3 3 
11. 0=| od =| (12 - 31?) dt 
= 36-—27=9 rad 
a 2 has 


~ On 2x 3.14 


2.507) dt 


Ans. 


Ans. 


Ans. 


Ans. 


Ans. 
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INTRODUCTORY EXERCISE 6. Ly =mvR -1,0 
ty Fe" Gly’ +m (1) =m 
12 2 


L=lo=mlo 


2. 7, =4 cos 45 =2V2m 


. = mvR - (3 mk) (R) 
= . mvR (clockwise) Ans. 
x) 
O 7. L=L,+L, 
= (mvy in clockwise or along negative z-axis ) 

se aia BR + [mv (y+ d)in anticlockwise or along positive 

= (1) (2) v2) z-axis] 

= 4/2 kg-m? /s 


= mvd in anticlockwise direction or along positive 
3. Ly =mvr, 


z-axis. 
= constant 
y Vv m 
a a aly ~<—___o 
n= Ht d 2 
— + 
y 
2 2 >X 
nt cosan( 282°) 0 
. INTRODUCTORY EXERCISE 
mu cos © sin? o 
= Ans. 
2g 1. 1,0, =1,0, 
4 os Ya P a OM, a oy OO, 
I I; 
'b 
2 
_ MR 
Q MR? +2mR?) ° 
Lp =(0 (as i= 0) = M ) Mo Ans. 
Lo = mvb (as r= b) M+2m 
5. L=mvr,+1.0 2. Mass will move towards equator (away from axis ). 
5) “ So, J will increase. Therefore @ will decrease 
=mvR+ (2 mi) (=) (as J® = constant). Hence, time period will increase 
2 
7 [ss T= =) 
=—mvR o 
5 


3. Moment of inertia J increase. Therefore, @ 
decreases (as /@ = constant). Hence time period 


7 4 : 21 
L= (-Zmve} k Ans. increases | as T = os 
5 


This is clockwise, or along negative z-axis. 
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4. J willincrease 


[as l= 2mk?] 
a 


.. @ will decrease (as J = constant) 
.. T will increase (as T = 2n/@) 
INTRODUCTORY EXERCISE 
1. oR =— 
2 
ife__ 9 gy N [ 
Yu = (Sv ji oR 
A A 
Vy = Vi -¥j 
R * 
———_e——— V 
@R Ss Vv 
ee A A 
R~ 2 vs = Vitaj 


2. There is only one acceleration, 


a, = Ro” (towards centre) 
INTRODUCTORY EXERCISE 
j: SB a2 2 ee ee MIO Sos 
ic 3 3 


.. Total kinetic energy = Kp + Kp =35J 
2. Under forward slip condition v > R@ 


1 
Ky; = 3” 
Kp = 510" (mR?) 
K, >Kp 
3. Kes Si c= di? = {mio 
3 2 2\2 


Since, in backward slip condition, v < R@ 
“. Kp may be equal to K;. 


INTRODUCTORY EXERCISE 


1. v=rq, where r is the distance from A (position of 
instantaneous axis of rotation) 


For A, 
For B and D, 


r=0 > v,=0 

r=2R 

=> Vp =Vp = J2RO = V2v 
ForC, r=2R => vo =2R0=2v 


Direction of velocity of a general point P is 
perpendicular to AP in the sense of rotation. 


2. Ic = mk? Iy = Lk? and @ =5 


Substituting these values in the given equation, we 
get the result. 


INTRODUCTORY EXERCISE 


1. Net work done by friction in pure rolling is always 
Zero. 


B 


For example, if A pure rolls over B, then work done 
by friction on both 4 and B are non-zero (one is 
positive and other is negative). But net work done 
by friction = 0. 

2. Till pure rolling continues we can find @ about 
bottommost point. About bottommost point torque 
of friction is zero. 


F 
a 
ao fax 
a 
F(2R) _ 4F 
(3/2) mR>— 3mR 
a=RQ= ae 
3m 
4F 
Ft Treas =ma= 37 


F=3 frox = 3umg 
=3x0.6x4x10=72N Ans. 
This is the maximum value of applied force, as we 
have taken the maximum friction. 
tan 8 
3. (@) nin = 1+ (mR2/1) 
_ tan 30° 2 
“1458 WS. 
g sin® 
eee ar 
_ (10) sin 30° 
1 42/5 


25 
== m/s’ 
7 


Ans. 


Ans. 


(c)a=g sin®8 —ug cos® 
= (10) sin 30° — Ga (10) (cos 30°) 


5 30 
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So, it will roll leftwards F is vertical. So, horizontal 
force is vertical. So, horizontal force is provided by 
friction (to give it linear acceleration a). So, friction 
acts leftwards. 


=5= 7 7 m/s” Ans. INTRODUCTORY EXERCISE 
4. (a) Maximum friction will act 1. Torque of mgsin® is non-zero. So, angular 
qa” Por me een? momentum is not constant. 
m 
=gsin®-—ugcos0 2. (a)v= “ J and mare same for both. 
(b) Only friction will provide the torque. Th 
tT (umgcos8)R (b) o = — 
Qa=-= 5) I 
s = mR? 
5 or Ox — 
Su g cos@ 
= oR Ans. J and hare same but, [14 < Dhotiow 
5. 7), about O is anticlockwise. ®sotid < hollow 
F (c) Kp = Lig? 
2 
wos 
vi 
1 
Kee 
O ae 
Exercise 
LEVEL 1 4. In case of smooth surface whole of its potential 
Assertion and Reason energy (at A) will convert into its translational 
kinetic energy (at B). 
1. If we compare between many parallel axes, then 5. = fiction mince 
moment of inertial is least about that axis which 4 
passes through COM. AN 
2. Slips is towards right. So maximum friction will act — 
towards left which will convert this slip into pure 
rolling. j« “ly 
We bmg 
=> 
6. In second figure, net angular momentum about 
Maximum friction bottommost axis, 
: Ke 2 Ze —o 
3. Solid sphere, eee 
Kr 5 Vv Vv. 
2 5 an =” 
Kp = 7 Kootal and Kr = 7 Kyotal - R ” R 
Hollow sphere, aa a 2 ea a F 
ne 2 = mvR — (mR?) (=) 
2 3 
Kp = 5 Kyotal and Kr a 5 Kota =0 
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7. At P distance from C is minimum. 
--D 


at 
_-7%)90° 
\ 


Cc 


IL=I¢t+ mr 
From A to P, moment of inertia will first decrease. 
At P it is minimum. Then it will increase. 


8. Constant linear momentum means moving with 
constant speed in a straight line. Therefore, in 
L=mvy r, all three m, v and 7, are constant. 


9. At C, two terms vand R@are at 0°. At A they are at 
180° and at B they are at 90° 


Vo=vt RO 


vy =Vv~Ro 


and vp =v + (RO) 


11. In first case, 


a=Ra 
F-iimg _p bey mgR 
m 2/5 mR? 
Smee 
2 i : 7 mg 


In second case, 
a— RO = Aptank 


(A me R| tems | Ho ms 
m 2/5 mR? M 


F 5 
=Ho & + 5 Hog 4 


or My <By 


Net work done by friction in pure rolling is zero. 


Single Correct Option 


2 c= [E 
M 


10. a= 


11, 


_ @o _ (2m) (1725/60) 
t 20 

= 9 rad/s” 

@=5ar =; x 9 x (20)? = 1800 rad 


We 2oe7 
20 


Ans. 


I will decrease 


@ will increase (as L = /@ = constant) 
2 


KE= 7 will increase as J is decreasing. 


1 2 2 
T Whole disc = 9 (2M) r= Mr 


aan 


Mass = 2M 
lo 
Tait disc = 3 Mr 


In case of pure rolling on ground, net work done by 
friction = 0 
After melting, ice will distribute in whole pan. So, 
moment of inertia / will increase. Hence, angular 
speed @ will decrease (as /@ = constant). 

1 


2 
me a te? 


_ (mR?) (v/ry _ R? 


mv 2 r 


g sin® 
1+ I/mR? 


_ g sind =o and 
142/57 


ied 
sin 8 


a (5/7) g sin 8 


or t«< —— 
sin® 


So, time will be different. 


v=~v2aS = 2{3 g sino) I 
7 sin 8 


or v is independent of 8. So, v will be same. 


Mass is distributed at maximum distance (from the 
axis) in case of four rods. 


12. 


13. 


14. 


15. 


16. 


__ mg sin 0 
“14 mR?/1 
mg sin®— 1 : 
s¢ = = — mg sin 8 
aise ee 2 3 Ss 
mg sin@ 2 : 
= = — mg sin®8 
Sphere 14+ 5/2 7 1S 


.. The ratio is 7 
6 
I, @, =1, @ 


@ = (2) @,= Z @= 
a 2 1 
fy E mR? + mr?) 3 


Friction will act (due to sliding). But torque of 
friction about the mentioned point in the question 
will be zero. Hence, angular momentum will remain 
constant. 


3 
=—x+0.5 
a 4 


Slope = tan 0 = 


3 
4 


6 =37° 

r, = 0.5 sin 53° = 0.4m 

L=mvr;, = (3) (5) (0.4) 
= 6 kg-m?/s 


v=Ro and v=Ro 
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17. 


18. 


19. 


21. 


From (b) to (c), forward slip will take place and 
backward maximum friction will convert it into 


pure rolling. 


= ma 


5 eae kee 
ee 


or itis independent of 0. 


(in case of square plate) 


Net torque about bottommost point is clockwise. 


Hence, the spool will move towards right. 
2 
K= sa or K« i (as L = constant) 
21 I 
As I has doubled, so K will become half. 


M 


p= 
{s 1X ny} = (t nr’ 


_ 3M 
28 mR? 


Mop =0 (<) (x) (2R)° 


= (a9) (5) om =5™ 
Ce ar 


Now, J[=I15, —Ip 
1 2_1 2 
=—M,, (2R) —-—M,R 
ae) (2R) ge 
= (; | (4R2)-1 (=) R2 
2\7 2\7 
al pig? Ans. 
14 
S = area of cross-section 
Po 2Pp 
2Po =Po) Po 
=P, 4 =~Pyt—x 
Pp, Po ( L x Po E 
Now, M=( am=[- (sd Po 
ow, =|, =|, ¢ Xx) Pat * 
3L 
ig a 
2M : 
= — (i 
PoS a (i) 


Now, I = [0 ar =| (dM) x2 


= [, (Sdx) (P. + Pe x] (x?) 
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After substituting value of p)S from Eq. (i), then we 


find 
7 a4 
l=— ME Ans. 
18 
2 
22.56" 
12 
= — + — 
12 2, 
ary 
12 
[,:1,=1:7 Ans. 
2 2 
og 72 a (=) 7 ue 
12 4 48 


24. Decrease in gravitational kinetic energy 
= increase in rotational kinetic energy 


“mg (5 af cos 0] af Ia” 
2 2 2 


w= | ae Ans. 
L 2 


25. 7=1(2) +21 
1kg Cc 2kg 
2m im 


=6 kg-m? Ans. 


26. r= : tan 60° 


Area =— x base X height 


Mm _ 4M 

V3P/4 32 
x 

or y= 3 


> pe 


B 


Area of strip = (2 y) dv= ( == ( a 


.. Mass per unit area = 


V3) \W3 


Mass of strip = (4) (= dX 


1={ dt 


B 
——f, > 
=|? (dM) X? 


= na Lv Ans. 


8V3 
i ] 31 
27. r= } = 
J2 22 22 
1 =21, +21, 


=2(0, +4) 


[m2 2 i] 
=2 iG sin? 45° + cn sin* 45° + val 


2 Pa 
3 
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2 
28. r= pol 35, 
4° 2 


2 2 
r=2U, +1p2|2h [25 + m2) 
3 12 


Ans. 
= _ me? Ans. 
3 
La ee 
r R h 
Volume of disc = (mr?) dX 
Mass of dise = (mr”) (dX) p = dm 
dl = ; (dm) r= ; (ur°dx) pr? 
; Subjective Questions 
ee & (=| x* dx 1. Present angular momentum of earth 
2 2/)\h 
L, =I = 2 Ro 
h mp\{R*)\{ A 5 
[= 0 dl = 2 i 5 New angular momentum because of change in 
radius 
*e) ri 2 
0 n(f 
=—=M|—|o 
10 25 2 
m : 
Pp => If external torque is zero then angular momentum 
(; Tt Ren) must be conserved 
L,=L, 
2 Rw =+ x2 MRO’ 
7 (=) m | arty 5 475 
10)| 1 ep, ie. ow =4@ 
: Poipe+ od =6h Ans 
So, I « mR? “4 4 ~ : 
7 Ms mR? + md? 
2 R=,|—=14 
m m 
A R 
d=— Ans. 
V2 
2 
3.2 = 5 tha ty=— 
Since mand R are same. Therefore J is same. ‘ 
1 ] Ma 
30. L=— sec 45° = — " 2; or 21, =—— 
2 v2 oe 
Ma 
ee eae p=l,= Ans. 
V2 12 
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ae mE? =— + mr’ 
12 
I 
r=— Ans. 
2 
m, 4 i fp Me 
i= oS r 
m, + Mm, 
4 =|—-)r 
m, + Mm, 
I,= mr + mh Ans. 
~1,=1,+ mr 
mK cf = mK, : + mr 
K,=K2-7 
= (10) - (6) 
=8cm Ans. 


. Instantaneous angular velocity at time ¢ is 


gees (at’) 
dt dt 
or @ = 2at=0.4 t (asa = 0.2 rad/s”) 


Further, instantaneous angular acceleration is, 


=99 4 way 
di dt 
or o = 0.4 rad/s” 


Angular velocity at f= 2.5 s is 
@ = 0.4 x 2.5=1.0 rad/s 
Further, radius of the wheel 


R=— 
@ 
or Re pHa 
1.0 


Now, magnitude of total acceleration is, 


ee 2 
a= a,+ a, 


Here, a, = Rw = (0.65) (1.0)? = 0.65 m/s” 
and a, = Ro. = (0.65) (0.4) = 0.26 m/s” 

a= (0.65) + (0.26) 
or a= 0.7 m/s” Ans. 

. O,.= id = =20tad/s 
R Ou 
@ about any point on circumference. 
QO. 
Ans. 


=—° = 10 rad/s 
2 


9. At the highest point it has 


10. 


11. 


12. 


13. 


only horizontal 
v, =v cos 8 


velocity 


Length of the perpendicular 


to the horizontal velocity x 
from ‘O”’ is the maximum 
height, where 
v’ sin?0 
eae 
= Angular momentum 
ee my° sin? @ cos® 
2g 
! i > 
I =|, dl =|, (dm) x 
! 2 
= [, (Ay dx) x 
! 
=|, (ax + B) x? dx 
4 3 
= cs + we Ans. 
4 3 
a=Ra 
Roa a 
So, net acceleration is Ro” towards centre. 
In case of pure rolling 
Ea = z (for a solid sphere) 
Kr 5 
2 os 
Kp= = (total kinetic energy) 
2 
= —(mgh) Ans. 
7 
XO = V7 (i) 
(x + 2R)M=V, (ii) 
Solving Eqs. (i) and (ii) we get, 
Q= (” = *2) Ans 
2R 


14. M=| (dM) 
é 4 
=|, (mx) AX (a2) = Th 
2M 
Tk = - ax 
_ a _ a 2 
Now, I =|, d= |. (dM) X 
=f" Qnk?dr)x? = (nk) 
0 3 


Substituting the value of 1k, we get 


f=" Me Ans. 
3 

a, ro” 

15. tan 60° = =—— 

a roa 

v. ay 
605” 
a 
wal 
Lo} @orey 
a 0.02 ¢ 
Solving we get, 
t = 346 
t=7s Ans. 
16. If Rw cos 6 = vthen velocity of point P is vertically 
upwards. 
Ra sin 0 
Vv 
Ro cos 8 
Ans 
Vv 
Ro sin 8 


Ro 
17. a= Ra by applied forces 
Pity _ 5) i Q2r)-F, | 
I 


M 
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Solving these two equations we get, 


F,_1+2Mr 
Fy 4Mr-1 
18. Even a small force will produce iF 


torque about bottommost point. 
So, the disc starts toppling about 
bottommost point and here 
toppling means motion. 


19. For sliding mg sin®@ >u mg cos® 


N 
f 3 a 
O mg sin 8 
mg cos 0 
or tan@>u ...(i) 
For toppling 
Ting sin 0 > Ting cos 8 (about O)/) 
(mg sin 0) | “| > (mg cos @) (5) 
2 2 
or tan 6 >1 ...(ii) 


If > 1, then condition (ii) is satisfied earlier. So, 
the cube topples before sliding. 


If uw <1, then condition (i) is satisfied earlier. So, 
the cube slides before toppling. 


20. Angular impulse = change in angular momentum 


tt = lo => mR? @ i) 
mR*O 
C= 
2t 
240 
20) (0.5)? | 2m x 
- (20) (0.5) ( =< 74 
2x3 
20 
= cy N-m Ans. 


During retardation using Eq. (1) 


wes mR°*O 7 mR°o 


2t 2 (FR) 
_ mR® 
2F 
240 
20) (0.5) | 2m x 
@¢ )(2 x29) 
2x10 


=4s5s Ans. 
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21. dt=u (dm) g-r 


M 
=u (4) (2mrdr) gr 


f > frictional 
force 


T 


Angular retardation, & = 


_ QuMgk/3) _ 4ug 
(1/2MR?) 3 


(a) 0=@) -at 


ie ®o — 3@oR Ans. 
a 4g 
(b) 0=@% — 200 
2 2 
0= 0 . Bs Ans. 
20 8 ug 
22. 6 = 61-20 
_ 40 
dt 
=6-6f° 
ge 2? = 49) 
dt 
o=0 
at t=1sec 
‘ @dt 1 ‘ 
(®), = =|, (6 — 617) dt 
=4 rad/s Ans. 
1 
I adt 1 
— 10 ef ps 
@ = = I, Cis 
=~ 6 rad/s? Ans. 
23. Centre of mass of both lies at the centre of ring. 
2 
I,= mR + mie 
12 
= = mR 
3 


L=(2mvr,)+ 1. 


= (2mvR) + i mR? (=) 
3 R 


10 
=— mvR 
3 
This is clockwise, or along negative z -axis 
L= (-= mk) k Ans. 


24. 1,0, =1,0, 


edie 
6 
25. 1,0, =1,@, 


I, (100) = (7, + (10) (9° ](90) 
or = 7, + 810= 1.117, 


1, = 7290 g-cm? 
= 7.29 x 10 kg-m? Ans. 
26. (a) 7, @, =1,@) 
(0) sal 0) 
2 eo 1 


_ 116+ 2) 4) O97] 95 
[1.6 + (2) (4) (0.15)7] 


8.08 


= 2.27 rev/s 
= 14.3 rad/s 


= —[1.6 + (2) (4) (0.9)7] (0.5 x 2ny° 


=39.9J Ans. 


K, ==[1.6 + (2) (4) (0.15)"] (4.39 


=181) 
(c) W=K,-K;,=141.1J 


27. (a) 1, 0, =1,@) 


all gga c m7 gz 
=3lo Ih ag | Mo 3 
E MR? + mk 0% 


28. Since, there is no slip at any contact. Therefore, net 
work done by friction = 0. 


/»2a 
f, <— —— > F cos 6 
f, 
a 
fh 
In time ¢ 


Work done by the applied force 
= kinetic energy of plank and cylinder (F cos 0) 
(displacement of plank) 


= ; m (velocity of plank)’ 
1 1 . : 2 
+ ; 1+ a M (velocity of cylinder) 
! 2\_1 2 
(F cos @) eae = eat) 


+ 2M x (at)? 


Solving, we get 
_4F cos® 


(7 — Ans. 
3M + 8m 


Equation of plank gives, 
F cos0— f, =m (2a) 
i, =F cos®-2ma 
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_F- 8mF cos 8 
3M + 8m 
= 3MF cos 8 Age 
3M + 8m 
Equation of cylinder gives 
f~ f= Ma 
hh= f,-Ma 
_ 3MF cos® 4 MF cos® 
3M + 8m 3M + 8m 
MF 
or lAl= oes Ans. 
3M + 8m 
29. For Cylinder 
<—a 
T 
. f 
f —-a 
<—[_@_}->r 
+ 
T- f=ma (i) 
ap = 
Ra-a=a (ii) 
g=2= wa 29. ii) 
I ot mR2 mR 
For Plank 
F-T-f=Ma .-(1v) 
We have four knows f,7, aand a. 
Solving the equations we get, 
a= a Ans. 
M +3m 


30. Angular impulse = change in angular momentum 
(J xr)=lo 


: ; Io 
where, J = linear impulse = — 
q 


2 
- (m) (=) -O 
° i 


— : ml@ Ans. 


31. (a) Angular momentum about O remains constant 
just before and just after collision. 


L; = Ly 


or [2 v5)=10 
6° 2 
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[ mz 
=|—+ 
3 6 4 


10 
o 


Solving, we get 


2v 
@ =— 
OL 
; 510 
(b) = 7 
i m 2 
-l—ly 
3(%) 
6 Ia” 
2 
v 
g| me me 
7 3 24 
as pig age 
24 81 
ae 
9 


before and just after the impact. 
Leal, 


2 
(2m) (2u) (I) = Gm Chr 


At the point of impact, 
e=1 


7 


2m 


si 


A 


RVOS _, 


RVOA 
RVOS = RVOA 


or @l+v=2u 


Bom: 2l 


-@ — (2m) vl 


Ans. 


Ans. 


32. (a) Angular momentum of system is conserved just 


(i) 


(ii) 


Solving Eqs. (1) and (ii) we get, 


v 


(b) Component of 


_2u 
3 
velocity of particle P (=u) 


Ans. 


parallel to AB remains the same. Component 


perpendicular to 


AB produces the same impact 


as was done in part (a). 


A 
=> A 


4 
2m 
[* 
P 


60° 


C 
B 
u 


In part (a), 2u velocity becomes 


2u (i 
—Hi. 
3 


e:, es rd} 
3 


Therefore, in this part V3 u will become 


V3 
3 


au 


Js 


2 
Net velocity = u+ = 
_ 2u 


u u 


(0) ioe 
V3 


u 


Net 


B Ans. 
LEVEL 2 
Single Correct Option 
1. For Block 
OL r T 
a {2a 
mg 
mg —T =m (2a) ..-(i) 
For Ring 
T+ f=ma ...(11) 
(T- f)R_ “a 
” ae (of (iii) 
a=Ra .(iV) 


Chapter 12. Rotational Mechanics ¢ 561 


Solving these equations we get 5. In case of pure rolling a can be F 
a=2.2= 2g Fa ond f=0 obtained about bottommost point, a 
3° 3° 3 about which torque of friction is 
2. fox =mg =0.1X10x10=10N ac at 
* Snax “Pg = on FOR) 4 F 
Requirement of friction ee ce eee 
we 3/2mR° 3 mR 


4F 
Coes” ae a=Ra = aa Ans. 
f — 4F 


. F+ f=ma=— 
f 3 


a=Ra 
(2 — f) 2 *) of = a (towards right ) Ans. 
10 2/5 mR? 3 
25f 25f 7. For Block 


m 10 


“oO T 
Solving this equation, we get 
f=2 | fa 
20 
+ 


Since, f < fix» therefore 2N frictional force will 
act. 


3. [y, =I, + 1,4], 


20-T =2a (i) 
For Pulley 
TR = Io. 
T (0.2) = (0.32) a 
T =1.60 ..-(11) 
> . a=Ra=0.20 ..-(iil) 
=< Una) (aid) : (i492) Solving these equations, we get 
3 3 2 
[ (mn/4) (al2° 3a)" | —— ns 
m a a F 
* 2 + (m/4) (=) | 8. w= ee (about O ) 
= 2 _P(R+h) 
=— ma a a 
16 = mR? 
4. At bottom total kinetic energy 2 
: : PR(R+h 
=decrease in potential energy Now, Vcom = R@ = reer 
= mgR — mR? 
2 
The ratio, as — = 
r 9 2 
eo 
1 5 
K; =— mv =—mgR 
rT 35 7 & 
N 
——v Dp uy 
No” 
me R(R +h) 
mp + 
my2 10 ay P+ Puinge = ™MVcom = 3 R 
—=—mg=N-m = 
eo . 2" 
17 F : : R 
N= - mg Ans. Solving this equation, we get h = = 
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9. 7, =78 and T= 
2 ; 4 


10. In first case T < Mg 


In second case T = Mg 
Torques are different, so angular accelerations are 
different. 

11. From energy conservation principle, maximum 
spring potential energy 
= maximum decrease in gravitational potential 
energy 


m m sin 8) 


5 kee = Mgh = Mg (x 


2 Mg sin ® 
Xm = a a 


12. —dT =(dm) xo = (2 ax] xo" 


> a ees 
5) 
1) T+aT r 
-| = ‘(Z0") xdx 
0 r\] 
1 2 x? 
T=-—mo / lioreersn Ans. 
2 I 
13. mw =10+ 5¢ 
dt 
At t=0,@=10 rad/s 


and a = 5rad/s> > r=OA=1m 
v=(r@) j = (10j) m/s 


a = (ra) j-(r@”) i 


=(-100i + 5j) m/s? Ans. 
14. a=Ra 
Row? 
a 
Ra 
Ane, = RO? (towards centre) 


15. J, is least and C lies between O and B as density is 


increasing from A to B. 
A O Cc B 


I, >I, as more mass is concentrated towards B. 


16. 


if 


18. 


19. 


Torque of F about P is clockwise. So, spool will 
move towards right. Torque of friction will provide 
the clockwise torque about centre. So, f is 
leftwards. Further, ais towards right, so, F > f. 


hy 


R 
Cy ae 


where, C, = combined centre of mass of ring and 
particle. 
From conservation of angular momentum about C). 
A, = hy 
mv-R 
2 


=I 


[ g 
=| mR 4 + oO 
eae a | 
Solving this equation we get, 


O= pail Ans. 
3R 


Mg can't provide rotational motion. This is only V 


which actually provides the rotational motion. 
Angular momentum = Angular impulse 


Io = JI e 
se we Angular impulse 
I 
JL 3d 


~ mE /3 ~ ml J 


—>— 
2 2 
veclge et (2) (22) 
2 2\3 ml 
_ 3? 
2m 


20. No rotational motion. 


21. = 


22. 


23. a 


m (5) +m 
g > re 


(ml?/3) 


Tt] 


mg mg 
_ 45 ¢ 
7 
Acoin = 10 = 4.5 g 
mg —N = magin 
N =mg — magn = — 3.5 & 


Since, NV can't be negative. 
So, N =0 and coin can not remain in 
contact with rod. 


Let F = the applied force and f = force of friction 


(leftwards) 
Net horizontal force = 0 
F cos0= f 
Net torque about centre = 0 
F-r=fR 


r 


Substituting — = — in Eq. (1) we have, 
te et (i) 


cos @ =— 
R 


2 
or sin 8 = ae 


Vi oe jin 
t 2 
Q=-= an 
I (ml*/3) 
1 ay _ 3mg | 
ml [ 2 

a=10 

Solving these three equations we get, 
_ 38 


a= 
: T 

> T + Ee \’ 
mg mg 


or Qa = 


mg 


(ii) 
iii) 
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24. a= (ug cos) + (g sin 0) 


=0.5x 10x 0.8 + 10 x 0.6= 10 m/s” 
Re (u mg cos®)R_ 2ug cosO 


1 
= mR? a 
2 
= EMO SEONG © 5 sa cinc? 
0.4 
Qa 
a~ = 
N ; 
mg sin 8 
| 37° 
lL mg cos 8 
Pure rolling will start when, 
v=R® or at =R(@— at) 


2 10 ¢=0.4 (54 — 20¢) 
Solving this equation, we get 


t=1.2s Ans. 


25. Angular momentum will remain conserved at the 
: point of impact P. and just after impact it starts 
---(i) rotating about point P. 


Ans. 


_ Hing 
(i) 26. a = 


: aN | 
ss > Imax = wg 


R_5 
gem <x ge ee = Lg 
R 2/SmR? 2 


Pure rolling will start when 
v=Ro 


u Sug “) 
or —Ugt|=R t 
E Ht] ( 2R R 


Ans. 


Ans. 
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27. Viscous liquid has only translational kinetic energy 30. ap =(OP)a 


KE = translational + rotational kinetic energy 1 12 
= ° & 
of hollow sphere + translational kinetic energy =| 5 cos 30°} | — oe 
of liquid. 
1 1 or _ 3v3g r 
=— mv +—x= mR? [ + — mv a, ne 
2 2 R 
aa 31. Angle between acceleration and velocity is 45°, 
= 3 my Ans. Ro=v 
g sin®@ g sin® ivev 
28. a= 5 i 
14+ J7/mR° 1+ (1/2) 
: —— 
= 2g sin 8 Vv a= Ro2 
3 
F 
Pry ee 32. a= — 
2 M 
ew: _ mg = _ m (3/2 a) he eve _ OF 
1+ mR°/T 1+2 MI*/12 ML 
= £ ma Ans. ‘] a 4 
2 
29. Only two forces are acting on rod, normal reaction A ‘ 7 
(vertically upwards) and weight (vertically 
downwards). Since, both forces are vertical centre L 2F 
: =—-a=— d d 
of mass falls in vertical direction (downwards). = “ M ne 
Q 33 _vsin@— vsind 


r _ b/sin® 


2 
-"* : x sin?@ (as vand bare constants) 
T . . . 
a= ; (about O) @ is decreasing. Therefore, @ will decrease. 
1] 34. Decrease in gravitational potential energy 
(mg) (5 sin 20°] = Increase in rotational kinetic energy 
= w 
ml, mi 
12 16 r 
T 
ne 
71 ss ae 
G = (OC) a om | 2Mg 
{Hl} | 
Ne ie L_1(MP 3 
3 Seo ke 2 _ 78 
Now, mg — N =mac = = Me | ) L 
L 22/3 2b 
ye Ans. rasta 
3 2 3 


7 


T -2Mg _ (284) me (4) nis) 


3 3 3 
a 2Me (=) (=) (72) 
3 3 3 L 
=2 Mg Ans. 


35. From conservation of angular momentum, just 
before and just after impact about point O we have, 


Just after 
ae impact 
C 
m 
— V 
J 
J 
L, = Ly 
L (m2 
my — =| — 
2 3 
3v 
@ =— 
2L 
y : o 2 
= —. =—y 
o" 3 4 


Impulse J has changed the momentum of particle 
from mv to O. Hence, 


J=myv 
For rod 
3 
Jy + J =mvo = 4 mv 
3 3 
Jy =—mv-J=—mv-myv 
4 4 
= or [Jy |= Ans. 
4 
36. L,=L, 
(I + mR?) @ = (mvR) + [a 
2 — 
ie (+ mR*)@® — mvR Kee 
I 
37. About bottommost point, 
@)R 
CG : =a 
Angular momentum, 
L=Ic¢ M) — mvoR (anticlockwise) 


R 
— mR*Oo {oo Rr 
2 4 
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38. 


39. 


= mR*O, 
4 


=+ veor anticlockwise 
During slip, friction acts about 
bottommost point. So, its torque is 
zero or angular momentum about 
bottommost point should also 
remain anticlockwise when pure 
rolling starts. So, figure should be as shown below. 


v= Ro 


So, the disc will return to its initial position for all 
values of [L. 


x = 30 tan 0 x 
dX d0 
(2) = (30 sec” 6). — 
dt dt 30m 
OF Veg, = (30 sec” 0) © 
Vear V 
o = —S— 
30 sec” 8 
40 


=—5 = I tad /s 

(30) sec” 30° 
Two forces normal reaction and weight are the only 
forces acting on the rod during motion. Both forces 
are vertical. So centre of mass will fall downwards 
in a vertical line. 


AC 
ft 


O 


Xp =x (say) = 5, 0088 d cos ® 


or cos 8 =77 + (1) 
G-4) 


Similarly, 
Jp = y=dsin® 
; y ee 
sin 8 == + (l 
q (ii) 
Squaring and adding Eqs. (i) and (ii), we get 
x2 y~ 


———— + —~= 
2 2 
d 
2 


: l 
This is an equation of a circle for d= ri For any 


other value of 'd'it is equation of ellipse. 
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40. Instantaneous axis of rotation will pass through O. 


Cc 
O A 
@ Ve 


a Vo = 
41. Decrease in gravitational potential energy 
= increase in rotational kinetic energy about O 


3 
or O= el 
1 
v4 =r = 10 = J3g/ 
2 
Ao; ges ="Ug=—g 
m 7 
104 
Gus 
p umg Pe—-»> v+ Ro 
_ wmgR 
2 nk? 
5 
Sug 
2R 
~2& 
TR 


Pure rolling will start when, 
Vp =V + RO = Vo 


or at + R (At) = vo 
E ‘+3 t=Vv, 
78 7% 0 
t= 
& 
gelae 
2: 


2 2 
1 E vo) _ VW 
2 78 g 7g 
More than One Correct Options 
4, Ket 
. 2 


Kr omr 


Ans. 


Ans. 


2 
3 Vv 
= mgh = mg 3 “) 


: 1 
Solving we get J = 5 mr 


So it is either solid cylinder or disc. 


2 2 
2. tnt, =2) «m(3)] 
12 a 


4 4 
(b) I=, + Ty => ml 


(c) I =1,+ (4m)r’ 


2 
ml 5 
+ ml? =~ ml? 
3. O— instantaneous axis of rotation 
Om 
<T 
O Yo 


v=ro or vxr 


More the value of r from O more is the speed of 


point P. 
4. Vo + R@) =V 
Vo — RW = 3v 


Yo 


Solving these two equations, 


we get Vo = 2v 
v 
and @) =-— 
R 


i) 
di) 
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a a 2 
si al a a: mv=3mvy > VW= : (i) 
(1) 3 
(ii) L, = L,about C, we have, 


O= 2 . => K; = L my" 
51 2 
: : 2 
t 
Squaring and addmg; we ge a 1 (3m) (=) 2 d In, @ 
(x° + y)@° = 25 e 2 3 2°? 
2 2 
or (0.25) w* = 25 = 3) ( 5 mt) E *) 
@ = 10 rad/s 6 2\12 51 
_lo 
OC =—=0.25m =— mv 
5 5 
Vom = (OC) ® = 2.5 m/s .. Loss of kinetic energy = K; — K, = = my" 


1 4,1 2 
Kyrotal = 9 MVon + 9 Lom o 


=lyaxasr+t (? 7 25) (10? 
2 2\ 1 


8. 1 =mK? [where K= “ = radius of pyation 


25 
=?]j 
3 


6. Net acceleration of any point on the rim is vector 
sum of a, Ro” and Ro. with a= Ra 


Ball will roll purely if 

v=RO 
: (2) _p|LG=R)| 
a+Ra . m) | 074) mr | 


Ra A 
Cc 
B Solving this equation, we get 
7 5R 
h=— 
4 
Ra 


Further, if ball is struck at centre of mass, there will 


ay = Ro’ > vertically upwards be no rotation only translation. 
Ifa=Ro’, dg is vertically downwards and so on. 9. Friction always acts upwards. If the ball moves 
. upwards, it becomes a case of retardation with pure 
7. C, is centre of mass of rod li 
rolling. 
C, is centre of mass of both tanga tana 2 
Minin = mR2 = 3 == tan o 
= 1 
i C; 
3 Co 
L o 
6 
o—>---- 
mov 
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10. 7,0, =/,0, 


_ (/2mR*) 
(1/2 mR? + mR?) 
2 


3 
P, = my, =m (2@R) = 2m@R 


1 
Lp mv, =m (2) = m@R 
(s 3 


P; 
pf 
Impulse J = |P, — P, | 
=P? + PF (as®@ = 90°) 
= v37 maR 
3 
11. Velocity component along 4B = 0 
y 
A 
Vv 
oe 
5 x 
Vp cos 8 = v sin 8 
or v=vy cot@= f, (0) 
at O=37,v=— 
_ Relative velocity 1 to AB 
l 
Vo sin 8 + v cos ® 
7 =f, ©) 
_ (Vo) (3/5) + (4/3 vo) (4/5) _ Sv 
1 31 


Comprehension Based Questions 
1. Atangle 6 shown in figure : 


se 


decrease in potential energy of rod 
= Increase in rotational kinetic energy of rod 
+ translational kinetic energy of block. 


But v= vp sin 8 = (/@) sin ® 
2 

me (5 ; sin 8 | = 3 ml wo 
2 2 2 3 


+ : M (ol sin 0Y 


From here we get, 
ee em 2 i) 
m/3+M sin“ 8 


% lek coe ag sin a | 
«= 1 =1(*) =1|—2 
0 


ml /3 
3 3N si s 
=—gcos8 aud (ii) 
2 m 
For block 
N =Ma=M [a, sin 9 — a, cos 9] (iii) 


Now putting values of a, and a, from Eqs. (i) and (ii) 
in Eqs. (iii) and then putting N = 0 and @ = 30° in 
the equation we get, 


M 4 
—=— Ans. 
m 3 
_4 
m 3 
M= li m 
3 
wl cos 60° = 2 
M 
o——__> 
V 
_ 2v 
I 


Decrease in potential energy of rod 
= increase in rotational kinetic energy of rod 
+ translational kinetic energy of block 


2 2 
mg (5 =e sin 30°) = (=) @ 
2 2 23 l 


1 (4m) 2 
3(Z)0 


Ans. 


Solving this equation, we get 


4 


v= 


4. ac= ae cos 60° -< 2 cos 30°} i 


3 i 
(28s g cos 30° + — ; g cos or (-j) 
sz () 
c 
y 
x 
Now, mg (-j) + Fringe = mac 
Substituting the values we get 
mg \* 
Fringe - (72) J Ans. 
4 
5. Bottommost point where friction actually acts is at 
rest. 
F-R 2F 
6. a= 5 
2 mp2 3mR 
2 
a=RQ= ae 
3m 
F- f=ma=— 
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7. About point P net torque of F and f is zero. So, 
angular momentum is conserved. 


Me oF 
Kr 3 
a) 3 
K, == mv =| — | (mgh 
rT 5 (2) « gh) 
y= gh Ans 
5 
9. H= v’ sin’ sin 37° 
. a 
2 
_ (6gh/5) (3/5) _ 27h oe 
2g 125 
a 2u° sin 37° cos 37° 
& 
_ (2) (6gh/5) (3/5) (4/5) 
& 
= a h Ans 
125 


Match the Columns 


1. (a)t= 2 and ——. 
a 1+ I/mR 


I of hollow sphere is maximum. 
So, ais minimum and ¢ is maximum. 
(b) Kootq) = mgh for all 


(c) an = ss for solid sphere 
r (=O 
2 
= 3 for hollow sphere 
1 . 
=— for disc 
2 


It is maximum for hollow sphere. 
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K; . ; . 
But —{ is maximum for solid sphere. 
R 


2. Inall cases, 


v= 


a (J = linear impulse) 
m 


JXr, 
o=——+ 
Tr 
Here, 7, is from centre E. v is rightwards. So, for 


pure rolling @ should be clockwise. Hence, J should 
be applied at A. 
If it is below A, angular velocity is anticlockwise 
and it will cause forward slip. 

3. In case of pure roll (upwards or downwards) 
required value of friction acts in upward direction. 


In case of slip (forward or backward) maximum 
friction will act in backward or forward direction. 


4. (a) K =.J/I/m 


7 m(2ay _ 2 
VY 3 V3 
m (2a) a 
b) K =,, > = — 
(b) Vp a 
2 
ma a 
c)K= == 
(c) a 
2 
ma a 
d) K =,/—— =~ 
ORV Ya 
5. (a) Kyotat = mgh K (say) 
Ry 
Kr 5 
2 
hy me 


h 
(b) Kyotat = mg 2 


ae 
i, 3 
5 
7 


h 5 
ae mg — | =— mgh 
of [me 2) ig 


2 h 1 
K, =—| mg —|=— meh 
R =( e) 7 § 


From 3 to 4, Kg will become constant. 
(d) Kp = Kyo — Kr 


(c) At 3 


1 6 
=meh—-— mgh=— meh 
Fed 7 re 7 re 


6. a=Ra=R{(*) 
I 
F -20 20 x1 
i (1) 
—x10xP 
F—}+s 
Qa 


Solving this equation, we get 

F=60N 
So, when F' = 60N, friction reaches its maximum 
value or slipping will start. F becomes 60 N at 6s. 


Tc 
(a=Ra=R{3) 


10x1 


! gig et 
2 


F=30N 
and F becomes 30 N at 3 s. 


foros 


Qa 


10N 


Subjective Questions 


1. Torque about bottommost point in each case is 
clockwise. 


1 
2. oes = ae 
I mi- 271 


3 


(a) dz =lo = Ans. 
I 3g 
b =—¢Q =— Ans, 
Oe=; 4 
ons be 3g __mg-T 
m 4 m 
rae Ans. 
4 


mgh=Kpt+ Kr == my" 


Here A=ssin0 


35 3v" 
“gssn@=—v or s= : 
4 4g sin ® 
2 
= SX C0" = 0.612 m Ans. 
4x98 x — 
2 


4. 1 = MR 


For pure rolling to take place. a= Ra 


F 
ii 
6 Ses 
M MR?) M 
PF 
=— Ans. 
f = 
and a= fof = =, Ans. 
M 2M 
v+ Rw =1.5 ..- (1) 
and Ro—- v=3.0 ..-(11) 
From Eq. (i) and (ii), we have 
Ro-v 
v=> 


v+ Ro 


Ro@ = 2.25 m/s and v =— 0.75 m/s 
Thus, velocity of point Cis 0.75 m/s (towards left). 
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vp =v? + (ROY + 2v(Re) cos (90 + 30) 


= {50 + 5.0625 + 2 x 0.75 x 2.25 x (-5) 


= 1.98 m/s Ans. 
Mg -T : 
= wi 
rT; (i) 
a=5 = a .. (il) 
= ur? MR 
2 
a= Ro .. (iii) 
Solving these three equations, we get 
a= = and T= — Ans. 


. From conservation of mechanical energy, decrease 


in gravitational PE = increase in rotational KE 


or mg(R) = pure + mk [3°] 


or O= aL Ans. 
(2m + M)R 


. Initially there is forward slipping. Therefore, 


friction is backwards and maximum. 


mg 


Let velocity becomes zero in time ¢, and angular 
velocity becomes zero in time fh. 


Then, 0 = Vo — at, 
or ty = Yo = Yo ..-(1) 
a Mg 
and 0 =@y — Oh 
or t= 20 
Qa 
R 2 
Here, a= me = NE 
= mR? & 
2 
ipa Dok ...(ii) 
2g 
Disk will return back when 
bh >t or oem 
2ug Ug 
2 
or My > = Ans. 
R 
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9. h=(R—-r)(1-cos 8) .. (i) 


Kinetic energy at angle 0 is, 


ii) 


Equation of motion at angle @ is, 


mv" 


N —mg cos0= 
. (R=) 


N =mg cos® + ls G ae eh 
(R-7r) 7 


Substituting value of h from Eq. (i) 


m 
R-r 


fv = : g (R-r)(1—cos 0} 


=m cos0+ | 


2 
= 8 (17 cos @ — 10) + Ans. 
7 (R-1r) 
Force of friction, 
f= =—_ (for pure rolling to take place) 
in 
I 
_ mg mn i) [1 _2 my’) 
142 , 
2 


2 
=— mg sin® 
7 rd 
10. (a) For pure rolling to take place, 


F 


11. 


_ [ | 
a=Ra or Z fp PreK 
m | wR? 
2 
Solving this equation, we get 
= 2 (5 = 4 F Ans. 
3\2 R 


(b) Acceleration a= F 


m 
Substituting value of f from part (a), we get 
2F 

a = 
3mR 


(R+7r) Ans. 


Fy. 2 R 
(c) a>— if —(R+r)>1 or r>—_ Ans. 
m 3R 2 
(d) In this case force of friction is in forward 
direction. Ans. 


We can choose any arbitrary directions of frictional 
forces at different contacts. 


In the final answer, the negative value will show the 
opposite directions. 


Let f, = friction between plank and cylinder 

J, = friction between cylinder and ground 

a, = acceleration of plank 

dy = acceleration of centre of mass of cylinder 
anda = angular acceleration of cylinder about is 


COM. 
Directions of f, and f, are as shown here 
f, 
m4 ao 
h 


Since, there is no slipping anywhere 

ee sae(l) 
(Acceleration of plank = acceleration of top point of 
cylinder) 


a, = 2a, 


a, =F i) 
My 
mit fe (ii) 
m, 
wiz FR 
T 


(J = moment of inertia of cylinder about COM) 


ay = 2a. 
G-- 
9 ADR 
=m, R? 
o = HAT AD (iv) 
m,R 
a, = Ro = Ai - fd ..(V) 


m, 


(Acceleration of bottommost point of cylinder = 0) 


Ra ao 
(a) Solving Eqs. (i), (ii), (iii) and (v), we get 
8F 
a= 
3m, + 8m, 
and ay = ad 
3m, + 8m, 
3m,F 
b al ee 
0) fi 3m, + 8m, 
mF 


2 —F 
3m, + 8m, 


Since, all quantities are positive, they are correctly 
shown in figures. 


Note Above calculations have been done at t =0 
when @ = 0. 
12. Ifo be the angular acceleration of the hoop and abe 
the acceleration of its centre, acceleration of m 
would be ar + a. 


N T 
- 
Mg mg 
FBD of hoop FBD of block of mass m 


Here, 7r = Ja [where / = moment of inertia of the 
hoop about the horizontal axis passing through its 
centre] 


Also, T=Ma and mg-—T=m[a+ar] 
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Solving, we get 


a ile 
[M+2m] 14 
Hence, 7T=1.43N 
and pet rea 
I Mr 


13. Initially the cylinder will slip on the plank, therefore 
kinetic friction will act between the cylinder and the 
plank. 


Hing 
ae 
a,=t+ bing: =+ Hs 
- 2m 2 
R 2 
ee tng) ( )_, Aus 
(mR*/2) R 
For pure rolling, 
N N’ 
bung 
bung 
mg 2mg+N 
FBD of cylinder FBD of plank 
v, =v, — Ro, 
ug 718 
t=y, t—(R t 
5 9 — Ugt — (R) ( : (t) 
Vo 7 ds 


fe = = 
3.5ug 3.5x01x10 

1 a, | He) 2 

s.-S, =Vt—— xX C)—-—=|— | 


=(7X2)- : (0.1) (10) (4) 


| (21510) 4) 11m 
2 2 

Also, Vv, — vp = (Vp — gt) (HE) (t) 
at ean ee 


Hence, the remaining distance (12—11=1m) is 
travelled in a time, 
{= af =0.25s 
4 
Total time = 2+ 0.25=2.25s 
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14. In rolling without sliding on a stationary ground, 


work done by friction is zero. Hence 
work done by the applied force 
= change in kinetic energy 


(30) (0.25) = ; x9x 


2] 
#9 yexvetxtxexrxt 
2 2 2 re 
or 72=13,5"° 
v= 0.745 m/s Ans. 
15. Let v» be the linear velocity and w, the angular 
velocity of the disc as shown in figure then, 
Vv : 
, : 
2v 
Vo — 1Wo = 2v sia(h) 
and Vo + TW) =—V .. (ii) 
Solving Eqs. (1) and (ii), we have 
Coe! 
. 27 
Hence, the angular velocity of disc is : = 
p 
anticlockwise. Ans. 
16. Letxbe the distance of centre Fy A 
point C ofrod from D.Then, {9.2m 
f,-F, =ma D Fo 
or F,=3N 4 a 
Further, t, =0 
yx =F, (0.2 + x) : 
5x = F, (0.2 + x) 
5x =3 (0.2 + x) 
or x=0.3m 
Length ofrod= 2 (x + 0.2)=1.0m Ans. 
17. L,=L, (about bottommost point) 


10) = 2[/@ + mRv] 
or (3 mi) Mp) =2 [2 mR*® + mR (or) | 
2 [2 | 


( (ll 


zz”... 


18. 


19. 


Ze Vv 
o —~ o 
> 
O= ®o Ans. 
6 
and v=OR= oe Ans. 
Let, 


a, = linear acceleration of sphere (towards right), 
d = linear acceleration of plank (towards left) 
and @ = angular retardation of sphere 


m, mgr — 5 
a, = a, Hing us = " § Hg 
m 2 2r 
= mr 
5 
m 
umg mg 
Let pure rolling starts after time ‘t’. Then 
or-v=v 
or =2v 
(Wp — Ot)r = 2(a;t) 
Substituting the values, 
9 ug 
1 a2? 
sS—@)r= Oo” Ans. 
2 Slug 


Between A and B, there is forward slipping. 
Therefore, friction will be maximum and backwards 
(rightwards). At point B where v = Ro, ball starts 
rolling without slipping and force of friction 
becomes zero. 


Oo 


Yo 


Vv 0.7 Vo 


20. 


21. 


From conservation of angular momentum between 
points A and B about bottommost point (because 
torque of friction about this point is zero) 
Ly=Lg 
m(0.7v))R — 10) = mvR + Io 
v 


Substituting @) =~°,@ =~ 
R R 
2 

and i 4 mR’, we get 


3 
ge 
14 


Vo = (=) (7)m/s = 1.5 m/s Ans. 


Let J be the linear impulse applied at B and @ the 
angular speed of rod. 


J=m ...(i) 
1) mi° ‘ 
J|—~|=—.o . (il 
(;) 12 @ 
Solving these two equations, A| 
1 


Linear speed of D (mid-point of 
CB) relative to C, 


l 3 No © 
=@|/—|=—v LI 
¥ (;] 3 “0 D 


Force exerted by upper half ‘iB 
on the lower half, J 


Gr 


ae 3 
Substituting v= > Vo, we get 
2 
= 2 ey Ans. 
2 1 
ib 2 
=— = 0.4 for sphere 
mR? 5 
= : =0.5 fordisc and =1 for hoop 
s=— a =4m 
sin 30° 
For sphere 
1 
sno  98*5 
= 8 2 =3.5 m/s 
1 I 1+ 0.4 
re 
mR 


v= v2as =J2x3.5x 4 =5.29 m/s 
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22. 


23. 


me sin® 39.8% 5 
= 1 =42N 


l+mR7/T yy fA 
0.4 


= —_ exe isis 
a 3.5 


Similarly, the values for disk and hoop can be 
obtained. 


Ty = Lag + Lact Tec 


=S mi? + Smt +f ml 
3 3 3 


m (V3 r} 


=6 ml’ 


If @ is the angular velocity in the second position, 
then using conservation of mechanical energy, we 
have 


For COM 
and 
3mg S| =; (6ml?)w* + 3mg = 8 


3 
gv3 


or 
1 

Now, velocity of C at this instant is 2/@ or 2,/ glV3 

and maximum. Ans. 


(i) C is the centre of mass of the rod. Let @ be the 
angular speed of rod about point O at angle 8. From 
conservation of mechanical energy, 
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L 1(Me) , 
Mg — (cos 9 — cos 8) = = | ——] @ 
85 ( 0) | a 


@ = “= (cos 8 — cos 80) ...(1) 


L _ 
Now, F.—Mgcos0=M (=) wo .. (il) 


From Eqs. (i) and (ii), we get 
1 
Fi= = Mg (5 cos 8 — 3 cos 6)) Hence proved. 


(ii) Angular acceleration of rod at this instant, 


ie at 
T 2 
Qa=-—-: M2 _, — 
I MC 
3 
_3gsin0 
2 A; 


Tangential acceleration of COM, 


a, = (a) (=) = = gsin@ ...(iii) 


Now, F, + Mg sin 8 = Ma, .. (iV) 
From Eqs. (iii) and (iv), we get 
1 ; 
Fo=- ri Mg sin ® Hence proved. 


Here negative sign implies that direction of F, is 
opposite to the component Mg sin 0. 


24. (a) From conservation of mechanical energy. 


3/ 


B SN 


Gm\(g(2) = 5 10” 


11 mA? > = gay? 
2| 3 | 


1 23 
o=— |e 
2V1 
Applying, 


angular impulse = change in angular momentum 
J(31) = 10 


or 3/1 = (16ml’) : [28 
2Vi1 


25. a= 


j=" 0 = 
3 l 


or J= ; m /3gl Ans. 


(b) Let @ be the angular speed in opposite 
direction. Again applying conservation of 
mechanical energy, 


(3m)(g)(1) = ; I@’)Y =8m’?@yY 


,_ 1 fag 
22 V1 
Now, applying, angular impulse =change in 


angular momentum 


1 Be 1 
-. J(31) =1(@ + @) = (16mi* 14 
(3/) =1( )= (16r i j ( =; 
J= : mel (V2 + 1) Ans. 
mgl _3 g 
2 
m(41) ee: 7 1 
12 
3 
(Q)y = la = ] g (downwards) 
| IC 2! 
A O B 
@, O 
mg 


Let V’be the vertical reaction (upwards) at axis, then 


ee gee eres 


4 
V=—m ‘oie(T 
ms (i) 


If H be the horizontal reaction (towards CO) at axis, 
then 


H = ml (ii) 
.. Total reaction at axis, 
2 
N =JH?+V2 =— mg 1+ (2) A 
4g 
(b) de = (ae) + (lo)? 
3 2 
= (72) + (l@’Y Ans. 


(c) Let @’ be the angular speed of the rod when it 
becomes vertical for the first time. Then from 
conservation of mechanical energy, 


; I @? — 0”) = mel 


26. 


Acceleration of centre of mass at this instance will 
be, 


2, O8 


Oc = Ie’? = Im” + Ans. 


Let V be the reaction (upwards) at axis at this 
instant, then, 


V —mg =mae = mia” 4 we 
V= = mg + mio” Ans. 
(d) From conservation of mechanical energy, 
1 
mgl = = 1@ >in 
[2mgi 2mgl 
Onin = 1 = 7 
= mP 
3 
= og Ans. 
71 


Linear momentum, angular momentum and kinetic 
energy are conserved in the process. 
From conservation of linear momentum, 


Mv =mv 

m ‘ 

or v=—y aa(l) 
M 


Conservation of angular momentum gives, 


2 
mvd = ME o 
12 


(a) 
or O= 5 
MI 


Collision is elastic. Hence, 


.. ii) 


e=1 
or relative speed of approach 
= relative speed of separation 


s v=v+do 

Substituting the values, we have 
m 12mvd? 
v=—v+—_,— 

M MI- 


Solving it, we get 
Mr 
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27. Let v=linear velocity of rod after impact 
(upwards), 
Vv 
om) 
J 
g “0 @ 
A 
At the time of impact After impact 
@ = angular velocity of rod 
and J = linear impulse at A during impact 
Then, J=AP=P,-P, 
J = mv — (-mvo) 
ne J=m(v + vo) ..- (i) 
Angular impulse = AL 
i r ‘ 
i cos] = 0= 7 o ..-(11) 
2 12 
Loy v 
2 
0 
8 
Collision is elastic (e = 1) 
*. Relative speed of approach = Relative speed of 
separation at point of impact 
1 sis 
Hy a ane .. (iii) 
Solving above equations, we get 
6v ) 
ae EE hae 
/(1+ 3 cos 8) 
28. (a) The distance of centre of mass (COM) of the 


system about point A will be 


Therefore, the magnitude of horizontal force 
exerted by the hinge on the body is 


F =centripetal force 
or F= (3m)ro* 
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L 92 
or F =(3m)| — |@ 
(5) 
or F = 3 milo’ 
(b) Angular acceleration of system about point A is 
7 


oa =—4 
I, 


3 
eS) 
2ml? 
_vBF 


4ml 
Now, acceleration of COM along x-axis is 


a,=ra=(=9) V3 F ek 
a V3 4ml “Am 


Now, let F. be the force applied by the hinge along 


x-axis. 
Then, F.+ F =(m)a, 
or FP. + F = (3m) (=) 
4m 
3 
or Fo+F= fone” 
4 , 4 


Further if F,, be the force applied by the hinge along 
y-axis. Then, 


F,, = centripetal force 
or Fi= V3 mlo* 


29. From conservation of linear momentum 


me 40) 


4) 
Vo 
mv, = Mv, sa () 
Velocity of cylinder axis relative to block 
Vv, = Vy + V5 .. (li) 
Applying conservation of mechanical energy, 
1», lew, lays Sue 
mg(R -—r)=—= my + — Im* + = Mv... (ili 
g( ) aa ae (iti) 
1 2 Vv. 
Here, /=—mr and oO=— 
2 r 
Solving the above equations with given data, we get 
v, =2.0 m/s 
and v, =1.5 m/s Ans. 


mv. 


Further, N -mg=—— 
R 


-r 
mv2 

*, N =mg + — =(0.5)(10) 
R-r 


i (0.5)(3.5)° 
0.525 
30. Givenu>tana => Umgcosa > mg sina 


=16.67N Ans. 


a= (ug cos & — g sin) 
ne (umg cosa)r _ 2ug cosa 


= mr . 
Slipping will stop when, 
v=ro 
or at =r (Wy — Ot) 
j= TOQ _ TO 
at+ra \3ug cosa —g sina 
1 
dj=- at’ 
2 


1 : 
= $e cosa g snap 


2 
rO 
3g cos & — g sina 
_ 7°05 (cos & — sin ) 


: 5 Ans. 
2g (3p. cos & — sin a) 


v=at = (Ugcos & — gsin ) tel - 
3ug cos & — g sina 


_ My (Cos O% — sin a) 
(3 cos & — sin &) 


& 
ys eD) 0) ws 
AY Ky 
ae) 


a 


ae 


eo) Pht a a ee 


Once slipping is stopped, retardation in cylinder, 
, gona gsna 2 
Or a a 
f=. 126 
2 


mre 


g sin & 


—— 37° (cos @ — sin a) 


2a = (3uucosa — sina)’ (4g sin @) 
dmax = 4, + dy 

3 (Ucos & — sin a) | 
2 sin a 


_ 7°05 (Ucos & — sin @) [ 
2g BuLcos & — sin a) 


roo (ucos & — sin 0) 
4g sin & (3ucos & — sin 0) 


Ans. 


Note Once slipping was stopped, pure rolling 
continues if 
tan a 
14m 
I 
be Pe Gi Pie ia 
1+2 3 


31. 


and already in the question it is given that 


2 
lt > tan o. That’s why we have taken a’ = geen a. 


Point A is momentarily at rest. 


Cc 
ac 
A to) 
mg — cos ® 3 g.cos@ 
a= 5 = 
me 2 I 
3 
l 3 
ac =~a=—gcosd 
cm 5 rr & 
Now UN = ma, 
or UN = mae sin ® 
or uN == me sin 8 cos 8 ...(1) 
Further, mg—N = ma, 
or N =mg— mag cos 9 
3 = 
or N =mg- ri mg cos’ 0 ..- (ii) 
Dividing Eq. (1) by Eqs. (ii), we have 
3) 5 
tie rhage core. 3 sin 8 cos 8 
2 
i=" wee 4-3 cos’ 0 
4 
3 sin @ ) 
ae TEE Hence proved. 


7 1+ 3sin’6 
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32. Figure (a) and (b) 
@ : Decrease in gravitational potential energy = 
increase in rotational kinetic energy 


Ls a) 
mg— sin 8 = —I, 
87 2 g® 


“ato | 


7 [242 sin 6 | 
I 


mg— cos 8 
ra 


..- (ii) 
XF,, = ma, or mg cos 8 — N = ma, 

IA 31/4 
C 
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or N =mg cos ® — ma, 

=mg cos8—m bay 

° 4 
Substituting value of a from Eq. (ii), we get 
4 
N= are cos 8 ... (111) 

Rod begins to slip when 

uN — mg sin 8 = ma, 
2 


4 : 1 
or qe cos 8 — mg sin 8 = a 


Substitution value of @ from Eq. (i), we get 


tan 0 = gle 
13 
@ = tan! (| Ans. 
13 
33. Writing equations of motion, we get 
5g —Ty = 5a) (i) 
T, —T,)R 
( 4 v) 2=q, (ii) 
MR; 
awe 
T,+ f=M,a, .. (iii) 
T,-— f)R 
o DR .. (iv) 
5 MR 
2 
a, = RQ, .(V) 
a+ R,a,=R,O . (VI 
1 101 = Oly 
R,Q, = a ...(vii) 
Tp 
Poe 
ay Ms a 
f 
M, To a6 


We have seven unknowns, 7), 7>, a,, a, &,, 0, and 
f solving above equations, we get 


4 
= 8-28 m/s? Ans. 
V=at= Bek Ans. 
11 
34. Equations of motion are, 

F + f,=Ma, i) 

fi t+ f= Ma, .. ii) 

2F — f, = 2Ma, _..Ciii) 


a= Vir AR 
—MR? 
2 
wz 
or O= 2h = A) ..-(iv) 
MR 
For no slipping condition, 
a, + RO =- a, .(V) 
and a — RU =a, . (Vi) 


f, 
on 
ao<—— ) 
h 


2F h 


We have six unknowns, /,, /5, a, a, a; and a. 
Solving the above six equations, we get 


F 
a4=—— and ~|=—— Ans. 
26M 26M 
35. Angular velocity From conservation of mechanical 


energy, 
decrease in gravitational PE 
= increase in rotational KE 
or mgr sin 60° + mg (2r sin 60°) 
11 3m? 


2| 


33 11 
= all poe 


6 
= gv3 Ans. 
llr 


Angular acceleration 
T__ mgrcos 60° + mg (2r cos 60°) 


ae +m an? 


+m ant oo 


a= 


ae aoe Ans. 


eae llr 


36. a, =a) + apo 


Here, a,;) has two components a, (tangential 
acceleration) and a, (normal acceleration) 


37. 


38. 
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a, = ro. = (0.3)(5) = 1.5 m/s” 
a, = ro’ = (0.3)(4) = 4.8 m/s” 


ay =4|(Ea,)" + (Za, 


_ |(2+4.8 cos 45° - 1.5 cos 45°)? O 
+ (4.8 sin 45° + 1.5 sin 45°)? 


and = ay =2 m/s” 


= 6.21 m/s? ere 
C is the COM of (M + m) 


Cc 
and 0G= = ) (5) (0) : 
M+m 


From conservation of linear momentum, 


(M + m)v=mvo 


or v= ' Vv (i) 2 
M+m)° 7 tore 
From conservation of angular momentum about a2 . 
point C we have, iz 3 g 
myvy(BC) = Io ~ 2 
2 
mMvol ules M (ty + r=M(5)o*=m (5) (%2)=3 
2(M +m) M+m) \4) ° 12 ‘ 2 a} 2l 
l 
m \(?)| Mg -F, =mca)(5] 
ale 4 la 
m 
F=ie-2 wet 
Putti mVo_ _ : 4 4 
utting —W——=y 
Mt+m 


from Eq. (1), we have 
vi 4 [4m+M | 


© 6|M+m 


Now, a point (say P) at a distance x = — from C 
0) 


(towards O) will be at rest. Hence, distance of point 
P from boy at B will be 


BP=BC+x 
_( M \(1), tl4m+mM] 
4) 3) 8 | Mam | 
2l tan @ = : see! 
=e = F. (3Mg/4) 3 
Let @ be the angular velocity and a the angular a =i” (=| 
acceleration of rod in horizontal position. Then 3 


(i) 


Ans. 


. Gravitation 


INTRODUCTORY EXERCISE 5. m, = my = (volume)(density) 
4 
1. Fy =F? + F? + 2FF cos 60° 7 ( nr} p » ' 
° e 
r Beer 
G ( x] ( x] p* 
3 3 x : 
= mm 
r 2r 
= V3 or Fer! Hence proved. 
INTRODUCTORY EXERCISE 
M 
2. F 1 => or guy 
Mass and radius both are two times. Therefore, 
value of g is half. 
2. @g¢=-—, 
h 
Ga 
R 
At h=R,g’=2 
a d 
d f= ja 
_ 2V2 Gm* _ 42 Gm? (d) g e( ‘| 
(alJ2) a At dak pee 
3 F _ Gmm,_ Gm, 2 2 
Se a =D g h 
m, r r 3. 7 =E (1 7 +) 
_ (6.67 x 107!) (2) [1+ *) 
- 
ve 2 Solving this equation, we get 
=5.3x10 m/s (2) 
Similarly, a = eu 2 
; 
4. F., =2(F, cos 45°) + Fy 4. Ag=g es 
= — Rw’ cos’ 
21 . 
=— (6.37 x 10°) | —~——_] cos” 45° 
24 x 3600 
=— 0.0168 m/s” 
5. gf = 0.64 g=—_8 
Fret [: 4 4) 
af 2: )Gmm  Gmm 
anene! 
1 Gade 145-2 
V2 +1) Gm’ R 
=| (Along PB) a 
2 |) & g h= 7 = 1600 km 


3 
: g = e=e- Roe cos” 0° 
ws 
Ro == 
5° 


{2 2x 9.8 
or O= = 3 
5R \5x6400x 10 


=7.8x107 rad/s 


. At equator, g =g-—Ro’ 
2 
= (9.8)? — (6400 x 10°) | 2% _ 
24 x 3600 
= 9.766 m/s” 


Now, mg = 1000 
_ 1000 


g , 
w’ = mg’ = (1000) [=] 
g 
_ (1000) (9.766) _ 
24 


m 


997 N 


. g=g-Ro* 
0=g-Rw 


o= ff = 9.8 
R 6400 x 1000 
2m 


= 1.237 x10 rad/s and 7 = —— 
@ 


By putting the value of @, we get 
T =~ 84.6 min 


& 


cc 


By putting the values of g, h, R and, we get 


=g-Ro 


h=10km 
INTRODUCTORY EXERCISE 
_V= Gm Gm _— 2Gmn 
a a a 


Eng, = YE? + E? + 2(E)(E)c0s 60° = V3E 
o V3Gm 
a 


oo (=) _  5Gmn 


: y=4(-2) __4om 
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a a 


For E_ Five vectors of equal magnitudes, when 
added as per polygon law of vector addition make a 
closed regular pentagon. Hence, net E is zero. 


a a 
For E E 
E E 
E Enet 
Gm 
Ene =E= ~~ 2 
a 


. V, = due to particle + due to 


shell 
__ Gm _Gm ie 
R/2. R 
__ 3Gm 
R 
F Ai s 
». E=— =——~ = (200i) N/k: 
m 20x10° See 
INTRODUCTORY EXERCISE 


[av >. ON * av ¢ | 


. E= i+ 


ac” Oe ces 


“XY «(ZY (PY 


- als = 10 J/kg-m is given 
ox 


No information is given about 


ov ov 
-— and —-—— 
oy oz 
So, |E| 2 10 N/kg 


: r=ne=m|(-2)i i 


=-(10i+10j)N or |F|=10/2N 


. F=mE = (2i + 3j) N/kg 


We can check that path given (therefore 
displacement) is perpendicular to force. 
’ W=0 
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INTRODUCTORY EXERCISE 6. Apply aga = mer 
2 
= (eae 
1. K,;+U;=K,+U, R 
——s — INTRODUCTORY EXERCISE 
10kg 20kg 1 
1. KE=— my? 
9 sm | rox avytt x20 2 
iF 2 2 =n am 
_ Gmym, “2 R 
[ =7 (gR’) (as GM = gR’) 
= Gmym} 11 =mgR 
30 ye 2GM 
2. v, =,{/—— 
= eT 1 1 x 
30 05 1 os ‘ioe JE 
=2.1x 10° m/s 3. (a) Total Saeieel z pie - 
. (a) Total mechanical energy = Ey — =— Ep. 
and 2v =4.2 x 10° m/s Sh ee. ae ° 
44-1 Since, it is negative, it will not escape to 
2. Total pairs = aD 6. Four pairs are at a infinity. 
2 (b) E, = E, > Ey — 2E) =0+U SU =- Ey 
distance of a and two pairs at distance of 2a. , 
3. AU = mgh INTRODUCTORY EXERCISE 
‘ 7 h 
1+ — 1. Delhi does not lie on equator. 
2 2. Tx? 
Put h=R : i 
4. (au =-Teh Z (2) - (2) 
1+— » 1 
3/2 
I 
Putting / = nR, we get or T= (2) qT 
i 
n 3/2 
AU = mgR 4 
[4] 2 =|25" | es=sev2h 
10 
cau =( "| mer 3. 1, =R+h,=R+R=2R 
n 
n=R+th=R+3R=4R 
1 
=> mv" KE and PE « 4 
2 r 


7 ya [2nsk Mie 

n+] “ K, U, 7 1 
2 
h=——— 4. (a)v= [o™ = = 
2g —(v*/R) r R+h 


(l ot (b) KE = GMm_ GMm 
0°? 2r 2(R+h) 
2x 9.8 -—~—— GMm GMm 
6.4 x 10° (c) PE = = 
P (R +h) 
=2.51x10' m 


2m 3/2 2m 
rir= 


R+h)p? 
VGM VGM ( ) 


(d)T = 


=2.51x10* km 


5. (a) W =Energy of satellite in first orbit — energy of 


satellite on the surface of earth 


GMm GMm 
2 (2R) ( R 
_ 3 GMm 
“4° 2R 


== mR = = x2x10" x 10x 64 x16 


LEVEL 1 
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(b) W =energy of satellite in second orbit 
— energy in first orbit 


GMm_ |[-GMm| 
2(3R) | 2(2R) 
- I GMm = 2a eR 
12 R12 


= 5X2 x10" x10 6.4 x 10" 


=9.6x10'°J =1.07x10'° J 
Exercises 
9. Geostationary satellites lies about equator and 
. Moscow does not lies over equator. 
Assertion and Reason GMm GMm GMm 
G mm, 10. V= ,K= ES 
1. Ue = ee } om or 
J GM 
If r decreases, U also decreases. and V= a 
= GM 
Vea ls Rr 11. By changing the radius, moment of inertia will 
GM change. Hence, angular speed w will change. But w 
Vy =- ae has no effect on the value of g on pole. 
‘M ingl rrect Option 
B20: ant es Single Correc Option 
R 2. Angular momentum is conserved only about centre 
C > centre, S > surface. of sun. 
. Ifa mass m is displaced from centre along the line 3. @ =e - Ro cos” 
AB, force on it is away from the centre. So, it is in At 6 = 90°, g’ = g, independent of w. 
unstable equilibrium position at centre. So, potential 5 . . 
energy and hence the potential at centre is - V is negative. V 
maximum. 
oV> Wr We 
. E= [ i+ jt a «| r 
| ox oy oz 
ov ‘ 
oy =0 does not mean field strength is zero. 
F ov ov i i 
Because it also depends on — and —. 6. Comparing with 
oy oz q 
: PE-ds =| + 
‘ , ‘ € 
. h=— or h« wu cannot be applied in this case. a 
28 We have _— G 
Because, for higher values of v, acceleration due to : AT Ey 7 
gravity g does not remain constant. I 
. Force on planet is towards centre of sum. Hence, = om = 41G 
torque is zero only about centre of sun. _ 
. Polar satellites don’t have equatorial plane. me co —— , 
F sa canst tate atttea ees 8. E=0 inside a sheet. Therefore, gravitational force 
. Earth’s gravity is utilised in providing the necessary . 
centripetal force. But weight is felt due to moon’s DUETS EAS: 
weight is felt due to moon’s gravity. 9. T«/” 
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10. Area velocity remains constant. If area is half time 


taken is half. 
14. Te 
Je 
T, _ |/2, ins 1057 _ g 
qT &2 r g (1-2) 
R 
Solving this equation we get, h = 64 km 
2.2” Zou 
R G 
13. Ex 
7 
2 
By a) Bi 
Ey i) 
2 
1 R, 
or —= 
100 \R, +h 
or h=9R, 
14. T« 7” 
3/2 
Ty (x =(2t8) “as 
T, H R 
ae T, = 87, 
15. Sequator = § — Ro and Spole — Ro 
Spole or & =g- Row? 
2 2 


or @ ss 
V2R 
_ 9.8 

2x 6.4x 10° 


= 8.75 x 10“ rad/s 
16. U=mV 
or Ua«V 
U is half, it means gravitational potential is half. 
GM _1[ 3GM] 
(R+h) 21 2 R | 


: R 
Solving we get, A= . Ans. 
17. au = 78" 
h 
1+ = 


18; Fs" 
\— 


T is independent of R, the radius of earth. 


19. g= @ @ 
or gxpR 
or 81 = 8) 
. P, Ri =P2 Ro 
or Ry=2k,=(3)a=4 Ans 
Po 2 2 
20. At 84.6 min, g at equator becomes zero. 
@,_ 2n/T, _T, 
@, 2n/T, Ty 
mee Ans. 
84.6 
21. @, f+ @f = 20 
6 
21 
@,)6+]—]| =2n 
oo+(2) 
30 T 
or 60; =—— or @, =|—|]rad/h 
2 4 
23. Only due to Mj. 
24. Time taken in one complete oscillations is 84.6 min. 
25. W =AU =U, -V; 
7 oui) a oui) 
21 l 
_ 3 GM 
De “cil 
26. Change in kinetic energy = change in potential 
energy 
tl.» GMm ( oe) 
my = 
R+R R 
GM 2GM/R 
i= = 
VR V2 
et 
2 
where, v, = escape velocity 
27.U = GMm 
‘i 
(—GM) = as 
m 
GM  Ur/m) U 
Qry 4° 4mr 
F=mE= “a 
4r 


Subjective Questions 
1. Potential at the surface of sphere, 


pec 
R 
(6.67 x 10°!')(20) 
1 

=-1.334x10° J/kg 

i.e. 1.334 x 10° J work is obtained to bring a mass 
of 1 kg from infinity to the surface of sphere. Hence, 
the same amount of work will have to be done to 


take the particle away from the surface of sphere. 
Thus, 


J/kg 


W =1.334x10° J 


_GM 

RD 

a dg _-2GM 
dR R 
dg -2GM 1 

— oo = —_ 
h R? R 

- ff) 
g R 


. Let v, be their velocity of approach. From 
conservation of energy, 
Increase in kinetic energy 
= decrease in gravitational potential energy 
1 2 Gmymy 


or Ca an ...(i) 
Here, tt = reduced mass 

= _ iy 

7 m, + My 


Substituting in Eq. (1), we get 


2G(m, + m) 
V,. = | 
\ . 


. Close to earth, 


or T?= 


An?R? 


—_—, 
G|—7R 
€ ° 


2 3n ‘ 
or pr-= G = a universal constant 
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» (av, =/2 v,- Given v = V1.5 v, 


If v, <v<vy,, satellite will move in elliptical orbit 
with initial position as the perigee position. 


(b) v = 2v, sald vy, Or ov 


2 


Hence, the satellite will escape to infinity. 


. Present angular momentum of earth 


2 
L, =Io = 5 MR’o 


New angular momentum because of change in 
radius 


If external torque is zero then angular momentum 
must be conserved 


Petpet yraaon 
4 4 


. Particle lies between two shells. Therefore, net force 


in exerted only by the inner shell. 


—_ Gmm  _ 4Gmm 
(* te %) (R, + Ry 
2 
L=TR 
d, 
R=— >F= i dF sin 8 
Tt 


= [; AS sine 


co 


_ 2G mM 
oe 
. pie ais, 


1 
= oe (2/eR)Y — OMe a = mv? +0 
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2GM 
vy =4gR - 
e R 
Putting GM = eR’, we get 
v’ =4gR —2gR 
v=./2gR 
GM G (4M 
10. @ 2 = COM 
r (12R—r) 
r__P taR-r 
Q 
M,R 4M, 2R 
Solving this equations, we get r=4R 
Vo 
Vp = = 
( om) _[-G @m)| 
r 12R-r 
_-G(4m)_ GM 
QR 10R 


Solving this equation, we get 


r=7.65R and 149R 


11. (a) At distance * which lies between solid sphere 


and shell field is only due to solid sphere. 
GM —_4GM 


a/2yP 9a 


(b) At distance = which lies outside the shell. So, 


field strength is due to both 
_G(M+M)_8GM 
(Sa/2)° 25a" 


(towards centre) 


12. Volume of small strip dV = (4277) dr mass of this 
strip dm = (p) (dV) 


dv 


= (2) (4nr°)dr = (Am apy) (rdr) 
fr 


Mass of whole sphere = |. (41ap 9) rdr 


m= (20 a°po) 


_ Gm _G (2na’py) 
(2a) 4a’ 
_ GPa 
— a 
13. By conservation of momentum, their speeds are 
same. Using the energy equations we have 
K,+U,;=K,+U, 


0 Gmm _ 2(; mn’) Gmm 
7 2 : 


i 


Vi 

6.67x107!! x 10° 

\ 10!° 

= 8.16 x10! m/s 

= 81.6 km/s Ans. 


= 2R 


Using Eq. (i), we have 


v= fon[ 2-1] 


= |6.67 x10"! x10 | — — 
2x10° 10 


=1.8x 10’ m/s=1.8 x 10* km/s Ans. 
14. Using the equation ft 
K,+U;, - ie 'p 
it... GmM _ 
my 
2 
GM 
r= 
15. (a) W =U, -U; =U, - 
=mVz,—mV, ee gravitational potential) 
=m (Vz —-V,4) 
-w! 100 400 100 400 (6.67 10" it) 
[2 8 8 | 
=7.5x10° J 


16. ( 


17. 


(b) First let us find the point (say) cbetween A and B 
where field strength due to 400 kg and 100 kg 
masses is zero. Let its distance from 400 kg is r. 
Then, G(400)___G (100) 


Pr (10-r) 
nae and ee ee 
3 3 


So, we have to move the body only from 4 to C. 
After that 100 kg mass will pull 1 kg mass by its 
own. 


.. Minimum kinetic energy = AU =U; -U,y 
=m(Vo-V,4) 
7 w! 400 100 | 100 , 400] 
| 20/3 10/3 8 2 | 
=8.17x10° J 
_GM.M _ GM? 
QRY 4R2 


ey 


AR 
2n(R)_- 2mR_~—_s 4 R®? 
v  JGM/4R_ JGM 


(c) W =E, —E, =[(U,—U;]+ [Ky -K;] 


-|0 (=) f axa 


(6.67 x 1071!) 


T= 


2R 


_ GM? 
~ AR 
(a) E = 2 (energy of one satellite) 
=9 (- ae _—GMm 
2r r 


(b) Immediately after collision 2m 
velocity of combined mass = 0 


Path is straight line as shown 
only potential energy is there. 
G (2m) M 
r 
_ 2GMm 


r 
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20 
18. re? = lyr (i) 
VGM 
G(M)(M)_ Mv’ 
r (r/2) 
GM 
ren 
2r 
pa 2h (/2) _ er M 
Ee OR 
2r 
a 3/2 
= V2 r 
(sa) 
1 [ og? 1 | 
=vV2/— = 0.71 as ———-_ = — 
(3) aye. eae 3 | 
19. W, = AU = GMm rs GMm _ GMmh 
(R +h) R R(R+h) 
W,= : mv’ = : m eu 
2 2 r 
1 o GM GMm 
2. R+h “2 (R +h) 
W,>W, 
If a si or hA>— 
R 2 
or h> ee) km 
2 
or h>3185 km 


LEVEL 2 


Single Correction Option 
1. Just before collision, 


ae qc _ [GM _ [GM 
. r R+R V2R 
From conservation of linear momentum, 


m m 
mvy =—X0+—Vv 
2 2 


2GM 


R 
Increase in mechanical energy 
= m v? —— mv 

“2 3% 


v=2v= 


1 2 1.4 
=—m(2v,) —-— mv 
ri (2v) 5% 
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M M M 
= i mvj = 3 m (GE) = 2 ln m G a =F [1s gk =2 
2 2 2R 4 R r ir R 
1 GM R 
=— mgR as g =—— So, r=— 
hi oR Le" 
F 
5 -£-(S)y [wsa=£=4) 
m 
G (Fxr°p] 
3 4 
a ae MGpy 
6. Earth rotates from west to east. Net velocity of train 
=( R-0) 
_ 9 
Now, mg —N = mike) 
R 
N= _ mR - vy 
R 
[ wR? + 2-2 Ro | 
=mg|l 
| Rk | 
[ -2y) v7] 
Sipe L @(@R-2v) v | de. 
g Rg 


aaa 7. Gravitational field at any point inside the cavity is 


T : 
uniform (both in magnitude as well as direction). 
3. Net force on P towards centre So, let us find its value at centre of cavity. 
F=/2F,+F, Ep = Ey - Ee (at centre of cavity) 
My? =35 [G.MM | GMM R- Remaining, T > total, C > cavity 
R = & li (2R) So, Ep = Ey (as Ec = 0) 
GM 
v_/2GM . GM (Sa or Ep«a 
or = 5 R 
R (J2R) 4R 
8. Potential (and hence potential energy) at centre is 
GM 2V2+1 a here 
v= | times the value on surface. So, required kinetic 
eae re : [2 
ee = energy is 5 times or required speed is ji times. 
f — 
7 \ 9. | dv =-[ Ear 
I 
i F \a=\2R 10. a=2R cos 30° = 
\ 1 R Fo 1 
\ 
\ / 
\ ra 45° F i J 
NP af 
PRS Sn ee “ i Fret 
4. K,+U;=K,+U, ey 
1 2 GMm GMm 
a (kv.) x 0 > Fie N/ 3 Fis towards centre C 


2 
GM __GM Bre 
R R 


11. 


12. 


13. 


14. 


15. 


16. 


GMM MV? 
V3—-= 


or 

R 
7 V3GM?_ MV? 

(J3RY OR 

or y= {oe 

V3R 
Tro R? => 2 T23eR or Toe — 

(1/R?) 


W =AE=E,-E, 
=(K,y+U4)- (Kg +U,) 
=(K, + mV,4)—(0+ 0) 
2 = 55=5 XIX OP + OV, 
or V,=—10 J/kg 
K,+U,=K,+U, 
1 iy? 7 GM _ 


mv 


2 J2R 


ae [2v2Gm 
R 


W =- AU =U, -U, 

Gmm | {2 2), G3), 2 a 
a , a ae) 
wns sat 


0+0 


1 1 1 


_ 6Gm* (1-3) 
a V2 


K,+U,;=K,+U, 


1 5 3 GMm GMm 
mv I 
2 2 R R 
Solving, we get 
GM 
y= ,.J — 
R 
vy, =nv, =nf2gR =n =< 
Yj 
cara 
2 Ve 


From mechanical energy conservative, we have 


2 
1_[ [f2gml GMm_1_,  GMm 


m|n mv; (1) 
2 |"V Rr | R 2 r+* 


17. 


18. 


19. 
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From conservation of angular momentum about 
centre of earth 


[ | 
m|n ceil R=m, (r+ 2) .. (ii) 
"VR | 2 
Solving these two equations we get, 
n=v0.6 


Let v is the velocity at centre then. 
K,+U,;=K,+U, 


GMm 1» 3GMm 

or =—mv 
R 2 2 &R 

GM 

y=, /— 

R 


From conservation of linear momentum. 
2mv — mv = (2m + m)v 


gatas joe 
3 3VR 


Again applying energy conservation, 
K,+U;, =K, + U, 


om} uy a 


=0-3m eM (1.5 R7-0.5 2 
LR ] 
Solving this equations, we get 
R 
Peeks 
3 


E=K4+U =3P42P=5r 


At r=5m, E=625 J Ans. 


20. Eon the surface of earth, 


F 10 
Ey — ad 
m 1 


=10N/kg 


pes 


r 
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2 2 
Ey, _{n\ _{ R _4 
Ey 4 3R/2 9 
4 40 
Ey, =— E,=—N/k 
2 9 if 9 g 


F) = m E, = (200) (=) = 889 N 


Meee Ss 


2 


R EA 
y= [ou = [om _ | gr 
r R+x R+x 
22. C > cavity, T > Total, R > remaining 
_ Gin 


RY 
Fr =F, =F, -Fo=F\-ko 


M 
a GMm G (s)mn 
> QRY — BR/2? 


. p= 4GMm 
72R 


From Eqs. (i) and (ii) we get, 


GM = gR* 


1 


1. g= Pa z 
or goxR 
v= Pak = 2 
2G (4 ni’p| 
_ 3 
R 


So, v, or v « R (as p is same). 
3. K,+U,=K,+U; 


GMm 1 5» 3GMm 
0 = my 
2R 2 2 R 
2GM 
or v = ,|—— 
R 
Gm 


4. E due to point mass is E = 


Asr>0,E7> « 


.. (ii) 


(asp is same) 


So, just over the point masses, E = oo. Hence, in 
moving from one point mass to other point mass, £ 
first decreases and then increases. 

V due to a point mass is 


y =a 

z 
As r>0,V 4-0 
So, just over the point mass, V is — co. Hence, in 
moving from one point mass to other point mass, V 
first increases and then decreases. 


. Inside a shell, V =constant and E = 0. 


Between A and B, E., = 0, V, 


net net 


these points pt inside both shells. 
Between B and C 
Eofm#0,E of 2m=0 

V of m# constant, V of 2m = constant. 
Beyond C 


E and V due to both shells are neither zero nor 
constant. 


= constant because 


Gm 


6. p= 


Enet 
KL 
2/2 Gm 


#46 S242 ES 2 


; 
FE, =\QEY + E°=V10E 
_ J10Gm 


2 
r 


Fvet > Ent 

4m 3m 
Enet 

Na 
2m 
Potential in both cases is 
Vaet =~ ed (m+ 2m + 3m+ 4m) 
r 
_ 10Gm 


r 


7. At highest point velocity of particle-1will becomes 
zero. But velocity of particle-2 is non zero. 
8. At maximum distance (at A) kinetic energy is 


minimum. But angular momentum about centre of 
sun always remains constant. 


Oy fees GMm 
R 
ca were R=9R; 
2R 
GMm 
a AR 
anal — GMm 
4R 
10. p22! 
Us 
or v« JGM 
T= 20 pl? 
VGM 
1 
or T « —— 
VGM 


Match the Columns 
1. Inside the shell, V,U,K, and v remains constant. 
F, Eand aare zero. 
From A to B, kinetic energy increase and potential 
energy decreases. 


2. Resultant of five field strength vectors of equal 
magnitude acting at same angles is zero. 
5 GM 
irs= GMm 


r 


(c) If E; is removed then resultant of rest four 
vectors is equal and opposite of E;. 


E, E, 


Es 
Gm 
[Ena |= IEsl=—- 
4 
@ve- Gm 
3. OM 232i a dy 
y 
ine GM _ xy _x 


4y 4y 


(27 
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3 
(by |v|= 24 fis y= *) 
y 4 


ore (Nae 22 


y y2 2y 
GM x x 
(@ |Vj=— => => 
2y 2y 2 
4 (yw =au = "80 
if 
R 


Put h=R,W == mgk 
GMm _GMm _ 1 


b) KE = mgR (asGM = gR? 
(b) ae gk ( gk’) 
GMm 
c)E=- 
(c) a 
GMm GMm 1 
1 = = mgR 
2 (2R) 4R 4 
= — Glin __ Ve 
2 (3R) 6 
1 
E, ~E =—megR 
1 1D & 
(@) KE =ay 2272" 
h 
1+ — 
R 
Putting A= R, KE = ; mgR 
Subjective Questions 
1. W=AU =U, -U; 
=3 [—Gmm | 3 [ Gmm | 
2a a 
2 
- 3 Gmm = 3Gm die. 
2a 2a 
ie 
2..h=— 
2g, 
u=.2g.h ... (i) 


For the asked planet this uw should be equal to the 
escape velocity from its surface. 


V2g.h = ,/2g,R, 


or gh=g,R, 
GM, ,_ GM, x 
7 ae 

R: R, 
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or 7 7 
R? R, 
or Rp =VR,A 
= /(6.41 x 10°)(1.5) 
=31x10°m Ans. 
3. (a) v, =~ 
(a) V, a 
2GM 
GM _ R 
r 2 
es r=2R 
orh=r—R=R or height = radius of earth. 
(b) Increase in kinetic energy = decrease in 


potential energy 
1 h 
1 ea gh 


Substituting the values we have, 
2x 9.81 x 6400 x 10° 


v= 


i” 
R 
= 7924 m/s = 7.92 km/s Ans. 
4. (i) At point A, field strength due to shell will be 


zero. 
Net field is only due to metal sphere. Distance 
between centre of metal sphere and point A is 4R. 
_ G(m) _ Gm 
(4RY  16R? 
(ii) At pointB , net field is due to both, due to shell 
and due to metal sphere. 


‘A 


_ Gm a Gm 

’ (SRY (6RYP 
61 

= Ans. 
900 R 


: sak Se 
5. Radius of hollow sphere is ri so mass in this hollow 


portion would had been, ~ 


Now, net force on m due to whole sphere = force 

due to remaining mass + force due to cavity mass. 

.. Force due to remaining mass =force due to whole 
sphere — force due to cavity mass 


_GMm G Mm 
a &d-RR2)P 


@ 2 
(1-2) 
2d 


6. Let m, be the mass of the core and m, the mass of 
outer shell. 


B 
A 
2R 
84 =8p (given) 
Then ae _ G(m, + mp) 
R (2R) 


4m, = (m, + m) 


A233 4 73 
or 445—7R =—TR.- 
f pi} 3 Py 


4p; =P; + 7P2 
a Z Ans. 
P, 3 
7. Total mechanical energy ofa satellite in an elliptical 
: eae ...,.. GMm 
orbit of semi major axis ‘a’ is — , 
2a 
E=K+U 
GMm 1 5» GMm 
=—mv 
2a 2 r 
2.-. sil 
or v’ =GM 2 = 1 Hence Proved. 
roa 


8. dF = force on a small mass ‘dm’ of the ring by the 
sphere. 


Net force on ring = X(dF sin 9) or | dF sin ® 


_y GM(dm) | V3 _ V3GM 
(2a) 2 8a 


But &(dm) = m, the mass of whole ring. 


x(dm) 


3GMi 
Net force = ir Ans. 
8a 
. Let there are two stars 1 and 2 as shown below. 
M 16M 
mh OP 2 
>< 
1 2 


Let P is a point between C, and C,, where 
gravitational field strength is zero. Or at P field 
strength due to star | is equal and opposite to the 
field strength due to star 2. Hence, 

GM _ G(16M) ee (2 


=4 
ro i 
also 4 +nH=10a 
4 =| —— | (10a) = 8a 
3 [ | ) 
and n= 2a 


Now, the body of mass m is projected from the 
surface of larger star towards the smaller one. 
Between C, and P it is attracted towards 2 and 
between C, and P it will be attracted towards 1. 
Therefore, the body should be projected to just cross 
point P because beyond that the particle is attracted 
towards the smaller star itself. 


: ' eee 
From conservation of mechanical energy — mv... 
2 min 


= Potential energy of the body at P 
— Potential energy at the surface of the larger star. 


1 5 _[ GMm _ 16GMm | 


, ™MVinin ‘ ; 
[ GMm  16GMm | 
10a — 2a 2a 
_[ GMm_ 16GMm| [ GMm_ 8GMm| 
2a 8a [ 8a a 
oe Lo -(%) GMm 
ie 8 a 
3v'5 { [Gm 
Vnin = a =) Ans. 
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10. Let mass of the ball be m. 


11. 


u=0 


oe, 


[ GM ( ou) 
=m|— LS 
[TR R) 
_ GMm 
2R 
GM 
es 
R 
Velocity of ball just after collision, 
- 1 {GM 
Vv =ev=—,{/— 
2V R 


Let r be the distance from the centre upto where the 
ball reaches after collision. Then, 


1 
5 mv? =m [V (r) — V (centre)] 


_1GMm _ [3GM_GM (3R*_°)! 
8 R | 2R R\2 2 | 
133 Pr 
or —=--—+ 
8 2 2 2R? 
ro R 
5) = or r= 
Re 4 2 
.. The desired distance, 
pape aay Ans. 
2 2 


Applying conservation of mechanical energy, 
Increase in kinetic energy 
= decrease in gravitational potential energy 


1 
or 5 mv" =Uz —U4y =m(V_ -V4) 


v= 2; —V4) .-G) 
Potential at A 
V, = potential due to complete sphere 
— potential due to cavity 
15GM [ Gm] 
rR | Rel 
_2Gm 15GM 
OR R 
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12. 


13. 


3 3 
Here, m= : T (4) p= me 
3 2 6 
a ope 
and hs  P 


Substituting the values, we get 
G [ xpR? 

y= 
R| 


Potential at B 


ps 0.5 () 


1 
= all =- : GPR? 


Vz = 


__11GM , 3Gm 
8 RR 
_Gl npr? 11 
R| 2. 6 


; 
; me | =~ : GPR? 


1 
Va —-Vg= a GPR? 


So, from Eq. (i) 


v= F mGPR? 


(a) Let x be the displacement of ring. Then 
displacement of the particle is x) — x, or (3.0 — x) m. 
Centre of mass will not move. Hence, 

(5.4 x 10° )x = (6 x 10°)(3 — x) 


Solving, we get 


Ans. 


x=0.3m Ans. 


(b) Apply conservation of linear momentum and 
conservation of mechanical energy. 

(a) Mean radius of planet, 

1B =14 x 108 km 


My = 


2 
Te pi 


.. Time period of my : 


14x108)” 


Now, 


108 
or T, =2(1.4)"? 
=3.31lyr 


(b) For m,, point P is perigee position. So, speed at 
this point is greater than orbital speed for 
circular orbit. 


Ans. 


14. 


Un, = Un, 
En, a En, 
Kn, > Kn, 
(c) vr = constant 
(a) nt+tnr=d ..-(i) 
MK = Moly .. (ii) 
COM , 
m mM, 
: , if) . fo 4 2 
>| 
d 


Solving these two equations we get, 


m m 
= —2 ld or h= —!_ld 
m, + Mm m, +m, 


The centripetal force is provided by gravitational 
force, 
Gmym, 

2 


mn @” = mrp” = 


Solving these equations, we get 


a= [Gem + My) 


2 ad 
Ts 225 Ans. 
o G(m, + my) 
1, 9 
— I, 
(b) K,_ 2! I, my 
K, 1 To? f2 me 
2 
2 2 
_(™m\{") fm )\(m) mm ane 
m,) \n My) \m, m, 
() 2 ah@ hm hee 
L, 10 1, m, 
(dd) L=L,+L=(,+1)0 
= (my + mgr) @ 
Ji mm3d° mym;d” Wee 
(m, +m, (m+ my | 
= wad? Ans. 
where, w= ae reduced mass 
m, + my 
1 1 
(e) K= : (I, + 1,)0 = uo-d? Ans. 


. Simple Harmonic Motion 


INTRODUCTORY EXERCISE 


» a=—4x 


Comparing with a = —w°x, we get 


@ = 2 rad/s 
Now, r= bald = (1)sec 
o 
ay: 
E=—kA 
2 
2 
U sha? =k (4) 
2: 2 4 
-2(F"] 
16 \2 
ce 
16 


Hence, ~ fraction is potential energy and - 


fraction is kinetic energy. 
. (a) A = initial displacement from mean position 


=15cm 
(oy =2n | =n [72 =0726s 
(6) F=2=1.38 Hz Ans. 
1, 2 
(d) B= ka’ 
= ; x 150 x (0.15)°= 1.69 J Ans. 
(€) Vinx = OA 


-(=)4 -( zal ) crs 
T 0.726 


= 130 m/s Ans. 


+ Vix = OA = 20 fA 
= (2m) (2) (8 X10" >) 


= 0.101 m/s Ans. 


Ono = OA = (20f YA 


=4xnx4x8x103 


= 1.264 m/s” Ans. 
Pnag = Manax 

= (0.5) (1.264) 

= 0.632 N Ans. 


5. No, as acceleration in SHM a= —(@7x is variable. 


INTRODUCTORY EXERCISE 


. (ajE= Hie, Se (m) 07 A? 
2 2 


max 


2 
=+yo20x (=) x (15)? 
2 4 
=1.39J Ans. 


(b) 0.5 = 1.5 sin (Be = | 
4 6 


From here find ¢. 


Then, —0,75=1.5sin & + 4 
4 e 


From here find ft. 
Now, ¢, ~ & is the required time. 


. @=3 rad/s 


A=0.2m 
Atx=5cm 


veto s2-x 
=+ 3.0,/(0.2)° — (0.05) 


=+ 0.58 m/s Ans. 
a=-@°x=- (3) (0.05) 

=— 0.45 m/s” Ans. 

Atx=0 

v=xi@d 

= + (3.0) (0.2) 

=+ 0.6 m/s Ans. 
a=-@'x=— (3)°(0) 

=0 Ans. 


sin 


x =A sin (wt + 30°) 
5 = 30° Ans. 
2m 20 


4. (b) o=— =— =1.57 rad/s Ans. 
T 4 
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m 
sk =m@* = (0.8) (1.57% =1.97N/m_ Ans. 
(d) Att=1s, 
v =slope of x -t graph = 0 
(e) Att =1s, xis maximum (=+ A). Therefore. 
magnitude of acceleration is also maximum. 


a = maximum = 7A = (L57)° (0.08) 
= 0.197 m/s” Ans. 


5. X=Ssin [200 + *) 


y= =10000s (201+ ©) 
dt 3 


ge" 5000 aa (20% + *) 
dt 3 
(a) v=0 for the first time when, 
ee” 
3 2 
t= = s Ans. 
120 
(b) a= 0 for the first time, when 
201+ 2 =n 
3 
t= oe Ss Ans. 
30 
(c) When a = 0 for the first time, its speed will be 
maximum. 
t= es Ss Ans. 
30 


6. Simple harmonic with mean at x = 10, amplitude 4 


and extreme positions at x = 6and x =14. Atrt=0, 
it starts from x = 6. Here, x is coordinate, not 
displacement from mean position. 


INTRODUCTORY EXERCISE 
1. a=—16x 
Comparing with a= -—o°x >@ = 4 rad/s 
Now, r= ile = (=) sec 
0) 2 
2. 2=2n { (i) 
3=2n aS ii) 


Solving two equations, we get 
M =32kg 


. Comparing with a =-@x 


jem ..) 
k 
ran [04 _..i) 


Solving these two equations we get, 


/ie— es 
2 


=p 


o=p 


T=2n ead 
k 


5T M+m 
—=20 
3 k 
Solving these two equations, we get 
m _16 
M 9 
TeV 
T - [f- u2u7 _ 4, 
T l l 
T’=11T 


Hence, percentage increase in 7 is 11%. 


- Ox = A? -x? ae =2nf 
x 


A-x 
fees 
21x 
Substitute, A = 2cm and x =1cm 


INTRODUCTORY EXERCISE 


. Insuch situation, amplitudes are added by vector 


method. 


Ap = (4) + BY + 2 (4) (3) cos 6 


= [25+ 24 cod (i) 


Now, we can substitute different values of @ given 
in different parts in the question and can find the 
value of Ap. 


» Ap = (4 + 3) + 2 (4) B)cos 60° 


3 
Ar 
60° 
O44 
= 6.1 units 
3 sin 60° 


tan 6 = ——_—_———_ = 0.472 
4+ 3 cos 60° 


= 25.3° 
x = 61 sin (100 m ¢+ 25.3°) 
“@Att=s, x = 6.1 sin 25.3° 
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3. Resultant of 1 and 3 is also A in the direction of 2. 


A A 
3 60° /2 
60° 
| A 
a Ap =2A 
4. 4=4? + 47+ 24.4 cos 6 
Solving we get, 
1 21 
= or o=120° or — 


Exercises 


= 2.6 unit 
(b) Vinax = @A 
= (100 x) (6.1) 
= 1917 unit 
(c) 4, max = aA 
= (100 x) (6.1) 
= 6.0 x 10° units 
LEVEL 1 


Assertion and Reason 


1. xis measured from the mean position. 


2. y=(— A cos @f)at the particle starts from — A. 
So, displacement from the mean position will be 


—Acos wt. 


0 Mean position 
x=yt+2 
=—2coswr+ 2 
3. By applying a constant force on spring-block 


system mean position is changed but time period 


remains unchanged. 
6 2r/6 T 
4. ,=h=—= = 
@ 2n/T 12 


Tey 
Be 


5. In angular SHM, path is not straight line. 
k 

® = ,/— 
m 


1 
vml 


It mand / both are halved then @ will become 
2 times. 


6 Fee => 
1 


@« 


7. F =— kx. For all displacements. From the mean 


position, whether they are small or large. 


8. aS _ In the given time particle 
20 2(2n/T) 4 


moves from x = A tox = 0. 


2 
T 1 : 
9. |= |= (=) =— =constant for a given SHM. 
a 2m @ 
10. Ifa particle P rotates in a circle with constant 


angle speed @ and we draw a perpendicular on and 
diameter. This perpendicular cuts the diameter at 
point O then motion of Q is simple harmonic. But 
motion of P is circular. 


Single Correct Option 


; : A 
1. In equation x = A cos wz, putting x = a we get 


Tt 
ot =— 

3 

(=) 1 

alfa 

T 3 

T 

or t= — 
6 


2. Kinetic energy and potential energy in SHM 
oscillate with double frequency. 


3. v=o A? - x? 


oO 


Hence, v — x graph is an ellipse. 


4. /in the equation T = 21 (: is measured from 
g 


centre of mass and centre of mass in both cases 
remains at same location. 
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5. At t=1s 
T 
o,= ri +0 
and ,= on +o 
3 
Tt 
Ad =o, - 0, = 6 
6. v=, 4’ —x? 
8 nd ae i -x? or oe A 
7. All other equation can be converted into the from 
y=asin (@t + o)oracos (rt + 8). 
8. Phase difference between cos mf and sin m1 is 90°. 
4 Ar 
4 
Ap = 42 units 
9. Mf =Ot+ 2 (0, =9, +27) 
2n 
t= 
@) —M, 
=, 20 
(2n/T,) — (20 /T,) 
= TT, 
T, -T, 
4x42 
4.2-4 
Number of vibration of X in this time are, 
=i = 221 
T, 4 
10. mg=kxe = A= 8 
x 
T=2n M+m aa. (M + m)x 
R mg 
11. 4, =0,4, 
A, @) _ ykyo/m _ {ky 
Ay O, Vk/m Vk, 
12. 1 =— mR? + mR? =e mR? 
T=2u a 
mel 


Here 


13. 


14. 


15. 


16. 


18. 


19. 


20. 


alee 
2 


i.e. U versus x? graph is a straight line passing 
through origin. 


Put 
x= A cos mt 

Fae-x 
Hence, F' is — cos at graph. 


In equilibrium, let xg is extension in spring then 


kxy = mg sin 8 
sae mg sin 0 
k 
= amplitude of oscillations 
dx _ 72 
dt 


da cineh We 
Comparing with oe =- Wx 
2 


We have, O=T 
anf = 
1 
=— Hz 
f = 
_1 fk 
2n Vu 
where, tt =reduced mass 
_Mm 
M+m 
1 1 
T «x — « —— 
vg JiR? 
R 
or T «—— 
VM 


Rand M both are doubled. So, T will become 
V2 times. 


T !=J2T =2V25 


x; can be written as 


5 
y 
37° 
15 x 


x; =15 sin (@t — 1/2) 


(as T =2s) 
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A=3i+5cos37°jt+ Ssin 37°i — 15 j 
=7i+ 12j 


A|=/(7" + (12)? =13.89 


21. X =S, +S, cos 37° 


Le. L. 
37° S, x 


= (asin of + 0.8 b sin @f) ...(1) 
y= S, sin 37° 
= 0.6 b sin wt 
sin Ot = ss 
0.65 


Substituting this value in Eq. (i), we have 


(= 0.8 "| 
x =| ——_ y 
0.6 5 


This is equation of a straight line passing through 
origin. 


22. (a) Kinetic energy is 0.64 times, it means speed is 
0.8 times 


0.804 = 04? -x? 


x=0.6 A =6cm 


21 x 0.5 
= = = 
T a 4x10 
= 3.53 rad/s 
24. Let xy is the compression in equilibrium. Then, 


kxy = ma 
ma 1x2 
xX = = 
k 100 


=0.02 m 


Amplitude = x) = 0.02 m Ans. 


Subjective Question 


1. Resultant of & and k is 2k. Then, resultant of 2k 
and 2k is k. 


Now ran | 
k 


2. Toon [it non [02 » ae 
k 80 10 


=0.314s Ans. 
3. F=k 

oo 2igh nim 

x 05 
nea aor 

g 10 
roan [=n al 

k 180 
= 0.78 s Ans. 


LE 
But T =T 
At=—a. AO (t) 


= ; x 0.000012 x 20 x 24 x 3600 


= 10.378 Ans. 
At higher temperature, length of pendulum clock 
will be more. So, time period will be more and it 
will lose the time. 


5. (a) kx =mg 
pa mg _ 20x 10° >) (10) 
x 7x 10-7 
==Nin Ans. 


m 
b T =2n ,|— 
(b) Tale 
50x 10-3 
= ZI nena 
(20/7) 


= 0.84 s Ans. 


6. pe 
1 


Length is halved, so value of force constant of 
each part will become 24. Now net force constant 
of 2k and 2k as shown in figure will becomes 4k. 


r= 2n|™ 
k 


1 
or T « — 


Vk 
k has becomes 4 times. Therefore, 7 will remain 
half. 
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8. 


9. 


10. 


11. 


12. 


_ Upthrust 
mass 
VEO/lN)g 9 


a Te 
rain [4 =n e(4) 
Se \9 g 
-| Or 
9 


For small values of x, the term x can be 
neglected. 


&e =8 


Ba F=-6x 
Comparing with F =-— ky, we get 
k=6N/m Ans. 
2 2 
@ = == = (8x) rad/s 
T 0.25 
x=A sin (@ft+ 6) 
dx 
U =— =A cos (@f + 6) 
dt 
Att=0 
x=Asino 
5=Asino bes (l) 


U =@A cos 6 = (81) A cos 
s 218=(8n% A) cos o ..-(i1) 
Solving Eqs. (1) and (ii) we get, 


A=10cm = and o=2 or 30° 
KE at mean position 


K =m vag = 5m Or 
2K | 1 
® = \|— — 
m)A 
-3 
_{ {2x10° x8 Me Shai 
0.1 0.1 


Now, y= A sin (tf + 1/4) is the required 
equation. 


U, =minimum potential energy at mean position 


=10J 
At extreme position 
U= Total mechanical energy 
= 26J =10+ (x-2/ 


(x-2)=+4 
Hence, x = 6 mand x = — 2 mare the extreme 
positions. 
(a) Kyax = £ —Uy = 16] 


1 mo A = 16 
2 


or 5% 2x0? x (4)? =16 


or @ = | rad/s 
(b) At mean position 
E=26J 
U =U, =10J) 
BA K =16J 
At extreme position 
K=0 
U=E=26J 
13. ¢=— 8 — 
(+3) 
1+— 
R 
Putting h=R 
joe 
e 4 


T=2n a 
(g/4) 
=40 ft 
g 


=4V] = 4/10 


=4s5 


14. In such situation, upthrust also behaves like a 
spring force of force constant = pAg 


Kye in the given situation is (k + pAg) 


(as g= 


1) 


Ans. 


T =2n |—"— 
\k + pAg 
ee 10 
100 + 1000 x 20 x 10°* x 10 
=1.8s Ans. 


Chapter 14 Simple Harmonic Motion ¢ 603 


2 


my''= pseudo force 
22 


X =10 sin (200 #) 
6 =10 sin 2004, 


200 4, = sin™! (=| = 0.646 rad 


t, = 3.23 ms 
8 = 10 sin 200 1, 


or 200 t, = sin™! (=) = 0.925 rad 


ty = 4.62 ms 


At =1.4ms=1.4 x 1073s Ans. 


17. (a) For small displacement x, the term x” can be 
neglected. 


F =-100x 
Comparing with F = — kx we have, 
k =100 N/m 


=20 Bea =0.28s Ans. 
100 


(b) |AF|=10x? = 10 (0.04)* = 0.016 N 
|F |= 100 x = 100 (0.04) = 4N 
% error = ai x 100 = 0.4% 


18. It is a physical pendulum, the time period of which 
is, 


mel 


Here, J = moment of inertia of the ring about 
point of suspension 

= mr? + mr? = 2mr? 
and / = distance of point of suspension from 
centre of gravity =r 
2 


T=2n 2mr 


.. Angular frequency 


= — 
T 


or O= & Ans. 
2r 


19. (a) Frequency = - fe 
2x Vm 


(Frequency is independent of g in spring) 
(b) Extension in spring in equilibrium 


initial = “2 
k 
Extension in spring in equilibrium in 
accelerating lift = m(g +a) 
.. Amplitude = m(g+a)_mg_ ma Ans. 
20. jen 2 ony mda 


T 0.05 


Since, the body starts from the extreme position, 
we can write 


8 = 0) coswt 
or 6= (=) cos 401t Ans. 
10 
21. pe as aay 
T 16 8 


If at ¢ = 0, particle passes through its mean position 
(x = A sin @ft) with maximum speed its v -¢ 
equation can be written as 

v=OA cos Wt 
Substituting the given values, we have 


T Tq 
2= (=) A cos (=) (2) 
16/2 


Tt 
=7.2m Ans. 


A= 


m 
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22. The two forces acting on the bob are shown in 
figure 


a 


w= mg 
Ze in this case will be we 
m 
mg —qE 
or Sett = a7 
m 
qE 


23. (a)g,=g+a 
(b)g.=g-4a 
(c)g.=0 


@g.=yg° +a 


24. (a) Before the lump of putty is dropped the total 
mechanical energy of the block and spring is 


l 
By => kAy. 


Since, the block is at the equilibrium position, 

U =0, and the energy is purely kinetic. Let v, be 
the speed of the block at the equilibrium position, 
we have 


2 
y= | A, 


During the process momentum of the system in 
horizontal direction is conserved. Let v, be the 
speed of the combined mass, then 


(M + m)v, = My, 
M 
M+m 
Now, let 4, be the amplitude afterwards. Then, 


1329: 1 2 
E, =— kAj =— (M+ m)v5 
255 i Ne 


V2 


Ans. 


Substituting the proper values, we have 


Ans. 


Note £, <E,,as some energy is lost into heating up 
the block and putty. 


M+m 


Further, 7, = 27 Ans. 


(b) When the putty drops on the block, the block 
is instantaneously at rest. All the mechanical 
energy is stored in the spring as potential 
energy. Again the momentum in horizontal 
direction is conserved during the process. But 
now it is zero just before and after putty is 
dropped. So, in this case, adding the extra 
mass of the putty has no effect on the 
mechanical energy, i.e. 

1 


Ey =£,= 3 kA? 
and the amplitude is still A,. Thus, 
A) = A, 
and T= 2n | 7 = Ans. 


25. Let vis speed of combined mass just after 
collision. Then, from conservation of linear 
momentum, we have 


(M + m)v=mvo 


MV 
y = ———_ 
Mt+m 
This is maximum speed of combined mass at mean 
position 
i v=@A 
mV, k 
or = A 
Mt+m Mt+m 
MV 


Jk (M + m) 


26. Mass per unit area = —" _-=¢ (say) 
m (R? — 1°) 


® 


Whole mass m, = (R*)o 


R2 
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Mass of cavity m, = (nr°) 6 


m _13p4_ 4 


2 (R? -?°) 
_m (BR? +1’) 


...(i) 


2 
r 


/ of pendulum = zn +— 
2 2R 


es asr—> 0 
2 


/=2R asr>R 


I 
mel’ 
I 


and 
27. 20 [E-™ 
& 
Ba l= 
ml’ 
or T=(m) (I) (0) 
= (200) (20) (35) 
=1.4x10° g-cm? 


28. At earth’s surface, the value of time period is 
given by 


Ls 
T=2n /— or 
& 


29. 


30. 


At a depth / below the surface, 


or T’« 


R 
Tae =2 aR —R/2 
=2 2s 
(a) Distance travelled in first 4 s 
=OP + PO=A+A=2A 
Distance travelled in next 4 s 
=0Q0+ Q0O0=A+A=2A 
Two distances are equal. 


Hence proved. 


Further, 


Ans. 


Q O P 


> 
Att=0 


(b) Distance travelled in first 2s =OP = A and 
distance travelled in next 2s = PO=A 
Again the two distances are same. 


(a)u=0 A? -x? . (i) 
v=0 47 -x3 (ii) 


Solving Eqs. (1) and (ii), we get the result, 


22 _ 22 
vexy — ux 
A ora=|—5—5* 
vo-u 
= Ja Pe 
(b) uy, =@ y A* — x; .. (ili) 
U7 = w, A? — Xe .. (iv) 


Solving Eqs. (iii) and (iv), we find 


uw 21 
O= 3 
- T 

x2 — X] 


2 2 
Xy — xX 
T =2n |3— 
uy — uy 
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31. At equilibrium position, kx) = mg 


"+7 Displaced position 


7 Natural length 


Equilibrium position (h = 0) 


In displaced position, 


U =k Go 3) — me y 
1,2. 1,3 
re oe + kxyy—mgy 
Substituting Ax) = mg we get, 
1,5 1,2 
U=—hkgt+ = 
2 ot 5 


Loe M4 
=— ko + + kx, mM, 
5 eG ey 
But sks = constant say U) 


1 
Cale, hy? 
32. While returning to equilibrium position, 


Toe 3 2 
—kd° =—(m,+m,)v 
5 oe, 1 + Mm) 


»=( a 
m, +m, 


Now, after mean position m, is detached from m, 
and keeps on moving with this constant velocity v 
towards right. Block m,starts SHM with spring and 
this v becomes its maximum velocity at mean 
position. 


v=@A 


lee) le 


A=|{—™_|d@ Ans. 
Ym, + m 


33. (a) In equilibrium, let x9 is the elongation then, 


F=ky 
F 
—_ 


This xy is the amplitude 


A=x=2 


T=2n |e 
k 


2 2 
(b) E= lige vk(£) =F 
2 2 \k 2k 
(c) Kinetic energy at mean position 
F2 
cae 
34. (a) F =k 
ioe en Ans. 
k 100 


=; x 1x (2)? + : x 100 x (0.1)? = 2.5 JAns. 


M 
(or =n | 


Natural length 


<— 
1 2m/s 
<— IP 


Work done by applied force = change in 
mechanical energy. 


FA = Eg - Ep 
(10) A =k (ASR 235 
=5% 100 (4 + 0.1) — 2.5 


Solving this equation, we get 
A=02m Ans. 


(e)Ug =5k (A + x9)" 


= ; x 100 (0.2 + 0.1) 


=45J Ans. 
(f) P =mean position 
I< 0.1m ap 0.1m w 
Q P R s 


Q,S = extreme position 
R= natural length 


1 
U,= 5f (0.1) 


=5x 100 x (0.1 = 0.5 J 


Due to work done by the applied fore, /, answer 


are different. 
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When displaced downwards by x from the mean 
position, total mechanical energy, 

1 es 
a 


Substituting J = 0.6 MR? and = : 


24 


1 
mv~ + 


B= ay 


Loy 
mex 4 Io 4 
2 2 


We have, 


2 
E=-—mgx + ! mv + ! (0.6 MR’) (=) 
2 2 R 


I 
35. T, = 20 Pr 1 
mg +—k (x+ cra 
(md?/3) (V2 d 2 
=2n = 20 Since E =constant 
\ mg (d/2) 3 g dE 
and Tz = 20 a a 
g dx 1 dv 
or 0=-—mg + —m| 2v- 
ir 2 dt 2 dt 
—4 = |= = 0.816 Ans. | ae 
Tz, V3 + (0.6 M)+ (vy) — + =k [24+ %)] 
: ome dt 2 dt 
36. In displaced position, ra rr 
Eas ke sm To Putting a es and ris 
— We have 
Putting l= = 0 = (ma + 0.6 Ma) + kx 
Vv or a=- —_ x 
and O= R m+ 0.6 M 
| ee 2 Since, a « — x motion is SHM. 
we get E=—k’+—mv 
2 f= ple os 
Since, = constant 2n \ |x 
dE =0 _ 1 k 
a ee : P In \m+0.6M 
IX Vv 
or k 2x) + — m (2v 
sk (SF) an+3 aller _1 [20 
Puttin: at v and wo a pile iam 
Ee 7 raz = 0.38 Hz Ans. 
we get, F =(ma)=- (=) x 38. x= 4 sin oF (i) 


Since, F « —x motion is simple harmonic 


y=A sin (2o0t+ 1/2) 
= A cos 2mt 


pe = A (1-2 sin?r) 
2 From Eq. (i), 
m 3m 
T =2u =21 , Hence Proved. = 
k, bys sin Wt = 


37. In equilibrium 


kx9 =mg 
mg 0.510 
XQ — ee 
k 20 


=0.25m 


39. (a) x=x, + xX, 


At t=0.0125 s 
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x, =-¥2 om 
and =x,=—Icm 
cs xX =X, +xX,=—-2.41 cm 
(b) Att=0.025 s. 
x, =2cm 
and xX, =—1.73cm 
xX=X, +P X5 
= 0.27cm 
LEVEL 2 
Single Correct Option 
4. — kA? =1.0 
2 
af (0.4) =1.0 
3 ; . 
25 
or =12.5 or — oo 


T ef 20 n. 
5 


2. Yom 04 =( iat 
m 


Vinax 
Vinax 


AP = 2m vg = 2m £\, 


m 


_ AP AP _2ma kim _ 2aK 
At T/2 x J{mlk by 


3. A, = 40 units 


ie A= 10 Vc?+ 1 


10 
Putting A,= A, we get, 
c= 15 
4, T=+=—=04s 
F 25 
t=0.3s acs 
4 


At the given time, particle will be in its extreme 
position if at t = 0 it crosses the mean position. 


5. eee ads 
16 8 


T 


At t = 0, particle crosses the means position. Hence 
its velocity is maximum. So, velocity as a function 
of time can be written as 


V=Vinax COS OF 


or v=@A cos wt 
1=(2 4 cos (2 Jo 
Tt 
(a) 
4-825 
T 


6. g,. =? + a = "oy + 4 


= 10.77 m/s” 
= 20 a 20 ! 
Ze 10.77 
=1.90s 
7. Ifv=vo sin w¢, then 
dv 
a=— = V9 cos Wt 
dt 
sin ot = .- (i) 
Vo 
cos Wt = .. (11) 
Ko) 


Squaring and adding these equations, we get 


Hence, v’ versus a” equation is a straight line with 
positive intercept and negative slope. 


8. a2 | 
& 


mT 1000 
20 
=50cm =0.5 cm 
=> 1=0.25m 
Now T =20 pie ii 
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Here m= (Po) (a) 
and K =p, Ag=pag 


T =2n _|Pot 


10. 7 =2n_{/—— 


SE ee 


\ 12d 


cP. 
=2n +d 
\ 12d 


T is minimum when first derivation of the quantity 


inside the root with respect to d is zero. 
2 


= +1=0 
12d? 
bi co 
1 12 
11. In solved example, we have shown that 
m 
T, = 20 ,|— 
1 \ k 
T, =2n {2 
Vk 
m 
and T; = 27,|— 
V4 
12. T=2n ose (in general) 
Here m, = mass of spring 
and m= mass of block 


13. Half the oscillation is completed with one spring 
and the other half with other spring. Hence, 


2m ee 20 al 
ral ; Ty k 4k 
2: 2 2 


2 
ae MI, 1]_ 3x {M 
Vel 2) 2 Ve 
1d, Pao = op= 10; 
dx 
F=0 


at x=0 
So, from x = — 3 to x =2, amplitude in 5. 
Hence, other extreme position will be 
x=2+5=7 
1 
o¢ ——_______ 
Length of spring 


Length Force constant 


15. k 


Es; k 
nL k/n 
(l-n)L k/(1-n) 


m, =nm 
and m,=(l—n)m 
1 [ kin 
fi . 2m VA-n)m | 
th 1 {k/d—n) 
2n Voonm 
16. wae v)=(5u) 
2 4\2 
ney 
2 
co=ca= 2p 
or BD =2 (CD) 
or  2(CB)=43R 
YA 
17. io ars 
—_ ee 
L L 


Half oscillation is completed with P and half with 
Q. But their value of K is same. Hence, we can 
say that in one oscillation one time period is 
completed with spring. 


r-(2) an fim =k on es 
v Ky AY 


18. X =A cos at 


\ x 3cm 


1 

[| 
x=5 x= 
t=t i= 


5 =8 cos wt 
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wt = cos’ | (5/8) = 0.9 
a 09 09 
® (2n/T) 
0.97 0.9x1.2 
- On On 


=0.17s Ans. 


19. OP =asin or = 
e.9 


V3 
ma” 2 ma” 
I =1)=2|——|+mOPy +—— 


OC =1== OP)= 


=— ma + S ig } mee? wie 
4 2 
r=2n |— 
\ Bm) gl 
2 
=e (3/2m a’) a 
a I 
ones) fe 
\ Eg B 
Ba e 
=2n .|— — 
V2¢ 
Puttin vee and g = 10 m/s” 
g B & 
We get T aes s Ans 
2 V5 = 
20. pale _ 2.51 
(0) (2%/T) 


Particle starts from extreme position and in every 


Y Len . nd 
m time it travels a distance A. So, in time 


t= 5 (7/4) it will travel a distance 5 A. 
21. Half of the oscillation is completed with length / 
and rest half with //4. 


.. Time period = ~ + ED) 


Diameter _ 


22. A=radius = 0.4m 


23. T =0.6" 
_ 2m 2m 
T 067 


a rad/s 
3 


Particle starts from y=—- A=-—2cm 
y=-—A cos ot 
=A sin (ot — 1/2) 


=2 sin (2 r-n/2) 


24. Mean velocity = Siplaveneot 
time 


x=0 ~~ —____» 
al2 


_ (a@l2) _ 3a 
(1/6) iT 


25. Maximum acceleration = g 
A= g 
(nf) (05) =g 


26. Lkx? = 
= 


d 
Average speed = — = ———— 
t T/8+T/8 


27. V,=V 
Vp <_y\, 
k [| [| 1 
Cc B O A 
Kk—>K >| 
1s 2s 
typ=2s 
top =1s 
tacp =28 
ac =ls 
lop = lec 
A 
OB = — 
2 
ot OB _ 1 
A 2 
28. 1=— 
60 
ee ot = (1/6) 
According to the equation, 
X = A cos wt 
X=Aatt=0 
and x 4 at ot = 1/6 
.. Distance travelled 
gee a 
2 
A 
=(2-V3)— 
2 
ist 
Average speed = oe sade 
time 
(2- V3) A/2 304 
= =—— (2-3) 
(1/6) Tt 
More than One Correct Options 
1. tng= 4-4 
mg § 
() T 


Pseudo force 
=ma 


F, net 
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T=F, 


net 


=ma +g? 


2. x =A sin (ot + 150°) 


sin 


=A sin [Fr =) 
T 6 


or x = A cos (Ot + 60°) 


= Acos (Fr 2) 
T 3 


3. kx) =mg 


_mg _ 1x10 
k 500 
= 0.02 m =2 cm 


So, equilibrium is obtained after an extension 
of 2 cm of at a length of 42 cm. But it is 
released from a length of 45 cm. 


A=3cm =0.03 m 


Xo 


m 
-| | (0.03) = 0.3 /5 m/s 


= 30/5 cm/s 
(C) dmmgx =O°A 


= («| (A) = (=) (0.03) = 15 m/s” 
m 1 


(d) Mean position is at 42 cm length and amplitude 
is 3 cm. Hence block oscillates between 45 cm 
length and 39 cm. Natural length 40 cm lies in 
between these two, where elastic potential 
energy = 0. 


» vorKE=0Oat y=+ A 


vor KE = maximum at y= 0 
F or ais maximum at y=+ A 
F or ais zero at y=0 


612 © Mechanics - II 


5. v= A? — x? 


2 2 
Vv 
Pe) 
@ 


x 2 
+ oe = 
Le. v -x graph is an ellipse. 
a=-@°x 
i.e. a-x graph is a straight line passing through 
origin with negative slope. 
6. a=Oatx=0.5m 


and particle is released from x = 2m 


Hence, 

A=2-0.5 
=1.5m 

w” = 100 

@ = 10 rad/s 
_2n 20 
o@ 10 
= 0.63 s 

Vmax = @A = (10) (1.5) 

=15m/s 


7. Two particles shown in figure are in same phase, 


although they have distances from the mean 
position at t = 0 


—-A; +A; 
x=0 +A,/2 
<— 
—Ao 
x=0 +A,/2 


8. The given equation can be written as 
y=3 sin 100 mt+ (4 — 4 cos 100 m7) — 6 
=3 sin 100 mt + 4 sin (L00mt + 1/2) — 2 
or y=5sin (100m — 53°)-2 


at 
4 
Vex =I—-2=3 
nin =—S-2=-7 
Vax + Vin 


Mean position = =-2cm 


Comprehension Based Questions 


1. o= E- ess = 10V2 rad/s 
m 2 


2. Kxy =ma 


2. Up +5 Ka? =U 


ma 2x5 
Xy == m 
kK 400 
= 0.025 m 
=2.5cm 
A=X,=2.5cm 


Match the Columns 


1. Xmin = 2 — 2 = 0-— extreme position 
Xmin = 2+ 2=4— extreme position 


Mean position = =2 


Maximum potential energy is at extreme positions. 


max 


Vi = 0 - Se SG 
2 2 


1 
(a) U = Up +5 kx” 
2 
-uy +34 (4) 
2 \2 
en 
4 
2 
(bt) KE=_2& , 
2 116 
= 32 (544?) = 38 x 16=153 
16\2 16 


(0) KE = k (4-0) 


a Aj? = 163 
2 
2 
(a) KE =1k gaF 
2 4 
3 


= c ka?) = e (16J) =12J 
4\2 4 


3. (a)xx-o 


At time ¢, acceleration is positive. Hence, X will 

be negative. 

(b) Attimet, a=0 .«. x=0 

(c) At time ¢,, x is negative and a is increasing. 
So, the particle is moving toward extreme 


position. 
>a 
e [| 2 o 
—-A < x=0 +A 
“Xx 


Velocity is negative. 
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(d) At mean position, velocity is maximum. Just Subjective Questions 


after few seconds acceleration becomes 
ee ; : 1 /k 1/100 2.5 
positive. So displacement will becomes 1. f= 5 = 5 7 = = 0.8 Hz Ans. 
negative. Hence, the velocity should be wae m ug 
i 1 }100 5 
eee with 1 kg mass, fy =—,/— =— Hz 
4. Vax = wA =(42)(2) 20 1 Tt 
= 25.12 m/s Further, from conservation of linear momentum 
on 2m (at mean position) 
T — 1 
@ 47 @A =—O Ay 
=0.55 ; 
Hence the given time or fA= rr SoA 
t=ls=27T 
1 : os Ae todo — (5/0) (0.1) 
Maximum KE = 3 M Vinax 4f  (4)(2.5/n) 
1 2 = 0.05 m Ans. 
=—xX2x (25.12) 
2 2. (a) 0) =O\t + Wot 
=631J 1 
Given kinetic energy of 400 J is less than this ! 
maximum kinetic energy. So in one time J iN 
period kinetic energy becomes 400 J four 
times. In time 27 it becomes 400 J eight times. 
(A) ld |= "A 
= (4n)°(2) 
=315.5 ms 
I 
Given acceleration is less than this. So, it becomes 
; ; f : : i oe 
two times in one time period and four times in tu ne 
time 27. T 
= _ 1 
5. Xm = 4+ 6=10m and eo ere 
Xmin = 4- 6=-—2m 3 12 
ee ah . 19% 20 2n 
Mean position ga =4m = ag ge 7! 
pf eG. or t= Pp 
o Tn 48 
19 5% 
T 1 = _ = 
= Wie na (b) @=2n —09 = 2 1D 12 
T 1 
(b) x =10mtox=7m,t=—=—s 
6 3 
fe NE eg TE gg TIE, 
a 
-2m im 4m 7m 10m 
6m 
T 1 
(Qx=Tmtox,1=2(F)=ts i 
12) 3 


Two particles will collide when line XX” becomes 


T 
(d) x= 10m tox =— 2m, t= rie Is the line of bisector of angle 0. 
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Any one of the particles (say-2) has rotated an 


angle 
ot = 1/4 + 0/2 
2m nxn Sn I11t 
or t=—+ = 
EF 4 24 24 
_ur 
48 


3. 1.5=04=24 = A=0.75m 


Further, the particle will start its journey from its 
mean position in downward direction 
(—ve direction). 


4. @o=/* = oY i045 adie 
m 2+1 


From conservation of linear momentum (at 
mean position) velocity of combined mass will 


be 2 m/s. 
This is the maximum velocity of combined 
mass. 
v=0A 
or =e" m 
o 10/2 
=0.141m=14.1cm 
a Guay 
o 102 


(b) If the collision is elastic, 


wo = = = 10V3 rad/s 


In elastic collision, 


, m,—-m 2m 
Mm, + my m, +m, 


2x1 
=| —— |(6) =4 m/s (As v, = 0) 
1+2 
This is maximum velocity. 
v3 =o 4’ 
vy, 4 
or A = =—_ 
w 10V3 
= 0.23 m= 23 cm 
jee a Ne 
o 103 
(c) In both cases journey is started from mean 
position 


Be x=+ A sin ot 

will be the displacement-time equation. For 
impulse we can apply the equation. Impulse 
= change in linear momemtum. 


5: om [E = [ ~10 00s 
m 4 


Let ¢, be the time from x = 0 tox =12 cm 
and t, the time from x = 0 to x = 9 cm. Then, 
12=15 sin (104,) 


or t; = 0.093 s 
9 =15 sin (102) 
or t, = 0.064 s 


Total time = 7, + 4 =0.157s 
6. (a)y=a(l — cos wt) 
dy 


> =a@ cos wt 
dt 
dy 
N -mg=m.— 
a dt? 
or N=mgt+ mad” cos wt 
or N =m (g + a’ cos @f) Ans. 
d°y 2 2 
b)| — =a0” or aw = 
(b) ie ) g 
max 
em 
o (11) 
= 8.1cm Ans. 
7. F=-hi -hbj 
P 
r (X,Y) 


(0,0) 


F=0 at (0,0) 
When it is displaced to a point P whose position 
vector is 


r=xi+ yj 
Force on it is F=-k(xi + yj) =— kr 


Since, F « — r, motion is simple harmonic. At 
t = Oparticle is at (2, 3) 
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3 
ae? or 2y—3x=0 
i.e. the particle will oscillate simple harmonically 
along this line. 
. In equilibrium, mg sin 0 = kxy ..() 
When displaced by x, 


Lop 1S. I 2 : 
E=—mv+—Il@ +—k(x+x mex sin 8 
5 5 3 ( 0) &- 


Since, E = constant 
de 
dt 
0=mv (=) + I@ (=) + k(x + Xo) a 
dt dt dt 
Ix 
— mg sin 8 — 
caer 
Substituting, 
dv Vv 1 2 
=a, ®=—, T=—mR 
dt R 2 
dw a ax 
=Qa=-, =v 
dt Rat 


and kxp = mg sin 8 
We get, 3ma = — 2kx 


i je|-+ = 
f 2n Vix| 2x V3m 


Substituting the values, 


= 1 |2~x 200 
Ix .|3 x 100 
9.8 
= 0.56 Hz Ans. 


9. In the displaced position, 


E= : mv’ 4 : I@* 4 : k (2x)? 
2 2 2 

[= = mR? and w= hd 
2 R 


E= - mv? + 2kx? 


E = constant 
dE 
dt 
or ne 4 
dt 
ae x dv 
Substituting, =y and —= 
dt 
8k 


Comparing with, a = — wx 


We have 
8k 8 x 1000 
o aa 3x 100 16.16 rad/s 
9.8 
# 0 = 8, cos wt 
or 6 = 0.4 cos (16.167) Ans. 
Similar to Q.9 


. Let F be the restoring force (extra tension) on 


block m when displaced by x from its equilibrium 
position. 


a fika 
4 (k, +k) 
kik, 
~ Am (k, + ky) 


i. oo Aut 
4m (k, + ky) 


or 


1 k, 1 [k,+k 
. (a) f= fF = 1 2 
2n \ total mass 272 \m, +m, 


(b) Suppose the system is displaced towards left 
by a distance x. 
Restoring force on m, : 
f f 
kyx —>~ ™ Mz ——> kox 
2 


F=mox (towards right) 


aa Bee : 
m, + m, 


Friction fon it will be towards right if, 


kx<F 
or kyr<m [AEB 
m, +m, 
or ul eru Ans. 
ky My 
(c) KA, + Wn g =m, ( f — & ) Ay, 
m, + mM, 
mk, + mk 
4n{ -- - 2h )=ume 
m, + mM, 

se _ Lm + my)img ane. 


m 


mk, — mk, 


1 
13. (a) = ig = pia 
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L 3 


6 
Here, tt =reduced mass = 5 


=0.3m/s =2v+v 
v=0.1 m/s 
v, = 0.2 m/s 


and vy, = 0.1 m/s Ans. 


A —-2v v<— B | 
Angular frequency 
k 200 
oO = —— — 
LU 2 


= 10 rad/s 
7 MV, + MyV> + M3V3 


(b) Vom 


m, + m+ mM; 
_ (3)(0.2) — (6)(0.1) + 3(0.4) 
54643 


= 0.1 m/s Ans. 
(c) After collision velocity of combined blocks 
(A+C) 
y, = B02) + 30.4) 
. 343 
and velocity of block B is v, = 0.1 m/s 


— 0.3 m/s 0.1 m/s<— 


P| 


The spring will compress till velocity of all the 
blocks become equal to the centre of mass. 
Applying conservation of mechanical energy, 


: (3 + 3)(0.3) + : (6)(0.1)° = is 


(towards right) 


= 0.3 m/s 


2 
(3+3+ 6)(0.1) + ; kA? 


Solving this we get, A = 0.048 m 


or A=48cm Ans. 


(d) AE = ; (3)(0.4Y + ; (3)(0.2 
-5 (+ 3)(0.3) 


= 0.24 + 0.06 — 0.27 = 0.03 J Ans. 


14. 


15. 


16. 


Restoring torque 


t=— (Ke)I [«50)<- > 179 
2/2 4 
2 
(2) =- (Fp 
3 4 
1 fjo|_ 1 [isk 
f= — 
20 le| 21 VY 4m 


When the mass m is displaced from its mean 
position by a distance x, let F' be the restoring 
(extra tension) force produced in the string. By this 
extra tension further elongation in the springs are 
2F 2F 2F 28 : 

— and respectively. 
k, kk, ky 
Then, 


x=2 2F +2 ae + 2 aF + 2 a 
ky ky k, ky 
or F : + i + ¢ + le x 
ki ky kz kg 


Here negative sign shows the restoring nature of 
force. 


Now, 


Let F be the extra tension in the string, when the 
block is displaced x from its mean position. 
Extension in spring-2 is 


F 
= — 
2 ky 
Extension is spring-1 is 
2F 
x, =— 
ky 
4F F 
x = 2x, + x, =— + — 


Extra tension F will become restoring force for the 
block. Therefore, above equation can be written as, 


F= : xs Rik x 
4a 4k, + ky 


17. 
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or k= iis 
4k, +k, 


T =2n |— 
Ki; 
_ og (mG + hh) 
kyky 


In equilibrium, 


Ans. 


T+F=Mg .. (i) 
When the block is further depressed by x, weight 
Mg remains unchanged, upthrust F increases by 
pAxg and let AT be the increase in tension. 


ia 


M F = Upthrust 


Mg 


If ais the acceleration of block then, 
AT + pAxg = Ma 
Restoring torque on the cylinder, 


.. (ii) 


=| SS are |=| (Ma pare) 
5 MR ie (MRo pag) 


[ KR? | 
or —MRO= ks + peel? 
4 


18. 


ae + pg! 
la | 
=a. 
—M 
2 
Here negative sign has been used for restoring 
nature of torque. 


or Qa 


“eo 
2n \| 0 
= 2 k + 4pag Ans. 
2n\V 6M 
If the mass M is displaced by x from its mean 
position each spring further stretches by 2x. 
2kx 2kx 2kx 2kx 
=m, F - M 
Net restoring force 
F=-8kx 
M-a=-8kx 
1 || 
oe Vx | 
_ 1. [8k 
2n VM 
7 2 aE Ans 
mt VM 


INTRODUCTORY EXERCISE 


1. gc or eee 
AY Y 


FI _ 1000x100 


2. Al=—_ =-___ 
AY 4x2x10 
= 0.0125cm 

F F 
ae: OSS 
A 7(R?-?r’) 
R= Lae r 

ov 

6 
= ee aly 
90x10°x3.14 


= 0.1251 m=125.1 mm 
Diameter = 2R=250.2 mm 


Elasticity 


INTRODUCTORY EXERCISE 


. Energy density = energy per unit volume 


1 : 
. (a) Energy stored U = 5 (stress) (strain) (volume) 


1/(F\(Al 


as wey 
2 


=; (100)(0.3 x 10-7) 


=0.015 J Ans. 
(b) Work done = Potential energy stored 


1 2 
=—k(Al 
5 (Al) 


1(YA YA 
Force ay (“) (Al) [ss A= 4) 
4. Stress = 2\ 1 l 
A a Substituting the values, we have 
Strain = — ll 6 
i W = : ee D 00) (0.1103)? 
7 Stress 
Modulus of elasticity = Strain 50x10] ren 
Exercises 
LEVEL 1 8. Casel F=ma > a=— 
Assertion and Reason ae 
2. At higher pressure, it is difficult to press the gas : | F 
more. So, bulk modulus is high. rane 
3. If length is doubled, A/ will also becomes two , 
: : : F-T=m'a =—xa 
times and Y will remain same. 
4. Bulk modulus is related to volume change and | ee eee EB at *) i) 
volume change is possible in all three states. Lom L 


Young’s modulus is related to length change, 
which is possible only in solids. 


6. Stress « strain only in proportionality limit. 
7. By =P 


= Bs =p 
By 1 
Bs Y¥ 


A 
a’ |m)x 
A, 
PoPan 
m 
pups ass 
Lm tL 
= r=F(1-2) (ii) 
- . 


Tension at a point on the rod (of length Z) at a 
distance x from point of application of force is 
same in both cases. [from Eqs. (1) and (ii)] 


Hence, weight has no effect on tension in case (II). 


Note You can appreciate the extension of rod in first case, 
by comparing it with a case of many identical blocks 
connected by ideal springs. 

Extension in rod occurs due to force acting at any 
point on the rod. In certain cases, when net force 
acts at the centre of rod like weight, extension may 
not occur like the given case (II). 


9. Yoel >Y, 


copper: 50; for the same strain, stress to be 


produced in steel is more. 


Also, Work done = ; Stress x Strain 
1 2 
Volume = ri Xe 


Single Correct Option 


ee 
AV/V 
AV =0 for an incompressible liquid. 
B=oo 
2. Young’s modulus of elasticity is a materials 
property. 
F 
3 max — % 
Fie = (Omax )A ? 


which is independent of length of wire. 
4. T =0is free fall. 
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Ap 
AVIV 
/0210 70 «10-*) 
0.3x10-3 


=4x10° N/m? Ans. 


. Length of the wire is /= 20m 


Radius of the wire is r= 2 x10°m 


Increase in length is 


Al = 0.031 x107° m 


g=3.1xt ms * 


Young’s modulus is 
_ Fl _ (mg)l 
~ AA wr? (AD) 
= 4x 3.1xm x 20 
m (2x 107)? x 0.031 x 107 
=2x10? Nm” 
LLLLLLILLLLL 


lr 


[7] 


. Volume of wire is V = L x mr? 


=I1xn(10°y 
=n x10°m? 


Area of square cross-section 
=(2x10°) 


=4x10°m? 
Volume _ mx10° x 
Area 4x10° 4 


Length of new wire = m 


ae sh one FL OF 1 
Initially extension is x = = é 
AY Y\nx10- 


F 6 
—=(n x10 ”’)x 
= ( ) 


: fons gf a EE 
Finally extension is x’ = =—-— 
AY Y A 

2 

x =(nx10%)x.-4_ = 7 
4x10” 16 


. In the figure, the reciprocal of slope of stress-strain 


(x and y-axes) curve, upto proportionality limit, 
gives Young’s modulus. The measure of ductility 
is obtained as the length of the stress-strain curve 
between yield point and ultimate load. 
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d 
»_. _P@p) oat 


From Eq. (i), 


Ap 


dp or Ap =B— 
p 


= (2x 10") (0.001) = 2x 10° N/m? 
1 YA(Al)” 
2 5 


10. Ww =U => F(A)= 


A 
U« 7 (. In both the cases A/ is same) 


2 
U, A, 1 L 1 
yaa ae | (4 7 1 = (4)(2) 
U,; A b A Lb 
s U,=8U, = 8(2)=16J 
11. u =tee=l vee 
2 2 


1 
> U= ye is similar to x = ky? 


Which is a parabola passing through origin and 
symmetric about x-axis. 


12. Change in volume, AV = a fs 
Hence, density at depth of about 11 km is 
Mass _ P, XV; PB 
Volume an Apv; (B-Ap) 
B 
ae Po 
,_ 4? lx 108 
B 2x10" 
Po Po Po 
i-J, 095 7 Pe 095 
20 


=> Po = 0.95p 
.. % change in density = P= Po x 100 


13. ia 
AY (nr)Y 
i 
Al « 
F 
Al, LR 


Al, 2L/2RP 
14. The net pressure at a depth of | km in the ocean is 
P=P8h+ Pam 
= (10°) (9.8) (10°) + 10° 
= 99 x 10° Pa=9.9x10° Pa 
This pressure acts uniformly on all sides of the 
balloon (which is in equilibrium) and the restoring 


forces with in the balloon are equal to external 
forces. So, normal stress will be same as external 


pressure. 
15. Let TZ be the tension in the rope. Then, 
2T =10kN 
=> T =5000N 
Longitudinal stress in the rope is 
_T _ 5000N v2 
A 10° mm? 
we Stress 
Extension in the rope = xL 


5 
= Tyr X (600 + 900)= 7.5 mm 


.. Downward deflection of the load = = = 3.75 mm 


16. Change in length of element is 


Cross-sectional area of the element is 


[  b-a Tl 
L 


aa ad | 


a. . . 
x is radius of the wire at the 


where, a= 


location of element. 


d(AL) = "ae 
|g DMI 
Ty at x|¥ 
or ad 
Total change in length of wire is 
L 
AL = | : 5 ax 
nY "( b-e,) 
at x 
L 
Let pa es 


ay DEO ge ee gee 
b-a 


When x = 0,¢=aand when x=L,t=b 
Fo pb, L 


_ FL. (b-a)_ FL 
mY(b—a) ab “Yab 

_ (3.14) (9.8) (10) 
(3.14) (2x10!") (5x 107) (9.8 107) 


=10°7m = AL =10°m 
Subjective Questions 
1. The changed density, p’ = a 
1-2 
B 
Substituting the value, we have 
‘= z or p’=1169g/cm* Ans. 
1 20x10 
8.0 x 10° 
2. ne 
AY (md?/4)Y 
je Oe 
mt (Al) Y 
_ 4 x 400 x 3 
3.14 x 0.2 x 107* x 2.1x10!! 
=1.91 x10°-3m =1.91mm Ans. 
m(gt+a) 1 
3 3 om 
peta A 
3m 
8 — 4 
_Gx10°)4x10) 9. 
3 x 900 


= 34.64 m/s” Ans. 
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4. Refer solved example | 


5. 


mgl p(t rl) gl 

2AY 2(nr)Y 

_ gl’ p_ (9.8) (5) (8000) 
2Y 2x2~x10!! 

=4.9x10°°m 

1 YA 

aT 


Al= 


U= sk (Al)? = (Aly 


‘i 
aly Yxur (Aly 

2 i 
_ (2x 10") G.14) (6x 10-7 (4.9 x 10°° 

2x5 

=5.43x10°°J Ans. 
(m, + m, + m) g 

0.006 x 10-4 
_ (10+ 20+ m) x10 

0.006 x 10° 4 


Omax ON upper string = 


8 x 108 


or m= 18 kg 

(m, + m’) g 

0.003 x 10° * 

or 8x 10° = as 
0.003 x 10~ 


Omax On lower string = 


max 


or m =14kg 
So, answer is 14 kg and lower string will break 
earlier. 
F 
a) Oo =— 
(a) 7 
F and A both are same. Hence, the ratio is 1. 
F t 1 
(b) Strain = pies ox — 
Y Y 
(Strain)... _ Yeopper _ 13 


(Strain Jeopper Yoel 20 


Ans. 


_ (1030)? x 9.8 x 400 
2x 10° 


=2.0 kg/m? Ans. 
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pa AP __ Pgh 
AVIV (AVIV) 
_ (10°) (9.8) (180) 
~— (0.1/100) 


= 1.76 x10" N/m? Ans. 


LEVEL 2 
Single Correct Option 


1. Extension in the first case is 


_ FL _ wh 
AY AY 
Extension in the second case is 


I 


_ w(L/2) , w(L/2) _ wh 
AY AY AY 
It is clear that is 


Note /n the above problem, even if lengths of wire are 
unequal on two sides of the pulley, the elongation 
will still be 1. 


2. Force on wire = Load carried 


g\ 3mg 
=m(gtaj=m| gt =l= 
(g +a) (s g) 5 
PF PF 
Stress o =— A=— 
A fo} 
PF 
Hence, A nin =—— 
O max 
3 
Td. 23" g 
4 fo} 
—mg x4 
2 
=> doin = 
on 
6 mg 
dmin = = 
tT oO 


3. T=ml 0 
T mio” 
A a 
ais | Sima 
Vom 
_ [48x10 x10°° 
Y 10x03 
= 4 rad/s Ans. 
4 r=ie-(2 59g 
2 
T 1 
6 =—=-—pel Ans. 
5 PS 


d 
5. F= -— =-—slope of U-r graph 
i 
At B, slope =0 
. F=0 


Hence, atoms are in equilibrium at B. From A to B 
or even before A slope is negative. Hence, force is 
positive and positive force mean repulsion. 


T,/ 
6. L- d= so(l 
1 AY (i) 
Tol 
b-l=— ii 
D AY (ii) 
Dividing Eq. (1) by Eq. (ii) and then simplifying, 
we get 
l= bt hth Ans. 
T,- T, 
Fl Fl 
7. Al= = (V = Volume) 
AY (V/)I)Y 
Ft 
VY 
Al « [7 (as F', V and Y =constants) 
8. Al=/a Ad 


Strain = ~ = (AA8) 


Stress = Y x Strain = YoA@ 
Energy stored per unit volume 


1 F 
= zi X stress X strain 

1 2 
= 5 xYx (a A@) 


=5x 10! x (12 x 10°° x 20) 


= 2880 J/m? Ans. 


9. Al due to temperature rise 


=la A@ 
= (1000) (10~*) (20) 
= 2mm 
But 1 mm is allowed (1000 mm to 1001 mm) 
Al, = 1mm 


Stress = Y x Strain 


= (10!) 1mm 
1000 mm 


= 10°N/m? Ans. 


10. —>a 


Ans. 


More than One Correct Options 


1 : : 
1.U= she It is a parabola symmetric about 


U-axis. 
At x=0.2mm, U=0.2J 


0.2 =5 k(2x 1074) 


(from the figure) 


=> k =10' Nm! 
is 
L 
Ak 10’ : ; 
== =5x107 i 
L Y 2x10! 
AL = Volume = 200 x 10° m3 (ii) 


On solving Eqs. (1) and (11), we get 
A=10‘*m’ and Z=2m 


2. W,, =elastic potential energy stored in the wire 


1 2 
=—k (Al 
(Al) 


Tf) 26 er 
(4) 


2 2L 
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emma 
AY 

r= (Yan 
L 


i.e. F versus Ax graph is a straight line of slope 2 


(Slope), > (Slope) , 


Gees) 


or (A)g > (A)y 
They are of same material. Hence, 
¥, =¥j 


. Half of energy is lost in heat and rest half is stored 


as elastic potential energy. 


Mgl : 
=— i 
AY (i) 
u=aKe=3[4) (ii) 
2 2\L 
From Eqs. (i) and (ii), we can prove that 
1 
U =— Mgl 
5 & 
When, Tp = = 
3 
and Tp =m, pes ome 
P & 3 3 
wE 
Stress, o=— 
Tur 


2 
Gp _Tp {10 
Sg To \® 
Ifip = 19, Op =40o, then P breaks. 


If rp < 219, Op > Oo, then P breaks. 
If tp = 21, 04 = Og, then either P 


or O may break. 
ee nd? 
. Area of cross-section is A = i 
AL= : ZL 
md“/4 Y 
1 
> AL « a 
AL, _ (2d) 
AL, (dy 
> AL, =4AL, 
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. AL 4F 
Strain = — = > 
L wnd-Y 
> Strain o< = 


(Strain), = 4 (Strain) , 


7. If stress in steel = stress in brass, 


4 ‘ 
=> Og= os . (i) 
Now, F=05As + Op Ag 
or 5000 = 6, X 16+ Og x 20 .. (ii) 


From Eggs. (i) and (ii), we get 
6, =120.9kgcm” 


_ -2 
Hey “= and Os; =161.2kgcm 
= Comprehension Based Questions 
eee ae (@) 4. Initial = 
f, A, 2aoe 2 i 2 aS ee 
LLLLLLLLLL LLL LLL LLL LLL LLL = 10x 1 
Steel Brass ~ 103x2x10° 
Ts} {72 = 0.05 m =5 cm 
2 2. Force constant of string is 
_ Force 
= Elongation 
System is in equilibrium. So, taking moments = zt 
about P FL/IAY 
Ty x =T(2-x) YA 1x10°x10% 
T. 2-x or k=—= 
= -§ === ii) e ! 
Tp x = 200 Nm! 
From Eggs. (i) and (ii), we get x = 1.33 m Initial elastic potential energy of string 
. _ Stress l 
Strain = =—k (0.05) 
2 
If strain in steel = strain in brass, 1 7 
=— (200) (25 x 10" 
— Ts!As _ Tel Ap eu ) 
ys Y =25x107J 
f.. Aye U0 yx 0" - 
sa Aes |} ne ) = . (ill) AF’ 
Tz ApYgp (2x10~)(10-) 
From Eqs. (ii) and (iii), we get x =1m 
8. Area of steel rod, A, =16 cm? 
Area of two brass rods, 
Az =2x10=20 cm” 40N 16N 7ON 
F = 5000 kg 
Oy = Stress in steel Let after force F = 10 N is applied extra elongation 


and Og = Stress in brass 


Decrease in length of steel rod = Decrease in 


length of brass rod 
Os Op 
SL Feat BD, 
Ye > Ye 
yy L 
=> 6,=+-.4.6, 
Yn Ls 


2x 10°) (20 
or Og = 10° 30 Op 


is x, then 


0.25 + 30x == (200) (x? + 25x 10+ 0.Lx) 


0.25 + 30x = 100x* + 0.25+ 10x 


100x? = 20x 
=> gee a eta 
100 5 
= 20cm 


X max = 20+ 5 = 25cm 
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3. When the displacement of the pulley is 25 cm, the 3. Consider an element as shown in the figure. 
string gets loosened on both the sides. So, point A LLLLLLLLLLL 
moves down by 50 cm. 


4. Young’s modulus is a material constant. 


5. On crossing the yield region, the material will 
experience the breaking stress and further 


elongation causes reduction in stress and breaking 
of the wire. 7 
6. Stress-strain curve flattens on crossing elastic x |dx xApg 
region. 1 
Match the Columns Force xApg 
as : Stress in the element =——— = =xpg 
1. Stress, modulus of elasticity, energy density and Area A 


pressure have SI units J/m? or N/m’. 


Strain, coefficient of friction and relative density are 
dimensionless. Force constant have SI unit N/m. 


Now, elastic potential energy stored in the wire is 


dU = : (Stress) (Strain) (Volume) 


2. Al= is and stress = . 1 (Stress) 

AY A = og oe) 

3. For A and B, the rod is in equilibrium and hence 1 2 oe 
internal restoring force developed per unit area dU =—- (pg) Adx = 28 xdx 
across any cross-section is same and thus stress is 2 Y 2 YY 
uniform. But in C and D, the case is opposite. 2624 OL 

ae ; - Total elastic potential energy = 7ees | x°dx 
Subjective Questions 2 Y <0 
2.2 473 
: i AL 
1. Increase in pressure is Ap = Ms =P 8 
A ; 6Y 
Fi 
Bulk modulus is B = —“? 4, Ms 
(AVIV) AY 
a 
AY 2 op Ms (i) Here, F = Upthrust=V;p,)g => A=* 
VB AB 4 
Also, the volume of the sphere is r Al= AV; gl 
nd Y 
y =n? a ; 
3 V R _ (4) C0 *) (800) (9.8) (3) 
si Me (3.14) (0.4 x 10) (8 x 10") 
R 3 V 
=234x10-3m Ans. 
Using Eq. (i), we get 
AR Mg 3 5. Al=521-—500-20 =lcm =0.01m 
—= >. 06 
R  3AB 
2. Force constant of the wire is 
F F YA 500 cm T 


“AL FLA AY 


L 
Vv, 
o= [E- YA... Te ag $20 om 
m Lm Lm XK 


Al m 
Yx4.9x 107 g 


> = 140 x 140 2 
1x0.1 fone mv 
140 
jo ed cio 2 2 
49 x10 & r=m[es J-m{es ) 
ms p=4 R I 
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y 
1 +—|1 
AY (nd?/4)Y 


_ mgl + mv" 
(nd*/4) Y 


[na AlY 
v = ,|————_ - gl 
4m 


Al= 


9.8x5 


_ [G.14)(4 x 10-777 (0.01)(2 x 10!') 
4x 25 


=31m/s Ans. 


6. 27 sin d0 = (dm) Ro’ 


For small angles, sin d@ = dO 
2T (d0) = (2R d8) (mr) (p) (R) (2f) 
T =(4n? f7Rr’p) 


Now Al = — 


/=2nR 
Al = 2n(AR) 
Al_AR__T 
i R- wy 
7 4m f?R? 7p 
mY 
7. T —mg = ml? = ml (20f 
T =mg+4n°mif? 
=6x 9.8 + 4n7(6)(0.6) (2) 
= 628N 
_ 7 
AY 


Now, Al 


(628) (0.6) 
(0.05 x 10° *) (2 x 10!!) 


= 3.8x 104m Ans. 


8. 27. + Ty =mg ...(i) 
Al. = Al, 
Tole _ Tsls 
AcY AS Ys 
Ty = 2T. 
(as ¥s = 2X, ls =I, As = Ac) 
or Ts = 2T¢ .. (il) 
Solving these two equations we get, 


and 


Stress = =—— Ans. 


(b) T, = M, a = xpSag 
L L 
Al ={ T.dX =| xpSa dX 
0 SY 0 SY 
= Pagh Ans. 
2Y 


- (4) (2) 
2,1 )\ ay 
2 
= 22 = mSA0 
2AY 
_ Fl 
2AYms 
(Mg) 
2(nr’) Y (Itr?)ps 
: M9? 
21 "Ys 


Ad 


_ (100 x 9.8) 
2n7(2 x 10° 3)* (2.1 x 10!") (7860) (420) 


= 4.568 x10 32°C Ans. 


Fluid Mechanics 


INTRODUCTORY EXERCISE 
Po + Pgh; = Po + Prgh, 
p, <2 
Pi 
_ 20x 0.9 
~ 
=18cm Ans. 


. Suppose the atmospheric pressure = pp. 
Pressure at A = py + h(1000 kem™)g 
Pressure at B = pp + (0.02m)(13600kgm~*)g 


These pressures are equal as A and B which are at 
the same horizontal level. Thus, 


h = (0.02m) x 13.6 
= 0.27m = 27cm 


» (a) P= Po + PuggAh 


(b) P= Po + Pug Shans 
Here, Ah = (8-2) =6cm=6x107m 


and Ips = 8 cm = 8X 107 m 


. Let the pressure of the liquid just below the piston 
be p. The forces acting on the piston are: 

(a) its weight, mg (downward) 

(b) force due to the air above it, p)A (downward) 
(c) force due to the liquid below it, pA (upward) 

It the piston is in equilibrium, 


pA = pA + mg 
or = + mg 
P=Po a 


. In equilibrium, the pressure at the two surfaces 
should be equal as they lie in the same horizontal 
level. If the atmospheric pressure is p and a force F 
is applied to maintain the equilibrium, the pressure 
are 

5N 


: and + ¥ 
— lom? “7 10 cm 


5 respectively. 


This gives F = SON 


6. Ap, = Ap, 


F 
—=(Ah 
qi (Ah) pg 
_F | 45g 
Apg (900 x 10-*)(10°)g 
=0.5m=50cm 


. (a) a 


INTRODUCTORY EXERCISE 


. In vertical direction pressure increases with depth. 


In horizontal direction pressure decreases in the 
direction of acceleration. 


h 
. py + p¢t~pa[ 2) = py 


But Py = Pu 
: a=2g 
pax pox 


» Pp = Pat = Pot 


2 2 


INTRODUCTORY EXERCISE 


. Weight = upthrust 


3 
Vpig= ( r) Pog 


T + weight = upthrust 
T =upthrust — weight 


1 
= (71.2) (ts) — 71.2 


=23.7N Ans. 


. Reading = weight of water + magnitude of upthrust 


on piece of metal (acting downwards) 

= (0.02 x 9.8) + (107°) (10%) (9.8) 

= 0.206 N Ans. 
_ upthrust — weight 

mass 
_ (V) (1000) (9.8) — (V) (0.4 x 107 3) (9.8) 
(V) (0.4 x 107) 

= 14.7 m/s” Ans. 
2s 


Va 


(b) t= 


= 0.63 s Ans. 
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INTRODUCTORY EXERCISE 
1. (a) Apply continuity equation 
(b) Apply Bernoulli's equation 
dV 
2. (a) —=A 
(a) a 
dV 
b) — =A 
(b) ao 
(c) Apply Bernoulli's equation 
3. From conservation of energy 
v5 = vy + 2gh a(t) 


[can also be found by applying Bernoulli’s theorem] 
From continuity equation 


A, Vv, = Ay V2 
vy 
A 
A 
A2 
Vo 


Vy = (44) vy ..-(11) 
2 


Substituting value of v, from Eq. (ii) in Eq. (1), 
Ay 


2_ 12 
.Vj =vy, + 2gh 
we 1 1 
Aay? 
: Ba Ae 
v; + 2gh 
Ay = Ay) 


vi + 2gh 


Substituting the given values, we get 
(10-*)(1.0) 
25 2 
(1.0 + 2 (10) (0.15) 
A= s0x10> ms: 


A 


4. From continuity equation, 
Ayv, = Ayv2 
1 2 


V2 = (44) = (2) (1) = 2 m/s 


Applying Bernoulli’s theorem at 1 and 2 


Ln 1.39 
Pat 3Pv2 = "Pir cud 
Po = Pi +5p (vt — v3) 
= (2000 + 5X 10° (1- 4)) 
Po = 500Pa 


INTRODUCTORY EXERCISE 


1. Ap=3pv" 


Vp 
[2 (3 atm — | atm) 
\ p 

2x2«10° _ 
Yo wo) 


20 m/s 


» t=—,|— (to empty the complete tank) 


Given, 


A 2H _, A [2 (#73) 
ays a &§ 
From here find, 

A [2(H7/3) 
a\ g 


3. Applying continuity equation at 1 and 2, we have 


Ay, = Anv2 


| , | 


Further applying Bernoulli’s equation at these two 
points, we have 


..(i) 


1 1 - 
Py + pgh + 5PM = py t+ 0+ 50” siti) 


oo 


Ss 


Solving Eqs. (i) and (ii), we have re = 


Substituting the values, we have 


> 2x 10x 2.475 


wea = 50 m/s” 
> 1 = (0.17 


INTRODUCTORY EXERCISE 


. Using, V == 
. 9 


2 @-9s)g 
n 
1 = 1.0 mPi = 1.0 x 10° Pi 
_ 2 (20x10°°Y x (2x 10° — 10°) x 9.8 
9 1.0x 10° 
= 0.871 mm/s 


- Volume of bigger drop 


=n X volume of smaller drop 


eet ae 
3 3 


Rew, 


Terminal velocity « r 


yay 
AV 


. F=y A— 


Ax 
=10°x10x2x107 
=2x107 
=0.02N 


AV 
F=nA— 
ee 


ae shearing stress = al 
A . Ax 


=10° x : = 10° N/m? 


INTRODUCTORY EXERCISE 


> 


aR 10° (Sx°] 
3 3 


r= (107) R=107 cm 
A, = 4nR? 
A, = (10°) (4277) 
AA = Ay — A; 
AU = (T) (AA) 
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2. W =T (AA) 
=T(2) () (Ad) 
=7.2x10°x2x0.10x10° 
=144x10°J 
3. W =T (AA) 
Soap bubble has two free surfaces. 
W =T (8nR?) 


INTRODUCTORY EXERCISE 
1. hea 2T cos 9 


rpg 
_ 2T cos® 
Ps 


An=hh or b= 


hr = constant 


Myr, 


Substituting the values, we get 
hy = (2.0)(3) [2 = :| 


= 6.0 cm Ans. 
_ 2T cos® 
rpg 
T,= hpirg 
2cos0, 
ie InPrrg 
2 cos 8, 
T,_ bh Po. cos 8, 
T, hh, Pp, cos®, 
= 7.23 


2. Ah 


3. h= a (R = radius of meniscus at the top) 


Rpg 
oT 2x 0.07 


R= os) 3 
hpg  (10~) (10°) (10) 
=14x10?m 
=1.4mm 
4. py = Pc = (Pp + Pgh) 


Exercise 


LEVEL 1 
Assertion and Reason 
1. Direction of force in p = “ is always perpendicular 


to the surface or it is always specific. Hence, it is not 
a vector. 


3. Pi = Py + Pgh 
Po = Py + Pg (2h) # 2p, 


5. Area of cross-section is different. So, heights are 
different. In pressure height is more important. 


6. Speed will also depend on h. 


9. On moon, atmospheric pressure is zero. Hence 
barometer height is zero. 


10. Pressure at P is less. As liquid is flowing at P while 
liquid is at rest at Q. 


11. Force of buoyancy, 
U= VO air &§ 
Since, p,;, is negligible. Hence, U is negligible. 
Single Correct Option 


1. v=constant 


is) a=0 
or Fro = 0 
Aaa 
2. [|_| ML 2 lee 
of | me? | 


9. n=n +n 


pV _pPM , Ph, 
RT RT RT 


or PV =pV, + pV, 


eg cel ca) 


fF 52 
r= yn +7 


=5cm 


10. Drag force + upthrust = weight 
ku+ F =mg 
mg —F 
k 


or u= 


11. B will have a tendency to keep its area as low as 
possible. 


12. m«r? and terminal velocity «+? mass is eight 
times. So, radius is two times and terminal velocity 
will be four times. 


14. N (< nr] = mR? 
3 3 


1/3 
r=R (=) 
N 
W =o (AA) 
=06 (A; - A;) 
=o[N (4nr’)- 4nR*] 


[ 2/3 
= 4no | NR? (=) — R? 
N 
= 4onR? (NV3 -1) Ans. 
AT 


15. (Py = f= 


where R = radius of common surface 


or 


16. Pressure (and hence the level of liquid) will keep on 
decreasing in the direction of motion of liquid. 


47. y,=2 2 0-98 


t 9 n 
Ignoring the density of air o we have, 
_2 rpg 
a) 7 


ee MN Vr 
\ 2pg 


_ {9X1.8x10-° x 0.3 
| 2x10? x 9.8 
=0.49x 104m 
= 0.05 mm Ans. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


If angle of contact in 90°, then liquid will neither 
rise nor fall. 


Vp r 
Radius or diameter is half. So, uniform or terminal 
1 
speed is — th. 
, 4 
hog = 10° Pa (given) 


h 
DP. = [i -2) pg = 0.8 hpg 


= 0.8 x 10° Pa 
Fraction of volume immersed 
f= Ps or re Es 
P7 P7 
Pr, f 
A =— or Py, = (4) Pi 
A P7, ht 
_V -V/3) 
(V/3) °4 
= 29), 
Let p = density of sugar solution 
> Pw 


m =mass of ice. 
In floating condition weight = upthrust 
mg =Vppg 
or Vp = = .. (i) 
p 
When ice melts, m mass of ice becomes m mass of 
water. Volume of this water formed. 
m 
Py 
Since, p,, <p, Vp >Vp. Hence, level will increase. 
Upthrust = V'pg. 
Value of g, will decrease. So upthrust will decrease. 


Vp = ii) 


P= P2 
Po + Pwgh = Po + Pgh 
> P =P, 


25. 


26. 


27. 


28. 


29. 
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F, will decrease and F, will increase. So /, may or 
may not be greater than /5. 


Total weight to system in both conditions will 
remain same. Hence, 


At hah+h 
Ap =~pv? 


vZ 
ya [242 - [2x 0.5 x 10° 
p 10° 


=10m/s 
U 
Mg 
U 
Aq 
(M-m)g 
Mg —U = May ..- (i) 


U =(M-m)g=(M—-m)a 
Solving these two equations we get, 


.. (it) 


2May 
m= 
&+% 
aA sill ; 
Diameter of left hand side is 7 times. So area will be 
il 
— times. 
25 
F (Mg) 
A =A = 
\PLHS \PRHS (A/25) A 
poe 
25 


Equating the volumes 
Displacement on LHS = 5 times 


Displacement on RHS 
S = (5) (0.5) = 2.5 cm 
W=FS 


(500) = (=) (2.5 x 10°) 


M =5x10'kg 
_ Vd, + Vd, 
a 
or d,+d,=8 ...() 


(with g = 10 m/s’) 


4 
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30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


3= m+m 2d,d, 
(m/d,) + (m/d,) d,+d, 
Solving Eqs. (1) and (ii), we get 
d,=6 and d,=2 
Total weight = total upthrust 
(A x 0.5 x 900) g + (100) g= A x 0.5 x 1000 x g 
A=2m Ans. 


=3 .. (ii) 


Change in weight = upthrust. 
“. (38.2 7 36.2) g&= Voota + V cavity ) Pu 


38.2 lg 
(Bora (38) 


Vooviny = 0.02 em? Ans. 


cavity 


See the hint of Q-No. 23 (a) of subjective questions 
of Level 1. 


v=,j2gH => ot = av = a2gi 
This is independent of Pjquia- 
(LO )inttow = 2Q outttow 
o(4x10°°)+ 0+ (4x 107%) 
=(8x 10°) + (2x 10°-°) + (5x 10°°) 
+ (6x 104) 
O =13x10°° m/s 
Weight = Upthrust 


3 3 
Mg =| — 
& (2) pe 


_ 2T cos® 
rpg 


h 


_ 2T, cos0° 
PIs 
_ 2T, cos 135° 
TPs 
From these two equations, we get 
T, 10. (cos 135°) 


T, (—3.42) (cos 0°) p, 
_ (10) VV2) @) 
(= 3.42) (1) (13.6) 
=1265 


Area is halved, means radius of tube is made 


10 


3.42 ii) 


1... 
—— times. 


V2 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


2T cos 0 1 
=—— or h«- 


rpg Ee 
Hence, / will become V2 times. 


h 


In steady state, 
Volume flow rate entering the vessel 

=volume flow rate leaving the vessel 
Q? 


O=av=aJ2gh or h= 
2ga 


2 


2,2 
= =a 5cm Ans. 
(2 x 1000) (1) 
Area at other point is half. So, speed will be double. 
Now, 


iA pees + pv? 
Py 7PM P2 3 PY 
1 
P= Pts Wi ¥) 
= (8000) + = x 1000 (4 ~ 16) 


= 2000 Pa Ans. 


Equating the volume, we have 
8 (< x] =~ aR? or R=2r 
3 3 


vp & (radius) 


Radius has become two times.Therefore, terminal 
velocity will become 4 times. 


Under normal conditions, upward surface tension 
force supports the weight of liquid of height / in the 
capillary. In artificial satellite effective weight will 
be zero, but upward surface tension force will be 
there. Hence, liquid rises upto the top. 


Pressure inside a soap bubble is given by, 
ae 
7 
So, pressure inside a smaller soap bubble will be 
more and air will flow from smaller drop to bigger 
drop. 
2T cos® 1 
=—— or 


h h« — 

Rpg R 
Now, M = (mR7h)p 
or M « Rh 
or M«R 


Radius is doubled, so mass in the capillary tube will 
also become two times. 


=> f= Hee 
4 


4T 
pgh = — 


r 


27 af 
=> h= 
F rpg 
— 2x7 
0.005 x 1 x 1000 


45. hpg= 


28 cm 


3 
46. N (Fx0'] ws tb => N= - 
3 3 a 


3 
4, =N (Ana?) =< 
a 


Ap =4 mb 


ad=4,~4,=4 xb? (2-1) 


a 


W =7(a4)=4 0b (2 i\r 
a 


47. Pee ee 
a 


= 2x0.7 ' fu 10° 
0.14 x 107 
= 1.01 10° N/m? 


48. From two surfaces, 


S.T force 
F=2(71)=2(T)(27r) 
=2(T) (27) (1.5) 

= (6 mT) dyne 


49. Ap=hpg+ a 


=3xinorg 


= 4760 dyne/cm? 


Subjective Questions 
1. In floating condition, 
weight of liquid displaced = weight of solid 
2. Weight = Vp,,¢ 
Upthrust = Vp,g = Vp,,g 


10. 
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Since, weight = upthrust 
Apparent weight = 0 
F = pA (pgh) B 
Feh 
1 
If volume is doubled, then radius becomes (2)3 
times. 


W =T (87?) 
or W o< R? 
2 
Therefore W’=(2)°W. 


Concept is same as in Q.No-2 of same exercise. 


Relative density of metal in this case is given by 
weight in air 


change in weight in water 
_ 0.096 29 9a 
0.096 — 0.071 
Density of metal = 3.84 p,, 
= 3840 kg/m? Ans. 
Weight = upthrust 
(25+ 5)g=V +2)p,g 
Putting Py, =1g/ em} 
We get, V =28cm> Ans. 
Weight of both (block + woman) 
=upthrust on 100% volume of block 
50¢+V (850) g=V (1000) g 
V =0.33 m* Ans. 
Weight of ice block + weight of metal piece 
=upthrust on 100% volume of ice cube. 
Let a= side of ice cube. Then, 
[(a*) x 900 x g + 0.5 g]= (a*) (1000) (g) 
a= (5x 10° 3)m? 
or a=0.17m or 17cm Ans. 


Fraction of volume immersed is given by 


p= Ps 

: P; 
In first case 0.6 = Ps Ps 
Py 1 
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11. 


12. 


13. 


14. 


15. 


16. 


or p, =0.6 g/om?3 = density of wood 


In second case 


ggehi a2? 
Pr Pe 
_ 0.6 
or py = 085 
= 0.705 g/cm? Ans. 


Extra weight = extra upthrust on extra immersed 
volume. 


(Am) g = (nr°Ah) pg 
Am = mr°Ah Py 
= (t) (0.8)° (3) (1) 
= 6.03 g 
F 3000 9.8 
PSA 425x104 
= 6.92 x 10° N/m? 


Ans, 


Ans. 


Po t+ PwhyS = Po + Ps 
Ps _ hy 
Py h, 
ss" 266 
12.5 


= relative density of mercury 
(Pp + PAZ) ~ (Po + Psh.g) = Pug hyp 


= PPw im Ph, 


hyg = 


Pug 
_ (1) 25) = (0.8) (27.5) 
13.6 
= 0.221 cm 


Ans. 


(i) Absolute pressure in part (a) 
= 76 cm of Hg + 20 cmof Hg 
= 96 cm of Hg 
Gauge pressure in part (a) = 20 cm of Hg 
Absolute pressure in part (5) 
= 76 cm of Hg — 18 cm of Hg = 58 cm of Hg 
Gauge pressure in part (b) = — 18 cm of Hg. 
(ii) 13.6 cm of water is equivalent to 1 cm of Hg. So 
the new level difference will become 19 cm. 


_ Pia Po (R? - 7°) 


3 400-0 
or = _____. 
v, 400-100 
vy = 2.25 m/s Ans. 


v,=0 atn=R 


4 
17. (a) Q =< (=| [a *:) 


() (0.04)4 . 1400 
8) 1.005x10°' 0.2 


=7x10°7m?/s 
(b) 0, =O, 
[(p, — p2) RB“); =[(P, — Py) R*Iy 


Since, diameter or radius has decreased to half. 
Therefore gauge pressure should become 


16 times. 
or (p, ~ P») = 16 x 1400 
= 2.24 x 10* Pa Ans. 
1 
(c) Ox — 
n 
QO, _N 
QO Nh 
or Q, = [= Q, 
Ne 
7 (1.008) exes 
0.469 
= 0.15 m?/s Ans. 
18. (a) Relative density of metal 
weight in air _ 10 


change in weight in water 2 
. Density of metal = 5p,, = 5000 kg/m} 


mass 
volume = 


Now, - 
density 


_ 10x 10-3 
~ 5000 
=2x10° m? 
(b) Change in weight 
=upthrust on 100% volume of solid 
or Aw=V,p)g 
Aw « p; 


19. 


20. 


21. 


Aw, _ Pr 
Aw,, Py 
Aw, (3) 
or =| — , =| — | (1000 
P; (=) Py 2 ( ) 
= 750 kg/m? 


Let (x) mm is in water and (60—x) mm is in 
mercury. 
Total upthrust = weight 
= (0.06) (x x 10-7) (10°) g + (0.06) 
(60 — x) (10 *) (13.6 x 10°) g 
= (0.06)* (7.7 x 10° *) (g) 
Solving this equation, we get 
x=28mm and 60-—x=32mm 
T+U=60+w sta(t) 


x (Moments) about = O 


v(!sro=r(! 

4 2 

or U+4T=2W ii) 
w=120N .. iii) 

Solving these three equations we get T = 20 N and 

U =160N 


Now, 160 (=) 0. = (=) (1000) (10) 


¥ =32x10°? m* Ans. 
(a) Upthrust — Weight — T = ma 
T =Upthrust — Weight — ma 
2 
= | — | (1000) (10+ 2)-— 20-4 
(=) (1000) ( ) 
= 48 —- 20-4 =24N Ans. 


(b) Downward force 7 suddenly becomes zero. 
Therefore 
oe upthrust — weight _ 48 — 20 
m 2 
=14 m/s” 
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Acceleration w.r.t. tank. 


=14-2 
= 12 m/s” Ans. 
22. (a) Force from left hand side 
= force from right hand side 
kx = ApA 
or x= 4 
k 
_ (30+ 101) x10? x0.5x 10-4 
60 
= 0.109 mor 10.9 cm Ans. 
(Ap)A 
b oe 
(b) ; 
_ 30x 10° x 0.5x 10-4 
60 
= 0.025 m = 2.5 cm Ans. 
23. (a) dF = (p,) (dA) = (gy) (Idy) 
h 
F=(ar =se 
0 2 
(b) Perpendicular distance of about force from 
point O is 
r=h-y 
dt = (dF) r, = (pgly) (h— y) dy 
h 
= total torque = \a 
After substituting the values we get, 
3 
T= palh’ Ans. 
6 
(c) FxXr=Tt 
Tt 
i= = 
Substituting the values we get, 
h 
r= 3 Ans. 


24. PO is original level of mercury. Equating the 


pressures at the level of M from left hand side and 
right hand side. 
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30 cm 
<>] 
4 
1 30cm 
— 


Pot PuS Mw = Po + Pus Shue 
or Py Ay = Pug te 
(1) (30 + 3x) = (13.6) (4x) 
Solving we get, x=0.58cm Ans. 


25. 
Ans. 
26. 
Ans. 
1 2 
27. > Pair w= Py gh, 
2 
y 2P,£ h,, 
Pair 
= par x 10x 107 
1.3 
= 12.4 m/s Ans. 
28 (2) mn 7 
A 
art 
“Sra 2x 10x 0.5 
0.5 x 10 
3.28 m/s Ans. 
_ 2 
29. a, _(a-pe 


ea 4nL 


_ (4x 4x 107%) (10°) (0.66 x 10) 
(2x 10° 
= 2.64 x 10° N/m? = hpg 
2.64 x 10° 
pg 
_ 2.64 x 10° 
~ 13.6x 10° x 9.81 


— 


m of Hg 


= 0.0195 m of Hg 
= 19.5 mm of Hg 


For water 0 = 0° 
R=r or P= ar + PB 
7 
As temperature is constant. 
PV = PV 
Po (0.11) = p (0.11—h) 


or yy 01) =(r +72) h) 


Substituting the values, we get 
(1.01 x 10° (0.11) =[1.01 x 10° 


2] 
oe jou 


Solving this equation we get, 
h=0.01m or lcm 
Ifseal is broken, then water will rise in the capillary. 
31. W =T (AA) 
=T (2ld) 
= (72 x 10°) (2) (0.1) (10) 
=14.4x10°J Ans. 


32. Let the pressures in the wide and narrow capillaries 
of radii 7, and 7; respectively be p, and p,. Then 
pressure just below the meniscus in the wide and 
narrow tubes respectively are 


2T 
[excess pressure = —] 
; 


hy-—hp=h 


Difference in these pressures 


oT oT 
fp ) [» ) =hpg 
qt 1p) 


True pressure difference = p, — py 


hogs art —2) 


ie) 


=0.2x10°x98+2x72x10° 


[4 1 | 
| taa x10 72« 10" | 


= 186 x 10° =1860N/m? 


33. The surface tension of the liquid is 


Te rhpg 
2 
_ (0.025em)(3.0em)(1.5gm / em*)(980cm / s”) 
2 


= 55 dyne/em 
Hence, excess pressure inside a spherical bubble 
_4T _ 4x 55dyne/cm 


R (0.5cm) 
= 440 dyne/ cm? 


34. Suppose pressure at the points, 4, B, C and D be p,, 
Pp» Pc and pp respectively. 
The pressure on the concave side of the liquid 


: . 2T 
surface is greater than that on the other side by ri 


An angle of contact 8 is given to be 0°, hence 


Reos0°=r or R=r 


2T 2T 
al eee and Pe= tae 
i 2 
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where, 7, and 7, are the radii of the two limbs 


But Pa = Pc 
2T 2T 
Pg + —_=Pp 
i 4% 
or Pp py -2r{ 4-4) 
4 4 
where, / is the difference in water levels in the two 
limbs 
Now, h= ae 7 4) 
PE\"A 4 
Given that 7 =0.07Nm™',p = 1000 kgm™ 
3 3 
7 = —mm =—cm = m 
2 20 20 x 100 
=15x10"%m, 5 =3x10°m 
2 x 0.07 1 1 
— = = |m 
1000 x 9.8\ 15 x 10 3x10 


=4.76x10°m = 4.76mm 


35. The total pressure inside the bubble at depth /, is 


(p is atmospheric pressure) 
2T 
= (p+ hpg) = Di 
y 
and the total pressure inside the bubble at depth /, is 


=(p+t hpg) = %, 


ip) 


Now, according to Boyle’s law 
PV, = PV 
where, V, = aan and V,= aan 
3 a) 

Hence, we get 

‘wp + hpg)+ wr l4 3 

l Hi | 3 
= C + hpg)+ 20 
rr {3 


2 
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36. 


or 


37. 


[ ar|,_[ 2r | 

oe | Gripe) Or hese ss 

Fi 4 
Given that h, =100 cm, 74 =0.1 mm =0.01 cm, 
% =0126 mm =0.0126 cm, T =567 dyne/cm, 
p=76cm of mercury. Substituting all the values, 
we get 

h, = 9.48cm. 

Let n be the number of little droplets. 


Since, volume will remain constant, hence volume 
of n little droplets = volume of single drop 


nx aoe = 4 eR? 
3 3 
or nr = R 
Decrease in surface area = n x 407° — 40R? 
or AA = 4n[nr* — R?] 


[o> ol_, FR? 0] 
ele Baan al 
IT r 
eee 1] 
r R| 
Energy evolved W =T x decrease in surface area 
=Tx anr3l | a 
Lr RI 
4nTR*[1 1 
Heat produced, O = ide [ | 
J J |r Ri 
But O = msd® 


where, m is the mass of big drop, s is the specific 
heat of water and d6 is the rise in temperature. 
4nTR*[1 1 ; 
z [1 = a = Volume of big drop 
ae le R| 


x density of water x sp. heat of water x dO 


3 
or 4 oR eines (t-3] 
3 J r R 


Applying pressure equations between | and 2, 
2T 
Po + Pgn— rie Po 
_ 2T 
TPS 


=> h 


LEVEL 2 
Single Correct Option 


a 


2. 


When ice melts into water its volume decreases. 
Hence, over all level should decrease. 


Now suppose m is the mass of ice, V,; is volume 
immersed in water and V, the volume immersed in 
oil. Then in floating condition, 

weight = upthrust 


mg =ViPyE + V»Pog 


V,= m—V>Po 
Py 
Mm Vr Po (i) 
Py Py 


When ice melts, m mass of ice converts into m mass 
of water. Volume of water so formed is 
m 
V3 =— 
Pw 
From Egs. (i) and (ii), V; > V;, 
Interface level will rise. 


...ii) 


g, = 0 so, pressure inside and pressure outside the 


hole will be same. 


ia 1/4 
M 
oO w, = 240 N 
Wo = 120 N 
T +U =w, + w, =360N ...i) 


U = 5 pug = (7/2) (10°) (10) 


or U=05x10'V 
(£ Moments) about M = 0 
120(7) + T (=) -240(=] 
4 4 4 
T= 240 — 120 
3 
=40N=4g 
Now from Eqs. (i) and (ii), we get 
V =64x107? m 


...(ii) 


or 


Ans. 


4. Volume flow rate = av = - 
t 


V 120x103 
Att 5x10 *x2x 60 


v= 


. Radius of meniscus = 


Now, Av, = Ayvy 
_ 1 
A, is . th of A,. 
Hence, vy is five times of v, or 10 m/s. 
2h_ {2x1 
ty = j—= . | —_ 
g 10 


= 0.447 s 


R = Voty = 4.47 m 


z= ysec@ 
dz = dy sec® 
P= (Pgy) 
dA = (b) dz = (b) dy sec® 
dF = pdA = (gb sec) y dy 
_ h _ 1 2 
F =| dF => pbh-g sec® 
. Velocity of body just before touching the lake 
surface is, 
v=./2gh 
Retardation in the lake, 
ae upthrust — weight 
mass 
_ Yog -Vpg -(<=*) 
& 
Vp p 


2 
Maximum depth d,... = woe EE 
2a 
» pgh=paL 


h=— 
g 


=f 
cos 8 


; 26 
Ap due to spherical surface = — 
7 


_ 26 cos 9 
R 


Pa = Patm 


» QV, = Vy 


(L’) [2gh = (mR?) [2g (4h) 


pee 


V2n 
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10. Let 4 = final height of liquid. 


11; 


12. 


13. 


14. 


15. 
16. 


hy h 


Equating the volumes we have, 
Ah, + Ah, = A (2h) 

hth 

a) 

—AU =U; -U,y 


= [4h pg 4) + (At pg *) 
essa] 


Simplifying this expression we get the result. 

AP =Poit & Moin + Pw Sy 
= (600)(10)(10 x10" 7) + (1000 x 10x 2x10" *) 
= 800 N/m? 


ya [PAP [2x 5x 10° 
p 1000 
= 31.5 m/s 


From continuity equation, 


h 


Vy4=VB =Vo 
Pat Ppgh= pg + 0 


Pp — Pa =Pgh .- (i) 


Now, let us make pressure equation from 


manometer. 
Pat pg (ht H)—Pye, gh= p; 
Putting p, — py=pgh we get h=0 


AV 
“e i oe 


=p (Av) (2v) = 2pAv? 
Ap, =pgh or pal 


At every instant half of the length remains up the 
surface and half below the surface of liquid. 


Since, D >> d, over all level will remain unchanged. 


640 © Mechanics - II 


Let at ¢ = 0, length of candle is 10 cm. 


Length about Length below 


Length of candle 


(cm) the surface the surface 

(cm) (cm) 

5 5 

4 

17 1 3 
"1m 
dF _yY | ¥ (x 0.5) 
> d: 
= a 


Net torque about hinge = 0 
dF = (pgx) (1- dx) 
dt =(pgx) (x — 0.5) dx 
Net anticlockwise torque 


1 
= i) at= (22) 
0 12 
F 
Net clockwise torque of applied force = F' (0.5) = 2 


Equating the two torques we get, 
F=P8 
6 
18. See the typed example 12. 
tan 30° : 
PitPo v3 
Solving this equation we get, 


p, _v3+1 


pP, v3-1 
19. poe -(St) (Av) 
At 


tan 0 Pi —P2 


At 
we — 
20: yee eee 
94 
_ 2.x (0.003)? (1260 x 2 - 1260) x 10 
9x 1.26 


=p (=) (vy, + ¥%) =pV (vy, + vp) 


= 0.02 m/s 
d _10x10-* 
f= — => = 58, 
v0.02 
21. Torque of hydrostatic force about centre of sphere is 
already zero as hydrostatic force passes through the 
centre. 
ze Fins = Frus 
For finding force refer Q-No. 23 (a) subjective 
questions of section Level 1. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


1 2_1 2 
ae (g)h = (3p) (g) R 


20 cm 
Pgh, =P.gh 
(4) (g) («) = (I) (g) (60) 
or x=15cm 
Total volume of liquid = (20 + 15) cm? 


= 35cm? 
Viscous force = mg sin 8 
n (a’) Y= mg sin 37° = : mg 
t 
_ 3pagt 
Sv 


Reading = weight of bucket of water + magnitude of 
upthrust on block 


1f 72 
= (10g) + 
(10g) 5 & 2) PS 


=10.5 g=10.5kg 


Sum of all three terms are different at three points 
A,BandC. 

upthrust — weight 

od 


3 
= @p)g = oom 


(upwards) 
mass 
=J05 Ts — (2 y g (upwards) 
Vp p 
aE pee 


Prop 


Since, this point lies in the tank. So hole should be 
made at this point. 


Viscous force F’ « (area) 


So let F=kA 
Fy =k (A, + A) ...(i) 
and T =k A, .. (il) 


Dividing Eq. (ii) by Eq.(i) we get, 


original level 
of water 


Pi = P2 
Po + PoSho = Po + Pw My 
or Polo = Pwhyy 
or (0.8) (4 + 50) = (1) (50) 
or h=12.5 cm 


30. 


F = Tension 


Surface tension force is radially outwards. 
On AB: 
2F sin d® = Surface tension force from 


two films from two sides 


For small angle, 


sin d0 = d0 
2F dQ =2 (Tl) =2 (T) (2Rd8) 
F=2TR 


31. Surface tension force on liquid is FaU 


downwards. But on the disc it is upwards. 
In the figure, F = Surface tension force 
=Tl cos89=T (2 mr) cos ® 
U = upthrust = @ 
W = weight of disc 
For equilibrium of disc, 
W =U+F =@+22Tr cos® 
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2T 


2T 
Po + pgh= po - 
A ty 
_ pghrr 
2(4-%) 
33. When the capillary is inside the liquid, the surface 
tension force supports the weight of liquid of height 


S.T. Force 


When the capillary is taken out from the liquid 
similar type of surface tension force acts at the 
bottom also, as shown in second figure. Hence, now 
it can support weight of a liquid of height 2h. 

34. Let L be the width of plates (perpendicular to paper 
inwards). 
Surface tension force in upward direction 
= weight of liquid of height A 
: Tl cos ®@ = Vdg 

S.T. Force 


(V = volume) 


or T (2L) cos ® = (Lxh) dg 
2T cos 0 
h=—— 
xdg 
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35. Let R, and R, are the radii of soap bubbles before 
and after collapsing. Then given that, 
4 4 


V =2|—1R}|-—a1R? wld 
(5 ; ge (i) 

S =2 (8 2R?)- 8 xR? di) 
PV, = PV, 


4 
; Base [2x4 mri] = hae ( ni’ | 
R, 3 By IAS 


...(iii) 
Solving these three equation we get the desired 
result. 


36. pV, = PV; 


(+ 2)5~)-[ GIG) 


Solving this equation we get, 


240 
Py = 8p, + aa 


37. W =2n(r,+%)T 

W 748 x10x107 
Qn (rH ae) 2n x 17x 107 
= 70107 N/m 


More than One Correct Options 


A 2m/ 
1. Velocity gradient = ak = OS 2257! 


lm 
p2q4e = (10~ >) (10) (2) 


=0.02N 
2. For contact angle 6 = 90°, liquid neither rises nor 
falls. 
3. Restoring force =— (pAg)x or Fx—x 


This is just like a spring-block system of force 


constant 
K =pdg 
4. From continuity equation Ay = constant 
Vy >Vvy as A< A, 


From Bernoulli’s equation, 
1 
pt . pv = constant (as 4 =constant) 


P2<Py as 
5. Fraction of volume immersed, 


pas 
Pp; 


Vy > Vy 


This fraction is independent of atmospheric 
pressure. With increase in temperature p, and p, 
both will decrease. 


6. U =,/2gh, :t= Le hyhg 
g 


Here, hp = distance of hole from top surface of 
liquid 
and = h, =distance of hole from bottom surface 

7. Pressure increase with depth in vertical direction 
and in horizontal direction it increases in opposite 
direction of acceleration based on this concept 
pressure is maximum at point D and minimumat B. 


8. Inair, a, = g (downwards) 


Ta liquid, a, = upthrust — weight 


mass 
_ (VV) 2p) (g)- V) @) g) 
(Vp) 
= g (upwards) 
. a, # 
9. Initially 
1 = ya, = (2gh) (n) OR! i) 
“ = Voy = (,[2g (16h)) (1) (RY (ii) 
From Eqs. (i) and (ii), we can see that 
av, _ av 
dt dt 


After some time vy, and v, both will decrease, but 
decrease in the value of v, is more dominating. So, 


dV, dV, 
av; Of ——<@®v, or = 
dt dt 


10. Fraction of volume immersed is given by 
f= Ps 
P7 
p, and p, are same. Hence : 
f= h=h 
Base area in third case is uniform. Hence /, is 
minimum. 


Comprehension Based Questions 


2. x3 = 2 V htop x Abottom 


=, 3axa =23a 

3. x, =2.fax3a = 23a 
x) =2./2ax 2a =2V4a 

x3 =2V3a 


X) =X3<X, 


4. Weight = upthrust 


5. pA = pA + weight of two liquids + weight of 
cylinder 


= pdt (4) (A) (d) (g)+ (4) (A) (2d) (g) 


A 5d 
wey A Gel (festa 
Glesa 
L+ 6H 
jap a 2g 


6. Applying Bernoulli’s equation just inside and just 
outside the hole, 


H AH 1 2 
Pot (Je ~ (4 - nave) = Oy SB 


&§ 
y= ,/2 BH —-4h 
V V5 ( ) 
7. ¢t oa >. xevwte=/3H —-4h)h 


Match the Columns 


1. v=.2gh, and R=2Jhrh, 
Here, h, = height of hole from top surface 


and hg = height of hole from bottom 
2. (a) and (b) In floating condition upthrust = weight 
By increasing temperature of density liquid, weight 
remains unchanged. Hence, upthrust is unchanged. 
(c) When density of solid is increased (with 
constant volume) mass and hence weight of 
solid will increase. So, upthrust will increase. 
3. Ball will oscillate simple harmonically. The mean 
position in at depth 


OA 


wD 


° 
é 


Cc 


p=ah or A PL ap 
Qa 


hem = = AC 
104 
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Amplitude = P= AB or BC 
a 


From A to B:p >p,, weight > upthrust 

At B,p =p, weight = upthrust 

From B to C,p, >, upthrust > weight. 
From A to C > upthrust will increase and 
gravitational potential energy will decrease. 


From C to A, upthrust will decrease and 
gravitational potential energy will increase. 
From A to B, speed will increase. 

From B to C, speed will decrease. 


. F 
4. Surface tension = — 


e 
. A 
Viscous force f =n A = 
Ay 
: Energy 
Energy density = 
Volume 
Volume flow rate = Walvis 
ime 


5. F, — F, =upthrust 
= weight of cylinder in equilibrium or floating 
condition. 
From liquid-1, horizontal pair of forces cancel out. 
So, net force = 0 
Subjective Questions 
1. w= Weight, F = Upthrust 


_ OB _ 0.5 sec® 
=o 3 
About point O, clockwise moment of 
w = anticlockwise moment of F’. 


OA = 0.25 secO 


% (4 sin 0] = F(OA sin 9)= F(0.25 sin 0: sec 9) 


Given, L=1\1m 
sabe F _ (0.5 sec ®)(A)(1.0)g 
aw A(AN((O.5)g 
2 1 1 
or cos’ 8 =—, cos 8 = —= 
J2 
@ = 45° Ans. 
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2. Fraction of volume immersed before putting the 
Priock _ 800 _ 0.8 


new weight = od 


P water 
i.e. 20% of 3 cm or 0.6 cm is above water. Let w is 
the new weight, then spring will be compressed by 
0.6 cm. 
w+ weight of block =Upthrust on whole 
volume of block + spring force 


or w=(x107) x 1000 x 10 + 50x 


(0.6 x 107) — (3 x 107)° x 800 x 10 
w= 0.354 N Ans. 


3. Net force on the block at a height h from the 
bottom is 


F, = upthrust— weight (upwards) 
m 3h 
~15 Po| 4 i g-—mg 
=Po 9 
Fi, =Oat h= ‘i 


So, h= “ is the equilibrium position of the block. 


For h> *, weight > upthrust 


ai 


i.e. net force is downwards and for h < a 


weight < upthrust 
i.e. net force is upwards. 


For upward displacement x from mean position, net 
downward force is 


>Po fy 
F= ae, (i) 


h 
(because at h = a upthrust and weight are equal) 


Since Fa-x 


Oscillations are simple harmonic in nature. 
Rewriting Eq. (1) 


prene 6mgx 
5h 

or a=— oy 
Sho 

_1 lal 

rs 


. (a)v=,/2gh =./2x 10x 5 


=10m/s 
(b) From conservation of energy, 


Vv? =v" + 2eH 
=100+2x10x5=200 
v =14.1 m/s 


24 [ H | 
orp 3| 
_2xmx(" g 25] 


10°*,/2 x 10 
= 9200 s 
Writing equation of motion for the block 
T — mg sin 30° = ma ...(i) 

For the sphere 

Weight— Buoyant force— T = ma .. (ii) 

or mg — ms _T =ma 

2 

Solving, we get a=0 

» w=(0.25)/Py, 8 ..-() 


Let x fraction of volume is immersed in mercury in 
the second case. Then, 


a _ 


w=xVP yee + 1x) VPye ii) 
Equating Eqs. (i) and (ii), we have 


Pu 
-c = Pug a a = X)Py, 
: 12.6x = 2.4 
or x=0.19 Ans. 


1 
7. (a) py — 5 PY + Pgh = Pp 
But Pa = Pp = Po 
ae 
—pv' =pgh 
3P PS 
v=./2gh 
Here, h=(4+1)=5m 


v= 42xX98x5=9.9 m/s 


(b) Applying Bernoulli’s equation at A and B, 
2 


1 

P4at+ 0+ 0= pp ud pg(1.5) 
1 3 

or Po = Pp ad L5pg 


Pp = 1.01 10° - : x 900 x (9.9) 


—1.5x 900 x 9.8 
= 4.36 x 10* Pa Ans. 
(c) Applying Bernoulli’s equation at A and C, 


1 
Po= Pet 5 pv* — pg(1.0) 


a) 
Po = Po + PS ~ > PY 
=1.01x10° + 900 x 9.8 - > x 900 x (9.9) 


= 6.6104 Pa Ans. 

1 mg 

8. — pv? =pgh+ —2 
ied ae 


h=1.0—0.5=0.5 m, 
A = Area of piston = 0.5 m? 


v= [gh + “8 
pA 


= ppxoxoss 


Here, 


2x 20x 9.8 
10° x 0.5 


= 3.25 m/s 
Speed with which it hits the surface is 


v=yv4+2 i 
&' 


= (3.257 + (2x 9.8x 0.5) 


=4.51 m/s Ans. 
9. a/2gy = nx (- #) (i) 
dt 
—2 
ete tein aes 
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a=Tr =n (2x10°Y 
=1.26% 10° m? 
Substituting these values in Eq. (i), we have 


(1.26 x 10>) ,/2 x 9.8 x y =m(1.11 x 107>)x? 


or y= 0.4x* 
This is the desired x-y relation. 
10. Initially, Ax = mg ...(i) 


In the second case, 


‘°° {° 


mg mg + 2kx 
F =mg + 2kx 
or kx = awe ...(ii) 
From Eqs. (i) and (ii), we have 
mg = Fows 
. 2 
or F=3mg 
Let V be the total volume then, 
Vp, g = 3mg 
y — img _ GB) 3 
Pyg 10 
= 0.024 m? 
Volume of wood = = 
density 
= a = 0.0095 
840 
.. Volume of cavity = 0.024 — 0.0095 
= 0.0145 
Percentage volume of cavity 
_ 0.0145 x 100 
0.024 
= 60.41% 
11. v=./2g(10—h) .. (i) 
Component of its velocity parallel to the plane is 


v cos 30°. 
Let the stream strikes the plane after time ¢. Then 


0=vcos 30° — g sin 30° ¢ 
LO” 


& 
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12. 


2 ° 
Further x=vt=~ og 
g& 
2 ° 
a v- cot 30 =i (4-5 et] 
g 2 
3" n_& v” cot” 30° 
g 2 «¢F 
2 2 
or La ee 
g 2¢g 
2 
2h. ct SUS 
2¢g 
h=8.33m Ans. 


In elastic collision with the surface, direction of 
velocity is reversed but its magnitude remains the 
same. 


Therefore, time of fall = time of rise. 


or time of fall = 4 


Hence, velocity of the ball just before it collides 
with liquid is 
=i 
v= 85 ..-(1) 
Retardation inside the liquid 
me upthrust — weight _ Vd,g — Vdg 
mass Vd 


“(ts"}e 


Time taken to come to rest under this retardation 
will be 


ii) 


so S41 8h 
a 2a {4 - ‘) 
d 
__ at, 
2d, — d) 


Same will be the time to come back on the 
liquid surface. 


Therefore, 
(a) t, =time the ball takes to came back to the 
position from where it was released 


<1 420-4 + 

Le 

=t,;1+ d_| or pectin 
ae || d,—d 


13. 


14. 


15. 


(b) The motion of the ball is periodic but not simple 
harmonic because the acceleration of the ball is 


ginairand a g inside the liquid which is 


not proportional to the displacement, which is 
necessary and sufficient condition for SHM. 


(c) When d, = d, retardation or acceleration inside 


the liquid becomes zero (upthrust = weight). 
Therefore, the ball will continue to move with 


: ti zie ta 
constant velocity v = = inside the liquid. 


tat 2r 
Pressure inside the bubble = p) + pgh + — 
5 


‘. Amount of pressure inside the bubble greater 
: 2T 
than the atmospheric pressure = pgh + — 
# 


Substituting the values we get, 


2 x 0.075 
103 


Ap = 10° x 9.8 x 0.1+ 
= 980 + 150 = 1130 Nim? 
(a) F,. = 6nnrv 
= 6n(0.8)(10*)(10) 
=1.5x107N 
(b) Hydrostatic force = Upthrust 


= [S27 Joe = on (10-°)3 x 1260 x 9.8 


Ans. 


3 
=5.2x10°N Ans. 
(c) At terminal velocity 
w = Upthrust + viscous force 
or (50 x 10°? x 9.8) = (5.2 x 10°) 
+ 62(0.8)(10°) vp 
Solving we get vp = 32.5 m/s Ans. 


The loop will take circular shape after pricking. 
Radius of which is given by the relation. 


\ i 1 
\de!de/ 
\ 7 

Vly 
Ly 
Aly 
w 


gee 6.28 =] 
2n 2x3.14 


=107m 


1/=2nR or 


2T sin (d®) force in inward direction is balanced by 
surface tension force in outward direction. 
.. 2T sin (d0) = (Surface tension) x (length of arc) 
For small angles, sin d6 = dO 
2T d@ = S(2Rd ®) 
T =SR 
= (0.030)(107) 
=3.0x107N Ans. 


(S = Surface tension) 


16. (a) Time taken to empty the tank (has been derived 
in theory) is 


ee 2A JH 
aj 2g 
Given, a = 400 
a 
Substituting the values we have, 
fe 2 x 400 Vi 
2x 9.8 
=180s=3 min Ans. 


(b) Rate of flow of water O = a,/2gH = constant 


Total volume of water V = AH 
*. Time take to empty the tank with constant 
rate 


=90s=1.5 min Ans. 
17. (a) Ap=h(~,, —Po)g = (10)(1000 — 500) 9.8 
= 49000 N/m? 


7 


Ap = 5 Pv 
_ |2Ap _ [2 x 49000 
fe 1000 
= 9.8 m/s Ans. 


The flow will stop when, 


(b) 10+ 5)pog = Spog + MP 


Now, 


10) =Ap,, 
_ 10x 500 _ 
1000 


i.e. flow will stop when the water-oil interface is 
at a height of 5.0 m. Ans. 


5m 


Chapter 16 Fluid Mechanics ¢ 647 


48. ~=15y 
A 2 
or F= ; pAv* (i) 
Here, v is the velocity of liquid, with which it comes 
out of the hole. 
A 
a =e] Vv 
F 
<>} 
x 
Further V = Ax (ii) 
t= ui (iii) 
sv 
and w=F-x ...(iv) 
From the above four equations, 
V 
w=|— Apv? “) 
Gr) 
oe és lpV? 
= -V= Ans. 
2 i a 2°? 
19. (a) mA =kx 
= PA _ (po \(ar*) 
k k 
_ (1.01 x 10°)(@)(0.025)° 
3600 
= 0.055 m = 5.5 cm Ans. 


(b) Work done by atmospheric pressure 
ot ee (3600)(0.055)" 
2 2 
= 5.445 J Ans. 
20. Given, A, = 4 x 107 m’, 4, =8x107 m’, 
hy =2m,h,=5m, v,=1m/sandp = 10° kgm? 
Ao 


Vo 
Ay 


hy 
hy| 1 


From continuity equation, we have 
Ay, = Anv2 
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21. 


Applying Bernoulli’s equation at sections 1 and 2 


1 1 
p+ 5PM + pgh, = p+ 502 + pgh, 


1 : 
or Pi ~ Pr =Pa(hy — hy) + 5P(v3 — v1) call) 


(i) Work done per unit volume by the pressure as the 


fluid flows from P to Q. 
Wi = Pi P2 
1 . 
=pg(ly—hy)+>e(v3— vr) [From Eq. (i) 


= 3 _ Aaaa{ L . 3 
= {00° (9845 2) +510) (; am 


= [29400 — 375] Jim? = 29025 J/m3 


(ii) Work done per unit volume by the gravity as the 
fluid flows from P to Q. 


Wy =pg(hy — hy) = {(10°)(9.8)(5 — 2)} Jim? 
or W = 29400 J/m? 


Volume of the portion of the plate immersed in 
water is 


10 x (1.54) x 0.2 = 1.54 em? 


Therefore, if the density of water is taken as 1, then 
upthrust 

= weight of the water displaced 

= 1.54 x 1 x 980 = 1509.2 dynes 


Now, the total length of the plate in contact with the 
water surface is 2(10 + 0.2) = 20.4 cm 


.. Downward pull upon the plate due to surface 
tension 
= 204 x 73 = 1489.2 dynes 
.. Resultant upthrust 
= 1509.2 — 1489.2 


20 
= 20.0 dynes = —— 

980 
= 0.0204 gm-wt 


.. Apparent weight of the plate in water 


= weight of the plate in air — resultant upthrust 
= 8.2 — 0.0204 = 8.1796gm Ans. 


22. 


23. 


24. 


25. 


Given that 7, = > =15 mm=15x10°m 


= “ = 3.0mm = 3.0 x 10-*m, 

T =7.3x107 Nm, @=0° p=1.0x 10° kg/m’, 
g = 9.8 m/s” 

When angle of contact is zero degree, the radius of 
the meniscus equals radius of bore. 


. 2T 
Excess pressure in the first bore, p; = — 
4 


_2x713x lo" 


ie? = 97.3 Pa 


oT 
Excess pressure in the second bore, p, = — 
th 


_2x73x«107 


a 
x 


Hence, pressure difference in the two limbs of the 
tube 
Ap = P, — P, = hpg 
= Pi ~ Pa 
Ps 
97.3 — 48.7 


~ 110x102 x 9.8 
=5x10°m 


= 5.0mm 


or 


PV = PV2 


(+8 fd -(ne 2) Se) 


From here we can find expression of T. 


PV = Plo 
4T\(4 4T o° (: ‘ 
+ tr |= + TR 
[a ale ?) [n R =| 3 
R 
Here, cs 
Eo 
er o = Ho 
R 
PY, = PV 
2 
oO 4 
ni) = ( n| 2Ry 
[»+4 “\(4 [n+ t-<|($xJem 
Here, Oo=—= q 


te ee 
A 4n (2R) 


JEE Main and Advanced 


Previous Years’ Questions (2018-13) 


3. 


JEE Main 


. Seven identical circular planar discs, each 


of mass M and radius R are welded 
symmetrically as shown in the figure. The 
moment of inertia of the arrangement 
about the axis normal to the plane and 
passing through the point P is (2018) 


(a) oun (b) > MR 
(c) Sun (d) oun 


From a uniform circular 
disc of radius R and 
mass 9 M, a small disc of 


radius = is removed as 


shown in the figure. The 

moment of inertia of the 
remaining disc about an axis 
perpendicular to the plane of the disc and 
passing through centre of disc is (2018) 


(a) 4MR? (b) Sn (c) 10MR? (c) mr 


A solid sphere of radius r made of a soft 
material of bulk modulus K is surrounded 
by a liquid in a cylindrical container. A 
massless piston of area a floats on the 
surface of the liquid, covering entire 
cross-section of cylindrical container. 


6. 


When a mass mis placed on the surface of 
the piston to compress the liquid, the 
fractional decrement in the radius of the 


sphere, (=) is 


r (2018) 
Ka Ka mg mg 
a b c d 
Sr Ser (°) oka (Oa 


The mass of a hydrogen molecule is 
3.32x 10°” kg. If 10” hydrogen molecules 
strike per second, a fixed wall of area 

2 cm” at an angle of 45° to the normal and 
rebound elastically with a speed of 10° 
m/s, then the pressure on the wall is 
nearly 


(a) 2.35 x 10° N/m? 
(c) 2.35 x 102 N/m? 


(2018) 
(b) 4.70 x 10° N/m? 
(d) 4.70 x 102 N/m? 


The moment of inertia of a uniform 
cylinder of length / and radius R about its 
perpendicular bisector is J. What is the 
ratio //R such that the moment of inertia 


is minimum? (2017) 
V3 3 3 
(a) a (b) 1 (c) Te (d) a 


A slender uniform rod of mass M and 
length /is pivoted at one end so that it can 
rotate in a vertical plane (see the figure). 
There is negligible friction at the pivot. 
The free end is held vertically above the 
pivot and then released. The angular 
acceleration of the rod when it makes an 


angle @ with the vertical, is (2017) 
(a) 29 sin® (b) 39 cos 8 

3/1 2l 
(c) <9 cose (d) 9 sino 


7. 


10. 


11. 


The variation of acceleration due to 
gravity g with distance d from centre of 
the Earth is best represented by (R= 


Earth’s radius) (2017) 
ga e7N 
(a) /\ (b) /\ 
d d 
O R O R 
ga gA 
(c) (d) 
d va 
O R O R 


A particle is executing simple harmonic 
motion with a time period 7. At time t = 0, 
it is at its position of equilibrium. The 
kinetic energy-time graph of the particle 


will look, like (2017) 

KEA KE+ 
a aN 

(a> rq Moat a 
KEA KEA 

(e] + d 

() a 7/4 7/2 T (5 7/2 T T 

t— t—> 


A magnetic needle of magnetic moment 
6.7 x 10° Am’ and moment of inertia 

7.5 x 10° kg m’ is performing simple 
harmonic oscillations in a magnetic field 
of 0.01 T. Time taken for 10 complete 
oscillations is (2017) 
(a)8.89s (b)6.98s (c)8.76s (d)6.65s 


The following observations were taken for 
determining surface tension T of water by 
capillary method. Diameter of capillary, 

d =1.25x 10° m rise of water, 

h =1.45 x 10°m. Using g= 9.80 m/s” and 


the simplified relation T = te x 10° N/m, 
the possible error in surface tension is 
closest to (2017) 
(a) 1.5%  (b)2.4%  (c)10%  (d) 0.15% 
A man grows into a giant such that his 


linear dimensions increase by a factor of 
9. Assuming that his density remains 


12. 


13. 
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same, the stress in the leg will change by 
(2017) 


a factor of 


(a) 3 
1 


(c) a 
A particle of mass m 
is moving along the 
side of a square of 
side a, witha 
uniform speed v in 
the xy-plane as 
shown in the figure. 


Which of the following statements is false 
for the angular momentum L about the 
origin? (2016) 
-MV ps ee ; 
a) L = —— Rk when the particle is movin 
(a) BB p g 
from Ato B 
R 
b) L=mv|—_-a 
ican 
moving from 
CtoD 


R ~ sess & 
c) L=mv| —+a]|k when the particle is 
()L=my[ +a) ‘ 


k when the particle is 


toc 
(d) L= oe Rk when the particle is moving from 


moving from B 


DtoA 


A roller is made 
by joining 
together two 
corners at their 
vertices O. It is 
kept on two rails Y 
AB and CD which ‘ . 

are placed asymmetrically (see the 

figure), with its axis perpendicular to CD 
and its centre O at the centre of line 
joining AB and CD (see the figure). It is 
given a light push, so that it starts rolling 
with its centre O moving parallel to CD in 
the direction shown. As it moves, the 
roller will tend to 


(2016) 
(a) turn left 

(b) turn right 

(Cc) go straight 

(d) turn left and right alternately 
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14, 


15. 


16. 


17. 


18. 


19. 


A satellite is revolving in a circular orbit 
at a height h from the Earth’s surface 
(radius of earth R,h<< R). The minimum 
increase in its orbital velocity required, so 
that the satellite could escape from the 
Earth’s gravitational field, is close to 
(Neglect the effect of atmosphere) 


(a) {2gR (b) JgR 

(c) /gR/2 (d) JoR (2 - 1) 

A student measures the time period of 
100 oscillations of a simple pendulum four 
times. The data set is 90s, 91s, 92s and 
95s. If the minimum division in the 
measuring clock is 1s, then the reported 


(2016) 


mean time should be (2016) 
(a) (92 + 2s) (b) (92 + 5s) 
(c) (92 + 1.8s) (d) (92 + 3s) 


A particle performs simple harmonic 
motion with amplitude A. Its speed is 
trebled at the instant that it is ata 


; 2 caepace - 
distance a A from equilibrium position. 


The new amplitude of the motion is (2016) 


(a) ‘ Vi (b)3A— (c) AV (+) la 
Distance of the centre of mass of a solid 
uniform cone from its vertex is z,. If the 
radius of its base is R and its height is h, 


then z, is equal to (2015) 
3h he 5h 3h? 

a) — b) = Ce) d 

(a) 4 ( aR (c) 8 () 8R 


A particle of mass m moving in the 
x-direction with speed 2u is hit by another 
particle of mass 2m moving in the 
y-direction with speed v. If the collision is 
perfectly inelastic, the percentage loss in 
the energy during the collision is close to 
(2015) 


(a)50%  (b)56% (c)62% (d)44% 


From a solid sphere of mass M and radius 
R, a cube of maximum possible volume is 
cut. Moment of inertia of cube about an 
axis passing through its centre and 


perpendicular to one of its facesis (2015) 
MR? 4MR? MR? 4MR* 

a b c d 

: 30 Jon 9 Jan 6 Jen 3 Jan 


20. 


21. 


22. 


ZZ. 


in the figure. Taking gravitational 
potential V = Oat r =», the potential at 
the centre of the cavity thus formed is 


From a solid sphere of 
mass M and radius R, a 
spherical portion of radius 


z is removed as shown 


(G = gravitational constant) (2015) 
-—GM -—GM 
a b 
(a) P (b) 5R 
—-2GM —-2GM 
Cm (ae 
3R R 


For a simple pendulum, a graph is plotted 
between its Kinetic Energy (KE) and 
Potential Energy (PE) against its 
displacement d. Which one of the following 
represents these correctly? (graphs are 
schematic and not drawn to scale) 


(2015) 


A pendulum made of a uniform wire of 
cross-sectional area A has time period T. 
When an additional mass WM is added to 
its bob, the time period changes to T,,. If 
the Young’s modulus of the material of 
the wire is Y, then 1/Y is equal to 
(g = gravitational acceleration) 


s -(Z) 4 


(2015) 


Ty |e 
(6) (Hy - 8 
[XT A 
L . 
(o)]1-(B) | 
Lee 
hee 
(d) G se 
T Mg 
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23. 


24. 


25. 


26. 


27. 


A bob of mass m attached to an 

inextensible string of length /is suspended 

from a vertical support. The bob rotates in 

a horizontal circle with an angular speed @ 

rad/s about the vertical support. About the 

point of suspension (2014) 

(a) angular momentum is conserved 

(b) angular momentum changes in magnitude 
but not in direction 

(c) angular momentum changes in direction but 
not in magnitude 

(d) angular momentum changes both in 
direction and magnitude 


A mass m supported by a 
massless string wound 

around a uniform hollow m 
cylinder of mass m and 

radius R. If the string does 

not slip on the cylinder, 

with what acceleration will the mass fall 


m 


on release? (2014) 
(a) 29/3 (b) g/2 
(c) 59/6 (d) g 


Four particles, each of mass M and 

equidistant from each other, move along a 
circle of radius R under the action of their 
mutual gravitational attraction, the speed 
of each particle is (2014) 


[am 
(a) a 
(c) am 2,/2) 


(b) ,2yva GM 


R 
TOM Gs o.J5) 
R 


A particle moves with simple harmonic 
motion in a straight line. In first Tt sec, 
after starting from rest it travels a 
distance a and in next Tsec, it travels 2a, 
in same direction, then (2014) 


(d) 


mI 


(a) amplitude of motion is 3a 
(b) time period of oscillations is 8x 
(c) amplitude of motion is 4a 
(d) time period of oscillations is 62 


There is a circular tube in a vertical 
plane. Two liquids which do not mix and 
of densities d, and d, are filled in the 


28. 


29. 


30. 
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tube. Each liquid 
subtends 90° angle at 
centre. Radius joining 
their interface makes 
an angle o with 


vertical. Ratio d,/ d, is d; 
(2014) 

. 1+ sina b 1+ cosa 
1- sinw 1- cosa 
1+ tana (d 1+ sino 
1- tana 1- cosa 


On heating water, bubbles 
beings formed at the bottom 
of the vessel detach and rise. 
Take the bubbles to be 
spheres of radius R and 
making a circular contact of 
radius r with the bottom of 
the vessel. If r<<R and the surface tension 
of water is 7, value of r just before bubbles 


detach is (density of water is p) (2014) 
(a) R? | 2Pu9 (b) RP, Pu 

ST 6 
(c) R?, |Pud (a) R? [229 

T T 


The pressure that has to be applied to the 
ends of a steel wire of length 10 cm to keep 
its length constant when its temperature is 
raised by 100°C is (For steel, Young’s 
modulus is 2 x 10''Nm”~ and coefficient of 
thermal expansion is1.1x10°K™') (2014) 


(a) 2.2x10° Pa 
(b) 2.2x10° Pa 
(c) 2.2x10" Pa 
(d) 22x10® Pa 


An open glass tube is immersed in 
mercury in such a way that a length of 

8 cm extends above the mercury level. 
The open end of the tube is then closed 
and sealed and the tube is raised 
vertically up by additional 46 cm. What 
will be length of the air column above 
mercury in the tube now? (Atmospheric 
pressure = 76cm of Hg) (2014) 


(b) 22cm 
(d) 6cm 


(a) 16cm 
(c) 38cm 


Previous Years’ Questions (2018-13) 


31. This question has statement I and 
statement IT. Of the four choices given 
after the statements, choose the one that 


best describes the two statements. (2013) 


StatementI A point particle of mass m 
moving with speed v collides with 

stationary point particle of mass M. If the 
maximum energy loss possible is given as 


1 7 2 m 
p [Ems enen f= [55 


+m) 


Statement II Maximum energy loss 

occurs when the particles get stuck 

together as a result of the collision. 

(a) Statement | is true, Statement II is true, and 
Statement II is the correct explanation of 
Statement | 

(b) Statement | is true, Statement II is true, but 
Statement II is not the correct explanation of 
Statement | 

(c) Statement | is true, Statement II is false 

(d) Statement | is false, Statement II is true 


32. A hoop of radiusr and mass m rotating 
with an angular velocity @, is placed on a 
rough horizontal surface. The initial 
velocity of the centre of the hoop is zero. 
What will be the velocity of the centre of 


the hoop when it ceases to slip? (2013) 
(a) 1, /4 (b) ro, /3 
(C) ra, /2 (d) ro, 


5 


33. What is the minimum energy required to 


launch a satellite of mass m from the 
surface of a planet of mass M and radius 
Rin acircular orbit at an altitude of 2R? 


(2013) 
(a) 5GmM (b) 2GmM (c) GmM (d) GmM 
6R 3R 2R 3R 


34. Assume that a drop of liquid evaporates 


by decrease in its surface energy, so that 
its temperature remains unchanged. 
What should be the minimum radius of 
the drop for this to be possible? The 
surface tension is 7’, denstiy of liquid is p 
and Lis its latent heat of vaporisation 


(2013) 
pL T T 2T 
@F OP © wor 


35. A uniform cylinder of length Z and mass 


M having cross-sectional area Ais 
suspended, with its length vertical from a 
fixed point by a massless spring such that 
it is half submerged in a liquid of density 
6 at equilibrium position. The extensition 
x, of the spring when it is in equilibrium 


is (2013) 
(a) Me (o) (1-6) 

k k M 
ce) MO (1 Le) (gy MBs 142) 

k 2M k M 


Answer with Explanations 


oh 
. 


(d) Key Idea First we found moment of inertia (MI) of 
system using parallel axis theorem about centre of mass, 
then we use it to find moment of inertia about given axis. 
Moment of inertia of an outer disc about the axis 
through centre is 
2 
MR” + M@RY mare 4 - } - 


MR* 


ai 


For 6 such discs, 


moment of inertia = 6 x oun = 27MR®* 


So, moment of inertia of system 
MR* 


+ 27MR? = 2° MR? 
2 
55 pape ; 
Hence, |, = rd + (7M x 9R*) 
i= Mn and Iywem = a Mn? 


2. (a) Moment of inertia of remaining solid 
= Moment of intertia of complete solid 
— Moment of inertia of removed portion 


i si i My] => |= 4MR? 


3. (c).. 


Bulk modulus, K = Volumetric stress _ Ap 
Volumetric strain AV 
V 
= kK =_mg [.. Vesa so AVE 3Ar] 
{=} L 3 V r | 
r 
= Ame 
r 3Ka 
(a) mv 
455 


Momentum imparted due to first collision 


= 2mvsin45° 
, 1] 
= /2mv [es sin45°= — 
L 2 
.. Pressure on surface = nvemv 
Area 
_ 10° x V2 x 3.32 x 10°" x 10° 
(2 x 10°) 
Pp =2.35 x 10° N/m? 
5. (d) Ml of a solid cylinder about its perpendicular 
bisector of length is 
2 2 
l=M a + a 
12 4 
2 ie 2 2 
> (2A OH a [- par?! = m] 
4 12 Anp! 12 
For / to be maximum, 
dl 7 (z)+2 0 m _ mi? 
dl 4np \/? 6 4ump = «6 


> iP 


1/3 1/3 
3m _. | (2) ( m ) 
27p 2 Tp 


p= fi = pe 
mR*! mpl 
2 1/3 np 1/3 m 2/3 2 1/3 
2 Pa) Ga) te) 6) 
Tp \3 m Tp 3 
- a3 in 1/3 el 
p 3 
3 1 


ee 
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(d) As the rod rotates in vertical plane so a torque is 
acting on it, which is due to the vertical component of 
weight of rod. 


Initial condition 


At any time t 


Now, Torque t = force x perpendicular distance of 
line of action of force from axis of rotation 


: / 
=mg sin®@ x — 
: 2 


Again, Torque, t = /a 
2 


where, / = moment of inertia = a 


[Force and Torque frequency along axis of rotation 
passing through in end] 
a = angular acceleration 


2 : 
mg sin@ x 5 = 7 _ 39 sin® 


2/ 


a>a 


» (c) Inside the earth surface 


gar 
Out the earth surface g = ell Le. g x = 
r r 


So, till earth surface g increases linearly with distance 
r, shown only in graph (c). 


» (c) KE is maximum at mean position and minimum at 


extreme position [a t= TI 


» (d) Time period of oscillation is 


Ts2n aS 
MB 
6 
& peeg oe = 0665s 
67 x 102 x 0.01 


Hence, time for 10 oscillations ist = 6.65 s. 


» (a) By ascent formula, we have surface tension, 


T =D x 192 N= AO x 492 N 
2 m 4 m 


carl [given, g is constant] 
T d h 
So, percentage = At x 100 = (= + =) x 100 
T d h 
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11. 


12. 


13. 


14, 


15. 


_({001x10* , 0.01 x 10° 
125x10° 145 10° 


AT 100 = 15% 
; 


H 3 
(d) Stress = Weight _ 9 x Wo 0( 


Area 9 x A, Ao 
Hence, the stress increases by a factor of 9. 
(b, d) We can apply L = m(r x v) for different parts. 
For example : 


. RR 
In part (a), coordinates of A are} —-, — 
ai Gad 


R-:, Ry; > 
Therefore, r i+ j and v=vi 
V2 V2 
So, substituting in L = m/(rx v) we get, 
mvR ¢ 
L=-—_k 
2 


Hence, option (a) is correct. Similarly, we can check 
other options also. 


(a) 


At distance x, fromO, v = aR 
Distance less than x), v > @R 


Initially, there is pure rolling at both the contacts. As 
the cone moves forward, slipping at AB will start in 


forward direction, as radius at left contact decreases. 


Thus, the cone will start turning towards left. As it 
moves, further slipping at CD will start in backward 
direction which will also turn the cone towards left. 


(2) Vanes = [ee = VOR > Vege = ¥20R 
. Extra velocity required 

= Vescape ~ Voroia = VOR (V2 -1) 
(a) True vaiud = UOT SO ENE gp 


4 


Mean absolute error 
_ [92 - 90|+| 92 — 91]+| 92 — 95|+| 92 - 92| 


4 


— 24+1434+0_ 
— 
Value = (92 + 1.5) 
Since, least count is 1 sec 

Value = (92 + 2s) 


1.5 


} 100 = 1.5% 


17. 


18. 


19. 


« (d) v =@vA* — x® At, x= 22 


2 
v=@0,|A?* (=) = ay 
3 3 


As, velocity is trebled, hence v’= V5Ao 
This leads to new amplitude A’ 


2 
ro) ae(24) = /5Ao 


2 
= 2) are 4A 1 5A2w? 
sarap 4 2 eae oe wala 
9 9 3 


(a) Centre of mass of uniform solid cone of height h is 
at a height of : from base. Therefore from vertex it’s a 


(b) In all type of collisions, momentum of the system 
always remains constant. In perfectly inelastic 
collision, particles stick together and move with a 
common velocity. 


Let this velocity is v,. Then, 
initial momentum of system = final momentum of 


system 
or m(2v)i + 2m(v)j = (m+ 2m)y, 


V, =-Wi+ vj) 
3 


2 2 
| v,| Orv, or speed = (| + (E"] =e y 


Initial kinetic energy 


k= simyevy + +@m)(v) = 3mv? 


Final kinetic energy 


2 
Ke 1 3m) 2v2 , = 4A my 
2 3 3 
Fractional loss = (A *) x 100 


_[ (3m?) = [4/31] 99 = 56% 
(3mv*) | 


(b) Maximum possible volume of cube will occur when 


3a =2R (a = side of cube) 
2 
a=——R 
V3 


Now, density of sphere, p = 
—TtR® 
3 


Mass of cube, m = (volume of cube) (p) = (a°)(p) 


f2,7f m fe 
Lys" | | @7aynr* | (sea) 


Now, moment of inertia of the cube about the said axis is 


2 2,\/ 
_<_|m| <r 
ees ee 
6 o 9/3n 
20. (a) V, =V, - Vs 


24. 


V, = Potential due to remaining portion 
V, =Potential due to total sphere 
Y_ = Potential due to cavity 


Radius of cavity is _ Hence, volume and mass is 7 


v= SM agnt — 08 (8) | S/91(8) 
Re | 2) |" Ae 2 
ee ls 
R 


21. (a) Taking minimum potential energy at mean position 


to be zero, the expression of KE and PE are 


Kes =ma'(Aa* —d®)and PE = xma'd? 


Both graphs are parabola. Atd = 0, the mean position, 
PE = Oand KE= mea A® = maximum 


Atd = + A, the extreme positions, 


KE = Oand PE= smo A = maximum 


Therefore, the correct graph is (a). 


22. (d) T=2n[- ..() 
g 
Ty = 2m L+AL 
Vg 
MgL 
L+ <= 
Hee ate Mb oz cog AY ii 
AY AY g 


Solving Eqs. (i) and (ii), we get 


al) 


23. 


(c) Angular momentum of the pendulum about the 
suspension point O is 


25. 
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Then, v can be resolved into two components, radial 
component r,,, and tangential component /,,,,. Due to 
Viags L will be tangential and due tov,,,, L will be 
radially outwards as shown. So, net angular 
momentum will be as shown in figure whose 
magnitude will be constant (|L| = mv/). But its direction 
will change as shown in the figure. 

L=m(txv) 
where, r = radius of circle. 


(b) For the mass m, mg —- T = ma 


m 

b i 

AT 

mya 

ymg 
As we know, a=Ra 
So, mg —T =mRa ..-(i) 
Torque about centre of pully 

Tx R=mR*o (ii) 


From Eqs. (i) and (ii), we get, a= g /2 
Hence, the acceleration with the mass of a body fall is g /2. 


(d) Net force acting on any one particle M, 


= GM" 
(2Ry 
GM? (1 
=—/-+ 
R? \4 
This force will equal to centripetal force. 
2 2 
So, Mv* _ GM (33 =| 
R 4 


v= 


a1 Mees 4) 
2V R 


Hence, speed of each particle in a circular motion is 


1 IGM 9.2 + 4). 
2VR 


R? 2 
GM (4 4 248) 
4R 
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26. (d) In SHM, a particle starts from rest, we have 29. (a) If the deformation is small, then the stress in a 
i.e. x = Acosat, att =0,x=A body is directly proportional to the corresponding 
When t=1,then x=A-a li) Stal 
When t =2t, then x= A~—3a il) According to Hooke's law i.e. 

On comparing Eqs. (i) and (ii), we get Young's modulus (j- EE 
; : Tensile strain 
A-a=Acosot => A- 3a = Acos2t F/A FL 
As cos2mt = 2cos’ at — 1 So, “AL/L. AAL 
> iain 2 (4 = <) 1 If the rod is compressed, then compressive stress and 
A A strain appear. Their ratio Y is same as that for tensile 
_ A-3a__ 2A* + 2a’ - 4Aa — A® case. 
A A’ Given, length of a steel wire (L) = 10 cm 
A? — 3aA = A® + 2a? — 4Aa Temperature (8) = 100°C 
a2 =2aA => A=2a As length is constant. 
Now, A-a=Acosot ‘ Strain -“t aA@ 
=> cos@t=1/2 => ah t= 2 5T=6n Now, pressure = stress = Y x strain 
7. [Given, Y =2 x10" N/m? anda = 1.1x10° K7] 
27. (c) Equating pressure at A, we get =2x10"x1.1x10°x100 =2.2x108 Pa 
Rsinad, + Rcosad, + R(1—cosa)d, 


30. (a) Thinking Process In this question, the system is 
accelerating horizontally i.e. no component of 
acceleration in vertical direction. Hence, the pressure 
in the vertical direction will remain unaffected. 


x] IPI 
| [face _| |54 


= AA sina)d, 


(sina + cosa)d, =d,(cosa — sina) 
d, _ 1+ tano i.e. P; = Po + pgh 


=> aS 
d, 1-—tano Again, we have to use the concept that the pressure in 


28. (a) The bubble will detach if, the same level will be same. 
For air trapped in tube, p,V, = pV, 


Py = Pam =P976 => V, = A-8 
[A = area of cross-section] 
Po = Pam — PO(54 — x) = pg(22 + x) 
V,=A-:x pg76x8A =pg(22 + x)Ax 
x? +22x-78x8=0 >= x=16cm 


TITY 
31. (d) Maximum energy loss 
2 = 2 
; aha. PO. KE = 2 
[sin eT x dl = Tar) sine 2m 2(m+M) om 


Buoyant force = Surface tension force 


4, , Before collision the mass m and after collision the 
= mR°p,g = IT x disine 


mass ism+ M 


(p,) (3 nf a > (T) (2 mr)sind = sine = ‘ =— 


4 
Solving, f= 2PWR'g = R? 209 = pi? M f= M 
3T 37 2 m+M m+M 


10 


32. (c) 


@=v/r 
From conservation of angular momentum about 
bottommost point 


Of 
mo, =mvr+omrre xv/r > v= 


33. (a) E = Energy of satellite — energy of mass on the 
surface of planet 


GMm GMm 
2r [ R } 
Here, r=R+2R=3R 
5GMm 
6R 
34. (d) Decrease in surface energy = heat required in 
vaporisation. 
-. TQS) = Lam) = T) (4xrar = L(4nrar) p 
2. 
pk 


Substituting in about equation we get, E = 


r 
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35. (c) In equilibrium, Upward force = Downward force 


kx, + Fz = mg 


ws 
kXo 


[Fs 


Here, kx, is restoring force of spring and F, is buoyancy 
force. 


kx, + o5Ag = Mg 


JEE Advanced 


1. The potential energy of mass mata 
distance r from a fixed point O is given 
by V(r)= kr’/ 2, where kis a positive 
constant of appropriate dimensions. 
This particle is moving in a circular 
orbit of radius R about the point O. If v 
is the speed of the particle and Lis the 
magnitude of its angular momentum 
about O, which of the following 
statements is (are) true ? 

(More than One Correct Option, 2018) 


(a)v=.{—R (bo) v= /2R 
2m m 
(c) L = Jmk R? (a) t= [re 


2. Consider a body of mass 1.0 kg at rest at 
the origin at time t= 0. A force 
F = (ati+f j) is applied on the body, 
where @ = 1.0Ns' and =1.0N. The 
torque acting on the body about the 
origin at time t =1.0s is t. Which of the 
following statements is (are) true ? 

(More than One Correct Option, 2018) 


1 
a) |t]=—N-m 
(a) |t| 


(b) The torque 7 is in the direction of the unit 
vector + k 


(c) The velocity of the body att =1s is 
v= ar + 2j)ms™ 
2 


(d) The magnitude of displacement of the body at 
t=1s is din 
6 


3. A uniform capillary tube of inner radius r is 
dipped vertically into a beaker filled with 
water. The water rises to a height / in the 
capillary tube above the water surface in 
the beaker. The surface tension of water is 
o. The angle of contact between water and 
the wall of the capillary tube is 8. Ignore 
the mass of water in the meniscus. Which 
of the following statements is (are) true ? 

(More than one Correct Option, 2018) 
(a) For a given material of the capillary tube, h 
decreases with increase in r 
(b) For a given material of the capillary tube, his 
independent of o 
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(c) If this experiment is performed in a lift going up 
with a constant acceleration, then h decreases 


(d) his proportional to contact angle 8 


Aring and a disc are initially at rest, side 
by side, at the top of an inclined plane 
which makes an angle 60° with the 
horizontal. They start to roll without 
slipping at the same instant of time along 
the shortest path. If the time difference 
between their reaching the ground is 

(2- /3)/ 10 s, then the height of the top 
of the inclined plane, in metres, is .......... F 
(Take, g = 10ms~°) (Numerical Value, 2018) 


Consider a thin square plate floating on a 
viscous liquid in a large tank. The height 
h of the liquid in the tank is much less 
than the width of the tank. The floating 
plate is pulled horizontally with a 
constant velocity u,. Which of the 
following statements is (are) true? 
(More than One Correct Option, 2018) 
(a) The resistive force of liquid on the plate is 
inversely proportional to h 
(b) The resistive force of liquid on the plate is 
independent of the area of the plate 
(c) The tangential (shear) stress on the floor of 
the tank increases with u, 
(d) The tangential (shear) stress on the plate 
varies linearly with the viscosity n of the liquid 


A steel wire of diameter 0.5 mm and 
Young’s modulus 2 x 10'' N m™ carries a 
load of mass m. The length of the wire 
with the load is 1.0 m. A vernier scale 
with 10 divisions is attached to the end of 
this wire. Next to the steel wire is a 
reference wire to which a main scale, of 
least count 1.0 mm, is attached. The 10 
divisions of the vernier scale correspond 
to 9 divisions of the main scale. Initially, 
the zero of vernier scale coincides with 
the zero of main scale. If the load on the 
steel wire is increased by 1.2 kg, the 
vernier scale division which coincides 
with a main scale division is ......... : 
(Take, g=10 ms” and x = 3.2). 

(Numerical Value, 2018) 


7. 


1] 


A planet of mass M, has two natural 
satellites with masses m, and m,. The 
radii of their circular orbits are R, and R,, 
respectively. Ignore the gravitational 
force between the satellites. Define v,, L,, 
K, and T, to be respectively, the orbital 
speed, angular momentum, kinetic energy 
and time period of revolution of satellite 
1; and v,, L,, K, and T, to be the 
corresponding quantities of satellite 2. 
Given, m,/m,=2and R,/ R,=1/ 4, 
match the ratios in List-I to the numbers 


in List-II. (Matching Type, 2018) 
List-l List-ll 
P. v,/V5 1. 1/8 
Q. L/L, 2. 1 
R. K,/K, 3.2 
S. 7,/T 4. 8 
(a)P> 4;Q32;R31;S33 
(b) P>3;Q>2;R54,;S>1 
(c)P32;Q33;R>31;S54 
(d) P> 2;Q33;R34;S>1 


In the List-I below, four different paths of 
a particle are given as functions of time. 
In these functions, « and are positive 
constants of appropriate dimensions and 
ao #f. In each case, the force acting on the 
particle is either zero or conservative. In 
List-II, five physical quantities of the 
particle are mentioned: p is the linear 
momentum, L is the angular momentum 
about the origin, K is the kinetic energy, 
U is the potential energy and F is the 
total energy. Match each path in List-I 
with those quantities in List-II, which are 


conserved for that path(Matching Type, 2018) 


List-l List-ll 
P. r¢t)=ati+ Bt j 1. p 
Q. r¢t)=acosa@ti+ Bsinat j 2. 
R. rt) =a (cos wt i+ sinwt j) 3. K 
Ss rt)=atit+ Pi 4. U 
5. E 
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9. 


10. 


11. 


(a) P> 1, 2,3, 4,5; Q73 2,5;R>2,3,4,5;S35 

(b) P— 1, 2,3, 4,5; Q33,5;R-> 2,3, 4,5; 
$3 2,5 

(c)P32,3,4, Q>5; R>1,2,4; S35 2,5 

(d) P> 1, 2, 3, 5; Q> 2,5; R> 2,3, 4,5;5 32,5 


Passage (Q. Nos. 9-10) 


One twirl is a circular ring (of mass M and 
radius R) near the tip of one’s finger as 
shown in Fig. 1. In the process the finger 
never loses contact with the inner rim of the 
ring. The finger traces out the surface of a 
cone, shown by the dotted line. The radius 
of the path traced out by the point where 
the ring and the finger is in contact is r. 
The finger rotates with an angular velocity 
Mo. 
The rotating ring rolls without slipping on 
the outside of a smaller circle described by 
the point where the ring and the finger is in 
contact (Fig. 2). The coefficient of friction 
between the ring and the finger is u and the 
acceleration due to gravity is g. 

(Passage Type, 2017) 


Fig. 2 


Fig. 1 


The total kinetic energy of the ring is 
(a) Ma’ (R - 1)? (b) + Mo (R-r? 
= 
2 
The minimum value of @, below which 
the ring will drop down is 


(c) Max2R? (d) 2 Ma? (R =r)? 


(a) | 9 (b) |_39 
\2n@—/) Du R—n) 
g 4) |_29 
OR Oe 


Consider regular polygons with number of 
sides n = 3,4,5...... as shown in the 
figure. The centre of mass of all the 
polygons is at height h from the ground. 
They roll on a horizontal surface about 


12. 


13. 
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the leading vertex without slipping and 
sliding as depicted. The maximum increase 
in height of the locus of the centre of mass 
for each each polygon is A. Then, A depends 
onnandhas (Single Correct Option, 2017) 


aa 
, 
# *% ---+ 
4 * \ 
. 
\ 
At fr vy 
‘N ha ] 


(b) A =hsin (=) 


n 


1 
cos( =) 
n 
A wheel of radius R and mass M is placed 
at the bottom of a fixed step of height Ras 
shown in the figure. A constant force is 
continuously applied on the surface of the 
wheel so that it just climbs the step 
without slipping. Consider the torque t 
about an axis normal to the plane of the 
paper passing through the point Q. Which 
of the following option(s) is/are correct? 
(More than One Correct Option, 2017) 


(d)A=h 24 


(a)If the force is applied normal to the 
circumference at point P, then t is zero 

(b)If the force is applied tangentially at point S, 
then t # Obut the wheel never climbs the step 

(c)If the force is applied at point P tangentially, 
then t decreases continuously as the wheel 
climbs 

(d)If the force is applied normal to the 
circumference at point X, then t is constant 


A rigid uniform bar ABof length Lis 
slipping from its vertical position on a 
frictionless floor (as shown in the figure). 
At some instant of time, the angle made 
by the bar with the vertical is 8. Which of 


Previous Years’ Questions (2018-13) 


the following statements about its motion 
is/are correct? 


(More than One Correct Option, 2017) 


eee 
# 
ae 
DB 


(a) Instantaneous torque about the point in 
contact with the floor is proportional to siné@ 

(b)The trajectory of the point Ais parabola 

(c)The mid-point of the bar will fall vertically 
downward 

(d)When the bar makes an angle 6 with the 
vertical, the displacement of its mid-point 
from the initial position is proportional to 
(1— cos6) 


14. A block of mass M has a circular cut with 


a frictionless surface as shown. The block 
rests on the horizontal frictionless surface 
of a fixed table. Initially, the right edge of 
the block is at x = 0, in a coordinate 
system fixed to the table. A point mass m 
is released from rest at the topmost point 
of the path as shown and it slides down. 
When the mass loses contact with the 
block, its position is x and the velocity is 
v. At that instant, which of the following 
option(s) is/are correct? 

(More than One Correct Option, 2017) 


x=0 
(a) The velocity of the point mass mis 
= |29R 
VS (ees 
m 
1+ — 
M 


(b)The x component of displacement of the 


centre of mass of the block M is — ala 
M+m 


15. 


16. 
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(c)The position of the point mass is 


2 = 4/2 mR 
M+m 


(d) The velocity of the block Mis v =- Near 


A rocket is launched normal to the 
surface of the Earth, away from the Sun, 
along the line joining the Sun and the 
Earth. The Sun is 3 x 10° times heavier 
than the Earth and is at a distance 
2.5 x 10* times larger than the radius of 
Earth. The escape velocity from Earth’s 
gravitational field is v, =112kms™. The 
minimum initial velocity (v,) required for 
the rocket to be able to leave the 
Sun-Earth system is closest to (Ignore the 
rotation and revolution of the Earth and 
the presence of any other planet) 

(Single Correct Option, 2017) 


(a) 

(b) v, = 22kms"' 
(c) v, = 42kms" 
(d) v, = 62kms" 


Consider an expanding sphere of 

instantaneous radius R whose total mass 
remains constant. The expansion is such 
that the instantaneous density p remains 
uniform throughout the volume. The rate 


of fractional change in density (= 2) is 
Pp 


constant. The velocity v of any point of the 
surface of the expanding sphere is 
proportional to (Single Correct Option, 2017) 


(a)R (b) 


(c) R° (d) Re 


17. A drop of liquid of radius R= 107 m 


having surface tension S = Nm* 
1 


divides itself into K identical drops. In 
this process the total change in the 
surface energy AU = 10° J. If K = 10", 
then the value of @ is 

(Single Integer Type, 2017) 


14 


Passage (Q. Nos. 18-19) 


A frame of the reference that is accelerated 
with respect to an inertial frame of 
reference is called a non-inertial frame of 
reference. A coordinate system fixed on a 
circular disc rotating about a fixed axis with 
a constant angular velocity @ is an example 
of a non-inertial frame of reference. 


The relationship between the force F,, 
experienced by a particle of mass m moving 
on the rotating disc and the force F,, 
experienced by the particle in an inertial 
frame of reference is, F,,, =F, + 2m (v,o¢ * ©) 
+m(@®xr)x@, where, v,,, is the velocity of 
the particle in the rotating frame of 
reference and r is the position vector of the 


particle with respect to the centre of the disc 


slot along a 


smooth 
diameter of a disc of radius R rotating 
counter-clockwise with a constant angular 
speed @ about its vertical axis through its 
centre. 


Now, consider a 


We assign a coordinate system with the 
origin at the centre of the disc, the X-axis 
along the slot, the Y-axis perpendicular to 
the slot and the Z-axis along th rotation 
axis (0 =k). A small block of mass m is 
gently placed in the slot at r=(R/2)i at t=0 
and is constrained to move only along the 
slot. (Passage Type, 2016) 


18. The distance r of the block at time t is 


(a) Zoos 2ot (b) Fcosat 


19. The net reaction of the disc on the block, 
is 
(a) m@°R sinet j - mgk 


(b) 4mo?R(e™ -e)j + mgk 
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(c) amarn(e' -e ©j+mgk 


(d) —ma?R cos wt j —-mgk 


20. The position vector r of particle of mass m 
is given by the following equation 
2 A 1 = 
r(t)=at7i+Pt?j where, a= ms -, 
8 =5ms”~ and m=0.1 kg. 
At t=1s, which of the following 
statement(s) is (are) true about the 
particle? (More than One Correct Option, 2016) 
(a) The velocity vis given by v = (101+ 10j)ms™ 
(b) The angular momentum L with respect to the 
origin is given by L = 6/3)kNm-s 
(c) The force Fis given by F = (i+ 2j)N 
(d) The torque t with respect to the origin is 
given by t= SENS 


21. Two thin circular discs of mass m and 4m, 
having radii of a and 2a, respectively, are 
rigidly fixed by a massless, rigid rod of 
length /=/24a_ through their centres. 


This assembly is laid on a firm and flat 
surface and set rolling without slipping 
on the surface so that the angular speed 
about the axis of the rod is w. The angular 
momentum of the entire assembly about 
the point ‘O’ is L (see the figure). Which of 
the following statement(s) is (are) true? 
(More than One Correct Option, 2016) 


(a) The magnitude of the z-component of L is 55 
ma? w 

(b) The magnitude of angular momentum of 
centre of mass of the assembly about the 

point Ois 81ma? w 

(c) The centre of mass of the assembly rotates 
about the Z-axis with an angular speed of w/5 

(d) The magnitude of angular momentum of the 
assembly about its centre of mass is 
17 ma? w/2 


Previous Years’ Questions (2018-13) 


22. 


23. 


24. 


A block with mass M is connected by a 
massless spring with stiffness constant k 
to a rigid wall and moves without friction 
on a horizontal surface. The block 
oscillates with small amplitude A about 
an equilibrium position x). Consider two 
cases : (1) when the block is at xp) and 
(i) when the block is at x= x + A. In both 
the cases, a particle with mass m (< M) is 
softly placed on the block after which they 
stick to each other. Which of the following 
statement(s) is (are) true about the motion 
after the mass m is placed on the mass M? 
(More than One Correct Option, 2016) 
(a) The amplitude of oscillation in the first case 


changes by a factor of , whereas in 


the second case it remains unchanged 
(b) The final time period of oscillation in both the 
cases is same 
(c) The total energy decreases in both the cases 
(d) The instantaneous speed at x, of the combined 
masses decreases in both the cases 
oO 
V) 
through its centre O 
with two point 
masses each of mass M/8 at rest at O. 
These masses can move radially outwards 


along two massless rods fixed on the ring 
as shown in the figure. At some instant, 


A ring of mass M 
and radius R is 
rotating 

with angular speed 
@ about a fixed 
vertical axis passing 


the angular speed of the system is (8/9) 
and one of the masses is at a distance of 


oR fromO At this instant, fhe distance 


of the other mass from O is 
(More than One Correct Option, 2015) 


Two identical uniform discs roll without 
slipping on two different surfaces AB and 
CD (see figure) starting at A and C with 
linear speeds v, and vs, respectively, and 


25. 


26. 


27. 
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always remain in contact with the 
surfaces. 


If they reach Band D with the same 
linear speed and v, = 3 m/s, then v, in m/s 


: 2 
is (g = 10 m/s”) (Single Integer Type, 2015) 


The densities of two solids spheres A and 
Bof the same radii R vary with radial 


distancer aspy(r)=k (=) and 


5 
pp(r)= ie , respectively, where kis a 


constant. The moments of inertia of the 
individual spheres about axes passing 
through their centres are I, and Ip, 
respectively. If Ja = a the value of n is 
I, 10 
(Single Integer Type, 2015) 


A bullet is fired vertically upwards with 
velocity uv from the surface of a spherical 
planet. When it reaches its maximum 
height, its acceleration due to the planet’s 
gravity is 1/ 4th of its value at the 
surface of the planet. If the escape 
velocity from the planet is v,,, = vVN, 


then the value of N is (ignore energy loss 
due to atmosphere) (Single Integer Type, 2015) 


A large spherical mass JM is fixed at one 
position and two identical masses m are 
kept on a line passing through the centre 
of M (see figure). The point masses are 
connected by a rigid massless rod of 
length / and this assembly is free to move 
along the line connecting them. 


All three masses interact only through 
their mutual gravitational interaction. 
When the point mass nearer to M is ata 
distance r = 3/ from M the tension in the 


rod is zero for m=k (ata The value of 
288 


kis (Single Integer Type, 2015) 


28. A spherical body of radius R consists of a 


fluid of constant density and is in 
equilibrium under its own gravity. If P(r) 
is the pressure at r(r < R), then the correct 
options is/are 

(More than One Correct Option, 2015) 


_3R 
(a) p¢ =0) =0 wna) 6 
p = 23) 80 
3 
p=] 16 p(r=) 20 
(c) 2X (d) ais 
p(r= 2) S p r=3] 27 
5 3 


29. A person in a lift is holding a water jar, 


which has a small hole at the lower end of 
its side. When the lift is at rest, the water 
jet coming out of the hole hits the floor of 
the lift at a distance d of 1.2 m from the 
person. 


In the following, state of the lift’s motion 
is given in Column I and the distance 
where the water jet hits the floor of the 
lift is given in Column II. Match the 
statements from Column I with those in 
Column II and select the correct answer 
using the code given below the columns. 


Column | Column Il 
Lift is accelerating verticallyup. 1. d =1.2m 
Lift is accelerating with an 2. d>1.2m 
acceleration loss than the 
gravitational acceleration. 
Lift is moving vertically up with 3. d<1.2m 
constant speed. 
Lift is falling freely. 4. No water leaks 


out of the jar 


(More than One Correct Option, 2015) 


30. 


31. 
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Codes 

PQRS PQRS 
(a) 2, 3, 2,4 (b) 2,3, 1,4 
(G) 1, 15. 1,4 (d) 2, 3, 1,1 


Two spheres P and Q for equal radii have 
densities p, and Py, respectively. The 
spheres are connected by a massless 
string and placed in liquids LZ, and L, of 
densities 6, and o, and viscosities n, and 
Ng, respectively. They float in equilibrium 
with the sphere P in L, and sphere Q in Ly 
and the string being taut (see figure). 


If sphere P alone in L, has terminal 
velocity vp and @ alone in L, has terminal 
velocity vg, then 

(Single Correct Option, 2015) 


“© 
“© 


(p) el — Me 


Ivol 11 


(d) vp- Vg <0 


(ay lel _ ™ 


Vol Ne 
(C) Vp: Vg >0 


In plotting stress versus strain curves for 
two materials P and Q, a student by 
mistake puts strain on the y-axis and 
stress on the x-axis as shown in the figure. 
Then, the correct statements is/are 

(More than One Correct Option, 2015) 


Strain 


Stress 
(a) P has more tensile strength than Q 
(b) P is more ductile than Q 
(c) P is more brittle than Q 
(d) The Young’s modulus of P is more than that 
of Q 


Previous Years’ Questions (2018-13) 


32. 


33. 


34. 


Two independent harmonic oscillators of 
equal masses are oscillating about the 
origin with angular frequencies ®, and @, 
and have total energies EH, and E,, 
respectively. The variations of their 
momenta p with positions x are shown in 


the figures. Ite =n” and = n, then the 


correct equations is/are 
(More than One Correct Option, 2015) 


P Pp 
Energy = F; Energy = Eo 


a eae aS 
Se Ny 


x 


(a) Ew, = E,0, (b) 22 =n? 
@, 

(Cc) @,@, = n* (a) 1 = Fe 
@, WM 


A horizontal circular platform of radius 
0.5 m and mass 0.45 kg is free to rotate 
about its axis. Two massless spring 
toy-guns, each carrying a steel ball of 
mass 0.05 kg are attached to the platform 
at a distance 0.25 m from the centre on its 
either sides along its diameter (see 
figure). Each gun simultaneously fires the 
balls horizontally and perpendicular to 
the diameter in opposite directions. After 
leaving the platform, the balls have 
horizontal speed of 9ms~' with respect to 
the ground. The rotational speed of the 
platform in rads” after the balls leave the 
platform is (Single Integer Type, 2014) 


A uniform circular disc of mass 1.5 kg and 
radius 0.5 m is initially at rest ona 
horizontal frictionless surface. Three 
forces of equal magnitude F =0.5N are 


35. 


36. 


he 


applied 
simultaneously 
along the three sides 
of an equilateral 
triangle XYZ with 
its vertices on 
the perimeter of the 
disc (see figure). One 
second after applying the forces, the 
angular speed of the disc in rads"? is 
(Single Integer Type, 2014) 


A planet of radius R = 1/ 10 x (radius of 
earth) has the same mass density as 


earth. Scientists dig a well of depth 2 on 


it and lower a wire of the same length and 
of linear mass density 10° kgm™? into it. 


If the wire is not touching anywhere, the 
force applied at the top of the wire by a 
person holding it in place is (take the 
radius of earth = 6 x 10° m and the 
acceleration due to gravity of earth is 

10 ms”) 


(a) 96 N 
(c) 120N 


(Single Correct Option, 2014) 


(b) 108 N 
(d) 150 N 


A glass capillary tube is the shape of 
truncated cone with an apex angle a so 
that its two ends have cross-sections of 
different radu. When dipped in water 
vertically, water rises in it to a height h, 
where the radius of its cross-section is b. 
If the surface tension of water is S, its 
density is p, and its contact angle with 
glass is 0, the value of h will be ( g is the 
acceleration due to gravity) 

(Single Correct Option, 2014) 


h 
(a) 2= cos@-0) —-b) 2 cos @ + 00) 
Pg beg 
28 28 


18 


37. 


38. 


39. 


During Searle’s experiment, zero of the 
vernier scale lies between 3.20 x 10 m 


and 3.25 x 10° m of the main scale. The 
20th division of the vernier scale exactly 
coincides with one of the main scale 
divisions. 

When an additional load of 2 kg is applied 
to the wire, the zero of the vernier scale 
still lies between 3.20 x 10° m and 


3.25 x 10°? m of the main scale but now 


the 45th division of vernier scale coincides 
with one of the main scale divisions. The 

length of the thin metallic wire is 2 m and 
its cross-sectional area is 8x 10’ m”. The 


least count of the vernier scale is 
1.0x 10° m. The maximum percentage 


error in the Young’s modulus of the 
wire is (Single Integer Type, 2014) 


Passage (Q. Nos. 38-39) 


A spray gun is shown in the figure where a 
piston pushes air out of nozzle. A thin tube 
of uniform cross-section is connected to the 
nozzle. The other end of the tube is in a 
small liquid container. As the piston pushes 
air through the nozzle, the liquid from the 
container rises into the nozzle and is 
sprayed out. For the spray gun shown, the 
radii of the piston and the nozzle are 20 mm 
and 1 mm respectively. The upper end of the 
container is open to the atmosphere. 


(Passage Type, 2014) 


If the piston is pushed at a speed of 
5ms_|, the air comes out of the nozzle 


with a speed of 


(a) 0.1ms7'(b) 1ms™! (c)2ms~' (d) 8ms7! 


If the density of air isp, and that of the 
liquid p,, then for a given piston speed the 
rate 

(volume per unit time) at which the liquid 
is sprayed will be proportional to 


(a) [2 — (b) pp, (c) J (dp, 


1 a 


40. 


41. 


42. 


43. 
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A particle of mass m is projected from the 
ground with an initial speed uy at an 
angle o with the horizontal. At the 
highest point of its trajectory, it makes a 
completely inelastic collision with another 
identical particle, which was thrown 
vertically upward from the ground with 
the same initial speed wy. The angle that 
the composite system makes with the 
horizontal immediately after the 
collision is (Single Correct Option, 2013) 
T Tt 
eT ores (c) ‘i 7 
A bob of mass m, suspended by a string of 
length J,,1s given a minimum velocity 
required to complete a full circle in the 
vertical plane, At the highest point, it 
collides elastically with another bob of 
mass m suspended by a string of length /,, 
which is initially at rest. Both the strings 
are massless and inextensible. If the 
second bob, after collision acquires the 
minimum speed required to complete a 
full circle in the vertical plane, the ratio 


L/ ls, is (Single Integer Type, 2013) 


A uniform circular disc of mass 50 kg and 
radius 0.4 m is rotating with an angular 
velocity of 10 rad/s about its own axis, 
which is vertical. Two uniform circular 
rings, each of mass 6.25 kg and radius 0.2 
m, are gently placed symmetrically on the 
disc in such a manner that they are 
touching each other along the axis of the 
disc and are horizontal. Assume that the 
friction is large enough such that the 
rings are at rest relative to the disc and 
the system rotates about the original axis. 
The new angular velocity (in rad s) of 


the system is (Single Integer Type, 2013) 


Two bodies, each of mass M, are kept 
fixed with a separation 2LZ. A particle of 
mass m is projected from the mid-point of 
the line joining their centres, perpendicular 
to the line. The gravitational constant is 
G. The correct statement(s) is (are) 

(Single Correct Option, 2013) 


Previous Years’ Questions (2018-13) 


(a) The minimum initial velocity of the mass mto 
escape the gravitational field of the two 
bodies is 4,|@/ 

L 

(b) The minimum initial velocity of the mass mto 
escape the gravitational field of the two 
bodies is 2,|2M 

L 

(c) The minimum initial velocity of the mass mto 
escape the gravitational field of the two 

2GM 


bodies is 


(d) The energy of the mass mremains constant 


44. One end of a horizontal thick copper wire 
of length 2Z and radius 2R is welded to an 
end of another horizontal thin copper wire 
of length Z and radius R. When the 
arrangement is stretched by applying 
forces at two ends, the ratio of the 
elongation in the thin wire to that in the 
thick wire is (Single Correct Option, 2013) 


(a) 0.25 (b) 050 (c) 2.00 (d) 4.00 


45. A solid sphere of radius R and density p is 
attached to one end of a massless spring 
of force constant k. The other end of the 
spring is connected to another solid sphere 
of radius R and density 3p. The complete 
arrangement is placed in a liquid of 
density 2p and is allowed to reach 
equilibrium. The correct statement(s) 
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3 
(a) the net elongation of the spring is ante 


3 
(b) the net elongation of the spring is ones 
(c) the light sphere is partially submerged 
(d) the light sphere is completely submerged 
displayed by the sensor when the 
temperature of the metal surface is raised to 
2767°C? 


46. A particle of mass m is attached to one end 
of a mass less spring of force constant k, 
lying on a frictionless horizontal plane. 
The other end of the spring is fixed. The 
particle starts moving horizontally from 
its equilibrium position at time ¢t = 0 with 
an initial velocity uw). When the speed of 
the particle is 0.5 uo, it collides elastically 
with a rigid wall. After this collision 

(More than One Correct Option, 2013) 


(a) the speed of the particle when it returns to its 
equilibrium position is Up 
(b) the time at which the particle passes through 
the equilibrium position for the first time is 
m 
t= 3. J— 
(c) the time at which the maximum compression 
: ; An |m 
of the spring occurs is t = — |— 
3 Vk 
(d) the time at which the particle passes through 
the equilibrium position for the second time is 


Answer with Explanations 


is (are) (Single Correct Option, 2013) 
kr? 
1. (b, c) V=— 
(b, c) 5 
F=- OY ss —kr (towards centre) eS av] 
dr [ dr | 
Atr=R, 


2 
kR = _ (Centripetal force) 


2 
yo {ka > L=mvR (ie 
m m m 


2. (a,c) F= (at)i+ Bj [att =0,v=0,r=0] 


2 
On integrating, m= i+ [m = 1kg] 


2 
oe, [r=0 att=0] 
dt 2 


Again, on integrating, 


20 


Att =1s, t = (rxF) & i)xG+3) 


te. AY OU a A 
Att=1S,v i+ j i+2j)m/s 
(5 i} si J) 


Att =1s, 1% —1% Farad [0] 


ao te) 

6 2 

2 2 
|s| ‘) (3) > V10 
6 2 6 
3. (a,c) h 20cC0s80 
rpg 
(eadies! 
r 


(b) h depends upon o. 
(c) _ If lift is going up with constant acceleration. 


20cos@ 
Jer =(Qta) Sh= 
rp(g +a) 
It means h decreases. 
(d) his proportional to cosé. 
4. (0.75 m ) a= 9500 
1+ 
MR? 
sind 
me (| = MR?) 
2 
2g sino pe MR2 
Isc 3 2 
Ss fh = 12 
sind 2 
1(gsine 
= S 
Al 2 } ' ‘ 
4h 16h 8=60° 
> tS a aia 
gsin?6 3g 
_ oA 1.2 5{ 728" 3 
sind 2 2 3 
3h 4h 
=> to= — = |__— 
gsin~0 g 
16h [4h _ 2-3 
to ty 
3g g  Vi0 
Ae 5 
i) lao 55 
lvs | 


Soving this equation we get, h = 0.75m. 
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5. (a, c, d) 
A 
a y 
Plate 
av 
F, =-mnA| — 
ms (§) 


Since, height h of the liquid in tank is very small. 


dv _ AV _ (Ug u 
=> > & Al —2 
dy Ay (2) : ina(" 


F, =(2) F, elig.F « AF, 7 


6. (3) Given,d = 0.5mm, 
Y =2x10'' Nm? 


/=1m 
w= FL __mal 
AY md*, 
4 
12x10x1 


ox (5x 10)? x 2 x 10!" 
= 0.3mm 
LC of vernier = ( - = mm = 0.1 mm 


So, 3rd division of vernier scale will coincide with main 
scale. 
GM 


7. (b) v= ft 


R 
LetR, =A, thenR, = 4R 


If mz =m, then m, =2m 


List-l 

(P) “1 = Ro _ [BE ey 
Vo R, R 

(Q) L = mvR 


L, _ Remy, _ 1 
lL, 4R(myv> 2 
1 


(2)=1:1 


— (2m)v2 
@S=2 1 =2(4)=8:1 
Ke Stns 


3/2 
(ey of Bt (4) 1:8 
ee 4 


8. (a) When force F = 0 > potential energy U = constant 


F # 0 => force is conservative = Total energy E = 
constant 


Previous Years’ Questions (2018-13) 


List-l 
(P) rt) = oi + Bij 
_ =v =ai + Bj=constant = p =constant 


| v| = ./a? + B® =constant 


= K =constant 


W Waste Fatt 
at 


E =U + K =constant 
L=m(rxv)=0 


constant 


L =constant 
P>1,2,3,4,5 
(Q) rt) = acos @ fi +B sino 
. = v =aw sin af (-i) + Bocosem ff # constant 
=  p #constant 


|v|= ova sinat)° + (Bcoset)? # constant 


= K #constant 
go capt 
at 
= E=constant=K+U 
But K #constant =U + constant 
L = mr x v) = maf (Kk) = constant 

Q> 2,5 
(R) r(t) = 0 (cosati + sina) 
° =v =a [sino t(-i)+ coswfj] % constant 
= p # constant 


| v | = a@ =constant > K = constant 


a= o°r # 0 = E =constant, U = constant 


at 
L = mr x v) = moa’? k = constant 


R>2,3,4,5 
(S) r(t) = ati + aa 


OF ey acd+ Bij # constant = p # constant 


at 
| v|= a? + (bt)* # constant > K # constant 


a S Bj # 0 = E =constant = K + U 
But K # constant 


U #constant 


L=m(rxv)= rapt? he # constant 


S75 


9. Question is not very clear. 


Z| 


10. (c) If height of the coneh>> r 
Then, pN=mg 


wm(R — ros = mg 


Oo = g 
w(R — r) 
11. (d) en ae 
‘i ' 
: | R=Maximum 
pinrN? | height 
i 
Go 
cos} — | = — 
n R 
A=R-h= h h 
cos (2/n) 
eel, 1 4 
| cos (n/n) | 
12. (a,c) 
FP Q 


(a) If force is applied normal to surface at P, then line 
of action of force will pass fromQ and thus,t = 0. 


(b) Wheel can climb. 
(c) t = F(2Rcos8) — mgRcos8, t « cosé 


Hence, as @ increases 
t decreases. So its correct. 


(d) 


t = Fr, — mgcos®; Tt increases with 6. 
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13. (a,c, d) When the bar makes an angle8, the height of its 


14. 


15. 


COM (mid-point) is : cosé. 


Displacement = L 50080 5 cos@) 


Since, force on COM is only along the vertical 
direction, hence COM is falling vertically downward. 
Instantaneous torque about point of contact is 


e = mg x = sin@ or t «sin6 


% 
A 
BS, 
: ySL 
a ean:) 
“IC 
\ pa anid 
f a 
I y 8 ine 
| mg as 
Y Sa, 
x 
* O 
Now, X= a sin® 
2 
y = Lcos@ 
2 2 
a 
(L/2)2 LC 


Path of A is an ellipse. 


(a, b) Ax,,, of the block and point mass system = 0 
fh m(x + R)+ Mx=0 
where, x is displacement of the block. 
Solving this equation, we get 
mR 
M+m 


X=- 


From conservation of momentum and mechanical 
energy of the combined system 


0=mv —- MV 
mgR = J inv? + Lv? 
2 2 


Solving these two equations, we get 
29R 
{22 
M 


26M, 
R 


(c) Given, ve = 11.2 km/s = 


From energy conservation, 


2 r R 


Here, r = distane of rocket from sun 


Z = 2G |, 26M, 
e r 
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Given, M,=3x10°M, 
and r=2.5x10" R, 
5 
i 2GM, 2G 3x 10°M, 
R, 2.5x10'R, 
_ |2GM, [,, 3% 10° 
Ro 2.5x 104 
_ (2GMe y 43 
Re 
=> v,=~42km/s 
4nR° 
16. (a)m= xp 
On taking log both sides, we have 


In(m) = in (=) + In(p) + 3in(R) 


On differentiating with respect to time, 


0-04 1%, SOR 
pat Rat 
va 78 _ xp => veR 

at 


17. (6) From mass conservation, 


p: mR =p-K. 09 => R=K" 


AU = TAA =T(K- 4nr? — 4nR?) 
=T(K-4nR°K 5 — 4nR?) 
AU = 4nR°7[K"S — 1] 
Putting the values, we get 


-3 _ 107 41/3 
10 oe ee [K’* — 1] 
T 


100 = KS —4 K"S = 100 = 10° 


Given that K = 10% 


10%/3 = 10? = 2>5 a=6 


18. (c) Force on block along slot 


= mor = ma = m(*) 
dr 


Vv 2 
i vav = | o*rdr 
0 R/2 


as v2 @?( oR? 
2 2 4 
2 
> pop ieoroe! 
4 at 
=f or = [ wat 
R/4 2 
2 R 
| 
4 


Previous Years’ Questions (2018-13) 


2 2 2 
rei R/2+ 7-4 
In R In R ot 
L 2 J loz | 
2 
as. fe fee ee 
4 2 
2 2 
=> pW LR gam 4 2 _ op gat 
4 4 2 
RP? 200 is 
=> r= 4 
Re®™ 
=F ew +e7%) 
4 
19. (b) 
© (k) 
Y(i) 
Vr 
Fa, =F, + 2 (Ve 1) x OkK+ tala x ri) x ok 


mroi =F, + 27V;,4@(—}) + mori 


F, =2mv oj 
r= Fie pe] 
4 
oF iy =F igett oe] 
at 4 
Fn = 2m fe -e°“ Jo} 
2 
F, = mRo le™ -e°™]j 
2 
Also, reaction is due to disc surface then 
mRo? _ 
Freaction = 3 le ej 4 t mgk 
20. (a,b,d) r=ot°i+ft?j 
v= & = Sati + 2B! j 
at 
dt 
= Got 1+2 j 
~ at? B 
Att =1s, 


(a) v= 8x Dxth+2 x 8x1} 


= (101+ 10j)m/s 


23 


(b) L=rx p= (Sets 5x 1])x0.1(001 + 10}) 


= (-34)s -ms 
3 


(c) F=ma = mx (6x Exti+2 xsi] 


= pee 10(-k) 
3 
= (-3.} N-m 
3 
21. (c,d) 
+ 4m 
Q o 


oO 
| V24 

cos 8= =—— 
Ve+a2 9 


(a) L, = Ley_9 OS® — Lp _ cy sin® 


2 
= BN amy x 224 17 ma‘o 1 
5 2 24 


_ 81x 24ma*w — 17ma*o 


25 224 
9 |2- 81ml*m__ 81ml? — aw 
b = m) | Q = x 
(6) Loem-o = ms : : i 
8imlaw 81/24 > ama 
lom-o = 5 = 5 


(c) Velocity of point P : am = 1 Q then 
Q= ° = Angular velocity of C.M. w.r.t point O. 


Angular velocity fo CM w.r.t Z-axis 
= Qcosé 


24 


22. 


23. 


(a,b,d) Case 1 
Just before m is placed 


HOOOTTIO yi_t—+ V 
Xo' 


Just after m is placed 


ava yi | vs 


In case 1, Mv, =(M + mjvo 


Case 2 
Just before m is placed 


M 


XytA 
Just after m is placed 


m 


M 


Incase 2, Ap = A, 


M+m 


T=2u in both cases. 


Total energy decreases in first case whereas remain 
same in2™ case. Instantaneous speed at xq 


decreases in both cases. 


(d) Let the other mass at this instant is at a distance of 
x from the centre O. 


Applying law of conservation of angular momentum, 
we have La, = I>. 

[ : | 
-.(MR?)(@) = | MR? 4 = (24) eal 
| 85 8 | 9 


Solving this equation, we get x = =f. 


Mechanics Vol. 2 


24. (7) In case of pure rolling, mechanical energy remains 
constant (as work-done by friction is zero). Further in 


case of a disc, 
gore 
translational kinetic energy _ Ky _ 2 


rotational kinetic energy Kp. 1y..2 


mv? 2 


Gray 


or, K. otal kinetic ener. 
T gy 


or, Total kinetic energy 


K= Bie =(20*)- 3 inv? 
2 2\2 4 


Decrease in potential energy = increase in kinetic 
energy 


or, mgh= Sm (v7 — v2) or v;, = [San +v? 


As final velocity in both cases is same. 


So, value of =ah + v7? should be same in both 


Cases. 


fax 10% 904 @= JF x 1027 + (oF 


Solving this equation we get, Vv, = 7 m/s 


25. (6) Consider a shell of radius r and thickness dr 


dr 


dl = (dm) r? = di = ; (p4nr‘dr)r? => |= for 
R 5 
[Ek 5. near ? 
pe 


| R 
. [Ek © anrar r? 
43 R 


So, n=6 
26. (2) Atheight h 
————— () 
[+5] 
Te 
R 
, 9: g 
Given, cee 
a 


Substituting in Eq. (i) we get, h = R 
Now, from A to B, 
decrease in kinetic energy = increase in potential energy 


Previous Years’ Questions (2018-13) 


=> 1 py? = gh 
2 h 
(eee 
R 
2 
Vv gh 1 
= a = —gR h=R 
are (h=R) 
R 
=> v?=gR 
or v= /g9R 
Now, Vee = V29R = vv2 
— N=2 
27. (7) For point mass at distance r = 3/ 
2 
GMm _ Gm" _ ma ...(i) 
(3/)° in 
For point mass at distance r = 4/ 
2 
GMO Oe eg (il) 
(41)? Pr 


Equating the two equations we have, 
GMm Gm? _ GMm , Gm? 
gi? Po 46)? Pr 


144 P 


k=7 

28. (c) Gravitational field at a distance r due to mass ‘m’ 
- Gps ne eo 

pg 
Consider a small element of width ar and 
area AA at a distance r. 
Pressure force on this element outwards 
= gravitational force on adm’ from ‘m’ inwards 
> (p)A A = Em) 


> —dp-AA= (Senor) (AA ar-p) 


E 


29. 


30. 


Wee) 


3° 9 9 
P63, _ SR o (A =A) 
P2 80 

2 
= ( 16R 
25 
: 2k 2 AR? : 21R? 

5) 4 25 25 

= Pz _ 16 
Py 21 


(c)d =2,Jh,hy = /4h,h, 
q 


+ 3 
2h z v =|2gh, 
Np 

Y 


<—_ i — 
This is independent of the value of g. 


P) Dore > 9 
d = J4hho =1.2m 
Q) Fen <9 
d = J4hho =1.2m 
R) 9 er = 9 
d = J4hho =1.2m 
S) Der = 0 
o water leaks out of jar. As there will be no pressure 


difference between top of the container and any other 
point. P, = Pp = P3 = Py 


(a) For floating, net weight of system = net upthrust 


= (P1 + P2)V9 = (0; + 02) Vg 
Since string is taut, p; < 6, andp, > o» 
2 
Vp= li (65 — p,) (upward terminal velocity) 


2Np2 


26 


9n; 
(downward terminal velocity) 
Ve} ™ 
Val Ne 
Further, Vp - Vg will be negative as they are opposite to 
each other. 
31. (a,b)y= SESS Gy yo! 


strain 
(for same stress say 0) 


(strain)g < (strain)p 
=> YQ > Yp 
So, P is more ductile thanQ. Further, from the given 


figure we can also see that breaking stress of P is 
more thanQ. So, it has more tensile strength. 


strain 


A 
& 
© 
B p 
Q 
Stress 
32. (b,d) Ist Particle 
P=Oatx=a 


=> ‘a’is the amplitude of oscillation ‘A,’. 


Atx=0,P=6 (at mean position) 
b 
Va SD Vinay 
2 2 
1 2 m[ b] b 
E. mv, 
‘2 ™ 21m] 2m 
b 
A,®1 = Vnax = — 
m 
= o=2=-1 (A, = a2 =n?) 
ma =omn b 
IInd Particle 
P=O0atx=R=>A,=R 
At x=0,P=R 
R 
= Vig 
m 
2 2 
E. my, 
ee 9 ay | Bm 
R 
AM. = — 
m 
R 1 
=> @> = —~ = — 
mRoom 
Wo 1/m 2 
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(C) 0,0 aot, We he 
mn? mm m?n? 


E, _ b?/2m_ bn? a® _ R? 


@, 1/mn? 2  2n® 2 
Ey _ R*/2m_ R? , i. 
> 1/m 2 ®, > 


33. (4) Applying conservation of angular momentum 


MR? Amvr 
@® = 0,0 = 
MR? 


2mvr 


Av 


my 


im 
YW 
Substituting the values, we get 


(4) (5 x 10°) (9) (5) 
: 


a= 
45 x 10° x 
@ = 4 rad/s 
34. (2) Angular impulse = change in angular momentum 
| tdt =/o 


frat ff 3F sin 30° R dt 


| / 
Substituting the values, we have 
3 (0.5) (0.5) (0.5) (1) 


=> @= 


O= 5 =2 rad/s 
1.5 (0.5) 
2 
PX Ay 
30° 
F 
F 
35. (b) Given, Rojanct = Rearth and density, 
Mio M 
= earth =< planet 
ae 3 4 3 
3 TR earth 3 mR planet 
M, 
> Motanet ra 
g = GMpianet = GM, 7 10° 
surface of planet 
Pienet 10° RE 


= GM. — Qsurface of earth 
10R.° 10 


Previous Years’ Questions (2018-13) 


x 
Qdepth of planet = O surtace of planet (*) 


where, x = distance from centre of planet. 
.. Total force on wire 


R 
2 
F=[F aaxg Gee 
ni BR) RL? lea 
Here, g = Q surface of planet » 
R= P planet 
Substituting the given values, we get 


F=108N 
36. (d) Using geometry 


b 


cos [0 + 4 
2 


Using pressure equation along the path MNTK 


7 =c0s [0+ 4 
R 2 
R= 


2s 
Po — = + hpg = Po 


Substituting the value of R, we get 
Ses cos [04 $] 
Reg  bpg 2 


37. (4)Y = aes Al = 25 x 10° m 


E —5 
AY x 100= 0° x 100 = 4% 
Y 25 x 10° 


38. (c) From continuity equation, 
AV, = Avo 

Here, A, = 400A, 

because 4% = 20! 

and A= mw? 

Vo= a (v,) = 400v, 

= 400(5) mm/s 
= 2000 mm/s 


=2m/s 


2} 


2 


{ 
39. (a) Pp, — Po= 5 Pava 


Pp; 
Volume flow rate « Pa 
P; 


40. (a) From momentum conservation equation, we have, 
4 


J 


hea 2gH | 

e——> Up COS 

m A 
I 


m 


Pi =P; 
.. MU ,cosa)t + m(ju3 — 2gH)j 
=(2m)v eaa(ll) 
_ ugsin? 
2g 


H (ii) 
From Eqs. (i) and (ii) 
y = UoCOSas | UpCOSO + 
2 2 
Since both components of v are equal. Therefore, it is 
making 45° with horizontal. 


41. (5) Velocity of first bob at highest point 
Vv, = JGR =.Jgl (to just complete the vertical circle) 
= velocity of second bob just after elastic collision. 


= velocity of second bob at the bottommost point 


=/f5gl. => tas 


2 


42. (8) |.@, = |, 


4 


1 ype ] 
F _{h = 2 
Os (} Je | ; : QO, 
2 —MR* + 2(mr 
L2 as 
2. 
J . 50(0.4) e (10) 
| 50(0.4) + 8x (6.25) x (0.2) | 
= Brad/s 
43. (b) L Cc L 
e ® 
M [n M 
Vv 
Let v is the minimum velocity. From energy conservation, 
U, + K, =U, + K. 
mV, + zm =0+0 
y ay, = | 2)(=28) = 2, Gi 
L L 
44. aS! 2 =." 
AY (nr°)Y 
L 
Al x 2 
Al, _ LIR?® 
45. (a) 
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On second sphere (large) 
4 


=F (Spg = 5 Rpg + kx (ii) 
By Eas. (i) and (ii), we get 
sa AnR pg 
3k 


» (a,d) (a) At equilibrium (¢ = 0) particle has maximum 


velocity Ug. Therefore velocity at timet can be written 
as 


> Up —> 0.5U9 
Cc A B 
<Up 


U = Uma, COSOt = Ugcosat 


when, u = 0.5 Ug =U,cosat 
ot = ™ 
3 
on, = 
Tr 3 
pel 
6 
sche 
(b)t =typ ttp,=—+— 
ap BAS ET 
=e 
3 3 Vk 


fGen ee 
se ae eS 
6 6 4 
-/ 7 it jm 
12 6 Vk 
(d)t =tyg + tga + tac + ton 
Tit TT Ts, 
6 4 4 6 
ok 
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PREFACE 


The overwhelming response to the previous editions of this book 
gives me an immense feeling of satisfaction and I take this an 
opportunity to thank all the teachers and the whole student 
community who have found this book really beneficial. 


In the present scenario of ever-changing syllabus and the test 
pattern of JEE Main & Advanced, the NEW EDITION of this 
book is an effort to cater all the difficulties being faced by the 
students during their preparation of JEE Main & Advanced. The 
exercises in this book have been divided into two sections viz., 
JEE Main & Advanced. Almost all types and levels of questions 
are included in this book. My aim is to present the students a 
fully comprehensive textbook which will help and guide them for 
all types of examinations. An attempt has been made to remove 
all the printing errors that had crept in the previous editions. I 
am extremely thankful to (Dr.)Mrs. Sarita Pandey, Mr. Anoop 
Dhyani and Nisar Ahmad for their endless efforts during the 
project. 


Comments and criticism from readers will be highly appreciated 
and incorporated in the subsequent editions. 


DC Pandey 
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efficiency. 


Equation of state of a perfect gas, work done on compressing a gas. Kinetic 
theory of gases —- assumptions, concept of pressure. Kinetic energy and 
temperature: rms speed of gas molecules; Degrees of freedom, Law of 
equipartition of energy, applications to specific heat capacities of gases; Mean 
free path, Avogadro’ss number. 


WAVES 


Wave motion. Longitudinal and transverse waves, speed of a wave. 
Displacement relation for a progressive wave. Principle of superposition of 
waves, reflection of waves, Standing waves in strings and organ pipes, 
fundamental mode and harmonics, Beats, Doppler’s effect in sound. 


JEE Advanced 


GENERAL 


Specific heat of a liquid using calorimeter. Speed of sound using 
resonance column. 


WAVES 


Wave motion (plane waves only), longitudinal and transverse waves, 
superposition of waves, Progressive and stationary waves, Vibration of 
strings and air columns, Resonance, Beats, Speed of sound in gases, 
Doppler’s effect (in sound). 


HEAT and THERMODYNAMICS 


Thermal expansion of solids, liquids and gases, calorimetry, latent heat, 
Heat conduction in one dimension, Elementary concepts of convection 
and radiation, Newton's law of cooling, Ideal gas laws, Specific heats 
(and for monoatomic and diatomic gases), Isothermal and adiabatic 
processes, bulk modulus of gases, Equivalence of heat and work, First 
law of thermodynamics and its applications (only for ideal gases), Black 
body radiation: absorptive and emissive powers, Kirchhoff’s law, Wien’s 
displacement law, Stefan’s law. 
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17.1 Introduction 


In every wave, a physical quantity y is made to oscillate at one point and gradually these oscillations 
of y propagate to other points also without transport of matter. In general, a wave also transports 
energy and momentum (in addition to oscillations of y). 
Thus, in a wave, the following three physical quantities transfer from one point to another point. 

(i) oscillations of y 

(ii) energy and 
(iii) momentum 
In different situations, the physical quantity y may be different. For example: 
y is displacement of medium particles (between + A and — A) from the mean position in case of string 
wave, where 4 is the amplitude of oscillations. Similarly, y is electric and magnetic fields for 
electromagnetic waves and it is displacement, pressure and density which oscillate in longitudinal 
(or sound) wave. A wave is said to be travelling or progressive if it travels from one point to another. 
A plane wave is a wave of constant frequency and amplitude with wavefronts that are infinitely long 
straight lines. Plane waves travel in the perpendicular direction to the wavefronts. Many physical 
waves are approximate plane waves far from their sources. 


17.2 Classification of a Wave 


A wave can be classified in the following three manners : 


1-D, 2-D and 3-D Wave 


In 1-D wave, oscillations of y (or energy and momentum also) transfer in a straight line or we can say 
that wave travels in a straight line. String wave is the best example of a 1-D wave. In 2-D wave, it 
travels ina plane. Wave travelling on the surface of water is an example of a 2-D wave. In 3-D wave, 
it travels in whole space. Sound or light wave produced by a point source is an example of a 
3-D wave. 


Transverse and Longitudinal Wave 


In transverse waves, oscillations of y are perpendicular to wave velocity and wave velocity is the 
direction in which oscillations (or energy and momentum) transfer from one point to another. 


Electromagnetic waves and string waves are transverse in nature.In longitudinal waves, oscillations 
are along the wave velocity. Sound wave is a longitudinal wave. 


Oscillation 
Mean position 
Wave 
Mean _, i nea 
position motion Oscillation 
Transverse wave Longitudinal wave 


Fig. 17.1 
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Mechanical and Non-mechanical Wave 


The waves which require medium for their propagation from one point to another point are called 
mechanical waves. Although this medium may be a gas also. Sound wave is a mechanical wave. Over 


the moon, sound waves cannot travel, as there is no gas on its surface. 


3 


Non-mechanical waves can travel with or without medium. Electromagnetic waves are 
non-mechanical waves. 


@®% Extra Points to Remember 


Apart from mechanical and non-mechanical waves, there is also another kind of waves called 
“matter waves”. 


Sound wave is basically a part of longitudinal waves with frequency varying from 20 Hz to 20,000 Hz. 
Similarly, light wave is a part of electromagnetic waves with wavelength varying from approximately 4000 A 
to 7000 A. 


In the propagation of mechanical waves, elasticity and inertia of the medium play an important role. 


Waves traveling through a solid medium can be either transverse or longitudinal waves. But waves 
travelling through a fluid (such as a liquid or a gas) are always longitudinal waves. Transverse waves 
require a relatively rigid medium in order to transmit their energy. As one particle begins to move it must be 
able to exert a pull on its nearest neighbor. If the medium is not rigid as is the case with fluids, the particles 
will slide past each other. This sliding action that is characteristic of liquids and gases prevents one 
particle from displacing its neighbour in a direction perpendicular to wave direction. It is for this reason that 
only longitudinal waves are observed moving through the bulk of liquids such as our ocean. 


While waves that travel within the depths of the ocean are longitudinal waves, the waves that travel along 
the surface of the oceans are referred to as surface waves. A surface wave is a wave in which particles of 
the medium undergo a circular motion. Surface waves are neither longitudinal nor transverse. The radius 
of the circles decreases as the depth into the water increases. 


Earthquakes are capable of producing both types of waves transverse as well as longitudinal. The 
P-waves (Primary waves) in an earthquake are examples of longitudinal waves. The P-waves travel with 
the fastest velocity and are the first to arrive. The S-waves (Secondary waves) in an earthquake are 
examples of transverse waves. S-waves propagate with a velocity slower than P-waves, arriving several 
seconds later. 


17.3 Equation of a Travelling Wave 


As we have already read, in a wave motion a physical quantity y is made to oscillate at one point and 


these oscillations of y propagate to other places also. 


Therefore, in a wave, several particles oscillate (unlike SHM in which normally a single oscillates). 


So, to determine the value of y (from its mean position between +4 and —A) we will have to tell 
position of the particle and time. Thus, 


y=f (position of particle, time) 


In three dimensional space, position of the particle can be represented by three variable co-ordinates. 


Thus, in general, y is a function of four variables, three in co-ordinates and the fourth one is time. 


But in physics, we normally keep least number of variables. If the wave is one-dimensional, then 
position of the particle can be represented by a single variable co-ordinate (say x). 
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Thus, in a one-dimensional wave y 1s a function of two variables x and ¢. Here, x is used for position of 
the particle and ¢ for time or 


y= fd 
Note Since, there are two variables in y, therefore whenever required, y is always differentiated partially. For 
example, 
ay ay dy 
ox’ ot’ ax? 


Now, the question is, there may be infinite number of functions of x and ¢, like 
y=xt+t 
y=xt+ t?x ete 
Obviously, all functions will not represent a wave function. Only those functions of x and ¢ will 


represent a wave function which satisfies the following three conditions. 


Condition 1, The given function must satisfy the following differential equation : 


a dy . 
Be . 


Here, & is a constant which is equal to square of the wave velocity or 

k=v? 
Condition 2, The wave function must be single valued. For given values of x and ¢ there should be 
only one value of y. 


Condition3 The wave function and its first derivative must be continuous. Therefore, there should 
not be asudden change in the value of y and its first derivative (in some cases it will be called slope). 


Note Last two conditions are slightly difficult to explain at this stage. So, students need not to go in detail of those. 
The general solution of Eq. (i) discussed above is of the form : 
v(x, t)= f (ax + dt) ... (ii) 
Thus, any function of x and ¢ which satisfies Eq. (i) and which can be written as Eq. (ii) represents a 
wave, provided conditions (2) and (3) are also satisfied. 
Further, if these conditions are satisfied, then speed of wave (¥) is given by 


_ coefficient oft —b 


v= : a 
coefficient ofx a 


If ax and bt are of same sign (both positive or both negative), then wave will be travelling along 
negative x-direction. If one is positive and other is negative, then wave travels in negative 
x-direction. 
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Alternate Method of Understanding the Wave Equation 


Let us consider a long string with one end fixed to a wall and the other =—"> 

held by a person. The person pulls on the string keeping it tight. ea -_ 

Suppose the person snaps his hand a little up and down producing a 

bump in the string near his hand. fo * 
Experiments shows that, as time passes the bump travels on the string 

towards right. vax 
Suppose the man starts snapping his hand at time ¢ = 0 and finishes his 

job at t = At. The vertical displacement y of the left end of the string is Fig. 17.2 


a function of time. 
y=0 for t<Oandt> At 
y#0for0<t<At 


Let us represent this function by f(¢). 
Thus, 


yx=00=f 
Here, x =0 is the extreme left end of the string. 
The disturbance travels on the string towards right with a constant speed v. Thus, the displacement 


; : . x 
produced at the left end at time ¢, reaches the point x at time ¢ + —. 
v 


But the displacement of the particle at point x at time ¢ was originated at x =0 at time t—-—. 
v 


yx, n= o[r=01-2}=/(1-2] 
v Vv 


Thus, yt=f (-] ...(iii) 
Vv 


Eq. (iii) represents a wave travelling in the positive x-direction with a constant speed v. The time ¢ and 


the position x must appear in the wave equation in the combination ¢ — —. If the wave travels in the 
v 


negative x-direction, its general equation may be written as 
x 
y@oa=f [+2] 
v 


Note In the wave equation, 


y=tt)=f(t-%) 
Vv 


ee ; - ol 
Coefficient of t is 1 and coefficient of x is —. 
V 


coefficient of t 1 
coefficient of x (1/v) 


wave speed = 
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© Example 17.1 In a wave motion y= asin (kx — wt), y can represent: 


(a) electric field 
(c) displacement 


(JEE 1999) 
(6) magnetic field 
(d) pressure 


Solution (a,b,c,d) 


In case of sound wave, y can represent pressure and displacement, while in the case of 
electromagnetic wave, it represents electric and magnetic fields. 


Example 17.2. Show that the equation, y= a sin (wt — kx) satisfies the wave 
0 a” , ee nie eed 
equation = =v" sar Find speed of wave and the direction in which it is 
“ oe 
travelling. 
2 02 
Solution —*=-@?asin @t— kr) and <2 =~ k?asin (@t — kx) 
t ox 
We can write these two equations as 
d*y_o* dy 
Cn ame 
2 2 
Comparing this with, ¢ 2 =~" ee 
ot ox 


We get wave speed v= . Ans. 


The negative sign between w¢ and kx implies that wave is travelling along positive x-direction. 


INTRODUCTORY EXERCISE 


1. Prove that the equation y = asin wt does not satisfy the wave equation and hence it does not 
represent a wave. 

A wave pulse is described by y(x,t)=ae~(* ~% y where a,b and c are positive constants. 
What is the speed of this wave? 


You have learnt that a travelling wave in one dimension is represented by a function y =f (x, ft) 
where x andt must appear in the combination ax + bt or x —vtorx + vt, i.e. y =f (x + vt).Is the 
converse true? Examine if the following functions for y can possibly represent a travelling wave 


(a) (xX - vt)? (b) log [(x + vt)/x] (c) 1/(x + vt) 
4. The equation of a wave travelling on a string stretched along the X-axis is given by 
x t)? 
pone 4) 


a) Write the dimensions of A, a and T. 

b) Find the wave speed. 

c) In which direction is the wave travelling? 

d) Where is the maximum of the pulse located att =7 and att =2T? 


( 
( 
( 
( 
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17.4 Sine Wave 


If oscillations of yare simple harmonic in nature, then y(x, ¢) function is sine or cosine function. Such 
type of wave is called sine wave or sinusoidal wave. For better understanding, we can visualize a 
sine wave travelling on a string. 


The general expression of a sine wave is 
y= Asin (tt kx +o) and y= Acos (wt +kx +6) 
In the above equations, 
(i) A is the amplitude of oscillations of y. 
(ii) @ is called the angular frequency. Here, 
1 


2 
o=2nf == and f => 


where, f is normal frequency of oscillations and 7 is the time period of oscillations. SI unit of @ 


is radian/sec while that of f is Hz or ae 


(iii) & is called the angular wave number, where 


Here, A is the wavelength of wave. 


Wavelength (1) 
In a transverse wave motion, the particles of the medium oscillate about their mean or equilibrium 
position at right angles to the direction of propagation of wave motion itself. 
Crest Xr Oscillation 


Wave 
motion 


Trough Mean position 
Fig. 17.3 


This form of wave motion travels in the form of crests and troughs, for example, waves travelling 
along a stretched string. The distance between two successive crests or troughs is known as 
wavelength (1) of the wave. In a longitudinal wave motion, particles of the medium oscillate about 
their mean or equilibrium position along the direction of propagation of the wave motion itself. This 
type of wave motion travels in the form of compressions and rarefactions. 
Mean position 


Wave 
motion 


Oscillations 
}__4___ |} ___4___ 
Fig. 17.4 
The distance between two successive compressions or rarefactions constitute one wavelength. 
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Note Numerically, k= or angular wave number is defined as the number of waves in 2m length. Similarly, 


there is one another word called wave number. This is equal to - and numerically this is equal to number of 


waves in unit length. 
(iv) Wave speed v, 
_ coefficient of t 
~ coefficient of x 


ov) 
v=— 
k 
But O=2nf 
21 
and k=— 
r 
Substituting in the above equation, we also get 
v=fnr 


) 
(v) = is SHM velocity of the particle executing oscillations (lying between +@A and —@4A). 


02 
Similarly, is SHM acceleration (lying between +@° 4 and -@7 A). 
t 


Let us take an example: suppose a sine wave travelling on a string is 


y= Asin(@t — kx +0) ..-(i) 

Then, 2 04 cos (wt — kx +0) .. (ii) 

avy 2px os 

and oo Asin (@t — kx +0) ..- (iil) 
T 


From Eq. (i), we can determine y-displacement of SHM of any particle at position x and at time ¢. 


Value of y lies between + A and —A. 

02 
From Eq. (ii), we can determine 2 or SHM velocity and from Eq. (iii), we can find a or SHM 
t 


acceleration. 
Angle (wt — kx +) is same in all three equations which is also called phase angle of three 


; . : : ) a° 
functions. With the help of this phase angle, we can determine values of y, a and oe at any 
t 


ot 
position x at time ¢. If we put x =0 and t =0, then this angle is only o. This is called initial phase 
angle of the particle at co-ordinate x =0. With the help of this angle, we can find the initial values 
dy 


of 4, 
ay 


a 2 
and ar of this string particle (which is executing SHM at position x =0). 
t 
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© Extra Points to Remember 
e Alternate expressions of a sine wave travelling along positive x -direction are 


y = Asink(x-vt) = Asin (kx-—at)= Asin OT iy_vt) =A sinar( =F) 
X AT 
Similarly, the expression, y = Asink(x+ vt) = Asin (kx+ ot)= Asin an( + | etc 


represent a sine wave travelling along negative x-direction. 
e Difference between two equations 
y = Asin(kx—@t) and y= Asin(@t — kx) 
It hardly matters whether we write the first or the second equation. Both the equations represent a wave 
travelling in positive x-direction with speed v = = The difference between them is that they are out of 
phase, i.e. phase difference between them is 1. It means, if a particle in position x = Oat timet = Ois inits 


mean position and moving upwards (represented by first wave) then the same particle will be in its mean 
position but moving downwards (represented by the second wave). Similarly, the waves 


y = Asin (kx — wt) and y = — Asin (kx — at) are also out of phase. 


© Example 17.3 A wave travelling along a string is described by 
y (x, t) = 0.005 sin (80.0 x — 3.0 £). 
in which the numerical constants are in SI units (0.005 m, 80.0 rad m7 and 
3.0 rad s+). Calculate (a) the amplitude. (b) the wavelength (c) the period and 
frequency of the wave. Also, calculate the displacement y of the wave at a 


distance x = 30.0 cmand time t = 20 s? (NCERT Solved Example) 


Solution On comparing the given equation with 
y (x,t) = Asin (Av -@t), we find 
(a) the amplitude 4 = 0.005 m= 5mm. 
(b) the angular wave number & and angular frequency @ are 
k=80.0m" and wo=3.0s" 


d= 2n/k= 2* = 0.0785 m 
80.0 


= 7.85 cm Ans. 
(c) T=2n/@ = == 2.09 s Ans. 
and frequency, f = 1/T = 0.48 Hz Ans. 


The displacement y at x = 30.0 cmand time ¢ = 20s is given by 
y= (0.005 m)sin (80.0 x 0.3 — 3.0 x 20) 
= (0.005 m)sin (—36) 
= (0.005 m)sin (—36+ 127) 
= (0.005 m)sin (1.714) 


= (0.005 m)sin (98.27° )= 4.94 mm Ans. 


9 


10 © Waves and Thermodynamics 


© Example 17.4 The equation of a wave is 


y (x, t) = 0.05 sin [cao « — 40 t)- 4 m 


Find: (a) the wavelength, the frequency and the wave velocity 
(6) the particle velocity and acceleration at x = 0.5 mand t = 0.05 s. 


Solution (a) The equation may be rewritten as 
y (x,t) =0.05sin (sn ~ 20nt — 4 m 
Comparing this with equation of plane progressive harmonic wave, 


y (x, t)= A sin (kAx— @t +d) we have, 


Wave number, k= a = 5m rad/m 


X=0.4m Ans. 


The angular frequency is 
@ = 2n f = 20m rad/s 
f=10Hz Ans. 


The wave velocity is, 
v=fr= . =4m/s in+ x-direction Ans. 
(b) The particle velocity and particle acceleration at the given values of x and ¢ are 


oy 50 T 
== (2 0 ES ape 
F (201) (0 5)o0s( 5 Tt 


4 
= 2.22 m/s Ans. 
ary. 2 _ (50 T 
ae =— (20m) (0.05) sin (= —T— *) 
= 140 m/s” Ans. 
INTRODUCTORY EXERCISE 


1. Consider the wave y =(5mm)sin[1 cm~'x —(60s"')t] . Find (a) the amplitude, (b) the angular 
wave number, (c) the wavelength, (d) the frequency, (e) the time period and (f) the wave 
velocity. 


2. A wave is described by the equation y =(1.0 mm)sinz red 
2.0cm 0.01s 


a) Find time period and wavelength. 
b) Find the speed of particle at x =1.0 cm and time t =0.01 s. 
c) What are the speeds of the particles at x =3.0 cm, 5.0 cm and 7.0 cm att =0.01 s? 


( 
( 
( 
(d) What are the speeds of the particles at x = 1.0 cm att =0.011,0.012 and 0.013 s? 
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17.5 Two Graphs in Sine Wave 


As we have learned in the above article that y(x, t) equation of a sine wave is either sine or cosine 
equation. Now, corresponding to this equation we can have two graphs and two simple equations. 


First Graph 


In y(x, t) equation, if value of tis fixed (or substituted), then the equation left is y(x) equation.So, we 
can plot y-x graph corresponding to this equation. And obviously the graph (or the equation) will be 
a sine or cosine graph. 


For example Suppose a sine wave is travelling along positive x-direction on a string. At a given 

time (say at 9 AM), the y- x graph may be as shown in the figure. 

A y(mm) 

+10 
+4 


Fig. 17.5 
The important points in the above graph are 


(i) amplitude of oscillation is 10 mm. 


(ii) at9 AM, y-displacement of the string particle at x = 2 mis —5 mm and of the particle at x =6 mis 
+4mm. Or, we can say that this graph represents SHM y-displacements of different string 
particles (at different x -coordinates) at 9 AM. Hence, this is a photograph (or snapshot) of the 
string at 9 AM. 


) d 
(iii) Slope of this graph at any point is - [no #) , aS yhas two variables x and ¢. 
hy he 


(iv) Two string particles at different locations are in different phases. The phase difference between 


them is given by 
2% 
Aod=| — }|(Ax 
o (=) ) 


Here, Ax is the path difference between them. 
For example 


Xr : 
Particles ‘a’ and ‘b’ have a path difference of a So, phase difference between them is 7. 
Particle ‘a’ and ‘c’ have a path difference of A. So, phase difference is 27. 
rn : 7 
Similarly, particles ‘c’ and ‘d’ have a path difference of x Therefore, the phase difference is o 


(v) From the above graph, we cannot determine the direction of wave velocity. For that, wave 
equation will be required. 
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Second Graph 
In y(x, t) equation, if the value of x is fixed (or substituted) then the equation left is y(t) equation. 


So, we can plot y-t graph corresponding to this equation. Again, the graph (or the equation) will be a 
sine or cosine graph. 


For example Suppose a sine wave is travelling along positive x-direction on a string. At a given 
position (say x = 4 m), the y-t graph may be as shown in the figure. 


yim) 


+6}--+, 
+4} - 


Fig. 17.6 


The important points in this graph are 
(i) amplitude of oscillations is 6 mm. 


(ii) y-displacement of the particle atx = 4mis 4mmat4s. Similarly, y-displacement of the particle 
atx = 4m is—5 mm at 8 s or we can say that this graph is basically SHM y-t graph of the string 
particle atx =4m, which shows different SHM y-displacements of this particle at different 
times or it is videography of SHM oscillations of this particle. 

t) 
(iii) Slope of this particle at any time is > and this is SHM velocity (=+@ A ae 1" ) of the particle 
atx =4m at that time. 


(iv) The same particle at two different times will have different phase angles. 
The phase difference in a time interval of At is given by 


ane )a 


_— T . 
t, and ¢, have a time interval of a So, phase difference is 7. 


For example, 


ae T : . 1 
t, and t; have a time interval of ri So, the phase difference is —. 


Similarly, ¢; and ¢, have a time interval of 7. 
Therefore, phase difference is 27. 


Chapter 17. Wave Motion © 13 


Wave velocity (v), particle velocity (v,) and particle acceleration (a,,) in a Sinusoidal wave 


Wave velocity (v) is the velocity by which oscillations of y (or energy) transfer from one point to 
another point. Later, we will see that this velocity depends on characteristics of medium. 

Particle velocity (vp ) and particle acceleration (ap) are different. 

In a sinusoidal wave, particles of the medium oscillate simple harmonically about their mean 
position. Therefore, all the formulae we have read in SHM apply to the particles here also. For 
example, maximum particle velocity is + A@ at mean position and it is zero at extreme positions etc. 
Similarly, maximum particle acceleration is + w* A at extreme positions and zero at mean position. 
However, the wave velocity is different from the particle velocity. This depends on certain 
characteristics of the medium. Unlike the particle velocity which oscillates simple harmonically 
(between + A@ and — AQ) the wave velocity is constant for given characteristics of the medium. 
Suppose, a sine wave travelling along positive x- axis is 


y (x, t)= A sin (Ax —- OF) ..- (i) 
Let us differentiate this function partially with respect to ¢ and x. 
dy (x, t . 
PED -— seoe0s (Ax — OF) ...(i1) 
) t si 
oe = Ak cos (kx — @t) ...(iii) 
x 


Now, these can be written as 


oy (x, f) = (?) Oy (x, ft) 


ot k ox 
e) t 
Here, ae = particle velocity vp 
o : 
; = wave velocity v 
) t 
and yet = slope of the wave 
ox 
Thus, Vp =— v (slope) ...(iV) 


i.e. particle velocity at a given position and time is equal to negative of the product of wave 
velocity with slope of the wave at that point at that instant. 


Acceleration of the particle is the second partial derivative of y (x, t) with respect to f¢, 


_ Oy (x,t) _ 
a ae 


i.e. acceleration of the particle equals — «” times its displacement, which is the same result we 
obtained in SHM. Thus, 


—~@’ A sin (kx — @f) =—@7 y(x, f) 


ap =- wo (displacement ) ..(V) 
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We can also show that, 


0” v(x, (2). x6 t) 


ot? e ax? 
- FyG)_ 2d yQd) (vi) 
ar? ax? - 


which is also the wave equation. 


Fig. 17.7 


Fig. 17.7 shows velocity (vp ) and acceleration (ap ) given by Eqs. (iv) and (v) for two points | and 2 
on a string. The sinusoidal wave is travelling along positive x-direction. 


At 1, Slope of the curve is positive. Hence, from Eq. (iv) particle velocity (vp) is negative or 
downwards. Similarly, displacement of the particle is positive, so from Eq. (v) acceleration will also 
be negative or downwards. 

At2_ Slope is negative while displacement is positive. Hence, vp will be positive (upwards) and ap 
is negative (downwards). 


Note Direction of Vp will change if the wave travels along negative x-direction. 


© Example 17.5 Under what condition, maximum particle velocity is four times 
the wave velocity corresponding to the equation, 
y=Asin(ot—kx) 


Solution Maximum particle velocity is @A and wave velocity is my 


Now, given that 
maximum particle velocity = 4 (wave velocity) 


or OA =4 (2) 
k 


= 


So, this is the required condition. 
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© Example 17.6 A transverse sinusoidal wave moves y 
along a string in the positive x-direction at a speed 
of 10 cm/s. The wavelength of the wave is 0.5 m and 


its amplitude is 10 cm. At a particular time t, the a 
snapshot of the wave is shown in figure. The velocity 7 
of point P when its displacement is 5 cm is 
(JEE 2008) 
(a) aE m/s oj m/s Bleta78 
(BB m/s Bins 


Solution Particle velocity vp =—v (slope of y-x graph) 
Here, v=+ ve, as the wave is travelling in positive x-direction.Slope at P is negative. 
Velocity of particle is in positive y(or j) direction. 
Correct option is (a). 
Note We can also find the magnitude of particle velocity by the relation. 


Here, A =10 cm=0.1m, y=5 cm 005 mand =2nf =2n (2) =2n[ 


on) _2n , 
0.5 


© Example 17.7 Equation of a transverse wave travelling in a rope is given by 
y=5 sin(4.0¢-—0.02 x) 
where y and x are expressed in cm and time in seconds. Calculate 
(a) the amplitude, frequency, velocity and wavelength of the wave. 
(b) the maximum transverse speed and acceleration of a particle in the rope. 


Solution (a) Comparing this with the standard equation of wave motion, 


y= Asin (ot — kx)= Asin [290 - =x] 


where A, f and A are amplitude, frequency and wavelength respectively. 
Thus, amplitude 4A=S5cm 


=> 2nf=4 = Frequency, f= = = 0.637 Hz 
1 
. 20 2n 
Again —=0.02 or Wavelength, A =—— =(1007)cm 
r 0.02 
: 4 20 
Velocity of the wave, v= fA =— —= 200cm/s Ans. 
2n 0.02 


(b) Transverse velocity of the particle, 


Vp= ey =5x 4cos (4.0t — 0.02x) = 20cos (4.0¢ — 0.02x) 
eat 
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Maximum velocity of the particle = 20cm/s 
: . 0° : 
Particle acceleration, ap = 5 Y =- 20x 4sin (4.0t — 0.02x) 


= 
Maximum particle acceleration = 80 cm/s” 


© Example 17.8 In the above example, find phase difference Ad. 


(a) of same particle at two different times with a time interval of 1 s 
(b) of two different particles located at a distance of 10 cm at same time 


Solution (a) Ad= (= but 2 = = 4.0 rad/s 


Ad = @ At = (4.0) (1.0) 


= 4rad Ans. 
(b) Ao= (=) Ax, but a =k=002cm! 
Ad = (0.02) (10) 
= 0.2rad Ans. 
INTRODUCTORY EXERCISE 


1. The equation of a wave travelling on a string is 
y =(0.10 mm)sin[(31.4 m~')x +(314s‘)t] 
(a) In which direction does the wave travel? 
(b) Find the wave speed, the wavelength and the frequency of the wave. 
(c) What is the maximum displacement and the maximum speed of a portion of the string? 


2. The equation for a wave travelling in x -direction on a string is 
y =(3.0 cm)sin[(3.14cm~") x —(314s"")f]. 

(a) Find the maximum velocity of a particle of the string. 

(b) Find the acceleration of a particle at x =6.0cm attimet=0.11s 
3. The equation of a travelling wave is 

, xX t 
y(x,t) =0.02 sin Gs + na m 

Find 

(a) the wave velocity and 

(b) the particle velocity atx =0.2 mandt=0.3 s. 

Given cos 6 = —0.85, where 0 = 34 rad 
4. A wave of frequency 500 Hz has a wave velocity of 350 m/s. 

(a) Find the distance between two points which are 60° out of phase. 

(b) Find the phase difference between two displacements at a certain point at time 10~° s apart. 


Chapter 17 Wave Motion © 17 


17.6 Wave Speed 


Wave speed (v) depends on the medium or characteristics of the medium. Waves of all frequencies or 
all wavelengths travel in a given medium with same speed. For examples, all electromagnetic waves 


travel in vacuum with same speed (~3 x 10° m/s). 

In water, this speed will be different. Similarly, all longitudinal waves (including the sound wave) 
travel in air with the same speed (=~ 330 m/s). 

Now, frequency of a wave depends on source and wavelength is self adjusted in a value, 


i 
ft 


In the above expression, v is same (obviously in a given medium) for all sources (or frequencies). So, 
with increase in value of f, wavelength 1 automatically decreases. 


For example, usually frequency of female voice is more than frequency of male voice. 
So, wavelength of female voice will be less. 


© Example 17.9 Speed of sound in air is 330 m/s. Find maximum and 
minimum wavelength of audible sound in air. 


Solution Frequency of audible sound varies from 20 Hz to 20000 Hz. 


Speed of all frequencies in air will be same (= 330m/s). 


| ee a _ 330. 
ee fmax 20000 
=0.0165m Ans. 
Similarly, 
iio ae 
Fain 20 
=16.5m Ans. 
INTRODUCTORY EXERCISE 


1. Speed of light in vacuum is 3 x1 08m/s. Range of wavelength of visible light is 4000 A-7000 A 
Find the range of frequency of visible light. 


2. Speed of sound in air is 330 m/s. Frequency of Anoop's voice is 1000 Hz and of Shubham's 
voice is 2000 Hz. Find the wavelength corresponding to their voice. 


Speed of Different Waves 
Normally, two wave speeds are required at this stage. 
(i) Transverse wave speed on a string. 
(ii) Longitudinal wave speed in all three states: solid, liquid and gas. 
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Transverse Wave Speed on a String 


Speed of transverse wave on a string is given by 


T 
v=,{— 
uw 
Here, = mass per unit length of the string 
A 
= = = vi (A = area of cross-section of the string) 
m . 
= (=) A (VV = volume of string) 
=pA (p = density of string) 


Hence, the above expression can also be written as 
T 
v= ,[— 
pA 
Proof 


Consider a pulse travelling along a string with a speed v to the right. If the amplitude of the pulse is 
small compared to the length of the string, the tension T will be approximately constant along the 
string. In the reference frame moving with speed v to the right, the pulse is stationary and the string 
moves with a speed v to the left. 


————_- v V<«— Al 
Al v2 iat. Gini Nandini latinas 
a; = R al 9 
\ SF / 
T x . r - Xr 
R “<1 @ 
R010 / 
ada 

O W 
O 


(a) (b) 
Fig. 17.9 (a) To obtain the speed v of a wave on a stretched string, it is convenient to 
describe the motion of a small segment of the string in a moving frame of reference. 
(b) In the moving frame of reference, the small segment of length A/ moves to the left 
with speed v. The net force on the segment is in the radial direction because the 
horizontal components of the tension forces are cancelled. 


Figure shows a small segment of the string of length A/. This segment forms a part of a circular arc of 


radius R. Instantaneously, the segment is moving with speed v in a circular path, so it has a centripetal 
2 
. Vv ; : ; 
acceleration ra The forces acting on the segment are the tension 7 at each end. The horizontal 


components of these forces are equal and opposite and thus cancel. The vertical components of these 
forces point radially inward toward the centre of the circular arc. These radial forces provide the 
centripetal acceleration. Let the angle subtended by the segment at centre be 20. The net radial force 
acting on the segment is 

“F, =2T sin@ =2T6 
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Where we have used the approximation sin 8 ~ @ for small 0. 
If is the mass per unit length of the string, the mass of the segment of length A/is 
m=UAl=2uUR0 (as A/=2R®) 


2 2 
From Newton’s second law, LF. =ma= 7 or 270 = (2uR@) 


* 

R 
[= 
y= J— 
uu 


Longitudinal Wave Speed in Three States 
Speed of longitudinal wave through a gas (or a liquid) is given by 
B 


a a 
p 

Here, B= Bulk modulus of the gas (or liquid) 

and p =density of the gas (or liquid) 

Now Newton, who first deduced this relation for v, assumed that during the passage of a sound wave 
through a gas (or air), the temperature of the gas remains constant, i.e. sound wave travels under 
isothermal conditions and hence took B to be the isothermal elasticity of the gas and which is equal to 
its pressure p.So, Newton’s formula for the velocity of a sound wave (or a longitudinal wave) in a 


-|2 
y= 2 
p 


If, however, we calculate the velocity of sound in air at NTP with the help of this formula by 
substituting. 


gaseous medium becomes 


p=1.01x10° N/m? and p=1.29x10% kg/m? 


then v comes out to be nearly 280 m/s. Actually, the velocity of sound in air at NTP as measured by 
Newton himself, is found to be 332 m/s. Newton could not explain this large discrepancy between his 
theoretical and experimental results. 

Laplace after 140 years correctly argued that a sound wave passes through a gas (or air) very rapidly. 
So, adiabatic conditions are developed. So, he took B to be the adiabatic elasticity of the gas, which is 
equal to y p where is the ratio of C,, (molar heat capacity at constant pressure) and C,, (molar heat 
capacity at constant volume). Thus, Newton’s formula as corrected by Laplace becomes 


- [Ww 
ya HE 
p 
: aon 1.41 p 
For air, y =1.41, so that in air, v= _,|—— 
p 


which gives 331.6 m/s as the velocity of sound (in air) at NTP which is in agreement with 
Newton’s experimental result. 
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Speed of longitudinal wave in a thin rod or wire is given by 


- 
y= |— 
p 


Here, Y is the Young’s modulus of elasticity. 


Note /nthe chapter of sound wave (Chapter-19), we will discuss longitudinal wave speed in detail (with proof and 
examples). In the present chapter, we are taking examples of only transverse wave speed on a string. 


© Example 17.10 One end of 12.0 m long rubber tube with a total mass of 
0.9 kg is fastened to a fixed support. A cord attached to the other end passes 
over a pulley and supports an object with a mass of 5.0 kg. The tube is struck a 
transverse blow at one end. Find the time required for the pulse to reach the 


other end. (g = 9.8 m/s”) 
Solution Tension in the rubber tube AB, T = mg 


or T = (5.0) (9.8) = 49 N 
Mass per unit length of rubber tube, Ub = = 0.075 kg/m | 
BI 
Speed of wave on the tube, v= a | Aue = 25.56 m/s mi 
AB A 
The required time is, ¢ =—— = ss = 0.47s Ans. 
pone Fig. 17.10 


© Example 17.11 A wire of uniform cross-section is stretched between two points 
100 cm apart. The wire is fixed at one end and a weight is hung over a pulley at 
the other end. A weight of 9 kg produces a fundamental frequency of 750 Hz. 


(a) What is the velocity of the wave in wire? 
(b) If the weight is reduced to 4 kg, what is the velocity of wave? 


Note Fundamental frequency is given by 


Solution (a)L=100cm, f, = 750Hz 
v, = 2Lf, =2x 100x 750 


= 150000cms! = 1500 ms! Ans. 


- [2 and v,= aD} 
Ht Hl 


_{& 
1 V7, 
Vo _ [4 
1500 V9 


v> = 1000 ms"! Ans. 
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INTRODUCTORY EXERCISE 


1. 


Figure shows a string of linear mass density 1.0 g cm~' on which a wave pulse is travelling. Find 
the time taken by the pulse in travelling through a distance of 50 cm on the string. Take 


g=10ms?. 
a kg 


Fig. 17.11 


. Asteel wire of length 64 cm weighs 5 g. If it is stretched by a force of 8 N, what would be the 


speed of a transverse wave passing on it? 


. Two blocks each having a mass of 3.2 kg are connected by a wire CD and the system is 


suspended from the ceiling by another wire AB. The linear mass density of the wire AB is 
10 gm~' and that of CDis8g m~'. Find the speed of a transverse wave pulse produced in AB and 
in CD. 


Fig. 17.12 


. Inthe arrangement shown in figure, the string has a mass of 4.5 g. How much time will it take for 


a transverse disturbance produced at the floor to reach the pulley? Take g =10ms~. 


Fig. 17.13 


A copper wire 2.4 mm in diameter is 3 m long and is used to suspend a2 kg mass from a beam. If 


a transverse disturbance is sent along the wire by striking it lightly with a pencil, how fast will the 
disturbance travel? The density of copper is 8920 kg/m?. 


One end of a horizontal rope is attached to a prong of an electrically driven tuning fork that 
vibrates at 120 Hz. The other end passes over a pulley and supports a1.50 kg mass. The linear 
mass density of the rope is 0.0550 kg/m. 

(a) What is the speed of a transverse wave on the rope? 

(b) What is the wavelength? 


(c) How would your answers to parts (a) and (b) change if the mass were increased to 3.00 kg? 
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17.7 Energy in Wave Motion 


In a wave, many particles oscillate. In a sinusoidal wave, these oscillations are simple harmonic in 
nature. Each particle has some energy of oscillation. At the same time, energy transfer also takes 
place. Related to energy of oscillation and energy transfer, there are three terms, namely, energy 
density (u), power (P) and intensity (7). 


Energy density (uv) 


Energy of oscillation per unit volume is called energy density (uw). Its SI unit is J/m 3 Incase of SHM, 
1 
energy of oscillation (ofa single particle) is E = 3 m@~ A”. Ina sinusoidal wave, each particle of the 


string oscillates simple harmonically. 


Therefore, 
A042 
: energy of oscillation E 2 mA 
Energy density = or “== 
volume V V 
m : 
But, — =density or p 
V 
u= 2 po A* 
2 
Power (P) 
Energy transferred per unit time is called power. The expression of power is 
1 
Pes pw’ A*Sv 


Here, S' is area of cross-section of the medium in which wave is 
travelling and vis the wave speed. SI unit of power is J/s or Watt. 
Now, let us derive the above expression for a sinusoidal 
travelling wave on a string. Area of cross-section of string is S 
and the wave speed is v. 


Suppose at time t=0, wave is at point M. In 1 s, it will travel a fey. Yexs 
distance v and it will reach at point NV. Or, we can say that v new Fig. 17.14 

length of string will start oscillating. Area of cross-section of 

string is S. Therefore, in 1 s, Sv new volume of string will start oscillating. Energy of oscillation per 
unit volume is called energy density (uw). So, in 1 s, (uSv) new energy will be added or (wSv) energy 
will be transferred from the source. Energy transferred in one second is called power. 


P=uSv 
1 1 
==pw’ A’ Sv (as u=— pw’ A”) 
2 2 
1 
or P=5po° A’ Sv 


This is the desired expression of power. 


Chapter 17. Wave Motion ° 23 


Intensity (/) 
Energy transferred per unit cross-sectional area per unit time is called intensity. 
Thus, 


_ Energy transferred _ Power _- 
~ (time)(cross - sectional area) cross-sectional area S$ 
1 
5 pa A > Sy 1 
=——__— _ or I==pw’ A’*v 
S 2 


The SI unit of intensity is J/ s-m* or Watt/m”. 


®% Extra Points to Remember 

e Although the above relations for power and intensity have been discussed for a transverse wave on a 
string, they hold good for other waves also. 

e In SHM, potential energy is maximum (and kinetic energy is zero) at the extreme positions. 

e For a string segment, the potential energy depends on the slope of the Y 
string and is maximum when the slope is maximum, which is at the A 


equilibrium position of the segment, the same position for which the kinetic 
energy is maximum. 


AtA: Kinetic energy and potential energy both are zero. B 
AtB: Kinetic energy and potential energy both are maximum. 
e Intensity due to a point source If a point source emits wave uniformly in Fees 
te U7, 


all directions, the energy at a distance r from the source is distributed 
uniformly on a spherical surface of radius rand areaS = 4ar*. If Pis the power emitted by the source, the 


power per unit area at a distance r from the source is nae The average power per unit area that is 


4ur 
incident perpendicular to the direction of propagation is called the intensity. Therefore, 
P 1 
[= Of ee 
Amr? ia 


© Example 17.12 A stretched string is forced to transmit transverse waves by 
means of an oscillator coupled to one end. The string has a diameter of 4 mm. 
The amplitude of the oscillation is 10°* mand the frequency is 10 Hz. Tension 


in the string is 100 N and mass density of wire is 4.2 x 10°kg/m°. Find 
(a) the equation of the waves along the string 

(b) the energy per unit volume of the wave 

(c) the average energy flow per unit time across any section of the string and 
(d) power required to drive the oscillator. 


Solution (a) Speed of transverse wave on the string is 


[ 7 
= /— asu=pS 
v oS (asu =pS) 
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Substituting the values, we have 


v= ae = 43.53 m/s 


(4.2x 103 (3) (4.0x 103) 


@ = 2nf = 200 = 62.83 rad/s 
k=2=1.44m! 
v 
Equation of the waves along the string, y (x, ¢)= A sin (Ax - Of) 
= (107 m)sin [(1.44 m | ) x — (62.83 rad/s) f] Ans. 


: : ; 1 
(b) Energy per unit volume of the string, u = energy density = e pw A : 


Substituting the values, we have 


u= () (4.2 10° ) (62.83)° (10 )° 


= 8.29x 107 J/m? Ans. 


(c) Average energy flow per unit time, P = power = E pw” A? (Sv) = (uw) (Sv) 


Substituting the values, we have P = (8.29x 107 (5) (4.0x 10° )? (43.53) 


=4.53x10° J/s Ans. 


(d) Therefore, power required to drive the oscillator is 4.53 x 10° W. Ans. 


INTRODUCTORY EXERCISE 


1. 


2. 


Spherical waves are emitted from a 1.0 W source in an isotropic non-absorbing medium. What 
is the wave intensity 1.0 m from the source? 

A line source emits a cylindrical expanding wave. Assuming the medium absorbs no energy, 
find how the amplitude and intensity of the wave depend on the distance from the source? 

A certain 120 Hz wave on a string has an amplitude of 0.160 mm. How much energy exists in an 
80 g length of the string? 

A taut string for whichu =5.00 x 1o* kg/m is under a tension of 80.0 N. How much power must 
be supplied to the string to generate sinusoidal waves at a frequency of 60.0 Hz and an 
amplitude of 6.00 cm? 

A 200 Hz wave with amplitude 1 mm travels on a long string of linear mass density 6 g/m kept 
under a tension of 60 N. 

(a) Find the average power transmitted across a given point on the string. 

(b) Find the total energy associated with the wave in a 2.0 m long portion of the string. 

A transverse wave of amplitude 0.50 mm and frequency 100 Hz is produced on a wire 
stretched to a tension of 100N . If the wave speed is 100 m/s. What average power is the 
source transmitting to the wire? 
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List of Formulae 


1. Wave Equation Only those functions of x and t or y (x,t) represent a wave function which satisfies 
the following three conditions 


2 2 
Condition 1 ns =k oy 
ot Ox 
Here, k=v? (v =wave speed) 
Condition 2 y(x,t) should be a single valued function for all values of x and t. 
Condition 3. The wave function and its first derivative must be continuous. 
2. If y(x,1t) is of type f (ax + bf), then 
coefficient of t 
wave speed v =———_—___. 
coefficient of x 


Further, wave travels in positive x-direction if ax and bt are of opposite sign and it travels along negative 
x-direction if ax and bt are of same sign. 


3. Sine wave General equation of this wave is 
y =Asin(@t+ kx + 6) 
or y =Acos(at+ kx + 6) 
In these equations, 


(i) Ais amplitude of oscillation, 
(ii) @ is angular frequency, 


Ts 2n => wo=2nf 
@ 
and pot ® 
T 20 
(iii) k is angular wave number, 
k -= (A— wavelength) 


(iv) Wave speed, v = : =fnr 
(v) ois initial phase angle at x =O and 
(vi) (@t + kx + o)is phase angle at time tat coordinate x. 
4. Particle velocity (vp) and wave velocity (v) in sine wave 
(i) y=f(x, t) 
Then, Vp=— 
(ii) In sine wave, particles are executing SHM. Therefore, all equations of SHM can be applied for 


particles also. 
(iii) Relation between Vp and v 


Vp =-—-V-— 
P 
Ox 


Here, dy / dx is the slope of y - x graph when tis kept constant. 
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5. Phase Difference (AQ) 


Case | Ao = @(t, — ty) 
On 

or Ao = —.-At 

% T 

=phase difference of one particle at a time interval of At. 
Case Il Ao = k(x; ~ Xo) 
= a - AX 
Xr 


=phase difference at one time between two particles at a path difference of Ax. 


6. Wave Speed 
(i) Speed of transverse wave on a stretched wire 


Eee 
Vvi= -—-= — 
uw Vps 
a 
v= /— 
p 


(a) In solids, F = Y = Young’s modulus of elasticity 


(ii) Speed of longitudinal wave 


Y 
V= — 
p 
(b) In liquids, EF = B = Bulk modulus of elasticity 
B 
Y= 
p 


(c) In gases, F = adiabatic bulk modulus = yp 


y= [ve — [ver 
p M 
7. Energy Density (u), Power (P) and Intensity (/) in sine Wave 


(i) Energy density, u = spar’ = energy of oscillation per unit volume 
(ii) Power, P= 5p0°A’Sv = energy transferred per unit time 


(iii) Intensity, / = sporA’y = energy transferred per unit time per unit area 


Solved Examples 


TYPED PROBLEMS 


Type 1. Based on symmetry of a wave pulse 


Concept 


To check symmetry of a wave pulse or wave velocity, always concentrate on maximum or 
minimum value of y. For example, 


y y 


t > Fixed 


Xp—-AX XQ Xq+ Ax Xo 
(i) (ii) 
Wave pulse shown in Fig. (i) is symmetric but the wave pulse shown in Fig. (ii) is 
asymmetric. Now, the question is how will you check whether the pulse is symmetric or 
not. 
The answer is 
In both cases maximum value of y at the given time (say fp) is at x = Xp. 
Now, if y(t = to, X = X) + Ax) = y(t = to, X = Xq — Ax), then the pulse is symmetric otherwise 
not. So, at a given time (or any other time of your choice) first of all you have to find that x 
coordinate where you are getting the maximum value of y. 
y y 


x4 x2 
ty tb 


Further, suppose that maximum value of yis at x, at time ¢, and at x, at time t.(> ¢, ). Then, 
from the figure we can see that peak of the wave pulse is travelling towards positive 
x-direction. In time (¢, —¢,), it has travelled a distance (x. —x,) along positive x - direction. 
Hence, the wave velocity is 

(Xo =X) 

(tg — t,) 
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0.8 ; 
© Example 1 y(x,t)= ———__ —~ represents a moving pulse where x and y are 
[(4x + 5t)” +5] 
in metre and t in second. Then, choose the correct alternative(s): (JEE 1999) 


(a) pulse is moving in positive x-direction 
(6) in 2 s it will travel a distance of 2.5 m 


(c) its maximum displacement is 0.16 m 

(d) it is a symmetric pulse 

Solution (b), (c) and (d) are correct options. 
y 


The shape of pulse at x =0 and t =0 would be as shown in figure 
0.8 


¥y (0, 0) = — =0.16m 
From the equation it is clear that y,,,, =0.16 m 
Pulse will be symmetric (symmetry is checked about y,,,,) if 
Att=0;  y@=yCx) 
From the given equation 


0.8 | 
x) = 
y@) 16x? +5 
0.8 tti=0 
and —x) = ——_ 
aCe 16x? +5 
or y &) = y¥ C4) 
Therefore, pulse is symmetric. 
Speed of pulse 
y y 
0.16 m 0.16 m 
es 
~ X=-1.25m x=0 7 
t=1s t=0 


Att=1s and x=—1.25 m, value of y is again 0.16 m, i.e. pulse has travelled a distance of 
1.25 m in 1 second in negative x-direction or we can say that the speed of pulse is 1.25 m/s and 
it is travelling in negative x-direction. Therefore, it will travel a distance of 2.5 m in 2 seconds. 
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Type 2. 7o find wave velocity from two y(x) equations given at two different times. 


Concept 
In y(x,t) equation, if value of tis substituted then the equation left is y (x) equation. 


In this type of problem, y(x) equation will be given at two different times and we have to 
find the wave velocity. 


How to Solve? 


e Atthe given time find the x- coordinates where you are getting the maximum (or minimum) value of y. From 
these two x- coordinates and two times we can calculate the wave velocity by the method discussed in 
Type 1. 


© Example 2 At time t=0, y(x) equation of a wave pulse is 


10 
= 
2+ (x — 2) 
and at t= 2s, y(x) equation of the same wave pulse is 
10 
oe 
2+(x+ 4) 


Here, y is in mm and x in metres. Find the wave velocity. 
Solution From the given y(x) equations at two different times we can see that value of y is 


maximum (-2 or 5 mm] at x=2m at time t=O and atx=—4mat timet =2s. 


So, peak of the wave pulse has travelled a distance of 6 m (from x=2m to x=—4m) in 2s along 
negative x-direction. 


Hence, the wave velocity is 


v=-S=-3m/s Ans. 


Type 3. To make complete y (x,t) function if y (x) function at some given time and wave velocity are 
given 


Concept 
Gy Wavexpeed, v= cociiclent of t 
coefficient of x 
.. Coefficient of t=(v) (coefficient of x) 
(ii) Sign of coefficient of ¢ will be opposite to the sign of coefficient of xif wave travels along 
positive x-direction and they are of same sign if the wave travels along negative 
x -direction. 
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© Example 3 A wave is travelling along positive x-direction with velocity 2 m/s. 
Further, y(x) equation of the wave pulse at t = 0 is 
10 
ee 
2+ (2x + 4) 
(a) From the given information make complete y(x, t) equation. 
(6) Find y(x) equation at t=1s 
Solution (a) Here, coefficient to xis 2. 
Wave speed is 2 m/s. Therefore, coefficient of t = v (coefficient of x) =2 x 2=4 units. 
Further, coefficient of xis positive and the wave is travelling along positive x-direction. 
Hence, coefficient of t must be negative. 
Now, suppose the y(x, t) function is 
10 


= eric 
z 2+ (2x-4t+a)? ® 
Here, o is a constant. 
At time t =0, Eq. (i) becomes 
gs 10 
2+ Qx+a)? 
and the given function is 
j= 10 
2+ (2x + 4)” 
Therefore, the value of o is 4. 
Substituting in Eq. (i), we have 
10 
y= 2 
24+ Qx-4t+ 4) 
(b) Att=1s 
pe 10 
2+ (2Qx-4x1+4 4)? 
or = —- Ans. 
24+ 4x 


Type 4. Based on transverse wave speed on a string 


Concept 
(i) We know that transverse wave speed is given by 


[T ig 
v= _/— or — 
LL ps 


(ii) If tension is uniform, then vis also uniform and we can calculate the time taken by the 
wave pulse in travelling from one point to another point by the direct relation 
be distance 
speed 
If tension is non-uniform, then v will be non-uniform and in that case time can be 
obtained by integration. 
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© Example 4 A uniform rope of mass 0.1 kg and length 2.45 m hangs from a 
ceiling. 
(a) Find the speed of transverse wave in the rope at a point 0.5 m distant from the lower 
end. 
(6) Calculate the time taken by a transverse wave to travel the full length of the rope. 


Solution (a) As the string has mass and it is suspended vertically, tension in it will be 
different at different points. For a point at a distance x from the free end, tension will be due to 
the weight of the string below it. So, if m is the mass of string of length /, the mass of length x 
of the string will be () x. 


x 
m 

ren oo 

ig 

a 
or v= ra ...(i) 
At x=0.5 m, v=,/0.5 x9.8 

=2.21 mis 


(b) From Eq. (i), we can see that velocity of the wave is different at different points. So, if at point x 
the wave travels a distance dx in time dt, then 


dx dx 
dt = — == 

vex 
t l dx 
Jt = Ia Jae 


or t=2 oo 
g 9.8 


=1.0s Ans. 


Type 5. 7o write the equation corresponding to given y - x graph (or a snapshot) at a given time 


Concept 
From the given y - x graph, we can easily determine A, m and k. Secondly, we have to check 
whether the wave is travelling along positive x - direction or negative x -direction. Because 
this factor will decide whether, wt and kx should be of same sign or opposite sign. 
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© Example 5 Figure shows a snapshot of a sinusoidal travelling wave taken at 
t=0.3 s. The wavelength is 7.5 cm and the amplitude is 2 cm. If the crest P was at 
x =Oat t=0, write the equation of travelling wave. 


y 
h Pp 


Solution Given, A=2cm, A=7.5cm 
20 =] 
k=— =0.84 
7 cm 


The wave has travelled a distance of 1.2 cm in 0.3 s. Hence, speed of the wave, 
1.2 


v=——=4cm/s 
0.3 
. Angular frequency = (v) (k) =38.36 rad/s 


Since the wave is travelling along positive x-direction and crest (maximum displacement) is at 
x=0 at t =0, we can write the wave equation as 


y (x, t) = A cos (kx — wt) 
or y (x, t) = A cos @t— kx) as cos (—9)=cos0 
Therefore, the desired equation is 
y (x, t) = (2 em) cos [0.84 cm) x— (8.36 rad/s) t] em Ans. 


© Example 6 For the wave shown in figure, write the equation of this wave if its 
position is shown at t = 0. Speed of wave is v = 300 m/s. 


y(m) 
A» 
0.06 
> X(m) 
Solution The amplitude A=0.06 m 

2 1 =0.2m 

2 
A =0.08 m 
fee a8 car He 

X 0.08 

pe aap a? 
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and @ = 2nf =23562 rad/s 
Att=0, x=0, oy = positive 
ox 


and the given curve is a sine curve. 
Hence, equation of wave travelling in positive x-direction should have the form, 
y (x, t) = Asin (kx — @t) 
Substituting the values, we have 
y (x, t) = 0.06 m) sin [(78.5 m™) x— (23562 s"') t]m Ans. 


Miscellaneous Examples 


© Example 7 A block of mass M =2 kg is suspended from a string AB of mass 


6 kg as shown in figure. A transverse wave pulse of wavelength X., is produced at 
point B. Find its wavelength while reaching at point A. 


A 


Concept 


While moving from B to A, tension will increase. So, wave speed will also increase (as 
v=. /T/w). Frequency will remain unchanged because it depends on source. Therefore, 


wavelength will also increase (as A = Yorke U). 


Solution X= : = yi 


f 
or A«< JT (as and f are constants) 
Ap _ |Tp 
VA Ts 


=2X Ans. 
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© Example 8 A wave moves with speed 300 m/s on a wire which is under a tension 
of 500 N. Find how much tension must be changed to increase the speed to 
312 m/s? 


Solution Speed of a transverse wave on a wire is, 
T 


v= Jo .- (i) 
uu 
Differentiating with respect to tension, we have 
dv il . 
oT = uF sas (10) 


Dividing Eq. (i) by Eq. (i), we have 


eee or aT =2T) & 
v 2T v 
Substituting the proper values, we have 
dT = (2) (600) (812 — 300) 
300 
=40N Ans. 


i.e. tension should be increased by 40 N. 


© Example 9 Fora wave described by y= A sin (at — kx), consider the following 
T T 3 
oints (a) x =0 b) x = — c) x =— and d) x=—. 
points (a) ()x=E (x= (d) x=— 
For a particle at each of these points at t = 0, describe whether the particle is moving 
or not and in what direction and describe whether the particle is speeding up, 
slowing down or instantaneously not accelerating? 


Solution y= Asin @t— kx) 


Particle velocity up (x, t) = “ =@A cos (wt — kx) and particle acceleration 
o°y 2 ; 
ap (x, t)= ve =—@°A sin @t — kx) 


(a) t=0, x=0: tp =+0A and ap=0 


i.e. particle is moving upwards but its acceleration is zero. 


Note Direction of velocity can also be obtained in a different manner as under, 


At t=0, y=Asin(-kx) =—A sin kx 
y 


Le. y-x graph is as shown in figure. At x =0, slope is negative. Therefore, particle velocity is positive 
(Vp =-V x slope), as the wave is travelling along positive x-direction. 
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(b) t=0,x=— xa 
k 4k 
hy == 
4 
Tt @A 
Up =@A cos | — —} =+ —= 
. ( i V2 
2 
Tt oA 
d ap =— Asin | — —| =+—= 
an ‘P SL ( 4 2 


Velocity of particle is positive, i.e. the particle is moving upwards (along positive 
y-direction). Further up and ap are in the same direction (both are positive). Hence, the 
particle is speeding up. 

T T 


(c) £=0, x =— xS— o kx == 
2k 2k 2 


Up =@A cos (—1/2) =0 
ap =— Asin (1/2) =07A 


i.e. particle is stationary or at its extreme position (y =— A). So, it is speeding up at this 


instant. 
(di $=0, 262" Yoo oe tee” 
4k Ak 4 
3 wA 
Up =A cos | — — | =— —= 
. [ 7 2 


w7A 
V2 


Velocity of particle is negative, i.e. the particle is moving downwards. Further up and ap 
are in opposite directions, i.e. the particle is slowing down. 


ap =— 0A sin (22) + 


© Example 10 A thin string is held at one end and oscillates vertically so that, 
y (x = 0, t) = 8 sin 4t (cm) 

Neglect the gravitational force. The string’s linear mass density is 0.2 kg/m and its 
tension is 1 N. The string passes through a bath filled with 1 kg water. Due to 
friction heat is transferred to the bath. The heat transfer efficiency is 50%. Calculate 
how much time passes before the temperature of the bath rises one degree kelvin? 
Solution Comparing the given equation with equation of a travelling wave, 

y=Asin (kxto@t) at x=0 we find, 

A=8cm=8x107m 

@=4 rad/s 


Speed of travelling wave, v= FF =, ‘a = 2.236 mis 
Ww : 


Further, pS =u =0.2 kg/m 
The average power over a period is 
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Substituting the values, we have 


P= . (0.2) (4)? (8 x 107°)? (2.236) 


=2.29x107Jis 

The power transferred to the bath is, 
P’=0.5P=1145 x10" dis 
Now let, it takes ¢ second to raise the temperature of 1 kg water by 1 degree kelvin. Then 
P’t=msAt 
Here, s = specific heat of water = 4.2 x 10° J/kg-°K 
,_ mst _ (1) 4.2 x 10°) (1) 
P’ 1145x107 


=3.6x10° s =4.2 day Ans. 


© Example 11 Consider a wave propagating in the negative x-direction whose 
frequency is 100 Hz. At t=5 s, the displacement associated with the wave is given 
by 
y = 0.5 cos (0.1 x) 
where x and y are measured in centimetres and t in seconds. Obtain the 
displacement (as a function of x) at t=10s. What is the wavelength and velocity 
associated with the wave? 


Solution A wave travelling in negative x-direction can be represented as 
y (x, t) = A cos (kx + wt + 0) 
Att=5s, 
y (x, t=5) = A cos (kx + 50 + 0) 


Comparing this with the given equation, 


We have, 
A=0.5cm,k=0.1 cm 
and 5@ + 6 =0 ... (0) 
Now, A= li = an = 2072) cm Ans. 
k 0.1 
@ = 2nf = (2007) rad/s 
v= =e anne = (2000 2) cm/s Ans. 
k 0.1 
From Eq. (i), o=-— 50 
Att=10s, 


y (x, £ =10) =0.5 cos 0.1 x + 10@—5@) 
=0.5 cos 0.1 x+5@) 
Substituting w = 200 z, 
y (x, t =10) =0.5 cos 0.1 x + 10007) 
=0.5 cos (0.1 x) Ans. 


>) 


>) 
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Example 12. A simple harmonic wave of amplitude 8 units travels along positive 
x-axis. At any given instant of time, for a particle at a distance of 10 cm from the 
origin, the displacement is + 6 units, and for a particle at a distance of 25 cm 
from the origin, the displacement is + 4 units. Calculate the wavelength. 


Solution y=Asin = (vt — x) 


or =sin 20 (--=) 
In the first case, 
dt sin On (-- 2} 
A T iK 
Here, y, =+6, A=8, x, =10cm 
Bin be (--2] ... (0) 
8 T 2x 
Similarly in the second case, 
$= sin an (5-2) (ii) 
8 T 2X 
From Eq. (i), 
an (2 =) =sin =) =0.85 rad 
T 2x 8 
or a-S=0.14 acca) 
Similarly from Eq. (ii), 
Z ( k 4 =sin! (7) == rad 
T 2x 8 
t 25 : 
or —- — =0.08 .. (IV. 
T 2X @) 
Subtracting Eq. (iv) from Eq. (iii), we get 
ee 0.06 
rn 
A =250 cm Ans. 


Example 13 A wave pulse on a horizontal string is represented by the function 
w(x, )=——2 ___ (CGS units) 
1.0 + (x — 2t) 
Plot this function at t= 0, 2.5 and 5.0 s. 


Solution At the given times the function representing the wave pulse is 


5.0 
x, 0) = 
¥@,0) 10+ x 
5.0 
x, 2.5 s) = ——__—_—___| 
A = 70s @ 5.02 
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5.0 


~50g2— 9) 
¥C = T 04 @ 10.0" 


y (cm) 
10.0 


y(x,0)  y(x,2.5s) y (x,5.50s) 


5.0 


—5.0 0 5.0 10.0 15.0 


The maximum of y(x,0) is 5.0 cm; at t =0, it is located at x =0. At t =2.5 and 5.0 s, the maximum 
of the pulse has moved to x=5.0 and 10.0 cm, respectively. So, in each 2.5 s time interval, the 
pulse moves 5.0 cm in the positive x-direction. Its velocity is therefore +2.0 cm/s. 


© Example 14 A uniform circular hoop of string is rotating clockwise in the 
absence of gravity. The tangential speed is U,. Find the speed of the wave 
travelling on this string. 


Solution 
Vo 
T cos@ — T cos@ 
() 1 70 
A, ae 
T a 7 
oo 2 TX) 90° AT 
oer % “ 
vT™ \ Ve 
Or \ ‘SY vA 
‘ar Sy 6 P2 
{ Yi 
Cc Sl 
(a) (b) 


Let T be the tension in the string. Consider a small circular element AB of the string of length, 


Al= R (26) (R = radius of hoop) 


The components of tension T cos 8 are equal and opposite and thus cancel out. The components 


towards centre C (i.e. T'sin 8) provides the necessary centripetal force to element AB. 
2 


2T sin 9 = “0 ...(i) 
R 
Here, m = pAl=2uR0 = 
length 
As 6 is small, sin 8 =@ 
Substituting in Eq. (i), we get 
2uR0 ve 


2T0= 


Chapter 17 


or 


z 
iu 
- 
or — =U 
uu 


Speed of wave travelling on this string, 
T 
v= /— =Up 
iu 
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...(ii) 


[from Eq. (ii)] 


i.e. the velocity of the transverse wave along the hoop of string is the same as the velocity of 


rotation of the hoop, viz. vp. 


Ans. 


Example 15 A sinusoidal wave travelling in the positive direction on a stretched 
string has amplitude 2.0 cm, wavelength 1.0 m and wave velocity 5.0 m/s. At 


r) . 
x =Oand t=0, it is given that y =0 and = <0. Find the wave function y(x, t). 


Solution We start with a general equation for a rightward moving wave, 


y (x, t) = Asin (kx—- wt + 0) 
The amplitude given is 
A=2.0 cm =0.02 m 
The wavelength is given as 


X4=1.0m 
-. Angular wave number, 
2 = 
k=—=(2n)m 
7 Qn) 


Angular frequency, 
@ = vk = (10 7) rad/s 

Be y (x, t) = 0.02) sin [2m (x— 5.0 t) + 6] 

We are given that for x =0, t =0, 


y=0 
and 9y <0 
ot 
1.e. 0.02 sin 6 =0 
and — 0.2% cos o <0 
From these conditions, we may conclude that 
gd =2nt 
Therefore, 


y (x, t) = (0.02 m) sin [2m m+) x— (10a rads“) ¢] 


(as y =0) 


where n=0,2,4,6... 


m Ans. 


Exercises 


LEVEL 1 


Assertion and Reason 


Directions: Choose the correct option. 

(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 
(b) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 

(d) If Assertion is false but the Reason is true. 


1. Assertion: Mechanical transverse waves can’t travel in gaseous medium. 
Reason: They do not possess modulus of rigidity. 

2. Assertion: Surface waves are neither transverse nor longitudinal. 
Reason: In surface wave particles undergo circular motion. 


3. Assertion: Two equations of wave are y, = Asin (wt — kx)and y. = A sin (kx — ot). These two 
waves have a phase difference of 7. 
Reason: They are travelling in opposite directions. 

4. Assertion: Wave speed is given by v= fi. If frequency fis doubled, v will become two times. 
Reason: For given conditions of medium wave speed remains constant. 

5. Assertion: On moon you cannot hear your friend standing at some distance from you. 
Reason: There is a vacuum on moon. 

6. Assertion: Wave number is the number of waves per unit length. 


Reason: Wave number = ~ 


7. Assertion: Electromagnetic waves do not require medium for their propagation. 
Reason: They can’t travel in a medium. 


8. Assertion: Two strings shown in figure have the same tension. Speed of transverse waves in 


string-1 will be more. 
2 
L @nhhhns 


Reason: u« = Here ut is mass per unit length of string. 


Ti 


9. Assertion: y-x graph of a transverse wave on a string is as ¥ , 
shown in figure. At point A potential energy and kinetic energy 
both are minimum. ; Zs 


are maximum. 


x 
Reason: At point B kinetic energy and potential energy both Vy > 


10. 
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Assertion: y-x graph of a transverse wave on a string is as shown in figure. At the given 
instant point P is moving downwards. Hence, we can say that wave is moving towards positive 
y-direction. 


Reason: Particle velocity is given by 


Objective Questions 


1. 


Equation of progressive wave is given by y = 4 sin [ (: - ;) + “| ,where x and y are in metre. 
Then, 

(a) v=5ms (b) X=18m 

(c) A=0.04 m (d) f =50 Hz 


. The equation of a wave is given by Y = 5 sin 102 (¢ — 0.01 x) along the x-axis. (All the quantities 


are expressed in SI units). The phase difference between the points separated by a distance of 
10 m along x-axis is 


T T 
a) — T c) 2m d) — 
(a) 3 (b) (c) (d) Z 
. The displacement function of a wave travelling along positive x-direction is y = ee att=0 
+ 3x 
and by y= z at t= 2s, where y and x are in metre. The velocity of the wave is 
24+ 3(x—- 2) 
(a) 2 m/s (b) 0.5 m/s 
(c) 1m/s (d) 3m/s 
The angle between wave velocity and particle velocity in a travelling wave may be 
(a) zero (b) “ () x (d) All of these 


. Asource oscillates with a frequency 25 Hz and the wave propagates with 300 m/s. Two points A 


and B are located at distances 10 m and 16 m away from the source. The phase difference 
between A and Bis 


(a) “ (b) * () x (a) 2n 


. The equation of a transverse wave propagating in a string is given by 


y = 0.02 sin (x + 302) 
where, x and y are in metre and ¢ is in second. 
If linear density of the string is 1.3 x 10* kg/m, then the tension in the string is 


(a) 0.12 N (b) 1.2N (c) 12N (d) 120 N 
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7. A harmonic oscillator vibrates with amplitude of 4 cm and performs 150 oscillations in one 
minute. If the initial phase is 45° and it starts moving away from the origin, then the equation 
of motion is 


(a) 0.04 sin (5x + 4 (b) 0.04 sin Ga - *) 
(c) 0.04 sin [ar + 4 (d) 0.04 sin (ane -2) 


Subjective Questions 


1. A certain transverse wave is described by 


x t 
x, t)= (6.50 mm) cos 27 - , 
ea 4 (ss cm 0.0360 ; 
Determine the wave’s 
(a) amplitude (b) wavelength 
(c) frequency (d) speed of propagation and 


(e) direction of propagation. 


2. For the wave y= 5 sin 30m [t — (x/ 240)], where x and y are in cm and ¢ is in seconds, find the 
(a) displacement when ¢ =0 and x=2 cm 
(b) wavelength 
(c) velocity of the wave and 
(d) frequency of the wave 


3. The displacement of a wave disturbance propagating in the positive x-direction is given by 
1 

zat t=0 and aL ee at t=2s 

1+%x 1+(x-1) 


y= 


where, x and y are in metre. The shape of the wave disturbance does not change during the 
propagation. What is the velocity of the wave? 


10 


4. A travelling wave pulse is given by 1S 
54+(x+2t) 


Here, x and y are in metre and ¢ in second. In which direction and with what velocity is the 
pulse propagating? What is the amplitude of pulse? 


5. Is there any relationship between wave speed and the maximum particle speed for a wave 
travelling on a string? If so, what is it? 


6. Calculate the velocity of a transverse wave along a string of length 2 m and mass 0.06 kg under 
a tension of 500 N. 


7. Calculate the speed of a transverse wave in a wire of 1.0 mm?” cross-section under a tension of 
0.98 N. Density of the material of wire is 9.8 x 10° kg/m? 


8. If at ¢=0,a travelling wave pulse on a string is described by the function, 
oe 10 
(x? + 2) 


Here, x and y are in metre and ¢ in second. What will be the wave function representing the 
pulse at time ¢, if the pulse is propagating along positive x-axis with speed 2 m/s? 


10. 


11. 


12. 


13. 
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. Consider a sinusoidal travelling wave shown in figure. y (cm) 


The wave velocity is + 40 cm/s. 

Find 

(a) the frequency 

(b) the phase difference between points 2.5 cm apart 

(c) how long it takes for the phase at a given position to —-1 
change by 60° -2 

(d) the velocity of a particle at point P at the instant shown. 


The equation of a travelling wave is 


: x t 
x, t) = 0.02 sin | —— + ——_]|]m 
1G) fe nA 
Find 
(a) The wave velocity and 
(b) the particle velocity at x=0.2 mandt=0.3 s. 


Given, cos 8 =— 0.85, where, 0 = 34 rad 


Transverse waves on a string have wave speed 12.0 m/s, amplitude 0.05 m and wavelength 

0.4 m. The waves travel in the + x-direction and at t= 0 the x = 0 end of the string has zero 

displacement and is moving upwards. 

(a) Write a wave function describing the wave. 

(b) Find the transverse displacement of a point at x =0.25 m at time t =0.15 s. 

(c) How much time must elapse from the instant in part (b) until the point at x =0.25 m has zero 
displacement? 


A wave is described by the equation 


: x t 
= (1.0 mm) sinz | ———— — ———— 
y= & cm 0.01 ;) 


(a) Find the time period and the wavelength. 

(b) Write the equation for the velocity of the particles. Find the speed of the particle at x= 1.0 cm at 
time t =0.01 s. 

(c) What are the speeds of the particles at x = 3.0 cm, 5.0 cm and 7.0 cm at t=0.01 s? 

(d) What are the speeds of the particles at x= 1.0 cm at ¢t = 0.011, 0.012 and 0.013 s? 


A sinusoidal wave travelling in the positive x-direction has an amplitude of 15.0 cm, a 
wavelength of 40.0 cm and a frequency of 8.00 Hz. The vertical displacement of the medium at 
t= Oand x= Ois also 15.0 cm as shown in figure. 


X (cm) 


(a) Find the angular wave number k, period T, angular frequency @ and speed vu of the wave. 
(b) Write a general expression for the wave function. 


44 e Waves and Thermodynamics 


14. A flexible steel cable of total length L and mass per unit length p hangs vertically from a 
support at one end. (a) Show that the speed of a transverse wave down the cable is 
v=./g(L-— <x), where x is measured from the support. (b) How long will it take for a wave to 


travel down the cable? 


15. A loop of rope is whirled at a high angular velocity @, so that it becomes a taut circle of radius R. 
A kink develops in the whirling rope. 


(a) Show that the speed of the kink in the rope is v=@R. 
(b) Under what conditions does the kink remain stationary relative to an observer on the ground? 


16. A non-uniform wire of length L and mass M has a variable linear mass density given by u = kx, 
where x is distance from one end of wire and kis a constant. Find the time taken by a pulse 
starting at one end to reach the other end when the tension in the wire is T. 


LEVEL 2 


Single Correct Option 


1. The speed of propagation of a wave in a medium is 300 m/s. The equation of motion of point at 
x = Ois given by y = 0.04 sin 600 zt (metre). The displacement of a point x =75cm at t= 0.01 s is 
(a) 0.02 m (b) 0.04 m (c) zero (d) 0.028 m 


2. A 100 Hz sinusoidal wave is travelling in the positive x-direction along a string with a linear 
mass density of 3.5 10°3 kg/m and a tension of 35 N. At time ¢=0, the point x= 0, has 
maximum displacement in the positive y-direction. Next when this point has zero 
displacement, the slope of the string is x /20. Which of the following expression represent (s) 
the displacement of string as a function of x (in metre) and ¢ (in second) 

(a) y=0.025 cos (200nt — 27x) (b) y=0.5 cos (200 nt — 27x) 
(c) y=0.025 cos (100 mt — 10 1x) (d) y=0.5 cos (100 mt — 10 mx) 


3. Vibrations of period 0.25 s propagate along a straight line at a velocity of 48 cm/s. One second 
after the emergence of vibrations at the initial point, displacement of the point, 47 cm from it is 
found to be 3 cm. [Assume that at initial point particle is in its mean position at t= 0 and 
moving upwards]. Then, 

(a) amplitude of vibrations is 6 cm (b) amplitude of vibrations is 3V2 cm 
(c) amplitude of vibrations is 3 cm (d) None of these 


4. Transverse waves are generated in two uniform steel wires A and B by attaching their free 
ends to a fork of frequency 500 Hz. The diameter of wire A is half that of B and tension in wire A 
is half the tension in wire B. What is the ratio of velocities of waves in A and B? 


(a) 1:2 (b) V2:1 (c) 2:1 (d) 1:2 
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5. The frequency of A note is 4 times that of B note. The energies of two notes are equal. The 
amplitude of B note as compared to that of A note will be 
(a) double (b) equal 
(c) four times (d) eight times 


6. If at ¢=0, a travelling wave pulse on a string is described by the function. 
6 
x? +3 


What will be the wave function representing the pulse at time ¢, if the pulse is propagating 
along positive x-axis with speed 4 m/s? 


oa. a a. 
(a) Get 4°43 ®) 9 (x — 4t)? + 3 
__ 6 7 6 
(c) =a (d) y see 


More than One Correct Options 

1. A transverse wave travelling on a stretched string is represented by the equation 
y= 2 5) . 
(2x -— 6.2 t)” + 20 

(a) velocity of the wave is 3.1 m/s 
(b) amplitude of the wave is 0.1 m 

(c) frequency of the wave is 20 Hz 

(d) wavelength of the wave is 1m 


Then, 


2. For energy density, power and intensity of any wave choose the correct options. 


(a) u = energy density = pwA” (b) P = power = 5P w7A*v 
(c) I = intensity = : p @7A7Sv (d) I= S 


3. For the transverse wave equation y = Asin (mx + mt), choose the correct options at t = 0 
(a) points at x=0 and x=1 are at mean positions 
(b) points at x=0.5 and x=1.5 have maximum accelerations 
(c) points at x=0.5 and x=1.5 are at rest 
(d) the given wave is travelling in negative x- direction 


4. In the wave equation, 
» 2 
y= Asin (x - bt) 
a 
(a) speed of wave is a (b) speed of wave is b 
(c) wavelength of wave is a/b (d) wavelength of wave is a 


5. In the wave equation, 


y= Asin 2n[=—=) 
a 6b 


(a) speed of wave is a/b (b) speed of wave is b/a 
(c) wavelength of wave is a (d) time period of wave is b 
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6. Corresponding to y-t graph of a transverse harmonic wave shown in figure, 
y 


choose the correct options at same position. 


V 
: a 
(a) (b) 
t t 
L a 
(c) : (a) 
et 
Match the Columns 
1. For the wave equation, y =a sin (bt — cx) 
Match the following two columns. 
Column | Column II 
(a) wave speed (p) 6 
2m 
(b) maximum particle speed | (q) 
T 
(c) wave frequency (r) ? 
c 
(d) wavelength (s) None of these 
2. For the wave equation, 
y =(4cm) sin [nt + 274] 
Here, tis in second and x in metres. 
Column | Column II 


(a) at x=0, particle velocity is maximum att=/(p) 0.5s 
(b) atx=0, particle acceleration is maximum | (q) 1.0s 


att= 

(c) atx=0.5 m, particle velocity ismaximum | (r) zero 
att= 

(d) atx=0.5 m, particle acceleration is (s) 1.58 


maximum at t = 
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3. y-x graph of a transverse wave at a given instant is shown in figure. Match the following two 


columns. 
y 
B 
- > X 
A 

Column | Column II 
(a) velocity of particle A (p) positive 
(b) acceleration of particle A | (q) negative 
(c) velocity of particle B (rv) zero 


(d) acceleration of particle B | (s) can’t tell 


4. For a travelling wave, match the following two columns. 


Column I Column II 
(a) energy density (p) [ML?T?] 
(b) power (q) 5parA’sy 
(c) intensity (r) [(M°L! Ty 
(d) wave number (s) None 


5. Match the following two columns. 


Column I Column II 
(a) y=Asin @t — kx) (p) travelling in positive x-direction 
(b) y= Asin (kx - wt) (q) travelling in negative x-direction 
(c) y=—-Acos @t+ kx) | (r) att =0, velocity of particle is positive at 
x=0 
(d) y=-Acos(kx-@t) | (s) at t=0 acceleration of particle is positive at 
x=0 


Subjective Questions 


1. The figure shows a snap photograph of a vibrating string at t= 0. The particle P is observed 
moving up with velocity 20/3 cm/s. The tangent at P makes an angle 60° with x-axis. 
y 


4 
(x 107? m) aet \ 
Oo] 15 


(a) Find the direction in which the wave is moving. 

(b) Write the equation of the wave. 

(c) The total energy carried by the wave per cycle of the string. Assuming that the mass per unit 
length of the string is 50 g/m. 
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2. A long string having a cross-sectional area 0.80 mm” and density 12.5 g/cm? is subjected to a 
tension of 64 N along the positive x-axis. One end of this string is attached to a vibrator at x = 0 
moving in transverse direction at a frequency of 20 Hz. At t= 0, the source is at a maximum 
displacement y = 1.0 cm. 

(a) Find the speed of the wave travelling on the string. 

(b) Write the equation for the wave. 

(c) What is the displacement of the particle of the string at x = 50 cm at time t = 0.05 s? 
(d) What is the velocity of this particle at this instant? 


3. One end of each of two identical springs, each of force 
constant 0.5 N/m are attached on the opposite sides k m k 
of a wooden block of mass 0.01 kg. The other ends of RARANA—— RAARAN 
the springs are connected to separate rigid supports 
such that the springs are unstretched and are 
collinear in a horizontal plane. To the wooden piece is 
fixed a pointer which touches a vertically moving 
plane paper. The wooden piece kept on a smooth horizontal table is now displaced by 0.02 m 
along the line of springs and released. If the speed of paper is 0.1 m/s, find the equation of the 
path traced by the pointer on the paper and the distance between two consecutive maximas on 
this path. 


4. A wave pulse is travelling on a string with a speed v towards the positive x- axis. The shape of 
the string at t = 01s given by »(x) = A sin(x/a), where A and a are constants. 
(a) What are the dimensions of A and a? 
(b) Write the equation of the wave for a general time ¢, if the wave speed is v. 


5. Figure shows a plot of the transverse ¢ 2.0+ 
displacement of the particle ofastringatt=0 E£ 
through which a travelling wave is passingin  ™ 

the positive x-direction. The wave speed is 

20cm/s. Find (a) the amplitude (b) the x{em) 
wavelength (c) the wave number and (d) the 
frequency of the wave. 


1.0 


6. Two wires of different densities but same area of cross-section are soldered together at one end 
and are stretched to a tension T. The velocity of a transverse wave in the first wire is double of 
that in the second wire. Find the ratio of the density of the first wire to that of the second wire. 


7. Two long strings A and B, each having linear mass density 1.2 x 10°” kg/m are stretched by 
different tensions 4.8 N and 7.5 N respectively and are kept parallel to each other with their 
left ends at x = 0. Wave pulses are produced on the strings at the left ends at t= 0on string A 
and at t= 20 ms on string B. When and where will the pulse on Bovertake that on A? 


8. Asinusoidal transverse wave travels on a string. The string has length 8.00 m and mass 6.00 g. 
The wave speed is 30.0 m/sand the wavelength is 0.200 m. (a) If the wave is to have an average 
power of 50.0 W, what must be the amplitude of the wave? (b) For this same string, if the 
amplitude and wavelength are the same as in part (a) what is the average power for the wave if 
the tension is increased such that the wave speed is doubled? 


9. A uniform rope with length L and mass m is held at one end and whirled in a horizontal circle 
with angular velocity m . You can ignore the force of gravity on the rope. Find the time required 
for a transverse wave to travel from one end of the rope to the other. 


Hint: | a == sin! (=) 


Answers 


Introductory Exercise 17.1 
2. ¢/b 


3. The converse is not true. Only function (c) satisfies this condition. 
4. (a)L,L,T (b)a/T (c) negative x-direction (d)x=-aandx=-2a 


Introductory Exercise 17.2 
1. (a) 5mm _ (b) lem? (c) 2a cm (d) =) Hz (e) (=) sec, (f) 60 cm/s 
T 30 
2. (a) 20 ms 4.0 cm (b) zero (c) zero (d) 9.7 cms4,18cms},25 cms? 


Introductory Exercise 17.3 
1. (a) negative x-direction (b) 10 ms7!, 20 cm, 50 Hz (c) 0.10 mm, 3.14cms 7 2. (a) 9.4 m/s (b) zero 
3. (a)-5 m/s (b)-1.7 m/s 4. (a) 0.116m (b)a 


Introductory Exercise 17.4 
1. 7.5 x 10! Hz - 4.3 x 10!4 Hz 2. 0.33 m, 0.165 m 


Introductory Exercise 17.5 
1.0.05s 2. 32ms7} 3. 79 ms“! and 63 ms! 4. 0.02 s 


5. 22 m/s 6. (a) 16.3 m/s (b) 0.136 m (c) both increase by /2 times 


Introductory Exercise 17.6 


1. | wim? a a ees 3. 0.58 mJ 4. 512 W 
An vr r 
5. (a) 0.47 W (b) 9.4 mJ 6. 49 mw 
Exercises 

LEVEL 1 
Assertion and Reason 

1. (a) 2. (b) 3. (c) 4. (d) 5. (a) 6. (a) 7. (c) 8. (d) 9.(b) 10. (d) 
Objective Questions 

1. (b) 2. (b) 3. (c) 4. (d) 5. (c) 6. (a) 7. (a) 


Subjective Questions 
1. (a) 6.50 mm _ (b) 28.0cm (c)27.8Hz (d)7.8m/s_ (e) positive x 


2. (a) -3.535 cm (b) 16cm (c) 240 cm/s (d) 15 Hz 3. 0.5 m/s 
4. The pulse is travelling along negative x-axis with velocity 2 m/s. The amplitude of the pulse is 2 m. 


5. Yes, (Vp )max = (KA) v 6. 129.1 m/s 7. 10 m/s 
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10 5a 1 
8. y = ——__,—_ 9. (a) 1OHz (b) —rad (c) —s (d) -1.26 m/s 
a oars ar (a) (b) Frad (©) Zs @ 


10. (a) -5 m/s (b) -1.7 m/s 
11. (a) y(x, t) = (0.05 m) sin[(60n s“t - (5a m™})x] (b) — 3.54cm (c) 4.2 ms 
x 
20cm 0.015 
(c)O m/s,O m/s,O m/s (d) 9.7 cm/s, 18 cm/s, 25 cm/s 
13. (a) 0.157 rad/cm, 0.125 s, 50.3 rad/s, 320 cm/s (b) y=(15.0 cm) cos (0.157x — 50.3t) 


14, (t= 2/e 
g 


12. (a) 20 ms, 4.0cm (b) v=-(2/10 m/s) cos x | zero 


15. (b) The kink will be stationary with respect to the ground if it moves clockwise with respect to the rope. 


46, 2 (ous 
3V T 
LEVEL 2 
Single Correct Option 
1.(b) 2a) 3.(a)— 4b) 5.(c) 6.(b) 


More than One Correct Options 
1.(a,b) 2.(a,d) 3.(all) 4.(b,d)—-5.(a, c,d) 6.(a,d) 


Match the Columns 

(ayo r (b)> s (c)> p (d)> s 
@roqr (b)hops (c)>qr (d)>p,s 
(ayo s (b) > p (c)> $s (d)> r 
(ayo s (b)> pq (c)>s (d)> s 
(aj> pr  (b)> p ()> qs (d)>p,s 


a PWN bh 


Subjective Questions 
1. (a) Negative x (b) y= (0.4 cm) sin [102 + 7 X+ 5) s (c)1.6x 10°J 


2. (a) 80 m/s. (b) y = (1.0 cm) cos | 40x st - & mv (c) “3 cm (d) 89 cm/s 


3. y = 0.02 cos (10t — 100x) m, 0.0628 m 4. (a) L,L (b) y(x, t)= Asin (* - “) 


a 
5. (a) 1.0mm (b)4cm (c)1.6cm?! (d)5Hz~ 6. 0.25 7. att=O.1s, atx =2.0m 


8. (a) 7.07 cm (b) 400.0 W 9, — 
(a) (b) Ga 


© 
Superposition 
of Waves 


Chapter Contents 
18.1. Principle of Superposition 


18.2 Resultant Amplitude and Intensity due 
to Coherent Sources 


18.3 Interference 
18.4 Standing Wave 
18.5 Normal Modes of a String 


18.6 Reflection and Transmission of a Wave 
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18.1 Principle of Superposition 


Suppose there are two sources of waves S, and S,. 
S 


So 
Fig. 18.1 


Now, the two waves from S, and S’, meet at some point (say P). Then, according to principle of 
superposition net displacement at P (from its mean position) at any time is given by 


Ya Vie 2 
Here, y, and yy are the displacements of P due to two waves individually. 
For example, suppose at 9AM, displacement of P above its mean position should be 6mm 
accordingly to wave-1 and the same time its displacement should be 2 mm below its mean position 
accordingly to wave-2, then at 9AM net displacement of P will be 4mm above its mean position. 
Now, based upon the principle of superposition we have two phenomena in physics, interference and 
beats. Stationary waves (or standing waves) and Young's double slit experiment (or YDSE) are two 
examples of interference. 
Based on principle of superposition means two or more than two waves meet at one point or several 
points and at every point net displacement is y= y, + yy or Y=, + Wp + 93 ete. 


18.2 Resultant Amplitude and Intensity due to Coherent Sources 


In article 18.1, we have seen that the two waves from two sources S, and S, were meeting at point P. 
Suppose they meet at P in a phase difference Ad (or). If this phase difference remains constant with 
time, then sources are called coherent, otherwise incoherent. 


For sources to be coherent the frequencies ( f,@ or 7 ) of the two sources must be same. This can be 
explained by the following example. 

Suppose the phase difference is 0°. It means they are in same phase. Both reach their extremes (+ A or 
— A), simultaneously. They cross their mean positions (in the same direction) simultaneously. Now, if 
we want their phase difference to remain constant or we want that the above situation is maintained 
all the time, then obviously their time periods (or frequencies) must be same. 


Resultant Amplitude 


1. Consider the superposition of two sinusoidal waves of same frequency (means sources are 
coherent) at a point. Let us assume that the two waves are travelling in the same direction with 
same velocity. The equation of the two waves reaching at a point can be written as 


y, = A, sin (kx — OF) 
and Vy = A, sin (kx —- Ot +) 
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The resultant displacement of the point where the waves meet is 
Ya Fo 
= A, sin (kx — @t) + A, sin (Ax —-@t +0) 
= A, sin (kx — @t) + A, sin (Ax — OF) cos + A, cos (Ax — OF) sin 
= (A, + A, cos d) sin (Ax — Of) + A, sin d cos (Ax — OF) 
= Acos Osin (kx — wt) + A sin 8 cos (kx — ot) 


or y= Asin (kx — ot +8) 

Here, A, + A, cosd = Acos 8 

and A, sing = Asin 8 

or A* =(A, + A, cos)? + (A, sino)? 

or A= A? + A? +24, A, cos i) 


_AsinO  _— A, sing 
~ Acos@ A, + Ay cos o 


2. The above result can be obtained by graphical method as well. Assume a vector A, of length A, to 


and tan 8 


represent the amplitude of firstwave. 


Fig. 18.2 


Another vector A, of length A,, making an angle @ with A, represent the amplitude of second 
wave. The resultant of A; and A, represent the amplitude of resulting function y. The angle 0 
represents the phase difference between the resulting function and the first wave. 


Resultant Intensity 
In the previous chapter, we have read that intensity of a wave is given by 
1 
I=5pa° Ay or [« A? 
So, if, @ and v are same for the both interfering waves, then Eq. (i) can also be written as 


Here, proportionality constant (J « A ) cancels out on right hand side and left hand side. 


Note (i) Eqs (i) and (ii) are two equations for finding resultant amplitude and resultant intensity at some point 
due to two coherent sources. 
(ii) In the above equations 6 is the constant phase difference at that point. As the sources are coherent value 
of this constant phase difference will be different at different points. 
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(iii) The special case of above two equations is, when the individual amplitudes (or intensities) are equal. 
or A, =A =Ap (say) = 1, =I =I (say) 
In this case, Eqs. (i) and (ii) become 


A=2A) cos : ... (lil) 
and 1=Aly cos* 2 (iv) 


(iv) From Eqs. (i) to (iv) we can see that, for given values of A,, A>, |, and I, the resultant amplitude and the 
resultant intensity are the functions of only 0. 

(v) If three or more than three waves (due to coherent sources) meet at some point then there is no direct 
formula for finding resultant amplitude or resultant intensity. In this case, first of all we will find resultant 
amplitude by vector method (either by using polygon law of vector addition or component method) and 
then by the relation | < A*, we can also determine the resultant intensity. 


For example, if resultant amplitude comes out to be V2 times then resultant intensity will become two 
times. 


18.3 Interference 


For interference phenomena to take place, sources must be coherent. So, phase difference at some 
point should remain constant. The value of this constant phase difference will be different at different 
points. And since the sources are coherent, therefore the following four equations can be applied for 
finding resultant amplitude and intensity (in case of two sources) 


A= A? + A? +24, A, cosd a) 
A=2A, cos (if A; =A, =Ag ) .. (iit) 
_ 20 spor, gt : 
I=4I, cos 5 (fl, =l, =I) .. (iv) 
For given values of 4,, A,,/, and /, the resultant amplitude and resultant intensity are the functions 
of only 0. 
Po 


Fig. 18.3 

Now, suppose S, and S, are two coherent sources, then we can see that the two waves are meeting at 
several points (P,, P,, P; ... etc). At different points path difference Ax will be different and therefore 
phase difference Ad or © will also be different. Because the phase difference depends on the path 


2 
difference (Ad or d= 7 - Ax). 
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And since phase difference at different points is different, therefore from the above four equations we 
can see that resultants amplitude and intensity will also be different. But whatever is the intensity at 
some point, it will remain constant at that point because the sources are coherent and the phase 


difference is constant at that point. 


Constructive Interference 


These are the points where resultant amplitude or intensity is maximum or 


Asie = A, +A, 
or Amax =12Ap 
and tge = GIy tal) 
or T max = 419 
at those points where 
cosd =+1 
or o =0, 2m, 47, ...,2nT 


Ax =0, A, 2A, ..., nA 


Destructive Interference 


These are the points where resultant amplitude or intensity is minimum or 


A min =A, ~ Ap 
or Amin =9 
and d eit =(/f yi) 
or L in =9 
at those points where, 
cosd =—1 
or d=, 30... (2n-1)0 
r 
ie” Cie 
2 2 2 


® Extra Points to Remember 


[from Eq. (i)] 
[from Eq. (iii)] 
[from Eq. (11)] 
[from Eq. (iv)] 


[from Eqs. (1) or (ii)] 
(where, n =0, 1, 2) 


[as ax=¢({*)) 


[from Eq. (i)] 
[from Eq. (iii)] 
[from Eq. (11)] 
[from Eq. (iv)] 


[from Eqs. (i) or (11)] 

(where, n=1, 2...) 
(=) 

[as Ax=6| — |] 


2n 


e Inamplitude it hardly matters whether its + 2A, or—2A). This is the reason we have taken, Ama, =+2A, 


e In interference, two or more than two waves from coherent sources meet at several points. At different 
points Ax, Ad or 6, resultant amplitude and therefore resultant intensity will be different (varying from I, to 


I 


min 


e Ininterference, 


Get) - Ge) 


2 2 2 
_( AdAosly — f Ayes WV _ ff Ane 
A,/A,—1 A,-As Armin 


rnin 


). But whatever is the resultant intensity at some point, it remains constant at that point. 
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© Example 18.1 In interference, two individual amplitudes are A, each and the 
intensity is I, each. Find resultant amplitude and intensity at a point, where 
(a) phase difference between two waves is 60° 


(6) path difference between two waves is ‘ : 


Solution (a) Substituting = 60° in the equations, 


A=24y 0s .. (a) 
and I=4Iy cos? 2 .. (ii) 
We get, A= V3A9 and [=3/, Ans. 

(b) Given, Ax = “ 


= (2 )(4)=2 or 120 
Xr )\3 3 


Now, substituting @= 120° in the above two equations we get 
A=A, and [=/, Ans. 


© Example 18.2 Three waves from three coherent sources meet at some point. 
Resultant amplitude of each is Ay. Intensity corresponding to Ap is I). Phase 
difference between first wave and second wave is 60°. Path difference between 


first wave and third wave is a The first wave lags behind in phase angle from 


second and third wave. Find resultant intensity at this point. 


Solution Here, the sources are three. So, we don't have any direct formula for finding the 
resultant intensity. First we will find the resultant amplitude by vector method and then by the 
relation J < A”, we can also find the resulting intensity. 


Further, a path difference of ‘ is equivalent to a phase difference of 120° (Ag or o= = - Ax). 


Hence, the phase difference first and second is 60° and between first and third is 120°. So, vector 
diagram for amplitude is as shown below. 


Ao Ao Ao Ao 
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Now, resultant of first and third acting at 120° is also Ay (as A=2A, cos ~ and @ = 120°) and 
since the first and third are equal, so this resultant A, passes through the bisector line of these 
two or in the direction of second amplitude vector. Therefore, the resultant amplitude is 

A=A) +A =2A 9 
and the resultant intensity is 

T=Al, (as I< A”) Ans. 


Example 18.3 Two waves of equal frequencies have their amplitudes in the 


ratio of 3:5. They are superimposed on each other. Calculate the ratio of 
maximum and minimum intensities of the resultant wave. 


A, 3 
mie (as I « A*) 
— 


Solution Given, —=-— 
cos d= 1 


Aes 
and Inox = (hy + 


Minimum intensity is found, where 


Maximum intensity is obtained, where 


cos d=-1 
and Leader 
2 
2 a +1 
ie [ + a I, 
Hence, = = 
L nin fly _ als 7 1 
I, 
a/s41) 64 16 
— — — Ans 
& = i 4 1 
Lj oe bf 
Example 18.4 In interference, = =a, find 
ds 
d 
(a Amax (6) AL (c) a1 
A sine A, I, 
Solution (a) aos ; mx — Jo, Ans. 


fo ea 


A 
(b) max __ 
A Aveda Ay i Ag i 


min 
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Solving this equation, we get 
A,_Va+1 
A, Va-1 


1, (Ap) (vo-+t) 
(c) = 
Ty \Ag) (Wot 


INTRODUCTORY EXERCISE 


1. The ratio of intensities of two waves is 9:16. If these two waves interfere, then determine the 
ratio of the maximum and minimum possible intensities. 


Ans. 


2. In Interference two individual amplitudes are 5 units and 3 units. Find 


(a) Amex (bp) ‘max 
Amin rnin 
3. Three waves due to three coherent sources meet at one point. Their amplitudes are /2A, 3Ay 
and J2A,. Intensity corresponding to A, is |). Phase difference between first and second is 45°. 


Path difference between first and third a In phase angle, first wave lags behind from the other 


two waves. Find resultant intensity at this point. 


18.4 Standing Wave 


Standing wave is an example of interference. When two identical waves travel in opposite directions, 
then they superimpose almost at every point. Now, since the waves are identical (or their frequencies 
are same), sources are coherent. So, interference will take place. By their superposition (or 
interference) standing waves (also called stationary waves) are formed. By identical wave we mean 
that all properties (like f,@, 7, A and k) are same. Only amplitudes may be different but still we prefer 
equal amplitudes (A, = A, = Ay ). The following are listed some of the important points in standing 
wave. 

(i) Here, the constructive interference points are called antinodes (denoted by A) and destructive 

interference points are called nodes (denoted by JN). 


Ne a ah 2m 
(ii) Distance between two successive nodes (or two successive antinodes) is 7 or : as at . 


2 re ee: 
Similarly, distance between a node and its adjacent antinode is a or Ok Here, A and k are the 


values corresponding to constituent waves by which stationary waves are formed. 

(iii) Amplitude of oscillation in stationary wave varies from a maximum value (A, + A, or 2A, at 
antinode) to a minimum value (A, ~ A, or zero at node). But now onwards (unless mentioned in 
the question) we will talk about the equal amplitudes. So, amplitude at antinode will be 2.4) and 
at node it is zero. 


Thus, now we can say that, in stationary wave all particles (except nodes for the case when 
A, = A,) oscillate with same frequency but different amplitudes. 
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(iv) All points lying between two successive nodes are in same phase. They cross their mean 
positions (in the same direction) simultaneously and reach their extreme positions also 
simultaneously. But they are out of phase with the particles lying between adjacent two nodes. 
This can be shown by the following figure. 


P; Ap P 
f=0 © ! | t & 2 2 s ° 
N, Py, Ay Po No i i N3 
K >I > 
A 0 
7 OFr=— va Tok 
Fig. 18.5 


In the above figure V,, NV and N are nodes and A), A, are antinodes. Amplitude at nodes is 
zero and amplitude at antinodes is 2A). In between them we have taken four more points P,, P,, 
P, and P,. Suppose amplitude at these points is A, (between 2A, and 0). Now, at ¢=0 all 
particles are at their mean positions. Particles P,, A, and P, are moving upwards (as they are in 
same phase) and the particles P;, A, and P, are moving downwards. At this time, they have 
maximum speed. For example, in case of sine wave, 

Vp, = Ap (Vmax = A in SHM) 

V4, =@(2Ap) 


T 
Now, in the chapter of SHM we have read that at time = a particle reaches from its mean 


position to half its extreme position and in time ar it reaches from mean position to extreme 


position. So, at different times positions of different particles are as shown below. 


1 
1 
1 
1 
I 
1 
' 
1 
1 
1 
l 
i 
1 
1 
1 
1 
1 
1 
1 
1 
fl 
1 
i 
1 
1 
I 
1 
1 
fl 
1 
1 
Il 
1 

e 


N3 


2 
= 
— 
<~—* 
—+ 
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(v) Equation of a stationary wave depends on the equations of constituent waves by which stationary 
wave is formed. Let us take an example 


Suppose the two identical waves travelling in opposite directions are 
y, = Asin (kx —- OF) 


and yy = Asin (Ax + OF) 
By the principle of superposition, their sum is 
YY + V2 
or y= A [sin (Ax — Qf) +sin (Ax + OF)] 


By using the identity, 


: ‘ . (A+B A-B : 
sin A +sin B =2 sin 5 cos 5 , we obtain 


y=2A sin kx cos @t ..-(i) 


This expression is different from wave representations that we have encountered upto now. It 
doesn’t have the form f (x + vt) or f (ax + bt) and therefore, does not describe a travelling 
wave. Instead Eq. (1) represents what is known as a standing wave. 


Eq. (1) can also be written as 
y=A (x) cos of anil) 
where, A,=2A sin kx .. (ill) 


This equation of a standing wave [Eq. (ii)] is really an equation of simple harmonic motion, 
whose amplitude [Eq. (iii)] is a function of x. 


A,= 0, where sin kx =0 
or kx = 0, 1, 20,..., nT (n=0,1, 2,...) 


2 
Substituting k = = we have 
Loy ee 
2 2 


These are the points which never displace from their mean position. These are known as the 


A, =0 where, x =0, 


. . : A 
nodes of the standing wave. The distance between two adjacent nodes is x 


Further, from Eq. (iii), we can see that maximum value of | 4,| is 24, where 


sin kx =+1 
T 30 T 
arr Pr re 2n—1)— = 0.1 2..65 
°r 27g ADs (n ) 
rn 3X Xn 21 
or x a (2n 7 ( =| 


These are the points of maximum displacement called antinodes. The distance between two 


‘ . : : : A 
adjacent antinodes is also 3? while that between a node and an antinode is xz 
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© Extra Points to Remember 
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Table 18.1 comparison between travelling and stationary waves 


S.No. Travelling waves 
1. Inthese waves, all particles of the medium 
oscillate with same frequency and amplitude 


2. Atany instant phase difference between any 
two particles can have any value between 0 
and 27. 


3. In these waves, at no instant all the particles 
of the medium pass through their mean 
positions simultaneously. 


4. These waves transmit energy in the medium. 


Stationary waves 


In these waves, all particles except nodes 
oscillate with same frequency but different 
amplitudes. Amplitudes is zero at nodes and 
maximum at antinodes 


At any instant phase difference between any 
two particles can be either zero or m. 


In these waves, all particles of the medium 
pass through their mean positions 
simultaneously twice in each time period. 


These waves do not transmit energy in the 
medium provided A, =A,. 


© Example 18.5 The displacement of a standing wave on a string is given by 
y (x,t) =0.4 sin (0.5 x) cos (80 £) 
where x and y are in centimetres. 


(a) Find the frequency, amplitude and wave speed of the component waves. 
(6) What is the particle velocity at x = 2.4cmatt=0.8s? 


Solution (a) The given equation can be written as the sum of two component waves as 
y(x,t)=02sin (05x — 30¢)+ 0.2sin (0.5x+ 304) 
Hence, the two component waves are 
y, (x, ¢)=0.2sin (0.5x— 304) 
travelling in positive x-direction and 
V2 (x,t) = 0.2sin (0.5x+ 30¢) 


travelling in negative x-direction. 


Now, @ = 30rad/s 
and k=0.5em! 
Frequency, f= pen Hz Ans. 
2u 1 
Amplitude, A=0.2 cm Ans. 
and wave speed, v= Oust 
k 0.5 
= 60 cm/s Ans. 
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(b) Particle velocity, 
Vp (41-2 = 12sin (0.5x)sin (30r) 
Vp (x=2.4cm, t= 0.8 s) 
= —12sin (1.2)sin (24) 
= 10.12 cm/s Ans. 


© Example 18.6 The vibrations of a string of length 60 cm fixed at both ends are 


: . (1x : 
represented by the equation y= 4sin ic cos (96 nt), where x and y are in cm 


and t in seconds. 

(a) What is the maximum displacement of a point at x = 5cm? 

(6) Where are the nodes located along the string? 

(c) What is the velocity of the particle at x = 7.5cm and t = 0.25 s? 

(d) Write down the equations of the component waves whose superposition gives the 
above wave. 

Solution (a) At x=5 cm, the standing wave equation gives 


y=4sin (7 Joos (967) 
15 
= 4sin “cos (9621) 


=4x Bas (96 Tt) 


Maximum displacement = 23cm 


(b) The nodes are the points of permanent rest. Thus, they are those points for which 


sin (=) =0 
15 


Le. 1X _ nn, wheren=0, 1,2, 3,4... 


x=15n, i.e. at x=0, 15, 30, 45 and 60 cm. 
(c) The particle velocity is equal to 


OY) nei, { H es 
(2) = asin (coon sin 967 ) 


= — 384 msin (= sin (96 m1) 


At x= 7.5 cmand t = 0.25 s, we get 


(2) = —384nsin (=) sin (24n)= 0 
ot 2 
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(d) The equations of the component waves are 
_ ( 1x 
=2sin | —+ 967 
mal ( 15 


and yy =2 sin (= ~96 xt] 


as we can see that yvH\y+y2 


INTRODUCTORY EXERCISE 


1. In stationary wave, phase difference between two particles can't be > Is this statement true or 
false? 


2. Asstring vibrates according to the equation y =5sin 00s 40 xt 


where, x and y are in centimetres and f is in seconds 
(a) What is the speed of the component wave? 
(b) What is the distance between the adjacent nodes? 


(c) What is the velocity of the particle of the string at the position x =1.5 cm whent =58? 


3. If two waves differ only in amplitude and are propagated in opposite directions through a 
medium, will they produce standing waves. Is energy transported? 


4. Two sinusoidal waves travelling in opposite directions interfere to produce a standing wave 
described by the equation 
y =(1.5 m)sin(0400 x )cos (200t) 
where, x is in metres andt is in seconds. Determine the wavelength, frequency and speed of the 
interfering waves. 


18.5 Normal Modes of a String 


In an unbounded continuous medium, there is no restriction on the frequencies or wavelengths of the 
standing waves. However, if the waves are confined in space, for example, when a string is tied at 
both ends,standing waves can be set-up for a discrete set of frequencies or wavelengths. Consider a 
string of definite length /, rigidly held at both ends. When we setup a sinusoidal wave on such a string, 
it gets reflected from the fixed ends. By the superposition of two identical waves travelling in 
opposite directions standing waves are established on the string. The only requirement we have to 
satisfy is that the end points be nodes as these points cannot oscillate. They are permanently at rest. 
There may be any number of nodes in between or none at all, so that the wavelength associated with 
the standing waves can take many different values. The distance between adjacent nodes is 4/2, so 
that in a string of length / there must be exactly an integral number 1 of half wavelengths 2/2. That is, 
a; 
2 


or A=— (n=1,2,3...) 
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[7 
But A= r; and v =_|—, so that the natural frequencies of oscillation of the system are 
: H 


The smallest frequency f,; corresponds to the largest wavelength (n =1), 4, =2/ 


This is called the fundamental frequency. The other standing wave frequencies are 


N A N 
| i First harmonic 
or 
kK M2 =1 >| Fundamental tone 
(a)n=1 
N A A N 
| Second harmonic 
or 
kK 20/2 =1 >| First overtone 
(b)n=2 
NA A A 


as Third harmonic 
I { or 


]x—_______ 3/2 = ] —___________ »|_ Second overtone 


t " Fourth harmonic 
or 


AN2 = 1 >| Third overtone 


(d)n=4 
Fig. 18.7 


v 


i= 


2v 
=—=2 
iD) II fi 


3v 
ier 


7 =3f, andsoon 


(n=1,2,3.. 


) 


These frequencies are called harmonics. Musicians sometimes call them overtones. Students are 
advised to remember these frequencies by name. 


For example, 


jf, = fundamental tone or first harmonic 


Jf, =2f; = first overtone or second harmonic 


3 =3f, =second overtone or third harmonic and so on. 


Chapter 18 Superposition of Waves 


@® Extra Points to Remember 
e We have seen that the natural frequencies of oscillation of a stretched wire are given by 


ee HL 
2/Vu 
Now, tension in the wire can be produced by the following two methods. 
Method 1 
A 
B 
Ww 
Fig. 18.8 
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By suspending a weight W from the wire AB as shown. In this case, transverse stationary waves are 


produced in wire AB. 


Method 2 Wire ABis stretched at some higher temperature (than the normal room temperature). When 
temperature decreases, thermal stresses are produced and the wire comes under tension. Detailed 


discussion of thermal expansion will be covered in chapter 20. 


e |fby somehow, tension is decreased (for example: when weight is partially or fully immersed in a liquid), 


then from the above expression we can see that the set of frequencies decrease. 


e Asn increases, 7, uw, / and therefore (=F) remain unchanged. Frequency increases, therefore 
uu 


wavelength [a="] and the loop size (= 4/2) decrease. 


e Even and odd both harmonics (n=1, 2, 3, ...) are obtained with stretched wire fixed at both ends. 


© Example 18.7 In terms of T, uw and 1, find frequency of 
(a) fourth overtone mode 
(6) third harmonic 
Solution (a) Fourth overtone mode means 


n=5 (n=], 2, 3, 4, 5) 


Therefore, using the equation 


niT 5 IT 
eet 


(b) Third harmonic means 


n=3 
a UL 
f==|- 
21\u 


Ans. 


Ans. 
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© Example 18.8 A massless rod BD is suspended by two identical massless 
strings AB and CD of equal lengths. A block of mass mis suspended from point 
P such that BP is equal to x. If the fundamental frequency of the left wire is twice 


the fundamental frequency of right wire, then the value of x is (JEE 2006) 
A C 
X_,p 
B D 

m 

Fig. 18.9 
(a) U/5 (b) /4 (c) 4/5 (d) 31/4 
Solution fxvevT => faz =2fep 
a Tap =4Tep i) 
Further “tp =0 
“ Tgp (x)=Tep (l- x) 
or 4x=l1-x (as T 4p =4Tcp) 
or x=1/5 


The correct option is (a). 


© Example 18.9 An object of specific gravity p is hung from a thin steel wire. 
The fundamental frequency for transverse standing waves in the wire is 300 Hz. 
The object is immersed in water, so that one half of its volume is submerged. 
The new fundamental frequency (in Hz) is (JEE 1995) 


V2 V2 
(a) 300 72-2 ") (o) 300 2 a ) (300 [7 a ca) 300 (72) 
2p 2p-1 2p-1 2p 


Solution The diagrammatic representation of the given problem is shown in figure. The expres- 
sion of fundamental frequency is 


T 


Water 


Py =1 g/cm? 


Fig. 18.10 


aye 
27 Vu 
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In air, T=mg=(Vp)g 


(ja ne i) 
27) uw 


When the object is half immersed in water, then 


T’ = mg — upthrust = Vpg Gi = (=) g (2p-/,, ) 


The new fundamental frequency is 


3 2)(2p-p,, = 
wat, [FP 1 [Me 2Cp-p,y) in <(ii) 
21 uo u 
1/2 
, 2p- 2p- 
a p Py, or v’=Vv p Py 
Vv 2p 2p 
1/2 
300) 2) a Ans. 
2p 
The correct option is (a). 
INTRODUCTORY EXERCISE 
1. Sound waves of frequency 660 Hz fall normally on a perfectly reflecting wall. The shortest 
distance from the wall at which the air particles have maximum amplitude of vibration is ...... m. 
Speed of sound = 330 m/s. (JEE 1984) 


2. If the frequencies of the second and fifth harmonics of a string differ by 54 Hz. What is the 
fundamental frequency of the string? 

3. Avwire is attached to a pan of mass 200 g that contains a 2.0 kg mass as shown in the figure. 
When plucked, the wire vibrates at a fundamental frequency of 220 Hz. An additional unknown 
mass M is then added to the pan and a fundamental frequency of 260 Hz is detected. What is 


the value of M? 
© 


Fig. 18.11 


4. Awire fixed at both ends is 1.0 m long and has a mass of 36g. One of its oscillation frequencies 
is 250 Hz and the next higher one is 300 Hz. 
(a) Which harmonics do these frequencies represent? 
(b) What is the tension in the wire? 

5. Two different stretched wires have same tension and mass per unit length. Fifth overtone 
frequency of the first wire is equal to second harmonic frequency of the second wire. Find the 
ratio of their lengths. 
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18.6 Reflection and Transmission of a Wave 


Following points are important in reflection and transmission of a wave : 


(i) Speed From wave point of view that medium is called a denser medium in which speed of wave 
is less. 
For example, for a sound wave (or longitudinal wave) air is denser medium compared to water 
because speed of sound in air is less. On the other hand, air is rarer medium for an 
electromagnetic wave as speed of electromagnetic wave in air is more. When a wave strikes the 
boundary separating two different media, part of it is reflected and part is transmitted. 
Since, wave speed depends upon the medium, in reflection wave speed does not change because 
medium does not change. In transmission, medium changes, therefore wave speed also changes. 
In denser medium it decreases. 


(ii) Frequency Frequency (@ and T also) depends on source. In reflection as well as transmission 
source does not change. Therefore, frequency does not change. 


ct 2 
(iii) Wavelength Wavelength (and therefore wave number k = = also) is self adjusted in a value, 


A= = In reflection v and f do not change, therefore 4 and & do not change. In transmission, f 


remains unchanged but v changes. Therefore, A and k both change. In a denser medium, v 
decreases, therefore A also decreases but & increases. 


(iv) Phase change A phase change of m or 180° occurs only during the reflection from a denser 
medium. In any other case (in transmission or reflection from a rarer medium) phase change is 
Zero. 


(v) Amplitude In reflection as well as transmission, amplitude changes. 


Incident wave —» Reflected wave <— —»> Transmitted wave 
1 2 
Fig. 18.12 


Ifamplitude of incident wave in medium-1] is 4,, it is partly reflected and partly transmitted at the 
boundary of two media-1 and 2. Wave speeds in two media are v, and v,. If amplitudes of 
reflected and transmitted waves are A, and A4,, then 


Vy -Vy 2V5 
A, =| ——— |A4, | and | A, = A, 
v7 +Vy Vy +V2 


From the above two expressions, we can make the following conclusions : 
Conclusion 1| Ifv, =v,, then A, =0and 4, = 4; 


Basically v,; = v, means both media are same from wave point of view. So, in this case there is no 
reflection (A, =0), only transmission (A, = A; ) is there. 

Conclusion 2, Ifv,<v,, then A, comes out to be negative. Now, v, < v,; means the second 
medium is denser. A, in this case is negative means, there is a phase change of 7. 
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Conclusion 3 Ifv,>v,, then A, > A;. This implies that amplitude always increases as the 
wave travels from a denser medium to rarer medium (as v, > v,, So second medium is rarer). 
(vi) Power At the boundary of two media, 
energy incident per second = energy reflected per second + energy transmitted per second. 
or 
Power incident = power reflected + power transmitted 


or 
P.=P.+P, 
Let us summarise the above discussion in tabular form as below. 
Table 18.2 
Wave property Reflection Transmission (Refraction) 
V does not change changes 
f,T,@ do not change do not change 

i, k do not change change 

A, | change change 
o Ao = 0, from a rarer medium Ao = 0 


Ao = 1,from a denser medium 


© Example 18.10 Two strings 1 and 2 are taut between two fixed supports (as 
shown in figure) such that the tension in both strings is same. Mass per unit 
length of 2is more than that of 1. Explain which string is denser for a 
transverse travelling wave. 


| 1 2 
Fig. 18.13 


Solution Speed of a transverse wave on a string, 
T 1 


v= J— or v«e— 
M ve 
Now, Ho >Py (given) 
Vv, <Vy 


i.e. medium 2 is denser and medium | 1s rarer. 


© Example 18.11 A sound wave and a light wave are reflected and refracted (or 
transmitted) from water surface. Show the changes in different physical 
quantities associated with a wave. 


Solution Sound wave We have seen in article 18.6, that water is a rarer medium for sound. 
When a wave travels from a denser to rarer medium, it bends away from normal. Its speed, 
wavelength and amplitude increase but angular wave number decreases. Further, in reflection 
from a rarer medium and in transmission there is no change in phase angle. 
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In the figure shown, | is incident wave 2 is reflected wave and 3 is transmitted wave. 
1 
1 
1 
1 
1 
1 


Air ? Denser 
Rarer 


Water 


Fig. 18.14 
a=B,y>O, fi =f = foV) =V2, 4, =A, hy = hy <V3,43 >A) =A7, ks < hy 
Ad, = AO13 = 0°. 


Electromagnetic Wave For electromagnetic wave, water is denser medium. So, in water, ray 
of light will bend towards normal. 


Air i Rarer 


Water ! Denser 


Fig. 18.15 
Further, speed and wavelength in this medium will decrease. But value of & will increase. 
a=B,Y<O, fl = fy = fa.V1 = V2, Ay =o, ky = hy 3 < 43 <A, ks > hy 
Ao), =m and Ad, = 0° 


© Example 18.12 A harmonic wave is travelling on string 1. At a junction with 
string 2 it is partly reflected and partly transmitted. The linear mass density of 
the second string is four times that of the first string, and that the boundary 
between the two strings is at x =0.If the expression for the incident wave is 


y; = A; cos(k,x — @,t) 
(a) What are the expressions for the transmitted and the reflected waves in terms of 
A;, k, and o,? 
(6) Show that the average power carried by the incident wave is equal to the sum of 
the average power carried by the transmitted and reflected waves. 
Solution (a) Since, v=.T/u, T, =T, and uw, =4u, 
We have, Vv) = = ...() 
From Table 18.2, we can see that the frequency does not change, that is 
@, =@, .. (il) 
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o . . : 
Also, because k = — , the wave numbers of the harmonic waves in the two strings are related 


v 
by 
ky 2 =O aM ay, .. iii) 
Vo Vy /2 Vy) 
2 2(v,/2 

The amplitudes are A,= m1 4,= ee A; .. (iv) 
Vv, + Vo vy, +(y,/2)} 3 

and BE pee) PU ...(v) 
V, + V5 v, + (y,/2) 3 


Now with Eqs. (ii), (iii) and (iv), the transmitted wave can be written as 
2 
yy, =n (2k, x— @,t) Ans. 
Similarly the reflected wave can be expressed as 


A, 
y, ae (Ayx+@,t) 


= Leos (kx +01 +7) Ans. 
(b) The average power of a harmonic wave on a string is given by 

P =~ pA*a* Sy =5 Ao" (as pS =) 
Now, P, = 507 AML (vi) 
ao, a oe ‘ 
aera (E4,] (au )(4)= So? aia .. (vil) 
and P, =304{- Ay er )=t w2Atny, ...(viii) 

zz * 3 18 


From Eqs. (vi), (vii) and (viii), we can show that 


P,=P, +P, Hence proved. 


© Example 18.13 From energy conservation principle prove the relations, 


. 2 
A, (22 “4 and A, “ M2 Ja 
U; + Uo VU) + Ug 


Here, symbols have their usual meanings. 


Solution By conservation of energy, the average incident power equals the average reflected 
power plus the average transmitted power 


or | ee ae 


1 2 42 1 242 1 2 42 
—U,0O° Asv, =—U,@° AV, +-U,0°ArvV 
ae i VI ria rVI abe 1V2 
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or [Z)orars -|{ 2 Joan +[ Zora 


V1 V1 V2 
AS fo? 
or Paty st ...(i) 
vy a V2 
Further A, +A, =A, .. (ii) 


Solving these two equations for 4,. and A,, we get 


2 
and A, -( = ) A; Hence proved. 


INTRODUCTORY EXERCISE 


1. Two pulses of identical shape overlap such that the displacement of the rope is momentarily 
zero at all points, what happens to the energy at this time? 


2. The pulse shown in figure has a speed of 10 cm/s. 
——— 


FF 


Fig. 18.16 


(a) If the linear mass density of the right string is 0.25 that of the left string, at what speed does 
the transmitted pulse travel? 
(b) Compare the heights of the transmitted pulse and the reflected pulse to that of the incident 
pulse. 
3. The harmonic wave y; =(2.0 x 10°*)cos m(2.0x — 50t) travels along a string toward a boundary 
at x =O witha second string. The wave speed on the second string is 50 m/s. Write expressions 
for reflected and transmitted waves. Assume SI units. 
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Final Touch Points 


1. Until now, we have come across the following three sets of equations 


Note 


y =Asin(ot + 6) }sHv 
y =Acos(at + 6) 
y =Asin(kx tot 6) 
y =Acos(kx + wt + 6) 
y=Asinkxcos@t or 2Asinkx coset 
y=2Asinwtcoskx or Asinwt cos kx 
y =Asinkx sinat or 2Asinkx sinot 
y=2Acoskxcos@t or Acoskx cosat 


Travelling wave 
Standing wave 


In standing waves, we have given four sets of equations. The equation of standing wave basically depends 
on the component waves. Further, if the maximum amplitude is 2A, it means amplitude of travelling waves 


is A and if it is A, then amplitude of travelling waves is 4 


2. Resonance If the string (discussed in Art 18.5) is set vibrating in anyone of the normal modes and 


left to itself, the oscillations gradually die out. The motion is damped by dissipation of energy through 
the elastic supports at the ends and by the resistance of the air to the motion. We can pump energy 
into the system by applying a driving force. If the driving frequency is equal to any natural frequency 
of the string, the string will vibrate at that frequency with a larger amplitude. This phenomenon is 
called resonance. Because the string has a large number of natural frequencies, resonance can 
occur at many different frequencies. 


. Reason of phase change of z in reflection from a denser medium When a transverse wave is 
reflected at the rigid support, a phase change of m takes place in the displacement. Suppose a 
transverse pulse is produced along a string PQ whose end Q is attached to a rigid support. If the 
pulse travels in the form of a crest, then on reaching the rigid support, the pulse would exert an 
upward force. Since the support is rigid, it remains unaffected but a reaction force act in the 
downward direction on the string which reverses the sign of the displacement of the particle atQ. As a 
result, an inverted pulse in the form of a trough travels back as shown. 


Crest 


pf 


——- 


Incident wave 


aN A ° 


Trough 


P 


Fig. 18.17 


This concept can also be understood by a second thought process. Incident wave and reflected 
wave are two identical waves travelling in opposite directions. So, they should produce a stationary 
wave. Point Q is a fixed point, which cannot oscillate at all. So, Q should become a node. This is 
possible only when the two displacements (one due to incident wave y, and the other due to reflected 
wave ys) are always equal and opposite (y = y;+ yp =O or y;=—Yo). Or, they have a phase 
difference of x. 


Solved Examples 


TYPED PROBLEMS 


Type 1. 7o find length of oscillating wire from the equation of stationary wave 


How to Solve? 


e From the given equation of stationary wave find the value of wave number k and then A. Now, from the given 
mode of oscillations we can also find number of loops. Suppose number of loops aren and one loop size is 


£ Then, total length of wire will be 


© Example 1_ A stretched wire is oscillating in third overtone mode. Equation of 
transverse stationary wave produced in this wire is 


y = Asin(6mx) sin(20mt) 
Here, x is in metres. Find the length of the wire. 


Solution From the given equation we can see that 
k=6nm? 


Now, third overtone mode means four loops as shown below 


JDs>So— 


| ———————qx~“ 


One loop size is <. therefore total length of wire, 


1=4(2) =2n 
2 


= 2 m Ans. 
3 
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Type 2. To find amplitude at some given point in stationary wave 


Concept 


In a stationary wave amplitude at different points varies from 0 at node (when 
A, = A, = Aj) to maximum (= 2A,) at antinode. If by some how, A,,,,, and position of 
node or position of antinode is known then we can find amplitude at any general point. For 
example, if position of node is known, then take this point as x = 0. Now, amplitude at any 
general point xis 
A, = Anax Sin kx 
In this expression we can see that A, = Oat x= 0. 
Similarly, if position of antinode is known then amplitude at general point x is 


max 


Ay, = Anax Cos kx 


Again we can see that, A, = A,,,, at x = 0. 


© Example 2. Length of a stretched wire is 2m. It is oscillating in its fourth 
overtone mode. Maximum amplitude of oscillations is 2mm. Find amplitude of 
oscillation at a distance of 0.2 m from one fixed end. 
Solution Fourth overtone mode means five loops. 


P Q 
K | >I 
() 
2 
or n= 2! 
5 
os ay 
5 
Eon eu 
AX 08 
=(2.5m)m? 


Now, P is a node. So, take x =O at P. 
Then, at a distance x from P, 
A, = Ajax Sin kx 
= (2mm) sin(?2.5 2)(0.2) 


. (Tt 
= (2 mm)sin | — 
¢ ) ( *) 
=2mm Ans. 
Note Atx=0.2 m, we are getting A, =Anay- 


Hence, x =0.2 mis an antinode. 
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Type 3. 7o find energy of oscillation in a given portion in stationary wave 


Concept 


In SHM, energy of oscillation of a single particle is given by 
E=+mo2A? 
2 


In a travelling sine wave, all particles oscillate with same amplitude and same frequency. 
Energy density (or energy per unit volume) is given by 


1 oye 
u=—po-A 
9P 


Since p, @ and Ais same at all points. Therefore, energy density will be same at all points. 
So, in each unit volume equal amount of energy will be stored. Therefore, to find total 
energy of oscillation in a given volume, we just multiply the given volume by this constant 
energy density. 


In stationary wave, amplitude is different at different positions. So, energy density will be 
non-uniform. Hence, total energy of oscillation in a given volume can be obtained by 
integration. 


There is an alternate method also. By adding two energy densities of the travelling waves 
(from which standing wave is formed) first of all we find the total energy density. Then, we 
multiply the given volume with this energy density. 


© Example 3 A standing wave is formed by two harmonic waves, 
y, = Asin (kx — wt) and y, = A sin (kx + wt) travelling on a string in opposite 
directions. Mass density of the string is p and area of cross-section is s. Find the 
total mechanical energy between two adjacent nodes on the string. 


Solution The distance between two adjacent nodes is x or =. 


.. Volume of string between two nodes will be 


V =(area of cross-section) x (distance between two nodes) 


“sf 


Energy density (energy per unit volume) of a travelling wave is given by 
1429 
u=—pA@® 
5 p 


A standing wave is formed by two identical waves travelling in opposite directions. Therefore, 
the energy stored between two nodes in a standing wave. 


. : T . 
E =2 [energy stored in a distance of " of a travelling wave] 


= 2 (energy density) (volume) 
(dete (2 
2 k 


or E= ae Ans. 
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Alternate Method The equation of the standing wave 
y=¥, + 9. =2Asin kx cosa@t = A, cos wt 
Here, A, =2Asin kx 


i.e. first node is at x=0 and the next node is at x= > Let us take an element of length dx at a 


distance x from N,. Mass of this element is dm (=pSdx). This can be treated as point mass. This 
element oscillates simple harmonically with angular frequency @ and amplitude 2A sin kx. 


ax 
N, x —| kK No 


x=0 x= 


Hence, energy of this element 


dE = . (dm) 2A sin kx)*(@?) 
dir = ; (0Sdx) @A sin kx)20? 


Integrating this with the limits from x =0 to x= * we get the same result. 
Type 4. Based on the formation of the reflected pulse, either from a rigid boundary or from a free 
boundary 


Concept 


The formation of the reflected pulse can be obtained by overlapping two pulses travelling in 
opposite directions. 


The net displacement at any point is given by the principle of superposition. 


, 
7 8 
—_> , 
’ 
—> <—; 
wees, ent 
* : 
’ 


(a) Rigid boundary (b) Free boundary 


© Example 4_ A triangular wave pulse moving at 2 cm/s on a rope approached an 
end at which it ts free to slide on a vertical pole. 


(a) Draw the pulse at ss interval until it is completely reflected. 


(6) What is the particle speed on the trailing edge P at the instant depicted? 
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Solution (a) Reflection of pulse from a free boundary is really the superposition of two 
identical waves travelling in opposite directions. This can be shown as under. 


J ie 
raaN “Hom”. ZN 
ere + ven Seeeee- See SS QI ----- 
2cm icm dom 2cm 2cm 1cm 
_1 
At t= — 
7S 
(a) (b) (c) 
— A<_ 
ae tom *.. 
eRe — nN CE EA ines ee Se A 
2cm 1cm 1cm 2cm 
Att=1s 
(d) (e) (f) 
— 


ety 
ons 
on roy 


eZ fosomitoms 
1cm| 1cm = 11cm 


(i) (k) (!) 


1 F F ; : : 
In every 5 s, each pulse (one real moving towards right and one imaginary moving towards 


left) travels a distance of 1 cm as the wave speed is 2 cm/s. 


(b) Particle speed, Up =|-vGlope) | 
Here, U = wave speed = 2 cm/s 
1 
and slope = — 
. 2 


Particle speed = 1 cm/s 


Miscellaneous Examples 


© Example 5 A string fixed at both ends has consecutive standing wave modes for 
which the distances between adjacent nodes are 18 cm and 16 cm, respectively. 
(a) What is the minimum possible length of the string? 
(b) If the tension is 10 N and the linear mass density is 4 g/m, what is the fundamental 
frequency? 
Solution (a) 


16cm 
kK——>| 
ae ie a >< nt loops 
18cm 
Let /be the length of the string. Then, 
18n =1 ... (i) 

16(n+1)=1 ... (ii) 

From Eqs. (i) and (ii), wet get 
n=8 

and 1=144cm 
Therefore, the minimum possible length of the string can be 144 cm. Ans. 


(b) For fundamental frequency, / = ‘ 


, a F 


I+ | 
|= i/2 


or A =21=288 cm 
=288 m 
Speed of wave on the string, 


.. Fundamental frequency, 

_v_ 50 

2 288 

= 17.36 Hz Ans. 


‘d 
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© Example 6 Figure shows a rectangular pulse and triangular pulse approaching 


towards each other. The pulse speed is 0.5 cm/s. Sketch the resultant pulse at 
t=2s. 


2cm 
-2 -1 0 1 2 3 
——> x (cm) 


Solution In 2s each pulse will travel a distance of 1 cm. 


The two pulses overlap between 0 and 1 cm as shown in figure. So, A, and A, can be added as 
shown in Fig. (c). 


2cm 


2cm 


(c) 


2cm 


2 


2cm 


Resultant pulse 
att=2s 


© Example 7 Two wires are fixed on a sonometer. Their tensions are in the ratio 


8:1, their lengths are in the ratio 36 :35, the diameters are in the ratio 4:1and 


densities are in the ratio 1:2. Find the value of lower frequency if higher frequency 
is 360 Hz. 


Solution Given, Fie a ie 
T, 1 Ly, 385 
Hie 2 Pi’ 
D, 1’py 2 
Let 1, and, be the linear mass densities, then 
D; D; 
Rat Sena ee (u =pS) 


2 2 
[Bi x2 -() gee he 
Hy (Dy Pp 2 1 
f _ bay, Ty Be _ 35 [s .1 _ 35 fa sy 
frp Ly Tz uw, 386V1 8 36 2L \u 
h>h 


We have fo = 360 
: f, =350 Ans. 
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© Example 8 Ina stationary wave pattern that forms as a result of reflection of 
waves from an obstacle the ratio of the amplitude at an antinode and a node is 
B = 1.5. What percentage of the energy passes across the obstacle? 


Solution Arvax = circle 
A A, — A, 


min 


This ratio is given as 1.5 or . 


A, 
Le 
A,+A, 3 A, 3 
or = 
A,-A, 2 1-42 2 
A; 
‘ : : A. 1 
Solving this equation, we get es 
A, 5 
aCe 
I, A; 25 
or I, =0.04 J; 
i.e. 4% of the incident energy is reflected or 96% energy passes across the obstacle. Ans. 


© Example 9_ A string of linear mass density 5.0 x 10~° kg/m is stretched under a 
tension of 65 N between two rigid supports 60 cm apart. 


(a) If the string is vibrating in its second overtone so that the amplitude at one of its 
antinodes is 0.25 cm, what are the maximum transverse speed and acceleration of the 
string at antinodes? 


(6) What are these quantities at a distance 5.0 cm from an node? 


Solution (a) In second overtone, 


peck 
IK 2 > 
me 
2 
oa 4 2! 2x60 
3 3 
=40cm=04m 
PE 2 PN ape eet 
rn OA 
fF 65 
= = =3 
u 5.0 x 10 
=114 m/s 


@ = kv=570n rad/s 
Maximum transverse speed at antinode = A,w 
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Here, Ay = amplitude of antinode = 0.25 cm =2.5 x 10° m 
Maximum speed = (2.5 x 107° )(570 ) m/s 
= 4.48 m/s Ans. 
Maximum acceleration = 7A, 
= (570n)” (2.5 x 10°) m/s” 
=8.0 x10? m/s? Ans. 
(b) At a distance x from the node, the amplitude can be written as 
A= Ap sin kx = (2.5 x 10°) sin@nx) metre 
Here, xis in metres. 
Therefore, at x=5.0cem=5.0x107m 
A=(2.5x 107°) sin 62 x5.0 x 107) 
=1.8x10°m 
Maximum speed = A@ 
= (1.8107?) 6702) m/s 
= 3.22 m/s Ans. 
and maximum acceleration = @7A 
= 670m)” (1.8 x 10°) m/s” 
=5.8x 10° m/s” Ans. 


© Example 10 An aluminium wire of cross-sectional area 10° m? is joined to a 
steel wire of the same cross-sectional area. This compound wire is stretched on a 
sonometer pulled by a weight of 10 kg. The total length of the compound wire 
between the bridges is 1.5 m of which the aluminium wire is 0.6 mand the rest is 
steel wire. Transverse vibrations are setup in the wire by using an external source of 
variable frequency. Find the lowest frequency of excitation for which the standing 
waves are formed such that the joint in the wire is a node. What is the total number 
of nodes at this frequency? The density of aluminium is 2.6 x 10° kg/m® and that 
of steel is 1.04 x 10* kg/m*(g = 10 m/s”). 


Solution Let n, loops are formed in aluminium wire and n, in steel. Then, 


hi=fs 


= 


But, v= ai -F-+ 
Vu Ves Vp 
Therefore, Us _ [Pa 
Ua VPs 
a _ [Pa . ba 
Ng VP; hs 
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Substituting the values, we have 


ng _ | 2.6x10? 06 1 
n, \Y1.04x104 0.9 8 


i.e. at lowest frequency, one loop is formed in aluminium wire and three loops are formed in 
steel wire as shown in figure. 


Aluminium Steel 
N N N N N 
I |. 
0.6m 0.9m 


U 1 fk 
ie a | _ T =mg =100N 
hrsii ml 2 21, pS ( mg ) 
.. il 10 x10 
2x 0.6 ¥2.6 x 10° x10 


or fmin = 163.4 Hz Ans. 


Total number of nodes are five as shown is figure. Ans. 


Note In such type of problems nature of junction will be known to us. Then, we have to equate frequencies on the 
two sides. By equating the frequencies, we find ay Suppose this comes out to be 0.4. Write it, Hy = 
MN Ng 
At lowest oscillation frequency 2 loops are formed on side 1 and 5 on side 2. At next higher frequency 4 loops 
will be formed on side 1 and 10 on side 2 and so on. 


© Example 11 Find the resultant amplitude and phase of a point at which N 
sinusoidal waves interfere. All the waves have same amplitude A and their phases 
increase in arithmetic progression of common difference 9. 

Solution The diagram for their sum is shown in figure for N =6. The resultant amplitude is 
Ap. The apex angle of every isosceles triangle is 6. So, the angle subtended by the resultant is 
No. Since, the heads of the vectors are all at the same distance r from the apex of the diagram. 
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From Fig. (a), 


R—rsin Ne ...(i) 
2 2 
and from Fig. (b), 
= =rsin$ ... (11) 
Dividing Eq. (i) by Eq. (ii), we get 
a sin ” 
R => 
A sin o 
sin Ne 
or Ap=A ; Ans. 
sin — 
2 
Note Suppose N =2 and o =90° then 
Ap = v2A 
J2a A 
A 


Similarly, we can also check the above result for other special cases. 


Exercises 


LEVEL 1 


Assertion and Reason 
Directions: Choose the correct option. 
(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 
(b) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 
(d) If Assertion is false but the Reason is true. 

1. Assertion: Two waves y, = Asin (@t+ kx) and y,. = Acos (wt — kx) are superimposed, then 

x = 0 becomes a node. 
Reason: At node net displacement due to two waves should be zero. 


2. Assertion: Stationary waves are so called because particles are at rest in stationary waves. 


Reason: They are formed by the superposition of two identical waves travelling in opposite 
directions. 


3. Assertion: When a wave travels from a denser medium to rarer medium, then amplitude of 
oscillation increases. 


Reason: In denser medium, speed of wave is less compared to a rarer medium. 


4. Assertion: A wire is stretched and then fixed at two ends. It oscillates in its second overtone 
mode. There are total four nodes and three antinodes. 


Reason: Insecond overtone mode, length of wire should be / = =. where A is wavelength. 


5. Assertion: If we see the oscillations of a stretched wire at higher overtone mode, frequency 
of oscillation increases but wavelength decreases. 


Reason: Fromvu=fia,A« : as u=constant. 


6. Assertion: Standing waves are formed when amplitudes of two constituent waves are 
equal. 


Reason: At any point net displacement at a given time is resultant of displacement of 
constituent waves. 


7. Assertion: Ina standing wave x= Ois a node. Then, total mechanical energy lying between 


x=Oandx= “ is not equal to the energy lying between x = ‘ and x= a 


Reason: In standing waves different particles oscillate with different amplitudes. 
8. Assertion: Ratio of maximum intensity and minimum intensity in interference is 25:1. 


The amplitude ratio of two waves should be 38: 2. 


2 
Readone oe s( 4 
I A, — Ay 


min 
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9. 
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Assertion: Three waves of equal amplitudes interfere at a point. Phase difference between 
two successive waves 1s > Then, resultant intensity is same as the intensity due to individual 
wave. 

Reason: For interference to take place sources must be coherent. 


Assertion: For two sources to be coherent phase difference between two waves at all points 
should be same. 


Reason: Two different light sources are never coherent. 


Objective Questions 


1. 


Two identical harmonic pulses travelling in opposite directions in a taut string approach each 
other. At the instant when they completely overlap, the total energy of the string will be 


A 
B 
(a) zero (b) partly kinetic and partly potential 
(c) purely kinetic (d) purely potential 


. Three coherent waves having amplitudes 12 mm, 6 mm and 4 mm arrive at a given point with 


successive phase difference of 1/2. Then, the amplitude of the resultant wave is 


(a) 7mm (b) 10 mm 
(c) 5mm (d) 4.8 mm 


. Two transverse waves A and B superimpose to produce a node at x = 0.If the equation of wave A 


is y=acos(kx + wt), then the equation of wave Bis 

(a) +a cos (kx — wt) (b) —a cos (kx + wt) 
(c) —a cos (kx — wt) (d) +a cos (at — kx) 
In a stationary wave system, all the particles of the medium 

(a) have zero displacement simultaneously at some instant 

(b) have maximum displacement simultaneously at some instant 
(c) are at rest simultaneously at some instant 

(d) all of the above 


. Ina standing wave on a string 


(a) In one time period all the particles are simultaneously at rest twice 

(b) All the particles must be at their positive extremes simultaneously once in a time period 
(c) All the particles may be at their positive extremes simultaneously twice in a time period 
(d) All the particles are never at rest simultaneously 


. IfA,,4, and As are the wavelength of the waves giving resonance to the fundamental, first 


and second overtone modes respectively in a string fixed at both ends. The ratio of the 
wavelengths A, :A9:A3 1s 


(a) ca ra (b) ar 
(c) Mag (d) ra 


. Ina standing wave, node is a point of 


(a) maximum strain (b) maximum pressure 
(c) maximum density (d) All of these 


10. 


11. 


12. 
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. For a certain stretched string, three consecutive resonance frequencies are observed as 105, 


175 and 245 Hz respectively. Then, the fundamental frequency is 


(a) 30 Hz (b) 45 Hz 
(c) 35 Hz (d) None of these 


. Astring 1 m long is drawn by a 300 Hz vibrator attached to its end. The string vibrates in three 


segments. The speed of transverse waves in the string is equal to 
(a) 100 m/s (b) 200 m/s 
(c) 300 m/s (d) 400 m/s 


Three resonant frequencies of string with both rigid ends are 90, 150 and 210 Hz. If the length 
of the string is 80 cm, what is the speed of the transverse wave in the string? 

(a) 45 m/s (b) 75 m/s 

(c) 48 m/s (d) 80 m/s 


The period of oscillations of a point is 0.04 s and the velocity of propagation of oscillation is 
300 m/s. The difference of phases between the oscillations of two points at distance 10 m and 
16 m respectively from the source of oscillations is 


TT 
(a) 21 (b) a 
(c) “ (d) x 


A transverse wave described by an equation y = 0.02 sin (x + 30t), where x and ¢ are in metre 
and second, is travelling along a wire of area of cross-section 1 mm” and density 8000 kgm ®. 
What is the tension in the string? 

(a) 20 N (b) 7.2N 

(c) 830N (d) 14.4N 


Subjective Questions 


1. 


3. 


Two waves are travelling in the same direction along a stretched string. The waves are 90° out 
of phase. Each wave has an amplitude of 4.0 cm. Find the amplitude of the resultant wave. 


Two wires of different densities are soldered together end to end then stretched under tension 

T. The wave speed in the first wire is twice that in the second wire. 

(a) Ifthe amplitude of incident wave is A, what are amplitudes of reflected and transmitted waves? 

(b) Assuming no energy loss in the wire, find the fraction of the incident power that is reflected at 
the junction and fraction of the same that is transmitted. 


A wave is represented by 
y, = 10 cos (5x + 25 t) 


where, x is measured in metres and t in seconds. A second wave for which 


yy = 20cos Ge 25t + =) 


interferes with the first wave. Deduce the amplitude and phase of the resultant wave. 
Two waves passing through a region are represented by 
y, = (1.0 cm) sin [(3.14 em!) x-(157s") ¢] 
and Yq = (1.5 em) sin [(1.57 em™') x- (31487) ¢] 


Find the displacement of the particle at x = 4.5 cm at time ¢t = 5.0 ms. 


88 


5. 


10. 


11. 
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A string of length 20 cm and linear mass density ———> 

0.4 g/cmis fixed at both ends and is kept under a 

tension of 16 N. A wave pulse is produced at t = 0 

near an end as shown in figure which travels 

towards the other end. (a) When will the string 

have the shape shown in the figure again? 

(b) Sketch the shape of the string at atime half | 20 cm *l 
of that found in part (a). 


. A wave pulse on a string has the dimensions shown in figure. The wave speed is v = 1 cm/s. 


1cm 11cm 
|——> | | 


—> v=i1cm/s 
10m | / \ 
O 


ke" | 


(a) If point O is a fixed end, draw the resultant wave on the string att=3sandt=4s. 
(b) Repeat part (a) for the case in which O is a free end. 


. Two sinusoidal waves combining in a medium are described by the equations 


y, = (3.0 cm) sin m (x + 0.60 £) 
and Yo = (8.0 cm) sin & (x — 0.60 ¢) 
where, x is in centimetres and ¢ is in seconds. Determine the maximum displacement of the 
medium at 
(a) x=0.250 cm, 
(b) x=0.500 cm and 
(c) x=1.50 cm. 
(d) Find the three smallest values of « corresponding to antinodes. 


. A standing wave is formed by the interference of two travelling waves, each of which has an 


amplitude A= 7 cm, angular wave number k = (n/ 2) per centimetre. 
(a) Calculate the distance between two successive antinodes. 
(b) What is the amplitude of the standing wave at x = 0.50 cm from a node? 


. Find the fundamental frequency and the next three frequencies that could cause a standing 


wave pattern on a string that is 30.0 m long, has a mass per unit length of 9.00 x 10°? kg/mand 
is stretched to a tension of 20.0 N. 


A string vibrates in its first normal mode with a frequency of 220 vibrations/s. The vibrating 
segment is 70.0 cm long and has a mass of 1.20 g. 

(a) Find the tension in the string. 

(b) Determine the frequency of vibration when the string vibrates in three segments. 


A 60.0cm guitar string under a tension of 50.0 N has a mass per unit length of 0.100 g/cm. 
What is the highest resonance frequency of the string that can be heard by a person able to 
hear frequencies upto 20000 Hz? 


A wire having a linear density of 0.05 g/cm is stretched between two rigid supports with a 
tension of 450N. It is observed that the wire resonates at a frequency of 420 Hz. The next 
higher frequency at which the same wire resonates is 490 Hz. Find the length of the wire. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 
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The vibrations from an 800 Hz tuning fork set up standing waves in a string clamped at both 
ends. The wave speed in the string is known to be 400 m/s for the tension used. The standing 
wave is observed to have four antinodes. How long is the string? 


A string vibrates in 4 segments to a frequency of 400 Hz. 
(a) What is its fundamental frequency? 
(b) What frequency will cause it to vibrate into 7 segments? 


A sonometer wire has a total length of 1 m between the fixed ends. Where should the two 
bridges be placed below the wire so that the three segments of the wire have their fundamental 
frequencies in the ratio 1:2:3? 


A guitar string is 90cm long and has a fundamental frequency of 124 Hz. Where should it be 
pressed to produce a fundamental frequency of 186 Hz? 


Adjacent antinodes of a standing wave on a string are 15.0 cm apart. A particle at an antinode 
oscillates in simple harmonic motion with amplitude 0.850 cm and period 0.0750 s. The string 
lies along the +x-axis and is fixed at x = 0. 

(a) Find the displacement of a point on the string as a function of position and time. 

(b) Find the speed of propagation of a transverse wave in the string. 

(c) Find the amplitude at a point 3.0 cm to the right of an antinode. 


A 1.50 m long rope is stretched between two supports with a tension that makes the speed of 
transverse waves 48.0 m/s. What are the wavelength and frequency of 

(a) the fundamental? 

(b) the second overtone? 

(c) the fourth harmonic? 


A thin taut string tied at both ends and oscillating in its third harmonic has its shape described 
by the equation y (x,t) = (5.60 cm) sin[(0.0340 rad/cm) x] sin[(50.0 rad/s) t], where the origin is 
at the left end of the string, the x-axis is along the string and the y-axis is perpendicular to the 
string. 

(a) Draw a sketch that shows the standing wave pattern. 

(b) Find the amplitude of the two travelling waves that make up this standing wave. 

(c) What is the length of the string? 

(d) Find the wavelength, frequency, period and speed of the travelling wave. 

(e) Find the maximum transverse speed of a point on the string. 

(f) What would be the equation y(x, t) for this string if it were vibrating in its eighth harmonic? 


A wire with mass 40.0 gis stretched so that its ends are tied down at points 80.0 cm apart. The 
wire vibrates in its fundamental mode with frequency 60.0 Hz and with an amplitude at the 
antinodes of 0.300 cm. 

(a) What is the speed of propagation of transverse wave in the wire? 

(b) Compute the tension in the wire. 

(c) Find the maximum transverse velocity and acceleration of particles in the wire. 


Two harmonic waves are represented in SI units by 
y(x, t)= 0.2 sin(x— 3.02) and y,(x, t)= 0.2 sin (x — 3.0¢+ 0) 


(a) Write the expression for the sum y= y, + yp for d= ; rad. 


(b) Suppose the phase difference » between the waves is unknown and the amplitude of their sum 
is 0.32 m, what is 6? 
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. Figure shows different standing wave patterns on a “toa 0.04 m 
string of linear mass density 4.0 x 10kg/m under a ; tes eyes rR 
tension of 100 N. The amplitude of antinodes is “s.. a Te age Came 
indicated in each figure. The length of the string is UT tea eee re 
2.0 m. ie) (b) 


G) Obtain the frequencies of the modes shown in figures (a) and (b). 
(ii) Write down the transverse displacement y as a function of x and t for each mode. (Take the initial 
configuration of the wire in each mode to be as shown by the dark lines in the figure). 


A160 g rope 4 m long is fixed at one end and tied to a light string of the same length at the other 
end. Its tension is 400 N. 

(a) What are the wavelengths of the fundamental and the first two overtones? 

(b) What are the frequencies of these standing waves? 


[Hint: In this case, fixed end is a node and the end tied with the light string is antinode.] 


A string fastened at both ends has successive resonances with wavelengths of 0.54 m for the 
nth harmonic and 0.48 m for the (n + 1) th harmonic. 

(a) Which harmonics are these? 

(b) What is the length of the string? 

(c) What is the wavelength of the fundamental frequency? 


A wave y; = 0.3 cos (2.0x — 40¢) is travelling along a string toward a boundary at x = 0. Write 
expressions for the reflected waves if 
(a) the string has a fixed end atx=0 and 
(b) the string has a free end at x =0. 
Assume SI units. 
A string that is 10 cm long is fixed at both ends. At t = 0,a pulse travelling from left to right at 


1cm/sis 4.0 cm from the right end as shown in figure. Determine the next two times when the 
pulse will be at that point again. State in each case whether the pulse is upright or inverted. 


4cm 


he >| 


10cm 


Two pulses travelling in opposite directions along a string are shown for ¢t = 0 in the figure. Plot 
the shape of the string at =1.0, 2.0, 3.0, 4.0 and 5.0 s respectively. 


y (cm) 


—1.0 cm/s 
gfe 


4.0 


2.0 


1.0 cm/s 
—_____> 


X (cm) 


2.0 40 60 80 10.00 12.0 14.0 


LEVEL 2 


Single Correct Option 


1. 


When tension of a string is increased by 2.5 N, the initial frequency is altered in the ratio of 
3:2. The initial tension in the string is 
(a) 6N (b) 5N (c) 4N (d) 2N 


. The lengths of two wires of same material are in the ratio 1: 2, their tensions are in the ratio 1: 2 


and their diameters are in the ratio 1 : 3. The ratio of the notes they emit when sounded together 
by the same source is 


(a) V2 (b) V3 (c) 2V3 (d) 3V2 


. Iff, f£ and f are the fundamental frequencies of three segments into which a string is divided, 


then the original fundamental frequency fp of the whole string is 
1 1 1 1 

(a) fo= At hot ts i) 232454 — 
o=ht let Is fn ae 


: z : (d) None of these 


ie de an AB 


Three one-dimensional mechanical waves in an elastic medium is given as 
y, = 8A sin (wt- kx), y.=Asimn(@t—-kx+n)and y, = 2A sin (wt + kx) 


(c) 


are superimposed with each other. The maximum displacement amplitude of the medium 
particle would be 

(a) 4A (b) 3A 

(c) 2A (d) A 


. A string is stretched so that its length is increased by Z of its original length. The ratio of 
n 


fundamental frequency of transverse vibration to that of fundamental frequency of 
longitudinal vibration will be 
(a) 7:1 (b) 1:4 


©) Jn:1 (d) 1:/y 


. A string of length 1 m and linear mass density 0.01 kg/m is stretched to a tension of 100 N. 


When both ends of the string are fixed, the three lowest frequencies for standing wave are f,, f, 
and f;. When only one end of the string is fixed, the three lowest frequencies for standing wave 
are n,n, and nz. Then, 
(a) n, =5n, = fg =125 Hz (b) f, =5f, =n, =125 Hz 

Ath 


(c) fg =Ng=3f, = 150 Hz (d) aS ee 


. A sonometer wire has a length 114 cm between two fixed ends. Where should two bridges be 


placed so as to divide the wire into three segments whose fundamental frequencies are in the 
ratio 1:3:4 

(a) | =72 cm, l,=24cem, 4 =18cm (b) , =60 cm, l, =40 cm, k =14cm 

(c) 4 =52 cm, J, =30 cm, & =32 cm (d) 1, =65 em, J, =30 cm, , =19 cm 


. The frequency of a sonometer wire is f. The frequency becomes f/2 when the mass producing 


the tension is completely immersed in water and on immersing the mass in a certain liquid, 
frequency becomes f/3. The relative density of the liquid is 
(a) 1.32 (b) 1.67 (c) 1.41 (d) 1.18 


92 


10. 


11. 


12. 


13. 


14. 


15. 


© Waves and Thermodynamics 


. A string of length 1.5 m with its two ends clamped is vibrating in fundamental mode. 
Amplitude at the centre of the string is 4 mm. Distance between the two points having 
amplitude 2 mm is 
(a) lm (b) 75cm 
(c) 60 cm (d) 50cm 


A man generates a symmetrical pulse in a string by moving his hand up and down. At t= 0, the 
point in his hand moves downwards from mean position. The pulse travels with speed 3 m/s on 
the string and his hand passes 6 times in each second from the mean position. Then, the point 
on the string at a distance 3 m will reach its upper extreme first time at t = 


(a) 1.258 (b) 1s (c) 11/12 s (d) —s 


Among two interfering sources, let S, be ahead of the phase by 90° relative to S,. If an 
observation point P is such that PS, — PS,=1.51, the phase difference between the waves 
from S, and S, reaching P is 


51 71 
(a) 3m (b) =. (c) o. (d) 4x 


A wire having a linear density 0.1 kg/m is kept under a tension of 490 N. It is observed that it 
resonates at a frequency of 400 Hz. The next higher frequency is 450 Hz. Find the length of the 
wire. 

(a) 0.4m (b) 0.7m (c) 0.6m (d) 0.49 m 


A string vibrates in 5 segments to a frequency of 480 Hz. The frequency that will cause it to 
vibrate in 2 segments will be 
(a) 96 Hz (b) 192 Hz (c) 1200 Hz (d) 2400 Hz 


A wave travels on a light string. The equation of the waves is y= A sin (kx — wt + 30°). It is 
reflected from a heavy string tied to an end of the light string at x = 0. If 64% of the incident 
energy is reflected, then the equation of the reflected wave is 

(a) y=0.8 Asin (kx - ot + 30°+ 180°) (b) y=0.8 Asin (Rx+ wt + 30° + 180°) 

(c) y=0.8 Asin (kx - at — 30°) (d) y=0.8 Asin (kx-a@t + 30°) 


The tension, length, diameter and density of a string Bare double than that of another string 
A. Which of the following overtones of Bis same as the fundamental frequency of A? 
(a) 1st (b) 2nd (c) 3rd (d) 4th 


More than One Correct Options 


1 


. If the tension in a stretched string fixed at both ends is increased by 21%, the fundamental 
frequency is found to be changed by 15 Hz. Then, the 
(a) original frequency is 150 Hz 
(b) velocity of propagation of the transverse wave along the string increases by 5% 
(c) velocity of propagation of the transverse wave along the string increases by 10% 
(d) fundamental wavelength on the string does not change 


. For interference to take place 


(a) sources must be coherent (b) sources must have same amplitude 
(c) waves should travel in opposite directions (d) sources must have same frequency 


. Regarding stationary waves, choose the correct options. 


(a) This is an example of interference (b) Amplitudes of waves may be different 
(c) Particles at nodes are always at rest (d) Energy is conserved 
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4. When a wave travels from a denser to rarer medium, then 
(a) speed of wave increases (b) wavelength of wave decreases 
(c) amplitude of wave increases (d) there is no change in phase angle 
5. A wire is stretched and fixed at two ends. Transverse stationary waves are formed in it. It 
oscillates in its third overtone mode. The equation of stationary wave is 
y=Asinkx cos ot 


Choose the correct options. 


(a) Amplitude of constituent waves is “ (b) The wire oscillates in three loops 
. . 4 : . @ 
(c) The length of the wire is . (d) Speed of stationary wave is : 
6. Which of the following equations can form stationary waves? 
G) y= Asin (ot — kx) Gi) y= A cos @t — kx) 
Gi) y= Asin @t + kx) Gv) y=Acos @t + kx) 
(a) (i) and (ii) (b) (i) and (iii) 
(c) (ii) and (iv) (d) (ii) and (iv) 


7. Two waves 
y, = Asin (at — kx) 


and yo = Asin (at + kx) 

superimpose to produce a stationary wave, then 

(a) x=0Ois a node (b) x=0is an antinode 
(c) x= 7 is a node (d) t= = is an antinode 


Comprehension Based Questions 
Passage 


Incident wave y = Asin [av + bt+ 4 is reflected by an obstacle at x = 0 which reduces intensity 


of reflected wave by 36%. Due to superposition, the resulting wave consists of a standing wave 
and a travelling wave given by 


y =- 1.6 sin ax sin bt + cA cos (bt + ax) 
where A, a, band c are positive constants. 


1. Amplitude of reflected wave is 


(a) 0.6A (b) 0.8 A 
(c) 0.4A (d) 0.2A 
2. Value of c is 
(a) 0.2 (b) 0.4 
(c) 0.6 (d) 0.3 
3. Position of second antinode is 
Tt 3 
(a) x=— (b) x=— 
3a a 
(c) x= als (d) x= 2m 


2a 3a 
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Match the Columns 


1. In the figure shown, mass per unit length of string-2 is nine times that of string-1. Tension in 
both the strings is same. A transverse wave is incident at the boundary as shown. Part of wave 
is reflected in medium-1 and part is transmitted to medium-2. Match the following two 


3. 


columns. 


> 
| U4 2 


Column I Column II 
(a) | A,/Ag| (p) 9 
(b) v,/U, (q) 1 
(c) G/T, (r) 3 
(d) P/P, (s) data insufficient 


Here Ais amplitude, v the speed of wave, J the intensity and P the power. Abbreviation 1 is 
used for reflected wave and 2 for transmitted wave. 


. Transverse waves are produced in a stretched wire. Both ends of the string are fixed. Let us 


compare between second overtone mode (in numerator) and fifth harmonic mode (in 
denominator). Match the following two columns. 


Column | Column II 
(a) Frequency ratio (p) 2/3 
(b) Number of nodes ratio (q) 4/5 
(c) Number of antinodes ratio | (r) 3/5 
(d) Wavelength ratio (s) 5/3 
A wave travels from a denser medium to a rarer medium, then match the following two 
columns. 
Column I Column II 
(a) speed of wave (p) will increase 
(b) wavelength of wave (q) will decrease 
(c) amplitude of wave (x) will remain unchanged 
(d) frequency of wave (s) may increase or decrease 


Two waves of same amplitude and same intensity interfere at one point. Phase difference 
between them is 90. Match the following two columns. 


(a) 
(b) 
(c) 
(d) 


Column I Column II 


Resultant amplitude for (p) 2 times 


6 =60° 
Resultant amplitude for (q) 3 times 
6 =120° 
Resultant intensity for (r) 4 times 
6 =90° 
Resultant intensity for (s) None of these 


6 =0° 


5. 
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A wire is stretched and fixed at its two ends. Its second overtone frequency is 210 Hz. Then, 
match the following two columns. 


Column I Column II 


(a) Fundamental frequency (p) 210 Hz 
(b) Third harmonic frequency | (q) 350 Hz 
(c) Third overtone frequency (r) 280 Hz 
(d) Second harmonic frequency | (s) None of these 


Subjective Questions 


1. 


Three pieces of string, each of length L, are joined together end-to-end, to make a combined 

string of length 3L. The first piece of string has mass per unit length 1,, the second piece has 

mass per unit length uw, = 4, and the third piece has mass per unit length ph, =u,/4. 

(a) If the combined string is under tension F’, how much time does it take a transverse wave to travel 
the entire length 3L ? Give your answer in terms of L, F and uj. 

(b) Does your answer to part (a) depend on the order in which the three piece are joined together? 
Explain. 


. Ina stationary wave that forms as a result of reflection of waves from an obstacle, the ratio of 


the amplitude at an antinode to the amplitude at node is 6. What percentage of energy is 
transmitted? 


. Astanding wave y=a sinkx cos@t is maintained in a homogeneous rod with cross-sectional 


area S and density p. Find the total mechanical energy confined between the sections 
corresponding to the adjacent nodes. 


A string of mass per unit length up is clamped at both ends such that one end of the string is at 
x =O and the other is at x= 7. When string vibrates in fundamental mode, amplitude of the 
mid-point of the string is a and tension in the string is 7. Find the total oscillation energy 
stored in the string. 


. Along wire PQR is made by joining two wires PQ and QR of equal radii. PQ has a length 4.8 m 


and mass 0.06 kg. QR has length 2.56 m and mass 0.2 kg. The wire PQR is under a tension of 

80 N. A sinusoidal wave pulse of amplitude 3.5 cm is sent along the wire PQ from the end P. No 

power is dissipated during the propagation of the wave pulse. Calculate : 

(a) The time taken by the wave pulse to reach the other end R. 

(b) The amplitude of the reflected and transmitted wave pulse after the incident wave pulse crosses 
the joint Q. 


. Alight string is tied at one end to fixed support and to a heavy string of equal length L at the 


other end as shown in figure. Mass per unit length of the strings arept and 9u and the tension is 
T. Find the possible values of frequencies such that point A is a node/antinode. 


kK >|\< >| 


E L 


. A string fixed at both ends is vibrating in the lowest possible mode of vibration for which a 


point at quarter of its length from one end is a point of maximum displacement. The frequency 
of vibration in this mode is 100 Hz. What will be the frequency emitted when it vibrates in the 
next mode such that this point is again a point of maximum displacement ? 
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. Sources separated by 20 m vibrate according to the equation y, = 0.06 sin mt and 


Yo = 0.02 sin mt. They send out waves along a rod with speed 3 m/s. What is the equation of 
motion of a particle 12 m from the first source and 8 m from the second, y,, v2. are in m? 


. Three component sinusoidal waves progressing in the same direction along the same path have 


: : : A ae 
the same period but their amplitudes are Ay and rs The phases of the variation at any 


position x on their path at time ¢ = 0 are 0,- . and —7 respectively. Find the amplitude and 


phase of the resultant wave. 


A metal rod of length 1 mis clamped at two points as shown in the figure. Distance of the clamp 
from the two ends are 5 cm and 15 cm, respectively. Find the minimum and next higher 
frequency of natural longitudinal oscillation of the rod. Given that Young’s modulus of 
elasticity and density of aluminium are Y = 1.6 x 10'! Nm~ andp = 2500 kgm ®, respectively. 


\« rt rte >| 
5cm 80 cm 15cm 


y, = 8 sin(wt — kx) and yo = 6 sin(wt+ kx) are two waves travelling in a string of area of 
cross-section s and density p. These two waves are superimposed to produce a standing wave. 
(a) Find the energy of the standing wave between two consecutive nodes. 

(b) Find the total amount of energy crossing through a node per second. 


Answers 


Introductory Exercise 18.1 
1. 49:1 2. (a)4:1 (b) 16:1 3. 25 Ip 


Introductory Exercise 18.2 


1. True 2. (a) 120 cm/s (b)3cm (c) zero 
3. Yes, Yes 4. 15.7 m, 31.8 Hz, 500 m/s 


Introductory Exercise 18.3 
1. 0.125 2. 18 Hz 3. 0.873 kg 


4. (a) 5th and 6th (b) 360 N 5. as 3 
2 
Introductory Exercise 18.4 
_ ae zr A 1A _ 4 
1. Energy is in the form of kinetic energy 2. (a) 20 cms (b) A “3? A, “ss 
eee g x 10-3 cos n(2.0x+ 508), y= 5 x 10-3 cos n(x — 50t) 
Exercises 
LEVEL 1 
Assertion and Reason 
1. (d) 2. (d) 3. (b) 4. (b) 5. (a) 6. (d) 7. (a) 8. (a) 9. (b) 


Objective Questions 


1. (c) 2.(b) 3.(c) 4 (d) 5. (a) 6.(c) 7.(d) 8 (c) 9. (b) 
11. (d) 12. (b) 


Subjective Questions 


A 2 
1. 5.66 cm 2. (a ,—A (b 
(a) 3'3 (b) 


5 3. 26.46 em, (5x + 25t + 0.714)rad_ 4, om 
5. (a) 0.02 s 6. (a) (i) ———— (ii) — = or (b) (i) / (ii) A \ 
7. (a) 4.24 cm (b) 6.00 cm (c) 6.00cm = (d) 0.500 cm, 1.50 cm, 2.50 cm 
8. (a) 2cm (b) V2acm 9. 0.786 Hz, 1.57 Hz, 2.36 Hz, 3.14 Hz 

10. (a) 163N (b) 660 Hz 11. 19977 Hz 12. 2.142 m 13. 1.0m 

14. (a) 100 Hz (b) 700 Hz 

15. One bridge at 6/11 m from one end and the other at 2/11 m from the other end. 

16. The string should be pressed at 60 cm from one end. 


; 27X , 2nt 
17. (a x, t) = (0.85 cm) sin sin b) 4.00 m/s (c) 0.688 cm 
(a) yx, t) = (0.85 em) ea loses] © (©) 


18. (a) 3.0m, 16.0Hz (b) 1.0m, 48.0 Hz (c) 0.75 m, 64.0 Hz 


10. (d) 


10. (c) 
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19. (b) 2.80cm (c) 277 cm (d) 185 cm, 7.9 Hz, 0.126 s, 1470 cm/s_ (e) 280 cm/s 
(f) y(x, t) = (6.6 cm) sin[ (0.0907 rad/cm)x] sin[(133 rad/s)t] 
20. (a) 96.0 m/s (b) 461N (c) 1.13 m/s, 426.4 m/s? 


21. (a) y = 0.28 sin (x 3.0t 4 | (b) 6 = + 1.29 rad 


22. (i) Fundamental 12.5 Hz, third harmonic 37.5 Hz 
.04 sin 


(ii) (a) y= 0.1 sin sin25nt (b) y=0 


3X sin 75 xt 
2 


23. (a) 16m, 5.33 m, 3.2m = (b) 6.25 Hz, 18.75 Hz, 31.25 Hz 


24. (a) 8th and 9th (b)2.16m (c)4.32m 
25. (a) y(x, t) = 0.3 cos(2.0x + 40t + 2) 

(b) y(x, t) = 0.3 cos(2.0x + 40t) SI units 
26. 8s, inverted, 20 s upright 
27. See the hints 


9.(a) 10.(c) 


LEVEL 2 
Single Correct Option 
1.(d) 2.(d) 3.(b) 4.(a) 5.(d) 6.(d) 7.(a) 8.(d) 
11.(b) 12.(b) 13.(b) 14.(b) 15.(c) 
More than One Correct Options 
1.(a,c,d) _2.(a,d) 3.(a,b,d) 4.(a,c,d) —5.(a,c) 6.(b,d) = 7.(b,d) 
Comprehension Based Questions 
1.(b) 2.(a) 3.(c) 
Match the Columns 
1. (abo gq (b)> r (c)> s (d)> r 2. (ayo r (b) > p (c)> r 
3. (a)> p (b)> p (c)> p (d)> r 4. (ayo s (b)> s (c)> p 
5. (ayo s (b) > p (c)> r (d)> s 
Subjective Questions 
7L {uy mSpw*a? maT 
1. (a) 7 (b) No 2. 49% 3 re a 
5. (a) 0.14s (b) -1.5 cm, 2.0 cm 
6. f ie 3 etc. when A is a node, 3 f; iy f, Z f... etc. when A is an antinode. Here, f= 1 
2 4 4 4 L 
7. 300 Hz 8. 0.05 sin xt — 0.0173 cos nt 9. 2 A, - tan 


10. 40 kHz, 120 kHz 


11. (a) ook pw2S (b) 


2pwS 
k 


’) 


(d)> 5s 
(d)> r 


0 
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19.1 Introduction 


Of all the mechanical waves that occur in nature, the most important in our everyday life are 
longitudinal waves in a medium, usually air, called sound waves. The reason is that the human ear is 
tremendously sensitive and can detect sound waves even of very low intensity. The human ear is 
sensitive to waves in the frequency range from about 20 to 20000 Hz called the audible range, but we 
also use the term sound for similar waves with frequencies above (ultrasonic) and below 
(infrasonic) the range of human hearing. Our main concern in this chapter is with sound waves in air, 
but sound can travel through any gas, liquid or solid. 


In this chapter, we will discuss several important properties of sound waves, including pressure 
wave and density wave. We will find that superposition of two sound waves differing slightly in 
frequency causes a phenomenon called beats. When a source of sound or a listener moves through the 
air, the listener may hear a different frequency than the one emitted by the source. This is the 
Doppler’s effect. 


Note Sound wave (rather we can call audible sound wave) is a part of longitudinal wave with frequency varying 
from 20 Hz to 20,000 Hz. 


19.2 Displacement Wave, Pressure Wave and Density Wave 


Upto this point we have described mechanical waves primarily in terms of displacement. As we have 
discussed in chapter-17, a sinusoidal wave equation y (x, f) travelling in positive x-direction can be 
written as 


y (x, t) = A sin (Ax — OF) 
which gives the instantaneous displacement y of a particle in the medium at position x at time ¢. 


Note that in a longitudinal wave the displacements are parallel to the direction of motion of the wave. 
So, x and y are measured parallel to each other, not perpendicular as in a transverse wave. The 
amplitude A is the maximum displacement of a particle in a medium from its equilibrium position. 


These displacements are along the direction of the motion of the wave lead to variations in the 
density and pressure of air. Hence, a sound wave can also be described in terms of variations of 
pressure or density at various points. The pressure fluctuations are of the order of 1 Pa (=1 N/ m? ), 
whereas atmospheric pressure is about 10° Pa. In a sinusoidal sound wave in air, the pressure 
fluctuates above and below atmospheric pressure p, with the same frequency as the motions of the air 
particles. Similarly, the density of air also vibrates sinusoidally above and below its normal level. So, 
we can express a sound wave either in terms of y (x, ¢) or Ap (x, t) or Ap (x, ¢). All the three equations 
are related to one another. For example, amplitude of pressure variation (Ap),,, is related to amplitude 
of displacement A by the equation, 
Ap, = BAk 

where B is the bulk modulus of the medium. Moreover, pressure or density wave is 90° out of phase 
with the displacement wave, i.e. when the displacement is zero, the pressure and density changes are 


either maximum or minimum and when the displacement is a maximum or minimum, the pressure 
and density changes are zero. Now, let us find the relation between them. 
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Relation between Displacement Wave and Pressure Wave 


Figure shows a harmonic displacement wave moving through air contained in a long tube of 
cross-sectional area S. 


AX 
alt———— |b 
V; = SAx 
x xX + Ax 
a b’ 
Taal —>|y + Ay AV = SAy 
Fig. 19.1 


The volume of gas that has a thickness Ax in the horizontal direction is V; = SAx. The change in 
volume AV is S Ay, where Ay is the difference between the value of vat x + Ax and the value of vat x. 
From the definition of bulk modulus, the pressure variation in the gas is 


‘A A 
ig Be a 
SAx Ax 


_ A ) : cae. we Se 
As Ax approaches zero, the ratio fa becomes oe (The partial derivative indicates that we are 


he 
interested in the variation of y with position at a fixed time). 
t) : 
Therefore, Ap=-B = ..-(i) 
x 


So, this is the equation which relates the displacement equation with the pressure equation. Suppose 
the displacement equation is 


y=Acos (kx —- Of) .. (ii) 
Then, a =— kA sin (kx —- Of) ... (iii) 
and from Eqs. (1) and (iii), we find that 
Ap = BAk sin (kx — @t) = (Ap), sin (kx — Of) ...(iv) 
Here, (Ap) , =BAk 


where Ap,, is the amplitude of pressure variation. From Eqs. (ii) and (iv), we see that pressure 
equation is 90° out of phase with displacement equation. When the displacement is zero, the pressure 
variation is either maximum or minimum and vice-versa. Fig. 19.2 (a) shows displacement from 
equilibrium of air molecules in a harmonic sound wave versus position at some instants. Points x, and 
x3 are points of zero displacement. 
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Now, refer Fig. 19.2 (b) : Just to the left of x,, the displacement 


Fig. 19.2 


is negative indicating that the gas molecules are displaced to left away from point x, at this instant. 
Just to the right of x,, the displacement is positive indicating that the molecules are displaced to the 
right, which is again away from point x, .So, at point x, the pressure of the gas is minimum. So, if pp is 
the atmospheric pressure (normal pressure), the pressure at x, will be 


Dp (x ) = Po — (AP) im = Po — BAk 
At point x3, the pressure (and hence the density also) is maximum because the molecules on both 
sides of that point are displaced toward point x,. Hence, 


P (x3) = Po + (AP) » = Po + BAK 
At point x,, the pressure (and hence the density) does not change because the gas molecules on both 
sides of that point have equal displacements in the same direction or 


P(X) = Po 


From Fig. 19.2 (a) and (c), we see that pressure change and displacement are 90° out of phase. 


Relation between Pressure Wave and Density Wave 
In this section, we will find the relation between pressure wave and density wave. 
According to definition of bulk modulus (B), 


= dp ; 
a-( #5 ...(1) 
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Further, volume = = or V= us 
density p 

n dp 
or dV =-— dp =-——-dp or —=-—— 

p p 
Substituting in Eq. (i), we get 

d d B 1 
pee ae eer ae 
Or, this can be written as 
p 1 
Ap =—-Ap=-—~-A 
p B Pp a \p 


So, this relation relates the pressure equation with the density equation. For example, if 
Ap = (AP) m sin (Ax _ Wr) 
then Ap = (Ap), sin (kx — of) 
A 
where, (Ap), = e (Ap), = els 


Thus, density equation is in phase with the pressure equation and this is 90° out of phase with the 
displacement equation. 


© Example 19.1 Corresponding to displacement equation, 
y = Asin(kx + at) 
of a longitudinal wave make its pressure and density wave also. Bulk modulus of 
the medium is B and density is p. 


Solution Given, y(x, t) = Asin (Av+ @t) 
) ’ 
& = kA cos (kx+ OF) ..(i) 
ox 
Now, pressure equation is given by 
dy 
Ap =-B|— 
° (53) 


Substituting the value of a from Eq. (i), we have 
x 


Ap = — BAkcos (kx +@t) Ans. 


Similarly, density equation is given by 


_?p _?p oy) _ oy 
(Ap) ao ( a2) o( 5) 


Substituting the values of 2 from Eq. (i), we have, 
x 


Ap =—pAkcos (Ax + @t ) Ans. 
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© Example 19.2 (a) What is the displacement amplitude for a sound wave 
having a frequency of 100 Hz and a pressure amplitude of 10 Pa? 

(b) The displacement amplitude of a sound wave of frequency 300 Hz is 107! m. What 
is the pressure amplitude of this wave? Speed of sound in air is 340 m/s and 
density of air is 1.29 kgim®. 

Solution (a) (Ap),, = BAk 

_@ _ 2nf 


Vv v 


and B=pv’ [ =) 
p 


Here, k 


(49m = 0" )4)(=} 
A= QP) .. (i) 
2nvpf 
Substituting the values, we have 
(10) 
~ 2x 3.14 x 340x 1.29 100 
= 3.63x 10° m Ans. 
(b) From Eq. (i) (Ap),, = 2% fpvA 
Substituting the values, we have 
(Ap), = 2X 3.14 x 300x 1.29 x 340x 107 

= 8.26x 107 N/m? Ans. 


INTRODUCTORY EXERCISE 


1. Calculate the bulk modulus of air from the following data for a sound wave of wavelength 35 cm 
travelling in air. The pressure at a point varies between (1 oo + 14) Paand the particles of the air 


vibrate in SHM of amplitude 5.5 x 10° m. 
2. Find the minimum and maximum wavelengths of sound in water that is in the audible range for 
an average human ear. Speed of sound in water is 1450 m/s. 


3. Atypical loud sound wave with a frequency of 1 kHz has a pressure amplitude of about 10 Pa 
(a) At t =0,the pressure is a maximum at some point x,. What is the displacement at that point 
att =0? 
(b) What is the maximum value of the displacement at any time and place? Take the density of 
air to be 1.29 kg/m? and speed of sound in air is 340 m/s. 


4. The pressure variation in a sound wave in air is given by 
Ap =12sin(8.18x — 2700t + 2/4) N/m? 


Find the displacement amplitude. Density of air = 1.29 kg/m?. 
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19.3 Speed of a Longitudinal Wave 


First we calculate the speed at which a longitudinal pulse propagates through a fluid. We will apply 
Newton’s second law to the motion of an element of the fluid and from this we derive the wave 
equation. 


Fig. 19.3 


Consider a fluid element ab confined to a tube of cross-sectional area S as shown in figure. The 
element has a thickness Ax. We assume that the equilibrium pressure of the fluid is py. Because of the 
disturbance, the section ‘a’ of the element moves a distance y from its mean position and section ‘b’ 
moves a distance y+ Ay to a new position b’. The pressure on the left side of the element becomes 
Po + Ap, and on the right side it becomes py + Ap,.Ifp is the equilibrium density, the mass of the 
element is pSAx. (When the element moves its mass does not change, even though its volume and 
density do change). 


The net force acting on the element is 
F = (Ap, — Ap.) S 
and its acceleration is 


ge 
at? 
Thus, Newton’s second law applied to the motion of the element is 
dy 
(Ap, — Ap,) S =ma =pSAx 52 ..-(i) 


Next we divide both sides by Ax and note that in the limit as Ar—0, we have 
(Ap, — Ap) /Ax — dp/dx, Eq. (i) then take the form 


dp ay 7 
= a. =p aa 2 (ii) 
x ot 
The excess pressure Ap may be written as 
t) t) 0° 
Ap=-B2 = Lu-p i 
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When this is used in Eq. (ii), we obtain the wave equation. 
d°y_p day d°y_ Boy 
a 2 2 
ox” B oat at P ax 


Comparing this equation with the wave equation, 


d*y_ 29 y 
ake 2 
ot ox 
|B ee . . 
We have v= es (speed of longitudinal wave in a fluid) 


This is the speed of longitudinal waves within a gas or a liquid. 


When a longitudinal wave propagates in a solid rod or bar, the rod expands sideways slightly when it 
is compressed longitudinally and the speed of a longitudinal wave in a rod is given by 


Y 
v= - (speed of a longitudinal wave in a solid rod) 


19.4 Sound Waves in Gases 


In the preceding section, we derived equation 
v=B/p 


for the speed of longitudinal waves in a fluid of bulk modulus B and density p. We use this to find the 
speed of sound in an ideal gas. The bulk modulus of the gas, however depends on the process. When a 
wave travels through a gas, are the compressions and expansions adiabatic, or is there enough heat 
conduction between adjacent layers of gas to maintain a nearly constant temperature throughout? 
Because thermal conductivities of gases are very small, it turns out that for ordinary sound 
frequencies (20 Hz to 20,000 Hz) propagation of sound is very nearly adiabatic. Thus, in the above 
equation, we use the adiabatic bulk modulus (B, ), which is given by 


B,=YP 
Here, is the ratio of molar heat capacity C,, /C,,. Thus, 
_ {YP 
ya [LE 
p 
We can get a useful alternative form of the above equation by substituting density p of an ideal gas 
ma 
PeRT 


where, R is the gas constant, M the molecular mass and T is the absolute temperature combining all 
these equations, we can write 
yRT 


v= ZT (speed of sound in an ideal gas) 
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Effect of Temperature, Pressure and Humidity on the Speed of Sound in Air 
(i) Effect of temperature From the equation, 
yRT 


vS4> 


M 
We can see that, 


y LE 
paw VT or — = f+ 
V2 T, 


At STP, the temperature is 0°C or 273 K. If the speed of sound at 0°C is vo, its value at t°C 


will satisfy 
1 
Vis P+ [4 t |e 
Vo 273 273 546 
t 
= 1+—— 
"e vo a) 


If the speed of sound in air at 0°C (v,) be taken 332 m/s, then 


yao dee 
546 


or v, =332+0.6lt 
Thus, the velocity of sound in air increases roughly by 0.61 m/s per degree centigrade rise in 
temperature. 


(ii) Effect of pressure From the formula for the speed of sound in a gas v = ime it appears that 


ve yp. But actually it is not so. Because 


p RT 
= a = constant at constant temperature. 
p 


That is, at constant temperature if p changes then p also changes in such a way that p/p remains 
constant. Hence, in the formula v = BE, the value of p/p does not change when p changes. 
p 


From this it is clear that if the temperature of the gas remains constant, then there is no effect of 
the pressure change on the speed of sound. 

(iii) Effect of humidity The density of moist air (i.e. air mixed with water-vapour) is less than the 
density of dry air. This is because in moist air heavy dust particles settle down due to 
condensation. Hence, density of air gets decreased thus increasing the speed of sound. Therefore, 
assuming the value of y for moist air same as for dry air (which is actually slightly less than that 


for dry air) it is clear from the formula v = YP that the speed of sound in moist air is slightly 
p 


greater than in dry air. 
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© Example 19.3 Calculate the speed of longitudinal waves in the following 
gases at0°C and 1 atm(=10° Pa): 


(a) oxygen for which the bulk modulus is 1.41 x 10° Paand density is 1.43 kg/m?. 
(b) helium for which the bulk modulus is 1.7 x 10° Pa and the density is 0.18 kg/m?. 


Solution (a) i Sa 


= 314m/s Ans. 


(b) VHe = 


ia 
p 
7 [i.7x 10° 
0.18 
= 972 m/s Ans. 


© Example 19.4 Find speed of sound in hydrogen gas at 27°C. Ratio C,,/Cy, for 
H, is 1.4. Gas constant R = 8.31 J/mol-K. 
yRT 
M 
Here, T = 27+ 273= 300K, y=1.4, R= 8.31J/mol-K, M=2x Oma kg/mol 


a 1.4 x 8.31x 300 
2107 


= 1321m/s Ans. 


Solution - v= 


Note In the above formula, put M =2 x 10° kg/mol. Don't put it 2 kg. 


© Example 19.5 At what temperature will the speed of sound in hydrogen be the 
same as in oxygen at 100°C ? Molar masses of oxygen and hydrogen are in the 
ratio 16:1. 

WRT 

M 


Solution v= 


Yu, =Yo, (as both are diatomic) 


Chapter 19 Sound Waves © 109 


My, 1 
tas -(F |= (%) (100 + 273) 
fe) 


2 


= 23.31K 
= — 249,.7°C Ans. 


INTRODUCTORY EXERCISE 


1. Calculate the temperature at which the velocity of sound in air is double its velocity at 0°C. 


2. Calculate the difference in the speeds of sound in air at -3°C, 60 cm pressure of mercury and 
30°C, 75 cm pressure of mercury. The speed of sound in air at 0°C is 332 m/s. 


3. Ina liquid with density 900 kg/m, longitudinal waves with frequency 250 Hz are found to have 
wavelength 8.0 m. Calculate the bulk modulus of the liquid. 
4. Calculate the speed of sound in oxygen at 273 K. 


19.5 Sound Intensity 


Travelling sound waves, like all other travelling waves, transfer energy from one region of space to 
another. We define the intensity of a wave (denoted by /) to be the time average rate at which energy 
is transported by the wave, per unit area across a surface perpendicular to the direction of 
propagation. We have already derived an expression for the intensity of a mechanical wave 


1 
I ==pA’w’v ...(i) 
2 
For a sound wave, 


A 
ogy, <pteona| ©”) 2 gee 
v BA 
Substituting this value in Eq. (1), we have 


Jj sow 


I==pA 2=B 

sae ae (pv? =B) 
A 2 

or p= 2 AP in ...(ii) 
2B 


Thus, intensity of a sound wave can be calculated by either of the Eqs. (i) or (ii). 


Sound Intensity in Decibels 


The physiological sensation of loudness is closely related to the intensity of wave producing the 
sound. At a frequency of | kHz people are able to detect sounds with intensities as low as 
10°’? W/m7?. On the other hand, an intensity of 1 W/ m? can cause pain and prolonged exposure to 
sound at this level will damage a person’s ears. Because the range in intensities over which people 
hear is so large, it is convenient to use a logarithmic scale to specify intensities. This scale is defined 
as follows. 
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If the intensity of sound in watts per square metre is 7, then the intensity level B in decibels (dB) is 
given by 


I 
B =10 log — ... (iii) 
Ig 
where the base of the logarithm is 10, and /, = 10°? W/m? (roughly the minimum intensity that can 
be heard). 


On the decibel scale, the pain threshold of 1 W/ m? is then 


1 
B =10 log io =120dB 


Note For the comparison of two different sounds in dB ; we can modify Eq. (iii) as 


| : 
Bo —B, =10 logyo - (iv) 
1 


Table 19.1 gives typical values for the intensity levels of some of the common sounds. 


Table 19.1 Sound intensity levels in decibels 
(Threshold of hearing = 0 dB; threshold of pain = 120 dB) 


Source of sound dB 
Rusting leaves 10 
Whisper 20 
Quiet room 30 
Normal level of speech (inside) 65 
Street traffic (inside car) 80 
Riveting tool 100 
Thunder 110 


Indoor rock concert 120 


© Example 19.6 For a person with normal hearing, the faintest sound that can 
be heard at a frequency of 400 Hz has a pressure amplitude of about 
6.0x 10° Pa. Calculate the corresponding intensity in W/m. Take speed of 


sound in air as 344 m/s and density of air 1.2 kg/m’. 
_v(APYn 
2B 
Substituting B = pv”, the above equation reduces to 
_ (Ap), _ (6.0 10°)? 
2pv 2x 1.2x 344 
=44x10'? W/m? Ans. 


Solution -; I 


I 
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© Example 19.7 Find intensity of sound in dB if its intensity in Watt/m*is 107'°. 


Solution Using the equation, 


B = 10log jo — we have 
Io 


1071 ; 
B= tess = 10 log jy 10" ) 
= 20dB Ans. 


© Example 19.8 A point source of sound emits a constant power with intensity 
inversely proportional to the square of the distance from the source. By how 
many decibels does the sound intensity level drops when you move from point P, 
to P,? Distance of P, from the source is two times the distance of source from P,. 


Solution We label the two points 1 and 2, and we use the equation B = 10 log - (dB) twice. 
0 
The difference in sound intensity level B, — 8, is given by 


I I 
Bb. =6;= (1048) {og = Jon | 
Io Io 
= (10dB) [(log /, — log J) )— (log J, — log J )] 
= (10dB) log 22 
q 


2 
Now, —_ Ss 2=(4) = as hh = 27; 
r I; ly 
B, —B, =(10dB) log (z)=- 6.0dB Ans. 


INTRODUCTORY EXERCISE 


1. Asound wave in air has a frequency of 300 Hz and a displacement amplitude of 6.0 x 10°? mm. 
For this sound wave calculate the 
(a) pressure amplitude (b) intensity (c) sound intensity level (in dB) 
Speed of sound = 344 m/s and density of air = 1.2 kg/m?®. 


2. Most people interpret a 9.0 dB increase in sound intensity level as a doubling in loudness. By 
what factor must the sound intensity be increased to double the loudness? 


3. A baby’s mouth is 30 cm from her father’s ear and 3.0 m from her mother’s ear. What is the 
difference between the sound intensity levels heard by the father and by the mother. 

4. The faintest sound that can be heard has a pressure amplitude of about 2 x 10~° N/m? and the 
loudest that can be heard without pain has a pressure amplitude of about 28 N/m2. Determine in 
each case (a) the intensity of the sound both in W/m? and in dB and (b) the amplitude of the 
oscillations if the frequency is 500 Hz. Assume an air density of 1.29 kg/m? and a velocity of 
sound is 345 m/s. 


112 © Waves and Thermodynamics 


19.6 Interference in Sound Wave and Stationary Wave 


In chapter 18, we have already discussed about the principle of superposition, interference and 
stationary wave. In the similar manner, we can make stationary waves with longitudinal (or sound) 
waves also. 


When two identical sound waves travel in opposite directions, then by their superposition (and hence 
interference) longitudinal stationary waves are formed. 


But, as we know that, with every longitudinal travelling wave three equations are associated y(x, ft), 
AP (x, t) and Ap (x, t). So, with every longitudinal stationary wave three equations are associated, 
y(x, t), AP (x, t) and Ap (x, f). 

Following three points are important with longitudinal stationary wave : 


(i) If individual displacement amplitudes of constituent travelling waves are A, each, then 
displacement amplitude in stationary wave varies from 0 to 2Ao. 


(ii) If two identical (same frequency) longitudinal waves travel in opposite directions, standing 
waves are produced by their superposition. If the equations of the two waves are written as 
Ap, = (Ap), Sin (kx — of) 
and Ap, = (Ap), Sin (kx + Of) 
then from the principle of superposition, the resultant wave is 
Ap = Ap, + Apy =2 (Ap),,, sin kx cos wt .. (i) 
This equation is similar to the equation obtained in chapter 18 for standing waves on a string. 
From Eq. (i), we can see that 
Ap=0 atx=0,A/2,A,..., etc. (pressure nodes) 
and Ap = maximum at x =A/4,3A/4,..., ete. (pressure antinodes) 


The distance between two adjacent nodes or between two adjacent antinodes is 4/2. Longitudinal 
standing waves can be produced in air columns trapped in tubes of cylindrical shape. Organ pipes 
are such vibrating air columns. 

(iii) Because the pressure wave is 90° out of phase with the displacement wave. Consequently, the 
displacement node behaves as a pressure antinode and vice-versa. 


AN iy SN A et 
Nee er 


(a) (b) (c) 
Fig. 19.4 


This can be explained by realizing that two small volume elements of fluid on opposite sides of a 
displacement node are vibrating in opposite phase. Hence, when they approach each other 
[see Fig. (a)] the pressure at this node is a maximum, and when they recede from each other, 
[see Fig. (b)]the pressure at this node is a minimum. Similarly, two small elements of fluid which 
are on opposite sides of a displacement antinode vibrate in phase and therefore give rise to no 
pressure variations at the antinode [see Fig. (c)]. 
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®% Extra Points to Remember 


e Most of the problems of interference can be solved by calculating the path difference Ax and then by 
putting 


A= 0), hy 2p cov (constructive interference) 
N= x He ace (destructive interference) 


provided the waves emitted fromS, andS, are in phase. 


e Ifthe two waves emitted fromS, andS, have already a phase difference of m, the conditions of maximas 
and minimas are interchanged, i.e. path difference 


M= a a : (for constructive interference) 
and N= Thy Ry oo (for destructive interference) 


© Example 19.9 Two sound sources S, and S, emit pure sinusoidal waves in 
phase. If the speed of sound is 350 m/s, then 
oP 


(a) for what frequencies does constructive interference occur at P? 
(6) for what frequencies does destructive interference occur at point P? 
Solution Path difference, Ax = $,P—S,P 


= 42) +4 - yay +a@y 
= 447-412 =0.35m 
(a) Constructive interference occurs when the path difference is an integer multiple of 


wavelength. 
or Ax=ni=—™ or mes where, n = 1, 2, 3,... 
ig Ax 
ee 350 2x 350 3x 350 
0.35° 0.35 ° 0.35 7 
f = 1000 Hz, 2000 Hz, 3000 Hz,..., etc. Ans. 
(b) Destructive interference occurs when the path difference is a half-integer multiple of 
wavelengths 
or Av=(2n+1)% n=0,1,2,... 
or Ax=(2n+1)—~ 
2f 


_ Qn+))v 


f 2 Ax 
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_ 350 «= 3x 350 5x 350 
2x 0.35° 2x 0.35'2x0.35° 


= 500 Hz, 1500 Hz, 2500 Hz,... Ans. 


INTRODUCTORY EXERCISE 


1. Two sound waves emerging from a source reach a point simultaneously along two paths. When 
the path difference is 12 cm or 36 cm, then there is a silence at that point. If the speed of sound 
in air be 330 m/s, then calculate maximum possible frequency of the source. 

2. A wave of frequency 500 cycle/s has a phase velocity of 350 m/s. 

(a) How far apart are two points 60° out of phase? 
(b) What is the phase difference between two displacements at a certain point at time 10°*s 
apart? 


19.7 Standing Longitudinal Waves in Organ Pipes 


When longitudinal waves propagate in a fluid in a pipe with finite length, the waves are reflected from 
the ends in a same way the transverse waves on a string are reflected at its ends. The superposition of 
the waves travelling in opposite directions forms a longitudinal standing wave. 


Transverse waves on a string, including standing waves, are usually described only in terms of the 
displacement of the string. But longitudinal standing waves in a fluid may be described either in terms 
of the displacement of the fluid or in terms of the pressure variation in the fluid. To avoid confusion 
we will use the terms displacement node and displacement antinode to refer to points where 
particles of the fluid have zero displacement and maximum displacement respectively. Similarly, 
pressure node and pressure antinode refer to the points where pressure and density variation in the 
fluid is zero or maximum, respectively. 


Conditions at the Boundary of an Organ Pipe 


Let us take an example of a closed organ pipe. In a closed pipe one end is closed and the other is open. 
When a longitudinal wave encounters the closed end of the pipe it gets reflected from this end. But the 
reflected wave is 180° out of phase with the incident wave, i.e. a compression is reflected as a 
compression and a rarefaction is reflected as a rarefaction. This is a necessary condition because the 
displacement of the small volume elements at the closed end must always be zero. Hence, a closed 
end is a displacement node. 


A sound wave is also reflected from an open end. You may wonder how a sound wave can reflect 
from an open end, since there may not appear to be a change in the medium at this point. At the open 
end pressure is the same as atmospheric pressure and does not vary. Thus, there is a pressure node (or 
displacement antinode) at this end. A compression is therefore reflected as a rarefaction and 
rarefaction as a compression. Now let us see how this reflection takes place. When a rarefaction 
reaches an open end, the surrounding air rushes towards this region and creates a compression that 
travels back along the pipe. Similarly, when a compression reaches an open end, the air expands to 
form a rarefaction. This can be said in a different way as : at the open end of the tube, fluid elements 
are free to move, so there is a displacement antinode. Thus, in a nutshell we can say that closed end of 
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an organ pipe is a displacement node or pressure antinode and open end of the pipe is displacement 
antinode or pressure node. 


A N A N 
N A A N 
y Ap y Ap 
(a) Closed organ pipe (b) Open organ pipe 
Fig. 19.6 


Similarly, both ends of an open organ pipe (open at both ends) are displacement antinodes or pressure 
nodes. 


Standing Waves in a Closed Organ Pipe 


To get resonance in a closed organ pipe sound waves are sent in by a source (normally a tuning fork) 
near the open end. Resonance corresponds to a pressure antinode at the closed end and a pressure 
node at the open end. The standing wave patterns for the three lowest harmonics in this situation are 


shown in figure. Since the node-antinode separation is 2 the resonance condition for the first 


_ Hy 
harmonic is, /= ae 
Ap =0 Ap =0 Ap =0 
Ma 
4 
he 
4 dg 
Y 4 
_ = a 
ie ag | 
a ss 
ha Be 
4 
y= @) y= 0 y= (0) 
Fig. 19.7 
ek sth ; : 3X, 5A, 4l 
Similarly, the resonance conditions for the higher harmonics are /=—~, ——.,..., etc. or, A,, =— 
n 


(where n = 1, 3, 5...). The natural frequencies of oscillation of the air in the tube closed at one end and 
open at the other are, therefore, 
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v 
ae WaT we (n=1, 3,5, ) 
Here, v=speed of sound in the tube 
ti rr (fundamental frequency or the first harmonic) 
f3 =3 7 =3f; (first overtone or the third harmonic) 
and fs =5 a =5fi (second overtone or the fifth harmonic) 
and so on. 


Thus, in a pipe closed at one end and open at the other, the natural frequencies of oscillation form a 
harmonic series that includes only odd integer multiples of the fundamental frequency. 


Standing Waves in an Open Organ Pipe 


Since both ends of the tube are open, there are 
pressure nodes (or displacement antinodes) at 
both ends. Figure shows the resulting standing 
waves for the three lowest resonant frequencies 
since the distance between pressure nodes is A/2, 


n 


the resonance condition is /=n where 


n=1,2,3,... and /is the length of the tube. The 
resonant frequencies for a tube open at both ends 
are then : 


v v 
fn = (n=1, 2, 3,...) 

v 

Here, =— 

A= 
(fundamental frequency or first harmonic) 

v 
fo = 7 =2f; 


(first overtone or second harmonic) 


fy -3(2)=34 


(second overtone or third harmonic) 


and so on. 


M 
2 


Ap =0 Ap =0 Ap =0 
{ dg 
2 
dg 
2 
zh oy 
Ap =0 Ap =0 Ap =0 
y = maximum y = maximum y = maximum 
Kk the i 
eo 2 
2 
ae 
y = maximum y = maximum y = maximum 
= iV = Vis 3V_ 
HS 57 f= — = 2h fy = 57 = 3h 
Fig. 19.8 


Thus, in a pipe open at both ends, the natural frequencies of oscillation form a harmonic series that 
includes all integral multiples of the fundamental frequency. 
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© Extra Points to Remember 

e Laplace end correction In practice, the pressure nodes lie slightly beyond the ends of the tube. A 
compression reaching an open end does not reflect until it passes beyond the end. For a thin walled tube 
of circular cross-section, this end correction is approximately 0.6 rwhere ris the tube’s radius. Hence, the 
effective length of the tube is longer than the true length /. 
Therefore, Laplace correctione = 0.6 r (in closed pipe) and 2e = 1.2r (in open pipe) 


[ w | 
Hence, =) —<——{——— in open pipe 

|20+1.2n | (erent) 
and fer) in closed pipe 

Fe ea ( Eee 


However, we neglect this small correction if the length of the tube is much larger than its diameter. 
e lfanopen pipe and aclosed pipe are of same lengths, then fundamental frequency of open pipe = =| is 


two times the fundamental frequency of closed pipe (= ral 


e In the above equations v is the speed of constituent longitudinal waves by which stationary wave is 
formed. This speed in air is given by 
yea 
M 


If temperature is increased or some light gas is filled in the pipe, then v will increase.So, this set of 
frequencies will also increase. 


e Asnincreases, v remains unchanged, fincreases. Therefore, A(= v/f)and the loop size = 5 ) decrease. 


© Example 19.10 Third overtone of a closed organ pipe is in unison with fourth 
harmonic of an open organ pipe. Find the ratio of the lengths of the pipes. 


Solution Third overtone of closed organ pipe means seventh harmonic. Given 


(fh eine = (fa Derseai 


Ans. 


© Example 19.11 An open organ pipe has a fundamental frequency of 300 Hz. 
The first overtone of a closed organ pipe has the same frequency as the first 
overtone of this open pipe. How long is each pipe? 
(Speed of sound in air = 3830 m/s) 
Solution Fundamental frequency of an open organ pipe, 
v v 330 


=> l= = 
21 2f, 2x 300 


= 55cm Ans. 
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Note Compressibility = 
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Given, first overtone of closed organ pipe = first overtone of open organ pipe 


Hence, 3 an Pe (ae 
Al. 21, 


a3 of 3 
aah (7) 58 


= 0.4125m 
= 41.25cm Ans. 


Example 19.12 A cylindrical tube, open at both ends, has a fundamental 
frequency f in air. The tube is dipped vertically in water so that half of tts 
length is in water. The fundamental frequency of the air column is now  (JEE 1981) 


(a) fl2 (b) 3fl4 (c) f (d) 2f 


Solution Initially, the tube was open at both ends and then it is closed. 


f=— and foam 


21, 4]. 
‘ ; : : l 
Since, tube is half dipped in water, /. = 5 
v 
Se fered 


Hence, the correct option is (c). 


Example 19.13 A closed organ pipe of length L and an open organ pipe 
contain gases of densities p, and p,, respectively. The compressibility of gases 
are equal in both the pipes. Both the pipes are vibrating in their first overtone 


with same frequency. The length of the open organ pipe is (JEE 2004) 
L 4L 4L 4L 

(a) = (o) = () = |P2 (a) = |P2 
3 3 3 VP. 3 VP, 

Solution. f. =f, (both first overtone) 


or q | 2 |= | 72 
AL 21, 


Hence, the correct option is (c). 


——_—_——.. Compressibility is same. Therefore, bulk modulus is also same. 
Bulk modulus 
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INTRODUCTORY EXERCISE 


1. An open pipe is suddenly closed at one end with the result that the frequency of third harmonic 
of the closed pipe is found to be higher by 100 Hz than the fundamental frequency of the open 
pipe. The fundamental frequency of the open pipe is (JEE 1996) 
(a) 200 Hz (b) 300 Hz (c) 240 Hz (d) 480 Hz 

2. An organ pipe P, closed at one end vibrating in its first harmonic and another pipe P, open at 
both ends vibrating in its third harmonic are in resonance with a given tuning fork. The ratio of 
the length of P, and P,j is (JEE 1988) 
(a) 8/3 (b) 3/8 (c) 1/6 (d) 1/3 

3. A tube closed at one end and containing air produces, when excited the fundamental note of 
frequency 512 Hz. If the tube is opened at both ends, the fundamental frequency that can be 
excited is (in Hz) (JEE 1986) 
(a) 1024 (b) 512 (c) 256 (d) 128 

4. The fundamental frequency of a closed organ pipe is 220 Hz. 

(a) Find the length of this pipe. 
(b) The second overtone of this pipe has the same frequency as the third harmonic of an open 
pipe. Find the length of this open pipe. Take speed of sound in air 345 m/s. 

5. Standing sound waves are produced in a pipe that is 0.8 m long, open at one end, and closed at 
the other. For the fundamental and first two overtones, where along the pipe (measured from 
the closed end) are 
(a) the displacement antinodes 
(b) the pressure antinodes. 

6. An organ pipe has two successive harmonics with frequencies 400 and 560 Hz. The speed of 
sound in air is 344 m/s. 

(a) Is this an open or a closed pipe? 
(b) What two harmonics are there? 
(c) What is the length of the pipe? 


19.8 Beats 


When two wavetrains of the same 
frequency travel along the same line in 
opposite directions, standing waves 41tA2 
are formed in accordance with the 
principle of superposition. In standing 
waves, amplitude is a function of 
distance. This illustrates a type of 
interference that we can call a si 

interference in space. The same rnd 

principle of superposition leads us to Fig. 19.9 

another type of interference, which we 

can call interference in time. It occurs when two wavetrains of slightly different frequency travel 
through the same region. 


T= 2b 
1 


T = period of the beat = —— 
f-fh 


A,-A2 
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If the waves are in phase at some time (say ¢ = 0) the interference will be constructive and the resultant 
amplitude at this moment will be A, + A,, where A, and A, are the amplitudes of individual 
wavetrains. But at some later time (say ft = fy), because the frequencies are different, the waves will be 
out of phase or the interference will be destructive and the resultant amplitude will be A, — A, 


1 
(if A, > A,). Later, we will see that the time ¢) is ————__ 


2h - fa) 


Thus, the resultant amplitude oscillates between A, +A, and A, —A, with a time period 


or with a frequency f = f, — f, known as beat frequency. Thus, 


1 2 


Beat frequency, f = f; — f> 


Calculation of Beat Frequency 


Suppose two waves of frequencies f, and f, (<f,) are meeting at some point in space. The 
corresponding periods are 7, and 7, (> T, ). Ifthe two waves are in phase at t = 0, they will again be in 
phase when the first wave has gone through exactly one more cycle than the second. This will happen 
at a time t = 7, the period of the beat. Let m be the number of cycles of the first wave in time 7, then the 
number of cycles of the second wave in the same time is (1 — 1). Hence, 


T =nT, .. (i) 
and T =(n-1)T, .. (il) 
Eliminating n from these two equations, we have 
TT 1 1 
%M-F 1 1 fi-h 
Tl T;, 


The reciprocal of the beat period is the beat frequency 
1 
T= ra Fi — fo: 


Alternate Method 
Let the oscillations at some point in space (say x =0) due to two waves be 


y, =A, sin2mf;t and y, =A, sin2mfzt (@ =27f ) 
If they are in phase at some time f, then 


They will be again in phase at time (¢ + 7) if, 
nf, (t+ T) =20f,(t+T) +20 
or A, @+T)=f,(¢+T)+1 ... (ii) 
1 
finds 


Note fa tuning fork is loaded with wax, its frequency decreases. On the other hand, when tuning fork is filed, its 
frequency increases. 


Solving Eqs. (i) and (11), we get T= 
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© Example 19.14 Two tuning forks A and B produce 6 beats per second. 
Frequency of Ais 300 Hz. When B is slightly loaded with wax, beat frequency 
decreases. Find original frequency of B. 


Solution Since, A and B produce 6 beats per second. Therefore, original frequency of B may 
be 306 Hz or 294 Hz. 


When B is loaded with wax, its frequency will decrease (suppose it decreases by 1Hz). So, if it is 
306Hz, it will become 305 Hz. If it is 294 Hz, it will become 293 Hz. 

Frequency of A is unchanged (= 300Hz). If f, becomes 305Hz, then beat frequency will 
become 5 Hz. If f, becomes 293 Hz, then it will become 7Hz. But in the question it is given that 
beat frequency has decreased. So, the correct answer is 306 Hz. 


© Example 19.15 The string of a violin emits a note of 400 Hz at its correct 
tension. The string is bit taut and produces 5 beats per second with a tuning 
fork of frequency 400 Hz. Find frequency of the note emitted by this taut string. 


Solution The frequency of vibration of a string increases with increase in the tension. Thus, 
the note emitted by the string will be a little more than 400 Hz. As it produces 5 beats per second 
with the 440 Hz tuning fork, the frequency will be 405 Hz. 


© Example 19.16 Two tuning forks P and Q when set vibrating, give 4 beats 
per second. If a prong of the fork P is filed, the beats are reduced to 2 per 
second. Determine the original frequency of P, if that of Q is 250 Hz. 
Solution There are four beats between P and Q, therefore the possible frequencies of P are 246 
or 254 (that is 250+ 4) Hz. 
When the prong of P is filed, its frequency becomes greater than the original frequency. 
If we assume that the original frequency of P is 254, then on filing its frequency will be greater 
than 254. The beats between P and Q will be more than 4. But it is given that the beats are 
reduced to 2, therefore, 254 is not possible. 
Therefore, the required frequency must be 246 Hz. 


(This is true, because on filing the frequency may increase to 248, giving 2 beats with QO of 
frequency 250 Hz) Ans. 


INTRODUCTORY EXERCISE 


1. A tuning fork produces 4 beats per second with another tuning fork of frequency 256 Hz. The 
first one is now loaded with a little wax and the beat frequency is found to increase to 6 per 
second. What was the original frequency of the first tuning fork? 


2. A tuning fork of unknown frequency makes three beats per second with a standard fork of 
frequency 384 Hz. The beat frequency decreases when a small piece of wax is put on a prong of 
the first fork. What is the frequency of this fork? 
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19.9 The Doppler’s Effect 


If a wave source and a receiver are moving relative to each other, the frequency observed by the 
receiver (f’) is different from the actual source frequency (f). This phenomenon is called the 
Doppler’s effect, named after the Austrian physicist Christian Johann Doppler (1803-1853), who 
discovered it in light waves. 
Perhaps you might have noticed how the sound of a vehicle’s horn changes as the vehicle moves past 
you. The frequency (pitch) of the sound you hear as the vehicle approaches you is higher than the 
frequency you hear as it moves away from you. The Doppler’s effect applies to waves in general. Let 
us apply it to sound waves. We consider the special case in which the source and observer move along 
the line joining them. We will use the following symbols, 

v= speed of sound, v, = speed of source and v,, = speed of observer 
and v,, =velocity of medium in which sound travels. 


For example, if Doppler’s effect is observed in air, it is wind velocity. If Doppler’s effect is observed 
inside a river, then it is river velocity. 
The general formula of the changed frequency is 


, (vty, tv, 
yo[eEae), 


viv, £y¥, 


Sign Convention 


V, We are talking about that sound which is travelling from source to observer (S to QO). If the 


medium is also travelling in the same direction, then it means medium is supporting the sound. So, 
take positive sign both in numerator and denominator. If the medium travels in opposite direction, 
then take negative sign. If nothing is given in the question, then take it zero. 


v,andv, The concept is approaching nature always increases the frequency. So, take positive sign 
with v,, (because it is in numerator) and negative sign with v, (as it is in denominator). On the other 
hand, receding nature decreases the frequency. So, take negative sign with v, and positive sign with 
v,. Now, let us make some different cases. 


Case 1 
— > Wind 
a ¢ 7% 
tres, 
Sound 
Fig. 19.10 


In the given figure, sound is travelling from right to left but wind is blowing from left to right, so we 
will have to take negative sign with wind velocity. Observer is approaching towards source, so take 
positive sign with v,. Source is receding from the observer, so take positive sign with v,. The correct 


formula is given below 
, V—Vwind + Vo 
| ioe) | areeeremmeenrenreg | 2 


V—Vwing + Vs 
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Case 2 
+ Wind 
> _———# 
oO Ss 
nnn 
Sound 
Fig. 19.11 


Sound and wind both are travelling in the same direction (from S to O), so take positive sign with 
wind velocity. Source and observer both are approaching towards each other. So, take positive sign 
with v, and negative sign with v,. Therefore, the correct formula is 


p= a +Vo \ 


V+Vwind — Vs 


Now, let us derive two special cases when medium velocity is zero. 


Source at Rest, Observer Moves 
Suppose that the observer O moves towards the source S at speed v,,. The speed of the sound waves 


relative to Ois v, =v +v,, but wavelength has its normal value A = Thus, the frequency heard by 


Ois 


pr=(*e) @ 
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Source Moves, Observer at Rest 
Suppose that the source S moves towards O as shown in figure. $ > Vs 


*O 


If S were at rest, the distance between two consecutive wave pulses emitted by Fig. 19.13 


Vv : ; ; . 
sound would be A = 7 = vT. However, in one time period S moves a distance 


v,T before it emits the next pulse. As a result the wavelength is modified. Directly ahead of S the 
effective wavelength (for both S and O) is 


Maw yt =v, )P=[2—) 


The wavelength in front of the source 
is less than the normal whereas in the 
rear it is larger than normal. 


Fig. 19.14 


The speed of sound waves relative to O is simply v. Thus, the frequency observed by O is 


, Vv v 
f -t-(-)s 


If S were moving away from O, the effective wavelength would be A’ = ¢ 


s=( . Jr 
V+y, 


Vs 


) and the apparent 


frequency would be 


Combining these two results, we have 


: v 3 
7 .. (il 
f c 7 Jr (i) 
All four possibilities can be combined into one equation 
, v + Vo wee 
f°=|—=—_|f ... (iii) 
vFy, 


where the upper signs (+ numerator, — denominator) correspond to the source and observer along the 
line joining the two in the direction toward the other, and the lower signs in the direction away from 
the other. 
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Alternate Method 
The above formulae can be derived alternately as discussed below. 


—_>—__oe—______0—_>_____—_———_-# 
Ss ve & 6 oO 
«k——_>| -—_———__—_——> | 
VsT Voty 
Fig. 19.15 


Assume that the source and observer are moving along the same line and that the observer O is to the 
right of the source S. Suppose that at time ¢ = 0, when the source and the observer are separated by a 
distance SO = /, the source emits a wave pulse (say p,) that reaches the observer at a later time ¢,. In 
that time the observer has moved a distance v, ¢; and the total distance travelled by p, in the time ¢, 
has been /+ v,t,. If v is the speed of sound, this distance is also vt,. Then, 


vty = I+ Voli 
l 


or i= ...(iV) 
V—Vo 


At time t=T7, the source is at S’ and the wave pulse (say p,) emitted at this time will reach the 
observer at a time say ¢,, measured from the same time ¢ =0, as before. The total distance travelled by 
D> till it is received by the observer (measured from S” ) is (/— v,7) + v, t,. The actual travel time for 
P> is (t, —T) and the distance travelled is v (t, — T). Therefore, 


_l+(ayv,)T 


or ty =————— ...(V) 
v-Vv, 


The time interval reckoned by the observer between the two pulses emitted by the source at S and at 


S’is 
¥ yee Vs 
VV 
This is really the changed time period as observed by the observer. Hence, the new frequency is 


| v-v, \1 
T v-v, )T 


tv, 


‘ : ; a 
This is a result which we can expect by using equation f’ = [ 


= f in the case when source is 
vt Vg 


moving towards observer and observer is moving away from the source. 
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® Extra Points to Remember 

e We have derived equation number (iii) by assuming that v, and v, are along the line joining source and 
observer. If the motion is along some other direction, the components of velocities along the line joining 
source and observer are considered. 


vi 
Omg 
; ‘Sarvs 
Fig. 19.16 
For example in the figure shown, if = Vat Woieoe? f 
v+v,cos® 


e Change in frequency depends on the fact that whether the source is moving towards the observer or the 
observer is moving towards the source. But when the speed of source and observer are much lesser than 
that of sound, the change in frequency becomes independent of the fact whether the source is moving or 
the observer. This can be shown as under. 

Suppose a source is moving towards a stationary observer, with speedu and the speed of sound is v, then 


=i 
ee ot =| 
v-u jo4 V 
V 


Using the binomial expansion, we have 


pe(tee)r if u<<v 
V 


On the other hand, if an observer moves towards a stationary source with same speed u, then 
pa(Se\ralts “\f 
Vv Vv 
which is same as above. 


e Aslongasv, andv, are along the line joiningS and O, Doppler’s effect (or change in frequency) does not 
depend on the distance between S and O. For example in the given figure, 


0 s 
——————q“1 


d 
Fig. 19.17 


pe (= Vo 
Vv 


f’>f but it is constant and independent of ‘a’. 
eae Vv 
e Frequency is given by f = e 


By the motion of source, 4 changes, therefore frequency changes. But, from the motion of observer, 
relative velocity v between sound and observer changes, therefore frequency changes. 

e Despite the motion of source or observer (or both), Doppler’s effect is not observed (or f’= f) under the 
following four conditions. 
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Condition 1 v, or v, is making an angle of 90° with the line joining S and O. This is illustrated in the 
following figure. 


O Vo 


OR 


Fig. 19.18 


Condition 2. Source and observer both are in motion but their velocities are equal or relative motion 


between them is zero. 
Vs Vo 


6. AB. 
§ fo) 
Fig. 19.19 


In the figure shown, Vv, =V, ifvs=V, anda =B 


Taking the components along SO, we have f’= (t au: E) = f=fbecausev, =v, anda=f 


V-V,COS & 
Condition 3 Source and observer both are at rest. Only medium is in motion. ——> Wind 
In the figure shown, source and observer are at rest. Only wind is blowing in a direction $ fe) 
from source to observer. The changed frequency is Fig. 19.20 
f= ({e Vind =f 

V+ Vwind 

Condition 4 Vo 
Vs 
Fig. 19.21 

Atrain is travelling on a circular track. Engine is the source of sound and guard is the observer. Although, 

V5 #V 


yet f’ comes out to be f. 

Exercise Derive the above result. 

Doppler’s Effect in Light 

Light waves also show Doppler’s effect. If a light source is moving away from a stationary observer, then 
the frequency of light waves appear to be decreased and wavelength appear to be increased and 
vice-versa. 

If the light source or the observer is moving with a velocity v such that the distance between them is 
decreasing, then the apparent frequency of the source will be given by 
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If the distance between the light source and the observer is increasing, then the apparent frequency of the 
source is given by 


The change in wavelength can be determined by 
Len 
C 


If the light source is moving away from the observer, the shift in the spectrum is towards red and if it is 
moving towards the observer the shift is towards the violet. 


Note The Doppler's effect in light depends only on the relative motion between the source and the observer 
while the Doppler's effect in sound also depends upon whether the source is moving or the observer is 
moving. 


© Example 19.17 Acar approaching a crossing C at a speed of 20 m/s sounds a 
horn of frequency 500 Hz when 80 m from the crossing. Speed of sound in air is 
330 m/s. What frequency is heard by an observer (at rest) 60 m from the 
crossing on the straight road which crosses car road at right angles? 


Solution The situation is as shown in figure. (Cars 80m C 
80 4 
cos 8 = —_ = — 
100 5 
100 m 60m 
v 
A t fi : = | —————_. 
eae Soop (— Vv, COS 5; f © (Observer) 
2a6 Fig. 19.22 
= (500) 
330-— 20x — 
5) 
= 525.5 Hz Ans. 


© Example 19.18 A siren emitting a sound of frequency 1000 Hz moves away 
from you towards a cliff at a speed of 10 m/s. 
(a) What is the frequency of the sound, you hear coming directly from the siren? 
(6) What is the frequency of sound you hear reflected off the cliff. Speed of sound in 
air is 330 m/s? 


Note For reflected sound cliff can be assumed as a plane mirror. 


Solution (a) Sound heard directly 


f= fol : ) => y,=10 m/s 
vty, 


= 970.6 Hz Ans. 
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(b) The frequency of the reflected sound is given by 


Cliff 
f=( oat ) 1000 Fig. 19.23 
= 103125 Hz Ans. 


© Example 19.19 A whistle of frequency 540 Hz rotates in a circle of radius 2 m 
at a linear speed of 30 m/s. What is the lowest and highest frequency heard by 
an observer a long distance away at rest with respect to the centre of circle? 
Take speed of sound in air as 330 m/s. Can the apparent frequency be ever 
equal to actual? 


Solution Apparent frequency will be minimum when the Vs 
source is at N and moving away from the observer. 
v PURE M K 
I nits = tf O 
v+y, 
Vs 
=| 27 _ lesa saosin yy 
330+ 30 Fig. 19.24 
Frequency will be maximum when source is at L and approaching the observer. 
v 330 
= = 540 
Fas feu a) 
= 594 Hz Ans. 


Further, when the source is at VM and K, angle between velocity of source and line joining source 
and observer is 90° or v, cos 8 = v, cos 90° = 0. So, there will be no change in the apparent 
frequency. 


Note Although the source velocity v, is not along the line joining S and O but at a long distance we can assume 


that it is along SO. 


© Example 19.20 Two tuning forks with natural frequencies 340 Hz each move 
relative to a stationary observer. One fork moves away from the observer while 
the other moves towards him at the same speed. The observer hears beats of 
frequency 3 Hz. Find the speed of the tuning fork (velocity of sound in air is 
340 m/s). 


Note The difference in apparent frequencies is very small (3 Hz). So, we may conclude that the speed of source 


(v,) << speed of sound (v). Therefore, we can neglect the higher terms of Vs 
Vv 


Solution Given, f-h=3 


; os alco 
V—-Vy Vryy 
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or f=3 


. (4) -4) Jo 
ree 


2 
or Met 8 3 
v 
: 3v 
or Speed of tuning fork, v, = ey 
Substituting the values, we get 
Vv, = De) =1.5 Ans. 
(2) (340) 
INTRODUCTORY EXERCISE 
1. A whistle giving out 450 Hz approaches a stationary observer at a speed of 33 m/s. The 
frequency heard by the observer (in Hz) is (Speed of sound = 330 m/s) (JEE 2000) 
(a) 409 (b) 429 
(c) 517 (d) 500 


2. Atrain moves towards a stationary observer with speed 34 m/s. The train sounds a whistle and 
its frequency registered by the observer is f. If the train’s speed is reduced to 17 m/s, the 
frequency registered is f,. If the speed of sound is 340 m/s, then the ratio f/f, is (JEE 1997) 
(a) 18/19 (b) 1/2 
(c)2 (d) 19/18 

3. Asiren placed at a railway platform is emitting sound of frequency 5 kHz. A passenger sitting in 
a moving train Arecords a frequency of 5.5 kHz, while the train approaches the siren. During his 
return journey in a different train B he records a frequency of 6.0 kHz while approaching the 


same siren. The ratio of the velocity of train B to that of train A is (JEE 2002) 
(a) 242/252 (b) 2 
(c) 5/6 (d) 11/6 


4. Atrain is moving on a straight track with speed 20 ms‘. Itis blowing its whistle at the frequency 
of 1000 Hz. The percentage change in the frequency heard by a person standing near the track 
as the train passes him is close to (speed of sound = 320 ms~') (JEE 2015 Main) 
(a) 12% (b) 6% 

(c) 18% (d) 24% 


Solved Examples 


TYPED PROBLEMS 


Type 1. Based on Doppler’s effect and Beats together 


Concept 
(i) If there is a relative motion between source and observer, frequency changes. 
(ii) Natural frequencies of a stretched wire are 


ti -»(2)=>] a (where n =1, 2,...) 


2l al 


If tension in the wire is changed, then frequency changes. 
(iii) Natural frequencies of a closed pipe are 


7) 
=n|— where n= 1, 8,... 
t= (3) ( ) 
and natural frequencies of an open pipe are 
U 
=n|— where n=1, 2,... 
h=n() ( ) 
Here, v= yRT 
M 


When temperature is increased, these sets of frequencies also increase. 
(iv) Beat frequency is given by 


fh=h-fe (ff, > fa) 


© Example 1 The first overtone of an open organ pipe beats with the first overtone 
of a closed organ pipe with a beat frequency of 2.2 Hz. The fundamental frequency 
of the closed organ pipe is 110 Hz. Find the lengths of the pipes. Speed of sound 
in air v = 330 m/s. 
Solution Let 1, and J, be the lengths of closed and open pipes respectively. 


Fundamental frequency of closed organ pipe is given by 
v 


AR a 
where vis speed of sound in air and 330 mé equal to 
But, f, =110 Hz (given) 
Therefore, ee 110 Hz 

4l, 
v 330 


m=0.75 m 


1 = Fyd10 4x 110 
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First overtone of closed organ pipe will be 
f; =3f, =3 (110) Hz =330 Hz 
This produces a beat frequency of 2.2 Hz with first overtone of open organ pipe. 
Therefore, first overtone frequency of open organ pipe is either 
(830 + 2.2) Hz = 332.2 Hz 
or (830 — 2.2) Hz = 327.8 Hz 
If it is 332.2 Hz, then 


2| | =332.2 Hz 
or pee Le 
332.2 332.2 


and if it is 327.8 Hz, then 
2| | =327.8 Hz 
21, 
v 330 
7 a 
327.8 327.8 


Therefore, length of the closed organ pipe is J, = 0.75 m while length of open pipe is either 
l, =0.99 m or 1.0067 m. Ans. 


or ly m=1.0067 m 


© Example 2. A vibrating string of certain length | under a tension T resonates with 
a mode corresponding to the first overtone (third harmonic) of an air column of 
length 75 cm inside a tube closed at one end. The string also generates 4 beats/s 
with a tuning fork of frequency n. Now when the tension of the string is slightly 
increased the number of beats reduces to 2 per second. Assuming the velocity of 


sound in air to be 340 m/s, the frequency n of the tuning fork in Hz is (JEE 2008) 
(a) 344 (b) 336 
(c) 117.3 (d) 109.8 


Solution With increase in tension, frequency of vibrating string will increase. Since, number 
of beats are decreasing. Therefore, frequency of vibrating string or third harmonic frequency of 
closed pipe should be less than the frequency of tuning fork by 4. 


Frequency of tuning fork = third harmonic frequency of closed pipe + 4 


-3(Z)+4-3 ned Je 
Al 4x0.75 


=344 Hz 


.. Correct option is (a). 


© Example 3 Two identical straight wires are stretched so as to produce 6 beats/s 
when vibrating simultaneously. On changing the tension slightly in one of them, 
the beat frequency remains unchanged. Denoting by T,,T, the higher and the 
lower initial tension in the strings, then it could be said that while making the 
above changes in tension (JEE 1991) 
(a) T, was decreased (b) T, was increased 
(c) T, was decreased (d) T, was increased 
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Solution T, >T, 


U, > Ug 
or h>h 
and f, — fp =6 Hz 


Now, if 7; is increased, f, will increase or f, — f, will increase. Therefore, (d) option is wrong. 
If T, is decreased, f, will decrease and it may be possible that now f,-—f, become 
6 Hz.Therefore, (c) option is correct. 


Similarly, when T, is increased, f, will increase and again f, — f, may become equal to 6 Hz. So, 
(b) is also correct. But (a) is wrong. 


© Example 4_ A sonometer wire under tension of 64 N vibrating in its fundamental 
mode is in resonance with a vibrating tuning fork. The vibrating portion of the 
sonometer wire has a length of 10 cm and mass of 1 g. The vibrating tuning fork is 
now moved away from the vibrating wire with a constant speed and an observer 
standing near the sonometer hears one beat per second. Calculate the speed with 


which the tuning fork is moved, if the speed of sound in air is 300 m/s. (JEE 1983) 
Solution Fundamental frequency of sonometer wire, 
Perea 
21 2l\u 
— 1 [64x01 
2x01V 10° 
= 400 Hz 
Given beat frequency, f,=f—-f’=1Hz 
f’=399 Hz 
Using fat E 
U+ U, 
or 399 = 400 a) 
300 + v, 
Solving we get, vu, =0.75 m/s Ans. 


Type 2. Reflection of a sound from a wall and beats 


Concept 


Wall 


A source of sound is approaching towards a wall. An observer hears two sounds. One is 
direct from the source and the other reflected from wall. If both frequencies are same, then 
the observer will hear no beats and if there is a frequency difference then beats are heard to 
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the observer. This all depends on the position of observer. For finding the frequency of 
reflected sound we have the following two approaches. 


Approach1 Take wall as a plane mirror. Image of S on this plane mirror will behave like 
another source S’ for the reflected sound. 


Wall 
For example, in the shown figure both direct sound source S and reflected sound source S’ 
are approaching towards the observer. 


Approach 2 First consider wall as an observer for the sound received to it from the source 
S. Now, consider this wall as a source for reflected sound. 


© Example 5 A siren emitting a sound of frequency 1000 Hz moves away from you 
toward a cliff at a speed of 10 m/s. 
(a) What is the frequency of the sound you hear coming directly from the siren? 
(6) What is the frequency of the sound you hear reflected off the cliff? 
(c) What beat frequency would you hear? Take the speed of sound in air as 330 m/s. 
Solution The situation is as shown in figure. 


Ss S' 


O5 


Cliff 


(a) Frequency of sound reaching directly to us (by S) 


_{ ov 
or 


_{ 330 
- [se + ia] aes 


=970.6 Hz Ans. 
(b) Frequency of sound which is reflected from the cliff (from S’ ) 


_( v0 ),_( 330 
fa feu fed ny 


= 1031.3 Hz Ans. 


(c) Beat frequency = fy — f, 
= 60.7 Hz Ans. 


Note Numerically the beat frequency comes out to be 60.7 Hz. But, beats between two tones can be detected by 
ear upto a frequency of about 7 per second. At higher frequencies beats cannot be distinguished in the 
sound produced. Hence, the correct answer of part (c) should be zero. 
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© Example 6 A source of sound of frequency f is approaching towards a wall with 
speed v,. Speed of sound is v. Three observers O,, O. and O, are at different 
locations as shown. Find the beat frequency as observed by three different 
observers. 


Wall 


Wall 


fy >f; 


2uv, 
-( - | f Ans. 


Observer O, O, has no relative motion with S. Therefore, there will be no change in the 
frequency of direct sound from S. Further, O, and S’ are approaching towards each other. 
Therefore, the frequency of reflected sound will increase. 


But Ug, =U; 


= (2 ) f Ans. 


Observer O, SandS’ both are approaching towards O;. So, both frequencies will increase. 
But after the increase they are equal. So, beat frequency will be zero. 


fante=t( ° 
U-U, 


fy =f, — fr =0 
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© Example 7 A sound wave of frequency f travels horizontally to the right. It is 
reflected from a large vertical plane surface moving to left with a speed v. The 
speed of sound in medium is c (JEE 1995) 
(a) The number of waves striking the surface per second is f ak, 

c(c— v) 

f(c+v) 


(c) The frequency of the reflected wave is f . a 
cu 


(6) The wavelength of reflected wave is 


(d) The number of beats heard by a stationary listener to the left of the reflecting surface is 
v 


c-U 


Solution Moving plane is like a moving observer. Therefore, number of waves encountered by 
moving plane, 


v+U ctu 
ire alas eH 
7) c 
Frequency of reflected wave, A= fi{ = ) (22) aes ¢ 
U- U, c—-U Sound 


Wavelength of reflected wave, Leo =" (: - ; 


Beat frequency, f, = f,—f = its :) f= ae 


c—U c—U 


Therefore, the correct options are (a), (b) and (c). 


Type 3. Based on the experiment of finding speed of sound using resonance tube 


Concept 


(i) Ifa vibrating tuning fork (of known frequency) is held over the open end of a resonance 
tube, then resonance is obtained at some position as the level of water is lowered. 


ef e 


Al > 


(i) (ii) 


If eis the end correction of the tube and /, is the length from the water level to the top of the 
tube, then 
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r : 
Cake ..-(i) 


Now, the water level is further lowered until a resonance is again obtained. If J, is new 
length of the air column, then 


Subtracting Eq. (1) from Eq. (ii), 
we get 
r 
ly = L _ 9 
or b= lah) = 7 [a= 2) 
v = 2f (1, —1,) 


(ii) The above result is independent of the end correction e. 


(iii) In the above two figures v, A, f and loop size (- | are same in both figures. Length of 


closed organ pipe is different. In the second figure, length is more. So, the fundamental 


frequency G Z| will be less. 


Suppose frequency of given tuning fork is 300 Hz. Then, fundamental frequency of first 
pipe is also 300Hz. But fundamental frequency of the second pipe should be 100 Hz. So, 
that its next higher frequency (or first overtone frequency) which is three times the 
fundamental (= 3x 100=300Hz) should also be in resonance with the given tuning fork. 


© Example 8 A tuning fork of 512 Hz is used to produce resonance in a resonance 
tube experiment. The level of water at first resonance is 30.7 cm and at second 


resonance is 63.2 cm. The error in calculating velocity of sound is (JEE 2005) 
(a) 204.1 cm/s (6) 110 cm/s 
(c) 58 cm/s (d) 280 cm/s 
Solution Actual speed of sound in air is 330 m/s 
: = (I, — 1.) = 63.2 — 30.7) cm = 32.5 cm = 0.325 m 
or A =0.65 m 


Speed of sound observed, uy = f A =512 x 0.65 = 332.8 m/s 
Error in calculating velocity of sound = 2.8 m/s = 280 cm/s 
:. The correct option is (d). 


© Example 9 In the experiment for the determination of the speed of sound in air 
using the resonance column method, the length of the air column that resonates in 
the fundamental mode, with a tuning fork is 0.1 m. When this length is changed to 
0.35 m, the same tuning fork resonates with the first overtone. Calculate the end 
correction. (JEE 2003) 
(a) 0.012 m (b) 0.025 m (c) 0.05 m (d) 0.024 m 
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Solution Let ebe the end correction. 


Given that, fundamental tone for a length 0.1m = first overtone for the length 0.35 m. 
v 3u 


401+ 40.3546 


Solving this equation, we get e= 0.025m =2.5 cm. 
The correct option is (b). 
Alternate method 
lt+e=38A/4 and 1+e=A/4 
Solving these two equations, we get 
He I,-3h 0.85-3x0.1 _ 
2 2 


0.025 m 


© Example 10 A student is performing the experiment of resonance column. The 
diameter of the column tube is 4 cm. The frequency of the tuning fork is 512 Hz. 
The air temperature is 38° C in which the speed of sound is 336 m/s. The zero of 
the meter scale coincides with the top end of the resonance column tube. When the 


first resonance occurs, the reading of the water level in the column is (JEE 2012) 
(a) 14.0 cm (b) 15.2 cm 
(c) 16.4 cm (d) 17.6 cm 
Solution With end correction, 
aapeertt (where, n =1,3,...) 
U 
=n} —_—“— 
F (1+ 0.6 | 


Because, e=0.6 r, where r is radius of pipe. 
For first resonance, n =1 


= : or l= z 0.6r = ooo 100 —0.6 x2}/cm 
4 (1+ 0.6 r) 4f 4x512 


= 15.2 cm 
The correct option is (b). 


Type 4. Based on a situation which is similar to Doppler’s effect 


Concept 
Let us take an example. 


— 5m/s 


F, CzOe I 


Child-1 Child-2 


A belt shown in figure is moving with velocity 5 m/s. Child-1 is placing some coins over the 
belt at a regular interval of 1sec. Child -2 is receiving the coins on the other hand. Now, let 
us compare this situation with Doppler’s effect. 
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Child-1 is source, child-2 is observer, velocity of belt is net velocity of sound (= v+ v,, ) by 
which sound travels from source to observer. Actually, in this case 


v = velocity of coin (similar to velocity of sound) 
=0 
U,, = velocity of medium (or velocity of belt) 
=5mss 
T = time interval of placing two successive coins 


=1sec 


f= z =number of coins placed per second 


A = distance between two coins = v,,T = 5m. 
Now, let us consider the different cases. 


Case1 When source (child-1) and observer (child-2) both are at rest only belt (or medium) 
is in motion. In this case, distance between two coins moving towards child-2 with 5m/sis 


5m. If child-2 receives first coin at time ¢, =0, then he will receive the second coin at 


to = bats = sec. 
5m/s 


T’ = time interval of receival of two successive coins 


Result By the motion of only medium, there is no change in frequency. 
Case 2) If child-1 (or source) starts moving towards child-2 with 2 m/s. Then, in 7'=1sec, 


belt will move a distance of 5m towards child-2 and child-1 will also travel a distance of 2m 
towards child-2 at the time of placing the second coin. Hence, 


= new distance between two successive coins = (5— 2)m= 3m 
Now, if child-2 receives the first coin at time ¢, =0, then he will receive the sone coin (at a 
distance of 3m from first coin) moving towards him with 5 m/s at time ft, “e sec. 


1 5 
=—Hz or f’> 
LO 38 a 


Result By the motion of source only wavelength changes therefore frequency changes. 


T’=t,-t, = = see or f’= 


Case 3, Child-1 (or source) is stationary and child-2 starts moving towards child-1 with 
2 m/s. This time, 

4 = distance between two successive coins is unchanged or 5 m. 

But coins and child-2 are moving towards each other with 5 m/s and 2 m/s, respectively. 
Therefore, relative velocity between them is 7m/s. So, if child-2 receives the first coin at 
time t, =0, then he will receive the second coin at time t, -2 sec 


5 1 #7 
T’=t,.—-t, =—sec or f’= =—Hz or f’> 
eae f a Poy 


, 
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Result By the motion of observer relative velocity between sound and observer changes. 
Therefore, frequency changes. 


Note /ncase-2, f’= - Hz and in case-3, f’ = - Hz. These two are not same, although speeds are same in both 


cases but change in frequency is different. 


Type 5. When v, orv, are not along the line joining S and O but they are very far from each other. 


Concept 


In this case, we take components of v, and v, along the line SO. For example in the figure 
shown below, 


If source is very far from observer, then 
86> 0° or cosO>1 


role 
U-U, 


© Example 11_ A source of frequency f is moving towards the observer along the 


line SO with a constant velocity v, as shown in figure. Plot f’ versus t graph. 
Where f’ is the changed frequency observed by the observer. 


Ss Vs O 
Solution During approach 
; U 
f=f ) =f, (say) 
U-0U, 
eo 
but f’ is constant with time. 
During recede 
; v 
f -+{ )-t (say) ‘a 
U+ U, 
‘ f, 
Psy ' 
but f’ is constant with time. The correct /’ versus t graph is as f 
shown. fy 


In the figure, ¢, is the time when source is crossing the observer. : 
> 
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© Example 12 Repeat example-11 if source does not move along the line SO. 


Solution The changed frequency /’ is now, 


ram v 
f -1(52; | 


This time /’ is not constant but it is a function of 8, which is variable. But, at a far distance, 


r=4( 7 
U-U, 


and this is the maximum value of f’ (say finax) 
At point P, 8 =90° 


8— 0° or cos8@—- 1 or 


P=t 


_ v 
f “(= io 


r-t| “ ) 
U+ U, 


This time, this is the minimum value of f’ (say finin)- 
to fnin» With f’ =f at the time of crossing P. 


During receding (to the right of P) 


Again, at large distance from P, 
8— 0° or cos0@> 1 


Hence, f’ varies from f, 


max 


The correct f’ versus t graph is as shown below. 


© Example 13 A whistle emitting a sound of frequency 440 Hz is tied to a string 
of 1.5 m length and rotated with an angular velocity of 20 rad/s in the horizontal 
plane. Calculate the range of frequencies heard by an observer stationed at a large 
distance from the whistle. (Speed of sound = 330 m/s). (JEE 1996) 
Solution —v, = Speed of source (whistle) = Ra = (1.5) 20) m/s, v, = 30 m/s 


Maximum frequency will be heard by the observer in position P and minimum in position Q. 
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Now, 


U-U, 


where, v= speed of sound in air = 330 m/s 


or 


and 


P 
Vs 
oT 
Q 
=4a0)| 2"? — lee 
330 — 30 


fmax = 484 Hz 


- vp) 330 
froin ite -| a0)( ees) 


fin = 403.33 Hz 


Therefore, range of frequencies heard by observer is from 484 Hz to 403.33 Hz. 


Miscellaneous Examples 


© Example 14 The water level in a vertical glass tube 1.0 m long can be adjusted 
to any position in the tube. A tuning fork vibrating at 660 Hz is held just over the 
open top end of the tube. At what positions of the water level will there be in 
resonance? Speed of sound is 330 m/s. 


Solution Resonance corresponds to a pressure antinode at closed end and pressure node at 


open end. Further, the distance between a pressure node and a pressure antinode is me the 


condition of resonance would be, 


Length of air column /=n * =n ( . 


Here, n =1,38,5,... 


4f 


330 
4 x 660 


1-00 ]-0.25m 


l, = 31, =0.375 m 
i, =51, =0.625 m 
1, = 7], =0.875 m 
L =91, =1.125 m 


Since, £, > 1 m (the length of tube), the length of air columns can have the values from J, to 1, 


only. 
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Therefore, level of water at resonance will be 
(1.0 — 0.125) m =0.875 m 
(1.0 — 0.375) m =0.625 m 
(1.0 — 0.625) m =0.375 m 
and (1.0 — 0.875) m =0.125 m Ans. 


0.875m e 


0.625m 0.375m 


0.125m | 


In all the four cases shown in figure, the resonance frequency is 660 Hz but first one is the 
fundamental tone or first harmonic. Second is first overtone or third harmonic and so on. 


© Example 15 A tube 1.0 m long is closed at one end. A stretched wire is placed 
near the open end. The wire is 0.3 m long and has a mass of 0.01 kg. It is held 
fixed at both ends and vibrates in its fundamental mode. It sets the air column in 
the tube into vibration at its fundamental frequency by resonance. Find 
(a) the frequency of oscillation of the air column and 
(b) the tension in the wire. 
Speed of sound in air = 330 m/s. 


Solution (a) Fundamental frequency of closed pipe = a 


= —— = 82.5 Hz Ans. 
4x1 


(b) At resonance, given that : 
fundamental frequency of stretched wire (at both ends) 


= fundamental frequency of air column 


= 82.5 Hz 


or T =u (2 x0.3 x 82.5)" 


= Ga 2 x 0.3 x 82.5)? 
0.3 


= 81.675 N Ans. 
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© Example 16 Two coherent narrow slits emitting 
sound of wavelength i in the same phase are placed 


P 
parallel to each other at a small separation of 2X. roa ig 
The sound is detected by moving a detector on the here O 
screen at a distance D(>>) from the slit S, as : 7 
shown in figure. Find the distance y such that the * D 
intensity at P is equal to intensity at O. Screen 


Solution At point O on the screen the path difference between the sound waves reaching from 
S, and Sz is 2A, i.e. constructive interference is obtained at O. At a very large distance from 
point O on the screen the path difference is zero. 


z@P_ Ax is decreasing 
from 2A to 0 


O Ax=2xr 


Thus, we can conclude that as we move away from point O on the screen path difference 
decreases from 2A to zero. At O constructive interference is obtained (where Ax = 2A). So, next 
constructive interference will be obtained where Ax = Xi. Hence, 


S,P—S,P=ih 
or (Day \y?4 (D-2A)? =A 


(Pee ahead + OB 
On squaring both sides, we get 


D? + y?4+ 227-2) | D? + 9? = y? + D7 4+ 4A? - 44D 


or 2D? + y? =4D-—3n 
as D>>A, 4D —3i =4D 
2,/D? + 7 =4D 


or ID? + y2 =2D 


Again squaring both sides, we get 


D? ais y =4p? 
or y=73 D Ans. 


Alternate method Let Ax=) at angle 0 as shown. Path difference between the waves is 
S,M = 2A cos 0 because SP =~ MP 


2 2X cosO=A (Ax = 1) 
or 6 =60° 
Now, PO =S,0 tan 8 =S,0 tan 60° 


or y=~3 D Ans. 
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© Example 17_ A fighter plane moving in a vertical loop with constant speed of 
radius R. The centre of the loop is at a height h directly overhead of an observer 
standing on the ground. The observer receives maximum frequency of the sound 
produced by the plane when it is nearest to him. Find the speed of the plane. 
Velocity of sound in air is v. 
Solution Let the speed of the plane (source) be v,. Maximum frequency will be observed by 
the observer when v, is along SO. The observer receives maximum frequency when the plane is 
nearest to him. That is as soon as the wave pulse reaches from S to O with speed vu the plane 
reaches from S to S’ with speed v,. Hence, 


Ans. 


Here, cos 8 = z or @=cos! (7) 
h h 


© Example 18 A source of sound of frequency 1000 Hz moves uniformly along a 
straight line with velocity 0.8 times velocity of sound. An observer is located at a 
distance |= 250 m from this line. Find 
(a) the frequency of the sound at the instant when the source is closest to the observer. 
(b) the distance of the source when he observes no change in the frequency. 

Solution (a) Suppose the pulse which is emitted when the source is at S reaches the observer 
O in the same time in which the source reaches from S to S’, then 


Vs = 0.8v s' 
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y U 
oe f -(= =)! 
= eer (1000) 
v— (0.8v) (0.8) 


1 
. (4) oo) 


=2777.7 Hz Ans. 


(b) The observer will observe no change in the frequency when the source is at S as shown in 
figure. In the time when the wave pulse reaches from S to O, the source will reach from S to S’. 
Hence, 


S§ Vs = 0.8v s! 


250 m " 
O 
t= SO = SS” 
7) Us 
SS"s @ 6) 
U 


= (0.8) 250) = 200m 


Therefore, distance of observer from source at this instant is 


S’O =,|(SO)* + (SS’)? 


= | (250)? + (200)? 


=320m Ans. 


© Example 19 The air column in a pipe closed at one end is made to vibrate in its 
second overtone by a tuning fork of frequency 440 Hz. The speed of sound in air is 
330 m/s. End corrections may be neglected. Let p,. denotes the mean pressure at 
any point in the pipe, and Ap, the maximum amplitude of pressure variation. 
(a) Find the length L of the air column. 
(6) What is the amplitude of pressure variation at the middle of the column? 
(c) What are the maximum and minimum pressures at the open end of the pipe? 
(d) What are the maximum and minimum pressures at the closed end of the pipe? 
Solution (a) Frequency of second overtone of the closed pipe 


=6 (=) =440 Hz (Given) 
41 


5u 
= m 
4x 440 
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Substituting 
v= speed of sound in air = 330 m/s 
5x330 15 
L= =—m 
4x440 16 
(b) , 4b _4(15/16) _3 
5 5 4 
Open end is displacement antinode. Therefore, it would be a pressure node 
or at x=0; Ap=0 
x=0:Ap=0 


x= xX: Ap=+ Apysinkx 


Pressure amplitude at x =x can be written as 
Ap =+ Ap sin kx 
2n 2m 8n 4 
=—= =—m 


where, papain ise 
A 3/4 38 
Therefore, pressure amplitude at x= f = — m or (15/32) m will be 
. (8m) (15 . (50 
Ap=tA —||—]|=+ Ap, sin | — 
- po sin (S) (55 mae a 
ADo 
Ap =+ — 
V2 
(c) Open end is a pressure node, i.e. Ap =0 
Hence, Pmax = Pmin = Mean pressure (po) 
(d) Closed end is a displacement node or pressure antinode. 
Therefore, Pmax = Po + APo 
and Pmin = Po — APo 


Ans. 


Ans. 


© Example 20 At a distance 20 m from a point source of sound the loudness level 


is 80 dB. Neglecting the damping, find 
(a) the loudness at 10 m from the source 
(b) the distance from the source at which sound is not heard. 


Solution (a) Intensity due to a point source varies with distance r from it as 
ae 
r 


2 
L lo 
or t=/= 
Ih ay 
L, 
Now, L, =10 log = 
Ig 
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and L, =10 log da 
Io 


I I. 
L, — L, =10| log + — log 2 
1 2 ow 2 2 


2 
= 10 log af =10 log [2 
I, Hy 
Substituting, L,=30dB, 17 =20m and 7=10m 


2 
we have 380 — L,=10 log (3 =- 6.0 
20 
or L, =36 dB Ans. 
2 
(b) L, — Ly = 10 log (2} 
A 


Sound is not heard at a point where L, =0 


2 
or 30 = 10 log (2 
yh 
2 
(2 =1000 or 2=31.62 
aT LAT 
Ty = (81.62) 20) = 632 m Ans. 


© Example 21 A boat is travelling in a river with a speed 10 m/s along the 


stream flowing with a speed 2 m/s. From this boat, a sound transmitter is lowered 

into the river through a rigid support. The wavelength of the sound emitted from 

the transmitter inside the water is 14.45 mm. Assume that attenuation of sound 

in water and air is negligible. 

(a) What will be the frequency detected by a receiver kept inside the river downstream? 

(6) The transmitter and the receiver are now pulled up into air. The air is blowing with 
a speed 5 m/s in the direction opposite the river stream. Determine the frequency of 
the sound detected by the receiver. 

(Temperature of the air and water = 20° C; Density of river water = 10° kg/m? ; Bulk 

modulus of the water = 2.088 x 10° Pa; Gas constant, R= 8.31 J/mol-K; Mean molecular 


mass of air = 28.8x 10° kg/ mol: C,/Cy for air =1.4) (JEE 2001) 


Solution Velocity of sound in water is 


[B [2.088 x 10° 
Up = = 
fo) 10° 


=1445 mis 
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Frequency of sound in water will be 


v 1445 
=—“= Hz 
fo Aw  14.45x10° 
fo =10° Hz 


(a) Frequency of sound detected by receiver (observer) at rest would be 


h = fo [ete | 


U, + U, — U, 


- a0hy/ 144542 me 


1445+ 2-10 


f, = 1.0069 x 10° Hz Ans. 
(b) Velocity of sound in air is 
yRT 
. M 
Wind speed 


Vm = 5 m/s 
Pe 


Source Observer (At rest) 
e—_______>> e 
Vs = 10 m/s 
_ [(.4) (8.31) 20 + 278) 
28.8 x 10° 
= 344 m/s 
Frequency does not depend on the medium. Therefore, frequency in air is also fy = 10° Hz. 
Frequency of sound detected by receiver (observer) in air would be 

Ug — U 


- 344-5 
= |= 10° H 
he fo( aoe | HLA e 


» = 1.0304 x 10° Hz Ans. 


© Example 22 Three sound sources A, B and C have frequencies 400, 401 and 
402 Hz, respectively. Calculate the number of beats noted per second. 
Solution Let us make the following table. 


: ‘| 1 
Group Beat frequency (f, — ,)Hz Beat time period F ) second 
Lisa 
Aand B 1 1 
BandC 1 1 
AandC 2 0.5 


Beat time period for A and Bis 1 s. It implies that if A and B are in phase at time t =0, they are 
again in phase after 1 s. Same is the case with B and C. But beat time period for A and C is 
0.5 s. 

Therefore, beat time period for all together A, B and C will be 1 s. Because if, at t=0, A, B and 
C all are in phase then after 1 s. (A and B) and (B and C) will again be in phase for the first 
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time while (A and C) will be in phase for the second time. Or we can say that all A, Band C are 
again in phase after 1 s. 


Beat time period, J, =1s 


or Beat frequency, f, = fe =1Hz Ans. 
b 
Alternate method Suppose at time t, the equations of waves are 
y, = A, sin 2mfyt (@ = 2mf) 
yo = Ag sin 2nfpgt 
and y3 = Ag sin 20fot 
If they are in phase at some given instant of time ¢, then 
An ft =2N ft =2nfot ess(1) 
Let T;, be the beat time period, i.e. after time T, they all are again in phase. As fc > fg > fy, so 
2nfo (t+ T,) =20f, (t+ T,) + 2mn .. (ii) 
and 2nfg (t+ T,) =20f, (t+ T,) + 2n0 .. (ili) 


Here, m and n (<x m) are positive integers. 
From Kgs. (i) and (ii), 
(fo — fy) T, =m ..-(iv) 
Similarly, from Eqs. (i) and (iii) 
(fg - hh) T, =n .(V) 
Dividing Eq. (iv) by Eq. (v), 
m_fo- fy 402-400 2 
n fg— fe 401-400 1 


Thus, letting m =2 andn=1 
T,=-—"— 
fo - fa 


= 94 He 


[from Eq. (iv)] 


Beat frequency, f, =— =1 Hz Ans. 


ga] 


Exercises 


LEVEL 1 


Assertion and Reason 


Directions: Choose the correct option. 
(a) If both Assertion and Reason are true and the Reason is correct explanation of the 
Assertion. 
(6) If both Assertion and Reason are true but Reason is not the correct explanation of 
Assertion. 
(c) If Assertion is true, but the Reason is false. 
(d) If Assertion is false but the Reason is true. 
1. Assertion: A closed pipe and an open organ pipe are of same length. Then, neither of their 
frequencies can be same. 
Reason: Inthe above case fundamental frequency of closed organ pipe will be two times the 
fundamental frequency of open organ pipe. 
2. Assertion: A sound source is approaching towards a stationary observer along the line 
joining them. Then, apparent frequency to the observer will go on increasing. 
Reason: If there is no relative motion between source and observer, apparent frequency is 
equal to the actual frequency. 
3. Assertion: In longitudinal wave pressure is maximum at a point where displacement is 
zero. 


Reason: There is a phase difference of . between y(x, 7) and AP(x, ¢) equation in case of 


longitudinal wave. 


4. Assertion: A train is approaching towards a hill. The driver of the train will hear beats. 
Reason: Apparent frequency of reflected sound observed by driver will be more than the 
frequency of direct sound observed by him. 

5. Assertion: Sound level increases linearly with intensity of sound. 

Reason: [If intensity of sound is doubled, sound level increases approximately 3 dB. 


6. Assertion: Speed of sound in gases is independent of pressure of gas. 
Reason: With increase in temperature of gas speed of sound will increase. 

7. Assertion: Beat frequency between two tuning forks A and Bis 4 Hz. Frequency of A is 
greater than the frequency of B. When Ais loaded with wax, beat frequency may increase or 
decrease. 

Reason: When a tuning fork is loaded with wax, its frequency decreases. 

8. Assertion: Two successive frequencies of an organ pipe are 450 Hz and 750 Hz. Then, this 
pipe is a closed pipe. 

Reason: Fundamental frequency of this pipe is 150 Hz. 
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9. 


10. 


Assertion: Fundamental frequency of a narrow pipe is more. 

Reason: According to Laplace end correction if radius of pipe is less, frequency should be 
more. 

Assertion: In the experiment of finding speed of sound by resonance tube method, as the 
level of water is lowered, wavelength increases. 

Reason: By lowering the water level number of loops increases. 


Objective Questions 


1. 


10. 


Velocity of sound in vacuum is 


(a) equal to 330 m/s (b) greater than 330 m/s 
(c) less than 330 m/s (d) None of these 
. Longitudinal waves are possible in 
(a) solids (b) liquids 
(c) gases (d) All of these 


. If the fundamental frequency of a pipe closed at one end is 512 Hz. The frequency of a pipe of 


the same dimension but open at both ends will be 
(a) 1024 Hz (b) 512 Hz 
(c) 256 Hz (d) 128 Hz 


The temperature at which the velocity of sound in oxygen will be the same as that of nitrogen at 
15°C is 


(a) 112°C (b) 72°C 
(c) 56°C (d) 17°C 
. Aclosed organ pipe is excited to vibrate in the third overtone. It is observed that there are 
(a) three nodes and three antinodes (b) three nodes and four antinodes 
(c) four nodes and three antinodes (d) four nodes and four antinodes 


. When temperature is increased, the frequency of organ pipe 


(a) increases (b) decreases 
(c) remains same (d) Nothing can be said 


. When a sound wave travels from water to air, it 


(a) bends towards normal (b) bends away from normal 
(c) may bend in any direction (d) data insufficient 


. Aclosed organ pipe and an open organ pipe are tuned to the same fundamental frequency. The 


ratio of their lengths is 
(a) 1:2 (b) 2:1 
(c) 1:4 (d) 4:1 


. Asonometer wire under a tension of 10 kg weight is in unison with a tuning fork of frequency 


320 Hz. To make the wire vibrate in unison with a tuning fork of frequency 256 Hz, the tension 
should be altered by 

(a) 3.6 kg decreased (b) 3.6 kg increased 

(c) 6.4 kg decreased (d) 6.4 kg increased 


A tuning fork of frequency 256 Hz is moving towards a wall with a velocity of 5 m/s. If the speed 
of sound is 330 m/s, then the number of beats heard per second by a stationary observer lying 
between tuning fork and the wall is 

(a) 2 (b) 4 (c) zero (d) 8 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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Two sound waves of wavelength 1 m and 1.01 mina gas produce 10 beats in 3 s. The velocity of 
sound in the gas is 
(a) 330 m/s (b) 337 m/s (c) 360 m/s (d) 300 m/s 


When a source is going away from a stationary observer with the velocity equal to that of sound 
in air, then the frequency heard by observer is n times the original frequency. The value of nis 
(a) 0.5 (b) 0.25 

(c) 1.0 (d) No sound is heard 


When interference is produced by two progressive waves of equal frequencies, then the 
maximum intensity of the resulting sound are N times the intensity of each of the component 
waves. The value of Nis 

(a) 1 (b) 2 

(c) 4 (d) 8 


A tuning fork of frequency 500 Hz is sounded on a resonance tube. The first and second 
resonances are obtained at 17 cm and 52 cm. The velocity of sound is 


(a) 170 m/s (b) 850 m/s 
(c) 520 m/s (d) 850 m/s 


A vehicle, with a horn of frequency n is moving with a velocity of 30 m/s in a direction 
perpendicular to the straight line joining the observer and the vehicle. The observer perceives 
the sound to have a frequency (n + n,).If the sound velocity in air is 300 m/s, then 

(a) ny =10n (b) n, =0 

(c) n, =0.1n (d) ny =-O.1n 

How many frequencies below 1 kHz of natural oscillations of air column will be produced if a 
pipe of length 1 m is closed at one end? [velocity of sound in air is 340 m/s] 


(a) 3 (b) 6 
(c) 4 (d) 8 


A sound source emits frequency of 180 Hz when moving towards a rigid wall with speed 5 m/s 
and an observer is moving away from wall with speed 5 m/s. Both source and observer moves on 
a straight line which is perpendicular to the wall. The number of beats per second heard by the 
observer will be [speed of sound = 355 m/s] 


(a) 5 beats/s (b) 10 beats/s 

(c) 6 beats/s (d) 8 beats/s 

Two sound waves of wavelengths A, and A, (A, >A,) produce n beats/s, the speed of sound is 
Nyy i .1 

eer i bard 

(c) n(Ag- Ay) (d) n(Aot+ A,) 


A, Band Care three tuning forks. Frequency of A is 350 Hz. Beats produced by A and B are 5/s 
and by B and C are 4/s. When a wax is put on A beat frequency between A and B is 2 Hz and 
between A and C is 6 Hz. Then, frequency of B and C respectively, are 

(a) 355 Hz, 349 Hz (b) 345 Hz, 341 Hz 

(c) 355 Hz, 341 Hz (d) 345 Hz, 349 Hz 

The first resonance length of a resonance tube is 40 cm and the second resonance length is 
122 cm. The third resonance length of the tube will be 

(a) 200 cm (b) 202 cm (c) 203 cm (d) 204 cm 
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21. 


22. 


23. 


24. 


25. 


26. 


27. 


Two identical wires are stretched by the same tension of 100 N and each emits a note of 
frequency 200 Hz. If the tension in one wire is increased by 1 N, then the beat frequency is 


(a) 2Hz (b) : Hz 
(c) 1 Hz (d) None of these 
A tuning fork of frequency 340 Hz is sounded above an organ pipe of length 120 cm. Water 


is now slowly poured init. The minimum height of water column required for resonance is 
(speed of sound in air = 340 m/s) 

(a) 25cm (b) 95cm 

(c) 75cm (d) 45cm 

In a closed end pipe of length 105 cm, standing waves are set up corresponding to the third 
overtone. What distance from the closed end, amongst the following is a pressure node? 

(a) 20cm (b) 60 cm 

(c) 85cm (d) 45cm 


Oxygen is 16 times heavier than hydrogen. At NTP equal volume of hydrogen and oxygen are 
mixed. The ratio of speed of sound in the mixture to that in hydrogen is 


(a) /8 (b) ft 


2 32 
of of 


A train is moving towards a stationary observer. Which of the following curve best represents 
the frequency received by observer f as a function of time? 


(a) (b) 


A closed organ pipe and an open organ pipe of same length produce 4 beats when they are set 
into vibrations simultaneously. If the length of each of them were twice their initial lengths, 
the number of beats produced will be 

(a) 2 (b) 4 

() 1 (d) 8 


One train is approaching an observer at rest and another train is receding from him with the 
same velocity 4 m/s. Both trains blow whistles of same frequency of 243 Hz. The beat frequency 
in Hz as heard by the observer is (speed of sound in air = 320 m/s) 


(a) 10 (b) 6 
(c) 4 (d) 1 


28. 


29. 


30. 


31. 


32. 


33. 


34. 
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Speed of sound in air is 320 m/s. A pipe closed at one end has a length of 1 m and there is 
another pipe open at both ends having a length of 1.6 m. Neglecting end corrections, both the 
air columns in the pipes can resonate for sound of frequency 

(a) 80 Hz (b) 240 Hz (c) 320 Hz (d) 400 Hz 


Four sources of sound each of sound level 10 dB are sounded together in phase, the resultant 
intensity level will be (log,, 2 = 0.3) 


(a) 40 dB (b) 26 dB (c) 22 dB (d) 13 dB 
A longitudinal sound wave given by p= 2.5 sin * (x — 600 #)(p isin N/ m2, x is in metre and tis 


in second) is sent down a closed organ pipe. If the pipe vibrates in its second overtone, the 
length of the pipe is 
(a) 6m (b) 8m (c) 5m (d) 10m 


Sound waves of frequency 600 Hz fall normally on perfectly reflecting wall. The distance from 
the wall at which the air particles have the maximum amplitude of vibration is 


(speed of sound in air = 330 m/s) 
(a) 18.75 cm (b) 40.25 cm (c) 70.5 cm (d) 60.75 cm 


The wavelength of two sound waves are 49 cm and 50 cm, respectively. If the room temperature 
is 30°C, then the number of beats produced by them is approximately 

(velocity of sound in air at 30°C = 332 m/s) 

(a) 6 (b) 10 (c) 18 (d) 18 

Two persons A and B, each carrying a source of frequency 300 Hz, are standing a few metre 
apart. A starts moving towards Bwith velocity 30 m/s. If the speed of sound is 300 m/s, which of 
the following is true? 

(a) Number of beats heard by A is higher than that heard by B 

(b) The number of beats heard by B are 30 Hz 

(c) Both (a) and (b) are correct 

(d) Both (a) and (b) are wrong 


A fixed source of sound emitting a certain frequency appears as f, when the observer is 
approaching the source with speed uy and f. when the observer recedes from the source with 
the same speed. The frequency of the source is 


f+ fa fe= fe 2f fa 
(a) a (b) os (c) Vv fal; (d) reas 


Subjective Questions 


1. 


4. 


Determine the speed of sound waves in water, and find the wavelength of a wave having a 
frequency of 242 Hz. Take B,,,,., = 2 10° Pa. 


‘water 


. If the source and receiver are at rest relative to each other but the wave medium is moving 


relative to them, will the receiver detect any wavelength or frequency shift. 


. Using the fact that hydrogen gas consists of diatomic molecules with M = 2 kg/K- mol. Find the 


speed of sound in hydrogen at 27°C. 


About how many times more intense will the normal ear perceive a sound of 10° W/m? than 
one of 10°° W/m”? 
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5. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


. Helium is a monoatomic gas that has a density of 0.179 kg/m 


A 300 Hz source, an observer and a wind are moving as shown in the figure with respect to the 
ground. What frequency is heard by the observer? Take speed of sound in air = 340 m/s. 


Observer Source 
<— ——> 5 m/s oo 
20 m/s =— 10 m/s 
Wind 


. Aperson standing between two parallel hills fires a gun. He hears the first echo after = s,anda 


second echo after s. If speed of sound is 332 m/s, calculate the distance between the hills. 


When will he hear the third echo? 


3 at a pressure of 76 cm of 


mercury and a temperature of 0° C. Find the speed of compressional waves (sound) in helium at 
this temperature and pressure. 


. (a) Ina liquid with density 1300 kg/m?, longitudinal waves with frequency 400 Hzare found to 


have wavelength 8.00 m. Calculate the bulk modulus of the liquid. 

(b) A metal bar with a length of 1.50 m has density 6400 kg/m?. Longitudinal sound waves 
take 3.90 x 10“ s to travel from one end of the bar to the other. What is Young’s modulus for 
this metal? 


What must be the stress (F/ A)in a stretched wire of a material whose Young’s modulusis Y 
for the speed of longitudinal waves equal to 30 times the speed of transverse waves? 


A gas is a mixture of two parts by volume of hydrogen and one part by volume of nitrogen at 
STP. If the velocity of sound in hydrogen at 0° Cis 1300 m/s. Find the velocity of sound in the 
gaseous mixture at 27°C. 


The explosion of a fire cracker in the air at a height of 40 m produces a 100 dB sound level at 
ground below. What is the instantaneous total radiated power? Assuming that it radiates as a 
point source. 


(a) What is the intensity of a 60 dB sound? 
(b) If the sound level is 60 dB close to a speaker that has an area of 120 cm”. What is the 
acoustic power output of the speaker? 


(a) By what factor must the sound intensity be increased to increase the sound intensity level 
by 13.0 dB? 
(b) Explain why you do not need to know the original sound intensity? 


The speed of a certain compressional wave in air at standard temperature and pressure is 
330 m/s. A point source of frequency 300 Hz radiates energy uniformly in all directions at the 
rate of 5 Watt. 

(a) What is the intensity of the wave at a distance of 20 m from the source? 

(b) What is the amplitude of the wave there? [Density of air at STP = 1.29 kg/m*] 


What is the amplitude of motion for the air in the path of a 60 dB, 800 Hz sound wave? Assume 
that p,;, = 1.29 kg/m® and v = 330 m/s. 


A rock band gives rise to an average sound level of 102 dB at a distance of 20 m from the centre 
of the band. As an approximation, assume that the band radiates sound equally into a sphere. 
What is the sound power output of the band? 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 
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If it were possible to generate a sinusoidal 300 Hz sound wave in air that has a displacement 
amplitude of 0.200 mm. What would be the sound level of the wave? (Assume v = 330 m/s and 
Pair = 1.29 kg/m*) 


(a) A longitudinal wave propagating in a water-filled pipe has intensity 3.00 x 10°° W/m? and 
frequency 3400 Hz. Find the amplitude A and wavelength A of the wave. Water has density 
1000 kg/m? and bulk modulus 2.18 x 10° Pa. 

(b) If the pipe is filled with air at pressure 1.00 x 10° Pa and density 1.20 kg/m?, what will be 
the amplitude A and wavelength A of a longitudinal wave with the same intensity and 
frequency as in part (a)? 

(c) In which fluid is the amplitude larger, water or air? 

What is the ratio of the two amplitudes? Why is this ratio so different from one? Consider 
air as diatomic. 


For a person with normal hearing, the faintest sound that can be heard at a frequency of 400 Hz 
has a pressure amplitude of about 6.0x 10° Pa. Calculate the corresponding intensity and 
sound intensity level at 20° C. (Assume v = 330 m/s andp,;, = 1.29 kg/m”). 


Find the fundamental frequency and the frequency of the first two overtones of a pipe 45.0 cm 
long. (a) If the pipe is open at both ends. (b) If the pipe is closed at one end. Use v= 344 m/s. 


A uniform tube of length 60 cm stands vertically with its lower end dipping into water. First 
two air column lengths above water are 15 cm and 45 cm, when the tube responds to a vibrating 
fork of frequency 500 Hz. Find the lowest frequency to which the tube will respond when it is 
open at both ends. 


Write the equation for the fundamental standing sound waves in a tube that is open at both 
ends. If the tube is 80 cm long and speed of the wave is 330 m/s. Represent the amplitude of the 
wave at an antinode by A. 


A long glass tube is held vertically, dipping into water, while a tuning fork of frequency 512 Hz 
is repeatedly struck and held over the open end. Strong resonance is obtained, when the length 
of the tube above the surface of water is 50 cm and again 84 cm, but not at any intermediate 
point. Find the speed of sound in air and next length of the air column for resonance. 


A wire of length 40 cm which has a mass of 4 goscillates in its second harmonic and sets the air 
column in the tube to vibrations in its fundamental mode as shown in figure. Assuming the 
speed of sound in air as 340 m/s, find the tension in the wire. 


In a resonance tube experiment to determine the speed of sound in air, a pipe of diameter 
5 cm is used. The column in pipe resonates with a tuning fork of frequency 480 Hz when the 
minimum length of the air column is 16 cm. Find the speed of sound in air column at room 
temperature. 
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27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


On a day when the speed of sound is 345 m/s, the fundamental frequency of a closed organ pipe 
is 220 Hz. (a) How long is this closed pipe? (b) The second overtone of this pipe has the same 
wavelength as the third harmonic of an open pipe. How long is the open pipe? 


A closed organ pipe is sounded near a guitar, causing one of the strings to vibrate with large 
amplitude. We vary the tension of the string until we find the maximum amplitude. The string 
is 80% as long as the closed pipe. If both the pipe and the string vibrate at their fundamental 
frequency, calculate the ratio of the wave speed on the string to the speed of sound in air. 


A police siren emits a sinusoidal wave with frequency /, = 300Hz. The speed of sound is 
340 m/s. (a) Find the wavelength of the waves if the siren is at rest in the air. (b) If the siren is 
moving at 30 m/s, find the wavelength of the waves ahead of and behind the source. 


Two identical violin strings, when in tune and stretched with the same tension, have a 
fundamental frequency of 440.0 Hz. One of the string is retuned by adjusting its tension. When 
this is done, 1.5 beats per second are heard when both strings are plucked simultaneously. 
(a) What are the possible fundamental frequencies of the retuned string? (b) By what fractional 
amount was the string tension changed if it was (1) increased (11) decreased? 


A swimming duck paddles the water with its feet once every 1.6 s, producing surface waves 
with this period. The duck is moving at constant speed in a pond where the speed of surface 
waves is 0.32 m/s, and the crests of the waves ahead of the duck are spaced 0.12 m apart. 
(a) What is the duck’s speed? (b) How far apart are the crests behind the duck? 


A railroad train is travelling at 30.0 m/s in still air. The frequency of the note emitted by the 
train whistle is 262 Hz. What frequency is heard by a passenger on a train moving in the 
opposite direction to the first at 18.0 m/s and (a) approaching the first? (b) receding from the 
first? Speed of sound in air = 340 m/s. 


A boy is walking away from a wall at a speed of 1.0 m/sina direction at right angles to the wall. 
As he walks, he blows a whistle steadily. An observer towards whom the boy is walking hears 
4.0 beats per second. If the speed of sound is 340 m/s, what is the frequency of the whistle? 


A tuning fork P of unknown frequency gives 7 beats in 2 seconds with another tuning fork Q. 
When Q runs towards a wall with a speed of 5 m/sit gives 5 beats per second with its echo. On 
loading P with wax, it gives 5 beats per second with @. What is the frequency of P? Assume 
speed of sound = 332 m/s. 


A stationary observer receives sonic oscillations from two tuning forks one of which approaches 
and the other recedes with the same velocity. As this takes place, the observer hears the beats 
of frequency f = 2.0 Hz. Find the velocity of each tuning fork if their oscillation frequency is 
fo = 680 Hz and the velocity of sound in air is v = 340 m/s. 


Sound waves from a tuning fork A reach a point P by two separate paths ABP and ACP. When 
ACP is greater than ABP by 11.5 cm, there is silence at P. When the difference is 23 cm the 
sound becomes loudest at P and when 34.5 cm there is silence again and so on. Calculate the 
minimum frequency of the fork if the velocity of sound is taken to be 331.2 m/s. 


Two loudspeakers S, and S, each emit sounds of frequency 220 Hz uniformly in all directions. 
S, has an acoustic output of 1.2 x 10°? W and S, has 1.8x 10° W. S, and S, vibrate in phase. 
Consider a point P such that S,P = 0.75 m and S,P = 3 m. How are the phases arriving at P 
related? What is the intensity at P when both S, and S, are on? Speed of sound in air is 330 m/s. 


A source of sound emitting waves at 360 Hzis placed in front of a vertical wall, at a distance 2m 
from it. A detector is also placed in front of the wall at the same distance from it. Find the 


38. 


39. 


40. 
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42. 
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minimum distance between the source and the detector for which the detector detects a 
maximum of sound. Take speed of sound in air = 360 m/s. Assume that there is no phase 
change in reflected wave. 


x 


| 


The atomic mass of iodine is 127 g/mol. A standing wave in iodine vapour at 400 K has nodes 
that are 6.77 cm apart when the frequency is 1000 Hz. At this temperature, is iodine vapour 
monoatomic or diatomic. 


Ths 


D 


A tuning fork whose natural frequency is 440 Hz is placed just above the open end of a tube that 
contains water. The water is slowly drained from the tube while the tuning fork remains in 
place and is kept vibrating. The sound is found to be enhanced when the air column is 60 cm 
long and when it is 100 cm long. Find the speed of sound in air. 


A piano wire A vibrates at a fundamental frequency of 600 Hz. A second identical wire B 
produces 6 beats per second with it when the tension in A is slightly increased. Find the ratio of 
the tension in A to the tension in B. 


A tuning fork of frequency 256 Hz produces 4 beats per second with a wire of length 25 cm 
vibrating in its fundamental mode. The beat frequency decreases when the length is slightly 
shortened. What could be the minimum length by which the wire be shortened so that it 
produces no beats with the tuning fork? 


Show that when the speed of the source and the observer are small compared to the speed of 
sound in the medium, the change in frequency becomes independent of the fact whether the 
source is moving or the observer. 

A sound source moves with a speed of 80 m/s relative to still air toward a stationary listener. 
The frequency of sound is 200 Hz and speed of sound in air is 340 m/s. 

(a) Find the wavelength of the sound between the source and the listener. 

(b) Find the frequency heard by the listener. 


A railroad train is travelling at 30 m/s in still air. The frequency of the note emitted by the 
locomotive whistle is 500 Hz. What is the wavelength of the sound waves : 


(a) in front of the locomotive? (b) behind the locomotive? 
What is the frequency of the sound heard by a stationary listener 
(c) in front of the locomotive? (d) behind the locomotive? 


Speed of sound in air is 344 m/s. 


For a certain organ pipe, three successive resonance frequencies are observed at 425, 595 and 
765 Hz respectively. Taking the speed of sound in air to be 340 m/s, 

(a) explain whether the pipe is closed at one end or open at both ends. 

(b) determine the fundamental frequency and length of the pipe. 


Two tuning forks Aand Bsounded together give 8 beats per second. With an air resonance tube 
closed at one end, the two forks give resonances when the two air columns are 32 cm and 33 cm 
respectively. Calculate the frequencies of forks. 


LEVEL 2 


Single Correct Option 


1. A plane wave of sound travelling in air is incident upon a plane water surface. The angle of 
incidence is 60°. If velocity of sound in air and water are 330 m/s and 1400 m/s, then the wave 
undergoes 
(a) refraction only 
(b) reflection only 
(c) Both reflection and refraction 
(d) neither reflection nor refraction 

2. An organ pipe of (3.9 2) m long, open at both ends is driven to third harmonic standing wave. If 
the amplitude of pressure oscillation is 1% of mean atmospheric pressure [Dp = 10° N/m?]. The 
maximum displacement of particle from mean position will be 
[Given, velocity of sound = 200 m/s and density of air = 1.3 kg/m*] 

(a) 2.5 cm (b) 5cm 
(c) lem (d) 2cm 


3. A plane sound wave passes from medium 1 into medium 2. The speed of sound in medium 1 is 
200 m/s and in medium 2 is 100 m/s. The ratio of amplitude of the transmitted wave to that of 
incident wave is 


(a) (b) 


() (d) 


DlOW] oo 
wo] roots 


4. Two sources of sound are moving in opposite directions with velocities v, and v, (v, > v,). Both 
are moving away from a stationary observer. The frequency of both the sources is 1700 Hz. 
What is the value of (v, — v,) so that the beat frequency observed by the observer is 10 Hz? 


Usound = 840 m/s and assume that v, and uv, both are very much less than v,,,n4- 
(a) 1 m/s (b) 2 m/s 
(c) 3 m/s (d) 4 m/s 


5. A sounding body emitting a frequency of 150 Hz is dropped from a height. During its fall under 
gravity it crosses a balloon moving upwards with a constant velocity of 2 m/s one second after it 
started to fall. The difference in the frequency observed by the man in balloon just before and 
just after crossing the body will be (velocity of sound = 300 m/s, g = 10 m/s?) 


(a) 12 (b) 6 
() 8 (d) 4 


6. A closed organ pipe has length L. The air in it is vibrating in third overtone with maximum 
amplitude a. The amplitude at distance : from closed end of the pipe is 
(a) 0 
(b) a 
a 
¢ — 
(c) - 


(d) Data insufficient 


7. 


10. 


11. 


12. 


13. 
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S, and S, are two coherent sources of sound having no initial phase difference. The velocity of 
sound is 330 m/s. No maxima will be formed on the line passing through S, and perpendicular 
to the line joining S, and S,. If the frequency of both the sources is 


es, 


3m 


So 
(a) 330 Hz (b) 120 Hz (c) 100 Hz (d) 220 Hz 


. Asource is moving with constant speed v, = 20 m/s towards a stationary observer due east of 


the source. Wind is blowing at the speed of 20 m/s at 60° north of east. The source has frequency 
500 Hz. Speed of sound = 300 m/s. The frequency registered by the observer is approximately 
(a) 541 Hz (b) 552 Hz 
(c) 534 Hz (d) 517 Hz 


A car travelling towards a hill at 10 m/s sounds its horn which has a frequency 500 Hz. This is 
heard in a second car travelling behind the first car in the same direction with speed 20 m/s. 
The sound can also be heard in the second car by reflection of sound from the hill. The beat 
frequency heard by the driver of the second car will be (speed of sound in air = 340 m/s) 

(a) 31 Hz (b) 24 Hz 

(c) 21 Hz (d) 34 Hz 

Two sounding bodies are producing progressive waves given by y,=2sin(400zt) and 
yo = sin (404 nt) where ¢ is in second, which superpose near the ears of a person. The person will 
hear 

(a) 2 beats/s with intensity ratio 9/4 between maxima and minima 

(b) 2 beats/s with intensity ratio 9 between maxima and minima 

(c) 4 beats/s with intensity ratio 16 between maxima and minima 

(d) 4 beats/s with intensity ratio 16/9 between maxima and minima 


The air in a closed tube 34 cm long is vibrating with two nodes and two antinodes and its 
temperature is 51°C. What is the wavelength of the waves produced in air outside the tube, 
when the temperature of air is 16°C? 

(a) 42.8 cm (b) 68 cm (c) 17cm (d) 102 cm 


A police car moving at 22 m/s, chase a motorcyclist. The police man sounds his horn at 176 Hz, 
while both of them move towards a stationary siren of frequency 165 Hz. Calculate the speed of 
the motorcyclist, if he does not observe any beats. (velocity of sound in air = 330 m/s) (JEE 2003) 


d O UO} 


Police car Motorcycle Stationary 


T7eHe 22 m/s V siren (165 Hz) 
(a) 33 m/s (b) 22 m/s (c) zero (d) 11 m/s 


A closed organ pipe resonates in its fundamental mode at a frequency of 200 Hz with O, in the 
pipe at acertain temperature. Ifthe pipe now contains 2 moles of O, and 3 moles of ozone, then 
what will be the fundamental frequency of same pipe at same temperature? 

(a) 268.23 Hz (b) 175.4 Hz (c) 149.45 Hz (d) None of these 
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14. A detector is released from rest over a source of sound of frequency fy = 10° Hz. The frequency 


observed by the detector at time ¢ is plotted in the graph. The speed of sound in air is 
(g = 10 m/s”) 


(a) 330 m/s (b) 350 m/s (c) 300 m/s (d) 310 m/s 


15. Sound waves are travelling along positive «x-direction. 
Displacement of particle at any time ¢ is as shown in figure. Select 
the wrong statement. 

(a) Particle located at E has its velocity in negative x-direction 
(b) Particle located at D has zero velocity 

(c) Both (a) and (b) are correct 

(d) Both (a) and (b) are wrong 


More than One Correct Options 


1. An air column in a pipe, which is closed at one end, is in resonance with a vibrating tuning fork 
of frequency 264 Hz. If v = 330 m/s, the length of the column in cm is (are) 
(a) 31.25 (b) 62.50 
(c) 93.75 (d) 125 


2. Which of the following is/are correct? 


(Velocity of sound in air) (Velocity of sound in air)? 


(a) (T = constant) (b) 
(Parabola) Temperature 
oO > (Pressure) O > (in °C) 
(Velocity of transverse wave ina (Fundamental frequency of an 
string) organ pipe) 
() (d) 
(parabola) oe Length of 
O Oo organ pipe 


3. Choose the correct options for longitudinal wave 
(a) maximum pressure variation is BAk 
(b) maximum density variation is pAk 
(c) pressure equation and density equation are in phase 
(d) pressure equation and displacement equation are out of phase 
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4. Second overtone frequency of a closed pipe and fourth harmonic frequency of an open pipe are 
same. Then, choose the correct options. 
(a) Fundamental frequency of closed pipe is more than the fundamental frequency of open pipe 
(b) First overtone frequency of closed pipe is more than the first overtone frequency of open pipe 
(c) Fifteenth harmonic frequency of closed pipe is equal to twelfth harmonic frequency of 
open pipe 
(d) Tenth harmonic frequency of closed pipe is equal to eighth harmonic frequency of open pipe 


5. For fundamental frequency f of a closed pipe, choose the correct options. 
(a) If radius of pipe is increased, f will decrease 
(b) If temperature is increased, f will increase 
(c) If molecular mass of the gas filled in the pipe is increased, f will decrease. 
(d) If pressure of gas (filled in the pipe) is increased without change in temperature, f will remain 
unchanged 


6. A source is approaching towards an observer with constant speed along the line joining them. 
After crossing the observer, source recedes from observer with same speed. Let f is apparent 
frequency heard by observer. Then, 

(a) f will keep on increasing during approaching 
(b) f will keep on decreasing during receding 

(c) f will remain constant during approaching 
(d) f will remain constant during receding 


Comprehension Based Questions 
Passage 


A man of mass 50 kg is running on a plank of mass 150 kg with speed of 8 m/s relative to plank 
as shown in the figure (both were initially at rest and the velocity of man with respect to ground 
any how remains constant). Plank is placed on smooth horizontal surface. The man, while 
running, whistles with frequency fo.A detector (D) placed on plank detects frequency. The man 
Jumps off with same velocity (w.r.t. to ground) from point D and slides on the smooth horizontal 
surface [Assume coefficient of friction between man and horizontal is zero]. The speed of sound 
in still medium is 330 m/s. Answer the following questions on the basis of above situations. 


2 


1. The frequency of sound detected by detector D, before man jumps off the plank is 


332 330 
(a) 304 fo (b) 302 fo 
328 330 
Bee dy 222 
(c) 336 fo (d) Ban fo 
2. The frequency of sound detected by detector D, after man jumps off the plank is 
(a) 2 f o) 2 
324 °° g00.°” 
328 330 
() = fh (d) —— fo 


336 338 
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3. Choose the correct plot between the frequency detected by detector versus position of the man 
relative to detector. 


Frequency detected Frequency detected 
(a) fo (b) fo 
Position of man relative to detector Position of man relative to detector 


Frequency detected Frequency detected 


(©) (a) fo 


Position of man relative to detector Position of man relative to detector 


Match the Columns 


1. Fundamental frequency of an open organ pipe is f. Match the following two columns for a 
closed pipe of double the length. 


Column I Column II 


(a) Fundamental frequency (p) 1.25f 
(b) Second overtone frequency (q) f 
(c) Third harmonic frequency (vr) 0.75 f 


(d) First overtone frequency (s) None of these 


2. Atrain T horns a sound of frequency f. It is moving towards a wall with speed ; th the speed of 


sound. There are three observers O, ,O, and O; as shown. Match the following two columns. 


O2 
O; Os 
/\ /\ 


Column I Column II 
(a) Beat frequency observed to O, (p) = f 
(b) Beat frequency observed to O, (q) - f 
(c) Beat frequency observed to O; (r) None of these 


(d) Iftrain moves in opposite direction with same | (s) Zero 
speed, then beat frequency observed to O; 
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3. A tuning fork is placed near a vibrating stretched wire. A boy standing near the two hears a 
beat frequency f. It is known that frequency of tuning fork is greater than frequency of 
stretched wire. Match the following two columns. 


Column I Column II 
(a) Iftuning fork is loaded with wax, (p) beat frequency must increase. 
(b) If prongs of tuning fork are filed, (q) beat frequency must decrease. 
(c) Iftension in stretched wire is (r) beat frequency may increase. 
increased, 
(d) Iftension in stretched wire is (s) beat frequency may decrease. 
decreased, 


4. I represents intensity of sound wave, Athe amplitude andr the distance from the source. Then, 
match the following two columns. 


Column I Column II 


(a) Intensity due to a point source. | (p) proportional to pl? 
(b) Amplitude due to a point source.) (q) proportional to r™! 
(c) Intensity due to a line source. (c) proportional to r~ 


(a) Amplitude due to a line source. | (s) proportional to r“4 


5. The equation of longitudinal stationary wave in second overtone mode in a closed organ pipe is 
y =(4 mm) sin 7 x cos mt 
Here, xis in metre and tin second. Then, match the following two columns. 


Column | Column I 
(a) Length of pipe (p) 1m 
(b) Wavelength (q) 1.5m 


(c) Distance of displacement node from the closed end) (r) 2.0 m 


(d) Distance of pressure node from the closed end (s) None of these 


Subjective Questions 


1. A window whose area is 2m” opens on a street where the street noise results at the window an 
intensity level of 60 dB. How much acoustic power enters the window through sound waves? 
Now, if a sound absorber is fitted at the window, how much energy from the street will it collect 
in a day? 

2. A point Ais located at a distance r= 1.5 m from a point source of sound of frequency 600 Hz. 


The power of the source is 0.8 W. Speed of sound in air is 340 m/s and density of air is 
1.29 kg/m?. Find at the point A, 


(a) the pressure oscillation amplitude (Ap),, 
(b) the displacement oscillation amplitude A. 


3. A flute which we treat as a pipe open at both ends is 60 cm long. 
(a) What is the fundamental frequency when all the holes are covered? 
(b) How far from the mouthpiece should a hole be uncovered for the fundamental frequency to be 
330 Hz? Take speed of sound in air as 340 m/s. 
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4. 


A source S and a detector D of high frequency waves are a distance d apart on the ground. The 
direct wave from S is found to be in phase at D with the wave from S that is reflected from a 
horizontal layer at an altitude H. The incident and reflected rays make the same angle with the 
reflecting layer. When the layer rises a distance fA, no signal is detected at D. Neglect 
absorption in the atmosphere and find the relation between d,h, H and the wavelength A of 
the waves. 


. Two sound speakers are driven in phase by an audio amplifier at frequency 600 Hz. The speed 


of sound is 340 m/s. The speakers are on the y-axis, one at y=+1.0 m and the other at 

y =-—1.0 m.A listener begins at y = Oand walks along a line parallel to the y-axis at a very large 

distance x away. 

(a) At what angle 6 (between the line from the origin to the listener at the x-axis) will she first 
hear a minimum sound intensity? 

(b) At what angle will she first hear a maximum (after 6 = 0°) sound intensity? 

(c) How many maxima can she possibly hear if she keeps walking in the same direction? 


. Two speakers separated by some distance emit sound of the same frequency. At some point P 


the intensity due to each speaker separately is J). The path difference from P to one of the 

“,, F ‘ : : 
speakers is ; X greater than that from P to the other speaker. What is the intensity at P if 
(a) the speakers are coherent and in phase; 


(b) the speakers are incoherent; and 
(c) the speakers are coherent but have a phase difference of 180°? 


. Two loudspeakers radiate in phase at 170 Hz. An observer sits at 8 m from one speaker and 


11m from the other. The intensity level from either speaker acting alone is 60 dB. The speed of 

sound is 340 m/s. 

(a) Find the observed intensity when both speakers are on together. 

(b) Find the observed intensity level when both speakers are on together but one has its leads 
reversed so that the speakers are 180° out of phase. 

(c) Find the observed intensity level when both speakers are on and in phase but the frequency is 
85 Hz. 


. Two identical speakers emit sound waves of frequency 680 Hz uniformly in all directions with a 


total audio output of 1 mW each. The speed of sound in air is 340 m/s. A point P is a distance 
2.00 m from one speaker and 3.00 m from the other. 

(a) Find the intensities J, and J, from each speaker at point P separately. 

(b) If the speakers are driven coherently and in phase, what is the intensity at point P? 

(c) If they are driven coherently but out of phase by 180°, what is the intensity at point P? 

(d) If the speakers are incoherent, what is the intensity at point P? 


. A train of length / is moving with a constant speed v along a circular track of radius R. The 


engine of the train emits a sound of frequency f. Find the frequency heard by a guard at the rear 
end of the train. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 
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A 3 m long organ pipe open at both ends is driven to third harmonic standing wave. If the 
amplitude of pressure oscillations is 1 per cent of mean atmospheric pressure (py) = 10° Nm”). 
Find the amplitude of particle displacement and density oscillations. Speed of sound 
v = 332 m/s and density of air p = 1.03 kg/m’. 


A siren creates a sound level of 60 dB at a location 500 m from the speaker. The siren is 
powered by a battery that delivers a total energy of 1.0 kJ. Assuming that the efficiency of siren 
is 30%, determine the total time the siren can sound. 


A cylinder of length 1 m is divided by a thin perfectly flexible diaphragm in the middle. It is 
closed by similar flexible diaphragms at the ends. The two chambers into which it is divided 
contain hydrogen and oxygen. The two diaphragms are set in vibrations of same frequency. 
What is the minimum frequency of these diaphragms for which the middle diaphragm will be 
motionless? Velocity of sound in hydrogen is 1100 m/s and that in oxygen is 300 m/s. 


A conveyor belt moves to the right with speed v = 300 m/min. A very fast pieman puts pies on 

the belt at a rate of 20 per minute and they are received at the other end by a pieeater. 

(a) If the pieman is stationary find the spacing x between the pies and the frequency with which 
they are received by the stationary pieeater. 

(b) The pieman now walks with speed 30 m/min towards the receiver while continuing to put pies 
on the belt at 20 per minute. Find the spacing of the pies and the frequency with which they 
are received by the stationary pieeater. 


A point sound source is situated in a medium of bulk modulus 1.6 x 10°N/m?”. An observer 


standing at a distance 10 m from the source writes down the equation for the wave as 
y= Asin (15nx — 6000 mt). Here y and x are in metres and t¢ is in second. The maximum 
pressure amplitude received to the observer’s ear is (247) Pa, then find. 

(a) the density of the medium, 

(b) the displacement amplitude A of the waves received by the observer and 

(c) the power of the sound source. 


Two sources of sound S, and S, vibrate at the same frequency and are in phase. The intensity of 
sound detected at a point P (as shown in figure) is Jp. 


P 


and ity 


(a) If 6 = 45° what will be the intensity of sound detected at this point if one of the sources is 
switched off ? 

(b) What will be intensity of sound detected at P if @ =60° and both the sources are now switched 
on? 


Two narrow cylindrical pipes A and Bhave the same length. Pipe Ais open at both ends and is 
filled with a monoatomic gas of molar mass M,. Pipe Bis open at one end and closed at the 
other end and is filled with a diatomic gas of molar mass M,z. Both gases are at the same 
temperature. (JEE 2002) 
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17. 


18. 


19. 


(a) If the frequency of the second harmonic of the fundamental mode in pipe A is equal to the 
frequency of the third harmonic of the fundamental mode in pipe B, determine the value of 
A 
Mz 
(b) Now, the open end of pipe Bis also closed (so that the pipe is closed at both ends.) Find the 
ratio of the fundamental frequency in pipe A to that in pipe B. 


A boat is travelling in a river with a speed 10 m/s along the stream flowing with a speed 2 m/s. 
From this boat a sound transmitter is lowered into the river through a rigid support. The 
wavelength of the sound emitted from the transmitter inside the water is 14.45 mm. Assume 
that attenuation of sound in water and air is negligible. 

(a) What will be the frequency detected by a receiver kept inside the river downstream? 

(b) The transmitter and the receiver are now pulled up into the air. The air is blowing with a 
speed 5 m/s in the direction opposite to the river stream. Determine the frequency of the sound 
detected by the receiver. 

(Temperature of the air and water = 20°C; Density of river water = 10° kg/m’; bulk modulus 
the water = 2.088 x 10° Pa; Gas constant R = 8.31 J/mol-K; Mean molecular mass of air 
=28.8 x 107° kg per mol and C,/Cy for air =1.4) 


A string 25 cm long and having a mass of 2.5 gis under tension. A pipe closed at one end is 
40 cm long. When the string is set vibrating in its first overtone and the air in the pipe in its 
fundamental frequency, 8 beats per second are heard. It is observed that decreasing the 
tension in the string decrease the beat frequency. If the speed of sound in air is 320 m/s, find 
the tension in the string. 


A source emits sound waves of frequency 1000 Hz. The source moves to the right with a speed of 
32 m/s relative to ground. On the right a reflecting surface moves towards left with a speed of 
64 m/s relative to the ground. The speed of sound in air is 332 m/s. Find 

(a) the wavelength of sound in ahead of the source, 

(b) the number of waves arriving per second which meets the reflecting surface, 

(c) the speed of reflected waves and 

(d) the wavelength of reflected waves. 


Introductory Exercise 19.1 
1. 1.4x 10° N/m? 


4. 1.04x 10° m 


Introductory Exercise 19.2 


1. 819°C 2. 19.6 m/s 


Introductory Exercise 19.3 
1. (a) 4.67 Pa (b) 2.64x 10°? W/m? (c) 104 dB 


2. 7.25cm, 72.5 m 


3. 3.6x 109 Pa 


Answers 


4. 315 m/s 


2.7.9 3. 20 dB 


4. Faintest (a) 4.49x 10°78 W/m?, -3.48 dB (b) 1.43x 10°74 m 
Loudest (a) 0.881 W/m?, +119 dB (b) 2.01x 10° m 


Introductory Exercise 19.4 
2. (a) 11.7 cm (b) 180° 


1. 1375 Hz 


Introductory Exercise 19.5 


1. (a) 2. (Cc) 


3. (a) 


4. (a) 0.392 m (b) 0.470 m 


5. (a) Fundamental 0.8 m, first overtone 0.267 m, 0.8 m, second overtone 0.16 m, 0.48 m, 0.8 m 
(b) Fundamental O, first overtone 0, 0.533 m. Second overtone O, 0.32 m, 0.64 m 
6. (a) closed (b) 5,7 (c) 1.075m 


Introductory Exercise 19.6 


1. 252 Hz 2. 387 Hz 


Introductory Exercise 19.7 


1. (d) 2. (d) 


LEVEL 1 


Assertion and Reason 
1. (c) 2. (d) 3. (d) 


Objective Questions 


1.(d) 2.(d) 3.(a) 
11.(b) 12.(a) —-13.(c) 
21.(c) 22.(d) —-23.(d) 
31.(a) 32.(c) — 33.(d) 


Subjective Questions 
1. 1414 m/s, 5.84 m 


6.664m,4s 7. 972 m/s 


3. (b) 4. (a) 
Exercises 
4. (a) 5. (d) 6. (d) 7. (b) 8. (b) 
4.(c) 5.(d) 6.(a) 7.(a) 8.(a) 
14.(b) 15.(b) 16.(b) 17.(a) 18. (a) 
24.(c) 25.(b) 26.(a) 27.(b) 28.(d) 
34. (a) 
2. No 3. 1321 m/s 4. Two times 


8. (a) 1.33x 10!° Pa (b) 9.47x 10'° Pa 


3. (a) Zero (b) 3.63x 10°m 


9. (a) 10. (d) 
9.(a) 10.(c) 
19.(b) 20.(d) 
29.(c) 30.(c) 
5. 274 Hz 
9. Y/900 
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10. 591 m/s 11. 201 W 12. (a)10°° W/m? (b)1.2x 10° W 13. (a) 20 
14. (a) 9.95 x 10 W/m? (b) 1.15 x 10° m 15.13.6nm 16. 80W 17. 134.4 dB 


18. (a) 9.44x 107m, 0.43m (b)5.66x 109m, 0.1m (c) air, Aair_ = 60 


ater 


19. 4.2 x 10°)? W/m?, 6.23 dB 20. (a) 382.2Hz, 764.4 Hz, 1146.6 Hz (b) 191.1 Hz, 573.3 Hz, 955.5 Hz 


21. 250 Hz 22. y = Acos (3.93x) sin (1297t) 23. 348.16 m/s, 118 cm 24. 11.56 N 
25. 336 m/s 26. (a) 0.392 m (b) 0.470 m 27. 0.40 28. (a) 1.13 m_ (b) 1.03 m, 1.23 m 
29. (a) 441.5 Hz, 438.5 Hz (b) (i) + 0.68% (ii) -0.68% 30. (a) 0.245 m/s_ (b) 0.904 m 
31. (a) 302 Hz (b) 228Hz 32. 680 Hz 33. 160 Hz 34. 0.5 m/s 
35. 1440 Hz 36. Ad, = m, Ady = 4x, Resultant intensity = 8.2x10-° Wm~ 37. 7.5m 
38. Diatomic 39. 352 m/s 40. 1.02 41. 0.4cm 
43. (a) 1.3m _ (b) 262 Hz 44. (a) 0.628 m (b) 0.748m (c) 548 Hz (d) 460 Hz 
45. (a) closed (b) 85 Hz, 1 m 46. § = 264 Hz and & = 256 Hz 
LEVEL 2 
Single Correct Option 
1.(b) 2.(a) 3.(d) 4.(b) 5.(a) 6.(b) 7.(c) 8.(c) 9.(a) 10.(b) 


11.(a) 12.(b)  13.(b) 14.(c) 15.(c) 


More than One Correct Options 
1. (a,c) 2. (c,d) 3. (a,b,c,d) 4. (b,c,d) 5. (a,b,c,d) 6. (c,d) 


Comprehension Based Questions 
1. (a) 2. (c) 3. (a) 


Match the Columns 


1. (aos (b) > p (c)> r (dj> r 
2. (ayo q (b) > p (c)> $s (d)> s 
3. (ado rs (b)>3p (c) > r,s (d)> p 
4. (ayor (b)> q (c)> q (d)— p 
5. (ayo s (b) > r (c)—> p,r (d)> q 


Subjective Questions 
1. 2uW, 0.173 J 2. (a) 4.98 N/m? (b) 3.0x 10% m_— 3. (a) 283.33 Hz (b) 51.5 cm 
4.0. = 2/4(H + hy? + d? - 2/4H? + a? 
5. (a) 8.14° (b) 16.5° (c) Three maxima beyond the maximum corresponding to 6 = 0° 
6. (a) O (b) 2Iy (Cc) 4lo 7. (a) 0 (b) 66dB (c) 63 dB 
8. (a) |, =19.9uW/m?, | = 8.84uW/m? (b) 55.3uW/m? (c) 2.2uW/m? (d) 28.7 wW/m? 
9. f 10. 0.28 cm, 9.0 x 10-3 kg/m? 11. 95.55 12. 1650 Hz 
13. (a) 15m, 20 min? (b) 13.5 m, 22.22 min? 14. (a) 1 kg/m? (b) 10 um (c) 288 1° W 
15. (@) 2 (b) ly 16. (a) a (b) “ 17. (a) 1.0069x 10° Hz (b) 1.0304x 10° Hz 
18. 27.04 N 19. (a) 0.3m (b) 1320 (c)332m/s (d)0.2m 
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20.1 Thermometers and The Celsius Temperature Scale 


Thermometers are devices that are used to measure temperatures. All thermometers are based on the 
principle that some physical properties of a system change as the system’s temperature changes. 
Some physical properties that change with temperature are 

1. the volume of a liquid 

2. the length of a solid 

3. the pressure of a gas at constant volume 

4. the volume of a gas at constant pressure and 

5. the electric resistance of a conductor. 


A common thermometer in everyday use consists of a mass of liquid, usually mercury or alcohol that 
expands in a glass capillary tube when heated. In this case, the physical property is the change in 
volume of the liquid. Any temperature change is proportional to the change in length of the liquid 
column. The thermometer can be calibrated accordingly. On the celsius temperature scale, a 
thermometer is usually calibrated between 0°C (called the ice point of water) and 100°C (called the 
steam point of water). Once the liquid levels in the thermometer have been established at these two 
points, the distance between the two points is divided into 100 equal segments to create the celsius 
scale. 


Thus, each segment denotes a change in temperature of one celsius degree (1°C). A practical problem 
in this type of thermometer is that readings may vary for two different liquids. When one thermometer 
reads a temperature, for example 40°C the other may indicate a slightly different value. This 
discrepancies between thermometers are especially large at temperatures far from the calibration 
points. To surmount this problem we need a universal thermometer whose readings are independent 
of the substance used in it. The gas thermometer used in the next article meets this requirement. 


20.2 The Constant Volume Gas Thermometer and The Absolute 
Temperature Scale 


The physical property used by the constant volume gas thermometer is the change in pressure of a 


gas at constant volume. 
p 


oc 100°C —‘(°C) 
Fig. 20.1 


The pressure versus temperature graph for a typical gas taken with a constant volume is shown in 
figure. The two dots represent the two reference temperatures namely, the ice and steam points of 
water. The line connecting them serves as a calibration curve for unknown temperatures. 
Experiments show that the thermometer readings are nearly independent of the type of gas used as 
long as the gas pressure is low and the temperature is well above the point at which the gas liquefies. 
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If you extend the curves shown in figure toward negative temperatures, you find, in every case, that 
the pressure is zero when the temperature is —273.15°C. This significant temperature is used as the 
basis for the absolute temperature scale, which sets —273.15°C as its zero point. 


This temperature is often referred to as absolute zero. The size of a degree on the absolute 
temperature scale is identical to the size of a degree on the celsius scale. Thus, the conversion 
between these temperatures is 

To =T —273.15 ..-(i) 
In 1954, by the International committee on weights and measures, the triple point of water was 
chosen as the reference temperature for this new scale. The triple point of water is the single 
combination of temperature and pressure at which liquid water, gaseous water and ice (solid water) 
coexist in equilibrium. This triple point occurs at a temperature of approximately 0.01°C and a 
pressure of 4.58 mm of mercury. On the new scale, which uses the unit kelvin, the temperature of 
water at the triple point was set at 273.16 kelvin, abbreviated as 273.16 K. (No degree sign is used 
with the unit kelvin). 


p Gas 1 
Gas 2 
Gas 3 
Pas ~ ne 
—273.15°C 90°C t(°C) 
Fig. 20.2 


This new absolute temperature scale (also called the kelvin scale) employs the SI unit of absolute 


1 
temperature, the kelvin which is defined to be er i6 of the difference between absolute zero and 


the temperature of the triple point of water”. 


The Celsius, Fahrenheit and Kelvin Temperature Scales 


Eq. (i) shows the relation between the temperatures in celsius scales and kelvin scale. Because the 
size of a degree is the same on the two scales, a temperature difference of 10°C is equal to a 
temperature difference of 10 K. The two scales differ only in the choice of the zero point. The ice 
point temperature on the kelvin scale, 273.15 K, corresponds to 0.00°C and the kelvin steam point 
373.15 K, is equivalent to 100.00°C. 


A common temperature scale in everyday use in US is the Fahrenheit scale. The ice point in this 
scale is 32°F and the steam point is 212°F. The distance between these two points are divided in 180 
equal parts. The relation between celsius scale and Fahrenheit scale is as derived below. 


o°c 100°C 
(100 equal parts) 
OO mo—mmmsb 
30°F 12°F (180 equal parts) 


Fig. 20.3 
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100 parts of celsius scale =180 parts of Fahrenheit scale 
1 part of celsius scale =? parts of Fahrenheit scale 


K Cc F 


373.15 = 100° 212° 
100K 100°C 180°F 
273.15 o°c 32°C 
Relation among Kelvin, Celsius and Fahrenheit temperature scales 
Fig. 20.4 
9 _ 
Hence, Tr rent te .. (ii) 
5 8 
Further, AT, = AT = 9 AT, .. (iil) 


@® Extra Points to Remember 


e Different Thermometers 
Thermometric property _ It is the property that can be used to measure the temperature. It is represented by 
any physical quantity such as length, volume, pressure and resistance etc., which varies linearly with a certain 
range of temperature. Let X denotes the thermometric physical quantity and X,, X;o9 and X, be its values at 
0°C, 100°C and t °C respectively. Then, 
f= (z =i }. 100°C 
X100 — Xo 
(i) Constant volume gas thermometer The pressure of a gas at constant volume is the thermometric 
property. Therefore, 


(25 ai ] 100" 
Pio — Po 


(ii) Platinum resistance thermometer The resistance of a platinum wire is the thermometric property. 


Hence, 
fe (xn *e.| x 100°C 
roo = Ro 


(iii) Mercury thermometer _ In this thermometer, the length of a mercury column from some fixed point 
is taken as thermometric property. Thus, 


t=( Lo |x 100r0 
100 ~ ‘0 


e Two other thermometers, commonly used are thermocouple thermometer and total radiation 
pyrometer. 
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e Total radiation pyrometer is used to measure very high temperatures. When a body is at a high 
temperature, it glows brightly and the radiation emitted per second from unit area of the surface of the 
body is proportional to the fourth power of the absolute temperature of the body. If this radiation is 
measured by some device, the temperature of the body is calculated. This is the principle of a total 
radiation pyrometer. The main advantage of this thermometer is that the experimental body is not kept in 
contact with it. Hence, there is no definite higher limit of its temperature range. It can measure temperature 
from 800°C to 3000°C-4000°C. However, it cannot be used to measure temperatures below 800°C 
because at low temperatures the emission of radiation is so poor that it cannot be measured directly. 


e Ranges of different thermometers 


Table 20.1 
Thermometer Lower limit Upper limit 
Mercury thermometer -30°C 300°C 
Gas thermometer 268°C 1500°C 
Platinum resistance thermometer -200°C 1200°C 
Thermocouple thermometer -200°C 1600°C 
Radiation thermometer 800°C No limit 


e Reaumur’s scale Other than Celsius, Fahrenheit and Kelvin temperature scales Reaumur’s scale was 
designed by Reaumur in 1730. The lower fixed point is O°R representing melting point of ice. The upper 
fixed point is 80°R, which represents boiling point of water. The distance between the two fixed points is 
divided into 80 equal parts. Each part represents 1°R. If 7, 7; and Tp, are temperature values of a body on 
Celsius scale, Fahrenheit scale and Reaumur scale respectively, then 


Onc eee 
100. 180 80 


e A substance is found to exist in three states solid, liquid and gas. For each substance, there is a set of 
temperature and pressure at which all the three states may coexist. This is called triple point of that 


substance. For water, the values of pressure and temperature corresponding to triple point are 4.58 mm of 
Hg and 273.16°K. 


© Example 20.1 Express a temperature of 60°F in degrees Celsius and in 


Kelvin. 
Solution Substituting 7, = 60° F in Eq. (ii), 
To = 2 (Tp — 32)= 2 (60° — 32° ) 
9 9 
=15.55°C Ans. 
From Eq. (i), 


T=Te + 273.15= 15.55° C+ 273.15 
= 288.7K Ans. 


© Example 20.2 The temperature of an iron piece is heated from 30°C to 90°C. 
What is the change in its temperature on the Fahrenheit scale and on the kelvin 
scale? 
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Solution AT, = 90° C— 30° C= 60° C 
Using Eq. (iii), 


AT, = Z ATo = Z (60° C) 
5 5 
=108°F Ans. 
and AT = AT, = 60K Ans. 


INTRODUCTORY EXERCISE 


1. What is the value of 
(a) O°F in Celsius scale? 
(b) 0 K on Fahrenheit scale? 

2. At what temperature is the Fahrenheit scale reading equal to 
(a) twice (b) half of Celsius? 


3. A faulty thermometer reads 5°C in melting ice and 99°C in steam. Find the correct temperature 
in °F when this faulty thermometer reads 52°C. 


4. At what temperature the Fahrenheit and Kelvin scales of temperature give the same reading? 
5. Atwhat temperature the Fahrenheit and Celsius scales of temperature give the same reading? 


20.3 Heat and Temperature 


The word heat is always used during transfer of thermal energy from hot body to cold body (due to 
temperature difference between them). Following are given some statements. Some of them are right 
and some are wrong. From those statements, you will be able to find the difference between heat and 
temperature. 


Wrong Statements 
(1) This body has large quantity of heat. 
(ii) Temperature transfer is taking place from body A to body B. 


Correct Statements 
(1) Temperature of body A is more than temperature of body B. 
(ii) Heat transfer is taking place from body A to body B because A is at higher temperature than 
body B. 

Note One calorie (1 cal) is defined as the amount of heat required to raise the temperature of one gram of water 
from 14.5°C to 15.5°C. 
Experiments have shown that 

1 cal = 4.186 J 

Similarly, 1 kcal = 1000 cal = 4186 J 
The calorie is not a fundamental S! unit. 
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20.4 Thermal Expansion 


Most substances expand when they are heated. Thermal expansion is a consequence of the change in 
average separation between the constituent atoms of an object. Atoms of an object can be imagined to 
be connected to one another by stiff springs as shown in Fig. 20.5. At ordinary temperatures, the 
atoms in a solid oscillate about their equilibrium positions with an amplitude of approximately 
10'' m. The average spacing between the atoms is about 101° m. As the temperature of solid 
increases, the atoms oscillate with greater amplitudes, as a result the average separation between 
them increases, consequently the object expands. 


Fig. 20.5 


More precisely, thermal expansion arises from the asymmetrical nature of the potential energy curve. 


At the atomic level, thermal expansion may be understood by considering how the potential energy of 
the atoms varies with distance. The equilibrium position of an atom will be at the minimum of the 
potential energy well if the well is symmetric. At a given temperature, each atom vibrates about its 
equilibrium position and its average position remains at the minimum point. If the shape of the well is 
not symmetrical, as shown in figure, the average position of an atom will not be at the minimum point. 
When the temperature is raised the amplitude of the vibrations increases and the average position is 
located at a greater interatomic separation. This increased separation is manifested as expansion of 
the material. 


Linear Expansion 
Suppose that the temperature of a thin rod of length / is changed from T to 7+ AT. It is found 
experimentally that, if AT is not too large, the corresponding change in length A/ of the rod is directly 
proportional to AT and /. Thus, 


Al« AT 
and Al« | 
Introducing a proportionality constant o (which is different for different materials) we may write 
Alas 

Al = 1a AT ...(i) 


Here, the constant o is called the coefficient of linear expansion of the material of the rod and its 
units are K"! or [(°C) |]. Remember that AT = AT. 


Actually, & does depend slightly on the temperature, but its variation is usually small enough to be 
negligible, even over a temperature range of 100°C. We will always assume that © is a constant. 
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Volume Expansion 


Because the linear dimensions of an object change with temperature, it follows that surface area and 
volume change as well. Just as with linear expansion, experiments show that if the temperature 
change AT is not too great (less than 100°C or so), the increase in volume AV is proportional to both, 
the temperature change AT and the initial volume V. Thus, 


AV «AT 
and AV «V 
Introducing a proportionality constant y, we may write AV as 
AV =V xy xAT ws (il) 


Here, y is called the coefficient of volume expansion. The units of y are K™ or (° on, 


Relation Between y and a 


For an isotropic solid (which has the same value of q in all directions) y = 3a. To see that y = 3a fora 
solid, consider a cube of length /and volume V = 7°. 


When the temperature of the cube is increased by dT, the side length increases by d/ and the volume 
increases by an amount dV given by 


av (2) alas -dl 
dl 
Now, dl = ladT 


dV =3P-adT = (30a)VdT 
This is consistent with Eq. (ii), 
dV =yvadT, only if 
¥ = 30. .. iii) 
Average values of « and y for some materials are listed in Table 20.2. You can check the relation 
 =3a, for the materials given in the table. 


Table 20.2 
Material a [K7' or (°C)~] y[K™ or °C)~'] 
Steel 1.2 x 10° 3.6x10° 
Copper 1.7 x 10° 5.1x10° 
Brass 2.0 x 10° 6.0 x 10° 
Aluminium 2.4x10° 7.2x10° 


The Anomalous Expansion of Water 


Most liquids also expand when their temperatures increase. Their expansion can also be described by 
Eq. (11). The volume expansion coefficients for liquids are about 100 times larger than those for 
solids. 


Some substances contract when heated over a certain temperature range. The most common example 
is water. 


Chapter 20 Thermometry, Thermal Expansion and Kinetic Theory of Gases © 179 


Figure shows how the volume of | g of water varies with temperature at atmospheric pressure. The 
volume decreases as the temperature is raised from 0°C to about 4°C, at 4°C the volume is a minimum 
and the density is a maximum (1000 kg/m ; ). Above 4° C, water expands with increasing temperature 
like most substances. 


Fig. 20.6 


This anomalous behaviour of water causes ice to form first at the surface of a lake in cold weather. As 
winter approaches, the water temperature decreases initially at the surface. The water there sinks 
because of its increased density. Consequently, the surface reaches 0°C first and the lake becomes 
covered with ice. Now ice is bad conductor of heat so water at the bottom remains at 4°C, the highest 
density of water. Aquatic life is able to survive the cold winter as the bottom of the lake remains 
unfrozen at a temperature of about 4°C. 


@® Extra Points to Remember 


e lf asolid object has a hole in it, what happens to the size of the hole, when the temperature of the object 
increases? A common misconception is that if the object expands, the hole will shrink because material 
expands into the hole. But the truth is that if the object expands, the hole will expand too, because every 
linear dimension of an object changes in the same way when the temperature changes. 


a+ Aa 
b b+ Ab 


Fig. 20.7 


e Expansion of a bimetallic strip As Table 20.2 indicates, each substance has its own characteristic 
average coefficient of expansion. 


Steel 


\ 


Brass 


Room temperature Higher temperature 
Fig. 20.8 
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For example, when the temperatures of a brass rod and a steel rod of equal length are raised by the same 
amount from some common initial value, the brass rod expands more than the steel rod because brass 
has a greater average coefficient of expansion than steel. Such type of bimetallic strip is found in practical 
devices such as thermostats to break or make electrical contact. 


Bimetallic strip 


Off 30°C 
Fig. 20.9 


Variation of density with temperature Most substances expand when they are heated, i.e. volume of a 
given mass of a substance increases on heating, so the density should decrease (as po 7} Let us see 


how the density (p) varies with increase in temperature. 


= 
V 
1 F 
or pe 7 (for a given mass) 
eo WV iW V ae peal 
p VW V+AV V+YwWAT 1+ yAT 
A 
e 1+ yAT 


This expression can also be written as 
p’=p(1+ yAT)' 


If y is very small, (14 yAT)! =1— yAT 


p’ =p (1— yAT) 
Effect of temperature on apparent weight when immersed in a liquid When a solid body is 
completely immersed in a liquid, its apparent weight gets decreased due to an upthrust acting on it by the 
liquid. The apparent weight is given by 

Wapp = WF 
Here, F = upthrust = Ve p, g 
where, Vg = volume of solid and p, = density of liquid 
Now, as the temperature is increased V, increases while p, decreases. So, F may increase or decrease 
(or may remain constant also) depending upon the condition that which factor dominates on the other. We 


can write 


FoxVepy 
oF Be pe We A) es 
Fo Vy py Vo 1+ y, AT 


_ {Me + ¥sVeAT 1 
Vg 1+ y, AT 
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or prag( t+ YeAT 
1+ y,AT 
Now, if We > Wp F’>F 
oe Wapp < Wapp and vice-versa. 
And if %=% FHF 
es Wapp = Wapp 


e Effect of temperature on immersed fraction of a solid in floating condition 
When a solid, whose density is less than the density of liquid is floating in it, then 


Fig. 20.10 
Weight of the solid = Upthrust on solid from liquid 
Vps9 = ViP/9 (i) 
Here, p,= density of solid 


p, = density of liquid 
V, = immersed volume of solid and 
V = total volume of solid 
From Eq. (i), 
Vis Rsees et) 
vp; 
where, f = immersed fraction of solid. 
With increase in temperature, p, and p, both will decrease. Therefore, this fraction may increase, decrease 
or remain constant. At some higher temperature, 
f= Ps ... (iii 
P; 
From Eqs. (ii) and (ili), we have 


a f (24) 


Now, if ¥, > Ys, f’> f or immersed fraction will increase. 
lf ¥) =z, f =f or immersed fraction will remain unchanged and if, 
¥, < Ys, then f’< f or immersed fraction will decrease. 
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Effect of temperature on the time period ofapendulum The time period of a simple pendulum is given by 


r=2n/2 
g 


or T x ¥/ 
As the temperature is increased, length of the pendulum and hence, time period gets increased or a 
pendulum clock becomes slow and it loses the time. 

OP _ ire 


7 ii 
Here, we put A/ = /aA@ in place of Ia AT so as to avoid the confusion with change in time period. Thus, 
If 1+ loA® 4/2 
_= = (1+ aAd 
T Y 
or a ( 2 5 «28 (if 0A@ << 1) 
or aT =1'-T=1 Tose 


Time lost in time t (by a pendulum clock whose actual time period is 7 and the changed time period at 
some higher temperature is 7”) is 
NE = (Fe 
1 


At some higher temperature a scale will expand and scale reading will be lesser than true value. 
However, at lower temperatures scale reading will be more or true value will be less. 

When a rod whose ends are rigidly fixed such as to prevent from expansion or contraction undergoes a 
change in temperature, thermal stresses are developed in the rod. This is because, if the temperature is 
increased, the rod has a tendency to expand but since it is fixed at two ends it is not allowed to expand. So, 
the rod exerts a force on supports to expand. 


Lo 


Fig. 20.11 


Thermal strain = — = a@AT 


Al 
we 
So thermal stress = (Y) (termal strain) = YoAT 
or force on supports F = A (stress) = YAaAT 


Here, Y = Young’s modulus of elasticity of the rod. 
F = YAOAT 


Expansion of liquids For heating a liquid it has to be put in some container. When the liquid is heated, 
the container will also expand. We define coefficient of apparent expansion of a liquid as the apparent 
increase in volume per unit original volume per °C rise in temperature. It is represented by y,. Thus, 

la = G > Vo 
Here, y, = coefficient of volume expansion of liquid 
and Y, = coefficient of volume expansion of the container 
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Example 20.3 A steel ruler exactly 20 cm long is graduated to give correct 

measurements at 20°C. 

(a) Will it give readings that are too long or too short at lower temperatures? 

(6) What will be the actual length of the ruler when it is used in the desert at a 
temperature of 40°C ? Oso) = 1.2 10° (°C). 

Solution (a) If the temperature decreases, the length of the ruler also decreases through 

thermal contraction. Below 20°C, each centimetre division is actually somewhat shorter than 

1.0 cm, so the steel ruler gives readings that are too long. 


(b) At 40°C, the increase in length of the ruler is 
Al= lOAT 
= (20) (1.2 x 10° ) (40° — 20° ) 


= 0.48x 107 cm 
The actual length of the ruler is 
V=1+Al 
= 20.0048 cm Ans. 


Example 20.4 The scale on a steel meter stick is calibrated at 15°C. What is 
the error in the reading of 60 cm at 27°C? O gio) = 1.2 X 10° (°C). 
Solution The error in the reading will be 
Al = (scale reading) (&) (AT) 
= (60) (1.2% 107 ) (27° — 15° ) 
= 0.00864 cm Ans. 


Example 20.5 A second’s pendulum clock has a steel wire. The clock is 
calibrated at 20°C. How much time does the clock lose or gain in one week when 
the temperature is increased to 30°C? © gio.) = 1-2 x 10°(°C)". 


Solution The time period of second’s pendulum is 2 second. As the temperature increases 
length and hence, time period increases. Clock becomes slow and it loses the time. The change in 
time period is 


AT =< Tose 


z (5) (2) (1.2.x 105 ) (30° — 20° ) 


=1.2x107s 


New time period is 
T’ =T+AT=(24+12x10") 
= 2.00012 s 
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At= (+7 t 
Yi 
02%107) 


(2.00012) 
= 36.2858 Ans. 


Time lost in one week 


(7x 24 x 3600) 


© Example 20.6 A sphere of diameter 7 cm and mass 266.5 g floats in a bath of 
liquid. As the temperature is raised, the sphere just sinks at a temperature of 
35° C. If the density of the liquid at 0°C is 1.527 g/cm’, find the coefficient of 
cubical expansion of the liquid. Ignore expansion of sphere. 


Solution The sphere will sink in the liquid at 35°C, when its density becomes equal to the 
density of liquid at 35°C. 


The density of sphere, 
266.5 
P35 = 3 
GPG) 
St] eS 
37 2 
= 1.483 g/cm? 
Now, Po =P3s [1+ YAT) 


1.527= 1.483 [1+ y x 35] 
1.029=1+y x 35 
1.029-1 
Y= 35, 
= 0.00083/° C Ans. 


© Example 20.7 A glass beaker holds exactly 1 L at 0°C 
(a) What is its volume at 50°C? 
(6) If the beaker is filled with mercury at 0°C, what volume of mercury overflows 
when the temperature is 50°C ?a, = 8.3x 10°© per° Cand 
Yug = 1.82 x 10* per°C. 
Solution (a) The volume of beaker after the temperature change is 
Voeaker =Vo (1+ 30, A8) 
=(1[1+3x 83x 10° x 50] 
= 1.001 L Ans. 


(b) Volume of mercury at 50°C is 
4 =Vo (1+ YygA8) 


mercury 


= (1)[1+1.82x 107 x 50] 
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= 1.009 L 
The overflow is thus 1.009 — 1.001= 0.008 Lor 8 mL Ans. 


INTRODUCTORY EXERCISE 


Take the values of « from Table 20.2. 

1. A pendulum clock of time period 2 s gives the correct time at 30°C. The pendulum is made of 
iron. How many seconds will it lose or gain per day when the temperature falls to 0°C? 
Op= 1.2 x10° (°C). 

2. Ablock of wood is floating in water at 0°C. The temperature of water is slowly raised from 0°C to 
10°C. How will the percentage of volume of block above water level change with rise in 
temperature? 

3. A piece of metal floats on mercury. The coefficient of volume expansion of metal and mercury 
are y, and Yo, respectively. If the temperature of both mercury and metal are increased by an 
amount AT, by what factor does the fraction of the volume of the metal submerged in mercury 
changes? 

4. Abrass disc fits snugly in a hole in a steel plate. Should you heat or cool the system to losen the 
disc from the hole? Given that a, > Qr¢.. 

5. An iron ball has a diameter of 6 cm and is 0.010 mm too large to pass through a hole in a brass 
plate when the ball and plate are at a temperature of 30°C. At what temperature, the same for 
ball and plate, will the ball just pass through the hole? 

Take the values of « from Table 20.2. 

6. (a) An aluminium measuring rod which is correct at 5°C, measures a certain distance as 
88.42 cm at 35 °C. Determine the error in measuring the distance due to the expansion of the 
rod. (b) If this aluminium rod measures a length of steel as 88.42 cm at 35°C, whatis the correct 
length of the steel at 35°C? 

7. Asteel tape is calibrated at 20°C . On a cold day when the temperature is —15°C, what will be 
the percentage error in the tape? 


20.5 Behaviour of Gases 


Gases are the most diffused form of matter. In a gas, the molecules are highly energetic and they can 
be widely separated from each other. The behaviour of gases and their properties derive from these 
facts. 


Sometimes the term vapour is used to describe a gas. Strictly speaking, a gas is a substance at a 
temperature above its boiling point. A vapour is the gaseous phase of a substance that under ordinary 
conditions, exists as a liquid or solid. 


One of the more obvious characteristics of gases is their ability to expand and fill any volume they are 
placed in. This contrasts with the behaviour exhibited by solids (fixed shape and volume) and liquids 
(fixed volume but indeterminate shape). 


Ideal and Real Gas Laws 


Gases, unlike solids and liquids have indefinite shape and indefinite volume. As a result, they are 
subjected to pressure changes, volume changes and temperature changes. Real gas behaviour is 
simpler. By understanding ideal gas behaviour, real gas behaviour becomes more tangible. 
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Ideal Gases 
How do we describe an ideal gas? An ideal gas has the following properties : 
1. An ideal gas is considered to be a "point mass". A point mass is a particle so small, its volume is 
very nearly zero. This means an ideal gas particle has virtually no volume. 
2. Collisions between ideal gases are "elastic". This means that no attractive or repulsive forces are 


involved during collisions. Also, the kinetic energy of the gas molecules remains constant since 
these intermolecular forces are lacking. 


Volume and temperature are by now familiar concepts. Pressure, however, may need some 
explanation. Pressure is defined as a force per unit area. When gas molecules collide with the 
sides of a exert, they exert a force over that area of the container. This gives rise to the pressure 
inside the container. 


Gas Laws 


Assuming permanent (or real) gases to be ideal, through experiments, it was established that gases 
irrespective of their nature obey the following laws : 


Boyle’s Law 
According to this law, for a given mass of a gas, the volume of a gas at constant temperature (called 


isothermal process) is inversely proportional to its pressure, 1.e. 
1 


V«— (T = constant) 
P 
or pV =constant 
OF DV; = DV 7 


Thus, p-V graph in an isothermal process is a rectangular hyperbola. Or pV versus p or V graph is a 
straight line parallel to p or V axis. 


pV 
T = constant 


p 
T = constant 
Vv porV 


Fig. 20.12 


Charles’ Law 
According to this law, for a given mass of a gas the volume of a gas at constant pressure (called 
isobaric process) is directly proportional to its absolute temperature, i.e. 
V 4 


p = constant p = constant 


a 


¢ 


T (in K) porT 
Fig. 20.13 
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V«T (p = constant) 
ne 
Ty 


V i 
or —=constant or — 

4 i 
Thus, V-7 graph in an isobaric process is a straight line passing through origin. OrV/T versus V or T 
graph is a straight line parallel to V or T axis. 


Gay Lussac’s Law or Pressure Law 
According to this law, for a given mass of a gas the pressure of a gas at constant volume (called 
isochoric process) is directly proportional to its absolute temperature, i.e. 


; P 

p«T (V=constant) or oS constant or te 
T ; Ty 

p P 

- 

V= constant 
T (in K) porT 
Fig. 20.14 


Thus, p- 7 graph in an isochoric process is a straight line passing through origin or p/T versus por T 
graph is a straight line parallel to p or 7 axis. 


Ideal Gas Equation 
All the above four laws can be written in one single equation known as ideal gas equation. According 
to this equation. 


pV =nRT =— RT 
M 


In this equation, 7 = number of moles of the gas 


m= total mass of the gas 
M =molecular mass of the gas 
and R =universal gas constant 
=8.31J/mol-K 
=2.0cal/mol-K 
The above three laws can be derived from this single equation. For example, for a given mass of a gas 
(m= constant) 


pV =constant at constant temperature (Boyle’s law) 
7 = constant at constant volume (Pressure law) 
4 ' 
a = constant at constant pressure (Charles' law) 


188 © Waves and Thermodynamics 


Avogadro's Law 
The next empirical gas law, we will look at, is called Avogadro's law. This law deals with the 
relationship between the volume and moles of a gas at constant pressure and temperature. According 
to this law, at same temperature and pressure equal volumes of all gases contain equal number of 
molecules. Let's derive this law from the ideal gas law. Give the moles and volume subscripts, since 
their conditions will change. 
PY, =n,RT and pV, =n,RT 

Collect terms. Divide each equation by pressure, p and divide each equation by their respective 
mole term 

i 

Vi Vy, RT 


Thus, the number of molecules per unit volume is same for all gases at a fixed temperature and 
pressure. The number in 22.4 litres of any gas is 6.02 x 107°. This is known as Avogadro number and 
is denoted by V,. The mass of 22.4 litres of any gas is equal to its molecular weight in grams at S.T.P. 
(standard temperature 273 K and pressure | atm). This amount of substance is called a mole. 


Note k= zg is called Boltzmann constant. Its value in S/ unit is 1.38 x 107°? J/K. 
A 


® Extra Points to Remember 
e In our previous discussion, we have discussed Charles' law and pressure law in absolute temperature 

scale. In centigrade scale, these laws are as under : 

Charles'law Whenagiven mass of a gas is heated at constant V; 

pressure then for each 1°C rise in temperature the volume of the 

gas increases by a fraction @ of its volume at O°C. Thus, if the 

volume of a given mass of a gas at 0°C is Vp, then on heating at Vo 

constant pressure to t°C its volume will increase by Vat. 

Therefore, if its volume att°C be Vj, then 

Y=V+\Yot or 4% =V (1+ at) 
Here, ais called the ‘volume coefficient’ of the gas. For all gases, 


»t (°C) 


the experimental value of a is nearly x pene 


Wav (1+ 5] 


Thus, V, versus t graph is a straight line with slope i and positive intercept V,. Further 4% = O at 


t =- 273°C. 

Pressure law According to this law, when a given mass of a 
gas is heated at constant volume then for each 1°C rise in 
temperature, the pressure of the gas increases by a fraction B 
of its pressure at 0°C. Thus, if the pressure of a given mass of a 
gas at 0°C be p,, then on heating at constant volume tot °C, its 
pressure will increase by , Bt. Therefore, if its pressure att°C 
be p, then 


t (°C) 


PB =Pp+ Ppbt or Pp =p) (1+ ft) 
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Here, B is called the ‘pressure coefficient’ of the gas. For all gases the experimental value of B is also 


all parG = Pep (1+ g } 
273 NO eae 
2 versus t graph is as shown in Fig 20.16. 


e The above forms of Charles' law and pressure law can be simply expressed in terms of absolute 
temperature. 


Let at constant pressure, the volume of a given mass of a gas at 0°C, t,°C and t,°C be \, V, and V, 


respectively. Then, 
Wav (1+ t, }=% (4) 
273 203 


t By fees) 
(ne qe 22a 2 
: a ( =| o( 273 
Vy, _ 273+t, _7, 


where, 7, and 7, are the absolute temperatures corresponding tot,°C andt,°C . Hence, 
New or ve constant or Ve«T 
T I T 


This is the form of Charles’ law which we have already studied in article 20.5. In the similar manner, we can 
prove the pressure law. 
e Under isobaric conditions (p = constant), V-T graph is a straight line passing through origin (where, T is in 


kelvin). The slope of this line is Hal as V= il T or slope of the line is directly proportional to a 
. Pp 


Pp Pp 
nR n 
slope =—— or slope «— 
p 
Similarly, under isochoric conditions (V = constant), p-T graph is a straight line passing through origin 
whose slope is a or slope is directly proportional to aa 


e Density ofagas_ The ideal gas equation is 


m 
VS mall = lay 
p M 


m_ _ pM (p = densi 
Sapa" = density) 
V p T p 
_ PM 
P if 
p p p 
m= constant 
T = constant p =constant 
m= constant m= constant 
T (K) Vv 


Fig. 20.17 
From this equation, we can see that p-p graph is straight line passing through origin at constant 
temperature (p « p)and p-7T graph is arectangular hyperbola at constant pressure [P ox >} Similarly, fora 


given mass of a gas p-V graph is a rectangular hyperbola (P ox 7) : 
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© Example 20.8 p-V diagrams of same mass of a gas are drawn at two different 
temperatures T, and T,. Explain whether T, >T, or T, >T;. 


p 


Fig. 20.18 


Solution The ideal gas equation is 
RE ee Pa 
nR 


T « pV if number of moles of the gas are kept constant. Here, mass of the gas is constant, which 
implies that number of moles are constant, i.e. T «< pV.In the given diagram, product of p and V 
for T, is more than 7; at all points (keeping either p or V same for both graphs). Hence, 


T, >T, Ans. 


© Example 20.9 The p-V diagram of two different masses m, and m, are drawn 
(as shown) at constant temperature T. State whether m, > my or my > m,. 


p 
T\T 
Me 
m 
>V 
Fig. 20.19 
Solution pV =nRT = yet 


m= wo) =] or me pV if T =constant 


From the graph, we can see that p,V, > p,V, (for same p or V). Therefore, 


My > Mm, Ans. 
© Example 20.10 The p-T graph for the given mass of an 4 
ideal gas is shown in figure. What inference can be drawn B 
regarding the change in volume (whether it is constant, 
increasing or decreasing)? A 
How to Proceed Definitely, it is not constant. Because when volume of T (kK) 


the gas is constant p-T graph is a straight line passing through origin. 


Fig. 20.20 
The given line does not pass through origin, hence volume is not constant. 5 
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V= onn){ 7) 
P 


‘ Yi : : 
Now, to see the volume of the gas we will have to see whether — is increasing or decreasing. 


Solution From the given graph, we can write the p-7T equation as 


p=aT+b (y=mx+c) 
Here, a and b are positive constants. Further, 

P =a + b 

T T 
Now, Tz >T 4 


or Vz >V4 Ans. 


Thus, as we move from A to B, volume of the gas is increasing. 


© Example 20.11 A gas at 27°C in a cylinder has a volume of 4 litre and 
pressure 100 Nm™~. 
(i) Gas is first compressed at constant temperature so that the pressure is 
150 Nm~™. Calculate the change in volume. 
(ii) It is then heated at constant volume so that temperature becomes 127° C. 
Calculate the new pressure. 
Solution (i) Using Boyle's law for constant temperature, 


PV = PW 
Fo Nt pat, 
Po 150 
Change in volume =V, —V, = 2.667-— 4 
=-1.333 L 
(11) Using Gay Lussac's law for constant volume, 
T. T- 127+ 2 150 
py 7, 7, (27+ 273) 
= 200Nm~ 


© Example 20.12 A balloon partially filled with helium has a volume of 30 m?, 
at the earth's surface, where pressure is 76 cm of Hg and temperature is 27°C. 
What will be the increase in volume of gas if balloon rises to a height, where 
pressure is 7.6 cm of Hg and temperature is —54° C? 
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Solution As 2 Mi =P WV 
T, tT, 
Vy = PVT, 
TP» 
_ 76x 30x (-54 + 273 ) 
(27+ 273 )x 7.6 
=219m?> 
Increase in volume of gas 
=V,—V, =219-30 
=189 m* 
INTRODUCTORY EXERCISE 
1. From the graph for an ideal gas, state whether m, or m, is greater. 
T. 
Vv 
me V 
m4 
p 
Fig. 20.21 


2. A vessel is filled with an ideal gas at a pressure of 20 atm and is at a temperature of 27°C. 
One-half of the mass is removed from the vessel and the temperature of the remaining gas is 
increased to 87°C. At this temperature, find the pressure of the gas. 


3. A vessel contains a mixture of 7 g of nitrogen and 11 g of carbon dioxide at temperature 
T =290K. If pressure of the mixture is 1 atm (=1.01x 10° N/m?), calculate its density 
(R =8.31J/mol -K). 


4. Anelectric bulb of volume 250 cm? was sealed off during manufacture at a pressure of 1 0-3 mm 


of mercury at 27°C. Compute the number of air molecules contained in the bulb. Given that 
R =8.31J/mol-K and N, =6.02 x 107° per mol. 


5. State whether p, > P» Or Py > p, for given mass of a gas? 


V 
Po 
Py 


Fig. 20.22 
6. For a given mass of a gas what is the shape of p versus ' graph at constant temperature? 


7. Fora given mass of a gas, what is the shape of pV versus T graph in isothermal process? 
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20.6 Degree of Freedom (f) 
The minimum number of ways in which motion of a body (or a system) can be described completely 
is called its degree of freedom. 


For example In Fig. (a), block has one degree of freedom, because it is confined to move in a 
straight line and has only one translational degree of freedom. 


y 


(a) 


Fig. 20.23 
In Fig. (b), the particle has two degrees of freedom because it is confined to move in a plane and so it 
has two translational degrees of freedom. 
In Fig. (c), the sphere has two degrees of freedom one rotational and another translational. 
Similarly, a particle free to move in space will have three translational degrees of freedom. 


Degree of Freedom of Gas Molecules 
A gas molecule can have, the following types of energies 
(i) translational kinetic energy 
(ii) rotational kinetic energy 
(iii) vibrational energy (potential + kinetic) 


Vibrational Energy 
The forces between different atoms of a gas molecule (interatomic force) may be visualized by 
imagining every atom as being connected to its neighbours by springs. Each atom can vibrate along 
the line joining the atoms. Energy associated with this is called vibrational energy. 


Degree of Freedom of Monoatomic Gas 


A monoatomic gas molecule (like He) consists of a single atom. It can have translational motion in 
any direction in space. Thus, it has 3 translational degrees of freedom. 


f =3 (all translational) 


It can also rotate but due to its small moment of inertia, rotational kinetic energy is neglected. 


Degree of Freedom of a Diatomic and Linear Polyatomic Gas 


The molecules of a diatomic and linear polyatomic gas (like O,,CO, and H,) cannot only move 
bodily but also rotate about anyone of the three coordinate axes as shown in figure. However, its 
moment of inertia about the axis joining the two atoms (x-axis) is negligible. Hence, it can have only 
two rotational degrees of freedom. Thus, a diatomic molecule has 5 degrees of freedom: 3 
translational and 2 rotational. At sufficiently high temperatures, it has vibrational energy as well 
providing it two more degrees of freedom (one vibrational kinetic energy and another vibrational 
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potential energy). Thus, at high temperatures a diatomic molecule has 7 degrees of freedom, 
3 translational, 2 rotational and 2 vibrational. Thus, 

AZ 

Y 


vy 


Fig. 20.24 


f =5 (3 translational + 2 rotational) at room temperatures and 
f =7QG translational + 2 rotational + 2 vibrational) at high temperatures. 


Degree of Freedom of Non-linear Polyatomic Gas 


A non-linear polyatomic molecule (such as NH) can rotate about any of three coordinate axes. 
Hence, it has 6 degrees of freedom 3 translational and 3 rotational. At room temperatures, a 
polyatomic gas molecule has insignificant vibrational energy. But at high enough temperatures it is 
also significant. So, it has 8 degrees of freedom 3 rotational, 3 translational and 2 vibrational. Thus, 


Fig. 20.25 


f =6(3 translational + 3 rotational) at room temperatures and 
f =8(3 translational + 3 rotational + 2 vibrational) at high temperatures. 


Degree of Freedom of a Solid 


An atom in a solid has no degrees of freedom for translational and rotational motion. At high 
temperatures, due to vibration along 3 axes it has 3 x2 =6 degrees of freedom. 


f =6 (all vibrational) at high temperatures 


Note (i) Degrees of freedom of a diatomic and polyatomic gas depends on temperature and since there is no 
clear cut demarcation line above which vibrational energy become significant. Moreover, this 
temperature varies from gas to gas. On the other hand, for a monoatomic gas there is no such 
confusion. Degree of freedom here is 3 at all temperatures. Unless and until stated in the question you 
can take f =3 for monoatomic gas, f =5 for a diatomic gas and f =6 fora non-linear polyatomic gas. 

(ii) When a diatomic or polyatomic gas dissociates into atoms it behaves as a monoatomic gas. Whose 
degrees of freedom are changed accordingly. 
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20.7 Internal Energy of an Ideal Gas 


Suppose a gas is contained in a closed vessel as shown in Disordered 
: : ; : motion 

figure. Ifthe container as a whole is moving with some speed, 

then this motion is called the ordered motion of the gas. Ordered 

Source of this motion is some external force. The zig-zag motion 


motion of gas molecules within the vessel is known as the 
disordered motion. This motion is directly related to the 
temperature of the gas. As the temperature is increased, the 
disordered motion of the gas molecules gets fast. The internal energy (U) of the gas is concerned only 
with its disordered motion. It is in no way concerned with its ordered motion. When the temperature 
of the gas is increased, its disordered motion and hence its internal energy is increased. 


Fig. 20.26 


Intermolecular forces in an ideal gas is zero. Thus, PE due to intermolecular forces of an ideal gas is 
zero. A monoatomic gas is having a single atom. Hence, its vibrational energy is zero. For dia and 
polyatomic gases vibrational energy is significant only at high temperatures. So, they also have only 
translational and rotational KE. We may thus conclude that at room temperature the internal energy of 
an ideal gas (whether it is mono, dia or poly) consists of only translational and rotational KE. Thus, 


U (of an ideal gas) = K; + Kp at room temperatures. 


Internal Energy 
(U) 


Potential Energy Kinetic Energy 


Due to Due to Translational] |Rotational| | Vibrational 
intermolecular interatomic KE KE KE 


forces forces 
(vibrational) 


Fig. 20.27 


Later in the next article, we will see that K, (translational KE) and Kp (rotational KE) depends 
on T only. They are directly proportional to the absolute temperature of the gas. Thus, internal 
energy of an ideal gas depends only on its absolute temperature (7) and is directly 
proportional to T. 


Ua«T 


20.8 Law of Equipartition of Energy 


An ideal gas is just like an ideal father. An ideal father distributes whole of its properties and assets 
equally among his children. Same is the case with an ideal gas. It distributes its internal energy 
equally in all degrees of freedom. In each degree of freedom energy of one mole of an ideal gas is 
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1 
5 RT, where Tis the absolute temperature of the gas. Thus, if fbe the number of degrees of freedom, 


the internal energy of 1 mole of the gas will be Ler or internal energy of 7 moles of the gas will be 


; SRT. Thus, 
n ; 
U =— fRT ..-(i) 
2 
For a monoatomic gas, f =3. 
3 ‘ 
Therefore, U= ria (for 1 mole of a monoatomic gas) 
For a dia and linear polyatomic gas at low temperatures, f =5, so, 
U =2 RT (for | mole) 
and for non-linear polyatomic gas at low temperatures, f = 6, so 
U =S Rr =3RT (for 1 mole) 


Note (i) For one molecule, R (the gas constant) is replaced by k (the Boltzmann constant). For example, internal 
energy of one molecule in one degree of freedom will be 5 kT. 
(ii) Ignoring the vibrational effects we can summarise the above results in tabular form as below. 
Table 20.3 
Degree of freedom Internal energy of 1 mole _ Internal energy of 1 molecule 


Nature of gas 
Total Translational Rotational Total Translational Rotational Total Translational Rotational 


Monoatomic 3 3 0 Spr 3 pr 0 Sur Sig 0 
2 2 2 

Dia or linear 5 3 2 Spr 3 pr RT Sur Sur AT 

polyatomic 

Non-linear 6 3 3 3 RT Spr Spp  3kT Ser Ser 

polyatomic 2 2 2 


(ii) From the above table, we can see that translational kinetic energy of all types of gases is same. The 
difference is in rotational kinetic energy. 


© Example 20.13 Find total internal energy of 3 moles of hydrogen gas at 
temperature T. 


Solution Using the relation, U= a RT 


we have, n = 3, f = 5 for diatomic H, gas. 


v= R= T5RT Ans. 
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© Example 20.14 Ten moles of O, gas are kept at temperature T. At some higher 
temperature 2T, forty percent of molecular oxygen breaks into atomic oxygen. 
Find change in internal energy of the gas. 


Solution Initial energy Using the relation, U = Yar 
we have, n= 10, f = 5 for diatomic O, gas 


al 
2 


(RT) =25 RT 


Final energy Forty percent means 4 moles O, breaks into O. So, it will become 8 moles of 
monoatomic gas O. Remaining 6 moles are of diatomic gas O,. But now the new temperature 
is 27. 
8x 3 
U - =—— 
f 2 


So, change in internal energy, AU =U, —-U;, =29RT Ans. 


(R) ar)+°*=(R\2r)= 54 RT 


© Example 20.15 Ai a given temperature internal energy of a monoatomic, 
diatomic and non-linear polyatomic gas is U, each. Find their translational 
and rotational kinetic energies separately. 
Solution Monoatomic gas_ Translational degree of freedom of monoatomic gas is 3 and 
rotational degree of freedom is zero. Therefore, whole internal energy is in the form of 
translational kinetic energy. 

K,=U,) and Kp =0 

Diatomic gas Translational degree of freedom of diatomic gas is 3 and rotational degree of 
freedom is 2. Hence, ratio of translational and rotational kinetic energy will be 3 : 2 


Kr =2U, and Kp =2U, 


Non-linear polyatomic gas In non-linear polyatomic gas translational and rotational both 
degrees of freedom are 3 each. So, translational and rotational kinetic energy are equal. Hence, 


U 
ete. 
INTRODUCTORY EXERCISE 
1. Agas mixture consists of 2 moles of oxygen and 4 moles of argon at temperature T. Neglecting 
all vibrational modes, the total internal energy of the system is (JEE 1999) 
(a)4 RT (b) 15 RT (c)9RT (d)11RT 


2. The average translational kinetic energy of O, (molar mass 32) molecules at a particular 
temperature is 0.048 eV. The translational kinetic energy of Nz (molar mass 28) molecules in eV 
at the same temperature is (JEE 1997) 
(a) 0.0015 (b) 0.003 (c) 0.048 (d) 0.768 


3. Ata given temperature, rotational kinetic energy of diatomic gas is Ko. Find its translational and 
total kinetic energy. 
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20.9 Molar Heat Capacity 


“Molar heat capacity C is the heat required to raise the temperature of 1 mole of a gas by 1°C 
(or 1 K).” Thus, 

ca 42 or AQ=nCAT 

nAT 

For a gas, the value of C depends on the process through which its temperature is raised. 
For example, in an isothermal process AT’=0 or C;,, = 00. In an adiabatic process, (we will discuss it 
later) AO =0. Hence, C4, =0. Thus, molar heat capacity of a gas varies from 0 to co depending on the 
process. In general, experiments are made either at constant volume or at constant pressure. In case of 
solids and liquids, due to small thermal expansion, the difference in measured values of molar heat 
capacities is very small and is usually neglected. However, in case of gases molar heat capacity at 
constant volume C,, is quite different from that at constant pressure C,, Later in the next chapter, we 
will derive the following relations, (for an ideal gas) 


dU f R 
y= Het Ra 
asd 
Cc 
a ie 
Cy bil 


Here, Uis the internal energy of one mole of the gas. The most general expression for C in the process 
pV~ =constant is 


R R d cosas 
C= (we will derive it later) 
y-1 1-x 
For example: For isobaric process p = constant or x =0 and 
R 
C=C, “a =Cy +R 
For an isothermal process, pV = constant or x =1 
is C=oco and 
For an adiabatic process pV’ = constant or x = 
ah C=0 
Values of f,U,C),C,, and y for different gases are given in Table 20.4. 
Table 20.4 
Nature of gas f Ua! RE c, =au/aT ='R (CG. =(G, <4 fe) ee ge 
g 2 B: Bae Cy f 
Monoatomic 3 Spr 3p Sp 5467 
2 2 2 3 
Dia and linear polyatomic 5 Spr Sp 7p 7 -1.4 
2 2 2 5 
Non-linear polyatomic 6 3 RT 3R 4R 4 _ 4 3 
3 
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® Extra Points to Remember 
e Mixture of non-reactive gases 


(a) N=N, + Ny 


(©) UW SUh a Us 
e< nCy, + Cy, 
Nn, + No 
Gee nN _,m+M, mM, 
a a Yicetl P iret Yall 


© Example 20.16 Two moles of helium (He) are mixed with four moles of 


hydrogen (H,). Find 

(a) Cy of the mixture 

(b) C, of the mixture and 
(c) y of the mixture. 


Solution Helium is a monoatomic gas. 


Hydrogen is a diatomic gas. 


(a) C, of the mixture 


(b) C,, of the mixture 


Alternate method 


3 
Cy =5R,C 


5 


(6) P= P, + Py 
(d) AU=AU, + AU, 
jc, = oer hes ea 
m+ Np 
_ 1M, + nM, 
ny + M5 


(h) M 


5 5 
=—Randy=— 
7 8 ms 


7 7 
Cy =—RandC, =—Randy=— 
V5 a Y 5 


5 
_ a5 


=—R 


a) +e(2n) 


2+4 
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Ans. 


Ans. 


Ans. 
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(c) y of the mixture 


_Cy _ (19/6)R 
Cy, (3/6)R 
= = Ans. 
13 
Alternate method 
ny +n» ny Ny 


ve) 2-5 224 
3 5 
Solving this equation, we get 
_19 
“ 


© Example 20.17 Temperature of two moles of a monoatomic gas is increased by 
300 K in the process p« V. Find 
(a) molar heat capacity of the gas in the given process 
(b) heat required in the given process. 
Solution (a) Molar heat capacity C is given by 


R : 
C = Cy + me -(i) 
l-x 

in the process pV* = constant. 
Now, Cy = SR for monoatomic gas. 
Further, the given process can be written as 

PV~' =constant 

x=-1 
Substituting the values in Eq. (i), we have 
C= 2 R+ = =2R Ans. 
2 1+1 


(b) Qor AO= nCAT 
Substituting the values, we have 
AQ = (2)(2R )(300) 
= 1200R Ans. 
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20.10 Kinetic Theory of Gases 


We have studied the mechanics of single particles. When we approach the mechanics associated with 
the many particles in systems such as gases, liquids and solids, we are faced with analyzing the 
dynamics of a huge number of particles. The dynamics of such many particle systems is called 
statistical mechanics. 


The game involved in studying a system with a large number of particles is similar to what happens 
after every physics test. Of course we are interested in our individual marks, but we also want to know 
the class average. 

The kinetic theory that we study in this article is a special aspect of the statistical mechanics of large 
number of particles. We begin with the simplest model for a monatomic ideal gas, a dilute gas whose 
particles are single atoms rather than molecules. 

Macroscopic variables of a gas are pressure, volume and temperature and microscopic properties 
are speed of gas molecules, momentum of molecules, etc. Kinetic theory of gases relates the 
microscopic properties to macroscopic properties. Furthermore, the kinetic theory provides us with 
a physical basis for our understanding of the concept of pressure and temperature. 


The Ideal Gas Approximation 
We make the following assumptions while describing an ideal gas : 
1. The number of particles in the gas is very large. 


2. The volume / containing the gas is much larger than the total volume actually occupied by the gas 
particles themselves. 


3. The dynamics of the particles is governed by Newton’s laws of motion. 


- 


The particles are equally likely to be moving in any direction. 


5. The gas particles interact with each other and with the walls of the container only via elastic 
collisions. 
6. The particles of the gas are identical and indistinguishable. 


The Pressure of an Ideal Gas 


A cubical box with sides of length d containing 
an ideal gas. The molecule shown moves with velocity v. 


Fig. 20.28 
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Consider an ideal gas consisting of NV molecules in a container of volume V. The container is a cube 
with edges of length d. Consider the collision of one molecule moving with a velocity v toward the 
right hand face of the cube. The molecule has velocity components v,, v,, and v,.Previously, we used 
m to represent the mass of a sample, but in this article we shall use m to represent the mass of one 
molecule. As the molecule collides with the wall elastically its x-component of velocity is reversed, 
while its y and z-components of velocity remain unaltered. Because the x-component of the 
momentum of the molecule is mv, before the collision and —mv,, after the collision, the change in 
momentum of the molecule is 


Ap 


 =— mv, — (mv,.) =—2mv, 


Applying impulse = change in momentum to the molecule 
FAt = Ap, =—2my,, 


Vy 


Vy 


A molecule makes an elastic collision with the wall 
of the container. Its x-component of momentum is 
reversed, while its y-component remains unchanged. 
In this construction, we assume that the molecule 
moves in the x-y plane. 


Fig. 20.29 


where, Fis the magnitude of the average force exerted by the wall on the molecule in time Av. For the 
molecules to collide second time with the same wall, it must travel a distance 2d in the x-direction. 


: : A . : 2d ; 
Therefore, the time interval between two collisions with the same wall is At =—. Over a time 


Vy 


interval that is long compared with At, the average force exerted on the molecules for each collision is 
2mv, —2mv, —mv2 


At 2div, d 


Vy 


According to Newton’s third law, the average force exerted by the molecule on the wall is, 


Each molecule of the gas exerts a force on the wall. We find the total force exerted by all the 
molecules on the wall by adding the forces exerted by the individual molecules. 


Chapter 20 Thermometry, Thermal Expansion and Kinetic Theory of Gases » 203 


m2 2 2 
F vail = On FV Pee FV) 


MN [Va tm tet VG 


XN 
d N 
This can also be written as 
Nm ail 
F sail = d Vy 
e ve + ¥en +... + VE 
where, ¥, = a 


Since, the velocity has three components v,, v,, and v., we can have 
2_52 52,22 
Zz 


(as v? =v +V; +y2) 


Because the motion is completely random, the average values i ,v and v? are equal to each other. 
So, 


v7 =3¥- or ee 
3 
=2 
N | mv 
Therefore, F yan -¥| 7 


.. Pressure on the wall 
p= aval tu a mv?) 
A d 3\d 


ee N | Ww (i) 
Pog yp” “Bl \\o = 


This result indicates that the pressure is proportional to the number of molecules per unit volume 


1 
(N/V) and to the average translational kinetic energy of the molecules 5 mv~. This result relates the 


large scale quantity (macroscopic) of pressure to an atomic quantity (microscopic)—the average 
value of the square of the molecular speed. The above equation verifies some features of pressure 
with which you are probably familiar. One way to increase the pressure inside a container is to 
increase the number of molecules per unit volume in the container. 


The Meaning of the Absolute Temperature 


Rewriting Eq. (1) in the more familiar form 
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Let us now compare it with the ideal gas equation 


pV =nRT 
2 1 _, 
nRT =~ N|=mv 
3 2 
N 
Here, n=— (N, = Avogadro number) 
Ny 
= -| — || =mv 
3\ R J\2 
or joe ae (ii) 
3k \2 


where, & is Boltzmann’s constant which has the value 


R 
k =—— =1.38x10 J/K 
N 4 


By rearranging Eq. (ii) we can relate the translational molecular kinetic energy to the temperature 


1 
— mv mea 
2 2 


: . ait 3 
That is, the average translational kinetic energy per molecule is a . Further, 


vy = : v7, it follows that 
1 
< my? = lig 
2 ~ 2 
In the similar manner, it follows that 
1 
— mv? =—kT 
%* 2 
1 1 
and — mv? =~kT 
2, 2 


1 
Thus, in each translational degree of freedom one gas molecule has an energy 5 kT.One mole of a gas 


1 1 
has N, number of molecules. Thus, one mole of the gas has an energy 5 Avr= cad in each 
degree of freedom. Which is nothing but the law of equipartition of energy. The total translational 


re . : 3 
kinetic energy of one mole of an ideal gas is therefore, re ; 


3 
(KE) trans = Paiad (of one mole) 


Chapter 20 Thermometry, Thermal Expansion and Kinetic Theory of Gases * 205 


Root Mean Square Speed 


The square root of V? is called the root mean square (rms) speed of the molecules. From Eq. (ii), we 


R 


Usin k=—, mN,=M 
g N, A 


obtain, for the rms speed 


and 


we can write, 


pe per 3p 
ms Von VM Vp 
Mean Speed or Average Speed 


The particles of a gas have a range of speeds. The average speed is found by taking the average of the 
speeds of all the particles at a given instant. Remember that the speed is a positive scalar since it is the 


magnitude of the velocity. 
Vp tVg +...+ Vy 
av a N 


From Maxwellian speed distribution law, we can show that 
Aut (er 8p 
yi. = = = 
- mm mM’ \7p 
Most Probable Speed 


This is defined as the speed which is possessed by maximum fraction of total number of molecules 
of the gas. For example, if speeds of 10 molecules ofa gas are, 1, 2, 2,3, 3,3, 4,5, 6, 6 km/s, then the 
most probable speed is 3 km/s, as maximum fraction of total molecules possess this speed. Again 


from Maxwellian speed distribution law : 
faa per 2p 
y = = = 
ve m M p 


M is the molar mass in kilogram per mole. For example, 


Vv 


Note 1. In the above expressions Of Vimg Vay ANF Vinp, 
molar mass of hydrogen is 2 x 10? kg/mol. 
2.Vims > Vay >Vmp (RAM) 


[8 
3 Vie Vay agen a2 
and since, Be 2.5, We haVe Vims : Vay ! Vmp = V3 V2.5: /2 
T 
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® Extra Points to Remember 
e Pressure exerted by an ideal gas is numerically equal to two-third of the mean kinetic energy of translation 
per unit volume of (£) the gas. Thus, 


Here, m= mass of one gas molecule 
N = total number of molecules 
e Mean Free Path Every gas consists of a very large number of molecules. These molecules are in a state 
of continuous rapid and random motion. They undergo perfectly elastic collisions against one another. 
Therefore, path of a single gas molecule consists of a series of short zig-zag paths of different lengths. 
The mean free path of a gas molecule is the average distance between two successive collisions. 
It is represented by A. 
kT 


J2n0°p 


Here, o = diameter of the molecule 
k = Boltzmann’s constant 


e Avogadro’s Hypothesis At constant temperature and pressure equal volumes of different gases 
contain equal number of molecules. In 1 g-mole of any gas there are 6.02 x 10°? molecules of that gas. 


This is called Avogadro's number. Thus, 


N = 6.02 x 10°’ per g-mole 
Therefore, the number of molecules in mass m of the substance 


Number of molecules = nN = a x N 


e Dalton’ Law of Partial Pressure According to this law if the gases filled in a vessel do not react 
chemically, then the combined pressure of all the gases is due to the partial pressure of the molecules of 
the individual gases. If p,, P,,... represent the partial pressures of the different gases, then the total 
pressure is, 


[O= (2) F [2 ace 


© Example 20.18 Find the rms speed of hydrogen molecules at room 
temperature (= 300 K). 


Solution Mass of 1 mole of hydrogen gas 
= 2g =2x 10° kg 


[3RT 
> Vims = 4{ 
M 
_ {3x 8.31x 300 
210° 


= 1.93x 10° m/s Ans. 
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© Example 20.19 A tank used for filling helium balloons has a volume of 


207 


0.3 m®and contains 2.0 mol of helium gas at 20.0°C. Assuming that the helium 


behaves like an ideal gas. 
(a) What is the total translational kinetic energy of the molecules of the gas? 
(6) What is the average kinetic energy per molecule? 


Solution (a) Using (KE) trans = 5 oRT 


with n = 2.0 mol and T = 273 + 20= 293 K, we find that 


(KE) rags = 5 (2:0) (8.31) (293) 
=7.3x10° J 


(b) The average kinetic energy per molecule is : kT. 


1 _ 
or my~ = 
2 


(1.38 x 10°? ) (293) 


=6.07x107! J 


© Example 20.20 Consider an 1100 particles gas system with speeds 
distribution as follows : 
1000 particles each with speed 100 m/s 
2000 particles each with speed 200 m/s 
4000 particles each with speed 300 m/s 


Ans. 


Ans. 


3000 particles each with speed 400 m/s and 1000 particles each with speed 


500 m/s 
Find the average speed, and rms speed. 
Solution The average speed is 


_ (1000) (100) + (2000) (200) + (4000) (300) + (3000) (400) + (1000) (500) 


ad 1100 
= 309 m/s 


The rms speed is 


Ans. 


— | (1000) (100)* + (2000) (200)? + (4000) (300) + (3000) (400) + (1000) (500) 


1100 
= 328 m/s 


V 3 renee 
Note Here,“ + Sin as values and gas molecules are arbitrarily taken. 
V T 


av 


Ans. 
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© Example 20.21 Calculate the change in internal energy of 3.0 mol of helium 
gas when its temperature is increased by 2.0 K. 


Solution Helium is a monatomic gas. Internal energy of n moles of the gas is 
U= a nRT 
2 
3 
AU ==nR(AT) 

2 

Substituting the values, 
AU= (3) (3) (8.31) (2.0) 


= 74.8 J Ans. 


© Example 20.22 Ina crude model of a rotating diatomic molecule of chlorine 
(Cl, ), the two Cl atoms are 2.0 x 10°'° m apart and rotate about their centre of 
mass with angular speed ® = 2.0 x 10’ rad/s. What is the rotational kinetic 
energy of one molecule of Cl,, which has a molar mass of 70.0 g/mol? 


m m 
Ik vie ‘ 
f r 
Fig. 20.30 


Solution Moment of inertia, 
I =2(mr’ )=2mr? 
70x 10% 


Here, = 
2x 6.02x 10 
=5.81x10~° kg 
2.0x10°'° 
and r= Aen 
2 
=1.0x107° m 


1 =2(5.81x 107°) (1.0x 101°) 
=1.16x 10 kg-m? 


=5x (1.16 10° * )x (2.0x 10!” 7 


=2.32x107! J Ans. 
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© Example 20.23 Prove that the pressure of an ideal gas is numerically equal to 
two third of the mean translational kinetic energy per unit volume of the gas. 


Solution Translational KE per unit volume 


1 ; 
E= 5 (mass per unit volume ) (v7) 


—!,,)(32)_3 
-4)(72) 5? 


or p= se Hence Proved. 


INTRODUCTORY EXERCISE 


1. Calculate the root mean square speed of hydrogen molecules at 373.15 K. 

2. Five gas molecules chosen at random are found to have speed of 500, 600, 700, 800 and 
900 m/s. Find the rms speed. Is it the same as the average speed? 

3. The average speed of all the molecules in a gas at a given instant is not zero, whereas the 
average velocity of all the molecules is zero. Explain why? 

4. A sample of helium gas is at a temperature of 300 K and a pressure of 0.5 atm. What is the 
average kinetic energy of a molecule of a gas? 

5. A sample of helium and neon gases has a temperature of 300 K and pressure of 1.0 atm. The 
molar mass of helium is 4.0 g/mol and that of neon is 20.2 g/mol. 
(a) Find the rms speed of the helium atoms and of the neon atoms. 
(b) What is the average kinetic energy per atom of each gas? 

6. Atwhattemperature will the particles ina sample of helium gas have an rms speed of 1.0 km/s? 


7. For any distribution of speeds v,,,, 2 Vay. Is this statement true or false? 
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Final Touch Points 


1. Departures from ideal gas behaviour for areal gas An ideal gas is a simple theoretical model of a 
gas. No real gas is truly ideal. Figure shows departures from ideal gas behaviour for a real gas at 
three different temperatures. Notice that all curves approach the ideal gas behaviour for low 
pressures and high temperatures. 


Ideal gas AA 


0 200 sa 600 800 


At low pressures or high temperatures the molecules are far apart and molecular interactions are 
negligible. Without interactions, the gas behaves like an ideal one . 


2. van der Waal’s Equation Experiments have proved that real gases deviate largely from ideal 
behaviour. The reason of this deviation is two wrong assumptions in the kinetic theory of gases. 
(i) The size of the molecules is much smaller in comparison to the volume of the gas, hence, it may 
be neglected. 
(ii) Molecules do not exert intermolecular force on each other. 

van der Waal made corrections for these assumptions and gave a new equation. This equation is 

known as van der Waal’s equation for real gases. 

(a) Correction for the finite size of molecules: Molecules occupy some volume. Therefore, the 
volume in which they perform thermal motion is less than the observed volume of the gas. It is 
represented by (V — b). Here, bis a constant which depends on the effective size and number 
of molecules of the gas. Therefore, we should use (V — 6) in place of V in gas equation. 

(b) Correction for intermolecular attraction: Due to the intermolecular force between gas 
molecules the molecules which are very near to the wall experiences a net inward force. Due 
to this inward force there is a decrease in momentum of the particles of a gas. Thus, the 
pressure exerted by real gas molecules is less than the pressure exerted by the molecules of 


ays ; oe 
an ideal gas. So, we use [P + = in place of p in gas equation. Here, again a is a constant. 


van der Waal’s equation of state for real gases thus becomes, 
[p+ %]V-b)=AT 


3. Critical Temperature, Pressure and Volume: Gases can’t be liquified above a temperature called 
critical temperature (7, ) however large the pressure may be. The pressure required to liquify the gas at 
critical temperature is called critical pressure (¢) and the volume of the gas at critical temperature and 
pressure is called critical volume (V,). Value of critical constants in terms of van der Waal’s constants a 
and b are as under : 


a 8a 


Vo =35b, =—__ and To= 
. Po = S762 © 27Rb 


Further, Me. 8 is called critical coefficient and is same for all gases. 
Pec 
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4. Detailed Discussion on Molar Heat Capacity 
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For monatomic gases value of Cy is SR. No variation is observed in this. So, value of Cy,C,,C, — Cy 


and y comes out to be same for different monatomic gases (Table 20.5). 


1.41 
1.40 
1.4 
1.4 
1.35 


10 
10 


1.30 
1.29 
1.30 
1.31 


(7 degrees 
of freedom 
active) 


(5 degrees 
of freedom 
active) 


(3 degrees 
of freedom 
active) 


Table 20.5 
Gas C, Cy C, -Cy 
Monoatomic Gases 
He 20.8 12.5 8.33 
Ar 20.8 12.5 8.33 
Diatomic Gases 
H, 28.8 20.4 8.33 
N, 29.1 20.8 8.33 
O, 29.4 211 8.33 
CO, 29.3 21.0 8.33 
Gl, 34.7 25.7 8.96 
Polyatomic Gases 
CO, 37.0 28.5 8.50 
SO, 40.4 31.4 9.00 
H,O 35.4 27.0 8.37 
CH, 35.5 27.1 8.41 
*All values except that for water were obtained at 300 K. SI units are used for C,, and Cy. 
For dia and polyatomic gases these values are not equal for different gases. These values vary from 
gas to gas. Even for one gas values are different at different temperatures. 
4R 
< IR 
pe] 2 
no 
8 3R 
ss SR 
gS . 
<2 2R 
gs 3R 
3 5 VP yy? | THT PPT a 
2 R 
& Translation 
ie) 
- ill 
0 
20 100 | 500 2000 10000 
50 200 1000 5000 


Temperature (K) 


Figure illustrates the variation in the molar specific heat (at constant volume) for H, over a wide range 


in temperatures. (Note that Tis drawn on a logarithmic scale). Below about 100 K, C, is a which is 
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characteristic of three translational degrees of freedom. At room temperature (300 Kk) it is mn which 


includes the two rotational degrees of freedom. It seems, therefore, that at low temperatures, rotation 


is not allowed. At high temperatures, C, starts to rise toward the value a Thus, the vibrational 


degrees of freedom contribute only at these high temperatures. In Table 20.4 the large values of Cy 
for some polyatomic molecules show the contributions of vibrational energy. In addition, a molecule 
with three or more atoms that are not in a straight line has three, not two, rotational degrees of 
freedom. 


From this discussion, we expect heat capacities to be temperature-dependent, generally increasing 
with increasing temperature. 


5. Solids In crystalline solids (monoatomic), the atoms are arranged in a three dimensional array, 
called a lattice. Each atom in a lattice can vibrate along three mutually perpendicular directions, each 
of which has two degrees of freedom. One corresponding to vibrations KE and the other vibrational 
PE. Thus, each atom has a total of six degrees of freedom. The volume of a solid does not change 
significantly with temperature, and so there is little difference between C, and C,, for a solid. The 
molar heat capacity is expected to be 


en ee 
2 2 
or C=3R (ideal monatomic solid) 


Its numerical value is C = 25 J/mol-K = 6 cal/mol-K. This result was first found experimentally by 
Dulong and Petit. 


Figure shows that the Dulong and Petit’s law is obeyed quite well at high (> 250 K) temperatures. 
At low temperatures, the heat capacities decreases. 


C (Jimol-K) 
A 


3R 


+ o + + > 
100 200 300 400 Te) 


Solved Examples 


TYPED PROBLEMS 


Type 1. Conversion of graph 


Concept 
(i) In heat, we normally find the following graphs: 
S.No Equation type Nature of graph 
i yo X Straight line passing through origin 
1 

2, al FF Rectangular hyperbola 

3: y =constant Straight line parallel to x -axis 
x = constant Straight line parallel to y -axis 

2: xX =constant and y = constant Dot 


(ii) Density of any substance is given by 


p= 
4 
For given mass of any substance, density only depends on V. It varies with V as 
al 
V 
If V increases, p decreases and vice-versa. 
(iii) For an ideal gas, density is also given as 
p= pM 
RT 
For a given gas, 
P 
T 
(iv) For an ideal gas, 
pV =nkT 
and U= “Rr 


For given moles of the gas, 
U«T and T« pV 
If product of p and V is increasing, it means temperature is increasing. So, U is 
increasing. 
For example, in isothermal process, T is constant. 
Therefore, U is constant. Hence, U versus T graph is a dot. 
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© Example 1 DA 


\® 


= T 


Corresponding to p-T graph as shown in figure, draw 

(a) p-V graph (b) V-T graph 

(c) p-T graph and (d) U-T graph 

Solution ab process From the given graph, we can see that 
p«xT 


> V =constant (isochoric) 


1 
(o} = constant asp « — 
; p [ase = =| 


pand T both are increasing. 
Therefore, U is also increasing (asU « T) 
Now, 
G) p-V graph is straight line parallel to p-axis as V is constant. 
(ii) V-T graph is a straight line parallel to T -axis as V is constant. 
(ii) p- T' graph is a straight line parallel to T -axis as p is constant. 
(iv) U -T graph is a straight line passing through origin asU « T’. 
bc process’ From the given graph, we can see that 
T =constant (isothermal) 
> U =constant 


=> pV =constant 


or 72) 
ees 
V 


pis increasing. Therefore, V will decrease. 
Hence, p will increase. 


Now, 


(i) p-V graph is a rectangular hyperbola [as Pe« =} 


(ii) V-T graph is a straight line parallel to V -axis, as T = constant 
(ii) p- 7 graph is a straight line parallel to p -axis, as J’ = constant 
(iv) U -T graph is a dot, asU and T both are constants. 
cd process From the given graph, we can see that 
p=constant (isobaric) 
=> V«T 


Temperature is decreasing. So, volume will also decrease. But density will increase. 
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Now, 
G) p-V graph is a straight line parallel to V -axis because pis constant. 
(ii) V-T graph is a straight line passing through origin, as V « T. 


Gii)p - 2 > p “= as p,M and R all are constants. Hence, p-T graph is rectangular 


hyperbola. 
(iv) U -T graph is a straight line passing through origin asU « T’. 
da process This process is just inverse of bc process. So, this process will complete the cycle 
following the steps discussed in process bc. 
The four graphs are as shown below. 


p VA 


Type 2. When ordered motion of a gas converts into disordered motion 


Concept 
In article 20.7, we have seen that if a container filled with a gas is in motion, then the gas 
molecules have some ordered motion also. When the container is suddenly stopped, this 
ordered motion of gas molecules converts into disordered motion. Therefore, internal 
energy (and hence the temperature) of the gas will increase. In such situation, we can apply 


the equation, 


er =AU 
2 
nf 
where, U= Pie 
AU = ol Rat 


m 
where, n= M 
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© Example 2. An insulated box containing a monoatomic gas of molar mass M 
moving with a speed vy, is suddenly stopped. Find the increment in gas 
temperature as a result of stopping the box. (JEE 2003) 
Solution Decrease in kinetic energy = increase in internal energy of the gas 

ea nap =| 28 1(2 glee 
2 2 M)\2 

_ Me 

3R 


AT 


Type 3. Based on the concept of pressure exerted by gas molecules striking elastically with walls of 
a container. 


Concept 


(i) Gas molecules are assumed to be moving with v,,,,. 
(ii) They strike with the wall elastically. So, in each collision change in linear momentum 
is 2MVyms- 


wel penis . os a) oe ; : 
(iii) Time interval between two successive collisions is if we have a cubical box of side 


Vims 


Land, 


>| y 


Gy) FO? Pressures 
At 


© Example 3 A cubical box of side 1 m contains helium gas (atomic weight 4) at a 
pressure of 100 N/m”. During an observation time of 1 second, an atom 
travelling with the root-mean-square speed parallel to one of the edges of the cube, 
was found to make 500 hits with a particular wall, without any collision with 


25 
other atoms. Take R = "i J/mol-K and k =1.38x10? J/K. 
(a) Evaluate the temperature of the gas. 
(6) Evaluate the average kinetic energy per atom. 


(c) Evaluate the total mass of helium gas in the box. 


Solution Volume of the box = 1m’, pressure of the gas = 100 N/m”. Let 7’ be 
the temperature of the gas. 


é : ete : 1 
(a) Time between two consecutive collisions with one wall = eae s. 


This time should be equal to ae , where / is the side of the cube. 


Uae 
Uims 500 
or Usms = L000 m/s (as 1=1 m) 


pT 1000 
M 
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_ 000)*M _ (10°) 4x 107) 
3R (2) 
amma 
3 


=160K Ans. 


or T 


(b) Average kinetic energy per atom = ; kT 


=; (1.38 x 10-28) (160) J 


=3.312x107! J Ans. 
m 
F V =nRT =— RT 
(c) From p n Mu 
We get mass of helium gas in the box, 
pVM 
m=— 
RT 


Substituting the values, we get 
sn = £200) @) 4 x 10°?) 


25 
(= (160) 


=3.0x107 kg Ans. 


© Example 4 1 g mole of oxygen at 27°C and 1 atmospheric pressure is enclosed 
in a vessel. 

(a) Assuming the molecules to be moving with v,,,,, find the number of collisions per 
second which the molecules make with one square metre area of the vessel wall. 

(b) The vessel is next thermally insulated and moved with a constant speed Up. It is then 
suddenly stopped. The process results in a rise of temperature of the gas by 1°C. 
Calculate the speed vp. [k= 1.838x 10° J/K and N, = 6.02 x 10”*/mol ] (JEE 2002) 

Solution (a) Mass of one oxygen molecule, 

M 


m=— 
Na 
32 


~6.02x10" © 
=5.316 x10" ¢ 
=5.316 x 1076 kg 
BRT 


Me 


3x 1.38 x 10773 x 300 
¥ 6316x10 


= 483.35 mis 
Change in momentum per collision, 


Ap = Mims ( MU rms) = 2MVvms 
= (2) 6.316 x 10°7°) (483.35) 
=5.14x10 kg-mss 
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Now, suppose n particles strike per second 


F = nAp =(n) 6.14x 10) N (Fa -2) 


F ; 
Now, as p= re for unit area F = p 


(n) (6.14 x 10") = 1.01 x 10° 
or n = 1.965 x 107" per second Ans. 


(b) When the vessel is stopped, the ordered motion of the vessel converts into disordered motion 
and temperature of the gas is increased. 


Te =AU ..() 
2 
U= 2 RT (for 1 g mole of O.) 
5 
AU =pone 


Here, m is not the mass of one gas molecule but it is the mass of the whole gas. 
m= mass of 1 mol =32 x10 kg 
Substituting these values in Eq. (i), we get 
5RAT 
m 
5x 8.31 x1 
{ s2K10°° 


Y= 


=36miss Ans. 


Miscellaneous Examples 


' ; ; R 
© Example 5 An ideal diatomic gas with Cy = occupies a volume V; at a 


pressure p;. The gas undergoes a process in which the pressure is proportional to 
the volume. At the end of the process, it is found that the rms speed of the gas 
molecules has doubled from its initial value. Determine the amount of energy 
transferred to the gas by heat. 


Solution Giventhat, p«<V or pV! =constant 


As we know, molar heat capacity in the process pV“ = constant is 


yo, Lax La 
In the given problem, 
Cy = oe and x=-1 
ak" « % 23p i 
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At the end of the process rms speed is doubled, i.e. temperature has become four times 
ee), 
Now, AQ = nCAT 
=n€ (T; - 7) 
ant 47-7) 
= 3TnC 
= 87) (n) BR) 
=9 (nRT;) 
or AQ =9PV, Ans. 


© Example 6 Given, Avogadro's number N = 6.02 x 10”? and Boltzmann’s 
constant k=1.38 x 10° J/K. 


(a) Calculate the average kinetic energy of translation of the molecules of an ideal gas at 
0°C and at 100°C. 

(b) Also calculate the corresponding energies per mole of the gas. 

Solution (a) According to the kinetic theory, the average kinetic energy of translation per 


molecule of an ideal gas at kelvin temperature T is 3) kT, where kis Boltzmann's constant. 


At 0° C (T =273 K), the kinetic energy of translation = : kT 


= : x (1.38 x 102) x 273 =5.65 x 107! J/mole 


At 100° C (T =3873 K), the energy is 
“ x (1.38 x 107°) x 373 = 7.72 x 107! J/mole 


(b) 1 mole of gas contains N (=6.02 x 107") molecules. Therefore, at 0°C, the kinetic energy of 
translation of 1 mole of the gas is 


= (6.65 x 1071) (6.02 x 107°) = 3401 J/mol 
and at 100°C 
kinetic energy of translation of 1 mole of gas is 

= (7.72 x 107") 6.02 x 107°) = 4647 J/mol 


© Example 7 An air bubble starts rising from the bottom of a lake. Its diameter is 
3.6 mm at the bottom and 4 mm at the surface. The depth of the lake is 250 cm 
and the temperature at the surface is 40°C. What is the temperature at the bottom 
of the lake? Given atmospheric pressure = 76 cm of Hg and g = 980 cm/s”. 


Solution At the bottom of the lake, volume of the bubble 


4 4 
V, =—ar? =—1 (0.18) cm® 
=a G (0.18) 


Pressure on the bubble p, = Atmospheric pressure + Pressure due to a column of 250 cm of 
water 

= 76 x 13.6 x 980 + 250 x 1 x 980 

= (76 x 13.6 + 250) 980 dyne/em?” 
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At the surface of the lake, volume of the bubble 


4_3 4 3 8 
V,==mr; =~ (0.2) c 
2 3 2 3 0.2)” cm 


Pressure on the bubble, Py» = atmospheric pressure 
= (76 x 13.6 x 980) dyne/em? 
T, = 2738 + 40°C 


=313°K 

Now PV, _ PV2 
Tt 7, 
(76 x 13.6 + 250) 980 x (-) (0.18) (76x 13.6) x 980 (-) x (0.2) 
or = 
T, 313 

or T, =283.387 K 
; T, = 283.37 — 273 

=10.387°C 


© Example 8 p-V diagram of n moles of an ideal gas is as shown in figure. Find 
the maximum temperature between A and B. 


p 


2Po 


Po 7 ea Ewes. : 


Vo 2M 
How to Proceed For given number of moles of a gas, 

T « pV (pV =nRT) 
Although (pV), = (pV)p =2poVo or T, = Tp, yet it is not an isothermal process. Because in 
isothermal process p-V graph is a rectangular hyperbola while it is a straight line. So, to see the 
behaviour of temperature, first we will find either T-V equation or T-p equation and from that 
equation we can judge how the temperature varies. From the graph, first we will write p-V 
equation, then we will convert it either in T-V equation or in T-p equation with the help of 
equation, pV =nRT. 


Solution From the graph the p-V equation can be written as 


p=- [BV +37, (y =—mx + c) 
Vo 
_ Po 2 
or pV= \v + 3p oV 
0 
or nRT =3p,V - (2) v2 (as pV =nRT) 
0 


1 Po 2 
= 3D\5V V 
= eal Po @ 
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This is the required 7-V equation. This is quadratic in V. Hence, T-V graph is a parabola. Now, 


to find maximum or minimum value of T, we can substitute. 
dT 


or apo - (32) v0 or V=5V 


Further ef is negative at V = 2 Vo. 
dV 2 


é E 3 : : i 
Hence, 7 is maximum at V = . V, and this maximum value is 


1 3V, Po \(3Vo\ 
T =—| (3 0 0 2} 
or me = SP Vo Ans. 
4nR 
Thus, T-V graph is as shown in figure. 
T 
A 


V 
Ty =T,=7PV0 ond T,,, = 2PoVo 
nR 4nR 
= 2.95 PoVo 
N. 


Note Most of the problems Of Tray, Pmax Ad Vina are Solved by differentiation. Sometimes graph will be given and 
sometimes direct equation will be given. For Ppa, you will require either p-V or p-T equation. 


© Example 9 Pilot p-V, V-T and p-T graph corresponding to the p-T graph for an 
ideal gas shown in figure. 


P, 

B C 

A D 
$$ eeie>n ff 
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Solution Process AB is an isothermal process with T = constant and pz> py. 


V D p 
A 


2 ; F 
p-Vgraph: p« V i.e. p-V graph is a rectangular hyperbola with pp > p4 


and Vz < Vi. 
V-T graph: T =constant. Therefore, V-T graph is a straight line parallel to V-axis with 
Vz < Va. 
pM 
-T graph: p=—— 
p-f grap p RT 
or pxp 


As Tis constant. Therefore, p-T graph is a straight line parallel to p-axis with pg >P4 as Pp > Da. 
Process BC is an isobaric process with P = constant 
and To > Tp. 


p-V graph: Asp is constant. Therefore, p-V graph is a straight line parallel to V-axis with 
Vc > Vp (because V « T in an isobaric process) 


V-T graph: In isobaric process V « T, i.e. V-T graph is a straight line passing through origin, 
with T, > Tp 


and Vo > Vp. 


p-T graph: p« # (when P = constant), i.e. p-7' graph is a hyperbola with Ty > Tp 


and Po <PB 


There is no need of discussing C-D and D-A processes. As they are opposite to AB and BC 
respectively. The corresponding three graphs are shown above. 


Exercises 


LEVEL 1 


Assertion and Reason 


Directions: Choose the correct option. 

(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 
(b) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 

(d) If Assertion is false but the Reason is true. 


1. Assertion: Straight line on p-T graph for an ideal gas represents isochoric process. 
Reason: If px 7’, V =constant. 


2. Assertion: Vibrational kinetic energy is insignificant at low temperatures. 
Reason: Interatomic forces are responsible for vibrational kinetic energy. 

3. Assertion: In the formula p= = E, the term E represents translational kinetic energy per 
unit volume of gas. 3 
Reason: Incase of monoatomic gas, translational kinetic energy and total kinetic energy are 
equal. 

4. Assertion: If a gas container is placed in a moving train, the temperature of gas will 
increase. 

Reason: Kinetic energy of gas molecules will increase. 

5. Assertion: According to the law of equipartition of energy, internal energy of an ideal gas at 
a given temperature, is equally distributed in translational and rotational kinetic energies. 
Reason: Rotational kinetic energy of a monoatomic gas is zero 

6. Assertion: Real gases behave as ideal gases most closely at low pressure and high 
temperature. 

Reason: Intermolecular force between ideal gas molecules is assumed to be zero. 

7. Assertion: A glass of water is filled at 4°C. Water will overflow, if temperature is increased 
or decreased. (Ignore expansion of glass). 
Reason: Density of water is minimum at 4°C. 

8. Assertion: If pressure of an ideal gas is doubled and volume is halved, then its internal 
energy will remain unchanged. 

Reason: Internal energy of an ideal gas is a function of only temperature. 


9. Assertion: In equation p= . (of Ue the term @ represents density of gas. 


Reason: Uys = fila 
M 


224 © Waves and Thermodynamics 


10. Assertion: In isobaric process, V-T graph is a straight line passing through origin. Slope of 
this line is directly proportional to mass of the gas. V is taken on y-axis. 


Reason: V = (“) - 
Pp 


slopex n 
or slope « m 
Objective Questions 


1. The average velocity of molecules of a gas of molecular weight M at temperature T is 


3RT 8RT 
° VM O VM 
(c) a (d) zero 


2. Four particles have velocities 1, 0, 2 and 3 m/s. The root mean square velocity of the particles 
(definition wise) is 


(a) 3.5 m/s (b) 73.5 mis 
(c) 1.5 m/s (d) {it mis 


3. The temperature of an ideal gas is increased from 27°C to 927°C. The rms speed of its 
molecules becomes 
(a) twice (b) half 
(c) four times (d) one-fourth 
4. In case of hydrogen and oxygen at NTP, which of the following is the same for both? 
(a) Average linear momentum per molecule (b) Average KE per molecule 
(c) KE per unit volume (d) KE per unit mass 


5. The average kinetic energy of the molecules of an ideal gas at 10°C has the value E. The 
temperature at which the kinetic energy of the same gas becomes 2E is 


(a) 5°C (b) 10°C 
(c) 40°C (d) None of these 
6. A polyatomic gas with n degrees of freedom has a mean energy per molecule given by 

n 1 
— RT — RT 

(a) - (b) 5 
n 1 
—kT d) = kT 

(c) : (d) 5 


7. Ina process, the pressure of a gas remains constant. If the temperature is doubled, then the 
change in the volume will be 
(a) 100% (b) 200% 
(c) 50% (d) 25% 

8. A steel rod of length 1 m is heated from 25° to 75°C keeping its length constant. The 
longitudinal strain developed in the rod is (Given, coefficient of linear expansion of steel 
=12x1077°C) 


(a) 6x10~4 (b) -6x 107 
(c) -6x 104 (d) zero 


9. 


10. 
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The coefficient of linear expansion of steel and brass are 11x 10°8/°C and 19x 10°°/°C, 
respectively. If their difference in lengths at all temperatures has to kept constant at 30 cm, 
their lengths at 0°C should be 

(a) 71.25 cm and 41.25 cm (b) 82 cm and 52 cm 

(c) 92 cm and 62 cm (d) 62.25 cm and 32.25 cm 


The expansion of an ideal gas of mass m at a constant pressure p is given by the straight line B. 
Then, the expansion of the same ideal gas of mass 2m at a pressure 2p is given by the straight 
line 


Volume 


Temperature 
(a) C (b) A 
(c) B (d) data insufficient 


Subjective Questions 


1. 
2. 


11. 


12. 


Change each of the given temperatures to the Celsius and Kelvin scales: 68° F, 5° Fand 176° F. 
Change each of the given temperatures to the Fahrenheit and Reaumur scales: 30° C, 5° Cand 
—20°C. 

At what temperature do the Celsius and Fahrenheit readings have the same numerical value? 
You work in a materials testing lab and your boss tells you to increase the temperature of a 
sample by 40.0°C. The only thermometer you can find at your workbench reads in °F. If the 


initial temperature of the sample is 68.2°F. What is its temperature in °F, when the desired 
temperature increase has been achieved? 


. The steam point and the ice point of a mercury thermometer are marked as 80° and 20°. What 


will be the temperature in centigrade mercury scale when this thermometer reads 32°? 


. Aplatinum resistance thermometer reads 0° C when its resistance is 80Q and 100° C when its 


resistance is 90Q. Find the temperature at which the resistance is 86Q. 


. The steam point and the ice point of a mercury thermometer are marked as 80° and 10°. At 


what temperature on centigrade scale the reading of this thermometer will be 59°? 


. Find the temperature at which oxygen molecules would have the same rms speed as of 


hydrogen molecules at 300 K. 


Find the mass (in kilogram) of an ammonia molecule NH;. 


. Three moles of an ideal gas having y = 1.67 are mixed with 2 moles of another ideal gas having 


y = 1.4. Find the equivalent value of y for the mixture. 


How many degrees of freedom have the gas molecules, if under standard conditions the gas 
density is p = 1.3 kg/m? and velocity of sound propagation on it is v = 330 m/s? 


4 g hydrogen is mixed with 11.2 litre of He at STP in a container of volume 20 litre. If the final 
temperature is 300 K, find the pressure. 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


One mole of an ideal monoatomic gas is taken at a temperature of 300 K. Its volume is doubled 
keeping its pressure constant. Find the change in internal energy. 


Two perfect monoatomic gases at absolute temperatures 7; and T, are mixed. There is no loss of 
energy. Find the temperature of the mixture if the number of moles in the gases are n, and no. 


If the water molecules in 1.0 g of water were distributed uniformly over the surface of earth, 
how many such molecules would there be in 1.0 cm? of earth’s surface? 


If the kinetic energy of the molecules in 5 litres of helium at 2 atm is HE. What is the kinetic 
energy of molecules in 15 litres of oxygen at 3 atm in terms of EF? 


At what temperature is the “effective” speed of gaseous hydrogen molecules (molecular 
weight = 2) equal to that of oxygen molecules (molecular weight = 32) at 47°C? 


At what temperature is vu,,,, of H, molecules equal to the escape speed from earth’s surface. 
What is the corresponding temperature for escape of hydrogen from moon’s surface? Given 
&m = 1.6 m/s”, R, = 6367 km and R,, = 1750 km. 


The pressure of the gas in a constant volume gas thermometer is 80cm of mercury in melting ice. 
When the bulb is placed in a liquid, the pressure becomes 160 cm of mercury. Find the 
temperature of the liquid. 


The resistances of a platinum resistance thermometer at the ice point, the steam point and the 
boiling point of sulphur are 2.50, 3.50 and 6.50 Q respectively. Find the boiling point of sulphur 
on the platinum scale. The ice point and the steam point measure 0° and 100°, respectively. 


In a constant volume gas thermometer, the pressure of the working gas is measured by the 
difference in the levels of mercury in the two arms of a U-tube connected to the gas at one end. 
When the bulb is placed at the room temperature 27.0°C, the mercury column in the arm open 
to atmosphere stands 5.00 cm above the level of mercury in the other arm. When the bulb is 
placed in a hot liquid, the difference of mercury levels becomes 45.0 cm. Calculate the 
temperature of the liquid.(Atmospheric pressure = 75.0 cm of mercury.) 

A steel wire of 2.0 mm?cross-section is held straight (but under no tension) by attaching it 
firmly to two points a distance 1.50 m apart at 30°C. If the temperature now decreases to 


—10°C and if the two points remain fixed, what will be the tension in the wire? For steel, 
Y = 20,0000 MPa. 


A metallic bob weighs 50g in air. If it is immersed in a liquid at a temperature of 25°C, it 
weighs 45 g. When the temperature of the liquid is raised to 100° C, it weighs 45.1 g. Calculate 
the coefficient of cubical expansion of the liquid. Given that coefficient of cubical expansion of 
the metal is 12x 107°°Ct. 


An ideal gas exerts a pressure of 1.52 MPa when its temperature is 298.15 K and its volume is 
10m?. (a) How many moles of gas are there? (b) What is the mass density if the gas is 
molecular hydrogen? (c) What is the mass density if the gas is oxygen? 


A compressor pumps 70 L of air into a 6 L tank with the temperature remaining unchanged. If 
all the air is originally at 1 atm. What is the final absolute pressure of the air in the tank? 

A partially inflated balloon contains 500 m? of helium at 27° Cand 1 atm pressure. What is the 
volume of the helium at an altitude of 18000 ft, where the pressure is 0.5 atm and the 
temperature is —3° C? 


A cylinder whose inside diameter is 4.00 cm contains air compressed by a piston of mass 
m = 18.0 kg which can slide freely in the cylinder. The entire arrangement is immersed ina 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 
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water bath whose temperature can be controlled. The system is initially in equilibrium at 
temperature t; = 20°C. The initial height of the piston above the bottom of the cylinder is 
h; = 4.00 cm. The temperature of the water bath is gradually increased to a final temperature 
t, = 100°C. Calculate the final height h, of the piston. 


4 


The closed cylinder shown in figure has a freely moving piston separating chambers 1 and 2. 
Chamber 1 contains 25 mg of N, gas and chamber 2 contains 40 mg of helium gas. When 
equilibrium is established what will be the ratio L, / L,? What is the ratio of the number of 
moles of N. to the number of moles of He? (Molecular weights of N, and He are 28 and 4). 


/ Piston 
1 2 
~< L, > ~< Lo > 


Two gases occupy two containers Aand B. The gas in Aof volume 0.11 m?® exerts a pressure of 
1.38 MPa. The gas in Bof volume 0.16 m® exerts a pressure of 0.69 MPa. Two containers are 
united by a tube of negligible volume and the gases are allowed to intermingle. What is the 
final pressure in the container if the temperature remains constant ? 


A glass bulb of volume 400 cm? is connected to another of volume 20 cm® by means of a tube of 
negligible volume. The bulbs contain dry air and are both at a common temperature and 
pressure of 20°C and 1.00 atm. The larger bulb is immersed in steam at 100°C and the smaller 
in melting ice at 0°C. Find the final common pressure. 


The condition called standard temperature and pressure (STP) for a gas is defined as 
temperature of 0° C = 273.15 K and a pressure of 1 atm = 1.013 x 10° Pa. If you want to keep a 
mole of an ideal gas in your room at STP, how big a container do you need? 


A large cylindrical tank contains 0.750 m?® of nitrogen gas at 27°C and 1.50 x 10’ Pa (absolute 
pressure). The tank has a tightfitting piston that allows the volume to be changed. What will be 
the pressure if the volume is decreased to 0.480 m® and the temperature is increased to 157°C. 


A vessel of volume 5 litres contains 1.4 g of N, and 0.4 g of He at 1500 K. If 30% of the nitrogen 
molecules are dissociated into atoms then find the gas pressure. 

Temperature of diatomic gas is 300 K. If moment of inertia of its molecules is 8.28 x 10°°°g-cm’. 
Calculate their root mean square angular velocity. 

Find the number of degrees of freedom of molecules in a gas. Whose molar heat capacity 


(a) at constant pressure C,, =29 J mol ‘K* 
(b) C =29 J mol 1K"! in the process p7’ = constant. 
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36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


. 2 : : ; ; 
In a certain gas F th of the energy of molecules is associated with the rotation of molecules and 


the rest of it is associated with the motion of the centre of mass. 

(a) What is the average translational energy of one such molecule when the temperature is 27°C? 

(b) How much energy must be supplied to one mole of this gas at constant volume to raise the 
temperature by 1°C? 

A mixture contains 1 mole of helium (C,=2.5R,C, =1.5R) and 1 mole of hydrogen 

(C, = 3.5R, Cy = 2.5 R). Calculate the values of C,, Cy and y for the mixture. 


An ideal gas (C,/ C, =y)is taken through a process in which the pressure and the volume vary 
as P=aV". Find the value of 6 for which the specific heat capacity in the process is zero. 


An ideal gas is taken through a process in which the pressure and the volume are changed 
according to the equation p= kV. Show that the molar heat capacity of the gas for the process 


is given by C=Cy + - 


The pressure of a gas in a 100 mL container is 200 kPa and the average translational kinetic 
energy of each gas particle is 6 x 10-7! J. Find the number of gas particles in the container. How 


many moles are there in the container? 
One gram mole NO, at 57° Cand 2 atm pressure is kept in a vessel. Assuming the molecules to 


be moving with rms velocity. Find the number of collisions per second which the molecules 
make with one square metre area of the vessel wall. 


A 2.00 mL volume container contains 50 mg of gas at a pressure of 100 kPa. The mass of each 
gas particle is 8.0x 10 °° kg. Find the average translational kinetic energy of each particle. 


Call the rms speed of the molecules in an ideal gas vp at temperature T) and pressure Pp. Find 

the speed if (a) the temperature is raised from T, = 293 K to 573 K (b) the pressure is doubled 

and T = Ty (c) the molecular weight of each of the gas molecules is tripled. 

(a) What is the average translational kinetic energy of a molecule of an ideal gas at 
temperature of 27° C ? 

(b) What is the total random translational kinetic energy of the molecules in one mole of this gas? 

(c) What is the rms speed of oxygen molecules at this temperature? 


At 0°C and 1.0 atm (=1.01 x 10° N/m’) pressure the densities of air, oxygen and nitrogen are 
1.284 kg/m?,1.429 kg/m® and 1.251 kg/m? respectively. Calculate the percentage of nitrogen 
in the air from these data, assuming only these two gases to be present. 


An air bubble of 20 cm? volume is at the bottom of a lake 40 m deep where the temperature is 
4°C. The bubble rises to the surface which is at a temperature of 20°C. Take the temperature to 
be the same as that of the surrounding water and find its volume just before it reaches the 
surface. 


For a certain gas the heat capacity at constant pressure is greater than that at constant volume 

by 29.1 J/K. 

(a) How many moles of the gas are there? 

(b) If the gas is monatomic, what are heat capacities at constant volume and pressure? 

(c) If the gas molecules are diatomic which rotate but do not vibrate, what are heat capacities at 
constant volume and at constant pressure. 
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48. The heat capacity at constant volume of a sample of a monatomic gas is 35 J/K. Find 


(a) the number of moles 
(b) the internal energy at 0°C 
(c) the molar heat capacity at constant pressure. 


LEVEL 2 


Single Correct Option 


1. 


Two thermally insulated vessels 1 and 2 are filled with air at temperatures (T,, T,), volumes 
(V,, V2) and pressures (p,, py) respectively. If the valve joining the two vessels is opened, the 
temperature inside the vessel at equilibrium will be (P = common pressure) 
(a) T,+T, (b) (1, + T,)2 
(c) TTopV, + Vo) (d) T,To(pV, + PV3) 

DV,T2+ PWT, PVT) + PVT, 


. Two marks ona glass rod 10 cm apart are found to increase their distance by 0.08 mm when the 


rod is heated from 0°C to 100°C. A flask made of the same glass as that of rod measures a 
volume of 100 cc at 0°C. The volume it measures at 100°C in cc is 

(a) 100.24 (b) 100.12 

(c) 100.36 (d) 100.48 


. The given curve represents the variation of temperature as a function of volume for one mole 


of an ideal gas. Which of the following curves best represents the variation of pressure as a 
function of volume? 


p p p 
(a) V(b) ve © ¥ 
A gas is found to be obeyed the law p’V = constant. The initial temperature and volume are 
T, and V>. If the gas expands to a volume 3 Vo, then the final temperature becomes 
(a) V8 Ty (b) v2 Tp 
To Tp 
c) d) 22 
(c) ec (d) 5) 


. Air fills a room in winter at 7°C and in summer at 37°C. If the pressure is the same in winter 


and summer, the ratio of the weight of the air filled in winter and that in summer is 


(a) 2.2 (b) 1.75 
(c) 1.1 (d) 3.3 
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10. 


11. 


12. 


. Three closed vessels A, B and C are at the same temperature 7’ and contain gases which obey 


Maxwell distribution law of velocities. Vessel A contains O,, Bonly Ny and C mixture of equal 
quantities of O, and No. If the average speed of the O, molecules in vessel A is v, that of No 
molecules in vessel B is v,, then the average speed of the O, molecules in vessel C is 


@ SS (b) 4 
(Cc) JUV, (d) None of these 


. Ina very good vacuum system in the laboratory, the vacuum attained was 10°* atm. If the 


temperature of the system was 300 K, the number of molecules present in a volume of 1 cm? is 


(a) 2.4x 10° (b) 24 
(c) 2.4x10° (d) zero 


If nitrogen gas molecule goes straight up with its rms speed at 0°C from the surface of the earth 
and there are no collisions with other molecules, then it will rise to an approximate height of 
(a) 8km (b) 12 km 

(c) 12m (d) 8m 


. The given p-U graph shows the variation of internal energy of an ideal gas with increase in 


pressure. Which of the following pressure-volume graph is equivalent to this graph? 


U 
| p | | 
(a) V (b) V (c) ve (dd) V 


28 g of N, gas is contained in a flask at a pressure of 10 atm and at a temperature of 57°C. It is 
found that due to leakage in the flask, the pressure is reduced to half and the temperature to 
27°C. The quantity of Ny gas that leaked out is 


(a) 11/20 g (b) 20/11 g 

(c) 5/63 g (d) 63/5 g 

A mixture of 4 g of hydrogen and 8 g of helium at NTP has a density about 
(a) 0.22 kg/m? (b) 0.62 kg/m? 

(c) 1.12 kg/m? (d) 0.13 kg/m? 


The pressure (p) and the density (p) of given mass of a gas expressed by Boyle’s law, p = Kp holds 
true 

(a) for any gas under any condition 

(b) for same gas under any condition 

(c) only if the temperature is kept constant 

(d) None of the above 
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More than One Correct Options 


1. 


pP: 


During an experiment, an ideal gas is found to obey a condition - = constant. (p = density of 
the gas). The gas is initially at temperature T, pressure p and density p. The gas expands such 
that density changes to p/2. 

(a) The pressure of the gas changes to V2 p 

(b) The temperature of the gas changes to V2 T 

(c) The graph of the above process on p-T diagram is parabola 

(d) The graph of the above process on p-T diagram is hyperbola 


. During an experiment, an ideal gas is found to obey a condition Vp” = constant. The gas is 


initially at a temperature T, pressure p and volume V. The gas expands to volume 4V. 
(a) The pressure of gas changes to a 
(b) The temperature of gas changes to 47 


(c) The graph of the above process on p-T diagram is parabola 
(d) The graph of the above process on p-T diagram is hyperbola 


. Find the correct options. 


(a) Ice point in Fahrenheit scale is 32°F (b) Ice point in Fahrenheit scale is 98.8°F 
(c) Steam point in Fahrenheit scale is 212°F (d) Steam point in Fahrenheit scale is 252°F 


In the P-V diagram shown in figure, choose the correct options for the P 
process a-b: 

(a) density of gas has reduced to half 

(b) temperature of gas has increased to two times 

(c) internal energy of gas has increased to four times 

(d) T-V graph is a parabola passing through origin 


. Choose the wrong options 


(a) Translational kinetic energy of all ideal gases at same temperature is same 
; : al 

(b) In one degree of freedom all ideal gases has internal energy = : RT 

(c) Translational degree of freedom of all ideal gases is three 


(d) Translational kinetic energy of one mole of all ideal gases is : RT 


Along the line-1, mass of gas is m, and pressure is p,. Along the line-2 mass of same gas is my 
and pressure is p). Choose the correct options. 


V 1 
/ 
ee 


(a) m, may be less than m, (b) my may be less than m, 
(c) p; may be less than py (d) py. may be less than p, 


>T 
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7. Choose the correct options. 


(a) In p= ae RT, mis mass of gas per unit volume 


(b) In pV= 7 RT, mis mass of one molecule of gas 


1 mN 2 
c) In p=—-— ve, 
(c) Inp 3 yum 


(d) In v,,. = , mis mass of one molecule of gas 
m 


m is total mass of gas. 


Match the Columns 


1. Match the following two columns for 2 moles of an ideal diatomic gas at room temperature 7’. 


Column I Column II 


(a) Translational kinetic energy (p) 2RT 


(b) Rotational kinetic energy (q) 4RkT 
(c) Potential energy (r) 83RT 
(d) Total internal energy (s) None of these 


2. In the graph shown, U is the internal energy of gas and p the density. Corresponding to given 
graph, match the following two columns. 


Column I Column II 
(a) Pressure (p) is constant 
(b) Volume (q) is increasing 
(c) Temperature (r) is decreasing 
(d) Ratio T/V (s) data insufficient 


3. At a given temperature 7, 


v= \ eT =rms speed of gas molecules, v, = iT = average speed of gas molecules 
U3 = BAT ss most probable speed of gas molecules, v, = mT a speed of sound 
\ M VM 
Column | Column II 
(a) % (p) 1.5 
(b) x2 (q) 2.0 
(c) % (r) 3.0 


(d) x4 (s) data insufficient 


4. 


5. 
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With increase in temperature, match the following two columns. 
Column I Column II 
(a) Density of water (p) will increase 


(b) Fraction of a solid floating in a liquid) (q) will decrease 
(c) Apparent weight of a solid immersed | (r) will remain unchanged 


in water 
(d) Time period of pendulum (s) may increase or 
decrease 
Corresponding to isobaric process, match the following two columns. 
Column I Column II 
(a) p-T graph A 
(p) Ca 
——————_ 
(b) U-p graph iy 
—>— 
(q) 
-- 
A 
(c) T-V graph 
(r) a 
——— 
(a) T-p graph \ 
(s) 


Note First physical quantity is along y-axis. 


Subjective Questions 


1. 


2. 


3. 


; ae : pel 
Show that the volume thermal expansion coefficient for an ideal gas at constant pressure 1s re 


The volume of a diatomic gas (y = 7/5) is increased two times in a polytropic process with molar 
heat capacity C= R. How many times will the rate of collision of molecules against the wall of 
the vessel be reduced as a result of this process? 

A perfectly conducting vessel of volume V=0.4m° contains an ideal gas at constant 
temperature 7 = 273 K. A portion of the gas is let out and the pressure of the gas falls by 
Ap = 0.24 atm. ( Density of the gas at STP is p = 1.2 kg/m*) . Find the mass of the gas which 
escapes from the vessel. 


4. A thin-walled cylinder of mass m, height h and cross-sectional area A is filled with a gas and 


floats on the surface of water. As a result of leakage from the lower part of the cylinder, the 
depth of its submergence has increased by Ah . Find the initial pressure p, of the gas in the 
cylinder if the atmospheric pressure is py and the temperature remains constant. 
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5. Find the minimum attainable pressure of an ideal gas in the process T = Ty) + aV”, where Tp 
and @ are positive constants and V is the volume of one mole of gas. 


6. A solid body floats in a liquid at a temperature ¢ = 50°C being completely submerged in it. 
What percentage of the volume of the body is submerged in the liquid after it is cooled to 
ty = 0°C, if the coefficient of cubic expansion for the solid is y, = 0.3 x 10° °C and of the liquid 


¥,=8x10%°C?. 


7. Two vessels connected by a pipe with a sliding plug contain mercury. In one vessel, the height 
of mercury column is 39.2 cm and its temperature is 0°C, while in the other, the height of 
mercury column is 40 cm and its temperature is 100° C. Find the coefficient of cubical expansion 
for mercury. The volume of the connecting pipe should be neglected. 


8. Two steel rods and an aluminium rod of equal length J, and equal cross-section are joined 
rigidly at their ends as shown in the figure below. All the rods are in a state of zero tension at 
0°C. 

Steel 
Aluminium 
Steel 


Find the length of the system when the temperature is raised to 0. Coefficient of linear 
expansion of aluminium and steel area, anda,, respectively. Young’s modulus of aluminium 
is Y, and of steel is Y,. 


9. A metal rod A of 25cm length expands by 0.050 cm when its temperature is raised from 0° C to 
100° C. Another rod Bof a different metal of length 40cm expands by 0.040 cm for the same rise 
in temperature. A third rod C of 50cm length is made up of pieces of rods Aand Bplaced end to 
end expands by 0.03 cm on heating from 0° C to 50° C. Find the lengths of each portion of the 
composite rod. 


Introductory Exercise 20.1 
1. (a) -17.8°C (b) - 459.67°F 
4. 574.25 


Introductory Exercise 20.2 
1. Gains, 15.55 s 


4. Cool the system 
7. — 0.042% 


Introductory Exercise 20.3 


1. m>m 2. 12 atm 


6. Straight line passing through origin 


Introductory Exercise 20.4 
1. (d) 2. (c) 


Introductory Exercise 20.5 
1. 2.15 km/s 


Answers 


2. (a) 160°C 
5. -40°C 


(b) — 24.6°C 3. 122°F 


3. Speed is a scalar quantity while velocity is a vector quantity. 


4. 6.21x 107715 


7. True 

LEVEL 1 

Assertion and Reason 
1. (d) 2. (b) 3. (b) 


Objective Questions 
1.(b) 2.(b) 3. (a) 


Subjective Questions 


1. 20°C, -15°C, 80°C, 293K, 258K, 353K 


3. — 40°F = — 40°C 
8. 4800 K 
12. 3.12 x 10° N/m? 


16. 7.5E 
21. 177.07°C 


17. -253°C 
22. 192 N 


24. (a) 6.135 mol (b) 1.24 kg/m? (c) 19.6 kg/m? 


26. 900 m? 27. 5.09 cm 


2. It will first increase and then decrease 3. (Yo - YD AT 
5. 50.8°C 6. (a) 0.064 cm (b) 88.48 cm 
3. 1.5 kg/m? 4. 8x 101° 5. p> Po 
7. A dot 
3 5 
3.2K), 2K 
i a 
2. Vims = 714 m/s, vz, = 700 m/s 
5. (a) 1368 m/s, 609 m/s (b) 6.21x 107! J 6. 160 K 
Exercises 
4. (d) 5. (d) 6. (b) 7. (c) 8. (b) 9.(b) 10. (a) 
4. (b) 5. (d) 6. (c) 7. (a) 8.(c) 9. (a) 10. (c) 


2. 80°F, 41°F, —4°F, 546°R, 501°R, 456°R 


4. 140.2°F 5. 20°C 6. 60°C 7.70°C 
9. 2.82x 10° kg 10. 1.53 11.5 
13. 450R re gee kL 15. 6.5x 10° 
m+ No 
18. T, = 10059 K, Ty = 449 K 19. 546.30 K 20. 400° 


23. 3.1x 10% per °C 
25. 11.7 atm absolute pressure 


28. 0.089, 0.089 29. 0.97 MPa 
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30. 1.13 atm 31. 22.4L 32. 3.36x 10°Pa 33. 4.1 10°N/m? 34. 10°? rad/s 
35. (a) 5 (b) 3 36. (a) 6.21x 107!) (b) 20.8 J 37. 3R, 2R,1.5 
38. -7 40. 5 x 1071, 8.3 x 107° mol 41. 3.1x 10°’ 42. 4.8x 10°? J 
43. (a) 1.40 V9 (b) V9 (c) 0.58 Vg Or Vo /V3 44. (a) 6.21x 10°!) (b) 3740J (c) 484 m/s 

45. 76.5% by mass A6. 105 cm? 


47. (a) 3.5 mol (b) 43.65 J/K, 72.75 J/K (c) 72.75 J/K, 101.85 J/K 
48. (a) 2.81 mol (b) 9.56kJ (c) 20.8 J/mol-K 


LEVEL 2 
Single Correct Option 
l(c) 2a) 3a) 4a) 50) 6.(b) 7.(a) 8.(b) 9.(b) 10.(d) 


11.(d) — 12.(c) 


More than One Correct Options 
1. (b,d) 2. (a,d) 3. (a,c) 4. (a,c,d) 5. (a,b) 6. (a,b,c,d) 7. (a,d) 


Match the Columns 


1. (aor (b) > p (c)> $s (d)o> s 

2. (a)>q (b)> r (c)> q (d)> q 

3. (ayo r (b)> s (c)> q (d)> s 

4. (aos (b)> s (c)> s (d)> p 

5. (ayo q (b)> r (c)> p (d)> r 

Subjective Questions 
4 4 _ mg Ah 

2. (2) times 3. 115.2¢ 4. p, (% = (2 | 
5. 2RJaTo 6. 99.99% 7. 2.0 x 10 per °C 


B. fo] 1+ | %atet 20s | 9. 10 cm, 40 cm 
Y, + 2Y, 


Laws of 
Thermodynamics 


Chapter Contents 


The First Law of Thermodynamics 


Further Explanation of Three Terms 
Used in First Law 


Different Thermodynamic Processes 


Heat Engine and its Efficiency 
Refrigerator 
Zeroth Law of Thermodynamics 


Second Law of Thermodynamics 
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21.1 The First Law of Thermodynamics 


The first law of thermodynamics 1s basically law of conservation of energy. This law can be applied 
for any type of system like solid, liquid and gas. But, in most of the cases the system will be an ideal 
gas. A process in which there are changes in the state of a thermodynamic system (like p, V, T, Uand 
p etc.) is called a thermodynamic process. 


We now come to the first law 


Suppose Q heat is given to a system, then part of it is used by the system in doing work W against the 
surroundings (like atmosphere) and part is used by the system in increasing its internal energy AU. 
Thus, 


Q=W+AU (i) 


Let us take a real life situation similar to first law. 


Consider a person X .Suppose his monthly income is Rs. 50,000 (Q). He spends Rs. 30,000 (W) as his 
monthly expenditure. Then, obviously the remaining Rs. 20,000 goes to his savings (AU ). In some 
month it is also possible that he spends more than his income. In that case he will withdraw it from his 
bank and his savings will get reduced (AU <0). In the similar manner, other combinations can be 
made. 


Sign Convention 
(i)Q_ Ifheat is given to the system, then Q is positive and if heat is taken from the system, then it is 
negative. 


(ii) W Work done used in Eq. (i) is the work done by the system (not work done on the system). 
This work done is positive if volume of the system increases. Sign of work done in different 
situations is given in tabular form as below 


Table 21.1 
Work done by the Work done on the 
S.No Volume of the system system used in Eq. (i) system 
1: is increasing positive negative 
2. is decreasing negative positive 
3. is constant zero Zero 


(iii) AU Internal energy of a system is due to disordered motion of its constituent particles. It 
mainly depends on state (solid, liquid and gas) and temperature. For example, two different 
states at same temperature will have different internal energy. Ice at 0°C and water at 0°C have 
different energies. Similarly, same state at different temperatures will have different energies. 
For example, internal energy of an ideal gas is given by 


u "Rr 
2 
or Ua«T 


If temperature increases, internal energy also increases and AU =U , —U; will be positive. 
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® Extra Points to Remember 
e lf athermodynamic system changes from an initial equilibrium state A to final u B 
equilibrium state B through three different paths 1, 2 and 3, thenQ andW will be 
different along these three paths. But Q — W or AU will be same along all three 
paths. This is because, Q and W are path functions. But U is a state function. 
Thus, A 3 
Q, -W, =Q, —W, =Q, —W, = AU Fig. 21.1 
In a closed path, AU = 0 


© Example 21.1 When a system goes from state A to state B, it is supplied with 
400 J of heat and it does 100 J of work. 
(a) For this transition, what is the system’s change in internal energy? 
(b) If the system moves from B to A, what is the change in internal energy? 
(c) If in moving from A to B along a different path in which Wx, = 400 J of work is 
done on the system, how much heat does it absorb? 


Solution (a) From the first law, 
AU yp = Qyp — Wyp = (400-100) J= 300 J 


(b) Consider a closed path that passes through the state A and B. Internal energy is a state 
function so AU is zero for a closed path. 


Thus, AU= AU, + AUp, =0 or AUR, =—- AUy, =—- 300J 
(c) The change in internal energy is the same for any path, so 
AU 4g = AU jp a Orn ~ Wp 
300J=O4, —(—400J) 
and the heat exchanged is Qin = -100J 
The negative sign indicates that the system loses heat in this transition. 


INTRODUCTORY EXERCISE 


1. The quantities in the following table represent four different paths for the same initial 
and final states. Find a, b, c, d, e, fand g. 


Table 21.2 
Q(J) W(J) AU(J) 
—80 —120 d 
90 c e 
a 40 f 
b —40 g 


2. In acertain chemical process, a lab technician supplies 254 J of heat to a system. At the same 
time, 73 J of work are done on the system by its surroundings. What is the increase in the 
internal energy of the system? 
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21.2 Further Explanation of Three Terms Used in First Law 


First law of thermodynamics basically revolves round the three terms Q, AU and W. If you substitute 
these three terms correctly with proper signs in the equation Q = AU + W, then you are able to solve 
most of the problems of first law. Let us take each term one by one. Here, we are taking the system an 
ideal gas. 


(i) Heat Transfer (Q or AQ) There are two methods of finding Q or AQ. 


Note 


Method 1. QO =nCAT 
or AQ =nCAT 


where, C is the molar heat capacity of the gas and n is the number of moles of the gas. Always 
take, 


AT =T, -T, 
where, 7; is the final temperature and 7; the initial temperature of the gas. Further, we have 
discussed in chapter 20, that molar heat capacity of an ideal gas in the process pV * =constant 
is 

R R R 


= — + ——_ = ee 
y-1 l-x ' 1-x 


C=C, = i in isochoric process and 


C=C, =Cy, +R in isobaric process 
Mostly C,, and C; are used. 


For finding C, nature of gas and process should be known. Nature of gas will give us Cy, and process the 
value of x. 


Method 2. Wecan also find OQ by finding AU and W by the equation 
QO=W+AU 


(ii) Change in internal energy(AU) There are two methods of finding AU. 


Note 


Method 1. For change in internal energy of the gas 
AU =nC,AT 


Students are often confused that the result AU =nC,AT can be applied only in case of an 
isochoric process (as C), is here used). However, it is not so. It can be applied in any process, 
whether it is isobaric, isothermal, adiabatic or else. 


In the above expression, value of C, depends on the nature of gas. 
Method2. Wecan also find AU from the basic equation of first law of thermodynamics, 
AU =QO-W 


(iii) Work done(W) This is the most important of the three. 
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Work Done During Volume Changes 
A gas in a cylinder with a movable piston is a simple example of a thermodynamic system. 


Ss 


F=pA 


——— 


dx 
Fig. 21.2 


Figure shows a gas confined to a cylinder that has a movable piston at one end. If the gas expands 
against the piston, it exerts a force and does work on the piston. Ifthe piston compresses the gas as it is 
moved inward, work is done on the gas. The work associated with such volume changes can be 
determined as follows. 


Let the gas pressure on the piston face be p. Then, the force on the piston due to the gas is pA, where A 
is the area of the face. 


When the piston is pushed outward an infinitesimal distance dx, the work done by the gas is 
dW = Fdx = pA dx 
which, since the change in volume of the gas is dV = Adx, becomes 
dW = pdV 
For a finite change in volume fromV; to Vy, this equation is then integrated between J; to V, to find 
the net work 
w=[aw=|,’ pav 


Now, there are five methods of finding work done by a gas. 


Method 1. This is used when p-V equation is known to us. Suppose pasa function of Vis known 
to us. 


pat) 


then work done can be found by 


w=[/ 70) dV 


Method 2. The work done by a gas is also equal to the area under p-V graph. Following different 
cases are possible : 
Case1) When volume is constant 


or 


Fig. 21.3 
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V =constant 
Wp =0 
Case 2, When volume is increasing 

p 

A 

B 
A y = 
| i vy 
Fig. 21.4 


V is increasing 

Wp > 

Wp =Shaded area 
Case 3 When volume is decreasing 


B 
\, . 


,V 


Fig. 21.5 
V is decreasing 
Wap <9 
Wp = —Shaded area 
Case 4 Cyclic process 


p p 
A A 
> V ————————“x + 
(a) (b) 
Fig. 21.6 
W igesdie cycle — + Shaded area [in figure (a)] 
W ssticlockowine cycle =~ Shaded area [in figure (b)] 
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Case5 Incomplete cycle 


xo} 
~o 


4] 


>V 1 >V 


Fig. 21.7 


Wasc =+ Shaded area 
Wagcp =— Shaded area. 


Method 3. Sometimes work done by the gas is also obtained by finding the forces against which 


work is done by the gas. 


Fig. 21.8 
For example, in the figure shown, work is done by the gas against the following forces (when the 


piston is displaced upwards) 
(i) Against gravity force mg. Since, mg is a constant force. 
W, = Force x displacement = mgx 


(ii) Resins the force p,A. Further, this is also a constant force. 
& = Force x displacement = pp Ax 
But, x= AV 
: . = PoAV 

(iii) esas spring force kx. This is a variable force. 

Hence, 
W, = | (bo) de = +e? 
0 2 


Note While calculating W3, we have assumed that initially spring is in its natural length. 


Method4. Insome cases, one process and limits of temperature (or temperature change) is given. In 
those cases, with the help of given process and the standard ideal gas equation pV =nRT, first we 
convert pdV into f(T)dT and then integrate this expression with the limits of temperature. Thus, 


w =| pav = (70) aT 
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Method 5. The last method of finding work done is from the fundamental equation of first law. 


or W=Q-AU 
Now, let us take example of each one of them. 


© Example 21.2 Method 1 of Q 


Temperature of two moles of a monoatomic gas is increased by 300 K in the 


process p«V. 


(a) Find molar heat capacity of the gas in the given process. 


(6) Find heat given to the gas in that. 
Solution (a) pxV = pV~' =constant 


If we compare with pV“ = constant, then 


x=-1 
Now, 

C=C, go 
1-x 

Cy =SR for a monoatomic gas 

C= Ss Z =2R 
2 1-(-1) 
(b) Q=nCAT 


Substituting the values, we get 
Q = (2) (2R) (300) 
=1200R 


© Example 21.3 Method 2 of Q 


Ans. 


Ans. 


In a given process work done on a gas is 40 J and increase in its internal energy 


is 10 J. Find heat given or taken to/from the gas in this process. 


Solution Given, AU=+10d 


Work done on the gas is 40 J. Therefore, work done by the gas used in the equation, O= W +AU 


will be —40 J. Now, putting the values in the equation, 


QO=W+AU 
We have, 
O=-40+10 
=-30J 


Here, negative sign indicates that heat is taken out from the gas. 


© Example 21.4 Method 1 of AU 


Ans. 


Temperature of two moles of a monoatomic gas is increased by 600 K in a given 


process. Find change in internal energy of the gas. 
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Solution Using the equation, 


AU = nC, AT for change in internal energy 
Cy = sR for monoatomic gas 


AU = (2) (3 r) (600) 
=1800R Ans. 


© Example 21.5 Method 2 of AU 
Work done by a gas in a given process is —-20 J. Heat given to the gas is 60 J. Find 
change in internal energy of the gas. 


Solution AU=Q-W 
Substituting the values we have, 
AU = 60- (—20) 
= 80J Ans. 


AU is positive. Hence, internal energy of the gas is increasing. 
© Example 21.6 Method 1 of W 
By integration, make expressions of work done by gas in 
(a) Isobaric process ( p = constant) 
(6) Isothermal process (pV = constant) 
(c) Adiabatic process (pV" = constant) 
Solution (a) Isobaric process 


it ee = 
We ly pdV = Ply, dV (as p =constant ) 
V 
= pV =p; -Vi) 
= pAV Ans. 


Note Any process freely taking place in atmosphere is considered isobaric. For example, melting of ice, boiling of 
water etc. Here, the constant pressure is Po. Therefore, 


W = py AV = po(V; -V)) 


_ (ls _ ls nRT _ nRT 
w=], pa =|, = av (as p= 7 


= nRT | — (as T =constant) 


(b) Isothermal process 
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(c) Adiabatic process 

pV" =constant = k (say )= p,V," = p+ Vy 
we F 
= - 


Further, 72) =kv" 


Ve 


a] 


_ (lt _(F py-v ay 
W= |," pav= |," kV |e 


V; 


RV! i Or kv" +1 pV} eu +1 pvViV,% +1 


-y+1 l1-y 
_ PV — pV; nRT,—nRT;  nRAT 
a 4 [=¥ a4 


© Example 21.7 Method 2 of W 
In the given p-V diagram, find 
(a) pressures at cand d 
(6) work done in different processes separately 
(c) work done in complete cycle abcd. 


Solution (a) Line bc is passing through origin. Hence, ad er 
per Vo a, 
Fig. 21.9 
From 5 to c, volume is doubled. Hence, pressure is also 
doubled. 
Pc =2P, =4DPo Ans 
Similarly, line ad is also passing through origin. 
Pa =2Pa =2Po Ans. 
(b) aband cd processes are isochoric (V= constant ). Hence, 
W ab = Og =} 
W,,,. =area under the line bc 
= area of trapezium 
1 
=5 (Pp + p..)(2V) -Vo) 
1 
a 5 (2p) +4729) Vo) 
=3 pVo Ans. 
Since, volume is increasing. Therefore, W,,. is positive. 
W iq = —avea under the line da 


= ~—area of trapezium 


1 
aa Pe + py )(2Vy -Vo) 
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=-5 (9 +2p))Vo) 


=-1.5 PM Ans. 
Volume is decreasing. Therefore, work done is negative. 


(d) Work done in complete cycle 


W ret = Van + Wve at Wea a Waa 
=0+3 pV + 0—-1.5 pV 
=1.5 pV Ans. 
Note Network done is also equal to the area between the cycle. Since, cycle is clockwise. Hence, net work done is 
positive. 
© Example 21.8 Method 3 of W 


>) 


Mass of a piston shown in Fig. 21.10 is m and area of 
cross-section is A. Initially spring is in its natural length. Find a k 
work done by the gas. vacuum 
Solution In the given condition, work is done by the gas only against =x 
spring force kx. This force is a variable force. Hence, A,m 

Fig. 21.10 


_[* a ee 
w=|, (lee) de = = ke 


Example 21.9 Method 4 of W 
The temperature of n-moles of an ideal gas is increased from T, to 2T, through a 


a _. . : 
process p= r Find work done in this process. 


Solution pV =nRT (ideal gas equation) ..-(i) 
a + 
and =— . (il 
Pas (ii) 
Dividing Eq. (i) by Eq. (ii), we get 
2 
(eg. a 
a a 
_ ls _ 72% (a) ( 2nRT 
W=|, pdaV is (FI( ar 
= 2nRT) Ans. 


Example 21.10 Method 5 of W 
Heat taken from a gas ina process is 80 J and increase in internal energy of the gas 
is 20 J. Find work done by the gas in the given process. 


Solution Heat is taken from the gas. 
Therefore, O is negative. Or, O=-— 80J 
Internal energy of the gas is increasing. 
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Therefore, AU is positive. Or AU =+20J 
Using the first law equation, 
QO=W+AU or W=Q-AU=-80-20=-100J Ans. 


Here, negative sign indicates that volume of the gas is decreasing and work is done on the gas. 


INTRODUCTORY EXERCISE 


1. Agas ina cylinder is held at a constant pressure of 1.7 x10° Paand is cooled and compressed 
from 1.20 m® to 0.8 m°. The internal energy of the gas decreases by 1.1 10° J. 
(a) Find the work done by the gas. 
(b) Find the magnitude of the heat flow into or out of the gas and state the direction of heat flow. 
(c) Does it matter whether or not the gas is ideal? 

2. A thermodynamic system undergoes a cyclic process as shown in figure. 


p 


V 
Fig. 21.12 


(a) over one complete cycle, does the system do positive or negative work. 
(b) over one complete cycle, does heat flow into or out of the system. 
(c) In each of the loops 1 and 2, does heat flow into or out of the system. 


3. How many moles of helium at temperature 300 K and 1.00 atm pressure are needed to make 
the internal energy of the gas 100 J? 


4. Temperature of four moles of a monoatomic gas is increased by 300 K in isochoric process. 
Find W, Q and AU. 


5. Find work done by the gas in the process AB shown in the following figures. 
p 


Pop} 7255 


(ii) (iii) 
Fig. 21.12 


6. Temperature of two moles of an ideal gas is increased by 300 K in a process V = <, where a is 
positive constant. Find work done by the gas in the given process. 
7. Pressure and volume of a gas changes from (pp, Vy) to [22.2% in a process pV* =constant. 


Find work done by the gas in the given process. 
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21.3 Different Thermodynamic Processes 


Different thermodynamic processes and their important points are given below in tabular form. 
Table 21.3 


S.No Name of the Important points in Q=nCAT =W+AU_ AU = nC,AT Ww 
process the process 


T, pV, U =constant 
AT = A(pV) = AU = 0 Q=w 0 rai - narin{ 2. 


1. Isothermal { p 
a ay f 


/ 


V, =, f = constant 


av= p= a(2)=0 C=C 
2. Isochoric ts aoe: nCyAT 0 
OB Q=nCyAT 
L fy 
or pe«T 


P, Le = constant 
r C=C PAV = For any system 
3. Isobaric a (2) =a P nCyAT Q-AU =n(Cp—-Cy)AT 


T = 
ue Mo — ee = NRAT — for an ideal gas 
1 2 
W =-AU 
w W=-nC AT 
; ; pV" =constant R 
qa, ‘Pelaballc TV" = constant 0 mayer : “(se =“ 
plogess Tp =constant a 
= PM — PM 
y-1 
(P;, Vi, T;) = (0, Vy. Ty) Ww b | 
. Since T, = J, Q. =W et = area between cycle on 
5. Cyclic process U, aU, net met 7 p-V diagram 
or AT=AU=0 
G-aii= nRAT 
R R 1-x 
Polytropic ee nRT - 7; 
6. process ze .. : nCAT nCyAT 5 x ? 
Vv" =constant =C, + — 7 
p v 1—x (PV; — PyV;) 
1-x 
AU =0 
. = U,Tand 
7, Free expansion pV =constant rf) 0 0 
in vacuum 1 
or p oc — 


V 
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Important Points in the Above Table 


In isobaric process In isobaric process, neither of the three terms (O, AU and W) is zero but they 
have a constant ratio which depends on nature of gas (like monoatomic or diatomic etc.) 


Q:AU :W=nC,AT :nC,/AT :nRAT =C, :Cy :R 


5 3 : 
So, this ratio is C,, :Cy : R. For example, C,, = a and Cy = a for a monoatomic gas. Therefore, 


5.3 
for a monoatomic gas this ratio is 5 R 3 R:Ror5:3:2.1fQis 50 J, then AU will be 30 J and Wis 20 J. 


In adiabatic process (i) Ina thermodynamic process, there are three variables p,V and T. If 


relation between any two (p-V,V-T or p-T) are known, then other relations can be obtained 
using the ideal gas equation 


PV =nRT 
or pV «T (For given value of 77 ) 
T 
or ps V 
and Ve a 
P 


For example, p-V equation pV’ =constant can be converted into p- T or V- T equation. 


T 
p-T equation Replace V with — 
P 


iy 
ol) =constant or p' ‘77 =constant 
Dp 


T 
V-T equation Replace pwn 


T = 
(Zyv =constant or TV! =constant 


(ii) An adiabatic process is defined as one with no heat transfer into or out of a system :O =0.We can 


Note 


prevent heat flow either by surrounding the system with thermally insulating material or by 
carrying out the process so quickly that there is not enough time for appreciable heat flow. From 
the first law, we find that for every adiabatic process, 

W=-AU (as O =0) 
Therefore, if the work done by a gas is positive (1.e. volume of the gas is increasing), then AU 
will be negative. Hence, U and therefore T will decrease. The cooling of air can be experienced 
practically during bursting of a tyre. The process is so fast that it can be assumed as adiabatic. As 
the gas expands. Therefore, it cools. On the other hand, the compression stroke in an internal 
combustion engine is an approximately adiabatic process. The temperature rises as the air fuel 
mixture in the cylinder is compressed. 


Contrary to adiabatic process which is very fast an isothermal process is very slow. Because the system 
needs sufficient time to interact with surroundings to keep its temperature constant. 
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In cyclic process In acyclic process, initial and final points are same. 


pr 
b 


a Cc 


+>——————V 


Fig. 21.13 


Therefore, 
WPeled)= (Py> V gs Te) 
Internal energy is a state function which only depends on temperature (in case of an ideal gas). 


T, =Ty 
or AU _.,=0 


net 


If there are three processes in a cycle abc, then 
AU Wi, +AU, +AU. =0 
From first law of thermodynamics, 


O=W+AU, if AU ,, =0, then 
Ornet = Wt 
or Ow +O ie FO ox = lab + Wie + We 


Further, W, 


net 
diagram. Cycle is clockwise. So, work done will be positive. 


= area under p-Vdiagram. For example, W,,, =+ area of triangle ‘abc’ in the shown 


net 


Free expansioninvacuum A gas in aclosed adiabatic chamber is taken to vacuum and then chamber 
is opened. So, the gas expands. Since, there is no external force which opposes this expansion. So, 
work done by gas 


W=0 
Further no heat is supplied or taken from the gas. Therefore, heat exchange is also zero. Or 
O=0 
From first law of thermodynamics, 0 =W + AU change in internal energy is also zero. Or 
AU =0 
or U =constant 
> T or pV isalso constant 
1 
or pe y 


This behaviour is similar to an isothermal process. The only difference is, in this process all three 
terms Q, AU and W are zero. But in isothermal process, only AU is zero. 
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® Extra Points to Remember 
e Slope of p-Vdiagram na general polytropic process, 
pV* =constant 
or differentiating, we get 


p(xV*)dv4V%dp)=0 = Pa- xP 


or slope of p-V graph = — x - 


In isobaric process p = constant = x = 0, therefore slope = 0 


In isothermal process pV = constant = x = 1, therefore slope = — = 
In adiabatic process pV’ = constant => x = y, therefore slope = — y - 


Thus, slope of an adiabatic graph is y times slope of isothermal graph at that point. 
Because y > 1, the isothermal curve is not as steep as that for the adiabatic expansion. 


p p 4— monoatomic 
i 4 2— diatomic 
3— polyatomic 
Adiabatic and pethetinal 37 Y= 1.33 Adiabatic expansion 
isothermal expansion 2 y=14 of mono,dia and 
of an ideal gas 1 j polyatomic gases. 
Adiabatic ene oe 
.——__________ + V lV 
Fig. 21.14 
p-V diagram of different processes is shown in one graph as below. 
p 
A 
1 
1— lsobaric 
e 2—- Isothermal 
3— adiabatic 
3 4— lsochoric 
4 
V 
Fig. 21.15 
© Example 21.11 p-V plots for two gases during Pt 
adiabatic processes are shown in the figure. Plots 1 
and 2 should correspond respectively to (JEE 2001) 
(a) He and O, 1 
(b) Og and He 2 
> I 
(c) He and Ar 


(d) O. andN, Fig. 21.16 


>) 
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Solution In adiabatic process : 


dp Pp 

slope of p-V graph, —=-y= 

pe of p-/ grap dV Y V 
slope « Y (with negative sign) 


From the given graph, 
(slope), > (slope), 
oe Yo2> V1 
Therefore, 1 should correspond to O, (y = 1.4) and 2 should correspond to He (y = 1.67). 
Hence, the correct option is (b). 


Example 21.12 Starting with the same initial conditions, an ideal gas 
expands from volume V, to V, in three different ways, the work done by the gas 
is W, if the process is purely isothermal, W, if purely isobaric and W,, if purely 


adiabatic, then (JEE 2000) 
(a) W, > W, > W; (6) W. > W; > W, 
(c) W, > W. > W, (d) W, > W, > We 


Solution The corresponding p-V graphs (also called indicator diagram) in three different 
processes will be as shown below. 
p 


Fig. 21.17 


Area under the graph gives the work done by the gas. 
(Area ), > (Area), > (Area); => W,>W,>W, 
Therefore, the correct option is (a). 


Example 21.13 When an ideal diatomic gas is heated at constant pressure, 
the fraction of the heat energy supplied, which increases the internal energy of 
the gas, is (JEE 1990) 


2 3 3 5 
(a) 5 (b) 5 (c) 7 (d) 7 


Solution The desired fraction is 


fo hd nCvAT Cy 1 = gue [ss 7=2) Ans. 
AQ nC,AT C, Y¥ 7 


Therefore, the correct option is (d). 
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© Example 21.14 What is the heat input needed to raise the temperature of 
2 moles of helium gas from 0°C to 100°C 
(a) at constant volume, 
(6) at constant pressure? 
(c) What is the work done by the gas in part (6)? 
Give your answer in terms of R. 
Solution Helium is monoatomic gas. Therefore, 


3R 5R 
Cy = = and C, =— 
(a) At constant volume, 
Q=nC, AT 
=(2) (=) (100) 
2 
= 300R 
(b) At constant pressure, 
Q=nC,AT 
= (2) (=) (100) 
2 
= 500R 
(c) At constant pressure, 
W=Q-AU 


=nC,AT — nCy AT 
= nRAT = (2) (R) (100) 
=200R 


© Example 21.15 An ideal monoatomic gas at 300K expands adiabatically to 
twice its volume. What is the final temperature? 


Solution For an ideal monoatomic gas, 


ae 
3 
In an adiabatic process, TV*~' =constant 
y-lippy-! 
TV; =TV, 
y-1 
V. 
or T; — T; a 
Vy 


B 
eal 
= (300)( 7) =189K 
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© Example 21.16 p-T graph of 2 moles of an ideal monoatomic gas 
[cy = =R and C, = 3 is as shown below. Find Q, W and AU for each of the 


four processes separately and then show that, 


AU 4, =0 
and Q net = Wicd 
p 
“a I 
i ae) ts 
i Big 
Fig. 21.18 
Solution 
Table 21.4 
Process Name of process Q AU W 
nain( 2. 
Py 
" Isothermal Q=W =-2ATIn(2) 
¢ (as T = constant) aia . 0 =2RT, nf 
2 Pp 
= -2RT,In(2) 
Q =nCpAT AU =nCyAT Btontl 
Isobaric =2 5 eee =2( 5A} eae 
be (as p = constant) E 2 ~ To) 2 2 ~ To) piles 
= 5RT, = 3RT, os 
narin( 2.) 
19) 
Isothermal Q=W =4AT,In(2) ‘3 
cd (as T = constant) ee we 0 =2R(21p) (22) 
Po 
= 4RTy In(2) 
Q=nC,AT AU = nCyAT 
Isobaric ald _»f{3 Q-— AU or nRAT 
da (as p =constant) e (5 Rt 2%) a(3 Rt 2%) =-2RT, 
=-5RT, = -3RT, 
Net values 2RT,In (2) 0 2R79|n(2) 
In the given table, we can see that 
AU 0 


and O ret = WF at 
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INTRODUCTORY EXERCISE 


1. 


One mole of an ideal monoatomic gas is initially at 300 K. Find the final temperature if 200 J of 
heat are added as follows : 
(a) at constant volume (b) at constant pressure. 


An ideal gas expands while the pressure is kept constant. During this process, does heat flow 
into the gas or out of the gas? Justify your answer. 


Consider the cyclic process depicted in figure. If Q is negative for the process BC and if AU is 
negative for the process CA, what are the signs of Q, Wand AU that are associated with each 
process? 

p(kPa) 


6 8 10 
Fig. 21.19 

A well insulated box contains a partition dividing the box into two equal 
volumes as shown in figure. Initially, the left hand side contains an ideal 
monoatomic gas and the other half is a vacuum. The partition is 
suddenly removed so that the gas expands throughout the entire box. 
(a) Does the temperature of the gas change? Fig. 21.20 
(b) Does the internal energy of the system change? 
(c) Does the gas work? 


. _ _,~AQ AQ. ' . 4 ©p 
Find the ratio aay, and AW in an isobaric process. The ratio of molar heat capacities C. =}. 


Vv 


Vacuum 


A certain amount of an ideal gas passes from state A to B first by means of P 
process 1, then by means of process 2. In which of the process is the 
amount of heat absorbed by the gas greater? 


A sample of ideal gas is expanded to twice its original volume of 
1.00m° in a quasi-static process for which p=aV”, with 

a = 5.00 atm/m®, as shown in Fig 21.22. How much work is done by 

the expanding gas? 


a eee 


1.00 m? 2.00 m® 


As a result of the isobaric heating by AT =72K, one mole of a . 
Fig. 21.22 


certain ideal gas obtains an amount of heat Q =1.6 kJ. Find the work 
performed by the gas, the increment of its internal energy and y. 
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21.4 Heat Engine and its Efficiency 


A heat engine is a device which converts heat energy into mechanical energy. In every heat engine, 
there are the following three components : 


(i) Working substance (which is normally a gas in a cylinder) 


(11) Source (at temperature 7; ) 
(111) Sink (at temperature T, ), 7, < 7, and sink is normally atmosphere. 


Source Working 
re substance 


Fig. 21.23 


The working substance absorbs some heat (Q,) from the source, converts a part of it into work (W) 
and the rest (Q, ) is rejected to the sink. 


From conservation of energy, 


QO, =W+Q, 
Now, the above work done is used by us for different purposes. 


It is just like a shopkeeper. He takes some money from you. (Suppose he takes Rs. 100/- from you). 
So, you are source. In lieu of this he provides services to you (suppose he provides services of worth 
Rs. 80/-). This is work done. The remaining Rs. 20/- is his profit which goes to his account and this is 
basically sink. Then, the efficiency of the shopkeeper is 80%. There can’t be a shopkeeper whose 
efficiency is 100%. 

Similarly, efficiency of a heat engine is defined as the ratio of net work done per cycle by the engine 
to the total amount of heat absorbed per cycle by the working substance from the source. It is denoted 
by n. Thus, 


_W_Q-Q eee 
0; 0; QO 


Work is done by the working substance in a cyclic process. In the above expression of efficiency, W is 
net work done in the complete cycle which should be positive. So, cycle should be clockwise on p-V 
diagram. Q, is the total heat given to the working substance or the total positive heat. Q, is total heat 
rejected by the working substance or it is the magnitude of total negative heat. 


n 


Thus, efficiency (1n) of a cycle can also be defined as 


Work done by the working substance 


deaicags i 1 
(an ideal gas in our case) during a cycle 100 


Heat supplied to the gas during the cycle 


_ Wrotal x 100 


|Osvel 


258 © Waves and Thermodynamics 


= | Dyce] =O ol x100 =21— ml x100 
|Qrvel +ve 
W, 
Thus, n= Ti 1001 mal x 100 
gel +ve 


Depending on the number of processes in a cycle, it may be called a two-stroke engine or four-stroke 
engine. 
p p 


V >V 
Two stroke-engine Four stroke-engine 
Fig. 21.24 


Note There cannot be a heat engine whose efficiency is 100%. It is always less than 100%. Thus, 


1 # 100% 
or W # Q, or Whret # Quve 
or Q> #0 or |Q_,| #0 


Efficiency of a Cycle 


By the similar method discussed above, we can also find efficiency of a cycle provided net work done 
in the whole cycle comes out to be positive or it is clockwise cycle on p-V diagram. But always 
remember that, in a cyclic process, 

AU, =9 
and Oa = Wat 
If there are four processes in the cycle, then 


QO, +0, +0; +0,=%+W,+W,+W, 


Carnot Engine 
Carnot cycle consists of the following four processes : 
(i) Isothermal expansion (process AB) 
(ii) Adiabatic expansion (process BC) 
(iii) Isothermal compression (process CD) and 
(iv) Adiabatic compression (process DA) 


The p-V diagram of the cycle is shown in the figure. 


Fig. 21.25 
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Table 21.5 

Process Name of the process Q AU WwW 

Isothermal expansion —W = positive: 3 
AB i, =conatant Q positive =Q, 0 positive 
BC Adiabatic expansion 0 negative positive 
CD ae compression Q=W =negative = Q, 0 negative 

» = constant 

DA Adiabatic compression 0 positive negative 


In process AB, heat Q, is taken by the working substance at constant temperature 7, and in process 
CD heat Q, is rejected from the working substance at constant temperature 7,. The net work done is 


area of graph ABCD. 
Note (i) In the whole cycle only Q, is the positive heat and Q, the negative heat. Thus, 
Qsve = Q; 
and | Cel = Q2 


H= 1-22) «100 
1 


Specially for Carnot cycle, ee also comes out to be 
1 1 


: 
=|1-~ |x 100 
i [ 2 


(i) Efficiency of Carnot engine is maximum (not 100%) for given temperatures T, and T,. But still Carnot 
engine is not a practical engine because many ideal situations have been assumed while designing this 
engine which can practically not be obtained. 


21.5 Refrigerator 


Refrigerator is an apparatus which takes heat from a cold body, work is done on it and the work done 
together with the heat absorbed is rejected to the source. 


Source Working 
fe substance 


Fig. 21.26 
An ideal refrigerator can be regarded as Carnot ideal heat engine working in the reverse direction. 


Coefficient of Performance 


Coefficient of performance (8) of a refrigerator is defined as the ratio of quantity of heat removed per 
cycle (Q, ) to the work done on the working substance per cycle to remove this heat. Thus, 
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p= 22 _ Q 
W Q,-Q 
We can also show that 
> 2 A= 
7, = Ty 1 


Here, 17 is the efficiency of Carnot cycle. 


© Example 21.17 An ideal gas is taken through a cyclic thermodynamic process 
through four steps. The amounts of heat involved in these steps are Q, =5960J, 
Q, =-— 5585 J, Q, = — 2980 J and Q, = 3645 respectively. The corresponding 
quantities of work involved are W, = 2200 J, W, =- 825 J, W, =- 1100 J and 


W, respectively. (JEE 1994) 
(a) Find the value of W,. 
(6) What is the efficiency of the cycle? 
Solution (a) Ina cyclic process, AU = 0 
Therefore, Onet = Wet 
or QO, +2, +0; +0,=W, +W,+W,+W, 
Hence, W,=(Q, +Q, +O; +O,)—- (W, + W, +W;) 
= {(5960 — 5585 — 2980+ 3645)— (2200— 825-—1100)} 
or W,=765J Ans. 
(b) Efficiency, 
_ Total work done me cycle x 100 
Heat absorbed (positive heat) 
by the gas during the cycle 
-(" +W,+W; Ms) 100 
QO, +O, 
_ (2200 — 825— 1100+ 765) x 100 
5960+ 3645 
_ 1040 , 100 
9605 
n= 10.82% Ans. 
Note From energy conservation, 
Waret = Q. ve om (in acy cle) 
n= Moet. 199 = Cre = Q-ve) 499 


(1-2) 00 


In the above question, 
Qe =|Q>| + |Q3] = (6585 + 2980) J=8565 J 
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and Quye =Q, + Qy = (5960 + 3645) J=9605 J 
= ( = ae x 100 


n = 10.82% 


© Example 21.18 The density versus pressure graph of one mole of an ideal 
monatomic gas undergoing a cyclic process is shown in figure. The molecular 
mass of the gas is M. 


Fig. 21.27 


(a) Find the work done in each process. 
(6) Find heat rejected by gas in one complete cycle. 
(c) Find the efficiency of the cycle. 


Solution (a) Given,n=1 «. m=M 


: : : M 
Process AB ~~ p,1.e. It is an isothermal process (7 = constant), because p = — 


Wasp = RT, In (22) =RT, In (5) 


PB 
=— 20M in (2) 
Po 
AU 4p =0 
M 
and Cig =e Poin (2) 


0 


Process BC is an isobaric process (p = constant) 


M M M M M 
Wee = Pa Vo /n)=2o| D }-200[ )- 


é B Po Po Po 
RG oO, AP 
= (3 a) |e seat _ 3PoM 
2 Pok 2PoR 2Po 


5p yM 


Osc =Wec + AU gc = 
2Po 
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Process CA Asp =constant 


V = constant 
So, it is an isochoric process. 
We, =9 
AUcy =Cy AT 


= (38) (Ty -T%) 


_ (3) ast oa 
2 PoR PoR 


__ 3pyM 
2Po 
3pyM 
Oca = AU cy ° 
2Po 
(b) Heat rejected by gas = |O yp |+ |Ocy | 
ens E +In ) Ans. 
Po L2 


(c) Efficiency of the cycle (in fraction) 
_ Total work done — Wrotai 


Heat supplied Orer 


PoM Tin (2)] 
Po 


(ol) 
2\ Po 


= : [1— In (2)] Ans. 


© Example 21.19 Carnot engine takes one thousand kilo calories of heat from a 
reservoir at 827°C and exhausts it to a sink at 27°C. How, much work does it 
perform? What is the efficiency of the engine? 


Solution Given, Q, =10° cal 


T, = (827+ 273)=1100K 


and T, = (27+ 273)= 300K 
T. T. 300 
as, 22-2 > 9,=2-0,=[ Jao’) 
QO, T, T, 1100 


=2.72x 10° cal 
W =Q, -Q, = 7.28% 10° cal Ans. 
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Efficiency of the cycle, 
n=|1- a x100 or = (1- =m x 100 
T, 1100 
= 72.72% Ans. 


© Example 21.20 Ina refrigerator, heat from inside at 277 K is transferred to a 
room at 300 K. How many joules of heat shall be delivered to the room for each 
Joule of electrical energy consumed ideally? 


Solution Coefficient of performance of a refrigerator, 


Ww 1,-T, 
fe 
=w—~ 
Q> 7-1, 
But W = Energy consumed by the refrigerator = 1 J, 7, = 300K, 7, = 277K 
Q, =1x 21h 2h 12] 
300-277 = 23 
Heat rejected by the refrigerator, 
QO, =W+Q, =14+12 
=13J Ans. 


© Example 21.21 Calculate the least amount of work that must be done to freeze 
one gram of water at 0°C by means of a refrigerator. Temperature of 
surroundings is 27°C. How much heat is passed on the surroundings in this 
process? Latent heat of fusion L = 80 cal/g. 
Solution Q, =mL=1x 80= 80cal 


T, = 0° C= 273K 


and T, = 27° C=300K 
Least amount of work will be needed for carnot’s type of cycle. 
W 1-1, 
wy 22-1) 
T, 
_ 80(300- 273) 
273 
= 7.91 cal Ans. 
GO, =O) +W 
= (80+ 7.91) 


= 87.91 cal Ans. 
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INTRODUCTORY EXERCISE 


1. 


2. 


Carnot engine takes 1000 K cal of heat from a reservoir at 827°C and exhausts it to a sink at 
27°C. How much heat is rejected to the sink? What is the efficiency of the engine? 

One of the most efficient engines ever developed operated between 2100 K and 700K. Its 
actual efficiency is 40%. What percentage of its maximum possible efficiency is this? 


In a heat engine, the temperature of the source and sink are 500 K and 375 K. If the engine 
consumes 25 x 10° J per cycle, find (a) the efficiency of the engine, (b) work done per cycle, and 
(c) heat rejected to the sink per cycle. 


A Carnot engine takes 3 x 1 0° cal of heat from a reservoir at627 °C and gives it to a sink at27 °C. 
Find the work done by the engine. 


The efficiency of a Carnot cycle is 1/6. If on reducing the temperature of the sink by 65°C, the 
efficiency becomes 1/3, find the source and sink temperatures between which the cycle is 
working. 


Refrigerator A works between —10°C and 27°C, while refrigerator B works between —27 °C and 
17°C, both removing heat equal to 2000 J from the freezer. Which of the two is the better 
refrigerator? 


A refrigerator has to transfer an average of 263 J of heat per second from temperature —10 °C to 
25°C. Calculate the average power consumed, assuming no energy losses in the process. 


n moles of a monoatomic gas are taken around in a cyclic process consisting of four processes 
along ABCDA as shown. All the lines on the p-V diagram have slope of magnitude py /V . The 
pressure at Aand Cis py and the volumes at Aand C are Vy/2 and 3/2, respectively . Calculate 
the percentage efficiency of the cycle. 


p 
B 

Po a i. 
1 YD } 
' t i V 
Vo 3) 
2 2 
Fig. 21.28 


21.6 Zeroth Law of Thermodynamics 


The zeroth law of thermodynamics states that if two system A and B are in thermal equilibrium with a 
third system C, then A and B are also in thermal equilibrium with each other. It is analogous to the 
transitive property in math (if A =C and B =C, then A = B ). Another way of stating the zeroth law is 
that every object has a certain temperature, and when two objects are in thermal equilibrium, their 
temperatures are equal. It is called the zeroth law because it came to light after the first and second 
laws of thermodynamics had already been established and named, but was considered more 


fundamental and thus was given a lower number zero. 
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21.7 Second Law of Thermodynamics 


The first law of thermodynamics is the principle of conservation of energy. Common experience 
shows that there are many conceivable processes that are perfectly allowed by the first law and yet are 
never observed. For example, nobody has ever seen a book lying on a table jumping to a height by 
itself. But such a thing would be possible if the principle of conservation of energy were the only 
restriction. 


Thus, the second law of thermodynamics is a general principle which places constraints upon the 
direction of and the attainable efficiency of or coefficient of performance. It also imposes restrictions 
on entropy. 


Second law of thermodynamics can be better understood by the following three statements 


In Terms of Entropy 


The second law can be expressed in several ways, the simplest being that heat will naturally flow 
from a hotter to a colder body. As its heat is a property of thermodynamic systems called entropy 
represented by “S” — in loose terms, a measure of the amount of disorder within a system. This can 
be represented in many ways, for example in the arrangement of the molecules — water molecules in 
an ice cube are more ordered than the same molecules after they have been heated into a gas. The 
entropy of the ice cube is, therefore, lower than that of the gas. Similarly, the entropy of a plate is 
higher when it is in pieces on the floor compared with when it is in one piece in the sink. 

The second equation is a way to express the second law of thermodynamics in terms of entropy. The 
formula says that the entropy of an isolated natural system will always tend to stay the same or 
increase — in other words, the energy in the universe is gradually moving towards disorder. 


Kelvin Planck’s Statement 


Kelvin-Planck’s statement is based on the fact that the efficiency of the heat engine cycle is never 
100%. This means that in the heat engine cycle some heat is always rejected to the low temperature 
reservoir. The heat engine cycle always operates between two heat reservoirs and produces work. 


Clausius Statement 


As we know from the previous statement, the natural tendency of the heat is to flow from high 
temperature reservoir to the low temperature reservoir. 


The Clausius statement says that, to transfer the heat from low temperature to high temperature 
reservoir some external work should be done on the cycle. This statement has been the basis for the 
working for all refrigerators, heat pumps and air-conditioners. This work cannot be zero or 
coefficient of performance of a refrigerator cannot be infinite. 
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Final Touch Points 


1. Adiabatic and Diathermic Wall 


Adiabatic wall An insulating wall (can be movable also) that does not 
allow flow of energy (heat) from one chamber to another is called an 
adiabatic wall. If two thermodynamic systems A and B are separated by an 
adiabatic wall then the thermodynamic state of A will be independent of 
the state of Band vice-versa if wall is fixed otherwise if wall is movable, only 
pressure will be same on both sides. 


Diathermic wall A conducting wall that allows energy flow (heat) from one chamber to another is 
called a diathermic wall. If two thermodynamic systems A and B are separated by a diathermic wall 
then thermal equilibrium is attained in due course of time (if wall is fixed). If wall is movable, then 
temperature and pressure on both sides will become same. 


Insulated 


Note In the above two cases, thermodynamic systems A and B are insulated from the external surroundings. 


2. Quasi-Static Process Quasi means almost or near to.Quasi-static process means very nearly 
static process. Let us consider a system of gas contained in cylinder. The gas is held by a moving 
piston. A weight wis placed over the piston. Due to the weight , the gas in cylinder is compressed. 
After the gas reaches equilibrium, the properties of gas are denoted by p,,V, and 7;. The weight 
placed over the piston is balanced by upward force exerted by the gas. If the weight is suddenly 
removed, then there will be an unbalanced force between the system and the surroundings. The 
gas under pressure will expand and push the piston upwards. The properties at this state after 
reaching equilibrium are P5, V2 and 7. But the intermediate states passed through, by the system 
are non-equilibrium states which cannot be described by thermodynamic coordinates. In this case, 


we only have initial and final states and do not have a path connecting them. 
| w | Piston 
AQ —Psten 
P4474 P2,V2,T2 
Initial state of gas Final state of gas 
Sudden expansion of gas 

1 2 3 4 5 Cee eS eS Rese Pages ese was 

Decne BAS cee PPT eee 


Initial state of gas 


Final state of gas 


Quasi-static expansion of gas 
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Suppose, the weight is made of large numbers of small weights. And one by one each of these small 
weights are removed and allowed the system to reach an equilibrium state. Then, we have 
intermediate equilibrium states and the path described by these states will not deviate much from the 
thermodynamic equilibrium state. Such a process, which is the locus of all the intermediate points 
passed by the system is known as quasi-static process. It means, this process is almost near to the 
thermodynamically equilibrium process. Infinite slowness is the characteristic feature of quasi-static 
process. 


2 


A quasi-static process 


A quasi-static process is obviously a hypothetical concept. In practice, processes that are sufficiently 
slow and do not involve accelerated motion of the piston are reasonably approximation to an ideal 
quasi-static process. We shall from now onwards deal with quasi-static processes only, except when 
stated otherwise. 


. Reversible and Irreversible Process 


Reversible process The process in which the system and surroundings can be restored to the initial 
state from the final state without producing any changes in the thermodynamic properties of the 
universe is called a reversible process. In the figure below, let us suppose that the system has 
undergone a change from state A to state B. If the system can be restored from state Bto state A, and 
there is no change in the universe, then the process is said to be a reversible process. The reversible 
process can be reversed completely and there is no trace left to show that the system had undergone 
thermodynamic change. 
Reversible process 


y|A 


B 


x— 


For the system to undergo reversible change, it should occur infinitely slowly or it should be 
quasi-static process. During reversible process, all the changes in state that occur in the system are 
in thermodynamic equilibrium with each other. 


Thus, there are two important conditions for the reversible process to occur. Firstly, the process 
should occur very slowly and secondly all of the initial and final states of the system should be in 
equilibrium with each other. 


For example, a quasi-static isothermal expansion of an ideal gas in a cylinder fitted with a frictionless 
movable piston is a reversible process. 


In actual practice, the reversible process never occurs, thus it is an ideal or hypothetical process. 


Irreversible process The process is said to be an irreversible process if it cannot return the system 
and the surroundings to their original conditions when the process is reversed. The irreversible 
process is not at equilibrium throughout the process. Several examples can be cited. For examples, 
(i) When we are driving the car uphill, it consumes a lot of fuel and this fuel is not returned when we 
are driving down the hill. 
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(ii) The base of a vessel on an oven is hotter than its other parts. When the vessel is removed, heat is 
transferred from the base to the other parts, bringing the vessel to a uniform temperature (which 
in due course cools to the temperature of the surroundings). The process cannot be reversed; a 
part of the vessel will not get cooler spontaneously and warm up the base. It will violate the 
second law of thermodynamics, if it did. 

(iii) The free expansion of a gas is irreversible. 

(iv) Cooking gas leaking from a gas cylinder in the kitchen diffuses to the entire room. The diffusion 
process will not spontaneously reverse and bring the gas back to the cylinder. 


Many factors contribute in making any process irreversible. The most common of these are: friction, 
viscosity and other dissipative effects. 

The irreversible process is also called the natural process because all the processes occurring in 
nature are irreversible processes. 


4. Cy = = Let us derive the relation Cy = - , where U = internal energy of 1 mole of the gas. 


Consider 1 mole (n=1) of an ideal monoatomic gas which undergoes an isochoric process 
(V =constant). 


From the first law of thermodynamics. 


dQ=dW+dU (i) 
Here, aW=0 as V=constant 
dQ =CadT =C,daT (INndQ =nC,daT, n=1andC =C,) 
Substituting in Eq. (i), we have 
CydaT =dU 
or Cy = au Hence proved. 
aT 


5. Cy -Cy=R _ To prove this relation (also known as Mayor’s formula) let us consider 1 mole of an 
ideal gas which undergoes an isobaric (p = constant) process. 


From first law of thermodynamics, daQ=dW+dU il) 
Here, dQ =C,aT (asn =landC =C,) 
dU =CyaT 
and dW = paV = pd (=) [as V= = 
p P 
=d (AT) (as P = constant) 
= RdT 


Substituting these values in Eq. (ii) 
We have C,pdT =RaT+CydT or C,-Cy=R Hence proved. 


6. Cy = ae We have already derived, 


Cp ae Cy = R 
Dividing this equation by Cy, we have 
C 
p 1= R or yY 1= R as Ee = 
Cy Cy Cy Cy 
R 
Cy =—— Hence proved. 
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7. Polytropic process When p and Vbear the relation pV* = constant, where x #1or y the process 
is called a polytropic one. In this process the molar heat capacity is, 


pag 5 Ae 
1-x yl 1-x 


Let us now derive this relation. The molar heat capacity is defined as 


eae2 for 1 mole 
AT 


_AU+ AW 
AT 
AU AW (42 
= — + — —=C, 
AT AT AT 
C6, a oki 
Yy Y Kvxe ty 
Here, AW =[ pdV =| kV-*aVv =| —_— 
Vi Vj -x +1 r 
kVr*X tl Ky % tt 
= f i 
-x +1 
_ VEY TT VV 
1-x 
_ PM PV; _ RI - RY 
1-x 1-x 
_ RAT 
1-x 
aw __R 
AT 1-x 
Substituting in Eq. (iii), we get the result i.e. 
R R R 


C=Cy4 = 
ee tak YT 1H x 


Solved Examples 


TYPED PROBLEMS 


Type 1. Based on first law of thermodynamics applied to a general system 


Concept 


First law of thermodynamics is simply law of conservation of energy which can be applied 
for any system. 


© Example1 Boiling water: Suppose 1.0 g of water vaporizes isobarically at 


Note 


atmospheric pressure (1.01 x 10° Pa). Its volume in the liquid state is 
Vi =Viiquia = 1.0 cm® and its volume in vapour state is V,=V, = 1671 cm’. 


vapour 

Find the work done in the expansion and the change in internal energy of the 
system. Ignore any mixing of the steam and the surrounding air. Take latent heat 
of vaporization L,, = 2.26 x 10° J/kg. 


Solution Because the expansion takes place at constant pressure, the work done is 
Ve Vf 
W=| PodV = po | dV = py V; — Vi) 


= (1.01 x 10°) (1671 x 10° — 1.0 x 10°°) 


=169J Ans. 
Q=mL, = (1.0 x 10) (2.26 x 10°) 
= 2260 J Ans. 


Hence, from the first law, the change in internal energy 
AU =Q-— W =2260 — 169 
= 2091 J Ans. 
The positive value of AU indicates that the internal energy of the system increases. We see that most 
2091 J 
2260 J 


= 93% | of the energy transferred to the liquid goes into increasing the internal energy of the 


system only “ = 7% leaves the system by work done by the steam on the surrounding atmosphere. 


Example 2. A metal of mass 1 kg at constant atmospheric pressure and at initial 
temperature 20°C is given a heat of 20000 J. Find the following (JEE 2005) 
(a) change in temperature, 

(6) work done and 

(c) change in internal energy. 

(Given, specific heat = 400 J/kg-°C, coefficient of cubical expansion, y = 9 x 107°/°C, 
density p = 9000 kg/m®, atmospheric pressure = 10° N/m”) 
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Solution (a) From AQ =msAT 
AT = AQ@ _ 20000 _ 


= 50°C 
ms 1x400 
1 -5 
(b) AV =VyAT = (san] (9 x 107°) (0) 
=5x107 m? 
o W = py: AV = (10°) 6 x 10°") =0.05 J 
(c) AU = AQ -— W = (20000 — 0.05) J 
= 19999.95 J 


Type 2. To make p-V, V-T or p-T equation corresponding to a given process 


Concept 


Suppose we wish to make p-V equation for a given process then with the help of equation of 
first law of thermodynamics and pV = nRT, first make an equation of type 


f(p)dp+ f(V)dV=0 
Now, integrating this equation we will get the desired p-V equation. 


© Example 3 Make p-V equation for an adiabatic process. 
Solution In adiabatic process, dQ =0 


and dW =—dU 
pdV =—CydT (for n =1) 
ap = Pd Gi) 

V 


Also, for 1 mole of an ideal gas, 


d (pV) =d (RT) 
or pdV + Vdp = RdT 
or grene’ > Van ...(ii) 


From Kgs. (i) and (ii), we get 
CyVdp + (Cy + R) pdV =0 


or CyVdp + C,pdV =0 
Dividing this equation by PV, we are left with 

dp dV 

Cy —+C, v- 0 
or ap +Y cas =0 
Pp V 

dp dV 

) —+y]—=0 
r | ay 

or In (p) + y In (V) = constant 


We can write this in the form 
pV" =constant 
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Type 3. 7o find values of all three terms of first law of thermodynamics from a p-V diagram 


provided nature of gas is given. 


Concept 
Use the equation nRT = pV 


© Example 4 A cyclic process abcd is given for a monoatomic gas 


[cy = =R and C,, = 3 as shown in figure. Find Q, W and AU in each of the 


four processes separately. Also find the efficiency of cycle. 


p 

b c 
im | | 
Po SESS s a 'd 

Vo MY 


Solution Process ab 
V =constant 
W.» =0 
Qap = AU gy = NCYAT 


. nf R\q, a 
2 
3 
=5 WRT, -nBT,) 


3 
= 2 (PV, -— PaVa) 


3 
= 2 @2PoVo — PoVo) 


=1.5 DoVo 
Process bc 
p=constant 
QVhe = nC,AT 


nf SR), -T,) 


= : (nRT, — nRT,) 


5 
= 2 (pV, = PVs) 


5 
= 2 (42 9V — 2P Vo) 


=5 DoVo 


(:. 


Isochoric process) 


(... Isobaric process) 
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AU,. = nCyAT 
2 nf 5 R| (T,-T,) 
2 
3 
=5 RT, - nBT,) 
3 
= 2 (pV, ~ PoVs) 


3 
= 2 (4p 9Vo — 2PoVo) 
= 8p Vo 
Wi. = Qhe = AU, = 2PoVo 
Process cd 
Again an isochoric process. 
Wea = 0 
Q.q =AU .g =nCyAT 
7 nf 3 R| (T, - T.) 
2, 
3 
= 5 (nRT, — nRT,) 


3 
= 3 (PaVa — PV) 


3 
= 2 2D Vo — 4PoVo) 


=—8DoVo 
Process da 
This is an isobaric process. 
Qaa = nC, AT 
= nfs R) (T, - Tz) 
2 
5 


= 5 (@RT, - nRT,) 


5 
= 2 (Daa -_ PaVa) 


5 
= 2 (PoVo — 2PoVo) 


= 2.5 PoVo 
AU gq = nCyAT 
= nfs R) CHT) 


= (nRT,, - nRT,) 


3 
= 2 (PaVa - PaVa) 
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3 
= 2 (PoVo — 2PoVo) 


=-1.5 poVo 

W ja = Qag ~AU ge 

=— PoVo 
Efficiency of cycle 
In the complete cycle, 

Wace = Wat Wigt Wag t Wa 
=04+ 2p .V_ + 0- PoVo 
= PoVo 

Note This W,,.; is also equal to area under the cycle. 
LQ sve = Qab + Qe 
= 1.5P9Vo + 5PoVo 
=6.5pVo 
i= Moet x 100 


+ve 


=| Poo]. 199 
6.5PoVo 


= 15.38% Ans. 


Miscellaneous Examples 


© Example 5 For a Carnot cycle (or engine) discussed in article 21.4, prove that 
efficiency of cycle is given by 


Sdiution- Beene = net work done by gas _ |W,|+|W2l -|W3|1-|W4| 


...(i) 


heat absorbed by gas 1Q,| 
Process 1 On this isothermal expansion process, the constant temperature is T, so work done 
by the gas 
W, =nRT, In Ys ... (ii) 
Va 


Remember that V, > V,, so this quantity is positive, as expected. (In process 1, the gas does 
work by lifting something) 


In isothermal process, 


Q=W 
“ 1Q,1=1W, ... ii) 
Process 2 On this adiabatic expansion process, the temperature and volume are related 


through 
TV™ = constant 
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= TV =Tyvr 
y-1 
or - = Fs] . (iv) 
2 b 
Work done by the gas in this adiabatic process is 
DV- = PpV5 nRT, _ nRT, 
W.= = 
1-y 1-y 


= Gea nR = (4 =a nR .(V) 
1-y y-1 


Once again, as expected, this quantity is positive. 


Process 3 In the isothermal compression process, the work done by the gas is 


W; =nRT,|n Va ...(vi) 
V. 
Because V,, < V., the work done by the gas is negative. The work done on the gas is 
|W,|=—-nRT, In Va =nRT, ive ...(vil) 
Vi Va 
Furthermore, just as in process 1, 
1Q3 | =| Ws | ... (viii) 


Process 4 In the adiabatic compression process, the calculations are exactly the same as they 
were in process 2 but of course with different variables. Therefore, 


y-1 

F932) Fa ... (1X) 

LL \WVa 
and w, =" «-7) AX) 

y-1 

As expected, this quantity is negative and 

R F 
[Wal =-Ws = (f -T5) (xi) 


We can now calculate the efficiency. 
[W,1+1W.1-1W3 |-|1W,| 


Efficiency = 
1Q, | 
W.|-|W, |-|W. 
aq alale Wal @s 1Wi1=1Q1) 
1Q, | 
But our calculations show that |W.|=|W,|. 
Bidentpats Maloy 2 a ge ee) (xii) 


IQ, nRT, In (V,/Vq) T, In V/V) 


We have seen that 


y-1 y-1 
T, = V. = Va or V. = Va or V. _ V, 
T, \V, V, V, Va Va Va 


a 
Substituting in Eq. (xii), we get 


Efficiency = 1— f, 
1 
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© Example 6 An ideal gas expands isothermally along AB and p F 


does 700 J of work. 
(a) How much heat does the gas exchange along AB? 


(6) The gas then expands adiabatically along BC and does 400 J of 
work. When the gas returns to A along CA, it exhausts 100 J of heat 


to its surroundings. How much work is done on the gas along this V 


path? 
Solution (a) ABis an isothermal process. Hence, 
AU gp =0 
and Qap = Wap = 700 I 
(b) BC is an adiabatic process. Hence, 
Q@gc =0 
Wac = 400 J 
AUge =— Wac =— 400 J 


Ans. 


ABC is acyclic process and internal energy is a state function. Therefore, 


(AU) whole cycle = O= AU 4g + AU gc + AU ca 
and from first law of thermodynamics, 
Qap + Qac + Qca = Wap + Woo + Wea 
Substituting the values, 
700 + 0 — 100 = 700 + 400 + AWey 


és AWe, =— 500 J 
Negative sign implies that work is done on the gas. 
Table below shows different values in different processes. 


Table 21.6 
Process Q (J) W(J) AU(J) 
AB 700 700 0 
BC 0 400 —400 
CA —100 —500 400 


For complete cycle 600 600 0 


Ans. 


Note Total work done is 600 J, which implies that area of the closed curve is also 600 J. 


© Example 7 The p-V diagram of 0.2 mol of a 
diatomic ideal gas is shown in figure. Process BC is 
adiabatic. The value of y for this gas is 1.4. 

(a) Find the pressure and volume at points A, B and C. 
(6) Calculate AQ@,AW and AU for each of the three 
processes. 
(c) Find the thermal efficiency of the cycle. 
Take 1 atm =1.0x 10° N/m’. 


1.0 atm} --*- 455 K 
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Solution (a) p,= po =1latm=1.01 x10° Nim? 
Process AB is an isochoric process. 


px«xT or PB ty. 
Pa Ta 
Tp 600 
=) 2B! =|—— | (latm)=2 atm 
PB (7) Pa (soo) ( ) 
= 2.02 x 10° N/m? 
From ideal gas equation v= aid 
Pp 
Vets nRT, 
Pa 
_ 0.2) 8.31) uD, ~5.0x10-3 m3 
(1.01 x 10°) 
=5L 
at Wee NRT, _ (0.2) 8.31) 58) 
Pc (1.01 x 10°) 
=7.5x10° m° 
=7.5L 
Table 21.7 
State p V 
A 1 atm 5L 
B 2 atm Sl. 
C 1 atm TS. 


(b) Process AB is an isochoric process. Hence, 
AWap =0 
5 


AQap = AU ap = nCyAT Hn (3 R| (Tp = T,) 


= (0.2) (5) (8.31) (600 — 300) 


= 1246 J 
Process BC is an adiabatic process. Hence, 
AQzc = 0 
AWpgc =— AUgc 
AUge =nCyAT =nCy (To — Tp) 


= (0.2) (? R| (455 — 600) 


= 0.2) (=) (8.31) (- 145) J 


=— 602 J 
AWszc = AUpc = 602 J 
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Process CA is an isobaric process. Hence, 


AQca =nC, AT =n (; R| (at) 


= 0.2) (=) (8.31) (300 — 455) 


=—902 J 
AU G4 = nCyAT 
C 
_ AQea [a vs e) 
¥ Cy 
3 ging 
1.4 
AWog = AQca — AU cy 
=— 258 J 
Table 21.8 
Process AQ (in J) AW (in J) AU (in J) 
AB 1246 0 1246 
BC 0 602 — 602 
CA — 902 — 258 — 644 
Total 344 344 0 


(c) Efficiency of the cycle 


= Wrotal x100= 344 
|Qsvel 1246 


=27.6% 


| 


. a a 
© Example 8 Find the molar specific heat of the process p = 7 for a monoatomic 


gas, a being constant. 
Solution We know that 


Specific heat, C= ..-(i) 


Since, dU =CydT ... (ii) 


.. For the given process, V=—= 
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onc) + p22) 
a 
=Cy +2R 
me eee 
2 2 


© Example 9 At 27°C two moles of an ideal monatomic gas occupy a volume V. 
The gas expands adiabatically to a volume 2V. Calculate 
(a) final temperature of the gas 
(b) change in its internal energy and 
(c) the work done by the gas during the process. 
[R = 8.31 J/mol-K] 


Solution (a) In case of adiabatic change 
TV*~! = constant 


So that TV! ' =T.VJ* with y= (7) 
ie. 300 x V22 = TeV)? 
. 7-2 _1 99K 
(2) 
(b) As AU =nCyat =n(2R) AT 
So, au =2x(3) x 8.31 (189 — 300) 
=~ 2767.23 J 


Negative sign means internal energy will decrease. 
(c) According to first law of thermodynamics 
Q=AU + AW 
And as for adiabatic change AQ = 0, 
AW =- AU =2767.23 J 


© Example 10 Two moles of a diatomic ideal gas is taken through pT = constant. 
Its temperature is increased from T to 21. Find the work done by the system? 


Solution pT =constant 


p(pV) =constant (as T « pV) 
or pV*? =constant 
Comparing with pV~ =constant 
We have, x= 1 
2 
nRAT 2R2T -T) 
_— . 1 
Oe 1-2 
2 


=4RT 
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© Example 11 An ideal monatomic gas at temperature 27°C and pressure 10° N/m? 
occupies 10 L volume. 10,000 cal of heat is added to the system without changing 
the volume. Calculate the change in temperature of the gas. Given: R=8.31 
J/mol-K and J= 4.18 J/cal. 

Solution For n moles of gas, we have pV = nRT 
Here, p=10°N/m?, V=10 L=107m® and T=27°C=300K 
_ PV _10°x10" _, 
RT 8.31 x300 


For monatomic gas, Cy = =R 


Thus, Cy = ! x 8.31 J/mol-K 
= u x ck = 3 cal/mol-K 
2 4.18 


Let AT be the rise in temperature when n moles of the gas is given @ cal of heat at constant 
volume. Then, 


Q=nCyAT or AT= @ 
nCy 
10000 cal 
4.0 mole x 3 cal/mol-K 
= 833 K 
© Example 12 One mole of a monoatomic ideal gas is taken 4 

through the cycle shown in figure. p A 
A->B_ Adiabatic expansion B 
BC _ Cooling at constant volume 
C+ D_ Adiabatic compression. D C 
D> A Heating at constant volume 
The pressure and temperature at A, B etc., are denoted by y— 


Pa, 143 Pp. Tp etc. respectively. 
Given, T, = 1000K, pp = (=) Pa and po= (5) Pa. Calculate 


(a) the work done by the gas in the process A> B 
(6) the heat lost by the gas in the process B C 


0.4 
Given, (=) =i eiand RS 6a /olk 


Solution (a) As for adiabatic change pV” = constant 


Y 
1.e. (=) = constant (as pV =nRT ) 
Pp 


Y Y y-1 
1.e. a = constant so Tr =| PB , where y = 2 
p" T4 Pa 3 
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9 iz! 9 2/5 
ie. Tp, =T4 (=) ‘= 1000) = 850K 
de, Wap = wee = Tr] _ 18.31 [1000 ~ 850] 
oe Te 
3 
ie. Wap = 1869.75 J 


(b) For B C, V =constant so AW =0 
So, from first law of thermodynamics 
AQ@=AU + AW =nCyAT +0 


or AQ=1*x (3 R) (Tc — 850) 
Now, along path BC, V=constant; p« T 
1.e. Pe _ is) 
Pp Tp 
Gye 
5 | Pa 
3 Tp — 850 
To = x T; = =425 K 
Bas 
3 | PA 
So, AQ=1 x5 x81 (425 — 850) = — 5297.625 J 


[Negative heat means, heat is lost by the system] 


3 
[as Cy “9 R| 


.. (il) 


1 
© Example 13 A gas undergoes a process such that p « r If the molar heat 


capacity for this process is C = 33.24 J/mol-K, find the degree of freedom of the 


molecules of the gas. 


; 1 
Solution As px 
T 

or pT = constant 


We have for one mole of an ideal gas 
pV =RT 
From Kgs. (i) and (ii), 
p’V =constant 


or pV? =K (say) = pV? = pV}? 
From first law of thermodynamics, 

AQ@=AU + AW 
or CAT =CyAT + AW 
or C= Cy a5 AW 

AT 
_ _ of MU yy-ve2 

Here, AW =| pdV=KY Vo av 


=9K [v}? - V7] =2 [ppVp V7? _ ey | 
=2 [pyV; - pV) =2R If, - 7 


.. (i) 


.. (ii) 


.. (ill) 


... (iv) 
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RAT ; AW oR 
1/2 AT 
Substituting in Eq. (iv), we have 
C=Cy +2R= R +2R 
y-1 
Substituting the values, 33.24 = R{ : ; + 2 =8.31 E = + 2 
— Y = 
Solving this we get y=1.5 
2 
Now, 4 
’ F 
or degree of freedom 2 2 
y—-1 15-1 
Alternate Solution In the process pV* = constant, molar heat capacity is given by 
_ R R 
y-1 1-x 
The given process is pV’*=constant or x =; 
C= B® oe 2 oR 
y= Pe A y= 
2 


Now, we may proceed in the similar manner. 


© Example 14 A gaseous mixture enclosed in a vessel consists of one gram mole of 


a gas A with y = (=) and some amount of gas B with y = : at a temperature T. 


The gases A and B do not react with each other and are assumed to be ideal. Find 


. _ (1 
the number of gram moles of the gas B if y for the gaseous mixture is ([Z}. 


Cc 
Solution As for an ideal gas, C,, -Cy = Rand y= (| 


V 
R 
So, (oe eas 
"=D 
R 3 
(Cy), = 5 =—R; 
2 
=| =4 
() 
R 5 
(Cy)o= ; =—R 
a | 
( 
R 13 
and ONS a 8 
ul 


Now, from conservation of energy, 


ie AU =AU, + AU, 
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(ny + Ng) (Cy) mix AT = [n, (Cy), + ng (Cy)2] AT 


le. (Cy )eic = n (Cy) + Nz Cy)2 
Ny + Ng 
13 Nee 2 Rt+ ny 2 R 
We have R= 2 2 
6 1+ No 
_ 8+ 5n)R 
2(1 + ng) 
or 13 + 13n,=9+4 157, 
ue Ny =2 Ans. 


© Example 15 An ideal gas having initial pressure p, volume V and temperature 
T is allowed to expand adiabatically until its volume becomes 5.66 V, while its 
temperature falls to T /2. 


(a) How many degrees of freedom do the gas molecules have? 


(6) Obtain the work done by the gas during the expansion as a function of the initial 
pressure pand volume V. 
Given that (5.66)°* = 2 


Solution (a) For adiabatic expansion, 
TV*~ | =constant 
ie. rer yt 
=" 6.86 yy? 
2 
i.e. (6.66)'~' =2 
i.e. y=1.4 
Using y=1+ cal 
F 


We get degree of freedom, 


F=5 Ans. 
(b) Work done during adiabatic process for one mole gas is 
w-— [wv - pv] 
Ly 
From relation, BY. mes id 
T T’ 
We get p= ae Se x Pp 


3 = x p= 
T VW 2 5.66 11.32 


W= Fre x ii Dv 
1-1.411.82 5.66 


1 1 
0.4 11.382 x = 
=2.461 pV Ans. 


Exercises 


LEVEL 1 


Assertion and Reason 


10. 


Directions: Choose the correct option. 

(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 
(6) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 

(d) If Assertion is false but the Reason is true. 


. Assertion: In adiabatic expansion, temperature of gas always decreases. 


Reason: In adiabatic process exchange of heat is zero. 


. Assertion: Inathermodynamic process, initial volume of gas is equal to final volume of gas. 


Work done by gas in this process should be zero. 
Reason: Work done by gas in isochoric process is zero. 


. Assertion: First law of thermodynamics can be applied for ideal gases only. 


Reason: First law is simply, law of conservation of energy. 


Assertion: When ice melts, work is done by atmosphere on (ice + water) system. 
Reason: On melting of ice volume of (ice + water) system decreases. 


. Assertion: Between two thermodynamic states, the value of (Q —- W) is constant for any 


process. 
Reason: Q@ and W are path functions. 


. Assertion: Efficiency of a heat engine can’t be greater than efficiency of Carnot engine. 


Reason: Efficiency of any engine is never 100%. 


. Assertion: In the process pT = constant, if temperature of gas is increased work done by 


the gas is positive. 
Reason: For the given process, V « T. 


. Assertion: In free expansion ofa gas inside an adiabatic chamber Q, W and AU allare zero. 


: 1 
Reason: In such an expansion p« v 


. Assertion: For an ideal gas in a cyclic process and in an isothermal process change in 


internal energy is zero. 

Reason: In both processes there is no change in temperature. 

Assertion: Isothermal and adiabatic, two processes are shown on p-V 

diagram. Process-1 is adiabatic and process-2 is isothermal. NY 
2 


Reason: At a given point, slope of adiabatic process = yx slope of 
isothermal process. 
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Objective Questions 


1. In a process, the pressure of an ideal gas is proportional to square of the volume of the gas. If 
the temperature of the gas increases in this process, then work done by this gas 
(a) 1s positive (b) 1s negative 
(c) 1s zero (d) may be positive or negative 

2. n moles of a gas are filled in a container at temperature 7’. If the gas is slowly and isothermally 
compressed to half its initial volume, the work done by the atmosphere on the gas is 


(a) nRT (b) - nRT 
2 2 
(c) nRT In 2 (d) —nRT In 2 


3. Agas undergoes Ato Bthrough three different processes 1, 2 and 3 as shown in the figure. The 
heat supplied to the gas is @,, @, and @, respectively, then 


(a) Q, =Q@.=Q; (b) Q, <Q <Q, 

(c) Q, > Q2> Qs (d) Q, =; > Q, 
4. For an adiabatic compression the quantity pV 

(a) increases (b) decreases 

(c) remains constant (d) depends on y 


5. The cyclic process form a circle on a pV diagram as shown in figure. The work done by the gas is 


p 
(a) “ Gree be (b) . =v) 
©) © (2 ap) WgsV)) (a) * (pa Bi) (V, - V2) 


6. An ideal gas has initial volume V and pressure p. In doubling its volume the minimum work 
done will be in the process (of the given processes) 
(a) isobaric process (b) isothermal process 
(c) adiabatic process (d) same in all given processes 
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7. 


10. 


11. 


12. 


13. 


14. 


Figure shows two processes a and b for a given sample of a gas. If P 
AQ@,, AQ, are the amounts of heat absorbed by the system in the two | 
cases and AU,, AU. are changes in internal energies respectively, then 


(a) AQ, =AQ,; AU, = AU, b 
(b) AQ, > AQ.; AU, > AU, 
(c) AQ, < AQ,; AU, < AU, O SY 


(d) AQ, > AQ,; AU, = AU, 


. A Carnot engine works between 600 K and 300 K. The efficiency of the engine is 


(a) 50% (b) 70% 
(c) 20% (d) 80% 


. Air in a cylinder is suddenly compressed by a piston which is then maintained at the same 


position. As the time passes pressure of the gas 

(a) increases 

(b) decreases 

(c) remains the same 

(d) may increase or decrease depending on the nature of the gas 


A cycle pump becomes hot near the nozzle after a few quick strokes even if they are smooth 
because 

(a) the volume of air decreases (b) the number of air molecules increases 

(c) the compression is adiabatic (d) collision between air particles increases 


In an adiabatic change, the pressure p and temperature T of a diatomic gas are related by the 
relation px T, where o equals 


(a) 1.67 (b) 0.4 

(c) 0.6 (d) 3.5 

A diatomic gas obeys the law pV* = constant. For what value of x, it has negative molar 
specific heat ? 

(a) x>1.4 (b) x<1.4 

(c) l<x<1.4 (d) 0<x<1 


The molar specific heat at constant volume of gas mixture is ms .The gas mixture consists of 


(a) 2 moles of O, and 4 moles of H, (b) 2 moles of O, and 4 moles of argon 
(c) 2 moles of argon and 4 moles of O. (d) 2 moles of CO, and 4 moles of argon 


Heat energy absorbed by a system in going through a cyclic process as shown in the 
figure [V in litres and p in kPa] is 


(a) 10'xJ (b) 10*nJ (c) 10°xJ (d) 10° aJ 
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15. If W,zc is the work done in process A> B- C and Wp,,y is work done in process D> E> F 
as shown in the figure, then 
A 


7P) 4 
6p) 
5Po7| 
4py7 oF 
mf 
a} | : 
Por Ab > £ D 
Vo 2Vo 3Vo 4Vy 5Vy 6Vo 7M 
(a) |Worr |>|Wazc! (b) |Worr | <|Wapc | 
(C) Woer = Wazc (dq) Worr =-Warc 


Subjective Questions 


1. How many moles of helium at temperature 300 K and 1.00 atm pressure are needed to make 
the internal energy of the gas 100 J? 


2. Show how internal energy U varies with T in isochoric, isobaric and adiabatic process? 


3. Asystem is taken around the cycle shown in figure from state a to state b and then back to state 
a. The absolute value of the heat transfer during one cycle is 7200 J. (a) Does the system absorb 
or liberate heat when it goes around the cycle in the direction shown in the figure? (b) What is 
the work W done by the system in one cycle? (c) If the system goes around the cycle in a 
counter-clock wise direction, does it absorb or liberate heat in one cycle? What is the magnitude 
of the heat absorbed or liberated in one counter-clockwise cycle? 


: b 


ol as 


4. For the thermodynamic cycle shown in figure find (a) net output work of the gas during the 
cycle, (b) net heat flow into the gas per cycle. 


p (Pa) 


2x 10° 
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5. A thermodynamic system undergoes a cyclic process as shown in figure. The cycle consists of 
two closed loops, loop I and loop II. (a) Over one complete cycle, does the system do positive or 
negative work? (b) In each of loops I and II, is the net work done by the system positive or 
negative ? (c) Over one complete cycle, does heat flow into or out of the system? (d) In each of 
loops I and II, does heat flow into or out of the system? 


p 


>V 


O 


6. A gas undergoes the cycle shown in figure. The cycle is repeated 100 times per minute. 
Determine the power generated. 


p (atm) 
A 
30---- 
c 
10----<4 B 
; : >V (litre) 


7. One mole of an ideal monoatomic gas is initially at 300 K. Find the final temperature if 200 J of 
heat is added (a) at constant volume (b) at constant pressure. 


8. A closed vessel 10 L in volume contains a diatomic gas under a pressure of 10°N/m?. What 
amount of heat should be imparted to the gas to increase the pressure in the vessel five times? 


9. One mole of an ideal monatomic gas is taken round the cyclic process ABCA as shown in figure. 
Calculate 


(a) the work done by the gas. 

(b) the heat rejected by the gas in the path CA and heat absorbed in the path AB. 
(c) the net heat absorbed by the gas in the path BC. 

(d) the maximum temperature attained by the gas during the cycle. 


10. A diatomic ideal gas is heated at constant volume until its pressure becomes three times. It is 
again heated at constant pressure until its volume is doubled. Find the molar heat capacity for 
the whole process. 


11. Two moles of a certain gas at a temperature T, = 300K were cooled isochorically so that the 
pressure of the gas got reduced 2 times. Then as a result of isobaric process, the gas is allowed 
to expand till its temperature got back to the initial value. Find the total amount of heat 
absorbed by gas in this process. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
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Five moles of an ideal monoatomic gas with an initial temperature of 127°C expand and in the 
process absorb 1200 J of heat and do 2100 J of work . What is the final temperature of the gas? 


Find the change in the internal energy of 2 kg of water as it is heated from 0°C to 4°C . The 
specific heat capacity of water is 4200 J/kg-K and its densities at 0°C and 4°C are 999.9 kg/m? 
and 1000 kg/m?, respectively. Atmospheric pressure = 10°Pa. 


Calculate the increase in the internal energy of 10 g of water when it is heated from 0°C to 
100°C and converted into steam at 100 kPa. The density of steam = 0.6 kg/m’. Specific heat 
capacity of water = 4200 J/kg-°Cand the latent heat of vaporisation of water = 2.5 x 10°J/kg. 


One gram of water (1 cm®) becomes 1671 cm? of steam when boiled at a constant pressure of 
latm (1.013x10°Pa). The heat of vaporization at this pressure is L,=2.256x 10°J/kg. 
Compute (a) the work done by the water when it vaporizes and (b) its increase in internal 
energy. 


A gas in a cylinder is held at a constant pressure of 2.30 x 10° Pa and is cooled and compressed 
from 1.70 m® to 1.20 m?. The internal energy of the gas decreases by 1.40 x 10°. (a) Find the 
work done by the gas. (b) Find the absolute value|Q| of the heat flow into or out of the gas and 
state the direction of the heat flow. (c) Does it matter whether or not the gas is ideal? Why or 
why not? 


p-V diagram of an ideal gas for a process ABC is as shown in the figure. 


pr 
3Pyp---- Cc 
A 
Pp | eee 
°y  B! 
I I > 
0|- % 3V) OV 


(a) Find total heat absorbed or released by the gas during the process ABC. 
(b) Change in internal energy of the gas during the process ABC. 
(c) Plot pressure versus density graph of the gas for the process ABC. 


In the given graph, an ideal gas changes its state from Ato C by two paths ABC and AC. 


p 
8 Pat----- e 1G 
4 Pat}----- L 
Al 
| 

>V 
5m? 15m° 


(a) Find the path along which work done is less. 

(b) The internal energy of gas at Ais 10 J and the amount of heat supplied in path AC is 200 J. 
Calculate the internal energy of gas at C. 

(c) The internal energy of gas at state Bis 20 J. Find the amount of heat supplied to the gas to go 
from A to B. 
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19. 


20. 


21. 


22. 


23. 


24. 


When a gas expands along AB, it does 500 J of work and absorbs 250 J of heat. When the gas 
expands along AC, it does 700 J of work and absorbs 300 J of heat. 


pA 
D C 


(a) How much heat does the gas exchange along BC? 
(b) When the gas makes the transition from C to A along CDA, 800 J of work are done on it from C to 
D. How much heat does it exchange along CDA? 


A 1.0 kg bar of copper is heated at atmospheric pressure (1.01 x 10° N/m”). If its temperature 
increases from 20°C to 50°C, calculate the change in its internal energy. a = 7.0x10°/°C, 
p = 8.92 x 10° kg/m? and c = 387 J/kg-°C 


One mole of an ideal monoatomic gas occupies a volume of 1.0 x 10 m?® 


2.0x 10° N/m?. 


(a) What is the temperature of the gas? 

(b) The gas undergoes an adiabatic compression until its volume is decreased to 5.0 x 10°? m?. What 
is the new gas temperature? 

(c) How much work is done on the gas during the compression? 

(d) What is the change in the internal energy of the gas? 


at a pressure of 


A bullet of mass 10 g travelling horizontally at 200 m/s strikes and embeds in a pendulum bob 

of mass 2.0 kg. 

(a) How much mechanical energy is dissipated in the collision? 

(b) Assuming that C, for the bob plus bullet is 3 R, calculate the temperature increase of the system 
due to the collision. Take the molecular mass of the system to be 200 g/mol. 


An ideal gas is carried through a thermodynamic cycle consisting of two isobaric and two 
isothermal processes as shown in figure. Show that the net work done in the entire cycle is 


net — 


given by the equation. W,, = p,; (V2 — V;) In Pa 
Py 


>V 


V4 V2 
An ideal gas is enclosed in a cylinder with a movable piston on top. The piston has mass of 


8000 gand an area of 5.00 cm? and is free to slide up and down, keeping the pressure of the gas 


constant. How much work is done as the temperature of 0.200 mol of the gas is raised from 
200°C to 300°C? 


LEVEL 2 


Single Correct Option 


1. The equation of a state of a gas is given by p(V — b)=nRT.If 1 mole of a gas is isothermally 
expanded from volume V and 2V, the work done during the process is 


2V - | \V -9| 
(a) RT In | (b) RT In 
VB [Vv | 
(©) RTin\v=2| (@ RTinLY_| 
|2V —-d| |V —b| 
2. Acyclic process for 1 mole of an ideal gas is shown in the V-7T' diagram. é 
The work done in AB, BC and CA respectively is saat anaes 
(a) 0, RT, In [M2 , R(T, - T2) V1 vA 
le ( a“ 
iM as 
(b) R(T, -T,),0, RT, In| ge 3 
1V2| O a I I - 
qT) Tg 


(©) 0, RT, In MI RT, -T,) 
[V2 


(d) 0, RT, In [W2) R= 7) 
lV, | 
3. Ten moles of a diatomic perfect gas are allowed to expand at constant pressure. The initial 


volume and temperature are V) and T,, respectively. If Fi RT) heat is transferred to the gas, 
then the final volume and temperature are 

(a) 1.1Vo,1.1T) (b) 0.9 Vo, 0.9 Ty 

(c) 1.1 Vo (d) 0.9 Vos Te 


4. An ideal monoatomic gas is carried around the cycle ABCDA as shown in the figure. The 
efficiency of the gas cycle is 


p 
3Py F------ B Cc 
la 2 
1 i 
1 i 
Vo 2 
4 2 
a —ss! —— 
(a) Pl (b) i 
4 2 
(c) — (d) — 


31 31 
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5. In the process shown in figure, the internal energy of an ideal gas decreases by 3PoVo in going 


from point C to A. Heat transfer along the process CA is 
p 


(a) (-8 poVo) (b) (-5 poVo/2) 
(c) (8 PoVo/2) (d) zero 
6. One mole of an ideal monoatomic gas at temperature 7) expands slowly according to the law 


7 = constant. If the final temperature is 27), heat supplied to the gas is 


(a) 2RT, ) SRT, () RT, (@) SRT, 


7. A mass of gas is first expanded isothermally and then compressed adiabatically to its original 
volume. What further simplest operation must be performed on the gas to restore it to its 
original state? 

(a) An isobaric cooling to bring its temperature to initial value 
(b) An isochoric cooling to bring its pressure to its initial value 
(c) An isothermal process to take its pressure to its initial value 
(d) An isochoric heating to bring its temperature to initial value 
8. A monatomic ideal gas, initially at temperature 7;, is enclosed in a cylinder fitted with a 


frictionless piston. The gas is allowed to expand adiabatically to a temperature T, by releasing 
the piston suddenly. If Z, and L, are the lengths of gas column before and after expansion 


respectively, then a is given by 
2 


©} ro 


L, \8 L L Ly 
(a) (2) (b) + () = (d) (2) 
L, Ly, Ly L, 
9. One mole of an ideal gas is taken through a cyclic process. The minimum temperature during 
the cycle is 300 K. Then, net exchange of heat for complete cycle is 


UA 
td 
Us} -Z 1c 


(a) 600 R In 2 (b) 300 RIn2 
(c) -300 RIn2 (d) 900 R ln 2 


10. 


11. 


12. 


13. 


14. 


15. 


16. 
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Two moles of an ideal gas are undergone a cyclic process 1-2-3-1. If net heat exchange in the 
process is 300 J, the work done by the gas in the process 2-3 is 


r 
600 K }-------------==3 2 
| a 
300K fF ==-=5554 
vV— " 
(a) —500 J (b) — 5000 J (c) — 3000 J (d) None of these 


Two cylinders fitted with pistons contain equal amount of an ideal diatomic gas at 300 K. The 
piston of Ais free to move, while that of Bis held fixed. The same amount of heat is given to the 
gas in each cylinder. If the rise in temperature of the gas in A is 30 K, then the rise in 
temperature of gas in Bis 

(a) 830K (b) 18K 

(c) 50K (d) 42K 


A gas follows a process TV” ~' = constant, where T = absolute temperature of the gas and 
V = volume of the gas. The bulk modulus of the gas in the process is given by 


(a) (n-1)p (b) pin -1) 
(c) np (d) p/n 


One mole of an ideal gas at temperature T, expands slowly according to the law - = constant. 


Its final temperature is T,. The work done by the gas is 
(a) R(T,-T,) (b) 2R(T,—-T,) 
(c) mea (d) ra (T- T;) 


600 J of heat is added to a monoatomic gas in a process in which the gas performs a work of 
150 J. The molar heat capacity for the process is 
(a) 3R (b) 4R 
(c) 2R (a) 6R 
The internal energy of a gas is given by U = 2 pV. It expands from V, to 2V, against a constant 
pressure pp. The heat absorbed by the gas in the process is 
(a) 2p0Vo (b) 4p9Vo 
(c) 8pPoVo (d) DoVo 
The figure shows two paths for the change of state of a gas from A to B. The ratio of molar heat 
capacities in path 1 and path 2 is 
p 


(a) <1 (b) >1 
(c) 1 (d) Data insufficient 
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17. 


18. 


19. 


20. 


21. 


p-T diagram of one mole of an ideal monatomic gas is shown. Processes AB and CD are 
adiabatic. Work done in the complete cycle is 
p 


aS 


oy 3r ar sr 
(a) 2.5 RT (b) -2 RT 
(c) 1.5 RT (d) -3.5 RT 


An ideal monoatomic gas undergoes a process in which its internal energy U and density p vary 
as Up = constant. The ratio of change in internal energy and the work done by the gas is 


3 2 
(a) 2 (b) 3 
1 3 
(c) 3 (d) 5 


The given figure shows the variation of force applied by ideal gas on a piston which 
undergoes a process during which piston position changes from 0.1 to 0.4 m. If the internal 
energy of the system at the end of the process is 2.5 J higher, then the heat absorbed during 
the process is 


"01 02 03 04. 

x (m) 
(a) 153 (b) 17.53 
(c) 20 J (d) 22.53 


A gas can expand through two processes : (i) isobaric, (11) - = constant. Assuming that the 


initial volume is same in both processes and the final volume which is two times the initial 
volume is also same in both processes, which of the following is true? 

(a) Work done by gas in process (1) is greater than the work done by the gas in process (11) 

(b) Work done by gas in process (i) is smaller than the work done by the gas in process (11) 

(c) Final pressure is greater in process (i) 

(d) Final temperature is greater in process (i) 


An ideal gas of adiabatic exponent Y is expanded so that the amount of heat transferred to the 
gas 1s equal to the decrease of its internal energy. Then, the equation of the process in terms of 
the variables T and Vis 

(y-1) (y= 2) 
(a) TV 2 =C (b) TV 2 =C 

(Y-1) (Y-2) 
(c) TV 4 =C (d) TV + =C 


22. 


23. 


24. 


25. 
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A thermodynamical process is shown in the figure with ? 


B C 
Pa = 3X Datms V4 = 210% m®, pp =8%X Daim, Vo = 5X 10% m?, Pap------ 
In the process AB and BC, 600 J and 200 J heat are added to the 
system. Find the change in internal energy of the system in the é 
process CA. [1 pjj, = 10° N/m?] alg = Ai ! 
(a) 560 J (b) -560 J ! LV 
(c) -240 J (d) +240 J Va Ve 


A gas takes part in two processes in which it is heated from the same initial state 1 to the 
same final temperature. The processes are shown on the p-V diagram by the straight lines 
1-3 and 1-2. 2 and 3 are the points on the same isothermal curve. @, and Q, are the heat 
transfer along the two processes. Then, 


p 
2 
lsothermal 
4 3 
>V 
(a) Q, =Q2 (b) Q, <Q, 
(c) Q, > Qs (d) Insufficient data 


A closed system receives 200 kJ of heat at constant volume. It then rejects 100 kJ of heat while 
it has 50 kJ of work done on it at constant pressure. If an adiabatic process can be found which 
will restore the system to its initial state, the work done by the system during this process is 
(a) 100 kJ (b) 50 kJ 

(c) 150 kJ (d) 200 kJ 


100 moles of an ideal monatomic gas undergoes the thermodynamic process as shown in the 
figure 


(10° Nm-2) 


A- B: isothermal expansion BC: adiabatic expansion 
C— D: isobaric compression D-—- A: isochoric process 


The heat transfer along the process AB is 9x 10* J.The net work done by the gas during the 
cycleis [Take R= 8JK™™ mol‘) 


(a) -0.5x104 J (b) +0.5x 104 J 
(c) -5 x10 J (a) +5x104 J 
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26. 


27. 


Two moles of an ideal monoatomic gas are expanded according to the equation pT = constant 
from its initial state (p), Vo) to the final state due to which its pressure becomes half of the 
initial pressure. The change in internal energy is 


Pt A 
B 
>T 
3PoVo 3PoVo 
(a) re (b) oa 
IPoVo 5PoVo 
efor gq) -070 
(c) . (d) . 


The state of an ideal gas is changed through an isothermal process at temperature T, as shown 
in figure. The work done by the gas in going from state B to Cis double the work done by gas in 


going from state A to B. If the pressure in the state Bis *, then the pressure of the gas in state 


Cis 
Vo V 
Po Po 
a) 3 (b) 1 
Po a) Po 
(c) F (d) 8 


More than One Correct Options 


1. 


An ideal gas is taken from the state A (pressure p, volume V) to the state B (pressure = 


volume 2V) along a straight line path in the p-V diagram. Select the correct statement(s) from 
the following. 


(a) The work done by the gas in the process A to B is negative 

(b) In the T-V diagram, the path AB becomes a part of a parabola 

(c) In the p-T diagram, the path AB becomes a part of a hyperbola 

(d) In going from A to B, the temperature T of the gas first increases to a maximum value and then 
decreases 


. Inthe process pV” = constant, if temperature of gas is increased, then 


(a) change in internal energy of gas is positive 
(b) work done by gas is positive 

(c) heat is given to the gas 

(d) heat is taken out from the gas 
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3. T-V diagram of two moles of a monoatomic gas is as shown in figure. 


For the process abcda choose the correct options given below 
(a) AU =0 

(b) work done by gas > 0 

(c) heat given to the gas is 4RT) 

(d) heat given to the gas is 2RT) 


4. Density (p) versus internal energy (U) graph of a gas is as shown in figure. Choose the correct 
options. 


p 


U 
(a) Q,. =0 (b) W,, =0 (Cc) Weg <0 (d) Q,, >0 
Here, W is work done by gas and @ is heat given to the gas. 
5. Temperature of a monatomic gas is increased from T, to 27) in three different processes : 


isochoric, isobaric and adiabatic. Heat given to the gas in these three processes are 
Q,,Q. and @, respectively. Then, choose the correct option. 


(a) Q, > Q3 (b) Q, > Q, 
(c) Q2>Q3 (d) Q; =0 


6. Acyclic process 1-2-3-4-1 is depicted on V-T diagram. The p-7 and p-V diagrams for this cyclic 
process are given below. Select the correct choices (more than one options is/are correct) 


V 4 


(a) 


(c) (d) None of these 


>V 
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Comprehension Based Questions 
Passage | (Q. No. 1 and 2) 


One mole of a monatomic ideal gas is taken along the cycle ABCA as shown in the diagram. 


A 


2py-nan nen eae B 
A 

p es 1C 
F f I 
7 ! I 
¢ ! I 
rig ! I 

te 1 L - 
V 2V 


1. The net heat absorbed by the gas in the given cycle is 


V 
(a) pV (o) 2 
(c) 2pV (d) 4pV 
2. The ratio of specific heat in the process CA to the specific heat in the process BC is 
5 
(a) 2 (b) 3 
(c) 4 (d) None of these 


Passage Il (Q. No. 3 to 5) 


One mole of a monatomic ideal gas is taken through the cycle ABCDA as shown in the figure. 
T, =1000 K and 2p, = 3pp = 6p. 


> B 


A Adiabatic 
B 


D 
Adiabatic © 


0.4 
Assume{ =] = Oshand Re = Pi ger 


3. The temperature at Bis 


(a) 350K (b) 1175 K 

(c) 850 K (d) 577K 
4. Work done by the gas in the process A Bis 

(a) 5312 J (b) 1875 J 

(c) 6251 J (d) 8854 J 
5. Heat lost by the gas in the process B Cis 

(a) 5312 J (b) 1875 J 


(c) 6251 J (d) 8854 J 
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Match the Columns 


1. Temperature of 2 moles of a monatomic gas is increased from T to 27’. Match the following two 


columns. 
Column I Column II 
(a) Work done by gas in isobaric process (p) 38RkT 
(b) Change in internal energy in isobaric) (q) 4RT 
process 
(c) Work done by gas in adiabatic process (r) 2RT 


(d) Change in internal energy in an adiabatic | (s) None of these 
process 


2. For V-T diagrams of two processes a - b and c- d are shown in figure for same gas. Match the 
following two columns. 


Column I Column II 


(a) Work done (p) is more in process ab 
(b) Change in internal energy | (q) is more in process ca 
(c) Heat exchange (x) is same in both processes 


(d) Molar heat capacity (s) Can’t say anything 


3. Temperature of a monatomic gas is increased by AT’ in process p’V = constant. Match the 
following two columns. 


Column I Column II 
(a) Work done by gas (p) 2nRAT 
(b) Change in internal energy of gas | (q) 5nRAT 
(c) Heat taken by the gas (r) 38nRAT 
(d) Work done on the gas (s) None of these 


4. Match the following two columns. 


Column | Column II 
(a) Isobaric expansion (p) W>AU 
(b) Isochoric cooling (q) W<AU 


(c) Adiabatic expansion (r) Q=AU 
(d) Isothermal expansion | (s) Q<AU 
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5. Heat taken by a gas in process a-bis 6 p,Vp. Match the following columns. 


p 
b 
2pyp == >= >A" =Z 
a 
Pop of 
“ 1 t 
¢ I 
Vo 2Vo 
Column | Column I 
(a) Wap (p) 2DoVo 
(b) AU w (q) A4DoVo 
(c) Molar heat capacity in given process | (r) 2R 
(d) Cy of gas (s) None of these 


Subjective Questions 


1. Two moles of helium gas undergo a cyclic process as shown in 
figure. Assuming the gas to be ideal, calculate the following 
quantities in this process. = 
(a) The net change in the heat energy. 
(b) The net work done. 

(c) The net change in internal energy. 300 K 400 K 


2. 1.0 k-mol of a sample of helium gas is put through the cycle of operations shown in figure. BC is 
an isothermal process and p, =1.00 atm, V, =22.4m", pz; =2.00 atm. What are 7, 


B 
A Cc 
rs | A 


3. The density (p) versus pressure (p) graph of one mole of an ideal monoatomic gas undergoing a 


cyclic process is shown in figure. Molecular mass of gas is M. 
A» 


2Po 
(Density) 


Po 


(Pressure) 


(a) Find work done in each process. 
(b) Find heat rejected by gas in one complete cycle. 
(c) Find the efficiency of the cycle. 


10. 


11. 


12. 


. An ideal monoatomic gas is confined by a spring loaded massless _ | 
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An ideal gas goes through the cycle abc. For the complete cycle 800 J of heat flows out of the gas. 
Process ab is at constant pressure and process bc is at constant volume . In process c-a, p« V. 
States a and b have temperatures T', = 200K and T;, = 300K. (a) Sketch the p-V diagram for 
the cycle. (b) What is the work done by the gas for the process ca? 


. A cylinder of ideal gas is closed by an 8 kg movable piston of area 60 cm” . The atmospheric 


pressure is 100 kPa. When the gas is heated from 30° C to 100°C, the piston rises 20 cm. The 
piston is then fastened in the place and the gas is cooled back to 30° C. If AQ, is the heat added 
to the gas during heating and AQ, is the heat lost during cooling, find the difference. 


. Three moles of an ideal gas (c, = ; R| at pressure py and temperature Tp is isothermally 


expanded to twice its initial volume. It is then compressed at a constant pressure to its original 
volume. 


(a) Sketch p-V and p-T diagram for complete process. 

(b) Calculate net work done by the gas. 

(c) Calculate net heat supplied to the gas during complete process. 
(Write your answer in terms of gas constant = R) 


. Two moles ofa gas(y = 5/ 3)are initially at temperature 27°C and occupy a volume of 20 litres. 


The gas is first expanded at constant pressure until the volume is doubled. Then, it is 
subjected to an adiabatic change until the temperature returns to its initial value. 

(a) Sketch the process on a p-V diagram. 

(b) What are final volume and pressure of the gas? 

(c) What is the work done by the gas? 


piston of cross-section 8.0 x 10°? m”. Initially, the gas is at 300 K 
and occupies a volume of 2.4x 10m? and the spring is in its — 
relaxed state. The gas is heated by an electric heater until the 
piston moves out slowly without friction by 0.1 m. Calculate 
(a) the final temperature of the gas and 
(b) the heat supplied by the heater. 
The force constant of the spring is 8000 N/m, atmospheric pressure is 1.0 x 10° N/m”. The cylinder 
and the piston are thermally insulated. 


. An ideal diatomic gas Ge 4 undergoes a process in which its internal energy relates to the 


volume as U =a VV, where is a constant. 


(a) Find the work performed by the gas to increase its internal energy by 100 J. 
(b) Find the molar specific heat of the gas. 


For an ideal gas the molar heat capacity varies as C=C, + 3aT”. Find the equation of the 
process in the variables (7',V) where a is a constant. 


One mole of an ideal monatomic gas undergoes the process p= a7”, where a is a constant. 
(a) Find the work done by the gas if its temperature increases by 50 K. 
(b) Also, find the molar specific heat of the gas. 


One mole of a gas is put under a weightless piston of a vertical cylinder at temperature T.. The 
space over the piston opens into atmosphere. Initially, piston was in equilibrium. How much 
work should be performed by some external force to increase isothermally the volume under 
the piston to twice the volume? (Neglect friction of piston). 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


An ideal monatomic gas undergoes a process where its pressure is inversely proportional to its 
temperature. 

(a) Calculate the molar specific heat for the process. 

(b) Find the work done by two moles of gas if the temperature changes from T, to T,. 


The volume of one mole of an ideal gas with the adiabatic exponent y is changed according to 
the relation V = a where ais aconstant. Find the amount of heat absorbed by the gas in the 
process, if the temperature is increased by AT’. 


Two moles of a monatomic ideal gas undergo a cyclic process ABCDA as shown in figure. BCD 
is a semicircle. Find the efficiency of the cycle. 


Pr 
229 --------3 . 
Po Ee 1D 
Pop ----=71% 
2) wot i 
= i t V 
Vo 2M 


Pressure p, volume V and temperature T for a certain gas are related by 
oe aT — BT” 
V 


where, o andB are constants. Find the work done by the gas if the temperature changes from T; 
to T, while the pressure remains the constant. 


: i R : . 
An ideal gas has a specific heat at constant pressure C, = The gas is kept in a closed vessel 


of volume V, at temperature 7) and pressure pp. An amount of 10 pV, of heat is supplied to the 
gas. 

(a) Calculate the final pressure and temperature of the gas. 

(b) Show the process on p-V diagram. 


i ; p 
Pressure versus temperature (p-7') graph of n moles of an ideal gas is 4D, 
shown in figure. Plot the corresponding: 


(a) density versus volume (p-V) graph, 2pob--- 
(b) pressure versus volume (p-V) graph and 
(c) density versus pressure (p-p) graph. Po 


To 279 


Three moles of an ideal gas being initially at a temperature T, = 273 K were isothermally 
expanded 5 times its initial volume and then isochorically heated so that the pressure in the 
final state becomes equal to that in the initial state. The total heat supplied in the process is 


C 
80 kJ. Find y - =) of the gas. 
Cy 


Answers 


Introductory Exercise 21.1 
1.a=80J, b=0, c=50J, d=40J, e=40J, 


Introductory Exercise 21.2 
1. (a) — 6.8x 104 J (b) 1.78x 10° J, out of gas 


f=40J, g=40J 


(c) No 


2. 327 J 


2. (a) Positive (b) Into the system (c) In loop 1, into the system, In loop 2, out of the system 


3. 2.67 x 10 mol 4.W =0,Q=AU=1800R 


6. -600R 7. = Pao 


Introductory Exercise 21.3 


1. (a) 316K (b) 309.6 K 2. Into gas 
Process Q Ww AU 

BC = 6) ~ 

CA - = = 

AB + + + 
4. (a) No (b) No (c) No 5. y and — 6. Q,>Q> 

1- 

7. 1.18 MJ 8.0.6 kJ, 1.0 kJ, 1.6 


Introductory Exercise 21.4 
1. 2.72 x 10° cal, 72.72% 2.60 % 


4. 2x 10° cal 5.117°C and 52°C 


5. (i) 2 pVo (ii) zero (ili) 2 PMo 


3. (a) 25% (b) 6.25x10° J (c) 18.75x 105J 


6. RefrigeratorA 7.35 W 


Exercises 


LEVEL 1 


Assertion and Reason 
1.(b) 2.(d) 3.(d) 4. (a) 5. (b) 


Objective Questions 
l(a 2(@ £3.) 4 (a) 5. (d) 
11 (d) 12.(c) 13. (c) 14. (c) 15. (d) 


Subjective Questions 
1. 2.67x 10°? mol 


3. (a) absorbs (b) 7200J (c) liberates, 7200 J 


6. (d) 7. (Cc) 8. (b) 


6.(c) 7. (d) 8. (a) 


_ nRAT 
y- 
4. (a)0.50J (b) 0.50 J 


2. AU for all processes 


8. 18.18% 
9. (a) 10. (aorb) 
9. (b) 10. (c) 
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5. (a) positive (b) |» positive, Ibs negative (c) into the system 


(d) |> into the system II> out of the system. 6. 1.68x 10° W 

7. (a) 316K (b) 310K 8. 104) 9. (a) PMo (b) 2 Povo, 3DMo () age (d) at 
10. C =3.1R 11. 2.49 kJ 12. 113°C 

13. 33600.2 J 14. 2.75x 104 J 

15. (a) 169J (b) 2087 J 16. (a) -1.15x10°J (b) 2.55x10°J, out of gas (c) No 

17. (a) Qype = — 2PVo (b) AU gg = 0 18. (a) AC (b)150J (c)10J 

19. (a) -150J (b) -400J 20. 11609.99287 J 

21. (a) 241K (b) 383K (c) 1770) (d)1770J ~—-22. (a) 200J (b) 0.80°C 

24. 166 J 
LEVEL 2 
Single Correct Option 

1.(a) 2.(a) —3.(a) 4.(a) 5.(b) 6.(a) 7.(b) 8.(d) 9.(b) 10.(d) 
11(d) 12.(c) 13.(c) 14(c) = 15.(c) 16.(a) 17.(a) 18.(a) 19.(c) 20.(b) 


21.(a) 22.(b) 23.(c) 24(c) —25.(d) 26.(b) 27.(d) 


More than One Correct Options 
1.(b,d) 2.(a,c) 3.(a,b)  4.(c,d) 5.(a,b,c,d) 6.(a,b) 


Comprehension Based Questions 
l(b)  2.(b) 3.(c) 4(b) = 5.(a) 


Match the Columns 


1. (a)vor (b) > p (c)> $s (d)> p 
2. (ayos (b)> s (c)> $s (d)> r 
3. (ajo p (b) > s (c)> $s (d)> s 
4. (ajoq (b)> pr (c)>p (d)> p 
5. (ayo s (b)> $s (c)> r (d)> s 


Subjective Questions 
1. (a) 1153J (b)1153J (c) zero 
2. T, = 273K, Tg = 546 K, Vo = 44.8 mo 


3. (a) Wyp = PO! in (2), Wo = POM w= 0 (by 2M (3 bin 2) (c) 2.a-1n2) 
Po Po Po \2 5 


4. (b) — 4000 J 5. 136 J 
6. (b) 3RT9 In(2)~ 5 RTo (c) 3RTo In(2) - RT 7. (b) 113.1 L, 0.44x 10° N/m? (c) 12479 J 


8. (a) 800 K (b) 720 J 9. (a) 80 J o) = 


3a 


7 2 
10. Ve (2a) = constant 11. (a) 207.755 (b) 2R 


12. RT(1—In2) 
(2 — y)RAT 

(y=) 
16. a(T2 - T;) - B(TZ - T,?) 


14. 


18. py 


Ave) 
i?) 


Bo) 
S 
1 
H 
H 
/ 
1 
i 
.~ 
iw) 


MSp------ 
S 


19. 1.4 
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13. (a) as (b) 4R(T, - T,) 


15. 25.8% 


23 23 
17... (a). — ps; Ti 
(a) 3 Po 30 


e 305 


OD) 


Calorimetary and 
Heat Transfer 


Chapter Contents 
22.1 Calorimetry 
22.2 Heat Transfer 
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22.1 Calorimetry 


Heat transfer between two substances, due to a temperature difference (may be in same or different 
states) comes under the topic calorimetry. Let us discuss this topic pointwise. 


Specific Heat (c) 
The amount of heat required to raise the temperature of unit mass of a substance by 1°C (or | K) is 
called its specific heat. Thus, 


Q Q 


he MAT =) 


€ 
The SI unit of specific heat is J/kg-K. Because heat is so frequently measured in calories, the unit 
cal/g-°C is also used quite often. 


Heat Required to Change The Temperature 
From Eq. (i), we can write 


Q=mcA® or mcAT a(t) 
Thus Eq. (ii) is used when temperature of a substance changes without change in state. 


Note (i) In general c is a function of temperature. But normally variation in c is small. So, it is assumed to be 
constant for wide range of temperature. For example 
“Specific heat of water is 1 cal/g-°C between 14.5 °C to 15.5 °C”. This implies that 1 cal of heat will be 
required to raise the temperature of 1 g of water from 14.5 °C to 15.5 °C. From 15.5 °C to 16.5 °C, a 
different amount of heat (#1 cal) will be required. But normally this variation is very small. So, it is 
assumed constant (= 1 cal/g-°C) from 0°C to 100 °C. 

(i) Ifc is given a function of temperature, then Eq. (ii) cannot be applied directly for calculation of Q. Rather 

integration will be used. Thus, 


Ts OF 
Q= mf cdT or mj cdé ... (il) 
Tj i 


In the above expression, c is a function of T(or 8). 

(iti) The specific heat of water is much larger than that of most other substances. Consequently, for the same 
amount of added heat, the temperature change of a given mass of water is generally less than that for 
the same mass of another substance. For this reason a large body of water moderates the climate of 
nearby land. In the winter, the water cools off more slowly than the surrounding land and tends to warm 
the land. In the summer, the opposite effect occurs as the water heats up more slowly than the land. 

(iv) Specific heat is also represented by s or S. So, in different problems we have taken all notations for it. 


Latent Heat (L) 


The amount of heat required to change the state (or phase) of unit mass of a substance at constant 
temperature is called latent heat L. Thus, 


Le ...(iv) 


= [to 
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For a solid-liquid transition, the latent heat is known as the latent heat of fusion (Z , ) and for the 
liquid-gas transition, it is known as the latent heat of vaporization (Z, ). 


For water at 1 atmosphere, latent heat of fusion is 80.0 cal/g. This simply means 80.0 cal of heat are 
required to melt 1.0 g of water or 80.0 cal heat is liberated when 1.0 g of water freezes at 0°C. 
Similarly, latent heat of vaporization for water at 1 atmosphere is 539 cal/g. 


Heat Required to Change the State (or Phase) at Constant Temperature 
From Eq. (iv), we can see that 


Q=mL ..(V) 


So, this is the heat required to change the state (or phase) at constant temperature. 


@® Extra Points to Remember 


e |Insome problems, two or more than two substances at different temperatures are mixed. Heat is given by 
the hot bodies and taken by the cold bodies. Finally, all substances reach to a common equilibrium 
temperature. All such problems can be solved by a single equation, 


Heat given by hot bodies = Heat taken by cold bodies 


But note that, on both sides of this equation, we have to take the positive signs. To make them positive, 
always write 


AO = yigher = Gua 
in the equation Q = mcA®@ when there is a change of temperature without change in state. 


e Water equivalent of acontainer Normally, a liquid is heated in a container. So, some heat is wasted in 
heating the container also. Suppose water equivalent of a container is 10 g, then it implies that heat 
required to increase the temperature of this container is equal to heat required to increase the temperature 
of 10 g of water. 


© Example 22.1 How much heat is required to convert 8.0 g of ice at — 15°C to 
steam at 100°C? (Given, ¢;,. = 0.53 cal/g-°C, L; = 80 cal/g and L,, = 539 cal/g, 


and Cwater = 1 cal/g-°C ) 


Solution 


Ice Ice Water Water Steam 

-15°C 0°C 0°C 100°C 100°C 

[15°C 3 —| orc Frc | 5 100°C | 100°C | 
Fig. 22.1 


QO) = Meigg (T¢ — T;) 
= (8.0) (0.53) [0— (-15)]= 63.6cal 
Q, = mL, = (8) (80)= 640cal 
QO; = MC yater Ty —T;) 
= (8.0) (1.0) [100— 0] = 800cal 
QO, =mL,, = (8.0) (539) = 4312 cal 
«. Net heat required, QO=Q, +Q,+0;4+Q,4 
= 5815.6 cal Ans. 
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© Example 22.2 In the above problem if heat is supplied at a constant rate of 
gq =10 cal/min, then plot temperature versus time graph. 


Solution T(?C) 
A» 


100 |--------------- E 
I 
if 
1 


1 > t(min) 
6.36 70.36 150.36 581.56 


-15°% 


Fig. 22.2 


From A to B 
(i) Temperature of ice will increase from —15° C to 0°C. 
Total heat required — QO; 


il tip = 
@ 418 Heat supplied per minute gq 
he 6.36 min 
10 

(iii) Between A and B we will get only ice. 
From B to C 

(i) Temperature of (ice + water ) mixture will remain constant at 0°C. 
(ii) fp ean 

qd 10 


trota =t4p + tpc = 70.36 min 


(iii) Between B and C we will get both ice and water. 


From C to D 
(i) Temperature of water increases from 0°C to 100°C 
(ii) ee EEL rT 
qd 10 


Total = tap thee + top = 150.36 min 


(iii) Between C and D we will get only water. 


From D to E 
(i) Temperature of (water + steam) mixture will remain constant at 100°C. 
(il) tp = 4 = SE = 431.2 min 


vs trot =tag ttec t+tcp + tog = 581.56 min 
(iii) Between D and A we will get both water and steam. 


The corresponding graph is as shown in Fig. 22.2. 
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Exercise 4B and CD correspond to temperature change without change in state. BC and DE 
correspond to state change without change in temperature. 


In the given condition, prove that AB and CD are straight lines and slope of these lines is inversely 
proportional to specific heat in that state. Further, prove that lengths of lines BC and DE are 
proportional to latent heat in that state. 


© Example 22.3 10 g of water at 70°C is mixed with 5 g of water at 30°C. Find 


the temperature of the mixture in equilibrium. Specific heat of water is 
1cal/g-°C 


Solution Let t° Cbe the temperature of the mixture. From energy conservation, 
Heat given by 10 g of water = Heat taken by 5 g of water 


or MC Water |At, |= MC water |At, | 
(10) (1)(70— t) = 5(1) (t— 30) 
t=56.67°C Ans. 


Example 22.4 The temperature of equal masses of three different liquids A,B 
and C are 12°C, 19°C and 28°C respectively. The temperature when A and B are 
mixed is 16°C and when B and C are mixed it is 23°C. What should be the 
temperature when A and C are mixed? 
Solution Let mbe the mass of each liquid and s,,5,,5¢ specific heats of liquids A,B and C 
respectively. When A and B are mixed. The final temperature is 16° C. 

Heat gained by A = Heat lost by B 


Le. ms 4 (16—12)=msp (19-16) 


: 4 : 
Le. Sp aad ...() 
When B and C are mixed. 
Heat gained by B = Heat lost by C 
Le. mS p (23 — 19) = msc (28-23) 
. 4 <3 
Le. Sc =—s . (il 
c==5p (ii) 
. - 4.4 16 
From Eqs. (i) and (i1), So =—x-—S,=—S 
qs. (1) and (ii) CHEN aA HK T5 PA 


When 4A and C are mixed, let the final temperature be 0 
Heat gained by A = Heat lost by C 
ms 4 (8 — 12)= msc (28-98) 


Le. 6-12= Zo (28-6) 
15 


By solving, we get 


0= me = 20.26°C Ans. 
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© Example 22.5 Ina container of negligible mass 30 g of steam at 100°C is 


>) 


added to 200 g of water that has a temperature of 40°C. If no heat is lost to the 
surroundings, what is the final temperature of the system? Also find masses of 
water and steam in equilibrium. Take L,,= 539 cal/g and C,,o1.,= 1 call g-° C. 
Solution Let Q be the heat required to convert 200 g of water at 40°C into 100°C, then 
O = mcAT = (200) (1.0) (100— 40)= 12000 cal 
Now, suppose 7) mass of steam converts into water to liberate this much amount of heat, then 
QO 12000 


Mg = a 22.262 
Since, it is less than 30 g, the temperature of the mixture is 100°C. Ans. 
Mass of steam in the mixture = 30— 22.26= 7.74 ¢ Ans. 
and mass of water in the mixture = 200+ 22.26= 222.26g Ans. 


Example 22.6 In an insulated vessel, 0.05 kg steam at 373 K and 0.45 kg of 
ice at 253 K are mixed. Find the final temperature of the mixture (in kelvin). 


Given, L fusion = 80 callg = 336 J/g 
Laporization = 540 cal/g = 2268 J/g 
Si-o = 2100 J/kg-K =0.5 cal/g-K 


and Swater= 4200 J/kg-K =1 cal/g-K (JEE 2006) 


Solution 0.05 kg steam at 373 K —“-» 0.05 kg water at 373 K 
0.05 kg water at 373 K —-» 0.05 kg water at 273 K 
0.45 kg ice at 253 K —“-5 0.45 kg ice at 273 K 


0.45 kg ice at 273 K —“-5 0.45 kg water at 273 K 
QO, = (50) (540) = 27,000 cal = 27 kcal 
QO, = (50) (1) (100) = 5000 cal = 5 kcal 
Oy = (450) (0.5) (20) = 4500 cal = 4.5 kcal 
0, = (450) (80) = 36000 cal = 36 kcal 


Now, since Q, + Q, >Q, butQ, +Q, <Q; +Q, ice will come to 273 K from 253 K, but whole 
ice will not melt. Therefore, temperature of the mixture is 273 K. 


Example 22.7 An ice cube of mass 0.1 kg at 0°C is placed in an isolated 
container which is at 227°C. The specific heat s of the container varies with 
temperature T according to the empirical relation s= A+ BT, where 

A= 100 cal/kg-K and B=2x10~ cal/kg-K’. If the final temperature of the 
container is 27°C, determine the mass of the container. 


(Latent heat of fusion for water =8 x 10‘ cal/kg, specific heat of water 
=10° cal/kg-K ). (JEE 2001) 
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Solution Let m be the mass of the container. 
Initial temperature of container, 
T, = (227+ 273)= 500 K 
and final temperature of container, 
Ty = (27+ 273) = 300 K 
Now, heat gained by the ice cube = heat lost by the container 
(0.1)(8 x 104) + (0.1)(103 (27) = — m{.” (A+BT)dT 


ae 300 
or jor00=— m| a+ BE 


500 
After substituting the values of A and B and the proper limits, we get 
m=0495kg Ans. 


INTRODUCTORY EXERCISE 


(Take ¢,, = 0.53 cal/g-°C, Cwater = 1.0 cal/g-°C, (L;)water =80 cal/g and (Ly )water =529 cal/g 
unless given in the question.) 

1. 10g ice at 0°C is converted into steam at 100°C. Find total heat required. (L; = 80 cal/g, 

Sy =1cal/g-°C, L, =540 cal/g) 

2. Three liquids A,B and C of specific heats 1 cal/g -°C, 0.5 cal/g -°C and 0.25 cal/g -°C are at 
temperatures 20 °C, 40°C and 60°C respectively. Find temperature in equilibrium if they are 
mixed together. Their masses are equal. 

3. Equal masses of ice (at 0°C) and water are in contact. Find the temperature of water needed to 
just melt the complete ice. 

4. A lead bullet just melts when stopped by an obstacle. Assuming that 25 per cent of the heat is 
absorbed by the obstacle, find the velocity of the bullet if its initial temperature is 27°C. 
(Melting point of lead = 327°C, specific heat of lead =0.03 cal/g-°C, latent heat of fusion of 


lead =6 cal/g, J =4.2 J/cal). (JEE 1981) 
5. The temperature of 100 g of water is to be raised from 24°C to 90°C by adding steam to it. 
Calculate the mass of the steam required for this purpose. (JEE 1996) 


6. 15g ice at 0°C is mixed with 10 g water at 40°C. Find the temperature of mixture. Also, find 
mass of water and ice in the mixture. 


7. Three liquids P,Q andR are given 4 kg of P at60°C and 1 kg of R at50 °C when mixed produce a 
resultant temperature 55°C. A mixture of 1kg of P at 60°C and 1kg of Q at 50°C shows a 
temperature of 55 °C. What will be the resulting temperature when 1 kg of Q at60 °C is mixed with 
1kg of R at 50°C? 


22.2 Heat Transfer 


Heat can be transferred from one place to the other by any of three possible ways : conduction, 
convection and radiation. In the first two processes, a medium is necessary for the heat transfer. 
Radiation, however, does no have this restriction. This is also the fastest mode of heat transfer, in 
which heat is transferred from one place to the other in the form of electromagnetic radiation. 
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Conduction 


Figure shows a rod whose ends are in thermal contact with a hot 
reservoir at temperature 7, and a cold reservoir at temperature 75. 
The sides of the rod are covered with insulating medium, so the 
transport of heat is along the rod, not through the sides. The 
molecules at the hot reservoir have greater vibrational energy. This Fig. 22.3 

energy is transferred by collisions to the atoms at the end face of the 

rod. These atoms in turn transfer energy to their neighbours further along the rod. Such transfer of heat 
through a substance in which heat is transported without direct mass transport is called conduction. 


Most metals use another, more effective mechanism to conduct heat. The free electrons, which move 
throughout the metal can rapidly carry energy from the hotter to cooler regions, so metals are 
generally good conductors of heat. The presence of ‘free’ electrons also causes most metals to be 
good electrical conductors. A metal rod at 5°C feels colder than a piece of wood at 5°C because heat 
can flow more easily from your hand into the metal. 


Heat transfer occurs only between regions that are at different temperatures, and the rate of heat flow 


dd : : . 
1S “e . This rate is also called the heat current, denoted by H. Experiments show that the heat current 


; . ‘ . aT satis 
1s proportional to the cross-section area A of the rod and to the temperature gradient ra which is the 
Ne 


rate of change of temperature with distance along the bar. In general, 


=—= =- KA— -.(i) 


a ee d bas . . aT, : 
The negative sign is used to make “e a positive quantity since Be is negative. The constant K, called 
he 


the thermal conductivity is a measure of the ability of a material to conduct heat. A substance with a 
large thermal conductivity & is a good heat conductor. The value of & depends on the temperature, 
increasing slightly with increasing temperature, but K can be taken to be practically constant 
throughout a substance if the temperature difference between its ends is not too great. Let us apply 
Eq. (i) to arod of length / and constant cross-sectional area A in which a steady state has been reached. 
In a steady state, the temperature at each point is constant in time. Hence, 


= ar =f 7 
i ee 
Therefore, the heat AQ transferred in time At is 
T, ical T; oe 
s0=Ka( i Ja ... (ii) 


Thermal Resistance (R) 
Eq. (11) in differential form can be written as 
d AT AT 
co: eee ... (iii) 
dt I/KA  R 


l : 
Here, AT = temperature difference (TD) and R = i = thermal resistance of the rod. 
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© Extra Points to Remember 


e Consider a section ab of a rod as shown in figure. Suppose Q, heat enters into Q, — _— Q> 
the section at ‘a’ andQ, leaves at ‘b’, thenQ, < Q,.Part of the energyQ, — Q, is a oe 
utilized in raising the temperature of section ab and the remaining is lost to Fig. 22.4 


atmosphere through ab. If heat is continuously supplied from the left end of the 
rod, a stage comes when temperature of the section becomes constant. In that case, Q, = Q, if rod is 
insulated from the surroundings (or loss through ab is zero). This is called the steady state condition. 
Thus, in steady state temperature of different sections of the rod becomes constant (but not same). 
Hence, in the figure : 


Insulated rod in steady state 
Fig. 22.5 
T, =constant, 7, =constant etc. and 7, > 7, >7,>T, 

Now, a natural question arises, why the temperature of whole rod not becomes 
equal when heat is being continuously supplied? The answer is : there must be 
a temperature difference in the rod for the heat flow, same as we require a 
potential difference across a resistance for the current flow through it. 

In steady state, the temperature varies linearly with distance along the rod if itis 
insulated. 

e Comparing equation number (iii), i.e. heat current 


pee er 
Gi Fi 
with the equation, of current flow through a resistance, 
pa [where n=-) 
dt R oA 
We find the following similarities in heat flow through a rod and current flow through a resistance. 
Table 22.1 
S.No Heat flow through a conducting rod Current flow through a resistance 
ilk Conducting rod Electrical resistance 
Heat flows Charge flows 
TD is required PD is required 
4. Heat current H = = = rate of heat flow Electric current / = a = rate of charge flow 
5, Ho AF_ 1D j= AV _PD 
Ro IR aital 
6. es ote R= ae 
KA oA 
a. K = thermal conductivity o = electrical conductivity 


From the above table it is evident that flow of heat through rods in series and parallel is analogous to the 
flow of current through resistance in series and parallel. This analogy is of great importance in solving 
complicated problems of heat conduction. 
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Convection 


Although conduction does occur in liquids and gases also, heat is transported in these media mostly 
by convection. In this process, the actual motion of the material is responsible for the heat transfer. 
Familiar examples include hot-air and hot-water home heating systems, the cooling system of an 
automobile engine and the flow of blood in the body. 


You probably have warmed your hands by holding them over an open flame. In this situation, the air 
directly above the flame is heated and expands. As a result, the density of this air decreases and then 
air rises. When the movement results from differences in density, as with air around fire, it is referred 
to as natural convection. Air flow at a beach is an example of natural convection. When the heated 
substance is forced to move by a fan or pump, the process is called forced convection. If it were not 
for convection currents, it would be very difficult to boil water. As water is heated in a kettle, the 
heated water expands and rises to the top because its density is lowered. At the same time, the denser, 
cool water at the surface sinks to the bottom of the kettle and is heated. Heating a room by a radiator is 
an example of forced convection. 


Radiation 


The third means of energy transfer is radiation which does not require a medium. The best known 
example of this process is the radiation from sun. All objects radiate energy continuously in the form 
of electromagnetic waves. 

Now, let us define few terms before studying the other topics. 


Radiant Energy 


All bodies radiate energy in the form of electromagnetic waves by virtue of their temperature. This 
energy is called the radiant energy. 


Absorptive Power ‘a’ 


“Itis defined as the ratio of the radiant energy absorbed by it in a given time to the total radiant energy 
incident on it in the same interval of time.” 


__ energy absorbed 


energy incident 


As a perfectly black body absorbs all radiations incident on it, the absorptive power of a perfectly 
black body is maximum and unity. 


Spectral Absorptive Power ‘a,’ 


> 


The absorptive power ‘a’ refers to radiations of all wavelengths (or the total energy) while the 
spectral absorptive power is the ratio of radiant energy absorbed by a surface to the radiant energy 
incident on it for a particular wavelength 1. It may have different values for different wavelengths for 
a given surface. Let us take an example, suppose a = 0.6, a, =0.4 for 1000 A and a, =0.7 for 2000 A 
for a given surface. Then, it means that this surface will absorb only 60% of the total radiant energy 
incident on it. Similarly, it absorbs 40% of the energy incident on it corresponding to 1000 A and 70% 
corresponding to 2000 A. The spectral absorptive power a, is related to absorptive power a through 
the relation 


a=| > a,an 
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Emissive Power ‘e’ 


(Do not confuse it with the emissivity e which is different from it, although both have the same 
symbol e). 


“For a given surface it is defined as the radiant energy emitted per second per unit area of the surface.” 
It has the units of W/m? or J/s-m”. For a black body e =oT", 


Spectral Emissive Power ‘e,’ 


“Tt is emissive power for a particular wavelength 2.” Thus, 


ea e, dr 


Stefan’s Law 
The rate at which an object radiates energy is proportional to the fourth power of its absolute 
temperature. This is known as the Stefan’s law and is expressed in equation form as 
P =oAeT‘ 


Here, P is the power in watts (J/s) radiated by the object, A is the surface area in m’, e is a fraction 
between 0 and | called the emissivity of the object and o is a universal constant called Stefan’s 
constant, which has the value 


6 =5.67x10 * W/m?-K* 
Note Emissivity e is also sometimes denoted by e,. 


Perfectly Black Body 


A body that absorbs all the radiation incident upon it and has an emissivity equal to | is called a 
perfectly black body. A black body is also an ideal radiator. It implies that if a black body and an 
identical another body are kept at the same temperature, then the black body will radiate maximum 
power as is obvious from equation P = eAoT “* also. Because e = 1 for a perfectly black body while for 
any other body e<1. 

Materials like black velvet or lamp black come close to being ideal black bodies, but the best practical 


realization of an ideal black body is a small hole leading into a cavity, as this absorbs 98% of the 
radiation incident on them. 


Cavity approximating an ideal black body. Radiation entering the 
cavity has little chance of leaving before it is completely absorbed. 


Fig. 22.7 


Note (i) Energy radiated by a body per unit area per unit time is called emissive power and given by 


e=e,0T° (e, = emissivity) 
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It has the units of W/m* or J/s-m*. 
Energy radiated per unit time is called power and it is called power and it is given by 


P=eoT*A 


It has the unit J/s or watt. 
Total energy radiated by the body in time t is 
E=e,0T*At 
(ii) For a given body, values of e, and a are same. But their meanings are different. For example if, 
e, =0.6 then a is also 0.6. 
Further, e, =0.6 means if this body and perfectly black body are kept under identical conditions then this 
body will radiate 60% of the energy radiated by a perfectly black body. But a = 0.6 means this body will 
absorb 60% of the total energy incident on its surface. 

(ii) Absorptive power (a), spectral absorptive power (a, ) and emissivity (e,) are the constants which are 
temperature independent. But emissive power (e) and spectral emissive power (e,) are temperature 
dependent. As, 

e=eol' > exT* 


Kirchhoff’s Law 


“According to this law the ratio of emissive power to absorptive power is same for all surfaces at the 
same temperature.” 
Perfectly black 


F T body 
Fig. 22.8 
e e e 
Hence, 1.2. (<) 
ay ay a perfectly black body 
but (a) black body = 1 
and (€) black body =£ (Say) 
e 
Then, (<) =constant = F 
4) for any surface 


Similarly, for a particular wavelength A, 


ey 
+ =E 
rn 
f ay for any body 


Here, FE =emissive power of black body at temperature T 
=oT* 
From the above expression, we can see that 


Cy XK Ay 
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i.e. good absorbers for a particular wavelength are also good emitters of the same 
wavelength. 


; ; users : ; 
Note According to Kirchhoff's law, at a given temperature, the ratio — is constant for all bodies and this constant 
a 


is equal to e of perfectly black body at that temperature. Similarly, the ratio © is constant for all bodies at 
a, 
given temperature and value of this constant is e, of perfectly black body at that temperature. 


Cooling by Radiation 


Consider a hot body at temperature T placed in an environment at a lower temperature Ty. The body 
emits more radiation than it absorbs and cools down while the surroundings absorb radiation from the 
body and warm up. The body is losing energy by emitting radiations at a rate 


P, =eAoT* 
and is receiving energy by absorbing radiations at a rate 


Here, ‘a’ is a pure number between 0 and | indicating the relative ability of the surface to absorb 
radiation from its surroundings. Note that this ‘a’ is different from the absorptive power ‘a’. In 
thermal equilibrium, both the body and the surroundings have the same temperature (say 7.) and, 


P,=P, ot eAoT; =adoT; or e=a 
Thus, when T > 7p, the net rate of heat transfer from the body to the surroundings is 


d T 
“e =eAdo (T*-T)') or me (-=- aoe" -T, ) 


Rate of cooling 


dT A T 
- SE ath). | ob ero) 
dt c 
Newton’s Law of Cooling 
According to this law, if the temperature T of the body is not very different from that of the 
dT 
surroundings 7), then rate of cooling — aE is proportional to the temperature difference between 


them. To prove it, let us assume that 


T=T) +AT 
4 
AT 
So that T* =(T%) +AT)* =Ty [i827] 
To 
4AT 
=T, . f + ar (from binomial expansion) 
0 


(T* —T)') =4T, (AT) 


or i - 7 «x AT (as T) = constant) 
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Now, we have already shown that rate of cooling 


d 
(F< art—23) 


and here we have shown that 

(T° = Te ec AT 
if the temperature difference is small. 
Thus, rate of cooling 


as dT=d0 or AT=A0 


Variation of Temperature of a Body According to Newton’s Law 


Suppose a body has a temperature 8, at time t=0.Itis placed in an 6 = constant 89 = constant 
atmosphere whose temperature is 9). We are interested in finding 

the temperature of the body at time ¢. Assuming Newton’s law of 

cooling to hold good or by assuming that the temperature 

difference is small. As per this law, 


Rate of cooling « temperature difference t=0 t=t 
A Fig. 22.9 
or [- 2 }=[ 42} 493) 0-09) 
dt mc 
d0 
-— |=a 0-8 
oF ( dt ( 0) 
4eAo0; 
Here, a =| ——— (is a constant) 
mc 
ihe a a [‘ dé : 
8; 0 = 8, 0 8; 


0=6,+(0, -O)e™ 


From this expression we see that 9=0, at t=0 and 8=0, at t=~, ie. 
temperature of the body varies exponentially with time from@, to0,) (<9, ). 
The temperature versus time graph is as shown in Fig.22.10. 


>t 


Fig. 22.10 


Note If the body cools by radiation from 8, to 85 in timet, then taking the approximation 


(-)-2% and @®=80 -(1+*2) 
dt t “= 2 


The equation (- + = (0 - 8,) becomes 


@, - 8, =a (48: : ) 
t 2 . 


This form of the law helps in solving numerical problems related to Newton's law of cooling. 
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Wien’s Displacement Law 


At ordinary temperatures (below about 600°C) the thermal radiation emitted by a body is not visible, 
most of it is concentrated in wavelengths much longer than those of visible light. 


0 1 2 3 4 


Wavelength (mm) 


Power of black body radiation versus wavelength at three temperatures. Note that the amount of 
radiation emitted (the area under a curve) increase with increasing temperature. 


Fig. 22.11 
Figure shows how the energy of a black body radiation varies with temperature and wavelength. As 
the temperature of the black body increases, two distinct behaviors are observed. The first effect is 
that the peak of the distribution shifts to shorter wavelengths. This shift is found to obey the following 
relationship called Wien’s displacement law. 

AN ,l =b 
Here, b is a constant called Wien’s constant. The value of this constant for perfectly black body in 
SI unit is 2.898 x 10° m-K. Thus, 


Here, 1, is the wavelength corresponding to the maximum spectral emissive power e, . 

The second effect is that the total amount of energy the black body emits per unit area per unit time 
(=oT ey increases with fourth power of absolute temperature 7. This is also known as the emissive 
power. We know 


e= le e, dd = Area under e, - A graph =oT* 


or AreaxT*| => A, =(2)* A, =16A, 


Fig. 22.12 


Thus, if the temperature of the black body is made two fold, 4, remains half while the area becomes 
16 times. 
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© Example 22.8 In which of the following process, convection does not take 
place primarily? (JEE 2005) 
(a) Sea and land breeze 
(6) Boiling of water 
(c) Warming of glass of bulb due to filament 
(d) Heating air around a furnace 
Solution (c) Glass of bulb heats due to filament by radiation. 


© Example 22.9 <A copper rod 2 m long has a circular cross-section of radius 
1 cm. One end is kept at 100°C and the other at 0°C. The surface is insulated so 


that negligible heat is lost through the surface. In steady state, find 
(a) the thermal resistance of the bar 
(6) the thermal current H 


(c) the temperature gradient “ and 
% 


(d) the temperature at a distance 25 cm from the hot end. 
Thermal conductivity of copper is 401 W/m-K. 


Solution (a) Thermal resistance, R = fia : 


KA K(nr?) 
or R= (2) = 
(401) (7) (10~ ) 
=15.9K/W corn 
(b) Thermal current, H = peeve 
R R 15.9 
or H=63W dna: 
(c) Temperature gradient 
2 sonia 
2 
=— 50° C/m ine: 


(d) Let ® be the temperature at 25 cm from the hot end, then 


100°C e°C 0°C 
SS 
k—-| 
0.25 m 
IK 2.0m ‘ 
Fig. 22.13 


(8 — 100) = (temperature gradient) x (distance) 
or 8 — 100= (— 50) (0.25) 
or 6=87.5°C Ans. 
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© Example 22.10 Three rods made of the same 90°C 
material and having the same cross-section have 
been joined as shown in the figure. Each rod is of the 
same length. The left and right ends are kept at 0°C 
and 90°C, respectively. The temperature of junction 


of the three rods will be (JEE 2001) 
(a) 45°C (b) 60°C 90°C 
(c) 30°C (d) 20°C Fig. 22.14 


Solution Let @ be the temperature of the junction (say 8B). 


Thermal resistance of all the three rods is equal. Rate of heat — 
flow through AB + Rate of heat flow through CB = Rate of heat 
flow through BD 
cl lis I a D B 
R R R 0°c 8 
Solving this equation, we get 8= 60°C 
The correct option is (b). ie 
Here, R = Thermal resistance Fig. 22.15 


_ Temperature difference (TD) 
Thermal resistance (R) 


Note Rate of heat flow, 


where, R= 
KA 


K = Thermal conductivity of the rod. 
This is similar to the current flow through a resistance (R) where current (i) = Rate of flow of charge 
_ Potential difference (PD) 
Electrical resistance (R) 


Here, R= - where o = Electrical conductivity. 
toy 


© Example 22.11 Figure shows a copper rod joined to a steel rod. The rods 
have equal length and equal cross- sectional area. The free end of the copper 
rod is kept at 0°C and that of the steel rod is kept at 100°C. Find the 
temperature 8 at the junction of the rods. Conductivity of copper 
= 390 W/m-°C and that of steel = 46 W/m-°C. 
6 


orc Copper Steel 100°C 


Solution F gee) = A copper (two rods are in series) 
(TD)s_ _ (TD)c 


(1/KA),  (I/ KA )e 


OF Ks (ID)s =Ke (TD)c 
or 46 (100-9) = 390 (6 — 0) 
Solving we get, 8 = 10.6° C Ans. 


Note /n the above problem heat flows from right to left or from higher temperature to lower temperature. 
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© Example 22.12 A spherical black body with a radius of 12 cm radiates 450 W 
power at 500 K. If the radius were halved and the temperature doubled, the 


power radiated in watt would be (JEE 1997) 
(a) 225 (b) 450 
(c) 900 (d) 1800 


Solution Power radiated = e,oT “4 or Power radiated « (surface area) (T ie The radius is 
Li, : 
halved, hence, surface area will become ri times. Temperature is doubled, therefore, T * becomes 


16 times. 


New power = c4s0)() (16) = 1800 W. 
The correct option is (d). 


© Example 22.13 A cylinder of radius R made of a material of thermal 
conductivity K, is surrounded by a cylindrical shell of inner radius R and outer 
radius 2R made of a material of thermal conductivity K,. The two ends of the 


combined system are maintained at two different temperatures. There is no loss 
of heat across the cylindrical surface and the system is in steady state. The 


effective thermal conductivity of the system is (JEE 1998) 
(a) K, + Ky (6) K, KK, + Kg) 
(c) (K, + 3K,)/4 (d) (3K, + Ky)/4 


Solution Let R, and R, be the thermal resistances of inner and outer portions. Since, 
temperature difference at both ends is same, the resistances are in parallel. Hence, 


Fig. 22.16 
a es | 
a — ane pees 
ROR, 
Ra 
KA 
1 KA 
or pan — ea 
R 1 
K(4mR*)_ Ky (TR*) , Ky (3mR? ) 
i i 
aki t3K2 
4 


The correct option is (c). 
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© Example 22.14 A body cools in 10 minutes from 60°C to 40°C. What will be 
its temperature after next 10 minutes? The temperature of the surroundings is 
10°C. 


Solution According to Newton’s law of cooling, 


weal ees. 


For the given conditions, 


Sono SE to] _@ 
10 
Let 8 be the temperature after next 10 minutes. Then, 
ee) ...(i) 
10 2 
Solving Eqs. (i) and (ii), we get 
0 = 28°C Ans. 
INTRODUCTORY EXERCISE 


1. Arod is heated at one end as shown in figure. In steady state temperature of different sections 
becomes constant but not same. Why so? 


C 4 


Fig. 22.17 


2. Show that the SI units of thermal conductivity are W/m-K. 


2 


Find SI units of thermal resistance. 


4. Suppose a liquid in a container is heated at the top rather than at the bottom. What is the main 
process by which the rest of the liquid becomes hot? 


5. Three rods each of same length and cross-section are joined in series. The thermal conductivity 
of the materials are K,2K and 3K respectively. If one end is kept at 200 °C and the other at 100 °C. 
What would be the temperature of the junctions in the steady state? Assume that no heat is lost 
due to radiation from the sides of the rods. 


6. ArodCD of thermal resistance 5.0 K/W is joined at the middle of an identical rod AB as shown in 
figure. The ends A,B and D are maintained at 100°C and 25°C respectively. Find the heat 


current in CD. 
A B 
100°C Cc o°c 


25°C||p 
Fig. 22.18 


7. Aliquid takes 5 minutes to cool from 80°C to50 °C. How much time will it take to cool from 60 °C 
to 30°C? The temperature of surroundings is 20°C . 
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Final Touch Points 


1. Cooling by conduction or radiation 


(i) By conduction A body P of mass mand specific heat c Q 
is connected to a large body Q (of specific heat infinite) P Rod 
through a rod of length /, thermal conductivity K and area LKA 8 = constant 
of cross-section A. Temperature of Q is 0,(<9,). This eat 8; > 8 


temperature will remain constant as its specific heat is 
very high. Heat will flow from P to Q through the rod. If we 
neglect the loss of heat due to radiation then due to this heat transfer, temperature of P wil 
decrease but temperature of Q will remain almost constant. At time t, suppose temperature of P 
becomes @ then due to temperature difference heat transfer through the rod. 


t=¢,0 


dQ _,,_ 1D _®~® (i) 
dt R R 
Here, 7 as 
KA 
Now, if we apply equation of calorimetry in P, then 
dQ -d6 . 
Q=mc(-A8) or —=mc|— . ii 
(-a9) or SP -me(=* (i 
Equating Eqs. (i) and (ii), we have 
5 YA est cooling (iii) 
dt mcR  mcR 
So, this is the rate of cooling by conduction. 
or a « TD ...(iVv) 
at 


(ii) By radiation In article 22.2, we have already derived the expression of rate of cooling, 
aT = eAo (i -Tp) or _aT oc 
at mc at 
Further in Newton’s law of cooling, we have also seen that, if temperature difference between 
body and atmosphere is less than this rate of cooling, 
aT 


———«AT or TD ...(Vi) 
at 


In Newton's law of cooling, we have also seen that temperature of the body falls exponentially, if 


rate of cooling, _ or 8 1D 


(T* -Ty) ...(V) 


aT de 


So, in both cases temperature of the body will fall exponentially like, 
0=0,+(0,-O8)e™ or T=hkh+(T-Tth)e™ 
3 
SEAGIG and in conduction « = —— 
mc mcR 
2. For emissivity, we have used the term e or e,. This is sometimes confused with emissive power e. 
nis ily is unitless and always less than or equal to one. But emissive power has the units J/s-m? or 
watt/m*. 


In radiation, a = 


Solved Examples 


TYPED PROBLEMS 


Type 1. Based on calculation of thermal resistance 


Concept 


(i) A thermal resistance of a conducting rod is calculated/required between two points or 


two surfaces (say aand 6). The formula of thermal resistance is 


G2. 
KA 


Here, / is that dimension of conductor which is parallel to a and b and A is that 
cross-sectional area which is perpendicular to a and 6. 


(ii) From a to bif Ais uniform at every point then direct formula R = a can be applied 


otherwise we will have to use integration. 


© Example 1 Thermal conductivity of the conductor shown in figure is K. Find 


thermal resistance between points a and b. 
a 


b 


Solution From a to 6 area of cross-section perpendicular to ab is uniform (A = xy) and length 
along ab is z. Therefore, using the formula 


R= ze we have 
KA 
R=— Ans. 
© Example 2.) Thermal conductivity of inner core of radius r is K and of the outer 


one of radius 2r is 2K. Find equivalent value of thermal conductivity between its 
two ends. 


2r 
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Solution The meaning of equivalent value of thermal conductivity means, if a single material 
of K, is used with same dimensions then value of thermal resistance should remain unchanged. 


|) 


Between two ends R, and R, are in parallel. Hence, 
1 1 1 


22 ee ee nl 
mae (i) 
es ant 1 : . KA : aie : 
Ris given by KA Therefore, R will be given by a Using this in Eq. (i), we have 
K(ar’) , 2K[(n)@r)’-ar?] _ K,(n)@r)” 
—_ i l 
Solving this equation, we get 
K,= < K Ans. 


© Example 3 A spherical body of radius ‘b’ has a concentric cavity of radius ‘a’ as 
shown. Thermal conductivity of the material is K. Find thermal resistance 
between inner surface P and outer surface Q. 


< 


Solution As we move from P to Q surface perpendicular to PQ is spherical and its size keeps 
on increasing (just like different layers of a spherical onion). So, first we will calculate thermal 
resistance of one layer at a distance r from centre and thickness dr by using the formula 


ge, 
Q 
Thermal resistance 
<ly 2) =dR 


KA 
In this formula, dimension of the layer along PQ is dr and the surface area perpendicular to PQ 
is 4ar” 
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_ adr 
K (4nr?) 


Now, if we integrate dR from r=a to r= b, we will get the total thermal resistance between P 
and Q. Thus, 


b 
R=|dR= 


j dr 

2 
7, kar’) 
Solving this expression, we get 


= 1 (=-+) Ans. 
4nK \a_ 6b 


© Example 4 In the above example, if temperature of inner surface P is kept 
constant at 8, and of the outer surface Q at 0,(<98,). Then, 
Find 
(a) rate of heat flow or heat current from inner surface to outer surface. 
(b) temperature ® at a distance r(a<r< 6) from centre. 
Solution (a) 


ee oy dQ Temperature difference 


dt Thermal resistance 
_ 0, —9,)(4nK) 


3) 


_ @, —9,)(ab)(4nK) 


Ans. 
(6-a) 
(b) 
In the figure, we can see that 
Heat current H, = Heat current H, 
(TD)pm _ (TD) ma A) 


Rp Rua 
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Using the result obtained in Example-3 of thermal resistance, we can find 


1 t 
d Rone SS 
a MQ~ anK E | 
Substituting the values in Eq. (i), we have 
6, -9 6-85 


1 (2 i) mE 1) 
4nK \a r 4nK \r b 


Solving this equation we can find 0. 


Type 2. Mixed problems of calorimetry and conduction 


Concept 
(i) In calorimetry, we have two equations, 
Q = mcAd (when temperature changes without change in state) 
and Q=mL (when state changes without change in temperature) 
The above two equations in differential form can be written as 


dQ _ me{ 2 2) [) me 


dt dt 
In the above equation a is rate of conversion of mass from one state to another state. 


(i) In conduction, we have the equation, 
dQ or H= a ... (il) 
dt R 
where, R= al 
KA 


In these types of problems a of calorimetry is equated with “ of conduction. 


© Example 5 One end of the rod of length I, thermal conductivity K and area of 
cross-section A is maintained at a constant temperature of 100°C. At the other 
end large quantity of ice is kept at 0°C. Due to temperature difference, heat flows 
from left end to right end of the rod. Due to this heat ice will start melting. 
Neglecting the radiation losses find the expression of rate of melting of ice. 


I,K, A ( Ice at 0°C 
100°C 


a 
dt conduction 


calorimetry 
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TD _ dm 
R dt 

= dm _ TD Ans. 
dt RL 


So, this is the desired expression of 


In the above expression, 


TD = 100°C, R= —— 
KA 


and L = latent heat of fusion 


Example 6 B point of the rod shown in figure is maintained at 200°C. At left 
end A, there is water at 100°C and at right end C there is ice at 0°C. Heat 
currents H, and H, will flow on both sides. Due to H,, water will convert into 
steam and due to H, ice will be melted. If latent heat of vaporization is 540 cal/g 


l 
and latent heat of fusion is 80 cal/g then neglecting the radiation losses find a 6) 
2 


that rate of melting of ice is two times the rate of conversion of water into steam. 
4, Bb C 

Si ||tane | Ice at 0°C 
H, 200°C H, 


Solution Using the relation of ae derived in above example, 


Water at 
100°C 


dm TD (TD)KA l 
di RL IL [as R=] 
Given that, 
(Gens?) 
dt /rys dt Ji 
ue a - al 
IL Irus IL Ihus 
K and A are same on both sides. Hence, 
(), (2) 
LL ) Rus IL ) ius 
Substituting the proper values, we have 
200 _ 2| 100 
ly x 80 l, x 540 
4 = 80 _4 Ans. 
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Type 3. Mixed problems of Stefan’s law and Wien’s displacement law 


Concept 
Stefan’s law 
Energy radiated per unit time = emissive power = e,oT * 
Energy radiated per unit time called power = e,oT*A 
Total energy radiated in time 't' = e,oT At 
Above all three terms « T+ 


Wien’s displacement law 
Nm So 


From Wien’s law normally we find the ratio of temperatures of two bodies and then this 
ratio is used in Stefan’s law. 


© Example 7 Three discs, A, B and C having radii 2m, 4m and 6m respectively 
are coated with carbon black on their outer surfaces. The wavelengths 
corresponding to maximum intensity are 300 nm, 400 nm and 500 nm, 
respectively. The power radiated by them are Q,, Mp and Qo respectively 

(JEE 2004) 

(a) Q, is maximum (b) Qp is maximum (c) Qo is maximum (dad) Q, = Qp = QV 
Solution (b)Q« AT“ and 4, T = constant. 
Hence, 
A r? 

“On On 

_ 2) 4? © 4.1. 36 


pig Se =: = 0.05 : 0.0625 : 0.0576 
(3)! @*'@* 81°16 625 


Q or Q« 


Qa: Qp : Qe 


le. Mp is maximum. 


Type 4. Problems of cooling either by conduction or radiation 


Concept 
In final touch points we have seen that if a body cools by conduction, then 
dé TD 


dt mcR sf) 


rate of cooling, — 


Here, mc = C = heat capacity of the body 
This Cis the heat required to raise the temperature of whole body by 1°Cor 1K and Ris the 
thermal resistance of conducting rod. So, Eq. (i) can also be written as 
_a_ TD 
dt CR 
If the body cools by radiation, then 


rate of cooling or - = =>) Gi) 
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For small temperature difference, Newton’s law of cooling can be applied and 
-—— «TD ... (iil) 


Further, if rate of cooling « TD as Eqs. (i) or (iii), temperature of the body falls 
exponentially. 


© Example 8 Two spheres, one solid and other hollow are kept in atmosphere at 
same temperature. They are made of same material and their radii are also same. 
Which sphere will cool at a faster rate initially? 
Solution In the equation, 
dT eAo 
dt me 


(T* - Ty) 
Only mass is different. Therefore, 


dt m 
Mass of hollow sphere is less. So, hollow sphere will cool at a faster rate initially. 
© Example 9 The ratio of specific heats of two spheres is 2:3, radii 1:2, emissivity 
3: land density 1:1. Initially, they are kept at same temperatures in atmosphere. 
Which sphere will cool at a faster rate initially. 
Solution In the equation, 
dT eA 
dt me 
A=surface area =4nR? 


(T* — TS) 


m = Volume x density = ; nR’p 


Substituting in the above equation, we have 


ET 2 BOO ph 2 igity ae aT ee 
dt Rpc dt Rpc 
News, e a ee 
Roc athens LX1x2. 2 
oa ( e ee | 
Roc ahs 2MIXS 6 
| for sphere-1 is more. 
Roc 


So, first sphere will cool at faster rate initially. 


© Example 10 Two metallic spheres S, and S, are made of the same material and 
have got identical surface finish. The mass of S, is thrice that of S,. Both the 
spheres are heated to the same high temperature and placed in the same room 
having lower temperature but are thermally insulated from each other. The ratio 
of the initial rate of cooling of S, to that of S, is (JEE 1995) 


1 i me} iy" 
ee OR ot (5) 
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Solution -22 = £49 (p4+_74y 
dt mc 
m, =3mMy 
1 
R, = 6)3 R, 
( a) ws R ee 
dt m R R 


1 
(dT/dt), Ry _ (2) 
CdTidt), R, \3 


The correct option is (d). 


© Example 11 Two identical conducting rods are first connected independently to 
two vessels, one containing water at 100°C and the other containing ice at 0°C. In 
the second case, the rods are joined end to end and connected to the same vessels. 
Let q, and q, gram per second be the rate of melting of ice in the two cases 


respectively. The ratio ae is (JEE 2004) 
q2 
1 2 4 1 
a) — b) = c) — d) — 
(a) 5 (b) i (c) | (d) fl 
Solution © dQ _ L ( a Temperature difference -L (=) 
dt dt Thermal resistance dt 
dm 1 1 
or « - qx 
dt Thermal resistance R 


. , . Pe eee 
In the first case rods are in parallel and thermal resistance is o while in second case rods are 


in series and thermal resistance is 2R. 
q 2k 4 


Qo R/I2 1 


Miscellaneous Examples 


© Example 12.) Two metal cubes with 3 cm-edges of copper 
and aluminium are arranged as shown in figure. Find 
(a) the total thermal current from one reservoir to the other 
(6) the ratio of the thermal current carried by the copper cube to 
that carried by the aluminium cube. Thermal conductivity of 
copper is 401 W/m-K and that of aluminium is 237 W/m-K. 


100°C 


Solution (a) Thermal resistance of aluminium cube, R, = — 
2 
je R= (3.0 x 10 : 
(237) (8.0 x 10~) 
=0.14 K/W 
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and thermal resistance of copper cube, R, = a 
(3.0 x 10°”) 
(401) (8.0 x 10°)” 
As these two resistance are in parallel, their equivalent resistance will be 

_ RR 
R+R, 
_ (0.14) 0.08) 
(0.14) + 0.08) 
=0.05 K/W 
Temperature difference 


or R,= =0.08 K/W 


Thermal current, H = 


Thermal resistance 


ge MNO= 29) 24 S168 W Ans. 
0.05 
(b) In parallel thermal current distributes in the inverse ratio of resistance. Hence, 
Hoe at Fi 0 1.75 Ans. 


Hy Ra PR, 0.08 


© Example 13 One end of a copper rod of length 1 m and area of cross-section 
4.0x107* m? is maintained at 100°C. At the other end of the rod ice is kept at 
0°C. Neglecting the loss of heat from the surroundings, find the mass of ice melted 
in 1h. Given, Kc, = 401 W/m-K and L = 3.35 x 10° J/kg. 


Solution Thermal resistance of the rod, 
100°C orc 


—__ 
L 1.0 
KA (401) (4x10) 


=6.23 K/W 


T ture diff 
Heats = emperature difference 


Thermal resistance 
_ (100-0) jew 
6.23 


Q=Ht E #-2) 


= (16) (8600) = 57600 J 


Heat transferred in 1 h, 


Now, let m mass of ice melts in 1 h, then 


@=mL) 


or =172¢ Ans. 
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© Example 14 Two bodies A and B have thermal emissivities of 0.01 and 0.81 
respectively. The outer surface areas of the two bodies are same. The two bodies 
emit total radiant power at the same rate. The wavelength i p corresponding to 
maximum spectral radiancy from B is shifted from the wavelength corresponding 
to maximum spectral radiancy in the radiation from A by 1.0 um. If the 
temperature of A is 5802 K, calculate (a) the temperature of B, (b) wavelength i p. 


Solution (a) P, = Pz 


e 240A Wii =p GA.y. 


v4 
Ts = [<4] i, (as A, = Ap) 
& 
Substituting the values, 
0.01)"" 
Tz = Gal (5802) = 1934 K Ans. 
0.81 
(b) According to Wien’s displacement law, 
Ma Ty = Ap Tp 
T 5802 
Ap =| 10,45 Xr, 
. (Za) - ta - 
or Ap aang, 
Also, Ap —- Aq =1pm 
or Ap - (5) Ap =1lum 
or Ap =1.5um Ans. 


© Example 15 5 g of water at 30°C and 5 g of ice at — 20°C are mixed together in a 
calorimeter. Find the final temperature of mixture. Water equivalent of 
calorimeter is negligible, specific heat of ice = 0.5 cal/g-°C and latent heat of ice 
= 80 cal/g. 


Solution In this case heat is given by water and taken by ice 
Heat available with water to cool from 30° C to 0° C 
=ms\0 =5 x1 x30 
=150 cal 
Heat required by 5 g ice to increase its temperature upto 0°C 
msA@ =5 x0.5 x 20 
= 50 cal 


Out of 150 cal heat available, 50 cal is used for increasing temperature of ice from — 20° C to 
0°C. The remaining heat 100 cal is used for melting the ice. 


If mass of ice melted is m g, then 
m x 80 = 100 
=> m=1.25g 
Thus, 1.25 g ice out of 5 g melts and mixture of ice and water is at 0°C. 
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© Example 16 A bullet of mass 10 g moving with a speed of 20 m/s hits an ice 
block of mass 990 g kept on a frictionless floor and gets stuck in it. How much ice 
will melt if 50% of the lost kinetic energy goes to ice? 
(Temperature of ice block = 0°C ). 
Solution Velocity of bullet + ice block, 
Ve (10 g) x (20 m/s) 
1000 g 


=0.2 m/s (BR =P) 
1s 1 2 
Foe en oy wear aay 


=; [0.01 x (20)? -1x .2)?] 


= ; [4-0.04]=1.98 J 


1.98 
4.2x2 


=0.24 cal 
(0.24 cal) 
(80 cal/ g) 


=0.008 g Ans. 


Heat received by ice block = cal 


Mass of ice melted = 


© Example 17 At 1 atmospheric pressure, 1.000 g of water having a volume of 
1.000 cm® becomes 1671 cm? of steam when boiled. The heat of vaporization of 
water at 1 atmosphere is 539 cal/g. What is the change in internal energy during 
the process? 
Solution Heat spent during vaporisation, 
Q=mL = 1.000 x 539 =589 cal 
Work done, W = P(V, - V,) 
= 1.013 x 10° x (1671 — 1.000) x 10° 
169.2 


= 169.2 J =—— cal 
4.18 
= 40.5 cal 
Change in internal energy, 
AU =589 cal — 40.5 cal 
= 498.5 cal Ans. 


© Example 18 At 1 atmospheric pressure, 1.000 g of water having a volume of 
1.000 cm® becomes 1.091 cm? of ice on freezing. The heat of fusion of water at 
1 atmosphere is 80.0 cal/g. What is the change in internal energy during the 
process? 
Solution Heat given out during freezing, 
Q=-mL =-1x80=-80 cal 
External work done W = PWiee — Vwater) 
= 1.013 x 10° x (1.091 — 1.000) x 10°° 
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=9.22x10° J 
_ 9.22 x10% ; 
4.18 

= 0.0022 cal 


al 


Change in internal energy, 
AU =Q-W =-80 -0.0022 
= - 80.0022 cal Ans. 


© Example 19 Two plates each of area A, thickness L, and L, thermal 
conductivities K, and K, respectively are joined to form a single plate of thickness 
(L, + L,). If the temperatures of the free surfaces are T, and T,. Calculate 


(a) rate of flow of heat 

(b) temperature of interface and 

(c) equivalent thermal conductivity. 

Solution (a) If the thermal resistance of the two plates are R, and R, respectively. Plates are 


in series. 
Ry =R, + R,= Ly : Ly 
AK, AK, 
as r-= 
KA 
and so = dQ = AT 
dt R 


_ =t) _ AG =Ty) 
(+R) [Li , Le 
Ky Ky 


Ans. 


(b) If J is the common temperature of interface, then as in series rate of flow of heat remains 
same, l.e. H = H, (= H) 


R,+Rk, 8 
ie. T= fei 
(R, + Ry) 
E x “e “| re 
or = 2 z [as R= a 
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(c) If Kis the equivalent conductivity of composite slab, i.e. slab of thickness L, + L. and 
cross-sectional area A, then as in series 


Ry =R,+ Ry or Oe) +R, 


eq 


i.e. toe as [as R=) 
A(R, +R) [Ly , Ly 
Kk, Ky 


Example 20 One end of a rod of length 20 cm is inserted in a furnace at 800 K. 
The sides of the rod are covered with an insulating material and the other end 
emits radiation like a black body. The temperature of this end is 750 K in the 
steady state. The temperature of the surrounding air is 300 K. Assuming radiation 
to be the only important mode of energy transfer between the surroundings and the 
open end of the rod, find the thermal conductivity of the rod. Stefan constant 

6 =6.0x 10° W/m?-K"*. Take emissivity of the open end e=1 

Solution Heat flowing through the rod per second in steady state, 


Furnace 
800 K 


..-(i) 

Heat radiated from the open end of the rod per second in steady state, 

dQ 4 4 - 

—=Ao (I -T, 2h 

ai ( 0) (ui) 
From Kgs. (i) and (ii), 

Ke8 - or -T#) 
oe =6.0 x 10° [(7.5)* — @)*] x 108 

or K = 74 W/m-K Ans. 


Example 21 Three rods of material x and three rods of material y are connected 

as shown in figure. All the rods are of identical length and cross-sectional area. If 

the end A is maintained at 60°C and the junction E at 10°C, calculate temperature 
of junctions B, C and D. The thermal conductivity of x is 0.92 cal/cm-s°C and that 
of y is 0.46 cal/cm-s°C. 
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Solution Thermal resistance, R= Zs 
KA 
K 
ic eee (as 1, =1, and A, = A,) 
R, K, ° 
_ 0.46 
0.92 
am 
2 


So, if R, = Rthen R, =2R 
CEDB forms a balanced Wheatstone bridge, i.e. J, = Tp and no heat flows through CD. 
A ce gt 2 
Ray R+R 2R+2R 


4 
or fon = 5? 


The total resistance between A and E will be 
Rap = Rap + Rog =2R4+ sR=5R 
.. Heat current between A and EF is 
H- (AT)4~ (0-10) _ 15 


Ry,  (103)R R 


Now, if T, is the temperature at B, 


(AT) 
A ap = R AB 
AB 
a 15 = 60 — Tp 
R 2R 
or Tp =380°C Ans. 
Further, 
Hap = Hpc + Agp 
15 380-T, 30-Tp 
= + 'T =T; es 
or R R oR [To D (say)] 
or 15 = (80 - T)4 ae 
Solving this, we get T =20°C 
or To = Tp = 20°C Ans. 


© Example 22 A hollow sphere of glass whose external and internal radii are 

11 cm and 9 cm respectively is completely filled with ice at 0°C and placed in a 
bath of boiling water. How long will it take for the ice to melt completely? Given 
that density of ice =0.9 g/cm, latent heat of fusion of ice = 80 cal /g and thermal 
conductivity of glass = 0.002 cal/cm- s°C. 

Solution In steady state, rate of heat flow (result is taken from Example 4) 

He 4nKr,rAT 
yh 
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_ (4) (t) ©.002) (11) Q) (100 — 0) 
(11-9) 


Substituting the values, A 


or @Q = 124.4 cal/s 
dt 


This rate should be equal to, L vn 


(=) dQ/dt 124.4 1.555 gis 
dt L 80 
Total mass of ice, M =Pice (4m) 
= 0.9) 4) @) @)” 
=916¢ 
.. Time taken for the ice to melt completely 
a ace 589s Ans. 


t= _ 
(dm/dt) 1.555 


© Example 23 A point source of heat of power P is placed at the centre of a 
spherical shell of mean radius R. The material of the shell has thermal 
conductivity K. Calculate the thickness of the shell if temperature difference 
between the outer and inner surfaces of the shell in steady state is T. 


Solution Consider a concentric spherical shell of radius r and thickness dr as shown in 
figure. In steady state, the rate of heat flow (heat current) through this shell will be 


H= AT _ © d6) R= a 
- R dr ~ KA 
(k) (nr?) 


or H =- (4nKr?) we 
dr 


Here, negative sign is used because with increase in r, 0 decreases 


L\ Ale 


mdr 4nK 7% 

qr A Jo, 

_ 4nKr,7rz @; — 94) 
(2-7) 

In steady state, H =P, 1,7 ~ R’ and0, -0,=T 

_ 4nKR°T 

=P 


This equation gives, H 


.. Thickness of shell, ty— Nh, Ans. 
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© Example 24 A steam cylindrical pipe of radius 5 cm carries steam at 100°C. 
The pipe is covered by a jacket of insulating material 2 cm thick having a thermal 
conductivity 0.07 W/m-K. If the temperature at the outer wall of the pipe jacket is 
20°C, how much heat is lost through the jacket per metre length in an hour? 


a 


K = 0.07 W/m-K 


dr 


Solution Thermal resistance per metre length of an element at distance r of thickness dr is 


a (3) 
K nr) KA 


: rm =7cm 
Total resistance R= | : dR 
y=5cm 
1 -7.0x10?m dr 


7 OnK 35.0x107m p 
-se"() 
2nKk 5 


In (1.4) 


_ 1 
~ 2) 0.07) 


=0.765 K/W 
Temperature difference 


Heat current, H = - 
Thermal resistance 


_ (100 — 20) 

0.765 
Heat lost in one hour = Heat current x time 

= (104.6) (8600) J 

=3.76 x10° J Ans. 


= 104.6 W 


Exercises 


LEVEL 1 


Take c,,,. = 0.53 cal/g-°C, c = 1.0 cal/g-°C, (Lr) 


given in the question. 


= 80cal/g and (L,) water = 529 cal/g unless 


water water 


Assertion and Reason 


Directions: Choose the correct option. 

(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 
(b) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 

(d) If Assertion is false but the Reason is true. 


1. Assertion: Specific heat of any substance remains constant at all temperatures. 


Reason: It is given by s= A ae 


2. Assertion: When temperature of a body is increased, in radiant energy, number of low 
wavelength photons get increased. 


Reason: According to Wien’s displacement law A, « — 


3. Assertion: Warming a room by a heat blower is an example of forced convection. 
Reason: Natural convection takes place due to gravity. 

4. Assertion: A conducting rod is placed between boiling water and ice. If rod is broken into two 
equal parts and two parts are connected side by side, then rate of melting of ice will increase to four 
times. 

Reason: Thermal resistance will become four times. 


5. Assertion: A normal body can radiate energy more than a perfectly black body. 
Reason: A perfectly black body is always black in colour. 

6. Assertion: According to Newton’s law, good conductors of electricity are also good 
conductors of heat. 
Reason: Ata given temperature, e, « a, for any body. 

7. Assertion: Good conductors of electricity are also good conductors of heat due to large 
number of free electrons. 
Reason: It is easy to conduct heat from free electrons. 


8. Assertion: Emissivity of any body (e) is always less than its absorptive power (a). 
Reason: Both the quantities are dimensionless. 


9. Assertion: Heat is supplied at constant rate from one end of a conducting rod. In steady 
state, temperature of all points of the rod becomes uniform. 


Reason: In steady state, temperature of rod does not increase. 
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10. 


Assertion: A solid sphere and a hollow sphere of same material and same radius are kept at 
same temperatures in atmosphere. Rate of cooling of hollow sphere will be more. 


Reason: [fall other conditions are same, then rate of cooling is inversely proportional to the 
mass of body. 


Objective Questions 


1: 


For an enclosure maintained at 2000 K, the maximum radiation occurs at wavelength 1,,. If 
the temperature is raised to 3000 K, the peak will shift to 


2 3 
(a) 0.5 An (b) din (c) 3 dm (d) 2 am 


. A substance cools from 75°C to 70°C in T, minute, from 70°C to 65°C in T, minute and from 


65°C to 60°C in T; minute, then 
(a) T, =T, =T3 (b) T, <T, <T3 
() T>T,>T, @ B<1 2% 


. Two liquids are at temperatures 20°C and 40°C. When same mass of both of them is mixed, the 


temperature of the mixture is 32°C. What is the ratio of their specific heats? 
(a) 1/3 (b) 2/5 
(c) 3/2 (a) 2/3 


The specific heat of a metal at low temperatures varies according to S = aT”, where a is a 


constant and Tis absolute temperature. The heat energy needed to raise unit mass of the metal 
from temperature T=1K toT =2Kis 


(a) 3a (b) = () = (a) — 


. The intensity of radiation emitted by the sun has its maximum value at a wavelength of 


510 nm and that emitted by the North star has the maximum value at 350 nm. If these stars 
behave like black bodies, then the ratio of the surface temperatures of the sun and the north 
star is 

(a) 1.46 (b) 0.69 

(c) 1.21 (d) 0.83 


. Asolid material is supplied heat at a constant rate. The temperature of material is changing 


with heat input as shown in the figure. What does the slope of DE represent? 


I E 

oO 

2 

iy) 

fa (ej D 

3 B 

[A 

ky 

O Heat input — 
(a) Latent heat of liquid (b) Latent heat of vaporization 
(c) Heat capacity of vapour (d) Inverse of heat capacity of vapour 


. Two ends of rods of length Z and radius R of the same material are kept at the same 


temperature. Which of the following rods conducts the maximum heat? 
(a) L=50cm, R=1cm (b) L =100 cm, R=2 cm 
(c) L=25cm, R=0.5 cm (d) L=75cm, R=1.5 cm 


10. 


11. 
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. 1gofice at 0°C is mixed with 1 g of steam at 100°C. After thermal equilibrium is achieved, the 


temperature of the mixture is 
(a) 100°C (b) 55°C (c) 75°C (d) 0°C 


. Awall has two layers A and B each made of different materials. The layer A is 10 cm thick and 


Bis 20 cm thick. The thermal conductivity of A is thrice that of B. Under thermal equilibrium 
temperature difference across the wall is 35°C. The difference of temperature across the layer 
Ais 

(a) 30°C (b) 14°C (c) 8.75°C (d) 5°C 

A wall has two layers A and Beach made of different materials. Both the layers have the same 
thickness. The thermal conductivity of material Ais twice of B. Under thermal equilibrium the 
temperature difference across the layer Bis 36°C. The temperature difference across layer Ais 
(a) 6°C (b) 12°C (c) 18°C (d) 24°C 


The end of two rods of different materials with their thermal conductivities, area of 
cross-section and lengths all in the ratio 1 : 2 are maintained at the same temperature 
difference. If the rate of flow of heat in the first rod is 4 cal/s. Then, in the second rod rate of heat 
flow in cal/s will be 

(a) 1 (b) 2 (c) 8 (d) 16 


Subjective Questions 


1. 


2. 


A thin square steel plate 10 cm on a side is heated in a black smith’s forge to temperature of 
800° C. If the emissivity is 0.60, what is the total rate of radiation of energy? 

A lead bullet penetrates into a solid object and melts. Assuming that 50% of its kinetic energy 
was used to heat it, calculate the initial speed of the bullet. The initial temperature of the bullet 
is 27°C and its melting point is 327°C. Latent heat of fusion of lead = 2.5x 10‘ J/kg and 
specific heat capacity of lead = 125 J/kg-K. 


. Aballis dropped on a floor from a height of 2.0 m. After the collision it rises upto a height of 


1.5 m. Assume that 40% of the mechanical energy lost goes as thermal energy into the ball. 
Calculate the rise in the temperature of the ball in the collision. Specific heat of the ball is 
800 J/K. 


. Anuclear power plant generates 500 MW of waste heat that must be carried away by water 


pumped from a lake. If the water temperature is to rise by 10°C, what is the required flow rate 
in kg/s? 


. The emissivity of tungsten is 0.4. A tungsten sphere with a radius of 4.0 cm is suspended 


within a large evacuated enclosure whose walls are at 300 K. What power input is required to 
maintain the sphere at a temperature of 3000 K if heat conduction along supports is neglected? 
Take, o = 5.67 x 10°° Wm?-K*. 


. A pot with a steel bottom 1.2 cm thick rests on a hot stove. The area of the bottom of the pot is 


0.150 m”. The water inside the pot is at 100°C and 0.440 kg are evaporated every 5.0 minute. 
Find the temperature of the lower surface of the pot, which is in contact with the stove. Take 
L, = 2.256 x 10° J/kg and h,,.) = 50.2 W/m-K 


. Acarpenter builds an outer house wall with a layer of wood 2.0 cm thick on the outside and a 


layer of an insulation 3.5 cm thick as the inside wall surface. The wood has K = 0.08 W/m-K 
and the insulation has K = 0.01 W/m-K. The interior surface temperature is 19°C and the 
exterior surface temperature is — 10°C. 

(a) What is the temperature at the plane where the wood meets the insulation? 

(b) What is the rate of heat flow per square metre through this wall? 
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8. Aclosely thermally insulated vessel contains 100 g of water at 0°C. If the air from this vessel is 
rapidly pumped out, intensive evaporation will produce cooling and as a result of this, water 
freeze. How much ice will be formed by this method? If latent heat of fusion is 80 cal/g and of 
evaporation 560 cal/g. 

[ Hint If m gram ice is formed, mL; = (100— m) L, ] 


9. In a container of negligible mass 140 g of ice initially at -15° Cis added to 200 g of water that 
has a temperature of 40°C. If no heat is lost to the surroundings, what is the final temperature 
of the system and masses of water and ice in mixture? 


10. A certain amount of ice is supplied heat at a constant rate for 7 minutes. For the first one 
minute the temperature rises uniformly with time. Then, it remains constant for the next 
4 minutes and again the temperature rises at uniform rate for the last two minutes. Calculate 
the final temperature at the end of seven minutes. 
(Given, L of ice = 336 x 10° J/kg and specific heat of water = 4200 J/kg-K) 


11. Four identical rods AB,CD,CF and DE are joined as shown in figure. The length, 
cross-sectional area and thermal conductivity of each rod are 1, Aand K respectively. The ends 
A, EF and F are maintained at temperatures T,,T, and T; respectively. Assuming no loss of heat 
to the atmosphere. Find the temperature at B, the mid-point of CD. 


T3 Tp 
F E 


TulA 


12. The ends of a copper rod of length 1 m and area of cross-section 1 cm” are maintained at 0° C 
and 100°C. At the centre of the rod there is a source of heat of power 25 W. Calculate the 
temperature gradient in the two halves of the rod in steady state. Thermal conductivity of 
copper is 400 Wm ?K"!. 


13. A copper sphere is suspended in an evacuated chamber maintained at 300 K. The sphere is 
maintained at a constant temperature of 500 K by heating it electrically . A total of 210 W of 
electric power is needed to doit. When the surface of the copper sphere is completely blackened, 
700 W is needed to maintain the same temperature of the sphere. Calculate the emissivity of 
copper. 


LEVEL 2 


Single Correct Options 


1. Acylindrical rod with one end in a steam chamber and the other end in ice results in melting of 
0.1 g of ice per second. If the rod is replaced by another with half the length and double the 
radius of the first and if the thermal conductivity of material of second rod is 1/4 that of first, 
the rate at which ice melts in g/s will be 
(a) 0.4 (b) 0.05 
(c) 0.2 (d) 0.1 
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. Two sheets of thickness d and 3d, are touching each other. The temperature just outside the 
thinner sheet is J; and on the side of the thicker sheet is 7,;. The interface temperature is T). 
T,, T; and T; are in arithmetic progression. The ratio of thermal conductivity of thinner sheet to 
thicker sheet is 

(a) 1:3 (b) 3:1 

(c) 2:3 (d) 3:9 


. Along rod has one end at 0°C and other end at a high temperature. The coefficient of thermal 


conductivity varies with distance from the low temperature end as K = K,(1+ ax), where 
K,= 10° SI unit and a=1m"'. At what distance from the first end the temperature will be 


100°C ? The area of cross-section is 1 cm” and rate of heat conduction is 1 W. 


(a) 2.7m (b) 1.7m 
(c) 3m (d) 1.5m 


. Two rods are of same material and having same length and area. If heat AQ flows through 
them for 12 min when they are joined side by side. If now both the rods are joined in parallel, 
then the same amount of heat AQ will flow in 

(a) 24 min (b) 3 min 

(c) 12 min (d) 6 min 

. Three rods of identical cross-sectional area and made from the same metal A(7) 

form the sides of an isosceles triangle ABC right angled at Bas shown in 

the figure. The points A and Bare maintained at temperatures 7 and /2 T 


respectively in the steady state. Assuming that only heat conduction takes 
place, temperature of point C will be 


90° 
a a. B Cc 
ea ae (27) 
3T T 
See rr © Baap 


. Akettle with 2 litre water at 27°C is heated by operating coil heater of power 1 kW. The heat is 
lost to the atmosphere at constant rate 160 J/s, when its lid is open. In how much time will 
water heated to 77°C with the lid open? (specific heat of water = 4.2 kJ/° C-kg) 

(a) 8 min 20s (b) 6min2s 

(c) 14 min (d) 7 min 


. The temperature of the two outer surfaces of a composite slab consisting of two materials 
having coefficients of thermal conductivity K and 2K and thickness x and 4x respectively are 


T, and T,(T, > T,). The rate of heat transfer through the slab in steady state is a) f. 
x 
where, f is equal to 
~< 7 >< aa! > 
To| K 2K Ty; 
(a) 1 (b) 1/2 


(c) 2/3 (d) 1/3 
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More than One Correct Options 


1. A solid sphere and a hollow sphere of the same material and of equal radii are heated to the 
same temperature 
(a) both will emit equal amount of radiation per unit time in the beginning 
(b) both will absorb equal amount of radiation per second from the surroundings in the beginning 
(c) the initial rate of cooling will be the same for both the spheres 
(d) the two spheres will have equal temperatures at any instant 

2. Three identical conducting rods are connected as shown in figure. Given that 0, = 40°C, 
8, = 30°C and@, = 20°C. Choose the correct options. 

a 


d ce 


(a) temperature of junction bis 15°C 
(b) temperature of junction b is 30°C 
(c) heat will flow from cto b 

(d) heat will flow from 6 to d 


3. Two liquids of specific heat ratio 1 : 2 are at temperatures 20 and@ 
(a) if equal amounts of them are mixed, then temperature of mixture is 1.50 


(b) if equal amounts of them are mixed, then temperature of mixture is ; ) 


(c) for their equal amounts, the ratio of heat capacities is 1:1 
(d) for their equal amounts, the ratio of their heat capacities is 1 : 2 


4. Two conducting rods when connected between two points at constant but different 
temperatures separately, the rate of heat flow through them is q, and q» 
(a) When they are connected in series, the net rate of heat flow will be g, + qz 
N92 
+ A 
(c) When they are connected in parallel, the net rate of heat flow is gq, + qo 
192 
G+ I 


(b) When they are connected in series, the net rate of heat flow is 


(d) When they are connected in parallel, the net rate of heat flow is 


5. Choose the correct options. 
(a) Good absorbers of a particular wavelength are good emitters of same wavelength. This 
statement was given by Kirchhoff 
(b) At low temperature of a body the rate of cooling is directly proportional to temperature of the 
body. This statement was given by the Newton 
(c) Emissive power of a perfectly black body is 1 
(d) Absorptive power of a perfectly black body is 1 
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Match the Columns 


1. Match the following two columns. 


Column I Column II 
(a) Stefan’s constant (p) [L@] 
(b) Wien’s constant (q) [MI?T 307] 
(c) Emissive power (rv) [ MT?] 
(d) Thermal resistance | (s) None of these 


2. Heat is supplied to a substance in solid state at a constant rate. Its temperature varies with 
time as shown in figure. Match the following two columns. 


t (s) 


Column I Column II 


(a) Slope of line ab (p) de 

(b) Length of line bc (q) cd 

(c) Solid + liquid state | (r) directly proportional to mass 
(d) Only liquid state (s) None of these 


3. Six identical conducting rods are connected as shown in figure. In steady state temperature of 
point a is fixed at 100°C and temperature of e at — 80° C. Match the following two columns. 


Column I Column II 


(a) Temperature of b (p) 10°C q__? d 
(b) Temperature of c (q) 40°C 

(c) Temperature of f (vr) — 20°C 

(d) Temperature of d (s) None of these f 


4. Three liquids A,BandC having same specific heats have masses m, 2m and 3m. Their 
temperatures are, 0, 20 and 36 respectively. For temperature of mixture, match the following 
two columns. 


Column I Column II 
(a) When Aand Bare mixed (p) 56 
2 
(b) When A and C are mixed (q) 56 
3 
(c) When Band C are mixed (r) 19 
3 


(d) When A, Band C all are mixed | (s) 135 
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5. Match the following two columns. 
Column I Column II 


(a) Specific heat (p) watt 

(b) Heat capacity (q) J/kg-°C 

(c) Heat current (r) J/s 

(d) Latent heat (s) None of these 


Subjective Questions 


1. Asa physicist, you put heat into a 500 g solid sample at the rate of 10.0 kJ/ min, while recording 
its temperature as a function of time. You plot your data and obtain the graph shown in figure. 


9 (°C) 
50 
40 
30 
20 
10 


-5 


(a) What is the latent heat of fusion for this solid? 
(b) What is the specific heat of solid state of the material? 


2. A hot body placed in air is cooled according to Newton’s law of cooling, the rate of decrease of 
temperature being k times the temperature difference from the surroundings. Starting from 
t = 0, find the time in which the body will lose half the maximum temperature it can lose. 


3. Three rods of copper, brass and steel are welded together to form a Y-shaped structure. The 
cross-sectional area of each rod is 4 cm”. The end of copper rod is maintained at 100°C and the 
ends of the brass and steel rods at 80°C and 60°C respectively. Assume that there is no loss of 
heat from the surfaces of the rods. The lengths of rods are : copper 46cm, brass 13 cm and steel 
12cm. 

(a) What is the temperature of the junction point? 
(b) What is the heat current in the copper rod? 
K (copper) = 0.92, K (steel) = 0.12 and K (brass) = 0.26 cal/cm-s °C 


4. Ice at 0°C is added to 200 g of water initially at 70°C in a vacuum flask. When 50 g of ice has 
been added and has all melted the temperature of the flask and contents is 40°C. When a 
further 80 g of ice has been added and has all melted the temperature of the whole becomes 
10°C. Find the latent heat of fusion of ice. 


5. A copper cube of mass 200 g slides down a rough inclined plane of inclination 37° at a constant 
speed. Assuming that the loss in mechanical energy goes into the copper block as thermal 
energy. Find the increase in temperature of the block as it slides down through 60cm. Specific 
heat capacity of copper is equal to 420 J/kg-K. (Take, g = 10 m/s”) 


6. Acylindrical block of length 0.4m and area of cross-section 0.04 m? is placed coaxially on a thin 
metal disc of mass 0.4 kg and of the same cross-section. The upper face of the cylinder is 


10. 


11. 


12. 


13. 


14. 
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maintained at a constant temperature of 400 K and the initial temperature of the disc is 300 K. 
If the thermal conductivity of the material of the cylinder is 10 watt/m-K and the specific heat 
of the material of the disc is 600 J/kg-K, how long will it take for the temperature of the disc to 
increase to 350 K? Assume for purpose of calculation the thermal conductivity of the disc to be 
very high and the system to be thermally insulated except for the upper face of the cylinder. 


. A metallic cylindrical vessel whose inner and outer radii are 7, and ry is filled with ice at 0°C. 


The mass of the ice in the cylinder is m. Circular portions of the cylinder is sealed with 
completely adiabatic walls. The vessel is kept in air. Temperature of the air is 50° C. How long 
will it take for the ice to melt completely. Thermal conductivity of the cylinder is K and its 
length is /. Latent heat of fusion is L. 


. An electric heater is placed inside a room of total wall area 137 m” to maintain the temperature 


inside at 20° C . The outside temperature is -10° C. The walls are made of three composite 
materials. The inner most layer is made of wood of thickness 2.5 cm the middle layer is of 
cement of thickness 1 cm and the exterior layer is of brick of thickness 2.5 cm. Find the power of 
electric heater assuming that there is no heat losses through the floor and ceiling . The thermal 
conductivities of wood, cement and brick are 0.125 W/m°-C, 1.5 W/m°-C and 1.0 W/m°-C 
respectively. 


. A 2m long wire of resistance 4Q and diameter 0.64 mm is coated with plastic insulation of 


thickness 0.66 mm. A current of 5 A flows through the wire. Find the temperature difference 
across the insulation in the steady state. Thermal conductivity of plastic is 
0.16 x 10° cal/s cm°-C. 


Two chunks of metal with heat capacities C, and C, are interconnected by a rod of length / and 
cross-sectional area A and fairly low conductivity K. The whole system is thermally insulated 
from the environment. At a moment t = 0, the temperature difference between two chunks of 
metal equals (AT). Assuming the heat capacity of the rod to be negligible, find the 
temperature difference between the chunks as a function of time . 


A rod of length 7 with thermally insulated lateral surface consists of material whose heat 
conductivity coefficient varies with temperature as k=a/T, where ais a constant. The 
ends of the rod are kept at temperatures 7, and T,. Find the function T(x), where x is the 
distance from the end whose temperature is 7}. 


One end of a uniform brass rod 20 cm long and 10 cm” cross-sectional area is kept at 100° C. The 
other end is in perfect thermal contact with another rod of identical cross-section and length 
10 cm. The free end of this rod is kept in melting ice and when the steady state has been reached, 
it is found that 360 g of ice melts per hour. Calculate the thermal conductivity of the rod, given 
that the thermal conductivity of brass is 0.25 cal/s cm° C and L = 80 cal/g. 


Heat flows radially outward through a spherical shell of outside radius R, and inner radius R,. 
The temperature of inner surface of shell is 0, and that of outer is 8,. At what radial distance 
from centre of shell the temperature is just half way between 0, and 6,? 


A layer of ice of thickness y is on the surface of a lake. The air is at a constant temperature 
— 06° Cand the ice water interface is at 0°C. Show that the rate at which the thickness increases 
is given by 

dy _ K® 

dt Lpy 
where, K is the thermal conductivity of the ice, L the latent heat of fusion andp is the density of 
the ice. 


Answers 


Introductory Exercise 22.1 
1. 7200 cal 2:2143°C 3. 80°C 4.12.96m/s 5. 12g 
6. O°C, m, =15g,m =10¢g 7: 52°C 


Introductory Exercise 22.2 
1. For heat flow to take place, there must be a temperature difference along the rod. 


3. KW 4. Conduction 5. 145.5°C, 118.2°C 6.4W 7. 9min 
Exercises 
LEVEL 1 
Assertion and Reason 
1.(d) 2.(a) 3.(b) 4 (c) 5. (c) 6.(d) 7.(a) 8 (d) 9 (d) 10. (a) 
Objective Questions 
1.(c) 2.(b) 3.(d) 4.(b) 5.(b) 6.(d) 7.(b) 8.(a) 9.(d) 10.(c) 
11.(c) 
Subjective Questions 
1. 900 W 2. 500 m/s 3.2.5x10°°C 4.1.2 x10*kg/s 5. 3.7x 10*W ~~ 6. 105°C 
7. (a) -8.1°C (b) 7.7 W/m? 8. 87.52 9. O°C, mass of ice is 54 g and that of water is 286 g 
10. 40°C 11. She es) 12. 424°C/m, 212°C/m 13. 0.3 
LEVEL 2 
Single Correct Option 
1.(c) 2.(a) 3.(b) 4.(b) 5.(c) 6.(a) 7.(d) 


More than One Correct Options 
1.(a,b) 2.(b,d) 3.(b,d) 4.(b,c) 5.(a,d) 
Match the Columns 
l.(a)os (b) > p (C)or (d)> s 2.(a)>s (b)>r (c)o>s (d)>q 
3. (avo q (b) > p (c)>p (d)> r 4.(avdoq (b) > p (C)o>s (d)or 
5.(a)y>oq (b)>s (C)> pyr (d)os 


Subjective Questions 
1. (a) 40 kJ/kg (b) 1.33 kJ/kg-?C = 2. In(2)/k 3. (a) 84°C (b) 1.28 cal/s 4:90 cal/g 
5.8.6x10°°C 6166s 7. t=mLIn(2/4)/100xKi 8. 17647W 9. 2.23°C 

KA(C, + Co) 

een 


2R,R, 


10. AT = (AT),e-™, where a = 
R,+ Ro 


x/1 
11. 7 = 7(2| 12. 0.222 cal/cm-s-°C 13. 
1 


Hints 
Solutions 


Wave Motion 


INTRODUCTORY EXERCISE 
2 
: 2 gi 
ar 
2 
and z . =0 
ox" 
2 2 
Since, <t # es (constant) 


Hence, the given equation does not represent a 
wave equation. 
Coefficient off _ c 


Coefficient ofx b 


. Speed of wave = 


. The converse is not true means if the function can 


be represented in the form y= f(x + vt), it does 
not necessarily express a travelling wave. As the 
essential condition for a travelling wave is that the 
vibrating particle must have finite displacement 
value for all x and ¢. 


. (a) A has the dimensions of y. 


x t 3 2 
— and = are dimensionless. 
a 


(i) x= coefficient of t 


coefficient of x 


t 
(c) ul and — are of same sign 
a iL 
(d) Ynox = A 


INTRODUCTORY EXERCISE 


. Comparing the given equation with 
y=sin (kx — @f) 

we find, 

(a) Amplitude 4 = 5 mm 

(b) Angular wave number & = 1 cm™ 


(c) Wavelength, A = = = 2m cm 


1 


(d) Frequency, v = a kc 
2n 20 
= Ee Hz 
T 
(e) Time period, T = = = S 
v 30 


(f) Wave velocity, v= vA =60 cms! 


2. (a)T =—,A= 
(00) 


» (a) Wave velocity = 


20 _ 2n 
k 
., oy : : 
(b) Find = and then substitute the given values of 
t 
x and t. 


(c) and (d) Procedure is same. 


INTRODUCTORY EXERCISE 


. (a) coefficient of x and t¢ are of same sign. 


314 2m (0) 
b 10m/s > 2 . 
a 31.4 k f 2n 


(C) Vinax = OA 


» (a) The velocity of the particle at x at time fis 


v= a = (3.0 cm) (-314 s“!) cos [(3.14 cm!) 


x-(314s1)¢] 
= (-9.4 ms )cos[(3.14em™!)x — (314 s!)¢] 
The maximum velocity of a particle will be 
v=94ms! 


(b) The acceleration of the particle at x at time ¢ is 
) 
a= a =-(9.4 ms ')(314 s') sin[(3.14cm™) 
ie 
x—(314 s')t] 
= — (2952 ms"')sin[(3.14 cm! )x -(314.s"')¢} 
The acceleration of the particle at x = 6.0 cm 
at time ¢= 0.11 sis 
a = —(2952 ms ~)sin[6n —11n]=0 
Coefficient of ¢ 


Coefficient of x 


_ 1/0.01 =e Mile 
1/0.05 


Since, coefficient of ¢ and coefficient of x are 
of same sign. Hence, wave is travelling in 
negative x-direction. 


or v=-—5m/s 
(b) Velocity of particle, 


) t 
Vp = » = 2008 ar 
ot 0.05 0.01 


Substituting x = 0.2 and ¢ = 0.3, we have 
Vp = 2c0s(34) = 2(—0.85) 
=-1.7m/s 


2m 
- (a) Ad = a. 
Av = 240 _ ¥ (49) 
21 2nf 
_ (350) (2/3) 
~ (2m) (500) 
= 0.116 m 
(b) Ao = () At 
= (2nf) (At) 
= (2m) (500) (10° 3) 
=T or 180° 


Ax 


INTRODUCTORY EXERCISE 


INTRODUCTORY EXERCISE 


. The tension in the string is F = mg = 10 N. The 
mass per unit length is 


uw =1.0gcm! =0.1 kgm’. The wave velocity is, 


10N _ 
0.1 kgm! 


therefore, v =./FU = 


time taken by the pulse in travelling through 50 cm 


is, therefore 0.05 s. 
T 


2 eS 


uu 
» [op =3.2 8,0 yp = 6.48 


and v= J— 


pS \p (nd?/A) 
4T 


= (T = mg) 


\ pnd? 


4x20 
Y (8920) (2) (2.4 x 10°37) 
= 22 m/s 


6. (a) y= fE= P 
u Vu 


10 ms. The 
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= oe =16.3au/s 
0.055 


(b) A = 2 = 5 =0.136m 


(c) From Eq. (i), we can see that v «< Vm. If mis 


sss) 


doubled, then v will become V2 times. Hence, 


from the relation A =—-- A will also become 
V2 times. As f remains unchanged. 
INTRODUCTORY EXERCISE 


P. 1.0 1 
=—;= 5=— Win? 
4ur An (ly 4 


. Suppose power of line source is P. Then, 


at distance r, surface area is 27rl. 


fs» 
S  2nrl 
or I[« Z 
7 
Further, I « A? 
1 
Ac 
vr 


: 1 
. Energy density, u= 5para’ 


Total energy = (u) (V) 
=50V) Onpyr a? 
= 2n? mf7A* 
= (2)(1)°(0.08)(120)7 (0.16 x 10°)? 
=581x10-7J 
= 0.58 mJ 


1 
» Power= 5pora’sy 


But, pS =u 
and v= a 
Wu 
: pSv= Jur 
Hence, Power = : (nf) A? Tu 
=2n7f? A?/Tu 


= (2) (t)° (60) (0.06)?,/80x 5 x 107? 


=512W 
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5. (a) As derived in above problem, power 


6. Pee pw A7Sv (i) 
=2n? f242/Te 9 
= (2) (n° (200) (10° 3)? ,/60 x (0.006) But, pS = 
T T 
= 0.47 W and a a 
Hu ps 
. 1 2) 2 
(b) Energy density, uv =—pw°A T 
2 pS=— or pSv=— 
Total energy = (u) (V) v 
_ ( pora*| (iS) Substituting in af we — 
7 P=—(2nfY are 
But, pS =u 2 v 
2 7242 
.. Total energy = E ul 2nfy A? = So 
2 v 
= 2n? f?Aiul _ (2) (wy? (100) ? (0.0005) (100) 
= (2) (n° (200) (10-7)? (0.006) (2.0) 100 
=9.4x107J=9.4 mJ = 0.049 J= 49 mJ 
Exercise 
LEVEL 1 Objective Questions 
Assertion and Reason 1s = = = =18 
T 

3. If both waves wt and kx are of opposite signs, then ) 
both are travelling in positive directions. 2. Adb= au Ax = kAx 

4. If f is doubled (which is source dependant), then A 

‘ s =(10n x 0.01) (10)=2 
A will automatically become half, so that speed 1 
remains same. Because speed is only medium 3. Att=0, Vinx =— atx =0 
dependant. 2 

5. Longitudinal or sound wave cannot travel in Att=258, Vix =~atx=2m 
vacuum. : . Ae 

7. Electromagnetic wave which can travel with or . In 2 8, Ymax has travelled 2 m in positive 
without medium. direction ‘ 

8. Just by observation we cannot say that 1, >[L, and yet 3 =+1m/s 
hence v, > vj. ; 

If their densities are different, then 1, may be less 4. Wave velocity and particle velocity are two 
than 1, also. different things. 

9. At mean position kinetic energy is maximum and 5. Ao 2n (Ax) = 2n (Ax) fs = | 
there is a maximum stretch in string. Because one r v f 
side particles are moving up and the other side _ 2m (25) (16-10) | = 
particles are moving down. Hence, potential 300 
energy is also maximum. o T 

dy 6. v=—= |— 
10. nvp=-v—, k Vu 
ox 7 sy 
egy -4 
Vp is negative and 2 (the slope) is also negative. ray (2) =Us 410") (+) 
Xx 
Hence, the velocity v should also be negative. =0.12N 


2n 2m _ 2nN 
T (tiN) ¢t 
(2m) (150) 
60 

= (57) rad/s 


12.32 OF 


Subjective Questions 
wes 
k 2/28 


= 28cm 
@ 212/0.036 
( = — = 
Os 20 20 
= 27.8 Hz 
(d) v= fA =778.4 cm/s 
= 7.8 m/s 


Since, wt and kx have opposite signs. Hence, wave 
is travelling in positive direction. 


2. (a) Putt=0,x =2cm 

2m ON 1 
k  (30n/240) 
Coefficient of ¢ 
Coefficient of x 
_ ol 

~ 1/240 

= 240 cm/s 


6cm 


(b) A = 


(c) Wave velocity = 


@ 30x 
d) f =— =— =15 Hz 
at 2m 20 
3. Att=0, yis maximum at x = 0. 
Att =2s, yis maximum at x = 1m. Hence, in 2s 
wave has travelled 2 m in positive x-direction 
1 
v=+—m/s 
2 
=+ 0.5 m/s 


4. Since, coefficient of ¢ and x are opposite signs, 
then wave is travelling along negative x-direction. 
Coefficient of ¢ 


Further, speed of wave = —————_ 
Coefficient of x 


2 
=—=2m/s 
1 
Amplitude = maximum value of y 
10 
=—=2m 
5 


5. Wave speed, v= : 


and maximum particle speed, 
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(Vp )max =@A 
From these two expressions, we can see that 


(vp erie = (KA) V 
m 


. Mass per unit length, wy = — 


l 
= a eS Ee 
uu m 0.06 
= 129.1 m/s 


v= a as mass per unit length = pS 
\ps 
0.98 
Nes 370-6 
9.8x10° x10 


=10m/s 


. Since, wave is travelling along positive 


x-direction. Hence, coefficient of ¢ and coefficient 
of x should have opposite signs. Further, 
_ Coefficient of ¢ 


ns Coefficient of x 
d= Coefficient of ¢ 
Coefficient of x 
Coefficient of t = 2 (coefficient of x) 
=2x1=2 Sl units 


_ 10 
- (x — 20) + 2 
x 
i —=2 
Qs cm 
=> X=4cm 
v 40 
=—=—=l10H 
aa 2 
20 20 5 
b) Ad = Ax = 2.5) = 
(b) Ag x (=): ) . 
(c) ot =0 
or (2m/t)=0 
ee tr /3 
2nf (2m) (10) 
1 
=—s 
60 


(d) At P, particle is at mean position. So, 
v =maximum velocity 
=A 
= 2nfA 
= (27)(10)(2) 
=(407) cm/s 
= 125.7 cm/s =1.26 m/s 
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10. 


11. 


e) ' 
Further, vp =—(v) (2) ..-(1) 
ox 
Sign of v,, the wave velocity is given positive. 
Sign of oo slope of y -x graph is also positive. 
x 


Hence, from Eq. (1) particle velocity is negative. 
Vp =— 1.26 m/s 
Coefficient of ¢ 
Coefficient of x 
_ (/0.01) _ rr 
(1/0.05) 
Since, coefficient of ¢ and coefficient of x are 


of same sign. Hence, wave is travelling in 
negative x-direction. 


(a) Wave velocity = 


or v=—5m/s 


: . oy 
(b) Particle velocity, vp = rr 


x t 
=2 cos + 
(= aa] 


Substituting x = 0.2 and 
t = 0.3, we have 
Vp = 2 cos 34 


= (2) (— 0.85) 
=-1.7m/s 
(a) ® = 2nf = 270 (=) =20 fa 
= (60 7) rad/s 
(ae aaa 
rn 04 


Since, wave is travelling along + ve 
x-direction, @t and Ax should have opposite 
sign. Further at t = 0, x = 0 the string has zero 
displacement and moving upward (in positive 
direction). Hence at x = 0, we should have 
A sin Mt not — A sin wt. Therefore, the correct 
expression is 

y=A sin (ot — kx) 
or y=0.05 sin (60m — Sax) 

(b) Putting x = 0.2 m and 
t= 0.15 sin above equation we have, 
y=—0.035 4m 
=—3.54 cm 


(c) In part (b), y= A/V2 
A 
From =—— to y=0, time taken is 
y 2 y 


i 2m 


_  2n 
(60m) (8) 
=42x10-%s 


=4.2ms 


put. 200% 
o 7/0.01 


= 20 ms 

2mm 
k 7/2 

= 4.0 cm 


12. (a). 


™ mm x t 
=| — —— — | cos x |} ———-- ——— 
( 0.01 s (se 0.01 3 


™ m x t 
=|-——|cost - 
( 10 ") fee 0.01 ) 


Put x = 1 cm and ¢ = 0.01 s in above equation 
We get, 


Vp =0 
(c) and (d) Putting the given values in the 
above equation, we get the answers. 


13. (a)k -= == = 0.157 rad/cm 


[eT ee 
f 8 
aM 2 ah = 50.3 rad/s 
T 0.215 


ye S320 cm/s 
k 
(b) Amplitude is 15 cm. 
Att=0,x =0, y=+ A. Hence, equation 
should be a cos equation. Further, wave is 
travelling in positive x-direction. Hence, wt 
and kx should have opposite signs. 


14. (a) T,=(m,_,)g=W(L-x)g 


where, [t = mass per unit length 


) y= 2 fe e——) 


dt 
’ I, dt =— [ove (L—x) dk 


Solving we get, 
L 
t=2./— 
g 


15. (a)T cos d® components are cancelled. 7 sin dO 
components provide the necessary centripetal 


force to P8. 


2T sin d® = mpg Ro 


For small angles sind@ = d® 
2T dO =[p (2R) do] Rw 


Solving the equation, we get 


[Eor=R0 
mw 


T i T 
ne 7 = 
- i kx — 


T -y2_ a& 
= os x — 
2M dt 


fjar=s sl dhe 


0 T Jo 
3L VT 
_ 2 {2ML 
3V T 
LEVEL 2 
Single Correct Option 
1 ye? 
k 
@ _ 600 
v 300 
=2nm! 


y= 0.04 sin (600 mt — 27x) 
Now, put f= 0.01 sand x = 0.75 m 
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@ = 2nf = (27) (100) 


= (200 7) rad/s 


@ 
je 


k 
b= 2-0 
v (i 
= 3 
= (200m) 3.5 x10 
35 


=2n m7! 


At zero displacement, 


k 

© 8m (2) 4 

=—=—— =|— |am 
y O48 (3 


y=A sin (@t — kx) 
=A sin (snr = xs] 


Put y=3cm,t=1s,x=0.47m 
showing we get A = 6 cm 


T T 
» v= = 
pS Vp (ad?/4) 
T 


YONG 


. Exod’ 
or E« f? 4? 
Eis same 
JA = constant 
or A« A 


f 
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6. The wave pulse is travelling along positive x-axis. 
Hence, at and bx should have opposite signs. 
Further, wave speed 

= Coefficient of ¢ 


~ Coefficient of x 
_ Coefficient of t 
7 1 

.. Coefficient of t=4s7! 


4 


More than One Correct Options 
_ Coefficient of ¢ 


4.¢ = 
Coefficient of x 
284 234 m/s 
2 
A ee he 
20 
3. y=A sin (1x + Tf) 
) 
vp = 2 =nA cos (tx + Tt) 
ot 
ay 
ap = aie sin (1x + Tr) 
t 


Now, substitute ¢ = 0 and given value of x. 
Since, ot and kx are of same sign, hence the wave 
is travelling in negative x-direction. 


4. Speed of wave 
_ Coefficient of tf 5b | 


Coefficient of x 1 

k  (2m/a) 
Coefficient of t 
Coefficient of x 


5. Speed of wave = 


_Vb_a 
“Va b 
2m 2m 
ik Onla 
2m 2m 
~ @ 2n/b- 


6. y-¢graph is sine graph. Therefore, v - ¢ graph is 
cos graph and a - tis — sine graph as 


dy 
Vp => and dp es 


Match the Columns 


1. Gi Wore peca= Coefficient of tb 


Coefficient of x c 
(b) Maximum particle speed = A = (b) (a) 


o b 
C — 
Os 2n 20 
(a= = 
2 p=” 
» Vp = a. (41) cm/s cos [mt + 27x ] 
2 
ap= “t = (— 4x) cm/s sin [nt + 2nx] 
t 
Now substitute the values of ¢ and x. 
3. For velocity, vp =— v a 
ox 


%) 
wv Slope of y-x graph. 
ox 


Sign of v is not given in the question. 
Hence, direction of vp cannot be determined. 
For particle acceleration, 

prea 
i.e. dp and yare away in opposite directions 
If y=0, then ap =0 


4. Energy density = Spar 


= Energy per unit volume 
Power = energy transfer per unit 
: 1 
Time = 5 pwd 2Sy 


Intensity = energy transfer per unit per unit area 
1 


242 
=—pw*A*y =— 
3P S 
Wave number = - 
oy ay 
6 ne ae 
Pat OO 


If wt and kx are of same sign, then wave travel in 
negative x -direction. 

If they are of opposite signs, then wave travels in 
positive direction. 


Subjective Questions 
d 
1. (a) vp =-v (2) 


As vp and (slope), are both positive, v must be 
negative. Hence, the wave is moving in 
negative x-axis. 


(b) y=A sin (@t — kx + 6) . (i) 
2n =| 
k=—=— om 
Xr 


A=4x10% m=04 cm 
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Mapetieed, spe Sees a 
dx 7 ( 10 100 
Vp =—v(slope) = + ve 21 
Further at ¢=0,x=0, y=+ ve 
y=A cos (=) (vt — x) 
o=4 : 
4 = 0.02 cos 100(0.1¢ — x) 
— ° 
Further, 20/3 =— v tan 60 = 0.02 cos (10t — 100x) m Ans. 
v=— 20 cm/s The distance between two successive maxima 
v 
a ja” zones Ans. 
100 
© = 2nf = 10K 4. (a) Dimensions of A and Y are same. 
y= (0.4 cm) sin [107 + * xp *) Ans. Similarly, dimensions of aand x are same. 
a Bae (b) As the wave is travelling towards positive 
(c) P=2n°A’ fo x-axis, there should be negative sign between 


Energy carried per cycle term of x and term of . 


P 122 Further, speed of wave 
paler sek ae _ Coefficient of t 
Coefficient of x 


Substituting the values, we have . ; 
Coefficient of t = (v) x coefficient of x 


E=16x10°J Ans. 
5. From the given figure, we can see that 
2. (a)v= Woe (a) Amplitude, 4 = 1.0 mm 
(b) Wavelength, A = 4 cm 
= “ Ww ber, k= = 1.57 em! = 1.6 em! 
12.5x10° x08 x10° (c) Wave number, a6 cm =1.6cm 
= 80 m/s Ans. (d) Frequency, f = oe 5 Hz 
(b) @ = 2nf = 2n(20) = 40m rad/s We 
2 _40" _& 6. v= ae or oe 
vy 80 2 pe vp 
v 
y= (1.0 cm) cos ons 7 Gaaa a Pa 
2 v2 VP1 
so ai a p:_() _(1)_1 
(c) Substituting x = 0.5 m and t = 0.05 s, we get 
1 Po al 2 4 
y=—z—cm Ans. a 
v2 7. y= ms 
(d) Particle velocity at time ¢. Veu 
Vp = a 48 
ot = —_—_—— = 20 m/s 
7 ue 4 Vy 12x 10~ 
=— (40m cm/s) sin | (407 s~)t — (5 m }s _— 
2 ee Ty _ 7.5 
Substituting x = 0.5 m and t = 0.05 s, we get . Veo 1.2107 
vp = 89 cm/s Ans. =25 m/s 
3. keg = 2k =1.0 N/m Pulses will meet when x4 =x, 
fe [her _10 < a _ - an — 0.02) 
2n Vm 20 = ere 


vetimifs 25007 and xy or x, =20x0.1=2m 
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a | % 42 T = m9 x 
8. (a) P= 5Para’sy or - [ar =o is dx 
1 [2P 2 
or A=— ...(i) age Tae? |~ £ 
@ \ pSv L 2 2 
Here, pS =p = in per unit length i a mo 2 2) 
6x10" OL 
2 v= = 
@ = 2nf = ~ Vu 
2 
_ 20 x 30 mao (2 — x?) 
0.2 _,{_2L 
Substituting these values in Eq. (i), we have \ miL 
_ 0.2 2x50x8 _ P-x2 
2n x 30 6 x 107 x 30 on ae 
= 0.0707 m es d& _® [p_2 
= 7.07 cm dt 2 
b) Px vo" t 2 pL 
(b) - | Hes V2 | dx 


or P« v(v) 


Gas 
o ed F = (2 Ph es 
When wave speed is doubled, then power will as r= ‘el Ae 
become eight times. 9 


9. -daT= (dm)xo” — (Fas) xo o Ans. 


Superposition of Waves 


INTRODUCTORY EXERCISE 
4, Jam (Vie +1 i 
Pi. Nighy 1 
2 (a) Arnax = A, + A, 
Anni A, = A, 


Tmax — | “max 
OS 


r. : 
3. Path difference of a is equivalent to a phase 


difference of *. 


V2 Ao* 
3A 
= V2 Ag 
Avet = 5A 
I« A? 
=> 1 = 2515 


INTRODUCTORY EXERCISE 
1. Itis either 0 or 7. 


2. (a) oe 
k &/3 
= 120 cm/s 
(b) Distance between adjacent nodes 
ee ee 
2 k~ (n/3) 
=3cm 


(c) vp = a = (— 200 7) sin tla sin 40m 
ot 3 
Now, substitute the given values of x and t. 


3. In this case, node points will also oscillate, but 
standing waves are formed. 


Pg ae 
k 0.4 
foo a”) oa ai 
2n 2 


v= fa =500 m/s 


INTRODUCTORY EXERCISE 


. Wall will be a node (displacement). Therefore, 


shortest distance from the wall at which air 
particles have maximum amplitude of vibration 
(displacement antinode) should be 4/4. 


Here, je 32 isn 


~ f 660 


.. Desired distance is 2 = 0.125 m. 


. 5f-2f =54 


3f =54 
f =18 Hz 
fevT 


p slperay 


- 220_ 2.2g 
260 \(22+M)g 


Solving we get, 


M = 0.873 kg 
@ fi 250_5 
tf, 300 6 
So, f; is Sth harmonic and /f, is 6th harmonic. 
v 2D:qf T / ph 
—_ 5 — — 
(b) fi =6) Ti F 
_ wf P _ (0.036) (250)° (1) 
(2.5) (2.sy 
=360N 
[ri] _ | Te] 
a, | “2s 
hog 
Lh 
INTRODUCTORY EXERCISE 


. At mean position, energy is in the form of kinetic 


energy. 


. (a) Assuming tension to be same 


LRHS 


4 
Vans = 2¥pys = 20 cm/s 


LRHs = 
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Vo t+ vy 


(b) 4, -(5 ui \4 


A, 20-10 1 


A, 20410 3 
A,_({ 24, )_ 2x20 4 
A, \vy+) 20410 5 


1 


3. Speed of wave in first medium is, 
Coefficient of t 
pg ee 


Coefficient of x 


a9 = 25 m/s 
2 
v, = 50 m/s 
A, =2x107m 


A, = [24 22 9104 
3 


vy + vy 
2 Bsa 
A, =|—2 Ja= $x 3m 
vy + Vo 3 


In second medium, speed becomes two times. 
Therefore, A also becomes two times. So, k 
remains one-half, value of @ will remain 
unchanged. Further, second medium is rarer 
medium (Vv, > v,). Hence, there is no change in 
phase angle anywhere. 


y,= : x 103 cos m (2.0x + 502) 


and y, = : x 10-3 cos m (x — 50P) 


Exercises 


LEVEL 1 


Assertion and Reason 
1. Atx=0, y=), + ») =A sin wrt A cos wt. So, it 
is neither a node nor an antinode. 


2. They are called stationary because net energy 
transfers from any section is zero, if amplitudes of 
constituent waves are zero. 


3. 4-( 2¥3 Ja 
Vy + Vy 


If v, > vz or 2 is rarer, then A, > A; 


N, Ay Np Ay Ng Ag Ny 


}+—— /- & —_, 
f= T, 
As nincreases, frequency increases. Hence, A 
decreases. 


6. Amplitudes may be different also. 


X=0 


ol> 
> al> 


: me 
Energy lying between 3 and a will be more. 


9. " |’ 
A A i 


Resultant amplitude is A. 
So, intensity will remain same. 


10. Phase difference may be different but it should 
remain constant with time. 


Objective Questions 


A=, (8) + (6) =10 mm 


3. (i) Two waves must travel in opposite directions. 


(ii) At x = 0, y= y, + J» should be zero at all 
times. 


6. fifi fal2:3 
A= or Ax 
f 


1 


1 
f 
er eee ee 
* 2.3 


8. All frequencies are integral multiples of 35 Hz. 


9. 3 (=) = 300 
21 


v = 200 / = (200) (1) 
= 200 m/s 


10. These are multiples of 30 Hz. Hence, fundamental 
frequency 
fo = 30 Hz 
v 
=; 
v=2 fol 
=2 x 30x 0.8 
= 48 m/s 


Now, 


11... +2 


20 


Jos 10) 


= 


2 2 
ps (2) = (8000 x 10°) (=) 


=7.2N 


Subjective Questions 
1. Ap =4V¥2cem 


= 5.66 cm 
4 Ar 
4 
Vv 
2. =4 
@ 4,-(2 “) 4 
vy + Vy 
[ (v,/2)—v, | 
vy, +v,/2 
Se 
3 
4-( ele 4 
Vv, + Vy 
Ree 
ly, + y4/2 
274 
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(b) Since, reflected waves come in the same 
medium, we can say that 


Px A? 
2 
Pe _( 4) _ ( 
RA, 
.. Fraction of power transmitted 
1 8 


=]——S = 


— A/3 
A 


oa 
9 


3. A= J (10)° + (20)? + 2(10) (20) cos 60° 


= 26.46 cm 
20 


602 
10 
_ 20 sin 60° 
9 10-4 20 cos 60° 
= 0.866 
o = 40.89° 
= 0.714 rad 
4. Find y, and y, at given values of x and ¢ and then 


tan 


simply add them to get net value of y. 
i 16 
ae ] 3 =) 
a (0.4 x 10~)/(10 ~) 
= d_ 21 0.4m 
voy 20 
=0.02s 
(b) At half the time pulse is at other end and it gets 


a phase difference of 7. Hence, the shape is as 
shown below. 


4 I 


<< 


= 20 m/s 


(a) For fixed end. 


By the superposition of these two pulses we 
will get the resultant. But only to the left of 
point O, where string is actually present. 


(b) For free end 
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10. 


11. 


Y= y+ W¥ = (6.0 cm) sin (7x) cos (0.677) 
A, = 6.0 cm sin (1x) ...(1) 
In parts (a), (b) and (c) substitute the given 
values of x and find the displacement 
amplitude at these locations. 
(d) At antinodes 


A, = maximum =+ 6.0 cm 
nm 3 St 
= 


2° 2.” 2 
or x = 0.5 cm, 1.5 cm, 2.5 cm 


. (a) Distance between successive antinodes 


NT T 


—=—= =2cm 
2 k= (m/2) 
(b) A... = 2A = (27) cm 
If x = Ois taken as node, we shall taken sin 
equation for A, 
Ay. = Ary = Sin kx 
= (2m cm) sin kx 


Put k =F and x= 0.5 


v= f 2 20 = 47.14 m/s 
uu 9x10 


v_ 47.14 
A= 32x30 
= 0.786 Hz 
Next three frequencies are 2 /,, 3 f, and 4 /; 


@ fot 
T=4P fp 

Zz 5 > {1.2103 

= (4) (0.7) (220) [inst 


=163N 
(b) 4, =3f, =3 x 220 = 660 Hz 
Fundamental frequency, 


_ {(50)/(0.1 x 10" 3/10") 
2x 0.6 

= 58.93 Hz 
Let, mth harmonic is the highest frequency, then 

(58.93) n = 20000 
Si n= 339,38 
Hence, 339 is the highest frequency. 

Tmax = (339) (58.93) Hz = 19977 Hz 


12. Fundamental frequency = (490- 420) Hz 
So = 70 Hz 


v T/w 

But, =—=1_ 
‘i array 

te VT ip _ J(450)/0.005 
2h, 2x 70 
= 2.142 m 
13. A=~=05m 
f 


_ fy _ 400 
a tae 


(b) fr= 7 fy=700 Hz 


= 100 Hz 


15. Fundamental frequency « : 


* 
I 


ba 


fii hi h= i 
3 


ae 
_ 


= (=) (90 cm)= 60 cm 
186 


17. @ 4 =15 cm 


Xr =30cm 


k= -(2) cm! 
rn 15 


21 2m _4 
= = s 


T 0.075 
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Since, x = 0 is a node we will write sin T= i =0.126s 
equation. : 
A. = Arnax Sin kx ..-(i) v= fA=1470 cm/s 
= A. sin wt 
we on/0 075) " I = 
eis = GEIS) = (50) (5.60) 
= 280 cm/s 
= 400 cm/s = 4 m/s F dh ill b 8... 
(jx=0 (f) Frequency and hence @ will become 3 times. 
x=0 x a! = 50x =133 rad/s 
k= ku or kx@ 
x Vv 
1 8 
+<—_—__—___________—-» Hence, & will become — times. 
15cm 3 
x=7.5-3=4.5cm v= (=) (0.034) = 0.0907 rad/cm 
; 3 
From Eq. (i), 


r 
A, = (0.85 cm) sin & 45) 20. (a) 7 Tord =21=1.6m 


v= fh =60x1.6 =96 m/s 


= 0.688 cm T 
48 = 
18. (a) f=—=— (b) ve 
MAH G al 
= 16 He rau ? = (S02) (a6 
A,= we 3m , 
fi =461N 
(b) Second overtone means /;. (c) Vmax =O Amax 
fy =3f, and hence 13; = a = 2mf) Amax 
3 = (2) (60) (0.003) 
(c) Forth harmonic means fj. = 1.13 m/s 
ae 
h=4h; and iy =" Anax =O" Aras 
: = (2mf)" Amex 
———— a ea 
= 426.4 m/s” 
aed 21. (a)y=y,+ 45 
=. ae = 0.2 sin (x — 3.0f) + 0.2 sin (x = 3.064 *) 
= -1 
(c) & = 0.034 cm = A sin (x — 3.0f + 8) 
n= =184.7 em A2 
3r 
l= a 277 cm A 0.2 
(d) X= 184.7 cm 
go" 2 hese ui Ay 
2n 20 0.2 
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A= (0.2) + (0.27 


and 8 =” 
4 


Here, 


y= 0.28 sin [« ~ 3.0t + *) Ans. 


(b) Since, the amplitude of the resulting wave is 
0.32 mand A = 0.2 m, we have 


0.32 = (0.2)? + (0.2)? + (2) (0.2) (0.2) cos 6 


Solving this, we get 


gd =+ 1.29 rad Ans. 


4{(100/4 x 10°) 


2x2 
= 12.5 Hz 


Vv 
=3 | —|=3 fa= 375 Hz 
fh (=) fi 


(1) @ = 20f 
QO, = 2Mfa =25n 
@, = 20f, = 75% 


ii 100 
eS —= cae 
Vn ¥4x10 


23. (a) /=A,/4 
A, =4/=16m ,/=3,/4 


400 
(0.16/4) 
v _ 100 
Now, f, =~ =—— = 6.25 Hz 
f aA, 16 
Similarly, f, and f.. 


= 100 m/s 


25. 


26. 


27. 


hy 
2 
n (0.54) _ 1 
2 
l ‘ 
or 1 = —— nel 
"0.27 . 
Similarly, veeNs =/ 
(a+ D048) _, 
2 
or (n+ l)= ae (ii) 
0.24 ~ 
From Egs. (i) and (ii) we have, 
no 8 
n+1 9 
(b) From Eq. (i), 
1= (0.27) n 
= 0.27 x 8 
=2.16m 
(c) x =/ (Fundamental) 
A =21=4.32m 


From fixed end there will be a phase change of 7. 
Further, wave will start travelling in opposite 
direction. Hence, wf and kx both will now become 
position. From free end there is no change in 


phase. 
d, 4+4 

i) = =—— =85 
v 1 


After one reflection from fixed boundary wave is 
inverted. 

dy _ 4+10+16_ 
v 1 

After two times reflection from fixed boundaries 
wave pulse will again become upright. 


20s 


h= 


Let us plot att =3s 


AY (cm) 


X (cm) 
456789 


Net YEyty 


X (cm) 


456789 


Similarly, we can draw at other times. 


LEVEL 2 
Single Correct option 
1.0 ff & VT 
Mis 1 
fh VQ 


3_ [7 +25 
2 r 
Solving, we get T =2N 


2 fete Aes 
, 2 ol i 
VT/p (d?/4) 


or f « — 


3 pa => ik 
l f 
Now, l=1,+1+1, 
kK k k ok 
hK fi h fh 
1 1 1 1 
fh fi h fh 


4. y+ ) =24 sin @t—Ay)= yy 


Now, y, and y; produce standing waves where, 
Amax = 2 (Amplitude of constituent wave) 


=2(2A) =4A 
5. Tension in the string will be given by 
T si ee [x 
n 
Now, fav 
Si v1 _yT/pA 
hr 7 V2 7 Y/p 
T 1 
= Ta 
v T/w 
8 A 


4 100/0.01 
er ee = 50 Hz 
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fp =2f, = 100 Hz 

A = 3 f, =150 Hz 

ny == = 25 Hz 
4l 

Ny = 3n, = 75 Hz 

nz = Sn, = 125 Hz 


— 


7. «x — 
l 
ey ee Pe 
fi Sa Js 
rn ey ee 
13 4 
12 
l= 14 
; (ao) ) 
= 72 cm 
4 
L= 114 
: [ass) } 
= 24 cm 
3 
= 4 
: [a 
= 18cm 
8. f«v/T 
6.15 W 


{12 \T \W-V, 


yo [we | p 
\ Vpg _ VP P—-Py 
Solving p= Pw 


f _[ Ww =| Vog 
f/3 \VW-V, \Vpg-Vpig 


oP “37? 


Relative density of liquid = Ee 
Ww 


a= =1.18 
27 
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Let us take antinode at x =0, then 43, £-°f_) 
fr 2f, 2 
2 
f= 5 fs 
ae x 480 
5 
= 192 Hz 
A, = Aj, COS kx : 14, I< #2 
T 
(2 mm) = (4 mm) cos (=) x I, = 0.64 I; 
, Ea A,,= 0.8 A; 
(=) go =0.8A 
3 3 Reflected from a denser medium. Hence, a phase 
or x=0.5m change of x will occur. Reflected wave will travel 
The asked distance is 2x or 1.0 m. in opposite direction. Hence, wt and Ax will have 
10. f=3Hz positive signs. 
@ = 2nf = (6m) rad/s 15. (] -(+) 
6 2), \2U/4 
ka =O - 2m) rad/m 
vy 3 _[¥T/pS ) _ ( “| 
yv=A sin (kx -@f) a 21 21) 4 
=A sin (21x — 677f) 
4T 4T 
Putting y=ta or nN V 1 Va Vl Bt ..- (i) 
2Id 2Id 
and x = 3, we get 
(Qn) 3)—-6nt=—= Given, T,= 2T,, lz = 21, 
2 dy =2d, 
ae and Pp =2Py 
2 sind : 
1 Putting in Eq. (i), we get 
t= D Ss N= 4 
11. Ao, =/2 7 = 4 means 4th harmonic or 3rd overtone. 
on More than One Correct Options 
ao. = (=) (Ax) de fed? 
T. 
-(=) (1.54) Pes a 
Xr fi qT 
=3n ; A, +15 _ {1.217, 
AO net = Ao = Ao, = al fi 4 
2 =1.1 
12. Fundamental frequency, Solving we get f,= 150 Hz 
Jo = 450 — 400 pear 
= 50 Hz 
Vv T/ 2 2 = ae) 
ho = — Vy T, 
21 21 
ie VT/u _ {490/01 ee es -( 1.21 4) i 
2f) 2x50 qT 


=0.7m =11y, 
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Hence, increase in v is 10% 


Deng 
2 
A= 21 


Fundamental wavelength = 2A is unchanged. 


4. a= ae 4 


Vv) + Vo 


If v. >, A, > A; 


k 
_ An 
ke 
6. Two identical waves should travel in opposite 


directions. 
7. y=y, + ¥) =(24 cos kx) sin Or 
= A, sin ot 
Here, A, = 2A cos kx 
At x = 0, A, is maximum or 2A. 


So, it is an antinode. Next antinode will occur at 


x=—,A...etc. 
2 
Tt 20 
or = — ae OR, 
kok 


Comprehension Based Questions 
1. Reflected and incident rays are in the same 
medium. Hence, 
I x A? 
I, has become 64% or 0.64 times of J; 
A, =0.8 A; =0.8A4 
2. y=y,+ y, 
=A sin (ax + bt+ 1/2) 
+ 0.8 A sin(ax — bt + 1/2) 


=|08 Asin (ax bt =) 


+ 0.8 Asin (ax — bt + *) 


: Tt 
+ 0.2A sin (ax + bt+ *) 


=— 1.6 sin ax sinbt + 0.24 cos (bt + ax) 
c=0.2 


. A, = -1.6 sin ax 


x 


x=0 isanode 


Second antinode is at a distance. 


XK 3A =(2) 
je ee 


4-2 4 4k 
But, k=a 
3m 
x =— 
2a 
Match the Columns 
1 
» Vo —— 
Ve 
My = 9M 
Hence, y= 
3 


So let v, = 3 units, then v, = lL unit 


(a) A, = [2 - “| A; 


1 
(c) I= ; pw" A’y 
p is not given, so we cannot find /,/T). 


(d) P= Sparasy 


But, Sp=u 
P= : wo A*uv 
or Pe A’uw (as @ > same) 


or —==3 
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(a) Second overtone mode = f; = 3 f, 
Fifth harmonic mode = f; = 5 f; 
So, the ratio is 3/5, 


f f 
As _ fs_5 
5 f 3 
2v. 
3. w4-[ 2 4 
Vv) + Vo 


Ifv, > vj, 1. 2 is rarer then A, > A,. 


4. A=2 Ay cos ® and 1 =4 Ip cos?’ 


5. Second overtone frequency means 
fy =3f, = 210 Hz 
: f, =70 Hz = fundamental frequency 
Third overtone frequency = f, = 4 f; 
Second harmonic frequency = f; = 2 f; 


Subjective Questions 
1. @yeHiry 
1 
vy = VF /4, sav is 
v3 =F /(,/4) =2/F/y, 
a ee 


t=4+h+6h=—+—-+4 
Vi Vn V3 


ane ae Ans 
2NF 


2. Let a; and a, be the amplitudes of incident and 


reflected waves. 


<«—a, 
Then, 
i+ a. : 
oe Eh = G (given) 
a; — a, 
Hence, Be S 
a, 7 
2 2 
Now, a ed (=) 
E, q; 7 
= 0.51 


or percentage of energy reflected is 


100 x as = 51%. 
E, 


i 


So, percentage of energy transmitted will be 
(100 — 51)% or 49%. Ans. 


. Amplitude at a distance x is A =a sin kx 


First node can be obtained at x = 0, 
and the second at x = 1/k 
At position x, mass of the element PQ is 
dm = (eS )dx 
Its amplitude is 4 =a sin kx 
Hence mechanical energy stored in this element is 


N N 
x=0 “ae x=f 


(energy of particle in SHM) dE= (an) *@ 
or dE = $0S4%0") dx 
= 5 Sao" sin? kx) dx 


Therefore, total energy stored between two 


adjacent nodes will be 
x=t/k 


E=| | aE 
Solving this, we get 
_ mSpwra 
4k 


Ans. 
or A= 2k=S =e 


x=0 xed 
ke 1/2 ——_—___> 


The amplitude at a distance x from x = 0is given by 
A=asin kx 


Total mechanical energy at x of length dx is 


dE = 5 (am) 0? 


= 5 dudx)(a sin kx)? nf) 
or dE =2n* 2 a sin? kx dx ... (i) 
ih 
Here eae u and k == 
, (47) 
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Substituting these values in Eq. (i) and integrating 
it from x = 0 to x = /, we get total energy of string. 
maT 
41 


E= 


. Tension, T = 80N 


Amplitude of incident wave, A; = 3.5 cm 
Mass per unit length of wire PQ is 


0.06 1 
m, =—— =— kg/m 
ag 80 
and mass per unit length of wire OR is 
0.2 1 
my = —— = —— kg/m 
2-956 128 
P Q R 
i =48m bb =2.56m 


Mass = 0.06 kg Mass = 0.2 kg 


(a) Speed of wave in wire PQ is 


vy =T/m, = ag 780 


and speed of wave in wire OR is 
vy =JT/m, 


oN 2 a5 iu 
128 


Time taken by the wave pulse to reach from 


P to Ris 
48, 256 (48 2.56) 
vy yA 8032 
=0.14s Ans. 


(b) The expressions for reflected and transmitted 
amplitudes (4, and 4,) in terms of v,, v, and 
A, are as follows : 

v2 71 


A, = A; 
Vo + Vy 
2v. 
and A,= 2 A, 
Vy + Vy 


Substituting the values, we get 
A.= & = Sas) =-1.5cm 


"| 32+ 80 


i.e. the amplitude of reflected wave will be 
1.5 cm. Negative sign of A, indicates that there 
will be a phase change of 7 in reflected wave. 


Similarly, A, = aaa 
32+ 80 


Jos =2.0cm 


Ans. 


i.e. the amplitude of transmitted wave will be 
2.0 cm. 


The expressions of A, and A, are derived as 
below. 


Derivation 
Suppose the incident wave of amplitude A, and 
angular frequency @ is travelling in positive 
x-direction with velocity v,, then we can write 

y, = A; sin O[t — x/V, ] ..- (i) 
In reflected as well as transmitted wave, @ will not 
change, therefore, we can write 


y, = A, sin @ [t+ x/v,] .. (ii) 
and y, = A, sin O [t — x/v, | .. (iit) 
Now as wave is continuous, so at the boundary 

(x = 0). 


Continuity of displacement requires 
yty=y, for x=0 
Substituting from Eqs. (i), (ii) and (iii) in the 
above, we get 
A, + A, = A, .. (iv) 
Also at the boundary, slope of wave will be 
continuous, i.e. 


OF Wr On [for x = 0] 
dx dx Ox 

which gives A, — A, = (=) A, ..(V) 
v2 


Solving Eqs. (iv) and (v) for A, and A,, we get the 
required equations, i.e. 


_ va Vi 2V7 


A, 


A, and A, = 
Va +V Vo + Vy 


A; 


. When 4 is a node Suppose n, and , are the 


complete loops formed on left and right side of 
point A. Then, 


(a) =m (3r] 
or nm | —}=m |= 
2L 2L 


12 3 
or n-(2) Hit 5p yp ae EE 


.. Possible frequencies are 


$t,2(21) 3... ete v= = 
2L 2L) 2L uu 
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1 |/7 1 /T 3 fT 
Or , , yawns OC, 
2L\Vu LYu 22 \ 2p 


When 4 is an antinode Suppose n, and n, are 
complete loops on left and right side of point A, 


Xr 
ny Ly ae =L 
y(n 1 
or f= Ele oa 
Xr 
ie Ay =7 
2 4 
1 
Substituting f, = f,, 
2n,+1 1 
we get, = 
2n,+1 3 
For n=l, n=4 
n=2, m=7 
n, =3, m=10, ete. 


Therefore, the possible frequencies are 


“(5 *| vy (3 | a *| 
+ : ate ; + Pee oF 
L\2 4 L\2 4 L\2 4 


3 jf S jf 7 JT 
or > > gees CLC. 
42 Vu 4Z2 Vu 42 Vu 


In the next higher mode, there will be total 6 loops 
and the desired frequency is 


(5) (100) = 300 Hz Ans. 


k= = 


o 
Vv 


wla 


y, = 0.06 (mt — kx) = 0.06 sin G = . x 12 


= 0.06 sin (at — 470) 
Similarly, 


yy = 0.02 sin (mt — kx’) = 0.02 sin [7 2 . x : 


= 0.02 sin G - =) 


YENtyY 
= 0.06 sin mt cos 4m — 0.06 cos mt sin 47 


+ 0.02 sin mt cos — 0.02 cos mf sin = 


= 0.05 sin mt — 0.0173 cos mt Ans. 


9. Resultant amplitude 


10. 


Ans. 


or o =— tan! (3/4) Ans. 


Speed of longitudinal waves in the rod, 


11 
w= Laine 8000 m/s 
0 2500 


At the clamped position nodes will be formed. 
Between the clamps integer number of loops will 
be formed. Hence, 


ny * = 80 
2 
or mA = 160 ...(i) 
R P | Ss 


Between P and R, P is a fixed end and R is the free 
end. It means the number of loops between P and 


R will be odd multiple of * Then, 


Qm-lNd_, 
oe 
or (2n, - 1)A = 20 .. ii) 
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Also between Q and S, 
(2n; — 1)A = 60 .. (iii) 
From Eqs. (i) and (11), we get 
i IN Ly ...(iv) 
2n,-1 20 
and from Eqs. (1) and (iii). 
n 160 8 
ee des: .(v) 
2n,;-1 60 3 
For minimum frequency n,, n, and n; should be 
least from Eqs. (iv) and (v). 
We get, n, = 8, nm, =1, n, =2 
N= ae 20cm _— [from Eq. (ii)] 
2n, -1 
=0.2m 
v — 8000 
fin = 9 
= 40 kHz Ans. 
Next higher frequency corresponds to 
ny = 24, ny, =2 
and n= 5 
f =120 kHz Ans. 


11. (a) Distance between two nodes is A/2 or 1/k. The 


volume of string between two nodes is 


vats well) 


Energy density (energy per unit volume) of 
each wave will be 
uy = =pa°(s) = 32 pw 
it 
and Uy = 500 (6y" =18 pw 


Total mechanical energy between two 
consecutive nodes will be 
B=(uyt+uw)V 


T ) 
= 50—pw’S 
k p 


(b) y= n+ 
= 8 sin (wt — Ax) + 6 sin (wt + Ax) 
=2 sin (wt — kx) + {6 sin (ot + kx) 
+ 6 sin (wt + kx)} 
= 2 sin (wt — kx) + 12 cos Ax sin wt 
Thus, the resultant wave will be a sum of 
standing wave and a travelling wave. 


Energy crossing through a node per second 
= power or travelling wave 


P= 5P07(2)'Sy 


1 arrays) (2 
=P ays)(2) 


_ 2p°s 
k 


Sound Waves 


INTRODUCTORY EXERCISE 
1. Apyu.= BAK 


2. % 


min — 


— AP max _ 


AP max 


Ak  A(2m/2) 


— (AP max) 2 
271A 
(14) (0.35) 


~ (2m) (5.5 10-°) 


= 1.4 x10°N/m? 


vy _ 1450 
fom 20000 
= 0.0725 m = 7.2 
1450 
Xx = kd — 
ae Srnin 20 


5 cm 


72.5m 


3. (a) Displacement is zero when pressure is 


maximum. 
(b) APnax = BAk 


=(ev)A (°) = 2nfApv 


2 A = APinax 


2mfpv 
10 


~ (2m) (10°) (1.29) (340) 


= 3.63x10°°m 


4. In the above problem, we have found that 


A = DP max 
21fpv 
— (AP max 


po 


5 [=»=2 and anf =o) 


Now substituting the value, we have 


A= (12) (8.18) 


= 5 = 1.04 x10°° m 
(1.29) (2700) 
INTRODUCTORY EXERCISE 
1.vx VT 
Fr wh 

“= I2 oT, -(2) T, = (2)° (273) 

vy T, Vv) 
= 1092 K 
= 819°C 


2. is vovT 


= 330.17 m/s 
273 + 30 
V30°C = , as (332) 


= 349.77 m/s 
The difference in these two speeds is 
approximately 19.6 m/s. 


= (900) (250 x 8) 
= 3.610? N/m? 


4 — [VRE 
: “Vou 


_ [(7/5) (8.31) (273) 
(32 x 10° >) 


= 315 m/s 


INTRODUCTORY EXERCISE 


1. (a) AD, = BA 
= (pv) (A) (°] 
Vv 


= (2nfA pv) 
= (2m) (300) (6.0 x 10” 3) (1.2) (344) 
=4.67Pa 
v (Ap)nax 
(1-7) 
_ ArYinax 
2pv 
_ (4.679 
(2) (1.2) 344) 
= 0.0264 W/m? 
= 2.64 x 10°? W/m? 


(as B= pv’) 
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=i T For finest sound, 
(c) = 19810 [7 a 2x10” 
Sep iage (21) (500) (1.29) (345) 
= 10 logig | — = 143x107! m 
10 : 
= 104 dB 
I, INTRODUCTORY EXERCISE 
2. L,-L, =10 logio = 
2 1.0 Av=A/2=— 
Given, L,-L, =9 dB 2f 
Solving the equation, we get . f= _v __ 330 1375 Hz 
ier 2Ax _2(0.12) 
fh 2. (a) Ag = = (Ax) 
1 
eae a eC 
2 2 . On (f ) (2m) 
I, (% 300 
7 (2) ( | 100 _ (350) (1/3) 
= ae F ~ (500) (2m) 
Now, Ly ~ Ly =10 logy = = 0.1166 m =11.7cm 


2 


(b) Ad = (=) At = (2nf) At 


Substituting _ = 100 
= (2m) (500) (10° 3) 


2 


We get, L,—L,=20dB 


2 =n or 180° 
4. (a)] = “Pion ae 
(Ap)? INTRODUCTORY EXERCISE 
= ee 1. Length of the organ pipe is same in both the cases. 
For finest sound, Fundamental frequency of open pipe is f; = i 
_ 2x10" os and frequency of third harmonic of closed pipe 
21.29 x 345 will be 
= 4.49 x 10° ? W/m? fh=3 7) 
41 
L=10 logy (=| Given that, t= f, + 100 
9 or fy - f= 100 
4.49 x10" 3(v)\ (1\(v 
=101 —— or —|]—]-|—]/—]=100 
a 10°? ) AG (3)(5) 
=— 3.48 dB = 47 = 100 Hz 
Same formulae can be applied for loudest . 
sound. 2 a or f,=200Hz 
0) (OP = PAR Therefore, fundamental frequency of the open pipe 


= (pv?) (A) (2) is 200Hz. 
x 2. First harmonic of closed pipe = Third harmonic of 


= 2mfpv open pipe 


A = AP nas ~ “ssl* | eg Set 
2mfpv 41, 
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a 


3. f.=—=512Hz 
fe 41 


Vv 
=—=2f, =1024Hz 
f= pa 2h 


4. (a) f,=— 
(a) fi F 
_ Vv 345 
4f, 4x220 
= 0.392 m 


=0.47m 


3r 
(a) In second figure, / = re 


A_1_ 08 
4 3 3 
= 0.267 m 
Displacement antinode is at 
v= - = 0.267m 
4 
and x= ql =0.8m 
4 
(b) Pressure antinode is displacement node: 
In third figure, 
Pressure antinode or displacement node is at 
ny 
x=0,x=— 
2 
and x=A 
400 5 
6. (a) — == 
560 7 


Since, these are odd harmonics (5 and 7). 
Hence, pipe is closed. 
(c) Given frequencies are integer multiples of 


80 Hz. Hence, fundamental frequency is 80 Hz. 


“=e 

4] 
oy _ 344 
~ 320 320 
=1.075m 


INTRODUCTORY EXERCISE 


. Frequency of first will decrease by loading wax 


over it. Beat frequency is increasing. Hence, 


t> fi 
or th -f=4 
fi=fro-4 = 256-4 
= 252 Hz 


. By putting wax on first tuning fork, its frequency 


will decrease. 
Beat frequency is also decreasing. Hence, 


fi>h 
Es A-fh=3 
or ff, =34+ fp=it 384 
= 387 Hz 
INTRODUCTORY EXERCISE 


. Source is moving towards the observer 


rasl - }- 
vV— Ve 


f’ = 500 Hz 


f= i; - ) 
340 340 
A la en| (S| 


340 340 
and (4) (3) 


50 330 
330 — 33 


Tt ee 
fr 306 18 
. Using the formula, f” = it 7 “) 
Vv 
We get, ss=5(7* ‘s) ...(i) 
Vv 
and 6.0= s(* é “s) clit) 
Vv 
Here, v = speed of sound 


v,= speed of train A 
Vz = Speed of train B 


Solving Eqs. (1) and (ii), we get Lies) 
VA 


. Observer is stationary and source is moving. 


During approach, f, = f . ) 
vy 
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= 1000 ow = 1000 oat = 941.18 Hz 
320 — 20 320+ 20 
ener |% change in frequency| = (454) x 100 
During recede, f; = f id ) : 
vty, =12% 
Exercise 
LEVEL 1 10. Wavelength remains same. 
Assertion and Reason 
1. Closed pipe 
. v 3v 5v —_ 
Frequencies are, —,— , — 
41 41 4l eee 
Open pipe Frequencies are aa 
a ee <- w . 
anlar}? ar Objective Questions 


1. nd waves cannot travel in vacuum. 
They are never same. Sound waves a erapeveacuy 


v v 
2. f= s[ ue => f > f but f’ =constant. 3. fo= 21 ae Ee ~ Al 
vos é fees, 
3. Change in pressure is maximum at a point where yRT T 
displacement is zero. 4. v= jee os {E (y = 1.4 for both) 
5. L=10 logy ; To, _ In, 
; ° . . . : Mo, My, 
Increase in the value of L is not linear with J. y 
AL = L,-L, = 10 log - ® To, -( Fh 
7 AL=3dB if J,=2I/, = (3) e734 15) 
6. It is independent of pressure as long as 28 
temperature remains constant. = 329 K=56°C 


7. fy- fg =4 Hz 5. 
When A is loaded with wax /, will decrease. So, 
t,— fg will be less than 4 Hz till f, > fz. But 


tz — f4 May be greater than 4 Hz when /, 
becomes greater than /;. 


450 3 
8 505 
f : . _ Third overtone 
Successive harmonics are odd 3 and 5. Hence, it is 
a closed pipe. 6. f«<vandve VT 
9. f =——" __ ofan open pipe and 7. In air speed of sound is less, hence air is denser 
2(/+ 12r) medium. 
to —____ for a closed pipe. tle? 


4 (1+ 0.67r) a, Al, 
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9. fxve VT (T = tension) 
tafe = non( 4) 
10) { 5°) = 6.4 
10... |— 
Ss 


Both S and S’ are moving toward observer. Hence, 
fs=fy or f,=0 
10 v v 
11. =—= = 
Ip 3 fi~ hh 1 1.01 


Solving we get, v = 337 m/s 


12. ras 4 al id ross 
vty, vty 


13,28. = Hey 


If I, =I, = Ip, then 
Tp =4lo 
x 
14. gro eee 
4 =70cm =0.7m 
v= fh =500x0.7 
= 350 m/s 
15. —___ 
f= ieee = 
At 6=90°; f=f 
fs n=90 
16. Fundamental frequency, 
v 340 
= 85 Hz 
fo= 41 4x1 


Six frequencies can be produced below 1| kHz. 
Those six frequencies are, fo, 3 fo, 5 fo. 7./o, 9 fo 
and 11 fo. 


As 13 fo = 1105 Hz > 1000 Hz or 1 kHz. 
17. There is no relative motion between O and S’. 


O Ss 5m/s S' 
_—e ——_ 
5 m/s 5 m/s 
Sr= ty — ts 
355-5 
= f — fe =180- 180 
f~ Ss Geena 
=5Hz 


18. 124 RS us 
a) iy hs 

_ TAA 

=? 


19. By putting wax on A. Its frequency will decrease. 
But beat frequency between A and B is also 


decreasing. 

e ti > fe 

or Sa — fp =5 Hz .. (i) 
Tp = f4—5 = 345 Hz 

Now, te ~tc =4 Hz 


Jc is either 341 Hz or 349 Hz. 

If it is 341 Hz, then beat frequency with A will be 
9 Hz. 

If it is 349 Hz, then beat frequency will be 1 Hz. 

If wax is loaded on A, its frequency will decrease. 
To produce 6 beats/s with C it should become 
either 347 Hz (if f. = 341 Hz) or it should become 
343 Hz (if f. = 349 Hz). 

If it becomes 347 Hz, then only it produces 

2 beats/s with B, which is given in the question. 


2 = 341 Hz Ans. 
20. * = 122-40 = 82 cm 
Next resonance length = 122 cm + 82 cm 
= 204 cm 
PA: fer 
r = |- = ne = 1.0049 
100 
= (1.0049) (200) 
= 201 Hz 
fh=f — f =1Hz 
23. he clit 1m=100cm 
f 340 
Le = 25cm 
4 
Air column lengths required are, 
A 3h Shy 
4° 4° 4 


or 25cm, 75cm, 125 cm etc. 
Maximum we can take 75 cm. 
Minimum water length 


= 120-—75= 45 cm 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


Pressure node means displacement antinode 


7A — 405 cm 
4 
A =145¢m 
4 


a F sd! : ole and th from closed end or at a 
4.4 4 4 


distance of 15 cm, 45 cm, 75 cm and 105 cm. 


Number of moles <« Volume 
nN Mo, + nM, 


ny + My 
_ (1) G2)+ MQ) _17 
2 
yRT 
Now yo J] « — 
VM <a 
V2 \_, 
f=f Y | =constant. But Ger 
V—YVs, 
| us =constant, but f, < f 
V+, 
1 
fe- 


Both frequencies will becomes half. Hence, 
ty = fi- fo will also become half. 


f= 283 320 43 320 \_ 
320-4 320+ 4 
Closed pipe 


Fundamental frequency is 


fiz 20 80s 
4) 4x1 


Other frequencies are 
3f,:5/, ete. or 240 Hz, 400 Hz etc. 
Open pipe Fundamental frequency is 


feta ote 
7 2x16 


Other frequencies are 2 f, : 3 f, : 4 /; etc. or 200 Hz, 
300 Hz and 400 Hz etc. So, then resonate at 400 Hz. 


Resultant amplitude will become 4 time. 
Therefore, resultant intensity is 16 times 


i 
L, — L, =10 logy, + 
I, 


30. 


31. 


32. 


33. 


34. 
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or L, —10 =10 logy, (16) 
or L, = 22 dB 
pe Es 
k m/2 
j=5h=5m 
r ; 0.55m=55cm 


th 


The desired distance, d = +. = 13.75cm 


yoy 
pha s s 
_ 232 _ 332 isn 
0.49 0.5 
(fy da = fa — Su 
= 300 (0%) 300 = 30 Hz 
300 
(fy)e =a - Se 
= 00 200 ) 300 = 33.33 Hz 
300 — 30 
f= f(%) 
v 
Vo Sa, 
vf 
= vV— Vo 
pas (=) 
stedr 
v f 
From Eqs. (i) and (ii), we get 
= ae? 
f= 2 


Subjective Questions 
1. 


Speed of sound wave, 


9 
- [2-9 = 1414 m/s 
p 10 


Wavelength, A = ’; =5.84m 


za) 


(ii) 


Ans. 
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1.40 x 8.31 x 300 = 1321 m 
2x10" * 


4. L, =10 logy i) 
107 
= 10 logy io: =| = 60 dB 
Mi 
Ly =10 logy) | 
Io 
io? 
= 10 logy i =| = 30 dB 
L225 
m Vor“ oy 
5. ps p[Pate=) 
Vv Wy + Vs 
~ 309 | 340 = 5 = 20 
340-5 + 10 
= 274 Hz 
6. 
Ss 
e 
ae acer eal 
2d, = vt, 
d=“ - 332 x 3/2 
a 2 
= 249m 


Similarly, d= ” ml le : a 


=415m 
Total distance = d, + d, = 664 m 
Next echo he will hear after time, 


o-. 3 
(betes 


7 ye cap eee Ee 
: p 0.179 


where, p=hpg 
: v =972 m/s 


8. (a) renee 
p 


B=p (fay 
= (1300) (400 x 8)? 


=1.33x10!° N/m? 


eo 


2 
1) 1.5 
Y=p|-| = (6400 
o(:) ts) 


= 9.47 x 10! N/m? 


9. [r= F-2 |- (as T = F and w =pA) 
p 


p Mm 
FLY 
A 900 


10. Equal volume of different gases contains equal 


number of moles at STP. 
nx V 
nM + mM, 
tm 
_2Q+M28) 
2+1 


M= 


= 10.67 


T, M 
or v. : as 
T, 


“70. 67 


3 (1300) 


Solving we get, = 10° * W/m? 
P 

P=I (4nr’) 
= (10° *)(42) (40)? 
=201W 


Now, T= 


12. 


13. 


14. 


15. 


(a) L=10 logy (z) 
Ig 


I 
60=10 logo (a) 


Solving we get, 
1=10° W/m? 


P 
[=~ 
(b) r 
P =(1)(S) 
= (10°) (120 x 10° *) 
=12x1l0%w 


I 
(a) L,—L, = 10 en ( 2 
1 


I 
13=10 lo = 
on?) 


: I 
Solving we get, = = 20 
1 
(b) From the above equation we can see that we do 
not need L, and L, separately. 


(a) l= ao 
4nmr- 4m (20) 


=9.95x 10° * W/m? 


(b) I= ; pw Ay 


ae 
p 2mf) v 


_ | 2x995x10-* 
1.29 (20x 300) (330) 


=1.15x107°m 


vg 
L=10lo — 
S10 (+) 


60 = 10 logy, (1/10 '*) 
Solving, we get J = 10-° W/m? 


Now, using the result derived in above problem. 
= va § : 
p (2af) v 


2 2x10°° 

fa (2m x 800) (330) 
= 1.3610 8m 
=13.6nm 
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16. L=10 logy, (Z) 


0 


2 I 
10° = 10 logo (a) 


Solving we get, 
T= 1.59 x 10°? W/m? 
P 
I — 
4nr* 
P=(I) (4nr°) 
= (1.59 x 10°) (4m) (207 
=80W 
17. [= : pw A’y 


= 2pn? f?47y 


= 30.27 W/m? 
L =10 logyg (I/Ip) 
where, J) =107 2 W/m? 


Substituting the value we get, 
L =134.4 dB 


9 
48. @v= fF - [2.18 x 10 
p 1000 


= 1476 m/s 
jee eho 
f 3400 


1 942 
I=—pw° Av 
5 


one ae 
p 2mfyv 


7 2x 3x10 ° 
(1000) (2 x 3400) (1476) 
=9.44 x10 ''m 
0b) v= [B= [a.4) (10°) 
p (1.2) 
= 341.56 m/s 
a M156 _ 5 
f 3400 


A= |—— 
p Q2nfy v 


(as @=27m/) 
= (2) (1.29) (n)?(300)? (0.2 x 10-3)? (330) 
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-| 2x 3.0 x 107° k=2 =" 3.93 rad/s 
1.2 x (2m x 3400)? (341.56 . . 

“Gx ot ) Now, x = 0(the open end) is an antinode. Hence, 
=5.66x10°°m we can write the equation, 
y=A cos kx sin wt 


Anin _ 5-66X10°° 
(c) air _ — = 60 a _ 7 _ 
Avaer 944x107! 23. ri (84 —50) cm = 34cm 
L942 r 
p= aay Dearie ee 
p and vare less in air. So, for same intensity 4 X= 68cm or 0.68m 
should be large. y= fn = (512) (0.68) 
> j 
19, pV AP Yinox =F = 348.16 m/s 
2B p 
‘ 24. 2) |=|2 
B=pv 21, 4l, 
2 
— (AP) max OF VT /w _ Xo. 
2pv i, Al, 
(6x 10°) 2 
= Fr OOM aaa ‘ (24 
2x 1.29 x 330 ie T=wu rf 
2 
= 4.2 x 10°? W/m? ‘ 
; _ (4x 1073) (340 x 40 
L= 10 logy (<) 0.4 4 x 100 
0 
ae =11.56N 
4.2x 10 
= 10 log) 192 25. ——— 
4 (1+ 0.6 7) 
= 6.23 dB . v=4f (1+ 0.67) 
20. (a) Fundamental, #=". =? _ = 392.2 He = 4x 480 (0.16 + 0.6 x 0.025) 
First two overtones are 2 f; and 3 f;. v 
v " 344 ‘ eee ma, 
(b) Fundamental, f, = — =-————— = 191.1 Hz 
41 4 x 0.45 » fie 345 
First two overtones are 3 f, and 5 f,. 4f 4x220 
21. * as -15) cm = 0.392 m 


Vv Vv 
Lesten (0) 5 (=| =3 (=) 


v= fr= (500) (0.6) 


= 300 m/s is h= : =< (0.392) 
Lowest frequency when open from both ends is ai = 0.470 m 
v v v 
5 ae = 250 Hz meee (8 =a > ‘ = 
22. Fundamental frequency = 7 28. (a)A= - = a =1,13m 
330 (b) Ahead 
f= 3x08 r=s v | =200/ 340 ) 
f = 206.25 Hz v-y, 340 — 30 


@ = 2nf = 1297 rad/s = 329 Hz 


Behind 


r=s| - - 
vty, 


= 275.67 Hz 
ih Me 340 
f= 275.67 
=1.23m 


29. (a) Possible fundamental frequencies of retuned 
string is (440 + 15) Hz. 


00 340 
340 + 30 


(b) f< VT 

Ail [hi 

fh VB 

wh 

n-(4)r 

(i) T, = (15) 
440 
T, = 1.0068 T, 


% change = ne x 100 
1 


=+ 0.68% 
> 
7 438.5 \~ 
ul) T, =| ——]| T, =0.9932 T, 
ior=(85)'1, oomer 
% change = BAT y 100 
T, 
=— 0.68% 
30. (a) A=0.12 
Surface wave speed, v = 0.32 m/s 
, vy 032 
=— =—— =2.66H 
nr 0.12 
pets apg 
T 16 


Now, using f’= f : ) 


v-Vv, 


Here, v, = velocity of source or velocity of 
duck 


566 20605 | 
0.32 -v, 


Solving we get, v, = 0.245 m/s 
(b) Behind the duck 


r=s[ “ ) 
vty, 
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= 0.625 = 
0.32 + 0.245 


= 0.354 Hz 
ct = DOF ggg 
f’ 0.354 


31. (a) pas) 


= 262 340 + 18 
340 — 30 


= 302 Hz 


_ a eas 


= 228 Hz 
340 + 30 


32. 1m/s 


—— 1 m/s 
Ss 


y 
340 340 

4= 

f 340 — ; f (=z + | 

= <4 

1 1 
14 
as] f ( is) 
Applying Binomial, we get 
1 1 
4=fi1+ 1 
f ( a) f ( =u) 


f = 680 Hz 


Oc 
n 


or 4=f 1 


-L o 
170 


33. Beat frequency between P and O is ; or 3.5 Hz. 


On loading P with wax, its frequency will decrease 
and beat frequency is increasing. 


Q  5mis|5m/s_ Q’ 

> <_e 
“ fo > Sp 
or fo - Se =3.5 .-G) 
Given, fo - fo =5 


332+ 5 
or |S iS 
Jo (= = ;) fo 
Solving this equation, we get 
fo = 163.5 Hz 


Now, from Eq. (i) we have 
fo = 160 Hz 
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34. f,=fi-f 


sap | eso)? 
340 — v, 340 + v, 


vy - Vv, - 
=680/1-—*] -680}1+— 
340 340 


Using Binomial expansion, we have 


2= 680| 27] => v,=05m/s 
40 
35. aus cm or A =23 cm or 0.23 m 
fat 32? < 1440 me 
nr 0.23 
36. fa in 
f 220 
20 20 
Ad, = Ax,)= 0.75)=7 
1 (2) an-(22) a2 


Ad, = (=) (Ax,) = (#) @3)=4n 


Since, od = Ad,— Ad, = 3% 
They will interfere destructively. 


Tp =(Jf, -Vhy 


pe ua _ 12x i 
4m (4) (0.75) 
= 16.97 x 10° °W/m? 
_ B _18x107 
4ury = (4m) (3) 
=159 x 10°° W/m? 
Substituting in Eq. (1), we get 
Tp = 8.2 X10°° W/m? 
37. SOD-SD=K 
v _ 360 


A =—=—=Il1m 
f 360 


2 
247+ QP -x=h=l 


Solving this equation, we get 


where, 


2 


where, 


x=7.5m 
38. v= fA = (1000) (2 x 6.77 x 10-7) 


= 135.4 m/s= vEE 
M 


2( Mo 
y = (135.4) (=) 


39. 


40. 


41. 


42. 


_ (135.4)? (0.127) 

~ (831x400) 

=0.7 
Since, y ¢ 1 
So, we will have to substitute, 

M =2x0.127 

The y comes out to be 1.4 which is the y of a 
diatomic gas. 


x= (100 — 60) x 10°?m 


A =0.8m 
Now, v= fk = 440 x 0.8 
= 352 m/s 


When 7, is increased, f, will increase. So, it will 
become (600 + 6) = 606 Hz 


Now, f« JT 
mere -(2) 
le 600 
= 1.02 
1 
f a 


By decreasing the length, frequency of wire will 
increase. But beat frequency is decreasing. Hence, 
its original frequency was (256 — 4) Hz or 252 Hz. 
Now, we have to make it 256 Hz for no beats. 


pies: 


= 24.6 cm 
Al=1,-l1=0.4cm 
If observer is moving, then 


fef =) -s(it “) 


v v 


If source is moving, then 


f=s\|— ) 


v¥y, 


-1 
= f |1F *) = (12%) 


If vy.<<v 


Both expressions come out to be of similar type. 


a. ae v_\_ 999 {342 
and. [4] 0f 


= 261.53 Hz = 262 Hz 
v 340 


, = — 


 f 26153 


44. In front of locomotive, 


r=1(22] 


= 500 = = 548 Hz 
344 — 30 


Wee 06tu 
f 548 


Behind the locomotive, 


rs -) 
Ver Vy 


= 500 = = 460 Hz 
344 +30 


= ant = 0.748 cm 
f 460 


, 


, 


45. (a) The given frequencies are in the ratio 5: 7:9. As 
the frequencies are odd multiple of 85 Hz, the 
pipe must be closed at one end. 

(b) Now, the fundamental frequency is the lowest, 


i.e. 85 Hz. 
ga 
4] 
> L/= id — Ans. 
4 x 85 


46. Let the frequency of the first fork be /, and that of 
second be fs. 


We then have, 
Vv 
N32 
v 
Ls 
We also see that fi>h 
fi-fy=8 (i) 
and A = es ..-(11) 
i, 32 
Solving Eqs. (i) and (ii), we get 
ff, = 264 Hz 
and Jy = 256 Hz Ans. 
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LEVEL 2 
Single Correct Option 
1. sinO.= ant = 0.2357 
1400 
6, = 13.6° 
Since, i > 0,, therefore only reflection will take 
place. 
2. AP max = BAk ...(i) 
- 
v= [— 
p 
B=pv 
1-3 : 
2 
ees 
3 
_2n_ 2m _ 3m Y 
2/3 7 
3m Wea 
= =—m 
3.9m 13 


Substituting in Eq. (1), we have 
A= APmax. — APmax 


Bk opw’k 
(0.01 x 10°) 
1.3 x (200)? x (1/1.3) 
= 0.025 m= 2.5 cm 


3. A, = [2 ) 4, 
vyp+ Vv 


A, 2x100 _ 2 
A, 200+100 3 


4. fr=hi-h 
ee ee eee 1700 | 24° 
340 + v, 340 + v, 
-1 -1 
= 1700 1+ 22) ~1700 1+ 21) 
340 340 


Using Binomial therefore, we get 


10 =1700 (1 Y2 1700 (1 
340 


1700 
=(-¥9)( : ) 


340 
Be vy — Vv, =2 m/s 
5. Velocity of source after 1 s, 
v, =gt =10x1=10m/s 
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ie +(e) (=) 
Vs vty, 
= 150 300 + 2 150 300 — 2 
300 — 10 300 + 10 
=12 Hz 
(ae 
4 
io 
7 
pe 
x x=0 
20 _7u 
~ ALT "OL 
x=0 isanode 
A, =a sin k= asin (2) E =a 
: ZL} NT 
7. AXinax = 3m =A 
p= Y= = = 110 Hz. For frequencies less 
than 100 Hz, A will be more than 3m and no 
maximum will be obtained. 
= 20 m/s 1. 
8. 4. 
L. 
v + wcos 60° 
v+weos 60° — v, 
= 500 300 + 10 
300 + 10 — 20 
= 534 Hz 
20 m/s 10 m/s > 
9. —>> ——— > «—_S' 
: 10 m/s 
t= de = Ts 
= 500 340 + 20 500 340 + 20 
340 - 10 340+ 10 
= 31Hz 
0, 727 SOO anise 
2n 20 
@, 4047 
=—2= = 202 Hz 
fr 2m 20 
fp =h—-f, =2 Hz 


A,;=2 and 4,=1 
2 

max _{ 4+ 4.) _ 9 

Li A, — Ay 1 


p= EAE 45.33.0m 


(as f = constant) 


and voavT (T = temperature) 


Solving this equation we get, 
v=22 m/s 
nM, + nM, 
Hye hy 
_ (2) 32) + GB) (48) 
5 


fey 


13. M= 


= 41.6 


But, v= 


or ya — 


+ (ff) 


= (2) (200) = 175.4 Hz 
48 


14. fo 4(2=* 


v 


=10° (+) 
v 


Hence, f versus t graph is a straight line of slope 


(as v) = gf) 


104 
ss 
10" = slope= um 
v 3 
# v = 300 m/s 
15. v,=-v (2) wher v=tve 
ox 


0 : ee 
AtE, bch or slope is positive. 
ox 
Hence, v, is negative. 


oy : . 
AtD, oY or slope is zero. Hence, V, 1s Zero. 


More than One Correct Options 


1 f=n(=) (n=1,3, 5...) 
nv 330 
l= =n 
4 f 4x 264 
= (0.3125 n) m 


= (31.25 n) cm 
Now, keep on substituting n = 1, 3, etc. 


2. (a) Velocity of sound wave in air independent of 
pressure if 7 = constant 


aca YR ut + 273) 


vc (tf + me 
(c)v=yT/h 
vo vT 
or vo T 
v v 
d f= or — 
) fo 21 41 
1 
4. Let f, = fundamental frequency of closed pipe and 
J; = fundamental frequency of open pipe. 
Given, Sf=4h 
5 
or hh= q fi 


eae 
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(b) First overtone frequency of closed pipe = 3 f, 
and first overtone frequency of open pipe 


=2f=2(2f)}=25 f 


(c) Fifteenth harmonic of closed pipe = 15 f; 
Twelfth harmonic of open pipe 


=12f,=12(3 fi) =15 4 


(d) Tenth harmonic of closed pipe = 10 f; 
Eighth harmonic of open pipe 


5 
-8f,-8(2 4]=10f 
5 > v _ fYRT/M 
ba 4(1+0.6r) 4(1+0.6r) 


(d) v does not depend on pressure if temperature is 
kept constant. 


6. During approach, 
v 
v-y, 


> fy but f is constant. 
During receding. 


rales) 
V—Vs 


< fo but fis again constant. 


Comprehension Based Questions 


oO 8-v S$ 
_ Vv <0 
Plank Man 


From conservation of linear momentum, 
50 (8 — v) =150v 
v=2m/s 
8-v=6m/s 


330+2) 332 
fl ) 324 fo 


330-2 328 
fo (se 2 & fy 
3. f, > fo but f, =constant. 
Similarly, f, < fo but f,= constant 
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Match the Columns 


veovevif 
4(21) 81 4 
(b) Second overtone frequency 
=5f,=5(f/4)=1.25f 
(c) Third harmonic frequency = 3 f. 
=3(f/4)=0.75 f 
(d) First overtone frequency = 3 f. 


=3(f/4)=0.75f 


O 
Go Oo Go. 
2. ‘ 
a 


te = 


ve 
4 
@) fh= Sr Sr 
v v 
(| f == 
8 
ares 
4 
f= fe f= sR] f 
v—v/4 
2 
= 7 
(c) T and 7’ both are approaching towards O. 
r=tr or f,=0 


(d) Not 7 and 7’ both are receding from O3. 
Hence, again 
traf or f, =9 
3. Let /, = frequency of tuning fork and 
J; = frequency of streamed wire 
fi>hh 
h-hh 


(a) By loading wax on turning fork /, will 


Given, 


decrease. Hence, f,; — f; may be less than /, 
or f; —f, may be greater than f,. 

(b) If prongs are filed, f, will increase. Hence, 

fi=> tp 

(c) If tension in stretched wire is increased, /, will 
increase. Hence, /; — f may be less than /, 
or f) — f; may be greater than /,. 

(d) If tension in stretched wire is decreased, /, 
will decrease. Hence, 


fi-~h>h 


4.1<A4* or Aww 
Due to a point source, 
P 
is 3 (P = power of source) 
4ar 
1 1 
or Ix— and A«— 


r Ee 


Due to a line source 


2: 
Me hie, 


A= 


ke 

5A. 5 

/=—=-—(2 
r a 

=2.5m 


Distance of displacement node from the closed end 


Pressure node means displacement antinode. Its 
distance from closed end 


nr 3X 5x 
= or or 
4 4 4 


=0.5m,1.5m and2.5m 


Subjective Questions 


1. By definition sound level = 10 log - = 60 
0 


or J a1 
0 
=> I=10°? x 10° = 1 W/m? 
Power entering the room 
=1x10°x2=2uW 
Energy collected in a day = 2 x 10° x86400 
=0.173 J Ans. 


2. (a) Ata distance r from a point source of power P, 
the intensity of the sound is 


_ P _ 08 
4nr? (4) (1.5) 
or = =2.83x 10 W/m? (i) 


Further, the intensity of sound in terms of 
(Ap),,» P and v is given by 


pa Pin 
2pv 
From Egs. (i) and (ii), 
(AP) mn = 42 x 2.83 x 10° x 1.29 x 340 


.. (ii) 


= 4.98 N/m? Ans. 
(b) Pressure oscillation amplitude (Ap),, and 


m 


displacement oscillation amplitude A are 
related by the equation 


(AP) = BAk 
Substituting B=pv’, k= as 
v 

and oO= 2nf 
We get, (AP) n = 2nApvf 

— Pm _ 4.98 

2mpvf (27) (1.29) (340) (600) 
=3.0x10°m Ans. 


3. (a) Fundamental frequency when the pipe is open at 
both ends is 


v 340 
f= 21. 2x06 
= 283.33 Hz Ans. 


(b) Suppose the hole is uncovered at a length / 
from the mouthpiece, the fundamental 
frequency will be 


Vv 
ji 
_v _ 340 
~2f, 2x 330 
=0.515m 
=51.5cm Ans. 


Note Opening holes in the side effectively shortens the 
length of the resonance column, thus increasing 
the frequency. 


4. 2JH?+d7/4-d=nhk (i) 
Now, 2/(H + hy + d?/4 —d=nv+ * (ii) 


Solving these two equations, we get 


A =24 (A +h) +d? -2)4H?4+ 0 


- @) a9 = 2 (as)=( 
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v _ 340 


. (dA =—=—=057m 
f 600 


2 
6=sin ! (+ 
2d 
sail of?) 
=sim — 
4 


= 8.14° 
(b)dsin@=A_ or o=sin-'(*) 


er (=) 
=sin | —— 
2 


= 16.5° 
(c)d sin® =na 


N1 


max = x (When sin 6 = 1) 


a 2 a! 
0.57 
.. Maximum 3 maximas can be heard 
corresponding to n = 1, 2 and 3 (beyond 8 = 0°) 


3.5 


ny 
satel} a 


(a) AP ne = AO, + Ad, 


=nm+0 
= 
So, they will interfere destructively and 
T yet = 9 
(b) No interference will take place. Hence, 
Inet = 1 + Ly = 21g 
(C) A®net = AO, = Ady 
= 20 or 0 (as Ao, = 1) 


In both conditions, they interfere 
constructively. Hence, 


T = Igy = 41 
=) (Ax) 
Vv 
_ (2m) (170) 
340 
= 3m = 6 (say) 
I=41], cos? 5 .. (i) 


(i=8) 
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Substituting value of 0, we get 
T=0 
(b) Now, 6 = 3a + a =4n or 20 
Hence, from Eq. (i) 
I=41y 


I 
Now, L, — LZ, =10 logy) + 
I, 


ll 


41 
L, — 60 = 10 logig (4) 6 
Io 
L, = 66 dB 
(c) Sources are incoherent. 
Hence, 
T=iyt+1y = 21 
L, — L, = 10logy9 eal 
I, 
21 
= 10log,) —2 
S10 i 
L, — 60=10 log;) 2=3 
or L,= 63 dB 


izle 
4n (2) 
= 19.9 W/m? 
_ bao? 
4n (3) 
= 8.84 WW/m? 
(6) I, =Inx= GI + VY 
= 55.3 .W/m? 
() Ly =Imin = Wy -— Vy 
= 2.2 W/m? 
(d)l, =, +1, 
= 28.7 W/m? 


=19.9x10°-° W/m? 


1 


5 = 8.84 x 10° W/m? 


9. Ve = Vy = V 
Ss 0 


Let u be the speed of sound. 


Then, 

; ut vo cos® 
u+v, cos® 
u+vcos8@ 
u+vcos8@ 

or f=f 


Ans. 


10. Given length of pipe, /= 3m x=0 x 


Third harmonic implies that 


3 (5) =I 
2 
21. 2x3 
Xx =— = ms = 
3 3 
The angular frequency is 
@ = 27f. 
_ 2nv _ (27 )(332) és 
Xr 2 
@ = 332m rad/s 
The particle displacement y(x, t) can be written as 
v(x, t)= A cos kx sin wt 
2n 2m 3 


~ 


or 2m 


Kel t+ 


a7 (203) 7 
and axwee™ pe 
i k 


YQ, 1) = A cos (=) - sin (=) t 


The longitudinal oscillations of an air column can 
be viewed as oscillations of particle displacement 
or pressure wave or density wave. Pressure 
variation is related to particle displacement as 


p(x, th=- Be (B = Bulk modulus) 
x 


3BAn\ . (3mx)\ . (3nv 
= sin sin t 
l U ( Ui 


The amplitude of pressure variation is 


Paes =—— > v= Por a=py 
p 


= <3 pv’ An se 
Pe i 3 pvr 


A = Prax! 


Here, Pax =1% or Po = 10° Nim? 
Substituting the values, 


3 
OO) 7~ = 0.0028 m 
(3)(1.03)(332)° 
or A=0.28 cm Ans. 
According to definition of Bulk modulus (B) 
2 (i) 
(dVIV) 
Volume = Miss or V=— 
Density p 
or dV =- “dp =— ap 
p p 
dV dp 


or — =-— 


Substituting in Eq. (1), we get 


dp = PLP) 
B 
or amplitude of density oscillation is 
p P p_1 
d =— = max — S++ = 
Pmax B Pmax 7) (2 3] 
3 
ae == 9x 107 kg/m? 
(332) 


11. Sound level (in dB) 


I 
L=10lo — 
S10 (Z) 


where, I) = 107? W/m? 
L=60dB 
Hence, T = (10°)Z) =10°° Win? 
Intensity, ie Bows = a : 
Area 4nr 
=> P=I1(4n1r°) 
P =(10-°)(4n)(500) = 3.14 W 
(1.0 x 10°) (=) 
; 100 
Time, t= 
3.14 
t=95.58 


12. Let n, harmonic of the chamber containing H, is 
equal to m, harmonic of the chamber containing 


O,. Then, 
A N A 
|K >|< >| 
0.5m 0.5m 


= 1650 Hz Ans. 
13. This problem is a Doppler’s effect analogy. 
(a) Here, f =20 min! 
v = 300 m/min 
v,=0 and vy=0 


‘ : 300 
Spacing between the pies = ct =15m Ans. 


and f = f=20min! 
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(b) v, = 30 m/min 
Spacing between the pies will be 


= el or 13.5m 
20 
v 300 
and e = (20 
f [4] ( lee 
= 22.22 min”! Ans. 
14. (a) Comparing with the equation of a travelling 
wave 
y=asin (kx — Mt) 
k=15n and m=60002 


Velocity of the sound, v = . 


= ante =400ms! as v= 2 
15x p 
5 
Hence, p= = = a =i, kg/m? Ans. 
vy? (400) 
(b) Pressure amplitude, py = BAk 
Hence, A= Ba aa 
Bk 1.6 10° x 151% 
=10° m=10um Ans. 
(c) Intensity received by the person, 
Ww Ww 
4nR* 4n(10) 
2 2 
Also, J= Po as z= eae 
2pv 4n(10) 2x1x 400 
W = 288° W Ans. 


15. (a) Path difference and hence phase difference at P 
from both the sources is 0°, whether 0 = 45°, or 
8=60°. So, both the wave will interfere 
constructively. Or maximum intensity will be 
obtained. From 


Tmax = Gh. + aicy we have 
I,=(WI + VIP =4I (i, =1, =I, say) 
T=1,/4 
When one source is switched off, no 


interference will be obtained. Intensity will 
be due to a single source or J,/4. 


(b) At ® = 60°, also maximum intensity or /) will 
be observed. 


16. (a) Frequency of second harmonic in pipe 
A = frequency of third harmonic in pipe B 
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YaRTy 
M 
ee v4 _ 3 é3 VM, _3 
vg 4 YeRT, 
M; 


\ 
ge. je (Mee (as T, =T,) 
Ys \M, 4 
My _ V4 (*)- 5/3 @ 
Mp Ye \9 15) \.9 
ae My, _ =) 16) 400 
M, 21)\9 189 
(b) Ratio of fundamental frequency in pipe A and 
in pipe B is 
Sta _ Val2ly _ Va 


= = asl, =1 
fr G2 Hy (as =e) 
yaRT, 
M4 Ya Mz 
= a = : (as T, =Tp) 
YeRTp i My —e 
Mz 


ice ME 189 
Substituting —2 = —— from part (a), we get 
M, 400 


fa _ [25189 _3 
fp V21 400 4 


17. Velocity of sound in water is 


9 
w= fe [2.088 x 10 re 
fe) 10 


Frequency of sound in water will be 


Vy 1445 
= = LZ, 
fo a, 14.45 107 
fo = 10° Hz 


(a) Frequency of sound detected by receiver 
(observer) at rest would be 


= 10° 1445+ 2 Hz 
1445+ 2-10 


f, = 1.0069 x 10° Hz Ans. 


(b) Velocity of sound in air is 
Air speed 


vV,z=5 m/s 
askin BS ND 


Source Observer at (rest) 
_ ad J 
Vs = 10 m/s 


y= PRE _ [G-B320 + 273) 
M 28.8 x 10° 
= 344 m/s 


Frequency does not depend on the medium. 
Therefore, frequency in air is also fy = 10° Hz. 


.. Frequency of sound detected by receiver 
(observer) in air would be 


VV 
f= fr a w 
Va — Vw — Vs 


=105 344-5 He 
344 —5-10 


fy = 1.0304 x 10° Hz Ans. 


18. Frequency of fundamental mode of closed pipe, 
y 


fi = Gj = 200 He 


Decreasing the tension in the string decrease the 
beat frequency. 

Hence, the first overtone frequency of the string 
should be 208 Hz (not 192 Hz) 


20-1 /P 
IV 
T =u-T (208) 
25x 10% ‘ 5 
=| "| (0.25)7(208 
0.25 }: ye08) 


= 27.04 N Ans. 


19. (a) Wavelength of sound ahead of the source is 
voV, 332-32. 


N= 0.3m Ans. 
f 1000 
v+y 332+ 64 
b) f= 2! = 1000 
() f (2) (es 
= 1320 Hz Ans. 
(c) Speed of reflected wave will remain 332 m/s. 
Ans. 


(d) Wavelength of reflected wave. 
yr TYR 332 — 64 
f 1320 
=0.2m Ans. 
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INTRODUCTORY EXERCISE 
To -0_ Tp - 32 
100 180 
Putting 7; = 0, we get TJ, =— 17.8°C 
(joe eee a" Tk — 273 _ Ty — 32 
100 180 100 180 
Putting T, = 0, we get T, =— 459.67°F 


- (a) 


100-180 
Putting 7;, = 27, we get J, = 160°C 


(b) Putting 7, = “s. we get 7, =— 24.6°C 


T- _ 100 
52-5 99-5 
Tr = 50°C 


Correct reading (°C) 
100;------ --- 


Wrong reading 
(°C) 


jer es ene 
100 ~—-180 
Putting 7. = 50°C, we get T, =122°F 
P=). F392 T9781 =32 
"100 180 100 180 
Putting 7, =Ty, 
We get, T; or Ty = 574.25 
fo Toe 
“100-180 
Putting 7. =T,, we get 
To or T,=-—40°C or — 40°F 


Now, using the equation, 


INTRODUCTORY EXERCISE 


. AT =T aso 


Temperature is decreased. Hence, / or T will 
decrease. So, it will gain time. 


: : AT AT 
Time gained = —- t= ——t 
iP T 


(as T’ =T) 
=5 aes =; (1.2 x 1075) (30) (24 x 60 x 60) 


=15.55s 


2. Density of water will increase by increasing the 


temperature from 0 to 4°C, then it will decrease. 
Fraction of volume immersed is given by 


f= Ps 
Pi 


P, is first increased the decreased first decreased 
the increased. Or percentage of volume above 
water level will first increased then decreased. 


f, =P = fr = 


Pp) Pp; 
Si _(P.)(Pr)_( 1+ vAT \_ (1+ y.A7 
Si \Ps)\P1 1+ y, AT 1+ y, AT 
1 
Now, ———#(l-y, AT 
7 i+ yar te 


f= (+ nar) (yar) 


1 


Neglecting Y, Y> (ATY term, we get 


Since, Op > Op, 
On cooling brass will contract more. 


. Ad =d Op -O,,) AO 


Ose __- 
d pg — Ope) 
= om =z = 20.83°C 
60 x 0.8 x 10 
New temperature = (30 + 20.83) = 50.83°C 
» (a) Al=]0A0 
= (88.42) (2.4 x 10° °) (35-5) 
= 0.064 cm 
(b) At higher temperature, it measures less. Hence, 
l=+Al 
= (88.42) + (0.064) = 88.484 cm 
Al £100! 7 88 5 100 
= — (AA®@) x 100 


=- (1.2 x 10° *) (35) x 100 
= - 0.042% 
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nRT nR 
INTRODUCTORY EXERCISE 5. V= ae = ()r 
1. pV =nRT = (= RT For given mass, V - T graph is a straight line 
M passing through origin having 
T= mp sopee ne 
mR PP 
At constant volume T -p graph is a straight line of Slope of p, is more. Hence, p < py. 
VM 1 1 
slope, =—« — 6. p=(nRT)— 
, mR om P=( ) V 
Slope of m, is less. Hence, m, is greater. Le. p versus - graph is a straight line passing 
nRT 
2. p= or ponT through origin of slope nRT. 
Py _ WT) 7. pV andT both are constants. 
P| 7 nT 
n\(T, INTRODUCTORY EXERCISE 
or =|=|}= 
- * ) (F 1 1. Internal energy of n moles of an ideal gas at 
1\(87 + 273 temperature T is given by 
= =) ———_ | (20 atm) f 
2/)\ 27 + 273 U= »( Lar) 
12 ; 
= t 
— 7 4] where, f = degrees of freedom 
3. ,=number of moles of nitrogen = ae = ri = 5 for O, and 3 for Ar 
Wo Hence, U =Uo, + Uy, 
ny = number of moles of CO, = — = — 5 3 
44 4 =2)—RT |+4]—RT 
Mz nM,+ nM, : 7 
ny + NM =11kT 
1 1 2. Average translational kinetic energy of an ideal 
= es ee au ‘ 
(7) G8) (7) Sa aie gas molecule is 5 kT which depends on 
Ay gil 2 temperature only. Therefore, if temperature is 
4 4 same, translational kinetic energy of O, and N, 
RM both will be equal. 
Now, Pr 3. fr 3 _ Ky _ Ky 
_ (1.01x 10°) (36 x 1073) Sr 2 Kp o 
(8.31) (290) oe Kp = ano 
=1.5 kg/ m 
4. pV =nRT INTRODUCTORY EXERCISE ¢ 
gett ene 4.» PRE [3x 83D373.15 
RT a - 7 = rms M 2x1073 
(13.6 x 10°) (9.8) (0 °)(250 x 10°”) 
= 8 31x 300 = 2156 m/s = 2.15 km/s 
, 500 + 600 + 700 + 800 + 900 
= 133x108 2s Vi - = 700 m/s 
Number of molecules = (1) N , (500)° + (600)° + (700) 


= —8 23 
= (1.33 x 10°°) (6.02 x 107°) + (800) + (900) 


28 216% Vems = ; =714 m/s 


Chapter 20 Thermometry, Thermal Expansion and Kinetic Theory of Gases ¢ 397 


4. Helium gas is monoatomic. So, its degree of 
freedom f= 3. Average kinetic energy of 1 
molecule of gas 


aS er a3 er 
2 2 


=5(1.38 x 10° 3) (300) 


= 621x107! J 


3RT 
5. (2) Vins = 4] 
3 x 8.31300 
For He gas: v,,,. = _|——_____ 
eer ie \ 4x10°3 


= 1368 m/s 


8.31 x 300 
For Ne gas: vin. = —— 


= 609 m/s 
(b) Each gas is monoatomic for which degree of 
freedom f = 3. Hence, average kinetic energy 
of one atom 


oF pele 
2 2 


(1.38 x 10° 73) (300) 


_mv'ms _ (41077) 10? 
3R 3x 8.31 
=160K 


. Suppose 7, molecules have v, velocity and n, 


molecules have v, velocity. Then, 


N,V, + MV 
y =) 2d 


av 
Ny + Ny 


2 2 

nV) + NV: 

But, Vang = | EeE Ma ¥ 
ny + Nn 


Now, Vrms 2 Vay because v, and v, may be in 


opposite directions also. 


Exercises 


LEVEL 1 
Assertion and Reason 


1. Straight line passing through origin represents 
isochoric process. 

3. In monoatomic gas, there is no rotational degree of 
freedom. 

4. Temperature of the gas is associated with random 
or disordered motion of the gas molecules. By the 
motion of container total kinetic energy of gas 
molecules will increase. But temperature will not 
increase. 

5. Internal energy is equally distributed in all degrees 
of freedom. For example 


Kp _3..,. ‘ 
—! =~ in diatomic gas 
R 
AS Str =3 and fp=2 


7. Density of water is maximum at 4°C. Hence, 
volume is minimum at 4°C. 


8. U«T « pV 

1 (mN 
ooo" my 
p= 3 (7) Yn 


mN _ Total mass of gas _ déensigretnis 


V Volume of gas 


Objective Questions 
ane | Oey 


4 
=73.5 m/s 


» T, =273 + 27=300K 


T, = 273 + 927=1200K 

Ves © VT 

T has become four times. 

Therefore, v,,,, Will become two times. 


. Hydrogen and oxygen both are diatomic gases. 


Therefore, average kinetic energy per molecule is 


S er 
2 
5 
or Pal (as f =5) 
_E«xT 

Tee 

T, £, &E 

T, = 2T, = 2 (273 + 10) 

= 566 K= 293°C 


. If p=constant, then V « T 
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8. It means rod is compressed from its natural length 


by Al. 
Strain = — as =— TAGAS 
1 
= (—ad0) =- (12 x 10°°) (50) 
=-6x10* 
9. Al, = Al, 
1,a,A® = 1,0,A0 


; sheeted 
In option (a), ratio is -- 


_ RT _ mR (t+ 273) 
P Mp 


10. V 


Mex 26 3 : 
— ratio is same. Therefore, slope and intercept of 
P 


straight line between V and ¢ should also remain 
same. 


Subjective Questions 
1. For Q.Nos. 1 and 2 


Apply the formula, 
To -0 Ty -273 Ty —32 _ Tp-0 
100 100 180 80 


3. In the above equation, putting 7; = Ty, 
We get T,=-40°F or To. =-40°C 
Tp — 32 
100 
180 me 
- (Fs =32 


4. Initially 7 -( 


180 
= 20.11°C 
Finally 7. =20.11+ 40=60.11°C 


180 
f.=324|——| 7 
: (is) . 


(100) 


=32+ a (60.11) 
100 


= 140.2°F 


Thermometer 


20° 32° 80° 


To 100 
32-20 80-20 


or To=20°C 


6. The temperature on the platinum scale is 


_ 86-80 
~ 90-80 
= 60°C Ans. 
7. Let the relation between the thermometer reading 
and centigrade be y= ax + b 
Given, at x = 100, y= 80 and atx =0, y=10 
80=100 a+ 6,10=b 
=> a=0.7 
Now, we have to find x when y= 59 
59=0.7x+b => x=70 
.. The answer is 70°C. Ans. 


8. IfT be the corresponding temperature, 


3RT _ [3R(300) 
Mo 7 My 

7 Mo 

r= 00(# ) 


H 
= 4800 K Ans. 


9. Mass of 6.02 x 107 molecules is 17 g or 0.017 kg. 


Mass of one NH, molecule 


x 100°C 


0.017 : 
6.02 x 107 
= 2.82 x 107° kg 
10 mt+tm Mm | 
Y-l w-l %-1 
342 3 2 
= + 
y-l 167-1 14-1 


= 9.48 


Solving, we get y = 1.53 


11. v=, [2 
p 
_ pv? _ 1.3.x (330) _ 
Pp 1.013x10° 
yale (f = degree of freedom) 
iis 
f 


Solving, we get 


f=5 
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12. 4 g hydrogen = 2 moles hydrogen 
11.2 litre He at STP = ; mole of He 


RT 

P= Pa + Pre = (My + Me) 
-(2 q 8.31 x (300K) 
2) (20 x 10°)m3 


= 3.12 x 10° N/m? Ans. 


13. Since, pressure is constant. 
V«T 
V; _Vr 
T Ty 
mie, 
yo! 
=> T; = 2T, = 600K 


AU = + nRAT 


T; 


= : R(600 — 300)= 450R Ans. 


14. From energy conservation principle, 
£, =E, 
or E,+£,=E 


ny (Fan) + My (a7,] =(n, + mM) (327 


_ mt, + nf) 


T Ans. 


ny +n 
1 
15. Number of gram moles = ie 


Avogadro number, N, = 6.02 x 107°/g-mol 


Total number of molecules, 
N =nN 4= 3.34 x10” 


2 
Number of molecules per cm 


_ oN 
4nR? 
_ 334x107 
(41) (6400 x 10°) 
16. pV =nRT 
nRT = pV 
ae 
2 
ae 
- tpV 
ger) 


or Uc fpV 


(R > in cm) 


6500 


(nRT) (f = degree of freedom) 


U= 


f has become : time (3 for He and 5 for O,). phas 
become 2 times and V has become 3 times. 
: 3 3 : 
U will become 5 x 5 x 3 or 7.5 times. 


17. ree aia « [E 
M M 


Vims 1S Same. Hence, 


Gr), = La 
M Hp M 05 
My 
or = eae 
Ho ca Oz 


= & (273 + 47) 


= 20 K=— 253°C 


18. (i) ce =11.2x10' m/s 
M 


_ (1.210? M 


T ae (i) 
(11.2x 10° x2x 1073 
~ 3x 831 
=10059K 
(11) Escape velocity from moon 
= ¥ 28m Rn 
= 1.6 x 2x 1750 x 10° 
= 2366 m/s 


Substituting in Eq. (1), we have 

_ (2366) x 2x 10-3 
3x 8.31 

= 449K 


19. At constant volume, 


£ 


p«T 
Pi _ Po 
T, T, 


T) = [Pr 
Pi 


= ey (273) = 546K 
80 


20, ¢=| 2" | ejape| 29-29 | a0 
Rigs = Ry 3.5-2.5 


= 400° 
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21. At constant volume, 
p«T 


= 450 K = 450 — 273 
=177°C 


22. Strain = = = (aA0) 


Stress = Y x strain = yoA® 
Tension = (A) (stress) = YAaAO 
Substituting the value, we get 
T = YAaA@ 
= (2.0 x 10'') (2 x 107°) (12 x 10° °) (40) 
=192N 
Change in weight = upthrust on 100% volume 
AW’ _F’ _(1+¥, A® 
AW F (= 1) 3) 
(50- 45.1) _ 1+ (12 x 10°°) (75) 
(50 — 45) 1+ y, (75) 
Solving this equation, we get 
¥, = 3.1x 10-4 per°C 
_ pV _ (1.52x 10°) (10*) 
RT (8.31) (298.15) 
= 6.135 
_ pM _ (1.52x 10°) (2x 10%) 
RT 8.31 x 298.15 
= 1.24 kg/m? 
() p«M 


23. 


24. (a)n 


(b) p 


(if P and T are same) 


= 19.68 kg/m? 
25. IfT =constant, then 
PV, = p> 
Vi 70 
latm 
P2 (Z| ( ) @ 


=11.7 atm 


26. n, =” 
PV _ PV 


RT, RT; 


Vy = [2 (Br =| 1 ) = 
Pe VT 0.5) \ 300 
= 900 m3 
27. 


p=constant 
V«T 

or h«xT 
Ny _h 


7 


T, 7; 


i 


h a h 
or -=/—/h, 


_ (273 + 100 
273 + 20 


) (4) = 5.09 cm 


0.025 


28. n, = ag ee 10-4 


hy -"- 0.01 


= 0,089 
Ny 

In equilibrium p and T are same. 
pV =nRT 

Ven or 


1. ™ — 9.089 
IL m 


Lon 


29. n=n, +1 
pV _ DY fy PV 
RT RT RT 
oii mls 
V 
_ (0.11) (138) + (0.16) (0.69) 
0.11+ 0.16 
= 0.97 MPa 
30. (1. +m), =(4, + m)f 
pV, DYV2 _ PV; 4 PY, 
RT. RT. RT, RT, 
P(V,+V3) 
T, V,/T, + V3/T>) 
(1 atm) (600) 


(293) (= + a 


P 


373-273 
=1.13 atm 


) (500) 
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_ nRT _ (1) (8.31) (273.15) 
P 1.013 x 10° 
= 0.0224 m?=22.4 L 


31. V 


32. 1, =m 
PV _ Por 
RE RE 


_ (2%) E 7 | (1.5 105) 


0.48) | 273 + 27 
= 3.36 x10° Pa 


33. 


n,=number of moles of N= = = 0.05 


30% of the gas dissociates into atoms. 
. my =2 (0.3) (0.05) + (0.7) (0.05) = 0.065 
ny = number of moles of He = os = 0.1 
n=ny + nm = 0.165 
_ nRT _ (0.165) (8.31) (1500) 
V (5x 1073) 
=4.1x 10° N/m? 


Now, P 


34. 


In diatomic gas rotational degree of freedom is 
two. 


Rotational KE of one molecule 


J igted ed 
2 2 


2kT 
@ = {—— 
i 


_ {2x 1.38 x 10% x 300 
8.28 x 10 *8§ x 10°? 
= 10 rad/s 
35. (a) C, =(1+ f/2)R 
29 = (1+ f/2) 8.31 
Solving, we get 
fs 
(b) pT =constant 
Pp (pV) =constant 
oy = constant 


or 


C in the process pV~ = constant is given by 


R R 
C=C, +4 aw 
1-x 2 1x 
29 = 8.31 it : 
2 1-1/2 
Solving, we get f=3 


(as f= 


36. (a) Average translational kinetic energy of any type 
of molecules is 


ee (1.38 x 10° 3) (300) 
2 2 
=6.21x10°7!J 


2 ; F ; : : 
(b) 7 energy is associated with rotation. Hence, it 
is diatomic gas. 


QO =nC,AT = ofFa)o 


=2x 8.31= 20.8 J 


37. C= Mn * 
n+ Ny 
2.5R+3.5R_ 
1+1 
2 mCy + mCy, 

ny +m 
_ 1SR+25R _ 


3R 


2R 


38. pV~ » — constant 
R R 


2) C=——+ 
C1 PRP) 
C=0 ,ify-l=—-(1+ b) 
* b=—y 
39. pV~' =constant 


R 
C=C, + — 
l-x 


Here 


_ 3 (200 x 10%) (0.1 x 10-7) (1.38 x 10-8) 
2x6x10°7! x 8.31 
=8.3x10-3 mol 
Now, N =nN , 
= (8.3 x 10° 3) (6.02 x 107°) 
=5x107! 
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At. y= BRE _ [3X 831x273 + 57) 
ne M 46 x10-3 
= 423 m/s 
V, 


Vims O 


Ap = 2 MVms 
Mass of one gas molecule, 
, 46 
m = —,, 
6.02 x10 © 
= 7.64 x 10° kg 


Let n molecules strike per second per unit area. 
Then, 


F  AP/At 
Pressure = — = = 2MN Vymns 
A 


Pressure 2x 1.013 x 10° 
n= = 
(2m) Ving 2X 7.64 X 10° 7° x 423 


=3.1x« 107” 


42. kp= 3 ar =3 4 (Pr 
Bo aN aR 


a a 
2° (M/mN ,)R 
_ 3kPV mN 
~ 2MR 

(3x 138 x 10°74) (100 x 10°) 
_ (2x 107%) (8.0 x10- 8) (6.02 x 103) 

2 x (50 x 1073) (8.31) 

=48x 10°F 


43. (a) Ving VT 
T’ 573 
(yr) [va] 
= 1.40 vp 


(b) v,n; does not depend on pressure, as long as 
temperature remains constant. 


(c) v oa ci oe Sie 
med Me ms VM 


AA. (a) K, = : kT 


=; (1.38 x 10° 73) (300) 


=6.21x10°7'J 


(b) K; in one mole = ; RT 


= x 8.31300 


= 3740 J 
_ [3RT _ [3x 8.31x 300 
(©) Yims = fee 
= 484 m/s 


45. Let mass of nitrogen = (m) g. Then, mass of 
oxygen = (100 — m) g. Number of moles of 


: m 
nitrogen, 1, = Ge and number of moles of oxygen 


1009 
=| 39 


For air 


M m +m 
p=? -2/ ! ) 


RT RT \n+nm 


10s 100 x 10-3 
8.31 x 273 | (m/28) + (100 — m)/32 


1.284 


Solving this equation, we get 
m= 76.5 g 
This is also percentage of N, by mass on air as 
total mass we have taken is 100 g. 


46. n, =n, 
PV _ Por 
RT, RT, 
Vy= PVT, _ (Po + PSh)V; Th 


DoT, Poli 
_ (1.01 x 10° + 10° x 10 x 40) (20) (273 + 20) 
1.01 x 10° (273 + 4) 


= 105 cm? 


47. (a) Molar heat capacity C,, = a. 


nAT 


Q 
and heat capacity C, = — 
allie alr 

Be C, =nCp 
Similarly, C,=nCy 
Now, C, -C,=n(Cp -Cy)-nR 
a ee ee 
R 8.31 


5 
(b) C, =nCp =0(52) 


n 


= (3.5) (2.5) (8.31) 
= 72.75 J/K 
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C,=nCy =n (58) 3. T=mV +C 
pV 
“ BP’ =mV 
= (3.5) (1.5) (831) a 
= 43.65 J/K ( | 
7 or p=nR|m+— 
(c) Cy =nCp =n[ 78] < 
2 . p-V graph is as shown in graph (a). 
= (3.5) 3.5) (8.31) 4. pV =constant 
=101.8J/K 
: nRT a Sear 
C,=nCy=n (5) 7 =constan 
2 
= (3.5) (2.5) (8.31) a 
= 72.75 J/K or TeV 
48. (a) As discussed in the above problem, V is made three times. So, T will become V3 
= times. 
C, =nCy 
C, C, 5. n= we 
ne RT 
Cy G/2DR ; ' 
i nx— or m«x— 
oe = 2.81 LE T 
15x 831 m, _T, _ 273+ 37 
(b) Internal energy, m, T,; 273+7 
u=n(Lar] aay 
5) = =1. 
280 


f =degree of freedom = 3 6 SRT 
© Vay = |— 
U =(2.81) (3) (8.31) (273) ™M 


T and M are same. Hence, average speed of O, 


= 9562 J=9.56 kJ molecules in both vessels will remain same or v. 
_5,_(5 7. gol 
(c) Cp= =f (5) (8.31) PE 
WN, 
= 20.8 J/mol-K . N=nN,=? 4 
RT 
1.013 x 10° x 10° '3) (10~°) (6.02 x 1077) 
LEVEL 2 =! 
(8.31) (300) 
Single Correct Option =24x 10° 
1. (nm, +m), = (m+ m)y gy - BRE. [3x831x273 
PY, , PW _ pV, + V2) som" VM ax 10° 
My Ar = 493 m/s 
Solving, we get T= T Tp Vi + V2) Now, increase in gravitation PE 
DVT, + pyVoT = decrease in kinetic energy 
2. Al =/0A0 < = = ; m ven, OF ap 2% 
+ 
ge OE Lae pert ie 
cal ee ” 2x981Xh_ _(4g3 
y= 30 =24 x10” per°C 1+ (h/ 6400 x 10°) 
AV = Vy A@ = (100) (2.4 x 10" *) (100) Solving this equation, we get 
= 0.24 ce h = 12000 m 


V’ =V + AV =100.24 cc or 12 km 
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9. 


10. 


11. 


U«T 

According to given graph, 
p«V 
p«T 


Hence, V =constant 


28 g of N, mean | g-mol 


V 
Now, n= or nel 


ny _(Pr){T, -(3) 273+57)_ 11 
n, \pJ\T,) \2/\273+27) 20 


0 0 
An=n,; — np =1- = = g-mol 
Ape woes se 
5 
4 g H, means 2 g-moles and 8 g He means 
2 g-moles. 
Now, Ma Mi +m Mz _ (2)(2)+ 2) (4) 
ny + 2+2 
= 3 g/mol 
= PM _ (1.013 x 10°) (3x 10-*) _ 0.13 kg/m? 
RT (8.31) (273) 
_ 1 
Ce 
Given, p« Kp 
1 
aa 
or pV =constant 
T = constant 


More than One Correct Options 


1. 


pe« Vp as per process. If p becomes half, then p 
will becomes V2 times. 


Further, pe x 
V 
2 
Pie constant 
d/V) 
or (pV ) p = constant 
Hence, Tp = constant (as pV «T) 
1 
eee 
= T 


or P -T graph is a rectangular hyperbola. 


7. (a)p 


1 
2. px —= 
Pew 
If volume becomes 4 times than p will remain half 
Vx ne 
P 


Vp? = constant 
ti 
= = constant 
Pp 


or pT = constant 
1 
or ox — 
# T 
i.e. p -T graph is a rectangular hyperbola. 


If pis halved than T will becomes two times. 


1 
~_ px 


V 
V is doubled so p will remain half. 
U«T « pV 
According to given graph, p « V 
UaxT« DP or V? 
V is doubled, so U and T both will become four 
times. 


T ir 
—«V as px — 
V ( ? 7) 


Poe 
or T -V graph is a parabola passing through origin. 
fa ART — mRT _ ba T 
p = Mp \Mp 


i.e. V -T graph is a straight line passing through 
origin of slope 


= (a = Slope « = 
P 


Mp 
Hence, slope depends on both m and p. 
_ mRT _ (m/V)RT 
V M 


So, given m in the question is mass of gas per 
unit volume. 


(b) m = total mass of gas 
(c) m =mass of one molecule of gas. 


Match the Columns 
1. (a) Kp = pp = OOF? _ grr 
ao 2 


_nfgRT _ (2)(2)RT _ 
2 2 


2RT 


(b) Kp 
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(c) Potential energy = 0 
(d) U =Kp + Ky = 5RT 


2. U «T andp « Z 
V 
According to given graph, 


1 
U« => T«— 
P V 


Sa: 

Vy 
Density is increasing. So, volume is decreasing. 
Hence, pressure will increase. 


1 
V«— or 
poe 


U is increasing. So, temperature will also increase. 
T 1 
Now, a a 
VV 
: . DP ast 
Volume is decreasing. Hence, a will increase. 
RT 
3. Speed of sound = _ 
4. (a) Density of water is maximum at 4°C. From 0°C 


to 4°C, density will first increase, then decrease. 
(b) and (c) : Same logic as given in option (a). 


(d) r=2n | or T«-Vl 
& 


As temperature is increased, length will 
increase. So, time period will also increase. 
5. (a) p= constant. Hence p-T graph is as shown 
below. 
p 


pM 
b) p= 2 
re RT 


If p= constant, then 


1 1 
«x— or o< — asU«T 
p T p U ( ) 


U 


(c) If p =constant, then 
T«V 


i.e. T-V graph is a straight line passing 


through origin. 
pM 
d = —— 
Pp RT 


If p=constant, then p « - 
i.e. p -T graph is rectangular hyperbola. 
Subjective Questions 


1. pV =nRT 
pdV =nRdT 
A TE gp zat 
aT P 
ya iat _ mR A 
V PV T 


: R R 
2. Inthe process pV* = constant C = —— + ; 
yal Ix 


C=R and y=7/5 


Given, 


— 5 
Substituting these values, we get x = . 


Now, pv? =constant or p« ate 


By increasing volume to two times pressure will 


5/3 


decrease (2)”~ times. 


Reg en OF Vimy % 4f PV 


, 2). 
OF Vyms Will become ee times 
OF Vyms Will become (2) "3 times 


1 : 
or —,,; times. 
(2)" 3 


Now, p~« (no. of collisions) (v,,,.) 
wit 1 
or « (no. of collisions) oe 
or number of collisions will decrease (2) 3 times. 
Ans. 
3. pV =n,RT 
pV = RT (T =273K) 
(P1 — P2)V = (n, — m)RT = (A=) RT 
M 
Am : 
Ap)V =— RT nel 
(Ap) i (i) 
In the initial condition (at STP) 
BT 220 ... ii) 
M Pp 


(T =273 K) 
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From Eqs. (i) and (ii), we get 
hig pVAp _1.2x0.4 x 0.24 
BR 1.0 


= 0.1152 kg=115.2 g Ans. 


4. p, =pressure at depth x 


Py 


PV) = pV 
or P(A) = p,(A)(h — Ah) 
p(h — Ah) 
a a i) 
Initially, mg =pgxAd 
m 
Now, Pa= Po + P&x= Pot 


Substituting in Eq. (1), we have 


mg Ah 
= + 1 Ans. 
ni=(+78)(1- =) 


5. p=— (n=1) 


or p=T (y+ ar?) (i) 


For minimum attainable pressure 


Py or — Rh 
dV V 


+aR=0 


or V= 


dp... 
At this volume we can see that ae is positive or p 


is minimum. 
From Eq. (i) 


RT, 
Pmin = ome + OR,/Ty/o 


To/o 
= 2RJa To Ans. 
6. At 50°C, density of solid = density of liquid. 


At 0°C, fraction submerged Gy x100 ...(i) 
Pi Joc 


—_ Po 
P)so 1+ 50y 


. Po =Pso(l + 50y) 
Substituting in Eq. (i), we have 
% of fraction submerged 
-5 
_ {1+ 50y, mae 1+ ve x 100 
1+ 50y, 1+ 8x10 

= 99.99 % Ans. 

Pioo _ Mo 
Po roo 


Do) et 
1+100y} 40 


Solving this equation we get 


Pro08/i00 =Pok% or 


y =2.0x 10“ per °C Ans. 
. Let Al be the change in length. (let A/; > Al > A/,) 
Strain in steel = AA 
0 
eas .. Al — Al 
and strain in aluminium = — 
0 


In equilibrium, 2F, =F, 


| AeA! ]y 4 [A= de] y 4 
ly if 


or 2(1a,8 — ADY, = (Al — 10,8) Ya 
Solving this equation, we get 


‘oh Ger # seh) 1 


2¥s + Y, 
Total length 
=), easy |i+| Seat ste lg) hie: 
2yn+%, 


. From Al = /aA0 we have, 


0.05 = 25a ,(100) 
4 = 0.00002 per°C 
0.04 = 40 a, (100) 
gz = 0.00001 per°C 
In third case let / is the length of rod A. Then 
length of rod B will be (50 — /) cm. 
Al = Al, + Al, 
or 0.03 = /(0.00002) (50) + (50 — 7) (0.00001) (50) 


Solving we get, /=10 cm and 50-/=40 cm 
Ans. 


Laws of Thermodynamics 


INTRODUCTORY EXERCISE 


. AU will be same along all paths. Then, we can 
apply O =W + AU for all. 


. AU=O-W 
= 254 - (-73)= 327] 


INTRODUCTORY EXERCISE 


» (a) Work done by gas under constant pressure is 
W=pVy_+V;) 
= (1.7 x 10°)(0.8 — 1.2) 
=-6.8x10* J 
(b) QO=W+AU 
=- 68x10" -1.1x10° 
or |O|=1.78 x 10°J 
As Q is negative. So, net heat flow is out of 
the gas. 
» (a) W, =+ ve, as cycle is clockwise 
W, =— veas cycle is anti-clockwise 
Since, |W,| > |W,| 
. Net work done by the system is positive. 
(b) In cyclic process, One = Wet 


Since, W,,4 iS positive. So, O,,4 is also 
positive. So, heat flows into the system. 


(c) W, = QO, =+ ve, so into the system. 
W, = Q, =-—Vve, so out of the system. 


. Helium is monoatomic. So, degree of freedom 


fa3. 


u =" er =™ar 
2 2 
2U = 2x100 


or 


= 
3RT 3x 8.31 x 300 


= 2.67 10mol Ans. 


. In isochoric process, 
W=0 


QO =AU =nC,AT = 4(32) (300) 


=1800R 
. W = Area under p-V diagram 
Further p < V along AB. 
Therefore, pg = 2p, = 2p 


6. VT = constant 


V (pV ) = constant (asT « pV) 
pV? = constant 


Comparing with pV* = constant, we have 


x=2 
1 a (Table 21.3) 
1-x 
_ (2)(R)G00) 
1=2 
=— 600R 
7. pV’ SK Spl 
_«K 
Pa aA 
Hy K 
Ww =| pav =| ni 
= [AT 
LVI, 
aS 
Vi 2 
_*K 
2Vo 
Substituting, K = pyV~, we have 
1 
W =—pV, 
Po 0 
INTRODUCTORY EXERCISE 


1. (a) O =nC, AT 


200 = (1) (32) (T, — 300) 


or =. 200 = 1.5 x 8.3 1(7;, — 300) 
Solving we get, 
T, =316K 


(b) O=nC, AT 


200 = (1) (> Ryer, — 300) 


or 200 = 2.5 x 8.31 (7; — 300) 
Solving we get, 
T, = 309.6K 


2. p=constant 


T«V 
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As the gas expands V increases. So, T also 
increases. Hence, AT is positive. Therefore, in the 
expression, 

Q =nC, AT 
QO is positive. 


. AB 


V is increasing, soW =+ ve. Product of pV and 
therefore T and therefore U is increasing. 
So, AU is also + ve. 
Q=W+AU 
Q 1s also positive. 
BC V = constant 


CA 
V is decreasing. 
W=-ve 
AU is also negative. 
-. Q=W + AU isalso negative. 
. Q=0as the box is insulated. 
Wa, = as on the right hand side there is vacuum. 
AU =Q-W=0 
AT is also zero, 
as U«T 
. Inan isobaric process p = constant. 
Therefore, C = C,. 
AQ _ nC, AT _ C, | 
AU nCyAT Cy, 
AQ_ AQ 
AW AQ-AU 
_ nC, AT 
nC, AT — nCyAT 


Now, 


and 


6. 0,=W,+AU, and Q,=W,+ AU, 


>V 


U is a state function. Hence, AU depends only on 
the initial and final positions. Therefore, 
AU, =AU, 

But, W,>W, 
as the area under | is greater than area under 2. 
Hence, 

: 2 >Q, 

f 4 2 
W =| pav =| (av) dV 


2 5s 7D 
= [Sx 1.01 x 10°) Vv 


Solving we get, 
W =1.18x10°J 
= 1.18 MJ 


. W =nR AT (in isobaric process) 


= (D(8.31)(72) 
= 600 J=0.6 kJ 
AU =QO-W =10k) 
C, mc, AT 


Y= Pp 

G uC, Ar Au 
a oat 

1.0 


INTRODUCTORY EXERCISE 


. Given, Q, =10° cal 


T, = (827 + 273) =1100K 


and T, = (27 + 273) = 300 K 
as, Qr = th (in Carnot engine) 
Q, 7 
T, 300 
=—2.9, =| — | a0 
Q) T, Q; (| (10°) 
= 2.72 x 10° cal Ans. 
Efficiency of the cycle, 
n=|1- 4h x 100 
qT, 
or n= (1-200) x 100 
1100 
= 72.72% Ans. 


. T, =2100K, T, = 700 K, Ngcinar = 40% 


Maximum possible efficiency of Carnot engine is 
Ty _ 1 700 


= 0.666 = 66.6% 


6. 


Actual efficiency as the percentage of the 
maximum possible efficiency is 


Nactual 199 = 49 199 
Maas 66.6 
= 60% 
- ayn=l Dj 2? apo easy, 
T, 500 
(b) W =nQ, = 0.25 x 25 x 10° 
=6.25x10° J 
(c) Q,=Q,-W = (25-6.25)x10° 
=18.75x10°J 


T, = 627+ 273 = 900 K 
T, = 27+ 273 = 300K 


QO, =3x10° cal 
n=(1-B]-(1-2) 
qT Q; 
Or _Th 
Q, 7, 
T, 
=—x 
Q» 7, Q; 
6 
_ 3x10 x 300 _ 10 cal 
900 
Work done by the engine, 
W =0,-Q,=3x10°-10° cal 
=2x10° cal 
- Nal 2 or ii t, 
T, 6 T, 


In the second case, the temperature of the sink is 


reduced by 65°C. Hence, 


T, - 65 
=|-2 
Ne T, 
a Ce ee oe 
3 T, 


Solving Eqs. (1) and (ii), we get 
T, = 390 K=117°C, 


Ty =325K 
= 52°C 
Coefficient of performance is given by 
poe 
2% 
7 (-10 + 273) 
Ba (72973) — C104 377) 
=7.1 
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8, = (274 973) 
o OTE ITN = (27 73) 
Ba >Bs 


Therefore, refrigerator A is better. 


Ans. 7. Here, 7, =25+273=298K 
T, =—-10+ 273 = 263 K 
QO, = 263 J/s 
Coefficient of performance is given by 
B= QQ, _ 

Q,-Q, T,-T, 

S11 

Q, 7, 

0, = 1x0: =e x 283 

= 298 Js"! 


Average power consumed, 
= 298-263 =353 5! =35W 


Wet x 100 


+ve 


8. n= 


W = Area under the cycle 
_ Poly 
2 
LO wwe = Quzc 
= Wage + AU gec 
= (Area under ABC) + nC, AT 


5 3 
i) 


(ii) 


5 3 
=— Dp Vot+ (Vo — V4) 
4 2 

5 3 ( 3p Vo foe 

Vo 4 

qs a a z 
11 
=— pV, 

4 Po 0 

(PoVo/2) 


x 100= 18.18 % 
(1 1pyVo/4) 
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Exercises 


LEVEL 1 


Assertion and Reason 
1. O=0,AU =-W 


In expansion, W is positive. So, AU is negative. 
Hence, 7 also decreases. 


(i) (ii) 
In both figures, V; = V, 
but W, = Hatched area 
W,=0 
3. First law is just energy conservation law, which 
can be applied for any system. 
5. O-W =AU is state function. 


So, it will remain constant for any two 
thermodynamic states. 


6. For given temperatures 7, and 7, efficiency of a 


heat engine can’t be greater than efficiency of 
Carnot engine. 


7. pT =constant 
(=) T = constant 
V 


or Vx 
If temperature is increased, then volume will also 
increase. So, work done is positive. 
8. QO =0as chamber is adiabatic 
W = 0as expansion is taking place in vacuum. 
AU =Q-W=0 
U or T =constant 


or pV =constant 
1 
wees 
ae 
Objective Questions 
1. p«<V? 
sel o TxVia VT? 


T is increasing. So, V will also increase. Hence, 
work done will be positive. 


2. 


10. 


11: 


Vy 1 
Wea, = NRT In | — | =nRT In| — 
7 V, 2 


=—nRT \n2 
Work done on the gas = + nRT In2 
AU is same p. 


Q=W+AU 
W, =+ ve,W,=0 
and W;=—ve 


In adiabatic compression temperature increases. 
Hence, pV increases, as T « pV 


W =—n(Radiusy” 
= —7 (Radius) (Radius) 


=-n(252)(2") 


1 > Isobaric 
2 — Isothermal 
3 > Adiabatic 
Minimum area is under graph-3. 
W, > W, as area under graph-a is more. Hence, 
AQ, > AQ;, as 
AQ =W + AU and AU, = AU, 


n=(1-2} 100 
T, 


T,=300K andT7, = 600K 
n= 50% 


_nkT 
Poy 
V = constant, but temperature will decrease with 
time. So, p will decrease. 
In adiabatic compression, internal energy of gas 


increases. So, temperature increases. 
Y Y 


pT'~’=constant or pT?! 
4 
(eee 


QS} 
voi ta osi 
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C is negative if 
2 
x-1l<= 
5 
x<14 


If x lies between 1 and 1.4, then also C is negative. 
nCy + mC 
13. C,= pie ss pee so 


ny + m 
In option (c), 

(2) (52) + (4) (52) 
6 


Cy = 
13R 
6 
14. On = Wry = area under the graph 
= 1(Radius)(Radius) 
= 1 (10 x 10° Pa)(10 x 10° m3) 
=10°nJ 
15. Area is same, signs are opposite. 
Subjective Questions 


1. Helium is monoatomic. So, degree of freedom 


f=3. 
u =" pr =" Rr 
2 z 
2U 
or n=— 
3RT 
_ 2x 100 
3 x 8.31 x 300 


= 2.67 x 10 mol 
2. For all process, 
AU =nC,AT 
RAT R 
=" (as Cy = ——) 
y-1 y-1 


3. (a) Ina cyclic process, 
Qnet = Wret 
cyclic is clockwise. Hence, work done is 
positive. So, QO, is also positive. 
(b) Wet = Qner = 7200 J 
(c) In counter-clockwise direction, 
W ret = ret = — ve 
|Qnet | = 7200 J 
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4. Oyo = Woop = area under the cycle 
= (2 x 10°)(2.5 x 10°) 
=0.5J 
5. (a) W, =+ ve(as cycle is clockwise) 
Wy =— ve(as cycle is anti-clockwise) 
But, 
IW, > |W | 
cs Wret = + ve 
(c) Qnet = Wrer = + ve 
(d) In loop-I, 
QO, =W, =+ ve 
In loop-II, 
On =Wy = ve 


6. Work done per cycle = area under the cycle 


= 5G — 2)(10-*)(30 — 10)(1.01 x 105) 


=1010J 
Total work done per second 
=1010x ae 
60 
= 1683 J/s 
3 
7. (a) OQ =nCy AT = (1) (32) (Ty -T,) 


200 = 1.5 x 8.31(T; — 300) 
Solving we get, 
T, =316K 
5 
(b) Q =nC, AT = (I) (Fe\c, =1) 


200 = 2.5 x 8.31 (Ty — 300) 
T, ~310K 
8. V = constant 


From pV =nRT, 
VAp = nR(AT) 
OQ =nC, AT 


5 5 
“(3 ) 3 (MP) 
= 2 x (10% 10°)(4 x 105) 


=10° J Ans. 
9. (a) W=+ (Area of the cycle) 


1 
= nd Vo(3 Po — Po) 


= poo 
(b) Oc4 = nC, AT 
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Therefore, temperature also becomes three times. 


=n (3 Ryer, oT) 


(I; = 37) 
5 Second process 
~5 (P4V.4 — PcVe) p = constant 
5 5 # V«T 
= 5 (Po Vo — 2pyVo) = — 2 PM Volume is doubled. So, temperature also becomes 
Q Cy AT two times. (T;’ = 67;) 
AB =NLy + 
: Nise ac? cee 
=n 5R (Tz -—T4) nAT  nAT 
nCy AT, + nC, AT, 
3 — 
= 5 Pele ~ PW) nAT 
= 3pVo (Selon T;)+ (22) or 3T;) 
(c) Wgc =+ (Area under the graph) _ 2 2 
= pW, (67; -T,) 
AUge =nCy AT =3.1R 
ad (32) 75 11. First Process 
V =constant 
== (Re - PaV2) =—> DV : 2 
a ae x i Pressure becomes half. So, temperature also 
PM becomes half. 
= Wao + AU ge = —— 
Qe = Mac ae Q, =n,CyAT = 2C,(150 — 300) 
(d) p-V equation along path BC is =- 300C, 
2p Second Process 
nn A eee p = constant 
‘i QO = nC, AT 
or py =- (224) V? + SpV = 2C,,(300 - 150) 
0 
= 300C 
2 P 
or ar =- (228724 spy 0=0,+0, 
my, ° ; 1 = 300(C, — Cy) = 300 R 
ee deel (i) = 300 x 8.31= 2493 J 
0 3 
For 7 to be maximum, 12. AU =Q-W =nC, AT =n (3 nyt, =i) 
dT 
“=0 
dv #3 1200 — 2100=5 3 x 331 (T, — 400) 
2 f 
4PM yy 
Hig Y= : T, = 385K 
5 ~113°C 
Vay, 
4° 13. v= =—? =2.0002x 107 m 
So at this volume, temperature is maximum. Pi 999.9 
Substituting this value of V in Eq. (1), we get = 2 =2x103m3 
7p = 25Pv0 ‘py 1000 
max 8R . 
AU =QO-W 
10. First process wg KO =p Ae 


V =constant 5 3 
et = (2)(4200)(4) — (10)°(—0.002 x 10”) 


Pressure becomes three times. = 33600.2 J 


14. 


15. 


16. 


17. 
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V,= m _ 0.01 _ 95,3 18. (a) W, is less than W 4,0 as area under graph is 
p; 1000 less. 
» 
po sv oterar 
“ pp 0.6 5 
AU =0-W § Pa leccs: c 
= msA0 + mL — poAV 
= (0.01 x 4200 x 100) + (0.01)(2.5 x 10) ae 
— 105(0.0167 — 1075) o 
= 27530 J 5m°> 15m? 
(a) W= poAV (b) For process A to C, 
= (1.013 x 10°)(1671 — 1) x 10° OQ =200J 
=169J Work done 
(b) O = mL = (107)(2.256 x 10°) vae= ie meat 
= 2256 J =a 
OY 220873 = 603 
e ae er ae From first law of thermodynamics, 
= = (2.30 x 2-1, 
(a) p. ( : Ke ) AU = 0 -Wac 
=-1.15x10°J Uc —U4 = 200 - 60 
(b) O=W + AU Uc =U, + 140 
= (-1.15 x 10°) + (-1.40 x 10°) =10+ 140=150J Ans. 
=—2.55x10°J (c) From A to B, 
U, =203 
(a)and(b) (pV )4 = (PV Jc = 3PM AU =QO-Waz 
T%=T or AT=0 U, -U,=0-0 
AU sac = 0 20-10=O 
Qugc = Wagc = Area under the graph O=10J Ans. 


=— 2pV Ans. 


i.e. Heat is released during the process. 

(c) Process AB 
p - p graph will be a straight line parallel to 
p - axis because pressure is constant. Further, V 
is decreasing. Therefore, p will increase. 
Process BC 

V =constant = p-=constant 

Therefore, p-p graph is a straight line parallel 
to p - axis. 


p - p graph is as shown below. 
p 


19. (a)U; —U, along two paths should be same. 


(Qaz + Qpc)- Wag + Wee) = Qac — Wac 
(250+ Ozgc) — (500 + 0) = 300 — 700 
Solving, we get 
Onc =-150J 
(6) Qcp4 = Wen + Wo4) + U4 -Uc) 
= (-800 + 0)- Ue - Uy) 
= — 800 — (300 — 700) 
=-400J 
Ve m_ 1.0 : 
p 8.92x10 
=1.12x 104m 
y= 30 =2.1x 10° per °C 
AV =Vy AO 
= (1.12 x 10~)(2.1 x 10°5)(30) 


= 7.056 x 10 °m? 
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W = pAV 
= (1.01 x 10°)(7.056 x 10°) 
=7.13x10°J 
QO=mcAQ 
(1)(387)(30) 
AU =O-W 
= 11609.99287 J 
21. (a) T= pV _ (2x 10°)(1.0 x 107) 
nR (1I(8.31) 
= 240.7K 
(b) In adiabatic process, 
TV™~! = constant 


ll 


r ~2 3=1 
= (240.7) a 
5.0 x 10 


= 383K 
(c) Work done on the gas = AU 


=nCy AT 
3 
= (3x)a,-1) 


=1.5 x 8.31(383 — 240.7) 
=1770J 
(d) AU =1770J 
22. (a) From conservation of linear momentum, 
0.01 x 200 = (2 + 0.01) v 
ate v=lm/s 
Mechanical energy dissipated in collision, 
=K,—-K,y 


_l oA 2 
= 5 * (0.01(200)? —52.01)() 


=199J 
(ie m _ 2000+ 10 _ 10.05 
200 
Using, 
QO =nC, AT 

AT = QO _ 199 

nC, 10.05 3x 8.31 
= 0.80°C 


23. Along the process CD apply, 
pV =constant and find Vo 
Similarly along path AB, again apply, 
pV =constant and find Vp. 
Now, Ware = Wag + Wace + Wep + Woa 


= nRT,\n (72) + Pp (Vo-Vz) 
A 


+ nRT> In (Fe) + PpV4-—Vp) 


c 
Further, nRT, = pV 4 
and NRTe = peVe 
24. pV =nRT 
PAV =nRAT 


Work done under constant pressure is 
W = pAV =nRAT 
= (0.2)(8.31)(100) = 166.2 J 


LEVEL 2 
Single Correct Option 
wy 
1.W= I, pdV 
={" n RT WV 
V\V-b 
=nRT In (2 =) 
Putn=1, 
W =RT In [z=] 
2. For AB V =constant 
W=0 
For BC W =nRT, In =) 


For CA V«T 


p= constant 
W =nRAT 
= R(T, -T,) 
3. Q=nC, AT 
RT = (10)( 28, Ty) 


C117, 


If p = constant, then V « T 


If temperature becomes 1.1 times, then volume 


will also become 1.1 times. 
4. W. 


net = area under the cycle 


= 2p Vo 
Oye = Qazc = Wage + AU age 
= area under the graph + nC, AT 


3 
=(B3plo) +n Ga -T,) 


3 
= (3pMo) + 5 (PVo — PaV 4) 


= 10.5 pV 
= Wet a 
O.ve 21 
5. O=W+AU 
= area under the graph + AU 
3p 
=— PVo- > ° 
5 
=-— pl, 
3 Po 0 


6. pV" = constant 


In the process, pV* = constant 


C = Cy + 
l-x 
Here, C ee) ey, 
2 14+1 
O =nCAT = (1)(2R)(2Ty — Tp) 
=2RT) 
ti p 


In process 3-1 


V = constant 


Tap 


If pis decreasing, then T will also decrease. 


8. TV*~! = constant 


=i 
T, _(Vr)" 
Ty V, 
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9. T«U 
To =Tpy =T) = 300K 
T, =Tp = 2T = 600K 
Qnet = Qaz + Ove + Qen + Qo 


V 
= nRT,|In =) ene di. =T,) 


1 


1 


V 
+ nRTeIn @ Sa A=.) 


= (1)(R)(600) In (2) + )(C;,)(—300) 
+(1)(R)(300) In q + ()(C,)300) 


= 300 RIn2 
10. 1-2 T«V 
p= constant 
Qnet = Wree = Win + Wo3 + Wy 
Wo3 = Ono — Wo (as W3, = 0) 
= — 300 — nRAT 
= — 300 - 2 x 8.31 x 300 
=—5286J 


11. O,=Q3 
nG, AT, =nCy ATs, 
C, 
AT; Ea = VAT, 


V 
= (1.4)(30)= 42 K 
12. TV"~—' = constant 
(pV WV "~! = constant (asT « pV) 
pV" = constant 


Bulk modulus in the process pV" = constant is yp. 
Hence, in the given process Bulk modulus is np. 
13. pV~' =constant 


In the process, pV * = constant 


We es AT 
l-x 
Here, xS==1 


R R 
W =—AT =—(1, -T 
5 pee 


14. AU=Q-W =450J=nC,AT 


=n (32) AT 
2 


nAT = (=) 
R 
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Q 


I) 


Now, Gs 
n AT 
_ 600 _ 
300/R 
15. W = pAV = po(2V) — Vo) = po 
AU =U, -U; 
= 2po(2Vo) — 2pVo 
= 2pVo 
O=W + AU =3pVo 
16. c=-2 
n AT 
or C«Q@Q 
AU is same. But W, < W, as area under p-V graph 
is less. 
Hence, QO, <Q, 
or C, <C). 
a <l 
C, 
17. Dror =Wret 
O4z = Qcn = 9 
5 
Opgc =n CG, AT = (1) [Sear 
= 7.5RT 
Ong =nC, AT 
=() [Sx}or —5T) 
=-5RT 
Wet = Qnep = 7-5RT — SRT 
=2.5RT 


18. Up = constant 


vi (+) = constant 
V 


or T«V 
p = constant 
AU AU 
W  Q-AU 
_ nCy AT 
nC,AT —nCyAT 
~ t..-1. 3 
ae 
3 
19. W = Area under F'-x graph 
=17.5J 
Now, QO=W+AU =20J 


20. In second process, p « V i.e. p-V graph is straight 


21. 


line passing through origin. 


Area under graph-2 is more. 
: W,>W, 
T « pV 
(pV). > (pV), 
& T,>T, 
dQ=-dU or dU+dW =-dU 
or 2dU + dW =0 
2[nCy,dT ]+ pdV =0 
[ | 
ai aler + pdV =0 
y-l1 
2nRdT (= 
y-1 \V 
2 \dT av 
or —— |— +— =0 
y-1/)T V 


Integrating we get, 


[3] In(7)+ nV)=In(C) 
y-1 


Further, 


° 
i 


Jar =o 


Solving we get 
y= 
TV 2 


= constant 


22. In acyclic process, 


2357 


Qnet = Wet 
Oug + Opc t+ Qcy = area under the graph 


600 + 200 + O., = 36 x 104)(5 x 10°) 


=75J 
& Ocq =- 7253 = Wey + AU cy 
=—725 = (—Area under the graph) + AU; 
=- (5 x11x Tae x 104) + AUc, 


Solving we get, AUc,=-—560J 
(lying on same isotherm ) 
AU, =AU, 
W = Hatched area 


1 
= 5 Pi + pp)\Vy - Vi) 


1 
=e Pe a pny 


Now, p,V; and p,V; are same for both processes. 


Further p, and V;, area also same for both 


processes. 
For 1— 3 V; is more and p; is less. Hence, W will 
be more. 
Now, Q=W+AU 
Wi3>W 
ts Q;3 > O01 (as AU is same) 
24. AU,,, =0 


AU, + AU, + AU,=0 
Be QO, + (Q, -W,)+ AU;=0 
(200 kJ) + (-100 + 50) kJ + AU, =0 
ce AU, =—-150kJ 
In adiabatic process, 
W =-AU 
W,=-—AU,=150kJ 


25. Onc =0 
Cy =eC Ar 


5 
=n (Fa) a) 


5 
= 5 Po" — PcVe) 


=; (10° — 2 x 10°) 


=—25x107J 
Ong =n Cy AT 


=n (Gale, -Tp) 
3 

= aa — PpVp) 

=5024 x 10° — 10°) 

=21x10*J 


Now, Ware = Qnet 
= (9-254 21)x 10° J=5x 104) 
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26. Pressure becomes half. So, temperature is doubled. 


[= To« 4) 
Pp 
AU =nCy, AT 
T, = Po 
nR 
= 2pVo 
nR 
AT =T, -T, = 


Ty 
PV 
nR 


AW =H (3) [2 _ 3PM 
2, nR 2 


27. W =nRTp In| 2 
Pf 


Waco = 2 Wap 
nRTp In ( He ) = 2nRTy In (22) 
Po/2 Po 
Solving this equation we get, 


More than One Correct Options 
1. p 


V 2vV 
Now, see the hint of Q-No 9 (d) of subjective 
questions for Level 1. 


2. Temperature is increased. So, internal energy will 
also increase. 
Bs AU =+ ve 
Further, 
pV? = constant 
(= \v =constant or V« e 
V T 


Temperature is increased. So, volume will 
decrease and work done will be negative. 


In the process pV“ = constant, molar heat capacity 
is given by 


C=Cy+ 


-x 
Here, x = 2 
C=C,-R 
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C, of any gas is greater than R. 
So, C is positive. Hence, from the equation, 
QO =nCAT 
Q is positive if T is increased. 
or AT is positive. 
3. ab W=0 (as V = constant) 
Q, = AU, =nC AT 


=(2) (Ze}er, — 19) = 3RTp 


be AU =0 (as T = constant) 
Vr 
QO, =W,=nRT In =) 
= (2)(R)(2T)) In (2) 
= 4RT) In (2) 
cd W=0 


Q, = AU, =nC,AT 
) 
= (2) (32) (To — 27) 


= —3RTy 
da AU =0 


Vy 
QO, =W,=nRT In a 


i 


= (2)(R\(T) in( 5) 
=—2RTy In(2) 
Now in complete cycle, 
AU, = 9 
OQnet = Wret = 2RTo In(2) = + ve 
4. ab p = constant 

V =constant 
W=0 
Q=AU 


AU is positive, as U is increasing. 
Hence, Q is also positive. 


1 
be pxU => » —«T 
V 


p is decreasing, so V is increasing. Hence, work 
done is positive. 
1 
Further, 7 «xT (T « pV) 
pV? = constant 


In the process, pV~ = constant, 
Molar heat capacity is given by 


R 
C=C, + — 
1-x 


Here, x = 2 

Fe C=C,-—R 

For any of the gas, C, # R. 

. C #0 

. Q=nCAT #0 asAU #0 and AT #0 
ca 


p is increasing. Hence, V is decreasing. So, work 


done is negative. 
5. Q, =nC, AT 
Q, =n, AT 
Q3=0 
C, >Cy 
O,> 0, > Qs 
6. 1-2 V = constant 
= px«xT 
T is increasing. So, p will also increase. 
2-3 V«T 
ae p= constant. 
V and T both are increasing. 
Process 4-1 is reverse of 2-3. 


Comprehension Based Questions 


V 
1. Qher =Woet = area under the cycle = og 


oe 
Cc, Y 3 


2. 


3. In adiabatic process, 
y-1 


p'~"T’ =constant or Top? 
vel 
Ty _ 22) Y 
Ty PA 


5/3=1 
5/3 


T, = (1000) (2) 


24 
= (1000) (= = 850K 


4. In adiabatic process, 


Wap =—-AU 4p (asQ =0) 


=nCy (Ly — Tg) 


" of R) (T, -Tp) 


3. 25 
o(3 x5 } 1000 850) 


=1875J 
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5. Wc =0 (as V = constant) (b)W =0 
T«p (as V = constant) AU =—ve 
Pc = Pp/2 a Q=AU =—ve 
Te =T pj = 425K ()O=0 
QO =AU =nC,(AT) W=+ve (as V is increasing) 
- (32) @--1) a AU =-W =-ve 
- (d) AT =0 
24 29 > AU =0 


== x x (425 — 850) 
a 
= 5312.5) 


Match the Columns 
1. (a)W =nRAT 
= (2)(R)T) = 2RT 
(b) AU =nCyAT 


= (2) [32] (T)=3RT 


(c)W =—AU =-3RT 
(d) AU = 3RT (in all processes) 
2. For both processes, 
p=constant (asV « T) 
C =C,, for same gases. 
For W, AU and QO we will require number of 
moles also. 
3. pV = constant or pV"? = constant 
Comparing with pV~ = constant, we get 
ae 


2 
Molar heat capacity, 


R 
C =Cy + —— 
1-x 


-(32}+2R=352 


OQ =nCAT = n(3.5R) (AT) 
= 3.5 nRAT 
AU =nCyAT 


=n (32) AT = 1.5 nRAT 


W by the gas = OQ — AU = 2nRAT and work 
done on the gas = — 2nRAT 


4. (a)Q =nC,AT 
AU =nC,AT 
W =Q-AU =nRAT 
W<AUasC;>R 


Vy 
and Q=W =nRT In Te =+ ve 
5. (a) W,,, = area under p-V graph 
= 3PVo 
2 
(b) AU wy = Qu - War 


3M 
= 6p Vy - z 0=4.5PV, 


=1.5 pV 


Q W+t+AU 
nAT —_nAT 
_ 6PM = 
i (22 _ PVa 
nR nR 


(c) C= 


AU 
d) C, = —— 
Gy nAT 
_ 4.5 pV 
a eS _ tata 
nR nR 


=1.5R 


Subjective Questions 
1. In acyclic process, 
AU =0 
Ore = Wret 
Oj =A CAT 
= (2) (; R400 — 300) 


= 500R 


= (2)(R)(400) In (=} 


= 800R In (2) 
Ocy = nC, AT 
=—500R 


Ons =n RT p In| 6 
Pr 
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= (2)(R)(300) In (>) Substituting the ena above we get, 
AU, = Po 
=—600R In (2) Po 
PyoM 
ret = Wret = (200R) In (2) W; = Q, a AU, = “Das 
= (200)(8.31)(0.693 : 
cals M ) For Process 3-1 
= 11535 ; Density is constant. Hence, 
2.7, = PW4 _ (1.013 x 10°)(22.4) volume is constant. 
4” a7R (10°)(8.31) “ W,=0 
=273K “ O; = AU, =nCyAT 
Along path AB =i (52) (T, -T;) 
V =constant 2 
Se T«p _3/([ AM 2pM 
pis doubled. So, T is also doubled. 2\ Po Po 
Ty = 2T, = 546K. __15p)M 
Further, Tz =Te Po 
PVR = PV (b) LO_\. =|: + Q3| 
y, = boa) _ 222.4) 2M (3 22h 2 
(ps) 1 Po <4 
3 = 
= 44.8 m (+p)M/py) + PoM na] 
3. For Process1-2 pp (c) n= = Po 
1 XO ive (2.5 PoM/po) 
yn? 
Process is isothermal. 4. (a) 
AU, =0 
O, =W, =nRT In| 22 
Pr 
il In (5) @ensiad ara” 
Po 2 
M 
=— PO" in (2) Wret = Qnet ina cycle. 
Po Since, QO, is negative (flows out of the gas). 
For Process 2-3 Hence, W,,., should also be negative. Or, cycle 
Q, = Q, =n, AT should be anti-clockwise as shown in figure. 
=(1 5p T_T From ato b 
= 2 ety) p = constant 
it V«T 
= [24 - a T has become 1.5 times. Therefore, 
2\ Ps P2 V will also become 1.5 times. 
_5/(2pM 2pM From ctoa 
2 Po 2Po Per 
=25 PyM V has become -: times. Therefore, 
Po ; 


ill also b : ti 
AU, =nCyAT Pp will also Chom ae imes. 


In a cycle 
|Onet |= [Wnet |= Area of cycle 


800 = (0-5pp)(0.5V0) 


PM = 6400 J 
W. = — Area under the graph 


ca 


1 


= —0.625p)V, 
=— 0.625 x 6400=— 4000 J 
. First process is isobaric. 
AQ, =nCyAT + pAV 
Second process is isochoric 
AQ, =nC,AT 


AQ, — AQ, = pAV = E + se [Ax] 


= (pod + mg)x 
= [10° x 60x 104+ 8x 10](0.2) 


= 136J 


(b) For the process AB, 
PM — Pb (2Vo) 


AU =0 
QO=W+AU 
=nRT |n Ve 
V4 
= 3RT, In 2 
For the process BC, 
ako _ Fo 
TK Tc 


W =nRAT =3R (2 


3 
rs) =- 5k 


O=nC,AT =-= RT, 


Chapter 21 Laws of Thermodynamics ¢ 421 


Woot = 3RTy in (2)— ; RT, 
21 
(C) Ofota = 3RTp In (2) - ri RT 


7. (@) pp (« 108 Nim2) 


(Po, Vo) (P1, V1) 
B 


2.5 


0.44 }--- 


20 40 113.1 


_ mRT, _ 2X 8.31x 300 
Ve 20x 107 
=2.5x 10° N/m? 
Pi = Pp = 2.5 10° N/m? 
V,=2V =40x10° m? 
Ans. Process AB : Vx«T 
T, = 2T) = 600K 


(b) 2% 


Process BC 
Using 7,V"' = T,V3", we get 

V, =2V2V, =113.1x1073 m> Ans. 

ne NRT _ (2)(8.31)(300) 


and 
2 he US Td 
= 0.44 x 10° N/m? Ans. 
(C) Wroa =W, + W, 


nR 
= poV, —Vo) 4 ye Ty) 


Substituting the values, we get 


Wrotat = 12479 J Ans. 
8. (a) PY = PW 
T, T, 
n= ea fi) 
PV 
Here, 


p, =1.0x 10° N/m? 
V,=2.4 x10? m? 
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T, =300K 
kx 
P= Pi Lae’; 
pie: sue 
8x 107 
=2.0x 10° N/m? 
V,=V,+ Ax 


=24x10°+8x10° x01 


=3.2x10° m? 
Substituting in Eq. (1), we get 


T, = 800K Ans. 
(b) Heat supplied by the heater, 
O=W+AU 
Here, 
AU =nCy AT 


= (az) (3 n) (300 — 300) 
aT} 


_ (1.0 x 10°)(2.4 x 10°7)(1.5)(500) 
(300) 


= 600 J 


W= ; ke? + p,AV 
=; x (8000)(0.1)? + (1.0 x 10°)(0.1)(8 x 10°) 


= (40 + 80) J=120J 


QO = 600 + 120 = 720 J Ans. 


9 U«V 
AsU«T 
Tey? 


or TV ~"? = constant 
or pv > = constant 


Comparing with pV* = constant, we have 


x= 


2 
Molar specific heat 
C= ae + E 
y-1 1-x 
R R 
= + ——_—— = 7/5 
5-1 1-1/2 oY ) 
= 2 R+2R= eA Ans. 
2 2 
QO =nCAT 
AU =nC,AT 


W =Q-AU =n(C -C,)AT 
W _C-y 
AU Cy 
W = (¢ =< AU 
V 
= 912 — 5/2 (100) = 80 J 
5/2 


10. d0Q=dU+dw 
CdT =C, dT + pdV 
(C, + 3aT’) dT =C, aT + pdV 


3aT? dT = pdV = (Shar 
(3!) rar = 
R V 


Integrating, we get 
2 
clad =InV-Inc 
2R 


3aT? " 3aT? 
V=Ce?R or Ve 8 =constant 


11. (a) p=aT'? 


or pr? = constant 


eo = constant 
l 


pV =constant 
x=-l 
AW = [4] (AT) 
12% 
8.31 
7 50 
Eo 
= 207.75 J 
R 3 R 
(b) C=C, + =—R+—=2R 
I-x 2 2 
12. F + pA=pA 
F=(py— p)A 
pe Po 
W =| (pm) - pA dex 
p 


=|"7 dv ~[-pav 
= Po ph 

wi (dV 
on Si(e 
= pyV — RT In (2) 


= RT — RT In (2) 
= RT(1— In 2) 


Ans. 


Ans. 


Ans. 


Chapter 21 Laws of Thermodynamics ¢ 423 


13. (a)p« =r pT =constant AW py, = -5 (2 + Po}, —Vo) 
V))= tant 3 
P(p >) consta su Wg 
or pV ’~ = constant 4 
In the process, pV* = constant, AU 4p =nC,AT = (2) (S2}c, T,) 
Molar heat capacity is 3 
R [n=2, Cy =) 
C=C, + = 2 
=x 
3 R -3R &S = a 
or C= = ae | 2R  4R 
l-— 3 V 
2 =— PV =AQus [7 = or) 
3 7 4 nR 
=—R+2R=—R Ans. 3 
2 2 AU pcp =nCyAT = (2) Ga Ts) 
(b) W = Q - AU =nCAT - nC, AT 
=n(C —C,)AT = (GR) at a _3 Vo 
7. 3_] aR OR) 2 
=2);—R RT, -T, 
|> 2 { 2—f) Hence, AQgcp = AU gcp + AWegcp 
5 
= 4R(T, -T,) Ans. = (< + lo¥o 
4 4 2 
14. v= a AUp4y =nCyAT 
or VT = constant = (2) (3 n) (T, -Tp) 
or V (pV ) = constant 2 
: pV? = constant = (3R) ae 22's) 
: 4R  2R 
In the process pV~ = constant, molar heat capacity 9 
is =-—>PVo 
4 
_ oR R 
C= = mt i=* AQp4 = AUpy + AWp yg 
‘ ie ai 
Here, x=2 4 Pore q Povo 
C= f + é -(22)r =— 3pMo 
yor. 12 yeu Net work done is, 
= T 3 
Now, Q =nCAT Wo = ( hie =) pV 
2-7 
= (1) | —— | RAT 
024 = 1.04 pVq 
P and heat absorbed is 
a pean b Y RAT Ans. Oup = AO. ve 
= =(3+ 54 Savy = 4030 
15. Process AB is isochoric (V = constant). A a go Pe eye 
Hence, Hence, efficiency of the cycle is 
AW ap =0 n= o x 100 
Tl Vi ab 
AW acy = PoVo + 7 w)( 2) 1.04 pV, 
— 2 Polo x 100 
7 e . ) 4.03 pV 
as a = 25.8% Ans. 
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_ a7 
16. po (p = constant) 
_ pr 
Hence V a 
P 
or dV = ew dT 
P 
m (a-2BT 
W =| pdV = aT 
ida ray 
or W =(oT -BT*]? 
= 0 (T, — T;) - (Ty - T/) Ans. 


17. (a) First law of thermodynamics for the given 
process from state 1 to state 2 


Qi. — Wi. =U, -U, 
Here, = Q}, = + 10 pV joule 
W,2 = 0(Volume remains constant) 
U,—-U, =nC; I, -T) 
nCy (TZ, —T,) = 10 poVo 
For an ideal gas, 


PM = NRT 
and C,-Cy=R 
Cy =C,-R 
5R 3R 
go a 


n (2 )c. —T)) =10nRT, 


Li 
3 


As p « T for constant volume 
23 
Pa 3 0 


(b) 


1 
V 


18. Process A -B is an isothermal process 


1:6, T = constant 


V 


or p-V graph will be a rectangular hyperbola 
with increasing p and decreasing V. 


1 i 
pe “a Hence, p -V graph is also a rectangular 


hyperbola with decreasing V and hence 
increasing p. 


[ _ pM | 

px p P = RT | 
Hence, p - p graph will be a straight line passing 
through origin, with increasing p and p. 
Process B -C is an isochoric process, because 
p-T graph is a straight line passing through origin 
i.e. V = constant 
Hence, p-V graph will be a straight line parallel to 
p-axis with increasing p. 
Since, V= constant hence p will also be constant 
Hence p -V graph will be a dot. 


p-p graph will be a straight line parallel to p -axis 
with increasing p, because 


p = constant 
Process C-D is inverse of A-B and D -A is inverse 
of B-C. 


Different values of p, V,7 andp in tabular form 
are shown below 


p V T p 
A Po Vo Tp Po 
B 2p, Yo i 205 
2 
C 4p, Mo ai, 2p, 
2 
D 2p, Vo aT, Po 
Here, V)=nR 1 and py = FM 
fh RT) 


The corresponding graphs are as follows 
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19. First process 
T = constant 


rr 
aie 


: 1 
V is made 5 times. Therefore, p will become - th. 
Second process 


V =constanat => T«p 


Pressure again becomes first times. So, 
temperature will also become 5 times. 


O, + O, = 80x 10° 


Ve 3 
*, NRT In a + nC; AT = 80x 10 


. (3)(8.31)(273) In(5) + (3) [St x 273 — 273) 


= 80x10? 


~p 
Solving we get, y = 1.4 
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INTRODUCTORY EXERCISE 


Q=mL, + ms,, AO + mL, 
=m (L, + s,,A0 + Ly) 
=10[80+ 1x 100+ 540] 
= 7200 cal 
. Let® (> 60°) is the mixture temperature in 
equilibrium. 
Heat given = Heat taken 
0 = m(1) — 20) + m(0.5) — 40) 
+ m (0.25) — 60) 
Solving the equation, we get 
8 = 31.43°C 
mL = ms (8 — 0°) 
9-280 
sol 
. 75% heat is retained by bullet 


371 


A EB my = msA® + mL 


(8sA0 + 8L) 
or y= —— oS 


Substituting the values, we have 
yay 0.03 x 4.2 x 300) + (8x 6 x 4.2) 
3 


= 80°C 


= 12.96 m/s 


. Let m be the mass of the steam required to raise 
the temperature of 100 g of water from 24°C to 
90°C. 
Heat lost by steam = Heat gained by water 
m (L + sA®,) =100sA8, 
m = (00) )(A82) 
L + s(A@,) 


Here, s = specific heat of water = 1 cal/g-°C, 


or 


L = latent heat of vaporization = 540 cal/g 
AO, = (100 — 90) = 10°C 


and A@, = (90 — 24) = 66°C 
Substituting the values, we have 
(100)1)(66) 
~ (540) + (1)(10) 
m=12¢ 


6. Heat liberated by 10 g water (at 40°C) when it 
converts into water at 0°C 


“ 


a 


O =m,sA0 
=10x1x40 
= 400 cal 


Mass of ice melted by this heat, 
Q 400 
mM, = — =— =5¢<15 
2 7 B69 g g 
Therefore, whole ice is not melted. 
Temperature of mixture is 0°C. 
Mass of water =m, + m, =15 g 


Mass of ice = 15 — m) = 10g 


Similar to Example 22.4 
INTRODUCTORY EXERCISE 
KA ©, -9,)t 
o = KAL 2) 
K= Ol _ J-m 
A(@,-9,)t m>K-s 
W 
=a (as J/s = W) 
oe m 
KA (W/m-K) m? 
=* ay 
W 


In convection, liquid is heated from the bottom. 


200°C _K 2K 3K 
Hy, 0, Hp 05 Hg 100°C 
H,=H,=H, 
200-6, 6, -8, 
(I/KA)  (1/2KA) 
Solving these equations we get, 
6, =145.5°C 
and 6, =118.2°C 
R29 R2 
> > 


_ 8 — 100 
(1/3KA) 


100-8 25-8 6-0° 


(R/2) R R/2 
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Solving we get, 8 = 45°C 80 — 50 Lg [80+ 50 50| 
H. = TD _ 45°C- 25°C 5 2 | 
cD 
R 5 ani (2-3) =0 [+ 30 56 
=4W ; [ 2 | 
7. Let us start with the assumption that : ; 
Solving these two equations, we get 
| Ae ; ; 
la « Temperature difference t=9 min 
Exercises 
LEVEL 1 1 
5.1, & 7 
Assertion and R n 
Ssertom and Reas0 Oni sD x. Ti Ows 
1. Specific heat is a function of temperature. But for i» © 9 i 04 
most of the substances variation with temperature aM: ° al 
is almost negligible. = 350 = 0.69 
4. R, =2R d R Z sai 
= an 25 dQ = CdT 
: 1 dT 1 
Thermal resistance becomes a th. Therefore heat dO = G = Slope of T - QO graph. 
current becomes four times. ; ] ] 
5. If temperature of a normal body is more than a 1. Theemal resistance = KA ~ K(n R?) “ R2 
perfectly black body, it can radiate more energy. ] 
6. This law was given by Kirchhoff. The rod for which Zz is minimum will conduct 
9. In steady state, temperature of different sections maximum heat. 
(perpendicular to the direction of heat flow) beg : : 
. Heat taken by 1 g ice in transformation from ice at 
becomes constant but not same. 8 ors 
ar ade dT 0°C to water at 100°C is 
10. Sa tan or -——«— O =mL + msA® 
dt = mc dt m 


Objective Questions 


1. 


2. 


3. 


din os 2 
T 


(An)2 _T, _ 2000 2 
Qin) T; 3000 3 


2 
QOim)o = 3 Qin) 


At higher temperature radiation is more. So, 
cooling is fast. 


QO, =Q, 
ms, (32 — 20) = ms, (40 — 32) 
s, 8 2 
Ss 12 3 


4. =| do =| msaT 


a 2 3 _ 15a 
=| (Nar?) dT = == 


= (1) (80) + (1) (1) 100) 


= 180 cal 
Mass of steam condensed to give this much heat is 
Q_ 180 1 
“Lh 540° 3 


This is less than 1g or total mass of steam. 
Therefore, whole steam is not condensed and 
mixture temperature is 100°C. 


Hy = Arora 
(TD), _ TD 
Ry  Ryt+Rz 
(TD), = Ry TD 
Ry+ Rp 
1+ Rp/R, 
Ry, _(lp\{ K4A)_ (>) (3)=6 
R, \l,)\KpA 10 
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Substituting in Eq. (1), we get 
1 
TD), =| —— | x 35=5°C 
(4 i + 4 


10. Thermal resistance, 


i 1 
=—e«— = K,=2K 
KA K : . 
R 
Re 
So, let R, = R then Rg =2R 
Now, H,=Hs, 


PP or roy, =(#4] aD, 


Ry Rp B 


= Rk °C)— 12° 
-(2) (36°C)= 18°C 


Therefore, thermal resistance of 2" rod is half. 
Hence, rate of heat flow will be twice. 


Subjective Questions 
1. Total rate of radiation of energy 
=¢oF'A 
= (0.6)(5.67 x 10-8 (800 + 273)*(0.1)°(2) 
= 900 W 
2. a (3 mn] = msA® + mL 
ND 


yv=2,/sA0+L 


= 2,/(125) (327 — 27) + 2.5 x 10° 
= 500 m/s 
3. 0.4 [mgAh]= msA0 
_ 0.4 gAh 0.4 x 9.8 x 0.5 
Ss 800 
=2.5x 107°C 


AO 


dm_ P _ 500x10° 

dt sh® (4200) x10 
= 11904 kg/s 
=1.2 x 104 kg/s 


5. P=e¢,04 (T*-T)) 
= (0.4)(5.67 x 10-8 )(42)(4 x 10°7)?[(3000)* 


— (300)"] 
=3.7x10'W 
6. 1(#)-2 _ 7 - 1D _ 8-100 
dt R_ (I/KA) 


o<100 + (22) (2m) 
KA) \ dt 


0 —2 
= 100+ 2280216 x 1.2 x10 I 0.44 


50.2 x 0.15 60 x 5 
=105°C 
7. (a)H, =H, 
0 
Hp H, 
-10°C | —— | —< /19°C 
Ro R, 
Wood Insulation 
19-8 _9+ 10 (1-2) 
R, R R 


19-8 6+10 
(,/K,A)  (L,/K,A) 
K\(19-8) _ K,@ + 10) 


h h 
0.01119—8) _ 0.08 (© + 10) 
3.5 2.0 
Solving, we get 
6 =-—8.1°C 
(b) H=H,= 19-0 
(/,/K,A) 
_ K,A (19-8) 


L, 
_ (0.01) (19 + 8.1) (I) 
3.5x107 


=7.7W/m 


8. Hint is already given in the question 
9. Let mixture is water at @°C (where 0°C< 0 <40°C) 
Heat given by water = Heat taken by ice 
(200) (1) (40 — 8) = (140) (0.53) (15) 
+ (140) (80)+ (140) (1) (@ — 0) 
Solving we get, 
6=-12.7°C 


Chapter 22 


Since, 8 < 0°C and we have assumed the mixture 
to be water whose temperature can't be less than 
0°c. 
Hence, mixture temperature 8 = 0°C. 
Heat given by water in reaching upto 0°Cis, 
6 = (200) (1) (40 — 0) = 8000 cal. 
Let m mass of ice melts by this heat, then 
8000 = (140) (0.53) (15) + (m) (80) 

Solving we get m = 86 g 

Mass of water = 200 + 86 = 286 g 

Mass of ice = 140 — 86 = 54g 


10. Let heat is supplied at a constant rate of () = 
min 


In 4 minutes, (when temperature remains constant) 
ice will be melting. 
\ mL = (4) 
a L_ 336x107 
m4 4 
= 84 x 10° J/min -kg 
Now in last two minutes, 
QO =msA0 
(a) (2) = (m) (4200) (@ — 0°C) 


oaee (0) 
Substituting the value of — we get, 


m 
8 = 40°C 
11. 
H, +H, =H, 
ET) (oat iPS 
3R/2} \ 3R/2 R 
pao t2h+h) 
a 
12. 100°C 0 orc 


H, 25W  H, 


H,+H,=25 
6 — 100 6-0 
= 4 = = 25 
0.5/(400 x 10°) —_0.5/(400 x 107*) 
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Solving this equation, we get 
6 =206°C 
Now, temperature gradient on 
6 — 100 
0. 


RHS= fa 424°C/m 
0.5 


LHS = = 212°C/m 


aon 


and on 


13. Net power =e.0(T*-—T1))A 
In first case, 
210 = e.6 [(500)* — (300)*] A (i) 
In second case, 
700 = 6 [(500)* — (300)*] A 
Dividing Eq. (1) by Eq. (ii), we get 


ii) 


6.= = = 0.3 
700 
LEVEL 2 
Single Correct Option 
41. R= 
KA 


/is halved, A is four times and K is - times. 


R will become half. Hence, heat current will 
become two times. Therefore, rate of melting 
of ice will also become two times or 0.2 g/s. 


T, -T, = 


(d/K,A) (3d/K,A) 
engl) Teta) 
K, \T,-T),) 3 
But 7, : T, and 7; are in AP 


T, —T; =T, —T, 
K,_1 


i. 3 


_TD_ 100-0 
H 1 
=100kW! 
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Now, R = {ar =[- i 

0 0K) (1+ ax)A 
or 100 =f ae 

0 107 (1+ x) (10%) 


Solving this equation we get, 
x=17m 


. Let R = thermal resistance of each rod. 


In first case, R,., =R+ R=2R (in series) 


In second case, Rut = — (in parallel) 


, 1 
In second case thermal resistance has become ris 


So, heat current will become 4 times. So time 
taken to flow same amount of heat will be reduced 


1 
to —th. 
4 
Ak 
Ay 
B Cc 
vaT 
H, =H, 


V2T-To _ To -T 
(I/KA)  (V2I/KA) 


Solving we get, 


3T 
a J24+1 
. Net power available per second, 
P =1000 — 160 = 840 J/s 
Heat required, 
O = msA0 = (2) (4200) (77 — 27) 
= 420000 J 


.. Time required -2 = 500 s=8 min 20s 


xXx 4X 3X 
R,+R,= : = 
Ret 1 2 (4) OKA KA 
Now, H =e iz 
dt — Rus 
- B/G (1) 
(3.X/KA) Bs 3 
1 
fr 


More than One Correct Options 
1. Total radiation per second is given by 
P=e,oT*A 
Here, e.: 6:7 and A all are same. 


Hence, P will be same. 
Same is the case with absorption per second. 


Now, P=ms (-<) 
dt 
or Rate of cooling (-<) aes 
dt ms om 


Mass of hollow sphere is less. So, its initial rate of 
cooling will be more. 


20°C 30°C 
H,=H,+H;, 

40-68 0-20 0-30 
R RR 


where, R = thermal resistance of each rod 
Solving this equation, we get 
6 = 30°C 
Heat flows from higher temperature to lower 
temperature. 
3. ms (20 — 6’) =m (2s) 0’ —8) 
Solving this equation we get, 
= 0 
3 
Further, heat capacity 
C=ms or Cas _ (asmis same) 


ee 
Cp Ss 2 
TD 
4. =— 
q R, 
TD 
R, =— 
1 
Similarly, R= me 
Dh 
In series, 
—_ TD | TD 
SR +R TD, TD 
N D 
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5. (b) If temperature difference is small, the rate of 
cooling is proportional to TD. 
Match the Columns 
1. (a) E= oT" = energy radiated per unit surface are 
per unit time by a black body 
gal Ble [MT | 
Lr#| | ’T9* 
=[MT°0“] 
(b) DEK, fF 
[b]=[L®] 
(c) Emissive power is energy radiated per unit 
time per unit surface area. 


eye] MT por 
dQ TD 
dt = R 
_ ™m | ) 
(dQ/dt) [MU?T?/T] 
=[M'L*T%6] 


(d) H = 


(=) _ dQ/dt 
dt ms 


Slope of 6 -¢ graph « £ 


m 
(b) otal =mL 


(2) (time) = mL 


—" 


10) 


or timex m or length of line bco« m 
(d) ab: only solid state 

bc: solid + liquid state 

cd : only liquid state 

de: liquid + gaseous state 

ef : only gaseous state. 


3. IfR = thermal resistance of one rod 


100°C H 


Hi2 Hl2 
f 
Then, R, =3R 
H= 100 — (—80) _ 60 
3R R 
(a) ab #2 Ne 
R R 
6, =40°C 
H 30 40-8. 
ote 230 40-0, 
2 R R 
* 8¢ =10°C 
(c) Same as above 
(d) de 
H _ 60 _ 8, ~ (80) 
R R 
6, =-20°C 


4. (a) m (s)(®’ —®) = 2m (s) (20-8) 
Solving we get, 
6 =20 
3 
(b) ms (8’ — 8) = 3m (s) (30 — 8’) 
Solving we get, 
6 =20 
2 
(c) 2m (s) 0 — 20) = 3m (s) (30 - 8) 
Solving we get, 


0’ =— 80 
5 
(d) ms (0 —8) + 2 ms (’ — 20) + 3ms (0 — 30) 
=0 
Solving we get, 
e = 6 
3 
5. Unit of heat capacity is J/°C. 
Unit of latent heat is J/kg. 


Subjective Questions 
1. (a) Between ¢ = 1 min to ¢ = 3 min, there is no rise 


in the temperature of substance. Therefore, 
solid melts in this time. 
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pa 2 — Ht _10x2 


mom 0.5 
= 40 kJ/kg 
Q 
b) From Q=msAT or s= 
() g mAT 
Specific heat in solid state 
=U 2133 kkerc 
0.5 x 15 


2. Let 7) be the temperature of surrounding and T be 
the temperature of hot body at some instant. Then, 


dT 
a sRr=t 
= ( 0) 
T 
of OP cel ae 
Tn T -Ty 0 


(7, = temperature at t = 0) 

Solving this equation, we get 

T =T) + Im — Tem (i) 
Maximum temperature it can lose is (7, — 7) 
From Eq. (i), 

Pa1y=Cy Tye“ 
Given that 

a ee ee = = (I, -— Tye 


mn 


Solving this equation we get, 
In(2) 
— 
K 


3. Let be the temperature of junction. Then, 
100°C 80°C 


60°C 
H,+H,=H, 
- 100-8 4 80-8 — 8-60 
(46/0.92A)  (13/0.26A) (12/0124) 
Solving this equation we have, 
0 = 84°C 
(b) Heat current in copper rod, 
_ 100-80 
~ (460.92 x 4) 


1 


= 1.28 cal/s Ans. 


4. Let heat capacity of flask is C and latent heat of 

fusion of ice is L. 

Then, 

C(70 — 40) + 200 x 1 x (70 — 40) = 50 Z 
+ 50x1x (40-0) 
or 3C — SL =—400 .. (i) 
Further, C(40 — 10) + 250 x 1 x (40 — 10) 

= 80L + 80x1x (10-0) 


or 3C —- 8L =- 670 ... (il) 
Solving Eq. (i) and (ii), we have 
L=90 cal/g Ans. 


5. msA@ = work done against friction 


=(umg cos8)d_ (butpmg cos 8 = mg sin 8) 
AQ = (ug cosO)d__ (g sin @)d 
s s 


of 2}06 
eee) ae 
420 
= 857x 10° °C 
=86x10° °C Ans. 
dQ _ 40 _ KA@, -®) 
d dt l 


Area = 0.4 m2 
Temp = 400 K 


6. Using 


0.4m Cylinder 


Disc 


Mass = 0.4 kg 
c = 600 J/kg-K 


We have, 
(*) KA(400 — 0) 
mc | — | = ————_—— 
dt 0.4 


(0.4)(600) d@ _ (10)(0.04)(400 — 8) 
dt 04 


dO 1 
=— dt 
400-8) 240 


350 dQ 
300 400 —@ 


[a = 240 | 


Solving this, we get 
t=166s Ans. 


8. Three thermal resistances are in series. [R = a 


R=R, +R, +R; 
2.5x107 

= + 
0.125 x 137 


= 0.0017 °C-s/J 
Temperature difference 


1.0x10% 25x10" 
1.0 x 137 


1.5 x 137 


Now, heat current H = 


Net thermal resistance 


ae 17647 W 
0.0017 
9. Thermal resistance of plastic coating [z, = a) 
= : (d = diameter) 
K(nd)l 
0.06 x 107 


(0.16 x 10°? x 4.18 x 107)(1)(0.64 x 10°7)(2) 


= 0.0223 °C-s/J 


Now, PR, = 2 
R, 


TD = RR, 
= (5)°(4)(0.0223) 
= 2,23°C 


Ans. 


Chapter 22 
7. Consider a differential cylinder 10. 
dr 
Pe a” song 
dt dr dr 
r y 50 
ff | 2dr _ d0 
2nkKl /ri r 0 
r ats in| 2|=50 
2nkl h 
_ 100nKI 
In (5/7) 
Now, At =mL 
= mL _ mL In (4/n) Ae 
A 1007zx7 


11. 
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Let T; be the temperature of C, and T, the 


temperature of C, at some instant of time. Further 
let T be the temperature difference at that instant. 


Cr OD 


Ty H Tz 
Then, 
dT, vil KA 
oy i) = =—(F) 
dt I/KA 1 
(1 =7,-D) 
and c.( ae) = = i =A 
dt IIKA 1 
aT dT, , dT, 
dt dt dt 
dT, KA 
-—l=-—~“ (7) 
dt IC, 
ail Pa wee 
dt IC, 
Further, ae : a 
dt dt dt 
_ KA(C, + C3) 5 
ICC, 
T 
f dT _ RAG) (ty 
4Ty T IC,C, 0 
Solving, we get T = ATye ™ 
where, = Fae oo) + £9) 
IC,C, 
x T 
SEE 
qT — dk <— Tp 


#2 ea 
R (dx)IKA 


--( 2) (24) = constant ..- (i) 
dx ) \T 


[° aT _H _o 


or H =n (T,/T>) 
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Substituting in Eq. (1), we have Ro dr 4NK 7% 
or | >= =- d0 
aA in( 2) = Ee RF H 36 
R,-R, 40K 
1 Ts dx T or 2 dl 1 Q, 6,) 
Tr RR, #H 
Inj + 
TdT T,) px ; ie 4nK (RR, )0, — 95) 
or —=- = dx “s 
1 T 1 0 R,-R, 
-- Substituting this value of H in Eq. (i), we have 
T x T,\ ! 
In | — =o ea a RR, @, -0,)= a8 2) 
; 5 Ram ON we 
ig (A) (ira) ma d 
= Tr 2 )d0 2 @,-6 é 
T, T; : : 8, OR 1 I, a 
: 7 
or T =T, (2) -1(2) Ans. ge By og 2 eg 04! q 
ie 7 5 Ry R, rR 
42. 1(*)- TD re 6,-6, RR, @, -9,) 1 1 
dt R, +R, 2 RR 1~¥2 Ror 
100°C —>H ice at O°C 1 1 R-R, 
a ee Ry or RR; 
80x 360 _ 100 Pa te A 
3600 2 10 rR, 2RiR, 2RiRo 
0.25x10 Kx10 - ree Ans. 
Solving this equation, we get Ri +R, 
K = 0.222 cal/em-s-°C Ans. 14. See the extra points just before solved examples. 
~d0 de ; Growth of ice on ponds. We have already derived 
= a = ( Jann) a (i) that 
dr/K (4%r°) dr 
po PE 
2 K® 
at _ ply 
dy K® 
dy_K® 


JEE Main and Advanced 


Previous Years’ Questions (2018-13) 


JEE Main 


- Two moles of an ideal monoatomic gas 


occupies a volume V at 27°C. The gas 
expands adiabatically to a volume 2 V. 
Calculate (i) the final temperature of the 
gas and (11) change in its internal energy. 
(2018) 
(a) (i) 189 K (ii) 2.7 kJ (b) (i) 195 K (ii) —2.7 kJ 
(c) (i) 189 K (ii) -2.7 kJ (d+) (i) 195 K (ii) 2.7 kJ 


. Asilver atom in a solid oscillates in 


simple harmonic motion in some direction 
with a frequency of 10" per second. What is 
the force constant of the bonds connecting 
one atom with the other? (Take, molecular 
weight of silver = 108 and Avogadro 


number = 6.02 x 10” g mol"') (2018) 
(a) 6.4 N/m (b) 7.1 N/m 
(c) 2.2 N/m (d) 5.5 N/m 


. A granite rod of 60 cm length is clamped 


at its middle point and is set into 
longitudinal vibrations. The density of 
granite is 2.7 x 10° kg/m® and its Young’s 
modulus is 9.27 x 10'° Pa. What will be the 
fundamental frequency of the 


longitudinal vibrations? (2018) 
(a) 5 kHz (b) 2.5 kHz 
(c) 10 kHz (d) 7.5 kHz 


. An observer is moving with half the speed 


of light towards a stationary microwave 
source emitting waves at frequency 

10 GHz. What is the frequency of the 
microwave measured by the observer? 


(speed of light = 3 x 10° ms” (2017) 
(a) 12.1 GHz (b) 17.3 GHz 
(c) 15.3 GHz (d) 10.1 GHz 


. C, and C, are specific heats at constant 


pressure and constant volume, 
respectively. It is observed that 


C, —C,=a for hydrogen gas C, — C, = 6 
for nitrogen gas. The correct relation 


between a and bis (2017) 
(aja=b (b)a=14b 
1 
c)a=28b d)a=—b 
(c) (d) 2 


- Acopper ball of mass 100 gis ata 


temperature 7’. It is dropped in a copper 
calorimeter of mass 100 g, filled with 170 g 
of water at room temperature. 
Subsequently, the temperature of the 
system is found to be 75°C. T is 

(Given, room temperature = 30°C, specific 


heat of copper = 0.1 cal/g°C) (2017) 
(a) 885°C (b) 1250°C 
(c) 825°C (d) 800°C 


. An external pressure pis applied on a 


cube at 0°C so that it is equally 
compressed from all sides. K is the bulk 
modulus of the material of the cube and a 
is its coefficient of linear expansion. 
Suppose we want to bring the cube to its 
original size by heating. The temperature 


should be raised by (2017) 
Pp b) 30 

(a) aK ( ) OK 

c) 3pKe dg) 

(c) 3pKa ( oe 


. The temperature of an open room of 


volume 30 m? increases from 17°C to 27°C 
due to the sunshine. The atmospheric 
pressure in the room remains 1 x 10° Pa. 
Ifn, and n,; are the number of molecules 
in the room before and after heating, then 
n,- Nn, will be (2017) 
(a) 138 x 10 (b) 25 x 10% 

(c) -25 x 10% (d) -161 x 10% 


9. 


10. 


11. 


12. 


A uniform string of length 20 m is 
suspended from a rigid support. A short 
wave pulse is introduced at its lowest end. 
It starts moving up the string. The time 
taken to reach the support is (Take, 


g=10ms”) (2016) 
(a) 2nV2 s (b) 2s 
(c) 2V2 s (d) V2 s 


A pipe open at both ends has a 
fundamental frequency f in air. The pipe 
is dipped vertically in water, so that half 
of itis in water. The fundamental 


frequency of the air columnis now (2016) 
f 3f 
a b) 2 

(a) a (b) ri 

(c) 2f (d) f 


A pendulum clock loses 12 s a day if the 
temperature is 40°C and gains 4s a day if 
the temperature is 20°C. The temperature 
at which the clock will show correct time, 
and the coefficient of linear expansion of 
the metal of the pendulum shaft are, 
respectively. 

(a) 25°C, a = 1.85 x 10°/°C 

(b) 60°C, a = 1.85 x 107/°C 

(c) 30°C, a = 1.85 x 10°3/°C 

(d) 55°C, a = 1.85 x 10°/°C 


An ideal gas undergoes a quasi static, 
reversible process in which its molar heat 
capacity C remains constant. If during 
this process the relation of pressure p and 
volume V is given by pV" = constant, 
then n is given by (Here, C, and C, are 
molar specific heat at constant pressure 


(2016) 


and constant volume, respectively) (2016) 
(a) n= G 
GC, 
n= £2S 
emer 
ins C,-C 
C=C, 
(d)n= C-C, 
C-C 


13. 


14, 


15. 


16. 


Waves & Thermodynamics 


n moles of an ideal gas undergoes a 
process A and Bas shown in the figure. 
The maximum temperature of the gas 


during the process will be (2016) 
p 
vy ~*~ 
(a) 9 PMo b) 3 Po (c) 9 PM (d) IPM 
4 nR 2 nR 2 nR nR 


A train is moving on a straight track with 
speed 20 ms’. It is blowing its whistle at 
the frequency of 1000 Hz. The percentage 
change in the frequency heard by a 
person standing near the track as the 
train passes him is close to (speed of 
sound = 320ms"') 


(a) 12% (b) 6% 


(2015) 


(Cc) 18% (d) 24% 


Consider a spherical shell of radius R at 
temperature T. The black body radiation 
inside it can be considered as an ideal gas 
of photons with internal energy per unit 


volume u = - « T’* and pressure 


p= “ (7) If the shell now undergoes an 


adiabatic expansion, the relation between 
T and Ris (2015) 
1 2 1 
a)T xe” (b)Tx— (c)T«e “(d 
(a) (b) BR (c) (d) me 
Consider an ideal gas confined in an 
isolated closed chamber. As the gas 
undergoes an adiabatic expansion, the 
average time of collision between 
molecules increases as V‘, where V is the 


volume of the gas. The value of q is C = =) 
V 
(2015) 
3y+5 y+ 3y-5 y-1 
b d 
(a) ‘ () | (c) é (d) 5 


Previous Years’ Questions (2018-13) 


17. 


18. 


19. 


20. 


A solid body of constant heat capacity 

1 J/°C is being heated by keeping it in 
contact with reservoirs in two ways 

(i) Sequentially keeping in contact with 2 
reservoirs such that each reservoir 
supplies same amount of heat. 
Sequentially keeping in contact with 8 
reservoirs such that each reservoir 
supplies same amount of heat. 

In both the cases, body is brought from 
initial temperature 100°C to final 
temperature 200°C. Entropy change of 
the body in the two cases respectively, is 

(2015) 


ai) 


(a) In2, In2 (b) In2, 2In2 
(c) 2In2, 8In2 (d) In2, 4In2 


A pipe of length 85 cm is closed from one 
end. Find the number of possible natural 
oscillations of air column in the pipe 
whose frequencies lie below 1250 Hz. The 
velocity of sound in air is 340 m/s. —_ (2014) 
(a) 12 (b) 8 (c) 6 (d) 4 
Parallel rays of light of intensity 

I = 912 Wm” are incident on a spherical 
black body kept in surroundings of 
temperature 300 K. Take Stefan constant 
o =5.7x 10° Wm” K*“ and assume that 
the energy exchange with the 
surroundings is only through radiation. 
The final steady state temperature of the 
black body is close to (2014) 


(a) 330K (b)660K (c)990K (d) 1550 


Three rods of copper, brass and steel are 
welded together to form a Y-shaped structure. 
Area of cross-section of each rod is 4cm”. 
End of copper rod is maintained at 100°C 
whereas ends of brass and steel are kept at 
0°C. Lengths of the copper, brass and steel 
rods are 46, 13 and 12 cm respectively. 


The rods are thermally insulated from 
surroundings except at ends. Thermal 
conductivities of copper, brass and steel 
are 0.92, 0.26 and 0.12 in CGS units, 
respectively. Rate of heat flow through 


copper rod is (2014) 
(a) 1.2 cal/s (b) 2.4 cal/s 
(c) 4.8 cal/s (d) 6.0 cal/s 


21. 


22. 


23. 


a 


One mole of diatomic ideal gas undergoes 
a cyclic process ABC as shown in figure. 
The process BC is adiabatic. The 
temperatures at A, B and C are 400 K, 
800 K and 600 K, respectively. Choose the 


correct statement. (2014) 
PA 
B 
800 K 
600 K 
A Cc 
400 K 
>V 


(a) The change in internal energy in whole cyclic 
process is 250 R 

The change in internal energy in the process 
CA is 700 R 

The change in internal energy in the process 
AB is -350 R 

The change in internal energy in the process 
BC is -500R 


(b) 
(c) 


(d) 


A sonometer wire of length 1.5 m is made 
of steel. The tension in it produces an 
elastic strain of 1%. What is the 
fundamental frequency of steel if density 
and elasticity of steel are 7.7 x 10° kg/m’ 
and 2.2 x 10'' N/m? respectively? 
(a) 188.5 Hz 


(b) 178.2 Hz 
(c) 200.5 Hz 
(d) 770 Hz 


If a piece of metal is heated to 
temperature 8 and then allowed to cool in 
a room which is at temperature 0,. The 
graph between the temperature T of the 


(2013) 


metal and time t will be closed to (2013) 
i 
(a) T (b) Gg 
O 1 Ol t— 
T i Th) ONS 
(S} gan Cl rer 
Ol t— 


4 


24. The shown p-V diagram represents the 
thermodynamic cycle of an engine, 
operating with an ideal monoatomic gas. 
The amount of heat, extracted from the 
source in a single cycle is (2013) 


B 
2Po Rae aa= > C 
oe 
1 1 
Vo 2Vo ™ 
13 
(a) p,V, (b) (=) Dov, 
11 
(c) (5) pV, (d) 4p,V, 


Waves & Thermodynamics 


25. An ideal gas enclosed in a vertical 
cylindrical container supports a freely 
moving piston of mass M. The piston and 
the cylinder have equal cross-sectional 
area A. When the piston is in equilibrium, 
the volume of the gas is V, and its 
pressure is p,. The piston is slightly 
displaced from the equilibrium position 
and released. Assuming that the system 
is completely isolated from its 
surrounding, the piston executes a simple 


Answer with Explanations 


1. (c) For adiabatic process relation of temperature and 

volume is, 

Teg" = TV 
=> 7,(2V)’> = 300(V)"/* 
[y= > for monoatomic gases] 

300 
228 
Also, in adiabatic process, 
AQ = 0, AU = —- AW 


=> = = 189K 


or au = PRT) __ 9 yx 3 x 25309 — 189) 
y-1 2 3 
= -27kd 


T, = 189K, AU = 27 kJ 
2. (b) For a harmonic oscillator, 


T=2 x /@ where k = force constant andT = ; 
k = 4n°f?m 
2 -3 
=4~x (2 x (10)? x 1G 10" 
7 6.02 x 10” 
> k=71N/m 
3. (a) — 4 + 
ans 
I 7 : 
From vibration mode, 


Ap => AN=2L 
2 


harmonic motion with frequency (2013) 
(ay 1 Aro A MMP, 
2n VM an A°y 
2 
(oy JA eo. (ay 
2n\ MV, 27 VAP, 
¥ 
..Wave speed, v = { 
Pp 
So, frequency f = ~ 
=> f= a us 
2L\p 
7 1 927 x 10° 
2 x 60x 10° \ 2.7 x 10° 
= 5000 Hz 
f = 5kHz 
4. (b) As observer is moving with relativistic speed; 
Af _ Viadial 
formula . =—adal does not apply here. 
c 


Relativistic doppler’s formula is 


1 / 1/2 
f = fowal * = 
1-vic 


‘observed 


Here, Yee 
ex <2 
3/2 1/2 
So, fopserved = Factuat | >> 
Ibs id ctual Ga 
Kabservea = 10X V3 
= 17.3 GHz 
5. (6) By Mayor's relation, for 1 g mole of agas, 
C,-Cy=R 
So, when n gram moles are given, 
R 
C,-Cy= rs 


Previous Years’ Questions (2018-13) 


10. 


11. 


As per given question, 
R 
a=C,-Cy,= 3 forH, 


R 
b=C, Se ee 


a=14b 


. (a) Heat gained (water + calorimeter) = Heat lost by 


copper ball 
=> m,S,AT + ms, AT = m,8,AT 
=> 170 x 1x 45+ 100 x 0.1 x 45 
= 100 x 011 x (7 — 75) 
T = 885°C 


(d)K=__P 3% = 
(-AV/V) VK 


& ayo 2 -yeujar sara 
K K 30K 
N 
. (Cc) From pV = nRT = — RAT 
Ns 
We have, n, — 1, BN OMe 
RT, AT, 
5 
papal A poe x 108 (1-4) 
8.3 300 290 
=-2.5x 10" 


An = — 2.5 x 10 
(c) At distance x from the bottom 
ae 


oi: 
1) 


L 1/2 f x 
= [oxox = J/g fat =| ne 
2VL 


[20 
>t =2 22s 
Jo 10 


(d) Fundamental frequency of open pipe. 
Vv 
~ 21 


Now, after half filled with water it becomes a closed pipe 


Go $-8 


A/2 f 


> t 


| 
of length —. 
2 


Fundamental frequency of this closed pipe, 


(a) To =2n |e 
g 


T’=T,+ AT =2n 


12. 


13. 


14. 


1 
mon eCraas) = ‘aaa + 04 A)? 
g g 


114228) 
2 
par rm) 
oA - 107, _, 12 _ 40-6 
AT, aA0,7, 4 0-20 
= 3(0 - 20) = 40-6 = 48 = 100 
=> 6 = 25°C 


Time gained or lost is given by 


T= AT pele 
tat) Ty 


From Eq. (i), 
AT _ aA@ 25, fee a (A8)t 
Ty 
12= a (40 — 25)(24 x 3600) => «= 1.85x10°/°C 


2 
(b) AQ=AU + AW 


In the process pV" = constant, molar heat capacity is 
given by 


C a Cy 4 a 
y-1 1-n 1-n 
66a tape 
1-n C-C, 
e C,-C,\_ (C-C,)-(C,-C,) _ C-C, 
C-C, C-Cy C-Cy 


(a) p-V equation for path AB 


p BE |W + 8p. => pV = Sp,V eve 


i) i) 


oe. 7ePieS [sev vs) 


nR-onR A 
For maximum temperature, 
aT 0 = 3p, 2PoV 0 
av Yo 
3 fe) 3p, 
=> V==VY and p=3p,-—2=—2 
5° P= Pp V, 5 


Therefore, at these values : 


QE) 
7 ah 2 A2 J_ 9PM 


oy nR 4nR 


(a) Observer is stationary and source is moving. 


During approach, f, = ( . ) 
V-V, 


=4000 | — =" 
320 — 20 


= 1066.67 Hz 


15. 


16. 


17. 


18. 


During recede, f = { = 
V+V, 


320 
320 + 20 


= 1000 J= 988. 


f-f 


1 


|% change in frequency| = x 100 = 12% 


(b) Given, U. oe T# 
V 
U 


—~=al’ 
V 
Itis also given that, P= : (7) > Atel | ar) 
3\V Vv 3 
(R, = Gas constant) 
or Vie ce constant 
o 


, ( mR® yr = constant or RT = constant 


Pe 
R 


(b) Average time between two collisions is given by 
q 


T= 
V2 TV ng A? 


Here, n = number of molecules per unit volume = . 
and Vims = cal 
M 
Substituting these values in Eq.(i) we have, 
To a2 (ii) 
For adiabatic process, TV’~' = constant 


Substituting in Eq, (ii), we have t « 


“f2) 


(a) Entropy is a state functions. Therefore in both 
cases answer should be same. 


(2n + 1)jv 
4I 


=) 


or TxV or ie, 


(c) For closed organ pipe = 


n+ Iv. 1250 
4x 0.85 
340 
(2n + 1)<12.52n< 1150 > n< 525 
So, na 01:25. 354.5 


(2n + 1)< 1250 x 


i) 


[N=0,1,2 0... 


Waves & Thermodynamics 


So, we have 6 possibilities. 


85cm 


Alternate method 
In closed organ pipe, fundamental node 


i.e. * = 0.85 
4 
=> A= 4x 0.85 
As we know, v = : 
BO 100 Hz 
4x 0.85 


Possible frequencies = 100 Hz, 300 Hz, 500 Hz, 
700 Hz, 900 Hz, 1100 Hz below 1250 Hz. 


» (a) In steady state 


— 


— 
TO S =4nR? 


TR 
Incident Radiation 
Energy incident per second = Energy radiated per 
second 
InR®? = 6 (T* —T3) 4nR? 
=> l=o (Tl -Tj)4 
=> T'-T=40x 10° 
= T* - 81x 10° = 40 x 10° 
=> T* = 121 x 10° 


> T = 330K 


(c) In thermal conduction, it is found that in steady 
state the heat current is directly proportional to the 
area of cross-section A which is proportional to the 
change in temperature (7, — 7,). 
Then, AO as) 

At x 


Previous Years’ Questions (2018-13) 7 


According to thermal conductivity, we get 23. (c) According to Newton's cooling law, option (c) is 
100°C correct answer. 


24. (b) Heat is extracted from the source means heat is 
given to the system (or gas) orQ is positive. This is 
positive only along the path ABC. 

Heat supplied 
* Qhge = AU pac + Wage 
=nC,, (7, — T,) + Area under p-V graph 


3 
oF \ ~T,) + 2PM, 


Il 
3 
7 ~ 


ie orc = ; (NRT, — nRT,) + 2p,V, 
i.e. dQ, = dQ, + aQ, 3 
at at at = = (PoVe = PaVay + 2PM 
0.92 (100-T) _ 026(T— 0), 012 (T - 0) 2 
3 
46 13 12 = = (APVy — PV) + 2 PoVo 
=> T = 40°C 2 
dQ, _ 0.92 x 4(100 - 40) _ A Boal _ 13 Do, 
at 40 2 
21. (d) According to first law of thermodynamics, we get 25. (c) In equilibrium, 
(i) Change in internal energy from A to B i.e. AU ,, D,A = Mg aa(i) 
AU gg = NC (Ts — Ta) when slightly displaced downwards, 
=1x = (800 — 400)= 1000R 
(i) Change in internal energy from B to C | 
Mee = NC\(To — Te) ve 
0 
=k = (600 — 800) 
=-500R 
(iii) AU sothermal = 0 
(iv) Change in internal energy from C to A i.e. AU, do=-y [2] av 
AU, = NC (Ty - To) Yo 
[As in adiabatic process, 2? =-¥ 2) 
=-500R av V 


22. (b) Fundamental frequency of sonometer wire Restoring force, 


roped ate F = (p)A 
2! 2!/ u 2!/ Ad =~ (122) cao 


i) 


Here, u =mass per unit length of wire. 


Also, Young’s modulus of elasticity Y = ale Fe«—x 


AAI Therefore, motion is simple harmonic comparing with 


=> Te ag ges YAI F = — kx we have 
A / 2! V Id Y PyA* 
A k= Eo 
> /=1.5m,—=0.01 Vo 
i : fc 1 |k 
d =7.7 x 10° kg/m° - On Vm 
=> Y =2.2 x 10" N/m? 1 |yp,A® 
= 0 
After substituting the values we get, on V MV 
0 


f = 178.2 Hz 


1. 


JEE Advanced 


One mole of a monoatomic ideal gas 
undergoes a cyclic process as shown in the 
figure (where, V is the volume and T is 
the temperature). Which of the 
statements below is (are) true ? 

(More than One Correct Option, 2018) 


>V 
Process | is an isochoric process 
In process II, gas absorbs heat 

In process IV, gas releases heat 
Processes | and Ill are not isobaric 


a 
b 
Cc 
d 


weSwewrew 


Two men are walking along a horizontal 
straight line in the same direction. The 
main in front walks at a speed 1.0ms! 
and the man behind walks at a speed 
2.0ms~!. A third man is standing at a 


height 12 m above the same horizontal 
line such that all three men are ina 
vertical plane. The two walking men are 
blowing identical whistles which emit a 
sound of frequency 1430 Hz. The speed of 
sound in air 330 ms !. At the instant, 
when the moving men are 10 m apart, the 
stationary man is equidistant from them. 
The frequency of beats in Hz, heard by the 
stationary man at this instant, Is ............. 
(Numerical Value, 2018) 


Two conducting cylinders of equal length 
but different radii are connected in series 
between two heat baths kept at 
temperatures JT, = 300K and T, = 100K, as 
shown in the figure. The radius of the 
bigger cylinder is twice that of the smaller 
one and the thermal conductivities of the 
materials of the smaller and the larger 
cylinders are K, and Kg, respectively. If 
the temperature at the junction of the 


cylinders in the steady state is 200K, then 


K Ky SS cacnvinwes é (Numerical Value, 2018) 
Insulating material 
Ty Ky Kp T; 
——— 
iL 
— 
L 


In an experiment to measure the speed of 
sound by a resonating air column, a 
tuning fork of frequency 500 Hz is used. 
The length of the air column is varied by 
changing the level of water in the resonance 
tube. Two successive resonances are heard 
at air columns of length 50.7 cm and 83.9 
em. Which of the following statements is 
(are) true?(More than One Correct Option, 2018) 
(a) The speed of sound determined from this 
experiment is 332 ms”! 
(b) The end correction in this experiment is 0.9 cm 
(c) The wavelength of the sound wave is 66.4 cm 
(d) The resonance at 50.7 cm corresponds to 
the fundamental harmonic 


One mole of a monoatomic ideal gas 
undergoes an adiabatic expansion in 
which its volume becomes eight times its 
initial value. If the initial temperature of 
the gas is 100 K and the universal gas 
constant R = 8.0 j mol ' K™', the decrease 
in its internal energy in joule, is ............ : 
(Numerical Value, 2018) 


One mole of a p 
monoatomic ideal 3p | --- 
gas undergoes four 
thermodynamic 
processes as shown 
schematically in the 
pV-diagram below. 
Among these four processes, one is isobaric, 
one is isochoric, one is isothermal and one is 
adiabatic. Match the processes mentioned 
in List-] with the corresponding 
statements in List-II. 

(Matching Type Question, 2018) 


Poh--- 


Vo 3Vp 


Previous Years’ Questions (2018-13) 


List-I List-II 
P. In process 1. Work done by the gas is zero 
Q. In process II 2. Temperature of the gas 
remains unchanged 
R. In process Ill 3. No heat is exchanged 


between the gas and its 
surroundings 


S. In process IV 4. Work done by the gas is 


6PyVo 
(a) P53 4;Q353;R351;S32 
(b)P>1;Q33;R32;S54 
(c)P33;Q34;R>51;S52 
(d)P33;Q354;R32;S>1 
Directions (Q.Nos. 7-8) Matching the 


information given in the three columns of the 
following table. 


An ideal gas is undergoing a_ cyclic 
thermodynamic process in different ways as 
shown in the corresponding p-V diagrams in 
column 3 of the table. Consider only the path 
from state 1 to state 2. W denotes the 
corresponding work done on the system. The 
equations and plots in the table have standards 
notations and used in thermodynamic processes. 
Here y is the ratio of heat capacities at constant 
pressure and constant volume. The number of 
moles in the gas is n. (Matching Type, 2017) 


Column 1 Column 2 Column 3 
T i ie) 
(I) W,,5 = i (i) Isothermal (P) 1 2 
(PoV>2 — P14) 
V 
(II) Wy,5 (ii) Isochoric  (Q) PF 
= — PVy + pV, oT 
2 
V 
(Ill) W_,. =0 (iii) Isobaric (R) 4 
— 
V 
(IV) W,,> =—NnRT (iv) Adiabatic (S) 41 2 
In LA NaC 
V, 
V 


7. 


10. 


) 


Which of the following options is the only 
correct representation of a process in 
which AU = AQ - pAV ? 

(a) (II) (iii) (S) (b) (II) (iii) (P) 

(c) (III) (iii) (P) (d) (Il) (iv) (R) 


Which one of the following options is the 
correct combination? 

(a) (II) (iv) (P) (b) (III) (ii) (S) 

(c) (Il) (iv) (R) (d) (IV) (ii) (S) 


A block M hangs vertically at the bottom 
end of a uniform rope of constant mass 
per unit length. The top end of the rope is 
attached to a fixed rigid support at O. A 
transverse wave pulse (Pulse 1) of 
wavelength i) is produced at point O on 
the rope. The pulse takes time Ty, to 
reach point A. If the wave pulse of 
wavelength i is produced at point A 
(Pulse 2) without disturbing the position 
of M it takes time Ty, to reach point O. 
Which of the following options is/are 
correct? (More than One Correct Option, 2017) 


Pulse 1 


Pulse 2 


A| M 


(a) The time Ty9 = To, 

(b) The wavelength of Pulse 1 becomes longer 
when it reaches point A 

(c) The velocity of any pulse along the rope is 
independent of its frequency and wavelength 

(d) The velocities of the two pulses (Pulse 1 and 
Pulse 2) are the same at the mid-point of rope 


A stationary source emits sound of 
frequency fy = 492 Hz. The sound is 
reflected by a large car approaching the 
source with a speed of 2 ms!. The 
reflected signal is received by the source 
and superposed with the original. What 
will be the beat frequency of the resulting 
signal in Hz? (Given that the speed of 
sound in air is 330 ms! and the car 
reflects the sound at the frequency it has 
received). (Single Integer Type, 2017) 


10 


11. 


12. 


Two loudspeakers M and N are located 
20 m apart and emit sound at frequencies 
118 Hz and 121 Hz, respectively. A car in 
initially at a point P, 1800 m away from 
the midpoint Q of the line MN and moves 
towards @ constantly at 60 km/h along the 
perpendicular bisector of MN. 

It crosses Q and eventually reaches a 
point R, 1800 m away from Q. Let v(t) 
represent the beat frequency measured by 
a person sitting in the car at time ¢. Let 
Vp, Va and vp be the beat frequencies 
measured at locations P, Q and R 
respectively. 


The speed of sound in air is 330 mst. 


Which of the following statement(s) is 
(are) true regarding the sound heard by 
the person? 

(More than One Correct Option, 2016) 


(a) The plot below represents schematically the 
variation of beat frequency with time 


(b) The rate of change in beat frequency is 
maximum when the car passes through Q 

(C) Vp + V_ =2Vq 

(d) The plot below represents schematically the 
variations of beat frequency with time 


vit) 
A» 


A gas is enclosed in a cylinder with a 
movable frictionless piston. Its initial _ 
thermodynamic state at pressure P, = 10’ Pa 


and volume V; = 10-° m® changes to a 
final state at P, = (1/32) x 10° Pa and 
V,;=8x 10°? m? in an adiabatic 


quasi-static process, such that 


13. 


14, 
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P?V*= constant. Consider another 
thermodynamic process that brings the 
system from the same initial state to the 
same final state in two steps : an isobaric 
expansion at P. followed by an isochoric 
(isovolumetric) process at volume V;. The 
amount of heat supplied to the system in 
the two-step process is approximately 
(Single Correct Option, 2016) 


(a) 112J (b)294J (c)588J (d) 813d 


A water cooler of storage capacity 120 
litres can cool water at a constant rate of 
P watts. In a closed circulation system (as 
shown schematically in the figure), the 
water from the cooler is used to cool an 
external device that generates constantly 
3 kW of heat (thermal load). The 
temperature of water fed into the device 
cannot exceed 30°C and the entire stored 
120 litres of water is initially cooled to 10°C. 
The entire system is thermally insulated. 
The minimum value of P (in watts) for 
which the device can be operated for 

3 hours is (Single Correct Option, 2016) 
Device 


Cooler 


Hot 
ga 


—_— 


Cold 


(Specific heat of water is 4.2 kJ kg "K7 
and the density of water is 1000kg m~°) 


(a) 1600 (b) 2067 (c)2533 = (d) 3933 


A metal is heated in a furnace where a 
sensor is kept above the metal surface to 
read the power radiated (P) by the metal. 
The sensor has a scale that displays 
logy(P/ Py), where Py is a constant. When 
the metal surface is at a temperature of 
487°C, the sensor shows a value 1. 
Assume that the emissivity of the metallic 
surface remains constant. What is the 
value displayed by the sensor when the 
temperature of the metal surface is raised 
to 2767°C? (Single Integer Type, 2016) 


Previous Years’ Questions (2018-13) 


15. 


16. 


17. 


The ends @ and R of two thin wires, PQ 
and RS, are soldered (joined) together. 
Initially, each of the wire has a length of 
1m 10°C. Now, the end P is maintained 
at 10°C, while the end S is heated and 
maintained at 400°C. The system is 
thermally insulated from its 
surroundings. If the thermal conductivity 
of wire PQ is twice that of the wire RS 
and the coefficient of linear thermal 
expansion of PQ is 1.2x 10° K"!, the 


change in length of the wire PQ is 
(Single Correct Option, 2016) 


(b) 0.90 mm 
(d) 2.34 mm 


(a) 0.78 mm 
(c) 1.56 mm 


A container of fixed volume has a mixture 

of one mole of hydrogen and one mole of 

helium in equilibrium at temperature 7’. 

Assuming the gases are ideal, the correct 

statements is/are 

(a) The average energy per mole of the gas 
mixture is 2RT 

(b) The ratio of speed of sound in the gas 


mixture to that in helium gas is ec 


(c) The ratio of the rms speed of helium atoms to 
that of hydrogen molecules is 


(d) The ratio of the rms speed of helium atoms to 
4 
that of hydrogen molecules is — 


Je 


(More than One Correct Option, 2015) 


An ideal monoatomic gas is confined in a 
horizontal cylinder by a spring loaded 
piston (as shown in the figure). Initially 
the gas is at temperature T,, pressure P, 
and volume V, and the spring is in its 
relaxed state. The gas is then heated very 
slowly to temperature T,, pressure P, and 
volume V,. During this process the piston 
moves out by a distance x. 


18. 


19. 


20. 


1] 


Ignoring the friction between the piston 
and the cylinder, the correct statements 
is/are (More than One Correct Option, 2015) 
(a) If V5 = 2V, andT, = 3], then the energy 
stored in the spring is 7PM 


(b) If V, = 2V, and T, = 37,, then the change in 

internal energy is 3P,V, 
(c) If V5 = 38V, and T, = 47, then the work done by 
the gas is ZR, 
(d) If V, = 3, and T, = 47,, then the heat 


supplied to the gas is oPM 


Two spherical stars A and B emit 
blackbody radiation. The radius of Ais 
400 times that of Band A emits 10‘ times 


: i [ & 
the power emitted from B. The ratio (Fe) 
B 
of their wavelengths A, and A at which 
the peaks occur in their respective 
radiation curves is (Single Integer Type, 2015) 


Four harmonic waves of equal frequencies 
and equal intensities Jj have phase 


angles 0, 2 =: and mz. When they are 


superposed, the intensity of the resulting 
wave is nI,. The value of n is 


(Single Integer Type, 2015) 


Two vehicles, each moving with speed u 
on the same horizontal straight road, are 
approaching each other. Wind blows 
along the road with velocity w. One of 
these vehicles blows a whistle of 
frequency f,. An observer in the other 
vehicle hears the frequency of the whistle 
to be f,. The speed of sound in still air is v. 
The correct statement(s) is (are) 
(More than One Correct Option, 2014) 
(a) If the wind blows from the observer to the 
source, f > f. 
(b) If the wind blows from the source to the 
observer, f, > f 
(c) If the wind blows from the observer to the 
source, f < f 
(d) If the wind blows from the source to the 
observer, f, < f 


IZ 


21. 


22. 


23. 


One end of a taut string of length 3 m 
along the x-axis is fixed at x = 0. The 
speed of the waves in the string is 
100ms'. The other end of the string is 


vibrating in the y-direction so that 
stationary waves are set up in the string. 
The possible waveform(s) of these 
stationary wave is (are) 

(More than One Correct Option, 2014) 


: 50nt 
(a) yt) =A sin ™* cos 
y(t) : 4 
100zt 
(b) y(t)}=A sin ™ cos 
yt) - = 
(c) yt) = Asin ~ cos ee 


(d) yt) =A sin oe cos 250nt 


A student is performing an experiment 
using a resonance column and a tuning 
fork of frequency 244s’. He is told that 
the air in the tube has been replaced by 
another gas (assume that the column 
remains filled with the gas). If the 
minimum height at which resonance 
occurs is (0.350 + 0.005) m, the gas in the 
tube is (Useful information : 

V167RT = 640 J"? mole"; 

V140RT = 5903"? mole”?. The molar 


masses Min grams are given in the options. 
Take the value of ,/10/M for each gas as 
given there.) (Single Correct Option, 2014) 
(a) Neon (MV = 20, {10/20 =7 / 10) 

(b) Nitrogen (V = 28, 10/28 = 3/5) 

(c) Oxygen (M = 32, /10/32 = 9/16) 

(d) Argon (V = 36, 10/36 = 17/32) 


A thermodynamic p 
system is taken 
from an initial 


a f 
state i with we 
internal energy ih 

U; =100J to the 

final state f along 

two different paths iaf and ibf, as 
schematically shown in the figure. The 


work done by the system along the paths 
af, ib and bf are W,, = 200 J, W,, = 50d 


SY 


24. 
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and W,, = 100d respectively. The heat 
supplied to the system along the path iaf, 
ib and bf are Qia, Miz and Qy- 
respectively. If the internal energy of the 
system in the state b is U, = 200J and 
Qiat = 500 J, the ratio Q,,- / Qi, is 

(Single Integer Type, 2014) 


Parallel rays of light of intensity 
I = 912 Wm ~™ are incident on a spherical 
black body kept in surroundings of 
temperature 300 K. Take Stefan constant 
o = 5.7x 10° Wm °K~ and assume that 
the energy exchange with the 
surroundings is only through radiation. 
The final steady state temperature of the 
black body is close to 
(Single Correct Option 2014) 
(b) 660 K 
(d) 1550 K 


(a) 330 K 
(c) 990 K 


Passage (Q. Nos. 25-26) 


In the figure a container is shown to have a 
movable (without friction) piston on top. The 
container and the piston are all made of 
perfectly insulating material allowing no 
heat transfer between outside and inside the 
container. The container is divided into two 
compartments by a rigid partition made of a 
thermally conducting material that allows 
slow transfer of heat. 


The lower compartment of the container is 
filled with 2 moles of an ideal monoatomic 
gas at 700 K and the upper compartment is 
filled with 2 moles of an ideal diatomic gas 
at 400 K. The heat capacities per mole of an 
ideal monoatomic gas are Cy = 5 R,C,= 5 R, 
and those for an ideal diatomic gas are 
Ce R02 8 

2 2 (Passage Type, 2014) 


Previous Years’ Questions (2018-13) 


25. 


26. 


27. 


28. 


29. 


Consider the partition to be rigidly fixed 
so that it does not move. When 
equilibrium is achieved, the final 
temperature of the gases will be 
(a)550K (b)525K (c)513K (d) 490K 


Now consider the partition to be free to 
move without friction so that the pressure 
of gases in both compartments is the same. 
Then total work done by the gases till the 
time they achieve equilibrium will be 
(a)250R (b)200R (c)100R (d)-100R 


Two rectangular blocks, having indentical 
dimensions, can be arranged either in 
configuration I or in configuration IT as 
shown in the figure. One of the blocks has 
thermal conductivity K and the other 2K. 
The temperature difference between the 
ends along the x-axis is the same in both 
the configurations. It takes 9s to 
transport a certain amount of heat from 
the hot end to the cold end in the 
configuration I. The time to transport the 
same amount of heat in the configuration 
Il is (Single Correct Option, 2013) 
Configuration II 
Configuration | 


(a) 2.0s 


(6b) 3.0s 


(c) 45s (d) 60s 


Two non-reactive monoatomic ideal gases 
have their atomic masses in the ratio 2: 3. 
The ratio of their partial pressures, when 
enclosed in a vessel kept at a constant 
temperature, is 4: 3. The ratio of their 
densities is (Single Correct Option, 2013) 
(a) 1:4 (b) 1:2 (c) 6:9 (d) 8:9 
One mole of a monatomic ideal gas is 
taken along two cyclic processes 

E> F5G-> EandE> F> H- Eas 
shown in the p-V diagram. 

The processes involved are purely isochoric, 
isobaric, isothermal or adiabatic. 


30. 


13 


Vv 


Match the paths in Column I with the 
magnitudes of the work done in Column 
II and select the correct answer using the 
codes given below the lists. 

(Matching Type, 2013) 


Column | Column Il 

Pu GE 1. 160 pVp In2 

Q. GH 2. 36 PoVq 

R. F>H 3. 24 poVq 

S. F>G 4. 31 PoV 
Codes 

P QR 8 

(a)2 3 1 4 
(c) 4 3 2 1 


The figure below 
shows the variation 
of specific heat 
capacity (C) of a 
solid as a function 
of temperature (T). 
The temperature is 
increased 
continuously from 0 to 500 K at a constant 
rate. lgnoring any volume change, the 
following statement(s) is (are) correct to 
reasonable approximation. 
(More than One Correct Option, 2013) 
(a) the rate at which heat is absorbed in the range 
0-100 K varies linearly with temperature T 
(b) heat absorbed in increasing the temperature 
from 0-100 K is less than the heat required for 
increasing the temperature from 400-500 K 
(c) there is no change in the rate of heat 
absorbtion in the range 400-500 K 
(d) the rate of heat absorption increases in the 
range 200-300 K 


_ 
100 200 300 400 500 
T(K) 
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31. A horizontal stretched string, fixed at two 
ends, is vibrating in its fifth harmonic 
according to the equation, y(x, t) = (0.01 m) 
[sin(62.8 m')x] cos[(628 s‘)é]. 

Assuming i = 3.14, the correct 
statement(s) is (are) 


Waves & Thermodynamics 


(a) the number of nodes is 5 
(b) the length of the string is 0.25 m 
(c) the maximum displacement of the mid-point 
of the string from its equilibrium position is 
0.01 m 
(d) the fundamental frequency is 100 Hz 
(More than One Correct Option, 2013) 


Answer with Explanations 


1. (b,c,d) (6) Process-ll is isothermal expansion, 
AU =0,W>0 
AQ=W>0 
(c) Process-lV is isothermal compression, 
AU =0,W<0 
AQ =W<0 
(d) Process-| and III are not isobaric because in 


isobaric process T «V hence, T-V graph should be 
a straight line passing through origin. 


2. (5 Hz) 
f= 9440-2" 
330 — 2cos0 
= 1430 | = 1430] 1+ 20088 
1 2cos0 0 
330 


[from binomial expansion] 


= 1400 cal | 


330 + 1cosé 


=29(480| 4 - 0288 
330 


Beat frequency = f, — fg = 1439f re = 13cos® 


= i) = 5.00 Hz 
13 


3. (4) Rate of heat flow will be same, 


300-200 _ 200 —- 100 ( dQ 7?) 
= as H= 


R, Ro 


R,=Ro => 


» (900) Given, n=1,y = 5 


=> By 2 Pe 
Ko Ay 


4. (a,c) Letnth harmonic is corresponding to 50.7 cm 


and (n+ 1)th harmonic is corresponding 83.9 cm. 


Their difference is * 


. = (83.9— 50.7)cm 
or X= 66.4 cm 

us = 166cm 

4 


Length corresponding to fundamental mode must be 
close to 3 and 50.7 cm must be an odd multiple of 
this length. 16.6x 3 = 49.8cm. Therefore, 50.7 is 3rd 
harmonic. 


If end correction is e, then 


e+ 607 = 5% 
4 


e = 49.8 - 507 =-—09cm 
Speed of sound, v = fA 
> v = 500 x 66.4 cm/s = 332 m/s 
5 


T-V equation in adiabatic process is 


TV’! = constant 
Ty" = TeV" 
Vall 
“ r=n(H] = 100 x{7)* 
V2 
> Tp = 25K 


Cy = ; R for monoatomic gas 


AU = nCyAT =n x (2). T,) 


= 1x 5 x 8 x (25 -100)= ~ 900 J 


. Decrease in internal energy = 900 J 


Previous Years’ Questions (2018-13) 


fe} of 
"0 (Fue “"la7) 
av adiabatic av isothermal 


List-I 
(P) Process | = Adiabatic >Q = 0 
(Q) Process II => Isobaric 
W = pAV = 3p [3Vo — Vo] 

(R) Process Ill = lsochoric > W = 0 
(S) Process (IV) => Isothermal 

= Temperature = Constant 

7. (b) AU = AQ — pAV 
AU + pAV = AQ 


As AU # 0,W # 0,AQ # 0. The process represents, 
isobaric process 


Woas = — (AV) = — plVp - 4) 
Graph ‘P’ satisfies isobaric process. 


6 PoVo 


pVz + pV 


8. (b) Work done in isochoric process is zero. 
Wi. = Oas AV=0 
Graph ‘S’ represents isochoric process. 


9. (a,c,d or a,c) v = A so speed at any 
u 


position will be same for both pulses, therefore time 
taken by both pulses will be same. 


Mav => Vee 


f 


since when pulse 1 reaches at A tension and hence 
speed decreases therefore A decreases. 


10. (6) 


<—— V,=2m/s 


Frequency observed at car 


f= of 2) (v = speed of sound) 


Frequency of reflected sound as observed at the source 


= Vv )=0(¢] 
V-Vo V—Vo 


Beat frequency = f, — fy 


= Vo i|=4] 2Vo 
V-Veo V-Ve 
= 499 x 2%? 6H 

328 


> R«xve«T 


I 


11. (b,c,d) Speed of car, 
v = 60km/h= nis 


At a point S, between P and Q 


ts (¢ + soos?) 
m= Yul a —— J 
woe (f + sco88 
ec Wear 
> Av = (Vy vill + “cos | 
Cc 
Similarly, between Q and R 
AV = (Vy vu = 


6 = 0° at P and Fas they are large distance apart. 
= Slope of graph is zero. 


atQ, 8 = 90° 
Pee : de. ; 
sin@ is maximum also value of — is maximum 
at 
dev hd ; : 
as ar where v is its velocity andris the length of 
r 


the line joining P andS. and ris minimum at Q. 
= Slope is maximum at Q. 


At P, Vp = Av = (vy vwalt+ 2) 


@ = 0°) ALR, Vp = Av = (vy vial <| 
@= 0°) AtQ, 
Vg = Av = (Vy — Vy) 
(0 = 90°) 
From these equations, we can see that vp + Vp = 2Vg 


12. (c) In the first process : p,V," = p;,Vy! 


p 
V; V, 
P; 4 
Py Sane aooaae 1 
-V 
v,)' 5 
> Pi (#4) > 32=8% = y ...(i) 
Py Vj 3 
For the two step process 
W = pv; - V) 
= 10°(7 x 107%) 
=7x 10° J 


16 Waves & Thermodynamics 


f 
AU = ~(p,V; es pV,) or 2T —20= 400-7 or 37 = 420 
2 . T = 140° 
eee (; x 10° 10°} po 140° = 
a JGR 
Au =-3.3 «10? =-2 x 107 J 10°C K__|400°C 
4 8 |, ax Juncti 
Q-W=aU x unction 
= Q=7x102— 9, 102 Temperature of junction is 140°C 
Temperature at a distance x from end P is 
= 47 x 102 J = 588 J T, = (130x + 10°) 
8 Change in length ax is suppose dy 
13. (b) Heat generated in device in 3 h Then, dy = adx (7, — 10) 
= time x power = 3x 3600x 3x10° A 1 
: fay = | oci(130% + 10 — 10) 
=324x10° J 0 0 
Heat used to heat water ie ! 
= ms A® = 120x1x 42 x 10° x20 J ay =| 2 <1] 
0 


Heat absorbed by coolant 
= Pt = 324x10°-120x1x 4.2 x10° x 20 J 


Pt = (325 — 100.8) x 10° J =2232 x 10°J 


Ay =12 x 10° x 65 
Ay = 78.0 x 10° m= 0.78 mm 


_ 2232x10° _ ae 16. (a, b, d) (a) ee ae energy 
~ 3600 U = ink + 2nRT 
14. (9) log, at, a 
* Po Wave ber mole qe t 3RT] 2RT 
Py _ 
Therefore, —'=2 Si aon 
Po (b) Ymix = pa a7) EL pe 
; nL y, + NL yy 
According to Stefan's law, p « T cs a 
~ P_(hs pecs “ WF +MS  g 
p, \7 487 + 273 “ean 2 
Po Po 44 = Po 2x a4 Fr - ee 
Pr 2Pp Po Vee Bo My Mg ee 
Po 4 4 m+ Ne 2 2 
logs = log, [2 x 4°]= logn2 + log, 4 
Po yAT 


Speed of sound V = ,|~— 
M 


14+ logs2®=1+ 8=9 


Y 
15. (a) => Ve ee 
P— Ss M 


QR 
: Vin Y Mu 3/2 4 6 
10°C] 2K K 400°C Cot | wan Sarr | x2 = 
Vite YHe Mrnix 5/3 3 5 
—k— 1m oe 1m _ 
3RT 
Rate of heat flow from P to Q (d) Vims = 7s 
dQ _ 2KA(T — 10) 
dt | —} Vine & cit = Man = 
Rate of heat flow from Q to S MM VM . 
dQ _ KA(4000 — T) 17. (a, b, c) Note This question can be solved if right hand 
at 1 side chamber is assumed open, so that its pressure 
At steady state, state rate of heat flow is same remains constant even if the piston shifts towards right. 
2KA(T — 10) _ 


KA(400 — T) 


1 


Previous Years’ Questions (2018-13) 


Po 
P1i=Po 
x 
—? 
Po=P1 
e >| |< — 
kx 
(a) pV =nRT 
= i 
V 
Temperature is made three times and volume is 
doubled 
> p =p, 
aa 
Futher ¢=2 Be eM 
A A A 
31; kx pA 
+ > kx 
cake eee ey 2 
Energy of spring 
1 kx? = pA x= PY, 
2 4 4 
(b) AU =nc, A T=n(3a ar 
3 
= = (Pe Vo - Py My) 
2 
3/(3 
= 2V, V, |= 3 pV, 
\(2>) 4) — Pi | pM 
4 
(©) p= 
=> Po = a5 = gee 
8 A 
=> kx = BA 
3 
AV _ 2V, 
=> xX=—= 1 
A A 
Woas = (Po AV + Wepring ) 
= (p,AK + 5 he 
[na-2 5 Ae) 
A 2 3 A 
V, _ 7p,V, 
pv, + BM — SPM 
PY 3 3 


(d) AQ =W + AU 


7pV, 3 
= 11+ = (pV, - pV, 
3 eee pM) 


18. 


19. 


17 


7 pM ae ) 
» 3V, V, 
3 5 3 1 — PM 
7pM. 9 41D,V 
V, = 
a gee 6 


Note AU = : (2 Vo — P,; V;) has been obtained in 


part (b). 

(2) Power, P = (oT*A) = oT *(42R°) 

or, P « T*R? (i) 
According to Wien’s law, 


«x a 
T 


(A is the wavelength at which peak occurs) 
-. Eq. (i) will become, 


roa 
or Kx = 


1 1/4 
= aooy'?| | = 
my 


(3) Let individual amplitudes are Ay each. Amplitudes 
can be added by vector method. 


A3 A, 


Ax >A, 


A, = Ap = Ag = Aq = Ao 
Resultant of A; and A, is zero. Resultant of A> and A; is 
A= JAR + A’ + 2AApcos 60° = 3A, 


This is also the net resultant. 
Now, [x A® 


.. Net intensity will become 3/p. 
. Answer is 3. 


ep) 
---@ 
U 


a 


= 
x 
[<>] 


~ 

f 

i 

' 

i 

d 

so 5c5) 
ap) 

l 

= 


| 


@=-252<< 


18 


20. (a,b) When wind blows fromS to O 
pai 7 
vtw-u 
or fh > f 
when wind blows from O toS 


p= (ee) 5s 


Vo We: 


21. (a,c,d) There should be anode at x = Oand antinode at 


xX = 3m. Also, 
v="%=100m/s 
k 
af y=Oatx=0 
and y=+ Aatx=3m. 
Only (a), (c) and (d) satisfy the condition. 


22. (d) Minimum length = ‘ 


=> N=41 
Now, v=fr=(244)x 4x1 
as 7 = 0.350+ 0.005 
=v lies between 336.7 m/s to 346.5 m/s 
Now, v oe here M is molecular mass in 
x 1073 
gram 
= |100yAT x /1°. 
M 
For monoatomic gas, y = 1.67 
= v=640x [12 
M 
For diatomic gas, 
y=1.4 
= y= 500x 1° 
M 


Ve = 640 x L = 448 m/s 
10 


Va, = 640 x ~ = 340 m/s 


Vo, = 590 x 2. = 331.8m/s 
2 16 


VWs = 590 x = = 364 m/s 


.. Only possible answer is Argon. 


23. (2) Wry = Win + Wor 
=50J+ 100 J=150 J 
Wiat = Wig oF Wat 


= 0+ 200 J=200J 
Qing = 500 J 


24. 


25. 
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SO MV iz¢ = Qiag — Wiar 
= 500 J — 200 J = 300 J 
=U, -U; 

So, U,; =U,4 + U; 


= 300 J+ 100 J= 400 J 


AUin = Up — Uj 

= 200 J — 100 J= 100 J 
Qip = AU, + Win 

= 100J+ 50J=150 J 


Qinr = AU ing + Wing 
= Mia + Wipy 
= 300 J+ 150 J= 450 J 
So, the required ratio Quy — Vine = Qin 
Qip Qi, 
= 450 - 150 =9 
150 
(a) In steady state 
—> 
—> 
—> 
! S =4nR? 
1 Po Radiation 
Incident 


Energy incident per second = Energy radiated per 
second 


InR® = 6 (T* —- T3) 4nR? 


=> l=o (74 -T3) 4 

= T* -Ty = 40x 10° 

= T4 — 81x 108 = 40 x 108 
=> T4 = 121 x 108 

= T = 330K 


(d) Let final equilibrium temperature of gases is T 
Heat rejected by gas by lower compartment 
=nCyAT 
=2 x SR (700-7) 
Heat received by the gas in above compartment 
=nC,AT 
=2 x DRT - 400) 


Equating the two, we get 
2100 — 37 =7T — 2800 >T=490K 
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26. (d) AW, + AU, = AQ, ...(i) 


AW, + AUz = AQs ii) 


AQ, + AQ, = 0 
“. (9C,AT), + (NC, AT), = 0 
But 


ny =p =2 


2A 700) + Sar 400) = 0 


Solving, we get T = 525K 
Now, from equations (i) and (ii), we get 
AW, + AW, = — AU, - AU, 
as AQ, + AQ, =0 
AW, + AW, = -[(NCyAT), + (NCyAT)o] 


= [2 x 3 x (625 ~ 700) 


+ 2x5 R x (625 ~ 400)| 


= —-100R 

27. (a) R, =R, + Rp (a) + (sa) (4) 
KA) \2KA) 2\KA 

Di og 0s 

Ri Ry Re 

_ KA , 2KA 

oy 

or Gt A 

3KA 45 


Since thermal resistance R,, is 4.5 times less than 
thermal resistance R,. 


t; =—~- =——s =2s 


tt _ 9 
45 45 


Vo 32Vq 


In F + G work done in isothermal process is 


30. 


31. 


nT in| Y| = 32. poVo In | 32% 
V, Vo 
= 32 Pp In2° 
= 160), Vo In2 
InG > E, 
AW = py, AV 
= Pp(31Vo) 
= 31 Poo 


InG — H work done is less than 31 PV /.€.,24 PoVo 
In F — Hwork done is 36 PpVo 


(b, c, d) Q = mCT 
at at 


R = rate of absortion of heat = “ «x C 


i)inO-100K 
C increase, so R increases but not linearly 
ii) AQ = MCAT asC is more in 
(400 K — 500 K) then 
(0 — 100 K) so heat is increasing 


iii) C remains constant so there no change in R from 
(400K — 500 kK) 


iv) C is increases so R increases in range 
(200 K — 300K) 


(b,c) l 


DOOOO 


Number of nodes = 6 
From the given equation, we can see that 


k=£"=628m'! 
N 


ia 085 mm 
2 


The mid-point of the string is P, an antinode 
“maximum displacement = 0.01 m 


@ =2nf = 628s"! 
f = 898 _1ggHz 
2u 


But this is fifth harmonic frequency. 


. Fundamental frequency fo = : =20Hz. 
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PREFACE 


The overwhelming response to the previous editions of this book gives 
me an immense feeling of satisfaction and I take this an opportunity to 
thank all the teachers and the whole student community who have found 
this book really beneficial. 


In the present scenario of ever-changing syllabus and the test pattern of 
JEE Main & Advanced, the NEW EDITION of this book is an effort to 
cater all the difficulties being faced by the students during their 
preparation of JEE Main & Advanced. The exercises in this book have 
been divided into two sections viz., JEE Main & Advanced. Almost all 
types and levels of questions are included in this book. My aim is to 
present the students a fully comprehensive textbook which will help and 
guide them for all types of examinations. An attempt has been made to 
remove all the printing errors that had crept in the previous editions. I 
am extremely thankful to (Dr.) Mrs. Sarita Pandey, Mr. Anoop Dhyani, 
Nisar Ahmad for their endless efforts during the project. 


Comments and criticism from readers will be highly appreciated and 
incorporated in the subsequent editions. 
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23.1 Introduction 


An electrical circuit consists of some active and passive elements. The active elements such as a 
battery or a cell, supply electric energy to the circuit. On the contrary, passive elements consume or 
store the electric energy. The basic passive elements are resistor, capacitor and inductor. 


A resistor opposes the flow of current through it and if some current is passed by maintaining a 
potential difference across it, some energy is dissipated in the form of heat. A capacitor is a device 
which stores energy in the form of electric potential energy. It opposes the variations in voltage. An 
inductor opposes the variations in current. It does not oppose the steady current through it. 
Fundamentally, electric circuits are a means for conveying energy from one place to another. As 
charged particles move within a circuit, electric potential energy is transferred from a source (such as 
a battery or a cell) to a device in which that energy is either stored or converted to another form, like 
sound in a stereo system or heat and light in a toaster or light bulb. Electric circuits are useful because 
they allow energy to be transported without any moving parts (other than the moving charged 
particles themselves). 

In this chapter, we will study the basic properties of electric currents. We'll study the properties of 
batteries and how they cause current and energy transfer in a circuit. In this analysis, we will use the 
concepts of current, potential difference, resistance and electromotive force. 


23.2 Electric Current 


Flow of charge is called electric current. The direction of electric current is in the direction of flow of 
positive charge or in the opposite direction of flow of negative charge. 


Current is defined quantitatively in terms of the rate at which net charge passes through a 
cross-section area of the conductor. 


dq __ dq 
=— or i=— 
dt dt 


We can have the following two concepts of current, as in the case of velocity, instantaneous current 
and average current. 


Thus, vi 


d : ; 
Instantaneous current = e = current at any point of time and 
t 


Average current = = 
t 


Hence-forth unless otherwise referred to, current would signify instantaneous current. By 
convention, the direction of the current is assumed to be that in which positive charge moves. In the SI 
system, the unit of current is ampere (A). 


1A=1C/s 
Household currents are of the order of few amperes. 
Flow of Charge 
If current is passing through a wire then it implies that a charge is flowing through that wire. Further, 
d 
ix dg = it ...(i) 


dt 
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Now, three cases are possible : 


Case 1 


directly by multiplying that constant current with the given time interval. Or, 


Aq =ix At 
Case2_ Ifgiven current is a function of time, then charge flow can be obtained by integration. Or, 
ff 
Aq = | idt 
tj 
Case 3. If current versus time is given, then flow of charge can be obtained by the area under the 
graph. 


Aq = area under i-t graph 


© Extra Points to Remember 


The current is the same for all cross-sections of a conductor of non-uniform cross-section. Similar to the 
water flow, charge flows faster where the conductor is smaller in cross-section and slower where the 
conductor is larger in cross-section, so that charge rate remains unchanged. 

Electric current is very similar to water current, consider a water tank kept at some height and a pipe is 
connected to the water tank. The rate of flow of water through the pipe depends on the height of the tank. 
As the level of water in the tank falls, the rate of flow of water through the pipe also gets reduced. Just as 
the flow of water depends on the height of the tank or the level of water in the tank, the flow of current 
through a wire depends on the potential difference between the end points of the wire. As the potential 
difference is changed, the current will change. For example, during the discharging of a capacitor 
potential difference and hence, the current in the circuit decreases with time. To maintain a constant 
current in a circuit a constant potential difference will have to be maintained and for this a battery is used 
which maintains a constant potential difference in a circuit. 

Though conventionally a direction is associated with current (opposite to 
the motion of electrons), it is not a vector as the direction merely represents 
the sense of charge flow and not a true direction. Further, current does not 
obey the law of parallelogram of vectors, i.e. if two currents /, andi, reach 
apoint we always have/ = /, + /, whatever be the angle between /, and/,. 


According to its magnitude and direction, current is usually divided into two 
types : 
(i) Direct current (DC) _ If the magnitude and direction of current does not vary with time, it is said to be 
direct current (DC). Cell, battery or DC dynamo are its sources. 
(ii) Alternating current (AC) If acurrent is periodic (with constant amplitude) and has half cycle positive 
and half negative, it is said to be alternating current (AC). AC dynamo is the source of it. 
If a charge q revolves in a circle with frequency f, the equivalent current, 
i =) 
In a conductor, normally current flow or charge flow is due to flow of free electrons. 


Fig. 23.1 


Charge is quantised. The quantum of charge ise. The charge on any body will be some integral multiple of 
€, i.e. 

GO) S32 Me 
Whee wa—sly2nGare 


3 


If given current is constant, then from Eq. (i) we can see that flow of charge can be obtained 
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© Example 23.1 Ina given time of 10 s, 40 electrons pass from right to left. In 
the same interval of time 40 protons also pass from left to right. Is the average 
current zero? If not, then find the value of average current. 


Solution No, the average current is not zero. Direction of current is the direction of motion of 
positive charge or in the opposite direction of motion of negative charge. So, both currents are 
from left to right and both currents will be added. 


I, =1 +1 


av electron proton 


40e 40e 
— a 

10 10 
=8e 
=8x16x1l0VA 


(q=ne) 


=1.28x10 8A Ans. 


© Example 23.2 A constant current of 4A passes through a wire for 8 s. Find 
total charge flowing through that wire in the given time interval. 


Solution Since, i=constant 
Aq=ixAt 
=4x8 
=32C 
© Example 23.3 A wire carries a current of 2.0 A. What is the charge that has 


flowed through its cross-section in 1.0 s ? How many electrons does this 
correspond to? 


Solution °«. i a 2 
t 
q=it=(2.0A)(1.0s)=2.0C Ans. 
g=ne 
=9_ 20 
e 16x10!° 
=1.25x10!° Ans. 


© Example 23.4 The current in a wire varies with time according to the relation 
i =(3.0 A) +(2.0 A/s) t 
(a) How many coulombs of charge pass a cross-section of the wire in the time interval 
between t = Oand t = 4.0 s? 


(6) What constant current would transport the same charge in the same time 
interval? 


Chapter 23 Current Electricity ° 5 


Solution (a) i=— 


=(* G42) 
q=|, G+20)dt 


=[3¢+07]) =[12+16] 
=28C Ans, 
28 


(b) i=2=“=7A Ans. 
t 4 


© Example 23.5 Current passing through a wire decreases linearly from 10 A to 
0in 4s. Find total charge flowing through the wire in the given time interval. 


Solution Current versus time graph is as shown in figure. i(A) 
Area under this graph will give us net charge flow. 40 
Hence, 
Aq = Area 
= : x base x height ri t(s) 
1 Fig. 23.2 
= 3 x4x 10 
=20C Ans. 
INTRODUCTORY EXERCISE 


1. How many electrons per second pass through a section of wire carrying a current of 0.7 A? 


2. A current of 3.6 A flows through an automobile headlight. How many coulombs of charge flow 
through the headlight in 3.0 h? 

3. Acurrent of 7.5 A is maintained in wire for 45 s. In this time, 
(a) how much charge and 
(b) how many electrons flow through the wire? 

4. In the Bohr model, the electron of a hydrogen atom moves in a circular orbit of radius 
5.3 x10°-'' m with a speed of 2.2 x 10° m/s. Determine its frequency f and the current / in the 
orbit. 


5. The current through a wire depends on time as, i =(10 + 4f) 


Here, / is in ampere and tin seconds. Find the charge crossed through a section in time interval 
betweent =O tot =10s. 


6. In an electrolyte, the positive ions move from left to right and the negative ions from right to left. 
Is there a net current? If yes, in what direction? 
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23.3 Electric Currents in Conductors 


Conductors are those materials which can conduct electricity. Conductors can be broadly classified 
into two groups : 

(i) Solid conductors 

(ii) Electrolyte conductors 
Normally in atoms and molecules, the negatively charged electrons and the positively charged nuclei 
are bound to each other and are thus not free to move. In solid conductors (notably metals), some of 
the electrons (called free electrons) are free to move within the bulk materials. In these conductors, 
current flow takes place due to these free electrons. Positive ions in these conductors are almost 
fixed. They do not move. So, they do not contribute in the current. In electrolyte solutions however, 
both positive and negative ions can move. 
In our following discussions, we will focus only on solid conductors so that the current is carried by 
the negatively charged free electrons in the background of fixed positive ions. 


Theory of Current Flow through Solid Conductors 


At room temperature, the free electrons in a conductor move randomly with speeds of the order of 
10° m/s. Since, the motion of the electrons is random, there is no net charge flow in any direction. For 
any imaginary plane passing through the conductor, the number of electrons crossing the plane in one 
direction is equal to the number crossing it in the other direction. Therefore, net current is zero from 


any section. 
“2% 3 


Fig. 23.3 


When a constant potential difference V is applied between the ends of the conductor as shown in 
Fig. 23.4, an electric field E is produced inside the conductor. The conduction electrons within the 
conductor are then subjected to a force — eEand move overall in the direction of increasing potential. 


————— E <3<3 <3 
i De 
o Vo Vo 


Fig. 23.4 


However, this force does not cause the electrons to move faster and faster. Instead, a conduction 
electron accelerates through a very small distance (about 5 x in m) and then collides with fixed 
ions or atoms of the conductor. Each collision transfers some of the electron’s kinetic energy to the 
ions (or atoms). Because of the collision, electron moves slowly along the conductor or we can say 
that it acquires a drift velocity vy in the direction opposite to E (in addition to its random motion.) 
The drift motion of free electrons produce an electric current in the opposite direction of this motion 
or in the direction of electric field (from higher potential to lower potential). It is interesting to note 
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that the magnitude of the drift velocity is of the order of 10-4 m/s or about 10° times smaller than the 
average speed of the electrons of their random (or thermal) motion. The above discussion can be 
summarized as follows : 
1. Free electrons inside a solid conductor can have two motions : 
(i) random or thermal motion (speed of the order of 10° m/s) 

(ii) drift motion (speed of the order of 10 * m/s) 
2. Net current due to random (or thermal motion) is zero from any section, whereas net current due to 

drift motion is non-zero. 


3. In the absence of any electric field (or a potential difference across the conductor) free electrons 
have only random motion. Hence, net current from any section is zero. 


4. In the presence of an electric field (or a potential difference across the conductor) free electrons 
have both motions (random and drift). Therefore, current is non-zero due to drift motion. 


5. Drift motion of free electrons is opposite to the electric field. Therefore, direction of current is in 
the direction of electric field from higher potential to lower potential. 


© Example 23.6 Electric field inside a conductor is always zero. Is this 
statement true or false? 


Solution False. Under electrostatic conditions when there is no charge flow (or no current) in 
the conductor, electric field is zero. If current is non-zero, then electric field is also non-zero. 
Because the drift motion (of free electrons) which produces a net current starts only due to 
electric force on them. 


INTRODUCTORY EXERCISE 


1. All points of a conductor are always at same potential. Is this statement true or false? 


23.4 Drift Velocity and Relaxation Time 


As discussed before, in the presence of electric field, the free electrons experience an electric force of 


magnitude. 
F=gE or eE (as q=e) 
This will produce an acceleration of magnitude, 
F E 
Pca (m= mass of electron) 
mm 


Direction of force (and acceleration) is opposite to the direction of electric field. 

After accelerating to some distance an electron will suffer collisions with the heavy fixed ions. The 
collisions of the electrons do not occur at regular intervals but at random times. 

Relaxation time is the average time between two successive collisions. Its value is of the order of 
107"* second. 

After every collision, let us assume that drift motion velocity of electron becomes zero. Then, it 
accelerates for a time interval T, then again it collides and its drift motion velocity becomes zero and 
so on. 
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If v, is the average constant velocity (called drift velocity) in the direction of drift motion, then 
relation between v, andT is given by 
eEt 
Vg — 
m 


@® Extra Points to Remember 


e In some standard books of Indian authors, the relation is given as 


eFt 
Vin Sees 
ie 2m 


Initially, | was also convinced with this expression. But later on after consulting many more literatures in 
this. | found that vy oss is correct. But at this stage it is very difficult for me to give its correct proof. 
m 


Because the correct proof requires a knowledge of high level of physics which is difficult to understand for 
a class XII student. 


Current and Drift Velocity 


Consider a cylindrical conductor of cross-sectional area A in which an electric field F exists. Drift 
velocity of free electrons is v, and n is number of free electrons per unit volume (called free electron 
density). 


Consider a length v, At of the conductor. 
The volume of this portion is Av, At. 
Number of free electrons in this volume = (free electron density ) x (volume) 
=(n) (Av, At) 
=nAyv,At 
All these electrons cross the area A in time At. 
Thus, the charge crossing this area in time At is 
Aq = (nAv, At) (e) 


__ Aq 
or i=— =neAv, 
At 
or i=neAv, 


Thus, this is the relation between current and drift velocity. 
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Current Density 


Current per unit area (taken normal to the current), i/A is called current density and is denoted by /. 
The SI units of current density are A/ m7. Current density is a vector quantity j directed along E. 


But i=neAv,, therefore 


® Extra Points to Remember 
e Drift velocity of electrons in a conductor is of the order of 10*m/s, then question arises in everybody's 
mind that why a bulb glows instantly when switched on? Reason is : when we close the circuit, electric field 
is set up in the entire closed circuit instantly (with the speed of light). Due to this electric field, the free 
electrons instantly get drift velocity in the entire circuit and a current is established in the circuit instantly. 
The current so set up does not wait for the electrons to flow from one end of the conductor to the other end. 
e lf a current / is flowing through a wire of non-uniform cross-section, 1 12 
then current will remain constant at all cross-sections. But drift velocity 
and current density are inversely proportional to the area of 
cross-section. This is because 


i=neAvy or V, eal or V, ew 
d C= aK a SF i 
asi 4 Fig. 23.6 
Further, jel @ jes 
A A 
So, in the figure /, =/, =/ but, (Vy jo > (Vy), and j/, > /, because A, < A, 


Note Later we can also prove that electric field at 2 is also more than electric field at 1. 


© Example 23.7 An electron beam has an aperture of 1.0 mm”. A total of 
6.0 x 101° electrons go through any perpendicular cross-section per second. Find 
(a) the current and (6) the current density in the beam. 
Solution (a) The current is given by 


Substituting the values we have, 
;— (60x 10° \(16% 10°") 


1 
=9.6x10°A Ans. 
(b) The current density is 
de 96% 10" 
A 10° 
=9.6x 10° A/m? Ans. 
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© Example 23.8 Calculate the drift speed of the electrons when 1A of current 
exists in a copper wire of cross-section 2mm”. The number of free electrons in 
lem? of copper is 8.5 x 10””. 


Solution n= free electron density, 
= 8.5x 107 per em? (Given) 
= (8.5x 107" )(10° ) per m? 
=8.5x 10" per m> 


From i= neAv,, we get 


Substituting the values in SI units we have, 
1 


sie 
“~ (8.5x 1078 (1.6.x 107? (2x 10°) 
= 3.6x 10> m/s Answer 


INTRODUCTORY EXERCISE 


1. When a wire carries a current of 1.20 A, the drift velocity is 1.20 x 10-*m/s. What is the drift 
velocity when the current is 6.00 A? 


2. Find the velocity of charge leading to 1A current which flows in a copper conductor of 
cross-section 1cm? and length 10 km. Free electron density of copper is 8.5 x 107°/m°. How 
long will it take the electric charge to travel from one end of the conductor to the other? 


23.5 Resistance of a Wire 


Resistance of a wire is always required between two points or two surfaces (say P and Q). 
| 


p—t] Q 


A 
Fig. 23.7 
Here, /= length of wire, A = area of cross-section 
Now, Rel .. (i) 
1 
and R«— . (dl 
y (ii) 


Combining Eqs. (i) and (ii), we get 


.. (iii) 
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Here, p is called resistivity of the material of the wire. This depends on number of free electrons 
present in the material. With increase in number of free electrons the value of p decreases. 
Note (i)p= - where o = conductivity. 
oO 

(ii) SI units of resistivity are Q-m (ohm-metre). 

(iii) SI units of conductivity are (Q-m)", 

(iv) In Eq. (iti), Lis that dimension of conductor which is parallel to P and Q and A is that cross-sectional area, 

which is perpendicular to P and Q. 


© Example 23.9 Two copper wires of the same length have got different 
diameters, 
(a) which wire has greater resistance? 
(6) greater specific resistance? 


Solution (a) For a given wire, R=p “ , Le. R «a 
So, the thinner wire will have greater resistance. 


(b) Specific resistance (P) is a material property. It does not depend on / or A. 


So, both the wires will have same specific resistance. 


© Example 23.10 A wire has a resistance R. What will be its resistance if it is 
stretched to double its length? 


Solution Let V be the volume of wire, then 


V=Al 
_vV 
“7 
tas l I? 
Substituting this in R =p ri we have R=p ae 
So, for given volume and material (1.e.V and p are constants) 
Re«/? 


When / is doubled, resistance will become four times, or the new resistance will be 4R. 


© Example 23.11 The dimensions of a conductor of specific resistance p are 
shown below. Find the resistance of the conductor across AB, CD and EF. 


Ee— oe Basa ena rae enor en bara | OF 
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Solution R=p = 
A 


Resistance across AB, CD and EF in tabular form is shown below. 


Table 23.1 
/ A B 
AB Cc axb oe 
ab 
CD b axc ae 
ac 
EF a bxc ps 
be 


© Example 23.12 A copper wire is stretched to make it 0.1% longer. What is the 


percentage change in its resistance? (JEE 1978) 
Solution R=p = = PY (V =volume of wire) 
A VII 

_ pl? 
V 
Re« |? (p and V = constant) 


For small percentage change 
% change R = 2(% change in /) = 2 (0.1%)= 0.2% 


Since R «/ , with increase in the value of /, resistance will also increase. 


INTRODUCTORY EXERCISE 


1. In household wiring, copper wire 2.05 mm in diameter is often used. Find the resistance of a 
35.0 m long wire. Specific resistance of copper is 1.72 x 10°? Om: 


2. The product of resistivity and conductivity of a conductor is constant. Is this statement true or 
false? 

3. You need to produce a set of cylindrical copper wires 3.50 m long that will have a resistance of 
0.125 Q each. What will be the mass of each of these wires? Specific resistance of 
copper = 1.72 x 10 ® Q-m, density of copper =8.9 x 10° kg/m?. 


4. Consider a thin square sheet of side L and thickness t, made of a = a, 
material of resistivity p. The resistance between two opposite faces, 
shown by the shaded areas in the figure is (JEE 2010) 
(a) directly proportional to L | 
(b) directly proportional to t ————— 


) 
(c) independent of L 
(d) independent of t Fig. 23.9 
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23.6 Temperature Dependence of Resistance 


If we increase the temperature of any material, the following two effects can be observed : 
(i) Numbers of free electrons increase. Due to this effect conductivity of the material increases. So, 
resistivity or resistance decreases. 


(ii) The ions of the material vibrate with greater amplitude and the collision between electrons and 
ions become more frequent. Due to this effect resistivity or resistance of the material increases. 


In Conductors 


There are already a large number of free electrons. So, with increase in temperature effect-(1) is not so 
dominant as effect-(ii). Hence, resistivity or resistance of conductors increase with increase in 
temperature. 


Over a small temperature range (upto 100°C), the resistivity of a metal (or conductors) can be 
represented approximately by the equation, 


p(T) =Po U+a (T—-T))] --{i) 


where, Pp 9 is the resistivity at a reference temperature 7) (often taken as 0°C or 20°C) andp (7) is the 
resistivity at temperature 7, which may be higher or lower than 7,. The factor is called the 
temperature coefficient of resistivity. 


The resistance of a given conductor depends on its length and area of cross-section besides the 
resistivity. As temperature changes, the length and area also change. But these changes are quite 
small and the factor //A may be treated as constant. 


Then, Re«p andhence, | R(T)=Ry [l+a(T-T))] .. (il) 


In this equation, R (7) is the resistance at temperature 7 and Rv is the resistance at temperature 7), 
often taken to be 0°C or 20°C. The temperature coefficient of resistance & is the same constant that 


l : 
appears in Eq. (i), if the dimensions / and A in equation R =p ri do not change with temperature. 


In Semiconductors 


At room temperature, numbers of free electrons in semiconductors (like silicon, germanium etc.) are 
very less. So, with increase in temperature, effect-(i) is very dominant. Hence, resistivity or resistance 
of semiconductors decreases with increase in temperature or we can say that temperature coefficient 
of resistivity & for semiconductors is negative. 


© Example 23.13 The resistance of a thin silver wire is 1.0 Q at 20°C. The wire 
is placed in a liquid bath and its resistance rises to 1.2 Q. What is the 
temperature of the bath? a for silver is 3.8 x 107° /°C. 


Solution R(T)=R,.[1+a(T-T))] 

Here, R(T)=1.2Q, Ry) =1.09, a=38x10°/°C and 7 =20°C 

Substituting the values, we have 1.2=1.0[1+ 3.8x 10° (7 — 20)] 

or 3.8x 10° (T— 20)=0.2 

Solving this, we get T=72.6°C Ans. 
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Example 23.14 Read the following statements carefully (JEE 1993) 

Y: The resistivity of semiconductor decreases with increase of temperature. 

Z: Ina conducting solid, the rate of collisions between free electrons and ions 
increases with increase of temperature. 

Select the correct statement (s) from the following 

(a) Y is true but Z is false (b) Y is false but Z is true 

(c) Both Y and Z are true (d) Y is true and Z is the correct reason for Y 

Solution Resistivity of conductors increases with increase in temperature because rate of 

collisions between free electrons and ions increase with increase of temperature. However, the 

resistivity of semiconductors decreases with increase in temperature, because more and more 

covalent bonds are broken at higher temperatures and free electrons increase with increase in 

temperature. Therefore, the correct option is (c). 


Example 23.15 An electric toaster uses nichrome for its heating element. 
When a negligibly small current passes through it. Its resistance at room 
temperature (27.0 °C) is found to be 75.3 Q. When the toaster is connected to a 
230 V supply, the current settles, after a few seconds, to a steady value of 

2.68 A. What is the steady temperature of the nichrome element? The 
temperature coefficient of resistance of nichrome averaged over the temperature 
range involved, is 1.70 x 10“ Ce 


Solution Given, Ty =27°C and Ry = 75.3Q 


At temperature 7, Rp = - [R = “) 
T 
= = = 85.82Q 
Using the equation, R, =R, [l+a(T-T)] 
We have 85.82 = 75.3[1+ (1.70x 10 )\(T — 27)] 
Solving this equation, we get T = 850°C Ans. 


Thus, the steady temperature of the nichrome element is 850°C. 


INTRODUCTORY EXERCISE 


1 


2. 


. A piece of copper and another of germanium are cooled from room temperature to 80 K. The 
resistance of (JEE 1988) 
(a) each of them increases 
(b) each of them decreases 
(c) copper increases and germanium decreases 
(d) copper decreases and germanium increases 


The resistance of a copper wire and an iron wire at 20°C are 4.1Q and 3.9 Q, respectively. 
Neglecting any thermal expansion, find the temperature at which resistances of both are equal. 
Ocy=4.0 x 103K" and a¢.=5.0 x 10K". 
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23.7 Ohm’s Law 


The equation, V =iR is not Ohm’s law. It is a mathematical relation between current passing through 
a resistance, value of resistance R and the potential difference V across it. 


Vv 


According to Ohm’s law, there are some of the materials (like metals or 
conductors) or some circuits for which, current passing through them is 
proportional to the potential difference applied across them or 


tan 6 = slope 
=R 


IixV or Vai 


V 
=> V=ik or —=R =constant 
i 


Ohmic 
Fig. 23.10 


or V- i graph for such materials and circuits is a straight line passing through 
origin. Slope of this graph is called its resistance. The materials or circuits 
which follow this law are called ohmic. 


The materials or circuits which do not follow this law are called non-ohmic. - i graph for non-ohmic 


circuits 1s not a straight line passing through origin. — or R is not constant and /is not proportional to/. 
i 


Non-ohmic 
Fig. 23.11 


Note Equation V =iR is applicable for even non-ohmic circuits also. 


For example, bil = R, = resistance at P. 
4 
V> . 
—=R, = resistance at Q, but 
1 
R, #R, 


© Example 23.16 The current-voltage graphs for a given metallic wire at two 
different temperatures T, and T, are shown in the figure. The temperature T, is 
greater than T,. Is this statement true or false? (JEE 1985) 
! 


Fig. 23.12 
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- P 1 
— = Slope of given graph = — 
V p g grap R 
R : = (Slope); < (Slope) => : > : 
‘ " “" (Slope), — (Slope) y, 


Resistance of a metallic wire increases with increase in temperature. 


or Rp >Rz or T,>T, 


Solution 


or 


Therefore, the statement is true. 


23.8 The Battery and the Electromotive Force 


Before studying the electromotive force (emf) of a cell let us take an example of 
a pump which is more easy to understand. Suppose we want to recycle water 


Overhead tank 


between a overhead tank and a ground water tank. Water flows from overhead 4 ~ 
tank to ground water tank by itself (by gravity). No external agent is required aid ¥ 
for this purpose. But to raise the water from ground water tank to overhead tank = 

a pump is required or some external work has to be done. In an electric circuit, a =s 
battery or a cell plays the same role as the pump played in the above example. Ground water tank 
Suppose a resistance (R) is connected across the terminals of a battery. i 

A potential difference is developed across its ends. Current (or 

positive charge) flows from higher potential to lower potential across > A wt 

the resistance by itself. But inside the battery, work has to be done to R 

bring the positive charge from lower potential to higher potential. The + Y 
influence that makes current flow from lower to higher potential 

(inside the battery) is called electromotive force (abbreviated emf). If Hit 

W work is done by the battery in taking a charge q from negative Fig. 23.14 


terminal to positive terminal, then work done by the battery per unit 
charge is called emf (£) of the battery. 


Thus, E=— 
q 


The name electromotive force is misleading in the sense that emf is not a force it is work done per unit 
charge. The SI unit of emf is J/C or V(1V=1 J/C). 


23.9 Direct Current Circuits, Kirchhoff’s Laws 


Single current in a simple circuit (single loop) can be found by the relation, 
6V 10V 6V E 
aa J da 


i 


vy 


32 22 R 
(a) (b) (c) 


Fig. 23.15 
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— netemf Eng 


i= - = 
net resistance Ryo 


For example : 
In Fig. (a) Net emf is 6 V and net resistance is 3 Q. Therefore, 


i= ® =2A 
3 
In Fig. (b) Net emf= (10-6) V=4V 
and Net resistance =2 Q 
Therefore, i= : =2A 


In Fig. (c) We have n cells each of emf £. Of these polarity of m cells (where n > 2m) is reversed. 
Then, net emf in the circuit is (7 — 2m) E and resistance of the circuit is R. Therefore, 


__ (n—2m)E 
poe ~ 5 
Resistors in Series and in Parallel 
In series : 


Fig. 23.16 


Figure represents a circuit consisting of a source of emf and two resistors connected in series. We are 
interested in finding the resistance R of the network lying between A and B. That is, what single 
equivalent resistor R would have the same resistance as the two resistors linked together. 

Because there is only one path for electric current to follow, i must have the same value everywhere in 
the circuit. The potential difference between A and B is V. This potential difference must somehow be 
divided into two parts V; and V, as shown, 


Let R be the equivalent resistance between A and B, then 
V=iR .. (ii) 


From Eqs. (i) and (ii), 


R=R, +R, for resistors in series 


This result can be readily extended to a network consisting of 7 resistors in series. 
R = R, + R, FP eehees + R 
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In parallel : j 


vo, 


Fig. 23.17 


In Fig. 23.17, the two resistors are connected in parallel. The voltage drop across each resistor is equal 
to the source voltage V. The current 7, however, divides into two branches, which carry currents i, and 


in. 
i=i +i, ... (iil) 
If R be the equivalent resistance, then 
a es ee 
i=—, i =— and i, =— 
R R, R, 


Substituting in Eq. (ili), we get 


1 1 1 : : 
— =— + — for resistors in parallel 
R R, R, 


This result can also be extended to a network consisting of 7 resistors in parallel. The result is 


1 1 1 1 
—=—+—4F....., +— 
RR, Ry R 


© Example 23.17 Compute the equivalent resistance of the network shown in 
figure and find the current i drawn from the battery. 


18V 
* | < 
/ / 
Y 6Q » 
40 
32 
Fig. 23.18 
Solution The 6Q and 3Q resistances are in parallel. Their equivalent resistance is 
18V : 
| i 
< | f < 
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—=-+-— or R=2Q0 
R 6 
Now, this 2 Q and 4 Q resistances are in series and their equivalent resistance is 4+ 2= 6. 
Therefore, equivalent resistance of the network = 6 Q. Ans. 
: 18V 
I 
—WW- 
62 
Fig. 23.20 


Current drawn from the battery is 


netemf —_‘18 
net resistance 6 
=3A Ans. 


Kirchhoff’s Laws 


Many electric circuits cannot be reduced to simple series-parallel combinations. For example, two 
circuits that cannot be so broken down are shown in Fig. 23.21. 


Ry Fi A 
A WW | B Cc B D 
Re Ro es R4 
Ro jAe 
pk}—ww+-_ 1 G 1 as a 
Ey 
wie E e-—-}—e 
F 
|——-Wwv- H 
Rs 
(a) (b) 
Fig. 23.21 


However, it is always possible to analyze such circuits by applying two rules, devised by Kirchhoff in 
1845 and 1846 when he was still a student. 


First there are two terms that we will use often. 


Junction 


A junction in a circuit is a point where three or more conductors meet. Junctions are also called nodes 
or branch points. 


For example, in Fig. (a) points D and C are junctions. Similarly, in Fig. (b) points B and F are junctions. 


Loop 


A loop is any closed conducting path. For example, in Fig. (a) ABCDA, DCEFD and ABEFA are 
loops. Similarly, in Fig. (b), CBFEC, BDGFB are loops. 
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Kirchhoff’s rules consist of the following two statements : 


Kirchhoff’s Junction Rule 
The algebraic sum of the currents into any junction is zero. 


That is, y i=0 

junction 
This law can also be written as, “the sum of all the currents directed towards a 
point in a circuit is equal to the sum of all the currents directed away from that 
point.” 
The junction rule is based on conservation of electric charge. No charge can 
accumulate at a junction, so the total charge entering the junction per unit 
time must equal to charge leaving per unit time. Charge per unit time is Fig. 23.22 
current, so if we consider the currents entering to be positive and those 
leaving to be negative, the algebraic sum of currents into a junction must be 
Zero. 


Kirchhoff’s Loop Rule 


The algebraic sum of the potential differences in any loop including those associated emf’s and those 
of resistive elements, must equal zero. 


That is, y AV =0 

closed loop 
Kirchhoff’s second rule is based on the fact that the 4 E E B 
electrostatic field is conservative in nature. This result *— + — — ss 
states that there is no net change in electric potential — -------- »Path ween > Path 
around a closed path. Kirchhoff’s second rule applies only = AV=Vg-V,=+E AV = Vg—Va=-E 
for circuits in which an electric potential is defined at each Fig. 23.23 
point. This criterion may not be satisfied if changing 
electromagnetic fields are present. 


In applying the loop rule, we need sign conventions. First assume a direction for the current in each 
branch of the circuit. Then starting at any point in the circuit, we imagine, travelling around a loop, 
adding emf’s and 7R terms as we come to them. 


When we travel through a source in the direction from — to +, the emf is considered to be positive, 
when we travel from + to —, the emf is considered to be negative. 


When we travel through a resistor in the same direction as the assumed current, the iR term is negative 
because the current goes in the direction of decreasing potential. When we travel through a resistor in 
the direction opposite to the assumed current, the iR term is positive because this represents a rise of 
potential. 


iy i R i 
As—Wv- .B Ae—Wwv- iB 
Sanaa > Path --------> Path 
AV = Vg—-V,a=-iR AV = Vg-V,a=+tiR 


Chapter 23 Current Electricity © 21 


Note It is advised to write H (for higher potential) and L (for lower potential) across all the batteries and 
resistances of the loop under consideration while using the loop law. Then write — while moving from H to L 
and + for L to H. Across a battery write H on positive terminal and L on negative terminal. Across a 
resistance keep in mind the fact that current always flows from higher potential (H) to lower potential (L). 
For example, in the loop shown in figure we have marked H and L across all batteries and resistances. Now 
let us apply the second law in the loop ADCBA. 


Ey R, 
B——| t\—_ww#¥——_c 
H'L H OL 
L 
; = Bp 
AT H 
iy 
L H 
Ai——-Wwvr- + D 
Ro 
Fig. 23.25 
The equation will be +iR, —E, +iR, + £, =0 


© Example 23.18 Find currents in different branches of the electric circuit 
shown in figure. 


49 B22 
A WW WW Cc 
2 ao “> 6V 
F D 


WW WW 
20 E 40 
Fig. 23.26 

HOW TO PROCEED Jn this problem there are three wires EFAB, BE and BCDE. 
Therefore, we have three unknown currents 1,,i, and i,. So, we require three 
equations. One equation will be obtained by applying Kirchhoff’s junction law (either 
at Bor at E) and the remaining two equations, we get from the second law (loop law). 
We can make three loops ABEFA, ACDFA and BCDEB. But we have to choose any 
two of them. Initially, we can choose any arbitrary directions of i,, i, and i3. 


Solution Applying Kirchhoff’s first law (junction law) at junction B, 


4Q 20 
A >—Hnww—— 8. —ayyt— ec 
14 13 
L @ H 
H 
2V Se, cy AV (Q\ — 6V 
L H L 
Dp WE H ig ob H 
F <—WWs_-« E —WW— D 
20 40 
Fig. 23.27 
i, =1, +1, ..(i) 


Applying Kirchhoff’s second law in loop 1 (ABEFA), 
—4i,+4-2i,+2=0 .. (ii) 
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Applying Kirchhoff’s second law in loop 2 (BCDEB), 


Solving Eqs. (1), (ii) and (ili), we get 


i; =1A 
. 8 
2-3 

5 
i, =-—A 
2 


Here, negative sign of i, implies that current 7, is in opposite direction of what we have 


assumed. 


.. iii) 


Ans. 


© Example 23.19 In example 23.18, find the potential difference between points 


Fand C. 


HOWTO PROCEED To find the potential difference between any two points of a circuit 
you have to reach from one point to the other via any path of the circuit. It is 
advisable to choose a path in which we come across the least number of resistors 


preferably a path which has no resistance. 
Solution Let us reach from F to C via A and B, 
Ve #2=44 2% = 


Substituting, i; =1A and i, =— : A, we get 


Ve —Veo =~ 5 volt 


Here, negative sign implies thatV; <Vc. 


Ans. 


The potential difference across a real source in a circuit is not equal to the emf of the cell. The reason 
is that charge moving through the electrolyte of the cell encounters resistance. We call this the 
internal resistance of the source, denoted by r. If this resistance behaves according to Ohm’s law ris 
constant and independent of the current 7. As the current moves through r, it experiences an associated 
drop in potential equal to ir. Thus, when a current is drawn through a source, the potential difference 
between the terminals of the source is 


V=E-ir 
This can also be shown as below. 
E is 
Ae HYW\———eB 
Fig. 23.28 
V,-E+ir=Vp, 


or 


V,—V,=E-ir 


Chapter 23 Current Electricity ° 23 


The following three special cases are possible : 

(i) If the current flows in opposite direction (as in case of charging of a battery), thenV =F + ir 
(ii) V = E, if the current through the cell is zero. 
(iii) V =0, if the cell is short circuited. 


This is because current in the circuit 


__E Short 
bes circuited 
2 
or E=ir 
: E ‘i 
E—-ir=0 Fig. 23.29 
or V =0 
Thus, we can summarise it as follows : 
E ; 
; ian V=E-ir or V<E 
i 
For 
— rw — V=E+ir or V>E 
For 
———_| Rew V=E if i=0 
a i : : 
—E | =) if short circuited 
E r 
2A 


Fig. 23.30 Potential rise and fall in a circuit. 
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@&% Extra Points to Remember 


e In figure (a): There are eight wires and hence, will have eight currents or A B 
eight unknowns. The eight wires are AB, BC, CE, EA, AD, BD, CD and ED. Zz 
Number of independent loops are four. Therefore, from the second law we pa 
is Cc 
( 
A B 


can make only four equations. Total number of junctions are five (A, B, C, D 
and £). But by using the first law, we can make only four equations (one a) 
less). So, the total number of equations are eight. 

In figure (b) : Number of wires are six (AB, BC, CDA, BE, AE and CE). 

Number of independent loops are three so, three equations can be obtained 

from the second law. Number of junctions are four (A, B, Cand£)so,wecan D C 
make only three (one less) equations from the first law. But total number of 2) 
equations are again six. Fig. 23.31 


«( 


Short circuiting : Two points in an electric circuit directly connected by a 


Ry 
conducting wire are called short circuited. Under such condition both points 
are at same potential. 
For example, resistance R, in the adjoining circuit is short circuited, i.e. Ro 
potential difference across it is zero. Hence, no current will flow through R, 

E 


and the current through R, is therefore, E/R». 
Fig. 23.32 


Earthing: Ifsome point of a circuit is earthed, then its potential is taken to 


6V 
be zero. ® a 
For example, in the adjoining figure, 20 
V, =V_ = 0 pet 5 
Wea lp =Yae=sW 
Ve =-9V IF A 
; 4Q 


Vp —Ve=9V = 
or current through 2 Q resistance is Fig. 23.33 
Ya = Ve or ; A (from B to E) 
Similarly, Vie Ve 
and the current through 4 Q resistance is ante or : A (fromA to F) 
For a current flow through a resistance there must be a potential difference A 
across it but between any two points of a circuit the potential difference may be 1V TAN 
zero. aa 
For example, in the circuit, 2nd 1V 
netemf =3V and _ netresistance = 6 Q Ve & 
taht feel Bo-—ww— C 
th rs 
current in the circuit, / ae 20 4 
Vis Vat 12x =Vg or Vy — Vg =0 Pah Bee 


or by symmetry, we can say that 

Vy = Vp = Vo 
So, the potential difference across any two vertices of the triangle is zero, while the current in the circuit is 
non-zero. 
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e Distribution of current in parallel connections : When more than 
one resistances are connected in parallel, the potential difference 
across them is equal and the current is distributed among them in 
inverse ratio of their resistance as 


mee 
R Fig. 23.35 
or i <2 for same value of V 
e.g. in the figure, 
ileal 1 
hy el ORO nC 
Wags) 1B: OR SR 
: 6 ® , 
i, = =— i 
6+3+2 al 
lo = Sie a 
6+3+2 ali 
and ae 
6+ 3+2 1 
Note Incase of only two resistances, — = ia 
7) 1 
e Distribution of potential in series connections: When more R 2R 3R 
than one resistances are connected in series, the current through SL LA ES AAA FA ALAA 
them is same and the potential is distributed in the direct ratio of | vy V2 V3 
their resistance as ; 
V=iR or Ve«R forsame value of /. 
For example in the figure, v 
V,iVo Vg =R:2R:3R=1:2:3 pig aoe 
Vee ye! 
1424+3 6 
eS Se 
142+3 3 
and V3 = 2 el 
142+3 2 
© Example 23.20 In the circuit shown in figure, 
Fiiry ae) 
Hw 
R 
—WW— 
Fig. 23.37 


E, =10V, BE, =4V, 1 =m =1Q and R=2Q. 
Find the potential difference across battery 1 and battery 2. 
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. For what value of E the potential of A is equal to 15V 10 A E 
the potential of B? [$+ | 
WW 
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‘ . E. 
Solution Net emf of the circuit = £, — E, =6V : cA Fo fp 
Total resistance of the circuit=R+7 +m =4Q 
temf 6 7 °ye Poy 
Current in the circuit, i= —— =-=15A : : 
total resistance 4 (3 
Now, V, =F, -— in =10- (1.5) (1) Fig. 23.38 
=8.5V Ans. 
and V, =E,+im =44+(1.5)() 
=5.5V Ans. 


INTRODUCTORY EXERCISE 223.0 


1. Find the current through 2 Q and 4 Q resistance. 
20 10V S40 


. In the circuit shown in figure, find the potentials of A,B, C and D and 1Q 


the current through 1 Q and 2 Q resistance. 


50 
Fig. 23.41 


. Ten cells each of emf 1 V and internal resistance 19 are connected in series. In this 


arrangement, polarity of two cells is reversed and the system is connected to an external 
resistance of 2 Q. Find the current in the circuit. 


. In the circuit shown in figure, R; =Rz =R3 =10 Q. Find the 


R 
currents through R, and R>. ' 


10V Ro R3 10V 


Fig. 23.42 
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23.10 Heating Effects of Current 


An electric current through a resistor increases its thermal energy. Also, there are other situations in 
which an electric current can produce or absorb thermal energy. 


Power Supplied or Power Absorbed by a Battery 


When charges are transported across a source of emf, their potential energy changes. If a net charge 
Aq moves through a potential difference E in a time At, the change in electric potential energy of the 
charge is E Aq. Thus, the source of emf does work, 

AW=EAq 
Dividing both sides by At, then taking the limit as At > 0, we find 

dw d 

dW _ 44 

dt dt 


a A dw ; 
By definition, = = i, the current through the battery and ae = P, the power output of (or input to) the 


battery. Hence, 
P=EKi 
The quantity P represents the rate at which energy is transferred from a discharging battery or to a 
charging battery. 
In Fig. 23.43, energy is transferred from the source at a rate Ei 
E 
—__j_____ ~~ 
Fig. 23.43 


In Fig. 23.44, energy is transferred to the source at a rate Fi 
7 i 
——___ 4 — + 


Fig. 23.44 


Power dissipated across a resistance 


Now, let’s consider the power dissipated in a conducting element. Suppose it has a resistance R and 
the potential difference between its ends is V. In moving from higher to lower potential, a positive 
charge Aq loses energy AU =V Aq. This electric energy is absorbed by the conductor through 
collisions between its atomic lattice and the charge carriers, causing its temperature to rise. This 
effect is commonly called Joule heating. Since, power is the rate at which energy is transferred, we 


have, 
A A 
pS ere =n 
At At 
P=Vi 


which with the help of equation V =iR can also be written in the forms, 
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Power is always dissipated in a resistance. With this rate, the heat i : 
produced in the resistor in time f is et 
y? me 
H=Pt or H=Vit=iRt=——t eae 


Joule heating occurs whenever a current passes through an element that has resistance. To prevent the 
overheating of delicate electronic components, many electric devices like video cassette recorders, 
televisions and computer monitors have fans in their chassis to allow some of the heat produced to 
escape. 


&% Extra Points to Remember 
e Wehave seen above that power may be supplied or consumed by a battery. It depends on the direction of 


Current. 
—— a 
E I 


Fig. 23.46 
In the above direction of current power is supplied by the battery (= E/) 
—— 
Fig. 23.47 
In the opposite direction of current shown in Fig. 23.47, power is consumed by the battery. This normally 
happens during charging of a battery. 
e Aresistance always consumes power. It does not depend on the direction of current. 
i i 
SSS ———S or SN 
Fig. 23.48 
In both cases shown in figure, power is only consumed and this power consumed is given by the formula. 
pope 
R 


In the above equations V and / are the values across a resistance in which we wish to find the power 
consumed. 

e In any electrical circuit, law of conservation of energy is followed. 
Net power supplied by all batteries of the circuit = net power consumed by all resistors in the circuit. 


© Example 23.21 In the circuit shown in figure, find 
10V 4v 


| 


a 


Fig. 23.49 
(a) the power supplied by 10 V battery 

(b) the power consumed by 4 V battery and 
(c) the power dissipated in 8 Q resistance. 
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Solution Net emf of the circuit = 10-4) V=6V 


Current in the circuit 


total resistance 7 3 
(a) Power supplied by 10 V battery = Zi= (10) (2)=20W 
(b) Power consumed by 4 V battery = Ei= (4) (2) = 8 W 
(c) Power consumed by 3 Q resistance = PR= (2) (3) =12W 
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Ans. 
Ans. 
Ans. 


Note Here, we can see that total power supplied by 10 V battery (i.e. 20 W) = power consumed by 4 V battery 


and 3 Q resistance. Which proves that conservation of energy holds good in electric circuits also. 


© Example 23.22 In the circuit shown in figure, find the heat developed across 


each resistance in 2 s. 


6Q 
30 
3Q 50 
iL 
20V 
Fig. 23.50 
Solution The 6Q and 3 Q resistances are in parallel. So, their combined resistance is 
1 1 1.1 
—=—4+-—=— 
R 6 3 2 
or R=2Q0 
The equivalent simple circuit can be drawn as shown. 
30 29 
WW WW 
+ 
V 
! §Q 
20V 
Fig. 23.51 
Current in the circuit, 
netemf — 20 


total resistance 3+2+5 
V =iR=(2)(2)=4V 
i.e. Potential difference across 6 Q and 3 Q resistances are 4 V. Now, 


£1, 9 (which is connected in series) = PRISQY )Q)=241 
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2 2 
39 (which is connected in parallel) = - t= ae = = J 


and Hag =i Rt=(Q2Y (5)(2)=40I Ans. 


INTRODUCTORY EXERCISE 23. / 


1. Inthe circuit shown in figure, a 12 V battery with unknown internal resistance ris connected to 
another battery with unknown emf E and internal resistance 1 and to a resistance of 3 Q 
carrying a current of 2 A. The current through the rechargeable battery is 1 A in the direction 
shown. Find the unknown current /, internal resistance r and the emf E. 

12V i: 


3Q 


2A 
Fig. 23.52 


2. Inthe above example, find the power delivered by the 12 V battery and the power dissipated in 
3 Q resistor. 


23.11 Grouping of Cells 


Cells are usually grouped in the following three ways : 


Series Grouping 
Suppose n cells each of emf EF and internal resistance r are connected in series as shown in figure. 


Fig. 23.53 
Then, Net emf =nE 
Total resistance = nr+R 
: Sse net emf . nE 
Current in the circuit, i= ————————- or | i= 
total resistance mr+R 


Note /f polarity of m cells is reversed, then equivalent emf =(n — 2m) E, while total resistance is still nr + R 
(n-2m)E 
nr+R 
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Parallel Grouping 
Here, three cases are possible. 
Case1. When E andr of each cell has same value and positive terminals of 
all cells are connected at one junction while negative at the other. 


In this situation, the net emf is £. The net internal resistance is — as n 
n 


resistances each of r are in parallel. Net external resistance is R. Therefore, 


; balel . bith ota 
total resistance is (- + r| and so the current in the circuit will be, 
n 


Fig. 23.54 


Net emf . E 


{= ———____ or i= ———_ 
Total resistance R+ rin 


Note A comparison of series and parallel grouping reveals that to get maximum current, cells must be 
connected in series if effective internal resistance is lesser than external and in parallel if effective internal 
resistance is greater than external. 


Case2 IfE andr ofeach cell are different but still the positive terminals of all cells are connected 


at one junction while negative at the other. 


Ey r. 
A ea F 


Fig. 23.55 


Applying Kirchhoff’s second law in loop ABCDEFA, 
R &£, 


E, —iR- in =0 or i =-1—+— ...(1) 
Pi. ‘A 
Similarly, we can write 
; aes ‘ 
Db =i .. (i) 
I 


Adding all above equations, we have 
1 E 
(i, +i, +...+7,)=—iR z(2)+2/ 
Fr 


But i, +h +...¢0, =1 


i= nz 


~ | 
ee 


“ _ 
—— 
+ 
M 
fa 
x |o& 
a 
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— LB/r) _ L(E/n/XT/r) Eq 
14RE (Ur) M/X(Vr)}+R Reg 
IO ak i 1 


= =R+ 
aE (le) - x (1/r) 


where, 


From the above expression, we can see that ae PA if n cells of same emf F and internal 
+ r/n 


resistance r are connected in parallel. This is because, 


x (E/r)= nE/r and x (/r)= n/r 
nE/r 


i=—— 
1+ nR/r 
Multiplying the numerator and denominator by r/n, we have 
. E 
i=—— 
R+r/n 


Exercise In parallel grouping (Case 2) prove that, F,, =E if E, =F, =...=Eandy =n =...=r 


Case 3 _ This is the most general case of parallel grouping in which & and r of different cells are 
different and the positive terminals of few cells are connected to the negative terminals of the others 
as shown figure. 


Fig. 23.56 


Kirchhoff’s second law in different loops gives the following equations : 
E, iR 


y a 
E 'R re 
Ny I 
E R = 
Similarly, i, =—-= ...(ii) 
r r 


Adding Eqs. (i), (ii) and (111), we get 
i ti, +i, =(E,/%,) — (Eo /%)) + (E3/15) — iR A, 41/1 +1/75) 
or iTl+R W/7, +1/1r +1/7r;)] = (E)/7,) — (Eo/) + (E3/15) 
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(E,/7,) — (En/ry) + (E3/53) 

1+R U/K +1/r% +1/15) 
_ (BE, /5 - Ey/m + Ey/7)/ U/n +V/ry +1/7,) 
ee 


or 
R+1/ (0/7 +1/r%y +1/15) 


Mixed Grouping 


The situation is shown in figure. 


Fig. 23.57 


There are n identical cells in a row and number of rows are m. Emf of each cell is £ and internal 
resistance is r. Treating each row as a single cell of emf n£ and internal resistance nr, we have 


Net emf = nE 


: . nr 
Total internal resistance = — 
m 


Total external resistance = R 


.. Current through the external resistance R is 


This expression after some rearrangements can also be written as 
mnE 


(VmR _ var)? +2VmnrR 
If total number of cells are given then mnis fixed. EF, rand R are also given, we have liberty to arrange 
the given number of cells in different rows. Then in the above expression the numerator nmE and in 
the denominator 2VmnrR all are fixed. Only the square term in the denominator is variable. 
Therefore, 
i iS Maximum when, 


i 


VmR = Jnr or Rae 
m 


or total external resistance = total internal resistance 


Thus, we can say that the current and hence power transferred to the load is maximum when load 
resistance is equal to internal resistance. This is known as maximum power transfer theorem. 
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@® Extra Points to Remember 

Regarding maximum current in the circuit or maximum power consumed by the external resistance R, there 
are three special cases. One we have discussed above, where we have to arrange the cells in such a 
manner that current and power in the circuit should be maximum. And this happens when we arrange the 
cells in such a manner that total internal resistance comes out to be equal to total external resistance. Rest 


two cases are discussed below. 


In the figure shown, 


2: 
Pa =A =( E jr 
R 


(i) Now if ris variable. E and R are fixed, then / and P, both are maximum when r = 0. 
(ii) If R is variable. E and r are fixed. Then, current in the circuit is maximum when R = 0. But F, will be 


maximum, when 
R=r or external resistance = internal resistance 


© Example 23.23 Find the emf and internal resistance of a single battery which 
is equivalent to a combination of three batteries as shown in figure. 
10V 90 


oY 40 


ay 2a 
Fig. 23.59 
Solution The given combination consists of two batteries in parallel and resultant of these two 


in series with the third one. 
For parallel combination we can apply, 


£i_#2 10 4 
Eoq = ai Hh _ 2 2-3V 
4 1 1 1 1 
a ehh es 
KN 2 2 
Further, Toi lll, 
r. Rm 2 2 


Now this is in series with the third one, i.e. 


6V 3V 
10 1Q 


Fig. 23.60 


—WWV— 
r=2Q0 


Fig. 23.61 


© Example 23.24 In the circuit shown in 


figure E, =3V, E, =2V, E, =1V and 


R=nrn =m =r =1Q. (JEE 1981) R 
: . ; —ww- 
(a) Find the potential difference between the 
points A and B and the currents through each 
branch. 
(b) Ifr, is short-circuited and the point A is 
connected to point B, find the currents 
through E,, E,, E, and the resistor R. 
Solution (a) Equivalent emf of three batteries would be 
_X(E/r)_ (3/142/141/1) | 
“4 /r)) (1/141/14+1/1) 
—Q as all three are in parallel. 
are 
A R ad 3 B 
—wwv— #—wws—* 
Fig. 23.63 
The equivalent circuit is therefore shown in the figure. 
Since, no current is taken from the battery. 
Vip =2V 
Further, V4 —Vz =E, -hyi 
Vz—V,+8, -2 
ene Mad GY 
K 1 
Similarly, ed ae a, 
1) 1 
Vp —V,t+E - 
and jg, retina at 3 == =-1A 


(FromV = E — ir) 
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(b) 7% is short circuited means resistance of this 
branch becomes zero. Making a closed circuit 
with a battery and resistance R. Applying 
Kirchhoff’s second law in three loops so 


formed. 
3-i, -(i, +i, +i; )=0 ty Pte) 
2-(i, +i, +i,)=0 .. (ii) 
1-1; —G@ +i +i3)=0 -- (iit) Fig. 23.64 
From Eq. (ii) i) +i, +i, =2A 
*, Substituting in Eq. (i), we get i, =1A 


Substituting in Eq. (iii), we get i; =—-1A 
2 ly = 2A 


INTRODUCTORY EXERCISE 223.8 


1. Find the emf (V) and internal resistance (r) of a single battery which is equivalent to a parallel 
combination of two batteries of emfs V, and V, and internal resistances r, and r,respectively, with 
polarities as shown in figure 


ie) a 
| 
rr ~ 
A B 
K- 
ry V, 


Fig. 23.65 


2. Find the net emf of the three batteries shown in figure. 
2V 12 


iy 0.50 
12 
6V 


Fig. 23.66 


3. Find the equivalent emf and internal resistance of the arrangement shown in figure. 


é ayy, 422 ‘ 


Fig. 23.67 
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23.12 Electrical Measuring Instruments 


So far we have studied about current, resistance, potential difference and emf. Now, in this article we 
will study how these are measured. The basic measuring instrument is galvanometer, whose pointer 
shows a deflection when current passes through it. A galvanometer can easily be converted into an 
ammeter for measuring current, into a voltmeter for measuring potential difference. For accurate 
measurement of potential difference or emf, a potentiometer is more preferred. Resistances are 
accurately measured by using post office box or meter bridge which are based on the principle of 
“Wheatstone bridge”. All these are discussed here one by one in brief. 


Galvanometer 


Many common devices including car instrument panels, battery chargers measure potential 
difference, current or resistance using d’ Arsonval Galvanometer. It consists of a pivoted coil placed 
in the magnetic field of a permanent magnet. Attached to the coil is a spring. In the equilibrium 
position, with no current in the coil, the pointer is at zero and spring is relaxed. When there is a current 
in the coil, the magnetic field exerts a torque on the coil that is proportional to current. As the coil 
turns, the spring exerts a restoring torque that is proportional to the angular displacement. Thus, the 
angular deflection of the coil and pointer is directly proportional to the coil current and the device can 
be calibrated to measure current. 


The maximum deflection, typically 90° to 120° is called full scale deflection. The essential electrical 
characteristics of the galvanometer are the current i, required for full scale deflection (of the order of 
101A to 10 mA) and the resistance G of the coil (of the order of 10 to 1000 Q). 


The galvanometer deflection is proportional to the current in the coil. If the coil obeys Ohm’s law, the 
current is proportional to potential difference. The corresponding potential difference for full scale 
deflection is 


Ammeter 


A current measuring instrument is called an ammeter. A 

galvanometer can be converted into an ammeter by connecting TRCN 
a small resistance S (called shunt) in parallel with it. 

Suppose we want to convert a galvanometer with full scale 

current i, and coil resistance G into an ammeter with full scale > > 
reading i. To determine the shunt resistance S needed, note G 


that, at full scale deflection the total current through the hj Y 
parallel combination is 7, the current through the galvanometer 


is i, and the current through the shunt is i—i,. The potential io S . Be 
difference V,, (=V,, —V,,) is the same for both paths, so a holy b 
iG =(i-i,)S Fig. 23.68 
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Voltmeter 


A voltage measuring device is called a voltmeter. It measures the potential difference between two 
points. 

A galvanometer can be converted into a voltmeter by connecting a high resistance (R) in series with it. 
The whole assembly called the voltmeter is connected in parallel between the points where potential 
difference has to be measured. 


For a voltmeter with full scale reading V, we need a series resistor R such that 


Circuit 
i . element 5 4 
kK V > 
Fig. 23.69 
V =i, (G+R) 
V 
or R=—-G 


® Extra Points to Remember 
e Conversion of galvanometer into an ammeter. 
(i) A galvanometer is converted into an ammeter by connecting a Ss 

low resistance (called shunt) in parallel with galvanometer. 
This assembly (called ammeter) is connected in series in the imig 
wire in which current is to be found. Resistance of an ideal i 
ammeter should be zero. i 
In parallel, current distributes in the inverse ratio of resistance. Fig. 23.70 
Therefore, 


(ii) Resistance of an ammeter is given by 
ile a zh 1 oye GS 
A G § G+s 


Chapter 23 Current Electricity 


(iii) The reading of an ammeter is always lesser than actual current in the circuit. 


>—W-——> >—W-——> 
R R 
iA y is 
< | ~< nt | t ~t 
iE E 
(a) (b) 
Fig. 23.71 
For example, in Fig. (a), actual current through R is 
iB 
= 
R 


while the current after connecting an ammeter of resistance A [- ae 
+ 


ot 
R+A 


) in series with R is 


From Eqs. (i) and (ii), we see that /’</ and i’=/ when A=0. 


i.e. resistance of an ideal ammeter should be zero. 
e Conversion of a galvanometer into a voltmeter 


(i) A galvanometer is converted into a voltmeter by connecting (EX R 


a high resistance in series with galvanometer. The whole 
assembly called voltmeter is connected in parallel across 
the two points between which potential difference is to be 


found. Resistance of an ideal voltmeter should be infinite. 


V=|,G+R) 
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Fig. 23.72 


R =high resistance required in series 


Ue 
Ig 


(ii) Resistance of a voltmeter isR, =R + G 


(iii) The reading of a voltmeter is always lesser than the true va 
For example, if a current / is passing through a resistance r, 


r r 


ue. 
, the actual value is 


WV —- -Wv- 


i i] 


Fig. 23.73 
Vir 


...(i) 


Now, if a voltmeter of resistance R, (=G + R) is connected across the resistance r, the new value will 


be 


walk (rR, ) OF 


A It 


(Pa lity qa, lL 


r 


R 


Vv 


From Eqs. (i) and (ii), we cansee that, V’<V and VW=V if R,= 


Thus, resistance of an ideal voltmeter should be infinite. 


...(ii) 
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© Example 23.25 What shunt resistance is required to make the 1.00 mA,20 Q 
galvanometer into an ammeter with a range of 0 to 50.0 mA? 


Solution Here, i, =1.00mA= 10° A, G=200, {=50.0«10° A 


I 3 
Subsiiingin @ =| |e= UY ) (20) 
1-1, (50.0x 10° )— 10™ ) 
= 0.408.Q de 


Note The resistance of ammeter is given by 


a re | 
A GS 20. 0.408 


or A=0.4Q 

The shunt resistance is so small in comparison to the galvanometer resistance that the ammeter 
resistance is very nearly equal to the shunt resistance. This shunt resistance gives us a low resistance 
ammeter with the desired range of 0 to 50.0 mA. At full scale deflection i = 50.0 mA, the current through 
the galvanometer is 1.0 mA while the current through the shunt is 49.0 mA. If the current i is less than 
50.0 mA, the coil current and the deflection are proportionally less, but the ammeter resistance is still 
0.4 Q. 


© Example 23.26 How can we make a galvanometer with G = 20 Q and 


i, =1.0 mA into a voltmeter with a maximum range of 10 V? 


Solution Using R= ia —G, 


Ig 


— 10 
10° 
= 99802 Ans. 


Thus, a resistance of 9980 Q is to be connected in series with the galvanometer to convert it into 
the voltmeter of desired range. 


We have, R 


Note At full scale deflection current through the galvanometer, the voltage drop across the galvanometer 


V, =1,G =20 x 10° volt = 0.02 volt 


and the voltage drop across the series resistance R is 


V=i,R =9980 x 10° volt = 9.98 volt 


or we can say that most of the voltage appears across the series resistor. 


© Example 23.27 Resistance of a milliammeter is R, of an ammeter is R, of a 


voltmeter is R, and of a kilovoltmeter is R,. Find the correct order of R,, R,, R, 
and R,. 

Solution To increase the range of an ammeter a low resistance has to be connected in parallel 
with galvanometer. Therefore, net resistance decreases. To increase the range of voltmeter, a 
high resistance has to be connected in series. So, net resistance further increases. Therefore, the 


correct order is 
R,>R,>R,>R, 


Chapter 23. Current Electricity © 41 


© Example 23.28 A microammeter has a resistance of 100 Q and full scale 
range of 50 WA. It can be used as a voltmeter or as a higher range ammeter 


provided a resistance is added to it. Pick the correct range and resistance 
combination (s) (JEE 1991) 
(a) 50 Vrange with 10 kQ resistance in series 

(6) 10 Vrange with 200 kQ resistance in series 

(c) 5 mA range with 1 Q resistance in parallel 

(d) 10 mA range with 1 Q resistance in parallel 


Solution To increase the range of ammeter a parallel resistance (called shunt) is required 


which is given by 
I 
s-(, a le 
r—1, 


50x 10° 
5x 10° —50x 10° 


For option (c), S= Joo 1Q 


To change it in voltmeter, a high resistance R is put in series, where R is given by R= — —G 
1 
&§ 


10 


R=————_ - 100 200 kQ 
50x 10° 


For option (b), 
Therefore, options (b) and (c) are correct. 


© Example 23.29 A galvanometer gives full scale deflection with 0.006 A 
current. By connecting it to a 4990 Q resistance, it can be converted into a 


voltmeter of range 0-30 V. If connected to a on Q resistance, it becomes an 


ammeter of range 0-1.5 A. The value of n is (JEE 2014) 
Solution ig 49902 
—Wws——G)} 
Yy——> 
Fig. 23.74 
i,(G + 4990) =V 
= _©_ +4990) = 30 
1000 

=> G +4999 = = 5000 

iS 

c d 
(1.5-ig) 
15A 2 1 © b 


Fig. 23.75 
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=> G=10 
ae 
=> 1G=(1.5-1,)5 
> G x 10=(1.5- P Js 
1000 1000 
60 2n 
=> _—————— 
1494 249 
249 x 30 
=> n= ————_ 
1494 
= 2490 _ 5 Ans. 
498 
INTRODUCTORY EXERCISE 


1. The full scale deflection current of a galvanometer of resistance 1 Q is 5 mA. How will you 
convert it into a voltmeter of range 5 V? 


2. Amicrometer has a resistance of 100 Q and full scale deflection current of 50 uA. How can it be 
made to work as an ammeter of range 5 mA? 


3. A voltmeter has a resistance G and range V. Calculate the resistance to be used in series with it 
to extend its range to nV. 


Potentiometer 


The potentiometer is an instrument that can be used to measure the emf or the internal resistance of an 
unknown soutce. It also has a number of other useful applications. 


Principle of Potentiometer 


The principle of potentiometer is schematically shown in figure. 


Fig. 23.76 


A resistance wire ab of total resistance R_,, is permanently connected to the terminals of a source of 
known emf £,.A sliding contact c is connected through the galvanometer G to a second source whose 
emf E,, is to be measured. As contact c is moved along the potentiometer wire, the resistance R_, 
between points c and b varies. If the resistance wire is uniform R._,, is proportional to the length of the 
wire between c and b. To determine the value of £,, contact c is moved until a position is found at 
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which the galvanometer shows no deflection. This corresponds to zero current passing through £,. 
With i, =0, Kirchhoff’s second law gives 


E, = iR ., 


With 7, =0, the current 7 produced by the emf £, has the same value no matter what the value of emf 
E,.A potentiometer has the following applications. 


To find emf of an unknown battery 


Fig. 23.77 


We calibrate the device by replacing E,, by a source of known emf £, and then by unknown emf £,,. 
Let the null points are obtained at lengths /, and /,. Then, 

E,=i(ph) and Ey =i (pL) 
Here, =resistance of wire ab per unit length. 


E, 1 | 1 
s+ or by -(#)& 
1 


So, by measuring the lengths /, and /,, we can find the emf of an unknown battery. 


To find the internal resistance of an unknown battery 


To find the internal resistance of an unknown battery let us derive a formula. 


Er 
<—| ww 


hi 


In the circuit shown in figure, 


...(i) 


i= 
R+r 


and V =potential difference across the terminals of the battery 
or V=E-ir=iR .. (ii) 


From Eqs. (i) and (11), we can prove that 
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Thus, ifa battery of emf £ and internal resistance r is connected across a resistance R and the potential 
difference across its terminals comes out to be V then the internal resistance of the battery is given by 
the above formula. Now, let us apply it in a potentiometer for finding the internal resistance of the 
unknown battery. The circuit shown in Fig. 23.79 is similar to the previous one. 


E. 
It 


Hence, E=ipl, ..-(i) 
Now, a known resistance R is connected across the terminals of the unknown battery as shown in 
Fig. 23.80. 


Er 
@ 4 ow- 
in=0 . 

C i,#0 


R 
Fig. 23.80 

This time V.,#E, but V,=V 
where, V =potential difference across the terminals of the unknown battery. 
Hence, V =ipl, anit) 
From Eqs. (i) and (11), we get 

Ei, 

vob 


E 
Substituting inr=R (F - 1) we get 


r=R|—-1 
l, 


So, by putting R, /, and /, we can determine the internal resistance r of unknown battery. 
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®% Extra Points to Remember 


Fig. 23.81 


Under balanced condition (when |, = 0) loop-1 and loop-3 are independent with each other. All problems 
in this condition can be solved by a single equation, 


Vac = Voe 
or bP = Ey = lalb 
or Meals, Site sod) 


Here, A is the resistance per unit length of potentiometer wire AB. Length / is called balance point length. 

Currents /, and/, are independent with each other. Current /, = 0, if switch is open. 
e Under balanced condition, a part of potential difference of E, is balanced by the lower circuit. So, normally 
E,<E, for taking balance point length. Similarly, V,, =V,- = V, =V, and V, =V,. Therefore, positive 
terminals of both batteries should be on same side and negative terminals on the other side. 
e From Eq. (i), we can see that null point length is 
j= E. — fol 

in 

Now, suppose F£, is increased then /, will also increase and null point length / will decrease. Similarly, we 
can make some other cases also. 
e lfwe donot get any balanced condition (/, # 0), then the given circuit is simply a three loops problem, which 
can be solved with the help of Kirchhoff's laws. 


© Example 23.30 <A potentiometer wire of length 100 cm has a resistance of 
10 Q. It is connected in series with a resistance R and a cell of emf 2 V and of 
negligible internal resistance. A source of emf 10 mV is balanced against a length 
of 40 cm of the potentiometer wire. What is the value of R? 


Solution From the theory of potentiometer, V., = £, if no current is drawn from the battery 


E 
or ——L.|k, =F 
R+R,, 


Here, E,=2V, R,, =10Q, R,, -(2)x10=40 
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and E=10x10° V 


Ey 


= | I ~ 


Fig. 23.82 


Substituting in above equation, we get 
R=790Q Ans. 


© Example 23.31 When the switch is open in lowermost loop of a potentiometer, 
the balance point length is 60 cm. When the switch is closed with a known 
resistance of R = 4Q, the balance point length decreases to 40 cm. Find the 
internal resistance of the unknown battery. 


Solution Using the result, 


=20 Ans. 


© Example 23.32 


Fig. 23.83 


In the figure shown, wire AB has a length of 100 cm and resistance 8Q. Find the 
balance point length lI. 
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Solution Using the equation, i M=E, —i,n, 


We have, 
Galea (Sle 
24+ 8)\100 24+6 


1=37.5 cm Ans. 


Solving this equation, we get 


INTRODUCTORY EXERCISE 


1. Inapotentiometer experiment it is found that no current passes through the galvanometer when 
the terminals of the cell are connected across 0.52 m of the potentiometer wire. If the cell is 
shunted by a resistance of 5 Qa balance is obtained when the cell is connected across 0.4 m of 
the wire. Find the internal resistance of the cell. 


2. The potentiometer wire AB is 600 cm long. 


| WA 


R=15r 
7 B 
L_ if 
E 
2. 


Fig. 23.84 


(a) At what distance from A should the jockey J touch the wire to get zero deflection in the 
galvanometer. 

(b) If the jockey touches the wire at a distance 560 cm from A, what will be the current through 
the galvanometer. 


Principle of Wheatstone’s Bridge 


The scientist Wheatstone designed a circuit to find unknown resistance. 
Such a circuit is popularly known as Wheatstone’s bridge. This is an 
arrangement of four resistances which can be used to measure one of them 
in terms of the rest. The figure shows the circuit designed by him. The 
bridge is said to be balanced when deflection in galvanometer is zero, 1.e. 
i,= 0, and hence, i 


Vz =Vp 
Under this condition, i -V,=V,=¥5 Fig. 23.85 
or iP =i,R 
L &R 
4a = ...(i) 
i, P 


Similarly, Vz —Vo =V_ —Ve 
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: . i, 
or iQ=i,S or —= 


= ... (ii) 
i, Q 
From Eqs. (i) and (ii), 5 = : or ; = = 


So, this is a condition for which a Wheatstone’s bridge is balanced. 

To measure the resistance of an unknown resistor, it is connected as one of the four resistors in the 
bridge. One of the other three should be a variable resistor. Let us suppose P is the unknown 
resistance and Q is the variable resistance. The value of QO is so adjusted that deflection through the 
galvanometer is zero. In this case, the bridge is balanced and 


Knowing R, S and Q, the value of P is calculated. Following two points are important regarding a 
Wheatstone’s bridge. 
(i) In Wheatstone’s bridge, cell and galvanometer arms are interchangeable. 


B B 
P Q P Q 
A Cc A Cc 
= 
R Ss 
D 
© 
Fig. 23.86 
In both the cases, condition of balanced bridge is 
P R 
QO Ss 
(ii) If bridge is not balanced current will flow from D to B in Fig. 23.85 if, 
PS >RO 


Exercise Try and prove the statements of both the points yourself. 
Meter Bridge Experiment 


Meter bridge works on Wheatstone's bridge principle and is used to find the unknown resistance (X) 
and its specific resistance (or resistivity). 


Theory 
As the meter bridge wire AC has uniform material density and area of cross-section, its resistance is 
proportional to its length. Hence, AB and BC are the ratio arms and their resistances correspond to P 
and OQ respectively. 

Resistance of ABP _ Xl i 


Resistance of BC OQ A(100—/) 100—/ 


Thus, 
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Here, A is the resistance per unit length of the bridge wire. 


Unknown resistance 
x 


Resistance box 
R 


Galvanometer 


Fig. 23.87 


Hence, according to Wheatstone’s bridge principle, 


When current through galvanometer is zero or bridge is balanced, then 
P R Q 


So, by knowing R and / unknown resistance X can be determined. 
Specific Resistance From resistance formula, 


L 
X =p— 
P A 

P L 

For a wire of radius r or diameter D =2r, 
> nD? 
A=Tr = 
4 
XnD* 
or p= 
AL 


By knowing X, D and L we can find specific resistance of the given wire by Eq. (ii). 


Precautions 
1. The connections should be clean and tight. 
. Null point should be brought between 40 cm and 60 cm. 
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.. (ii) 


2 
3. Atone place, diameter of wire (D) should be measured in two mutually perpendicular directions. 
4 


. The jockey should be moved gently over the bridge wire so that it does not rub the wire. 
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End Corrections 


In meter bridge, some extra length (under the metallic strips) comes at points A and C. Therefore, 
some additional length (@ and 8) should be included at the ends. Here, m and B are called the end 
corrections. Hence, in place of / we use /+ and in place of 100 —/ we use 100 —/+ 8. 
To find o and B, use known resistors R, and R, in place of R and X and suppose we get null point 
length equal to /,. Then, 

R, [+0 


= wi 
R, 100-/,+8 @) 
Now, we interchange the positions of R, and R, and suppose the new null point length is /,. Then, 
R L+0 
2 = sell) 
R, 100-/,+8 
Solving Eqs. (i) and (ii), we get 
= R,h = Rb 
R, = R, 
Rl - Rl 
and B=—+__*2 _ 100 
R, = R, 


© Example 23.33 If resistance R, in resistance box is 300 Q, then the balanced 
length is found to be 75.0 cm from end A. The diameter of unknown wire is 
1 mm and length of the unknown wire is 31.4 cm. Find the specific resistance of 
the unknown wire. 


I 
100-1 


=> X= (= ‘ R 


(eo 
75 


Solution & = 
xX 


} 200)- 1002 


Now, gers pf 
A (nd’/4) 


_ nd’X 
Al 
_ (22/7) (10 )? (100) 
(4)(0.314) 
=2.5x 10° Q-m Ans. 


© Example 23.34 Ina meter bridge, null point is 20 cm, when the known 
resistance R is shunted by 10 Q resistance, null point is found to be shifted by 
10 cm. Find the unknown resistance X. 
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Solution Me : 
X 100-1 
x-()e 
i 
or x= (17) aaa (i) 
20 


When known resistance R is shunted, its net resistance will decrease. Therefore, resistance 
parallel to this (i.e. P) should also decrease or its new null point length should also decrease. 


x. Ff 
X 100-/ 
20=10 1 
100- (20-10) 9 
or X =9R’ (ii) 


From Eqs. (i) and (ii), we have 


Solving this equation, we get 


r="9 
4 
Now, from Eq. (i), the unknown resistance 
X =4R=4 (>) 
4 
or X =50Q Ans. 
Note R’ is resultant of R and 10 Q in parallel. 
xe ere 
Rr 10 R 
, 10R 
or = 
10+R 


© Example 23.35 If we use 100 Q and 200 Q in place of Rand X we get null 
point deflection, 1 = 33 cm. If we interchange the resistors, the null point length 


is found to be 67cm. Find end corrections a and B. 


Rjl,-R/1 
Solution qa=—4 ae 
R, -R, 
_ (200)(33) — (100)(67) 
100— 200 


=lcm Ans. 
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_ Rl, -R1L, 


B RR, — 100 
_ (100)(33) — (200) (67) 100 
100 —- 200 
=lcm Ans, 
INTRODUCTORY EXERCISE 


1. A resistance of 2Q is connected across one gap of a meter bridge (the length of the wire is 


100 cm) and an unknown resistance, greater than2 , is connected across the other gap. When 
these resistances are interchanged, the balance point shifts by 20cm. Neglecting any 


corrections, the unknown resistance is (JEE 2007) 
(a)3 Q (b)4.Q 
(c)5Q (d)6Q 


2. A meter bridge is setup as shown in figure, to determine an unknown resistance X using a 
standard 10 © resistor. The galvanometer shows null point when tapping key is at 52 cm mark. 
The end corrections are 1 cm and 2 cm respectively for the ends Aand B. The determined value 


of X is 
A B 
Fig. 23.88 
(JEE 2011) 
(a) 10.2 Q (b) 10.6 Q 
(c) 10.8 (d) 11.1.Q 


3. R,,R,,R; are different values of R.A,B andC are the null points obtained corresponding to 
R,,R, andR, respectively. For which resistor, the value of X will be the most accurate and why? 
(JEE 2005) 


Fig. 23.89 
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Post Office Box 


Post office box also works on the principle of Wheatstone's bridge. 


PR : : 
In a Wheatstone's bridge circuit, if 0 te then the bridge is balanced. So, unknown resistance 


X= Q R. 
P 
P and Q are set in arms AB and BC where we can have, 10Q,100Q or 1000 © resistances to set any 
ratio Q 
P 
(| a?) = 


vu 
a oe eet ,] 
2 
9 


a ee as 
5000 2000*, 2000 1000 1 500 200 200 100 R 


PP 
1 2 2 ‘6 1 10 20 20 50 
Vi: WW 


Fig. 23.90 


These arms are called ratio arm, initially we take OQ =10 Q and P =10 Q to set 2 =]. The unknown 


resistance (X ) is connected between C and D and battery is connected across A and C, 


Now, adjust resistance in part A to D such that the bridge gets balanced. For this, keep on increasing 
the resistance with 1 Q interval, check the deflection in galvanometer by first pressing key K, then 
galvanometer key K,. 


Suppose at R = 4Q, we get deflection towards left and at R =5Q, we get deflection towards right. 
Then, we can say that for balanced condition, R should lie between 4 Q to5 Q. 


1 
Now, gee ge po R= wsa 
P 10 


1 P =100 
To get closer value of X, in the second observation, let us choose Q =— i.e. 
P 10 Q=10 
Suppose, now at R = 42 we get deflection towards left and at R = 43 deflection is towards right. 
So R € (42, 43). 


1 1 1 
Now, X = Qg R= R=— R, where R € (4.2, 4.3 QO). Now, to get further closer value take Q =— 
P 100 10 P 100 


and so on. 
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The ob 


S.No 


3 


servation table is shown below. 
Table 23.2 
Resistance in the ratio arm Resistance in mirecion of Unknown resistance 
pea deflection X =4 xR (ohm) 
AB (P) (ohm) — BC (Q) (ohm) (ohm) P 
10 10 4 Left 4to5 
5 Right 
100 10 40 Left (large) (4.2 to 4.3) 
50 Right (large) 
42 Left 
43 Right 
1000 10 420 Left 4.25 
424 Left 
425 No deflection 
426 Right 


So, the correct value of X is 4.25 Q 


>) 


>) 


Example 23.36 To locate null point, deflection battery key (K,) is pressed 
before the galvanometer key (K,). Explain why? 

Solution If galvanometer key K, is pressed first then just after closing the battery key K, 
current suddenly increases. 

So, due to self-induction, a large back emf is generated in the galvanometer, which may damage 
the galvanometer. 


Example 23.37 What are the maximum and minimum values of unknown 

resistance X, which can be determined using the post office box shown in the 

Fig. 23.90? 

Solution X= OR 

P 

X sax = 0... Rive 
Ps 


min 


1000 
=—— (11110 
iO ( ) 


=1111kQ Ans. 
= Orvnin Rigs 
min Pi 
_ (10) () 
1000 
=0.01Q Ans. 


X 
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INTRODUCTORY EXERCISE 


1. In post office box experiment, A = 2 InR if 142 Q is used then we get deflection towards right 


and if R =143 Q, then deflection is towards left. What is the range of unknown resistance? 
2. What is the change in post office box experiment if battery is connected between B and C and 
galvanometer is connected across A and C? 


3. For the post office box arrangement to determine the value of unknown resistance, the unknown 
resistance should be connected between (JEE 2004) 


6d, 
Fig. 23.91 
(a) Band C (b) Cand D (c) A and D (d) B, and C, 


B, e 


Extra Topics For Other Examinations 
23.13 Colour Codes for Resistors 


Resistors are of the following two major types : 

(1) wire bound resistors and (ii) carbon resistors 

First type of resistors are made by winding the wires of an alloy like nichrome, manganin or 
constantan etc. Materials are so chosen that their resistivities are relatively less sensitive to 
temperature. 

In carbon resistors, carbon with a suitable binding agent is molded into a cylinder. Wire leads are 
attached to this cylinder and the entire resistor is encased in a ceramic or plastic jacket. The two leads 
connect the resistor to a circuit. Carbon resistors are compact and inexpensive. Their values are given 
using a colour code. 


Table 23.3 
Colour Number Multiplier Tolerance (%) 
Black 0 1 
Brown 1 10! 
Red 2 10° 
Orange 3 10° 
Yellow 4 10° 
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Colour Number Multiplier Tolerance (%) 
Green 5 10° 
Blue 6 10° 
Violet 7 10’ 
Gray 8 10° 
White 9 10° 
Gold 107 5 
Silver 10° 10 
No colour 20 


The resistors have a set of four (or three) co-axial coloured 
rings, whose significance are listed in above table. The |$_—_ 
colours are noted from left to right. 


4.2.3 4 


lour | > First significant figur 
Colou st signific gure Fig. 23.92 


Colour 2 > Second significant figure 
Colour 3 > Decimal multiplier 


Colour 4 (or no colour ) > Tolerance or possible variation in percentage. 


@® Extra Points to Remember 


e Toremember the value of colour coding used for carbon resistor, the following sentences are found to be of 
great help (where bold letters stand for colours) 
B B ROY Great Britain Very Good Wife wearing Gold Silver necklace. 


OR 
Black Brown Rods Of Your Gate Become Very Good When Given Silver colour 


© Example 23.38 The four colours on a resistor are : brown, yellow, green and 
gold as read from left to right. What is resistance corresponding to these colours. 


Solution From the table we can see that 
Brown colour > | 
Yellow colour > 4 
Green colour > 10° and 
Gold colour > 5% 
R=(14x10° +5%)Q Ans. 


INTRODUCTORY EXERCISE 
1. For the given carbon resistor, let the first strip be yellow, second strip be red, third strip be 
orange and fourth be gold. What is its resistance? 


2. The resistance of the given carbon resistor is (24 x 10° + 5%) Q. What is the sequence of 
colours on the strips provided on resistor? 
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Final Touch Points 


1. Mobility The physical significance of mobility means how mobile the charge carriers are for the 
current flow. If mobility of charge carriers is more than we can say that current flow will be more. 
In metals, the mobile charge carriers are electrons. In an ionised gas they are electrons and positive 
charged ions. In an electrolyte, these can be positive and negative ions. In semiconductors, charge 
carriers are electrons and holes. Later, we will see that mobility of electrons (in semiconductor) is 
more than the mobility of holes. 


Mobility (u) is defined as the magnitude of drift velocity per unit electric field. 


Vv 
Thus, = a 
B E 

But, Va = a 
m 
et 
= 
m 


The SI units of mobility are m?/V-s. Therefore, practical units of mobility is cm?/ V -s. Mobility of any 
charge carrier (whether it is electron, ion or hole) is always positive. 


2. Deduction of Ohm’s law We know that 


i =neAvy 
ete 
where, Vg =—— 
m 
pe ne*tAE 
m 
If V is the potential difference across the conductor and_/is its length, then 
V 


ml ne*t) A 
Here, Zz 2d ees 
net oO 
pl). . 
V= A -f or V=Ai Hence proved. 


where, R = pa is the resistance of the conductor. 


3. Thermistor The temperature coefficient of resistivity is negative for 
semiconductors. This means that the resistivity decreases as we raise the 
temperature of such a material. The magnitude of the temperature coefficient of 
resistivity is often quite large for a semiconducting material. This fact is used to 
construct thermometers to detect small changes in temperatures. Such a device 
is called a thermistor. The variation of resistivity of a semiconductor with 
temperature is shown in figure. A typical thermistor can easily measure a change Semiconductor 
in temperature of the order of 10° °C 
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4. Superconductors Superconductivity was first discovered in 1911 by the Dutch ? 


6. 


physicist Heike Kamerlingh Onnes. 


There are certain materials, including several metallic alloys and oxides for which as 
the temperature decreases, the resistivity first decreases smoothly, like that of any 
metal. But then at a certain critical temperature 7, a phase transition occurs, and the 


resistivity Suddenly drops to zero as shown in figure. a 


Once, a current has been established in a superconducting ring, it continues Superconductor 
indefinitely without the presence of any driving field. Possible applications of 
superconductors are ultrafast computer switches and transmission of electric power through 
superconducting power lines. However, the requirement of low temperature is posing difficulty. For 
instance the critical temperature for mercury is 4.2 K. Scientists are putting great effort to construct 
compounds and alloys which would be superconducting at room temperature (300 Kk). 
Superconductivity at around 125 K has already been achieved. 


. Thep-T equation derived in article 23.6 can be derived from the relation, 


i OB a ' dT (ifo = constant) ...(i) 


a(T -To) 


Ifa is small, e can approximately be written as 1+ a(7T —7,). Hence, 


P=Poll + a(T -1)] 
Which is the same result as we have discussed earlier. 
nthe above discussion, we have assumeda to be constant. If it is function of temperature it will come 
inside the integration in Eq. (i). 
The principle of superposition Complex network problems can sometimes be solved easily by 
using the principle of superposition. This principle essentially states that when a number of emf’s 
act in a network, the solution is the same as the superposition of the solutions for one emf acting at 
atime, the others being shorted. 


Figure shows a network with two loops. The currents in various 10.8V 42 
branches can be calculated using Kirchhoff's laws. We can get the Ll? een 


same solution by considering only one battery at a time and then 120 80 
superposing the two solutions. If a battery has an internal resistance, 
it must be left in place when the emf of the battery is removed. Figure WA | I 
shows how the superposition principle can be applied to the present as aay 
problem. 
10.8V 42 40 120 
1A 0.4A . 
8Q 
1A 120 ery 129 82 
0.4A 0.6A 
AANA | WY | | 


20. 22 14.4V 
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The current values in Fig. (a) and (b) are easily verified. For J 
example when the 10.8 V battery alone is acting, the total 


resistance in the circuit is 10.8V 40 


1 b+ Ww 
+2=1080 120 BQ 
41.8A 


44128 
12+8 


This makes the total current ie 
10.8Q 


=1A. This current splits 


between 8Q and 12Q in the ratio 3:2. Similarly, the total (c) 
resistance when only the 14.4 V battery is acting is 


12x6 _ 
12+6 


8+ 12 


14.4V 


Therefore, the total current is i =1.2A. 


The superposition principle shows that there is no current in the 12 Q resistance. Only a current of 
1.8 A flows through the outer loop. All these conclusions can be verified by analyzing the circuit using 
Kirchhoff’s laws. 


. The equivalent emf of a cell can also be found by the following method. 
10V 90 


4v 12 


Suppose we wish to find the equivalent emf of the above circuit. We apply the fact that 
F=V 


When no current is drawn from the cell. But current in the internal circuit may be non-zero. This 
current is, 


Now, Vz+4-1x—=V, 


Further, V, — Vg is positive, i.e. VV, >Vg or Ais connected to the positive terminal of the battery and B to 
the negative. 


Internal resistance of the equivalent battery is found by the normal procedure. For example, 
here 2 Q and1 Q resistances are in parallel. Hence, their combined resistance is 

La + ae or (226 

r 1 2 2 3 


Solved Examples 


TYPED PROBLEMS 


Type 1. Based on potential difference across the terminals of a battery 


Concept 
Potential difference V across the terminals of a battery is given by 
V=E ifi=0 
V=0 if battery is short-circuited 
V =E-ir ifnormal current ( —+ t+ ) flows through the battery and 
V=E+ir ifcurrent flows in the opposite direction (+ be) 


© Example 1 Find the potential difference across each of the four batteries 
B,, B,, B; and B, as shown in the figure. 


h——; 
\ / BV, 22 


Solution Across B, This battery does not make any closed circuit. 
: i=0 or V=E=4volt 
Across B, This battery is short-circuited. Therefore, 


Ans. 


Ans. 


V=0 
Across B; and B, A current in anti-clockwise direction flows in the closed loop abcda. This 
current is 
netemf — 10-5 
net resistance 1+2+2 
=1A 


Now, current flows through B, in normal direction. Hence, 
V =E-ir=10-1x1=9 volt 
From B,, current flows in opposite direction. Hence, 
V=E+ir=54+1x2=7 volt 


Ans. 


Ans. 
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© Example 2. Draw (a) current versus load and (b) current versus potential 
difference (across its two terminals) graph for a cell. 


Solution (a) i= z i V 
R+r 


i versus R graph is shown in Fig. (a). 
(b) V=E-ir 
V versus i graph is shown in Fig. (b). 


a 
r 


Type 2. 7o find values of V, i and R across all resistors of a complex circuit if values across one 
resistance are known 


Concept 
(i) In series, current remains same. But the potential difference distributes in the direct 
ratio of resistance. 


(ii) In parallel, potential difference is same. But the current distributes in the inverse ratio 
of resistance. 


© Example 3 In the circuit shown in figure potential difference across 6Q 
resistance is 4 volt. Find V and i values across each resistance. Also find emf E of 
the applied battery. 


6Q 120 
8 Q 
WWW —WWV— 
32 4 
E 


Solution 


8Q,2Q (Resultant of 6Q and 3Q) and 3Q (resultant of 12Q and 4Q) are in series. Therefore, 
potential drop across them should be in direct ratio of resistance. So, using this concept we can 
find the potential difference across other resistors. For example, potential across 2Q was 4 V. 
So, potential difference across 8Q (which is four times of 2Q ) should be 16 V. Similarly, 
potential difference across 3 Q (which is 1.5 times of 2.Q ) should be 1.5 times or 6 V. 
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Once V and R are known, we can find i across that resistance. For example, 


Type 3. 70 find equivalent value of temperature coefficient o. if two or more than two resistors are 
connected in series or parallel 


e This can be explained by the following example : 


© Example 4 Two resistors with temperature coefficients of resistance a, and 0, 
have resistances Ry, and Ro, at 0°C. Find the temperature coefficient of the 
compound resistor consisting of the two resistors connected 
(a) in series and 
(6) in parallel. 
Solution (a) In Series 


—WW- > —WWv- 
At O0°C Roi Roo Ro = Ro, + Rog 
KC Ry, (1 +04t) Rog (1 + Oot) R, (1 + at) 
Ro, 1+ 04t) + Rog 1 + Got) = Ry 1 + at) 
or Ro, A + O4t) + Rog 1 + Oot) = (Ro, + Rog) A + at) 
Ro, + Rot + Rog + Roget = Ro, + Rog + (Roz + Rog) at 
or = Hoty es heats 
Ro, + Rog 
(b) In Parallel Rot a Aes 
Fo1+ Roz 
> ° —WWv- ° 
Roz 
At 1°C, ea 
Ro l+at) Ro, A +04t) Rog 1+ Oot) 
ax Ro, + Rog _ il 7 1 
Ro Ro + 0t) Ry, A +a,t) Roy + asf) 


Using the Binomial expansion, we have 


1 1 
(1 at) + > (l aa ad +s (1 — Oot) 


Roe 01 01 02 
Le. a 2 t= a + 22 y 
Ror Bon) Rox Roe 
Ri + 
ae Pepe las? OpRoy Ans. 
Ror + Roe 
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Type 4. Based on the verification of Ohm’s law 


Concept 


For verification of Ohm’s law (= = constant = R). we need an ohmic resistance, which 
i 


follows this law. A voltmeter which will measure potential difference across this 
resistance, an ammeter which will measure current through this resistance and a variable 
battery which can provide a variable current in the circuit. Now, for different values of i, we 
have to measure different values of V and then prove that, 


Vet or ¥ = constant 
i 
and this constant is called resistance of that. 


© Example 5 Draw the circuit for experimental verification of Ohm’s law using a 
source of variable DC voltage, a main resistance of 100 Q, two galvanometers and 
two resistances of values 10° Q and 10~ Q respectively. Clearly show the 


positions of the voltmeter and the ammeter. (JEE 2004) 
Solution _-.. Ammeter 9 _----.. _. Voltmeter 

/103 0% x 080% 

Wis 463)—Ww 


Variable DC voltage 


Type 5. Theory of bulbs or heater etc. 


Concept 


(i) From the rated (written) values of power (P) and potential difference (V) we can 
determine resistance of filament of bulb. 


=> R= ... (i) 
For example, if rated values on a bulb are 220 V and 60 W, it means this bulb will 
consume 60 W of power (or 60 J in 1 s) if a potential difference of 220 V is applied across 
it. Resistance of this bulb will be 


R 


2 
= re = 806.672 
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(ii) Normally, rated value of V remains same in different bulbs. In India, it is 220 volt. 


Therefore, from Eq. (i) 


1 
Re P or Reowatt > Ar00 watt 


(iii) Actual value of potential difference may be different from the rated value. Therefore, 


actual power consumption may also be different. 


(iv) After finding resistance of the bulb using Eq. (i), we can apply normal Kirchhoff's laws 


>) 


Note 


>) 


for finding current passing through the bulb or actual power consumed by the bulb. 


Example 6 Prove that 60 W bulb glows more brightly than 100 W bulb if by 
mistake they are connected in series. 
Solution In series, we can use the formula 

P=i?R for the power consumption 
=> P«R (as 11s Same in series) 
we have seen above that, 


Reow > Rioow 
Poow > Pioow Hence Proved. 


In parallel 100 W bulb glows more brightly than 60 W bulb. Think why? 


Example 7 The rated values of two bulbs are(P,,V) and (P,,V). Find actual 
power consumed by both of them if they are connected in 

(a) series 

(6) parallel 

and V potential difference is applied across both of them. 


2 2 
Solution (a) . R= a and R,= ae 
P P, 
2 2 2 
In series, P= a sre a 5 see 
Rye Roth, VO VO B+P, 
BP, 
or uy = sm + 2 Ans. 
P PB P, 
(b) In parallel, 
eorttotied 
Rye Rrct R, R, 
or p=v{ie+ 3) oo PHP or Ans. 


Example 8 Heater-1, takes 3 minutes to boil a given amount of water. Heater-2 
takes 6-minutes. Find the time taken if, 

(a) they are connected in series 

(6) they are connected in parallel. 

Potential difference V in all cases is same. 
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Solution Here, the heat required (say H) to boil water is same. Let PB, and P, are the powers of 
the heaters. Then, 
H = Pt, = Prt, 


_ (H/3)(H/6) (Refer Example 7) 


(7/3) + (77/6) 


(a) In series, P= 
P+P, 


Now, t=—= Ans. 
P 


(b) In parallel, P=P+P, 
Ans. 


© Example 9 A100 W bulb B,, and two 60 W bulbs B, and B,, are connected to a 
250 V source as shown in the figure. Now W,,W, and W, are the output powers 
of the bulbs B,, B, and B, respectively. Then, (JEE 2002) 


Cy 


(a) W, > W, = W, 
2 


Solution P= ke 
R 


(b) W, > W.> W; (c) W,< W, = W; 


vy 
so, =— 
P 
Vv? Vy? 
00 2d Fe= B= eH 
(250)? 
W, = -R, 
(RB, + Bey 
(250)? 250)" 
earl By R, and W; = 


W,:W,:W, =15:25:64 or 


The correct option is (d). 


2 
Note We have used W =i°R for W, and W; andW = - for W3. 


(d) W,< W,< W3 
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© Example 10 An electric bulb rated for 500 W at 100 V is used in a circuit 


having a 200 V supply. The resistance R that must be put in series with the bulb, 
so that the bulb delivers 500 Wis ...... Q. (JEE 1987) 
Solution Resistance of the given bulb 


Rp R 
100 V 100 V 
I< 200 V 
2 2 
i oY ot 906 
P 500 
To get 100 V out of 200 V across the bulb, 

R= Rf, =202 Ans. 


Example 11. A heater is designed to operate with a power of 1000 Win a 100 V 
line. It ts connected in combination with a resistance of 10 Q and a resistance R, to 
a 100 V mains as shown in the figure. What will be the value of R so that the heater 


operates with a power of 62.5 W? (JEE 1978) 
102 
—WW— S Heater e 
WW 
R 
100 V 


y? 
Solution From P= a 


2 2 
Resistance of heater, = a = aod) =10Q 
P1000 
From P=VR 


Current required across heater for power of 62.5 W, 


j= [E- [23-254 
R 10 


Main current in the circuit, J = ” OE a Oe 2) 
10R 100+ 20R 10+2R 


10+ 


10+R 


This current will distribute in inverse ratio of resistance between heater and R. 


i= ot I 
ses] 


R 10 (10+ R) 10R 
or 2.0= = 
10+R 10+2R 10+2R 


Solving this equation, we get 


R=5Q Ans. 
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Type 6. 7o find current through a single external resistance in a complex circuit of batteries using 
the concepts of equivalent value of emf of battery 


Concept 
6V 20 


10V 


In the above circuit, if we have to find only i then two parallel batteries may be converted 
into a single battery. Then, this battery is in series with the third battery of emf 10 volt. 
Now, we can find current i from the equation, 

_ Net emf 


Total resistance 


© Example 12 Find the value of i in the circuit shown above. 
Solution Equivalent emf of the parallel combination is 
E= E,/r,+ Egle 
1/7, + Ur, 
62+ 2/2 _ 
 12+12~ 


4 volt 


Equivalent internal resistance of the parallel combination is 
iP (2) 2) 
Rt+m %24+2 


1Q 


Now, the equivalent simple circuit is as shown below 


10V 29 4V 40 


Net emf 
Total resistance 
_ 10+4 
24145 


=1.75A Ans. 


Note By this concept, we can find only i. To find other currents (across 6V battery or 2V battery) we will have to 
apply Kirchhoff's laws. 


Miscellaneous Examples 


© Example 13 Two sources of current of equal emf are connected in series and 
have different internal resistances r, and ry (T >1,). Find the external resistance R 
at which the potential difference across the terminals of one of the sources 
becomes equal to zero. 
Solution V=E-—ir 
E and i for both the sources are equal. Therefore, potential difference (V) will be zero for a 
source having greater internal resistance, i.e. 7. 


Ee 0=E-irn 
or E=in= ca Te 
R+7n+% 
2rm=R+74+% 
or R=n-7 Ans. 
© Example 14 ai ; 20 3V - 6 
—w—— | “WwW | WwW : 
c 19 42V 4Q B 
3Q 6Q 
6A 


Figure shows the part of a circuit. Calculate the power dissipated in 3 Q resistance. 
What is the potential difference Vo — Vz? 


Solution Applying Kirchhoff’s junction law at E current in wire DE is 8 A from D to E. Now 
further applying junction law at D, the current in 3 Q resistance will be 3 A towards D. 


Power dissipated in 3 Q resistance = i7R = (8)? (3)=27 W Ans. 
5A 1D 22 8A E 2A 
——wwv—— | WwW 1 Ns 
e 10 avi, len 42 
zea soo 
Vo - Vz Vo 5x1+12 8x2 3 4x2=Vz 


FA Vo — Vg =5-124+16+3+8 
or Vo — Vp =20V Ans. 
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© Example 15 The emf of a storage battery is 90 V before charging and 100 V 


after charging. When charging began the current was 10 A. What is the current at 
the end of charging if the internal resistance of the storage battery during the 
whole process of charging may be taken as constant and equal to 2 Q? 
Solution The voltage supplied by the charging plant is here constant which is equal to, 

V =E, + i;-r =@0) + (10) ) 


=110V 
Let ip be the current at the end of charging. 
Then, V=E, +ipr 
or ip = y =! 
_ 110-100 
= 
=5A Ans. 


Example 16 A battery has an open circuit potential difference of 6 V between its 
terminals. When a load resistance of 60 Q is connected across the battery, the 
total power supplied by the battery is 0.4 W. What should be the load resistance 
R, so that maximum power will be dissipated in R. Calculate this power. What is 
the total power supplied by the battery when such a load is connected? 


Solution When the circuit is open, V = E 
EP E=6V 
Let r be the internal resistance of the battery. et 2 R 
Power supplied by the battery in this case is 
E? 2 
R+r 


2 
Substituting the values, we have 0.4= 6) 
60+7r 


Solving this, we get r=30Q 


Maximum power is dissipated in the circuit when net external resistance is equal to net 
internal resistance or 


R=r 
is R=30Q9 Ans. 
Further, total power supplied by the battery under this condition is 
7 FE? 7 6) 
Tot R+r 30+30 
=0.6 W Ans. 


Of this 0.6 W half of the power is dissipated in R and half in r. Therefore, maximum power 
dissipated in R would be 


on =0.3 W Ans. 
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© Example 17 In which branch of the circuit shown in figure a 11 V battery be 
inserted so that it dissipates minimum power. What will be the current through 
the 2 Q resistance for this position of the battery? 


Solution Suppose, we insert the battery with 2 Q resistance. Then, we can take 2Q as the 
internal resistance (r) of the battery and combined resistance of the other two as the external 
resistance (R). The circuit in that case is shown in figure, 


FE? 


Now power, P = 
R+r 


This power will be minimum where R + ris maximum and we can see that (R + r) will be 
maximum when the battery is inserted with 6 Q resistance as shown in figure. 


tio 
$20 240 sa 
11V 
> > 
Net resistance in this case is 
2x4 22 
+ =—_— 
2+4 3 
ese 
22/3 
This current will be distributed in 2 Q and 4 Q in the inverse ratio of their resistances. 
Meo 
ly 2 


2 
i, =| —“_ | (1.5) =1.0A Ans. 
7 Cail ) ia 
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© Example 18 An ammeter and a voltmeter are connected in series to a battery of 
emf E=6.0V. When a certain resistance is connected in parallel with the 
voltmeter, the reading of the voltmeter decreases two times, whereas the reading 
of the ammeter increases the same number of times. Find the voltmeter reading 
after the connection of the resistance. 


Solution Let R= resistance of ammeter 


< | I < 
6V 
Potential difference across voltmeter = 6 — potential difference across ammeter 
In first case, V=6-iR : (1) 
In second case, : =6-(Qi)R ...(i1) 


Solving these two equations, we get 
V =4 volt 
V/2 =2 volt Ans. 


© Example 19 A voltmeter of resistance R, and an ammeter of resistance R, are 
connected in series across a battery of negligible internal resistance. When a 
resistance R is connected in parallel to voltmeter, reading of ammeter increases 
three times while that of voltmeter reduces to one third. Find R, and R, in terms 
of R. 
Solution Let E be the emf of the battery. ra 
~< I 


In the second case main current increases three times while 
current through voltmeter will reduce to i /3. Hence, the 


remaining 3i — i /3 = 81/3 passes through R as shown in figure. lj I 
i 81 
Vo vo=(3)m-(=)R Re a 
or R,=8R Ans. ' “ ae 
E 
A < | i G 
y 3i A 
ail 
fay © _ 2 D 
BA SV F 
Ro R, 
8i 
3 v 
WW 
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: . ; 1 
In the second case, main current becomes three times. Therefore, total resistance becomes a 


times or 
Dt yg tO 
Substituting R, =8R, we get 
R= “ Ans. 


Example 20 Find the current in each branches of the circuit. 


5Q A 49 
1 HWW WV 
21V 360 L 
— 5V 
80 
E —-\WW- —-\WW\- B 
10 Cc 
-—W- D 
160 


2V 


Solution It is possible to use Kirchhoff’s laws in a slightly different form, which may simplify 
the solution of certain problems. This method of applying Kirchhoff’s laws is called the loop 
current method. 


In this method, we assign a current to every closed loop in a network. 


ioe A 42 
1 Law -WW\- 
21V : 
62 | 
>. PG 
8a 
E WW C WW B 
10 
Ji 
WW D 


| 
2V 16Q 

Suppose currents 1,,i, and i; are flowing in the three loops. The clockwise or anti-clockwise 
sense given to these currents is arbitrary. Applying Kirchhoff’s second law to the three loops, 
we get 


21 —5i, —6 (i, + ip) — i, =0 4) 
5 — 4iy — 6 (i, + i) —8 (in + ig) =0 Gi) 
and 2-8 (i + is) —16 is =0 .. Gi) 


Solving these three equations, we get 


Lena ig=- 5A and i, =7A 


Note 
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Therefore, current in different branches are as shown in figure given below. 


5Q 42 
1 LWW —>—4 > yy 
Sai 0.54 
62 “_ 5V 
2A4 
11.54 y 
2A 82 
E -\WW\-—_~< WW B 
19 Cc 0.25A 
4 0.25A i 
| HYWW—+—D 
2V 169 


In wire AC, current is i, + i) and in CB it isi + 13. 


© Example 21. What amount of heat will be generated in a coil of resistance R due 


to a charge q passing through it if the current in the coil 
(a) decreases down to zero uniformly during a time interval to? 
(b) decreases down to zero halving its value every t, seconds? 
HOW TO PROCEED Heat generated in a resistance is given by 
Hei hi 
We can directly use this formula provided i is constant. Here, i is varying. So, first 
we will calculate i at any time t, then find a small heat dH in a short interval of 
time dt. Then by integrating it with proper limits we can obtain the total heat 


produced. 
Solution (a) The corresponding i-t graph will be a straight line with i decreasing from a peak 


value (say i,) to zero in time fp. 
i-t equation will be as 


see(1) 


(y=-—mx+ oO 


Here, i, is unknown, which can be obtained by using the fact that area under i-t graph gives 


the flow of charge. Hence, 


to t 


q=5 (to) (io) 


Substituting in Eq. (i), we get 
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or i= (24- 4 


Now, at time t, heat produced in a short interval dt is 
dH =i’Rdt 


Total heat produced = I dH 
2 
or a= [2 (2-28 Rdt 
Lb to 
_4 q’R 
= 5 7. 


(b) Here, current decreases from some peak value (say i,) to zero exponentially with half 


life to. 


to ¢t 
i-t equation in this case will be 
izipye™ 
Here, A= md) 
to 
afte fe oF a ( t6 
Now, qz=[jidt=|. lg € ar-(2 
ig =Aq 
i=(Ag)e*? 
dH =i7R dt =)7q’e™R dt 
2 
or H =| dH =VqR{| eu ger 
0 0 D) 

2 

Substituting A = euG) , we have H= cee’), 
to a, 
Note !n radioactivity, half-life is given by 
In2 
bio 
V2 = 
In2 


Ans. 


Ans. 


Exercises 


LEVEL 1 


Assertion and Reason 


1. 


2. 


3. 


4. 


Directions: Choose the correct option. 

(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 
(6) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 

(d) If Assertion is false but the Reason is true. 


Assertion: If potential difference across two points is zero, current between these two points 
should be zero. 


Reason: Current passing from a resistor 


fe 
R 
Assertion: Inthe part of the circuit shown in figure, maximum . 
power is produced across R. j 
Vy? 
Reason : Power P = = 
R 


Assertion: Current J is flowing through a cylindrical wire of non-uniform cross-section as 
shown. Section of wire near A will be more heated compared to the section near B. 
B 


A 


Reason: Current density near Ais more. 


Assertion: In the circuit shown in figure after closing the switch S reading of ammeter will 
increase while that of voltmeter will decrease. 


S 


© 
Panne ier 


Reason: Net resistance decreases as parallel combination of resistors is increased. 
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10. 


11. 
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. Assertion: In the circuit shown in figure ammeter and voltmeter are non-ideal. When 


positions of ammeter and voltmeter are changed, reading of ammeter will increase while that 
of voltmeter will decrease. 


Reason: Resistance of an ideal ammeter is zero while that of an ideal voltmeter is infinite. 


. Assertion: In the part of a circuit shown in figure, given that V, > V,. The current should 


flow from 6 to a. 

a b 

o—WWWY¥-_| -—0 
Reason: Direction of current inside a battery is always from negative terminal to positive 
terminal. 


. Assertion: Inthe circuit shown in figure Ris variable. Value of current Jis maximum when 


Rer. 


Reason: At R=r, maximum power is produced across R. 


. Assertion: If variation in resistance due to temperature is taken into consideration, then 


current in the circuit I and power produced across the resistance P both will decrease with 
time. 


Reason: V = Ris Ohm’s law. 


. Assertion: When a potential difference is applied across a conductor, free electrons start 


travelling with a constant speed called drift speed. 

Reason: Due to potential difference an electric field is produced inside the conductor, in 
which electrons experience a force. 

Assertion: When temperature of a conductor is increased, its resistance increases. 
Reason: Free electrons collide more frequently. 

Assertion: Two non-ideal batteries are connected in parallel with same polarities on same 
side. The equivalent emf is smaller than either of the two emfs. 


Reason: Two non-ideal batteries are connected in parallel, the equivalent internal 
resistance is smaller than either of the two internal resistances. 
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Objective Questions 


1. 


10. 


An ammeter should have very low resistance 

(a) to show large deflection 

(b) to generate less heat 

(c) to prevent the galvanometer 

(d) so that it may not change the value of the actual current in the circuit 


. A steady current flows in a metallic conductor of non-uniform cross-section. The quantity/ 


quantities which remain constant along the length of the conductor is/are 
(a) current, electric field and drift speed (b) drift speed only 
(c) current and drift speed (d) current only 


. If M= mass, L = length, 7 = time and J = electric current, then the dimensional formula of 


resistance R will be given by 


(a) [R] = [MPT? 17] (b) [R] = [ML-T? P] 
(©) [R) = [ML?T’ 17] (@) [R] = [ML?T? P] 
The unit of electrical conductivity is 
(a) ohm-m~ (b) ohm xm 
(c) ohm!-m™ (d) None of these 
. Through an electrolyte an electrical current is due to drift of 
(a) free electrons (b) positive and negative ions 
(c) free electrons and holes (d) protons 


. The current in a circuit with an external resistance of 3.75 Q is 0.5 A. When a resistance of 1 Q 


is introduced into the circuit, the current becomes 0.4 A. The emf of the power source is 
(a) 1V (b) 2V 
(ce) 3 V (d) 4 V 


. The deflection in a galvanometer falls from 50 divisions to 20 divisions, when a 12 Q shunt is 


applied. The galvanometer resistance is 
(a) 18 Q (b) 242 
(c) 30.Q (d) 36 


. If 2% of the main current is to be passed through the galvanometer of resistance G, the 


resistance of shunt required is 

G G 
(a) 49 (b) 50 
(c) 49G (d) 50G 


. If the length of the filament of a heater is reduced by 10%, the power of the heater will 


(a) increase by about 9% 

(b) increase by about 11% 
(c) increase by about 19% 
(d) decrease by about 10% 


N identical current sources each of emf FE and internal resistancer are connected a 
to form a closed loop as shown in figure. The potential difference between points 

A and Bwhich divides the circuit into n and (N — n) units is 

(a) NE (b) (N-n)E y of 
(0) nE (d) zero SS 
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11. 


12. 


13. 


14. 


15. 


16. 


A 2.0 V potentiometer is used to determine the internal resistance of a 1.5 V cell. The balance 
point of the cell in the open circuit is 75 cm. When a resistor of 10 Q is connected across the cell, 
the balance point shifts to 60 cm. The internal resistance of the cell is 

(a) 1.50 (b) 2.5Q 

(c) 3.52 (d) 4.52 


Three resistances are joined together to form a letter Y, as shown in figure. If the potentials of 
the terminals A, Band C are 6 V, 3 V and 2 V respectively, then the potential of the point O 
will be 


Axt6V +3V,B 
62 39 
O 
20 
+2V IC 
(a) 4V (b) 3V 
(c) 2.5 V (d) OV 


The drift velocity of free electrons in a conductor is v, when a current i is flowing in it. If both 
the radius and current are doubled, then the drift velocity will be 

(a) v (b) v/2 

(c) v/4 (d) v/8 

A galvanometer is to be converted into an ammeter or voltmeter. In which of the following cases 
the resistance of the device is largest? 

(a) an ammeter of range 10 A 

(b) a voltmeter of range 5 V 

(c) an ammeter of range 5 A 

(d) a voltmeter of range 10 V 


In the given circuit the current flowing through the resistance 20 Q is 0.3 A, while the ammeter 
reads 0.8 A. What is the value of R,? 


aol hi Ne 


(a) 30Q (b) 40 
(c) 50Q (d) 602 


An ammeter and a voltmeter are joined in series to a cell. Their readings are Aand V 
respectively. If a resistance is now joined in parallel with the voltmeter, then 

(a) both A and V will increase 

(b) both A and V will decrease 

(c) A will decrease, V will increase 

(d) A will increase, V will decrease 


17. 


18. 


19. 


20. 


21. 


22. 
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A resistor R has power of dissipation P with cell voltage E. The resistor is cut in n equal parts 
and all parts are connected in parallel with same cell. The new power dissipation is 


(a) nP (b) nP? 
(©) n°P (d) n/P 
In the circuit diagram shown in figure, a fuse bulb can cause all other bulbs to go out. Identify 
the bulb 
(B» (Cy 
@Q7-®©--© 
tt 
7 © © 
(a) B (b) C 
(©) A (d) DorE 


Two batteries one of the emf 3 V, internal resistance 1 Q and the other of emf 15V, internal 
resistance 2 Q are connected in series with a resistance R as shown. If the potential difference 
between points a and bis zero, the resistance R in Q is 


a b 
3V,12 15V, 20 
R 
WWW 
(a) 5 (b) 7 
(c) 3 (d) 1 


A part of a circuit is shown in figure. Here reading of ammeter is 5 A and voltmeter is 100 V. If 
voltmeter resistance is 2500 ohm, then the resistance R is approximately 


R 
@) 
Y) 


(a) 20Q (b) 10 
(c) 100 Q (d) 2002 


A copper wire of resistance R is cut into ten parts of equal length. Two pieces each are joined in 
series and then five such combinations are joined in parallel. The new combination will have a 
resistance 


R R R 
(a) R (b) a (c) a (d) a 


Two resistances are connected in two gaps of a meter bridge. The balance point is 20 cm from 
the zero end. A resistance of 15 © is connected in series with the smaller of the two. The null 
point shifts to 40 cm. The value of the smaller resistance in Q is 

(a) 3 (b) 6 

(c) 9 (d) 12 
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23. 


24. 


25. 


26. 


27. 


28. 


In the given circuit, the voltmeter records 5 volt. The resistance of the voltmeter in © is 


100 2 502 


(a) 200 (b) 100 

(c) 10 (d) 50 

The wire of potentiometer has resistance 4 Q and length 1 m. It is connected to a cell of emf 
2 volt and internal resistance 1 Q. Ifa cell of emf 1.2 volt is balanced by it, the balancing length 
will be 

(a) 90 cm (b) 60 cm 

(c) 50cm (d) 75cm 


The potential difference between points A and B, in a section of a circuit shown, is 


1A 2A 
20 22 
22 22 10 10 
3A A 3V ov B 
(a) 5 volt (b) 1 volt 
(c) 10 volt (d) 17 volt 
Two identical batteries, each of emf 2 V and internal resistance r = 1 12 2V 
are connected as shown. The maximum power that can be developed Www 
across R using these batteries is 12 
(a) 3.2W WW t 
(b) 8.2 W R QV 
(c) 2 W vy 
(@) 4W 
For a cell, the terminal potential difference is 2.2 V, when circuit is open and reduces to 1.8 V. 


When cell is connected to a resistance R = 5Q, the internal resistance of cell (r) is 


10 9 
2-6, —Q 
(a) 9 (b) 10 
Ld: 5) 
=0 d) —Q 
(c) 9 (d) 9 
The potential difference between points A and Bin the circuit shown 252 4 10V, 2.52 
in figure, will be 
(a) 1V 
(b) 2V = 
(c) -3V B ; | 


(d) None of the above 5V, 2.50 


29. 


30. 


31. 
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Potentiometer wire of length 1 m is connected in series with 490 Q resistance and 2 Vbattery. If 
0.2mV/cm is the potential gradient, then resistance of the potentiometer wire is 
approximately 

(a) 4.9 Q (b) 7.9 (c) 5.92 (d) 6.9Q 


Find the ratio of currents as measured by ammeter in two cases when the key is open and when 
the key is closed 


R 2R 
k 
2R R 
(a) 9/8 (b) 10/11 (c) 8/9 (d) None of these 


A galvanometer has a resistance of 3663 Q. A shunt S is connected across it such that (1/34) of 
the total current passes through the galvanometer. Then, the value of the shunt is 
(a) 222Q (b) 1112 (c) 11Q (d) 22Q 


Note Attempt the following questions after reading the chapter of capacitors. 


32. 


33. 


34. 


The network shown in figure is an arrangement of nine identical resistors. 
The resistance of the network between points AandB is 1.5Q. The 
resistance r is 

(a) 1.1Q 

(b) 3.3.Q 

(c) 1.80 

(d) 16Q 


The equivalent resistance of the hexagonal network as shown in figure between points A and B 
is 


(a) r (b) 0.5 r (c) 2r (d) 3r 


A uniform wire of resistance 18Q is bent in the form of a circle. The 


effective resistance across the points a and bis od 
(a) 8Q 

(b) 2Q ob 
(c) 2.52 


(d) 6Q 
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35. 


36. 


37. 


38. 


39. 


Each resistor shown in figure is an infinite network of resistance 1 Q. The effective resistance 
between points A and Bis 


10 12 10 10 12 
12 19 10 10 
~--——-~Ww4 WW #4 B WY WW - == 
10 12 12 12 
(a) less than 1 Q (b) 1Q 
(c) more than 1 Q but less than 3 Q (d) 3Q 


In the circuit shown in figure, the total resistance between points A and Bis Ro. The value of 
resistance Ris 


R R 
Ae—Ww WW 
R Ro 
B 
R R 

a) R b) V3 R c) —2 d) —2 
(a) Ry (b) 0 (c) 9 (d) 13 
In the circuit shown in the figure, R= 55Q, the equivalent resistance between the points 
Pand@Qis 

P O 

Qo eR 
(a) 30Q (b) 35 Q 
(c) 55Q (d) 25Q 
The resistance of all the wires between any two adjacent dots is R. Then, A 
equivalent resistance between A and Bas shown in the figure is 
(a) (7/3) R 
(b) (7/6) R 
(c) (14/8) R B 


(d) None of the above 


A uniform wire of resistance 4 Q is bent into a circle of radiusr. A specimen of the same wire is 
connected along the diameter of the circle. What is the equivalent resistance across the ends of 
this wire? 


4 3 
ea aa 
2 1 
“7 (2+ 7) . (@) (1+) . 
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40. In the network shown in figure, each resistance is R. The equivalent 


41. 


Subjective Questions 
41: 


resistance between points A and Bis 


The equivalent resistance between the points Aand B is (R is the \A 
resistance of each side of smaller square) 


3R 
(a) R (b) 2 


R 
(c) 2R (d) a 


When a steady current passes through a cylindrical conductor, is there an electric field inside 
the conductor? 


. Electrons in a conductor have no motion in the absence of a potential difference across it. Is this 


statement true or false? 


. Inthe Bohr model of hydrogen atom, the electron is pictured to rotate in a circular orbit of radius 


5x 107"! m, at a speed 2.2 x 10° m/s. What is the current associated with electron motion? 


A 120 V house circuit has the following light bulbs switched on : 40 W, 60 W and 75 W. Find the 
equivalent resistance of these bulbs. 


. Assume that the batteries in figure have negligible internal resistance. Find 


(a) the current in the circuit, 
(b) the power dissipated in each resistor and 
(c) the power of each battery, stating whether energy is supplied by or absorbed by it. 


. The potentiometer wire AB shown in figure is 40 cm long. Where the free end of the 


galvanometer should be connected on AB so that the galvanometer may show zero deflection? 
8Q 120 
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7. 


10. 


11. 


12. 


13. 


14. 


. In figure, H, = 12 Vand E, = 8 V. 


An ideal voltmeter V is connected to a 2.0Q resistor and a battery 0.5Q 5.0V 
with emf 5.0 V and internal resistance 0.5 Q as shown in figure : WW | 
(a) What is the current in the 2.0 Q resistor? 

(b) What is the terminal voltage of the battery? 


(c) What is the reading of the voltmeter? WAYAVAVA (Vv) 
2.02 


(a) What is the direction of the current in the resistor? 
(b) Which battery is doing positive work? 
(c) Which point, A or B, is at the higher potential? 


. In figure, if the potential at point P is 100 V, what is the potential at point @? 


Q 3.02 


Copper has one conduction electron per atom. Its density is 8.89 g/cm® and its atomic mass is 
63.54 g/mol. If a copper wire of diameter 1.0 mm carries a current of 2.0 A, what is the drift 
speed of the electrons in the wire? 


An aluminium wire carrying a current has diameter 0.84 mm. The electric field in the wire is 
0.49 V/m. What is 
(a) the current carried by the wire? 
(b) the potential difference between two points in the wire 12.0 m apart? 
(c) the resistance of a 12.0 m length of this wire? 
Specific resistance of aluminium is 2.75 x 107° Q-m. 
A conductor of length / has a non-uniform cross-section. The radius of cross-section varies 


linearly from a to b. The resistivity of the material is p. Find the resistance of the conductor 
across its ends. - 
a lp 


— 


If a battery of emf EF and internal resistance ris connected across a load of resistance R. Show 
that the rate at which energy is dissipated in R is maximum when R=r and this maximum 
power is P = E?/4r. 


Two identical batteries each of emf EF = 2 volt and internal resistance r = 1 ohm are available to 
produce heat in an external resistance by passing a current through it. What is the maximum 
power that can be developed across an external resistance R using these batteries? 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 
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Two coils connected in series have resistance of 600Q and 300Q at 20° C and temperature 
coefficient of 0.001 and 0.004 (°C) ‘respectively. Find resistance of the combination at a 


temperature of 50° C. What is the effective temperature coefficient of combination? 


An aluminium wire 7.5 m long is connected in parallel with a copper wire 6 m long. When a 
current of 5 Ais passed through the combination, it is found that the current in the aluminium 
wire is 3 A. The diameter of the aluminium wire is 1 mm. Determine the diameter of the copper 
wire. Resistivity of copper is 0.017 uQ-m and that of the aluminium is 0.028 Q-m. 


The potential difference between two points in a wire 75.0 cm apart is 0.938 V, when the 

current density is 4.40 x 10’ A/m”. What is 

(a) the magnitude of Ein the wire? 

(b) the resistivity of the material of which the wire is made? 

A rectangular block of metal of resistivity p has dimensions d x 2d x 3d.A potential difference 

Vis applied between two opposite faces of the block. 

(a) To which two faces of the block should the potential difference V be applied to give the maximum 
current density? What is the maximum current density? 

(b) To which two faces of the block should the potential difference V be applied to give the maximum 
current? What is this maximum current? 


An electrical conductor designed to carry large currents has a circular cross-section 2.50 mm in 

diameter and is 14.0 m long. The resistance between its ends is 0.104 Q. 

(a) What is the resistivity of the material? 

(b) If the electric field magnitude in the conductor is 1.28 V/m, what is the total current? 

(c) If the material has 8.5 x 10”° free electrons per cubic metre, find the average drift speed under 
the conditions of part (b). 


It is desired to make a 20.0 Q coil of wire which has a zero thermal coefficient of resistance. To 
do this, a carbon resistor of resistance R, is placed in series with an iron resistor of resistance 
R,. The proportions of iron and carbon are so chosen that R, + Ry, =20.00Q for all 
temperatures near 20°C. How large are R, and R,? Given, ao. =-0.5x10° K™! and 


Op, = 50x 10% KT. 


Find the current supplied by the battery in the circuit shown in figure. 
8Q 


; 


1 24Vv 


12 


Calculate battery current and equivalent resistance of the network shown in figure. 
8Q 


; 


40 
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23. Compute total circuit resistance and battery current as shown in figure. 


8Q 
WW 
z- 24V 
WW 
120 
24. Compute the value of battery current i shown in figure. All resistances are in ohm. 
j 6 
I 
> —WW- 
=o 
12V 42 
3 
. —WW- 
2 


25. Calculate the potentials of points A, B, C and D as shown in Fig. (a). What would be the new 
potential values if connections of 6 V battery are reversed as shown in Fig. (b)? All resistances are 


in ohm. 

A A 

— 12V 13 —12V 13 
*B 9B 

Gy—0V 2% Gr—_ 0V 2 
a Ic = tc 

= 6V 38 —_6V 38 
D D 


(a) (b) 


26. Give the magnitude and polarity of the following voltages in the circuit of figure : 


1 
508 


@) V, (i) V2 (ii) V3 (iv) V3 _2 
(v) Vi_»o (vi) Vi_s 
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27. The emf # and the internal resistance r of the battery shown in figure are 4.3 V and 1.0Q 
respectively. The external resistance R is 50 Q. The resistances of the ammeter and voltmeter 
are 2.0Q and 200 Q, respectively. 


E r 


R 
“WW (A) 


oo 


Ww 


(a) Find the readings of the two meters. 
(b) The switch is thrown to the other side. What will be the readings of the two meters now? 


28. Find the current in each branch of the circuit shown in figure. 


42V50 49 


162 
D 
a 


29. An electrical circuit is shown in figure. Calculate the potential difference across the resistor of 
400 Q as will be measured by the voltmeter V of resistance 400 Q either by applying Kirchhoff’s 


rules or otherwise. (JEE 1996) 
v) 
400 Q 
—W— 
100 Q 100 2 200 Q 
Wo e- 
2b i, 1000 
: | 
“ I 
10V 
30. In the circuit shown in figure V, and V, are two voltmeters of resistances jE 
3000 Q and 2000 Q, respectively. In addition R, = 2000 Q, R, = 30002 i! 
and E = 200 V, then 


(a) Find the reading of voltmeters V, and V, when (V}) (V2) 
(i) switch S is open 
(ii) switch S is closed SF 
(b) Current through S, when it is closed 
(Disregard the resistance of battery) 
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31. 


32. 


33. 


34. 


35. 


36. 


37. 


In figure, circuit section AB absorbs energy at the rate of 5.0 W when a current i = 1.0 A passes 
through it in the indicated direction. 


aw Ke 
A R=2.00 Ee 8B 


(a) What is the potential difference between points A and B? 

(b) Emf device X does not have internal resistance. What is its emf? 

(c) What is its polarity (the orientation of its positive and negative terminals)? 

The potential difference across the terminals of a battery is 8.4 V when there is a current of 
1.50 A in the battery from the negative to the positive terminal. When the current is 3.50 A in 
the reverse direction, the potential difference becomes 9.4 V. 

(a) What is the internal resistance of the battery? 

(b) What is the emf of the battery? 


A battery of emf 2.0 V and internal resistance 0.10 is being charged with a current of 5.0 A. 
Find the potential difference between the terminals of the battery? 


Find the currents in different resistors shown in figure. 


20 8QO 
—WW— WW 
$20 4Q $80 

2V 

jl 

2V 2V 


A resistance box, a battery and a galvanometer of resistance G ohm are connected in series. If 
the galvanometer is shunted by resistance of S ohm, find the change in resistance in the box 
required to maintain the current from the battery unchanged. 


Determine the resistance rif an ammeter shows a current of J = 5 A anda voltmeter 100 V. The 
internal resistance of the voltmeter is R = 2,500 Q. 


A 
A) —WWv- 


O 


In the circuit, a voltmeter reads 30 V when it is connected across 400 Q resistance. Calculate 
what the same voltmeter will read when it is connected across the 300Q resistance? 


60 V 
| 
300 Q 400 Q 
W- -W- 


Ww) 
WY) 


38. 


39. 


40. 


41. 


42. 


43. 


44. 
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Resistances R, and R,, each 60 Q, are connected in series. The potential difference between 
points A and Bis 120 V. Find the reading of voltmeter connected between points C and Dif its 
resistance r = 120 Q. 


A B 


Ry Ro 


A moving coil galvanometer of resistance 20 Q gives a full scale deflection when a current of 
1 mA is passed through it. It is to be converted into an ammeter reading 20 A on full scale. But 
the shunt of 0.005 only is available. What resistance should be connected in series with the 
galvanometer coil? 


A cell of emf 3.4 V and internal resistance 3 Q is connected to an ammeter having resistance 
2 Q and to an external resistance of 100 Q. When a voltmeter is connected across the 100 Q 
resistance, the ammeter reading is 0.04 A. Find the voltage reading by the voltmeter and its 
resistance. Had the voltmeter been an ideal one what would have been its reading? 


(a) A voltmeter with resistance Ry is connected across the terminals of a battery of emf H and 
internal resistance r. Find the potential difference measured by the voltmeter. 

(b) If H = 7.50 V and r =0.45 Q, find the minimum value of the voltmeter resistance Ry so that the 
voltmeter reading is within 1.0% of the emf of the battery. 

(c) Explain why your answer in part (b) represents a minimum value. 


(a) An ammeter with resistance R, is connected in series with a resistor R,a battery of emf ¢ and 
internal resistance r. The current measured by the ammeter is J,. Find the current through the 
circuit if the ammeter is removed so that the battery and the resistor form a complete circuit. 
Express your answer in terms of J,,7,R, and R. Show that more “ideal” the ammeter, the 

smaller the difference between this current and the current I). 

(b) If R= 3.80 Q,¢ = 7.50 V andr =0.45 Q, find the maximum value of the ammeter resistance R, so 

that I, is within 99% of the current in the circuit when the ammeter is absent. 


(c) Explain why your answer in part (b) represents a maximum value. 


Each of three resistors in figure has a resistance of 2.4 Q and can dissipate a maximum of 36 W 
without becoming excessively heated. What is the maximum power the circuit can dissipate? 


—-\WW- 


WW 


A storage battery with emf 2.6 V loaded with external resistance produces a current 1 A. In this 
case, the potential difference between the terminals of the storage battery equals 2 V. Find the 
thermal power generated in the battery and the net power supplied by the battery for external 
circuit. 
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45. In the circuit shown in figure E, = 7V, E, =1V,R, = 20, R,=2Q and R, = 3Q respectively. 
Find the power supplied by the two batteries. 
WW —WW— 


46. In the circuit shown in figure, find 


-—-ww-—*| . 
a | 

102 420V a 
5.02 

b c 

: WV . 


(a) the rate of conversion of internal (chemical) energy to electrical energy within the battery 
(b) the rate of dissipation of electrical energy in the battery 
(c) the rate of dissipation of electrical energy in the external resistor. 


47. Three resistors having resistances of 1.60 Q, 2.40 Q and 4.80 Q are connected in parallel to a 
28.0 V battery that has negligible internal resistance. Find 


(a) the equivalent resistance of the combination. 

(b) the current in each resistor. 

(c) the total current through the battery. 

(d) the voltage across each resistor. 

(e) the power dissipated in each resistor. 

(f) which resistor dissipates the maximum power the one with the greatest resistance or the least 
resistance? Explain why this should be. 


48. (a) The power of resistor is the maximum power the resistor can safely dissipate without too rise in 
temperature. The power rating of a 15 kQ resistor is 5.0 W. What is the maximum allowable 
potential difference across the terminals of the resistor? 


(b) A 9.0 kQ resistor is to be connected across a 120 V potential difference. What power rating is 
required? 


Note Attempt the following questions after reading the chapter of capacitors. 


49. Find the equivalent resistance between points A and B in the following circuits : 


40 
WW 
B 
A 40 B 


(a) (b) 
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20 


(g) 


50. What will be the change in the resistance of a circuit between A and F consisting of five 
identical conductors, if two similar conductors are added as shown by the dashed line in figure? 


F 


A Cc E 


51. Find Ry, in the circuit, shown in figure. 


159 


62 
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52. Find the equivalent resistance of the networks shown in figure between the points a and b. 
r 


(a) (b) 


(e) 


53. Find the equivalent resistance of the circuits shown in figure between the points a and b. Each 
resistor has a resistance r. 


(a) (b) 


LEVEL 2 


Single Correct Option 


1. Two cells A and Bof emf 1.8 V and 1.5 V respectively are arranged as shown in figure. The 
voltmeter reads 1.45 V. The voltmeter is assumed to be ideal. Then 


E, th 


(a) 4 = 27 (b) 7, =87r, (c) m%=27 (d) m=37 


2. 


3. 


4. 
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A voltmeter connected in series with a resistance R, to a circuit indicates a voltage V, = 198 V. 
When a series resistor Ry = 2R, is used, the voltmeter indicates a voltage V, = 180 V. If the 
resistance of the voltmeter is Ry = 900 Q, then the applied voltage across A and Bis 


A A 
R, Ro = 2R, 
198V 180V 
B B 
(a) 210 V (b) 200 V 
(c) 220 V (d) 240 V 


All bulbs in the circuit shown in figure are identical. Which bulb glows most brightly? 


(D) 
(a) B (b) A 
(c) D (d) C 


A student connects an ammeter A and a voltmeter V to measure a resistance R as shown in 
figure. If the voltmeter reads 20 V and the ammeter reads 4 A, then R is 


Y 


(a) equal to5Q 

(b) greater than 5 Q 

(c) less than 5 Q 

(d) greater or less than 5 Q depending upon the direction of current 


. The given figure represents an arrangement of potentiometer for the calculation of internal 


resistance (r) of the unknown battery (£). The balance length is 70.0 cm with the key opened 
and 60.0 cm with the key closed. Ris 132.40 Q. The internal resistance (r) of the unknown cell 


will be 
EW | 


A B 
e 1 OQ 
| KW 


(a) 22.1Q (b) 113.52 
(c) 154.5 Q (d) 102 
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6. Switch S is closed at time t = 0. Which one of the following statements is correct? 


| KW | KYW 
E, i E> 2 
s* 
R 
WWW 


(a) Current in the resistance R increases if E,r, < E,(R+ 7) 
(b) Current in the resistance R increases if E,r, > E,(R+ 7) 
(c) Current in the resistance R decreases if E,r, > E.(R+ 7) 
(d) Current in the resistance R decreases if E,r, = E,(R + 7,) 


7. A,BandC are voltmeters of resistances R,1.5R and 3R respectively. When some potential 
difference is applied between x and y, the voltmeter readings are V,, Vz and Vo, then 


© 
re ry 
© 
(a) Vz =Vp =Vo (b) V4 # VR =Vo (c) Va =Vp #Vo (d) V,+ Vg =Vo 


8. In the circuit shown, the voltage drop across the 15 Q resistor is 30 V having the polarity as 
indicated. The ratio of potential difference across 5 Q resistor and resistance R is 


2A eS 
an AA 
5A 5. 
A— we 2 S cir F 


3 

oO 

< 
= 


(a) 2/7 (b) 0.4 (c) 5/7 (d) 1 


9. In an experiment on the measurement of internal resistance of a cell by using a potentiometer, 
when the key K is kept open then balancing length is obtained at y metre. When the key K is 
closed and some resistance R is inserted in the resistance box, then the balancing length is 
found to be x metre. Then, the internal resistance is 


NAA A 
Ep 
A B 
Ej F = 
| (G) 


t Ta) 
| G 


ea 


+ - Rp 
| | 
| 


J x y x 
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10. A source of emf H=10 Vand having negligible internal resistance is connected to a variable 
resistance. The resistance varies as shown in figure. The total charge that has passed through 
the resistor R during the time interval from {, to ¢, 1s 


hee G=o0s 
(a) 40 log, 4 (b) 30 log, 3 
(c) 20 log, 2 (d) 10 log, 2 
11. In order to increase the resistance of a given wire of uniform cross-section to four times its 


value, a fraction of its length is stretched uniformly till the full length of the wire becomes 7 
times the original length. What is the value of this fraction? 
(a) + (b) + 
4 8 
1 1 
iat d) = 
(c) i: (d) r 


12. The figure shows a meter bridge circuit with AB= 100 cm, X = 12 OQ and R= 18 Q and the jockey 
J in the position of balance. If R is now made 8Q, through what distance will J have to be 
moved to obtain balance? 

+) = 


vo 

r KJ B 
@) 

(a) 10cm (b) 20 cm 

(c) 30cm (d) 40 cm 


13. A milliammeter of range 10 mA and resistance 9 Q is joined in a circuit as shown. The meter 
gives full scale deflection for current J when A and B are used as its terminals, 1.e. current 
enters at Aand leaves at B(C is left isolated). The value of J is 


9Q, 10mA 


(a) 100 mA (b) 900 mA 
(c) 1A (d) 1A 
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14. A battery of emf E, = 12 V is connected across a 4 m long uniform Eo R=40 
wire having resistance 4 Q/m. The cell of small emfs e€, = 2 Vand 
€, = 4 Vhaving internal resistance 2.Q and 6Q respectively are 


connected as shown in the figure. If galvanometer shows no N B 
deflection at the point N, the distance of point N from the point A Bc 
is equal to 
5 4 
a) —m am 
(a) - (b) . 
(c) =m (d) None of these g '2 


15. In the circuit shown, when keys K, and K, both are closed, the ammeter reads Jy. But when K, 
is open and K, is closed, the ammeter reads J, /2. Assuming that ammeter resistance is much 
less than R,, the values ofr and R, in Q are 


Pad Lee 
Ky Kz 1002 
R, Ro = 1002 
|-—@® 
E,r 
(a) 25, 50 (b) 25, 100 
(c) 0, 100 (d) 0, 50 


16. In the circuit shown in figure, V must be 


(a) 50V (b) 80 V 
(c) 100 V (d) 1290 V 


17. In the circuit shown in figure ammeter and voltmeter are ideal. IfE=4V, R=9Q andr =1Q, 
then readings of ammeter and voltmeter are 
Vv) 


R R 
NYAYAYAVAYA damm tn’AYAVAA‘A ummm ‘AAA A a 
=) ae R 
~ 
cy, 
(a) 1A,3V (bl) 2A,3V 


(c) 83A,4V (d) 4A,4V 


18. 


19. 


20. 


21. 


22. 
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A moving coil galvanometer is converted into an ammeter reading up to 0.03 A by connecting a 
shunt of resistance . What is the maximum current which can be sent through this 


galvanometer, if no shunt is used. (Here, r = resistance of galvanometer) 


(a) 0.004 A (b) 0.005 A 
(c) 0.006 A (d) 0.008 A 
The potential difference between points A and Bis 
8Q2 Bi 62 
WA — 2 WV 
42 A 32 
10V 
| 
I 
20 40 
—V b) —V 
(a) = (b) 7 
(c) 2 Vv (d) zero 


Two wires Aand B made of same material and having their lengths in the ratio 6:1 are 
connected in series. The potential difference across the wires are 3 V and 2 V respectively. Ifr, 


and rg are the radii of A and Brespectively, then TB ig 


TA 

1 1 

(a) Fi (b) 3 
(c) 1 (d) 2 


A galvanometer of resistance 50 Q is connected to a battery of 3 V along with resistance of 
2950 Q in series. A full scale deflection of 30 divisions is obtained in the galvanometer. In order 
to reduce this deflection to 20 divisions, the above series resistance should be 

(a) 4450 Q (b) 5050 Q 

(c) 5550 Q (d) 6050 Q 


Figure shows a potentiometer arrangement with R4,=10Q and rheostat of variable 
resistance x. For x = 0 null deflection point is found at 20 cm from A. For unknown value of x 
null deflection point was at 30 cm from A, then the value of x is 


(a) 10 (b) 5Q 
(c) 2 (ad) 12 
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23. In the given potentiometer arrangement, the null point Vv r 
(a) can be obtained for any value of V 
(b) can be obtained only if V < Vo 
(c) can be obtained only if V > Vo A B 
(d) can never be obtained 


| -—Wwwt—) 
@) 
24. In the given figure the current through 4 Q resistor is Vo Ro 
202 40 
WA WA 
1.4A 
— 152 — 
50Q 102 
SA AAAYA Aa A AYA AA 
(a) 1.4A (b) 0.4 A 
(c) 1.0A (d) 0.7A 


25. Allresistances shown in circuit are 2 Q each. The current in the resistance between D and His 
A ————_wwwy¥——— 8 


C'—_wWwwWwyse = WWW E 
10 rE: 
|i AAAAAS Cc WW H 
(a) 5A (b) 2.5A 
(c) 1A (d) 7.5A 
26. Inthe circuit shown in figure, the resistance of voltmeter is 6 kQ. The voltmeter reading will be 
10V 
{t 
2kQ 3kQ 
WWW wee 
(a) 6V (b) 5V 
(c) 4V (d) 3V 
27. For what ratio of R,, R, and R, power developed across each resistor is equal? 


Ro 
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More than One Correct Options 


1; 


Two heaters designed for the same voltage V have different power ratings. When connected 
individually across a source of voltage V, they produce H amount of heat each in time #, and ¢, 
respectively. When used together across the same source, they produce H amount of heat in 
time t 


(a) If they are in series, t = t, + ty (b) If they are in series, ¢ = 2 (t, + t) 
(c) If they are in parallel, t= —" (a) If they are in parallel, t = —2— 
(t, + ty) 2(t, + ty) 


. Two cells of emf £, = 6 Vand E, = 5 Vare joined in parallel with same polarity on same side, 


without any external load. If their internal resistances are 7, = 2Q andr, = 3 Q respectively, 
then 

(a) terminal potential difference across any cell is less than 5 V 

(b) terminal potential difference across any cell is 5.6 V 

(c) current through the cells is 0.2 A 

(d) current through the cells is zero if E, = E, 


. Three ammeters A, Band C of resistances R,, Rg and Re respectively are joined as shown. 


When some potential difference is applied across the terminals 7, and T,, their readings are 
I,,Ip and Ic respectively. Then, 


(A) @) 
Ty T2 
(a) I, =Ip (b) 1,R,+ IpRp = Ip Re 
(c) La = ciel (d) tp = Fe 


Three voltmeters all having different resistances, are joined as shown. When some potential 
difference is applied across A and B, their readings are V,, V, and V;. Then, 


O—® 


b 
ive] 


(a) V, =V, (b) V, #V2 
(c) V, + Vo =Vs (d) V, + V2>Vs5 


. Two conductors made of the same material have lengths LZ and 2L but have equal resistances. 


The two are connected in series in a circuit in which current is flowing. Which of the following 
is/are correct? 

(a) The potential difference across the two conductors is the same 

(b) The drift speed is larger in the conductor of length L 

(c) The electric field in the first conductor is twice that in the second 

(d) The electric field in the second conductor is twice that in the first 
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10. 


. In the figure shown, A E r B 
(a) current will flow from A to B 20V 2V 


(b) current may flow A to B 
(c) current may flow from Bto A 
(d) the direction of current will depend on E 


. In the potentiometer experiment shown in figure, the null point length is /. Choose the correct 


options given below. 


a tJ] 


ae 

te! 
Ss 

(a) If jockey J is shifted towards right, / will increase 

(b) If value of E, is increased, /is decreased 


(c) If value of E, is increased, /is increased 
(d) If switch S is closed, / will decrease 


. In the circuit shown in figure, reading of ammeter will 


(a) increase if S, is closed (b) decrease if S, is closed 
(c) increase if S, is closed (d) decrease if Sy is closed\ 

. In the circuit shown in figure it is given that V, — V,, = 2 volt. Choose 22 10V 
the correct options. w+ =] 
(a) Current in the wire is 6A 
(b) Direction of current is from a to b 
(c) V,-V, =12 volt 
(d) V.-V, =12 volt 
Each resistance of the network shown in figure is r. Net resistance g 
between 
(a) aand ae 

3 b d 


(b) aand cisr 
(c) band disr 


(a) band dist e 
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Comprehension Based Questions 


Passage (Q. No. 1 and 2) 


The length of a potentiometer wire is 600 cm and it carries a current of 40 mA. For a cell of emf 
2V and internal resistance 10 Q, the null point is found to be at 500 cm. On connecting a 
voltmeter across the cell, the balancing length is decreased by 10 cm. 


1. The voltmeter reading will be 


(a) 1.96 V (b) 1.8V (c) 1.64V (d) 0.96 V 
2. The resistance of the voltmeter is 
(a) 500 Q (b) 290 Q (c) 490 Q (d) 20 Q 


Match the Columns 


1. For the circuit shown in figure, match the two columns. 


b 
+4V 
20 
a 10 e 
o—§VwWWWh WWW 0 © 
+2V 1Q t6V 
20 
+4V bd 
Column I Column II 
(a) current in wire ae (p) 1A 
(b) current is wire be (q) 2A 
(c) current in wire ce (r) 0.56A 
(d) current in wire de (s) None of these 


2. Current iis flowing through a wire of non-uniform cross-section as shown. Match the following 
two columns. 


W 22 
1 
1 
1 


Column | Column II 
(a) Current density (p) is more at 1 
(b) Electric field (q) is more at 2 
(c) Resistance per unit length (x) is same at both sections 1 and 2 


(d) Potential difference per unit length | (s) data is insufficient 
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3. In the circuit shown in figure, after closing the switch S, match the following two columns. 


S R3 
Ry Ro 
Column I Column II 
(a) current through R, (p) will increase 
(b) current through R, (q) will decrease 


(c) potential difference across R, | (r) will remain same 


(d) potential difference across R, | (s) data insufficient 
4. Match the following two columns. 


Column I Column II 


(a) Electricalresistance | (p) [MLTA?] 
(b) Electric potential (q) [(MI7T?PA?] 
(c) Specific resistance (vr) (MI7T?R A] 


(d) Specific conductance | (s) None of these 


5. In the circuit shown in figure, match the following two columns : 


Column II 
(In SI units) 


Column I 


(a) potential difference across battery A | (p) zero 
(b) potential difference across battery B | (q) 1 
(c) net power supplied/ consumed by A (r) 2 
(d) net power supplied/ consumed by B (s) 38 
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Subjective Questions 
1. Find the equivalent resistance of the triangular bipyramid between the points. 


D 


E 
(a) A and C (b) Dand E 
Assume the resistance of each branch to be R. 


2. Nine wires each of resistance r are connected to make a prism as shown in figure. Find the 
equivalent resistance of the arrangement across 


A E 
D 
B | F 
Cc 
(a) AD (b) AB 
3. The figure shows part of certain circuit, find : 
1Q 20 42 on 
C ww} wv Fs —— 8 
5A 
12V 38V 
5 Q 6Q 
4A 


(a) Power dissipated in 5 Q resistance. 
(b) Potential difference V, — Vp. 
(c) Which battery is being charged? 


4. A6 V battery of negligible internal resistance is connected across a 6V 

uniform wire AB of length 100 cm. The positive terminal of another | I 

battery of emf 4 V and internal resistance 1 Q is joined to the point A D 

as shown in figure. Take the potential at B to be zero. A B 

(a) What are the potentials at the points A and C? 

(b) At which point D of the wire AB, the potential is equal to the potential Cc 
at C? r ! 

(c) If the points C and D are connected by a wire, what will be the current 4V 12 
through it? 


(d) If the 4V battery is replaced by 7.5 V battery, what would be the answers of parts (a) and (b)? 
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5. Athin uniform wire AB of length 1 m, an unknown resistance X and 

a resistance of 12Q are connected by thick conducting strips, as 

shown in the figure. A battery and a galvanometer (with a sliding 

jockey connected to it) are also available. Connections are to be x 129 

made to measure the unknown resistance X. Using the principle of A WV 

Wheatstone bridge answer the following questions : 

(a) Are there positive and negative terminals on the galvanometer? 

(b) Copy the figure in your answer book and show the battery and the galvanometer (with jockey) 
connected at appropriate points. 

(c) After appropriate connections are made, it is found that no deflection takes place in the 
galvanometer when the sliding jockey touches the wire at a distance of 60 cm from A. Obtain the 
value of the resistance X. 


6. A galvanometer (coil resistance 99 Q) is converted into an ammeter using a shunt of 1Q and 
connected as shown in figure (a). The ammeter reads 3 A. The same galvanometer is converted 
into a voltmeter by connecting a resistance of 101 in series. This voltmeter is connected as 
shown in figure (b). Its reading is found to be 4/5 of the full scale reading. Find : 


12V r 12V r 
L —W- 
20 
@ WW 
WW V) 
20 
(a) (b) 


(a) internal resistance r of the cell 
(b) range of the ammeter and voltmeter 
(c) full scale deflection current of the galvanometer. 
7. Inacircuit shown in figure if the internal resistances of the sources are negligible then at what 


value of resistance R will the thermal power generated in it will be the maximum. What is the 
value of maximum power? 


8. In the circuit shown in figure, find : 
200A  R 


Ey 
e 
40 Q 3.00 Q 3 6.00 Q 


3.00A | | 5.00A 


(a) the current in the 3.00 Q resistor, (b) the unknown emfs £, and FE, and (c) the resistance R. 


9. 


10. 


11. 


12. 


13. 
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In the circuit shown, all the ammeters are ideal. 


20 V 42 
| (As) 
soe AQ (As) +6Vv 
S$ 
BVT @ My S20 
—\WA-—(A3)—| 
10 ~~ lav 


(a) If the switch S is open, find the reading of all ammeters and the potential difference across the 
switch. 
(b) If the switch S is closed, find the current through all ammeters and the switch also. 


An accumulator of emf 2 V and negligible internal resistance is connected across a uniform 
wire of length 10 m and resistance 30 Q. The appropriate terminals of a cell of emf 1.5 V and 
internal resistance 1 Q is connected to one end of the wire and the other terminal of the cell is 
connected through a sensitive galvanometer to a slider on the wire. What is the length of the 
wire that will be required to produce zero deflection of the galvanometer? How will the 
balancing length change? 

(a) When a coil of resistance 5 Q is placed in series with the accumulator. 

(b) The cell of 1.5 V is shunted with 5 Q resistor? 


A circuit shown in the figure has resistances 20 Q and 30 Q. At what value of resistance R, will 
the thermal power generated in it be practically independent of small variations of that 
resistance? The voltage between points A and Bis supposed to be constant in this case. 


202 
As—-Wwwv- 


3008 2R, 


In the circuit shown in figure, the emfs of batteries are E, and E, which have internal 
resistances R, and R,. At what value of the resistance R will the thermal power generated in 
it be the highest? What it is? 


Be 


www 
R, Ro 


A conductor has a temperature independent resistance R and a total heat capacity C. At the 
moment ¢ = 0 it is connected to a DC voltage V. Find the time dependence of the conductor's 
temperature 7’ assuming the thermal power dissipated into surrounding space to vary as 
q=k(T —T)), where k is a constant, JT) is the surrounding temperature (equal to conductor’s 
temperature at the initial moment). 


Answers 


Introductory Exercise 23.1 
1. 4.375x 108 2. 38880C 3. (a) 337.5C (b) 2.1x 107! 4. 6.6x 10! rps, 1.06 mA 
5. 300C 6. Yes, from left to right 


Introductory Exercise 23.2 
1. False 


Introductory Exercise 23.3 
1. 6.0x 10“*m/s 2. 0.735 u m/s, 431.4 yr. 


Introductory Exercise 23.4 
1. 0.189 2. True 3. 15¢g 4. (c) 


Introductory Exercise 23.5 
1. (d) 2. 85°C 


Introductory Exercise 23.6 
1.5A,2.5A 2. 0,2 V,5V, 15 V, 3A from C to B, 7.5 A from Dto A. 


3. 5V ala 5. Zero, 1A 


2 


Introductory Exercise 23.7 
1.3A,20,-5V 2. 36W,12W 


Introductory Exercise 23.8 
1 Vilo — Voh pr tle 


F 2.2V 3.7.5 V,0.52 
h+ bh h+h 


Introductory Exercise 23.9 
1. By connecting a resistance of 999 Q in series with galvanometer 
2. By connecting 1 Q resistance in parallel with it 3. (n-1)G 


Introductory Exercise 23.10 
1.150 2. (a) 320m (by 26 
22r 


Introductory Exercise 23.11 
1. (a) 2. (b) 3. B is most accurate 


Introductory Exercise 23.12 
1. 14.29 to14.3Q 2. See the hints 3. (c) 


Introductory Exercise 23.13 
1. (42 x 10° + 5%) Q 2. Red, Yellow, Blue, Gold 


Exercises 


LEVEL 1 
Assertion and Reason 
1. (d) 2. (a,b) 3. (b) 4. (d) 5. (b) 6. (c) 7. (d) 8. (c) 9. (d) 10. (a) 
11. (d) 
Objective Questions 
1.(d) 2.(d) 3.(a) 4.(c) 5.(b) 6.(b) 7.(a) 8.(a) 9.(b)  10.(d) 
11.(b) 12.(b) —-:13.(b) 14.(d) 15.(d) 16.(d) 17.(c) 18 (c) 19.(c)  20.(a) 
21.(d) 22.(c) 23.(b) 24.(d) 25.(d) 26.(c) 27.(a) 28d) 29.(a)  30.(c) 
31.(b) 32.(b)  33.(b) 34.(c) 35.(c) 36.(d) 37.(d) 38.(b) 39.(a)  40.(d) 
41.(b) 
Subjective Questions 
1. Yes 2. False 3. 1.12 mA 4. 829 
5. (a) 5 A (b) 1W,2W _ (c) 6 W (supplied), 3 W (absorbed) 6. 16cm from A 
7. (a) zero (b) 5.0V (c) 5.0V 8. (a) Anti-clockwise (b) £,; (c) Point B 
9. -10V 10. 1.9x 10% m/s 11. (a)9.9A (b)5.88V (c)0.600 
12. aon 14, 2W 15. 9549, 0.002 /°C 16. 0.569 mm 
Ta 
17. (a) 1.25V/m (b) 2.84x 10% 9-m 18. (a) 2d x 3d, (b) 2¢ x 3a, 4 
p p 
19. (a) 3.65x 10° Q-m (b) 172.3A (c) 2.58x 10° m/s 
20. R,= 18.180,R,=182Q 21.5A 22. 15A, =o 23. 0,98 24. A 
25.V, = 12 V, Vg = OV, Vo = 3V, Vp =-6V, V4 =12V, Vy =11V, VE =9V,V5 =6V 
26. — 75V,-50V, 125V,175V,-25V,-200V 27. (a) 0.1A,4.0V_ (b) 0.08A, 4.2 V 
28. Resistance 5Q 8Q 6Q 16Q 42 1Q 
Current 4A O.5A 3.0A O.5A 1.0A 4A 
Towards A Cc Cc Cc B E 
20 . 7 1 
29. a 30. (a) (i) 120 V, 80V (ii) 100 V, 100V_ (b) ra 
31. (a) 5V_ (b) 3V (c) positive terminal on left side 32. (a) 0.20Q (b) 8&7 V 
2 
33.2.5 V 34. current in all resistors is zero 35. as 36. 20.169 37. 22.5V 
+ 
38.48V 39.802 40. 4000,3.2V, 3.238 V Al. (a) = (b) 45x 103 
yo 
[Ry | 
42. (a) I, fee e | (b) 0.0045 43. 54W 44. 0.6 W,2W 
+r 
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45. +14 W,-1 W 


(c) 35.0A (d) 28.0 V for each 


46. (a) 24W (b) 4W (c) 20W 
47. (a) 0.80Q (b) 1.60 Q resistor 17.5 A, 2.40 Q resistor 11.7 A, 4.80 Q resistor 5.8 A 


(e) 1.60 Q resistor 490 W, 2.40 Q resistor 327 W, 4.80Q resistor 163 W 


48. (a) 273.8 V (b) 1.6 W 


49. (a) — Q (b) _ (c) = 


50. The new equivalent resistance will become 0.6 times 


5 4 r 
52. (a) a’ (b) 3! (c) r (d) z (e) r 


LEVEL 2 
Single Correct Option 
1.(b) 2.(c) 3.(b) 
11.(b)  12.(b) —-13.(c) 
21.(a)  -22.(b) ~—23.(d) 


4.(c) 
14.(d) 
24.(c) 


More than One Correct Options 


1. (a,c) 


2. (b,c,d) 3. (a,b,d) 4. (b,c) 


5.(a) 
15.(d) 
25.(b) 


Comprehension Based Questions 


1.(a) 2. (c) 


Match the Columns 


1. (abo gq (b)> s (c)> q 
2. (a> p (b)> p (c)> p 
3. (aJ> qq (b)>Pp (c)> q 
4. (ajo gq (b) > r (c)> $s 
5. (ayo s (b) > r (c)> $s 


Subjective Questions 
2 2 
1. (a) i (b) a 


(d)> s 
(d)> p 
(d)> p 
(d)> s 
(d)> r 


Q () Bo (e) 6.1942 ) @) 20 


(f) least resistance 


51. 23.322 


53. (a) r/2 (b) 4r/5 


6.(b) 7.(a) 8.(d) 9.(b)  10.(d) 
16.(b) 17.(a) 18(c) 19.(d)  20.(b) 
26.(b)  27.(d) 

(a,b,c,d) 8. (a,c) 9. (a,d) 10. (b,d) 


5. (a,b,c) 6. (b,c,d) 7. 


2. @ =r () 27 


3. (a) 605W (b) 6V (c) both 


4.(a) 6V,2V (b) AD=66.7 cm (c) zero (d) 6 V,-1.5 V, no such point D exists. 
6. (a) 1.019 (b) 5A,9.95V (c) 0.05A 


5.(a) No (c) 8Q 
7.292,4.5 W 


8. (a) 8A (b) 36V, 54V 


(c) 9Q 


9. (a) 9.5A,9.5A,2A,5A,5A,2A,12V (b) 12.5A,2.5A,10A,7A,8A,5A,15A 


10. 7.5 m (a) 8.75 m (b) 6.25 m 


13.7 =T) + (1 ete) V2 
. kR 


11. 120 


12. R= 


RiR2 


_ (EiRo + EoR,)? 


R, +R. 


max 


AR Ro (R, + Ro) 


A 
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24.1 Introduction 


When we comb our hair on a dry day and bring the comb close to tiny pieces of paper, we note that 
they are swiftly attracted by the comb. Similar phenomena occur if we rub a glass rod or an amber rod 
with a cloth or with a piece of fur. Why does this happens? What really happens in an electric circuit? 
How do electric motors and generators work? 

The answers to all these questions come from a branch of physics known as electromagnetism, the 
study of electric and magnetic interactions. These interactions involve particles that have a property 
called electric charge, an inherent property of matter that is as fundamental as mass. 

We begin our study of electromagnetism in this chapter by the electric charge. We will see that it is 
quantized and obeys a conservation principle. Then we will study the interactions of electric charges 
that are at rest, called electrostatic interactions. These interactions are governed by a simple 
relationship known as Coulomb’s law. This law is more conveniently described by using the concept 
of electric field. 


24.2 Electric Charge 


The electrical nature of matter is inherent in atomic structure. An atom consists of a small, relatively 
massive nucleus that contains particles called protons and neutrons. A proton has a mass 
1.673 x10-7” kg, while a neutron has a slightly greater mass 1.675 x io” kg. Surrounding the nucleus 
is a diffuse cloud of orbiting particles called electrons. An electron has a mass of 9.11 x 10" kg. 
Like mass, electric charge is an intrinsic property of protons and electrons, and only two types of 
charge have been discovered positive and negative. A proton has a positive charge, and an electron 
has a negative charge. A neutron has no net electric charge. 


The magnitude of the charge on the proton exactly equals the magnitude of the charge on the electron. 
The proton carries a charge +e and the electron carries a charge —e. The SI unit of charge is coulomb 
(C) and e has the value 


e= 16x10 C 
Regarding charge the following points are worth noting: 
1. Like charges repel each other and unlike charges attract each other. 


2. Charge is a scalar and can be of two types positive or negative. 


3. Charge is quantized. The quantum of charge is e. The charge on any body will be some integral 
multiple of e, i.e. 


q=itne where, n=1,2,3... 
1 
Charge on any body can never be E e , 1.5e, etc. 


Note (i) Apart from charge, energy, angular momentum and mass are also quantized. The quantum of energy is 
hv and that of angular momentum is a Quantum of mass is not known till date. 
T 


(ii) The protons and neutrons are combination of other entities called quarks, which have charges + F eand 


+ f e. However, isolated quarks have not been observed. So, quantum of charge is still e. 


Chapter 24 Electrostatics © 111 


4. During any process, the net electric charge of an isolated system remains constant or we can say 
that charge is conserved. Pair production and pair annihilation are two examples of conservation 
of charge. 

5. A charged particle at rest produces electric field. A charged particle in an unaccelerated motion 
produces both electric and magnetic fields but does not radiate energy. But an accelerated charged 
particle not only produces an electric and magnetic fields but also radiates energy in the form of 
electromagnetic waves. 


© Example 24.1 How many electrons are there in one coulomb of negative 
charge? 
Solution The negative charge is due to the presence of excess electrons, since they carry 
negative charge. Because an electron has a charge whose magnitude is e= 1.6x 10''’G the 
number of electrons is equal to the charge g divided by the charge e on each electron. Therefore, 
the number zn of electrons is 
_4q 1.0 


e 16x10 


= 6.25x 10!8 Ans. 


24.3 Conductors and Insulators 


For the purpose of electrostatic theory, all substances can be divided into two main groups, 
conductors and insulators. In conductors, electric charges are free to move from one place to another, 
whereas in insulators they are tightly bound to their respective atoms. In an uncharged body, there are 
equal number of positive and negative charges. 


The examples of conductors of electricity are the metals, human body and the earth and that of 
insulators are glass, hard rubber and plastics. In metals, the free charges are free electrons known as 
conduction electrons. 


Semiconductors are a third class of materials and their electrical properties are somewhere between 
those of insulators and conductors. Silicon and germanium are well known examples of 
semiconductors. 


24.4 Charging of a Body 


Mainly there are the following three methods of charging a body : 
Charging by Rubbing 


The simplest way to experience electric charges is to rub certain bodies against each other. When a 
glass rod is rubbed with a silk cloth, the glass rod acquires some positive charge and the silk cloth 
acquires negative charge by the same amount. The explanation of appearance of electric charge on 
rubbing is simple. All material bodies contain large number of electrons and equal number of protons 
in their normal state. When rubbed against each other, some electrons from one body pass onto the 
other body. The body that donates the electrons becomes positively charged while that which 
receives the electrons becomes negatively charged. For example, when glass rod is rubbed with silk 
cloth, glass rod becomes positively charged because it donates the electrons while the silk cloth 
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becomes negatively charged because it receives electrons. Electricity so obtained by rubbing two 
objects is also known as frictional electricity. The other places where the frictional electricity can be 
observed are when amber is rubbed with wool or a comb is passed through a dry hair. Clouds also 
become charged by friction. 


Charging by Contact 


When a negatively charged ebonite rod is rubbed on a metal object, such as a sphere, some of the 
excess electrons from the rod are transferred to the sphere. Once the electrons are on the metal sphere, 
where they can move readily, they repel one another and spread out over the sphere’s surface. The 
insulated stand prevents them from flowing to the earth. When the rod is removed, the sphere is left 
with a negative charge distributed over its surface. In a similar manner, the sphere will be left with a 
positive charge after being rubbed with a positively charged rod. In this case, electrons from the 
sphere would be transferred to the rod. The process of giving one object a net electric charge by 
placing it in contact with another object that is already charged is known as charging by contact. 


=<» Ebonite rod 


Metal 
sphere 


Insulated 
stand 


Fig. 24.1 


Charging by Induction 


It is also possible to charge a conductor in a way that does not involve contact. 


—— ae ++ ate SS 
=> + = = 
fe 
al Metal 
4. sphere 
A 7 - 
+n 
Insulated 
stand 


(a) (b) (c) 
Fig. 24.2 


In Fig. (a), a negatively charged rod brought close to (but does not touch) a metal sphere. In the 
sphere, the free electrons close to the rod move to the other side (by repulsion). As a result, the part of 
the sphere nearer to the rod becomes positively charged and the part farthest from the rod negatively 
charged. This phenomenon is called induction. Now, if the rod is removed, the free electrons return to 
their original places and the charged regions disappear. Under most conditions the earth is a good 
electric conductor. So, when a metal wire is attached between the sphere and the ground as in figure 
(b) some of the free electrons leave the sphere and distribute themselves on the much larger earth. If 
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the grounding wire is then removed, followed by the ebonite rod, the sphere is left with a net positive 
charge. 


The process of giving one object a net electric charge without touching the object to a second charged 
object is called charging by induction. The process could also be used to give the sphere a net 
negative charge, if a positively charged rod were used. Then, electrons would be drawn up from the 
ground through the grounding wire and onto the sphere. 


If the sphere were made from an insulating material like plastic, instead of metal, the method of 
producing a net charge by induction would not work, because very little charge would flow through 
the insulating material and down the grounding wire. However, the electric force of the charged rod 
would have some effect as shown in figure. The electric force would cause the positive and negative 
charges in the molecules of the insulating material to separate slightly, with the negative charges 
being pushed away from the negative rod. The surface of the plastic sphere does acquire a slight 
induced positive charge, although no net charge is created. 


—= 


Ebonite rod ~——= 
———— +—= Plastic) 
A! y 
comm 
Fig. 24.3 


© Example 24.2 If we comb our hair on a dry day and bring the comb near 
small pieces of paper, the comb attracts the pieces, why? 


Solution This is an example of frictional electricity and induction. When we comb our hair, it 
gets positively charged by rubbing. When the comb is brought near the pieces of paper some of 
the electrons accumulate at the edge of the paper piece which is closer to the comb. At the farther 
end of the piece there is deficiency of electrons and hence, positive charge appears there. Such a 
redistribution of charge in a material, due to presence of a nearby charged body is called 
inducion. The comb exerts larger attraction on the negative charges of the paper piece as 
compared to the repulsion on the positive charge. This is because the negative charges are closer 
to the comb. Hence, there is a net attraction between the comb and the paper piece. 


© Example 24.3 Does the attraction between the comb and the piece of papers 
last for longer period of time? 
Solution No, because the comb loses its net charge after some time. The excess charge of the 
comb transfers to earth through our body after some time. 


© Example 24.4 Can two similarly charged bodies attract each other? 


Solution Yes, when the charge on one body (g, ) is much greater than that on the other (q> ) 
and they are close enough to each other so that force of attraction between g, and induced charge 
on the other exceeds the force of repulsion between g, and q,. However, two similar point 
charges can never attract each other because no induction will take place here. 


© Example 24.5 Does in charging the mass of a body change? 


Solution Yes, as charging a body means addition or removal of electrons and electron has 
a mass. 
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© Example 24.6 Why a third hole in a socket provided for grounding? 


Solution All electric appliances may end with some charge due to faulty connections. In such 
a situation charge will be accumulated on the appliance. When the user touches the appliance, he 
may get a shock. By providing the third hole for grounding all accumulated charge is discharged 
to the ground and the appliance is safe. 


INTRODUCTORY EXERCISE 


1. Is attraction a true test of electrification? 
. ls repulsion a true test of electrification? 
. Why does a phonograph record attract dust particles just after it is cleaned? 


kk © ND 


. Whatis the total charge, in coulombs, of all the electrons in three gram mole of hydrogen atom? 


24.5 Coulomb’s Law 


The law that describes how charges interact with one another was discovered by Charles Augustin de 
Coulomb in 1785. With a sensitive torsion balance, Coulomb measured the electric force between 
charged spheres. In Coulomb’s experiment, the charged spheres were much smaller than the distance 
between them so that the charges could be treated as point charges. The results of the experiments of 
Coulomb and others are summarized in Coulomb’s law. 


The electric force F., exerted by one point charge on another acts along the line between the charges. 
It varies inversely as the square of the distance separating the charges and is proportional to the 
product of charges. The force is repulsive if the charges have the same sign and attractive if the 
charges have opposite signs. 


The magnitude of the electric force exerted by a charge g, on another charge q, a distance r away is 
thus, given by 


k 
F, = H14idal (i) 


r 


The value of the proportionality constant k in Coulomb’s law depends on the system of units used. In 
SI units the constant & is 


N- 2 
k =8.987551787 x 10° _ 
Cc 
2 
~8.988 x 10° SS 


The value of & is known to such a large number of significant digits because this value is closely 
related to the speed of light in vacuum. This speed is defined to be exactly c=2.99792458 x 10° m/s. 
The numerical value of x is defined in terms of c to be precisely. 


N-s2 
k-[10” a Je 
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This constant k is often written as , where €, (“epsilon-nought’’) is another constant. This 


TE 9 
appears to complicate matters, but it actually simplifies many formulae that we will encounter in later 
chapters. Thus, Eq. (1) can be written as 


— aida ...(ii) 
ATE 9 yi 
I N-s? 
Here, =|1077 se ce 
ATE 1 Cc 
Substituting value of c=2.99792458 x 10° m/s, we get 
1 
=8.99 x 10°N-m/C? 
AT Ey 


In examples and problems, we will often use the approximate value 
=9.0x 10° N-m?/C? 


ATE 9 
Here, the quantity €, is called the permittivity of free space. It has the value, 


£) =8.854 x10" C?/N-m? 


Regarding Coulomb’s law, the following points are worth noting: 

1. Coulomb’s law stated above describes the interaction of two point charges. When two charges 
exert forces simultaneously on a third charge, the total force acting on that charge is the vector 
sum of the forces that the two charges would exert individually. This important property, called 
the principle of superposition of forces, holds for any number of charges. Thus, 

Fie =F, + F, +...+F, 

2. The electric force is an action reaction pair, 1.e. the two charges exert equal and opposite forces on 
each other. 

3. The electric force is conservative in nature. 


4. Coulomb’s law as we have stated above can be used for point e+——*% 92@——> F, 
charges in vacuum. If some dielectric is present in the space f 
between the charges, the net force acting on each charge is In vacuum 
altered because charges are induced in the molecules of the Fig. 24.4 


intervening medium. We will describe this effect later. Here at 

this moment it is enough to say that the force decreases K times if the medium extends till infinity. 

Here, K is a dimensionless constant which depends on the medium and called dielectric constant 

of the medium. Thus, 

me es 
Amey rr? 


putes 14 _ 1 1% 
e K 4me kK r Ane r 


: (in vacuum) 


(in medium) 


Here, € =€ 9K is called permittivity of the medium. 


116 © Electricity and Magnetism 


® Extra Points to Remember 
e In few problems of electrostatics Lami’s theorem is very useful. F, 
According to this theorem, “if three concurrent forces F,,F, and F; as shown in y 
Fig. 24.5 are in equilibrium or ifF, + F, + F; = 0, then 
ras : 
sina sinB — siny 


F 


e Suppose the position vectors of two chargesq, andq, arer, andr,, then electric force 


F. 
on charge q, due to charge g, is, 


Fig. 24.5 


= 1 V9 AG 8) 
Ane |r, — tol 
Similarly, electric force ong, due to charge q, is 
1 
& 9102 : (ean 
Amey |tp —K 


2 


Here, g, and qy are to be substituted with sign. r, = xi + Yi ap zk and fp = Xi + Yo | + Zk where 
(X, Yy.Z,) and (X,, Yo, Z>) are the coordinates of charges g, and qp. 


© Example 24.7 What is the smallest electric force between two charges placed 
at a distance of 1.0 m? 


1 14 


Solution F,= i 2 _@ 
For F, to be minimum q;q, should be minimum. We know that 
Gian, = ae SH 
Substituting in Eq. (i), we have 
(F.). = (9.0x 10° )(1.6x 107? )(1.6x 107? ) 
= (1.0)? 
= 2,304 x 10°78 N Ais. 


© Example 24.8 Three charges q, =1uUC, gg =—2uC and q; =3uUC are placed 
on the vertices of an equilateral triangle of side 1.0 m. Find the net electric force 
acting on charge q,. 
q3 


q4 Qe 
Fig. 24.6 


HOWTO PROCEED Charge q, will attract charge q, (along the line joining them) 
and charge q, will repel charge q,. Therefore, two forces will act on q,, one due 
to gq, and another due to q,. Since, the force is a vector quantity both of these 
forces (say F, and F, ) will be added by vector method. The following are two 
methods of their addition. 
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Solution Method 1. In the figure, 


1 1% 


BF, |=F, = 
are 


= magnitude of force between g, and gq, 
_ (9.0 10° ) (1.0 107° ) (2.0 10° ) 


(1.0) 
=1.8x10° N 
Similarly, IF, |=F,=—- 228 
oe 
= magnitude of force between q, and q3 
_ (9.0 10° ) (1.0 10° ) (3.0x 10° ) 
(1.0)? 
=2.7x10°N 
Now, [Fro [=F + F2 + 2F, F, cos 120° 
= os £(277 42.1.8) (27) (- 4) x 107 N 
=2.38x 107 N 
aati te Fy, sin 120 


F, + F, cos 120° 
(2.7x 10 ) (0.87) 


(1.8x 107) + (2.7x 10)(- ;] 


or a= 79.2° 
Thus, the net force on charge q, is 2.38 x 10°? Nat an angle & = 79.2° with a line joining q, and 
qd as shown in the figure. Ans. 


Method 2. In this method let us assume a coordinate axes with q, at origin as shown in figure. 


The coordinates of g, ,q and q, in this coordinate system are (0, 0, 0), ( 1 m, 0, 0) and (0.5 m, 
0.87 m, 0) respectively. Now, 


ys 93 


Fig. 24.8 
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F, = force on q, due to charge g, 


1 %4% 


(1, — rp) 
4n€y |r —41)/° 


_ (9.0 10° ) (1.0x 10°) (-2.0x 10°) 
(1.0)? 
=(1.8x107 i)N 


[((0O—1)i + (0-0) j+ (0-0)k ] 


and F, = force on q, due to charge q, 
1 14 
Amey |r, — 43 | 
_ (9.0x 10") (1.0x 10° ) (3.0x 10°) 
7 (1.0)3 
=(-1:351-2349])x% 10° N 


3 (r, —13) 


[(0— 0.5) i + (0— 0.87) j + (0—0) k] 


Therefore, net force ong, is F=F, +F, 
= (0.45i — 2.349 j)x 107 N Ans. 


Note Once you write a vector in terms of i, jand k, there is no need of writing the magnitude and direction 
of vector separately. 


© Example 24.9 Two identical balls each having a density p are suspended from 
a common point by two insulating strings of equal length. Both the balls have 
equal mass and charge. In equilibrium each string makes an angle 8 with 
vertical. Now, both the balls are immersed in a liquid. As a result the angle 0 
does not change. The density of the liquid is o. Find the dielectric constant of 
the liquid. 
Solution Each ball is in equilibrium under the following three forces : 
(i) tension, (ii) electric force and (iii) weight 


So, Lami’s theorem can be applied. 


8 8 

ae OAT 

i i > = 

Ww Ww 
In vacuum In liquid 

Fig. 24.9 
Besiccd a 
In the liquid, i,.= ra 


where, K =dielectric constant of liquid and W’ =W — upthrust 
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Applying Lami’s theorem in vacuum 


W _ F, 
sin (90° +8) sin (180° — 8) 
W Bo 
or =-— 
cos® sin®@ 
, F , 
Similarly in liquid, aa — .. (ii) 
cos® sin®@ 
Dividing Eq. (1) by Eq. (ii), we get 
WF, 
Ww’ F’ 
or a as Be =K 
W — upthrust F’ 
a PE (VV = volume of ball) 
Vpg —Vog 
or K= <u Ans. 
p—9o 
Note !n the liquid F, and W have changed. Therefore, T will also change. 


INTRODUCTORY EXERCISE 


1. 


The mass of an electron is 9.11 x 10-*" kg, that of a proton is 1.67 x 10°” kg. Find the ratio F, /F, 
of the electric force and the gravitational force exerted by the proton on the electron. 


2. Find the dimensions and units of €o. 


3. Three point charges q are placed at three vertices of an equilateral triangle of side a. Find 


a 


magnitude of electric force on any charge due to the other two. 
Three point charges each of value + q are placed on three vertices of a square of side a metre. 


What is the magnitude of the force on a point charge of value —q coulomb placed at the centre of 
the square? 


Coulomb’s law states that the electric force becomes weaker with increasing distance. Suppose 
that instead, the electric force between two charged particles were independent of distance. In 
this case, would a neutral insulator still be attracted towards the comb. 


A metal sphere is suspended from a nylon thread. Initially, the metal sphere is uncharged. 
When a positively charged glass rod is brought close to the metal sphere, the sphere is drawn 
towards the rod. But if the sphere touches the rod, it suddenly flies away from the rod. Explain, 
why the sphere is first attracted then repelled? 


Is there any lower limit to the electric force between two particles placed at a certain distance? 
Does the force on a charge due to another charge depend on the charges present nearby? 
The electric force on a charge q, due to gq, is (4i = 3j) N. What is the force on q, due to q,? 
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24.6 Electric Field 


A charged particle cannot directly interact with another particle kept at a distance. A charge produces 
something called an electric field in the space around it and this electric field exerts a force on any 
other charge (except the source charge itself) placed in it. 


Thus, the region surrounding a charge or distribution of charge in which its electrical effects can be 
observed is called the electric field of the charge or distribution of charge. Electric field at a point can 
be defined in terms of either a vector function E called ‘electric field strength’ or a scalar function V 
called ‘electric potential’. The electric field can also be visualised graphically in terms of ‘lines of 
force’. Note that all these are functions of position r (x, y, z). The field propagates through space 
with the speed of light, c. Thus, if a charge is suddenly moved, the force it exerts on another charge a 
distance r away does not change until a time r /c later. In our forgoing discussion, we will see that 
electric field strength E and electric potential V are interrelated. It is similar to a case where the 
acceleration, velocity and displacement of a particle are related to each other. 


Electric Field Strength (E) 


Like its gravitational counterpart, the electric field strength (often called electric field) at a point in an 
electric field is defined as the electrostatic force F, per unit positive charge. Thus, if the electrostatic 
force experienced by a small test charge qo is F,, then field strength at that point is defined as 


.. KF, 

E= lim — 

1% qo 
The electric field is a vector quantity and its direction is the same as the direction of the force F, ona 
positive test charge. The SI unit of electric field is N/C. Here, it should be noted that the test charge ¢ 
should be infinitesimally small so that it does not disturb other charges which produces E. With the 
concept of electric field, our description of electric interactions has two parts. First, a given charge 
distribution acts as a source of electric field. Second, the electric field exerts a force on any charge 

that is present in this field. 


An Electric Field Leads to a Force 


Suppose there is an electric field strength E at some point in an electric field, then the electrostatic 
force acting on a charge +q is gE in the direction of E, while on the charge — q it is gE in the opposite 
direction of E. 


© Example 24.10 An electric field of 10° N/C points due west at a certain spot. 
What are the magnitude and direction of the force that acts on a charge of 
+2uC and —-5uC at this spot? 


Solution Force on + 2uC= gE = (210° )(10° ) 
=0.2N (due west) Ans. 
Force on — 5uC= (5x 10°) (10°) 
=0.5N (due east) Ans. 
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Electric Field Due to a Point Charge 


The electric field produced by a point charge qg can be obtained in general terms from Coulomb’s law. 
First note that the magnitude of the force exerted by the charge g on a test charge gq is 


q + © >E 
: E 
Fig. 24.10 
J) ate 
© 4me, Pr? 


then divide this value by g, to obtain the magnitude of the field. 
1 4 


Ane) r? 


If g is positive, Eis directed away from qg. On the other hand, if g is negative, then E is directed 
towards q. 
The electric field at a point is a vector quantity. Suppose E, is the field at a point due to a charge q, 
and E, in the field at the same point due to a charge g,. The resultant field when both the charges are 
present is 


If the given charge distribution is continuous, we can use the technique of integration to find the 
resultant electric field at a point. 


© Example 24.11 Two positive point charges q, = 16 uC and q, =4 uC, are 
separated in vacuum by a distance of 3.0 m. Find the point on the line between 
the charges where the net electric field is zero. 
Solution Between the charges the two field contributions have opposite directions, and the net 
electric field is zero at a point (say P) where the magnitudes of E, and E, are equal. However, 
since g, <q,, point P must be closer to qg,, in order that the field of the smaller charge can 
balance the field of the larger charge. 


E E 
1@——_ +O» 


"4 r2 
Fig. 24.11 
At P, E, =E, 
e 1a 1 & 


ANE) 7? MED 


122 © Electricity and Magnetism 


A= jf - [2-2 (i) 
y q2 4 


Also, , +m =3.0m .. (ii) 
Solving these equations, we get 
,=2m and ~»=1lm 


Thus, the point P is at a distance of 2 m from qg, and | m from q). Ans. 


Electric Field of a Ring of Charge 


A conducting ring of radius R has a total charge gq uniformly distributed over its circumference. We 
are interested in finding the electric field at point P that lies on the axis of the ring at a distance x from 
its centre. 


Fig. 24.12 


We divide the ring into infinitesimal segments of length d/. Each segment has a charge dq and acts as 
a point charge source of electric field. 


Let dEbe the electric field from one such segment; the net electric field at P is then the sum of all 
contributions dE from all the segments that make up the ring. If we consider two ring segments at 
the top and bottom of the ring, we see that the contributions dE to the field at P from these segments 
have the same x-component but opposite y-components. Hence, the total y-component of field due 
to this pair of segments is zero. When we add up the contributions from all such pairs of segments, 
the total field E will have only a component along the ring’s symmetry axis (the x-axis) with no 
component perpendicular to that axis (i.e. no y or z-component). So, the field at P is described 
completely by its x-component F,. 


Calculation of E, 


q 
dq =| —— |-dl 
7 (54 


ee 
Amey 1? 
1 e 
i, =db coso=[ ) me a Ws hoa a 
An Ey )\ x" +R V2 +R? 
1 (dq) x 


a AN Ey (x2 ee 
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x 
E.=|dE,= dq 
| 2 it Re! 
1 qx 
or £,= 
x Care + R2)2? 


From the above expression, we can see that 
(i) E,, =0 at x =0, 1.e. field is zero at the centre of the ring. We should expect this, charges on 
opposite sides of the ring would push in opposite directions on a test charge at the centre, and the 
forces would add to zero. 
. 
ANE) x? 


(11) £, = for x >> R, i.e. when the point P is much farther from the ring, its field is the 


same as that of a point charge. To an observer far from the ring, the ring would appear like a 
point, and the electric field reflects this. 


dE 
(111) £,. will be maximum where ae =0. Differentiating £,. w.r.t.x and putting it equal to zero we 
Ne 


R 2; 1 4 
get x =—~— and E,,,,, comes out to be, al : 5}. 
V2 43 4ne) R? 


E, 


= 7 


z 
M2 
Fig. 24.13 
Electric Field of a Line Charge 


Positive charge q is distributed uniformly along a line with length 2a, lying along the y-axis between 
y=-aand y=+a. Weare here interested in finding the electric field at point P on the x-axis. 


tY 


r= Jet y2 


Kuyt 2 


y 


>X 


Fig. 24.14 
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A =charge per unit length = a 
a 


dq =i dy=— ay 
2a 
ol dq | qd dy 
ATE 9 r ANE 9 2a (x? + y’) 


d 
dE, = dE cos8 = Bi SS a 
AME 2a(x~ +y~) 


d 
dE, =— dE sin@ =-—*_.__ 9 __ 
ANE 2a (x° + y*) 


= 1 oot dy _ 4. 1 
* Amey 2a--4(7 + y7)9?) Amey 2 a 9? 


1 qa ydy 
and Ey= , ghd 22 79 
ATE 2a (x +y ) 


Thus, electric field is along x-axis only and which has a magnitude, 


i (i) 


x 
Ame ox) x* +a’ 
From the above expression, we can see that 


me i.e. if point P is very far from the line charge, the field at P is the same 


1) ifx >>a, FE, = , 
o * ANEg x? 


as that of a point charge. 


(ii) if we make the line of charge longer and longer, adding charge in proportion to the total length so 
that 1, the charge per unit length remains constant. In this case, Eq. (i) can be written as 


1 q 1 
E,= 
2n€y \2a xyx7/a? +1 


x 
Ine) xx7/a? +1 
ny 
Now, x7/a*— Oasa>>x, E,= 
“ 2TE 9x 


Thus, the magnitude of electric field depends only on the distance of point P from the line of 
charge, so we can say that at any point P at a perpendicular distance r from the line in any 
direction, the field has magnitude 


4K 
2TE yr 


(due to infinite line of charge) 
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1 
or Ear 
a 
Thus, E-r graph is as shown in Fig. 24.15. 
E 
1 
Be 
> 
Fig. 24.15 


The direction of Eis radially outward from the line. 


Note Suppose a charge q Is placed at a point whose position vector is r, and we want to find the electric field 


at a point P whose position vector is tp. Then, in vector form the electric field is given by 
1 


= : tp —',) 
zp "y 
ANE |tp-1| 
Here, tp =Xpi + Yp J+ Zpk 
and I, =X,1+ ¥gj+Z,k 


In this equation, q is to be substituted with sign. 


© Example 24.12 A charge q=1wuC is placed at point (1 m, 2 m, 4 m). Find the 
electric field at point P (0, — 4 m, 3m). 


Solution Here, r, =i+2j+4k 
and rp =—4j+ 3k 
rp —r, =-i- 6j-k 
or rp —¥,|= ¥C1? + 6)? + C1? = ¥38 m 
1 
Now, q 3 (Fp=¥,) 


ATE 9 . tp", 
Substituting the values, we have 
pe 9.9% 10° )(1.0x 10°) 
(sy 
= (-38.42 i — 230.52 j— 38.42k)N/C Ans. 


(-i- 6j-k) 


Electric Field Lines 


As we have seen, electric charges create an electric field in the space surrounding them. It is useful to 
have a kind of “map” that gives the direction and indicates the strength of the field at various places. 
Field lines, a concept introduced by Michael Faraday, provide us with an easy way to visualize the 
electric field. 
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“An electric field line is an imaginary line or curve drawn through a region of space so that its tangent 
at any point is in the direction of the electric field vector at that point. The relative closeness of the 
lines at some place give an idea about the intensity of electric field at that point.” 


we ee 
[E4| > |Es| 


Fig. 24.16 


The electric field lines have the following properties : 

1. The tangent to a line at any point gives the direction of E at that point. This is also the path on 
which a positive test charge will tend to move if free to do so. 

2. Electric field lines always begin on a positive charge and end on a negative charge and do not start 
or stop in mid-space. 

3. The number of lines leaving a positive charge or entering a negative charge is proportional to the 
magnitude of the charge. This means, for example that if 100 lines are drawn leaving a +4uUC 
charge then 75 lines would have to end on a —3 uC charge. 

4. Two lines can never intersect. If it happens then two tangents can be drawn at their point of 
intersection, i.e. intensity at that point will have two directions which is absurd. 

5. Ina uniform field, the field lines are straight parallel and 4 spaced. 


y- NEA 
IN IS PRE 


S@{ 39S =e* '@= Cz '€ 
ANS AVS (SS 


6. The electric field lines can never form closed loops as a line can never start and end on the 
same charge. 
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7. Electric field lines also give us an indication of the equipotential surface (surface which has the 
same potential) 


8. Electric field lines always flow from higher potential to lower potential. 


9. Inaregion where there is no electric field, lines are absent. This is why inside a conductor (where 
electric field is zero) there, cannot be any electric field line. 


10. Electric lines of force ends or starts normally from the surface of a conductor. 


INTRODUCTORY EXERCISE 


1. The electric field of a point charge is uniform. Is it true or false? 
2. Electric field lines are shown in Fig. 24.18. State whether the electric potential is greater at A or B. 
ee 
A —— 
—— 
Snags 
Fig. 24.18 


3. Acharged particle always move in the direction of electric field. Is this statement true or false? 


a 


The trajectory of a charged particle is the same as a field line. Is this statement true or false? 
5. Figure shows some of the electric field lines due to three point charges q,,q> and q3 of equal 
magnitude. What are the signs of each of the three charges? 


NNN 


—_——_ e ——>——_ e —~<—-_ oe —— 


ee ee 


Fig. 24.19 


6. Four particles each having a charge q, are placed on the four vertices of a regular pentagon. 
The distance of each corner from the centre is a. Find the electric field at the centre of the 
pentagon. 


7. Acharge gq =—2.0uC is placed at origin. Find the electric field at (3 m, 4 m, 0). 


24.7 Electric Potential Energy 


The electric force between two charges is directed along the line of the charges and depends on the 
inverse square of their separation, the same as the gravitational force between two masses. Like the 
gravitational force, the electric force is conservative, so there is a potential energy function U 
associated with it. 


When a charged particle moves in an electric field, the field exerts a force that can do work on the 
particle. This work can always be expressed in terms of electric potential energy. Just as gravitational 
potential energy depends on the height of a mass above the earth’s surface, electric potential energy 
depends on the position of the charged particle in the electric field, when a force F acts on a particle 


that moves from point a to point b, the work W, _, , done by the force is given by 
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a 


W.-sb =|? F-ds=[" F cos @ ds 


where, ds is an infinitesimal displacement along the particle’s path and is the angle between F and ds 
at each point along the path. 


Second, if the force F is conservative, the work done by F can always be expressed in terms of a 
potential energy U. When the particle moves from a point where the potential energy isU,, to a point 


where it isU,, , the change in potential energy is, AU =U, —U,, . This is related by the work W,_, ,, as 
Wye lg Uy = (0p Ue Ad .--(i) 
Here, W,_,,, is the work done in displacing the particle from a to b by the conservative force (here 


electrostatic) not by us. Moreover we can see from Eq. (i) that if W,_, ,, is positive, AU is negative 
and the potential energy decreases. So, whenever the work done by a conservative force is 
positive, the potential energy of the system decreases and vice-versa. That’s what happens when a 
particle is thrown upwards, the work done by gravity is negative, and the potential energy increases. 


© Example 24.13 A uniform electric field E, is directed along positive 
y-direction. Find the change in electric potential energy of a positive test charge 
do when it is displaced in this field from y; =a to y =2a along the y-axis. 


Solution Electrostatic force on the test charge, Eo 
F, =qoko (along positive y-direction) ane 
ie W,¢ =—- AU Ta 
or AU =—-W;,_¢ =—[qo£o @a-a)] 
=-qoEoa Ans. 
Fig. 24.20 


Note Here, work done by electrostatic force is positive. Hence, the potential energy is 
decreasing. 


Electric Potential Energy of Two Charges 


The idea of electric potential energy is not restricted to the special case of a uniform electric field as in 
example 24.13. Let us now calculate the work done on a test charge gj moving in a non-uniform 
electric field caused by a single, stationary point charge q. 


a b 

q r 90 

Ie -| 

la 
I< i; -| 
Fig. 24.21 
The Coulomb’s force on qo at a distance r from a fixed charge q is 
act 80 
Amey 


If the two charges have same signs, the force is repulsive and if the two charges have opposite signs, 
the force is attractive. The force is not constant during the displacement, so we have to integrate to 
calculate the work W,_,,, done on qg by this force as gy moves from a to b. 
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" m 1 1 1 
Wy = [°F ar=[” pe ee 990 
Ya ta ATE) Amey |r, % 


Being a conservative force this work is path independent. From the definition of potential energy, 


ce ee ee 
b a a-b ANE » ry 7 


a 


We choose the potential energy of the two charge system to be zero when they have infinite 
separation. This means U ,, =0. The potential energy when the separation is r is U,,. 


U, u,, = #40 E “| 
4me, \r 


— 990 1 


or = 
" 4Meyr 


This is the expression for electric potential energy of two point charges kept at a separation r. In this 
expression both the charges g and gy are to be substituted with sign. The potential energy is positive if 
the charges g and gy have the same sign and negative if they have opposite signs. Note that the above 
equation is derived by assuming that one of the charges is fixed and the other is displaced. However, 
the potential energy depends essentially on the separation between the charges and is independent of 
the spatial location of the charged particles. We emphasize that the potential energy U given by the 
above equation is a shared property of two charges g and qo, it is a consequence of the interaction 
between these two charges. If the distance between the two charges is changed from 7, to n,, the 
change in the potential energy is the same whether gq is held fixed and g, is moved or gq, is held fixed 
and g is moved. For this reason we will never use the phrase ‘the electric potential energy of a point 
charge’. 


Electric Potential Energy of a System of Charges 
The electric potential energy of a system of charges is given by 
1 qi 4 j 


aM tie) ty 


This sum extends over all pairs of charges. We don’t let i= 7, because that would be an interaction of a 
charge with itself, and we include only terms with i<j to make sure that we count each pair 
only once. 


Thus, to account for the interaction between q; and q,, we include a term with i= 4 22 


and 7 =5 but not a term with 7=5 and j= 4. Dq3 
For example, electric potential energy of four point charges ¢,, q2, g3 and g, would rg , 
be given by 2q4 
1 . Fig. 24.22 
_ [a 192 UN , 1392, 3% + fat Ai) 
Ane | N43 20) Ty ey) Bi py 


Here, all the charges are to be substituted with sign. 


Note Total number of pairs formed by n point charges are 


n(n-1) 
a 
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© Example 24.14 Four charges q, =1uC, q. =2uUC, gg =-3puC and q, =4uUC 
are kept on the vertices of a square of side 1m. Find the electric potential energy 
of this system of charges. 


4 93 
1m 
: 1m : 
o_o 
1 Yo 
Fig. 24.23 


Solution In this problem, 


1) =%3 =o =h; =1m 


and ly =r, = (0)? + (1)? =V¥2m 


Substituting the proper values with sign in Eq. (ii), we get 
(3) (OE), OO C92) ew cad 
1 


= 9 -6 6 
U =(9.0x10° (10° )(10 | 5 ; 7 


=(9.0x 10° 124 =| 


=—7.62x107J Ans. 


Note Here, negative sign of U implies that positive work has been done by electrostatic forces in assembling 
these charges at respective distances from infinity. 


© Example 24.15 Two point charges are located on the x-axis, gq, =—1 uC at 
x=Oand q, =+1uCatx=1m. 
(a) Find the work that must be done by an external force to bring a third point 
charge q3 = +1uC from infinity to x = 2 m. 
(6) Find the total potential energy of the system of three charges. 
Solution (a) The work that must be done on g, by an external force is equal to the difference 
of potential energy U when the charge is at x = 2mand the potential energy when it is at infinity. 


W =U, -U, 
wh ate g Gale g MO 1 fe AST GO 
ATE | (2) ¢ Udy Crd] 429 l 2); (1); (1); 
Here, (1); =i) ¢ 
and (%); =(%1); =” 


1 91392 4 9301 
Amey | (2)¢ (i) ¢ 
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Substituting the values, we have 


W =(9.0x 10°) (10? [2 ee) a 
(1.0) = (2.0) 


=45x10° J Ans. 


(b) The total potential energy of the three charges is given by, 


1 [fate + tt + fa) 
ANE \ Tao eS 1) 


= (9.0x 10° [20 A OCD) + () | (107!) 
(1.0) (2.0) (1.0) 


=-45x10° J Ans. 


© Example 24.16 Two point charges q, = q. =2\uUC are fixed at x, =+3 mand 
X_ =— 3 mas shown in figure. A third particle of mass 1 g and charge 


dz, =—4 uC are released from rest at y= 4.0 m. Find the speed of the particle as 


it reaches the origin. 
y 
t 
q3, ) y=4m 
qo | q; 
i 0 2 >X 


X2=-3m X,=3m 


Fig. 24.24 


HOW TO PROCEED Here, the charge q, is attracted towards q, and q, both. So, the 
net force on qs is towards origin. 


y 
i 
7 
ra Fret a 
92" NQ 
» 6 J >X 
Fig. 24.25 


By this force, charge is accelerated towards origin, but this acceleration is not 
constant. So, to obtain the speed of particle at origin by kinematics we will have to 
first find the acceleration at some intermediate position and then will have to 
integrate it with proper limits. On the other hand, it is easy to use energy 
conservation principle, as the only forces are conservative. 
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Solution Let v be the speed of particle at origin. From conservation of mechanical energy, 


4 On |+0- 1 | 9392 
(7%) )j ATE, | (%2 )¢ 
(%); = dp 
Substituting the proper values, we have 


(9.0 10° | 4)(2) a x 10-2 = (9.0% 10° [Oe n val wage 
(5.0) (5.0) (3.0) (3.0) 


a3 
(73 )j 


VEE 
(731 )¢ 


eu 1 a 4 


G2 ,l 2 
Ane€y | (% ); 


mV 
(mi) | 2 


Here, 


+2 x10? RY 
2 


ox10*)(-2}=x10°)(-S}+ 319° x" 
5 3). 2 
: Oy Pi 
9x 10°) (16)| —|=—x107 xv 
( ¢ (2) 5 


v=6.2m/s Ans. 


INTRODUCTORY EXERCISE 


1. A point charge q, =1.0 uC is held fixed at origin. A second point charge qj =—2.0uC and a 
mass 10+ kgis placed on the x-axis, 1.0 m from the origin. The second point charge is released 
from rest. What is its speed when it is 0.5 m from the origin? 

2. Apoint charge q, =—1.0 uCis held stationary at the origin. A second point chargeq, =+2.0 uC 
moves from the point (1.0m, 0,0) to (2.0m, 0,0). How much work is done by the electric force 
ond»? 

3. A point charge q, is held stationary at the origin. A second charge q, is placed at a point a, and 
the electric potential energy of the pair of charges is -6.4 x 10°° J. When the second charge is 
moved to point b, the electric force on the charge does 4.2 x 10°® Jof work. What is the electric 
potential energy of the pair of charges when the second charge is at point b? 

4. |s it possible to have an arrangement of two point charges separated by finite distances such 


that the electric potential energy of the arrangement is the same as if the two charges were 
infinitely far apart? What if there are three charges? 


24.8 Electric Potential 


As we have discussed in Article 24.6 that an electric field at any point can be defined in two different 


ways: 
(i) by the field strength E, and 


(ii) by the electric potential V at the point under consideration. 


Both Eand V are functions of position and there is a fixed relationship between these two. Of these, 
the field strength Eis a vector quantity while the electric potential Vis a scalar quantity. In this article, 
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we will discuss about the electric potential and in the next, the relationship between E and /. 
“Potential is the potential energy per unit charge.” Electric potential at any point in an electric field is 
defined as the potential energy per unit charge, same as the field strength is defined as the force per 
unit charge. Thus, 


V=— or U=qV 
10 
The SI unit of potential is volt (V) which is equal to joule per coulomb. So, 
IV=1J/C 


The work done by the electrostatic force in displacing a test charge q, froma to b in an electric field is 
defined as the negative of change in potential energy between them, or 


AU =-W,_» 
U, =U, AW ag 
U, U Wi 
We divide this equation by ¢ Bis is x 
qo do qo 
Wa-b 
oe Fs —-V, = 
10 
U 
as V=— 
90 


Thus, the work done per unit charge by the electric force when a charged body moves from a to b is 
equal to the potential at a minus the potential at b. We sometimes abbreviate this difference as 
Van =Va —Vy. 
Another way to interpret the potential difference V,,, is that the potential at a minus potential at b, 
equals the work that must be done to move a unit positive charge slowly from b to a against the 
electric force. 


(W, -a ) eetoinl force 
iV 5= 
qo 


Absolute Potential at Some Point 


Suppose we take the point b at infinity and as a reference point assign the value V,, =0, the above 
equations can be written as 


_ (W, - ) electric force = (W, — al external force 


a b~ 
qo 10 


a (W, - a! electric force _ Fs - a) elite force 
a= = 
qo 0 


or 


Thus, the absolute electric potential at point a in an electric field can be defined as the work done in 
displacing a unit positive test charge from infinity to a by the external force or the work done per unit 
positive charge in displacing it from a to infinity. 
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Note The following three formulae are very useful in the problems related to work done in electric field. 
(Wa - b electric force = Fo Va — Vo) 
(Wa - b external force = Fo (Vb — Va) = — (Wo — b electric force 
(W.. — a)external force = 90Va 
Here, qg, V, and V,, are to be substituted with sign. 


© Example 24.17 The electric potential at point A is 20 V and at B is — 40 V. 
Find the work done by an external force and electrostatic force in moving an 
electron slowly from B to A. 


Solution Here, the test charge is an electron, i.e. 
Gg ==162 10°" C 
V, =20V 

and Vz =-40V 

Work done by external force 


(Wp = a) tema force — 70 Vi, ~~ Vz) 
=(-1.6x10'’) [(20) — (— 40)] 


=-9.6x10°* J 
Work done by electric force 
OV iy. A cleoiie trae =~ OV aad Vextemnal totee 
=~ (-9.6x107 J) 
=9.6x1078 J 


Note Here, we can see that the electron (a negative charge) moves from B (lower potential) to A (higher 
potential) and the work done by electric force is positive. Therefore, we may conclude that whenever 
negative charge moves from a lower potential to higher potential work done by the electric force is 


Ans. 


Ans. 


a 


positive or when a positive charge moves from lower potential to higher potential the work done by the 


electric force is negative. 


© Example 24.18 Find the work done by some external force in moving a charge 


q =2 uC from infinity to a point where electric potential is 10* V. 


Solution Using the relation, 
= ) external force ~ 7 Ka 
We have, (W. —a Jeaverna force — (2 x 10° ) (10° ) 


=2x107 J 


Electric Potential Due to a Point Charge q 

1 44 
U 4m) 1 
qo {0 


From the definition of potential, V= 


Ans. 
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1 
or 4d 
r 


ATE 9 
Here, 7 is the distance from the point charge q to the point at which the potential is evaluated. 


If qg is positive, the potential that it produces is positive at all points; if g is negative, it produces a 
potential that is negative everywhere. In either case, V is equal to zero at r= 


Electric Potential Due to a System of Charges 
Just as the electric field due to a collection of point charges is the vector sum of the fields produced by 
each charge, the electric potential due to a collection of point charges is the scalar sum of the 
potentials due to each charge. 

_ 1 qj 
~ Ane, Sr, 


tj 


In this expression, 7; is the distance from the i = charge, q;, to the point at which Vis evaluated. For a 
continuous distribution of charge along a line, over a surface or through a volume, we divide the 
charge into elements dq and the sum in the above equation becomes an integral, 


a! | dq 
4mey? 1 
Note In the equation V = XY 4 se! | a , if the whole charge is at equal distance r, from the 
Ane TF 4neg’ 
point where V is to be evaluated, then we can write, 
= Inet 
ANE) 


Whee, Gnep is the algebraic sum of all the charges of which the system is made. 


Here there are few examples : 


Example (i) Four charges are placed on the vertices of a square as shown +4 ie ~2uCc 
in figure. The electric potential at centre of the square is zero as all the charges * A 
are at same distance from the centre and 


Anet =4UC —2uC + 2uC —4uC =0 


-4uC +2 uC 
Fig. 24.26 


Example (ii) A charge q is uniformly distributed over the circumference of a ring in Fig. (a) and 
is non-uniformly distributed in Fig. (b). 


Fig. 24.27 
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The electric potential at the centre of the ring in both the cases is 


1 : ; 
V= fo (where, R = radius of ring) 
4me, R 


and at a distance r from the centre of ring on its axis would be 


l q 
= ae Tear? Fig. 24.28 


© Example 24.19 Three point charges q, =1UC,q. =-2uC and gq, =3uC are 
placed at (1 m, 0, 0), (0, 2 m, 0) and (0, 0, 3 m) respectively. Find the electric 
potential at origin. 


Solution The net electric potential at origin is 
pont | Mig ft pW 
4men| 4h 1 


V =(9.0x 10° \(Z- ats) x 10° 
10 2.0 3.0 


Substituting the values, we have 


=9.0x10° V Ans. 


© Example 24.20 A charge q =10uC is distributed uniformly over the 
circumference of a ring of radius 3 m placed on x-y plane with its centre at 
origin. Find the electric potential at a point P (0, 0, 4 m). 


Solution The electric potential at point P would be 


>X 
Fig. 24.29 
ee 
ANE 4 % 
Here, % = distance of point P fromthe circumference of ring 
= (3)? +(4)? =5m 
and g=10nC=10° Cc 
Substituting the values, we have 
9 -5 
i 0 18x10! Vv Ans. 


(5.0) 
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Variation of Electric Potential on the Axis of a Charged Ring 
We have discussed earlier that the electric potential at the centre of a charged ring (whether charged 


1 
uniformly or non-uniformly) is 4 


: A and at a distance r from the centre on the axis of the ring is 
TE 9 


1 q 


ANE 9 Fe +r? 


and decreases as we move away from the centre on the axis. Thus, potential varies with distance r as 


shown in figure. 
JN 
Vo 
r 
r=0 


Fig. 24.30 
1 q 


or 
Te, R 


.From these expressions, we can see that electric potential is maximum at the centre 


In the figure, 


Electric Potential on the Axis of a Uniformly Charged Disc 


Let us find the electric potential at any point P, a distance x on the axis of a uniformly charged circular 
disc, having surface charge density o. Let us divide the disc into a large number of thin circular strips 
and consider a strip of radius r and width dr. Each point of this strip can be assumed to be at equal 


distance Vr’ +x* from point P. Potential at P due to this circular strip is 


OW 


Fig. 24.31 
1 dq 
dV= ————— 
ANE 9 fr? aa 
Here, dq =o (areaof strip) or dq =o (2mrdr) 
dV = 1 6 (2nrdr) 
Ane 0 r + x? 


Thus, the potential due to the whole disc is 


R Oo Rk rdr oO 
y=, ia h (Pere ~ 2€, 
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(i) At the centre of the disc, x =0 


R : 
V (centre) = a ..-(i) 
0 


(ii) For x >> R, using the Binomial expansion for 


Pe 1/2 Pe 

22 

R° +x =r(148 | =x +— 
x 


o R? oR? 1R’o 
— —X — = 
2€9 4eox Amex 


. _ 4 
ATE 9x 
as 1R*o = q, the total charge on the disc. 


This is the relation as obtained due to a point charge. Thus, at far away points, the distribution of 
charge becomes insignificant. It is difficult to calculate the potential at the points other than on 
the axis. However, potential on the edge of the disc can be calculated as under. 


Potential on the Edge of the Disc 


To calculate the potential at point P, let us divide the disc in large number of rings dr 


with P as centre. The potential due to one segment between r andr + dris given as a 
dV = aE Pea 
ney 5 Gy 
Here, dg =o (Area of ring) 


=o (2r8) dr Fig. 24.32 
1 o(@r8)dr 
ATE 9 r 
Oo 
= -Odr 
2TE 9 
Further, r=2Rcos0 
. dr =—2R sin ® d@ 
Hence, dv =-—°2R@sin6 d0 
TCE 9 
0 Ro pid 
v= av=—~[""esino ao 
n/2 TE 0 0 
R re 
Solving, we get V= = ... (ii) 
TLE 4 


Comparing Eqs. (1) and (ii), we see that potential at the centre of the disc is greater than the potential at 
the edge. 
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© Example 24.21 Find out the points on the line joining two charges + q and 
— 3q (kept at a distance of 1.0 m) where electric potential is zero. 


Solution Let P be the point on the axis either to the left or to the right of charge + q at a 


distance r where potential is zero. Hence, 


P +49 1.0m -3q +q P -3q 
Lanner es 
or 
> Ie r >< =e >| 
Fig. 24.33 
3 
Vp=—t 7-9 


4negr 4mé)(1+7) 


Solving this, we get r= 0.5m 


Further, Vp = 2 a = 
4negr 4ne, (-1r) 

which gives r=0.25m 

Thus, the potential will be zero at point P on the axis which is either 0.5 mto the left or 0.25 mto 

the right of charge + g. Ans. 
INTRODUCTORY EXERCISE 
1. Find V,, if 12 J of work has to be done against an electric field to take a charge of 10°? C from a 

to b. 


2. Arod of length L lies along the x-axis with its left end at the origin. It has a non-uniform charge 

density A = ax, where a is a positive constant. 
(a) What are the units of a? 
(b) Calculate the electric potential at point A where x =—d. 

3. A charge q is uniformly distributed along an insulating straight wire of length 2/ as shown in 
Fig. 24.34. Find an expression for the electric potential at a point located a distance d from the 
distribution along its perpendicular bisector. 

°P 


2l 


Fig. 24.34 


4. A cone made of insulating material has a total charge Q spread uniformly over its sloping 
surface. Calculate the work done in bringing a small test charge q from infinity to the apex of the 
cone. The cone has a slope length L. 
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24.9 Relation Between Electric Field and Potential 


As we have discussed above, an invisible space is produced across a charge or system of charges in 
which any other test charge experiences an electrical force. The vector quantity related to this force is 
known as electric field. Further, a work is done by this electrostatic force when this test charge is 
moved from one point to another point. The scalar quantity related to this work done is called 
potential. Electric field (E) and potential (V ) are different at different positions. So, they are functions 
of position. 


In a cartesian coordinate system, position of a particle can be represented by three variable 
coordinates x, yand z. Therefore, E and V are functions of three variables x, y and z. In physics, we 
normally keep least number of variables. So, sometimes F and V are the functions of a single variable 
x or r. Here, x is the x-coordinate along x-axis and 7 normally a distance from a point charge or from 
the centre of a charged sphere or charged spherical shell. From the x-coordinate, we can cover only 
x-axis. But, from the variable r, we can cover the whole space. 


Now, E and V functions are related to each other either by differentiation or integration. As far as 
differentiation is concerned, if there are more than one variables then partial differentiation is done 
and in case of single variable direct differentiation is required. In case of integration, some limit is 
required. Limit means value of the function which we get after integration should be known to us at 
some position. For example, after integrating E, we get V. So, value of V should be known at some 
given position. Without knowing some limit, an unknown in the form of constant of integration 
remains in the equation. One known limit of V is : potential is zero at infinity. 


Conversion of / function into E function 


This requires differentiation. 


Case 1 When variables are more than one 
In this case, 


E=E,i+£, j+£.k 


ov 
Here, £= = — (partial derivative of V w.r.t.x) 


x 


Ox 
ov ; eae 
By = ay =— (partial derivative of V w.r.t. y) 
IY 
av 
oz 


E,=- 


Zz 


= — (partial derivative of V w.r.t. z) 


oV> OV OV » 
Pes) pee 2 
Ee ae 


This is also sometimes written as 
E=- gradient V =— grad V =—-VV 


© Example 24.22 The electric potential in a region is represented as 
V=2x+38y-2 
obtain expression for electric field strength. 
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Solution E= 


OV, Vx OV» 
i+ jt+ k 
ox oy oz 


Here, La ee ee 
ox ax 
La ee ee 
dy dy 
Vea 
—=— (2x4+3y-z)=-1 
oz = y~2) 
E=-2i-3j+k Ans. 


Case 2, When variable is only one In this case, electric potential is function of only one variable 
(say r) and we can write the expression like : 


dV 
dr 
or E =-slope of V-r graph 
Example Electric potential due to a point charge q at distance r is given as 
1 q dV 1 qd 
~ ANE, r dr ane, 2 
feu vst qd 


dr ANE, . r 
and we know that this is the expression of electric field due to a point charge. 


Note €E is a vector quantity. In the above method, if single variable is x and E comes out to be positive, then 
direction of E is towards positive x-axis. Negative value of E means direction is towards negative x-axis. 
If variable is r, then positive value of E means away from the point charge or away from the centre of 
charged spherical body and negative value of E means towards the charge or towards the centre of 


charged spherical body. 
Let us take an another example : We wish to find £-r graph (ici 
corresponding to V-r graph shown in Fig. 24.35. 
Electric field E =—5 V/m for 0<r<2 mas slope of V-r graph is 10 


5 V/m. EF =0 for2m <r<4mas slope of V-r graph in this region 
is zero. Similarly, E =5 V/m for 4m <r<6mas slope in this 
region is —5 V/m. 


So, the corresponding E-r graph is as shown in Fig. 24.36. eee? 


E(Vim) 


Fig. 24.36 
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© Example 24.23 The electric potential V at any point x, y, z (all in metre) in 
space is given by V =4x” volt. The electric field at the point (1m, 0, 2 m) is 
juneneuas V/m. (JEE 1992) 


Solution E= Vie ek => V=4x? 
ox oy dz 
Therefore, ov _ and eV _ 59” 
ox oy Oz 
E=- &i 


or E at(1m,0,2m) is—8i V/m. 


Conversion of E into / 


We have learnt, how to find electric field E from the electrostatic potential V. Let us now discuss how 
to calculate potential difference or absolute potential if electric field E is known. For this, use the 
relation 


dV =—E-dr 
B B 
or [av =-| Ear 
B 
or Vy -V,=-| E-dr 
Here, dr = dx i+dy j+dzk 


When E is Uniform 


Let us take this case with the help of an example. 


© Example 24.24 Find V,,, in an electric field E =(2i+3j+4k) = 


where r,=(i-2j+k)m and r,=(2i+ j-2k)m 
Solution Here, the given field is uniform (constant). So using, 

dV =-E-dr 
or V»=V, -V,=- E-dr 


(Oho, oa <A - - 
= : i+ 3 )+4 k)- (dei + dy j+ dz k) 
(1-2, D) 


(2, 1,-2) 


(1-2, 
=—[2x+3yt+ 42) oa = 


(2dx+3dy+4dz) 


Hy) 
2) 


=-1V Ans. 


Note !n uniform electric field, we can also apply V =Ed_ 


Here, V is the potential difference between any two points, E is the magnitude of uniform electric field and d is 
the projection of the distance between two points along the electric field. 
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For example, in the figure for finding the potential difference between points A and B we will have to 
keep two points in mind, 


Fig. 24.37 


(i) VV, >Vz as electric lines always flow from higher potential to lower potential. 
(ii) d# AB butd = AC 
Hence, in the above figure, V4, —Vz=Ed 


© Example 24.25 In uniform electric field E =10 NIC, find 


As E 
2m 2m 
se | ei 
Fig. 24.38 
(a) V4 —Vep (6) Vz - Ve 


Solution (a) Vg >V,, So, V4 —V», will be negative. 


Further d 4, = 2cos 60° =1m 


V, —V_z =—- Ed 4p = (-10) ()=-— 10 volt Ans. 
(b) Vz >Ve , so Vz —Ve will be positive. 
Further, dgc = 2.0m 
Ve —Ve = (10) (2)= 20 volt Ans. 


© Example 24.26 A uniform electric field of 100 V/m is directed at 30° with the 
positive x-axis as shown in figure. Find the potential difference Vz, if O0A=2 m 
and OB =4 m. 


Fig. 24.39 


144 © Electricity and Magnetism 


Solution This problem can be solved by both the methods discussed above. 
Method 1. Electric field in vector form can be written as 
E= (100cos 30° i + 100sin 30° j) Wm 
= (50¥3 1+ 50j) Wm 


A = (-2m, 0, 0) 
and B= (0, 4m, 0) 
Vig Vg = Vy =|, Bede 
BA SB eA A 
ue sone (50N3 E+ 50 9): (dei + dy 5+ dz ke) 


=—[50¥3 x+ 50 y]enim, 


=~ 100(2+V¥3)V Ans. 
Method 2. Wecan also use, V=Ed 
With the view thatV, >Vz, or Vz —V4 will be negative. 
Here, d 4g = OA cos 30° + OB sin 30° 
V3 


=2x 44x12 (3 +2) 
2 2 


Vy. =V¥, == Fi pg ==102+43) Ans. 


© Example 24.27 A uniform electric field pointing in positive x-direction exists 
in a region. Let A be the origin, B be the point on the x-axis at x =+1cm and C 
be the point on the y-axis at y=+1cm. Then, the potentials at the points A, B 


and C satisfy (JEE 2001) 
(a)V, <Vp (b)V, >Vp 
() V4 < Veo (V4 > Vo 


Solution Potential decreases in the direction of electric field. Dotted lines are 
equipotential lines. 


YA 
i fot ‘ 
ey F -4 
1 1 iT es 
atts 
T T T > 

Fig. 24.40 


Va=Vo and Vy >Vez 


Hence, the correct option is (b). 
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© Example 24.28 A non-conducting ring of radius 0.5 m carries a total charge 
of 1.11x 107°C distributed non-uniformly on its circumference producing an 


electric field E everywhere in space. The value of the integral [.- E- dl 


(1 =0 being centre of the ring) in volt is (JEE 1997) 
(a) +2 (6) -1 (c) - 2 (d) zero 


; 1=0 1=0 tee 
Solution =f, _ Ed =|, __ dV =V (centre)—V (infinity) 
but V (infinity) = 0 

1=0 
= iP ___ E-d/ corresponds to potential at centre of ring. 


1 g_ (9x10? )(.11x 10°) 
TE, R 0.5 


=2V 


and V (centre) = r 


Therefore, the correct answer is (a). 


INTRODUCTORY EXERCISE €@ 


1. Determine the electric field strength vector if the potential of this field depends on x, y 
coordinates as 


(a) V=a(x?-y?) — (b) V=axy 
where, a is a constant. 


2. The electrical potential function for an electrical field directed parallel to the x-axis is shown in 
the given graph. 


2 0 2 4 8 
Fig. 24.41 


Draw the graph of electric field strength. 


3. The electric potential decreases uniformly from 100 V to 50 V as one moves along the x-axis 
from x =Oto x =5m. The electric field at x = 2 m must be equal to 10 V/m. Is this statement true 


or false. 
4. In the uniform electric field shown in figure, find : ee B 
(a) Va ~~ Vp ‘4m 
(b) Va —Vo a E=20 Vim 
c) Va —V; 
( >) B D pi--- 1 ean C 
(d) Vo -Vp ——————— 


Fig. 24.42 
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24.10 Equipotential Surfaces 


The equipotential surfaces in an electric field have the same basic idea as topographic maps used by 
civil engineers or mountain climbers. On a topographic map, contour lines are drawn passing through 
the points having the same elevation. The potential energy of a mass m does not change along a 
contour line as the elevation is same everywhere. 


By analogy to contour lines on a topographic map, an equipotential surface is a three-dimensional 
surface on which the electric potential Vis the same at every point on it. An equipotential surface has 
the following characteristics. 

1. Potential difference between any two points in an equipotential surface is zero. 

2. Ifa test charge gq is moved from one point to the other on such a surface, the electric potential 
energy g)V remains constant. 

3. No work is done by the electric force when the test charge is moved along this surface. 

4. Two equipotential surfaces can never intersect each other because otherwise the point of 
intersection will have two potentials which is of course not possible. 

5. As the work done by electric force is zero when a test charge is moved along the equipotential 
surface, it follows that E must be perpendicular to the surface at every point so that the electric 
force gy E will always be perpendicular to the displacement of a charge moving on the surface. 
Thus, field lines and equipotential surfaces are always mutually perpendicular. Some 
equipotential surfaces are shown in Fig. 24.43. 


40V 30V 20V 


Fig. 24.43 


The equipotential surfaces are a family of concentric spheres for a point charge or a sphere of charge 
and are a family of concentric cylinders for a line of charge or cylinder of charge. For a special case of 
a uniform field, where the field lines are straight, parallel and equally spaced the equipotential 
surfaces are parallel planes perpendicular to the field lines. 


Note While drawing the equipotential surfaces we should keep in mind the two main points. 
(i) These are perpendicular to field lines at all places. 
(ii) Field lines always flow from higher potential to lower potential. 


© Example 24.29 Equipotential spheres are drawn round a point charge. As we 
move away from the charge, will the spacing between two spheres having a 
constant potential difference decrease, increase or remain constant. 


Solution V,>V, 


Now, 
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1 1 ee 
= 4 and Vz = a q 
AME) Hj ATE) 4 
if V1 VY: 
q 1 1 q hh SQ rn 1; V2 
hehe = 
4meo \R 4meg me J 
(4m )V, —V2) Fig. 24.44 
(4-4 )=——* + (in) 


For a constant potential difference (V, —V,), 


H-h S HH 


i.e. the spacing between two spheres (7, — 7, ) increases as we move away from the charge, 
because the product 77 will increase. 


24.11 Electric Dipole 


A pair of equal and opposite point charges +q, that are separated by a fixed distance is known as 
electric dipole. Electric dipole occurs in nature in a variety of situations. The hydrogen fluoride 
molecule (HF) 1s typical. When a hydrogen atom combines with a fluorine atom, the single electron 
of the former is strongly attracted to the later and spends most of its time near the fluorine atom. As a 
result, the molecule consists of a strongly negative fluorine ion some (small) distance away from a 
strongly positive ion, though the molecule is electrically neutral overall. 


——> p 


Every electric dipole is characterized by its electric dipole moment which is —9% >—__ a° 


a vector p directed from the negative to the positive charge. 
The magnitude of dipole moment is 


2a 
Fig. 24.45 


p=(2a)q 


Here, 2a is the distance between the two charges. 


Electric Potential and Field Due to an Electric Dipole 
Consider an electric dipole lying along positive y-direction with its centre at origin. 
p=2aq j 


Fig. 24.46 


The electric potential due to this dipole at point A (x, y, z) as shown is simply the sum of the 
potentials due to the two charges. Thus, 
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=, 71 q q 
ANE (x +(p—ay? +2? {xe +(ytay +2? 


By differentiating this function, we obtain the electric field of the dipole. 


E ae OV qd J © x | 
i dx 4mey |x? 4 (yay? pet(ytay ery? 
Ce ee ae nn ac yta | 
y oy ATE 9 [x? +(pooy 42°)" (x? +(p+a)> 42°)" 

ez OV qd J Zz Z 


~ ° 
dz Ame [[x7 +(y-a) +22? [x72 +(ytay 42° Pr? 


Special Cases 
1. On the axis of the dipole (say, along y-axis) 


x=0, z=0 


qd 1 1 2aq 
= = 2 2 
4mégl_y-a ytal Ame, (y° —a“) 
Dp 
or V = ———_ (as 2aq = p) 
Ant, (3° =a") 


i.e. at a distance r from the centre of the dipole (y=7r) 


es rye = 


= Vaxis ™ (for r >> a) 
Ane, (r? — a’) ANE yr? 


V is positive when the point under consideration is towards positive charge and negative if it is 
towards negative charge. 


Moreover the components of electric field are as under 


£,=0, £,=0 (asx =0, z=0) 
_ 4 1 1 
and a ; | 
MEQ |(y-a) (y+a) 
4ayq 3 1 2 py 


=e r E | nT ae 
ATE 1 iy a7) y ATE 9 iy ay 
Note that Z,, is along positive y-direction or parallel to p. 


Further, at a distance r from the centre of the dipole (y=7r). 


1 2pr 1 2p 


= E.... =—_— - += forr>>a 
ATE o (Pag axis ATE o rr ( ) 


y 
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2. On the perpendicular bisector of dipole 


Say along x-axis (it may be along z-axis also). 


y=0, z=0 
=. q q =0 
ANE 9 {xe +a° {x +a° 
or an bisector — 0 
Moreover the components of electric field are as under, 
£.=0, £,=0 
q —a a 
and | 
» ANE 9 {= ta2ys? 24 “ef 
—2aq 


Ane, Fay" 


1 P 


or E = . 
ANE ¢ (x? + ay 


y 


Here, negative sign implies that the electric field is along negative y-direction or antiparallel to p. 
Further, at a distance r from the centre of dipole (x =r), the magnitude of electric field is 
1 2 I P 


= or Ey bisector & Go (for r >> a) 
ANE y (r* +47)?” Amey p? 


Electric Dipole in Uniform Electric Field 


As we have said earlier also, uniform electric field means, at every point the direction and magnitude 
of electric field is constant. A uniform electric field is shown by parallel equidistant lines. The field 
due to a point charge or due to an electric dipole is non-uniform in nature. Uniform electric field is 
found between the plates of a parallel plate capacitor. Now, let us discuss the behaviour of a dipole in 
uniform electric field. 


Force on Dipole 


Suppose an electric dipole of dipole moment | p| =2aq is placed in a uniform electric field E at an 
angle 0. Here, @ is the angle between p and E. A force F, = gE will act on positive charge and 
F, =— qEon negative charge. Since, F, and F, are equal in magnitude but opposite in direction. 


Fig. 24.47 
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Hence, F,+F,=0 or F,,.=0 
Thus, net force on a dipole in uniform electric field is zero. While in a non-uniform electric field it 
may or may not be zero. 


Torque on Dipole 


The torque of F, about O, t, =OA XF,=q¢ (OA XE) 
and torque of F, about O is, T,= OB x F, =— q(OBx E) 
=q(BOx E) 


The net torque acting on the dipole is 
T=T, +7, =G (OA XE) + ¢ (BOX E) 
=q(OA+BO)xE 
=q (BAX E) 
or T=pxE 


Thus, the magnitude of torque ist = pE sin 0. The direction of torque is perpendicular to the plane of 
paper inwards. Further this torque is zero at 0 =0° or 8 =180°, i.e. when the dipole is parallel or 
antiparallel to E and maximum at 8 = 90°. 


Potential Energy of Dipole 

When an electric dipole is placed in an electric field E, a torque tT = px E acts on it. If we rotate the 
dipole through a small angle d@, the work done by the torque is 

dW =t d® 

dW =— pE sin® d@ 
The work is negative as the rotation d® is opposite to the torque. The change in electric potential 
energy of the dipole is therefore 

dU =—dW= pEsin® d@ 
Now, at angle 8 = 90°, the electric potential energy of the dipole may be assumed to be zero as net 
work done by the electric forces in bringing the dipole from infinity to this position will be zero. 


+q 
90° 
-q : 
Fig. 24.48 
Integrating, dU = pE sin ® do 
f) Q 
From 90° to 8, we have | dU =| pE sin 8 d@ 
90° 90° 
or U (@)-U (90°) = pE [-cos 0]. 


U (0)=-— pEcos0=- p-E 
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If the dipole is rotated from an angle 0, to@,, then 

Work done by external forces = U (8,) —U (8,) 
ae Wext. forces =— DE cos 8, —(— pE cos®,) 
oa Wexs. forces = PE (cos @; — cos 85) 


and work done by electric forces, 


W. 


electric force 


=-W. 


ext. force 


= pE (cos ®, —cos8,) 


Equilibrium of Dipole 
When an electric dipole is placed in a uniform electric field net force on it is zero for any position of 
the dipole in the electric field. But torque acting on it is zero only at@ = 0° and 180°. Thus, we can say 
that at these two positions of the dipole, net force and torque on it is zero or the dipole is in 
equilibrium 


>E — FE 
+q 
Fy 
-q +q — 
i Restoring torque 
-q 
Fa 
— = 
6=0° When displaced from equilibrium 
U = minimum = — pE position a restoring torque 
Fret = 0,7 =0 acts on the dipole 
>E >E 
a" 
74 4 => Torque in opposite 
— direction 
p 
+q Fo 


6 = 180° When displaced from equilibrium 
U = maximum = + pE position, torque acts in 
Fret = 0, T= 0 opposite direction 


Fig. 24.49 


Of this, 8 =0° is the stable equilibrium position of the dipole because potential energy in this 
position is minimum (U =— pE cos 0° =— pE) and when displaced from this position a torque starts 
acting on it which is restoring in nature and which has a tendency to bring the dipole back in its 
equilibrium position. On the other hand, at 6 =180°, the potential energy of the dipole is maximum 
(U =— pE cos 180° =+ pE) and when it is displaced from this position, the torque has a tendency to 
rotate it in other direction. This torque is not restoring in nature. So, this equilibrium is known as 
unstable equilibrium position. 


Important Formulae 


1. As there are too many formulae in electric dipole, we have summarised them as under : 


pl = 
Direction of p is from -q to+q. 


2. If a dipole is placed along y-axis with its centre at origin, then 


1 
Vx y, 2) Z 2 
Ane | x? + (y- ae + 2 qe +(ytap+rZ 
Bx ov Be av 
ox oy 
and — ov 
oz 
3. On the axis of dipole x=0, z=0 
(i) ve 
Ane, (y° — a°) 
ee ae ify=r 
Ane, 1° — a? 
1p ; 
a Voge Ane, a ifr>>a 
(ii) E,=0=E, and 
1 2 py 
ESE, = : alon 
ine, Gee (along p) 
ee ee ify=r 
ANE, (2 — a®P 
~_!_.2P 
as E axis * Ane, 7 forr>>a 
4. On the perpendicular bisector of dipole Along x-axis, y= 0, z=0 
(i) Vi bisector — 0 
(ii) E,=0 &,=0 and 
nee 
y Ane, (x? ¢ a?yp/2 
1 p . 
or E= opposite to 
Amey (r° + a°)P/? a 2 
goa! oP forr>>a 
4ne, °° 


5. Dipole in uniform electric field 
(i) Fhet = 0 
(i) t=pxE and |t|=pEsine 
ii) U(@)=-p-E=- pEcosé with U (90°)=0 
iV) Wo, +0. )ext. force = PE (cos ®@, — cos 6) 
(V) Wo, 50. electric force = PE (Cos 8, — Cos 8,) = — We, _,9,, ext. force 
i) 
) 


(vi) At® = 0°, Fro = 0, Tre = 0, U = minimum (stable equilibrium position) 
(vii) At® = 180°, Fret = 0, Tree = 0, U = maximum (unstable equilibrium position) 
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© Example 24.30 Draw electric lines of forces due to an electric dipole. 


Solution Electric lines of forces due to an electric dipole are as shown in figure. 


Fig. 24.50 


© Example 24.31 Along the axis of a dipole, direction of electric field is always 
in the direction of electric dipole moment p. Is this statement true or false? 
Solution False. In the above figure, we can see that direction of electric field is in the opposite 
direction of p between the two charges. 


© Example 24.32 Ai a far away distance r along the axis from an electric dipole 
electric field is E. Find the electric field at distance 2r along the perpendicular 


bisector. 
Solution Along the axis of dipole, 
2 ; 
| ees (i) 
Ane, r° 
This electric field is in the direction of p Along the perpendicular bisector at a distance 27, 
Bone P. ...(ii) 
4n€y (2r) 
From Eqs. (i) and (ii), we can see that 
/_E 
16 
Moreover, £’ is in the opposite direction of p Hence, 
F’=-— E Ans. 
16 


24.12 Gauss’s Law 


Gauss’s law is a tool of simplifying electric field calculations where there is symmetrical distribution 
of charge. Many physical systems have symmetry, for example a cylindrical body doesn’t look any 
different if we rotate it around its axis. 


Before studying the detailed discussion of Gauss's law let us understand electric flux. 


Electric Flux (0) 


(i) Electric flux is a measure of the field lines crossing a surface. 


: . : _ N 
(ii) It is a scalar quantity with SI units Cc m? or V- m. 
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(iii) Electric flux passing through a small surface dS is given by 


ds E 
We 
Fig. 24.51 
d) =E- dS = EdS cos (i) 


Here, dS is an area vector, whose magnitude is equal to dS and whose direction is perpendicular 
to the surface. 


Note _ /f the surface is open, then dS can be taken in either of the two directions perpendicular to the surface, 
but it should not change even if we rotate the surface. 


If the surface is closed then by convention, dS is normally taken in outward direction. 


(iv) From Eq. (i), we can see that maximum value of do is EdS, if 8 =90° or electric lines are 
perpendicular to the surface. Electric flux is zero, if @ = 90° or electric lines are tangential to the 


surface. 
E 
do=EdS do =0 
Fig. 24.52 
(v) Electric flux passing through a large surface is given by 
=| do=[E-dS=| £dS cosé ii) 


This is basically surface integral of electric flux over the given surface. But normally we do not 
study surface integral in detail in physics. 


Here, are two special cases for calculating the electric flux passing through a surface S of finite size 
(whether closed or open) 


Case 1 o=ES 


Closed 
surface 


Fig. 24.53 


If at every point on the surface, the magnitude of electric field is constant and perpendicular (to the 
surface). 
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Case 2 o=0 
pea 
CE 
: Closed \ 
( surface ] 
We ee 
Fig. 24.54 


If at all points on the surface the electric field is tangential to the surface. 


Gauss’s Law 
This law gives a relation between the net electric flux through a closed surface and the charge 
enclosed by the surface. According to this law, 


“the net electric flux through any closed surface is equal to the net charge inside the surface divided 
by €,.” In symbols, it can be written as 
o, = PE -ds= 4 
Ss a 


(i) 


where, g;, represents the net charge inside the closed surface and Erepresents the electric field at any 
point on the surface. 


In principle, Gauss’s law is valid for the electric field of any system of charges or continuous 
distribution of charge. In practice however, the technique is useful for calculating the electric field 
only in situations where the degree of symmetry is high. Gauss’s law can be used to evaluate the 
electric field for charge distributions that have spherical, cylindrical or plane symmetry. 


Simplified Form of Gauss's Theorem 


Gauss’s law in simplified form can be written as under 


Es = 40 or E=— 
Eo SE_ 


..-(i1) 


but this form of Gauss’s law is applicable only under the following two conditions : 
(i) The electric field at every point on the surface is either perpendicular or tangential. 
(ii) Magnitude of electric field at every point where it is perpendicular to the surface has a constant 
value (say £). 
Here, S is the area where electric field is perpendicular to the surface. 


Applications of Gauss’s Law 


As Gauss’s law does not provide expression for electric field but provides only for its flux through a 
closed surface. To calculate E we choose an imaginary closed surface (called Gaussian surface) in 
which Eq. (ii) can be applied easily. Let us discuss few simple cases. 
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Electric field due to a point charge 


The electric field due to a point charge is everywhere radial. We wish to 
find the electric field at a distance r from the charge gq. We select Gaussian 
surface, a sphere at distance 7 from the charge. At every point of this 
sphere the electric field has the same magnitude £ and it is perpendicular 
to the surface itself. Hence, we can apply the simplified form of Gauss’s 
law, 

Gin 

Eo 


ES = 


Fig. 24.55 


Here, S =area of sphere = 4zr7 and 


din = Net charge enclosing the Gaussian surface = g 


E (4nr?) = 

1) 
eee 
Amey 7 


It is nothing but Coulomb’s law. 


Electric field due to a linear charge distribution 


Consider a long line charge with a linear charge density (charge per unit 
length) A. We have to calculate the electric field at a point, a distance r from 
the line charge. We construct a Gaussian surface, a cylinder of any arbitrary _ 
length / of radius r and its axis coinciding with the axis of the line charge. 
This cylinder have three surfaces. One is curved surface and the two plane 
parallel surfaces. Field lines at plane parallel surfaces are tangential (so flux 
passing through these surfaces is zero). The magnitude of electric field is 
having the same magnitude (say £) at curved surface and simultaneously the 
electric field is perpendicular at every point of this surface. = 


Hence, we can apply the Gauss’s law as 


ees 
Eq Fig. 24.56 
Here, S = area of curved surface = (2771) 
E 
Curved surface Plane surface 


Fig. 24.57 


Chapter 24 Electrostatics e 157 


and din = net charge enclosing this cylinder = A/ 

Al 

E (2nrl) =— . 
Eo 
r 
E= 

2TE 0” 

1 
1:6: Ea - 

4 Fig. 24.58 


or £-r graph is a rectangular hyperbola as shown in Fig. 24.58. 


Electric field due to a plane sheet of charge 


Figure shows a portion of a flat thin sheet, infinite in size with constant surface charge density o 
(charge per unit area). By symmetry, since the sheet is infinite, the field must have the same 
magnitude and the opposite directions at two points equidistant from the sheet on opposite sides. Let 
us draw a Gaussian surface (a cylinder) with one end on one side and other end on the other side and 
of cross-sectional area S,. Field lines will be tangential to the curved surface, so flux passing through 
this surface is zero. At plane surfaces electric field has same magnitude and perpendicular to surface. 


E— 


teehee eee 
Pht tte tte tet 


Stee te ttete 


Rt ttt t tee tet 


Hence, using ES = 


# Qs,)= 2280) 
0 


Thus, we see that the magnitude of the field is independent of the distance from the sheet. Practically, 
an infinite sheet of charge does not exist. This result is correct for real charge sheets if points under 
consideration are not near the edges and the distances from the sheet are small compared to the 
dimensions of sheet. 


Electric field near a charged conducting surface 


When a charge is given to a conducting plate, it distributes itself over the entire outer surface of the 
plate. The surface density o is uniform and is the same on both surfaces if plate is of uniform thickness 
and of infinite size. 
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This is similar to the previous one the only difference is that this time charges are on both sides. 


Pia: 


Es =: 


\tt+ 


Fig. 24.60 
din 
E9 
Here, S=2S) and qi, =(0) 25S,) 
(G) 2So) 
E 


E (28S) )=————_ 
0 


Hence, applying ES = 


oO 
E=— 
Eo 


Thus, field due to a charged conducting plate is twice the field due to plane sheet of charge. It also has 
same limitations. 

Later, we will see that the electric field near a charged conducting surface of any shape is O/€ , and it is 
normal to the surface. 


Note !n case of closed symmetrical body with charge q at its centre, the electric flux linked with each half will 
be : - _ If the symmetrical closed body has n identical faces with point charge at its centre, flux 
£9 


OG 


linked with each face will be + = ‘ 
n N Eq 


@® Extra Points to Remember 
e Net electric flux passing through a closed surface in uniform electric field is zero. 


© Example 24.33 An electric dipole is placed at the centre of a sphere. Find the 
electric flux passing through the sphere. 


Solution Net charge inside the sphere g;,, = 0. Therefore, according to Gauss’s law net flux 
passing through the sphere is zero. Ans. 


di 


Fig. 24.61 
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© Example 24.34 A point charge q is placed at the centre of a cube. What is the 
flux linked 
(a) with all the faces of the cube? 
(6) with each face of the cube? 
(c) if charge is not at the centre, then what will be the answers of parts (a) and (b)? 
Solution (a) According to Gauss’s law, 
Drotal = Ee = - Ans. 
Ey 
(b) The cube is a symmetrical body with 6 faces and the point charge is at its centre, so electric 
flux linked with each face will be 
= Orotal q 


= = t Ans. 
Desc face 6 6€ 5 
(c) If charge is not at the centre, the answer of part (a) will remain same while that of part 
(b) will change. 
INTRODUCTORY EXERCISE 


1. In figure (a), a charge q is placed just outside the centre of a closed hemisphere. In figure 
(b), the same charge q is placed just inside the centre of the closed hemisphere and in 
figure (c), the charge is placed at the centre of hemisphere open from the base. Find the 
electric flux passing through the hemisphere in all the three cases. 


g 


Fig. 24.62 


2. Net charge within an imaginary cube drawn in a uniform electric field is always zero. Is this 
statement true or false? 


3. A hemispherical body of radius R is placed in a uniform electric field E. What is the flux linked 
with the curved surface if, the field is (a) parallel to the base, (b) perpendicular to the base. 


4. Acube has sides of lengthL =0.2 m. It is placed with one corner at the origin as shown in figure. 
The electric field is uniform and given by E=(2.5 N/C)i- (4.2 N/C) j. Find the electric flux 
through the entire cube. 


Fig. 24.63 


160 © Electricity and Magnetism 


24.13 Properties of a Conductor 


Conductors (such as metals) possess free electrons. If a resultant electric field exists in the conductor 
these free charges will experience a force which will set a current flow. When no current flows, the 
resultant force and the electric field must be zero. Thus, under electrostatic conditions the value of E 
at all points within a conductor is zero. This idea, together with the Gauss’s law can be used to prove 
several interesting facts regarding a conductor. 


Excess Charge on a Conductor Resides on its Outer Surface 


Consider a charged conductor carrying a charge g and no currents are flowing in it. Now, consider a 
Gaussian surface inside the conductor everywhere on which E=0. 


Thus, from Gauss’s law, 


We get, 


pty Gaussian (E = 0) 
surface 


+ + 

Fig. 24.64 
fE-ds=“ 
S eo 


din =9, as E=0 


Thus, the sum of all charges inside the Gaussian surface is zero. This surface can be taken just inside 
the surface of the conductor, hence, any charge on the conductor must be on the surface of the 


conductor. In other words, 


“Under electrostatic conditions, the excess charge on a conductor resides on its outer surface.” 


Electric Field at Any Point Close to the Charged Conductor is = 


Consider a charged conductor of irregular shape. In general, surface charge E 
density will vary from point to point. At a small surface AS, let us assume it to be a 


Eq 


constant o. Let us construct a Gaussian surface in the form of a cylinder of E=0 
cross-section AS. One plane face of the cylinder is inside the conductor and other 
outside the conductor close to it. The surface inside the conductor does not 
contribute to the flux as E is zero everywhere inside the conductor. The curved 
surface outside the conductor also does not contribute to flux as Eis always normal 
to the charged conductor and hence parallel to the curved surface. Thus, the only 


contribution to the flux is through the plane face outside the conductor. Thus, from 


Gauss’s law, 


Fig. 24.65 


Chapter 24 Electrostatics © 161 


pE- dS = din 
S Eo 
= FAS = O49) 
Eo 
or ga”. 
Eo 


Note (i) Electric field changes discontinuously at the surface of a conductor. Just inside the conductor it is zero 


and just outside the conductor it is 2 in fact, the field gradually decreases from © to zero in a small 
Eo Eo 


thickness of about 4 to 5 atomic layers at the surface. 
(ii) For a non-uniform conductor the surface charge density (o) varies inversely as the radius of curvature (p) 
of that part of the conductor, ie. 
1 
o« - 
Radius of curvature (p) 


gtttts 

+ + 

Fox + 2 
+ 


+ 4+ 
+ + Ey 
ah 
+ 
+ 
+4+444t 


Fig. 24.66 


at 


For example in the figure, Pi <Po 07 >09 


or E, >E, as E=— 


Electric Field and Field Lines are Normal to the Surface of a Conductor 


Net field inside a conductor is zero. It implies that no field lines enter a conductor. On the surface ofa 
conductor, electric field and hence field lines are normal to the surface of the conductor. 


Fig. 24.67 


If a conducting box is immersed in a uniform electric field, the field lines near the box are somewhat 
distorted. Similarly, if a conductor is positively charged, the field lines originate from the surface and 
are normal at every point and if it is negatively charged the field lines terminate on the surface 
normally at every point. 
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Cavity Inside a Conductor 
Consider a charge + g suspended in a cavity in a conductor. Consider a Gaussian surface just outside 
the cavity and inside the conductor. E =0 on this Gaussian surface as it is inside the conductor. Hence, 
from Gauss’s law, 

Jin 

Eo 


pE- dS = gives q,, =0 


+ + | 
y a Gaussian \G + 
+ +— surface + 7 
+ Bs + S55 
Paes + ya + 
1 BR a 


(a) (b) 
Fig. 24.68 


This concludes that a charge of — g must reside on the metal surface of the cavity so that the sum of 
this induced charge — q and the original charge + q within the Gaussian surface is zero. In other 
words, a charge g suspended inside a cavity in a conductor induces an equal and opposite charge — qg 
on the surface of the cavity. Further as the conductor is electrically neutral a charge + g is induced on 
the outer surface of the conductor. As field inside the conductor is zero, the field lines coming from q 
cannot penetrate into the conductor. The field lines will be as shown in Fig. (b). 

The same line of approach can be used to show that the field inside the cavity of a conductor is zero 


when no charge is suspended in it. 


Electrostatic shielding 
Suppose we have a very sensitive electronic instrument that we want to protect from external electric 
fields that might cause wrong measurements. We surround the instrument with a conducting box or 
we keep the instrument inside the cavity of a conductor. By doing this charge in the conductor is so 
distributed that the net electric field inside the cavity becomes zero and the instrument is protected 
from the external fields. This is called electronic shielding. 


The Potential of a Charged Conductor Throughout its Volume is Same 


In any region in which E = Oat all points, such as the region very far from all charges or the interior of 
a charged conductor, the line integral of Eis zero along any path. It means that the potential difference 
between any two points in the conductor are at the same potential or the interior of a charged 


conductor is an equipotential region. 
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24.14 Electric Field and Potential Due to Charged Spherical Shell 


or Solid Conducting Sphere 


Electric Field 


At all points inside the charged spherical conductor or hollow spherical shell, electric field E = 0, as 
there is no charge inside such a sphere. In an isolated charged spherical conductor any excess charge 
on it is distributed uniformly over its outer surface same as that of charged spherical shell or hollow 
sphere. The field at external points has the same symmetry as that of a point charge. We can construct 
a Gaussian surface (a sphere) of radius 7 > R. At all points of this sphere the magnitude of electric 
field is the same and its direction is perpendicular to the surface. 


Me _-, Gaussian 
ports \ surface 


Fig. 24.69 


Thus, we can apply 


ES=4® o¢ E(4nr?)=4 
Eo Eo 
ee 
Amey r? 


Hence, the electric field at any external point is the same as if the total charge is concentrated at 
centre. 


At the surface of sphere r= R, 


_ | 4 
Amey R? 
Thus, we can write Enside =9 
t @ 
surface Ame i R2 
lg 
Fate = ANE . -) 


The variation of electric field (£) with the distance from the 
centre (7) is as shown in Fig. 24.70. 


Note (i) At the surface graph is discontinuous 
1 q _ g/4nR? _ 6 
Ane, R* Eo Eo 


(i) E surface = 
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Potential 
As we h E Et agg 
s we have seen, outside = _— 
tie ANE 
= LV ssid a 1 q E= dV 
dr Amey) 72 dr 
V Ps q r dr = 
[, AV outside ~ ANE ob r (V., =0) 
1 1 
= oor Vu- 
4meéy © r 


Thus, at external points, the potential at any point is the same when the whole charge is assumed to be 
concentrated at the centre. At the surface of the sphere, r= R 


ch 


7 4ne, R 
At some internal point electric field is zero everywhere, 
therefore, the potential is same at all points which is equal tothe 4 g 
potential at surface. Thus, we can write 4neo R 


log 
F aside = V scetoee = Ane : R 
0 


Ef 


lq Fig. 24.71 


and ——_. 
4meéy 1 


V guide = 


The potential (V) varies with the distance from the centre (7) as shown in Fig. 24.71. 


24.15 Electric Field and Potential Due to a Solid Sphere of Charge 


Electric Field 


Positive charge q is uniformly distributed throughout the volume of a Gaussian 
solid sphere of radius R. For finding the electric field at a distance r surface 
(< R) from the centre let us choose as our Gaussian surface a sphere of 

radius 7, concentric with the charge distribution. From symmetry, the 

magnitude E of electric field has the same value at every point on the 

Gaussian surface and the direction of E is radial at every point on the 

surface. So, applying Gauss’s law 


ES - 4in. ..) Fig. 24.72 
E9 
2 + 5 
Here, S=4mr° and = gi, =(P) E Tr 
Here, p =charge per unit volume = Z 
4 aR? 


3 
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Substituting these values in Eq. (1) 


1 
We have, = pang or Ear 
Ane) R? 
At the centre r=0, so E=0 
1 
At surface r=R, so = me 
Amey) R 


To find the electric field outside the charged sphere, we use a spherical Gaussian surface of radius 
r (> R). This surface encloses the entire charged sphere, so q;, =q, and Gauss’s law gives 
Lg 


E(4nr?)=4 or E= 5 
Eo 4meéy + 


or E « — 


Notice that if we set r= R in either of the two expressions for E (outside and inside the sphere), we 
See E 
Amey R* 


get the same result, 
14 


this is because F is continuous function of 7 in this case. By contrast, 479 R2 
for the charged conducting sphere the magnitude of electric field is 


discontinuous at r= R (it jumps from EF =0 to E =o/€ 9). 


Thus, for a uniformly charged solid sphere we have the following O iG 
formulae for magnitude of electric field : Fig. 24.73 
| o4 
ig "Ane, R3- : 
| 4 
surface Ane 4 R2 
| o4 
E eid = ARE pe 


The variation of electric field (EZ) with the distance from the centre of the sphere (7) is shown in 
Fig. 24.73. 


Potential 
The field intensity outside the sphere is 
lq 
E outside = Ane ‘ Pe 
0 
CV sates = : 
dr outside 


AV watside ==£, outside dr 
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V y 1 qd 
or i. dV sutside = — [ as 2 dr 
0 
1 
— a as V,=0 or V«- 
4meéy © 
1 
At r=R, V= 4 
4ne, R 
1 
i.e. at the surface of the sphere potential is V; = 4 - 
TE 9 
The electric intensity inside the sphere, 
1 4g 
Enid ~ ANE) , R a 
OP ide —_F.. 
dv inside 


EV vide =H. inside dr 
V 1 q r 
i OY indies ee 4n€ 5 : ma rdr 


1 qd |! 
V Vs = : 3 
4m€,y R°| 2 , 


1 
Substituting Vz, a we get 
TLE 4 


1 
v= (1.5 R? -0.5r?) 
Ane) R? 


“ae 3 
At the centre r=OandV, = a V,, i.e. potential at 
2\4me, R)} 2° 


the centre is 1.5 times the potential at surface. 


Thus, for a uniformly charged solid sphere we have the following 
formulae for potential : 


1 
F satside ~ re. e 
0 
1 4g 
V cache Ae. 
0 
1 q@/3 1° 
and V.4.= i 
ee oe 4/3 7 


The variation of potential (V) with distance from the centre (7) is as shown in Fig. 24.74. For inside 
points variation is parabolic. 


List of formulae for field strength E and potential / | k = 


Charge 
S.No. Distribution 


1. Point charge 


2. Uniformly charged 
spherical shell 


3. Solid sphere of 
charge 


4. On the axis of 
uniformly charged 
ring 


5. Infinitely long line 
charge 


Formula 
~ ka 
r2 
E,=0 
gq 
E,= k-5=— 
: R® & 
kq 
(ei 
O r 
kqr 
i Re 
kq 
Es Re 
Kq 
—=it 
O r2 
= kqx 
E (R? js x? 8/2 
At centre 
x=0 
E=0 
E= A 
27 Eqf 
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Table 24.1 


Graph 


>m 


1 
ANE 


Formula 


yo 
r 


v= 
eee) 
At centre 
x=0 
yike 
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Graph 


Not required 
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Final Touch Points 


1. Permittivity Permittivity or absolute permittivity is a measure of resistance that is encountered when 


forming an electric field in a medium. Thus, permittivity 


relates to a material's ability to resist an 


electric field (while unfortunately, the word “permit” suggests the inverse quantity). 


The permittivity of a medium describes how much electric field (more correctly, flux) is generated per 
unit charge in that medium. More electric flux (per unit charge) exists in a medium with a low 
permittivity. Vacuum has the lowest permittivity (therefore maximum electric flux per unit charge). Any 


other dielectric medium has K -times (K = dielectric con 


stant) the permittivity of vacuum. This is 


because, due to polarization effects electric flux per unit charge deceases K - times (K >1). 
2. Dielectric constant (K) Also known as relative permittivity of a given material is the ratio of 
permittivity of the material to the permittivity of vacuum. This is the factor by which the electric force 


between the two charges is decreased relative to vacuum 


. Similarly, in the chapter of capacitors we 


will see that it is the ratio of capacitance of a capacitor usin 
a similar capacitor that has vacuum as its dielectric. 


g that material as a dielectric compared to 


3. Electric field and potential due to a dipole at polar coordinates (r, 6) 


pcos@ 


or V= 5 
Ane r 


The electric field E can be resolved into two components E, and Ey, where 


1 2 ) 
or E; = — 
ANE, i 
and E,= ! oe 
4neé) = 


The magnitude of resultant electric field E = JE? + E§ 


or a = ¥1+3cos* 6 


- Ane r 
Its inclination @ to OA is given by 


tang ==2 = 


p sin /4negr? 


E, 2pcos 0/4negr? 


or tan 9 = 08 
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4. Force between two dipoles The force between two dipoles varies inversely with the fourth power 
of the distance between their centres or 


1 
— 
4 
Py P2 
r 
ta a 


In the, figure, a dipole on left with dipole moment p, interacts with the dipole on the right with dipole 
momentp». We assume that the distance between them is quite large. The electric field of the dipole 
on the left hand side exerts a net force on the dipole on the right hand side. Let us now calculate the 
net force on the dipole on right hand side. 
The electric field at the centre of this dipole 
Fa! 2h 
Ane, 


des). Pig 
4ney 


Now, the electric field at the point where — g charge of the dipole lies is given by 


F,=E+|dE| 
and force on— qis gE, (towards left) 
Similarly, electric field at the point where + q charge of the dipole lies is 

E,=E -|dE| 
and force on+ qisqE» (towards right) 


o—"3 
r t 
—' 55 
Net force on the dipole is 
F=qE&,-qE> (towards left) 
= 2q | dE| 
22 (2qdr) p, 
Ane, r* 
P= 6p; Ps 


or 7 
Ane r 


[as 2q(dr) = po] 


Thus, if p;||p2, the two dipoles attract each other with a force given by the above relation. 


5. Earthing aconductor Potential of earth is often taken to be zero. If a conductor is connected to the 
earth, the potential of the conductor becomes equal to that of the earth, i.e. zero. If the conductor was 
at some other potential, charges will flow from it to the earth or from the earth to it to bring its potential 
to zero. 


Solved Examples 


TYPED PROBLEMS 


Type 1. 7o find electric potential due to charged spherical shells 


Concept 
To find the electric potential due to a conducting sphere (or shell) we should keep in mind 
the following two points 
(i) Electric potential on the surface and at any point inside the sphere is 


ota (R = radius of sphere) 
4neg R 
(ii) Electric potential at any point outside the sphere is 
ee (r = distance of the point from the centre) 
4még 1 


For example, in the figure shown, potential at A is 


v= 1 |94a , 9B , Ie 
4még| Tr, TR Tec 


Similarly, potential at Bis V_ = —- E 4 9B 4 a 


ATE 9 rp rp TC 
and potential at C is, Vee ee 4 2B, Ie 
ATE 9 To To To 


© Example 1 = Three conducting spherical shells have charges q, —2q and 3q as 
shown in figure. Find electric potential at point P as shown in figure. 


3q 


Solution Potential at P, 
Vp =V, + Viog + V3q 
_kqa_k@aq) , k@q) 
r r 3R 
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=kq (= = 2) Ans. 
he vf 
Here, = 1 
ANE, 


© Example 2. Figure shows two conducting thin concentric shells of radii r and 3r. 
The outer shell carries a charge q. Inner shell is neutral. Find the charge that will 
flow from inner shell to earth after the switch S is closed. 


a 


Solution Let ¢ be the charge on inner shell when it is earthed. 
Potential of inner shell is zero. 
1 E + 4| =0 
4ney9_r38r 


-_7@ 
us 3 


1.e. + . charge will flow from inner shell to earth. Ans. 


Type 2. Based on the principle of generator 


Concept 


A generator is an instrument for producing high voltages in the million volt region. Its 
design is based on the principle that if a charged conductor (say A) is brought into contact 
with a hollow conductor (say B), all of its charge transfers to the hollow conductor no matter 
how high the potential of the later may be. This can be shown as under: 


A 
7 da, |B 
a) 
In the figure, Vz = 1 | 94 _ 4B 
4még| Tr, TB 


and Ve 5 dA 1B 
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From this expression the following conclusions can be drawn : 


IB 
YA 


(i) The potential difference (PD) depends on q, only. It does not depend on qz. 

(ii) Ifq,4 1s positive, then V, — Vz is positive (asr, <7rg),i.e.V, > Vp. Soifthe two spheres 
are connected by a conducting wire charge flows from inner sphere to outer sphere 
(positive charge flows from higher potential to lower potential) till V, =Vz, or 
V, — Vz = 0. But potential difference will become zero only when g, = 0,1.e. all charge 
da flows from inner sphere to outer sphere. 

(iii) If gq, is negative, V, — Vp is negative, i.e. V, < Vg. Hence, when the two spheres are 
connected by a thin wire all charge q, will flow from inner sphere to the outer sphere. 
Because negative charge flows from lower potential to higher potential. Thus, we see 
that the whole charge q, flows from inner sphere to the outer sphere, no matter how 
high qp is. Charge always flows from A to B, whether q4>@p or dp>Qa; 
V,>Vp or Vgp>V,y. 


© Example 3 Initially the spheres A and B are at potentials V, and Vz. Find the 
potential of A when sphere B is earthed. 
B 


Solution As we have studied above that the potential difference between these two spheres 
depends on the charge on the inner sphere only. Hence, the PD will remain unchanged because 
by earthing the sphere B charge on A remains constant. Let V4 be the new potential at A. Then, 


Va~ Vee Va = Ve 
but Vz =0 as it is earthed. Hence, 
V4 = Va = Vz Ans. 


Type 3. Based on the charges appearing on different surfaces of concentric spherical shells 


Concept 


Figure shows three concentric thin spherical shells A, B and C of radii a, b and c. The shells 
Aand Care given charges q, and q, and the shell Bis earthed. We are interested in finding 
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the charges on inner and outer surfaces of A, B and C. To solve such type of problems we 
should keep the following points in mind : 


(i) The whole charge q, will come on the outer surface of A unless some charge is kept 
inside A. To understand it let us consider a Gaussian surface (a sphere) through the 
material of A. As the electric field in a conducting material is zero. The flux through 
this Gaussian surface is zero. Using Gauss’s law, the total charge enclosed must 
be zero. 


1 


Gaussian 
surface 


(ii) Similarly, if we draw a Gaussian surface through the material of B we can see that 
93 +q,=0 or g3 =— 
and if we draw a Gaussian surface through the material of C, then 
Q,+Q4t+93+q,=0 or G5 =-4% 
(ill) ds + dg = do. AS Gy charge was given to shell C. 
(iv) Potential of B should be zero, as it is earthed. Thus, 
Va = 0 
1 [2 Wats 48) 0 
Ane, | b b c 


So, using the above conditions we can find charges on different surfaces. 


or 


We can summarise the above points as under 

1. Net charge inside a closed Gaussian surface drawn in any shell is zero. (provided the 
shell is conducting). 

. Potential of the conductor which is earthed is zero. 

. If two conductors are connected, they are at same potential. 

. Charge remains constant in all conductors except those which are earthed. 

. Charge on the inner surface of the innermost shell is zero provided no charge is kept 
inside it. In all other shells charge resides on both the surfaces. 


ao fk Ww be 


6. Equal and opposite charges appear on opposite faces. 
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© Example 4 A charge q is distributed uniformly on the 
surface of a solid sphere of radius R. It is covered by a 
concentric hollow conducting sphere of radius 2R. Find the 
charges on inner and outer surfaces of hollow sphere if it is = 
earthed. 


Solution The charge on the inner surface of the hollow sphere should be q’ 
—q, because if we draw a closed Gaussian surface through the material of 

the hollow sphere the total charge enclosed by this Gaussian surface 

should be zero. Let q’ be the charge on the outer surface of the hollow 

sphere. 


Since, the hollow sphere is earthed, its potential should be zero. The 
potential on it is due to the charges qg, — q and q’, Hence, 


i q a,q¢ 7 
4ne, L2R 2R 2R 
se d =0 Ans. 
Therefore, there will be no charge on the outer surface of the hollow sphere. 


© Example 5 Solve the above problem if thickness of the hollow sphere is 
considerable. 


Solution In this case, we can set V =0 at any point on the hollow sphere. Let us select a point 
Pa distance r from the centre, were R, <r < R,. So, 


Vp =0 
ee re 
4meg|r or wR 
¢ =0 Ans. 


i.e. in this case also there will be no charge on the outer surface of the hollow sphere. 


© Example 6 Figure shows three concentric thin spherical shells A, B and C of 
radii R, 2R and 38R. The shell B is earthed and A and C are given charges q and 
2q, respectively. Find the charges appearing on all the surfaces of A, B and C. 
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Solution Since, there is no charge inside A. The whole charge q given 2q+q/ 
to the shell A will appear on its outer surface. Charge on its inner surface 

will be zero. Moreover if a Gaussian surface is drawn on the material of 

shell B, net charge enclosed by it should be zero. Therefore, charge on its 

inner surface will be — g. Now let ¢ be the charge on its outer surface, 

then charge on the inner surface of C will be — ¢ and on its outer surface NL 


will be, 2g —- - ¢ )=2q + ¢ as total charge on C is 2q. 
Shell B is earthed. Hence, its potential should be zero. 


I FE q,¢ ¢ LL) 0 


4ne)|2R 2R 2R 3R  3R 
Solving this equation, we get 
,. 4 
qs 3 q 
4 2 
2qt+q =2 = 
qt+q q 3 q 3 q 
Therefore, charges on different surfaces in tabular form are given below : 
Table 24.2 
A B Cc 
Inner surface 0) -q 49 
3 
Outer surface q _4 29 
37 3 


Type 4. Based on finding electric field due to spherical charge distribution 


Concept 
According to Gauss’s theorem, at a distance r from centre of sphere, 
E= Rdin 
2 


—— 
ATE, 


Here, q;,, is the net charge inside the sphere of radius r . If volume charge density (say p) is 


constant, then 


din= (volume of sphere of radius r)(p) = “arp 


If pis variable, then q;,, can be obtained by integration. 


Passage (Ex. 7 to Ex. 9) 
The nuclear charge (Ze) is non-uniformly distributed within a 
nucleus of radius R. The charge density p(r) (charge per unit 
volume) is dependent only on the radial distance r from the centre 
of the nucleus as shown in figure. The electric field is only along 
the radial direction. 


p (r) 


d 
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© Example 7 The electric field at r= R is (JEE 2008) 
(a) independent of a 
(b) directly proportional to a 
(c) directly proportional to a” 
(d) inversely proportional to a 
Solution Atr=R, from Gauss’s law 


E (4nR?) =40 =” oy B= = 
Ey Eq 4ne, R* 


E is independent of a. 
The correct option is (a). 


© Example 8 For a =0, the value of d (maximum value of p as shown in the 


figure) is (JEE 2008) 
p (1) 
d 
‘ 
R 
3Ze 3Ze 4Ze Ze 
a b) —— c) —— d 
(@) AnR? @) TR? o 3nR? @ 3nR°* 
Solution For a=0, p 
d d 
=|-—-r+d 
p(r) ( Rp’ 
N Gre \ d= © var onetthange = 
ow, |, ar?) ae r=net charge = Ze 
Solving this equation, we get d= a R . 
mR? 


The correct option is (b). 


© Example 9 The electric field within the nucleus is generally observed to be 


linearly dependent on r. This implies (JEE 2008) 
(a) a=0 () a= = a2R (ya=7R 
Solution In case of solid sphere of charge of uniform volume p(n) 
density 
1 sq 
te @ r or r 


Thus, for E to be linearly dependent on r, volume charge density 
should be constant. 


By] Sete ee ee 


or a=R 
The correct option is (c). 
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Type 5. Based on calculation of electric flux 


Concept 
(i) To find electric flux from any closed surface, direct result of Gauss's theorem can be 
used, 
o= Gin 
Eo 


(ii) To find electric flux from an open surface, result of Gauss's theorem and concept of 
symmetry can be used. 
(iii) To find electric flux from a plane surface in uniform electric field, 
o=E-S or ES cos 
can be used. 
(iv) Net electric flux from a closed surface in uniform electric field is always zero. 


© Example 10 The electric field in a region is given by E = ai+ bj. Here, aand b 
are constants. Find the net flux passing through a square area of side | parallel to 


y-z plane. 
Solution A square area of side / parallel to y-z plane in vector form can be written as, 
S=Pi 
Given, E=ai+ bj 
.. Electric flux passing through the given area will be, 
o=E-S 
= (ai + bj)- (771) 
=aql? Ans. 


© Example 11 Figure shows an imaginary cube of side a. A 
uniformly charged rod of length a moves towards right at a +4 $4) 
constant speed v. At t = 0, the right end of the rod just touches the —V : ; 
left face of the cube. Plot a graph between electric flux passing eee 
through the cube versus time. | 


Solution The electric flux passing through a closed surface depends on the net charge inside 
the surface. Net charge in this case first increases, reaches a maximum value and finally 
decreases to zero. The same is the case with the electric flux. The electric flux 6 versus time 
graph is as shown in figure below. 
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© Example 12. The electric field in a region is given by E = axi. Here, o is a 
constant of proper dimensions. Find 


(a) the total flux passing through a cube bounded by the surfaces, x=1, x= 2l, y=0, y=], 
2=0,2=1. 


(b) the charge contained inside the above cube. 


Solution (a) Electric field is along positive x-direction. 
Therefore, field lines are perpendicular to faces ABCD 
and EFGH. At all other four faces field lines are 
tangential. So, net flux passing through these four faces 
will be zero. 


Flux entering at face ABCD At this face x=1 


s E=ali 
.. Flux entering the cube from this face, 


o, =ES=(@) (=0F 


Flux leaving the face EFGH At this face x =2] F 
: E=2ali — 
Flux coming out of this face E aaa 
6, = ES = Gal) ((’) — 
=20P 
= 
Net flux passing through the cube, os 
Ort = 02 — >, = 20F — af H 
=a Ans. 
(b) From Gauss’s law, 
_ Vin 
net 
Eo 
din = (ret ) (Eo) 
=ae,F Ans. 
© Example 13 Consider the charge configuration and a spherical Dae 


Gaussian surface as shown in the figure. When calculating the flux / +4 
of the electric field over the spherical surface, the electric field will ' 
be due to (JEE 2004) ; 
(a) Q _ 2 
(6) only the positive charges 

(c) all the charges 

(d) + q, and -q, 
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Solution At any point over the spherical Gaussian surface, net electric field is the vector sum 
of electric fields due to +q,,— q, and qy 


The correct option is (c).. 


Note Don't confuse with the electric flux which is zero (net) passing over the Gaussian surface as the net charge 
enclosing the surface is zero. 


© Example 14_ A point charge q is placed on the top of a cone of semi vertex angle 
q(1— cos 86) 


8. Show that the electric flux through the base of the cone is 5p 
0 


HOW TO PROCEED This problem can be solved by the method of symmetry. Consider 
a Gaussian surface, a sphere with its centre at the top and radius the slant length of 
the cone. The flux through the whole sphere is q/€,. Therefore, the flux through the 
base of the cone can be calculated by using the following formula, 


_(S) a 
a =(F) Eq 


and S=area of sphere below the base of the cone. 


Here, S,) = area of whole sphere 


Solution Let R=slant length of cone = radius of Gaussian sphere 


-- So =area of whole sphere = (41R”) 
S =area of sphere below the base of the cone 
= 2nR? (1 — cos0) 


.. The desired flux is, o= (2) fede 
So} €o 
_ @nR*)(1-cos®) g 
(4nR”) Eq 
_ 7 (— cos @) See 
2E 


Note S =2nR* (1—cos 8) can be calculated by integration. 
At 0=0° S =2nR? (1 — cos 0°) =0 
9 =90°, S =2nR’ (1 — cos 90°) = 2nR” 
and @=180°, S =2nR? (1 — cos 180°) =40R? 
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Proof 
dS = 2nr) Rdo 


= 2nRsin a) Rdo 
= 2nR”) sin a da 
s=| * @nR?) sin a do 


asr=Rsina 


S =2nR? (1 — cos 0) 


Students are advised to remember this result. 


Type 6. Based on E-r and V-r graphs due to two point charges 


Concept 
(i) E= kq k= ‘ 
r2 ANE ¢ 
and V=t wl (due to a point charge) 
r 


(ai) ASr>0,H>«andVote« 
Asr>«,H— OandV > 0 

(iii) Fis a vector quantity. Due to a point charge, its direction is away from the charge and 
due to negative charge it is towards the charge. Along one dimension if one direction is 
taken as positive direction then the other direction is taken as the negative direction. 


—> +ve —> +ve 
“ “< (+) > > > C4) “ “ 
E=-ve E=+ve E=+ve E=-ve 


(iv) Vis a scalar quantity. On both sides of a positive charge it is positive and it is negative 


due to negative charge. 


V=+ve V=+ve V=-ve V=-ve 


(v) Between zero and zero value, normally we get either a maximum or minimum value 


© Example 15 Draw E-randV -r graphs due to two point charges +q and —2q 
kept at some distance along the line joining these two charges. 
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Solution E-r graph 


< <{ +q }> »—{-2q}~< > 
E>0 E+-<iE ++ E+ tx1E +x E>0 
r—>0 r>0'r so r>+o > 9 r—>0 


(I) (II) (III) 


In region I E due to +q is towards left (so negative) and F due to —2q is towards right 
(so positive). Near +q, electric field of + q will dominate. So, net value will be negative. At some 
point say P both positive and negative values are equal. So, E p =9. Beyond this point, electric 
field due to —2q will dominate due to its higher magnitude. So, net value will be positive. E p= 
and F.. (towards left) is also zero. Between zero and zero we will get a maximum positive value. 


In region II E due to+q and due to —2q is towards right (so positive). Between the value +« 
and +« the graph is as shown in figure. 


In region III EF due to +q is towards right (so positive) and E due to —2q is towards left 
(so negative). But electric field of —2q will dominate due to its higher magnitude and lesser 
distance. Hence, net electric field is always negative. 


V-rgraph 


< y +q : (2q > 
V0 V—> +00 | V— +00 Vo TeV — oo V0 
foo r>0 ‘'!r-o rrA0 'r>0 rf oo 


| 
| I 
| I 
| i) 
The logics developed in FE -r graph can also be applied here with V -r graph. At point P, positive 


potential due to +qis equal to negative potential due to —2q. Hence, V,, =0, so this point is near 
2q. Same is the case at M. 


Type 7. £-r andV-r graphs due to charged spherical shells of negligible thickness 


Concept 
According to Gauss’s theorem, 


Ba Pin [e- 1 ) 


r? ATE 9 
So, only inside charges contribute in the electric field. 


y= “4 


7 = constant (inside the shell) 
kq . 
V =— # constant (outside the shell) 
r 


Here, qg is the charge on shell. 
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© Example 16 Draw E-randV-r graphs due to two charged spherical shells as 
shown in figure (along the line between C and «). 


Solution 
E-r graph 
—2q 
------------ > 00 
ay : 

i} 

i} 

i} 

i} 

i} 

1 

| 

K 

| 29 

IN Fo= Rp 
aa 

i >. 
CtoP Gn =09 => #£.E=0 
AtM H= “2 (radially outwards, say positive) = Ep (say) 
At N ol ee (radially outwards) 


E = = 
QR) 4R? 4 
From Mto N Value will decrease from E, to “. 


AtT paket” 


radially inwards 
OR» ( y ) 


E 
From T to © Value changes from a= to zero. 


V-r graph 


From CtoP_ Points are lying inside both the shells. Hence, potential due to both shells is 
constant. 
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_ha_R@d) _4 
R 2R 
From Mto N Potential of —2q will remain constant but potential of g will decrease. So, net 


value comes out to be negative. At N or T 


y _#a_ hea) 
2R 2k 
k 
=-55=-Vo Gay) 


From T toc Value will change from —V) to zero. The correct graph is as shown below. 


> 


Type 8. Based on motion of a charged particle in uniform electric field 


Concept 
(i) In uniform electric field, force on the charged particle is 
F= qE 
or gE force acts in the direction of electric field if g is positive and in the opposite 
direction of electric field if g is negative. 
(ii) Acceleration of the particle is therefore, 
mm 
This acceleration is constant. So, path is therefore either a straight line or parabola. If 


initial velocity is zero or parallel to acceleration or antiparallel to acceleration, then 
path is straight line. Otherwise in all other cases, path is a parabola. 


© Example 17 An electron with a speed of 5.00 x 10° m/s enters an electric field of 
magnitude 10° NIC, travelling along the field lines in the direction that retards its 


motion. 
(a) How far will the electron travel in the field before stopping momentarily? 
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(b) How much time will have elapsed? 

(c) If the region with the electric field is only 8.00 mm long (too short from the electron to 
stop with in it), what fraction of the electron’s initial kinetic energy will be lost in that 
region? 

wee wm” 

2a 2(qElm) 2qE 

_ 9.1x10°*") 6x 10°) 
2x1.6x10°!? x 10° 


Solution (a) s= 


=7.1x10?m=7.1cm Ans. 
u u mu 
| _— = 
(b) a qElm qE 


_ 9.1.x 107°") 6 x 10°) 
(1.6 x 10-1) (10°) 


=2.84x1078s Ans. 
(c) Loss of energy (in fraction) 
Z mu? — = mv" 2 
i 2 
= mu 
2 
u2-2as 2as 2qEs 
1 2. 2 2 
u u mu 


_2x16x10°!9 x10? x8x10-° 
9.1x107°! x 6 x 10°)? 
=0.11 Ans. 


© Example 18 A charged particle of mass m= 1kg and charge q = 2 UC is thrown 
from a horizontal ground at an angle 8 = 45° with speed 20 m/s. In space a 
horizontal electric field E =2 x 10' V/mexist. Find the range on horizontal 


ground of the projectile thrown. 
y 


Solution The path of the particle will be a parabola, but along x-axis —> 5 
also motion of the particle will be accelerated. Time of flight of the — 
projectile is ‘i 
2u, 2u e 
yen y 2x20 cos 45 -2/3 s 
a, g 10 (2) 


Horizontal range of the particle will be 
R=u,T + ; rc 


_qE_@x10°)@x10’) 
m 1 


=40 mis” 


Here, a, 
R= 20 cos 45°) (22) + ; (40) (2/2)? 


=40+ 160 
=200m Ans. 
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Type 9. 7o find potential difference between two points when electric field is known 


Concept 


In Article 24.9, we have already read the relation between Eand V. There we have taken a 
simple case when electric field was uniform. Here, two more cases are possible depending 
on the nature of E. 


When Ehas a Function Like f, (x)i + fy (y)j + fs (@)k 
In this case also, we will use the same approach. Let us take an example. 


© Example 19 Find the potential difference V,, between A(2m, 1m, 0) and 
B(O,2m, 4m) in an electric field, 
E= (xi — 2yj+ zk) V/m 
Solution dV =—E-dr 
A (21,0) + a A n a x“ 
I dV =- i » Gt 2y i + 2k): (dai + dyj + dzk) 


(2,1, 0) 
V4 —-Vz=- (xdx —2ydy + zdz) 


(0, 2, 4) 
2 2 2, 1, 0) 
or Van=—|5-9" 
2 2 0, 2, 4) 
=3 volt Ans. 


When E.: dr becomes a Perfect Differential. 


Same method is used when E- dr becomes a perfect differential. The following example will 
illustrate the theory. 


© Example 20 Find potential difference V 4, between A(0,0,0) and B (1m, 1m, 1m) 
in an electric field (a) E= yi+xj (0) E=3x"yi+x°j 


Solution (a) dV =—E-ar 
4 av =—(O Ci + xp). Gad + dyjj+ dek) 
[. mia ee yi t+ xj xi yj Zz 
(0, 0, 0) 
or Via VW ae ee (y dx + x dy) 
(0, 0, 0) 
or Vap=r- ah d (xy) las ydx+ xdy=d (xy)] 
ra Vaz == boty =1V Ans. 
(b) dV =—E-dr 
A dV =—[ ” @x2yi + 23 je (dei + dyj + dzk) 
if mae Oe yi j xi yj Zz 
(0, 0, 0) 
or V,— Vp =- a a“ (Bx7ydx + x° dy) 
(0, 0, 0) 
=-foy On 


Vag e- hye et H1y Ans. 


(1,1,1) 
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Type 10. Based on oscillations of a dipole 


Concept 
In uniform electric field, net force on a dipole is zero at all angles. But net torque is zero for 
6 = 0° or 180°. Here, 8 = 0° is the stable equilibrium position and 8 = 180° is unstable 
equilibrium position. If the dipole is released from any angle other than 0° or 180°, it rotates 
towards 0°. In this process electrostatic potential energy of the dipole decreases. But 
rotational kinetic energy increases. At two angles 0, and 0,, we can apply the equation 


Us, + Kg, =U, + Ke, 


‘1 


or —pE cos 0, + 5 Io} =~ pH cos, + = Io} 


Moreover, if the dipole is displaced from stable equilibrium position (0 = 0°), then it starts 
rotational oscillations. For small value of 0, these oscillations are simple harmonic in 
nature. 


© Example 21 An electric dipole of dipole moment p is placed in a uniform 

electric field E in stable equilibrium position. Its moment of inertia about the 
centroidal axis is I. If it is displaced slightly from its mean position, find the 
period of small oscillations. 
Solution When displaced at an angle 6 from its mean position, the magnitude of restoring 
torque is 

t=—pEsin@ 
For small angular displacement sin 0 = 0 

t=—pE9# 


The angular accelerationis MQ= ; = @ 6=—076 


-q +q = 
—— p 
—q 
es 
where, o” BE > TT an 20 s Ans. 
I @ pE 


Type 11. Based on the work done (by external forces) in moving a charge from one point to another 
point 


Concept 
If kinetic energy of the particle is not changed, then 
W =AU =U; -U; =q(V; —V;) or qAU) 
Here, q is the charge to be displaced and V; and V; are the initial and final potentials. 
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© Example 22 Two identical thin rings, each of radius R, are coaxially placed a 
distance R apart. If Q, and Q, are respectively the charges uniformly spread on 
the two rings, the work done in moving a charge q from the centre of one ring to 


that of the other is (JEE 1992) 
5) 41 = Q2) (V2 = 1) 
(a) zero (b) ac (4ne, B) 
(c) I42Q, + Q) (4) 4(Q, 1 Q.) (V3 + 1) V2 (Ane R) 
(4m¢,R) 
. = 14 1 Q _ 1 Q> 
Solution Vo, =Vo + Va, ne, B + ine BS Bee R (a + <2) 
Q, Q 
4. ont 
wee a 
Similarly, Vo, = << (a. 4 
0: 
AV =Vo, -Vo, 
-_t @ aj=—@ Q)) 
Ane R 1 ze get 2 
_~ %-Q 
2 (4x € oh) We » 


W = AV = Q, — Q,) (V2 - 1)/V2 4x €9R) 
-. The correct option is (b). 


Miscellaneous Examples 


© Example 23 Five point charges each of value + q are placed on five vertices of a 
regular hexagon of side ‘a’ metre. What is the magnitude of the force on a point 
charge of value — q coulomb placed at the centre of the hexagon? 

Solution 
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OE eeeats 

r 2 

a=r 

y= 92 =---=95 =q 


Net force on — q is only due to gy because forces due to g, and due to q, are equal and opposite 
so cancel each other. Similarly, forces due to g, and q; also cancel each other. Hence, the net 
force on — qis 


1 @@ 


F=—.~“ = (towards q;) 
4N€ rr 
1 2 
or F= og Ans. 
4nN& r 


© Example 24 A point charge q, =9.1uC is held fixed at origin. A second point 
charge q. =—0.42 UC and a mass 3.2 x 10+ kg is placed on the x-axis, 0.96 m 


from the origin. The second point charge is released at rest. What is its speed 
when it is 0.24 m from the origin? 

Solution From conservation of mechanical energy, we have 

Decrease in electrostatic potential energy = Increase in kinetic energy 


al 1 1 
or mv" =U, U; = as 
2 Aneg\h Vy 


— 192 | 7" 
4m &o | Hy 


po (eee 
20 Egm | KT; 
- je x 1078) (0.42 x 10°) x2 x9 x 109 0.24 — 0.96 ) 


3.2 x10 (0.24) (0.96) 
=26mi/s Ans. 


© Example 25 A point charge q, =— 5.8 uC is held stationary at the origin. A 
second point charge q, = + 4.3 uC moves from the point (0.26 m, 0,0) to 
(0.38 m, 0,0). How much work is done by the electric force on qz? 
Solution Work done by the electrostatic forces = U; — U; 


ap Mit | EY 
4neg\ hi Vy 


— 192 | TN 
AN Eo \ HM 
_ 5.8 x 10°) (4.3 x 107%) 9 x 10°) 0.38 — 0.26) 


(0.38) 0.26) 
=—0.272 J Ans. 
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© Example 26 A uniformly charged thin ring has radius 10.0 cm and total charge 
+ 12.0 uC. An electron is placed on the ring’s axis a distance 25.0 cm from the 
centre of the ring and is constrained to stay on the axis of the ring. The electron is 
then released from rest. 
(a) describe the subsequent motion of the electron. 
(b) find the speed of the electron when it reaches the centre of the ring. 


Solution (a) The electron will be attracted towards the centre C of the ring. At C net force is 
zero, but on reaching C, electron has some kinetic energy and due to inertia it crosses C, but on 
the other side it is further attracted towards C. Hence, motion of electron is oscillatory about 
point C. 


(b) As the electron approaches C, its speed (hence, kinetic energy) increases due to force of 
attraction towards the centre C. This increase in kinetic energy is at the cost of electrostatic 
potential energy. Thus, 


A mu” = U; = U; 
2 
=Up —Uc = 2) [Vp — Vo] ..-(i) 
Here, V is the potential due to ring. 
Vp = cae! (q = charge on ring) 
4N€& 1 


(9 x 10°) 12x 10-°) 


=401V 
(0)? + (25)?) x 10° 
1 q 
We a 
. 4ne, R 
9 —9 
_ @x10 ) 12x10 re 
10x10 


Substituting the proper values in Eq. (i), we have 


; x 9.1 x 107! x v2 = (1.6 x 107!) (401 — 1080) 


v=15.45 x 10° m& Ans. 


© Example 27 Two points A and B are 2 cmapart and a uniform electric field E 
acts along the straight line AB directed from A to B with E = 200 N/C. A particle 
of charge + 10°C is taken from A to B along AB. Calculate 
(a) the force on the charge 
(b) the potential difference V,4 — Vz and 
(c) the work done on the charge by E 
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Solution (a) Electrostatic force on the charge, 
F = qE = (10°) (200) 


=9x10- N 
(b) In uniform electric field, 
PD, V=E-d 
or V,— V,=200%2%107 
=4V 


(c) W=(2 x10) (2 x 107) cos 0° 
=4x10° J 


Ans. 


Ans. 


Ans. 


© Example 28 An alpha particle with kinetic energy 10 MeV is heading towards a 


stationary tin nucleus of atomic number 50. Calculate the distance of closest 


approach. Initially they were far apart. 


Solution Due to repulsion by the tin nucleus, the kinetic energy of the a-particle gradually 


decreases at the expense of electrostatic potential energy. 


la a 509) 
k——1 
Decrease in kinetic energy = increase in potential energy 
or iad =U, —U; 
2 
or t mo. UG _9g 
2 4nmé) 1 
_ 2... (2e) 60e) 
ANE 9 (KE) 


Substituting the values, 
OX 10°) 2x 1.6 x 1071%) (1.6 x 1071? x 50) 


10x 10° x1.6x 107! 
=14.4x10% m 


Ans. 


© Example 29 Three point charges of 1C,2 C and 3 C are placed at the corners of 


an equilateral triangle of side 1 m. Calculate the work required to move these 
charges to the corners of a smaller equilateral triangle of side 0.5 m. 


Solution Work done =U; —U; 


1 1 1 
M —— =] [4392 + 934) + 991] 
An eg | 7 


=9x10?( 2.24 
=9x10 (= 7] [8)@) + 8)Q)+ @)Q)] 


=99x10° J 


Ans. 


Note Work done by electrostatic forces is U; - U; but work done by external forces is U; — U;. Sometimes in a 


simple way it is asked, find the work done. It means U; — U;. 
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© Example 30 Consider a spherical surface of radius 4 m centred at the origin. 
Point charges + q and — 2q are fixed at points A (2 m, 0, 0) and B (8 m, 0, 0) 
respectively. Show that every point on the spherical surface is at zero potential. 
Solution Let P (x, y, z) be any point on the sphere. From the property of the sphere, 


Further, 


and 


x+y? 4+ 27 = (4%) =16 Gi) 


PA=J(x—2)? + y+ 2 ..-(ii) 
PB= — 8)74+ v4 27 iii) 


i 7 
a PA 


2q 
Te @- - yee mel 


2q 
es 16+ v= 4x 16+ 64— = 


Example 31 
and y as follows 


2q 
ers ie +2°4+4-4x {x2 + y+ 274+ 64—16x 


q 
ee Te Ax aime| 


Proved 


The intensity of an electric field depends only on the coordinates x 


we eD 
x“ +y 


where, a is a constant and i and j are the unit vectors of the x and y-axes. Find the 
charge within a sphere of radius R with the centre at the origin. 


Solution At any point P (x, y, z) on the sphere a unit vector 
perpendicular to the sphere radially outwards is 


Let us find the electric flux passing through a small area dS at 
point P on the sphere, 


: y 4 Zz k 


4 28 
jt—k as 24+ y+2=PR 


do=E-a as-| 


(9) 


Te +42" 


R 


ax ay 
, dS 
R(x +y") R(x? + | 
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Here, we note that do is independent of the coordinates x, y and z. Therefore, total flux passing 
through the sphere 


o=/d9-5 J as-($) (4nR”) 


=4naR 
From Gauss’s law, 
o= Gin or (4naR) = Gin 
Eq Eo 
Gin = 40E aR Ans. 


© Example 32 Find the electric field caused by a disc of radius a with a uniform 
surface charge density o (charge per unit area), at a point along the axis of the 
disc a distance x from its centre. 
Solution We can assume this charge distribution as a collection of concentric rings of charge. 


dA = (2mr) dr 
dq =o dA=(2nor) dr 
rae 1 (dq)x 


3/2, x ir dE, 


Amey (x7 +r?) 
-( 1 eee { } 


ANE 9 (x? + ps2 


E, =| dE, 


_ be (2nor dr) x 


OAT Ey (x? + Se ia 


_ Ox [ rdr 
QEq 10 (x2 + r?)7? 


1 


E,. = 1 
or x 
2€ | Jah? + | 


If the charge distribution gets very large, i.e. a >> x, the term 


1 aaj 

————— becomes negligibly 
Wy 2 
yak +1 
small, and we get EF = oy 
Eo 

Thus, we can say that electric field produced by an infinite plane sheet of charge is independent 
of the distance from the sheet. Thus, the field is uniform, its direction is everywhere 
perpendicular to the sheet. 


© Example 33 A non-conducting disc of radius a and uniform positive surface 
charge density o is placed on the ground with its axis vertical. A particle of mass 
m and positive charge q is dropped, along the axis of the disc from a height H 
with zero initial velocity. The particle has g/m = 4e, g/o. 
(a) Find the value of H if the particle just reaches the disc. 
(6) Sketch the potential energy of the particle as a function of its height and find its 
equilibrium position. 
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Solution Potential at a height H on the axis of the disc V(P). The P(q, m) 
charge dq contained in the ring shown in figure, dg = @ardr)o 


Potential of P due to this ring 


V= u 4 where x=,/H? +r? 


7 4NEg xX 
_ 1 @nrdr)o_o rdr 
ATE H+ rp? 2& fd: r. 


dV 


Potential due to the complete disc, 


r=a oO pr=a_ rdr 
Vis dV 
P ss 2€5 L¢ lH 4+ 2 
Be atte? = Bi 
2€o 
Potential at centre, O will be 
Vo == (H =0) 
2€o 


(a) Particle is released from P and it just reaches point O. Therefore, from conservation of 
mechanical energy 
decrease in gravitational potential energy = increase in electrostatic potential energy 


(A KE=0 because K; = K; =0) 
mgH = q [Vo — Vp] 


or a -(4)| > ) fa — Ja? + H? +H] ...(i) 


m) \ 2&5 


q _ 4&8 3 AS uy 
m Oo 2€om 


gH =2¢ [a+ H —Ja?+ H?| o 
or = (a+ H)- la? + 


Substituting in Eq. (i), we get 


or et =e 
2 
H? 
or a’ +H’ =a" +——+ aH 
3 572 4 
or —H*=aH or H=-—a and H=0 
4 3 
H=(4/8)a Ans. 


(b) Potential energy of the particle at height H = Electrostatic potential energy 
+ gravitational potential energy 


fs U=qV +mgH 
Here, V = Potential at height H 


U = 24 (fa? + H? — H]+ mgH ...(ii) 


2€o 
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At equilibrium position, F =——=0 


Differentiating Eq. (ii) w.r.t. H, 


og |{1 1 
} 2H 1/=0 
: - se |(2) — | 


or 14 cai 2=0 > i =1 
Fi a+ H? Fi a’ +H? 
2 
or Ps ie or 3H?=a? 
a +H 4 
a 
or =— Ans. 
V3 
From Kq. (ii), we can see that 
U =2 mga at H =Oand Ut 
U =U nn, = /3 mga at H = 
V3 2mga 
Therefore, U-H graph will be as shown. 
Note that at H = = ,U is minimum. V3mga }----> : 
V3 ri 
Therefore, H = 5 is stable equilibrium position. fe) an H 


© Example 34 Four point charges +8uC, —1uC, —1uC and + 8uC are fixed at 


the points —./27/2 m, — {3/2 m, +./3/2 mand + .J27/2 m respectively on the 


Y-axis. A particle of mass 6 x 10* kg and charge + 0.1u.C moves along the —X 


direction. Its speed at x = + © is Ug. Find the least value of vu, for which the 
particle will cross the origin. Find also the kinetic energy of the particle at the 


origin. Assume that space is gravity free. 
Solution In the figure, y 
q=1pC=10 °C 


7 V27/2m B 
dp =+0.1WC=1077 C 
m=6x10~% kg v3/2m A 
and Q@=8uC =8x10*°C 6 
Let P be any point at a distance x from origin O. 
Then, —3/2m C 
3 
AP=CP= ate -J27/2m D 
27g 


BP=DP= ake 
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Electric potential at point P will be 


_2kQ _ 2kg 
~ BP AP 
where, k= =9x109 Nm7/C? 
ATEg 
—6 6 
Vagos nN 
27 4 A ; 
—+ —+Xx 
2 2 
V =1.8x104 8 : a) 
27 5 ie A 
—+x —+x 
2 2 
-. Electric field at P is 


— 3/2 — 3/2 
p-- 2a -18x10 (- *) (FE 2) — (1) (-2) (3+ 2) Jes 
= a) \9 2)\2 


FE =0o0n x-axis where 


8 _ 1 
3/2 3/2 
ET Fs 
2 2 
3 (4)*/? _ ii 
3/2 372 
& + ) E + ) 
2 2 
=> (FE 2) =4(2 + 2] 
2 2 
This equation gives KS fe m 


The least value of kinetic energy of the particle at infinity should be enough to take the particle 


upto x=+ fp m because 


at x=4 fe m, E=0 = Electrostatic force on charge gy is zero or F, =0 
5 ; . si8 ; 
for x > ; m, Eis repulsive (towards positive x-axis) 
5 : : : : 
and for x < fe m, Eis attractive (towards negative x-axis) 


Now, from Eq. (i), potential at x= ; m 


5 3 
+ — — + — 
2 2 
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: : 5 
Applying energy conservation at x= «and x= 5 m 
ie. oe - 
a MUp = QV .. (11) 


Re Pao¥ 


2x1077 x2.7x 104 
Up = = 
6x10 


Substituting the values, 


Up =3 mis Ans. 
Minimum value of uy is 3 m/s. 


From Eq. (i), potential at origin (x =0) is 


V, =1.8 x10* ee enn 
bob 
2 2 
Let T be the kinetic energy of the particle at origin. 
Applying energy conservation at x =0 and at x =o 
T + q0Vo = smu 
But, - mue = qoV [ from Eq. (ii)] 
T =) V — Vo) 
T =(10") @.7x 104 — 2.4 x 10*) 
T =3 x10 J Ans. 


Note F=0orF, on qp Is zero at x =O and x=+ fe m. Of these x =0 is stable equilibrium position and 


X= Ae mis unstable equilibrium position. 


Exercises 


LEVEL 1 


Assertion and Reason 


Directions: Choose the correct option. 

(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 
(6) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 

(d) If Assertion is false but the Reason is true. 


1. Assertion: An independent negative charge moves itself from point A to point B. Then, 
potential at A should be less than potential at B. 


Reason: While moving from Ato B kinetic energy of electron will increase. 


2. Assertion: When two unlike charges are brought nearer, their electrostatic potential 
energy decreases. 


Reason: All conservative forces act in the direction of decreasing potential energy. 


3. Assertion: At a point electric potential is decreasing along x-axis at a rate of 10 V/m. 
Therefore, x-component of electric field at this point should be 10 V/m along x-axis. 


Reason: Magnitude of E, = ad 
x 


4. Assertion: Electric potential on the surface of a charged sphere of radius R is V. Then 
electric field at a distance r = S from centre is oR Charge is distributed uniformly over the 
volume. 


Reason: From centre to surface, electric field varies linearly with r. Here, ris distance from 
centre. 


5. Assertion: Gauss’s theorem can be applied only for a closed surface. 
Reason: Electric flux can be obtained passing from an open surface also. 


6. Assertion: In the electric field E= (4i + 4j) N/C electric potential at A(4m, 0)is more than 
the electric potential at B(O, 4m). 


Reason: Electric lines of forces always travel from higher potential to lower potential. 


7. Assertion: Two charges — qg each are fixed at points A and B. When a third charge - q is 
moved from A to B, electrical potential energy first decreases than increases. 


A B 


Reason: Along the line joining A and B the third charge is in stable equilibrium position at 
centre. 


198 © Electricity and Magnetism 


8. Assertion: A small electric dipole is moved translationally from higher potential to lower 
potential in uniform electric field. Work done by electric field is positive. 
Reason: When a positive charge is moved from higher potential to lower potential, work 
done by electric field is positive. 


9. Assertion: Incase of charged spherical shells, E-r graph is discontinuous while V-r graph is 
continuous. 


Reason: According to Gauss’s theorem only the charge inside a closed surface can produce 
electric field at some point. 


10. Assertion: If we see along the axis of a charged ring, the magnitude of electric field is 
minimum at centre and magnitude of electric potential is maximum. 


Reason: Electric field is a vector quantity while electric potential is scalar. 


Objective Questions 


1. Units of electric flux are 


N-m? N 
(a) 2 (b) om 
(c) volt-m (d) volt-m? 


2. Aneutral pendulum oscillates in a uniform electric field as shown in figure. If a positive charge 
is given to the pendulum, then its time period 


(a) will increase (b) will decrease 
(c) will remain constant (d) will first increase then decrease 


3. Identify the correct statement about the charges qg, and qs, then 


ae 


(a) gq, and qz both are positive (b) g, and q, both are negative 
(c) g, 1s positive gy is negative (d) gz is positive and q, is negative 
4. Three identical charges are placed at corners of an equilateral triangle of side /. If force 
between any two charges is F’,, the work required to double the dimensions of triangle is 
(a) -3 Fl (b) 3 Fl 
(c) (-8/2) Fl (d) (8/2) Fl 


10. 


11. 


12. 
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. Aproton, a deuteron and an alpha particle are accelerated through potentials of V, 2 Vand 4 V 


respectively. Their velocity will bear a ratio 
(a) 1:1:1 (b) 1:V2:1 
(c) ¥2:1:1 (da) 1:1:v2 


. Electric potential at a point P,r distance away due to a point charge q kept at point Ais V. If 


twice of this charge is distributed uniformly on the surface of a hollow sphere of radius 4r with 
centre at point A, the potential at P now is 

(a) V (b) V/2 

(c) VA (d) V8 


Four charges +q,- q,+ gand- qare placed in order on the four consecutive corners of a square 
of side a. The work done in interchanging the positions of any two neighbouring charges of the 
opposite sign is 


2 2 
(a) 1 4+ 42) (b) —— (4 + 2y2) 
4nE,a ANE,a 
2 2 
(c) —2~— (4-22) (ad) 2 4+ V2) 
4m 9a 4nE 9a 


. Two concentric spheres of radii R and 2R are charged. The inner sphere has a charge of 1uC 


and the outer sphere has a charge of 2 uCof the same sign. The potential is 9000 V at a distance 
3R from the common centre. The value of Ris 


(a) 1m (b) 2m 
(c) 8m (d) 4m 
A ring of radius R is having two charges g and 2q distributed on its two half parts. The electric 
potential at a point on its axis at a distance of 2/2 R from its centre is | k= 7 
3kq kq 
(a) R (b) 3R 
kq kq 
“d d) 
(c) R (d) BR 


A particle A having a charge of 2.0x 10°C and a mass of 100 g is fixed at the bottom of a 
smooth inclined plane of inclination 30°. Where should another particle Bhaving same charge 
and mass, be placed on the inclined plane so that B may remain in equilibrium? 

(a) 8cm from the bottom (b) 13 cm from the bottom 

(c) 21 cm from the bottom (d) 27 cm from the bottom 


Four positive charges (2/2=1) Q are arranged at the four corners of a square. Another charge 
qis placed at the centre of the square. Resulting force acting on each corner charge is zero if gis 


7Q _4Q 
(a) aos (b) 7 
(c) -Q (d) -W2+1)Q 


A proton is released from rest, 10 cm from a charged sheet carrying charged density of 
— 2.21x10°C/m?. It will strike the sheet after the time (approximately) 


(a) 4uUs (b) 2us 
(c) 2V2 us (d) 4V2 us 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


Two point charges +q and —q are placed a distance x apart. A third charge is so placed that all 
the three charges are in equilibrium. Then, 

(a) unknown charge is —4q/9 

(b) unknown charge is —9q/4 

(c) it should be at (x«/3) from smaller charge between them 

(d) None of the above 


Charges 2q and - q are placed at (a,0) and (—a,0) as shown in the y 
figure. The coordinates of the point at which electric field intensity is 

zero Will be (x, 0), where 

(a) -a<x<a (b) x<-a pe 

(c) x>-a (d) O<x<a 


+ 2q 


Five point charges (+ q each) are placed at the five vertices of a regular hexagon of side 2a. 
What is the magnitude of the net electric field at the centre of the hexagon? 


1 q q 
a =e a 
(a) Ane, a” om 16n€,a” 
v2q re 
Ane,a” 16n€)a” 


Two identical small conducting spheres having unequal positive charges g, and q, are 
separated by a distancer. If they are now made to touch each other and then separated again to 
the same distance, the electrostatic force between them in this case will be 

(a) less than before (b) same as before 

(c) more than before (d) zero 


Three concentric conducting spherical shells carry charges + 4Q on the inner shell — 2Q on the 
middle shell and+ 6Q on the outer shell. The charge on the inner surface of the outer shell is 

(a) 0 (b) 4Q 

(c) -@ (d) -2@ 

1000 drops of same size are charged to a potential of 1 V each. If they coalesce to form a single 
drop, its potential would be 

(a) V (b) 10 V 

(c) 100 V (d) 1000 V 

Two concentric conducting spheres of radii Rand 2R are carrying 
charges Q and —- 2Q, respectively. If the charge on inner sphere is 
doubled, the potential difference between the two spheres will 

(a) become two times 

(b) become four times 

(c) be halved 

(d) remain same 


Charges Q, 2Q and — @ are given to three concentric conducting spherical 
shells A, Band C respectively as shown in figure. The ratio of charges on 


the inner and outer surfaces of shell C will be 
3 -3 BI|c 
(a) + q (b) — 


3 -3 
(c) 2 (d) 2 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 
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The electric field in a region of space is given by E= 5i + 2] N/C. The flux of Edue to this field 
through an area 1m? lying in the y-z plane, in SI units, is 

(a) 5 (b) 10 

() 2 (d) 5/29 

A charge Q is placed at each of the two opposite corners of a square. A charge q is placed at each 
of the other two corners. If the resultant force on each charge q is zero, then 


(a) q=v2Q (b+) q=-V2Q 
(©) q=2V2Q (d) q=-2v2Q 
A and Bare two concentric spherical shells. If Ais given a charge + g while 
Bis earthed as shown in figure, then 
(a) charge on the outer surface of shell Bis zero 
(b) the charge on Bis equal and opposite to that of A 
(c) the field inside A and outside Bis zero 
(d) All of the above 
A solid sphere of radius R has charge ‘¢ uniformly distributed over its volume. The distance 
from its surface at which the electrostatic potential is equal to half of the potential at the centre 
is 
(a) R (b) 2k 
R R 
(c) 3 (d) 2 
Four dipoles each of magnitudes of charges + e are placed inside a sphere. The total flux of E 
coming out of the sphere is 


(a) zero (b) = 
£0 


(c) = (d) None of these 
0 


A pendulum bob of mass m carrying a charge q is at rest with its string making an angle @ with 
the vertical in a uniform horizontal electric field E. The tension in the string is 


(8 (b) mg 
sin 6 
qk qE 
©) sin 8 (@) cos 8 


Two isolated charged conducting spheres of radii a and 6 produce the same electric field near 
their surfaces. The ratio of electric potentials on their surfaces is 


a b 
(a) 6, (b) a 
a ye 
(c) re) (d) 7) 


Two point charges + q and - q are held fixed at (— a, 0) and (a, 0) respectively of a x-y coordinate 
system, then 

(a) the electric field E at all points on the x-axis has the same direction 

(b) Eat all points on the y-axis is along i 

(c) positive work is done in bringing a test charge from infinity to the origin 

(d) All of the above 
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29. 


30. 


31. 


32. 


33. 


34. 


35. 


A conducting shell S, having a charge @ is surrounded by an uncharged concentric conducting 
spherical shell S,. Let the potential difference between S, and that S, be V. If the shell S, is 
now given a charge — 3Q, the new potential difference between the same two shells is 

(a) V (b) 2V 

(ce) 4V (d) -2V 

At a certain distance from a point charge, the field intensity is 500 V/m and the potential is 
— 3000 V. The distance to the charge and the magnitude of the charge respectively are 

(a) 6m and6uUC (b) 4m and 2uC 

(c) 6mand 4uC (d) 6m and 2uC 


Two point charges q, and q, are placed at a distance of 50 m from each other in air, and interact 
with a certain force. The same charges are now put in oil whose relative permittivity is 5. If the 
interacting force between them is still the same, their separation now is 

(a) 16.6m (b) 22.3m 

(c) 28.4 m (d) 25.0 cm 


An infinite line of charge A per unit length is placed along the y-axis. The work done in moving 
a charge gq from A(a, 0) to B(2a, 0)is 


qu qu Hi 
In 2 = 
(a) 2T Eq . (®) 27 Eq (5) 
() mn V2 (a) — ina 
T Eq 41 Eq 


An electric dipole is placed perpendicular to an infinite line of charge at some 
distance as shown in figure. Identify the correct statement. 

(a) The dipole is attracted towards the line charge 

(b) The dipole is repelled away from the line charge 

(c) The dipole does not experience a force 

(d) The dipole experiences a force as well as a torque 


An electrical charge 2 x 10 °Cis placed at the point (1, 2, 4)m. At the point (4, 2, 0) m, 
the electric 

(a) potential will be 36 V 

(b) field will be along y-axis 

(c) field will increase if the space between the points is filled with a dielectric 

(d) All of the above 


—p 


tet e tee teteeest 


If the potential at the centre of a uniformly charged hollow sphere of radius Ris V, then electric 
field at a distance r from the centre of sphere will be (r > R) 


r 


@ oo) @ oe @ 
r r R°t+r 


36. 


37. 


38. 


39. 


Chapter 24 Electrostatics « 203 


There is an electric field E in x-direction. If the work done on moving a charge of 0.2 C through a 
distance of 2 m along a line making an angle 60° with x-axis is 4 J, then what is the value of E? 
(a) V3 N/C (b) 4N/C 

(c) 5 N/C (d) 20 N/C 


Two thin wire rings each having radius R are placed at a distance d apart with their axes 
coinciding. The charges on the two rings are + @ and —- Q. The potential difference between the 
centres of the two rings is 


Q |1 i 
(a) zero (b) ie, |B pen a z 
Q Q j1 1 
d 
“ 4ne,d” “ 2men|R [R24 z| 


The electric field at a distance 2 cm from the centre of a hollow spherical conducting shell of 
radius 4 cm having a charge of 2x 10°C on its surface is 


(a) 1.1.x 10° V/m (b) 4.5 x 107"? V/m 

(c) 4.5 10!° V/m (d) zero 

Charge Q is given a displacement r = ai + bj in anelectric field E= Ei + Ej. The work done is 
(a) Q(E,a + E,b) (b) Q{E,a? + (BP 


(©) QE, + By) fa?+ b (@) QYER+ ER fa?+ 8 


Subjective Questions 


Note You can take approximations in the answers. 


1; 


A certain charge @ is divided into two parts g and Q — q, which are then separated by a certain 
distance. What must g be in terms of @ to maximize the electrostatic repulsion between the two 
charges? 


. Ana-particle is the nucleus of a helium atom. It has a mass m = 6.64x 10” kg and a charge 


q=+2e=3.2x10'* C. Compare the force of the electric repulsion between two a-particles 
with the force of gravitational attraction between them. 


. What is the charge per unit area in C/ m? of an infinite plane sheet of charge if the electric field 


produced by the sheet of charge has magnitude 3.0 N/C? 


A circular wire loop of radius R carries a total charge q distributed uniformly over its length. A 
small length x (<< R) of the wire is cut off. Find the electric field at the centre due to the 
remaining wire. 


. Two identical conducting spheres, fixed in space, attract each other with an electrostatic force 


of 0.108 N when separated by 50.0 cm, centre-to-centre. A thin conducting wire then connects 
the spheres. When the wire is removed, the spheres repel each other with an electrostatic force 
of 0.0360 N. What were the initial charges on the spheres? 


. Show that the torque on an electric dipole placed in a uniform electric field is 


t=pxE 


independent of the origin about which torque is calculated. 
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7. 


Three point charges q,— 2q and q are located along the x-axis as 4 
shown in figure. Show that the electric field at P (y >> a) along the P 
y-axis 1s, 
1 3qa? 4 = 
i 4ne, y* tae a > 
0 Y 5 35 5 x 


Note This charge distribution which is essentially that of two electric dipoles is called an electric quadrupole. Note 


8. 


9. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


that E varies as r-* for a quadrupole compared with variations of r- > for the dipole and r-° for a monopole 
(a single charge). 
A charge q is placed at point D of the cube. Find the electric flux passing through the face 


EFGH and face AEHD. 
B F 


D H 


Point charges q, and qd lie on the x-axis at points x = - aand x= + a respectively. 

(a) How must q, and gq, be related for the net electrostatic force on point charge + Q, placed at 
x=+ a/2,to be zero? 

(b) With the same point charge +Q now placed at x=+ 3a/2. 


Two particles (free to move) with charges +q and +4q are a distance L apart. A third charge is 
placed so that the entire system is in equilibrium. 

(a) Find the location, magnitude and sign of the third charge. 

(b) Show that the equilibrium is unstable. 

Two identical beads each have a mass m and charge g. When placed in a hemispherical bow! of 


radius R with frictionless, non-conducting walls, the beads move, and at equilibrium they area 
distance R apart (figure). Determine the charge on each bead. 


Three identical small balls, each of mass 0.1 g, are suspended at one point on silk thread 
having a length of /= 20cm. What charges should be imparted to the balls for each thread to 
form an angle of @ = 30° with the vertical? 


Three charges, each equal to qg, are placed at the three corners of a square of side a. Find the 
electric field at fourth corner. 


A point charge g = — 8.0 nCis located at the origin. Find the electric field vector at the point 
x=12m,y=-1.6m. 


Find the electric field at the centre of a uniformly charged semicircular ring of radius R. Linear 
charge density is A. 


Find the electric field at a point Pon the perpendicular bisector of a uniformly charged rod. The 
length of the rod is LZ, the charge on it is Q and the distance of P from the centre of the rod is a. 
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17. Find the direction of electric field at point P for the charge distribution as shown in figure. 
y ¥. y 

t t f 

+Q -Q 


>X 


-Q 


ou 


>X 


26 +Q +Q 
| | 

(a) (b) (c) 
18. A clock face has charges —q,- 2q,- 3q,...-12q fixed at the position of the corresponding 


numerals on the dial. The clock hands do not disturb the net field due to point charges. At what 
time does the hour hand point in the direction of the electric field at the centre of the dial. 


19. Acharged particle of mass m = 1 kg and charge gq = 2uCis thrown from a horizontal ground at 
an angle @ = 45° with the speed 25 m/s. In space, a horizontal electric field E = 2x 10’ V/m 
exists in the direction of motion. Find the range on horizontal ground of the projectile thrown. 
Take g= 10 m/s”. 


20. Protons are projected with an initial speed vu, = 9.55 x 10°? m/s into a region where a uniform 


electric field E = (-720 j) N/Cis present, as shown in figure. The protons are to hit a target that 
lies at a horizontal distance of 1.27 mm from the point where the protons are launched. Find 


Proton \\- 
beam” 


(a) the two projection angles 6 that result in a hit and 
(b) the total time of flight for each trajectory. 


21. At some instant the velocity components of an electron moving between two charged parallel 
plates are v, = 1.5 10° m/s and v, = 3.0 x 10° m/s. Suppose that the electric field between the 
plates is given by E=(120 N/O) j. 

(a) What is the acceleration of the electron? 
(b) What will be the velocity of the electron after its x-coordinate has changed by 2.0 cm? 
22. A point charge q, = + 2uCis placed at the origin of coordinates. A second charge, g, =— 3uC,is 


placed on the x-axis at x =100cm. At what point (or points) on the x-axis will the absolute 
potential be zero? 


100 cm 
© e@ x 
q CP) 
23. A charge @ is spread uniformly in the form of a line charge density A = it on the sides of an 
a 


equilateral triangle of perimeter 3a. Calculate the potential at the centroid C of the triangle. 
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24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


A uniform electric field of magnitude 250 V/m is directed in the positive x-direction. A+ 12uC 
charge moves from the origin to the point (x, y) = (20.0 cm, 5.0 cm). 

(a) What was the change in the potential energy of this charge? 

(b) Through what potential difference did the charge move? 


A small particle has charge —5.00C and mass 2.00 x 10°-*kg. It moves from point A, where the 
electric potential is V, =+ 200 V, to point B, where the electric potential is Vg = + 800 V. The 
electric force is the only force acting on the particle. The particle has speed 5.00 m/sat point A. 
What is its speed at point B? Is it moving faster or slower at B than at A? Explain. 


+Q uniformly distributed along one-quarter of its circumference and a negative 
charge of -—6Q uniformly distributed along the rest of the circumference 


(figure). With V = 0 at infinity, what is the electric potential -6Q 
(a) at the centre C of the circle and Z 


(b) at point P, which is on the central axis of the circle at distance z from the centre? 
+Q 


A plastic rod has been formed into a circle of radius R. It has a positive charge P J 
Zz 


A point charge g,;=+2.40uC is held stationary at the origin. A second point charge 
do = — 4.80uC moves from the point x = 0.150 m, y= 0 to the point x = 0.250 m, y = 0.250 m. 
How much work is done by the electric force on qs? 


A point charge q, = 4.00 nCis placed at the origin, and a second point charge q. = — 3.00 nCis 
placed on the x-axis at x= + 20.0 cm. A third point charge q, = 2.00 nC is placed on the x-axis 
between gq, and qd». (Take as zero the potential energy of the three charges when they are 
infinitely far apart). 

(a) What is the potential energy of the system of the three charges if g3 is placed at x =+10.0 cm? 
(b) Where should gz be placed to make the potential energy of the system equal to zero? 


Three point charges, which initially are infinitely far apart, are placed at the corners of an 
equilateral triangle with sides d. Two of the point charges are identical and have charge q. If 
zero net work is required to place the three charges at the corners of the triangles, what must 
the value of the third charge be? 


The electric field in a certain region is given by E=(5i- 3)) kV/m. Find the difference in 
potential V, — V,.If A is at the origin and point Bis at (a) (0, 0, 5) m, (b) (4, 0, 3) m. 

In a certain region of space, the electric field is along +y-direction and has a magnitude of 
400 V/m . What is the potential difference from the coordinate origin to the following points? 
(a) x=0, y=20 cm, z=0 (b) x=0, y=-30cm, z=0 

(c) x=0, y=0,z=15cm 

An electric field of 20 N/C exists along the x-axis in space. Calculate the potential difference 
Vz —- V4 where the points A and B are given by 

(a) A= (0,0), B= (4 m,2 m) (b) A=(4m,2 m), B=(6m,5 m) 

The electric potential existing in space is V(x, y,z)= A(xy + yz + zx). 

(a) Write the dimensional formula of A. 

(b) Find the expression for the electric field. 

(c) IfA is 10 SI units, find the magnitude of the electric field at (1m, 1m, 1m) 


An electric field E = (201+ 30 }) N/C exists in the space. If the potential at the origin is taken to 
be zero, find the potential at (2m, 2m). 


35. 


36. 


37. 


38. 


39. 


40. 


41. 
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In a certain region of space, the electric potential is V (x, y,z) = Axy — Bx” + Cy, where A, B 

and C are positive constants. 

(a) Calculate the x, yand z- components of the electric field. 

(b) At which points is the electric field equal to zero? 

A sphere centered at the origin has radius 0.200 m. A-—500uC point charge is on the x-axis at 

x = 0.300 m. The net flux through the sphere is 360 N-m2/ C. What is the total charge inside the 

sphere? 

(a) A closed surface encloses a net charge of —3.60 uC. What is the net electric flux through the 
surface? 

(b) The electric flux through a closed surface is found to be 780 N-m?/C. What quantity of charge is 
enclosed by the surface? 


(c) The closed surface in part (b) is a cube with sides of length 2.50 cm. From the information given 
in part (b), is it possible to tell where within the cube the charge is located? Explain. 


The electric field in a region is given by E= : Hyi + = Bj with E, = 2.0x 10? N/C. Find the flux 
of this field through a rectangular surface of area 0.2 m” parallel to the y-z plane. 


The electric field in a region is given by E= be i. Find the charge contained inside a cubical 


volume bounded by the surfaces x= 0,x=a,y=0, y=a,z=Oandz=a. Take Ey) = 5x 10° N/C, 


l=2cmanda=l1cm. 


A point charge @ is located on the axis of a disc of radius R at a distance b from the plane of the 
disc (figure). Show that if one-fourth of the electric flux from the charge passes through the 
disc, then R= V3 b. 


A cube has sides of length L. It is placed with one corner at the origin as shown in figure. The 
electric field is uniform and given by E=- Bi+Cj- Dk, where B,C and D are positive 
constants. 
Z 
So (top) 
Sg (back) 


S} (left side) S3 (right side) 


L 


>. 


L 
x Ss (front) S4 (bottom) 
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42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


(a) Find the electric flux through each of the six cube faces S,,S5,S3,54,S; and S¢. 
(b) Find the electric flux through the entire cube. 


Two point charges g and —q are separated by a distance 2/. Find the flux of electric field 
strength vector across the circle of radius R placed with its centre coinciding with the mid-point 
of line joining the two charges in the perpendicular plane. 


A point charge gq is placed at the origin. Calculate the electric flux through the open 
hemispherical surface : (x — a)? + y2+ 27 =a",x2a 


Acharge @ is distributed over two concentric hollow spheres of radii rand R  r) such that the 
surface charge densities are equal. Find the potential at the common centre. 


A charge qo is distributed uniformly on a ring of radius R. A sphere of equal radius R is 
constructed with its centre on the circumference of the ring. Find the electric flux through the 
surface of the sphere. 


Two concentric conducting shells A and B are of radii R and 2R. A charge + q is placed at the 
centre of the shells. Shell Bis earthed and a charge q is given to shell A. Find the charge on 
outer surface of A and B. 


Three concentric metallic shells A, B and C of radii a, b and c(a< b< c) have surface charge 
densities, o,—o ando respectively. 


(a) Find the potentials of three shells A, Band C. 

(b) It is found that no work is required to bring a charge q from shell A to shell C, then obtain the 
relation between the radii a, b and c. 

A charge @ is placed at the centre of an uncharged, hollow metallic sphere of radius a, 

(a) Find the surface charge density on the inner surface and on the outer surface. 

(b) If a charge q is put on the sphere, what would be the surface charge densities on the inner and 
the outer surfaces? 

(c) Find the electric field inside the sphere at a distance x from the centre in the situations 
(a) and (b). 

Figure shows three concentric thin spherical shells A, B and C of radii a, b and c respectively. 

The shells A and C are given charges q and —q respectively and the shell Bis earthed. Find the 

charges appearing on the surfaces of B and C. 


3) 


50. 


51. 


52. 


53. 
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Three spherical shells have radii R, 2R and 3R respectively. Total charge on Aand Cis 3g. Find 
the charges on different surfaces of A, Band C. The connecting wire does not touch the shell B. 


a 


In the above problem, the charges on different surfaces if a charge q is placed at the centre of 
the shell with all other conditions remaining the same. 


A solid sphere of radius R has a charge +2Q. A hollow spherical shell of radius 3R placed 
concentric with the first sphere that has net charge —-Q. 


a 


—Q 


(a) Find the electric field between the spheres at a distance r from the centre of the inner sphere. 
[R<r<38R] 

(b) Calculate the potential difference between the spheres. 

(c) What would be the final distribution of charges, if a conducting wire joins the spheres? 

(d) Instead of (c), if the inner sphere is earthed, what is the charge on it? 

Three concentric conducting spherical shells of radii R, 2R and 3R carry charges Q,- 2Q and 


3Q, respectively. 
3Q 


2 


(a) Find the electric potential at r= Rand r=8R, where r is the radial distance from the centre. 
(b) Compute the electric field at r = 2 R 
(c) Compute the total electrostatic energy stored in the system. 

The inner shell is now connected to the external one by a conducting wire, passing through a very 


small hole in the middle shell. 
(d) Compute the charges on the spheres of radii R and 3R. 


(e) Compute the electric field at r= > R 


LEVEL 2 


Single Correct Option 


1. In the diagram shown, the charge + @ is fixed. Another charge + 2q and mass M is projected 
from a distance R from the fixed charge. Minimum separation between the two charges if the 


velocity becomes —= times of the projected velocity, at this moment is (Assume gravity to be 


V3 


absent) 
V. 
S 30° 
+Q +2q 
~< R > 
(a) a R (b) z R (c) sk (d) None of these 


2. A uniform electric field of strength E exists in a region. An electron enters a point A with 
velocity v as shown. It moves through the electric field and reaches at point B. Velocity of 
particle at Bis 2 v at 30° with x-axis. Then, 


y 2v 
Ze, 
V B(2a, d) 
, 
(0, 0) A(a, 0) 
2 Aw 
(fj diego tad we 
2ea 
38mv* 


(b) rate of doing work done by electric field at Bis 


2ea 
(c) Both (a) and (b) are correct 
(d) Both (a) and (b) are wrong 
3. Two point charges a and b whose magnitudes are same, positioned at a certain distance along 
the positive x-axis from each other. a is at origin. Graph is drawn between electrical field 
strength and distance x from a. E is taken positive if it is along the line joining from a to b. 
From the graph it can be decided that 


i oa 


(a) ais positive, bis negative (b) a and b both are positive 
(c) a and b both are negative (d) ais negative, b is positive 
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Note Graph is drawn only between a and b. 


4. Six charges are placed at the vertices of a rectangular hexagon as shown in the figure. The 
electric field on the line passing through point O and perpendicular to the plane of the figure as 
a function of distance x from point O is (x >> a) 


Qa 2Qa /3Q@a 
fa) 0 ) Tepe e Tepe ©) Teg? 


5. If the electric potential of the inner shell is 10 V and that of the outer shell is 5 V, then the 
potential at the centre will be 


(a) 10V (b) 5V (c) 15 V (d) zero 


6. A solid conducting sphere of radius a having a charge q is surrounded by a concentric 
conducting spherical shell of inner radius 2a and outer radius 3a as shown in figure. Find the 


amount of heat produced when switch is closed | k= ‘i 
kq” kq” kq? kq” 
nq ahi pce dy) S&H 
(a) 2a (b) 3a ©) 4a a) 6a 


7. There are four concentric shells A, B,C and D of radii a, 2a, 3a and 4a respectively. Shells 


Band D are given charges +q and —q respectively. Shell C is now earthed. The potential 
difference V, — Vc is [» one : 
ATE 9 
k k k k 
(a) (o) («) @ = 
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10. 


11. 


12. 


. Potential difference between centre and surface of the sphere of radius R and uniform volume 


charge density p within it will be 


pR pr 

a) — re 
(a) a (b) £6, 
2, 2, 

(c) oe (a) pk” 
3 Eq 2 £6 


A positively charged disc is placed on a horizontal plane. A charged particle is released from a 

certain height on its axis. The particle just reaches the centre of the disc. Select the correct 

alternative. 

(a) Particle has negative charge on it 

(b) Total potential energy (gravitational + electrostatic) of the particle first increases, then 
decreases 

(c) Total potential energy of the particle first decreases, then increases 

(d) Total potential energy of the particle continuously decreases 

The curve represents the distribution of potential along the straight line joining the two 

charges @, and Q, (separated by a distance r) then which of the following statements are 

correct? 


1. 1Q,1>1 Ql 

2. @, is positive in nature 

3. Aand Bare equilibrium points 

4. Cis a point of unstable equilibrium 

(a) 1 and 2 (b) 1,2 and3 

(c) 1,2 and 4 (d) 1, 2,3 and 4 

A point charge q, = qis placed at point P. Another point charge q, = — gis placed at point @. At 
some point R(R # P, R # Q), electric potential due to q, is V, and electric potential due to q, is 
V,. Which of the following is correct? 

(a) Only for some points V, > V, 

(b) Only for some points V, > V, 

(c) For all points V, > V2 

(d) For all points V, > V; 


The variation of electric field between two charges q, and qo 
along the line joining the charges is plotted against distance 
from q, (taking rightward direction of electric field as positive) 
as shown in the figure. Then, the correct statement is 

(a) gq, and q, are positive and q, < dg 

(b) gq, and gz are positive and q, > dg 

(c) g, 1s positive and q, is negative q, <| dol 

(d) g, and q, are negative and | q,| <| ol 


13. 


14. 


15. 


16. 


17. 
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A charge q is placed at O in the cavity in a spherical uncharged 

conductor. Point S is outside the conductor. If gq is displaced from O 

towards S (still remaining within the cavity) S 
(a) electric field at S will increase 6) : 
(b) electric field at S will decrease 


(c) electric field at S will first increase and then decrease 
(d) electric field at S will not change 


Auniform electric field of 400 V/m is directed at 45° above the x-axis as shown in the figure. The 
potential difference V, — Vz is given by 


y(cm) 
(0, 2) 
A 


(3, 0) 
B x(cm) 
(a) 0 (b) 4V 
(c) 6.4V (d) 2.8V 


Initially the spheres Aand B are at potentials V, and Vg respectively. Now, sphere B is 
earthed by closing the switch. The potential of A will now become 


B 


we 


(a) 0 (b) Va (c) Va—- Vp (d) Vz 


A particle of mass m and charge q is fastened to one end of a string of 
length J. The other end of the string is fixed to the point O. The whole 
system lies on a frictionless horizontal plane. Initially, the mass is at rest 
at A. A uniform electric field in the direction shown is then switched on. 
Then, 


2qEl 

Vm 

[gEl 

Vm 

(c) the tension in the string when the particle reaches at Bis qE 
(d) the tension in the string when the particle reaches at Bis zero 


(a) the speed of the particle when it reaches Bis 


(b) the speed of the particle when it reaches B is 


A charged particle of mass m and charge q is released from rest from the position (x9, 0) in a 
uniform electric field H,j. The angular momentum of the particle about origin 

(a) 1s zero (b) is constant 

(c) Increases with time (d) decreases with time 
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18. 


19. 


20. 


21. 


22. 


A charge + @ is uniformly distributed in a spherical volume of radius R. A particle of charge 
+q and mass m projected with velocity vg from the surface of the spherical volume to its 
centre inside a smooth tunnel dug across the sphere. The minimum value of uy such that it 
just reaches the centre (assume that there is no resistance on the particle except electrostatic 
force) of the spherical volume is 


Qq Q¢q 

(a) \2mE9nR ) TeynR 
2Qq Q¢ 

© \ méynR i) 4neynR 


Two identical coaxial rings each of radius R are separated by a distance of V3R. They are 
uniformly charged with charges +@Q and — Q respectively. The minimum kinetic energy with 
which a charged particle (charge + q) should be projected from the centre of the negatively 
charged ring along the axis of the rings such that it reaches the centre of the positively charged 
ring is 

Qa Qq (c) Q¢q (a) 3Qq 
4ne gk 2TE R 8rE oR 4ne oR 


A uniform electric field exists in x-y plane. The potential of points A(2m, 2m), B(-2m, 2m) 
and C(2m,4m)are4V,16V and 12 V respectively. The electric field is 

(a) (4i+5j) V/m (b) (i+ 43) V/m 

(c) — Bi +4j) V/m (a) (i —4j) V/m 


Two fixed charges — 2Q and + @ are located at points (— 3a, 0) and (+ 3a, 0) respectively. Then, 

which of the following statement is correct? 

(a) Points where the electric potential due to the two charges is zero in x-y plane, lie on a circle of 
radius 4a and centre (6a, 0) 

(b) Potential is zero at x=a and x=9a 

(c) Both (a) and (b) are wrong 

(d) Both (a) and (b) are correct 

A particle of mass m and charge — q is projected from the origin with a horizontal speed v into 


an electric field of intensity E directed downward. Choose the wrong statement. Neglect 
gravity 


(a) The kinetic energy after a displacement y is gEy 


(b) The horizontal and vertical components of acceleration are a, =0,a, = ae 


2 


1 ( gEx® 
(c) The equation of trajectory is y= ; : ue 
mu 


; F : ; 1 
(d) The horizontal and vertical displacements xand »y after a time ¢t are x= vt and y= a ayt” 


Chapter 24 Electrostatics e 215 


23. A particle of charge —g and mass m moves in a circle of radiusr around an infinitely long line 


24. 


25. 


charge of linear charge density + 1. Then, time period will be 


+X 


2. 
(a) T =2nr | Oe genni 
2khq 2khq 
1 /2kAq 1 m 
(ge cal js | | 
©) 2ur\V m (d) 2ur \ 2kAq 


1 


where, k= 
ATE, 


Asmall ball of mass m and charge + q tied with a string of length /, rotating in a vertical circle 
under gravity and a uniform horizontal electric field E as shown. The tension in the string 
will be minimum for 


> i 
7 N 
+. XN 
if N\ 
- % > 
t \ 
I \ E 
L 1 ~ 
‘ Us I} 
\ 
1 
I 


(a) 0= tan( 2) (b) 8=2 
mg 


(c) 8 =0° (d) 0=n+ tan 2 
ms 

Four point charges A, B,C and D are placed at the four corners of a square of side a. The energy 

required to take the charges C and D to infinity (they are also infinitely separated from each 

other) is 


Hg Peta Sei ae Og 
I I 
fl ! 
fl I 
I i} 
I i) 
I i} 
I i} 
I i) 
I i} 
“GT C -q 
2 2 
2 
a) 2 (b) 4 
4ne ya TE a 
g g 
() (V2 +1) (d) (V2 - 1) 
4m 9a 4nE 9a 
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26. 


27. 


28. 


29. 


30. 


Two identical positive charges are placed at x = — aand x = a. The correct variation of potential 
V along the x-axis is given by 


ete ee ei 


(©) J) V A 
= O ta * 


Two identical charges are placed at the two corners of an equilateral triangle. The potential 
energy of the system is U. The work done in bringing an identical charge from infinity to the 
third vertex is 

(a) U (b) 2U 

(c) 8U (d) 4U 

A charged particle g is shot from a large distance towards another charged particle Q which is 


fixed, with a speed v. It approaches Q up to a closest distancer and then returns. If g were given 
a speed 2u, the distance of approach would be 


q V 
eo - -------- 2 eQ 
r 
(a) r (b) 2r 
(c) r/2 (d) r/4 


Two identical charged spheres are suspended by strings of equal length. The strings make an 
angle of 30° with each other. When suspended in a liquid of density 0.8 g/cc, the angle remains 
the same. The dielectric constant of the liquid is [density of the material of sphere is 1.6 g/cc] 
(a) 2 (b) 4 

(c) 2.5 (d) 3.5 


The electrostatic potential due to the charge configuration at point P ‘ b 
as shown in figure for b<< ais *904---~- O-g 
2q 


» 


4neya® b 
(d) zero 


31. 


32. 


33. 


34. 


35. 


36. 
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The figure shows four situations in which charged particles are at equal distances from the 
origin. If E,, H, E; and E, be the magnitude of the net electric fields at the origin in four 
situations (1), (11), (111) and (iv) respectively, then 


y y y y; 
—5q —5q -q 
x x x 
| -3q 3q oO -2q 4q Oo -q 
5q 4q 
(i) (ii) (iii) (iv) 
(a) H, =F, =F, =F, (b) EH, = E,> E, > Ey 
(c) E, <E,< EH, =E, (d) LE, >H,=E, <E, 


é ; : 1 : 
An isolated conducting sphere whose radius R = 1 mhas acharge g = Fr nC. The energy density 


at the surface of the sphere is 
(a) 7 Jim? (b) €9 J/m® 


() 2 J/m? (a) - Jim? 


Two conducting concentric, hollow spheres A and B have radii a and 6 respectively, with A 
inside B. Their common potentials is V. A is now given some charge such that its potential 
becomes zero. The potential of B will now be 

(a) 0 (b) VQ. -a/b) 

(c) Va/lb (d) Vb/a 


In a uniform electric field, the potential is 10 V at the origin of coordinates and 8 V at each of 
the points (1, 0, 0), (0, 1, 0) and (0, 0, 1). The potential at the point (1,1, 1) will be 
(a) 0 (b) 4V (c) 8V (d) 10 V 


There are two uncharged identical metallic spheres 1 and 2 of radiusr separated by a distance 
d(d>>r). Acharged metallic sphere of same radius having charge q is touched with one of the 
sphere. After some time it is moved away from the system. Now, the uncharged sphere is 
earthed. Charge on earthed sphere is 


q _@ 

(a) + 3 (b) 2 
ga ae 

fe 2d 2r 


Figure shows a closed dotted surface which intersects a conducting uncharged sphere. If a 
positive charge is placed at the point P, the flux of the electric field through the closed surface 


Ue 


(a) will remain zero (b) will become positive 
(c) will become negative (d) data insufficient 
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37. 


38. 


Two concentric conducting thin spherical shells A and B having radii ry and rg(rg>7r,) are 
charged to Q, and — Qp(| Qzgl>1@ 41). The electrical field along a line passing through the 
centre is 


(a) £ (b) = 
a ae 
I og ho 
O lp io X— O lA ‘gi -—~ x—> 
Ee 
(c) (d) None of these 
' rp 


oO in La x—> 


The electric potential at a point (x, vy) in the x-y plane is given by V = — kxy. The field intensity 
at a distance r in this plane, from the origin is proportional to 

(a) r° (b) r 

(c) 1/r (d) 1/7? 


More than One Correct Options 


1. 


Two concentric shells have radii R and 2R charges q, and qz and potentials 2 V and (3/2) V 
respectively. Now, shell Bis earthed and let charges on them become q,’ and gz’. Then, 


B 


a 


(a) da/az =12 

(b) ga’/qp’ = 1 

(c) potential of A after earthing becomes (8/2) V 

(d) potential difference between A and B after earthing becomes V/2 


. Aparticle of mass 2 kg and charge 1 mC is projected vertically with a velocity 10 ms‘. There is 


a uniform horizontal electric field of 10* N/C, then 
(a) the horizontal range of the particle is 10 m_ (b) the time of flight of the particle is 2 s 
(c) the maximum height reached is 5 m (d) the horizontal range of the particle is 5 m 


. Ata distance of 5cm and 10 cm from surface of a uniformly charged solid sphere, the potentials 


are 100 V and 75 V respectively. Then, 
(a) potential at its surface is 150 V (b) the charge on the sphere is “ x10 Cc 


(c) the electric field on the surface is 1500 V/m_ (d) the electric potential at its centre is 25 V 


Chapter 24 Electrostatics e 219 


4. Three charged particles are in equilibrium under their electrostatic forces only. Then, 
(a) the particles must be collinear 
(b) all the charges cannot have the same magnitude 
(c) all the charges cannot have the same sign 
(d) the equilibrium is unstable 


5. Charges @, and Q, lie inside and outside respectively of a closed surface S. Let E be the field at 
any point on S and 6 be the flux of E over S. 
(a) If Q, changes, both E and 6 will change 
(b) If Q. changes, EF will change but 6 will not change 
(c) IfQ, =0 and Q, #0, then EF #0 but 6 =0 
(d) IfQ, #0 and Q, =0, then E =0 but 6 #0 


6. An electric dipole is placed at the centre of a sphere. Mark the correct options. 
(a) The flux of the electric field through the sphere is zero 
(b) The electric field is zero at every point of the sphere 
(c) The electric field is not zero at anywhere on the sphere 
(d) The electric field is zero on a circle on the sphere 


7. Mark the correct options. 
(a) Gauss’s law is valid only for uniform charge distributions 
(b) Gauss’s law is valid only for charges placed in vacuum 
(c) The electric field calculated by Gauss’s law is the field due to all the charges 
(d) The flux of the electric field through a closed surface due to all the charges is equal to the flux 
due to the charges enclosed by the surface 


8. Two concentric spherical shells have charges + g and — g as shown in figure. Choose the correct 
options. 


(a) At A electric field is zero, but electric potential is non-zero 
(b) At B electric field and electric potential both are non-zero 
(c) At C electric field is zero but electric potential is non-zero 
(d) At C electric field and electric potential both are zero 


9. A rod is hinged (free to rotate) at its centre O as shown in figure. aE 


Two point charges +q and+q are kept at its two ends. Rod is " 

placed in uniform electric field EH as shown. Space is gravity free. 

Choose the correct options. O 

(a) Net force from the hinge on the rod is zero 

(b) Net force from the hinge on the rod is leftwards +q 

(c) Equilibrium of rod is neutral =—\_T = 


(d) Equilibrium of rod is stable 


220 « Electricity and Magnetism 


10. Two charges +Q each are fixed at points Cand D. Line AB is the A 
bisector line of CD. A third charge + g is moved from A to B, then from 
BtoC. 
(a) From A to B electrostatic potential energy will decrease Cc B D 


(b) From A to B electrostatic potential energy will increase 
(c) From B to C electrostatic potential energy will increase 
(d) From B to C electrostatic potential energy will decrease 


Comprehension Based Questions 
Passage | (Q. No. 1 to 3) 


There are two concentric spherical shell of radii r and 2r. Initially, a charge @ is given to the 
inner shell and both the switches are open. 


YY 


1. If switch S, is closed and then opened, charge on the outer shell will be 


(a) Q (b) Q2 
(c) -@ (d) -@/2 
2. Now, S, is closed and opened. The charge flowing through the switch S, in the process is 
(a) Q (b) Q/4 
(c) Q2 (a) 2923 


3. The two steps of the above two problems are repeated n times, the potential difference between 
the shells will be 


1 Q 1| Q 
pret | ”) 2" | 


1/ @Q 1 Q 
" 2 (2 - gaye 


Passage Il (Q. No. 4 to 7) 


A sphere of charge of radius R carries a positive charge whose volume charge density depends 


; ? r : 
only on the distance r from the ball’s centre asp = Po [1 - 4 , wherepy is a constant. Assume € as 


the permittivity of space. 


4. The magnitude of electric field as a function of the distance r inside the sphere is given by 


_Polr_ 7 _Pofr_ 7? 
@ B=%[F 2 w e-%[t 2 


2 2 
() E=P0/ 74 7 @ Halo) ry 7 
e|3 4R e|4 3R 


5. 
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The magnitude of the electric field as a function of the distance r outside the ball is given by 


PoR” PoR’ 
a) E=——~ E= 
(a) Ser? (®) 12er? 
PoR” PR” 
c) H= d) E=to_ 
8er® 2 12er° 
. The value of distance r,, at which electric field intensity is maximum is given by 
R 3R 
(a) In = 3 (b) ™ = 9. 
2R 4R 
c) 7, =— d) r,=— 
() Tm 3 (d) 3 
. The maximum electric field intensity is 
Pol Pot 
a) E,, == BE =to 
(@) En 9¢ (0) En OR 
(©) E, = 208 (a) B,, = P08 
Be GE 


Passage Ill (Q. No. 8 to 10) 


10. 


A solid metallic sphere of radius a is surrounded by a conducting spherical shell of radius 
b(6> a). The solid sphere is given a charge Q. A student measures the potential at the surface of 
the solid sphere as V,, and the potential at the surface of spherical shell as V,. After taking these 
readings, he decides to put charge of — 4Q on the shell. He then noted the readings of the 
potential of solid sphere and the shell and found that the potential difference is AV. He then 
connected the outer spherical shell to the earth by a conducting wire and found that the charge 
on the outer surface of the shell as q,. 

He then decides to remove the earthing connection from the shell and earthed the inner solid 
sphere. Connecting the inner sphere with the earth he observes the charge on the solid sphere as 
Qo. He then wanted to check what happens if the two are connected by the conducting wire. So he 
removed the earthing connection and connected a conducting wire between the solid sphere and 
the spherical shell. After the connections were made he found the charge on the outer shell as qs. 


Answer the following questions based on the readings taken by the student at various stages. 


. Potential difference (AV) measured by the student between the inner solid sphere and outer 
shell after putting a charge — 4Q is 
(a) V,-3V, (b) 3(V,, - V;) 
(c) Va (d) V,-V; 
» dgis 
@) @ w a2) 
(c) —4Q (d) zero 
gs is 
Q(a + b) Qa? 
@) wo) = 
Q(a — b) Qb 


(c) - ea (d) -—— 
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Match the Columns 


1. Five identical charges are kept at five vertices of a regular hexagon. Match the following two 
columns at centre of the hexagon. If in the given situation electric field at centre is E. Then, 


Column I Column II 


(a) If charge at Bis removed, then! (p) 2E 


electric field will become 


(b) If charge at C is removed, then (q) E 


electric field will become 


(c) If charge at D is removed then! (r) zero 


electric field will become 


(d) If charges at Band C both are (s) V3 E 


removed, then electric field will 
become 


Note Only magnitudes of electric field are given. 


2. In an electric field E = (2i+ 43) N/C, electric potential at origin is 0 V. Match the following two 


columns. 
Column | 
(a) Potential at (4m, 0) 
(b) Potential at (-4m, 0) 


(c) Potential at (0,4m) 
(d) Potential at (0, — 4 m) 


Column II 


(p) 8V 

(q) -8V 
(r) 16V 
(s) —16V 


3. Electric potential on the surface of a solid sphere of charge is V. Radius of the sphere is 1m. 


Match the following two columns. 


Column I 


(a) Electric potential at r= - 


(b) Electric potential at r=2R 
ee R 
(c) Electric field at r= = 


(d) Electric field at r=2R 


4. Match the following two columns. 
Column | 
(a) Electric potential 
(b) Electric field 


(c) Electric flux 
(d) Permittivity of free space 


Column II 
(pP) V 

4 
q@ Vv 

2 
(r) 3V 

4 


(s) None of these 


Column II 


‘(p) [MLT*A~] 


(q) [ME TPA} 
(rt) [MI7T PAY 
(s) None of these 
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5. Match the following two columns. 
Column I Column II 


(a) Electric field due _ to) (p) + 
charged spherical shell 


— 


ed fl 


(b) Electric potential due to | (q) 4 
charged spherical shell 


(c) Electric field due to) (r) ft 
charged solid sphere 


(d) Electric potential due to (s) None of these 
charged solid sphere 


Subjective Questions 
1. A 4.00 kg block carrying a charge Q = 50.0uC is connected to a spring for which k= 100 N/m. 
The block lies on a frictionless horizontal track, and the system is immersed in a uniform 
electric field of magnitude E = 5.00 10° V/m, directed as shown in figure. If the block is 


released from rest when the spring is unstretched (at «= 0). 


x=0 
(a) By what maximum amount does the spring expand? 
(b) What is the equilibrium position of the block? 
(c) Show that the block’s motion is simple harmonic and determine its period. 
(d) Repeat part (a) if the coefficient of kinetic friction between block and surface is 0.2. 


2. A particle of mass m and charge —Q is constrained to move along the axis of a ring of radius a. 
The ring carries a uniform charge density +A along its length. Initially, the particle is in the 
centre of the ring where the force on it is zero. Show that the period of oscillation of the particle 
when it is displaced slightly from its equilibrium position is given by 


2 
T = 2 2eoma” 
AQ 
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3. Three identical conducting plane parallel plates, each of area A are held with equal separation 
d between successive surfaces. Charges Q, 2Q, and 3@ are placed on them. Neglecting edge 
effects, find the distribution of charges on the six surfaces. 


4. A long non-conducting, massless rod of length L pivoted at its centre and balanced with a 
weight w at a distance x from the left end. At the left and right ends of the rod are attached 
small conducting spheres with positive charges gq and 2q respectively. A distance h directly 
beneath each of these spheres is a fixed sphere with positive charge Q. 

(a) Find the distance x where the rod is horizontal and balanced. 
(b) What value should fh have so that the rod exerts no vertical force on the bearing when the rod is 
horizontal and balanced? 


Note Ignore the force between Q (beneath q) and 2q and the force between Q (beneath 2q) and q. Also the force 
between Q and Q. 


5. The electric potential varies in space according to the relation V = 3x + 4y. A particle of mass 
10 kg starts from rest from point (2, 3.2) m under the influence of this field. Find the velocity of 
the particle when it crosses the x-axis. The charge on the particle is +14C. Assume V (x, y) are 
in SI units. 


6. A simple pendulum with a bob of mass m =1kg, charge g = 5uC and string length /=1mis 
given a horizontal velocity u in a uniform electric field E = 2 x 10° W/mat its bottommost point 


A, as shown in figure. It is given that the speed wu is such that the particle leaves the circle at 
point C. Find the speed wu (Take g= 10 m/s”) 


7. Eight point charges of magnitude @ are arranged to form the corners of a cube of side L. The 
arrangement is made in manner such that the nearest neighbour of any charge has the 
opposite sign. Initially, the charges are held at rest. If the system is let free to move, what 
happens to the arrangement? Does the cube-shape shrink or expand? Calculate the velocity of 
each charge when the side-length of the cube formation changes from L to nL. Assume that the 
mass of each point charge is m. 


8. There are two concentric spherical shells of radii r and 2r. Initially, a charge @ is given to the 
inner shell. Now, switch S, is closed and opened then S, is closed and opened and the process is 
repeated n times for both the keys alternatively. Find the final potential difference between 


the shells. 


9. 


10. 


11. 


12. 
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Two point charges @, and Q, are positioned at points 1 and 2. The field intensity to the right of 
the charge Q, on the line that passes through the two charges varies according to a law that is 
represented schematically in the figure. The field intensity is assumed to be positive if its 
direction coincides with the positive direction on the x-axis. The distance between the charges 


is J. 
Ea 


(a) Find the sign of each charge. 


® 


2 


(b) Find the ratio of the absolute values of the charges 


(c) Find the value of 6 where the field intensity is maximum. 


A conducting sphere S, of radius r is attached to an insulating handle. Another conducting 
sphere S, of radius R (> r)is mounted on an insulating stand, Sz is initially uncharged. S, is 
given a charge Q. Brought into contact with S, and removed. Sj, is recharged such that the 
charge on it is again Q and it is again brought into contact with S, and removed. This procedure 
is repeated n times. 

(a) Find the electrostatic energy of S, after n such contacts with S,. 

(b) What is the limiting value of this energy as n > «? 


A proton of mass m and accelerated by a potential difference V gets into a uniform electric field 
of a parallel plate capacitor parallel to plates of length / at mid-point of its separation between 
plates. The field strength in it varies with time as EF = at, where a is a positive constant. Find 
the angle of deviation of the proton as it comes out of the capacitor. (Assume that it does not 
collide with any of the plates.) 


Two fixed, equal, positive charges, each of magnitude 5 x 10° C are located at points A and B 
separated by a distance of 6 m. An equal and opposite charge moves towards them along the 
line COD, the perpendicular bisector of the line AB. The moving charge when it reaches the 
point C at a distance of 4 m from O, has a kinetic energy of 4 J. Calculate the distance of the 
farthest point D which the negative charge will reach before returning towards C. 


A® +q 


De ie) eC 


3m 


Ber+g 


13. Positive charge @ is uniformly distributed throughout the volume of a sphere of radius R. A 


point mass having charge +q and mass mis fired towards the centre of the sphere with velocity 
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14. 


15. 


16. 


17. 


18. 


uv from a point A at distance r(r > R) from the centre of the sphere. Find the minimum velocity v 
so that it can penetrate R/2 distance of the sphere. Neglect any resistance other than electric 
interaction. Charge on the small mass remains constant throughout the motion. 


Two concentric rings placed in a gravity free region in yz-plane one of radius R carries a charge 
+ @ and second of radius 4R and charge —8@Q distributed uniformly over it. Find the minimum 
velocity with which a point charge of mass m and charge +q should be projected from a point at 
a distance 3R from the centre of rings on its axis so that it will reach to the centre of the rings. 


An electric dipole is placed at a distance x from centre O on the axis of a charged ring of radius 
R and charge @ uniformly distributed over it. 


R 
-q +9 
O% . = ° 
x |—| 
2a 


(a) Find the net force acting on the dipole. 
(b) What is the work done in rotating the dipole through 180°? 


A point charge —q revolves around a fixed charge +@ in elliptical orbit. The minimum and 
maximum distance of g from @ are r, and r,, respectively. The mass of revolving particle is m. 
@> qand assume no gravitational effects. Find the velocity of g at positions when it is at7, and 
ry distance from Q. 


Three concentric, thin, spherical, metallic shells have radii 1, 2, and 4 cm and they are held at 
potentials 10, 0 and 40 V respectively. Taking the origin at the common centre, calculate the 
following: 

(a) Potential at r=1.25 cm 

(b) Potential at r=2.5 cm 

(c) Electric field at r=1.25 cm 


A thin insulating wire is stretched along the diameter of an insulated circular hoop of radius R. 
A small bead of mass m and charge —q is threaded onto the wire. Two small identical charges 
are tied to the hoop at points opposite to each other, so that the diameter passing through them 
is perpendicular to the thread (see figure). The bead is released at a point which is a distance xo 
from the centre of the hoop. Assume that xy << R. 


> X 


(a) What is the resultant force acting on the charged bead? 
(b) Describe (qualitatively) the motion of the bead after it is released. 


(c) Use the assumption that R <<1 to obtain an approximate equation of motion, and find the 


displacement and velocity of the bead as functions of time. 
(d) When will the velocity of the bead will become zero for the first time? 
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19. The region between two concentric spheres of radii a and b( a) contains volume charge 


20. 


21. 


22. 


density p(r) = ce , where Cis a constant and r is the radial distance as shown in figure. A point 
r 
charge q is placed at the origin, r = 0. 


Find the value of C for which the electric field in the region between the spheres is constant (i.e. 
r independent). 


A non-conducting ring of mass m and radius R is charged as shown. The charge density, 1.e. 
charge per unit length is 2. It is then placed on a rough non-conducting horizontal plane. At 
time t= 0,a uniform electric field E= Evi is switched on and the ring starts rolling without 
sliding. Determine the friction force (magnitude and direction) acting on the ring when it starts 


moving. 
—_ 


A rectangular tank of mass my and charge @ over it is placed on a smooth horizontal floor. A 
horizontal electric field E exists in the region. Rain drops are falling vertically in the tank at 
the constant rate of n drops per second. Mass of each drop is m. Find velocity of tank as function 
of time. 


In a region, an electric field H= 15 N/C making an angle of 30° with the horizontal plane is 
present. A ball having charge 2C, mass 3 kg and coefficient of restitution with ground 1/2 is 
projected at an angle of 30° with the horizontal in the direction of electric field with speed 
20 m/s. Find the horizontal distance travelled by ball from first drop to the second drop. 


E 


30° 


Answers 


Introductory Exercise 24.1 


1. No, as attraction can take place between a charged and an uncharged body too. 

2. Yes 

3. Record gets charged when cleaned and then by induction, it attracts dust particles. 
4. -2.89x 10°C 


Introductory Exercise 24.2 


2 2 

1. 2.27x 108 2. (MIL? Tt a2y, © 3, V3 (3) 4, 1 (9 
V-m Amey \a 2mEq La 

5. No 6. Induction > Conduction > Repulsion 7. Yes 

8. No 9. (-4i+ 3j)N 


Introductory Exercise 24.3 
1. False 2. AtA 3. False 4. False 


5. qg,and q3 are positive and q is negative 6. aes 


7. — (4.32 1+ 5.76 j)x 102 N/C 


Introductory Exercise 24.4 
1. 18.97 m/s 2.-9mJ 3. -10.6x 10% J 


Introductory Exercise 24.5 


1. 1.2x 10? V PC) een) ee xafl~din(1+ 5)| 
m Ane d 
2, 42 
a ee ae cg 
Aney 21 [24 d2-1 2T€oL 
Introductory Exercise 24.6 
1. (a) E=- 2a(xi- yj) (b) E=-a(yi+ xj) 
E (Vim) 
a 
a : 
2 2 a 8 >x (m) 
—s a 
3. False 4. (a) Zero (b) 20V (c)-20V (d) -20V 


Introductory Exercise 24.7 


1. (a) Zero (b) a (c) — 2. True 3. (a) Zero (b) nR°E 
£0 2€o 


4. No, Yes 


4. Zero 


Exercises 


LEVEL 1 
Assertion and Reason 
1. (b) 2. (a,b) 3.(d) 4. (b) 5. (b) 6. (d) 7. (a,b) 8. (d) 9 (c) 10. (b) 


Objective Questions 

1. (c) 2. (a) 3. (b) A (o) 5. (d) 6. (b) 7. (c) & (a) 9% (c) 10. (d) 
11. (a) «412. (a) 13. (d) 14 (b) 15. (b) 16. (c) 17. (d) 18. (c) 19% (a) 20. (d) 
21. (a) 22. (d) 23. (d) 24 (c) 25. (a) 26. (c) 27. (a) 28. (b) 29. (a) 30. (d) 
31. (b) 32. (b) 33. (a) 34 (a) 35. (a) 36. (d) 37. (d) 38. (d) 39. (a) 


Subjective Questions 


1.q=2 2. fe = 3.1% 10% 3. 5.31x 107 C/m? | oe Lae 
2 Fe 8n~E QR 
5.43yC,F1ipco 8. —L, zero 9. (a) q=9q (b) q=-25q5 
24€_ 


10. (a) Third charge is — “a at a distance of 5 from q between the two charges. 


i; [2zsuree*) 12.3.3x10%C 13. (2v2+1)—* 

V3 8neya° 
14. (14.4j -10.8i)N/C i on 16, - 8 — 

2m €ok 2m egal? + 4a? 

17. (a) Along positive y-axis (b) Along positive x-axis (c) Along positive y-axis 
18. 9.30 19. 312.5m 20. (a) 37° and 53° (b) 1.66x 10°” s,2.2x 10°” s 
21. (a) (-2.1x 10!3 jy m/s? (b) (1.51+ 2.0j)x 10° m/s 
22. At x = 40cm and x = —- 200 cm 23. V = 2.634 inns 
24. (a) -6x 10% J (b) 50V 25. 7.42 m/s, faster 
26. (a) inek o) — : Re 27. - 0.356 J 
28. (a) -3.6x 10°77 J. (b) x= 0.0743 m 29. -q/2 
30. (a) zero (b) - 20 kV 31. (a) -80V (b) 120V (c) OV 
32. (a) -80 V (b) -40 V 
33. (a) [MT AT] (b) -Al(y + z)i+ (K+ ZP+ K+ WK} (Cc) 20V3 NIC 34. -100 V 
35. (a) E, Ay + 2Bx,E, Ax-C,E,=0, (b) x=-C/A, y= — 2BC /A*, any value of z 
36. 3.19 nC 37. (a) -4.07x 108 N-m? (b) 6.91nC (c) No 38. 240 aud 39. 2.2x 1072 ¢ 


Al. (a) 4, =-CL*, 6, =- DL, 6, = CL?, 4, = DL, o, =-BL?, 6, = BL? (b) zero 
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1 g 1 
42. 7) 1 43. #(1-+] 
Eo | Jl+(R 7 2€ J2 
a4, 2 a 45, 90_ 46. 2q, Zero 
4meg (| Ro+r 3€9 


AAV =" Ge bey 2(2 be], Me 2(2 be +e] (b)c=a+b 
£ €)\ b &9\c c 
By 22 ge 


7? z a 5 in both situations 
4na“ Ana 4na“ Ana 4 MEX 


2 


49. Inner surface of B — — q, outer surface of B >= 2 gq, inner surface of C > (="] , outer surface of 
Cc Cc 


c>(2-1)q 
Cc 


50. A B C 
2G, 18, 
Inner Surface ) Tl Tl 
6 18 9 
Outer Surface th q Th q Tl q 
51. A B C 
4 
Inner Surface =q -2q 3 q 
2 =f q 2 q 
Outer Surface q 3 3 
Q Q Q 
52. b d t d) = 
(a) One gr? (b) 3ne,R (c) zero on inner and Q on outer (d) 3 
Q Q = Q* Q 70 -30 
53. : b d ee Oa 
— Ane oR | 6neR ” 25m EoR* ~~ An eR ae 2 °2 2 2 50m egh* : 
LEVEL 2 
Single Correct Option 
1.(a) 2.(a) 3.(a) 4.(b) 5.(a) 6.(c) 7.(d) 8.(a) 9.(c) 10.(a) 


11.(c) 12.(a) -13.(d) 14.(d) 15.(c) 16.(b) 17.(c) 18(d) 19.(a) 20.(d) 
21.(d) 22.(a) —-23.(a) 24.(d) 25.(c)  26(c) 27.(b) 28d) 29.(a)  30.(c) 
31.(a) 32.(a) — 33.(b) 34.(b) 35.(c)  36.(c)  37.(a) —-38.(b) 


More than One Correct Options 
l.(a,d)  2.(a,b,c) 3.(a,b,c) 4.(all) 5.(a,b,c) 6.(a,c) 7.(c,d) 8.(a,b,d) 9.(b,c) 10.(b,c) 


Comprehension Based Questions 
1.(c) 2.(c) 3.(a) 4.(a) 5.(b) 6.(c) 7.(a) 8.(d) 9.(b) — 10.(c) 
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Match the Columns 


1. (avs (b) > q (c)> r (d)> p 
2. (ayo q (b) > p (c)> $s (d)> r 
3. (a)os (b)> q (c)> q (d)> p 
4. (ayor (b) > p (c)> q (d)> s 
5. (a)>p (b) > q (c)> r (d)> s 


Subjective Questions 


1.(a) 0.5m (b) 0.25m (c) 1.26s (d) 0.34m 3. 30, — 20, 20, 0,0, 30 
4.(a) 4 E , __99 | (b) | 329 5. 2.0x 103 m/s 
2 (4m €))Wh (An €9)W 
2 
6.6m/s 7. shrink, {2 G- M@V6 + V2 - 3V3) on 
Anmn Le.Vv6 2°*1) Aneor 


“Fa 


| 
a (°) (22) 1 


9. (a) Qo is negative and Q, is positive (b) (- 


10. (a) & zwar, = 2 1-[ : }] (by O'R 
0 


8 R+r 80 €or 
. a 
i1.6stan2 12. J72 m 1a 2 SO Ee 2S IP 
AV V 2eV 2meg RM\ r 8 
~ 2_ 2 

14. ai 15. (a) le al ae (b) ee D372 

2megmR| 510 2mey (R° + x*) TE, (R* + x*) 
16. eT O94 17. (a) 6V (b) 16V (c) 1280V/m 

2TegMh (4 + fo) 2TEQIM> (fh + fo) 


2kQqx 
R24 x2? 


2 p3 
(Cc) X=Xgcos wt, v=-@ Xgsinwt, where w= jeeak (d) t= mK , Here k= 1 
mR 2Qqk Aneo 


18. (a) F=- (b) Periodic between + Xo 


19. ¢s_? 5 20. f = ARE, along positive x-axis 


21. v=0E (toa 22. 70/3 m 


Capacitors 


Chapter Contents 
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25.4 Mechanical force on a charged conductor 
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25.6 Two laws in capacitors 

25.7 Energy density 

25.8 C-R circuits 


25.9 Methods of finding equivalent 
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25.1 Capacitance 


In practice, we cannot handle free point charges or hold them fixed at desired positions. A practical 
way to handle a charge would be to put it on a conductor. Thus, one use of a conductor is to store 
electric charge (or electric potential energy). But, every conductor has its maximum limit of storing 
the electric charge or potential energy. Beyond that limit, the dielectric in which the conductor is 
placed, becomes ionized. A capacitor is a device which can store more electric charge or potential 
energy compared to an isolated conductor. 

Capacitors have a tremendous number of applications. In the flash light used by photographers, the 
energy and charge stored in a capacitor are recovered quickly. In other applications, the energy is 
released more slowly. 


Capacitance of an Isolated Conductor 


When a charge q is given to a conductor, it spreads over the outer surface of the + 
conductor. The whole conductor comes to the same potential (say V ). This + + 
potential V is directly proportional to the charge gq, i.e. : ns 


Vx qd ah + 
1 

When the proportionality sign is removed, a constant of proportionality C + ees 
+ 


comes in picture. Fig. 25.1 


Hence, V= 


or = 


Here, C is called the capacitance of the conductor. The SI unit of capacitance is called one farad 
: F). One farad is equal to one coulomb per volt (1C/V) 


1 F=1 farad =1 C/V =1 coulomb/ volt 


Note (i) An obvious question arises in mind that when a conductor stores electric charge and energy then why 
not the unit of capacitance is coulomb or joule. For example, the capacity of a storage tank is given in 
litres (the unit of volume) or gallons not in the name of some scientist. The reason is simple the capacity 
of tank does not depend on medium in which it is kept. While the capacity of a conductor to store charge 
(or energy) depends on the medium in which it is kept. It varies from medium to medium. So, it is difficult 
to express the capacity in terms of coulomb or joule. Because in that case we will have to mention the 
medium also. 

For example, we will say like this, capacity of this conductor in water is 1 C in oil it is5 C, etc. On the other 
hand, the C discussed above gives us an idea about the dimensions of the conductor nothing about the 
charge which it can store because as we said earlier also it will vary from medium to medium. By 
knowing the C (or the dimensions of conductor) a physics student can easily find the maximum charge 
which it can store, provided the medium is also given. 

(i) Farad in itself is a large unit. Microfarad (uF) is used more frequently. 


Method of Finding Capacitance of a Conductor 


Give a charge q to the conductor. Find potential on it due to charge g. This potential V will be a 
function of qg and finally find g /V, which is the desired capacitance C. 
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Capacitance of a Spherical Conductor 


When a charge q is given to a spherical conductor of radius R, the potential on ‘ + eet 7 
it is 


1 + + 
V= ae + + 
Ane, R WA 
+ R + 
From this expression, we find that 4 _ Ane pR=C id . y is 
V + 
Fig. 25.2 


Thus, capacitance of the spherical conductor is 
C=4me R 
From this expression, we can draw the following conclusions : 
(i) C « R or C depends on R only. Which we have already stated that C depends on the dimensions 
of the conductor. Moreover if two conductors have radii R, and R,, then 
CR 


C, Ry 


(ii) Earth is also a spherical conductor of radius R =6.4 x 10° m. The capacity of earth is therefore, 


I 6 
C= 6.4x10 
eal 


= 711x10° F 
or C=711uF 
From here, we can see that farad is a large unit. As capacity of such a huge conductor is 


only 711 UF. 


@® Extra Points to Remember 


e Dielectric strength of an insulator In an insulator, most of the electrons are tightly bounded with the 
nucleus. If an electric field is applied on this insulator, an electrostatic force acts on these electrons in the 
opposite direction of electric field. As electric field increases, this force also increases. After a certain value 
of electric field, force becomes so large that these bounded electrons are knocked out or ionized. This 
maximum electric field is called dielectric strength of insulator. Its unit is N/C or V/m. 


e With the help of capacitance (or dimensions of conductor) and dielectric strength of an insulator we can 
determine the maximum charge or energy which can be stored by this conductor. 


© Example 25.1 Capacitance of a conductor is 1uF. What charge is required to 
raise its potential to 100V? 


Solution Using the equation 
q=CV 
We have, q = (1pF) (100 V) 
= 100uC Ans. 
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© Example 25.2. Radius of a spherical conductor is 2m. This is kept in a 
dielectric medium of dielectric constant 10° N/C . Find 


(a) capacitance of the conductor 
(6) maximum charge which can be stored on this conductor. 


Solution (a) C=4e )R 


l 
=| |(2 
earate 


=2.2x10° F Ans. 


(b) Maximum electric field on the surface of spherical conductor is 
_ ! 4 
ANE) R? 


This should not exceed 10° N/C. 


_ 1 7 max = 10° 


Ane, R? 


> 7 max = (47 )R? (10° ) 


=|! _|(2)? 405) 
9x 10° 


=44x107C Ans. 


max 


25.2 Energy Stored in a Charged Capacitor 


Work has to be done in charging a conductor against the force of repulsion by the already existing 
charges on it. This work is stored as a potential energy in the electric field of the conductor. Suppose a 
conductor of capacity C is charged to a potential Vj and let g, be the charge on the conductor at this 
instant. The potential of the conductor when (during charging) the charge on it was q (< qj) is 


pot 
Cc 
Now, work done in bringing a small charge dq at this potential is 


dW =Vdq = (4) dq 


Total work done in charging it from 0 to qo is 


1@ 
w=|"aw= 08 ag =— 2 
0 9 C 236 
This work is stored as the potential energy, 
1@ 
i= do. 
2C 
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Further by using gy =CV,, we can write this expression also as 


1 1 
U =5CVp =5 4% Vo 


2 
In general, if a conductor of capacity C is charged to a potential V by giving it a charge q, then 
| oe Tete ta? «| 
U =~CV? =-L =-qv 
2 2G 2 


Redistribution of Charge 


Let us take an analogous example. Some liquid is filled in two vessels of different sizes upto different 
heights. These are joined through a valve which was initially closed. When the valve is opened, the 
level in both the vessels becomes equal but the volume of liquid in the right side vessel is more than 
the liquid in the left side vessel. This is because the base area (or capacity) of this vessel is more. 


Valve 
(a) (b) 
Fig. 25.3 


Now, suppose two conductors of capacities C, and C, have charges g, and q, respectively when they 
are joined together by a conducting wire, charge redistributes in these conductors in the ratio of their 


capacities. Charge redistributes till potential of both the conductors becomes equal. Thus, let g/ and 
q5_ be the final charges on them, then 


+ + 
+ -~. + + Y 
+ + 
+ + Vv 
| aa 
et + 
N oN 
To 
q’«C or eee 
q2 1) 
and if they are spherical conductors, then 
Cc, _ 
Ce See 
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Since, the total charge is (¢, + q,). Therefore, 
, C R 
1 Gea qr) (Ae Ja 92) 


d 4 me (q, +92) ae (4, +4>) 
an = — 
42 Cat, W142 R, +R; M1 42 


Note The common potential is given by 
_ Total charge _ q,+ 4 


Total capacity C,+C, 


Loss of Energy During Redistribution of Charge 
We can show that in redistribution of charge energy is always lost. 


lg; . lg 
Initial potential energy, ;= 3 a + 5 = 
1 2 
1 (9, +4)" 
Final potential energy, y= 5 a 
1 2 
1| @2 2 ibe? 
AU =U, U; = cal 42 (4; + 92) 
: 2 C; C> C, +C, 
1 
or AU [gi CiCy +. g7 CZ +.q3C/ +.q3C,Cy 


~ 26,0; (C, +2) 
= GCC, = q3C,C, — 241 q2C\Cp | 


GG Ee q3 Zita 


“PCAC SC )It? 42 «CG, 
Cc 
“Sie acalt ee! 
2(C; +C,) 
Co 
or AU =—— + __(, -¥,)’ 
2(C, +C,) 


Now, as C,, C, and (V, —V,)? are always positive. U; > U;, i.e. there is a decrease in energy. Hence, 
energy is always lost in redistribution of charge. Further, 
AU =0 if V,=V, 


this is because no flow of charge takes place when both the conductors are at same potential. 


© Example 25.3 Two isolated spherical conductors have radii 5 cm and 10 cm, 
respectively. They have charges of 12 uC and — 3uC. Find the charges after they 
are connected by a conducting wire. Also find the common potential after 
redistribution. 
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Solution =e , tot 
we y N 7 + N 
+ + 7 - + + + 
> V V 
+ af ~~ i +8 af ~ an 
+ ~~. + 7 aaa 
12 uC -3 uC oo 5 


Fig. 25.5 
Net charge = (12— 3) uC= 9uC 
Charge is distributed in the ratio of their capacities (or radii in case of spherical conductors), i.e. 
qq Rk 5_1 
qx R, 10 2 


r (1 |e 
a -(SJo 3uC 


14+2 
n+q _  (9x10°) 
Ci, +C, 4mey(R, + R>) 
_ (9x 10°) (9x 10") 
(15x 107) 
=54x10°V Ans. 


and = (35) (9)= 6uC 


Common potential, V = 


© Example 25.4 An insulated conductor initially free from charge is charged by 
repeated contacts with a plate which after each contact is replenished to a 
charge Q. If q is the charge on the conductor after first operation prove that the 

Qq 

mg 

Solution Let C, be the capacity of plate and C, that of the conductor. After first contact 

charge on conductor is g. Therefore, charge on plate will remain Q — q. As the charge redistrib- 

utes in the ratio of capacities. 


maximum charge which can be given to the conductor in this way is 


= C : 
Q-g_G (i) 
q Cy 
Let q,,, be the maximum charge which can be given to the conductor. Then, flow of charge from 
the plate to the conductor will stop when, 


V atcicteg = V tate 

m Cc 
= g = Am = 2 OQ 
Cy C C 

reo, . 
Substituting a from Eq. (i), we get 
1 
04 Hence Proved. 
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© Example 25.5 A conducting sphere S, of radius r is attached to an insulating 


handle. Another conducting sphere S, of radius R is mounted on an insulating 
stand. S, is initially uncharged. S, is given a charge Q, brought into contact 
with S, and removed. S, is recharged such that the charge on it is again Q and 
it is again brought into contact with S, and removed. This procedure is 
repeated n times. (JEE 1998) 
(a) Find the electrostatic energy of S, after n such contacts with S,. 

(6) What is the limiting value of this energy as n > ~ ? 

Solution Capacities of conducting spheres are in the ratio of their radii. Let C; and C, be the 
capacities of S; and S',, then 


(a) Charges are distributed in the ratio of their capacities. Let in the first contact, charge 
acquired by S, is g,. Therefore, charge on S, will be O — q,. Say it is qj 
al N C, _R 


qQ O-q G r 


R : 
ee # 


In the second contact, S$, again acquires the same charge Q. 


Therefore, total charge in S, and Swill be 


R 
Orn =o(1+ 4] 


This charge is again distributed in the same ratio. Therefore, charge on Sin second contact, 


R R 
0 oe (5) 


ol _®.(_ 2) 
\eer R+r 
R rr) (Ry 
Similarly, q3 -o| (4) atesd | 
[ R R 2 R ny 
mae Za exalt re tla) | 
" 
ai u=27l-(a| | sat) 
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Therefore, electrostatic energy of S,after n such contacts 


2 2 
= a or U. = = 
2 (4n€)R) 81eE yR 
where, g,, can be written from Eq. (ii). 
(b) As n> 00 
R 
t=2— 
z 
y= 2 RIP 
2C 8NE_R 
2 
or U,= as 
SNE yr 
INTRODUCTORY EXERCISE 


1. Find the dimensions of capacitance. 


2. No charge will flow when two conductors having the same charge are connected to each other. 
Is this statement true or false? 

3. Two conductors of capacitance 1uF and 2 uF are charged to +10 V and —20 V. They are now 
connected by a conducting wire. Find 
(a) their common potential 
(b) the final charges on them 
(c) the loss of energy during redistribution of charges. 


25.3 Capacitors 
Any two conductors separated by an insulator (or a vacuum) form a 
capacitor. a eS 


In most practical applications, each conductor initially has zero net et 

charge, and electrons are transferred from one conductor to the other. 

This is called charging of the conductor. Then, the two conductors have Fig. 25.6 

charges with equal magnitude and opposite sign, and the net charge on 

the capacitor as a whole remains zero. When we say that a capacitor has charge g we 

mean that the conductor at higher potential has charge + g and the conductor at lower 

potential has charge — q. In circuit diagram, a capacitor is represented by two parallel Fig. 25.7 
lines as shown in Fig. 25.7. 

One common way to charge a capacitor is to connect the two conductors to opposite terminals of a 
battery. This gives a fixed potential difference V,,, between the conductors, which is just equal to the 


voltage of the battery. The ratio ae is called the capacitance of the capacitor. Hence, 
ab 


Ce (capacitance of a capacitor) 
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Calculation of Capacitance 


Give a charge + q to one plate and — g to the other plate. Then, find potential difference V between the 
plates. Now, 


a 

V 

Parallel Plate Capacitor 
Two metallic parallel plates of any shape but of same size and separated by a small distance constitute 
parallel plate capacitor. Suppose the area of each plate is A and the separation between the two plates 


is d. Also assume that the space between the plates contains vacuum. 
+q —q 


+++ 4444444 
PELE titied 
I 
Q 


or 


+++ 4+4++4+4+4+ 2 


(a) 


= 
ley 
a= 


Fig. 25.8 


We put a charge q on one plate and a charge — g on the other. This can be done either by connecting 
one plate with the positive terminal and the other with negative plate of a battery [as shown in Fig. (a)] 
or by connecting one plate to the earth and by giving a charge + q to the other plate only. This charge 
will induce a charge — q on the earthed plate. The charges will appear on the facing surfaces. The 
charge density on each of these surfaces has a magnitude o = q/A. 

If the plates are large as compared to the separation between them, then the electric field between the 
plates (at point B) is uniform and perpendicular to the plates except for a small region near the edge. 
The magnitude of this uniform field E may be calculated by using the fact that both positive and 
negative plates produce the electric field in the same direction (from positive plate towards negative 
plate) of magnitude 6/2¢ , and therefore, the net electric field between the plates will be 

Oo Oo Oo 


+0 -9o 


yeh 
++etttteetteet 
i 
Teh TOT 


; 
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Outside the plates (at points A and C) the field due to positive sheet of charge and negative sheet of 
charge are in opposite directions. Therefore, net field at these points is zero. 


The potential difference between the plates is 


_ | AEy 

V d 
EA 
or C= 
d 


Note (i) Instead of two plates if there are n similar plates at equal distances from each other and the alternate 
plates are connected together, the capacitance of the arrangement is given by 


Ca ADEA 


(i) From the above relation, it is clear that the capacitance depends only on geometrical factors (A and d). 


Effect of Dielectrics 


Most capacitors have a dielectric between their conducting plates. Placing a solid dielectric between 
the plates of a capacitor serves the following three functions : 
(i) It solves the problem of maintaining two large metal sheets at a very small separation without 
actual contact. 


it 
(ee 


+ 
| 


Wl 


=) 
Fig. 25.10 


(ii) It increases the maximum possible potential difference which can be applied between the plates 
of the capacitor without the dielectric breakdown. Many dielectric materials can tolerate stronger 
electric fields without breakdown than can air. 

(iii) It increases the capacitance of the capacitor. 
When a dielectric material is inserted between the plates (keeping the charge to be constant) the 
electric field and hence the potential difference decreases by a factor K (the dielectric constant of 
the dielectric). 


E 
E= vA and V=— (When q is constant) 
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Electric field is decreased because an induced charge of the opposite sign ?, pa - oP 
appears on each surface of the dielectric. This induced charge producesan |4 - & 4] -— 
electric field inside the dielectric in opposite directions and as a result net |+ +| - 
electric field is decreased. The induced charge in the dielectric can be |+ | z +] = 
calculated as under +P HF 
t+ ob +| — 
E=E,-E, or —=E,-E, al ale 
K + fF —,» 4+ - 
+ + E +| - 
1 
B= ie -z] Fig. 25.11 
oO o 1 
Therefore, —+=—|1-— 
Ey Eo K 
1 
or 0, =o|1-— 
K 
1 
or q, =q\|1- zE 
For a conductor K = ce. Hence, 
q,;=9,0,=0 and E=0 
and otherwise qi <4 
Thus, q,; £9, 9; <O 
Dielectric Conductor 
o Fai a -O 
+ = + = + = 
+ - + — + = 
> -—_-——_ > 
+ + ios <j eens 
+ a = ~Fot ‘ - E=0 =F . =| 
+ - K+ - —> + - 
* |5 en + CO 
fe ale +” OU 7 = 
+ : - +O + : = 
+ - + — + = 
o Fo 6; for Fo _¢ o /0 


| 
| 
| 
| 
| 


Q 


d d d 
Fig. 25.12 


Hence, we can conclude the above discussion as under: 


Oo 
=F) =— q 


DE = 
@ Ey AEg 


vacuum 


(i1) E aictectst es 


(iii) E =0 


conductor 


(here, K = dielectric constant) 


(as K =o) 
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If we plot a graph between potential and distance Potenugt 
from positive plate, it will be as shown in v,|A 
Fig. 25.13: Modulus of, 


Slope of AB = slope of CD = slope of EF = Ey 


E Vv 
Slope of BC = — 
K 


and slope of DE =0 


Further, the potential difference between positive 6 7 7] r; 3 A ; A 77 Distance 


and negative plate is Fig. 25.13 


E 
a a =Eyd +d + Eod +0 + Kod 


Ey 
=3E)d+—-d 
K 
Here we have used PD = Ed. (in uniform electric field) 


Capacitance of a Capacitor Partially Filled with Dielectric 


Suppose, a dielectric is partially filled with a dielectric (dielectric constant = K) as shown in figure. If 
a charge q is given to the capacitor, an induced charge q, is developed on the dielectric. 


q Gi G 9 
+0 FJ] 7 
+ J +] - . 
me a 2 gl = 5. 
+ |- +/ - Fo. 
eS +{ - => E 7 
+ J +] - 
a 
+ J + 
> 
+ |- t + 
< > > > 
+ |= + 
—————— ——— 
d t d-t 
Fig. 25.14 
1 
where, qd; =¢ ars 


Moreover, if Ey is the electric field in the region where dielectric is absent, then electric field inside 
the dielectric will be E = E/K. The potential difference between the plates of the capacitor is 


V =V, -V_=Et+E, (d-t) 


Eo t 


-2 (4 oe =! (a +5) 
Eo K)}) A&y K 


246 © Electricity and Magnetism 


Now, as per the definition of capacitance, 
EA 
C= ; = ; or C= =e 
d-t+ > d-t+ > 
K K 


Different Cases 
(i) If more than one dielectric slabs are placed between the capacitor, then 


C= E,A 
t t t 
Gif 4) oe 
K, K, K,, 
(ii) If the slab completely filles the space between the plates, then ¢ = d and 
therefore, 
_€ oA Kev A K 
diK dd = 
(iii) If a conducting slab (K =e) is placed between the plates, then 
C= EA _ £04 Fig. 25.15 
t pur 
d-t+— os 


This can be explained from the following figure: 


q —Y Gi —Y q —q 
+ 0#&F AO + - 
toe +1 - + - 

+ ee +10 + - 
ee a ee =. ouaa HH 
tote +4 | = + | => 
tote +1 - + - 
tok +40 + - 

|}«——_—_>| }<—————->| 

t d-t 
q=9 
Fig. 25.16 


(iv) If the space between the plates is completely filled with a conductor, then t =d and K =», 


se alee 
Fig. 25.17 
E,A 
Then, c= = = 
d-d+— 
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The significance of infinite capacitance can be explained as under: 


If one of the plates of a capacitor is earthed and the second one is given a charge q, then the whole 
charge transfers to earth and as the capacity of earth is very large compared to the capacitor we can 
say that the capacitance has become infinite. 


= 
o 
| 
2 
Q 
Q 


Fig. 25.18 


Alternatively, if the plates of the capacitor are connected to a battery, the current starts flowing in the 
circuit. Thus, is as much charge enters the positive plate of the capacitor, the same charge leaves the 
negative plate. So, we can say, the positive plate can accept infinite amount of charge or its 
capacitance has become infinite. 


Energy Stored in Charged Capacitor 


A charged capacitor stores an electric potential energy in it, which is equal to the work required to 
charge it. This energy can be recovered if the capacitor is allowed to discharge. If the charging is done 
by a battery, electrical energy is stored at the expense of chemical energy of battery. 


Suppose at time ¢, a charge q is present on the capacitor and V is the potential of the capacitor. If dq 
amount of charge is brought against the forces of the field due to the charge already present on the 
capacitor, the additional work needed will be 


aw = ayy =( 4): (asV =q/C) 
.. Total work to charge a capacitor to a charge qo, 
2 
40/ q 70 
W=|dW= = |-dq=— 
Jawa [(E)-a1=% 


.. Energy stored by a charged capacitor, 


2 
I 1 
U =W=2 =-CVp =-GNMy 


2C 2 2 
Thus, if a capacitor is given a charge q, the potential energy stored in it is 
l lq? 1 
U=-cy? =-41_-=-gy 
2 2G 22 


The above relation shows that the charged capacitor is the electrical analog of a stretched spring 


1 . : : 
whose elastic potential energy is 5 Kx*. The charge q is analogous to the elongation x and —, i.e. the 


reciprocal of capacitance to the force constant k. 
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® Extra Points to Remember 


e Capacitance of a spherical conductor enclosed by an earthed concentric spherical shell 
If a charge q is given to the inner spherical conductor, it spreads over the outer surface of it and a charge 
— q appears on the inner surface of the shell. The electric field is produced only between the two. From the 
principle of generator, the potential difference between the two will depend on the inner charge g only and 
is given by 


a d1od\y_ ab 
or Cc 4ne,(+-*) tre,( 2) Fig. 25.19 


From this expression we see that if b = 2, C = 4m€,a, which corresponds to that of an isolated sphere, i.e. 
the charged sphere may be regarded as a capacitor in which the outer surface has been removed to 
infinity. 

e Capacitance of acylindrical capacitor When ametallic cylinder of radius a is placed coaxially inside 
an earthed hollow metallic cylinder of radius b ( a)we get cylindrical capacitor. If a charge q is given to the 
inner cylinder, induced charge — q will reach to the inner surface of the outer cylinder. Assume that the 


capacitor is of very large length (/ >> b) so that the lines of force are radial. Using Gauss’s law, we can 
prove that 
_ a- 
4 i . a 
7 + + 7 — 
7 4 + az 
- + 
er a re 
Fig. 25.20 
ny 
E(e= for axr<b 
2TEol 


Here, A = charge per unit length 
Therefore, the potential difference between the cylinders 


a 
Yee (Evra | Ags in?) 
A DO TES! 2 TE, a 


X_ _charge/length _ capacitance _ 27€ 
V_ potential difference length In (b/a) 
Hence, capacitance per unit length = eB EON 


In (b/a) 
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© Example 25.6 A parallel-plate capacitor has capacitance of 1.0 F. If the plates 
are 1.0 mm apart, what is the area of the plates? 
Solution -:. C= fof 
d 
cd__()a0*) 
&) 8.86x 10°? 


=1.1x 10° m? 


A= 


© Example 25.7 Two parallel plate vacuum capacitors have areas A, and A, 
and equal plate spacing d. Show that when the capacitors are connected in 
parallel, the equivalent capacitance is the same as for a single capacitor with 
plate area A, + A, and spacing d. Note : In parallel C=C, + C,. 


Solution C=C, +C, (in parallel) 
EyA_ EVA, ir Ey A, 
d d d 
or A=4,+A4, 


© Example 25.8 (a) Two spheres have radii a and b and their centres are at a 
distance d apart. Show that the capacitance of this system is 


_ AMES 
Tee 
a bd 


provided that d is large compared with a and b. 
(6) Show that as d approaches infinity the above result reduces to that of two isolated 


spheres in series. Note : In series, = a ale +—., 
CG G 


Solution (a) PD, V=V, -V; 


Fig. 25.21 


4 (2 4) (=! fs 1) 
4mey [La d b od 

qd ANE 9 

Voi a 1 2 


C = 
a bd 
If — q is given to first sphere and + q to second sphere, then 
ANE, 
[sl 


2 
pall Bee 
a bad 
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4ME, _ (4M€_ ) (ab) 


(b) If do, then C= 
1 a+b 


a b 
Ci\C, _ (4N€o a) (40 E_b)  (4n€_ ) ab 
C,+C, (4m €)a)+ (40€9b) a+b 


In series, C Hence Proved. 


net 


INTRODUCTORY EXERCISE 


1. Acapacitor has a capacitance of 7.28 uF. What amount of charge must be placed on each of its 
plates to make the potential difference between its plates equal to 25.0 V? 

2. Aparallel plate air capacitor of capacitance 245 uF has a charge of magnitude 0.148 uC on each 
plate. The plates are 0.328 mm apart. 

(a) What is the potential difference between the plates? 
(b) What is the area of each plate? 
(c) What is the surface charge density on each plate? 

3. Two parallel plates have equal and opposite charges. When the space between the plates is 
evacuated, the electric field is E, =3.20 x 10° V/m. When the space is filled with dielectric, the 
electric field is E = 2.50 x 10° V/m. 

(a) What is the dielectric constant? 
(b) What is the charge density on each surface of the dielectric? 


25.4 Mechanical Force on a Charged Conductor 


We know that similar charges repel each other, hence the charge on any part of a E 
surface of the conductor is repelled by the charge on its remaining part. The ng ‘ 
surface of the conductor thus experiences a mechanical force. AS 


The electric field at any point P near the conductor’s surface can be assumed 
as due to a small part of the surface of area say AS immediately in the 
neighbourhood of the point under consideration and due to the rest of the 
surface. Let E, and E, be the field intensities due to these parts respectively. 


Then, total electric field, E=E, +E, 


Ehas a magnitude o/e , at any point P just outside the conductor and is zero at point Q just inside the 
conductor. Thus, 


Fig. 25.22 


and E, —E,=0 atQ 


Hence, the force experienced by small surface of area AS' due to the charge on the rest of the surface is 
(6*) (AS) 


F =qE, =(OAS) (Ey) = ae 
0 
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Force Fo 1 2 
= = =—¢ ol 

Area AS 2€, 2 

Force = uy R2 

Area 2 ° 


Force between the Plates of a Capacitor 
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[as z-3) 
Eo 


Consider a parallel plate capacitor with plate area A. Suppose a positive charge q is given to one plate 
and a negative charge — q to the other plate. The electric field on the negative plate due to positive 


charge is 
ne ee 
2€)  2AE_ 


The magnitude of force on the charge in negative plate is 


2 
q 


~ DAE, 


F=qE 


This is the force with which both the plates attract each other. Thus, 


2 
q 


Fe= 
2AE 


© Example 25.9 A capacitor is given a charge q. The distance between the plates 
of the capacitor is d. One of the plates is fixed and the other plate is moved 
away from the other till the distance between them becomes 2d. Find the work 


done by the external force. 


Solution When one plate is fixed, the other is attracted towards the first with a force 


2 


F= q = constant 


~ 2d€, 


Hence, an external force of same magnitude will have to be applied in opposite direction to 


increase the separation between the plates. 


qed 
W=F (Qd-—d)= 
AEG 
Alternate solution W=AU=U, —-U; = q 
Cp = 2; 
A 
Here, Cr= a and -C,= oe 
2d d 
Substituting in Eq. (1), we have 
q qq _ ad 


3 E)A > EA 2€)A 
2d d 


Ans. 


(i) 


Ans. 
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25.9 Capacitors in Series and Parallel 


In Series ron C> 


q 
| | | 
+] [- +] [= +] [= 
q q Cc 
C—<$—>- ——F 
V4 Vo > 
+@ < V >@o- + @ <——__ / ——- e -- 
Fig. 25.24 


Ina series connection, the magnitude of charge on all plates is same. The potential is distributed in the 
inverse ratio of the capacity (asV =q/C or V «1/C). Thus, in the figure, if a potential difference V 
is applied across the two capacitors C, and C,, then 


Ya 2 Os 
VC 
Cc c 
or V,.=|— |v and vy, =| ——“_-|V 
C, +C, C, +C; 
Further, in the figure, V=V,4+V, or a eee ee 
Cc Cc; iG 
1 1 1 
or ee eee eee 
CG, '; 


Here, C is the equivalent capacitance. 
The equivalent capacitance of the series combination is defined as the capacitance of a single 
capacitor for which the charge g is the same as for the combination, when the same potential 
difference V is applied across it. In other words, the combination can be replaced by an equivalent 
capacitor of capacitance C. We can extend this analysis to any number of capacitors in series. We find 
the following result for the equivalent capacitance. 

1 1 1 1 


=—+——+—H... 
Co oe 


Following points are important in case of series combination of capacitors. 
(i) Inaseries connection, the equivalent capacitance is always less than any individual capacitance. 
(ii) For the equivalent capacitance of two capacitors it is better to remember the following form 


_ aC, 
“0G, 4s 
For example, equivalent capacitance of two capacitors C; =6UF and C, =3 UF is 
CC 
Cs —_ os ULF =2uUF 
C,+C, \6+3 


(iii) If” capacitors of equal capacity C are connected in series, then their equivalent capacitance is —. 
n 
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© Example 25.10 In the circuit shown in figure, find 
2 WF 3 WF 


\t 
100 V 
Fig. 25.25 
(a) the equivalent capacitance, 
(6) the charge stored in each capacitor and 
(c) the potential difference across each capacitor. 


Solution (a) The equivalent capacitance 2 WF 3 WF 
“a | --—al F 
C, +C, q es 
Vy Vo 
or eo 1.2uUF Ans. | 
2+3 | 
100 V 
(b) The charge q stored in each capacitor is ; 
3 Fig. 25.26 
q=CV =(1.2x 10 ) (100) C 
= 120 uC Ans. 
Vi oC 
(c) In series combination, Vx bs of = 
Vz, C, 
=| _]y ={_3_] ao0)= 60 
C, +C, 2+3 
and V, =V -V, =100— 60 =40V Ans. 
In Parallel C; 
ne q 
q 
; sali . 
C2 an | Ic 
+] [= kK V ia 
q2 
+ @< V a 
Fig. 25.27 


The arrangement shown in figure is called a parallel connection. In a parallel combination, the 
potential difference for all individual capacitors is the same and the total charge q is distributed in the 
ratio of their capacities. (as g =CV or gq « C for same potential difference). Thus, 

en 

92 Cy 
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Cy ; C, 
or =| ———_ an =| ——— 
| Get)" oa one one 
The parallel combination is equivalent to a single capacitor with the same total charge gq = 4, + q 
and potential difference V. 


Thus, q=% +42 
or CV =CV +CW 
or C=C, +C, 


In the same way, we can show that for any number of capacitors in parallel, 
C=C, +C, +C, Bra 


In a parallel combination, the equivalent capacitance is always greater than any individual 
capacitance. 


© Example 25.11 In the circuit shown in figure, find 


1 uF 
2 uF 
3 UF 

\ 

100 V 

Fig. 25.28 


(a) the equivalent capacitance and 
(6) the charge stored in each capacitor. 
Solution (a) The capacitors are in parallel. Hence, the equivalent capacitance is 
C=C, +C,+C; 

or C=(1+2+3)=6yuF Ans. 

(b) Total charge drawn from the battery, 
q=CV = 6x 100uUC = 600uC 
This charge will be distributed in the ratio of their capacities. Hence, 
GN 292 293 =Cy :Cy Cz =1:2:3 


1 
= x 600 = 100 uC 
a (5) rc 


2 
= x 600 = 200 UC 
a (5) ? 


and q3= 2 x 600 = 300 uC Ans. 
14+2+3 
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Alternate solution Since the capacitors are in parallel, the PD across each of them is 100 V. 
Therefore, from g = CV, the charge stored in 1uF capacitor is 10OWC in 2UF capacitor is 200WC 
and that in 3 UF capacitor is 300 UC. 


INTRODUCTORY EXERCISE 


1. Find charges on different capacitors. 


3uF pk 
{+ 


25.6 Two Laws in Capacitors 


Like an electric circuit having resistances and batteries in a complex circuit containing capacitors and 
the batteries charges on different capacitors can be obtained with the help of Kirchhoff ’s laws. 


First Law 
This law is basically law of conservation of charge which is normally applied across a battery or in an 
isolated system. 
(i) In case of a battery, both terminals of the battery supply equal amount of charge. 
(ii) In an isolated system (not connected to any source of charge like terminal of a battery or earth) 
net charge remains constant. 
For example, in the Fig. 25.31, the positive terminal of the battery supplies a positive charge g, + q. 
Similarly, the negative terminal supplies a negative charge of magnitude gq, + q4. Hence, 
414492 =93 +494 
Further, the plates enclosed by the dotted lines form an isolated system, as they are neither connected 
to a battery terminal nor to the earth. Initially, no charge was present in these plates. Hence, after 
charging net charge on these plates should also be zero. Or, 


9q3+q5—q,=0 and qy—q2-—q5 =0 
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So, these are the three equations which can be obtained from the first law. 
Cy ee ms 3 


G +](-___M i H 
ae a6 +1 T= 
Oy sn, Es Cs 
B ee E 
C2 ae 
| Ft f= D : J 
Qa Ss “on 
A \ F 
V 
Fig. 25.31 


Second Law 
In a capacitor, potential drops by g/C when one moves from positive plate to the negative plate and in 
a battery it drops by an amount equal to the emf of the battery. Applying second law in loop 
ABGHEFA, we have 

N43 

C, C3 


Similarly, the second law in loop GMDIG gives the equation, 


+V=0 


Gi, Mos, May 2 


GC GG 
© Example 25.12 Find the charges on the three capacitors shown in figure. 
2 uF 4 uF 
| | | | 
| | il bse 
6 uF 
10V 20V 
Fig. 25.32 
Solution Let the charges in three capacitors be as 2 WF 4 uF 
a a | M | | D 
shown in Fig. 25.33. B +O =| [F 
Charge supplied by 10 V battery is g, and that from 20 V a l+ ae 
battery is g,. Thus, 6 uF = 43 
41 +92 = 493 -- (i) | | E 
This relation can also be obtained by a different method. 4 7 F aa 
The charges on the three plates which are in contact add Hie Beas 
ig. 25. 


to zero. Because these plates taken together form an 
isolated system which can’t receive charges from the batteries. Thus, 


93-1 -— 42 =9 
or 93 =% +42 
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Applying second law in loops BMFAB and MDEFM, we have 


~_% 419-0 
6 


2 
or q3 + 3q) = 60 .. (ii) 
and 2 34 Sh 
4 6 
or 3q, + 2q3 = 240 .. (iii) 
Solving the above three equations, we have ie uC weuc 
10 Fells SES -| [4 
=—uC I | 
11 3 Hl 
ait 
140 50 pC 
dq =—— HC = 
: | | 
and = 50uC |! ) 
ake 10V 20 V 
Thus, charges on different capacitors are as shown in ' 
; Fig. 25.34 
Fig. 25.34. 


Note !n the problem q,, gz and q3 are already in microcoulombs. 


25.7 Energy Density (uw) 


The potential energy of a charged conductor or a capacitor is stored in the electric field. The energy 
per unit volume is called the energy density (uw). Energy density in a dielectric medium is given by 


1 
u= ~€ KE . 
2: 
This relation shows that the energy stored per unit volume depends on E > IfE is the electric field ina 
space of volume dV, then the total stored energy in an electrostatic field is given by 


1 2 
U=5eok|E dV 


and if F is uniform throughout the volume (electric field between the plates of a capacitor is almost 
uniform), then the total stored energy can be given by 


1 
U =u (Total volume) = ; Ke ,E°V 


© Example 25.13 Using the concept of energy density, find the total energy 
stored ina 
(a) parallel plate capacitor 
(6) charged spherical conductor. 
Solution (a) Electric field is uniform between the plates of the capacitor. The magnitude of 
this field is 
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Se ee 
Ey  AEy +——> - 
+ —— - 
Therefore, the energy density (uw) should also be constant. eq Fay 
+ —— -— 
I : - 
2 2A“Eq : aes 
. Total stored energy, = a - 
U = (u) (total volume) ~ = 
: ‘ Fig. 25.35 
= f (A-d)=— 4 — 'g 
A“Eq 2 AE 
d 
2 
ca = asC= AEG 
26 d 
2 
a5. Ans 
2C 


(b) In case of a spherical conductor (of radius R) the excess charge resides on the outer surface 
of the conductor. The field inside the conductor is zero. It extends from surface to infinity. 
And since the potential energy is stored in the field only, it will be stored in the region 
extending from surface to infinity. But as the field is non-uniform, the energy density u is 
also non-uniform. So, the total energy will be calculated by integration. Electric field at a 
distance r from the centre is 


pet 
ANE) 7? 


1 2 
u(r)=—E,E 
(r) 5&0 


1 1 ° 
q 
2 ANE, rn 


Energy stored ina volum dV = (4nr? ) dris 


dU=udV Pe aos 
Total energy stored, U = ae dU ra 


Substituting the values, we get — pull 
ia 
2 (4m) R) 
7 en 
or U= oa Ans. Fig. 25.37 


(as C= 4m€)R) 
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25.8 C-R Circuits 
Charging of a Capacitor in C-R Circuit 


To understand the charging of a capacitor in C-R circuit, let us first consider the charging of a 
capacitor without resistance. 


Cc qdo= CV 


ae 


Fig. 25.38 


Consider a capacitor connected to a battery of emf V through a switch S. When we close the switch the 
capacitor gets charged immediately. Charging takes no time. A charge gy =CV appears in the 
capacitor as soon as switch is closed and the q-t graph in this case is a straight line parallel to t-axis as 
shown in Fig. 25.39 


cor 
Go 
>t 
Fig. 25.39 
If there is some resistance in the circuit charging takes some time. Because | —W- 
resistance opposes the charging (or current flow in the circuit). Final charge Cc : 
(called steady state charge) is still g, but it is acquired after a long period of 
time. The g-¢ equation in this case is s lV 
-t/ i 
g=4,-< "Cy Fig. 25.40 


Here, gy =CV and t- =CR = time constant. 


>t 


Fig. 25.41 


q-t graph is an exponentially increasing graph. The charge g increases exponentially from 0 to gp. 
From the graph and equation, we see that 
at t=0, g=0 andat t=~, g=q,\ 
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Definition of t, 
Att=to,q =) (—e')=0.632 gy 
Hence, Tt, can be defined as the time in which 63.2% charging is over. Note that tT. is the time. 
Hence, [tc ]=[time] 
or [CR]=[M°L’ T] 
Proof: Now, let us derive the g-t relation discussed above. 


Suppose the switch is closed at time t=0. At some instant of time, let charge in the capacitor is 
q (< qo) and it is still increasing and hence current is flowing in the circuit. 


Applying loop law in ABEDA, we get 


~4£_in+y =o is R 
C B cad WW E 
c 
Here, p24 i} y 
dt 
d A < | | < D 
£(Desv-0 ly 
C \dt Fig. 25.42 
dq__at 
= 
Cc 
d 
: ae 
y—_4 
C 
eae 
This gives g=CV (l-e &) 
Substituting CV = gy and CR =T;, we have 
q= 4 l-e "), 


Charging Current 
Current flows in a C-R circuit during charging of a capacitor. Once charging is over or the steady state 
condition is reached the current becomes zero. The current at any time ¢ can be calculated by 
differentiating g with respect to ¢. Hence, 


. dq d — t/t 
= = — t= Cc 
j= B= F tay d-e "3 
or ee 
Teo 


Substituting gy =CV andt~ =CR, we have 
‘a e t/t 
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: = eee 
By letting, —=iy i=ig e tc 
R 
i.e. current decreases exponentially with time. F, 


The i-¢ graph is as shown in Fig. 25.43. 


= ; 4 
Here, ip = z is the current at time ¢ =0. This is the current which would had 
>t 


been in the absence of capacitor in the circuit. 
Fig. 25.43 


Discharging of a Capacitor in C-R Circuit 


To understand discharging through a C-R circuit again we first consider the discharging without 
resistance. 


Suppose a capacitor has a charge gy. The positive plate qo q=0 
has a charge + gy and negative plate — qo. It implies that || 
the positive plate has deficiency of electrons and negative => 
plate has excess of electrons. When the switch is closed, 
the extra electrons on negative plate immediately rush to Ss 
the positive plate and net charge on both plates becomes Fig. 25.44 
zero. So, we can say that discharging takes place 

immediately. 


In case of a C-R circuit, discharging also takes time. Final charge on the capacitor is still zero but after 
sufficiently long period of time. The g-t equation in this case is 
(a 
| 


Ss 
Fig. 25.45 


F= We a i 


Thus, g decreases exponentially from g, to zero, as shown in Fig. 25.46. 
From the graph and the equation, we see that 
At t=0, q=4q 


| = 
At t=o, g=0. t=t, 
Fig. 25.46 


0.368 qo 


>t 


Definition of Time Constant (7, ) 
In case of discharging, definition of tT. is changed. 
At time t=T,, 
G=qoe  =0.368 gy 


Hence, in this case T~ can be defined as the time when charge reduces to 36.8% of its maximum 
value qo. 
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Discharging Current 


During discharging, current flows in the circuit till g becomes zero. This current can be found by 
differentiating g with respect to ¢ but with negative sign because charge is decreasing with time. So, 


d d ; 
tof 8) Lowe | 


dt dt lo 
— 40 eltc 
Te 
F : >t 
By letting, Lue in 
To Fig. 25.47 
We have, i=iye “ 


This is an exponentially decreasing equation. Thus, i-t graph decreases exponentially with time from 
iy to 0. The i-t graph is as shown in Fig. 25.47. 


25.9 Methods of Finding Equivalent Resistance and Capacitance 
We know that in series, 


el 


fgg HR PR ta tk, 


1 1 1 1 
and — = — + — +... + 
Ca C; Cy C, 
1 1 1 1 
and in parallel, ae ae ee 
eg Ry R, R,, 
and Ceq = Cy Cy Hv $C, 


Sometimes there are circuits in which resistances/capacitors are in mixed grouping. To find R,, or 
C., for such circuits few methods are suggested here which will help you in finding R,, or C.,. 


Method of Same Potential 


Give any arbitrary potentials (V,, V,,... etc.) to all terminals of capacitors/resistors. But notice that the 
points connected directly by a conducting wire will have at the same potential. The 
capacitors/resistors having the same PD are in parallel. Make a table corresponding to the figure. 
Now, corresponding to this table a simplified figure can be formed and from this figure C,, and R.g 
can be calculated. 


© Example 25.14 Find equivalent capacitance between points A and B as shown 
in figure. 


o— 


Fig. 25.48 
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Solution Three capacitors have PD, V, —V,. So, they are in parallel. Their equivalent 
capacitance is 3C. 


| | | | | | | | | eB 
V; v,! Ty, Vol |v, Vitlys | Vol Ws Val Vo Vol Vy Vy 


Fig. 25.49 


Two capacitors have PD, V, —V3. So, their equivalent capacitance is 2C and lastly there is one 
capacitor across which PD is V, — V4. So, let us make a table corresponding to this information. 


Table 25.1 
PD Capacitance 
Gov, 3C 
Ve-¥, aC 
VV; C 


Now, corresponding to this table, we make a simple figure as shown in Fig. 25.50. 


C 
0B 


wal hy 


Ae 
Fig. 25.50 


As we have to find the equivalent capacitance between points A and B, across which PD is 
V, —V,. From the simplified figure, we can see that the capacitor of capacitance 2C is out of the 
circuit and points A and B are as shown. Now, 3C and C are in series and their equivalent 
capacitance is 
3C)(C 3 
COC .%, 


a = Ans. 
1°  3C+C 4 


EXERCISE Find equivalent capacitance between points A and B. 


MIE 


Fig. 25.51 


HINT Jn case PD across any capacitor comes out to be zero (i.e. the plates are short circuited), then 
this capacitor will not store charge. So ignore this capacitor. 


3 
= 
4 
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EXERCISE Jdentical metal plates are located in air at equal distance d from one another as 
shown in figure. The area of each plate is A. Find the capacitance of the system between points P 
and OQ if plates are interconnected as shown. 


Q 
(a) (b) 
(©) (d) 
Fig. 25.52 
2E 9A 3€ A 2€ A 3€A 
mem wee = ye 
ee ge Mag Oa eg 


EXERCISE Find equivalent resistance between A and B. 


Ae——_Ww- WW WW °B 
22 6Q 32 
Fig. 25.53 


Ans. 1Q 
EXERCISE Find equivalent capacitance between points A and B. 


Fig. 25.54 


Ans. 26 
3 


Infinite Series Problems 


This circuit consists of an infinite series of identical loops. To find, or R,, of such a series first we 
consider by ourself'a value (say x) of C,, or R,,. Then, we break the chain in such a manner that only 
one loop is left with us and in place of the remaining portion we connect a capacitor or resistor x. 
Then, we find the C,, or R,, and put it equal to x. With this we get a quadratic equation in x. By 
solving this equation, we can find the desired value of x. 
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© Example 25.15 An infinite ladder network is constructed with 1Q and 2 Q 
resistors as shown. Find the equivalent resistance between points A and B. 


10 10 12 
Ae—Ww- WW WW 
203 208 203 
Be —________1 nn 
Fig. 25.55 


Solution Let the equivalent resistance between A and B is x. We j~s——r- 
may consider the given circuit as shown in Fig. 25.56. 


In this diagram, 20 x 
Boe a or oer (as Rug =x) Be 
2+x 2+x : 
Fig. 25.56 

or x(24+x)=2x+2+x or x* —x-2=0 

14+1+8 

x = —— =- 1Q and 2Q 
2 

Ignoring the negative value, we have Ry, =x=2Q Ans. 


Note Care should be taken while breaking the chain. It should be broken from those points from where the 
broken chain resembles with the original chain. 


Ry Ry R, R, 
—Wwr- WW WW 
res Ro 3 Ro : aoe by es Ro S. 
e 
Ry Ry Ri 
res Ro 3 Ro 3 ee oo => Ro =. 
Fig. 25.57 
EXERCISE Find equivalent resistance between A and B. 
R kR k’R 
Ae— WW WW WW 
re kR 3 k?R 3 > 
Be ree 
Fig. 25.58 


HINT Let Ry, =x, then the resistance of the broken chain will be Ax. 


Ans. R[(2k —1) + 4k? +1]/2k 
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Method of Symmetry 


Symmetry of a circuit can be checked in the following four manners : 

1. Points which are symmetrically located about the starting and last points are at same potentials. 
So, the resistances/capacitors between these points can be ignored. The following example will 
illustrate the theory. 


© Example 25.16 Twelve resistors each of resistance r are connected together so 

that each lies along the edge of the cube as shown in figure. Find the equivalent 
resistance between 

6 


4 
Fig. 25.59 


(a) land 4 (6) land 3 


Solution (a) Between 1 and 4: Points 2 and 5 are 1 WA 
symmetrically located w.r.t. points 1 and 4. So, they are at 
same potentials. 


Similarly, points 3 and 8 are also symmetrically located 
w.r.t. points | and 4. So, they are again at same potential. 


Now, we have 12 resistors each of resistance r connected 
across | and 2, 2 and 3,..., etc. So, redrawing them with the 
assumption that 2 and 5 are at same potential and 3 and 8 
are at same potential. The new figure is as shown in 
Fig.25.60. 


Now, we had to find the equivalent resistance between Fig. 25.60 
1 and 4. We can now simplify the circuit as 


4 


; 
WW 
r/ 
2,5 rl2 3,8 
WW WW 
2 


| WW 


r/2 


os 
: 
1 7 4 
1 
=> & 


WW 
—WW— ae 


7 
BY 


et 


Fig. 25.61 


Thus, the equivalent resistance between points | and 4 is a fr Ans. 
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(b) Between 1 and3: Points 6 and 8 are symmetrically located w.r.t. points 1 and 3. 
Similarly, points 2 and 4 are located symmetrically w.r.t. points 1 and 3. So, points 6 and 8 
are at same potential. Similarly, 2 and 4 are at same potentials. Redrawing the simple circuit, 
we have Fig. 25.62. 


Fig. 25.62 Fig. 25.63 


Between | and 3, a balanced Wheatstone bridge is formed as shown in Fig. 25.63. 
So, the resistance between 2 and 6 and between 4 and 8 can be removed. 


wer 
wo 


Fig. 25.64 


: : . 3 
Thus, the equivalent resistance between | and 3 is a r Ans. 


EXERCISE Fourteen identical resistors each of resistance r 
are connected as shown. Calculate equivalent resistance 
between A and B. 


Ans. 1.27 A B 
Fig. 25.65 

EXERCISE Eight identical resistances r each are connected along O 
edges of a pyramid having square base ABCD as shown. Calculate 
equivalent resistance between A and O. B 

Tr 
Ans. — 3 

15 

A -W\- D 


Fig. 25.66 
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2. Ifpoints A and B are connected to a battery and AB is a line of symmetry, then all points lying on 
perpendiculars drawn to AB are at the same potential. For example, 


Fig. 25.67 


In Fig. 25.67, points (1, 2), (3, 4, 5) and (6, 7) are at same potential. So, we can join these points 
and draw a simple circuit as shown in Fig. 25.68. 
r 


r r r 
wwe"? WW YP 6,7 WW 
ak WW WW » 
WW WW WW WW 
f r a 
WW WW 
a ff 


r 


Fig. 25.68 


Now, the equivalent of this series combination is 
Ff. tf © FF -3r 
“=sto {re 
24 4 2 2 


EXERCISE Solve the same problem by connection removal method (will be discussed later). 


R 


3. Even if AB is not a line of symmetry but its perpendicular bisector is, then all the points on this 
perpendicular bisector are at the same potential. 


For example, 


WWW WWW 
tL—ww12- ww¥— => L—ww+—ww¥— 
r r Fr r 
As WW 4 8 AWW Ww+ 8 
r r r r 
(a) (b) 

Fig. 25.69 


In Fig. (a), AB is not a line of symmetry but, 1, 2 and 3 are line of symmetry. Hence, they are at 
same potential (if A and B are connected to a battery). This makes the resistors between | & 2 and 
2 and 3 redundant because no current flows through them. So, the resistance between them can be 
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removed [as shown in Fig. (b)]. The equivalent resistance between A and B can now be easily 
. 5 
determined as a : 


4. Each wire in the cube has a resistance r. We d, f 


are interested in calculating the equivalent 
resistance between A and B. 

This is a three-dimensional case and in 
place of a line of symmetry involving points 
A and B we locate a plane of symmetry 
involving A and B. 


Such a plane is the plane ABce and for this 
plane points d and f and g and h have the 
same i (a) e 
potential. 

The equivalent resistance between A and B Fig. 25.70 
can now be easily worked out (Using 


Wheatstone’s bridge principle) as 


Connection Removal Method 


This method is useful when the circuit diagram is symmetric except for the fact that the input and 
output are reversed. That is the flow of current is a mirror image between input and output above a 
particular axis. In such cases, some junctions are unnecessarily made. Even if we remove that 
junction there is no difference in the remaining circuit or current distribution. But after removing the 
junction, the problem becomes very simple. The following example illustrates the theory. 


© Example 25.17 Find the equivalent resistance between points A and B. 
r 


—WW— 


Fig. 25.71 


Solution 


“Wi 


©B 


WW 
Fig. 25.72 


Input and output circuits are mirror images of each other about the dotted line as shown. 
So, if a current i enters from A and leaves from B, it will distribute as shown below. 
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0B 


Fig. 25.73 


Now, we can see in figure that the junction where i, and i, are meeting can be removed easily 
and then the circuit becomes simple. 


Sr 
“WW 
> 
° eo e —WWvh- % 
A BA Or B 
=> Ae WW °B 
8, 
7 
Fig. 25.74 
‘ : . 8 
Hence, the equivalent resistance between A and B is 7 2 Ans. 


EXERCISE Eight identical resistances r each are connected as shown. Find equivalent resistance 
between A and D. 


O 


A D 
Fig. 25.75 


8r 

15 

EXERCISE Twelve resistors each of resistance r are connected as shown. Find equivalent 
resistance between A and B. 


Ans. 


Ae °B 


Fig. 25.76 
Ans. (4/5)r 
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EXERCISE Find equivalent resistance between A and B. 


Ae 


°B 


Fig. 25.77 


So 
3 


Ans. 


Wheatstone Bridge Circuits 


Wheatstone bridge in case of resistors has already been discussed in the E 
chapter of current electricity. Cy LVS, Co 
For capacitor, theory is same. 


Cp € =—6 
If =, bridge is said to be balanced and in that case : 


C 
2 4 e . 
Ve=Vp or Ve—-Vp or Veep =0 


i.e. no charge is stored in C,. Hence, it can be removed from the circuit. | | p 
— Lk, Ce | 
EXERCISE In the circuit shown in figure, prove that V,, =0 i = a Fig. 25.78 
2 1 
A 
C; Ce 
R 
Ry Ro 
B 
L 
E 
Fig. 25.79 


By Distributing Current/Charge 


Sometimes none of the above five methods is applicable. So, this one is the last and final method 
which can be applied everywhere. Of course this method is a little bit lengthy but is applicable 
everywhere, under all conditions. In this method, we assume a main current/charge, i or g. Distribute 
it in different resistors/capacitors as i,, i)... (OF qd, q2,-..,etc.). Using Kirchhoff’s laws, we find 
ij, ing... etc., (OF G1, 7z,-.-, etc.) in terms of i (or g). Then, find the potential difference between 
starting and end points through any path and equate it with iR,, or g/C,. By doing so, we can 


calculate R 4 OF C yor - 
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The following example is in support of the theory. 


© Example 25.18 Find the equivalent capacitance between A and B. 


Cc 2C 
| | 


| T | 


2C [-——°B 


Ae—_ 


Fig. 25.80 


Solution The given circuit forms a Wheatstone bridge. But the bridge is not balanced. Let us 
suppose point A is connected to the positive terminal of a battery and B to the negative terminal 
of the same battery; so that a total charge q is stored in the capacitors. Just by seeing input and 
output symmetry, we can say that charges will be distributed as shown below. 


C, 92 
|| hs 
+ [i[= +h = 
a / 2 
Ae— read 9B 
=43 
2C Cc 
# | [= +| |= 
[| [| 
q2 er 
Fig. 25.81 
+4. =4 ..-(i) 
Applying second law, we have 
1 43 4 qo _ 0 
GC 2 2 
or 42 — 93 — 2g, =9 .. (ii) 
Plates inside the dotted line form an isolated system. Hence, 
Solving these three equations, we have 
2 3 qd 
= S S— and =e 
1 5 9, {2 5 q 93 5 
Now, let C,, be the equivalent capacitance between A and B. Then, 
q cil q2 
Va —Vz = + 
ee SG 
q 2q_. 34 _ 
Cas 5C 10C 10C 
C., = Ne Ans. 
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Final Touch Points 


1. Now, onwards we will come across the following integration very frequently. So, remember the result 


as such. 
x ax f a ~bet 
If =| cat, then x=—(1-e 
Jog — bx J, B 
and if i a [; cdt, then x=2- (2 S xo] ar 
xo a—bx 0 b \b 


Here, a, band c are constants. 
2. Sometimes a physical quantity x decreases from x, to x», exponentially, then x-t equation is like 


x 
Ai porseeerees ser sess oy al 


x2 


-Kt 


X = Xp +(X,—- Xo) e 
Here, K is a constant. 
Similarly, if x increases from x» to x; exponentially, then x-t equation is 
X =X +(X%,—-X%)(1-e7-™) 

3. Leakage Current Through a Capacitor The space between the capacitor’s plates is filled with a 
dielectric and we assume that no current flows through it when the capacitor is connected to a battery 
as in figure (a) or if the capacitor is charged, the charge on its plates remains forever. But every 
insulator has some conductivity. On account of which some current flows through the capacitor if 
connected to a battery. This small current is known as the leakage current. Similarly, when it is 
charged, the charge does not remain as it is for a long period of time. But it starts discharging. Or we 
can say it becomes a case of discharging of a capacitor in C-R circuit. 


In both the cases, we will first find the resistance of the dielectric. 


wee. (o = specific conductance) 


oA 
Here, | =d (the distance between the plates of the capacitor) 
d d 
R — R=— 
oA : | ie 
Thus, the leakage current in the circuit shown in the figure is il} | | {i 
V 
{=— | 
R | 
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Similarly, if the capacitor is given a charge qj at time t = O, then after time t, q charge will remain on it, 


where 
q=qoe "ec (Discharging of a capacitor) 
+ = + = 
E-—ti 
90 q 
At t=0 At t=t 
Here, Tc =CR= (“s*) ( g or |to= we) 
d oA o 


4. |\f capacitors are in series, then charges on them are equal, provided they are 
initially uncharged. This can be proved by the following illustration : 


Let us suppose that charges on two capacitors are q, and qo. The two plates 
encircled by dotted lines form an isolated system. So, net charge on them will 
remain constant. 


XQ; = 2Q; 
If initially they are uncharged, then 
xq; =0 
xq; is also zero 
or —G,+92=0 or G,=Q 


So, this proves that charges are equal if initially they are uncharged. 
5. Independent parallel circuit 


b . C 


Three circuits shown in figure are independently connected in parallel with the battery. Potential 
difference across each of the circuit is V. By this potential difference, capacitor C, is immediately 
charged. Capacitor C, is exponentially charged and current grows immediately in R3. Thus, 
Ic, =CV (immediately) 
t 


dc, =CV (1—e O22) 


=— immediatel 
R, ( y) 


Note /f any resistance or capacitance is connected between abcd, then it no longer remains an independent 
parallel circuit. 


Solved Examples 


TYPED PROBLEMS 


Type 1. ina complex capacitor circuit method of finding values of q and V across different 
capacitors if values across one capacitor are known 


Concept 
In series, gis same and V distributes in inverse ratio of capacity. 
As, Vol 2. Veo (q is same) 
C C 


If capacitance is double, then V will be half. 

In parallel, V is same and gq distributes in direct ratio of capacity. 

As, q=Cv > q«xC (V is same) 
If Cis double, then q is also double. 


© Example 1 9 uF 5 uF 
4uF II I] 


In the circuit shown in figure potential difference across 3uF is 10 V. Find potential 
difference and charge stored in different capacitors. Also find emf of the battery E. 
Solution The given circuit can be simplified as under 


4uF 12 uF 6 uF 


VY: 4uFis : rd of 12 uF. Therefore, V, is thrice of 10 V or 30 V. 


V,: 6uF is half of 12 uF. Therefore, V, is twice of 10 V or 20 V. 
E=V,+10+V, 
=380+ 10+ 20 
=60 V Ans. 
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Potential difference and charge on different capacitors in tabular form are given below. 
Table 25.2 


Capacitance Potential difference Charge q = CV 


4uF 30 V 120 uC 
uF 10V 90 uC 
3 uF 10V 30 uC 
5 uF 20V 100 uC 
1 WF 20V 20 uC 


Type 2. Configuration of capacitor is changed and change in five quantities q, C, V, U and E is asked 


Concept 
Some problems are asked when a capacitor is charged through a battery and then the 
configuration of capacitor is changed : 
(i) either by inserting a dielectric slab or removing the slab (if it already exists) or 
(ii) by changing the distance between the plates of capacitor or 
(iii) by both. 
The questions will be based on the change in electric field, potential, etc. In such problems, 
two cases are possible. 
Case 1. When battery is removed after charging 
If the battery is removed after charging, then the charge stored in the capacitor remains 
constant. 
qg = constant 
First of all, find the change in capacitance and according to the formula find the change in 
other quantities. 


© Example 2. An air capacitor is first charged through a battery. The charging 
battery is then removed and a dielectric slab of dielectric constant K = 4 is 
inserted between the plates. Simultaneously, the distance between the plates is 
reduced to half, then find change in C, E, Vand U. 


Solution Change in capacitance, Cs Rae ox a 
Capacitance will become 8 times [x =4, d= <) 


Change in electric field 


or E« — af q=constant) 


or the electric field will become A times its initial value. 


Chapter 25 Capacitors © 277 


Change in potential difference, 


V= 


or o c af q = constant) 


Therefore, potential difference becomes a times of its initial value. 


Alternate method 
V=kEd 


Electric field has become “ times its initial value and d is reduced to half. Hence, V becomes 
- times. 
8 


Change in stored potential energy, 
2 


if. 
2C 
a 


U= 


or U« (if g = constant ) 


‘ : ; . I es 
Capacitance has become 8 times. Therefore, the stored potential energy U will become S times. 


Case2. When battery remains connected 
If the battery remains connected, the potential difference V becomes constant. So, in the 
above example, capacitance will become 8 times. 


The charge stored (¢=CV or q«C) will also increase to 8 times. The electric field 
[z 7 “, or Ke ;] becomes twice and the stored PE (uv 7 ; CV? or Ux c) is 8 times. 


Type 3. 7o find self energy of a system of charges 


Concept 
The self energy of a system of charges is 
q 
U, =| , Vag 


2 


This comes out to be equal to a in case of a capacitor or conductor. 


A point charge does not have any self energy. 


© Example 3 Find the electric potential energy of a uniformly charged sphere. 


Solution Consider a uniformly charged sphere of radius R having a total charge gy. The 
volume charge density is 
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When the radius of the sphere is r, the charge contained in it is 
4_ 3 do 3 
=|—ar =|—>|r 
: E . a 


~_ GY _ 4% re 
ANEgr AnEg 


The potential at the surface is 


The charge needed to increase the radius from r tor + dris 
dq = (4nr”) drp 


340 _2 
=—-r°dr 
R 
.. The self energy of the sphere is 
R 
U,=| JV aq 
Rl do 2 (= 2 
= r -r- dr 
J, Ms ) R 
2 
= 340 Ans. 
20 Te,R 


© Example 4 Find the electric potential energy of a uniformly charged, thin 
spherical shell. 
Solution Consider a uniformly charged thin spherical shell of radius R having a total charge 
Qo. Suppose at some instant a charge q is placed on the shell. The potential at the surface is 


__@ 
4re,R 


.. The self energy of the shell is 


=, Yo. Ans. 


Type 4. Based on flow of charge when position of a switch is changed 


Concept 


From the flow of charge we mean that when a switch in a circuit is either closed or opened 
or it is shifted from one position to the other, then how much charge will flow through 
certain points of the circuit. Such problems can be solved by finding charges on different 
capacitors at initial and final positions and then by the difference we can find the charge 
flowing through a certain point. The following example will illustrate the theory. 
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© Example 5 What charges will flow through A, B and C in the directions shown 
in the figure when switch S is closed? 


= __ 2uF 


—_ 3 uF 


Solution Let us draw two figures and find the charge on both the capacitors before closing the 
switch and after closing the switch. 


2 our 4 2 uF 
30 Ve a" 30V = tae 


+ + 
q—— 3uF 92 3 uF 


Refer Fig. (a), when switch is open Both capacitors are in series. Hence, their equivalent 
capacitance is 

_ CC, _ @)@)_6 
“TC, +Cy 2438 5 


Therefore, charge on both capacitors will be same. Hence, using g = CV, we get 
g = (80 + 60) (=) uC = 108 uC 


Cc 


Refer Fig. (b), when switch is closed Let q, and q, be the charges (in uC ) on two 
capacitors. Then, applying second law in upper and lower loops, we have 


30-2 =0 or gq, =60"C 


60-2 =0 or qo =180puC 


Charges gq, and q, can be calculated alternatively by seeing that upper plate of 2 uF capacitor is 
connected with positive terminal of 30 V battery. Therefore, they are at the same potential. 
Similarly, the lower plate of this capacitor is at the same potential as that of the negative 
terminal of 30 V battery. So, we can say that PD across 2 uF capacitor is also 30 V. 


a = (C) (PD) = @) (0) uC 
=60 uC 
Similarly, PD across 3 uF capacitor is same as that between 60 V battery. Hence, 
2 = (3) (60) WC 
=180uC 


280 @ Electricity and Magnetism 


Now, let g, charge flows from A in the direction shown. This charge goes to the upper plate of 
2uF capacitor. Initially, it had a charge + q and final charge on it is + q,. Hence, 


1 =9+ 
or da = 4 — ¢=60- 108 
=— 48 uC Ans. 


Similarly, charge gz goes to the upper plate of 3 uF capacitor and lower plate of 2 uF capacitor. 
Initially, both the plates had a charge + q — q or zero. And finally they have a charge (q2— q). 


Hence, 
(Q2— %) = +0 
ep = I. — G = 180 - 60 
=120uC Ans. 
Charge gc goes to the lower plate of 3 uF capacitor. Initially, it had a charge — q and finally — qo. 
Hence, 
—@=(C4Q)+4& 
Ac = F- A =108 — 180 
=— 72 uC Ans. 
So, the charges will flow as shown below 
48 uC 
» 
48 uc © 
“— 30V our 
48 uC © 120ue 
Y Oo 
» 
ec ——3uF 
— 60V 
72 uc © 
7 
72 uC 


Type 5. Based on heat generation or loss of energy during shifting of switch 


Concept 


By heat generation (or loss of energy), we mean that when a switch is shifted from one position 
to the other, what amount of heat will be generated (or loss will be there) in the circuit. Such 
problems can be solved by simple energy conservation principle. For this, remember that when 


a charge + q flows from negative terminal to the positive terminal inside a battery of emf V is 
supplied an energy, 


E=qVv 
V Vv 
|! |! 
<—) @— 
qd q 


Energy supplied = qV Energy consumed = qV 


Chapter 25 Capacitors « 281 


and if opposite is the case, i.e. charge + q flows in opposite direction, then it consumes 
energy by the same amount. 

Now, from energy conservation principle we can find the heat generated (or loss of energy) 
in the circuit in shifting the switch. 


Heat generated or loss of energy = energy supplied by the battery/batteries 
— energy consumed by the battery/batteries + LU; — LU » 
Here, LU, = energy stored in all the capacitors initially and 


xU ,; = energy stored in all the capacitors finally 


© Example 6 Find loss of energy in example 5. 
Solution In the above example, energy is supplied by 60 V battery and consumed by 30 V 
battery. Using E = qV, we have 
Energy supplied = (72 x 10°) 60) 


=4,32x107 J 
Energy consumed = (48 x 10~*) (80) 
=1.44x10° J 
£u,=1 x8 x10 x @0)? 
2°65 
=4.86x10° J 
and LU ; = 5 x2 10° x 60)? + 5 x3 x10 x 60)? 
=6.3x10% J 
Loss of energy = (4.82 — 1.44 + 4.86 —6.3) x10? J 
=1.44x107 J Ans, 


© Example 7 Prove that in charging a capacitor half of the energy supplied by the 
battery is stored in the capacitor and remaining half is lost during charging. 
Solution When switch S is closed, g = CV charge is stored in the capacitor. 
Charge transferred from the battery is also gq. 
Hence, 
energy supplied by the battery = gV = (CV) (V) =CV”. 


Half of its energy, i.e. 3 CV’ is stored in the capacitor and the remaining 50 % or z CV? is lost. 
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Type 6. 7wo or more than two capacitors are charged from different batteries and then connected 
in parallel 


Concept 
In parallel, they come to a common potential given by 
_ Total charge 
Total capacity 


Moreover, total charge on them distributes in direct ratio of their capacity or we can also 
find the final charges on the capacitors by using the equation, gq = CV 


© Example 8 Three capacitors of capacities 1uF',2 uF and 3uF are charged by 
10 V,20V and 30 V respectively. Now, positive plates of first two capacitors are 
connected with the negative plate of third capacitor on one side and negative 
plates of first two capacitors are connected with positive plate of third capacitor 
on the other side. Find 
(a) common potential V 
(b) final charges on different capacitors 


Solution 
touc a 
1uF, 10V 
Ss; e 
40 uC 9, 
-40 uC }—_*| +40 uC | 
2uF, 20 V 
So 
90 uC 93 
as + 
3 uF, 30V » V >I 


Total charge on all three capacitors = 40 uC 
Total capacity = (1+2+3)uF=6uF 
(a) Common potential, 


_ Total charge 
Total capacity 


= 40 uC = 20 volt 
6uF 38 
20 20 
(b) a, =C,V = (nF) me 
3 3 
20 40 
d= CV = uF) = uC 
3 3 
g3 =C,V = BUF) >| =20uC 
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Type 7. 7o find final charges on different capacitors when position of switch is changed (opened, 
closed or shifted from one position to other position) 


Concept 
(i) To find current in a C-R circuit at any time ¢, a capacitor may be assumed a battery of 
emf EorV =. 
C 


(ii) Difference between a normal battery and a capacitor battery is, emf of a normal battery 
remains constant while emf of a capacitor battery keeps on changing with q. 

(iii) Before changing the position of switch, every loop of the circuit may not be balanced by 
Kirchhoff's second equation of potential. So, in a single loop problem rotate a charge q, 
either clockwise or anti-clockwise. From this charge g, some of the charges on 
capacitors may increase and others may decrease. To check this, always concentrate on 
positive plate of each capacitors. If positive charge comes towards this plate, then 
charge on this capacitor will increase. 

(iv) With these charges, apply Kirchhoff's loop equation and find the final charges on them. 

(v) In this redistribution of charges, there is some loss of energy as discussed in type 5. 

(vi) If there are only capacitors in the circuit, then redistribution of charges is immediate 

and if there are resistors in the circuit, then redistribution is exponential. 
(vii) If there are only capacitors, then loss is in the form of electromagnetic waves and if 
there are resistors in the circuit, then loss is in the form of heat. 
Further, this loss is proportional to Rif resistors are in series (H = i*Rtor H « Rasiis 
same in series) and this loss is inversely proportional to R if resistors are in parallel 
1 : . 
(H = an or H « 7 as V is same in parallel). 


© Example 9 In the circuit shown in figure, switch 1F 10V 2F 
S is closed at time t=0. Find aK-——4+# 1k 
(a) Initial current at t = 0 and final current at t = ~ in the e baad oe ‘6 
loop. fest 
(b) Total charge q flown from the switch. TL ee 1| 
(c) Final charges on capacitors in steady state at time 20V 
t = ©, 


(d) Loss of energy during redistribution of charges. 
(e) Individual loss across 1Q and 2Q resistance. 


Solution (a) Att=0 Three capacitors may be assumed like batteries of emf 40 V, 20 V and 
OV. 


= Net emf 
Total resistance 
_ 40+ 20-10-20 
14+2 


=10A (anti-clockwise) 
At t=co When charge redistribution is complete and loop is balanced by Kirchhoff's second 
equation of potential, current in the loop becomes zero, as insulator is filled between the 
capacitors. 
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(b) Redistribution current was anti-clockwise. So, we can assume that +q charge rotates 


anti-clockwise in the loop (between time t =0 and t = ~). After this rotation of charges, final 
charges on different capacitors are as shown below. 


(40-q) 10V (40+q) 

a sail | =||= b 

1F 2F 
+ 
q = 4F Gi Zi 
20 i=Oatt=o0 

AWWW | 

d Cc 


Applying loop equation in loop abcda, 
(40 - g) (40 + q) 


+ 104 204 2 0 
1 2 4 
. . : 120 
Solving this equation, we get q= , C Ans. 
(c) Final charges 
120 160 
=40 =40 = C 
dF q 7 > 
120 400 
=40+ q=404 = C 
Jor q 7 7 
120 
dap =Q= 7 C 


(d) Total loss of energy during redistribution 
LU; = ; x (1) (40)? + 5 x (2) (20)? = 1200 J 


5U;, = te (160/7)? slg (400/7)? cles (120/7)? 
2 1 2 2 2 4 
=1114.3 J 
AU = XU; —- XU; =-85.7 J 
20 V battery will supply energy but 10 V battery will consume energy. So, 


Total energy supplied = 20 x = 10 x cae 171.4 Jd 


Total heat produced = Energy supplied — AU 


=171.4 — (-85.7)=257.1d Ans. 
(e) Resistors are in series. Hence, 


Gee ge TOS 
H, R, 2Q 2 


i= tes} (057.1) =85.7 3 Avis: 
14+2 


1,2) (257.1) =171.4 J Ans. 
14+2 


(i) For making the calculations simple, we have taken capacities in Farad, otherwise Farad is a large unit. 
(ii) For two loop problems, we will rotate two charges q, and qp. 


Note 
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Type 8. Shortcut method of finding time varying functions in a C-R circuit like q or i etc. 


Concept 


(i) At time t = 0, when capacitor is uncharged it offers maximum current passing through 
it. So, it may be assumed like a conducting wire of zero resistance. With this concept, 
find initial values of q or i etc. 


(ii) At time ¢ = «©, when capacitor is fully charged it does not allow current through it, as 
insulator is filled between the plates. So, its resistance may be assumed as infinite. 
With this concept, find steady state values at time t = ~ of q or i etc. 


(iii) Equivalent time constant To find the equivalent time constant of a circuit, the 
following steps are followed : 


(a) Short-circuit the battery. 
(b) Find net resistance across the capacitor (suppose it is Ry.) 
(c) Te = (Rye )C 
(iv) In C- Rcircuit, increase or decrease is always exponential. So, first make exponential 


graph and then write exponential equation corresponding to this graph with the time 
constant obtained by the method discussed above. 


© Example 10 Switch S is closed at time t = 0 in the circuit shown in figure. 
32 


Ss 3Q 


ale 6Q 


15V oF 


(a) Find the time varying quantities in the circuit. 

(6) Find their values at time t = 0. 

(c) Find their values at time t= 

(d) Find time constant of all time varying functions. 

(e) Make their exponential graphs and write their exponential equations. 

(f) Just write the equations to solve them to find different time varying functions. 
Solution (a) 32 i; is 


> > 
30 z60 
+ 
2F==9 
| y =r 


There are four times variable functions i,, ig, iz and q. 
(b) At t =0, equivalent resistance of capacitor is zero. So, the simple circuit is as shown below 


15V 
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3x6 _ 


Ryop =3 + =5Q 
3+6 
: 15 3A Le 6 2 
5 iz 38 1 


2 
lp =——_ 8 A)=2A 
a 241! ) 


: 1 


(c) At t = ~, equivalent resistance of capacitor is infinite. So, equivalent circuit is as shown below 


. 15 5 

a = =—A o 

ree 3+6 3 2 ee 

: 4 

lg = A 30 
VS 62 


Vn eVigeiR (7) (6) =10 volt 


“ t 


i qg=CV = (2) (10) =20C 
(d) By short-circuiting the battery, the simplified circuit is as shown below 


32 
32 6Q 

a 

be 

Net resistance across capacitor or ab is 
3x6 
Ry =3+ =50 
ae 3+6 


a To = CRrct = (2) (5) =10s 
(e) Exponential graphs and their exponential equations are as under. 


5/3 
> t(s) 


> t(s) 


t t 


=1+(2-1) Ge ©)=142(-e%) 


t t 


q=20(1-e *)=20(1-e 19) 
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(f) Unknowns are four: i,, i,, i; and g. So, corresponding to the figure of part (a), four equations 


Type 9. 


are 
iy =ig+ ig .. (A) 
d e 
ip = an . (1) 


Applying loop equation in left hand side loop, 


is 30 ar, 5 =0 .. iii) 

Applying loop equation in right hand side loop, 
+2 + Bi, ~6is =0 .. (iv) 
Solving these equations (with some integration), we can find same time functions as we have 


obtained in part (e). 


To find current and hence potential difference between two points in a wire having a 
capacitor 


Concept 


If charge on capacitor is constant, then current through capacitor wire is zero. If charge is 
variable, then current is non-zero. Magnitude of this current is 


dq 
dt 


and direction of this current is towards the positive plate if charge is increasing and away 
from the positive plate if charge is decreasing. 


© Example 11 In the circuit shown in figure, find V,, at1s 


3 2F 46; 10V ;: 
—— [+ www | 
qz=2t 


Solution Charge on capacitor is increasing. So, there is a current in the circuit from right to 
left. This current is given by 


polana 
dt 
Atls, q=2C. 
So, at 1s, circuit is as shown in figure. 
a afr 49 2A b 
2C 10V 


or 


V4 ; + (2) (4)+ 10=V, 
Vi-V, 
Vi» =—19 volt Ans. 


a 
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Type 10. 7o find capacitance of a capacitor filled with two or more than two dielectrics 


Concept 
PQ and MN are two metallic plates. 
If we wish to find net capacitance between a and 6, then 


Vpg = Vs@ = V, (say) 

Vur = Vrw = V2 (say) 
Hence, Vos — Vur = Vsq - Vrn = Vi - Vo 
Therefore, there are two capacitors, one on right hand side and 
other on left hand side which are in parallel. 


C= Crus + Chus 
For Crys, we can use the formula, 


C= 


© Example 12. What is capacitance of the capacitor shown in figure? 


Al2 —— p—— Al2 


Kp E 
2d k, Sas 


Solution C=Cyys + Crus 
_ K, & (A/2) | €, (A/2) 
2d ' @d—d-—d)+ (d/K,) + (d/K3) 


_&A|K, | KK; 
S412  Koek, 


Type 11. 7o find charge on different capacitors in a C-R circuit 


Concept 


In aC- Rcircuit, charge on different capacitors is normally asked either at ¢t = 0, t = © or 
t = t. If nothing is given in the question, then we have to find charges on capacitors at t = © 
or steady state charges. 

In steady state, no current flows through a wire having capacitor. But, if there is any other 
closed circuit then current can flow through that circuit. So, first find this current and then 
steady state potential difference (say V,)) across two plates of capacitor. Now, 


do = CVo = steady state charge 
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© Example 13 Find potential difference across the capacitor (obviously in steady 


Note 


state) 
V R 
| WWW 
Vv Cc 
2R 
2V 
Solution In steady state condition, no current will flow through R 
the capacitor C. Current in the outer circuit, 1 7 \WWWW—< 
. 2V-V V Y 
i= == A Bt 
2R+R 3R ee] eesceenl eescoeel 
Potential difference between A and B, ry Oe oR Re 
V,-V+V+iR=V, 1| AN 
: V V 2V 
Vz —-V,=iR= R= 
ve (sal 3 


In this problem, charge stored in the capacitor can also be asked, which is equal to q=C ; with positive 


charge on B side and negative on A side because Vz > V4. 


Example 14 Find the charge stored in the capacitor. 2 uF 
HOW TO PROCEED Jnsulator is filled between the plates of the | 
capacitor. Therefore, a capacitor does not allow current flow 

through it after charging is over. Hence, in the circuit he 


current will flow through 3 Q and 5 Q resistances and it will 
not flow through the capacitor. To find the charge stored in 
the capacitor, we need the PD across it. So, first we will find vWVV 
oe e4y 
PD across the capacitor and then apply, 
q=CV 
where, V = PD across the capacitor. 


Solution As we said earlier also, current will flow in loop ABCDA when charging is over. And 
this current is 


= Net emf _ 24 =3A 
Total resistance 5+3 
2 UF 
J [= 
l Iq 
5Q 
At—>—_Wwe_ B 
a | 
p'—_ww——| #—"c 
30 
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Now, PD across the capacitor is equal to the PD across the 5 Q resistance. 
Hence, V =V, — Vp =1R= (8) 6) =15 V 
: q=CV=(2x15)uC=30uC Ans. 


Note V,-V,=15 V, therefore V, > Vz, Le. the positive charge will be collected on the left plate of the capacitor 
and negative on the right plate. 


Type 12. 7o find distribution of charges on different faces on parallel conducting plates 


Concept 


. q 
(i) 7% Total 


Gi) d2 =— 3 and gy =- q5 
Note The above two results are proved in example 15. 


(iii) Electric field between 2 and 3 is due to the charges q, and qs. This electric field is given 


by 
o @q/A 
fee lia [lael =lasl = @] 
0) Eo 
(iv) This electric field is uniform, so potential difference between any two points is given by 
V = Ed 


(v) If two plates are connected to each other, then distance between the plates is required, 
otherwise there is no requirement of that. 


© Example 15 Three parallel metallic plates each of area A are kept as shown in 
figure and charges q,, q. and qs are given to them. Find the resulting charge 
distribution on the six surfaces, neglecting edge effects as usual. 


er qe 93 


P Q R 


Solution The plate separations do not affect the distribution of charge in this problem. 
In the figure, %=N-AUw Wd=%am-Q 
and F = 93 — QW. 
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Electric field at point P is zero because this point is lying inside a 


conductor. 
Ep = 0 
At P, charge q, will give an electric field towards right. All other Ga I> TM a Goll Gr 
charges q,, q,..-, etc., will give the electric field towards left. So, 
1 
[da (1 Ga) Q (qe Q) Ge (43 a) = 0 
2 AE, e e e 
[P Q R 
or 24a — % — I-93 =0 
+ ot 
-_ da = % + Wot 9 
2 
Similarly the condition, Ep =0 
will give the result, 
+ Qo + 
a= vin - 9% 


From here we may conclude that, half of the sum of all charges appears on each of the 
two outermost surfaces of the system of plates. 


Further we have a condition, 


il 
[da ae (H ~~ Ga) + Qe (de Q) de (43 a) = 0 
2AE, 
or % + 24. -— G2- G3 =9 
92+ A — F 
= 2 5 1 
= — qq = 2 & = _ g, 
2 

Similarly, we can show that 

da =— Ve: 


From here we can find another important result that the pairs of opposite surfaces like b, c 
and d,e carry equal and opposite charges. 


© Example 16 Three identical metallic plates are kept parallel to one another at a 
separation of a and b. The outer plates are connected by a thin conducting wire 
and a charge Q is placed on the central plate. Find final charges on all the six 
plate’s surfaces. 


Solution Let the charge distribution in all the six faces be as shown in figure. While 
distributing the charge on different faces, we have used the fact that two opposite faces have 
equal and opposite charges on them. 
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Net charge on plates A and C is zero. Hence, 
d2—-% + 43 +%-Q=0 


or d2+ 93 =Q 
(Q-q1) 

q2) -41 11 93 
(9,-Q) 


i == 
=) 
a b 
<> + So > 


Further A and C are at same potentials. Hence, 
Vp — V4 = Ve - Vo 


or E,a = Eb 
Oi Q- a b (A = Area of plates) 
AEo AEy 
ma=Q-q)b 
_ Qb e 
Oy gach .. (11) 


Electric field inside any conducting plate (say inside C) is zero. Therefore, 
2-9 & _5 


q Hh, Hm ,o-% 
2A&, 2AE, 2AE 2AEy 2AE, 2A, 
. q2- 93 =0 
: ‘ _ Qb —  _@ 
Solving these three equations, we get q, » W= 93 
a+b 2 
Hence, charge on different faces are as follows. 
Table 25.3 
Face Charge 
Q 
1 q=2 
2 _, _. @b 
m1 a+b 
3 _ Qb 
a a+b 
4 oj Qa 
a a+b 
5 = Qa 
1 a+b 
Q 
6 q3= 7 


.. (iil) 
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© Example 17 Area of each plate is A. The conducting plates are connected to a 
battery of emf V volts. Find charges q, to qg. 


Solution Net charge drawn from the battery is zero or 


QTotal = 0 
G4, =%= FTotal -0 
1 6 9 


Vap =V with Vi>Vp 
A 
lasl=las1=cV =(£24}y 


eon E)AV aa __ &AV 
d 
Similarly, 

Vac =V with Vo > Vz 

Eo A 
= =CV =|-2 V 
lqal=|5| ( od ) 
: E>AV E> AV 


Type 13. 7o find total electrostatic potential energy due to spherical charged shells 


Concept 
(i) Capacity of a spherical capacitor is given by 
C= ATE 4 
ome 
a b 
4 

2 1 a 
(i) U = a 
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© Example 18 In the figure shown, 


(a) Find q, to dg. 

(b) Total electrostatic potential energy. 

Solution (a) q, =0 
G2 =49 
93 =-d2=—4q 
94 =2q - 93 =6q 
G5 =-% =-6q 
% =4I-% =79 

(b) Unotaa =U, + Un + U3 


Here, 

where, 

where, 
1 (7q)” 

and a 

i 8. Gy 

where, CS aro = 4ne€)(3R) 

3R © 


Miscellaneous Examples 


© Example 19 In the circuit shown in figure switch S is closed at time t = 0. Find 


the current through different wires and charge stored on the capacitor at any 
time t. 


Solution Calculation of t¢ 


Equivalent resistance across capacitor after short-circuiting the 
battery is 


R 398 


_ pn, GRBR) _ 
6R+3R 
te= (C)Ryet =3RC 


Calculation of steady state charge q 
flows through it. 


WW 
6R 


R 


net 


3R 


At t =~, capacitor is fully charged and no current 


6R 
“WW > 
V- + 
Mt —— 4 
jet 
9R 
PD across capacitor = PD across 3R 
V 
=|—|@R 
(3 4 (3R) 
=" 
3 
nell 
_ 
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Now, let charge on the capacitor at any time ¢ be q and current through it is 7,. Then, 
q=4 (l-€ “*) 
i, = 24 = M0 ete ...(i) 
dt %w 


Applying Kirchhoff’s second law in loop ACDFA, we have 


A a ig Cc 

i 
PUR 4b 
al a 


—q 
Yiy 
< 
F E D 
_6iR-3i,R + V =0 


and 


or 2i+ i= 3 .. (ii) 
Applying Kirchhoff’s junction law at B, we have 
i=i, + ly ...(ili) 
Solving Eas. (i), (ii) and (iii), we have 
be pee saa, fa get ote 
9R 3 9R 3%, 9R 3% 


© Example 20 In the circuit shown in figure, find the steady state charges on both 
the capacitors. 


10V 20 
A | KW H 
30 
B —W- G 
3 uF a —~ 6 uF 
4Q 


D | KW E 
20v 62 


HOW TO PROCEED Jn steady state a capacitor offers an infinite resistance. Therefore, 
the two circuits ABGHA and CDEFC have no relation with each other. Hence, the 
battery of emf 10 Vis not going to contribute any current in the lower circuit. 
Similarly, the battery of emf 20 V will not contribute to the current in the upper 
circuit. So, first we will calculate the current in the two circuits, then find the 
potential difference Vgg and Vor and finally we can connect two batteries of emf 
Vaq and Vor across the capacitors to find the charges stored in them. 

10 
38+2 


Vaq = Vea Vg =3i, =3x2=6V 


Solution Current in the upper circuit, i, = =2A 
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2) 25% 
4+6 
Vor = Ve Vp =41,=4xX2=8V 


Charge on both the capacitors will be same. Let it be g. Applying Kirchhoff’s second law in loop 
BGFCB, 


Current in the lower circuit, 


ly 


10V 96 
| 6V 

a : a] H B | | G 

ia 30 t | 

BL—>—WWwvr- > G 2 

| eae = q_— 6uF 

3 uF 6uF = 3ur——a = 
4Q 

Cc }>—-Ww- > F | 

t!2 Y Cc ke i 

p'——| r-wws—+—L 

20v 62 
q qs 
4zt8 a 
6x10 3x10 
10° 
or QO") q_» 
2 

or q=4x10°C 
or gq=4uC Ans. 


© Example 21 An isolated parallel plate capacitor has circular plates of radius 
4.0 cm. If the gap is filled with a partially conducting material of dielectric 
constant K and conductivity 5.0 x 10°! Q-'m™. When the capacitor is charged to 
a surface charge density of 15 wC/cm?, the initial current between the plates is 
1.0 uA? 
(a) Determine the value of dielectric constant K. 


(6) If the total joule heating produced is 7500 J, determine the separation of the capacitor 
plates. 


Solution (a) This is basically a problem of discharging of a capacitor from inside the 
capacitor. Charge at any time t is 


q= Ae ute 
Here, gy = (area of plates) (surface charge density) 
and discharging current, i= (==) = 40. gre - ne 
dt to 
. d _ Wo 
Here, pve 20 = 220" 
{ t CR 
C= Kea and R= <2 
d oA 
cr = Keo 
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; oO 
Therefore, ig Ke, oie > K = 
AEO 0 o€0 
o 


Substituting the values, we have 
_ 6.0 x 10-) (x) (4.0)? (15 x 10°) 
(1.0 x 10-*) (8.86 x 1071”) 

_lq_1 4% 

~2C 2 KeyA 
d 

_ 2Ke,AU 

% 

_ 2x 4.25 x 886 x 107 x x x (4.0 x 10)? x 7500 

(15 x 10° x 2 x 4.0 x 4.0)? 


=5.0x10 m=5.0 mm Ans. 


=4.25 Ans. 


(b) 


d 


© Example 22 Three concentric conducting shells A, B and C of 
radii a, b and c are as shown in figure. A dielectric of dielectric 
constant K is filled between A and B. Find the capacitance 
between A and C. 
HOW TO PROCEED When the dielectric is filled between A and B, the 
electric field will change in this region. Therefore, the potential 
difference and hence the capacitance of the system will change. So, 
first find the electric field E(r) in the region as r<_c. Then, find the PD (V) between 
A and C and finally the capacitance of the system will be 


Ca 
V 
Here, q = charge on A 
Solution E()=—*_,, for a<r<b 
4ne Kr 
q 5 for b<r<c 
ANE gr 


Using, dV =- | E-dr 
the PD between A and Cis 


b q ec qd 
V=V,-Vco= -dr dr 
ee le Ane Kr? IF Aner” 


_ 4 2 (2 *\+(} 1)]- q [See 9) 
4me,|K\a 6b “lb ec 4ne,L Kab "be 


_ q 
4n€ yKabc Dehra de ON 


-. The desired capacitance is 
_a_ 4ne,)Kabc Ana 
V Ka(c— b)+c(b-a) , 


Exercises 


LEVEL 1 


Assertion and Reason 
Directions: Choose the correct option. 
(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 
(b) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 
(d) If Assertion is false but the Reason is true. 


1. Assertion: From the relation C= “2 We can say that, if more charge q is given to a 


conductor, its capacitance should increase. 


Reason: Ratio . will remain constant for a given conductor. 


2. Assertion: A parallel plate capacitor is first charged and then distance between the plates is 
increased. In this process, electric field between the plates remains the same, while potential 
difference gets decreased. 


Reason: H= q and V= a . Since, g remains same, F will remain same while V will 
Eo Eo 


decrease. 


3. Assertion: When an uncharged capacitor is charged by a battery, only 50% of the energy 
supplied by a battery is stored in the capacitor. 


Reason: Rest 50% is lost. 


4. Assertion: Discharging graphs of two C-R circuits having the same value of C is shown in 
figure. From the graph we can say that t¢, > T¢,. 


qd 


Reason: R,> Ry. 


5. Assertion: In series combination, charges on two capacitors are always equal. 


Reason: Ifcharges are same, the total potential difference applied across two capacitors will 
be distributed in inverse ratio of capacities. 
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6. 


10. 


Assertion: Twocapacitors are charged from the same battery and then connected as shown. 
A current will flow in anti-clockwise direction as soon as switch is closed. 


+] [- 
| 


L 1 uF 
Ss 

+] [- 

2 WF 


Reason: In steady state charges on two capacitors are in the ratio 1: 2. 


. Assertion: In the circuit shown in figure no charge will be stored in the capacitor. 


[ 


Ry 


Ro 


T 


Reason: Current through R, will be zero. 


. Assertion: In the circuit shown in figure, time constant of charging of capacitor is ce 


Reason: In the absence of capacitor in the circuit, two resistors are in parallel with the 
battery. 


. Assertion: Twocapacitors are connected in series with a battery. Energy stored across them 


is In inverse ratio of their capacity. 


Reason: = sav or Ua«agVv. 


Assertion: In the circuit shown in figure, when a dielectric slab is inserted in Cy, the 
potential difference across C, will decrease. 


Reason: By inserting the slab a current will flow in the circuit in clockwise direction. 
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Objective Questions 


1. 


The separation between the plates of a charged parallel- plate capacitor is increased. The force 
between the plates 

(a) Increases (b) decreases 

(c) remains same (d) first increases then decreases 


. If the plates of a capacitor are joined together by a conducting wire, then its capacitance 


(a) remains unchanged (b) decreases 
(c) becomes zero (d) becomes infinite 


. Two metal spheres of radii a and bare connected by a thin wire. Their separation is very large 


compared to their dimensions. The capacitance of this system is 
(a) 47€) (ab) (b) 2m€9(a + b) 


2 2 
(c) 4ne,(a + b) (d) ine 2 sal ) 


n identical capacitors are connected in parallel to a potential difference V. These capacitors are 
then reconnected in series, their charges being left undisturbed. The potential difference 
obtained is 


(a) zero (b) (X-1)V (c) nV (a) nV 
. In the circuit shown in figure, the ratio of charge on 5uF and 2uF capacitor is 
3 WF 2 uF 
| 
5 WF 
6V 
(a) 5/4 (b) 5/3 (c) 3/8 (d) None of these 


6. In the circuit shown, a potential difference of 60 V is applied across AB. The potential 


difference between the points M and N is 


2C 
A || M 
60V C= =—-c 
J ot |__| 
2C 
(a) 10 V (b) 15 V (c) 20 V (d) 80 V 


. In Milikan’s oil drop experiment, an oil drop of radius r and charge q is held in equilibrium 


between the plates of a charged parallel-plate capacitor when the potential difference is V. To 
keep a drop of radius 2r and with a charge 2g in equilibrium between the plates the potential 
difference V required is 

(a) V (b) 2V (c) 4V (d) 8V 
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8. Two large parallel sheets charged uniformly with surface charge 9 —s 
density o and -o are located as shown in the figure. Which one of 
the following graphs shows the variation of electric field along a »¢-----}{-----L----- ‘ 
line perpendicular to the sheets as one moves from Ato B? 


E E 


< 


(a) (b) —— 


E E 
() (d) 


A 
x 
x x 


9. When the switch is closed, the initial current through the 1 Q resistor is 
1 


2 UF 


(a) 2A (b) 4A (c) 3A (d) 6A 


10. A capacitor of capacitance C carrying charge Q is connected to a source of emf EF. Finally, the 
charge on capacitor would be 
(a) @ (b) Q+ CE (c) CE (d) None of these 


11. In the circuit, the potential difference across the capacitor is 10 V. Each resistance is of 3Q. 
The cell is ideal. The emf of the cell is 


R C= 3yF 


(a) 14V (b) 16V (c) 18V (d) 24V 
12. Four identical capacitors are connected in series with a 10 V *| IE 
battery as shown in the figure. The point N is earthed. The 10 V 
potentials of points A and Bare 
(a) 10V,0V cf Co ws 
(b) 7.5 V,-2.5V Aa 
(c) 5V,-5V = 


(d) 7.5 V, 2.5 V 


13. 


14. 


15. 


16. 


Ai: 


18. 
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A capacitor of capacity 2 uF is charged to 100 V. What is the heat generated when this capacitor 
is connected in parallel to an another capacitor of same capacity? 

(a) 2.5 mJ (b) 5.0 mJ 

(c) 10 mJ (d) 4mJ 


A charged capacitor is discharged through a resistance. The time constant of the circuit is 1. 
Then, the value of time constant for the power dissipated through the resistance will be 

(a) n (b) 2n 

(c) n/2 (d) zero 


A capacitor is charged by a cell of emf E and the charging battery is then removed. If an 
identical capacitor is now inserted in the circuit in parallel with the previous capacitor, the 
potential difference across the new capacitor is 

(a) 2E (b) E 

(c) E/2 (d) zero 


The potential difference V, — Vz between points A and B for the circuit segment shown in 
figure at the given instant is 


9uC 
3A 6V 20 ages 32 


= | | 


1 uF 
(a) 12V (b) —12V 
(c) 6V (d) -6V 


For the circuit arrangement shown in figure, in the steady state condition charge on the 
capacitor is 


12V. 20 
2uF 4g 
| }—ywwwwws 
6Q 

(a) 12 uC (b) 14 uC 

(c) 20 nC (d) 18 uC 


In the circuit as shown in figure if all the symbols have their usual meanings, then identify the 
correct statement, 


C2 
+ = 
Cy q2 V2 
+ = 
1 V4 C3 
+] |- 
93 V5 
| 
V 
(a) d2= 43 ;Vo=V3 (b) % =@2+ 9 3 Vo=V3 


(C) % =d2t+ 3;V =V, + Vot Vs (d) q+ dot G3 =0;V,=V3 =V—-V, 
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19. 


20. 


21. 


22. 


23. 


An electron enters the region between the plates of a parallel-plate 
capacitor at an angle 0 to the plates. The plate width is 7. The plate 
separation is d. The electron follows the path shown, just missing the d 
upper plate. Neglect gravity. Then, 

(a) tan @ =2d/1 

(b) tan @ =4d/1 

(c) tan 6 =8d/l 

(d) The data given is insufficient to find a relation between d, /and 0 


An infinite sheet of charge has a surface charge density of 10-'C/m”. The separation between 
two equipotential surfaces whose potentials differ by 5 V is 

(a) 0.64 cm (b) 0.88 mm 

(c) 0.32 em (d) 5x10 m 

Find the equivalent capacitance across A and B for the arrangement shown in figure. All the 
capacitors are of capacitance C 


A 
wy Ty" 'L, ia 
3 C 
(a) 4 (b) 8 
(c) Be (d) None of these 
16 
The equivalent capacitance between X and Y is 
1 WF 1 uF 
x ie Yy 
2 uF 
(a) 5/6 uF (b) 7/6uF 
(c) 8/3 uF (a) 1uF 


In the arrangement shown in figure, dielectric constant K, = 2 and K, = 3. If the capacitance 
across P and Q are C, and C, respectively, then C,/C, will be (the gaps shown are negligible) 


P P 
Al2 Al2 Al2 Al2 
——$ $$$ 


————_—___ 


K; { dl2 
kK; Kp 


(a) 1:1 (b) 2:3 
(c) 9:5 (d) 25:24 
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24. Six equal capacitors each of capacitance C are connected as shown in 
the figure. The equivalent capacitance between points Aand Bis 4° | 
(a) 15C Cc 
(b) C hae Ge 
(c) 2C c G C 
(d) 0.6 C Be 


25. Four ways of making a network of five capacitors of the same value are shown in four choices. 
Three out of four are identical. The one which is different is 


, a ; 


" mie Jo - rth 
©) <P. : @ = 


B 


26. The equivalent capacitance of the arrangement shown in figure, if Ais the area of each plate, is 


Ko 
; l . \ [x 


kK3=— | d/2 
| U| | 
(a) cu 204 | K, _Ky+K; | (b) cu 204K, _ KK; | 
d|2 KK, d [2 K,+K, 
-ejAl_ , Kok, | _epAl_ , Ee | 
Ce or ake OP haa Be 


27. Find equivalent capacitance between points A and B. [Assume each conducting plate is having 
same dimensions and neglect the thickness of the plate, _ = 7uF, where Ais area of plates] 


(a) 7HF (b) 11pF 
(c) 12 uF (d) 15 uF 
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Subjective Questions 


Note You can take approximations in the answers. 


1. Two metallic plates are kept parallel to one another and charges are given to them as shown in 


figure. Find the charge on all the four faces. 


10 hwc<—— —-> -4uC 


2. Charges 2q and —3q are given to two identical metal plates of area of cross-section A. The 
distance between the plates is d. Find the capacitance and potential difference between the 


plates. 


2q = ——- -39 


3. Find the charge stored in all the capacitors. 


4i-—_ tov— —~2 uF 


—— 3 uF 


4. Find the charge stored in the capacitor. 


5. Find the charge stored in the capacitor. 


10. 


11. 


12. 


13. 


14. 
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. AluF capacitor and a 2uF capacitor are connected in series across a 1200 V supply line. 


(a) Find the charge on each capacitor and the voltage across them. 
(b) The charged capacitors are disconnected from the line and from each other and reconnected with 
terminals of like sign together. Find the final charge on each and the voltage across them. 


. A 100uF capacitor is charged to 100 V. After the charging, battery is disconnected. The 


capacitor is then connected in parallel to another capacitor. The final voltage is 20 V. Calculate 
the capacity of second capacitor. 


. An uncharged capacitor C is connected to a battery through a resistance R. Show that by the 


time the capacitor gets fully charged, the energy dissipated in R is the same as the energy 
stored in C. 


. How many time constants will elapse before the current in a charging R-C circuit drops to half 


of its initial value? 


A capacitor of capacitance C is given a charge qo. At time ¢ = Oit is connected to an uncharged 
capacitor of equal capacitance through a resistance R. Find the charge on the first capacitor 
and the second capacitor as a function of time t. Also plot the corresponding q-t graphs. 


Acapacitor of capacitance Cis given a charge qp. At time t = 0, itis connected to a battery of emf 
E through a resistance R. Find the charge on the capacitor at time t. 


Determine the current through the battery in the circuit shown in figure. 


7 s 
| I e 
Cy 
| | 
Ro Co 
Wh | 
WV WwW 
Ry R3 
(a) immediately after the switch S is closed 
(b) after a long time. 
For the circuit shown in figure, find 
(a) the initial current through each resistor Poe. Ry Ro 
(b) steady state current through each resistor =c 
(c) final energy stored in the capacitor : 
(d) time constant of the circuit when switch is opened. 
Find equivalent capacitance between points A and B, 
2C 2C 2C 2C 
Ae coe a ey es 
. A ew | | | | | | 
Cc Cc Cc 00 
A on | | B 
IF oy PT] | e—+___1t___t____1t____....... 
e 
B 


(a) (b) (c) 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


A 4.00 uF capacitor and a 6.00 uF capacitor are connected in parallel across a 660 V supply line. 

(a) Find the charge on each capacitor and the voltage across each. 

(b) The charged capacitors are disconnected from the line and from each other, and then 
reconnected to each other with terminals of unlike sign together. Find the final charge on each 
and the voltage across each. 


A 5.80uF parallel-plate air capacitor has a plate separation of 5.00 mm and is charged to a 
potential difference of 400 V. Calculate the energy density in the region between the plates, 
in J/m’. 


The dielectric to be used in a parallel-plate capacitor has a dielectric constant of 3.60 and a 
dielectric strength of 1.60 x 10’ V/m. The capacitor is to have a capacitance of 1.25 x 10° Fand 
must be able to withstand a maximum potential difference of 5500 V. What is the minimum 
area the plates of the capacitor may have? 


Two condensers are in parallel and the energy of the combination is 0.1 J, when the difference 
of potential between terminals is 2 V. With the same two condensers in series, the energy is 
1.6x 10° J for the same difference of potential across the series combination. What are the 
capacities? 


Acircuit has section AB as shown in figure. The emf of the source equals E = 10 V, the capacitor 
capacitances are equal to C,=1.0uF and C,=2.0uF, and the potential difference 
V, — Vz = 5.0 V. Find the voltage across each capacitor. 


| | | | | 
We i = 


Several 10 pF capacitors are given, each capable of withstanding 100 V. How would you 
construct : 

(a) a unit possessing a capacitance of 2 pF and capable of withstanding 500 V? 

(b) a unit possessing a capacitance of 20 pF and capable of withstanding 300 V? 


Two, capacitors A and B are connected in series across a 100 V supply and it is observed that 
the potential difference across them are 60 V and 40 V. A capacitor of 2UF capacitance is now 
connected in parallel with A and the potential difference across B rises to 90 V. Determine the 
capacitance of A and B. 


A10.0uF parallel-plate capacitor with circular plates is connected to a 12.0 V battery. 
(a) What is the charge on each plate? 


(b) How much charge would be on the plates if their separation were doubled while the capacitor 
remained connected to the battery? 

(c) How much charge would be on the plates if the capacitor were connected to the 12.0 V battery 
after the radius of each plate was doubled without changing their separation? 


A 450uF capacitor is charged to 295 V. Then, a wire is connected between the plates. How 
many joule of thermal energy are produced as the capacitor discharges if all of the energy that 
was stored goes into heating the wire? 


The plates of a parallel-plate capacitor in vacuum are 5.00 mm apart and 2.00 m? in area. A 
potential difference of 10,000 V is applied across the capacitor. Compute 

(a) the capacitance 

(b) the charge on each plate, and 

(c) the magnitude of the electric field in the space between them. 


25. 


26. 


27. 


28. 


29. 


30. 
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Three capacitors having capacitances of 8.4uF,8.2 uF and 4.2 uF are connected in series across 

a 36 V potential difference. 

(a) What is the charge on 4.2 UF capacitor? 

(b) What is the total energy stored in all three capacitors? 

(c) The capacitors are disconnected from the potential difference without allowing them to 
discharge. They are then reconnected in parallel with each other, with the positively charged 
plates connected together. What is the voltage across each capacitor in the parallel combination? 

(d) What is the total energy now stored in the capacitors? 


Find the charges on 6uF and 4uF capacitors. 
3 ULF 5V 
| | 


5V 6 uF 2 uF 4 uF 
LT, 
10V 
In figure, C, = C; = 8.4uF and C, = C, = C, = 4.2uF. The applied potential is V,, = 220 V. 
Cc C3 
I! | 
aT | | 
—_ Co 
< | | 
| | 
Cs C4 


(a) What is the equivalent capacitance of the network between points a and b? 
(b) Calculate the charge on each capacitor and the potential difference across each capacitor. 


Two condensers A and B each having slabs of dielectric constant K = 2 are connected in series. 
When they are connected across 230 V supply, potential difference across A is 130 V and that 
across Bis 100 V. If the dielectric in the condenser of smaller capacitance is replaced by one for 
which K = 5, what will be the values of potential difference across them? 


A capacitor of capacitance C, = 1.0uF charged upto a voltage V = 110 Vis connected in parallel 
to the terminals of a circuit consisting of two uncharged capacitors connected in series and 
possessing the capacitance C, = 2.0uF and C, = 3.0uF. What charge will flow through the 
connecting wires? 


In figure, the battery has a potential difference of 20 V. Find 
Co= 2 UF 

I 
— 4 uF 


2 uF “| 
—_ C3=4 uF 


3 uF 


| | 
llo,=3 uF 
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31. 


32. 


33. 


34. 


(a) the equivalent capacitance of all the capacitors across the battery and 
(b) the charge stored on that equivalent capacitance. 
Find the charge on 
(c) capacitor 1, 
(d) capacitor 2, and 
(e) capacitor 3. 


In figure, battery B supplies 12 V. Find the charge on each capacitor 


Cy C3 
So 
Gs c 
+] - 
I 2 
Ip S 


(a) first when only switch S, is closed and 

(b) later when Sz is also closed. 

(Take C, =1.0uF,C, =2.0uF,C, =3.0uF and C, =4.0uF) 

When switch S is thrown to the left in figure, the plates of capacitor 1 acquire a potential 


difference V,. Capacitors 2 and 3 are initially uncharged. The switch is now thrown to the right. 
What are the final charges q,, gy and gz on the capacitors? 


ne, 


ta] oT 

7 Vo 

C,—— nak 

A parallel-plate capacitor has plates of area A and separation d and is charged to a potential 
difference V. The charging battery is then disconnected, and the plates are pulled apart until 
their separation is 2d. Derive expression in terms of A, d and V for 

(a) the new potential difference 

(b) the initial and final stored energies, U; and U; and 


(c) the work required to increase the separation of plates from d to 2d. 


In the circuit shown in figure H, = 2H, = 20 V, R, = R, =10kQ and C= 1uF. Find the current 
through R,, R, and C when 


Ry 
WW 
s] 
A B 
e e 
R> Cc. 
“TE; Eo 


(a) S has been kept connected to A for a long time. 
(b) The switch is suddenly shifted to B. 
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35. (a) What is the steady state potential of point a with respect to point b in figure when switch Sis 
open? 


(b) Which point, a or 6, is at the higher potential? 
(c) What is the final potential of point 6 with respect to ground when switch S is closed? 
(d) How much does the charge on each capacitor change when S is closed? 
36. (a) What is the potential of point a with respect to point b in figure, when switch S is open? 


i V=18.0V 


(b) Which point, a or b, is at the higher potential? 
(c) What is the final potential of point 6 with respect to ground when switch S is closed? 
(d) How much charge flows through switch S when it is closed? 
37. In the circuit shown in figure, the battery is an ideal one with emf V. The capacitor is initially 
uncharged. The switch S is closed at time ¢ = 0. 


A R 
° —WW—- 
Vv 3 C=. 
oo OB 


(a) Find the charge Q on the capacitor at time t. 
(b) Find the current in AB at time t. What is its limiting value as t > ©? 


LEVEL 2 


Single Correct Option 


1. Two very large thin conducting plates having same Y Q 32 
cross-sectional area are placed as shown in figure. They are 
carrying charges Qand3Q, respectively. The variation of 
electric field as a function at x (for x=0 to x= 3d) will be best 
represented by 


i 1 (d, 0) (20,0) (ad,0) ~ 
: » HL 
a od Sd ae 
E E 
— | 
© ace. 
i 2d 3d —>x 
ld 


2. The electric field on two sides of a thin sheet of charge is shown in the figure. The charge 
density on the sheet is 


+ 
E,=8Vim |+| E> =12V/im 
———— |_| 
+ 
+ 
+ 
+ 
+ 
(a) 2 € (b) 4 € 
(c) 10 € (d) zero 


3. In the circuit shown in figure, the capacitors are initially 
uncharged. The current through resistor PQ just after 
closing the switch is 
(a) 2A from P to Q 
(b) 2 A from Q to P 
(c) 6A from P to 62 
(d) zero 
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4. A graph between current and time during charging of a capacitor by a fLog/ 
battery in series with a resistor is shown. The graphs are drawn for two 
circuits. R,, R,,C,,C, and V,, V, are the values of resistance, capacitance 
and EMF of the cell in the two circuits. If only two parameters (out of 2 
resistance, capacitance, EMF) are different in the two circuits. What may 1 
be the correct option(s)? 
(a) V, =Vo, R, > Ry, C, >Cy (b) V, > Vo, R, > Ry, C, =C, 
(c) V, < Vo, R, < Ry, Cy =Cy (d) V, < Vo, R, = Ry, Cy < Cy 


5. A capacitor of capacitance C is charged by a battery of emf E and internal resistance r. A 
resistance 2r is also connected in series with the capacitor. The amount of heat liberated inside 
the battery by the time capacitor is 50% charged is 

3 9 E°C 
a) —E°C b 
(a) 8 (b) 6 

Eee E*C 

(d) 

12 24 


(c) 


6. For the circuit shown in the figure, determine the 3V 3V 
charge on capacitor in steady state. || 
(a) 4uC 10 193 
(b) 6uC S50 
(c) 1uC Ww Ey] |} — ws 

202 10 
(d) Zero 6V 1 uF 


7. For the circuit shown in the figure, find the charge stored on capacitor in steady state. 
E R 
if WWW 


0) eB) |__| | 
0 E Cc 


(c) zero 1} WWW 


RC Eo 
d E-E 
© Rip, ° o) 


8. Two similar parallel-plate capacitors each of capacity C, are connected in series. The 
combination is connected with a voltage source of Vp. Now, separation between the plates of one 
capacitor is increased by a distance d and the separation between the plates of another 
capacitor is decreased by the distance d/2. The distance between the plates of each capacitor 
was d before the change in separation. Then, select the correct choice. 

(a) The new capacity of the system will increase 

(b) The new capacity of the system will decrease 

(c) The new capacity of the system will remain same 
(d) data insufficient 


9. The switch shown in the figure is closed at t = 0. The charge on the 


Cc 
capacitor as a function of time is given by If k 
@ cVvi-e" il 
(b) 3CV A —e#°) a ii 


(©) CV (1 —6e3#C) 
(d) CV (1-6 #8) 
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10. 


11. 


12. 


13. 


14. 


A 2uF capacitor C, is charged to a voltage 100 V and a 4uF capacitor C, is charged to a voltage 
50 V. The capacitors are then connected in parallel. What is the loss of energy due to parallel 
connection? 

(a) 1.73 (b) 0.17 J 

(c) 1.7x107 J (d) 1.7x10° J 


The figure shows a graph of the current in a discharging circuit of a 
capacitor through a resistor of resistance 10 Q. 
(a) The initial potential difference across the capacitor is 100 V 


(b) The capacitance of the capacitor is 
10 In2 


(c) The total heat produced in the circuit will be a J 
n 


) 
(d) All of the above 


Four capacitors are connected in series with a battery of emf 10 V as shown in the figure. The 
point P is earthed. The potential of point Ais equal in magnitude to potential of point B but 
opposite in sign if 

| k 


10 V 
Cc. Co C C. 
ih | | t P | i 
A I] | elt B 
1 1 1 1 
C,+C,+C, =C + = 

(a) C, 2 3 4 (b) Cie. o. 0, 
(c) aoa =C; (d) It is never possible 


A capacitor of capacity Cis charged to a potential difference V and another capacitor of capacity 
2C is charged to a potential difference 4 V. The charging batteries are disconnected and the 
two capacitors are connected with reverse polarity (i.e. positive plate of first capacitor is 
connected to negative plate of second capacitor). The heat produced during the redistribution of 
charge between the capacitors will be 


125.CV" 50CV® 
(a) —.—— (b) 
3 3 : 
(©) 2CV? (a) a 
A capacitor of capacitance 2 uF is charged to a potential difference of 5 V. 2 uF 


Now, the charging battery is disconnected and the capacitor is connected 
in parallel to a resistor of 5 Q and another unknown resistor of resistance 
Ras shown in figure. If the total heat produced in 5 Q resistance is 10uJ, 
then the unknown resistance R is equal to 

(a) 102 


(d) 7.52 
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15. In the circuit shown in figure switch S is thrown to position 1 at t= 0. When the current in the 
resistor is 1 A, it is shifted to position 2. The total heat generated in the circuit after shifting to 
position 2 is 


10V 
| k 
: NS | 5Q 
of 2nF 
I j 
| 
5V 
(a) zero (b) 625 pw (c) 100 uJ (d) None of these 
16. The flow of charge through switch S if it is closed is 
2 uF 
sl 
q 
| te i 
+1 [= +1 /— 
6 uF 3 UF 
(a) zero (b) q/4 (c) 2q/3 (d) q/3 


17. Consider the arrangement of three plates X, Y and Z each of the area Aand separation d. The 
energy stored when the plates are fully charged is 


* 7 oe | 

Z ee 
(a) €),AV7/2d (b) €,AV7/d 
(c) 2e,AV7/d (d) 3e,AV7/d 


18. Consider a capacitor — charging circuit. Let @, be the charge given to the capacitor in time 
interval of 20 ms and Q, be the charge given in the next time interval of 20 ms. Let 10 uCcharge 
be deposited in a time interval ¢, and the next 10 tCcharge is deposited in the next time interval 
t,. Then, 


(a) Q, > Qo, ty > ty (b) Q, > Qo, ty < ty 
(c) Q, < Qs, ty > ty (d) Q, <Q, ty < ty 
19. The current in 1 Q resistance and charge stored in the capacitor are 
10 20 
WW WW 
aga —2V sae = ir oY 
32 
WA 


(a) 4A,6uC (b) 7A, 12 uC (c) 4A,12uC (d) 7A,6uC 
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20. A capacitor Cis connected to two equal resistances as shown in the a MAW: 

figure. Consider the following statements. 

(i) At the time of charging of capacitor time constant of the circuit is : 
2CR TE R aC 

(ii) At the time of discharging of the capacitor the time constant of the 
circuit is CR 

(iii)At the time of discharging of the capacitor the time constant of the circuit is 2CR 

(iv) At the time of charging of capacitor the time constant of the circuit is CR 

(a) Statements (i) and (ii) only are correct (b) Statements (ii) and (iii) only are correct 

(c) Statements (iii) and (iv) only are correct (d) Statements (i) and (iii) only are correct 


21. Two capacitors C, = 1uF and C, = 3uF each are charged to a potential difference of 100 V but 


with opposite polarity as shown i 


n the figure. When the switch S is closed, the new potential 


difference between the points a and bis 


(a) 200 V (b) 100 V 


22. Four capacitors are connected as 
between points a and bis 


(a) 5V 
(c) 10 V 


Le 


of 


(c) 50 V (d) 25V 
shown in figure to a 30 V battery. The potential difference 


1.0uF 1.5 uF 


a 
=H 
eer 


25uF ? 0.5 ur 


$+ 


30 V 


(b) 9V 
(d) 13V 


23. Three uncharged capacitors of capacitance C,, C, and C, are connected to one another as shown 
in figure. The potential at O will be 


49 
(a) 3V (b) a 


+6V 
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24. Inthe circuit shown in figure, the potential difference between the points A and Bin the steady 


state is 
3 LF B 1 uF 
|| —-| 
si Sar 
|| 
200TH S100 
lov 
A || . 
(a) zero (b) 6V (c) 4V (d) a 


25. Two cells, two resistors and two capacitors are connected as shown in figure. The charge on 2 UF 
capacitor is 


3 UF 
18V 7 Zon 108 —15V 
10 20 
2 uF 
(a) 30 uC (b) 20 uC (c) 25 uC (d) 48 uC 


26. In the circuit shown in figure, the capacitor is charged with a cell of 5 V. If the switch is closed 
at t= 0, then at t= 12s, charge on the capacitor is 


2 uF 3MQ 
a 
is 
Ss 
(a) 0.37) 10 uC (b) 0.37)?10 uC (c) (0.63) 10 uC (d) (0.63)?10 uC 
27. The potential difference between points a and 6 of circuits shown in the figure is 
Ey 
[ | 
Cy == C2 
L. |——_!b 
E> 
Bt Bs i a E, + a Ey | 
——— |C b) | == |C C. d) | ——=|C 
(a) cal 2 w (2% 2 (c) C,+C,) (d) O26) 


318 © Electricity and Magnetism 


28. 


29. 


30. 


31. 


A capacitor C, is charged to a potential V and connected to another capacitor in series with a 
resistor R as shown. It is observed that heat H, is dissipated across resistance R, till the 
circuit reaches steady state. Same process is repeated using resistance of 2A. If H, is heat 
dissipated in this case, then 


Cy 
R 
C2 
H, H 
a =f —2=4 
@ FF, (b) A, 
(gp aet (d) 22 =2 
A, A, 


In the circuit diagram, the current through the battery immediately after the switch S is 
closed is 


E S 
{k 
ie 
R ii 
1 WW 
WA R> | 
WW 
R3 
E iE E 
(a) zero (b) — (c) (d) ——_;—-- 
R, R,+ R, R,+ Ros 


R,+ Rk; 


In the circuit shown, switch S is closed at t = 0. Let i, and i, be the current at any finite time ¢, 


then the ratio 4/i, 


3C 2R 
| | WWW 
iq} C R 
—| | WWW 
'2 
{k 
V Ss 
(a) is constant (b) increases with time 
(c) decreases with time (d) first increases and then decreases 


A leaky parallel capacitor is filled completely with a material having dielectric constant K = 5 
and electrical conductivity 6 = 7.4x 102Q7!m™. Charge on the plate at instant t=0 is 
qg = 8.885uC. Then, time constant of leaky capacitor is 


(a) 38s (b) 4s 
(c) 58 (d) 6s 
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32. A charged capacitor is allowed to discharge through a resistor by closing the key at the instant 
t= 0. At the instant t = (In 4)us, the reading of the ammeter falls half the initial value. The 
resistance of the ammeter is equal to 


C=0.5F 


I, =a 


20. 
(a) 0.5.Q (b) 12 
(c) 2Q (d) 42 


33. Five identical capacitor plates are arranged such that they make four capacitors each of 2 UF. 
The plates are connected to a source of emf 10 V. The charge on plate Cis 


10V 
iL 
A 
B 
Cc 
D 
E 
(a) + 20uC (b) +40 uC 
(c) +60 uC (d) + 80uC 


34. A capacitor of capacitance C is charged to a potential difference V from a cell and then 
disconnected from it. A charge + Q is now given to its positive plate. The potential difference 
across the capacitor is now 


Q 
(a) V wb) Vis 
io) Ve @ v-% ite<ev 


More than One Correct Options 


1. X and Y are large, parallel conducting plates close to each other. Each face has an area A. X is 
given a charge Q. Y is without any charge. Points A, Band C are as shown in the figure. 


x Y 


(a) The field at Bis 


2E A 


(b) The field at Bis a 
EoA 

(c) The fields at A, Band C are of the same magnitude 

(d) The fields at A and C are of the same magnitude, but in opposite directions 
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2. Inthe circuit shown in the figure, switch S is closed at time t = 0. Select the correct statements. 


C 2R 


2C R 
z Ss 


(a) Rate of increase of charge is same in both the capacitors 

(b) Ratio of charge stored in capacitors C and 2C at any time ¢ would be 1: 2 
(c) Time constants of both the capacitors are equal 

(d) Steady state charges on capacitors C and 2C are in the ratio of 1 : 2 


3. An electrical circuit is shown in the given figure. The resistance of 
each voltmeter is infinite and each ammeter is 100 Q. The charge 
on the capacitor of 100 uF in steady state is 4 mC. Choose correct 
statement(s) regarding the given circuit. 

(a) Reading of voltmeter V, is 16 V 

(b) Reading of ammeter A, is zero and Ag is 1/25 A 
(c) Reading of voltmeter V, is 40 V 

(d) Emf of the ideal cell is 66 V 


4. In the circuit shown, A and Bare equal resistances. When S is closed, the capacitor C charges 
from the cell of emf € and reaches a steady state. 


Cc 
| 


(a) During charging, more heat is produced in A than in B 
(b) In steady state, heat is produced at the same rate in Aand B 


i x il 

(c) In the steady state, energy stored in C is ri Ce? 
: 51 

(d) In the steady state energy stored in C is . Ce? 


5. A parallel-plate capacitor is charged from a cell and then isolated from it. The separation 
between the plates is now increased 
(a) The force of attraction between the plates will decrease 
(b) The field in the region between the plates will not change 
(c) The energy stored in the capacitor will increase 
(d) The potential difference between the plates will decrease 


10. 
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. Inthe circuit shown, each capacitor has a capacitance C. The emf of the C Ss 
cell is E. If the switch S is closed, then 4 
(a) positive charge will flow out of the positive terminal of the cell 
(b) positive charge will enter the positive terminal of the cell | 4 Cc 
(c) the amount of the charge flowing through the cell will be 5 cE Cc ‘ | 
= 
E 
(d) the amount of charge flowing through the cell is (=) CE 
. Two capacitors of 2 uF and 3uF are charged to 150 V and 120V, A 1.5 pF 


respectively. The plates of capacitor are connected as shown in the a? | 
figure. An uncharged capacitor of capacity 1.5 uF falls to the free end 

of the wire. Then, | 
(a) charge on 1.5 uF capacitor is 180 uC *| - *Y[E 

(b) charge on 2 uF capacitor is 120 uC 2 uF 3 UF 

(c) positive charge flows through A from right to left 

(d) positive charge flows through A from left to right 


. A parallel plate capacitor is charged and then the battery is disconnected. When the plates of 


the capacitor are brought closer, then 

(a) energy stored in the capacitor decreases 

(b) the potential difference between the plates decreases 
(c) the capacitance increases 

(d) the electric field between the plates decreases 


. Acapacitor of 2 F (practically not possible to have a capacity of 2 F) is 


charged by a battery of 6 V. The battery is removed and circuit is made = | | 
as shown. Switch is closed at time t = 0. Choose the correct options. 2F 

(a) At time t =O current in the circuit is 2A 31 = 
(b) At time ¢ = (6 In 2) second, potential difference across capacitor is 3 V 


(c) At time ¢ = (6 In 2) second, potential difference across 1 Q resistance is 32 a 
1V 


(d) At time ¢ = (6 In 2) second, potential difference across 2 Q resistance is 
2V. 
Given that potential difference across 1 uF capacitor is 10 V. Then, 
6 uF 


3 WF 


(a) potential difference across 4 uF capacitor is 40 V 
(b) potential difference across 4 uF capacitor is 2.5 V 
(c) potential difference across 3 uF capacitor is 5 V 
(d) value of E is 50 V 
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Comprehension Based Questions 
Passage | (Q. No. 1 and 2) 


The capacitor C, in the figure shown initially carries a charge qo. When the switches S, and S, 
are closed, capacitor C, is connected in series to a resistor R and a second capacitor C,, which is 
initially uncharged. 


Sy 
+ R 
C1 == 4 
Liar 
eo! 


1. The charge flown through wires as a function of time ¢ is 


: 6: C _ 
(a) ape¥8° + ao @) Gx p- oi] 
© aoe @ age" 
C, 
where, C = ace 
C,+C, 
2. The oon heat dissipated in the circuit during the discharging process of C is 
2 
90 
b) 22 
(a) — 5 302” (b) 9 C 
qCe 
d 
(c) C2 (d) 5. 


Passage Il (Q. No. 3 and 4) 


Figure shows a parallel plate capacitor with plate area A and plate separation d. A potential 
difference is being applied between the plates. The battery is then disconnected and a dielectric 
slab of dielectric constant K is placed in between the plates of the capacitor as shown. 


teteee ee tts | 


Now, answer the following questions based on above information. 
3. The electric field in the gaps between the plates and the dielectric slab will i 
ae V KV 
.s micas ‘dy 
(a) (b) d (c) q ( Ms = 
4. The electric field in the dielectric slab is 


V KV V 
(a) Ka (b) a (c) a (d) —— 
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Match the Columns 
1. In the figure shown, C, = 4uF (without dielectric) and 


C,=4uF (with a dielectric slab of dielectric constant 
K = 2). Now, the same slab after removing from C, is 
filled in C,. Then, match the following two columns. 


Column I Column II 
(a) Charge on C, (p) will increase 
(b) Energy stored in C, (q) will decrease 
(c) Potential difference across C, | (r) will remain same 
(d) Electric field between the (s) data insufficient 


plates of C, 


Cy C2 


| | 7 


. Inthe circuit shown in figure, match the following two columns for 


the flow of charge when switch is closed. 


Column | Column II 
(a) From the battery (p) 40 nC 
(b) From 2uF capacitor | (q) 100puC 
(c) From 3 uF (r) 60 nC 


(d) From4uF capacitor | (s) None of these 


ae 


. Three identical capacitors are connected in three different configurations as shown in 
Column II. Points a and b are connected with a battery. Match the two columns. 


G G& G 


CD 


Cy 
C3 


C2 


Column | Column II 
(a) Maximum charge on C, 
(p) a 
°o 
(b) Minimum charge on C, (q) a 
Cy 
(c) Maximum potential difference | (r) o| 
across C, 
C2 


(d) Minimum potential difference | (s) a | 
across C; 


» 
C3 
C, 
» 


C3 
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4. Acapacitor Cis charged by a battery of Vvolts. Then, it is connected to an uncharged capacitor 
of capacity 2C as shown in figure. Now, match the following two columns. 


Column I Column II 


(a) After closing the switch energy stored | (p) 5cv 


inC 
(b) After closing the switch energy stored | (q) 2 cv? 
: 6 
in 2C. 
(c) After closing the switch loss of energy | (r) ae CV? 
during redistribution of charge. 18 


(s) None of these 


5. Two identical sized capacitors C, and C, are connected with a battery as shown in figure. 
Capacitor plates are square plates. A dielectric slab of dielectric constant K = 2, is filled in half 
the region of the two capacitors as shown : 


it 


C— capacity, q— charge stored, U > energy stored. Match the following two columns. 


Column I Column II 
(a) C,/C, (p) 9/4 
(b) g/d, (q) 4/9 
(c) U,/U, (r) 4/3 


(s) None of these 


6. Four large parallel identical conducting plates are arranged as 
shown. 


Column I Column II 


(a) Surfaces having charges of (p) land8 
same magnitude and sign 


(b) Surfaces having positive |(q) 3and5 
charges 


(c) Uncharged surfaces (r) 2and3 
(d) Charged surfaces (s) 6 and 7 
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Subjective Questions 


1. Five identical conducting plates, 1, 2, 3,4 and 5 are fixed parallel plates equidistant from each 


other (see figure). A conductor connects plates 2 and 5 while another conductor joins 1 and 3. 
The junction of 1 and 3 and the plate 4 are connected to a source of constant emf V). Find 


5 


4 
3 
2 

1 + 


(a) the effective capacity of the system between the terminals of source. 
(b) the charges on the plates 3 and 5. 
Given, d = distance between any two successive plates and A = area of either face of each plate. 


. A 8uF capacitor C, is charged to V) = 120 V. The charging battery is then removed and the 
capacitor is connected in parallel to an uncharged + 4uF capacitor C4. 


(a) what is the potential difference V across the combination? 
(b) what is the stored energy before and after the switch S is closed? 


. Condensers with capacities C,2C,3C and 4C are charged to the voltage, V,2 V,3 V and 4 V 
correspondingly. The circuit is closed. Find the voltage on all condensers in the equilibrium. 


CV 
7 [+ —~-- 2¢ 
. = 


[+ 2V 


4C + ° 
AV | 
+| [- 


3C 3V 


4. In the circuit shown, a time varying voltage V = 2000¢ volt is applied where ¢ is in second. At 


time t= 5 ms, determine the current through the resistor R= 4Q and through the capacitor 
C= 300uF. 
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5. A capacitor of capacitance 5uF is connected to a source of constant emf of 200 V. Then, the 


switch was shifted to contact 2 from contact 1. Find the amount of heat generated in the 400 Q 
resistance. 


6. Analyze the given circuit in the steady state condition. Charge on the capacitor is g, = 16 uC. 
202 pg 32 


AWWW WW C 
42 


(a) Find the current in each branch 
(b) Find the emf of the battery. 


(c) If now the battery is removed and the points A and C are shorted. Find the time during which 
charge on the capacitor becomes 8 LLC. 
7. Find the potential difference between points M and N of the system shown in figure, if the emf 
is equal to H=110 V and the capacitance ratio a is 2. 
2 


c ron 
M 
L 
ge ' =e 


8. In the given circuit diagram, find the charges which flow through directions 1 and 2 when 
switch S is closed. 


aA 
Ny 


10. 


11. 


12. 


13. 


14. 
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. Two capacitors A and B with capacities 3uF and 2uF are charged to a 2 WF 


potential difference of 100 V and 180 V, respectively. The plates of the — |— 
capacitors are connected as shown in figure with one wire of each C 
capacitor free. The upper plate of A is positive and that of Bis negative. An 
uncharged 2uF capacitor C with lead wires falls on the free ends to 
complete the circuit. Calculate 


— 3 WF 


DB [+ 
| 


== uF 
B 


(i) the final charge on the three capacitors, 
(ii) the amount of electrostatic energy stored in the system before and after completion of the circuit. 


The capacitor C, in the figure initially carries a charge qo. When the ‘ 

switch S, and S, are closed, capacitor C, is connected to a resistor R and St 

a second capacitor C,, which initially does not carry any charge. ao , Sr 

(a) Find the charges deposited on the capacitors in steady state and the - 7 
current through R as a function of time. . iia 


(b) What is heat lost in the resistor after a long time of closing the switch? 
A leaky parallel plate capacitor is filled completely with a material having dielectric constant 
K = 5 and electrical conductivity o = 7.4x 10” Q‘m"1. If the charge on the capacitor at the 
instant t = Ois qo = 8.55 uC, then calculate the leakage current at the instant ¢ = 12s. 


A parallel plate vacuum capacitor with plate area A and separation x has charges +@ and —-Q on 

its plates. The capacitor is disconnected from the source of charge, so the charge on each plate 

remains fixed. 

(a) What is the total energy stored in the capacitor? 

(b) The plates are pulled apart an additional distance dx. What is the change in the stored energy? 

(c) If Fis the force with which the plates attract each other, then the change in the stored energy 
must equal the work dW = Fdx done in pulling the plates apart. Find an expression for F. 

(d) Explain why F is not equal to QE, where E is the electric field between the plates. 

A spherical capacitor has the inner sphere of radius 2 cm and the outer one of 4 cm. If the inner 

sphere is earthed and the outer one is charged with a charge of 2uC and isolated. Calculate 

(a) the potential to which the outer sphere is raised. 

(b) the charge retained on the outer surface of the outer sphere. 


Calculate the charge on each capacitor and the potential difference across it in the circuits 
shown in figure for the cases : 


| | | | i; a rrr | 
| | | | | | 7 | | 
6 uF 3 UF 6 uF 2 uF 
s 1 uF 
100 Q 100 Q S| 20 2 
$100.0 S100 
202 
90 V 
| WW | 
100 V == 
(a) (b) 


(i) switch S is closed and 
(ii) switch S is open. 
(iii) In figure (b), what is the potential of point A when S is open? 
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15. In the shown network, find the charges on capacitors of capacitances 5uF and 3uF, in steady 
state. 


16. In the circuit shown, H=18kV, C=10uF, R,=4MQ, R,=6MOQ, R, =3MQ. With C 
completely uncharged, switch S is suddenly closed (at ¢ = 0). 


R> R3 


—=¢ 
1D) YI3 


(a) Determine the current through each resistor for t =0 and t = ~. 
(b) What are the values of V, (potential difference across R,) at t =O and t=? 
(c) Plot a graph of the potential difference V, versus t and determine the instantaneous value of V». 


17. The charge on the capacitor is initially zero. Find the charge on the capacitor as a function of 
time ¢. All resistors are of equal value R. 


re bliss sn 


18. The capacitors are initially uncharged. In a certain time the capacitor of capacitance 2 uF gets a 
charge of 20uC. In that time interval find the heat produced by each resistor individually. 


20 


; 


20V 7 1 uF 2uF 


19. 


20. 


21. 


22. 
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A capacitor of capacitance C has potential difference E/ 2 and another capacitor of capacitance 
2C is uncharged. They are joined to form a closed circuit as shown in the figure. 


| [+ 


(a) Find the current in the circuit at ¢ =0. 
(b) Find the charge on C as a function of time. 


The capacitor shown in figure has been charged to a potential difference of V volt, so that it 
carries a charge CV with both the switches S, and S, remaining open. Switch S, is closed at 
t=0. At t= R,C switch S, is opened and S, is closed. Find the charge on the capacitor at 
t=2R,C+ RC. 


C 
+) |= 
| | 
Ry 
Si 
Ro 
E 
| \. 
| S» 


The switch S is closed at t = 0. The capacitor Cis uncharged but Cy has a charge Q, = 2uC at 
t=O0.1f R=1000,C= 2uF,C, = 2uF, £ = 4 V. Calculate i(t) in the circuit. 


R Co 


N\A A | | 
iS +| [= 


eo a 


A time varying voltage is applied to the clamps A and B such that voltage across the capacitor 
plates is as shown in the figure. Plot the time dependence of voltage across the terminals of the 
resistance EF and D. 


VaB 


| | 
Ae in| °F 


23. In the above problem if given graph is between V,p and time. Then, plot graph between Vzp 


and time. 
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24. Initially, the switch is in position 1 for a long time. At t = 0, the switch is moved from 1 to 2. 
Obtain expressions for Vo and Vp for t> 0. 


25. For the arrangement shown in the figure, the switch is closed at t = 0. C, is initially uncharged 
while C, has a charge of 2uC. 


oe | | 


s 9V 
(a) Find the current coming out of the battery just after the switch is closed. 
(b) Find the charge on the capacitors in the steady state condition. 


26. In the given circuit, the switch is closed in the position 1 at t= 0 and then moved to 2 after 
250 us. Derive an expression for current as a function of time for t> 0. Also plot the variation of 
current with time. 


20V ‘| 3 5002 
a == ir 


27. Acharged capacitor C, is discharged through a resistance R by putting switch S in position 1 of 
circuit shown in figure. When discharge current reduces to J,,the switch is suddenly shifted to 
position 2. Calculate the amount of heat liberated in resistance R starting from this instant. 


ae 


C2 


Answers 


Introductory Exercise 25.1 
1. [M?L°T4A2] 2. False 3. (a)-10V (b)-10nC,-20uC (c)3.0x 107 J 


Introductory Exercise 25.2 


1. +182 uC 2. (a) 604. V(b) 90.8cm? (c) 16.3 C/m? 3. (a) 1.28 (b) 6.2x 10°77 C/m? 


Introductory Exercise 25.3 
1. Q3ur = 30 uC, aur = 20 uC, Dour =10 uC 2. Gaur = 120 uC, Jour = 90 uC, I3uF = 30 uC 


Exercises 
LEVEL 1 


Assertion and Reason 


1. (d) 2.(a)  3.(ab) 4. (ab) 5.(d) 6. (d) 7. (b) 8 (d) 9 (b) 10. (b) 


Objective Questions 

1. (c) 2. (dd) 3. (c) 4. (c) 5. (d) 6. (d) 7. (c) & (b) 9 (b) 10, 
11. (a) «12. (b) 13. (b) «14 (c) «15. (c) 16. (a) 17. (d) 18. (b) 19. (b) 20. 
21. (a) 22. (c) +23. (d) 24 (c) 25. (d) 26. (b) 27. (b) 


Subjective Questions 

1. Starting from the left face the charges are, 3uC, 7 uC, -7 uC, 3uC 2. “ef sad 
£0 

3. 10 uC, 20uC, 30 uC 4. 40 uC 5. 24 uC 

1600 |, — uc, — V7. 400pF 


9. 0.69 10,q= * + ao p= * (=e HPe) 


o>) 


. (a) 800 uC, 800 V, 800 UC, 400V (b) Cc: 


11. CE -e"") + q et? 
12. (a) E/R, (b) ER, + R3) 13. (a) h=E/Ry ig =E/Ry (b) h=E/Ry ig =0 (C) 3CE (d) CR, + Ro) 
5C 4c 
14. (a) (b) = (c) 2C 
aa a 


15. (a) 4.0 uF: 2.64x 10°C, 660 V, 6.0uF: 3.96x 10° C, 660 V 
(b) 4.0 uF: 5.28x 10“C, 132 V, 6.0uF: 7.92x 10“C, 132 V 


(c) 
(b) 
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16. 2.83x 10° J/m? 17. 0.0135 m? 18. 40 mF, 10mF 19. 10V,5V 
20. (a) Five capacitors in series (b) Six rows of three capacitors in each row. 
21. 0.16 uF, 0.24 uF 22. (a) 120uC (b) 60uC (c) 480uC 23. 19.6 J 
24. (a) 3.54x 10° F (b) +35.4uC (c) 2.0x 10° N/C 
25. (a) 76uC (b)1.4mJ (c)11V (d) 1.2 mJ 26. 106, Puc 
27. (a) 2.5uF (b) Q,=5.5x 10% C, Y= 66 V, Q,= 3.7x 10“C, V> = 88 V, Q3=0, = 1.8x 10% C,V3=V, = 44 V, 
Q5 = Q1V5 =VY 
28. 78.68 V, 151.32 V 29. 60uC 30. (a) 3uF (b) 60uC (c) 30unC (d) 20uC (e) 20nC 
31. (a) Q=GQ= 9uUC, QQ=q=16uC (b) G= 8.64uC, go = 17.28 uC, gz = 10.08 uC, q, = 13.44 uC 
Cy Cy 

32. qo = G3 = a omnes CV oT C 

14+ 2+ 2 14+ 2+ 2 

Co C3 Cy C3 
33. (a) 2V (b) U; = 5 (228 v2, w= (<A \v2 (c) W -3(Se\v" 
2\d d 2\d 
34. (a) 1 mA, 1 mA,O (b) 2mA, 1mA, 3mA 35. (a) 18 V_ (b) a is at higher potential (c) 6V 
(d) —36 uC on both the capacitors 
36. (a) -6.0V (b) b (c) 6.0V (d) -54.0uC 
47.) dae ty th) Heres 
2 2R 6R 2R 3RC 
LEVEL 2 
Single Correct Option 
1.(c) 2.(b) 3.(d) 4.(c) 5.(d) 6.(d) 7.(d) 8.(b) 9.(c) 10.(d) 


11.(d) 12.(b)  13.(d) 14.(c) 15.(c) 16.(a) 17.(b) 18.(b) 19.(b) —-20.(c) 
21.(c) 22.(d) —-23.(b) 24.(d) 25.(a)  26.(b) 27.(c) 28a)  29.(b) —-30.(b) 
31.(d) 32.(c) — 33.(b) 34.(c) 


More than One Correct Options 
1. (a,c,d) 2.(b,c,d) 3.(b,c) 4. (a,b,d) 5. (b,c) 6. (a,d) 7.(a,b,d)  8.(a,b,c) 9.(a,b,c,d) 10. (b) 


Comprehension Based Questions 


1.(b) 2.(a) 3.(b) 4.(a) 


Match the Columns 


Oa PPwn hr 


(a)> q (b)> p (c)> p (d)> p 
(ayo s (b) > p (c)> r (d)> s 
(aj> q (b> pr (c)>q (d)— p,s 
(ayo r (b) > p (c)> $s 

(ayo s (b) > s (c)> $s 

(ay> p (b)> pq (c)>s (d)> p.qr 


Subjective Questions 
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5 (8A af eAV, 
1. 20 b = ‘OFF FO = 
@ 2(£2") ) a # (Sate) 


4! 2y Cy 


5° 5 75 "5 


= (tte | 2. (a) 80V_ (b) 57.6 mJ, 38.4 mJ 


4. 2.5A,0.6A 5. 44.4 mJ 


6. (a) 3A, 2.67A (b) 24V (c) 11.1ps TVs el’ 8 GS Fh eas 
3 (Cy + Co) 
9. (i) 9OWC, 210nC,150nC (ii) (a) 47.4 mJ (b) 18 mJ 
2 
10. (a) q= G1 do and q)= WG, %, i= e RO (b) AH = __ C2 __ herec = ee 
Cac Ey RC, 200, + 0) Cts 
11.0.193pA 12. (a) = aa (=) -dx (c) 13. (a) 2.25x 10° V(b) +1 
2€,A Sa oA Sa 
14. Fig. (a) Fig. (b) 
6uF 3uF 1uF 6uF 2uF 
(i) | PD (volts) 30 30 0 | 10 | 30 
charge (uC) 180 90 O 60 60 
(ii) | PD (volts) 0 90 100 25 75 
charge (uC) 6) 270 100 150 150 


(iii) |V,_ = 75 volt 


15. 15 uC, 15 uC 


16. (a) Att=0, 4=3mA, ip=1mMAi,=2mMA At t=~, 
i= ip = 1.8 mA, ig=0 (b) At t=0,Vp=6kV At t= 0, Vp =10.8 kV 


(c) V> = (10.8 - 4.8 e-'/5*) kV 
2t 


17. q= = it “ oe] 18. H, = 0.075 mJ, H3=0.05 mJ, He = 0.025 mJ 


19. (a) — (by) CF [5 ~ 263] 20, ec(1- *|+ YC 21, (0.03 et) A 
7 6 e e* 
Vp Vep 

22. , 23. 

i} 

i} 

O , t t 

24. Vo = 50 (36 7% - 1), Vp =150e°% —-25. (a) za or “ A (b) Q,=9uC, Qo = 
26. i = (0.04e7°) A fort< 250us, =- Sages ys fort > 250 us 


For i-t graph, see the hints. 


(IR YPCL2 
2(C; + Co) 


27. 


0 
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26.1 Introduction 


The fascinating attractive properties of magnets have been known since ancient times. The word 
magnet comes from ancient Greek place name Magnesia (the modern town Manisa in Western 
Turkey), where the natural magnets called lodestones were found. The fundamental nature of 
magnetism is the interaction of moving electric charges. Unlike electric forces which act on electric 
charges whether they are moving or not, magnetic forces act only on moving charges and current 
carrying wires. 

We will describe magnetic forces using the concept of a field. A magnetic field is established by a 
permanent magnet, by an electric current or by other moving charges. This magnetic field, in turn, 
exerts forces on other moving charges and current carrying conductors. In this chapter, first we study 
the magnetic forces and torques exerted on moving charges and currents by magnetic fields, then we 
will see how to calculate the magnetic fields produced by currents and moving charges. 


26.2 Magnetic Force on a Moving Charge (F,,, ) 


An unknown electric field can be determined by magnitude and direction of the force on a test charge 
qo at rest. To explore an unknown magnetic field (denoted by B), we must measure the magnitude and 
direction of the force on a moving test charge. 

The magnetic force (F,,,) on a charge g moving with velocity v in a magnetic field Bis given, both in 
magnitude and direction, by 


F,, = (v xB) (i) 
Following points are worthnoting regarding the above expression. 
(i) The magnitude of F,,, is 
F, =Bqv sin 8 
where, 8 is the angle between v and B. 
(ii) F,, is zero when, 
(a) B =0, i.e. no magnetic field is present. (b) g =0, i.e. particle is neutral. 
(c) v=0, i.e. charged particle is at rest or (d) 8 =0° or 180°, i.e. v TT Borv NB 
(iii) F,,, is maximum at 9 = 90° and this maximum value is Bqv. 


(iv) The units of B must be the same as the units of F/qv. Therefore, the SI unit of B is equivalent to 


N- : : : 
ea This unit is called the tesla (abbreviated as T), in honour of Nikola Tesla, the prominent 
-m 


Serbian-American scientist and inventor. 
Thus, 
IN-s_ IN 


1 tesla = 1T = a 
Cm Am 


The CGS unit of B, the gauss (IG=10~“ T) is also in common use. 


(v) In equation number (i) g is to be substituted with sign. If g is positive, magnetic force is along 
v x Band if g is negative, magnetic force is in a direction opposite to v x B. 
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(vi) Direction of F,, From the property of cross product we can infer that F,,, is perpendicular to 
both v and Bor it is perpendicular to the plane formed by v and B. The exact direction of F,,, can 
be given by any of the following methods: 

(a) Direction of F,,, = (sign of q) (direction of v x B) or, as we stated earlier also, 
F,, TT vxB_ if is positive and 
F, tl vxB_ ifgq is negative. 


(b) Fleming's left hand rule According to this rule, the forefinger, the central finger and the 
thumb of the left hand are stretched in such a way that they are mutually perpendicular to each 
other. If the central finger shows the direction of velocity of positive charge (v, ) and 
forefinger shows the direction of magnetic field (B), then the thumb will give the direction of 
magnetic force (F,,, ). If instead of positive charge we have the negative charge, then F,, is in 
opposite direction. 

Thumb 4 Fin 


B 
Forefinger 


? Central finger 


Fig. 26.1 


(c) Right hand rule Wrap the fingers of your right hand around the line perpendicular to the 
plane of v and Bas shown in figure, so that they curl around with the sense of rotation from v 
to B through the smaller angle between them. Your thumb then points in the direction of the 
force F,, on a positive charge. (Alternatively, the direction of the force F,, on a positive 


charge is the direction in which a right hand thread screw would advance if turned the same 


way). 
y) Fin 4 Fm = vxB 


Right hand rule 


Fig. 26.2 


. d' : . ; 
(vil) F,, LvorF,, L = Therefore, F,,, -L ds or the work done by the magnetic force in a static magnetic 


field is zero. 
Wr = 0 


So, from work energy theorem KE and hence the speed of the charged particle remains constant 
in magnetic field. The magnetic force can change the direction only. It cannot increase or 


decrease the speed or kinetic energy of the particle. 
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Note By convention the direction of magnetic field B perpendicular to the paper going inwards is shown by ®) 
and the direction perpendicular to the paper coming out is shown by @). 


©® ® ® © © Oo 
® ® ® © © © 
® ® ® © © © 
Direction of B perpendicular = Direction of B perpendicular 
to paper inwards to paper outwards 
Fig. 26.3 


© Example 26.1 A charged particle is projected in a magnetic field 
B=(31+4j) x10? T 
The acceleration of the particle is found to be 
a= (xi + 2}) m/s" 
Find the value of x. 
Solution As we have read, F,, | B 


i.e. the acceleration alLB or a-B=0 
or (xi + 2j)- (31 + 4j) x 107 =0 
or (3x + 8)x 10° =0 
x=—Smis? Ans. 


© Example 26.2. When a proton has a velocity v =(2i + 3)) x 10° m/s, it 
experiences a force F = —(1.28 x 107? k) N. When its velocity is along the 
z-axis, it experiences a force along the x-axis. What is the magnetic field? 
HOW TO PROCEED In the second part of the question, it is given that magnetic force 
is along x-axis when velocity is along z-axis. Hence, magnetic field should be along 
negative y-direction. As in case of positive charge (here proton) 
F,, 1TvxB 
So, let B=- Boi 
where, By = positive constant. 
Now, applying F,,, = q(v x B) we can find value of B, from the first part of the 


question. 
Solution Substituting proper values in, F,, = g (vx B) 
We have, ~ (1.28x 10° kK) = (1.6x 10°? )[(2i + 39) x (By j)] x 10° 
1.28=1.6x 2x By 
or By = Ls 0.4 
3.2 


Therefore, the magnetic field is B=(-04 j) T Ans. 
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© Example 26.3 A magnetic field of (4.0 x 10° k) T exerts a force 
(4.01 +3.0 j)x 10719 on a particle having a charge 10°C and moving in the 
x-y plane. Find the velocity of the particle. 
Solution Given, B=(4x10°k)T, g=10°C 
and magnetic force F,, = (4.01 + 3.0j)x 10° N 
Let velocity of the particle in x-y plane be 
v=v,i+v,] 
Then, from the relation 
F,, =9¢ (vx B) 
We have 
(4.01 + 3.0j)x 10° = 10° [(v,i+ v,j)x (4x 10° k)] 
=(4v, x10"? i-4v, x10"? j) 
Comparing the coefficients of i and j , we have 


4x 1079 =4y, x 10°? 
v, =10° m/s = 100 m/s 


and 3.0x 101° =— 4v, x10” 
v, =- 75m/s 
v= (— 75i + 100j) m/s Ans. 
INTRODUCTORY EXERCISE 


1. Write the dimensions of E/B. Here, E is the electric field and B the magnetic field. 

2. In the relation F=q (v xB), which pairs are always perpendicular to each other. 

3. If a beam of electrons travels in a straight line in a certain region. Can we say there is no 
magnetic field? 

4. A charge q =—4uC has an instantaneous velocity v=(2i = 3j + k) x 10° m/s in a uniform 
magnetic field B= (2i + 5j -3 k) x 10-? T. What is the force on the charge? 

5. A particle initially moving towards south in a vertically downward magnetic field is deflected 
toward the east. What is the sign of the charge on the particle? 

6. An electron experiences a magnetic force of magnitude 4.60 x 10°'° N, when moving at an 
angle of 60° with respect to a magnetic field of magnitude 3.50 x 10°° T. Find the speed of the 
electron. 

7. He?* ion travels at right angles to a magnetic field of 0.80 T with a velocity of 10° m/s. Find the 
magnitude of the magnetic force on the ion. 
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26.3 Path of a Charged Particle in Uniform Magnetic Field 


The path of a charged particle in uniform magnetic field depends on the angle 6 (the angle between v 
and B ). Depending on the different values of 0, the following three cases are possible. 


Case 1) When 69 is 0° or 180° 


As we have seen in Art. 26.2, F,,=0, when 0 is either 0° or 180°. Hence, path of the charged particle is 
a straight line (undeviated) when it enters parallel or antiparallel to magnetic field. 


~B ~B 
> or > 
UR pee 7_©@: 
oa a 
Fin = 0 
Fig. 26.4 


Case2 When6=90° 


When 6 = 90°, the magnetic force is F,,, = Bqv sin90° = Bqv. This magnetic force is perpendicular to 
the velocity at every instant. Hence, path is a circle. The necessary centripetal force is provided by the 
magnetic force. Hence, if 7 be the radius of the circle, then 


or r=—_ 


This expression of 7 can be written in the following different ways 


mv Km qVm 
Pp v2 V2qV1 


= = 
Bq Bq Bq Bq 


Here, p = momentum of particle 
2 
K =KE of particle = = or p=~v2Km 
m 


We also know that if the charged particle is accelerated by a potential difference of V volts, it acquires 
a KE given by 

K=qV 
Further, time period of the circular path will be 


mv 
2m | — 
2ur _ (=) _ 2am 


v v Bq 


or 
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2 
or The angular speed (@) of the particleis @=— =— 


Frequency of rotation is f= 
or => 


The following points are worthnoting regarding a circular path: 


(i) The plane of the circle is perpendicular to magnetic field. If the magnetic field is along 


z-direction, the circular path is in x-y plane. The speed of the particle does not change in magnetic 
field. 


Hence, if vg be the speed of the particle, then velocity of particle at any instant of time will be 
pa) 
where, vityvi=y 


(ii) 7, f and @ are independent of v while the radius is directly proportional to v. 


x x x x x x x x 
x x x x x x x x 
a~ oY" 
x x +) x x x »* x x 
q,m q,m 
Fig. 26.5 


Hence, if two charged particles of equal mass and charge enter in a magnetic field B with 
different speeds v, and v, (> v, ) at right angles, then 


1, =T, 
but h>h 


as shown in figure. 


Note Charge per unit mass 4 is known as specific charge. It is sometimes denoted by . So, in terms of a, the 
m 


above formulae can be written as 


ra—, pe ean and o=Ba 
au 


Case 3, When 0 is other than 0°, 180° or 90° 


In this case velocity can be resolved into two components, one along Band another perpendicular to 
B. Let the two components be v, and v, . 
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Then, 
yy =v cos9 
and v, =vsin@ 
>B 
vsine 
a 
vcos8@ 
> 
Fig. 26.6 


The component perpendicular to field (v, ) gives a circular path and the CESS S TTS 
component parallel to field (1, ) gives a straight line path. The resultant path is Fig. 26.7 


a helix as shown in figure. 
The radius of this helical path is 


mv,  mvsin® 
r= = 


«Bq Bq 
Time period and frequency do not depend on velocity and so they are given by 
20 B 
T= = and f= = 
Bq “21m 


There is one more term associated with a helical path, that is pitch (p) of the helical path. Pitch is 
defined as the distance travelled along magnetic field in one complete cycle. 


1.€. P = Vy | vi 
27 
or p=(vcos8) — 
Bq 
_ 2mmvcos® 
Bq 


© Example 26.4 Two particles A and B of masses m, and mg respectively and 
having the same charge are moving in a plane. A uniform magnetic field exists 
perpendicular to this plane. The speeds of the particles are v, and vg 
respectively and the trajectories are as shown in the figure. Then, (JEE 2001) 
fe) fe) Ao fe) fe) 


Fig. 26.8 


(a) MAU, < MpUp (b) MAava > MpUup 
c)m, < mpandv,<v (d)m, = mpandv, =v 
A B A < UB A B A =UB 
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Solution Radius of the circle =. 
q 


or radius « mvif B and q are same. 
(Radius ) , > (Radius ), 
my V4 > Mp VR 
Correct option is (b). 
Example 26.5 A proton, a deuteron and an a-particle having the same kinetic 


energy are moving in circular trajectories in a constant magnetic field. Ifr, rq 
and r,, denote respectively the radii of the trajectories of these particles, then 


(a) Ty =Tp <Ta (b) Ta > Ta >Tp (JEE 1997) 
(C) Ty=Ta age (d) Tp=Ta=To 
Solution Radius of the circular path is given by 
re v2Km 
Bq Bq 


Here, K is the kinetic energy to the particle. 


Therefore, r«< vm if K and B are same. 
q 


a 


fy ETRE eli Case a 
Hence, hoot 
Correct option is (a). 
Example 26.6 Two particles X and Y having equal charges, after being 


accelerated through the same potential difference, enter a region of uniform 
magnetic field and describe circular paths of radii R,and R, , respectively. The 


ratio of the mass of X to that of Y is (JEE 1988) 
(a) (R,/R,)"? (b) RJR, 
(c) (R,/R>)* (d) R,/R, 
J 2qVi 
Solution R= eae il 
Bq 
or Re« Vm 
or RX a (ee 
R, my 
2 
ae Ue ae (| 
My R, 


Correct option is (c). 
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INTRODUCTORY EXERCISE 


1. Aneutron, a proton, an electron and ana- particle enter a region of constant magnetic field with 
equal velocities. The magnetic field is along the inward normal to the plane of the paper. The 


tracks of the particles are labeled in figure. The electron follows track...... and the o- particle 
follows track...... (JEE 1984) 
x x x x x x x 
Cc 
x x x xA xX x x 


Fig. 26.9 


2. An electron and a proton are moving with the same kinetic energy along the same direction. 
When they pass through a uniform magnetic field perpendicular to the direction of their motion, 
they describe circular path of the same radius. Is this statement true or false? (JEE 1985) 


3. A charged particle enters a region of uniform magnetic field at an angle of 85° to the magnetic 
line of force. The path of the particle is a circle. Is this statement true or false? (JEE 1983) 


4. Cana charged particle be accelerated by a magnetic field. Can its speed be increased? 

5. An electron beam projected along positive x-axis deflects along the positive y-axis. If this 
deflection is caused by a magnetic field, what is the direction of the field? 

6. An electron and a proton are projected with same velocity perpendicular to a magnetic field. 
(a) Which particle will describe the smaller circle? 
(b) Which particle will have greater frequency? 

7. An electron is accelerated through a PD of 100 V and then enters a region where it is moving 


perpendicular to a magnetic field B = 0.2 T. Find the radius of the circular path. Repeat this 
problem for a proton. 


26.4 Magnetic Force on a Current Carrying Conductor 


A charged particle in motion experiences a magnetic x x“ x“ “Fax x x xB 
force in a magnetic field. Similarly, a current carrying A 
wire also experiences a force when placed in a . | Vq<+— f i 
magnetic field. This follows from the fact that the 

current is a collection of many charged particles in “ Se ws we «! se & 
motion. Hence, the resultant force exerted by the field kK ; >| 

on the wire is the vector sum of the individual forces 

exerted on all the charged particles making up the Fig. 26.10 


current. The force exerted on the particles is transmitted 
to the wire when the particles collide with the atoms 
making up the wire. 
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Suppose a conducting wire carrying a current 7 is placed in a magnetic field B. The length of the wire 
is / and area of cross-section is A. The free electrons drift with a speed v, opposite to the direction of 
current. The magnetic force exerted on the electron is 


dF, =—e(vq XB) 
If n be the number of free electrons per unit volume of the wire, then total number of electrons in 
volume A/ of the wire are, nA/. Therefore, total force on the wire 1s 
F,, =—e(nAl) (vq XB) 
If we denote the length / along the direction of the current by I, then the above equation becomes 
F,, =i. xB) ..-(i) 
where, neAv, =i 
The following points are worthnoting regarding the above expression : 
(1) Magnitude of F,, is, F,,, = i/B sin, here 0 is the angle between I and B. F,,, is zero for 8 =0° or 
180° and maximum for 6 = 90°. 
(ii) Here, 1 is a vector that points in the direction of the current 7 and has a magnitude equal to the 
length. 
(iii) The above expression applies only to a straight segment of wire in a uniform magnetic field. 


(iv) For the magnetic force on an arbitrarily shaped wire segment, let us consider the magnetic force 
exerted on a small segment of vector length d1. 


ap °° — 
i 
(a) (b) 
Fig. 26.11 
dF,, =i(d1xB) ... (ii) 


To calculate the total force F,,, acting on the wire shown in figure, we integrate Eq. (11) over the 
length of the wire. 


D 
F,, =i] (dl xB) ...(iii) 


Now, let us consider two special cases involving Eq. (iii). In both cases, the magnetic field is 
taken to be constant in magnitude and direction. 


Case1| Acurved wire ACD as shown in Fig. (a) carries a current i and is located in a uniform 
magnetic field B. Because the field is uniform, we can take B outside the integral in Eq. (iii) and 
we obtain, 


F,, =i([Pat)xB ...(iv) 


D 
But, the quantit dl represents the vector sum of all length elements from A to D. From the 
q a 


polygon law of vector addition, the sum equals the vector I directed from 4 to D. Thus, 
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F,, =i(1xB) 


or we can write 


Fiucp =F 4p =i (AD XB) | in uniform field. 


Case 2. An arbitrarily shaped closed loop carrying a current jis placed in a uniform magnetic 
field as shown in Fig. (b). We can again express the force acting on the loop in the form of 
Eq. (iv), but this time we must take the vector sum of the length elements d] over the entire loop, 


F,, =i (p dl) xB 


Because the set of length elements forms a closed polygon, the vector sum must be zero. 


F,,=0 


Thus, the net magnetic force acting on any closed current carrying loop in a uniform 
magnetic field is zero. 


(v) The direction of F 


can be given by Fleming's left hand rule as Thumb Fm 


m 


discussed in Art. 26.2. According to this rule, the forefinger, the 

central finger and the thumb of the left hand are stretched in such 

a way that they are mutually perpendicular to each other. If the P rareiinnek 
central finger shows the direction of current (or I) and forefinger 

shows the direction of magnetic field (B), then the thumb will /orl 

give the direction of magnetic force (F,,, ). Central finger 


Fig. 26.12 


© Example 26.7 A horizontal rod 0.2 m long is mounted on a balance and 


carries a current. At the location of the rod a uniform horizontal magnetic field 
has magnitude 0.067 T and direction perpendicular to the rod. The magnetic 
force on the rod is measured by the balance and is found to be 0.13 N. What is 
the current? 
Solution F=ilBsin 90° 

F013 

TB 0.2x 0.067 


=9.7A Ans. 


Example 26.8 A square of side 2.0 m is placed in a 
uniform magnetic field B =2.0T in a direction : 
perpendicular to the plane of the square inwards. Equal 
current i =3.0 Ais flowing in the directions shown in x 
figure. Find the magnitude of magnetic force on 

the loop. * 


Solution Force on wire ACD = Force on AD= Force on AED 
Net force on the loop = 3 (Fp ) 
or Fyet = 3 (i) (AD) (B) 
= (3) (3.0) (2V2) (2.0) N= 36V2 N 


Direction of this force is towards EC. 
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© Example 26.9 In the figure shown a semicircular wire loop is placed in a 
uniform magnetic field B=1.0T. The plane of the loop is perpendicular to the 
magnetic field. Current i = 2 A flows in the loop in the directions shown. Find 
the magnitude of the magnetic force in both the cases (a) and (b). The radius of 
the loop is 1.0 m 


Fig. 26.14 


Solution Refer figure (a) It forms a closed loop and the * 
current completes the loop. Therefore, net force on the loop in x 
uniform field should be zero. Ans. 


Refer figure (b) In this case although it forms a closed loop, but . 
current does not complete the loop. Hence, net force is not zero. 


Fycp =Fup Fig. 26.15 
Fooop = Faco + Fan = 2Fap 
| Floop |= 2|Fyp| 
= 2i/B sin ® [7 = 2r= 2.0m] 
= (2) (2) (2) (1)sin 90° = 8N Ans. 
INTRODUCTORY EXERCISE 


1. Awire of length/ carries a currenti along the x-axis. A magnetic field B = Boli + k) exists in the 
space. Find the magnitude of the magnetic force acting on the wire. 

2. In the above problem will the answer change if magnetic field becomes B = By (i + j + k). 

3. A wire along the x-axis carries a current of 3.50 A in the negative direction. Calculate the force 
(expressed in terms of unit vectors) on a 1.00 cm section of the wire exerted by these magnetic 


fields 
(a) B=-(0.65T)j  (b) B=+(0.56T)k  (c) B=-(0.31T)i 
(d) B=+(0.33 T)i —(0.28 T) k (e) B=+(0.74 T) j —(0.36 T) k 


4. Find net force on the equilateral loop of side 4 m carrying a current of 2 A kept in a uniform 
magnetic field of 2 T as shown in figure. 
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26.5 Magnetic Dipole 


Every current carrying loop is a magnetic dipole. It has two poles: south (S) and north (1 ). This is 
similar to a bar magnet. Magnetic field lines emanate from the north pole and after forming a closed 
path terminate on south pole. Each magnetic dipole has some magnetic moment (M). The magnitude 
of Mis 


|M|= NiA 
Here, N =number of turns in the loop 
i= current in the loop and 
A = area of cross-section of the loop. 


For the direction of M any one of the following methods can be used: 

(i) As in case of an electric dipole, the dipole moment p has a direction from 
negative charge to positive charge. In the similar manner, direction of Mis (Q . 
from south to north pole. The south and north poles can be identified by the 
sense of current. The side from where the current seems to be clockwise Fig. 26.17 
becomes south pole and the opposite side from where it seems 
anti-clockwise becomes north pole. 

rh 


pe 


a 
(a) (b) (c) 
Fig. 26.18 
Now, let us find the direction and magnitude of Min the three loops shown in Fig. 26.18. 
Refer figure (a) In this case, current appears to be clockwise from outside the paper, so this 
side becomes the south pole. From the back of the paper it seems anti-clockwise. Hence, this side 
becomes the north pole. As the magnetic moment is from south to north pole. It is directed 
perpendicular to paper inwards. Further, 
|M|= NiA = 2R7i 
Refer figure (b) Here, opposite is the case. South pole is into the paper and north pole is 
outside the paper. Therefore, magnetic moment is perpendicular to paper in outward direction. 
The magnitude of Mis 
|M|=a?i 
Refer figure (c) In this case, south pole is on the right side of the loop and north pole on the left 
side. Hence, Mis directed from right to left. The magnitude of magnetic moment is 
|M|= abi 
(ii) Vector M is along the normal to the plane of the loop. The orientation (up or down along the 
normal) is given by the right hand rule. Wrap your fingers of the right hand around the perimeter 
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of the loop in the direction of current as shown in figure. Then, extend your thumb so that it is 
perpendicular to the plane of the loop. The thumb points in the direction of M. 


Fig. 26.19 


© Extra Points to Remember 

e In addition to the method discussed above for finding M here are two more A 2 B 
methods for calculating M. 
Method 1 This method is useful for calculating M for a rectangular or square |. 
loop. 
The magnetic moment (M) of the rectangular loop shown in figure is D ~< Cc 

M =i (AB x BC) =/ (BC x CD) =/ (CD x DA) =/ (DA x AB) Fig 26.20 

Here, the cross product of any two consecutive sides (taken in order) gives the 
area as well as the correct direction of M also. 


yi 


Note /f coordinates of vertices are known. Then, vector of any side can be written in terms of 
coordinates, e.g. 


AB = (Xz ~ Xq) i + (Vp — Ya) 1 + (Zp ~ 2a) K 
Method 2 Sometimes, a current carrying loop does not lie in a single plane. But by assuming two equal 
and opposite currents in one branch (which obviously makes no change in the given circuit) two (or more) 


closed loops are completed in different planes. Now, the net magnetic moment of the given loop is the 
vector sum of individual loops. 


Fig. 26.21 


For example, in Fig. (a), six sides of a cube of side/ carry a current/ in the directions shown. By assuming 
two equal and opposite currents in wire AD, two loops in two different planes (xy and yz) are completed. 


Myacoa = - iP k 
Mapara =~ iP i 
Met =— i? (i +k) 
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© Example 26.10 A square loop OABCO of side I carries a current i. It is placed 
as shown in figure. Find the magnetic moment of the loop. 


Fig. 26.22 


Solution As discussed above, magnetic moment of the loop can be written as 
M=i(BCx CO) 


Here, BC=-—/k, CO= Leos 60° —Isin 60° j= 49-483 
i, be af 3x 
M=i|(-/k)x i j 
i? a 2 
or M=— (j- v3i) Ans. 


© Example 26.11 Find the magnitude of magnetic moment of the current 
carrying loop ABCDEFA. Each side of the loop is 10 cm long and current in the 
loop is 1 =2.0 A. 


Fig. 26.23 
Solution By assuming two equal and opposite currents in BE, — ae 
two current carrying loops (ABEFA and BCDEB) are formed. Their 
magnetic moments are equal in magnitude but perpendicular to 
each other. Hence, a E 
Mi, = ~M? +M? =J2M if a 
A F 
where, M = iA = (2.0) (0.1) (0.1) = 0.02 A-m* Fig. 26.24 


M net = (V2) (0.02) A-m? 
= 0.028 A-m? Ans. 
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26.6 Magnetic Dipole in Uniform Magnetic Field 


Let us consider a rectangular (a x 6) current carrying loop OACDO placed in xy- plane. A uniform 


magnetic field 
B=B,i+B,j+B.k 


Fig. 26.25 


exists In space. 
We are interested in finding the net force and torque in the loop. 
Force: Net force on the loop is 
F=Fo, + Fac + Fen + Foo 
=i[ (OA x B) + (AC x B) + (CD x B) + (DO x B)] 
=i[((OA + AC+CD+ DO) x B] 
= null vector 
or |F|=0, as OA+AC+CD+ DO forms a null vector. 


Using F =i (1 x B), we have 
Fo, =i (OA XB)=i[(ai) x (B,i +B, j+B, k)]=ia[B,k—B.j] 
F yc =i (AC XB) =i [(bj) x (B,i + B, j + BLk)]= ib [-B,k + Bi] 
Fop =i (CD x B) = i[(-ai) x (B, i+ B,j+B-k)] =ia[-B,k +B. j] 
Fo =i (DOB) =i[(-bj) x (B,i + B, j+ B.k)]=ib[B,k — B.i] 


All these forces are acting at the centre of the wires. For example, Fy, will act at the centre of OA. 
When the forces are in equilibrium, net torque about any point remains the same. Let us find the 


torque about O. 


Fig. 26.26 


E, F,G and H are the mid-points of OA, AC, CD and DO, respectively. 
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Using t=rxXF, we have 
To = (OEX Fy,)+ (OF x Fy- )+ (OG Foy) + (OH X Fp) 


= (¢ i x fia (By k 2.) + («i + . i x {ib (-B,k + 2.) 
ar 4 ; ~ A bx\_ ~ s 
+ (¢ i+ ti x {ia (-B,k +B.) (3 i x ib (Bk - 2.) 
= iab B, j—iabB , i 


This can also be written as 


To = (iabk) x (B,i+ B,j+B_k) 


Here, iabk = magnetic moment of the dipole M 
and B,i+B,j+B.k=B 
t=MxB 


Note that although this formula has been derived for a rectangular loop, it comes out to be true for any 
shape of loop. The following points are worthnoting regarding the torque acting on the loop in 
uniform magnetic field. 
(i) Magnitude of t is MB sin® or NiAB sin 8. Here, 0 is the angle between M and B. Torque is zero 
when 8 = 0° or 180° and it is maximum at 8 = 90°. 
(ii) If the loop is free to rotate in a magnetic field, the axis of rotation becomes an axis parallel to t 
passing through the centre of mass of the loop. 


The above equation for the torque is very similar to that of an electric dipole in an electric field. The 
similarity between electric and magnetic dipoles extends even further as illustrated in the table below. 


Table 26.1 
S.No. Field of similarity Electric dipole Magnetic dipole 
1. Magnitude |p| =q 2d) |M|=NiA 
2. Direction from -q to +q from S to N 
3. Net force in uniform field zero Zero 
4. Torque T=pXxE t=MxB 
5. Potential energy U=-p-E U=-M-B 
6. _ Work done in rotating the dipole Wg, _ 4, = pE (cos®, — cos®,) We, -9, = MB (cos®, - cosé,) 
7 Field along axis e-_! .2P Bato .2M 
Ane, r° 4n 7 
8. Field perpendicular to axis E-- 1p p-— bo M 
Ane, 1° 4n 7° 


Note !n last two points r >> size of loop. 
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Note that the expressions for the magnetic dipole can be obtained from the expressions for the electric 


1 
dipole by replacing pby Mande, by —. Here, [1g is called the permeability of free space. It is related 
Ho 


with €y and speed of light cas 
1 


VEoHo 


C= 


and it has the value, 


Uy =4n x10’ T-m/A 


Dimensions of 


are that of speed or We wae ]. 


1 
VE oo 


eee 
Hence, =[LT] 
VE oo | 


© Example 26.12 A circular loop of radius R = 20 cm is placed in a uniform 
magnetic field B=2T in xy-plane as shown in figure. The loop carries a current 
it =1.0 A in the direction shown in figure. Find the magnitude of torque acting 


on the loop. 
Ya 
: B 
I 
45° xX 
Fig. 26.27 
Solution Magnitude of torque is given by 
|t |= MBsin@ 
Here, M = NiA =(1)(1.0)(m) (0.2) 
= (0.04 2) A-m? 
B=2T 
and 6 = angle between M and B= 90° 
|t |= (0.04 1) (2)sin 90° 
= 0.25 N-m Ans. 


Note Mis along negative z-direction (perpendicular to paper inwards) while B is in xy-plane. So, the angle 
between M and Bis 90° not 45°. If the direction of torque is also desired, then we can write 


B=2 cos 45°i +.2sin 45° j = 2 (i+ j) T 
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and M=- (0.04.2) k A-m? 

a t=MxB= (0.04 V2n) (-j + i) 

or t=0.18 (i - j) Ans. 
INTRODUCTORY EXERCISE 


1. A charge q is uniformly distributed on a non-conducting disc of radius R. It is rotated with an 
angular speed w about an axis passing through the centre of mass of the disc and perpendicular 
to its plane. Find the magnetic moment of the disc. 


[Hint : For any charge distribution : Magnetic moment = (=) (angular momentum)] 
m 


2. A circular loop of wire having a radius of 8.0 cm carries a current of 0.20 A. A vector of unit 
length and parallel to the dipole moment M of the loop is given by 0.60 i — 0.80 j. If the loop is 


located in uniform magnetic field given by B= (0.25 T)i + (0.30 T)k find, 


(a) the torque on the loop and 
(b) the magnetic potential energy of the loop. 

3. Alength L of wire carries a current i. Show that if the wire is formed into a circular coil, then the 
maximum torque in a given magnetic field is developed when the coil has one turn only, and that 
maximum torque has the magnitude t = L7iB/4n. 


4. A coil with magnetic moment 1.45 A-m? is oriented initially with its magnetic moment 
antiparallel to a uniform0.835 T magnetic field. What is the change in potential energy of the coil 
when it is rotated 180° so that its magnetic moment is parallel to the field? 


26.7 Biot Savart Law 


In the preceding articles, we discussed the magnetic force exerted on a 
charged particle and current carrying conductor in a magnetic field. To 
complete the description of the magnetic interaction, this and the next article 
deals with the origin of the magnetic field. As in electrostatics, there are two 
methods of calculating the electric field at some point. One is Coulomb's law 
which gives the electric field due to a point charge and the another is Gauss's 
law which is useful in calculating the electric field of a highly symmetric 
configuration of charge. Similarly, in magnetics, there are basically two 
methods of calculating magnetic field at some point. One is Biot Savart law Fig. 26.28 
which gives the magnetic field due to an infinitesimally small current 

carrying wire at some point and the another is Ampere's law, which is useful in calculating the 
magnetic field of a highly symmetric configuration carrying a steady current. 


We begin by showing how to use the law of Biot and Savart to calculate the magnetic field produced 
at some point in space by a small current element. Using this formalism and the principle of 
superposition, we then calculate the total magnetic field due to various current distributions. 


From their experimental results, Biot and Savart arrived at a mathematical expression that gives the 
magnetic field at some point in space in terms of the current that produces the field. That expression is 
based on the following experimental observations for the magnetic field dB at a point P associated 
with a length element d1 of a wire carrying a steady current i. 
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(i) The vector dB is perpendicular to both d1 (which points in the direction of the current) and the 
unit vector r directed from d] to P. 


(ii) The magnitude of dB is inversely proportional to r’, where r is the distance from d] to P. 


(iii) The magnitude of dBis proportional to the current and to the magnitude d] of the length element 
dl. 


(iv) The magnitude of dB is proportional to sin® where @ is the angle between dI and r. These 
observations are summarized in mathematical formula known today as Biot Savart law 


_ Mo i(dI xr) 


dB nel 
An r- ( ) 
T- 
Here, Po =10 7 — 
4n A 


It is important to note that dB in Eq. (1) is the field created by the current in only a small length 
element d1 of the conductor. To find the total magnetic field Bcreated at some point by a current 
of finite size, we must sum up contributions from all current elements that make up the current. 
That is, we must evaluate B by integrating Eq. (1). 


rea aa 
At r- 


where, the integral is taken over the entire current distribution. This expression must be handled 
with special care because the integrand is a cross product and therefore, a vector quantity. 


The following points are worthnoting regarding the Biot Savart law. 
(i) Magnitude of dB is given by 


dB) = Be 
4n 2 
| dB| is zero at@ =0° or 180° and maximum at 80 = 90°. 
(ii) For the direction of dB either of the following methods can be employed. 


Oo © :@ @ 


the) 
® 
= 
© 


3) 
® 
® 
® 


Fig. 26.29 


(a) dBTT dl xf. So, dBis along dI x r. 


(b) If dl] is in the plane of paper. dB = 0 at all points lying on the straight line passing through d1. 
The magnetic field to the right of this line is in © direction and to the left of this line is in © 
direction. 
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26.8 Applications of Biot Savart Law 


Let us now consider few applications of Biot Savart law. 


Magnetic Field Surrounding a Thin, Straight Conductor 
According to Biot Savart law, 
palo f id\xr 
4n re 
As here every element of the wire contributes to Bin the same direction 
(which is here @). 


Eq. (1) for this case becomes, 


bo | idisin® _ a dysin® Fig. 26.30 
Ane yp? 4n/ 2 

y=dtanod or dy=(dsec od 

r=dsecod and 8=90°-—}6 

o=a {(dsec*o) do} sin (90° - 6) 


B= 


_ Hol 
are Ne 2 
T (dsec 0) 
or B= 7% [1,008 9- ad or B =F 25 (sina +sinB) 


Note down the following points regarding the above equation. 
(i) For an infinitely long straight wire, a =B =90° 


sina +sinB=2 or B=—— 


(ii) The direction of magnetic field at a point P due to a long 
straight wire can be found by the right hand thumb rule. 
If we stretch the thumb of the right hand along the B 
current and curl our fingers to pass through P, the B 
direction of the fingers at P gives the direction of 
magnetic field there. Fig. 26.31 


1 
(iii) Bx 7 i.e. B-d graph for an infinitely long straight wire is a rectangular hyperbola as shown in 


the figure. 


Fig. 26.32 
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Magnetic Field on the Axis of a Circular Coil 


Suppose a current carrying circular loop has a radius R. Current in the loop is 7. We want to find the 
magnetic field at a point P on the axis of the loop a distance z from the centre. 


We can take the loop in x)~plane with its centre at origin and point P on the z-axis. 
PY t P(0,0,z) 


Fig. 26.35 
P =(0,0, z) 
O=(R cos 8, Rsin8, 0) 
dl =— (Rd®) sin Oi + (Rd®) cos Oj 
r = unit vector along OP 
_ (Rcos6i — R sin Oj + zk) 


r 


Here, r=distance OP =/R a2" 


Now, magnetic field at point P, due to current element d 1 at O is 


dB= + (d\x®) 
= rs s [(-R sin@ d0i + Rcos0 dj) x (-R cos @i — R sin @j + zk)] 
or ap="2 GR cos® d0)i +(zR sin®@ d0)j+(Rd0)k] 
=dB,i+dB, j+dB_k 
Here, dB, -+2 + (2R cosed®) 
* 40 3 
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dB, = a (2R sin 68) 
) Tp 
aid dB. == (Rad) 
Tr 
Integrating these differentials from 6 =0° to® =27 for the complete loop, we get 
B, -fo2t ** cos dé =0 
Tl or 
IR 2 
Po 7 1” sind do =0 


and RB. =i On 
Substituting r=(R7 + z”)!’?, we get Bp=B,= 


For N number of loops, B= 


Note down the following points regarding a circular current carrying loop. 
(i) At the centre of the loop, z =0 


Ni 
and B (centre) = vom 
2R 


(ii) For z>>R, z° +R* =z? 
pa toNiR® _ Lo (2NimR*) _ Uy \(2M 
273 An 3 An 2 


Zz 
Here, M@ = magnetic moment of the loop = Nid = NinR = 


; 2M 
This result was expected as the magnetic field on the axis of a dipole is —Z 
Tl or 


(iii) Direction of magnetic field on the axis of a circular loop can be obtained using the right hand 
thumb rule. If the fingers are curled along the current, the stretched thumb will point towards the 
magnetic field. 


Fig. 26.36 
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(iv) The magnetic field at a point not on the axis is mathematically difficult to calculate. We have 
shown qualitatively in figure the magnetic field lines due to a circular current. 


Fig. 26.37 


(v) Magnetic field is maximum at the centre and decreases as we move away from the centre (on the 
axis of the loop). The B-z graph is somewhat like shown in figure. 


B 
boNi 
2R 
=Z O Z 
Fig. 26.38 
(vi) Magnetic field due to an arc of a circle at the centre is : 
2n)/2R 4n\R ae at 
* ry wR 
Mo \( 7 _ 
oC Bs (Es) (=) 8 & Inwards 
Here, @ is to be substituted in radians. Fig. 26.39 


Field Along the Axis of a Solenoid 


The name solenoid was first given by Ampere to a wire wound in a closely spaced spiral over a hollow 
cylindrical non-conducting core. If 7 is the number of turns per unit length, each carries a current i 
uniformly wound round a cylinder of radius R, the number of turns in length dx are ndx. Thus, the 
magnetic field at the axial point O due to this element dx is 


G &) & © & & © & & & 


L 
Fig. 26.40 
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_ Mo (indx)R 4 


dB = 
2. (R? +x7)3? 


Its direction is along the axis of the solenoid. From the geometry, we know 


dx 
Kk 
Number of 
turns = ndx 
re 
cds 
O aB x 
Fig. 26.41 
x=Rcotd 


dx =— Rcosec” 0- dO 
Substituting these values in Eq. (i), we get 


1 
dB =- Zugnesne -d0 


Total field B due to the entire solenoid is 
1 C) 
B= ston, Csin®) do 


Hon 


B (cos®, —cos®, ) 


If the solenoid is very long (ZL >> R) and the point O is chosen at the middle, 1.e. if, =180° and 
0, =0°, then we get 

B (centre) =U ni [For L >> R] 
At the end of the solenoid, 
0, =0°, 0, =90° and we get 


B (end) = 5 thon [For L >> R] 


<a 


Fig. 26.42 


Thus, the field at the end of a solenoid is just one half at the centre. The field lines are as shown in 
Fig. 26.42. 
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© Example 26.13 Ina high tension wire electric current runs from east to west. 
Find the direction of magnetic field at points above and below the wire. 


B 
(a) 
N 
Ww Oe E 
Ss 
(b) 
Fig. 26.43 


Solution When the current flows from east to west, magnetic field lines are circular round it as 
shown in figure (a). And so, the magnetic field above the wire is towards north and below the wire 
towards south. 


© Example 26.14 <A current path shaped as shown in figure produces a 
magnetic field at P, the centre of the arc. If the arc subtends an angle of 30° and 
the radius of the arc is 0.6 m, what are the magnitude and direction of the field 
produced at P if the current is 3.0 A. 


A 


Fig. 26.44 


Solution The magnetic field at P due to the straight segments AC and DE is zero. 


CD is arc of circle. 
a-(2)(Re) (N =1) 
2m )\ 2R 


~ (19-7 y{ 3:9) (2 
aoe (38) (3) 


=2.62x107 T Ans. 
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© Example 26.15 Figure shows a current loop having two circular arcs joined 
by two radial lines. Find the magnetic field B at the centre O. 


Fig. 26.45 


Solution Magnetic field at point O, due to wires CB and AD will be zero. 
Magnetic field due to wire BA will be 


Direction of field B, is coming out of the plane of the figure. 
Similarly, field at O due to arc DC will be 


Direction of field B, is going into the plane of the figure. The resultant field at O is 
_ to 19 (b- a) 
4nab 


Coming out of the plane. 


© Example 26.16 The magnetic field B due to a current carrying circular loop of 
radius 12 cm at its centre is 0.5 x 10“ T. Find the magnetic field due to this 
loop at a point on the axis at a distance of 5.0 cm from the centre. 
Solution Magnetic field at the centre of a circular loop is 


p, <tol 
2R 
iR2 
and that at an axial point, B= ee 
2(R° +x") 
B 3 
Thus, = 2 A 2 \3/2 
B, (R +x ) 
R? 
oe By =B, oe 
129 
Substituting the values, we have B, =(0.5X 10+ ) pated 
(144 + 25) 


=3.9x10°T Ans. 
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INTRODUCTORY EXERCISE 


1. (a) A conductor in the shape of a square of edge length / =0.4 m carries a 
current / = 10.0 A Calculate the magnitude and direction of magnetic field 
at the centre of the square. it 

(b) If this conductor is formed into a single circular turn and carries the same 
current, what is the value of the magnetic field at the centre. 


~< 
<—_——————>} 


i 
Fig. 26.46 


2. Determine the magnetic field at point P located a distance x from the corner of an infinitely long 
wire bent at right angle as shown in figure. The wire carries a steady currenti. 


i x P 


Fig. 26.47 


3. A conductor consists of a circular loop of radius R=10cm and two /=7.0A 
straight, long sections as shown in figure. The wire lies in the plane of the 
paper and carries a current of / = 7.00 A. Determine the magnitude and 
direction of the magnetic field at the centre of the loop. 


Fig. 26.48 


4. The segment of wire shown in figure carries a current of / =5.0 A, where the radius of the 
circular arc is R =3.0 cm. Determine the magnitude and direction of the magnetic field at the 
origin. (Fig. 26.49) 


Fig. 26.49 


5. Consider the current carrying loop shown in figure formed of radial lines and segments of circles 
whose centres are at point P. Find the magnitude and direction of Bat point P. (Fig. 26.50) 


Fig. 26.50 
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26.9 Ampere’s Circuital Law 


The electrical force on a charge is related to the electric field (caused by other charges) by the 
equation, 
F, =qE 
Just like the gravitational force, the static electrical force is a conservative force. This means that the 
work done by the static electric force around any closed path is zero. 
q E-dl=0) 
Hence, we have E -dl=0V 


In other words, the integral of the static (time independent) electric field around a closed path is zero. 


What about the integral of the magnetic field around a closed path? That is, we want to determine the 
value of 


pB-dl 


Here, we have to be careful. The quantity B-dI does not represent some physical quantity, and 
certainly not work. Although the static magnetic force does no work on a moving charge, we cannot 
conclude that the path integral of the magnetic field around a closed path is zero. We are just curious 
about what this analogous line integral amounts to. 

The line integral f B- dlof the resultant magnetic field along a closed, plane curve is equal tot 9 times 
the total current crossing the area bounded by the closed curve provided the electric field inside the 
loop remains constant. Thus, 


$B dl =[o (ine) 2G) 
This is known as Ampere's circuital law. 
Eq. (1) in simplified form can be written as 

Bl=o (inet) (ii) 
But this equation can be used only under the following conditions. 
(i) At every point of the closed path B || dl. 
(ii) Magnetic field has the same magnitude B at all places on the closed path. 
If this is not the case, then Eq. (1) is written as 
B, dl, cos®, + Bydl, cos®, +... =o Cnet ) 

Here, 0, is the angle between B, and dl, ,0, the angle between B, and d1, and so on. Besides the 
Biot Savart law, Ampere’s law gives another method to calculate the magnetic field due to a given 
current distribution. Ampere’s law may be derived from the Biot Savart law and Bio Savart law may 


be derived from the Ampere’s law. However, Ampere's law is more useful under certain symmetrical 
conditions. To illustrate the theory now let us take few applications of Ampere’s circuital law. 


Magnetic Field Created by a Long Current Carrying Wire 


A long straight wire of radius R carries a steady current 7 that is uniformly distributed through the 
cross-section of the wire. 


Chapter 26 Magnetics ° 365 


For finding the behaviour of magnetic field due to this wire, let us divide the 
whole region into two parts. One is r 2 R and the another is r < R. Here, ris 
the distance from the centre of the wire. 


For r2R: Let us choose for our path of integration circle 1. From : 
symmetry B must be constant in magnitude and parallel to dl at every point \ 
on this circle. Because the total current passing through the plane of the 
circle is 7, Ampere’s law gives 


PB dl =H gine 


or Bl=\Woi [simplified form] 
or BQtkr)=Uoi 
gots [for r>R] ...Cii) 
2u r 


Forr<R: Here, the current 7’ passing through the plane of circle 2 is less than the total current i. 
Because the current is uniform over the cross-section of the wire, the fraction of the current enclosed 
by circle 2 must equal the ratio of the area tr’ enclosed by circle 2 to the cross-sectional area TR 2 ef 


the wire. 
i’ or? wl. 
T= 3 > L= —y 1 
1 TR R 


Then, the following procedure same as for circle 1, we apply Ampere’s law to circle 2. 
pB. dl =Holnet 


Bl=Uoi’ [simplified form] 
2 
B (2mr)=Up R2 I 
B-( Hote [For r<R] _ ...(iv) 
27R 


This result is similar in the form to the expression for the electric field inside a uniformly charged 
sphere. The magnitude of the magnetic field versus r for this configuration is plotted in figure. Note 
that inside the wire B > 0 as r— 0. Note also that Eqs. (ii) and (iv) give the same value of the 
magnetic field at y = R, demonstrating that the magnetic field is continuous at the surface of the wire. 


Ba 


sy 


Fig. 26.52 
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Magnetic Field of a Solenoid 


A solenoid is a long wire wound in the form of a helix. With this configuration, a reasonably uniform 
magnetic field can be produced in the space surrounded by the turns of wire, which we shall call the 
interior of the solenoid, when the solenoid carries a current. When the turns are closely spaced, each 
can be approximated as a circular loop, and the net magnetic field is the vector sum of the fields 
resulting from all the turns (as done in Art. 26.9). If the turns are closely spaced and the solenoid is of 
infinite length, the magnetic field lines are as shown in Fig. 26.53. 


Fig. 26.53 


One end of the solenoid behaves like the north pole (CV) and the opposite end behaves like the south 
pole ( . ). As the length of the solenoid increases, the interior field becomes more uniform and the 
exterior field becomes weaker. An ideal solenoid is approached when the turns are closely spaced and 
the length is much greater than the radius of the turns. 

In this case, the external field is zero, and the interior field is uniform over a great volume. 

We can use Ampere’s law to obtain an expression for the interior magnetic field in an ideal solenoid. 
Fig. 26.54 shows a longitudinal cross-section of part of such a solenoid carrying a current i. Because 
the solenoid is ideal, Bin the interior space is uniform and parallel to the axis, and Bin the exterior 
space is zero. 


Consider the rectangular path of length /and width w as shown in figure. We can apply Ampere’s law 
to this path by evaluating the line integral B- d] over each side of the rectangle. 
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[(B-dl)ige3=0 as B=0 
| (B- dl) sde2 and 4 =9 as B 1 dl or B =O along these paths 
| (B- dl) jae) = BI as Bis uniform and parallel to d] 


The integral over the closed rectangular path is therefore, 
$B-dl=Bl 
The right side of Ampere’s law involves the total current passing through the area bounded by the 
path of integration. 
In this case, 
inet = (number of turns inside the area) (current through each turn) 

= (nl) (i) (n = number of turns per unit length) 

Using Ampere’s law, pB. AL=U olnet 


or Bl=(u,)(nli) or | B=Woni ...(V) 


This result is same as obtained in Art. 26.9. Eq. (v) is valid only for points near the centre (that is far 
from the ends) of a very long solenoid. The field near each end is half the value given by Eq. (v). 


© Example 26.17 A closed curve encircles several conductors. The line integral 
[B. dlaround this curve is 3.83 x 107! T-m. 


(a) What is the net current in the conductors? 
(6) If you were to integrate around the curve in the opposite directions, what would 
be the value of the line integral? 


Solution (a) | B-dl= pi 


net 


[Bal 393x107 _ 


0.3A 
Ho 4n x 107 


i 


net 
(b) In opposite direction, line integral will be negative. 


© Example 26.18 An infinitely long hollow conducting cylinder with inner 
radius R/2 and outer radius R carries a uniform current density along its 
length. The magnitude of the magnetic field, |B| as a function of the radial 


distance r from the axis is best represented by (JEE 2012) 
|B 
B 
(a) 8 (b) _—\* 
R/2 R a RI2 R r 
B B 
@ Py ON @ * 
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Solution 


<> 


Fig. 26.55 


r= distance of a point from centre 


For rs R/2_ Using Ampere’s circuital law, 


PB- d= poi gc 


or Bl=po Vin) 
or B (2nr)=[Wo (Tin) 
or puto fin 
2n or 

Since, Tin =O 
Bs B=0 

R RY 
For—<r<R Lin = nr —x(4) oO 

2 2 


Here, o = current per unit area 


Substituting in Eq. (1), we have 


At r= x B=0 
2 
Mt = B=" 
8 

Forr2=R Lin =L total = / (Say) 
Therefore, substituting in Eq. (i), we have 

B= Ho : i or B« 1 

2m or r 


The correct graph is (d). 


(i) 
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© Example 26.19 A device called a toroid (figure) is often used to create an 
almost uniform magnetic field in some enclosed area. The device consists of a 
conducting wire wrapped around a ring (a torus) made of a non-conducting 
material. For a toroid having N closely spaced turns of wire, calculate the 
magnetic field in the region occupied by the torus, a distance r from the centre. 


Solution To calculate this field, we must evaluate >B-dl over the circle of radius r. By 


symmetry we see that the magnitude of the field is constant on this circle and tangent to it. 
So, >B-dl = BI=B (2nr) 


Fig. 26.56 


Furthermore, the circular closed path surrounds N loops of wire, each of which carries a current 
i. Therefore, right side of Eq. (1) is H 9 Ni in this case. 


PB- dl =o gc 


or B(2nr)=UoNi 
Ni 

or B= Po™ 
2mr 


: 1 : : ’ ; i 
This result shows that B «— and hence is non-uniform in the region occupied by torus. However, 
| i 


if r is very large compared with the cross-sectional radius of the torus, then the field is 
approximately uniform inside the torus. In that case, 


Fig. 26.5 
N . 
= =n= number of turns per unit length of torus 
mr 


B=\U oni 
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For an ideal toroid, in which turns are closely spaced, the external magnetic field is zero. This is 
because the net current passing through any circular path lying outside the toroid is zero. 
Therefore, from Ampere’s law we find that B = 0, in the regions exterior to the torus. 


INTRODUCTORY EXERCISE 


1. 


Figure given in the question is a cross-sectional view of a coaxial cable. The centre conductor is 
surrounded by a rubber layer, which is surrounded by an outer conductor, which is surrounded 
by another rubber layer. The current in the inner conductor is 1.0 A out of the page, and the 
current in the outer conductor is 3.0 A into the page. Determine the magnitude and direction of 
the magnetic field at points a and b. 


4mm4mm 1mm 
Fig. 26.58 


Figure shows, in cross-section, several conductors that carry currents through the plane of the 
figure. The currents have the magnitudes /, = 4.0 A,/, =6.0 A,and/, =2.0 A in the directions 
shown. Four paths labelled a to d, are shown. What is the line integral | B-dIfor each path? 


Each integral involves going around the path in the counter-clockwise direction. 


Fig. 26.59 


A current / flows along the length of an infinitely long, straight, thin-walled pipe. Then, (JEE 1993) 
(a) the magnetic field at all points inside the pipe is the same, but not zero 

(b) the magnetic field at any point inside the pipe is zero 

(c) the magnetic field is zero only on the axis of the pipe 

(d) the magnetic field is different at different points inside the pipe 
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26.10 Force Between Parallel Current Carrying Wires 


Consider two long wires | and 2 kept parallel to each other at a distance r and carrying currents i, and 
i, respectively in the same direction. 


Fig. 26.60 


Magnetic field on wire 2 due to current in wire | is, B = = ae [in ® direction] 
Tr 


Magnetic force on a small element d/ of wire 2 due to this magnetic field is 
dF = i,(d1 xB) 


Magnitude of this force is dF =i, [(dl) (B) sin 90° J 
=%,(d Ho 4 2, 
2m r 2n or 


Direction of this force is along d1 x B or towards the wire 1. 


The force per unit length of wire 2 due to wire | is 


dF Wo hh 


dl 2nr 


The same force acts on wire | due to wire 2. The wires attract each other if currents in the wires are 
flowing in the same direction and they repel each other if the currents are in opposite directions. 


© Example 26.20 Two long parallel wires are separated by a distance of 
2.50 cm. The force per unit length that each wire exerts on the other is 
4.00 x 10°° N/m, and the wires repel each other. The current in one wire is 


0.600 A. 
(a) What is the current in the second wire? 
(b) Are the two currents in the same direction or in opposite directions? 


Solution (a) oes (52) hie 
i 2n) r 
(2x 1077 ) (0.6) i, 
~-25%107 
in =B.33.A. 


(b) Wires repel each other if currents are in opposite directions. 


A2i9° 
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© Example 26.21 Consider three long straight parallel wires as shown in figure. 
Find the force experienced by a 25 cm length of wire C. 


3cm 5cm 
30A 10A 20A 
Fig. 26.61 
Solution Repulsion by wire D, [towards right] 
F, _ Mo hin! 
2 or 
-7 
a (2x 10 ioe 10) (0.25) 
3x 107 
=5x10*N 
Repulsion by wire G, [towards left] 
2x 1077) (20x 10 
F,= ( )( ; ) (0.25) 
5x10 
=2x10*°N 
FF et =F; -F, 
=3x1l07N [towards right] 


26.11 Magnetic Poles and Bar Magnets 


In electricity, the isolated charge g is the simplest structure that can exist. If two such charges of 
opposite sign are placed near each other, they form an electric dipole characterized by an electric 
dipole moment p. In magnetism isolated magnetic ‘poles’ which would correspond to isolated 
electric charges do not exist. The simplest magnetic structure is the magnetic dipole, characterized 
by a magnetic dipole moment M. A current loop, a bar magnet and a solenoid of finite length are 
examples of magnetic dipoles. 
When a magnetic dipole is placed in an external magnetic field B, a magnetic torque T acts on it, 
which is given by 

tT=MxXB 
Alternatively, we can measure B due to the dipole at a point along its axis a (large) distance r from its 
centre by the expression, 
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A bar magnet might be viewed as two poles (North and South) separated by some distance. However, 
all attempts to isolate these poles fail. Ifa magnet is broken, the fragments prove to be dipoles and not 
isolated poles. If we break up a magnet into the electrons and nuclei that make up its atoms, it will be 
found that even these elementary particles are magnetic dipoles. 


Fig. 26.62 If a bar magnet is broken, each fragment becomes a small dipole. 


Each current carrying loop is just like a magnetic dipole, whose magnetic dipole moment is given by 
M=niA 


\- 


Fig. 26.63 
Here, n is the number of turns in the loop, i is the current and A represents the area vector of the 
current loop. 
The behaviour of a current loop can be described by the following hypothetical model: 


(i) There are two magnetic charges; positive magnetic charge and negative magnetic charge. We 
call the positive magnetic charge a north pole and the negative magnetic charge as the south pole. 
Every pole has a pole strength m. The unit of pole strength is A-m. 


(11) A magnetic charge placed in a magnetic field experiences a force, 
F=mB 
The force on positive magnetic charge is along the field and a force on a negative magnetic charge 
is opposite to the field. 
(iii) A magnetic dipole is formed when a negative magnetic charge —m and a positive magnetic 
charge +m are placed at a small separation d. The magnetic dipole moment is 
M=md 


The direction of Mis from —m to +m. 


Geometrical Length and Magnetic Length 
In case of a bar magnet, the poles appear at points which are }++——— Geometrical length ———| 
slightly inside the two ends. The distance between the locations of |§§ 
the assumed poles is called the magnetic length of the magnet. | ~ 
The distance between the ends is called the geometrical length. Magnatclenaih 


The magnetic length of a bar magnet is written as 2/. If m be the 
pole strength and 2/ the magnetic length of a bar magnet, then its Fig. 26.64 
magnetic moment 1s 


M =2ml 
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@&% Extra Points to Remember 


e Current carrying loop, solenoid etc. are just like magnetic dipoles, whose dipole moment M is equal to NA. 
Direction of M is from south pole (S) to north pole (N). 


e The behaviour of a magnetic dipole (may be a bar magnet also) is similar to the behaviour of an electric 
dipole. 
The only difference is that the electric dipole moment pis replaced by magnetic dipole moment M and the 


constant 


is replaced by #2. 
ANE E ” 4n 


e Table given below makes a comparison between an electric dipole and a magnetic dipole. 


S.No. 


Physical quality to be 
compared 


Dipole moment 


Direction of dipole moment 


Net force in uniform field 
Net torque in uniform field 


Field at far away point on the 
axis 


Field at far away point on 
perpendicular bisector 


Potential energy 


Work done in rotating the 
dipole 


Table 26.2 
Electric dipole 
p=q @/) 


From negative charge to the 
positive charge 


Wo, -9, = PE (cos @, — cos 85) 


Magnetic dipole 


M=m(2l) 


From south to north pole 


0 
t=MxB 
Hor cli (along M) 

Z 


(opposite to M ) 


U, =—M-B=-MBcos@ 


Wo, -9, = MB (cos @, — cos ®,) 


Note /n the above table, 0 is the angle between field (E or B) and dipole moment (p or M). 


>) Example 26.22 Calculate the magnetic induction (or magnetic field) at a 
point 1 A away from a proton, measured along its axis of spin. The magnetic 
moment of the proton is 1.4 x 10°76 A-m?. 


Solution On the axis of a magnetic dipole, magnetic induction is given by 


Substituting the values, we get 


2M 


B 


=28x107 T 
=2.8mT 


_ 0) (2) 4x 10°) 


Ans. 
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© Example 26.23 A bar magnet of magnetic moment 2.0 A-m? is free to rotate 


about a vertical axis through its centre. The magnet is released from rest from 
the east-west position. Find the kinetic energy of the magnet as it takes the 
north-south position. The horizontal component of the earth’s magnetic field is 
B=25uT. Earth’s magnetic field is from south to north. 

Solution Gain in kinetic energy = loss in potential energy 

Thus, 

As, U=-— MB cos 8 


KE=~—MB cos (=) —(-MB cos 0° ) 


= MB 
Substituting the values, we have 
KE=(2.0)(25x10°)J 
= 50 uJ Ans. 


26.12 Earth’s Magnetism 


Our earth behaves as it has a powerful magnet within it. The value of magnetic field on the surface of 
earth is a few tenths of a gauss (1G =10~‘ T). The earth’s south magnetic pole is located near the north 
geographic pole and the earth’s north magnetic pole is located near the south geographic pole. In fact, 
the configuration of the earth’s magnetic field is very much like the one that would be achieved by 
burying a gigantic bar magnet deep in the interior of the earth. 


Axis of rotation 
ba of the earth 


a 


Geographical 

North pole 
Magnetic 
South pole 


Magnetic North 


| equator | | | 
ii 
Magnatiow”™ Piss (b) 
North pole : 


(a) 


Geographical 
South pole 


Fig. 26.65 


The axis of earth’s magnet makes an angle of 11.5° with the earth’s rotational axis. 
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Theories Regarding the Origin of Earth’s Magnetism 


First Theory : Gilbert for the first time in 1600, gave the idea that there is a powerful magnet within 
the earth at its centre. Later on this theory was denied because the temperature in the interior of the 
earth is so high that it is impossible to retain its magnetism. 

Second Theory : The second theory was put forward by Grover in 1849. He put the view that the 
earth magnetism is due to electric currents flowing near the outer surface of the earth. Hot air, rising 
from the region near equator, goes towards north and south hemispheres and become electrified. 
These currents magnetise the ferromagnetic material near the outer surface of the earth. 

Third Theory : There are many conducting materials including iron and nickel in the molten state 
within the central core of the earth. Conventional currents are generated in this semifluid core due to 
earth’s rotation about its axis. Due to these currents, magnetism is generated within the earth. 


Till date not a single theory can explain all events regarding earth’s magnetism. 


Elements of Earth’s Magnetism 
There are three elements of earth’s magnetism. 

(i) Angle of Declination(a) At any point (say P) on earth’s surface the longitude determines the 
north-south direction. The vertical plane in the direction of longitude or the vertical plane 
passing through the line joining the geographical north and south poles is called the 
‘geographical meridian’. At point P, there also exists the magnetic field B. A vertical plane in 
the direction of Bis called ‘magnetic meridian’. 

At any place the acute angle between the magnetic meridian and the geographical meridian is 
called ‘angle of declination ‘a’. 

(ii) Angle of Dip(®) ‘The angle of dip (8) at a place is the angle between the direction of earth’s 
magnetic field and the horizontal at that place.’ 
Angle of dip at some place can be measured from a magnetic needle free to rotate in a vertical 
plane about a horizontal axis passing through centre of gravity of the needle. At earth’s magnetic 
poles the magnetic field of earth is vertical, i.e. angle of dip is 90°, the freely suspended magnetic 
needle is vertical there. At magnetic equator field is horizontal, or angle of dip is 0°. The needle 
is horizontal. In northern hemisphere, the north pole of the magnetic needle inclines downwards, 
whereas in the southern hemisphere the south pole of the needle inclines downwards. 

(111) Horizontal Component of Earth’s Magnetic Field Let B, be the net magnetic field at some 
point. H and V be the horizontal and vertical components of B,. Let @ is the angle of dip at the 


same place, then we can see that 


Geographical 
North 


Magnetic 
North 


meridian 


Magnetic 
meridian 


Fig. 26.66 
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H=B, cos® (i) 
and V=B,sin0 .. (i) 
Squaring and adding Eqs. (1) and (ii), we get 


B, =H? +V’ 


Further, dividing Eq. (ii) by Eq. (i), we get 


@=tan! (4) 
H 


By knowing H and 6 at some place we can find B, and V at that place. 


Neutral Points 


When a magnet is placed at some point on earth’s surface, there are points where horizontal 
component of earth’s magnetic field is just equal and opposite to the field due to the magnet. Such 
points are called neutral points. If a magnetic compass is placed at a neutral point, no force acts on it 
and it may set in any direction. 
Suppose a small bar magnet is placed such that north pole of the magnet is towards the magnetic south 
pole of the earth then neutral points are obtained both sides on the axis of the magnet. If distance of 
each neutral point from the middle point of a magnet be r, and the magnitude of the magnetic moment 
of the magnet be M, then 

Mo 2M _ 

4n r 
When north pole of bar magnet is towards the magnetic north pole of the earth, the neutral points are 
obtained on perpendicular bisectors of the magnet. Let r be the distance of neutral points from centre, 
then 


© Example 26.24 In the magnetic meridian of a certain place, the horizontal 
component of earth’s magnetic field is 0.26 G and the dip angle is 60°. Find 
(a) vertical component of earth’s magnetic field. 
(b) the net magnetic field at this place. 


Solution Given, H=0.26G and 0=60° 


V 
a) tan 0=— 
(a) - 
V =H tan 0 = (0.26) tan 60° 
= 045G Ans. 
(b) H=B, cos® 
B= H __ 0.26 


=0.52G Ans. 
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© Example 26.25 A magnetic needle suspended in a vertical plane at 30° from 
the magnetic meridian makes an angle of 45° with the horizontal. Find the true 
angle of dip. 
Solution Ina vertical plane at 30° from the magnetic meridian, the horizontal component is 
H’ =H cos 30° 
H O 


Magnetic meridian 


Vv 


ra 


Fig. 26.67 
While vertical component is still V. Therefore, apparent dip will be given by 
tan 0’ = = Vv 
H’ Hcos 30° 
But, 7 = tan 6 (where, 6 = true angle of dip) 
ieee = tan 8 
cos 30° 


6 = tan! [tan 6’ cos 30° ] 
= tan! [(tan 45° ) (cos 30° )] 
= 41° Ans. 


26.13 Vibration Magnetometer 
Vibration magnetometer is an instrument which is used for the 
following two purposes: 
(i) To find magnetic moment of a bar magnet. Glass tube 


Torsion head 


(ii) To compare magnetic fields of two magnets. ; ise 


The construction of a vibration magnetometer is as shown in 
figure. The magnet shown in figure is free to rotate in a horizontal 
plane. The magnet stays parallel to the horizontal component of 
earth’s magnetic field. If the magnet is now displaced through an 
angle 0, a restoring torque of magnitude MH sin@ acts onit andthe | 
magnet starts oscillating. From the theory of simple harmonic Magnetic 


motion, we can find the time period of oscillations of the magnet. ae 26.68 


Plane 
mirror 


Restoring torque in displaced position is 
t=— MH sin® ..-(i) 
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Here, M = Magnetic moment of the magnet 
and H =Horizontal component of earth’s magnetic field. 


Negative sign shows the restoring nature of torque. Now since, t = /@ and sin @ = @ for small angular 
displacement. 


Thus, Eq. (i) can be written as 
la =-— MH® 
Since, & is proportional to —@. Therefore, motion is simple harmonic in nature, time period of which 


will be given by 
r=2n,||°| =2n | 
oO MH 
I 


In the expression of 7, J is the moment of inertia of the magnet about its axis of vibration. 


(i) Measurement of Magnetic Moment: By finding time period 7 of vibrations of the given 
magnet, we can calculate magnetic moment / by the relation, 
_ An +] 
T°H 
(ii) Comparison of Two Magnetic Fields : Suppose we wish to compare the magnetic fields B, 
and B,, at some point P due to two magnets. For this, vibration magnetometer is so placed that the 
centre of its magnet lies on P. Now, one of the given magnets is placed at some known distance 
from P in the magnetic meridian, such that point P lies on its axial line and its north pole points 
north. In this position, the field B, at P produced by the magnet will be in the direction of H. 
Hence, the magnet suspended in the magnetometer will vibrate in the resultant magnetic field 
(H +B, ). Its period of vibration is noted, say it is 7,, then 


I 
T, =2n .|————~ 
M (H+B,) 


Now, the first magnet is replaced by the second magnet and the second magnet is placed in the 
same position and again the time period is noted. If the field produced at P due to this magnet be 
B, and the new time period be 7, then 


I 
M(H +B,) 


Finally, the time period of the magnetometer under the influence of the earth’s magnetic field 


alone is determined. Let it be 7, then 
I 
T =2n .J— 
MH 


Solving above three equations for 7’, 7, and T,, we can show that 
By _@?-T)T; 


By (f?-T;)T 
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© Example 26.26 A short bar magnet is placed with its north pole pointing 


north. The neutral point is 10 cm away from the centre of the magnet. If 

H =0.4 G, calculate the magnetic moment of the magnet. 

Solution When north pole of the magnet points towards magnetic north, null point is obtained 
on perpendicular bisector of the magnet. Simultaneously, magnetic field due to the bar magnet 
should be equal to the horizontal component of earth’s magnetic field H. 


Thus Hato. M r ‘ie x 
, 4n (UW o/410) 

Substituting the values, we have 
wy a 04x 10*) (10x10)? 


: = 0.4 A-m? Ans. 
107 


Example 26.27 A magnetic needle performs 20 oscillations per minute in a 
horizontal plane. If the angle of dip be 30°, then how many oscillations per 
minute will this needle perform in vertical north-south plane and in vertical 
east-west plane? 


Solution In horizontal plane, the magnetic needle oscillates in horizontal component H. 


T =2n|—— 
MH 


In the vertical north-south plane (magnetic meridian), the needle oscillates in the total earth’s 
magnetic field B,, and in vertical east-west plane (plane perpendicular to the magnetic meridian) 
it oscillates only in earth’s vertical component V. If its time period be 7, and 7,, then 


T, =2n i and 7, =2n [2 
MB, MV 
From above equations, we can find 
T, oH ne B, 
= or —— 
T? B, n2 H 
2 
Similarly, OE a 
n> H 
B 
Further, —- =sec 0 =sec 30° es 
H 
and Lata ien 30° = 
H ME 
B 2 
2 2(%. y) 
ny =(n = (20 
/_) @ ie (5) 
or n, = 21.5 oscillations/min Ans. 
V o{ 1 
and nz =(ny ( )- (20) ( ) 
2 H 3 


ny = 15.2 oscillations/min Ans. 
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26.14 Magnetic Induction and Magnetic Materials 


We know that the electric lines of force change when a dielectric is placed between the parallel plates 
of a capacitor. Experiments show that magnetic lines also get modified due to the presence of certain 
materials in the magnetic field. 

Few substances such as O,, air, platinum, aluminium etc., show a very small increase in the magnetic 
flux passing through them, when placed in a magnetic field. Such substances are called 
paramagnetic substances. Few other substances such as H,, H,O, Cu, Zn, Sb etc. show a very small 
decrease in flux and are said to be diamagnetic. There are other substances like Fe, Co etc. through 
which the flux increases to a larger value and are known as ferromagnetic substances. 


Magnetisation of Matter 

A material body is consisting of large number of atoms and thus large number of electrons. Each 
electron produces orbital and spin magnetic moments and can be assumed as magnetic dipoles. In the 
absence of any external magnetic field, the dipoles of individual atoms are randomly oriented and the 
magnetic moments thus, cancel. 
When we apply an external magnetic field to a substance, two processes may occur. 

(i) All atoms which have non-zero magnetic moment are aligned along the magnetic field. 

(ii) Ifthe atom has a zero magnetic moment, the applied magnetic field distorts the electron orbit and 

thus, induces magnetic moment in opposite directions. 

In diatomic substances, the individual atoms do not have a magnetic moment by its own. When an 
external field is applied, the second process occurs. The induced magnetic moment is thus set up in 
the direction opposite to B. In this case, the magnetic flux density in the interior of the body will be 
less than that of the external field B. 
In paramagnetic substances, the constituent atoms have intrinsic magnetic moments. When an 
external magnetic field is applied, both of the above processes occur and the resultant magnetic 
moment is always in the direction of magnetic field Bas the first effect predominates over the second. 


26.15 Some Important Terms Used in Magnetism 
Magnetic Induction (B) 


When a piece of any substance is placed in an Ps ~~ 
external magnetic field, the substance becomes ee \ i 
magnetised. If an iron bar is placed in a uniform ste & elle 
>So er  — ——— _ ena 
Ss N 


magnetic field, the magnetised bar produces its Sho =. |N 


— — a ————~ aoe 
own magnetic field in the same direction as those ——++——+—.__- <7 \ 


of the original field inside the bar, but in opposite =" fe NS 
direction outside the bar. This results in a Sw 
concentration of the lines of force within the bar. (a) (b) 


The magnetic flux density within the bar is 
increased whereas it becomes weak at certain 
places outside the bar. 


Fig. 26.69 


“The number of magnetic lines of induction inside a magnetic substance crossing unit area normal to 
their direction is called the magnitude of magnetic induction, or magnetic flux density inside the 
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substance. It is denoted by B. The SI unit of Bis tesla (T) or weber/metre ‘ (Wb/m =), The CGS unit is 
gauss (G). 


1 Wb/m? =1T=10°G 


Intensity of Magnetisation ( / ) 


“Intensity of magnetisation (J) is defined as the magnetic moment per unit volume of the magnetised 
substance.” This basically represents the extent to which the substance is magnetised. Thus, 


I =e 
V 
The SI unit of J is ampere/metre (A/m). 


Magnetic Intensity or Magnetic Field Strength (H) 


When a substance is placed in an external magnetic field, the actual magnetic field inside the 
substance is the sum of the external field and the field due to its magnetisation. 


The capability of the magnetising field to magnetise the substance is expressed by means of a vector 


H, called the ‘magnetic intensity’ of the field. It is defined through the vector relation, 
B 
H=—-I 
Ho 


The SI unit of H is same as that of I, i.e. ampere/metre (A/m). The CGS unit is oersted. 


Magnetic Permeability (1) 


“Tt is defined as the ratio of the magnetic induction B inside the magnetised substance to the magnetic 
intensity H of the magnetising field, i.e. 


= H 
It is basically a measure of conduction of magnetic lines of force through it. The SI unit of magnetic 
permeability is weber/ampere-metre (Wb/A-m). 
Relative Magnetic Permeability (u,) 
It is the ratio of the magnetic permeability u of the substance to the permeability of free space. 
Thus, Lu, = a 
Po 
u,. is a pure ratio, hence, dimensionless. For vacuum its value is 1. 
u, can also be defined as the ratio of the magnetic field B in the substance when placed in magnetic 


field By. Thus, 
Bo 
M,= By 
For paramagnetic substance, l,. >1, 


For diamagnetic substance, 1, < land 
For ferromagnetic substance, UW, >>1. 
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Magnetic Susceptibility (,) 


We know that both diamagnetic and paramagnetic substances develop a magnetic moment depending 
on the applied field. Magnetic susceptibility is a measure of how easily a substance is magnetised in a 
magnetising field. For paramagnetic and diamagnetic substances, I, H and x,,, are related by the 


equation, 
Il=y,,H 
_f 
or Xm = FF 


Thus, the magnetic susceptibility x ,, may be defined as the ratio of the intensity of magnetisation to 
the magnetic intensity of the magnetising field. 
Since, / and H have the same units, ¥,,, is unitless. It is a pure number. 
By doing simple calculation, we can prove that, and x ,, are related by 

aay ee 
For paramagnetic substances x, is slightly positive. For diamagnetic substances, it is slightly 
negative and for ferromagnetic substances, x ,,, 18 positive and very large. 


26.16 Properties of Magnetic Materials 


As discussed earlier, all substances (whether solid, liquid or gaseous) may be classified into three 
categories in terms of their magnetic properties. (i) paramagnetic, (11) diamagnetic and 
(iii) ferromagnetic. 


Paramagnetic Substances 


Examples of such substances are platinum, aluminium, chromium, manganese, CuSO, solution etc. 
They have the following properties: 

(i) The substances when placed in a magnetic field, acquire a feeble magnetisation in the same sense 
as the applied field. Thus, the magnetic inductance inside the substance is slightly greater than 
outside to it. 

(ii) In a uniform magnetic field, these substances rotate until their longest axes are parallel to the 
field. 


(iii) These substances are attracted towards regions of stronger magnetic field when placed in a 
non-uniform magnetic field. 


Fig. 26.70 


Figure shows a strong electromagnet in which one of the pole pieces is sharply pointed while the 
other is flat. Magnetic field is much stronger near the pointed pole than near the flat pole. If a 
small piece of paramagnetic material is suspended in this region, a force can be observed in the 
direction of arrow. 
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(iv) If a paramagnetic liquid is filled in a narrow U-tube and one limb is placed in between the pole 
pieces of an electromagnet such that the level of the liquid is in line with the field, then the liquid 
will rise in the limb as the field is switched on. 


a) a 


Fig. 26.71 


(v) For paramagnetic substances, the relative permeability p, is slightly greater than one. 

(vi) At a given temperature the magnetic susceptibility x ,, does not change with the magnetising 
field. However, it varies inversely as the absolute temperature. As temperature increases, ¥,,, 
decreases. At some higher temperature, x ,, becomes negative and the substance becomes 
diamagnetic. 


Diamagnetic Substances 
Examples of such substances are bismuth, antimony, gold, quartz, water, alcohol etc. They have the 
following properties: 

(i) These substances when placed in a magnetic field, acquire 
feeble magnetisation in a direction opposite to that of the 
applied field. Thus, the lines of induction inside the 
substance is smaller than that outside to it. 

(ii) Ina uniform field, these substances rotate until their longest 
axes are normal to the field. 

ae Fig. 26.72 

(iii) In a non-uniform field, these substances move from 
stronger to weaker parts of the field. 

(iv) Ifa diamagnetic liquid is filled in a narrow U-tube and one limb is placed in between the pole of 
an electromagnet, the level of liquid depresses when the field is switched on. 

(v) The relative permeability p , is slightly less than 1. 

(vi) The susceptibility x ,,, of such substances is always negative. It is constant and does not vary with 
field or the temperature. 


Ferromagnetic Substances 


Examples of such substances are iron, nickel, steel, cobalt and their alloys. These substances 
resemble to a higher degree with paramagnetic substances as regard their behaviour. They have the 
following additional properties: 


(i) These substances are strongly magnetised by even a weak magnetic field. 
(ii) The relative permeability is very large and is of the order of hundreds and thousands. 
(iii) The susceptibility is positive and very large. 
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(iv) Susceptibility remains constant for very small values of H, increases for larger values of H and 


then decreases for very large values of H. 


(v) Susceptibility decreases steadily with the rise of temperature. Above a certain temperature 


known as Curie Temperature, the ferromagnetic substances become paramagnetic. It is 
1000°C for iron, 770°C for steel, 360°C for nickel and 1150°C for cobalt. 


26.17 Explanation of Paramagnetism, Diamagnetism 


and Ferromagnetism 


There are three properties of atoms that give rise to magnetic dipole moment. 


1. 


The electrons moving around the nucleus in the orbits act as small current loops and contribute 
magnetic moments. 
The spinning electron has an intrinsic magnetic dipole moment. 
The nucleus contribute to magnetic moment due to the motion of charge within the nucleus. The 
magnitude of nuclear moments is about 107? times that of electronic moments or the spin 
magnetic moments, as the later two are of the same order. Still most of the magnetic moment of an 
atom is produced by electron spin, the net contribution of the orbital revolution is very small. This 
is because most of the electrons pair off in such a way that they produce equal and opposite orbital 
magnetic moment and they cancel out. Although, the electrons also try to pair up with their 
opposite spins but in case of spin motion of an electron it is not always possible to form equal and 
opposite pairs. 

Tiny bar magnets 


Pe 


In the absence of external magnetic field 
Fig. 26.73 


Paramagnetism 


The property of paramagnetism is found in those substances whose atoms or 


molecules have an excess of electrons spinning in the same direction. 


Hence, atoms of paramagnetic substances have a permanent magnetic 


—_—_,- =-:—s— - 2 > 


moment and behave like tiny bar magnets. In the absence of external 
magnetic field, the atomic magnets are randomly oriented and net magnetic Fig. 26.74 
moment is thus, zero. 


When paramagnetic substance is placed in an external magnetic field, then each atomic magnet 
experiences a torque which tends to turn the magnet in the direction of the field. The atomic magnets 
are thus, aligned in the direction of the field. Thus, the whole substance is magnetised in the direction 
of the external magnetic field. 


As the temperature of substance is increased, the thermal agitation disturbs the magnetic alignment of 
the atoms. Thus, we can say that paramagnetism is temperature dependent. 
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Curie’s law 


According to Curie’s law, magnetic susceptibility of a paramagnetic substance is inversely 
proportional to absolute temperature 7. 


Xm aT 


The exact law is beyond the scope of our course. 


Diamagnetism 


The property of diamagnetism is generally found in those substances whose atoms (or molecules) 
have even number of electrons which form pairs. “The net magnetic moment of an atom of a 
diamagnetic substance is thus zero.” When a diamagnetic substance is placed in an external magnetic 
field, the spin motion of electrons is so modified that the electrons which produce the magnetic 
moments in the direction of external field slow down while the electrons which produce magnetic 
moments in opposite direction get accelerated. Thus, a net magnetic moment is induced in the 
opposite directions of applied magnetic field. Hence, the substance is magnetised opposite to the 
external field. 


Note That diamagnetism is temperature independent. 


Ferromagnetism 


Iron like elements and their alloys are known as ferromagnetic substances. The susceptibility of these 
substances is in several thousands. Like paramagnetic substances, atoms of ferromagnetic substances 
have a permanent magnetic moment and behave like tiny magnets. But in ferromagnetic substances 
the atoms form innumerable small effective regions called ‘domains’. 


iy 


Fig. 26.75 


The size of the domain vary from about 10~°cm? to 10~cm?. Each domain has 10'” to 107! atoms 
whose magnetic moments are aligned in the same direction. In an unmagnetised ferromagnetic 
specimen, the domains are oriented randomly, so that their resultant magnetic moment is zero. 


——> External field 


(b) 
Fig. 26.76 
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When the specimen is placed in a magnetic field, the resultant magnetisation may increase in two 
different ways. 


(a) The domains which are oriented favourably with respect to the field increase in size. Whereas 
those oriented opposite to the external field are reduced. 


(b) The domains rotate towards the field direction. 


Note That if the external field is weak, specimen gets magnetised by the first method and if the field is strong 
they get magnetised by the second method. 


Hysteresis : Retentivity and Coercivity 
The distinguishing characteristics of a ferromagnetic material is not that it can be strongly magnetised 
but that the intensity of magnetisation I is not directly proportional to the magnetising field H. If a 
gradually increasing magnetic field H is applied to an unmagnetised piece of iron, its magnetisation 
increases non-linearly until it reaches a maximum. 


Retentivity 


Coercivity 
Fig. 26.77 


If is plotted against H, a curve like OA is obtained. This curve is known as magnetisation curve. At 
this stage all the dipoles are aligned and I has reached to a maximum or saturated value. If the 
magnetic field H is now decreased, the I does not return along magnetisation curve but follows path 
AB. At H=0, I does not come to its zero value but its value is still near the saturated value. The value 
of I at this point (i.e. OB) is known as remanence, remanent magnetisation or retentivity. The 
value of I at this point is known as residual induction. On applying a reverse field the value of] finally 
becomes zero. The abscissa OC represents the reversed magnetic field needed to demagnetise the 
specimen. This is known as coercivity of the material. 


If the reverse field is further increased, a reverse magnetisation is set up which quickly reaches the 
saturation value. This is shown as CD. If His now taken back from its negative saturation value to its 
original positive saturation value, a similar curve DEFA will be traced. The whole graph ABCDEFA 
thus, forms a closed loop, usually known as hysteresis loop. The whole process described above and 
the property of the iron characterized by it are called hysteresis. The energy lost per unit volume of a 
substance in a complete cycle is equal to the area. Thus, we can conclude the following three points 
from the above discussion: 
(i) The retentivity of a substance is a measure of the magnetisation remaining in the substance when 
the magnetising field is removed. 
(ii) The coercivity of a substance is a measure of the reverse magnetising field required to destroy the 
residual magnetism of the substance. 
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(iii) The energy loss per unit volume of a substance in a complete cycle of magnetisation is equal to 
the area of the hysteresis loop. 


Demagnetisation 


It is clear from the hysteresis loop that the intensity of magnetisationI does 
not reduce to zero on removing the magnetising field H. Further, I is zero 
when the magnetising field H is equal to the coercive field. 


At these points the magnetic induction is not zero, and the specimen is not 

demagnetised. To demagnetise a substance, it is subjected to several —H 
cycles is magnetisation, each time with decreasing magnetising field and 

finally the field is reduced to zero. In this way, the size of the hysteresis 

curve goes on decreasing and the area finally reduces to zero. 


Demagnetisation is obtained by placing the specimen in an alternating Fig. 26.78 
field of continuously diminishing amplitude. It is also obtained by heating. 
Ferromagnetic materials become practically non-magnetic at sufficiently high temperatures. 


Magnetic Properties of Soft Iron and Steel 


A comparison of the magnetic properties of ferromagnetic substances can be made by the comparison 
of the shapes and sizes of their hysteresis loops. 
Following three conclusions can be drawn from their hysteresis loops: 
(i) Retentivity of soft iron is more than the retentivity of steel. 
(ii) Coercivity of soft iron is less than the coercivity of steel. 
(iii) Area of hysteresis loop (i.e. hysteresis loss) in soft iron is smaller than that in steel. 


Choice of Magnetic Materials 
The choice of a magnetic material for different uses is decided from the hysteresis curve of a 
specimen of the material. 
(i) Permanent Magnets The materials for a permanent magnet should have 
(a) high retentivity (so that the magnet is strong) and 
(b) high coercivity (so that the magnetising is not wiped out by stray magnetic fields). As the 
material in this case is never put to cyclic changes of magnetisation, hence, hysteresis is 
immaterial. From the point of view of these facts steel is more suitable for the construction of 
permanent magnets than soft iron. 


Modern permanent magnets are made of ‘cobalt-steel’, alloys ‘ticonal’. 

(ii) Electromagnets The materials for the construction of electromagnets should have 
(a) high initial permeability 
(b) low hysteresis loss 
From the view point of these facts, soft iron is an ideal material for this purpose. 

(iii) Transformer Cores and Telephone Diaphragms As the magnetic material used in these 
cases is subjected to cyclic changes. Thus, the essential requirements for the selection of the 
material are 
(a) high initial permeability 
(b) low hysteresis loss to prevent the breakdown 
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Electromagnet 


As we know that a current carrying solenoid behaves like a bar magnet. If we place a soft iron rod in 
the solenoid, the magnetism of the solenoid increases hundreds of times and the solenoid is called an 
‘electromagnet’. It is a temporary magnet. 


Fig. 26.79 


An electromagnet is made by winding closely a number of turns of insulated copper wire over a 
soft iron straight rod or a horse shoe rod. On passing current through this solenoid, a magnetic 
field is produced in the space within the solenoid. 


Applications of Electromagnets 
(i) Electromagnets are used in electric bell, transformer, telephone diaphragms etc. 


(11) In medical field, they are used in extracting bullets from the human body. 
(iii) Large electromagnets are used in cranes for lifting and transferring big machines and parts. 


26.18 Moving Coil Galvanometer 
The moving coil galvanometer is a device used to measure an electric current. 


Principle 


Action of a moving coil galvanometer is based upon the principle that when a current carrying coil is 
placed in a magnetic field, it experiences a torque whose magnitude depends on the magnitude of 


current. 
T 
M 
Core 
Md E 
a, 
North | South N S 

SSF 

S 


Coil Soft iron 
core 


Fig. 26.80 
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Construction 


The main parts of a moving coil galvanometer are shown in figure. The galvanometer consists of a 
coil, with many turns free to rotate about a fixed vertical axis in a uniform radial magnetic field. There 
is a cylindrical soft iron core, which not only makes the field radial but also increases the strength of 
magnetic field. 


Theory 


The current to be measured is passed through the galvanometer. As the coil is in the magnetic field (of 
constant magnitude) it experiences a torque given by 


t= MBsinO 
= (NiA) Bsin® . (1) 


As shown in the figure, the pole pieces are made cylindrical, the magnetic field B 
always remains parallel to the plane of the coil. Or angle between B and M always A 
remains 90°. Therefore, Eq. (i) can be written as 


M 
t= NiAB (as sin 8 = sin90° =1) 
Here, N = total number of turns of the coil A- 
i= current passing through the coil Fig. 26.81 


A =area of cross-section of the coil and 
B =magnitude of radial magnetic field. 


This torque rotates the coil. The spring S shown in figure provides a counter torque kd that balances 
the above torque NiAB. In equilibrium, 


ko = NiAB (ii) 
Here, & is the torsional constant of the spring. With rotation of coil a small light mirror M (attached 


with phosphor bronze wire W ) also rotates and equilibrium deflection can be measured by a lamp 
and scale arrangement. 


The above Eq. (11) can be written as 
k ds 
i=| —— ..-(ill 
( WE )s (iii) 
Hence, the current 7 is proportional to the deflection @ . 


Galvanometer Constant 


k 
The constant NAB in Eq. (iii) is called galvanometer constant. 


Hence, 


k 
Galvanometer constant = —— ..-(iv) 
NAB 


This constant may be found by passing a known current through the coil. Measuring the deflection 6 
and putting these values in Eq. (111), we can find galvanometer constant. 
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Sensitivity of Galvanometer 


Deflection per unit current (/7) is called sensitivity of galvanometer. From Eq. (iii), we can see 
that d/i= NAB/k. Hence, 


Sensitivity = ® ——— .(V) 
i 


The sensitivity of a galvanometer can be increased by 
(i) increasing the number of turns in the coil N or 
(ii) increasing the magnitude of magnetic field. 


© Example 26.28 A rectangular coil of area 5.0 x 10~* m? and 60 turns is 


pivoted about one of its vertical sides. The coil is in a radial horizontal 
magnetic field of 9x 10~° T. What is the torsional constant of the spring 


connected to the coil if a current of 0.20 mA produces an angular deflection of 


18°? 
Solution From the equation, 

; k 

L =— ———- 

(a ° 

We find that torsional constant of the spring is given by 

= NABi 

0) 


Substituting the values in SI units, we have 
(60)(5.0 x 107 )(9 x 10°? )(0.2 x 103 ) 
~ 18 
= 3x 10° N-m/degree Ans. 


k 


INTRODUCTORY EXERCISE 26.7 


1. Acoil of a moving coil galvanometer twists through 90° when a current of one microampere is 
passed through it. If the area of the coil is 10°‘ m? and it has 100 turns, calculate the magnetic 
field of the magnet of the galvanometer. Given, k =10°°N-m /degree. 

2. A galvanometer coil 5cm x 2cm with 200 turns is suspended vertically in a field of 5 x 10° T. 
The suspension fibre needs a torque of 0.125 x 10°’N-m to twist it through one radian. 
Calculate the strength of the current required to be maintained in the coil if we require a 
deflection of 6°. 
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Final Touch Points 


1. 


Sometimes, a non-conducting charged body is rotated with some angular speed. In this case, the 
ratio of magnetic moment and angular momentum is constant which is equal to g/2m, where q is the 
charge and m the mass of the body. 


e.g. In case of a ring of mass m, radius R and charge q distributed on its circumference. 
Angular momentum, L =/o =(MR°) (@) ..(i) 
Magnetic moment, M =iA =(gf)(nR7) 


Here, f = frequency = maid 
On 


_ (a) 2, oR® 
M=(a)( 2) ox j= (i 
From Eas. (i) and (ii), we get 
M_o 
L 2m 


Although this expression is derived for simple case of a ring, it holds good for other bodies also. For 
example, for a disc or a sphere. 


. Determination of e/m of an Electron (Thomson Method) JJ Thomson in 1897, devised an 


experiment for the determination of e/m (specific charge) of the electron by using electric and 
magnetic fields in mutually perpendicular directions. 


The discharge is maintained by the application of high PD between the cathode C and anode A of a 
discharge tube containing air at a very low pressure (~ 10°* mm of Hg). The electrons so produced 
are allowed to pass through slits A, and A, also kept at the potential of A. The beam then passes along 
the axis of the tube and produces a spot of light at O on the fluorescent screen S. The electric field Eis 
applied between two horizontal plates P and Q. The magnetic field B is applied in the direction 
perpendicular to the paper plane by passing the current through coils, in the region within the dotted 
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circle. It is clear from Fleming's left hand rule, that F due to Eis in upward direction, while due to Bin 
downward direction. 

Hence, fields E and B can be adjusted so that the electrons suffer no deflection and strike at point O 
on the screen. In this case, 

or eE =evB or v=E/B sacl) 
Now, electric field is switched off, the electrons thus, describe the circular arc and fall at O’ on the 
screen. In this case, the force F = Bev bends the electron beam in a circular arc, such that it is 
balanced by the centripetal force mv?/R. 


Bev =mv?/R 
or v =BRe/m ...(ii) 
Combining Eas. (i) and (ii), we get 

e/m=E/RB? (iii) 


As E and B are known. To find R, consider arc EF of the circular path in the magnetic field region. 
From the geometry, we get 


OO'/GO = EF/R 
or R=EF x GO/OO’ ...{iv) 
Practically, EF is replaced by the width of the magnetic flux region and Gis taken at the middle of the 


region. Thomson’s value for e/mwas1.7 x10"! C/kg, which is in excellent agreement with the modern 
value of 175890 x 10'' C/kg. 


. Cyclotron In 1932, Lawrence developed a machine named cyclotron, for the acceleration of 
charged particles, such as protons or deuterons. These particles (ions) are caused to move in 
circular orbits by magnetic field and are accelerated by the electric field. 

In its simplest form, it consists of two flat semicircular metal boxes, called dees because of their 
shape. These hollow chambers have their diametric edges parallel and slightly separated from each 
other. An alternating potential (with frequency of the order of megacycles per second) is applied 
between the dees. The dees are placed between the poles of a strong electromagnet which provides 
a magnetic field perpendicular to the plane of the dees. 


| Magnet S | 


Suppose that at any particular instant the alternating potential is in the direction which makes D, 
positive and D, negative. A positive ion of mass m, charge q starting from the source S (of positive 
ion) will be attracted by the dee Dy. Let its velocity while entering in dee D, is v. Due to magnetic field 
B, it will move in a circular path of radius rinside the dee D,, where 


Mv 

—— 

Bq 

or vend, 


m 
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In the interior of the dee, the speed of the ion remains constant. After it has traversed half a cycle, the 
ion comes to the edge of Ds. If in the meantime, the potential difference between D, and D» has 
changed direction so that D, is now positive and D, negative, the positive ion will receive an additional 
acceleration, while going across the gap between the dees and _ speed of ion will increase. Then, it 
travels in a circular path of larger radius inside D, under the influence of magnetic field (because 
recy). After traversing a half cycle in D,, it will reach the edge of D, and receive an additional 
acceleration between the gaps because in the meantime the direction of potential difference 
between the dees has changed. The ion will continue travelling in a semicircle of increasing radii, the 
direction of potential difference changes every time the ion goes from D, to D, and from D, to D,. The 
time taken by the charged particle to traverse the semicircular path in the dee is given by 


Se i) 


This relation indicates that time tis independent of the velocity of the particle and of the radius. For 
any given value of m/q, it is determined by the magnetic field intensity. By adjusting the magnetic 
field intensity the time can be made the same as that required to change the potentials. On the other 
hand, the oscillator frequency (of alternating potential) can also be adjusted to the nature of a given 
ion and to the strength of the magnetic field. The frequency of the oscillations required to keep the ion 
in phase is given by the relation 
1 e (i 
T 2t 2nxm _ 
If the oscillation frequency is adjusted to keep the charged ion always in phase, each time the ion 
crosses the gap it receives an additional energy and at the same time it describes a flat spiral of 
increasing radius. Eventually, the ion reaches the periphery of the dee, where it can be brought out of 
the chamber by means of a deflecting plate charged to a high negative potential. This attractive force 
draws the ion out of its spiral path and thus can be used easily. If Ris the radius of the dee, kinetic 
energy of the ion emerging from the cyclotron is thus given by 
1 9 | 2 

K aN 5 m(BqgR/m) 

K =B°R°q?/2m ...(iii) 
This relation indicates that the maximum energy attained by the ion is limited by the radius R, 
magnetic field B or the frequency of the alternating potential f It is independent of the alternating 
voltage. It can be explained by the fact that when the voltage is low, the ion makes a large number of 
turns before reaching the periphery, but when the voltage is high the number of turns is small. The 
total energy remains same in both the cases provided B and RA are unchanged. 


Note The cyclotron is used to bombard nuclei with energetic particles and study the resulting nuclear 


reactions. It is also used in hospitals to produce radioactive substances which can be used in diagnosis 
and treatment. 

Cyclotron is suitable only for accelerating heavy particles like proton, deuteron, a-particle etc. Electrons 
cannot be accelerated by the cyclotron because the mass of the electron is small and a small increase in 
energy of the electron makes the electrons move with a very high speed. 

The uncharged particles (e.g., neutrons) cannot be accelerated by cyclotron. 


Solved Examples 


TYPED PROBLEMS 


Type 1. Based on deviation of charged particle in uniform magnetic field when ® = 90° or path is 
uniform circular 


Concept 


Suppose a charged particle (gq, m) enters a uniform magnetic field B at right angles with 
speed vu as shown in figure. The magnetic field extends upto a length x. The path of the 
particle is a circle of radius r, where 


MmU 


* Ba 


x x x 
x 


The speed of the particle in magnetic field does not change. But, it gets deviated in the 
magnetic field. The deviation 8 can be found in two ways 


(i) After time t, deviation will be 


m 


(ii) In terms of the length of the magnetic field (i.e. when the 
particle leaves the magnetic field) the deviation will be 


6=sin? (=) 
r 


But, since, sin6 +1, this relation can be used only whenx< r. 


For x > r, the deviation will be 180° as shown in figure. 


© Example 1 = The region between x = 0 and x = L is filled with uniform steady 
magnetic field —B)k.A particle of mass m, positive charge q and velocity upi 


travels along x-axis and enters the region of the magnetic field. [JEE 1999] 


396 @ Electricity and Magnetism 


Neglect the gravity throughout the question. 
(a) Find the value of L if the particle emerges from the region of magnetic field with its 
final velocity at an angle 30° to its initial velocity. 


(b) Find the final velocity of the particle and the time spent by it in the magnetic field, if 
the magnetic field now extends upto 2.1 L. 


Solution (a) 6=30° 


sin 8 = Z 
R 
Here, R=™o 
Bog 
sin 30° = —- 
MUo 
Boq 
or ee ooh 
2 mv 
pao 
2Boq 
(b) In part (a) 
sin 30°=— or wee 
2 R 
or L=R/2 
Now, when L’=2.1 L 
or “ R= L’>R 
Therefore, deviation of the particle is @ = 180° as shown in figure. 
Mi =_ Uoi 
and tan =T/2= 0 


Boq 


Type 2. 7o find coordinates and velocity of particle at any time t in circular path 


© Example 2 A particle of specific charge « enters a uniform magnetic field 
B =-— Bok with velocity v = u,i from the origin. Find the time dependence of 
velocity and position of the particle. 


: 
(@) Vo x 


OC = CP = radius of circle 
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HOW TO PROCEED In such type of problems first of all see the angle between v and B. 
Because only this angle decides the path of the particle. Here, the angle is 90°. 
Therefore, the path is a circle. If it is a circle, see the plane of the circle (perpendicular 
to the magnetic field). Here, the plane is xy. Then, see the sense of the rotation. 
Here, it will be anti-clockwise as shown in figure, because at origin the magnetic 
force is along positive y-direction (which can be seen from Fleming's left hand rule). 
Find the deviation and radius of the particle. 
U 
6=H= Boot ond r=— 
Bou 
Now, according to the figure, find v(t) and r(t). 
Solution Velocity of the particle at any time ¢ is 
v(t)= Uyd + UV, Jj = U9 cosOi + Up sinOj 
or v (t) = Up cos (Byatt) i + vp sin (Byat) j Ans. 
Position of particle at time ¢ is 
r (t)=xi + yj= rsin0i+ (r—rcos8)j 
Substituting the values of r and 0, we have 
Vo 


r= 7 [sin (Bot)i + {1 — cos (Byat)}j] Ans. 
0 


Type 3. To find coordinates and velocity of particle at any time t in helical path 


Example 3 A particle of specific charge © is projected from origin with velocity 
V =Upi— U)kin a uniform magnetic field B =— Byk. Find time dependence of 
velocity and position of the particle. 

HOW TO PROCEED Here, the angle between v and B is 


8=cos 


Vv: B =i Bovo “| 1 ) 
= cos = cos 
or 6 = 45° 
Hence, the path is a helix. The axis of the helix is along z-axis (parallel to B) and 
plane of the circle of helix is xy (perpendicular to B). So, in xy-plane, the velocity 
components and x and y-coordinates are same as that of the above problem. The only 
change is along z-axis. Velocity component in this direction will remain unchanged 
while the z-coordinate of particle at time t would be v,t. 
Solution Velocity of particle at time ¢ is 
v(tj= Vyd + vj + vik 

= Up cos (B,oit)i + Up sin (Byatt) j — uk Ans. 
v, and v, can be found in the similar manner as done in Example 2. 
The position of the particle at time t would be 
r (t) = xi + yj + zk 


Here, Z=0,t =— vot 
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and x and y are same as in Example 2. 
Hence, r ()= a [sin (Byat)i + {1 — cos (By) }j] — uptk Ans. 
Ot 


Type 4. 7o find the time spent in magnetic field, deviation etc. if a charged particle enters from 
outside in uniform magnetic field (which extends upto large distance from point of entering) 


© Example 4_ A charged particle (q,m) enters a uniform magnetic field B at angle 
a as shown in figure with speed uy. Find 


x x 
x x 
x x 
x x 
x xB 
x x 


(q,m) 


(a) the angle B at which it leaves the magnetic field. 
(b) time spent by the particle in magnetic field and 
(c) the distance AC. 


Solution (a) Here, velocity of the particle is in the plane of paper while the y, 
magnetic field is perpendicular to the paper inwards,. i.e. angle between v and 


Bis 90°. So, the path is a circle. The radius of the circle is r = a 
q oS 
Ois the centre of the circle. In AAOC, Goo a 
ZOCD = ZOAD Tee 
or 90° —B =90°-a 
- B=a Ans. 
(b) ZCOD = ZDOA = (as ZOCD = ZOAD =90° — a) me 
: ZAOC =20 
or lasek APC =e Gee" a 
Ba 
he APC = 2ma Aue. 
U Bq 
Alternate method 
tapo = & (2a) = (*) T 
20 
7 (*) 2nm)_ 2am Rian: 
Tt Bq Bq 
(c) Distance, AC =2 (AD) =2 (rsina) 
sina Ans. 
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© Example 5 A particle of mass m=1.6 x 10~" kg and charge q = 1.6 x 10°!°C 
enters a region of uniform magnetic field of strength 1 T along the direction 


shown in figure. The speed of the particle is 10‘ m/s. (JEE 1984) 

x Xx x Xx x 

x Xx x Xx x 

x xX x Xx x 

8 x xX x xX Xx 
F x Xx x Xx x 

x xX x xX x 

El] x x x x x 
x Xx x xX x 

45°| xX x xX xX xX 
x Xx x Xx x 

x xX x xX x 


(a) The magnetic field is directed along the inward normal to the plane of the paper. The 
particle leaves the region of the field at the point F. Find the distance EF and the 
angle 8. 

(b) If the direction of the field is along the outward normal to the plane of the paper, find 
the time spent by the particle in the region of the magnetic field after entering it at E. 

Solution Inside a magnetic field, speed of charged particle does not change. Further, velocity 

is perpendicular to magnetic field in both the cases hence path of the particle in the magnetic 

field will be circular. Centre of circle can be obtained by drawing perpendiculars to velocity 

(or tangent to the circular path) at E and F. Radius and angular speed of circular path would be 


mu 
Bq 
x x 
© 
x x 
® 
x x 
Ce ae © 
x x 
© 
x x 
® 
x x 


(a) Refer figure (i) 
ZCFG =90°-8 and ZCEG =90° — 45° =45° 


Since, ep=Ga 
7 ZCFG = ZCEG 
or 90°-@=45° or @=45° 
Further, FG =GE =r cos 45° 

EF =2FG =2r cos 45° = 27" 08 40" 

Ba 
1 
2 (1.6 x 10°*’) (10") (5) 

~ v2) -o.14m 


(1) (1.6 x 1071) 
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Note That in this case particle completes 1/ 4th of circle in the magnetic field because the angle rotated is 90°. 
(b) Refer figure (ii) In this case, particle will complete " th of circle in the magnetic field. 
Hence, the time spent in the magnetic field : 

t= : (time period of circular motion) 
_3/(2mm)\_ 3mm 
4\ Ba - 2Bq 
_ (6x) (1.6x10") 
(2) (1) (1.6 x 10°19) 
=4.712x10° s Ans. 


Note Fromthe above examples, we can see that particle never completes circular path if it enters from outside in 
uniform magnetic field at right angles (as in Examples 1, 4 and 5). Circle is completed if magnetic field 
extends all around (Example-2). Following figures explain these points more clearly. In all figures, particle is 


positively charged. 
x x x x x x 
Vv. Vv 
x x x x x 
x x x x 
Vv 
x x x x x x 
x x x x x 


x x x x x x 
In figure (a) Centre of circular path is lying on the boundary line of magnetic field. Deviation of the 


particle is 180° and time spent in magnetic fieldt = x 


In figure (b) Centre of circular path lies outside the magnetic field. Deviation of the particle is less than 
180° and time spent in magnetic fieldt < x 


In figure (c) Centre of circular path lies inside the magnetic field. Deviation of the particle is more than 
180° and time spent in magnetic field t > x 


Type 5. Based on the concept of helical path 


Concept 
Following points are worthnoting in case of a helical path. 
(i) The plane of the circle of the helix is perpendicular to the magnetic field. 
(ii) The axis of the helix is parallel to magnetic field. 
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(iii) The particle while moving in helical pathin magnetic field yy 
touches the line passing through the starting point 
parallel to the magnetic field after every pitch. 

For example, a charged particle is projected from origin in 
a magnetic field (along x-direction) at angle 6 from the 
x-axis as shown. As the velocity vector v makes an angle 0 8 


>B 


with B, its path is a helix. The plane of the circle of the helix 0 oe 
is yz (perpendicular to magnetic field) and axis of the helix . 
is parallel to x-axis. The particle while moving in helical 
path touches the x-axis after every pitch, i.e. it will touch the x-axis at a distance 
x= np where, n = 0,1, 2... 


© Example 6 An electron gun G emits electrons of energy 2 keV travelling in the 
positive x-direction. The electrons are required to hit the spot S where GS = 0.1 m, 
and the line GS makes an angle of 60° with the x-axis as shown in figure. A uniform 
magnetic field B parallel to GS exists in the region outside the electron gun. 

iS 


Find the minimum value of B needed to make the electrons hit S. (JEE 1993) 
Solution Kinetic energy of electron, Ss 
k= zm” =2 keV 
2K °/ 
Vm 
2x2x1.6x10'% 


v= m/s 
y  9.1x10%! 


=2.65 x10! m/s 


Since, the velocity (v) of the electron makes an angle of 6 = 60° with the magnetic field B, the 
path will be a helix. So, the particle will hit S if 


GS =np 
Here, Hy 28 sisecsessiieds 


Speed of electron, v= 


p= pitch of helix = li vcos® 
qB 
But for B to be minimum, n = 1 
2mm 


Hence, GS=p-= 
p gB 


ucos@ 


_ 2mmucos® 


B= min 
qGSs) 
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Substituting the values, we have 


(2m)(9.1 x 107°)(2.65 x 10’) q 
Bains 2 
as (1.6 x 10°!°) 0.1) 
or Buin = 4.73 X10 T Ans. 


Type 6. Based on calculation of magnetic field due to current carrying wires 


© Example 7 A wire shaped to a regular hexagon of side 2 cm carries a current of 
2 A. Find the magnetic field at the centre of the hexagon. 
Solution -; 6=30° 


BO ee in0 (BC =1 cm) 
OC 

1 il 

— = tan 30° = — 

i V3 . 

r=3 cm 


Net magnetic field at O is 6 times the magnetic field 
due to one side. 


B=6|H2* (sino + sind) 
4n r 


_ 6 (10~') @) (3 ,) 
V3 x107 (2° 2 


=6.9x10° T Ans. 


© Example 8 Find the magnetic field B at the point P in figure. 


Solution Magnetic field at P due to SM and O@ is zero. Due to QR and RS are equal and 
outwards. Due to MN and NO are equal and inwards. 


Q 
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Due to QR and RS, 


B, =2/ fe ! (ein 0° + sin 45°)| 
4m 2a 


= Mol 
4/2na 


[outwards] 
Due to MN and NO, 
B,=2 jee (sin 0° + sin 45° | 
An a 


__ Mol 
2/2 na 


Mol : 
B,, = Bo - B, = inwards 
net 2 il AJ2 na [ | 


[inwards] 


© Example 9 A long insulated copper wire is closely wound as a spiral of N turns. 
The spiral has inner radius a and outer radius b. The spiral lies in the xy-plane 
and a steady current I flows through the wire. The z-component of the magnetic 
field at the centre of the spiral is (JEE 2011) 


uo NI, (6 oN, (b+a 
(@) 5 m(z] ©) Fe-a in S28) 

UNI b HoNI, bt+a 
Cerys in(2] ob in F*2) 


Solution (a) If we take a small strip of dr at distance r from centre, then number of turns in 


this strip would be 
dN -( y Jar 
b 


-a 
Magnetic field due to this element at the centre of the coil will be 
(dN)I__ uw NI dr 
2r (b-a) 2r 


B= i ap= oe! i, (=) 
r=a 2(b-a) a 


dp to 


-. Correct answer is (a). 
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>) 


Note 


Example 10 An infinitely long conductor PQR is bent to form a right angle as 
shown in figure. A current I flows through PQR. The magnetic field due to this 
current at the point M is H,. Now, another infinitely long straight conductor QS 
is connected at Q, so that current is I/2 in QR as well as in QS, the current in PQ 
remaining unchanged. The magnetic field at M is now H,. The ratio H,/H, is 
given by (JEE 2000) 


o 
oO 
ry 


(a) 1/2 (6) 1 (c) 2/3 (d) 2 
Solution H, = Magnetic field at M due to PQ + Magnetic field at M due to QR 
But magnetic field at M due to QR =0 
.. Magnetic field at M due to PQ (or due to current Jin PQ) 
= A, 
Now, H, = Magnetic field at M due to PQ (current J) 
+ magnetic field at M due to QS (current J/2) + magnetic field at M due to QR 


ay ae + 0 ao 
2 2 
ete 
H, 3 


Magnetic field at any point lying on the current carrying straight conductor is zero. 


Type 7. Based on the magnetic force on current carrying wire 


Example 11 A long horizontal wire AB, which is free to move in a vertical plane 
and carries a steady current of 20 A, is in equilibrium at a height of 0.01 m over 
another parallel long wire CD which is fixed in a horizontal plane and carries a 
steady current of 30 A, as shown in figure. Show that when AB is slightly 


depressed, it executes simple harmonic motion. Find the period of oscillations. 
(JEE 1994) 
A—<——-B 


Cc 


D 


Solution Let m be the mass per unit length of wire AB. At a height x above the wire CD, 
magnetic force per unit length on wire AB will be given by 


(upwards) va) 


Weight per unit length of wire AB is 
F.=mg (downwards) 
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Here, m = mass per unit length of wire AB 


At x= d, wire is in equilibrium, i.e. 
Bek, 
Bo tiie _ in 
2x d 
lly mM, ae 
or ee “Ez = va +331) 
Fm 
A Bi,=20A ] 
Fy x=d=0.01m 
Cc D | 


When AB is depressed, x decreases therefore, F,, will increase, while F’, remains the same. 
Change in magnetic force will become the net restoring force, Let AB is displaced by dx 
downwards. 


Differentiating Eq. (i) w.r.t. x, we get 


dF, =—Ho H2 gy ... (iii) 


i.e. restoring force, F = dF, « — dx 
Hence, the motion of wire is simple harmonic. 
From Kgs. (ii) and (ii), we can write 


.. Acceleration of wire, a =— (2) .dx 


Hence, period of oscillation 


T =2n [spLneemenp| pe dx 
|acceleration | a 
or T=2n d Lon oa 
g 9.8 
or T=0.2s Ans. 


Example 12. A straight segment OC (of length L) of a 
circuit carrying a current I is placed along the x-axis . 
Two infinitely long straight wires A and B, each 
extending from z =— © to + », are fixed at y=-— a and 
y=+a respectively, as shown in the figure. If the 
wires A and Beach carry a current I into the plane of 
the paper, obtain the expression for the force acting on 
the segment OC. What will be the force on OC if the 
current in the wire B is reversed? (JEE 1992) 
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Solution (a) Let us assume a segment of wire OC at a point P, a distance x from the centre of 
length dx as shown in figure. 


yA 

B@.. 
“8 dx 

O > (Gorramat > >X 
I eASP 
Ps 8 

ee: By 
A® B Net 


Magnetic field at P due to current in wires A and B will be in the directions perpendicular to 
AP and BP respectively as shown. 
I 
1 
2x AP 
Therefore, net magnetic force at P will be along negative y-axis as shown below 


Bi =2|Blcos® 


-2 (5) spl ap) 


Ix 
Bret = (He 2 
n ) (AP) 


Therefore, force on this element will be 


dF =I {ts mae dx [in negative z-direction] 
Ta +x 
-. Total force on the wire will be 
_ pra i, wol? pb xdx 
ee T 10x74 q” 
2, 2, 2 
abal In 7 = ) [in negative z-axis] 
2m a 
2 2 2). 
Hence, F= Hol In (7 a4 ji 
20 a 


(b) When direction of current in Bis reversed net magnetic field is along the current. Hence, force 
is zero. 
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© Example 13 Two long straight parallel wires are 2 m apart, AQ) 
perpendicular to the plane of the paper. The wire A carries a 
current of 9.6 A, directed into the plane of the paper. The wire B 
carries a current such that the magnetic field of induction at the 
point P, at a distance of 10/11 m from the wire B, is zero. 
Find (JEE 1997) 
(a) the magnitude and direction of the current in B. 
(b) the magnitude of the magnetic field of induction at the point S. 
(c) the force per unit length on the wire B. 


Solution (a) Direction of current at B should be perpendicular to paper 
outwards. Let current in this wire be ig. Then, 


Ho ls _ Ho ip 
Qn (2+ 32) 2n (10/11) 
11 
st ip _10 
iy 32 
. 10. 10 
0. = Xi,= x9.6=3A 
B39 439 
(b) Since, AS? + BS? = AB? 
Z ASB =90° 


At S: B, = Magnetic field due to i, 
Wo i4 _ 2x10) 9.6) 
2m 1.6 1.6 
=12%107 T 
B, = Magnetic field due to ig 


_Mo iB 
2m 1.2 
_ 2x10) () 
1.2 
=5x107T 


Since, B, and B, are mutually perpendicular. Net magnetic field at S would be 


B=, B?+ Be 


=a2x10-7)? + 6x10 


=13x107T 
(c) Force per unit length on wire B: 
a [- r=AB=2 ml] 
_ 2x10") 9.6 x3) 
2 


=2.88x10°° N/m 
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© Example 14 A current of 10 A flows around a closed path in a circuit which is 
in the horizontal plane as shown in the figure. The circuit consists of eight 
alternating arcs of radii r, =0.08 m and ry =0.12 m. Each subtends the same 
angle at the centre. (JEE 2001) 


(a) Find the magnetic field produced by this circuit at the centre. 

(b) An infinitely long straight wire carrying a current of 10 A is passing through the centre 
of the above circuit vertically with the direction of the current being into the plane of the 
circuit. What is the force acting on the wire at the centre due to the current in the 
circuit? What is the force acting on the arc AC and the straight segment CD due to the 
current at the centre? 

Solution (a) Given, i = 10 A, 7, =0.08 m and 7,=0.12 m. Straight portions, i.e. CD etc, will 

produce zero magnetic field at the centre. Rest eight arcs will produce the magnetic field at the 

centre in the same direction, 1.e. perpendicular to the paper outwards or vertically upwards and 
its magnitude is 


B=B, 


Inner arcs 


+ Bouter arcs 
_1 Jot " 1 JHot 
2 (27, 2 [21% 
= ta a4 + 2) 
4n TT 


_ (107")(8.14)(10)(0.08 + 0.12) 
(0.08 x 0.12) 


B=6.54x10° T 
(vertically upward or outward normal to the paper) 


Substituting the values, we have 


B 


(b) Force on AC 
Force on circular portions of the circuit, i.e. AC etc, due to the wire at the centre will be zero 
because magnetic field due to the central wire at these arcs will be tangential (0 = 180°). 
Force on CD 
Current in central wire is also i= 10 A. Magnetic field at distance x due to central wire 
Bato 
2m x 
-. Magnetic force on element dx due to this magnetic field 
aF = (0/2 ; dx-(bo\ 9S [F =ilBsin 90°] 
2m x 20 x 
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Therefore, net force on CD is 


x= 52 . 
F=[*_” arabe [Oe Ho i1n(3] 


q 2m 20.08 x Qn 2 
Substituting the values, F = (2 x 107’) (10)? In (1.5) 
or F =8.1x10°° N (inwards) 


Force on wire at the centre 


Net magnetic field at the centre due to the circuit is in vertical direction and current in the 
wire in centre is also in vertical direction. Therefore, net force on the wire at the centre will 
be zero. (8 = 180°). Hence, 

G) Force acting on the wire at the centre is zero. 

(ii) Force on arc AC = 0. 
(iii) Force on segment CD is8.1x10°° N_ (inwards). 


Type 8. Based on the magnetic force on a charged particle in electric and (or) magnetic field 


© Example 15 Consider the motion of a positive point charge in a region where 
there are simultaneous uniform electric and magnetic fields EK = Lea and B= Boi 

At time t =0, this charge has velocity v in the xy-plane making an angle 0 with the 

x-axis. Which of the following option(s) is(are) correct for time t > 0? (JEE 2012) 

(a) If 8 = 0°, the charge moves in a circular path in the xz-plane. 

(b) If 8= 0°, the charge undergoes helical motion with constant pitch along the y-axis 

(c) If8 =10°, the charge undergoes helical motion with its pitch increasing with time along 

the y-axis. 

(d) If 8 = 90°, the charge undergoes linear but accelerated motion along the y-axis. 

Solution Magnetic field will rotate the particle in a circular path (in xz-plane or 

perpendicular to B). Electric field will exert a constant force on the particle in positive 

y-direction. Therefore, resultant path is neither purely circular nor helical or the options 

(a) and (b) both are wrong. 

(c) v, and Bwill rotate the particle in a circular path in xz- plane (or perpendicular to B). Further, 
y, and Ewill move the particle (with increasing speed) along positive y-axis (or along the axis of 
above circular path). Therefore, the resultant path is helical with increasing pitch along the 
y-axis (or along Band E). Therefore, option (c) is correct. 


(d) . 


x 


Magnetic force is zero, as 8 between B and vis zero. But, electric force will act in y-direction. 
Therefore, motion is 1-D and uniformly accelerated (towards positive y-direction). 


Therefore, option (d) is also correct. 
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© Example 16 A particle of charge +q and mass m 7 
moving under the influence of a uniform electric field Ei 


and uniform magnetic field B k follows a trajectory from 


P to Q as shown in figure. The velocities at P and Q are 
vi and -2j. Which of the following statement(s) is/are 


>X 
correct ? (JEE 1991) 
2 
(a) E= S| me 
4| qa 


3 
(b) Rate of work done by the electric field at P is sn] 


(c) Rate of work done by the electric field at P is zero 
(d) Rate of work done by both the fields at Q is zero 


Solution Magnetic force does not do work. From work-energy theorem : 


Wr, = AKE 
or (qE) (2a) = :m [4u? — v’] 
2 
or E= 3 (=) 
4\ qa 


+. Option (a) is correct. 
At P, rate of work done by electric field 


=F,:v = (gE) (v) cos 0° 
3 mv" 3 (mv? 
=q n= 
4 qa 4\ a 
Therefore, option (b) is also correct. 
Rate of work done at Q: 


of electric field = F,- v = (gE) @v) cos 90° =0 and of magnetic field is always zero. 


Therefore, option (d) is also correct. 
Note that F, = qEi 


© Example 17 A proton moving with a constant velocity passes through a region 
of space without any change in its velocity. If E and B represent the electric and 


magnetic fields, respectively. Then, this region of space may have (JEE 1985) 
(a) E=0,B=0 (b) E=0,B#0 
(c) E+ 0,B=0 (d) E#0,B#0 


Solution If both E and B are zero, then F, and F,, both are zero. Hence, velocity may remain 
constant. Therefore, option (a) is correct. 

If E =0, B#0 but velocity is parallel or antiparallel to magnetic field, then also F, and F,, both 
are zero. Hence, option (b) is also correct. 

If E +0, B40 but F,+ F,, =0, then again velocity may remain constant or option (d) is also 
correct. 
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© Example 18 A wire loop carrying a current I is placed in the xy-plane as shown 
in figure. (JEE 1991) 


N 
(a) If a particle with charge +Q and mass m is placed at the centre P and given a velocity v 
along NP (see figure), find its instantaneous acceleration. 
(b) If an external uniform magnetic induction field B= Bi is applied, find the force and the 
torque acting on the loop due to this field. 
Solution (a) Magnetic field at P due to arc of circle, 


| a y 
a cs 
\a ‘\ 
nN \ \ x 
Py +Q \ 
I r 80 e 
60°’ P ; 
i bY V 
Ja 
/ 60° 
rs x 
N>~ Ras on lone - 


Subtending an angle of 120° at centre would be 


Re ; (field due to circle) = ; (Het) 


2a 
= Hol [outwards] 
6a 
= 0.16 Hol [ outwards] 
a 
ae B, = 0.16U ol k 
a 


Magnetic field due to straight wire NM at P, 


B, = 42 # (ein 60° + sin 60°) 
4n r 


Here, r=a cos 60° 


p,-42 —+ _ @sin 60°) 
4m a cos 60° 


or By = aes tan 60° 
2m a 
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_ 9.27 Nol of (inwards) 
a 
7 ree te 
a 
By = B, + By=— 2 bof 
a 


Now, velocity of particle can be written as 
v=vucos 60°i + vsin 60° j 


vz Vu 
=—i+—j 
2 2 
Magnetic force, 
F,, = Q (vx B) 
_0.11p91Qv +; 0.11V38 HolQus 
2a q 2a 


.. Instantaneous acceleration, 
F, 0.11u,l/Qu + A 
ae ee Ho Q Gj V3 i) 
m 2am 
(b) In uniform magnetic field, force on a current loop is zero. Further, magnetic dipole moment of 
the loop will be 


M=(IA)k 


Here, A is the area of the loop. 
A =| na’) -5 [2x asin 60°] [a cos 60°] 


2 2 
= 10 | gin 120° 
3 
=0.61 a” 


M= (0.61 Ja2)k 


Given, B=Bi 
t=MxB=(0.61 Ia”B) j 


© Example 19 Two long parallel wires carrying currents 2.5 A and I (ampere) in 
the same direction (directed into the plane of the paper) are held at Pand Q 
respectively such that they are perpendicular to the plane of paper. The points P 
and Q are located at a distance of 5 m and 2 m respectively from a collinear point 


R (see figure). (JEE 1990) 


(a) An electron moving with a velocity of 4x10° m/s along the positive x-direction 
experiences a force of magnitude 3.2x 10° N at the point R. Find the value of I. 

(6) Find all the positions at which a third long parallel wire carrying a current of 
magnitude 2.5 A may be placed, so that the magnetic induction at R is zero. 
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Solution (a) Magnetic field at R due to both the wires P and Q will be downwards as shown 


in figure. 
@------- “@--------- 8 v 
P Q 
Bp 
Bg 


Therefore, net field at R will be sum of these two. 
B = Bp + Bg 
_Ho Pp , Ho TQ _ bo (= 4] 
2n 5 22 An\5 2 


=F0 tr4.4)=107 7+ 1) 
An 


Net force on the electron will be 


M R N 
© 7 ) 
1m 1m 
F,, = Bqusin90° 
or (8.2 x 107°) = (1077) (I+ 1) (1.6 x 10°77") (4 x 10°) 
or I+1=5 


ne IT=4A 
(b) Net field at R due to wires P and @ is 
B=107(1+1)T 
=5x107° T 
Magnetic field due to third wire carrying a current of 2.5 A should be 5 x 10’ T in upward 
direction, so that net field at R becomes zero. Let distance of this wire from R be r. Then, 
Ho 255x107 
2n or 
or Gall’) @0) ) @.5) =5x10%m 
r 
or r=lm 
So, the third wire can be put at M or N as shown in figure. 
If it is placed at M, then current in it should be outwards and if placed at N, then current be 
inwards. 


Type 9. Path of charged particle in both electric and magnetic fields 


Concept 
Here, normally two cases are popular. In the first case, ETT B and particle velocity is 
perpendicular to both of these fields. In the second case, E 1 Band the particle is released 
from rest. Let us now consider both the cases separately. 
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© Example 20 When E71 Band particle velocity is perpendicular to both of these 
fields. 


Solution Consider a particle of charge q and mass m released from the origin with velocity 
V=Ui into a region of uniform electric and magnetic fields parallel to y-axis, ie. E= E,j and 


B= Boi: The electric field accelerates the particle in y-direction, i.e. y-component of velocity goes 
on increasing with acceleration, 


Fy, F E ' 
a, = =e = 40 0 ..- (i) 
“ mem m 
The magnetic field rotates the particle in a circle in xz-plane (perpendicular to magnetic field). 
The resultant path of the particle is a helix with increasing pitch. The axis of the plane is 
parallel to y-axis. Velocity of the particle at time ¢ would be 
V(t) =v,i + v,j+ vk 
= _ gE 
Here, Vy = ayt = a t 
and uz + v2 = constant = ue 
B 
O=at=—~t 
m 
Bat 
U; = Up COS O = Up COS (7) 
m 
and UV, = Ug sin ® = vy sin (24) 
m 
Bat \ > EB x : t\« 
vid) = 04008 q ji (! 21) upsin[ q )f 
m m 
Similarly, position vector of particle at time ¢ can be given by ZA 
r (t)=xit+ yj+zk 
1 1(qE 
Here, v=o” -5( 2) a 
2. 2\m 
Fim 
x= rsind = (22) sin (7) > 
Bq m t=0 x 


and z=r(1—cos0)= (2) {i cos (==}}| 
Ba m 
r (t)= (a) sin (“) i4 Z (122) i? j + (a) i cos (2)}] k 
Ba m 2\ m Ba m 


Note (i) While moving in helical path the particle touches the y-axis after every T or after, 


tent, where n=0, 1, 2... 
Here, Te aw 
Bq 


(ii) Att =0, velocity is along positive x-axis and magnetic field is along y-axis. Therefore, magnetic force is 
along positive z-axis and the particle rotates in xz-plane as shown in figure. 
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© Example 21. When E 1 Band the particle is released at rest from origin. 


Solution Consider a particle of charge gq and mass m emitted at origin with zero initial 
velocity into a region of uniform electric and magnetic fields. The field E is acting along x-axis 
and field B along y-axis, i.e. 


E= Epi 
and B= Bj 
Electric field will provide the particle an acceleration (and therefore a velocity component) in 
x-direction and the magnetic field will rotate the particle in xz-plane (perpendicular to B). 


Hence, at any instant of time its velocity (and hence, position) will have only x and z 
components. Let at time ¢ its velocity be 


v=v,i+ u,k 
Net force on it at this instant is 
F=F,+ F,=qE+q(vxB) 
= q [Epit (v,i + vk) x (Boi) 


or F = q (Ey — v,Bp) i+ qu,Bok 
a=—=a,it+a,k 

m 
where, a, = (Ey — v,By) (i) 

m 
and a, = v,By ... ii) 

m 
Differentiating Eq. (i) w.r.t. time, we have 

dv, qBy ( =} 

dt” m \ dt 
But, WW, gy = Poy, 

dt m 
dv, 3) - 
— = = | |] ae (T11 
dt” m) * a 
2 
Comparing this equation with the differential equation of SHM & =— 0%) , we get 
— 9Bo 
m 
and the general solution of Eq. (iii) is 
v, = Asin @t + 0) ...(iv) 

At time t=0, vu, =0, hence,  =0 
Again, an = AQ® cos wt (as @ =0) 


vem Ha Gays" eo ae SO Be EEO 
m 
Ae = 2% or ao 
m om 


ae B 
Substituting o = keel , we get A=— 
m 
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Note 


Therefore, Eq. (iv) becomes 


where, @ = — 


Now substituting value of v, in Eq. (ii), we get 
du, _ qEy 
dt m 


2 Eo pt. 
: dv, == 8 / sin wt dt 
0 m 0 


sin ot 


cos Wt) 


E 
or vp, = 20 G- 
om 


0 


ee B 
Substituting @ = ao , we get 
m 


E 
uv, =— 2 (1— cos wt) 
By 
On integrating equations for v, and v, and knowing that at ¢ =0, x =0 and z=0, we get 


E 


x=—" (1- cos wt) 
Boo 

and z= Fy (wt — sin wt) 
Bio 


These equations are the equations for a cycloid which is defined as the path generated by the 
point on the circumference of a wheel rolling on a ground. 


x 


2E, 
Bow 


Z 


In the present case, the radius of the rolling wheel is —*, the maximum displacement 
no) 
‘ .. 2Ko : 
along x-direction is —~-. The x-displacement becomes zero at t = 0, 27/m, 41/a, etc. 
na) 


Path of a charged particle in uniform electric and magnetic field will remain unchanged if 


Fret =0 
or F, + F,, =0 
or gE +q(v xB) =0 
or E=-(v xE) 


=(E xv) 


Miscellaneous Examples 


© Example 22 A cyclotron’s oscillator frequency is 10 MHz. What should be the 
operating magnetic field for accelerating protons? If the radius of its dees is 
60 cm, what is the kinetic energy (in MeV) of the proton beam produced by the 
accelerator? 
(e =1.60x 10°C, m, = 1.67x 10° kg, 1 MeV =1.6x 10° J) 


Solution Magnetic field Cyclotron’s oscillator frequency should be same as the proton’s 
revolution frequency (in circular path) 
_ Ba 
~ Onm 
_ 2nmf 
q 


or B 


Substituting the values in SI units, we have 
_ 2)@2/7)(1.67 x 10°°7)(10 x 10°) 
16x10" 
= 0.67 T Ans. 


Kinetic energy Let final velocity of proton just after leaving the cyclotron is v. Then, radius of 
dee should be equal to 


B 


Kinetic energy of proton, 


K = Emi? =F ( 
2 2 


Bak. B°q?R? 


m 2m 


Substituting the values in SI units, we have 
(0.67)°(6 x 107!°)?(0.60)” 
"2x 167x102" 
=12x10 "J 
122i 


= MeV 
6x10) 0%) 


= 7.5 MeV Ans. 


K 


© Example 23 A charged particle carrying charge q =1uC moves in uniform 
magnetic field with velocity v, = 10° m/s at angle 45° with x-axis in the xy-plane 
and experiences a force F, = 5V2 mN along the negative z-axis. When the same 
particle moves with velocity vy = 10° mls along the z-axis, it experiences a force 
F, in y-direction. Find 
(a) the magnitude and direction of the magnetic field 
(b) the magnitude of the force Fy. 
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Solution Fis in y-direction when velocity is along z-axis. Therefore, magnetic field should be 
along x-axis. So let, 


B= Bi 
10°; , 10°; 
a) Given, Vv, =— i+ — 
and F, =—5v2 x10° k 
From the equation, F=q (vx B) 
We have (52 x10) k= 0°) | (234 2% 3) x wi 
v2 V2 : 
Bo 
=—=k 
V2 
Bo 3 
0 = 5/2 x10 
2 
or B, =107T 
Therefore, the magnetic field is 
B=(107i)T Ans. 
(b) Fy, = Boqvy sin 90° 


As the angle between B and vin this case is 90°. 
F, = (10°) 0°) (10°) 
=107N Ans. 


© Example 24 A wire PQ of mass 10 g is at rest on two parallel metal rails. The 
separation between the rails is 4.9 cm. A magnetic field of 0.80 T is applied 
perpendicular to the plane of the rails, directed downwards. The resistance of the 
circuit is slowly decreased. When the resistance decreases to below 20 Q, the wire 
PQ begins to slide on the rails. Calculate the coefficient of friction between the 
wire and the rails. 


P 
x x x x x 


7 Xx Xx x Xx Xx 6V 
4.9cm — -—> 


x x x x x 


Q 
Solution Wire PQ begins to slide when magnetic force is just equal to the force of friction, i.e. 
uu mg = ilBsin 0 (8 =90°) 
Here, ps a 23K 
R_ 20 


ie iB _ (.3) (4.9 x 10) @.8) 
mg (10 x 107°) (9.8) 
=0.12 Ans. 


Chapter 26 Magnetics e 419 


Example 25 What is the value of B that can be set up at the equator to permit a 
proton of speed 10’ m/s to circulate around the earth? 
[R= 6.4x 10°m, m, =1.67x 10" kg]. 


Solution From the relation 


We have Bes 


Substituting the values, we have 
(1.67 x 10-2”) (10") 
(1.6 x 107!°) (6.4 x 10°) 


=16x10°T Ans. 


© Example 26 Deuteron in a cyclotron describes a circle of radius 32.0 cm. Just 
before emerging from the D’s. The frequency of the applied alternating voltage is 
10 MHz. Find 
(a) the magnetic flux density (i.e. the magnetic field). 
(b) the energy and speed of the deuteron upon emergence. 
Solution (a) Frequency of the applied emf = Cyclotron frequency 


Bq 
0. = 
: f 2mm 
B= 2umf 
q 
_ 2) @.14) @ x 1.67 x 10°”) (10 x 108) 
Lé6xie” 
=1.30T Ans. 
(b) The speed of deuteron on the emergence from the cyclotron, 
v= ann =2nfR 
oa 


= (2) (3.14) (10 x 10°) (82 x 10°?) 
=2.01x10' més 


il 
Energy of deuteron = 5 mu" 


= “ x 2x 1.67 x 1027) (2.01 x 10")? J 
=4,.22 MeV Ans. 
Note 1MeV=16x10-"/ 


© Example 27 In the Bohr model of the hydrogen atom, the electron circulates 
around the nucleus in a path of radius 5 x 10°'' mat a frequency of 6.8 x 101° Hz. 


(a) What value of magnetic field is set up at the centre of the orbit? 
(6) What is the equivalent magnetic dipole moment? 
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Solution (a) An electron moving around the nucleus is equivalent to a current, 


i=af 
Magnetic field at the centre, 
patol _ Moat 
2R 22R 


Substituting the values, we have 
_ 4m x107') (1.6 x 1071) 6.8 x 10°) 


2x5.1x1071! 


=13.4T Ans. 


(b) The current carrying circular loop is equivalent to a magnetic dipole with magnetic dipole 
moment, 


B 


M = NiA = (Nof @R?) 
Substituting the values, we have 
M =(1) (1.6 x10-"°) 6.8 x 10") 8.14) 6.1 x10")? 
=8.9x1074 A-m? Ans. 


© Example 28 A flat dielectric disc of radius R carries an excess charge on its 
surface. The surface charge density is o. The disc rotates about an axis 
perpendicular to its plane passing through the centre with angular velocity @. 
Find the torque on the disc if it is placed in a uniform magnetic field B directed 
perpendicular to the rotation axis. 
Solution Consider an annular ring of radius r and of thickness dr on this disc. Charge within 


this ring, 
(0) 
—— B 
Z>)— 
> 


dq = (o) 2ardr) 
As ring rotates with angular velocity w, the equivalent current is 


i = (dq) (frequency) 
= (6) 2nrdr) (=) or i=owrdr 
2 


Magnetic moment of this annular ring, 
M =iA = (oardr) (nr?) (along the axis of rotation) 
Torque on this ring, 
dt = MBsin 90° = (ownr® B) dr 
R R 
.. Total torque on the disc is T= [at = (ownB)| redr 


_ oonBR* 
4 


Ans. 
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© Example 29 Three infinitely long thin wires, each carrying current i in the 
same direction, are in the xy-plane of a gravity free space. The central wire is 
along the y-axis while the other two are along x = +d. 
(i) Find the locus of the points for which the magnetic field B is zero. 
(ii) If the central wire is displaced along the z-direction by a small amount and 
released, show that it will execute simple harmonic motion. If the linear mass density of 
the wires is A, find the frequency of oscillation. 


Solution (i) Magnetic field will be zero on the y-axis, i.e. x=0 =z. 


Magnetic field cannot be zero in region I and region IV because in region I magnetic field will 
be along positive z-direction due to all the three wires, while in region IV magnetic field will be 
along negative z-axis due to all the three wires. It can be zero only in region I and III. 

Let magnetic field is zero on line z=0 and x= x (shown as dotted). The magnetic field on this 


line due to wires 1 and 2 will be along negative z-axis and due to wire 3 along positive z-axis. 
Thus, 


| ; | B=0 y B=0 
th i I 
0 = O >X 
x 'd —x 
d+x H 
1 2 3 _¥ B=0  g 
WS Ae 
z=0 z=0 
B, + B,=B, 
ie Mo Le 
2x (d+x) 2nx 2n (d-x) 
1 1 il 
or += 
d+x x d-x 
; ; ; d 
This equation gives Ket an 
: . d 
Hence, there will be two lines x= Ag 
d 
and x=—-— (z =0) 
3 


where, magnetic field is zero. Ans. 
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ii) In this part, we change our coordinate axes system, just for better understanding. 


24 (&) y-axis 


1 2 3 


There are three wires 1, 2 and 3 as shown in figure. If we displace the wire 2 towards the z-axis, 
then force of attraction per unit length between wires (1 and 2) and (2 and 8) will be given by 


'2 


The components of F along x-axis will be cancelled out. Net resultant force will be towards 
negative z-axis (or mean position) and will be given by 


“2 
F i, =2F cos0 = ofa | bd 


tri|r 
Ho i: 2_ 2, 42 
Fi, ='0_ "sg re=zi+d 
net 1 (22 + d?) ( ) 
If z << d, then 
24d? =d 


and F 


Negative sign implies that F’,,, is restoring in nature. 
Therefore, Pret * —Z 
i.e. the wire will oscillate simple harmonically. 


Let a be the acceleration of wire in this position and A the mass per unit length of wire, then 


2 
or ee | 5 |Z 
TAd 
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Frequency of oscillation, 
ye 1 
2 \ |displacement 


ae a\.- Ta hits 
2n \\z| 2a dVnar 


or f eee Ans. 
2nd V nr 


acceleration 


© Example 30 Uniform electric and magnetic fields with strength E and B are 
directed along the y-axis. A particle with specific charge q/m leaves the origin in 
the direction of x-axis with an initial velocity vy. Find 
(a) the y-coordinate of the particle when it crosses the y-axis for nth time. 
(b) the angle a between the particle’s velocity vector and the y-axis at that moment. 
Solution (a) As discussed in Type-9 path of the particle is a helix of increasing pitch. The 


axis of the helix is parallel to y-axis (parallel to E) and plane of circle of the helix is xz 
(perpendicular to B). The particle will cross the y-axis after time, 


a _ 2mmn 
Bq Bq 


t=nP=n( 


The y-coordinate of particle at this instant is 


where, a, =—s3— 


(b) At this moment y-component of its velocity is 


ves ( ER m8 


The angle a between particle’s velocity vector and the y-axis at this 


moment is 
1] U 
a = tan (25| 
by 


Here, Uyz = vy + vy = Uo 


or a = tan! (=| Ans. 


2ank 


© Example 31 A current is passing through a cylindrical conductor with a hole 
(or cavity) inside it. Show that the magnetic field inside the hole is uniform and 
find its magnitude and direction. 
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Note 


Solution Let us find the magnetic field at point P inside the cavity at a distance 7, from O and 
ry from C. 

J =current per unit area 

R= radius of cylinder 

a = radius of cavity 

i, = whole current from cylinder = J (tR?) 

i, = current from hole = J (ta 2) 


At point P magnetic field due to i, is B, (perpendicular to OP) and is B, due to i, (perpendicular 
to CP) in the directions shown. Although B, and B, are actually at P, but for better 
understanding they are drawn at O and C respectively. Let B,, be the x-component of resultant 
of B, and B, and B, its y-component. Then, 


B, = B, sina — B,sinB 


- ($2257, )sina - (E23. )sing 


2 

ig SRR? fg fema” _ 
lee R “7, sina | — oe az r,sinB 

Lod 


aera sin @ — r,sinB) =0 


4 " 


Because in AOPC =h or nsina—rnsinb=0 


sinB sina 
Now, B, =— (B, cosa + By cos) 


Hod 
22 = (7, cosa + ,cosB) 4 


From AOPC, we can see that 


jcosa+r,cosB=b or B,=- = constant 


Lod 
2 


Thus, we can see that net magnetic field at point P is along negative y-direction and constant in 
magnitude. Proved 
() That ZOPC is not necessarily 90°. At some point it may be 90°. 
(ii) At point C magnetic field due to i, is zero (i.e. B, =0) while that due to i, is a b in negative 
1 
y-direction. Substituting i; = J (nR*), we get 


B=B, = bee (along negative y-direction) 


This agrees with the result derived above. 
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© Example 32 A particle of charge q and mass m is projected from the origin with 
velocity v = Voi in a non-uniform magnetic field B=— By xk. Here, Uy and By are 


positive constants of proper dimensions. Find the maximum positive x-coordinate 
of the particle during its motion. 


Solution Magnetic field is along negative z-direction. So in the coordinate axes shown in 
figure, it is perpendicular to paper inwards. (®) Magnetic force on the particle at origin is along 
positive y-direction. So, it will rotate in xy-plane as shown. The path is not a perfect circle as 
the magnetic field is non-uniform. Speed of the particle in magnetic field remains constant. 
Magnetic force is always perpendicular to velocity. Let at point P (x, y), its velocity vector 
makes an angle @ with positive x-axis. Then, magnetic force F,, will be at angle 6 with positive 
y-direction. So, 


+x ©@)Z 
a cos@ 
m 
dv, = (Box) (QUp cos 8) [F = Bqu sin 90°] 
dt m . : 
d 
2) Eh 
dx dt m 
dx 
H ; ——_ = "¢ = (¢) 
ere z U, = Up COS 
OO (4) 
dx m 


0 = Bog max 
dv, = (#4) [, xdx 
2 
w= ( St) 
m 2 
Xmax alice Ans. 
Boq 


Note At maximum x-displacement velocity is along positive y-direction. 


Exercises 


LEVEL 1 


Assertion and Reason 

Directions : Choose the correct option. 
(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 
(b) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 
(d) If Assertion is false but the Reason is true. 

1. Assertion: Path of a charged particle in uniform magnetic field cannot be a parabola. 
Reason: For parabolic path acceleration should be constant. 

2. Assertion: A beam of protons is moving towards east in vertically upward magnetic field. 
Then, this beam will deflect towards south. 
Reason: A constant magnetic force will act on the proton beam. 

3. Assertion: Current in wire-1 is in the direction as shown in figure. The bottom wire is fixed. 


To keep the upper wire stationary, current in it should be in opposite direction. 
2 


—— 


1 
Reason: Under the above condition, equilibrium of upper wire is stable. 


4. Assertion: A current carrying loop is placed in uniform magnetic field as shown in figure. 
Torque in the loop in this case is zero. 


> B 


Reason: Magnetic moment vector of the loop is perpendicular to paper inwards. 


5. Assertion: Force on current carrying loop shown in figure in Yt 
magnetic field, B = (Bpx)k is along positive x-axis. Here, B, is a positive 
constant. 


Reason: A torque will also act on the loop. 
6. Assertion: An electron and a proton are accelerated by same 


potential difference and then enter in uniform transverse magnetic 
field. The radii of the two will be different. Pa 


Reason: Charges on them are different. 


10. 


11. 
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. Assertion: Acharged particle moves along positive y-axis with constant velocity in uniform 


electric and magnetic fields. If magnetic field is acting along positive x-axis, then electric field 
should act along positive z-axis. 
Reason: To keep the charged particle undeviated the relation E= B x v must hold good. 


. Assertion: Power of a magnetic force on a charged particle is always zero. 


Reason: Power of electric force on charged particle cannot be zero. 


. Assertion: Ifa charged particle enters from outside at right angles in uniform magnetic 


field. The maximum time spent in magnetic field may be ae 
q 


Reason: It can complete only semi-circle in the magnetic field. 


Assertion: A charged particle enters in a magnetic field B= Bu with velocity v = Uol + Ugh 
then minimum speed of charged particle may be uy. 
Reason: A variable acceleration will act on the charged particle. 


Assertion: Acharged particle is moving in a circle with constant speed in uniform magnetic 


field. If we increase the speed of particle to twice, its acceleration will become four times. 
2 


Reason: Incircular path of radius R with constant speed v, acceleration is given by = 


Objective Questions 


1. 


The universal property among all substances is 
(a) diamagnetism (b) paramagnetism 
(c) ferromagnetism (d) non-magnetism 


. Acharged particle moves in a circular path in a uniform magnetic field. If its speed is reduced, 


then its time period will 


(a) increase (b) decrease 
(c) remain same (d) None of these 


. A straight wire of diameter 0.5 mm carrying a current 2 A is replaced by another wire of 


diameter 1 mm carrying the same current. The strength of magnetic field at a distance 2 m 
away from the centre is 


(a) half of the previous value (b) twice of the previous value 
(c) unchanged (d) quarter of its previous value 


The path of a charged particle moving in a uniform steady magnetic field cannot be a 


(a) straight line (b) circle 

(c) parabola (d) None of these 
. The SI unit of magnetic permeability is 

(a) Wom 7A (b) Wbm ‘A 

(c) Wom ‘A (d) Wom A? 


. Identify the correct statement about the magnetic field lines. 


(a) These start from the N-pole and terminate on the S-pole 
(b) These lines always form closed loops 

(c) Both (a) and (b) are correct 

(d) Both (a) and (b) are wrong 
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7. 


10. 


11. 


12. 


13. 


14. 


Identify the correct statement related to the direction of magnetic moment of a planar loop. 
(a) It is always perpendicular to the plane of the loop 

(b) It depends on the direction of current 

(c) It is obtained by right hand screw rule 

(d) All of the above 


. Anon-planar closed loop of arbitrary shape carrying a current J is placed in uniform magnetic 


field. The force acting on the loop 

(a) is zero only for one orientation of loop in magnetic field 

(b) is zero for two symmetrically located positions of loop in magnetic field 
(c) is zero for all orientations 

(d) is never zero 


. The magnetic dipole moment of current loop is independent of 


(a) number of turns 

(b) area of loop 

(c) current in the loop 

(d) magnetic field in which it is lying 


The acceleration of an electron at a certain moment in a magnetic field B= 2i+ 3j+ 4k is 
a=xitj- ik The value of xis 


(a) 0.5 (b) 1 

(c) 2.5 (d) 1.5 

Match the following and select the correct alternatives given below 
(p) unit of magnetic induction B (q) dimensions of B 
(rv) unit of permeability (Uy) (s) dimensions of Lo 
(t) dimensions of magnetic moment (u) [MLT 7A] 


(v) [ML°T?A71] 

(x) Newton/amp-metre 

(y) Newton/amp? 

(z) [M°L?T°A] 

(a) p-y, q-V, r-X, s-z, t-u (b) p-x, q-r, r-y, S-Z, t-v 

(c) p-X, q-v,. r-y, s-u, t-z (d) p-y, q-Z, r-x, s-u, t-v 

A closed loop carrying a current J lies in the xz-plane. The loop will experience a force if it is 
placed in a region occupied by uniform magnetic field along 

(a) x-axis (b) y-axis 

(c) z-axis (d) None of these 

A stream of protons and a-particles of equal momenta enter a uniform magnetic field 
perpendicularly. The radii of their orbits are in the ratio 

(a) 1:1 (b) 1:2 

(c) 2:1 (d) 4:1 

A loop of magnetic moment M is placed in the orientation of unstable equilibrium position in a 
uniform magnetic field B. The external work done in rotating it through an angle 0 is 

(a) — MB (1 — cos 8) (b) — MB cos 0 

(c) MB cos 8 (d) MB (1 — cos 8) 


15. 


16. 


17. 


18. 


19. 


20. 


21. 
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A current of 50 A is passed through a straight wire of length 6 cm, then the magnetic induction 
at a point 5 cm from the either end of the wire is (1 gauss = 10*T) 


(a) 2.5 gauss (b) 1.25 gauss 
(c) 1.5 gauss (d) 3.0 gauss 


The magnetic field due to a current carrying circular loop of radius 3 m at a point on the axis at 
a distance of 4 m from the centre is 54 uT. What will be its value at the centre of the loop? 

(a) 250 uT (b) 150 uT 

(c) 125 uT (d) 75uT 

A conductor ab of arbitrary shape carries current I flowing from 6 to a. The length vector ab is 
oriented from ato b. The force F experienced by this conductor in a uniform magnetic field Bis 
(a) F=- I(ab x B) (b) F = 1(Bx ab) 

(c) F=I(ba x B) (d) All of these 


When an electron is accelerated through a potential difference V, it experiences a force F' 
through a uniform transverse magnetic field. If the potential difference is increased to 2 V, the 
force experienced by the electron in the same magnetic field is 

(a) 2F (b) 2V2F 

(©) V2F (d) 4F 


Two long straight wires, each carrying a current I in opposite directions are separated by a 
distance R. The magnetic induction at a point mid-way between the wires is 


(a) zero (b) a 
2Mol Mol 
Bie. qd) fo 

OTR () aR 


The magnetic field at a distance x on the axis of a circular coil of radius Ris ath of that at the 


centre. The value of x is 


R QR 
(a) WB (b) B 
(c) RV3 (d) RV2 


Electric field and magnetic field in a region of space is given by E= Eyj and B= Bj. A particle 
of specific charge o is released from origin with velocity v = Upi. Then, path of particle 

(a) is a circle 

(b) is a helix with uniform pitch 

(c) is a helix with non-uniform pitch 

(d) is cycloid 


Note £5, By and vo are constant values. 


22. 


An electron having kinetic energy K is moving in a circular orbit of radius R perpendicular toa 
uniform magnetic induction. If kinetic energy is doubled and magnetic induction tripled, the 
radius will become 

as 


2R 2 
(a) = (b) rau 


2 2 
(c) ee (d) a 
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23. Four long straight wires are located at the corners of a square ABCD. All the wires carry equal 
currents. Current in the wires Aand B are inwards and in Cand D are outwards. The 
magnetic field at the centre O is along 


Be 


(a) AD (b) CB 
(c) AB (d) CD 


24. A charged particle of mass m and charge q is accelerated through a potential difference of 
V volts. It enters a region of uniform magnetic field B which is directed perpendicular to the 
direction of motion of the particle. The particle will move on a circular path of radius 


Vm 2Vm 2Vm (1 Vm (1 
©) agp" Oe Ferme) @ 7 (5) 


25. The straight wire ABcarries a current J. The ends of the wire subtend angles 6, and 8, at the 
point P as shown in figure. The magnetic field at the point P is 


(aj UO Gln: gins iby Moh ino ames) 
1 2. 1 2: 
Ata 4ta 


(c) Hol (cos 6, — cos8.4) (d) Mol (cos 8, + cos 85) 
Ata Anta 


26. The figure shows three identical current carrying square loops A, B and C. Identify the correct 
statement related to magnetic field Bat the centre O of the square loop. Current in each wire 


is I. 
| | | 
1 4 1 4 1 4 
A B Cc 


(a) B is zero in all cases (b) Bis zero only in case of C 
(c) B is non-zero in all cases (d) Bis non-zero only in case of B 


27. 


28. 


29. 


30. 


31. 


32. 
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The figure shows a long straight wire carrying a current J, along the axis of a 

circular ring carrying a current J,. Identify the correct statement. I 
(a) Straight wire attracts the ring 

(b) Straight wire attracts a small element of the ring 

(c) Straight wire does not attract any small element of the ring 
(d) None of the above 


The figure shows a wire frame in xy-plane carrying a current J. The y 
magnetic field at the point O is 


Ih 


wy El 
omit th 
otf th 
om 


An electron moving in a circular orbit of radius R with frequency f. The magnetic field at the 
centre of the orbit is 


Uoef Moet 
— b 
te) oa 0) OR 
2 
© ee (a) zero 
A square loop of side a carries a current J. The magnetic field at the centre of the loop is 
Qn olV2 IV2 
(a) elet ve (b) Botve 
Ta Ta 
(@) Atolv2 (a) Hot 
na Ta 


The figure shows the cross-section of two long coaxial tubes carrying equal 
currents I in opposite directions. If B, and B, are magnetic fields at points 1 
and 2 as shown in figure, then 

(a) B, #0; By =0 (b) B, =0; B, =0 

(c) B, #0; B, #0 (d) B, =0, B, #0 


The figure shows a point P on the axis of a circular loop carrying current I. The correct direction 
of magnetic field vector at P due to dlis represented by 


(a) 1 (b) 2 
(c) 3 (d) 4 
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33. In figure, the curved part represents arc of a circle of radius x. If it carries a current I, then the 
magnetic field at the point O is 


I 
ose J 
x - 
(a) aon (b) “hie (c) : (d) qi 


34. A cylindrical long wire of radius R carries a current J uniformly distributed over the 
cross-sectional area of the wire. The magnetic field at a distance x from the surface inside the 


wire is 
Mol Mol Mol 
_ Hot Bot _ iy. d) Noné-of th 
(@) oR ow OT Say Oem ce) OneOtanere 


35. A circular loop carrying a current J is placed in the xy-plane as shown in figure. A uniform 
magnetic field Bis oriented along the positive z-axis. The loop tends to 


ay 


(a) expand (b) contract (c) rotate about x-axis (d) rotate about y-axis 
Subjective Questions 
Note You can take approximations in the answers. 


1. An electron has velocity v = (2.0 x 10° m/s)i+ (3.0 x 10° m/s) j. Magnetic field present in the 

region is B = (0.030 T)i- (0.15 T)j. 
(a) Find the force on electron. 
(b) Repeat your calculation for a proton having the same velocity. 

2. An electron moves through a uniform magnetic field given by B= Bit (8B yj Ata particular 
instant, the electron has the velocity v = (2.01+ 4.0j) m/s and the magnetic force acting on it is 
(6.4x 10°'? N)k. Find B.. 

3. A particle with charge 7.80\C is moving with velocity v = — (3.80 x 10° m/s) j. The magnetic 
force on the particle is measured to be F = + (7.60 x 10° N) i- (5.20 x 10°? N) k 


(a) Calculate the components of the magnetic field you can find from this information. 


(b) Are the components of the magnetic field that are not determined by the measurement of the 
force? Explain. 


(c) Calculate the scalar product B- F. What is the angle between Band F? 


10. 
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. Each of the lettered points at the corners of the cube in figure represents a positive charge q 


moving with a velocity of magnitude v in the direction indicated. The region in the figure is ina 
uniform magnetic field B, parallel to the x-axis and directed toward the right. Find the 
magnitude and direction of the force on each charge. 


. An electron in the beam of a TV picture tube is accelerated by a potential difference of 2.00 kV. 


Then, it passes through region of transverse magnetic field, where it moves in a circular arc 
with radius 0.180 m. What is the magnitude of the field? 


. A deuteron (the nucleus of an isotope of hydrogen) has a mass of 3.34 x 10°” kg and a charge of 


+e. The deuteron travels in a circular path with a radius of 6.96 mm in a magnetic field with 
magnitude 2.50 T. 


(a) Find the speed of the deuteron. 
(b) Find the time required for it to make half of a revolution. 


(c) Through what potential difference would the deuteron have to be accelerated to acquire this 
speed? 


. A neutral particle is at rest in a uniform magnetic field B. At time ¢ = 0, it decays into two 


charged particles, each of mass m. 

(a) If the charge of one of the particles is +g, what is the charge of the other? 

(b) The two particles move off in separate paths, both of them lie in the plane perpendicular to B. Ata 
later time, the particles collide. Express the time from decay until collision in terms ofm, Band q. 


. An electron at point A in figure has a speed vu, = 1.41 x 10° m/s. Find 


Vo* 


(a) the magnitude and direction of the magnetic field that will cause the electron to follow the 
semicircular path from A to B, 


(b) the time required for the electron to move from A to B. 


. Aproton of charge e and mass m enters a uniform magnetic field B= B i with an initial velocity 


Vv =v,1+ v,j. Find an expression in unit vector notation for its velocity at time ¢. 


A proton moves at a constant velocity of 50 m/s along the x-axis, in uniform electric and 
magnetic fields. The magnetic field is B = (2.0 mT)j. What is the electric field? 
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11. 


12. 


13. 


14. 


15. 


A particle having mass m and charge q is released from the origin in a region in which electric 
field and magnetic field are given by . 

B=-Bj and E=£,k 
Find the y-component of the velocity and the speed of the particle as a function of its 
z-coordinate. 


Protons move rectilinearly in the region of space where there are uniform mutually 
perpendicular electric and magnetic fields E and B. The trajectory of protons lies in the plane 
xz as shown in the figure and forms an angle 0 with x-axis. Find the pitch of the helical 
trajectory along which the protons will move after the electric field is switched off. 


A wire of 62.0 cm length and 13.0 g mass is suspended by a pair of flexible leads in a uniform 
magnetic field of magnitude 0.440 T in figure. What are the magnitude and direction of the 
current required to remove the tension in the supporting leads? Take g = 10 m/s”. 


A thin, 50.0 cm long metal bar with mass 750 g rests on, but is not attached to, two metallic 
supports in a 0.450 T magnetic field as shown in figure. A battery and a resistance R = 25.00 
in series are connected to the supports. 


(a) What is the largest voltage the battery can have without breaking the circuit at the supports? 


(b) The battery voltage has this maximum value calculated. Decreasing the resistance to 2.0 Q, find 
the initial acceleration of the bar. 


In figure, the cube is 40.0 cm on each edge. Four straight segments of 
wire ab, bc, cd and da form a closed loop that carries a current J = 5.00 A, 
in the direction shown. A uniform magnetic field of magnitude 
B= 0.020 T is in the positive y-direction. Determine the magnitude and 
direction of the magnetic force on each segment. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 
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Find the ratio of magnetic dipole moment and magnetic field at the centre of a disc. Radius of 
disc is R and it is rotating at constant angular speed ® about its axis. The disc is insulating and 
uniformly charged. 


A magnetic dipole with a dipole moment of magnitude 0.020 J/T is released from rest in a 
uniform magnetic field of magnitude 52 mT. The rotation of the dipole due to the magnetic 
force on it is unimpeded. When the dipole rotates through the orientations where its dipole 
moment is aligned with the magnetic field, its kinetic energy is 0.80 mJ. 

(a) What is the initial angle between the dipole moment and the magnetic field? 

(b) What is the angle when the dipole is next (momentarily) at rest? 

In the Bohr model of the hydrogen atom, in the lowest energy state the electron revolves round 
the proton at a speed of 2.2 x 10° m/sin a circular orbit of radius 5.3 x 107!' m. 

(a) What is the orbital period of the electron? 

(b) If the orbiting electron is considered to be a current loop, what is the current I? 

(c) What is the magnetic moment of the atom due to the motion of the electron? 


A conductor carries a constant current J along the closed path abcdefgha involving 8 of the 
12 edges each of length /. Find the magnetic dipole moment of the closed path. 


y 


Given figure shows a coil bent with all edges of length 1 m and carrying a current of 1 A. There 
exists in space a uniform magnetic field of 2 T in positive y-direction. Find the torque on 
the loop. 


ZA 


x —>B 


A very long wire carrying a current J=5.0A is bent at right angles. Find the magnetic 
induction at a point lying on a perpendicular normal to the plane of the wire drawn through the 
point of bending at a distance / = 35 cm from it. 


A current I = J2 A flows in a circuit having the shape of isosceles trapezium. The ratio of the 
bases of the trapezium is 2. Find the magnetic induction B at symmetric point O in the plane of 
the trapezium. The length of the smaller base of the trapezium is 100 mm and the distance 
r=50mm. 
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23. 


24. 


25. 


26. 


27. 


28. 


29. 


Two long mutually perpendicular conductors carrying currents J, and J, lie in one plane. Find 
the locus of points at which the magnetic induction is zero. 
oD) 
y 


x 


A wire carrying current i has the configuration as shown in figure. Two 7 \~_ 
semi-infinite straight sections, both tangent to the same circle, are / R Jo 
connected by a circular arc of central angle 0, along the circumference of \, ‘ 
the circle, with all sections lying in the same plane. What must @be for B  *~--- 
to be zero at the centre of the circle? 


Two long parallel transmission lines 40.0 cm apart carry 25.0 A and 75.0 A currents. Find all 
locations where the net magnetic field of the two wires is zero if these currents are in 
(a) the same direction (b) the opposite direction 


A closely wound coil has a radius of 6.00 cm and carries a current of 2.50 A. How many turns 
must it have if, at a point on the coil axis 6.00 cm from the centre of the coil, the magnetic field 
is 6.39x107T? 


A circular loop of radius R carries current J, in a clockwise direction as shown in figure. The 
centre of the loop is a distance D above a long, straight wire. What are the magnitude and 
direction of the current J, in the wire if the magnetic field at the centre of loop is zero? 

Ip 


I 


A closely wound, circular coil with radius 2.40 cm has 800 turns. 
(a) What must the current in the coil be if the magnetic field at the centre of the coil is 0.0580 T? 


(b) At what distance x from the centre of the coil, on the axis of the coil, is the magnetic field half its 
value at the centre? 


Four very long, current carrying wires in the same plane intersect to form a square 40.0 cm on 
each side as shown in figure. Find the magnitude and direction of the current J so that the 
magnetic field at the centre of square is zero. Wires are insulated from each other. 


10.0A] |: 


| 


30. 


31. 


32. 


33. 


34. 
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Acircular loop of radius R is bent along a diameter and given a shape as shown in figure. One of 
the semicircles (KNM) lies in the xz-plane and the other one (KLM) in the yz-plane with their 
centres at origin. Current J is flowing through each of the semicircles as shown in figure. 

: y 


(a) A particle of charge q is released at the origin with a velocity v=-— Upi- Find the instantaneous 
force F on the particle. Assume that space is gravity free. 

(b) If an external uniform magnetic field Boi is applied, determine the force F, and F, on the 
semicircles KLM and KNM due to the field and the net force F on the loop. 


A regular polygon of n sides is formed by bending a wire of total length 2mr which carries a 
current 1. 

(a) Find the magnetic field B at the centre of the polygon. 

(b) By letting n > ©, deduce the expression for the magnetic field at the centre of a circular coil. 
A long cylindrical conductor of radius a has two cylindrical cavities of diameter a through its 
entire length as shown in cross-section in figure. A current J is directed out of the page and is 


uniform throughout the cross-section of the conductor. Find the magnitude and direction of the 
magnetic field in terms of uy, J,r and a. 


gaia eee P, 
| sa 


(a) at point P, and (b) at point P, 
Two infinite plates shown in cross-section in figure carry ’ amperes of current out of the page 
per unit width of plate. Find the magnetic field at points P and Q. 


@ee#ee @eeeeeee @ @ 
ep 


°Q 


For the situation shown in figure, find the force experienced by side MN of the rectangular 
loop. Also, find the torque on the loop. 
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35. 


36. 


37. 


38. 


39. 


40. 


In a region of space, a uniform magnetic field B is along positive x-axis. Electrons are emitted 


from the origin with speed v at different angles. Show that the paraxial electrons are refocused 
mv 


. F 20 ; : 
on the x-axis at a distance . Here, m is the mass of electron and e the charge on it. 


e 


A particle of mass m and charge q is projected into a region having a perpendicular magnetic 
field B. Find the angle of deviation of the particle as it comes out of the magnetic field if the 
width of the region is 


mv mv 
(a) —— (b) Ba (c) 2 Bq 


In a certain region, uniform electric field E = — Ek and magnetic field B = Bk are present. At 
time t = 0, a particle of mass m and charge q is given a velocity v = Uol + ujk Find the minimum 
speed of the particle and the time when it happens so. 


z [P le 


>X 


A particle of mass m and charge q is lying at the origin in a uniform magnetic field B directed 
along x-axis. At time t = 0, it is given a velocity vg at an angle 6 with the y-axis in the xy-plane. 
Find the coordinates of the particle after one revolution. 


Find the magnetic moment of the current carrying loop OABCO shown in figure. 


Given that,i=4.0 A, OA=20cm and AB=10cm. 


A rectangular loop consists of N=100 closed wrapped turns and has dimensions 
(0.4 m x 0.3 m). The loop is hinged along the y-axis and its plane makes an angle 0 = 30° with 
the x-axis. What is the magnitude of the torque exerted on the loop by a uniform magnetic field 
B= 0.8 T directed along the x-axis when current is i = 1.2 Ain the direction shown. What is the 
expected direction of rotation of the loop? 
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41. Four long, parallel conductors carry equal currents of 5.0 A. The direction of the currents is 
into the page at points A and Band out of the page at C and D. Calculate the magnitude and 
direction of the magnetic field at point P, located at the centre of the square. 


Rip atc ©C 
(6p 102m 
BOO D 


42. A long cylindrical conductor of radius R carries a current i as shown in figure. The current 
density J is a function of radius according to, J = br, where bis a constant. Find an expression 
for the magnetic field B 


(a) at a distance 7, < Rand 
(b) at a distance r, > R, measured from the axis. 


LEVEL 2 


Single Correct Option 
1. A uniform current carrying ring of mass m and radius R is connected by a massless string as 
shown. A uniform magnetic field B, exists in the region to keep the ring in horizontal position, 
then the current in the ring is 


<— Bo 
mg mg mg mg 
a c d 
(a) TRB, (*) RB, ©) 32RB 7 TR’By 


2. A wire of mass 100 g is carrying a current of 2A towards increasing x in the form of 
y=x"(-2m<x<+2m). This wire is placed in a magnetic field B=- 0.02 k tesla. The 
acceleration of the wire (in m/s”) is 
(a) -1.6j (b) -3.2j (c) 1.65 (d) zero 

3. A conductor of length / is placed perpendicular to a horizontal uniform magnetic field B. 
Suddenly, a certain amount of charge is passed through it, when it is found to jump to a height 
h. The amount of charge that passes through the conductor is 


h gh 

@) 2 (b) “ve 

Bl 2Bl 
mj2gh 


(c) (d) None of these 


Bl 
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4. 


. The segment ABof wire carrying current J, is placed perpendicular to a long 1 


A solid conducting sphere of radius R and total charge qg rotates about its diametric axis with 
constant angular speed wm. The magnetic moment of the sphere is 


(a) ; qR’w (b) : qR’w () = qR’w (a) : gR’o 


. Acharged particle moving along positive x-direction with a velocity v enters a region where 


there is a uniform magnetic field B= -— B k from x = Otox = d. The particle gets deflected at an 
angle 0 from its initial path. The specific charge of the particle is 


Bd utané 
b 
(a) ucos8@ (b) Bd 
Bsin@ usin 8 
d 
ad Og 


. Acurrent carrying rod ABis placed perpendicular to an infinitely long current carrying wire as 


shown in figure. The point at which the conductor should be hinged so that it will not rotate 
(AC = CB) 


(a) A (b) somewhere between Band C 
(c) C (d) somewhere between A and C 


straight wire carrying current I, as shown in figure. The magnitude of force 
experienced by the straight wire ABis 


Molle bolls Ip 
or 1n3 oo In 2 I 
(a) 20 . (b) 20 ” 8 
QuoLl. LI. 2 
() Holite (a) Holite 2a | 
2 2m i 


. A straight long conductor carries current along the positive x-axis. Identify the correct 


statement related to the four points A(a, a, 0), B(a, 0, a), C(a,- a, 0) and D(a, 0,- a). 
(a) The magnitude of magnetic field at all points is same 

(b) Fields at Aand Bare mutually perpendicular 

(c) Fields at A and C are antiparallel 

(d) All of the above 


. The figure shows two coaxial circular loops 1 and 2, which forms same solid angle @ at point O. If 


B, and B, are the magnetic fields produced at the point O due to loop 1 and 2 respectively, then 


10. 


11. 


12. 


13. 
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In the figure shown, a charge gq moving with a velocity v along the x-axis enter into a region of 
uniform magnetic field. The minimum value of v so that the charge q is able to enter the region 
x>b 


Bb Ba 
(a) (o) 

m m 

B(b-a Bib+a 
Ce (6-a) (a 4 ( ) 

m 2m 

An insulating rod of length / carries a charge g uniformly distributed on it. The rod is pivoted at 
one of its ends and is rotated at a frequency f about a fixed perpendicular axis. The magnetic 
moment of the rod is 


nfl? nofl? 
(a) 12 (b) 2 

nafl nafl 
(c) 6 (d) 3 


A wire carrying a current of 3 A is bent in the form of a parabola y” = 4— x as shown in figure, 
where x and y are in metre. The wire is placed in a uniform magnetic field B= 5k tesla. The 
force acting on the wire is 


y(m) 
® e e 
Opetssccarpeseessca- >x(m) 
e e 
e e e 
(a) 60i N (b) -60i N 
() 30iN (d) -30i.N 
An equilateral triangle frame PQR of mass M and side ais kept under ™~* p 


the influence of magnetic force due to inward perpendicular magnetic 
field B and gravitational field as shown in the figure. The magnitude *___ 
and direction of current in the frame so that the frame remains at 3 ; 
rest, is Ae 


(a) [= 2M anti-clockwise (b) I= au. clockwise 
aB aB 


(c) T= Ma. anti-clockwise (d) [= Ms. clockwise 
aB aB 
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14. 


15. 


16. 


17. 


18. 


A tightly wound long solenoid has n turns per unit length, radius r and carries a current i. A 
particle having charge g and mass m is projected from a point on the axis in the direction 
perpendicular to the axis. The maximum speed for which particle does not strike the solenoid 
will be 


rni Mogrni 
() ater (d) None of these 
nn 


If the acceleration and velocity of a charged particle moving in a constant magnetic region is 
given by a= ai + ak, v = bi + bok. [a,, ay, b, and b, are constants], then choose the wrong 
statement. 

(a) Magnetic field may be along y-axis 

(b) a,b, + Agb2 =0 

(c) Magnetic field is along x-axis 

(d) Kinetic energy of particle is always constant 


A simple pendulum with a charged bob is oscillating as shown in the figure. Time period of 
oscillation is J and angular amplitude is 0. If a uniform magnetic field perpendicular to the 
plane of oscillation is switched on, then 


ZS @B 


(a) T will decrease but 6 will remain constant (b) 7 will remain constant but 0 will decrease 
(c) Both T and 0 will remain the same (d) Both T and 6 will decrease 


Magnetic field in a region is given by B= Boxk. Two loops each of side a is placed in this 
magnetic region in the xy-plane with one of its sides on x-axis. If F, is the force on loop 1 and F;, 
be the force on loop 2, then 


(a) F, =F,=0 (bo) Fi >F, 
(c) Fy > F, (d) F, =F, +0 


Consider a coaxial cable which consists of an inner wire of radius a surrounded by an outer shell 
of inner and outer radii b and c, respectively. The inner wire carries a current J and outer shell 
carries an equal and opposite current. The magnetic field at a distance x from the axis where 
b<x<cis 


Uo (c? — b?) ol (ce? — x”) 
2nx(c? — a”) 2nx(c? — a”) 
(c) Hole -*’) (d) zero 


2Qnx(c*— b”) 


19. 


20. 


21. 


22. 


23. 


24. 
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A particle of mass 1x 10° kg and charge +1.6x 10° C travelling with a velocity of 
1.28 x 10° m/s along positive direction of x-axis enters a region in which a uniform electric field 
Eand a uniform magnetic field B are present such that 

E,=-102.4kV/m and B,=8x 10" Wb/m? 


The particle enters this region at origin at time ¢ = 0. Then, 

(a) net force acts on the particle along the +ve z-direction 

(b) net force acts on the particle along —ve z-direction 

(c) net force acting on particle is zero 

(d) net force acts in xz-plane 

A wire lying along y-axis from y = 0 to y= 1m carries a current of 2 mA in the negative 


y-direction. The wire lies ina non-uniform magnetic field given by B=(0.3 T/m) yl 
+ (0.4 Tm) yj. The magnetic force on the entire wire is 


(a) -3x10“*jN (b) 6x10°kN 

(c) -3 x 104k N (d) 3x10¢*kN 

A particle having a charge of 20C and mass 20g moves along a circle of * * * * * * 
radius 5 cm under the action of a magnetic field B= 0.1 tesla. When the x x Xx 
particle is at P, uniform transverse electric field is switched on and it is - a 
found that the particle continues along the tangent with a uniform P 
velocity. Find the electric field x x x 
(a) 2 V/m (b) 0.5 V/m x xX xX xX xX xX 


(c) 5 V/m (d) 1.5 V/m 


Two circular coils Aand B of radius 2s cm and 5 cm carry currents 5 A and 5/2 A, 


V2 
respectively. The plane of Bis perpendicular to plane of A and their centres coincide. 
Magnetic field at the centre is 
(a) 0 (b) 4nV/2 x 107° T (c) 4n x10° T (d) 2nV2 x10° T 
A charged particle with specific charge s moves undeflected through a region of space 
containing mutually perpendicular and uniform electric and magnetic fields E and B. When 


the electric field is switched off, the particle will move in a circular path of radius 


E Es Es iE 
(a) oe (b) i (ce) = (d) Bs 


Two long parallel conductors are carrying currents in the same direction as shown in the 
figure. The upper conductor (A) carrying a current of 100 Ais held firmly in position. The lower 
conductor (B) carries a current of 50 A and free to move up and down. The linear mass density 
of the lower conductor is 0.01 kg/m. 


100A 
A “ 
B ~< 
50A 


(a) Conductor B will be in equilibrium if the distance between the conductors is 0.1 m 
(b) Equilibrium of conductor B is unstable 

(c) Both (a) and (b) are wrong 

(d) Both (a) and (b) are correct 
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25. 


26. 


27. 


Equal currents are flowing in three infinitely long wires along positive x, y and z-directions. 
The magnetic field at a point (0, 0,— @) would be (i = current in each wire) 


(a) So G-i) (bo) Sot G -j 
2a 2ta 
@ G+} (a) So! -j-j) 
2a 2a 
In the figure, the force on the wire ABC in the given uniform magnetic field will be (B = 2 tesla) 
Cc 


(a) 48+ 22) N (b) 20 N 
(c) 830 N (d) 40 N 
A uniformly charged ring of radius R is rotated about its axis with constant linear speed vu of 


each of its particles. The ratio of electric field to magnetic field at a point P on the axis of the 
ring distant x = R from centre of ring is (cis speed of light) 


Ce 


(a) — 
U 


U 


(c) — 
Cc 


More than One Correct Options 


1: 


Two circular coils of radii 5cm and 10 cm carry currents of 2 A. The coils have 50 and 100 turns 
respectively and are placed in such a way that their planes as well as their centres coincide. 
Magnitude of magnetic field at the common centre of coils is 

(a) 8x x 10~* T if currents in the coils are in same sense 

(b) 4x x 10~ T if currents in the coils are in opposite sense 

(c) zero if currents in the coils are in opposite sense 

(d) 8x x10“ T if currents in the coils are in opposite sense 


. Acharged particle enters into a gravity free space occupied by an electric field Eand magnetic 


field B and it comes out without any change in velocity. Then, the possible cases may be 
(a) E=Oand B+0 (b) E#0and B=0 
(c) E#0and B#0 (d) E=0, B=0 
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. A charged particle of unit mass and unit charge moves with velocity v = (81 + 6j) m/s in a 
magnetic field of B= 2k T. Choose the correct alternative (s). 

(a) The path of the particle may be x7+ y*—4x-21=0 

(b) The path of the particle may be x7+ y?=25 

(c) The path of the particle may be y?+ z7=25 

(d) The time period of the particle will be 3.14 s 


. When a current carrying coil is placed in a uniform magnetic field with its magnetic moment 
anti-parallel to the field, then 

(a) torque on it is maximum 

(b) torque on it is zero 

(c) potential energy is maximum 

(d) dipole is in unstable equilibrium 


. Ifa long cylindrical conductor carries a steady current parallel to its length, then 
(a) the electric field along the axis is zero 

(b) the magnetic field along the axis is zero 

(c) the magnetic field outside the conductor is zero 

(d) the electric field outside the conductor is zero 


. An infinitely long straight wire is carrying a current J,. Adjacent to it there is another 
equilateral triangular wire having current Ij. Choose the wrong options. 


b 
I Ip 
a c 
(a) Net force on loop is leftwards (b) Net force on loop is rightwards 
(c) Net force on loop is upwards (d) Net force on loop is downwards 
. Acharged particle is moving along positive y-axis in uniform electric and magnetic fields 
E= E,k 
and B= Bi 


Here, EH, and B, are positive constants. Choose the correct options. 
(a) particle may be deflected towards positive z-axis 

(b) particle may be deflected towards negative z-axis 

(c) particle may pass undeflected 

(d) kinetic energy of particle may remain constant 


. Acharged particle revolves in circular path in uniform magnetic field after accelerating by a 
potential difference of V volts. Choose the correct options if V is doubled. 

(a) kinetic energy of particle will become two times 

(b) radius in circular path will become two times 

(c) radius in circular path will become V2 times 

(d) angular velocity will remain unchanged 
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9. 


10. 


abcd is a square. There is a current I in wire efg as shown. Dieses ape ee c 
Choose the correct options. 

(a) Net magnetic field at a is inwards 
(b) Net magnetic field at b is zero 

(c) Net magnetic field at cis outwards 
(d) Net magnetic field at d is inwards gt-----L----- d 


There are two wires aband cd in a vertical plane as shown in figure. Direction of current in 
wire abis rightwards. Choose the correct options. 
Cl 


a 9 
i 
(a) If wire ab is fixed, then wire cd can be kept in equilibrium by the current in cd in leftward 
direction 
(b) Equilibrium of wire cd will be stable equilibrium 


(c) If wire cd is fixed, then wire ab can be kept in equilibrium by flowing current in cd in rightward 
direction 


(d) Equilibrium of wire ab will be stable equilibrium 


Match the Columns 


1: 


2. 


An electron is moving towards positive x-direction. Match the following two columns for 
deflection of electron just after the fields are switched on. (EH) and B, are positive constants) 


Column | Column II 
(a) If magnetic field B= Boi is switched on | (p) Negative y-axis 
(b) If magnetic field B= Bok is switched on) (q) Positive y-axis 


(c) If magnetic field B= Boi and electric (r) Negative z-axis 
field E = Epj is switched on 


(d) If electric field E= E ok is switched on _| (s) Positive z-axis 


Four charged particles, (—q, m), (-38q, 4m), (+q, m) and (+ 2q, m) enter in uniform magnetic field 
(in inward direction) with same kinetic energy as shown in figure. Inside the magnetic field 
their paths are shown. Match the following two columns. 


Column I Column II 


(a) Particle (—q,m) (p) w 
(b) Particle (-3q,4m) | (q) x 


(c) Particle (4q,m) (rv) y 
(d) Particle (+ 2q,m) (s) z 
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3. In Column I, a current carrying loop and a uniform magnetic field are shown. Match this with 


Column II. 
Column I Column II 
B 
(a) ty (p) Force =0 
(b) Cc > >B | (q) Maximum torque 
(c) (rz) Minimum potential 
energy 
B 
B 
(d) (s) Positive potential 
energy 
4. Equal currents are flowing in two infinitely long wires lying along y 


xand y-axes in the directions shown in figure. Match the 
following two columns. 


Column I 


(a) Magnetic field at (a, a) (p) 
(b) Magnetic field at (-a,-a) | (q) 
(c) Magnetic field at (a,-—a) | (r) 
(d) Magnetic field at (—a, a) (s) 


Column II O x 


along positive y-axis 
along positive z-axis 
along negative z-axis 


zero 


5. Equal currents are flowing in four infinitely long wires. Distance between two wires is same 
and directions of currents are shown in figure. Match the following two columns. 


1 2 3 4 
Column | Column II 
(a) Force on wire-1 (p) inwards 
(b) Force on wire-2 (q) leftwards 
(c) Force on wire-3 (x) rightwards 


(d) Force on wire-4 


(s) zero 
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6. A square loop of uniform conducting wire is as shown in figure. A current I (in ampere) enters 
the loop from one end and exits the loop from opposite end as shown in figure. 

in 

H 1/2 


12 


I 


The length of one side of square loop is / metre. The wire has uniform cross-section area and 
uniform linear mass density. 


Column | Column II 
(a) B= Boi in tesla (p) magnitude of net force on loop is V2Boll 
n newton 
(b) B= B,jin tesla (q) magnitude of net force on loop is zero 
(ce) B=B, (i + j) in tesla | (r) magnitude of force on loop is 2 Boll 
(d) B= Bok in tesla (s) magnitude of net force on loop is Boll 
newton 


Subjective Questions 


1. An equilateral triangular frame with side a carrying a current J is placed at a distance a from 
an infinitely long straight wire carrying a current J as shown in the figure. One side of the 
frame is parallel to the wire. The whole system lies in the xy-plane. Find the magnetic force F 
acting on the frame. 


oY 
H 
i [ey 
2 I 
I Ih 3 
1 I 
a—| 


2. Find an expression for the magnetic dipole moment and magnetic field induction at the centre 
of a Bohr’s hypothetical hydrogen atom in the nth orbit of the electron in terms of universal 
constants. 


3. A square loop of side 6 cm carries a current of 30 A. Calculate the magnitude of magnetic field 
B at a point P lying on the axis of the loop and a distance V7 cm from centre of the loop. 


4. A positively charged particle of charge 1 C and mass 40 g, is revolving along a circle of radius 
40 cm with velocity 5 m/s in a uniform magnetic field with centre at origin O in xy-plane. At 
t= 0, the particle was at (0,0.4 m,0) and velocity was directed along positive x-direction. 
Another particle having charge 1 C and mass 10 g moving uniformly parallel to z-direction 


with velocity = m/s collides with revolving particle at t = 0 and gets stuck with it. Neglecting 
T 


gravitational force and colombians force, calculate x, y and z-coordinates of the combined 


: ™ 
particle at t = — sec. 
40 
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5. A proton beam passes without deviation through a region of space where there are uniform 
transverse mutually perpendicular electric and magnetic fields with HL =120— and 
m 
B= 50 mT. Then, the beam strikes a grounded target. Find the force imparted by the beam on 
the target if the beam current is equal to J = 0.80 mA. 


6. A positively charged particle having charge q is accelerated by a y 
potential difference V. This particle moving along the x-axis enters a 
region where an electric field E exists. The direction of the electric iE B 
field is along positive y-axis. The electric field exists in the region q t i 
bounded by the lines x = Oand x= a. Beyond the line x = a (i.e. in the i O. x=a 
region x > a) there exists a magnetic field of strength B, directed 
along the positive y-axis. Find 


>X 


(a) at which point does the particle meet the line x=a 
(b) the pitch of the helix formed after the particle enters the region x > a. Mass of the particle is m. 


7. A charged particle having charge 10° C and mass of 10-1’ kg is fired from the middle of the 
plate making an angle 30° with plane of the plate. Length of the plate is 0.17 m and it is 
separated by 0.1 m. Electric field E = 10° N/Cis present between the plates. Just outside the 
plates magnetic field is present. Find the velocity of projection of charged particle and 
magnitude of the magnetic field perpendicular to the plane of the figure, if it has to graze the 
plate at C and A parallel to the surface of the plate. (Neglect gravity) 


8. A uniform constant magnetic field B is directed at an angle of 45° to the x-axis in xy-plane. 
PQRS is a rigid square wire frame carrying a steady current Jp, with its centre at the origin O. 
At time ¢t = 0, the frame is at rest in the position shown in the figure with its sides parallel to x 
and y-axis. Each side of the frame has mass WM and length L. 


YA 


I 

ge 
ra O 

(a) What is the magnitude of torque t acting on the frame due to the magnetic field? 

(b) Find the angle by which the frame rotates under the action of this torque in a short interval of 


time At, and the axis about which the rotation occurs (At is so short that any variation in the 
torque during this interval may be neglected). Given: The moment of inertia of the frame 


: “ : ‘ _ 4 
about an axis through its centre perpendicular to its plane is 3 ML?. 
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9. Aring of radius R having uniformly distributed charge @ is mounted on a rod suspended by two 


10. 


11. 


12. 


identical strings. The tension in strings in equilibrium is Tp. Now, a vertical magnetic field is 
switched on and ring is rotated at constant angular velocity m. Find the maximum value of o 


with which the ring can be rotated if the strings can withstand a maximum tension of ~ 


| | | fe 


Figure shows a cross-section of a long ribbon of width@ that is carrying a uniformly distributed 
total current i into the page. Calculate the magnitude and direction of the magnetic field Bata 
point P in the plane of the ribbon at a distance d from its edge. 


P 
e Me ME RE MC RE OM MN He 
Is d I< o > 


A particle of mass m having a charge g enters into a circular region of radius R with velocity v 
directed towards the centre. The strength of magnetic field is B. Find the deviation in the path 
of the particle. 


A thin, uniform rod with negligible mass and length 0.2 m is attached to the floor by a 
frictionless hinge at point P. A horizontal spring with force constant k = 4.80 N/m connects the 
other end of the rod with a vertical wall. The rod is in a uniform magnetic field B= 0.340 T 
directed into the plane of the figure. There is current J = 6.50 A in the rod, in the direction 
shown. 
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(a) Calculate the torque due to the magnetic force on the rod, for an axis at P. Is it correct to take the 
total magnetic force to act at the centre of gravity of the rod when calculating the torque? 

(b) When the rod is in equilibrium and makes an angle of 53.0° with the floor, is the spring stretched 
or compressed? 

(c) How much energy is stored in the spring when the rod is in equilibrium? 


13. Arectangular loop PQRS made from a uniform wire has length a, width b and mass m. It is free 
to rotate about the arm PQ, which remains hinged along a horizontal line taken as the y-axis 
(see figure). Take the vertically upward direction as the z-axis. A uniform magnetic field 
B= (31+ 4 k)B exists in the region. The loop is held in the xy-plane and a current J is passed 
through it. The loop is now released and is found to stay in the horizontal position in 
equilibrium. 


(a) What is the direction of the current J in PQ? 
(b) Find the magnetic force on the arm RS. 
(c) Find the expression for Jin terms of By,a, b and m. 


Answers 


Introductory Exercise 26.1 
1. [LT] 2. (F, v), (F,B) 3. No 4. (- 0.16 1- 0.32 j - 0.64 k)N 
5. Positive 6. 9.47x 10° m/s 7. 2.56x 1074 N 


Introductory Exercise 26.2 
1.D,B 2. False 3. False 4. Yes, No 5. Along positive z-direction 


6. (a) electron (b) electron 7. 0.0167 cm, 0.7 cm 


Introductory Exercise 26.3 
1. V2 Bo il 2. No 
3. (a) (0.023 N)k (b) (0.02N)j (c) zero (d) (-0.0098N)j (e) (0.013 N)j + (0.026 N) k 
4. 32 N upwards 


Introductory Exercise 26.4 
gR*a 

aa: 

4, -2.42 J 


1 2. (a) t= (-9.6i-7.2j+8.0k)x104N-m (b) U=-(6.0x10%)J 


Introductory Exercise 26.5 


1. (a) 28.3 uT into the page (b) 24.7 uT into the page 2. oo into the page 
1X 
3. 58.0 uT into the page 4. 26.2 uT into the page 5. po ( - ;| out of the page 
a 


Introductory Exercise 26.6 
1. 200 uT toward the top of the page, 133 uT toward the bottom of the page 
2. (a) zero (b) -5.0x 10° T-m (c) 2.5x 10° T-m (d) 5.0x 10° T-m 
3. (b) the magnetic field at any point inside the pipe is zero 


Introductory Exercise 26.7 
1.90T 2.1.3x107A 


Exercises 
LEVEL 1 
Assertion and Reason 
1.(c) 2. (c) 3. (b) 4. (d) 5. (c) 6. (b) 7. (a) 8.(c) 9. (a) 10. (d) 
11. (d) 


Objective Questions 


1. (a) 2 (c) 3. (c) 4. (c) 5. (c) 6 (b) 7 (d) 8 (c) 9% (d) 10. (a) 
11. (c) 12. (d) 13. (c) 14. (a) 15. (c) 16. (a) 17. (d) 18. (c) 19. (c) 20. (c) 


21. 
31. 
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(c) 22. (b) 23. (d) 24 (c) 25. (a) 26. (b) 27. (c) 28 (a) 29. (b) 30. (a) 
(a) 32. (a) 33. (b) 34 (d) 35. (a) 


Subjective Questions 


1. (a) (6.24x 1074 N)k (b) —(6.24x 10°! N)k 7 ee Oe | 
3. (a) B, = (-0.175)T, B, = (-0.256)T (b) Yes, By (c) zero, 90° 
* 4 -qvB 3 qvB\,; > _4 
4. (a) -qvBk (b) +qvBj (c)zero (d) —™ | + k 5. 8.38x 104 T 
(a) -q (b) +qvBj ( ( aI j ¢ TB G+k 
6. (a) 8.35x 10° m/s (b) 2.62x 10% s (c) 7.26 kV 7. (a) -q (b) a 
q 
8. (a) 1.6x 10% T into the page (b) 1.11x 107’ s 
9.v= Vi + Vy cos at j — vy sinat k, Here @ = oe 10. E = (-0.1 V/m) k 
m 
11. v= 0,v = [24607 ap, Se ane 13. 0.47 A from left to right 
m qB 
14. (a) 817.5V (b) 112.8 m/s? 15. F,, = 0,F,,=(-0.04.N) i, F.y = (- 0.04 N) k, Fy, = (0.041 + 0.04k) N 
3 
16. sie 17. (a) 76.7° (b) 76.7° 18. (a) 1.5x 1071 s (b) 1.1 mA (c) 9.3x 1074 A-m? 
Ho 
19. M = 21/2j 20. zero 21. 2.0uT 22. 2x10°T 23. y= tal 24. 2 rad 
2 
25. (a) Between the wires, 30.0 cm from wire carrying 75.0 A 
(b) 20.0 cm from wire carrying 25.0 A and 60.0 cm from wire carrying 75.0 A 
26. 69 27. |= (2) ly, towards right 28. (a) 2.77A (b) 0.0184 m 
29. 2.0 A toward bottom of page 30. (a) shove! (b) Fy = Fo = 2Bo/Ri, F = 4B, /Ri 
lL gin? sin(=) tan( =} ee 
31. (a A Nn’ (b) £2 
a) 2n°r (b) 2r 
2. 22 er) 
32. (a) Hol — to the left (b) Hol a towards the top of the page 
tm | 4r--—a m \4r-+a 
33. Bp = 0,89 =Hod 34, Holle pero 36. (a) x (b) x (c) = 
2ma 6 
Va ape 38. meee 0: 0| 39. (0.04 j - 0.07 k) A-m?2 
qe Bq 
40. 9.98 N-m, clockwise as seen looking down from above. 
lob ne lb R? 
41. 20.0 uT toward the bottom of the square 42. (a) os 1 (b) 5 
Ip 
LEVEL 2 
Objective Questions 
1.(a) 2.(c) 3.(c) 4.(c) 5.(d) 6.(d) 7.(b) 8.(d) 9.(b) 10.(c) 


11.(d) 12.(a) — 13.(b) 14.(a) 15.(c) 16.(c) 17.(d) 18(c) 19.(c)  20.(d) 
21.(b) 22.(c) —-23.(d) 24.(d) 25.(a)  26.(b) —27.(a) 
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More than One Correct Options 
1.(a,c) 2.(a,c,d) 3.(a,b,d) 4.(b,c,d) 5.(b,d) 6.(a,b,c,d) 7.(a,b,c,d) 8.(a,c,d) 9.(a,c,d) 


Match the Columns 


1. (avor (b) > q (c)> p (d)> r 
2. (aor (b) > s (c)> q (d)> p 
3. (ajo ps (b)> p,q (c)—> p,r (d) > p,s 
4. (ado g (b) > r (c)> $s (d)> s 
5. (ajo q (b) > r (c)> q (d)> r 
6. (ayo s (b) > s (c)> q (d)> p 


Subjective Questions 


2 “ 2,7 
trate }1_ 1 ),{2+%3)| G | geemel Me cel 
xn |2 J3 2 4nm 8 egh?n 
3. 2.7x 107 T 4. (0.2 m, 0.2 m, 0.2 m) 
Ea? mEa }2m 
5. 2x 10°N 6. (a) y= b) p= 
x (a) y 77 (b) p BV av 
2 3 [9B 2 
7. 2.0 m/s, 3.46 mT 8. (a) Iol?B (b) rata (At) 
DTo Mo i d+@ 
Q, = 10. B = =2 — In| ——— | (upwards 
max BOR? on @ d ( p ) 


11. 2 tar? (=) 
mv 


12. (a) 0.0442 N-m, clockwise, yes (b) stretched (c) 7.8x 10° J 


vere mg 
13. (a) PtoQ (b) IbB(3k- 4i) (c) ate 


10.(a,b,c) 
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27.1 Introduction 


Almost every modern device has electric circuits at its heart. We learned in the chapter of current 
electricity that an electromagnetic force (emf) is required for a current to flow in a circuit. But for 
most of the electric devices used in industry the source of emf is not a battery but an electrical 
generating station. In these stations other forms of energy are converted into electric energy. For 
example, in a hydroelectric plant gravitational potential energy is converted into electric energy. 
Similarly, in a nuclear plant nuclear energy is converted into electric energy. 


But how this conversion is done? Or what is the physics behind this? The branch of physics, known as 
electromagnetic induction gives the answer to all these queries. Ifthe magnetic flux (0, ) through a 
circuit changes, an emf and a current are induced in the circuit. Electromagnetic induction was 
discovered in 1830. The central principle of electromagnetic induction is Faraday’s law. This law 
relates induced emf to change in magnetic flux in any loop, including a closed circuit. We will also 
discuss Lenz’s law, which helps us to predict the directions of induced emf and current. 


27.2 Magnetic Field Lines and Magnetic Flux 


Let us first discuss the concept of magnetic field lines and magnetic flux. We can represent any 
magnetic field by magnetic field lines. Unlike the electric lines of force, it is wrong to call them 
magnetic lines of force, because they do not point in the direction of the force on a charge. The force 
on a moving charged particle is always perpendicular to the magnetic field (or magnetic field lines) at 
the particle’s position. 

The idea of magnetic field lines is same as for the electric field lines as discussed in the chapter of 
electrostatics. The magnetic field at any point is tangential to the field line at that point. Where the 
field lines are close, the magnitude of field is large, where the field lines are far apart, the field 
magnitude is small. Also, because the direction of Bat each point is unique, field lines never intersect. 
Unlike the electric field lines, magnetic lines form a closed loop. 


Magnetic Flux 


The flux associated with a magnetic field is defined in a similar manner to that used to define electric 
flux. Consider an element of area dS on an arbitrary shaped surface as shown in figure. If the 


magnetic field at this element is B, the magnetic flux through the element is 
ds 


7 


2 
LAG 


B 


Fig. 27.1 
doz =B-dS = BdS cos® 


Here, dS is a vector that is perpendicular to the surface and has a magnitude equal to the area dS and is 
the angle between B and dS at that element. In general, d, varies from element to element. The total 
magnetic flux through the surface is the sum of the contributions from the individual area elements. 


6, =| BdS cos =| B- dS 
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Note down the following points regarding the magnetic flux : 
(i) Magnetic flux is a scalar quantity (dot product of two vector quantities is a scalar quantity) 
(ii) The SI unit of magnetic flux is tesla-metre” (1T-m7). This unit is called weber (1 Wb). 


1 Wb =1T-m? =1 N-m/A 
Thus, unit of magnetic field is also weber/m* (1Wb/m’). 
or 1T =1 Wb/m? 


(iii) In the special case in which Bis uniform over a plane surface with total area S, 


LIT LOG 


If Bis perpendicular to the surface, then cos@ =1 and 
o, =BS 


Gauss’s Law for Magnetism 


In Gauss’s law, the total electric flux through a closed surface is proportional to the total electric 
charge enclosed by the surface. For example, if a closed surface encloses an electric dipole, the total 
electric flux is zero because the total charge is zero. 


By analogy, if there were such as thing as a single magnetic charge (magnetic monopole), the total 
magnetic flux through a closed surface would be proportional to the total magnetic charge enclosed. 
But as no magnetic monopole has ever been observed, we conclude that the total magnetic flux 
through a closed surface is zero. 


$B-dS=0 


Unlike electric field lines that begin and end on electric charges, magnetic field lines never have end 
points. Such a point would otherwise indicate the existence of a monopole. For a closed surface, the 
vector area element dS always points out of the surface. However, for an open surface we choose one 
of the possible sides of the surface to be the positive and use that choice consistently. 


27.3 Faraday’s Law 


This law states that, “the induced emf in a closed loop equals the negative of the time rate of change of 
magnetic flux through the loop.” 


_ ae 
dt 
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Ifa circuit is a coil consisting of N loops all of the same area and if, is the flux through one loop, an 
emf is induced in every loop, thus the total induced emf in the coil is given by the expression, 


d 
ys 
dt 


The negative sign in the above equations is of important physical significance, which we will discuss 
in article. 27.4. 


Note down the following points regarding the Faraday’s law: 


eS 


(i) As we have seen, induced emf is produced only when there is a change in magnetic flux passing 
through a loop. The flux passing through the loop is given by 


o = BS cos0 
This, flux can be changed in several ways: 


(a) The magnitude of B can change with time. In the problems if magnetic field is given a 
function of time, it implies that the magnetic field is changing. Thus, 


B=B(t) 
(b) The current producing the magnetic field can change with time. For this, the current can be 
given as a function of time. Hence, 
i=i(t) 
(c) The area of the loop inside the magnetic field can change with time.This can be done by 
pulling a loop inside (or outside) a magnetic field. 


+ f+ 


Fig. 27.3 


(d) The angle @ between B and the normal to the loop (or s) can change with time. 


x x 1@ x x 
a 
° : 
x x x x 
Fig. 27.4 


This can be done by rotating a loop in a magnetic field. 
(e) Any combination of the above can occur. 


(ii) When the magnetic flux passing through a loop is changed, an induced emf and hence, an 
induced current is produced in the circuit. If R is the resistance of the circuit, then induced 


current is given by 
_ e@ 1/(-ddbz 
(SS SS 
R R\ dt 
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Current starts flowing in the circuit, means flow of charge takes place. Charge flown in the 
circuit in time dt will be given by 
1 
dq = idt = — (-d 
q R (—do; ) 
Thus, for a time interval At we can write the average values as, 


oe Abs re —Abs 
° R\ At 


1 
) and Aq =— (Ads ) 


From these equations, we can see that e and i are inversely proportional to At while Aq is 
independent of At. It depends on the magnitude of change in flux, not the time taken in it. This 
can be explained by the following example. 


© Example 27.1 A square loop ACDE of area 20cm? andy Y xB 


x 
resistance 5 Q is rotated in a magnetic field B= 2T through 

180°, (a) in 0.01 s and (b) in 0.02 s 2 y ¥ 
k 


Find the magnitudes of average values of e, i and Aq in both 
the cases. P 


Solution Let us take the area vector S perpendicular to plane of loop Fig. 27.5 
inwards. So initially, STT B and when it is rotated by 180°, STUB. 
Hence, initial flux passing through the loop, 
, = BS cos 0° = (2) (20x 10) (1)=4.0x 10° Wb 
Flux passing through the loop when it is rotated by 180°, 

, = BS cos 180° = (2) (20x 107 ) (-1)=-4.0x 10° Wb 
Therefore, change in flux, 

Abs =, — 6; =-8.0x 10° Wb 


(a) Given, At=0.0ls, R=5Q 


8.0x 10° 
le|= = = 


0.01 


Ads 
At 


0.8 V 


and Aq = iAt = 0.16 0.01=1.6x 10° C 
(b) At =0.02s 
_ 8.0x107 | 
0.02 


Ad 
el-| f 
At 
;—!@l_ 94 _ poga 
R 5 
and Aq = iAt = (0.08) (0.02) 
=1.6x10° C 


0.4V 


Note Time interval At in part (b) is two times the time interval in part (a), so e andi are half while Aq is same. 
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© Example 27.2 A coil consists of 200 turns of wire having a total resistance of 


2.0 Q. Each turn is a square of side 18 cm, and a uniform magnetic field 
directed perpendicular to the plane of the coil is turned on. If the field changes 
linearly from 0 to 0.5 T in 0.80 s, what is the magnitude of induced emf and 
current in the coil while the field is changing? 


Solution From the Faraday’s law, 


Induced emf, |e |= aay = (NS ) coat 
t At 
(200) (18x 107 )* (0.5- 0) 
~ 0.8 
=4,05 V Ans. 
Induced current, i = 7 — = =2.0A Ans. 


Example 27.3 The magnetic flux passing through a metal ring varies with 
time tas: dp =3 (at® — bt?) T-m? with a =2.00s° and b =6.00s°. The 
resistance of the ring is 3.0 Q. Determine the maximum current induced in the 
ring during the interval from t=0 to t= 2.0 s. 


Solution Given, 3 =3(at? — bt’) 


d 
je|= ae = 9at? — 6bt 
dt 
2 
t~ — 6bt 
-, Induced current, i= ieee = 3at? — 2bt 
R 3 
For current to be maximum, 
ai 
dt 
6at —2b=0 
b 
or pac 
3a 


: b : : : : : 
Le. at f= iG current is maximum. This maximum current is 
a 


Substituting the given values of a and b, we have 


2 
Laas er Ans. 
3(2) 
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27.4 Lenz’s Law 


The negative sign in Faraday's equations of electromagnetic induction describes the direction in 
which the induced emf drives current around a circuit. However, that direction is most easily 
determined with the help of Lenz’s law. This law states that: 

“The direction of any magnetic induction effect is such as to oppose the cause of the effect.” 
For different types of problems, Lenz’s law has been further subdivided into following concepts. 


1. Attraction and repulsion concept If magnetic flux is changed by bringing a magnet and a loop 
(or solenoid etc.) closer to each other then direction of induced current is so produced, that the 
magnetic field produced by it always repels the two. Similarly, if they are moved away from each 
other then they are attracted towards each other. Following two examples will illustrate this. 


© Example 27.4 A bar magnet is freely falling along the axis of a circular loop 
as shown in figure. State whether its acceleration a is equal to, greater than or 
less than the acceleration due to gravity g. 


S 


NI la 


Cees 


Fig. 27.6 


Solution a<g. Because according to Lenz’s law, whatever may be the direction of induced 
current, it will oppose the cause. 


S 
N 


(a) (b) 
Fig. 27.7 


Here, the cause is, the free fall of magnet and so the induced current will oppose it and the 
acceleration of magnet will be less than the acceleration due to gravity g. This can also be 
explained in a different manner. When the magnet falls downwards with its north pole 
downwards. 


The magnetic field lines passing through the coil in the downward direction increase. Since, the 
induced current opposes this, the upper side of the coil will become north pole, so that field lines 
of coil’s magnetic field are upwards. Now, like poles repel each other. Hence, a< g. 


© Example 27.5 A bar magnet is brought near a 7 7 
solenoid as shown in figure. Will the solenoid attract (0000000) 
or repel the magnet? 


Fig. 27.8 
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Solution When the magnet is brought near the solenoid, according to Lenz’s law, both repel 
each other. On the other hand, if the magnet is moved away from the solenoid, it attracts the 
magnet. When the magnet is brought near the solenoid, the nearer side becomes the same pole 
and when it is moved away it becomes the opposite pole as shown in figure. 


Fig. 27.9 


It can also be explained by increasing or decreasing field lines as discussed in example 27.4. 


2. Cross or dot magnetic field increasing or decreasing concept 


If cross magnetic field passing through a loop increases then induced current will produce dot 
magnetic field. Similarly, if dot magnetic field passing through a loop decreases then dot 
magnetic field is produced by the induced current. Let us take some examples in support of it. 


© Example 27.6 A circular loop is placed in magnetic field B =2t. Find the 


direction of induced current produced in the loop. 


Xx xX Xx 

Xx Xx 

xX xX Xx 
Fig. 27.10 


Solution B=2t,means ® magnetic field (or we can also say cross magnetic flux) passing 
through the loop is increasing. So, induced current will produce dot magnetic field. To 
produce © magnetic field, induced current from our side should be anti-clockwise. 


Example 27.7 A rectangular loop is placed to the left of large current carrying 
straight wire as shown in figure. Current varies with time as I = 2t. Find 
direction of induced current I,,, in the square loop. 


tl = 2t 


Fig. 27.11 


Solution Current J will produce © magnetic field passing through the loop. Current J is 
increasing, so dot magnetic field will also increase. Therefore, induced current should produce 
cross magnetic field. For producing cross magnetic field in the loop, induced current from our 
side should be clockwise. 


3. Situations where flux passing through the loop is always zero or change in flux is zero. 
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© Example 27.8 <A current carrying straight wire passes inside a triangular loop 
as shown in Fig. 27.12. The current in the wire is perpendicular to paper 
inwards. Find the direction of the induced current in the loop if current in the 
wire is increased. 


®i 


Fig. 27.12 


Solution Magnetic field lines round the current carrying wire are as shown in Fig.27.13. 
Since, the lines are tangential to the loop (8 = 90° ) the flux passing through the loop is always 
zero, whether the current is increased or decreased. Hence, change in flux is also zero. Therefore, 
induced current in the loop will be zero. 


Fig. 27.13 


© Example 27.9 A rectangular loop is placed adjacent to a current carrying 
straight wire as shown in figure. If the loop is rotated about an axis passing 
through one of its sides, find the direction of induced current in the loop. 

@ 


Fig. 27.14 


Solution Magnetic field lines around the straight wire are circular. So, same magnetic lines 
will pass through loop under all conditions. 


Ao =0 
= emf= 0 
=> i=0 


4. Attraction or repulsion between two loops facing each other if current in one loop is 
changed 
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Example 27.10 Two loops are facing each other as shownin "1 


Fig. 27.15. State whether the loops will attract each other or 


repel each other if current I, is increased. 


Solution If current /, is increased then induced current in loop-2 (say /,) Fig. 27.15 
will be in opposite direction. Now, two wires having currents in opposite 
directions repel each other. So, the loops will repel each other. 


INTRODUCTORY EXERCISE 


1. 


Figure shows a conducting loop placed near a long straight wire carrying a current/ as shown. If 
the current increases continuously, find the direction of the induced current in the loop. 


1O 


Fig. 27.16 
A metallic loop is placed in a non-uniform steady magnetic field. Will an emf be induced in the 
loop? 
Write the dimensions of — 
A triangular loop is placed in a dot © magnetic field as shown in figure. Find the direction of 
induced current in the loop if magnetic field is increasing. 
© 
© @ 
OOOO 
OOOO 
Fig. 27.17 


Two circular loops lie side by side in the same plane. One is connected to a source that supplies 
an increasing current, the other is a simple closed ring. Is the induced current in the ring is in the 
same direction as that in the loop connected to the source or opposite? What if the current in the 
first loop is decreasing? 


A wire in the form of a circular loop of radius 10 cm lies in a plane normal to a magnetic field of 
100 T. If this wire is pulled to take a square shape in the same plane in 0.1 s, find the average 
induced emf in the loop. 


A closed coil consists of 500 turns has area4 cm? and a resistance of 50 ©. The coil is kept with 
its plane perpendicular to a uniform magnetic field of 0.2 Wb/m?. Calculate the amount of 
charge flowing through the coil if it is rotated through 180°. 

The magnetic field in a certain region is given by B=(4.0 1218 k) x 107° T. How much flux 
passes through a5.0 cm? area loop in this region if the loop lies flat on the xy -plane? 
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27.5 Motional Electromotive Force 


Till now, we have considered the cases in which an emf is induced in a stationary circuit placed in a 
magnetic field, when the field changes with time. In this section, we describe what is called motional 
emf, which is the emf induced in a conductor moving through a constant magnetic field. 

The straight conductor of length / shown in figure is moving through a uniform magnetic field 
directed into the page. For simplicity we assume that the conductor is moving in a direction 
perpendicular to the field with constant velocity under the influence of some external agent. The 
electrons in the conductor experience a force 


FE, =—e(v xB) 
x x x 
rare 
++ 
x | F, x x 
l +» V 
x | Fy, x x 
x x x 
Fig. 27.18 


Under the influence of this force, the electrons move to the lower end of the conductor and 
accumulate there, leaving a net positive charge at the upper end. As a result of this charge separation, 
an electric field is produced inside the conductor. The charges accumulate at both ends untill the 
downward magnetic force evB is balanced by the upward electric force eZ. At this point, electrons 
stop moving. The condition for equilibrium requires that, 


eE=evB or E=vB 


The electric field produced in the conductor (once the electrons stop moving and F is constant) is 
related to the potential difference across the ends of the conductor according to the relationship, 


AV =El=Blv 
AV =Blv 
where the upper end is at a higher electric potential than the lower end. Thus, 


“a potential difference is maintained between the ends of a straight conductor as long as the 
conductor continues to move through the uniform magnetic field.” 


Now, suppose the moving rod slides along a stationary U-shaped * 4 . 
: . : : ‘ < 
conductor forming a complete circuit. We call this a motional 
electromagnetic force denoted by e, we can write 
x Y +*—> V x 
e=Bvl 
If R is the resistance of the circuit, then current in the circuit is . i 
b 
. e Bl x x x 
==. Fig. 27.19 


RR 


V, > V,. Therefore, direction of current in the loop is anti-clockwise as shown in figure. 
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© Extra Points to Remember 


e The direction of motional emf or current can be given by right Induced current (Upper side of palm) 
hand rule. 
Stretch your right hand. 
The stretched fingers point in the direction of magnetic field. Stretched fingers 
Thumb is along the velocity of conductor. The upper side of (B) 
the palm is at higher potential and lower side on lower Velocity of conductor (Thumb) 
potential. If the circuit is closed, the induced current within the Fig. 27.20 
conductor is along perpendicular to palm upwards. eas 
: x x x ; 
a i 
— e=Bvl 
ia re [> V x => R : 
| r 
b 
x x x 
Fig. 27.21 


In the Fig. 27.20, we can replace the moving rod ab by a battery of emf Bv/ with the positive terminal at a 
and the negative terminal at 6. The resistance r of the rod ab may be treated as the internal resistance of 
the battery. Hence, the current in the circuit is 

: @ ._ Bvi 

j= oO | f= 
Re+r 


7 Fae, 


e Induction and energy transfers In the Fig. 27.21, if you move the conductor ab with a constant velocity 
v, the current in the circuit is 


Bvl 
fess r= 0 
5 (r = 0) 
x x x x 
a 
| t-— Fv 
x fl re x F,, x x 
| 
b 
x x x sx 
fh 2722 


Bel? v 


Amagnetic force F,, = //B = acts on the conductor in opposite direction of velocity. So, to move the 


conductor with a constant velocity van equal and opposite force F has to be applied in the conductor. 
Thus, 


22 
fey = MY 


The rate at which work is done by the applied force is 


Paaled el 
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and the rate at which energy is dissipated in the circuit is 


be (BY) 5 Bye 
Facebated aS ( R ae R 


This is just equal to the rate at which work is done by the applied force. 
e Motional emf is not a different kind of induced enf, it is exactly the induced emf described by Faraday’s 
law, in the case in which there is a conductor moving in a magnetic field. Equation, e = — we is best 


applied to problems in which there is a changing flux through a closed loop while e = Bv/ is applied to 
problems in which a conductor moves through a magnetic field. Note that, if a conductor is moving ina 
magnetic field but circuit is not closed, then only PD will be asked between two points of the conductor. If 
the circuit is closed, then current will be asked in the circuit. Now, let us see how these two are similar. 


x x x x x x x x x x 

x gp 8 i=0 x a & x xd x a 
x x x x x x x GY 

RY : > 
! x x x x x x NI 4 

x x x x x x x Y/g 

c b i Za 5 
x x x x x x x x 
|<: 
x x x x x x ae Xe 
(b) (c) 

Fig. 27.23 


Refer figure (a) A loop abcd enters a uniform magnetic field B at constant speed v. 
Using Faraday’s equation, 


eke 
at 


d(BS) _ d(Bix) 
dt at dt 


le | 


For the direction of current, we can use Lenz’s law. As the loop enters the field, ® magnetic field passing 
through the loop increases, hence, induced current should produce ©) magnetic field or current in the loop 
is anti-clockwise. From the theory of motional emf, e = Bv/ and using right hand rule also, current in the 


circuit is anti-clockwise. Thus, we see that e = ~ <8 and e = Bv/ give the same result. In the similar 


manner, we can show that current in the loop in figure (b) is zero and in figure (c) it is clockwise. 


e We can generalize the concept of motional emf for a conductor with any shape moving in any magnetic 
field uniform or not. For an element dl of conductor the contribution de to the emf is the magnitude d/ 
multiplied by the component of v x B parallel to dll, that is 


de =(v xB)-dl 
For any two points a and b the motional emf in the direction from b to ais, 


e=[(vxB)-dl 


. 4 x = x x x x 
b b 
g Vv 
x x x x —> x 
a 
G Vi =vcos 0 
x x x x x x x x 
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In general, we can say that motional emf in wire acb in a uniform magnetic field is the motional emf in an 
imaginary straight wire ab. Thus, 


Cach = Cab = (length of ab) (v, ) (B) 
Here, v, is the component of velocity perpendicular to both B and ab. 
From right hand rule we can see that 6 is at higher potential and a at lower potential. 
Hence, Vig = Vp — Vz = (ab) (vcos®) (B) 
Motional emf induced in a rotating bar: A conducting rod of length / rotates with a constant angular 
speed @ about a pivot at one end. A uniform magnetic field B is directed perpendicular to the plane of 


rotation as shown in figure. Consider a segment of rod of lengthar at a distance rfrom O. This segment has 
a velocity, 


Fig. 27.25 


The induced emf in this segment is de = Bvdr = B (rw) dr 


Summing the emfs induced across all segments, which are in series, gives the total emf across the rod. 
| | 2 

e = [de =| Brac = 

0 0 D) 


Bal? 
e@= 
2 


From right hand rule we can see that Pis at higher potential than O. Thus, 


2 
ae Bol 


Note that in the problems of electromagnetic induction whenever you see a conductor moving in a 
magnetic field use the motional approach. It is easier than the other approach. But, if the conductor (or 


loop) is stationary, you have no choice. Usee = — oe 


Now onwards, the following integrations will be used very frequently. 


x ax es t 
If lan ie =|, at 
then, x= = (1-e") 
and if fe eh El ea 
Xoa—bx 40 
then, yee = Ee = % Jom 
b b 


Here a, b andc are positive constants. 
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ee a Bol? 
Note !nan electrical circuit, a moving or rotating wire may be assumed as a battery of emf Bvl or a and 


then it can be solved with the help of Kirchhoff’s laws. The following example will illustrate this concept. 


© Example 27.11 Two parallel rails with negligible resistance are 10.0cm apart. 
They are connected by a 5.0 Q resistor. The circuit also contains two metal rods 
having resistances of 10.0 Q and 15.0 Q along the rails. The rods are pulled 
away from the resistor at constant speeds 4.00 m/s and 2.00 m/s respectively. A 
uniform magnetic field of magnitude 0.01T is applied perpendicular to the, 
plane of the rails. Determine the current in the 5.0 Q resistor. 


x a Xx Cc Xe x 
x x x x 
4.0 m/s 350 Q —-»_ 2.0 m/s 
x x x x 
b f 
x 10.0 Q d 15.02 x 
Fig. 27.26 


HOWTO PROCEED Here, two conductors are moving in a uniform magnetic field. So, 
we will use the motional approach. The rod ab will act as a source of emf, 


e, = Bul =(0.01)(4.0)(0.1) =4 x 10° V 


and internal resistance r, = 10.0 Q 
Similarly, rod ef will also act as a source of emf, 
ey =(0.01)(2.0)(0.1)=2.0 x 107° V 


and internal resistance r, = 15.0 Q. 

From right hand rule we can see that, V, >V, and V, >V; 

Now, either by applying Kirchhoff’s laws or applying principle of superposition 
(discussed in the chapter of current electricity) we can find current through 5.0 Q 
resistor. We will here use the superposition principle. You solve it by using 
Kirchhoff’s laws. 

Solution In the figures R = 5.0Q, 7, =10Q, 5 =15Q, e, =4x107 Vand e, =2x107 V 


; ” 
i V9 
+ + 
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: ae R 
Refer figure (b) Net resistance of the circuit = + a 10%S _ 35 
H 10+5 3 
é 2x10° 6 er 


Current, i = = = 
Net resistance 55/3 


. Current through R, 


ey 


Current, i” = ———————— 
Net resistance 


3 
ee as 
55/4. 55 


.. Current through R, i) = 2 v= = [x10 a 
R+h 15+ 5)\ 55 


From superposition principle net current through 5.0 Q resistor is 


= =: mA from d to c Ans. 


i, -i, 
© Example 27.12 Figure shows the top view of a rod that can slide without 


friction. The resistor is 6.0 Q and a 2.5 T magnetic field is directed 


perpendicularly downward into the paper. Let |= 1.20 m. 
@B 


ho Le 


| R 
Fig. 27.28 
(a) Calculate the force F required to move the rod to the right at a constant speed of 


2.0 m/s. 
(6) At what rate is energy delivered to the resistor? 
(c) Show that this rate is equal to the rate of work done by the applied force. 
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Solution The motional emf in the rod,e=Bvl or e=(2.5) (2.0) (1.2) V=6.0 V 
The current in the circuit, v= hat at =10A 
R_ 6.0 
(a) The magnitude of force F' required will be equal to the magnetic force acting on the rod, 
which opposes the motion. 
F=F,,=iuB or F=(1.0)(1.2)(25)N=3N Ans. 
(b) Rate by which energy is delivered to the resistor is 
P, =i°R=(l)° (6.0)=6W Ans. 
(c) The rate by which work is done by the applied force is 
P, =F -v=(3)(2.0)=6W 
Pi =P, Hence proved. 


INTRODUCTORY EXERCISE 


1. A horizontal wire 0.8 m long is falling at a speed of 5 m/s perpendicular to a uniform magnetic 
field of 1.1 T, which is directed from east to west. Calculate the magnitude of the induced emf. Is 
the north or south end of the wire positive? 

2. As shown in figure, a metal rod completes the circuit. The circuit area is perpendicular to a 
magnetic field with B =0.15 T. If the resistance of the total circuit is 3 Q, how large a force is 
needed to move the rod as indicated with a constant speed of 2 m/s? 


Xx x x x Xx x 
B=0.15 T (into page) 
Xx x Xx x Xx Xx 
fl 


50 cm 
RS "| Xx [}-—>v=2m/s 


Xx Xx Xx > 4 Xx Xx 
Xx Xx xX xX Xx Xx 
Fig. 27.29 


3. Arod of length 3/ is rotated with an angular velocity@as shownin A_/7 ) 21 D @B 
figure. The uniform magnetic field B is into the paper. Find c*o 


(a) Va -Ve (b) Va — Vp eed 
4. As the bar shown in figure moves in a direction perpendicular to the field, is an external force 
required to keep it moving with constant speed. 


x x x 
x Vv x 
x x x 


Fig. 27.31 
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27.6 Self-inductance and Inductors 


Consider a single isolated circuit. When a current is present in the circuit, it sets up a magnetic field 
that causes a magnetic flux through the same circuit. This flux changes as the current in the circuit is 
changed. According to Faraday’s law any change in flux in a circuit produces an induced emf in it. 
Such an emf is called a self-induced emf. The name is so called because the source of this induced 
emf is the change of current in the same circuit. 

According to Lenz’s law the self-induced emf always opposes the change in the current that caused 
the emf and so tends to make it more difficult for variations in current to occur. We will here like to 
define a term self-inductance L of a circuit which is of great importance in our proceeding 
discussions. It can be defined in the following two ways : 

First Definition Suppose a circuit includes a coil with N turns of wire. It carries a current i. The 
total flux (No, ) linked with the coil is directly proportional to the current (7) in the coil, i.e. 


Nobpxi 


When the proportionality sign is removed a constant L comes in picture, which depends on the 
dimensions and number of turns in the coil. This constant is called self-inductance. Thus, 


Ne 

Nog =Li or L= NOs 
i 

From here we can define self-inductance (ZL) of any circuit as, the total flux per unit current. The SI 

unit of self-inductance is henry (1H). 

Second Definition Ifa current /is passed in a circuit and it is changed with a rate di/dt, the induced 


emf e produced in the circuit is directly proportional to the rate of change of current. Thus, 


di 
ex — 
dt 
When the proportionality constant is removed, the same constant L again comes here. 
di 
Hence, e=—-L— 
dt 


The minus sign here is a reflection of Lenz’s law. It says that the self-induced emf in a circuit opposes 
any change in the current in that circuit. From the above equation, 


= 


di/ dt 


This equation states that, the self-inductance of a circuit is the magnitude of self induced emf per 
unit rate of change of current. 

A circuit or part of a circuit, that is designed to have a particular inductance is called an inductor. The 
usual symbol for an inductor is 


—tony —__—- 
Fig. 27.32 


Thus, an inductor is a circuit element which opposes the change in current through it. It may be a 
circular coil, solenoid etc. 
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Significance of Self-inductance and Inductor 


Like capacitors and resistors, inductors are among the circuit elements of modern electronics. Their 
purpose is to oppose any variations in the current through the circuit. In a DC circuit, an inductor 
helps to maintain a steady state current despite fluctuations in the applied emf. In an AC circuit, an 
inductor tends to suppress variations of the current that are more rapid than desired. An inductor plays 
a dormant role in a circuit so far as current is constant. It becomes active when current changes in the 
circuit. Every inductor has some self-inductance which depends on the size, shape and the number of 
turns etc. For N turns close together, it is always proportional to V > Ttalso depends on the magnetic 
properties of the material enclosed by the circuit. When the current passing through it is changed, an 
emf of magnitude L di/dt is induced across it. Later in this article, we will explore the method of 
finding the self-inductance of an inductor. 


Potential Difference Across an Inductor 
We can find the polarities of self-induced emf across an inductor from Lenz’s law. : i (constant) 


The induced emf is produced whenever there is a change in the current in the *—yon0500—+ 
inductor. This emf always acts to oppose this change. Figure shows three cases. Gi - 
Assume that the inductor has negligible resistance, so the PD, V,,, =V, —V,, a =0 
between the inductor terminals a and b is equal in magnitude to the self-induced Vab = 0 

emf. (a) 

Refer figure (a) The current is constant, and there is no self-induced emf. (increasing) ‘ 
Hence, V,, =0 “TNT —= 


— di . v ' — -— 
Refer figure (b) The current is increasing, so > is positive. The induced emf e Ps 


di 
must oppose the increasing current, so it must be in the sense from 5 to a, a 7 ae 
becomes the higher potential terminal and V,,, is positive. The direction of the emf Vab > 0 
is analogous to a battery with a as its positive terminal. (b) 
; : di . . ; i (decreasing) 
Refer figure (c) The current is decreasing and 7 is negative. The self-induced g —_— b 
— TnnnIT—. 
emf e opposes this decrease and V,, is negative. This is analogous to abattery with 4 | . 
bas its positive terminal. e 
; di 
In each case, we can write the PD, V,,, as ae = 
di Vab <0 
Ke = est a (c) 
Fig. 27.33 
i i 
a b a b 
R E di 
Vap = iR Vay = Le 
(a) (b) 
Fig. 27.34 


The circuit’s behaviour of an inductor is quite different from that of a resistor. While a resistor 
opposes the current 7, an inductor opposes the change (di/dt) in the current. 
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Kirchhoff’s potential law with an inductor In Kirchhoff’s potential law when we go through an 
inductor in the same direction as the assumed current, we encounter a voltage drop equal to L di/dt, 
where di/dt is to be substituted with sign. 


R L 
WWW> F000 — 
H L H LE 
ras er] 
iA Drop=iR Drop = LF Y 
< | I < 
Ee 
Fig. 27.35 
For example in the loop shown in figure, Kirchhoff’s second law gives the equation. 
d 


ba 26 
dt 


© Example 27.13 The inductor shown in the figure has inductance 0.54 H and 
carries a current in the direction shown that is decreasing at a uniform rate 


di 
— =— 0.03 A/s. 
dt 
i 
- “SHSHOOO B 
Fig. 27.36 


(a) Find the self-induced emf. 
(6) Which end of the inductor a or 6 is at a higher potential? 
Solution (a) Self-induced emf, 


e= Lo 0.54) (— 0.03) V 
L 


=1,62«107 V Ans. 
(b) Vp, =p 4 2169x107? V 
dt 
Since, V,, (=V, —V,, )is negative. It implies thatV, >V,, or ais at higher potential. Ans. 


© Example 27.14 In the circuit diagram shown in figure, R=10 Q, L=5H, 
E=20V,i=2A. This current is decreasing at a rate of -1.0 A/s. Find V,, at 
this instant. 
E 


a R i L | b 
WW 00" || . 
Fig. 27.37 


Solution PD across inductor, 


at =e i=-89 
dt 
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Now, V,—iR-V, —-E=V, 
Vip =V, —Vp =E+iR+V, 
= 20+ (2) (10)-5=35V Ans. 


Note As the current is decreasing, the inductor can be replaced by a source of emf e = | L - =5 Vinsucha 


manner that this emf supports the decreasing current, or it sends the current in the circuit in the same 
direction as the existing current. So, positive terminal of this source is towards b. Thus, the given circuit 
can be drawn as shown below, 


e= (LF =5 
E=20V 
a R | 
——ww-— | , | : 
Fig. 27.38 


Now, we can find Vy. 


Method of Finding Self-inductance of a Circuit 
We use the equation, L = No, /ito calculate the inductance of given circuit. 
A good approach for calculating the self-inductance of a circuit consists of the following steps: 
(a) Assume that there is a current i flowing through the circuit (we can call the circuit as inductor). 
(b) Determine the magnetic field B produced by the current. 
(c) Obtain the magnetic flux op. 
(d) With the flux known, the self-inductance can be found from L = Nog /i. 


To demonstrate this procedure, we now calculate the self-inductance of two inductors. 


Inductance of a Solenoid 


Let us find the inductance of a uniformly wound solenoid having N turns and length /. Assume that /is 
much longer than the radius of the windings and that the core of the solenoid is air. 


We can assume that the interior magnetic field due to a current iis uniform and given by equation, 


Ns 
B=woni=wo( “| 


N 
where, 1 = 7 is the number of turns per unit length. 


: ; NS 
The magnetic flux through each turn is, od, =BS =U 7a i 


Here, S is the cross-sectional area of the solenoid. Now, 


Nob,  N eee 
7 1) 1 


La , 
l I 


paboWs 
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This result shows that LZ depends on dimensions (S, /) and is proportional to the square of the 
number of turns. 
Lex N? | 
Because N = nl, we can also express the result in the form, 
(nl) 
l 
Here, V = S/ is the volume of the solenoid. 


Inductance of a Rectangular Toroid 
A toroid with a rectangular cross-section is shown in figure. The inner and outer radii of the toroid are 
R, and R, and his the height of the toroid. Applying Ampere’s law for a toroid, we can show that 
magnetic field inside a rectangular toroid is given by 


S =pon?Sl=pn’V or L=on’V 


L=\Wo 


Le Ro >| 
— 
a 
—-| 
dr 
gS th 
Fig. 27.39 
Ni 
peo 
2ur 


where, 7 is the distance from the central axis of the toroid. Because the magnitude of magnetic field 
changes within the toroid, we must calculate the flux by integrating over the toroid’s cross-section. 
Using the infinitesimal cross-sectional area element dS = hdr shown in the figure, we obtain 


o, =| Bas - eS) (hdr) 


2mr 
j R 
= Lo Nhi fal 2 
20 Ry 
N N7h. (R 
Now, Ls %% _ Ho In| 
i 20 R, 
2 
h R 
or L= Bo’ lan) — 
20 R, 


As expected, the self-inductance is a constant determined by only the physical properties of the 
toroid. 
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Energy Stored in an Inductor 
The energy of a capacitor is stored in the electric field between its plates. Similarly, an inductor has 
the capability of storing energy in its magnetic field. 
i (increasing) 


— +} 
= e | 2 
-——GO00000" | I 
di 
| Hee e= a 
_, di 
e=L at 


Fig. 27.40 
An increasing current in an inductor causes an emf between its terminals. 


The work done per unit time is power. 


dw j 
sn ec 
dt dt 
From aW=-dU_ or ps ee 
dt dt 
We have, ay a jie or dU =Lidi 
dt dt 


The total energy U supplied while the current increases from zero to a final value is 


U =Lf idi=+ 1? 
a” (8 


1 
U=-Li° 
Z 
This is the expression for the energy stored in the magnetic field of an inductor when a current i flows 
through it. The source of this energy is the external source of emf that supplies the current. 


Note (i) After the current has reached its final steady state value i, di/ dt =0 and no more energy is taken by the 
inductor. 
(ii) When the current decreases from i to zero, the inductor acts as a source that supplies a total amount of 


energy 5 Li? to the external circuit. If we interrupt the circuit suddenly by opening a switch, the current 


decreases very rapidly, the induced emf is very large and the energy may be dissipated as a spark across 
the switch. 

(ii) If we compare the behaviour of a resistor and an inductor towards the current flow we can observe that 
energy flows into a resistor whenever a current passes through it. Whether the current is steady 
(constant) or varying this energy is dissipated in the form of heat. By contrast energy flows into an ideal, 
zero resistance inductor only when the current in the inductor increases. This energy is not dissipated, it 
is stored in the inductor and released when the current decreases. 

(iv) As we said earlier also, the energy in an inductor is actually stored in the magnetic field within the coil. 
We can develop relations of magnetic energy density u (energy stored per unit volume) analogous to 
those we obtained in electrostatics. We will concentrate on one simple case of an ideal long cylindrical 
solenoid. For a long solenoid its magnetic field can be assumed completely of within the solenoid. The 
energy U stored in the solenoid when a current i is 


U= Sli? = Hon’) as L=[n°V 
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The energy per unit volume is u = “ 
2 2 
Te ee _18B 
Vie 2 Wo 2 Ho 
as B=uUgni 
2 
Thus, u= J a 
2 Uo 


This expression is similar to u = ; e,£* used in electrostatics. Although, we have derived it for one 


special situation, it turns out to be correct for any magnetic field configuration. 


© Example 27.15 (a) Calculate the inductance of an air core solenoid 

containing 300 turns if the length of the solenoid is 25.0 cm and its 
cross-sectional area is 4.00 cm?. 
(6) Calculate the self-induced emf in the solenoid if the current through it is 

decreasing at the rate of 50.0 A/s. 
Solution (a) The inductance of a solenoid is given by 

2 
i oN iS 
i 
Substituting the values, we have 


“7 2 4 
1 _ AEX 107) (300)? (4.00x 10) 


(25.0x 107) 
=1.81x107H Ans. 
di 
b) e=-L— 
(b) 7 
Here, & =— 50.0 A/s 
dt 
e=—(1.81x 10 ) (-50.0) 
=9.05x10° V 
or e= 9.05 mV Ans. 


© Example 27.16 What inductance would be needed to store 1.0 kWh of energy 
in a coil carrying a 200 A current. (1RWh =3.6 x 10°.) 


Solution We have, i= 200A 


and U =1kWh =3.6x 10° J 
pa 2¥ (u=52" | 
72 2 
6 
_ 28.610") _ eng Ans. 


(200)? 
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© Example 27.17 (a) What is the magnetic flux through one turn of a solenoid 
of self-inductance 8.0 x 10° H when a current of 3.0 A flows through it? Assume 
that the solenoid has 1000 turns and is wound from wire of diameter 1.0 mm. 
(6) What is the cross-sectional area of the solenoid? 
Solution Given, L=8.0x 10° H, i=3.0A and N =1000 turns 


(a) From the relation, L= ” 


1 


The flux linked with one turn, 
Li_ (8.0x 10° ) (3.0) 


oe 1000 
=2.4x 10°’ Wb 


(b) This =BS =(Wgni)(S) 
I 


CORR CMCOPMOMMCOPOMHOOOOY) 


COSSSOCOCOCCOCCCO 
d 


Fig. 27.41 
Here, m = number of turns per unit length 
ee 
1 Nd ad 
_ HoiS 
» d 
7 3 
a6 sa od (24x10") 0.0x10~ ) 


Hoi (4x x 1077 ) (3.0) 
=6.37x 10° m? Ans. 


© Example 27.18 A 10H inductor carries a current of 20 A. How much ice at 
0°C could be melted by the energy stored in the magnetic field of the inductor? 
Latent heat of ice is 22.6 x 10° J/kg. 


Solution Energy stored is sti o 


This energy is completely used in melting the ice. 


Hence, : Li = mL ¢ 


Here, L, = latent heat of fusion 
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Hence, mass of ice melted, m= Lit 
2Ly 
Substituting the values, we have 
(10) (20)° 
~ 2(2.26x 10°) 
= 0.88 kg Ans. 
INTRODUCTORY EXERCISE 
1. The current through an inductor of 1H is given by i =3tsint. Find the voltage across the 


inductor. 
2. In the figure showni =10e“ A. FindV, andV,, 


Fig. 27.42 


3. The current (in Ampere) in an inductor is given by /=5+16tf, where t is in seconds. The 
self-induced emf in it is 10 mV. Find 
(a) the self-inductance, and 
(b) the energy stored in the inductor and the power supplied to it att =1s 
4. (a) Calculate the self-inductance of a solenoid that is tightly wound with wire of diameter 
0.10 cm, has a cross-sectional area 0.90 cm? and is 40 cm long. 
(b) If the current through the solenoid decreases uniformly from 10 A to 0 Ain 0.10 s, whatis the 
emf induced between the ends of the solenoid? 


27.7 Mutual Inductance 


We have already discussed in Chapter 26, the magnetic interaction between two wires carrying steady 
currents. The current in one wire causes a magnetic field, which exerts a force on the current in the 
second wire. 


An additional interaction arises between two circuits when there is a changing current in one of the 
circuits. 


Fig. 27.43 
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Consider two neighbouring coils of wire as shown in Fig. 27.42. A current flowing in coil 1 produces 
magnetic field and hence, a magnetic flux through coil 2. If the current in coil 1 changes, the flux 
through coil 2 changes as well. According to Faraday’s law this induces an emf in coil 2. In this way, a 
change in the current in one circuit can induce a current in a second circuit. This phenomenon is 
known as mutual induction. Like the self-inductance (L), two circuits have mutual inductance (//). 
It also have two definitions as under: 

First Definition Suppose the circuit 1 has a current i, flowing in it. Then, total flux NV',0,, linked 


with circuit 2 is proportional to the current in 1. Thus, 


N> oz, ox iy 
or Nt 292, = Mi, 
Here, the proportionality constant M is known as the mutual inductance M of the two circuits. 
No, 
Thus, M =——— 


I 
From this expression, M can be defined as the total flux Vg, linked with circuit 2 per unit 
current in circuit 1. 
Second Definition If we change the current in circuit 1 at a rate di, /dt, an induced emf e, is 
developed in circuit 1, which is proportional to the rate di, /dt. Thus, 

e, x di, /dt 
or e, =— Mdi, /dt 
Here, the proportionality constant is again M/. Minus sign indicates that e, is in such a direction that it 
opposes any change in the current in circuit 1. From the above equation, 
ae 

di, /dt 


This equation states that, the mutual inductance of two circuits is the magnitude of induced emf 
e, per unit rate of change of current di, /dt. 


Note down the following points regarding the mutual inductance: 
1. The SI unit of mutual inductance is henry (1H). 
2. M depends upon closeness of the two circuits, their orientations and sizes and the number of 


turns etc. 
3. Reciprocity theorem : M,,=M,,=M 
2) = M (di,/dt) 
and e, =— M (di, /dt) 
Nz, 
1g 
4 
N 
and My, = 192 


Iy 
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4. A good approach for calculating the mutual inductance of two circuits consists of the following 
steps: 
(a) Assume any one of the circuits as primary (first) and the other as secondary (second). 
(b) Pass a current i, through the primary circuit. 
(c) Determine the magnetic field B produced by the current i,. 
(d) Obtain the magnetic flux ,, . 
(e) With this flux, the mutual inductance can be found from, 
yas 


y 


Mutual Inductance of a Solenoid Surrounded by a Coil 


Figure shows a coil of NV, turns and radius R, surrounding a long solenoid of length /,, radius R, and 
number of turns N,. 


Fig. 27.44 


To calculate M between them, let us assume a current i, in solenoid. 
There is no magnetic field outside the solenoid and the field inside has magnitude, 


and is directed parallel to the solenoid’s axis. The magnetic flux 0 By through the surrounding coil is, 
therefore, 


mR? 


Uo Nii 
Op, = BOER?) =F 


1 


i 2 
Now, ye sealers 2 J sei eos 
4 4 lh h 
7 
oy Bo 
1 


Note that M is independent of the radius R, of the surrounding coil. This is because solenoid’s 
magnetic field is confined to its interior. In principle, we can also calculate M by finding the magnetic 
flux through the solenoid produced by the current in the surrounding coil. This approach is much 
more difficult, because og, is so complicated. However, since M,, = M>,, we do know the result of 
this calculation. 


Chapter 27 Electromagnetic Induction » 483 


Combination of inductances 
In series If several inductances are in series so that there are no interactions through mutual 
inductance. 


low 
» 
oT 


(a) (b) 


Fig. 27.45 
Refer figure (a) 
VV. Hl, a 
dt 
di 
Ve. -V, = 1, — 
c d 2 dt 
di 
d V, -—V, =L, — 
an db 3 
Adding all these equations, we have 
di . 
Va Vp = rig +1y)— ...(i) 
Refer figure (b) 
di - 
V. -V, =L— .. (il 
a b dt ( ) 


Here, L = equivalent inductance. 


From Eqs. (i) and (ii), we have 


In parallel 
Refer figure (a) 
j 
5 > 
Fig. 27.46 
di di, di, di 
or PE cc 
dt dt dt dt 
i V,-V, V,-V, V,-V, 
or al a Te i Te (i) 
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Refer figure (b) 
dt 
1 1 1 1 
=—+—+ 
b- ty he Te 


di_Vi-Vy r, 


From Eqs. (i) and (ii), 


© Example 27.19 A straight solenoid has 50 turns per cm in primary and total 
200 turns in the secondary. The area of cross-section of the solenoids is 4 cm”. 


Calculate the mutual inductance. Primary is tightly kept inside the secondary. 


Solution The magnetic field at any point inside the straight solenoid of primary with n, turns 
per unit length carrying a current i, is given by the relation, 
B= 
The magnetic flux through the secondary of NV, turns each of area S is given as 
N50) =N, (BS )=W on Ni, S 
M= 72% <u NS 
a 


Substituting the values, we get 


M =(4nx 107 (5) (200) (4x 107) 
ig 
=5.0x10*H Ans. 


© Example 27.20 Two solenoids A and B spaced close to each other and sharing 
the same cylindrical axis have 400 and 700 turns, respectively. A current of 
3.50.A in coil A produced an average flux of 300 uT-m” through each turn of A 
and a flux of 900 uT-m? through each turn of B. 
(a) Calculate the mutual inductance of the two solenoids. 
(6) What is the self-inductance of A? 
(c) What emf is induced in B when the current in A increases at the rate of 0.5 A/s? 


Solution (a) m= No%s B % 
ly 
_ (700) (90x 10° ) 
3.5 
=1.8x10°H Ans. 
N 
(b) Ly =" 4% 
V4 


_ (400) (300 10° ) 
3.5 
=3.43x10° H Ans. 
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(c) ep =M (<4) 
= (1.8x 10° ) (0.5) 
=9.0x10?°V Ans. 
INTRODUCTORY EXERCISE 


1. Calculate the mutual inductance between two coils when a current of 4 A changes to 12 A in 
0.5 s in primary and induces an emf of 50 mV in the secondary. Also, calculate the induced emf 
in the secondary if current in the primary changes from 3 A to 9 Ais 0.02 s. 

2. Acoilhas 600 turns which produces 5 x 10-° Wb/ turn of flux when 3 A current flows in the wire. 
This produced 6 x 10°° Wbiturn in 1000 turns secondary coil. When the switch is opened, the 
current drops to zero in 0.2 s in primary. Find 
(a) mutual inductance, 

(b) the induced emf in the secondary, 
(c) the self-inductance of the primary coil. 

3. Two coils have mutual inductance M = 3.25 x 10-* H. The currenti, in the first coil increases ata 
uniform rate of 830 A/s. 

(a) What is the magnitude of the induced emf in the second coil? Is it constant? 


(b) Suppose that the current described is in the second coil rather than the first. What is the 
induced emf in the first coil? 


27.8 Growth and Decay of Current in an /-R Circuit 
Growth of Current 


Let us consider a circuit consisting of a battery of emf F, a coil of | 
self-inductance Z and a resistor R. The resistor R may be a separate circuit | Ss; 
element, or it may be the resistance of the inductor windings. By closing 
switch S,, we connect R and L in series with constant emf E£. Let i be the 
current at some time ¢ after switch S, is closed and di/dt be its rate of increase . 
at that time. Applying Kirchhoff’s loop rule starting at the negative terminal 
and proceeding counterclockwise around the loop 


i 


; di =e 
E-Vyy Vie =0 or E-iR-L7 =0 a+ TDOTDOO 
i di t dt £E ae Fig. 27.47 
| a ea i=—(l-e 4) 
0R-iR OL R 


By letting E/R = iy and L/R =, the above expression reduces to 
i=i,d-e"*) 


Here, i, = E'/R is the current at ¢ = 00. It is also called the steady state current or the maximum current 
in the circuit. 
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Le ‘ —— ; 
And t, =—is called time constant of the Z-R circuit. At a time 
equal to one time constant the current has risen to (1 — 1/e) or about 
63% of its final value ip. 
The i-t graph is as shown in figure. 


Note that the final current i) does not depend on the inductance L, it 
is the same as it would be if the resistance R alone were connected 
to the source with emf E. 


Let us have an insight into the behaviour of an L- R circuit from 
energy considerations. 


Fig. 27.48 


The instantaneous rate at which the source delivers energy to the circuit (P = EZ) is equal to the 
instantaneous rate at which energy is dissipated in the resistor (= i7R) plus the rate at which energy is 


di 
stored in the inductor | = iV;,, =Li=| or a ai 
dt dt \2 


Thus, 


Decay of Current 


Now suppose switch §, in the circuit shown in figure has been 
closed for a long time and that the current has reached its steady 
state value i). Resetting our stopwatch to redefine the initial time 
we close switch S, at time tf=0 and at the same time we should 
open the switch S, to by pass the battery. The current through L 
and R does not instantaneously go to zero but decays 
exponentially. To apply Kirchhoff’s loop rule and to find current in 
the circuit at time ¢, let us draw the circuit once more. 


Applying loop rule we have, 
Ve =Vp)* Uy Fe) =0 


iR +1(Z}-0 
dt 


or 


Note Don't bother about the sign of “ 


oS a 
cE 

i di R ¢t 

a oe 
i sige! 


i i 


WTI — 
a R b L c 
Fig. 27.49 

(as V, =V,.) 


ee . ; ios : 
where, t, = iB is the time for current to decrease to 1/e or about 37% of its original value. The i-t graph 


is as shown in Fig. 27.49.” 
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The energy that is needed to maintain the current during this decay is provided by energy stored in the 
magnetic field. Thus, the rate at which energy is dissipated in the resistor = rate at which the stored 
energy decreases in magnetic field of inductor 


or pra Fai) oui(-4) 
dt 


or 


BEY 


Fig. 27.50 


© Example 27.21 A coil of resistance 20 Q and inductance 0.5 H is switched to 
DC 200 V supply. Calculate the rate of increase of current 
(a) at the instant of closing the switch and 
(b) after one time constant. 
(c) Find the steady state current in the circuit. 
Solution (a) This is the case of growth of current in an L-R circuit. Hence, current at time ¢ is 
given by 
sae") 
Rate of increase of current, 


di u —t/T 
SE 0B IL 


dt %, 
di_ iy _E/R_E 
dt t LR L 


Att=0, 


Substituting the value, we have 
ao. 400 A/s Ans. 
dt 0.5 
(b) Att=T,, 
a (400)e! = (0.37) (400) 
t 


= 148 A/s Ans. 
(c) The steady state current in the circuit, 
(ca AK Ans. 
R 20 
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© Example 27.22 A5 4 inductor is placed in series with a 10 Q resistor. An emf 


of 5 V being suddenly applied to the combination. Using these values prove the 
principle of conservation of energy, for time equal to the time constant. 


Solution At any instant ¢, current in L-R circuit is given as 


f= lee 
Here, ig a aii Ty ae 
R R 
After one time constant (¢ = T, ), current in the circuit is 
me 1 ee 1 | =0.316A 
R e 10 e 


The rate at which the energy is delivered by the battery is 


P, = Ei= (5) (0.316) = 1.58 W ..() 
At this time rate by which energy is dissipated in the resistor is 
P, =i? R =(0.316)* (10)= 0.998 W (ii) 


The rate at which energy is stored in the inductor is 


B% (52? )=1i( 4) 
dt \2 dt 


Here, —=—e = (after one time constant) 
dt T, eL 
Substituting the values, we get 
w(E)\ Ei 
a wo(=) = 
eL e 
aoe! 9 50 ... (iii) 
2.718 
From Eqs. (i), (ii) and (iii), we have 


It is the same as required by the principle of conservation of energy. 


INTRODUCTORY EXERCISE 
1. Show that = has units of time. 


2. Acoil of inductance 2 H and resistance 10 Q are in a series circuit with an open key and a cell of 
constant 100 V with negligible resistance. At time t = 0, the key is closed. Find 
(a) the time constant of the circuit. 
(b) the maximum steady current in the circuit. 
(c) the current in the circuit att = 1s. 

3. Inthe simple L-R circuit, can the emf induced across the inductor ever be greater than the emf of 
the battery used to produce the current? 
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27.9 Oscillations in L-C Circuit 


Ifa charged capacitor C is short-circuited through an inductor L, the charge and current in the circuit 
start oscillating simple harmonically. If the resistance of the circuit is zero, no energy is dissipated as 
heat. We also assume an idealized situation in which energy is not radiated away from the circuit. 
With these idealizations-zero resistance and no radiation, the oscillations in the circuit persist 
indefinitely and the energy is transferred from the capacitor’s electric field to the inductor’s magnetic 
field and back. The total energy associated with the circuit is constant. This is analogous to the 
transfer of energy in an oscillating mechanical system from potential energy to kinetic energy and 
back, with constant total energy. Later, we will see that this analogy goes much further. 

Let us now derive an equation for the oscillations in an L-C circuit. 


a 


t=0 b¢ t=t ec 
+ + 
C==% ze ——4 ze 
cA ree 
Ss S 
(a) (b) 
Fig. 27.51 


Refer figure (a) A capacitor is charged to a PD, Vp =qyC 


Here, gp is the maximum charge on the capacitor. At time t¢ = 0, it is connected to an inductor through 
a switch S. At time t =0, switch S is closed. 

Refer figure (b) When the switch is closed, the capacitor starts discharging. Let at time ¢ charge on 
the capacitor is g (<q,) and since, it is further decreasing there is a current 7 in the circuit in the 
direction shown in figure. Later we will see that, as the charge is oscillating there may be a situation 
when gq will be increasing, but in that case direction of current is also reversed and the equation 
remains unchanged. 


The potential difference across capacitor = potential difference across inductor, or 


q di 
=—=L\|— ane 
Cc [4 @) 
. __ (=a 
Now, as the charge is decreasing, i= ae 
di d -9 
or isd eee 
dt dt” 
2 
Substituting in Eq. (i), we get ee aa 
C ae 
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2 


ie . , : : x 
This is the standard equation of simple harmonic motion [S =- os 
dt 


1 


VLC 


7 = cos (@t +6) 
For example in our caseb>=0 as q=q, att=0. 


Here, 


The general solution of Eq. (ii), is 


Hence, qd = Cos Mt 


.. iii) 


...(iv) 


Thus, we can say that charge in the circuit oscillates simple harmonically with angular frequency 


given by Eq. (iti). Thus, 
1 oO 1 


4 f — = 
VLC 2m 2nVLC 


QO= 


and oo 
f 


=20VLC 


The oscillations of the Z-C circuit are an electromagnetic analog to the mechanical oscillations of a 


block-spring system. 


Table below shows a comparison of oscillations of a mass-spring system and an L-C circuit. 


Table 27.1 
S.No. Mass spring system Inductor-capacitor circuit 
1. Displacement (x) Charge (q) 
Velocity (v) Current (/) 
Acceleration (a) Rate of change of current (5) 
4. d?x 2 k d°q 2 1 
a x where w= | ye ee ee 
5 x=Asin(@@t + 6) or x=Acos (at + 6) g =o Sin(wt + 6) or g =q,cos (wt + 6) 
6. ae A? — x? j= ~ fg? — 9? 
at at 
7 aa ~_ 2x Rate of change of current = a og 
at at 
8. Kinetic energy = zim Magnetic energy = li . 
9. Potential energy = 1k? Potential energy = 19q° 
2 2C 
10. zim? zhe = constant = Fh? = SV ali? Fe 44° = constant= 198 = 1144 
11. | Vmax! = A@ imax =U 


12 | @mnax| =arA 


13. Cc 


3 51+ 


14. 


ai ‘ 
hail =O 
(5 ).. * 
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A graphical description of the energy transfer between the inductor and the capacitor in an L-C circuit 
is shown in the figure. The right side of the figure shows the analogous energy transfer in the 
oscillating block-spring system. 


Vinax 


(e) 


Fig. 27.52 
Note /InL-C oscillations, q, (and 2 all oscillate simple harmonically with same angular frequency w. But the 


phase difference between q andi or between i and a is while that between i and 2 is t. Their 


amplitudes are qg, qg® and w°qy respectively. So, now suppose 
g = 49 cos wt, then 


. dg : 

(=— =-gq),wsinwt and 
; at qo 
eee qo@* cos wt 


dt 
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Similarly, potential energy across capacitor (U-) and across inductor (U,) also oscillate with double the 
frequency 2@ but not simple harmonically. The different graphs are as shown in Fig. 27.52. 


q Uc 
4o t Ooniax 
hx 2C 
t 
: SE ANVANE:; 
2 
3 t 
TIT T 3T 7 
4 2 4 
Fig. 27.53 


© Example 27.23 A capacitor of capacitance 25 uF is charged to 300 V. It is then 
connected across a10 mH inductor. The resistance in the circuit is negligible. 


(a) Find the frequency of oscillation of the circuit. 

(b) Find the potential difference across capacitor and magnitude of circuit current 
1.2 ms after the inductor and capacitor are connected. 

(c) Find the magnetic energy and electric energy at t= Oandt =1.2 ms. 

Solution (a) The frequency of oscillation of the circuit is 


_ 1 
Ps 2nVLC 


Substituting the given values, we have 
1 


any (10x 10°) (25x 10°) 


= 318.3 Hz Ans. 


(b) Charge across the capacitor at time f will be 
d=) cost and i=—q sin wt 
Here, gy =CVy = (25x 10° ) (300) = 7.5 10° C 
Now, charge in the capacitor after ¢ = 1.2 x 10° sis 
g=(7.5X 10° )cos (2m x 318.3) (1.2x 10° )C 
H=5.55%10° C 


lq|_ 5.53x 10% 
Cc 35x10" 


.. PD across capacitor, V = = 221.2 volt Ans. 


The magnitude of current in the circuit at ¢ = 1.2 x 10° sis 
|i |= qo@ sin ot 
=(7.5x 10°? ) (2m) (318.3) sin (2m x 318.3) (1.2x10°)A 
=10.13A Ans. 
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(c) Att=0 Current in the circuit is zero. 
Hence, U, =0 


Charge in the capacitor is maximum. 


2 
Hence, Ue = qo 
2¢ 
_ 1 5x oe 
2 (25x10°) 


or Uc 


=1.125J 
». Total energy, E=U, +Uc =1.125J 
At t= 1.2 ms 


Lees 
U, Sue 


== (10 10 ) (10.13) 
= 0.513 
Uo =E-U, =1.125- 0.513 


= 0.612J 


Otherwise Uc can be calculated as 
u, 1 # 
2C 
_ 1, (5.53x 1077 
2 “5% 10°) 


= 0.612J 


INTRODUCTORY EXERCISE 
. Show that J/LC has units of time. 
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Ans. 


Ans. 


. While comparing the L-C oscillations with the oscillations of spring-block system, with whom the 


magnetic energy can be compared and why? 
. InanL-C circuit, L =0.75 Hand C =18 uF, 


(a) At the instant when the current in the inductor is changing at a rate of 3.40 A/s, what is the 


charge on the capacitor? 


(b) When the charge on the capacitor is 4.2 x 107 C, what is the induced emf in the inductor? 


. An L-C circuit consists of a 20.0 mH inductor and a 0.5uF capacitor. If the maximum 
instantaneous current is 0.1 A, what is the greatest potential difference across the capacitor? 
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27.10 Induced Electric Field 


When a conductor moves in a magnetic field, we can understand the induced emf on the basis of 
magnetic forces on charges in the conductor as described in Art. 27.5. But an induced emf also occurs 
when there is a changing flux through a stationary conductor. What is it that pushes the charges 
around the circuit in this type of situation? 


Xx x x x 

Xx Xx xX 

x Xx x Xx 
Fig. 27.54 


As an example, let’s consider the situation shown in figure. A conducting circular loop is placed in a 
magnetic field which is directed perpendicular to the paper inwards. When the magnetic field 
changes with time (suppose it increases with time) the magnetic flux @, also changes and according 


d 
to Faraday’s law the induced emf e = — ee is produced in the loop. If the total resistance of the loop 


is R, the induced current in the loop is given by 
. e 
i=— 
R 
But what force makes the charges move around the loop? It can’t be the magnetic force, because the 


charges are not moving in the magnetic field. 


Fig. 27.55 


Actually, there is an induced electric field in the conductor caused by the changing magnetic flux. 

This electric field has the following important properties: 

1. It is non-conservative in nature. The line integral of E around a closed path is not zero. This line 
integral is given by 

dbs 


pE- dl=- "7 


. (i) 


Note that this equation is valid only if the path around which we integrate is stationary. 
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2. Because of symmetry, the electric field Ehas the same magnitude at every point on the circle and 
is tangent to it at each point. The directions of Eat several points on the loop are shown in figure. 


3. Being a non-conservative field, the concept of potential has no meaning for such a field. 


4. This field is different from the electrostatic field produced by stationary charges (which is 
conservative in nature). 


5. The relation F = gE is still valid for this field. 

6. This field can vary with time. 

So, a changing magnetic field acts as a source of electric field of a sort that we cannot produce 
with any static charge distribution. This may seen strange but its the way nature behaves. 


Note 7. For symmetrical situations (as shown in figure) Eq. (i), in simplified form can be written as 


El = & 
dt 


dt 


Here, | is the length of closed loop in which electric field is to be calculated and S is the area in which 
magnetic field is changing. 
2. Direction of electric field is the same as the direction of induced current. 


© Example 27.24 The magnetic field at all points within the cylindrical region 
whose cross-section is indicated in the accompanying figure start increasing at a 
constant ratea T/s. Find the magnitude of electric field as a function of r, the 
distance from the geometric centre of the region. 


Fig. 27.56 


Solution Forr<R 


Using l=s|@ or £E (2nr)= (nr Jo 
t 


Fig. 27.57 


Fj 
2 
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E«r, i.e. E-r graph is a straight line passing through origin. 


At r=R, p= 


Forr=>R 


L<qe/ | 


a a 


Fig. 27.58 


Using El=S “ 


5 


E (2nr) = ("R” ) (a) 
OR? 
2?r 


E= 


Ea Z , Le. E-r graph is a rectangular hyperbola. 
r 


The E-r graph is as shown in figure. 


AE 


> 


Fig. 27.59 
The direction of electric field is shown in above figure. 


© Example 27.25 A long thin solenoid has 900 turns/metre and radius 2.50 cm. 


The current in the solenoid is increasing at a uniform rate of 60 A/s. What is the 
magnitude of the induced electric field at a point? 


(a) 0.5 em from the axis of the solenoid. 
(6) 1.0 em from the axis of the solenoid. 
Solution «° B=\oni 


= (4n x 10°’) (900) (60) 
= 0.068 T/s 
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Using the result of electric field derived in above problem (as both points lie inside the solenoid). 
B=5 (=) 
2\ dt 
~2 
(a) E= ee) (0.068) =1.7x 1074 V/m 


(b) E= (0.068)= 3.4 x 10°* W/m 


(1.0x 107 ) 
° 


INTRODUCTORY EXERCISE 


1. Along solenoid of cross-sectional area 5.0 cm? is wound with 25 turns of wire per centimetre. It 
is placed in the middle of a closely wrapped coil of 10 turns and radius 25 cm as shown. 


Fig. 27.60 


(a) What is the emf induced in the coil when the current through the solenoid is decreasing ata 
rate —0.20 A/s? 
(b) What is the electric field induced in the coil? 
2. For the situation described in figure, the magnetic field changes with time according to 
B = (2.00t°® -4.00t?+ 0.8)T and r =2R=5.0cm 


Fig. 27.61 


(a) Calculate the force on an electron located at P, att =2.00 s 


(bo) What are the magnitude and direction of the electric field at P, when t=3.00s and 
rf, =0.02 m. 


Hint: For the direction, see whether the field is increasing or decreasing at given times. 
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Final Touch Points 


1. 


Eddy currents When a changing magnetic flux is applied to a piece of conducting material, 
circulating currents called eddy currents are induced in the material. These eddy currents often have 
large magnitudes and heat up the conductor. 


When a metal plate is allowed to swing through a strong magnetic field, then in entering or leaving the 
field the eddy currents are set up in the plate which opposes the motion as shown in figure. The 
kinetic energy dissipates in the form of heat. The slowing down of the plate is called the 
electromagnetic damping. 


The electromagnetic damping is used to damp the oscillations of a galvanometer coil or chemical 
balance and in braking electric trains. Otherwise, the eddy currents are often undesirable. To reduce 
the eddy currents some slots are cut into moving metallic parts of machinery. These slots intercept 
the conducting paths and decreases the magnitudes of the induced currents. 


. Back EMF of Motors An electric motor converts electrical energy into mechanical energy and is 


based on the fact that a current carrying coil in a uniform magnetic field experiences a torque. As the 
coil rotates in the magnetic field, the flux linked with the rotating coil will change and hence, an emf 
called back emf is produced in the coil. 


When the motor is first turned on, the coil is at rest and so there is no back emf. The ‘start up’ current 
can be quite large. To reduce ‘start up’ current a resistance called ‘starter’ is put in series with the 
motor for a short period when the motor is started. As the rotation rate increases the back emf 
increases and hence, the current reduces. 


Electric Generator or Dynamo A dynamo converts mechanical energy (rotational kinetic energy) 
into electrical energy. It consists of a coil rotating in a magnetic field. Due to rotation of the coil 
magnetic flux linked with it changes, so an emf is induced in the coil. 


x x “ @ x x 
x x , x x 
x x x x 
x x x x 


Suppose at time t = 0, plane of coil is perpendicular to the magnetic field. 
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The flux linked with it at any time twill be given by 


od =NBA cos at (N = number of turns in the coil) 
e == 9 enBaw sin wt 
at 
or € =) sinat 
where, €y5 = NBA® 


. Transformer It is a device which is either used to increase or decrease the voltage in AC circuits 
through mutual induction. A transformer consists of two coils wound on the same core. 
Laminated sheets 


lron core 


The coil connected to input is called primary while the other connected to output is called secondary 
coil. An alternating current passing through the primary creates a continuously changing flux through 
the core. This changing flux induces an alternating emf in the secondary. 


As magnetic lines of force are closed curves, the flux per turn of primary must be equal to flux per turn 
of the secondary. Therefore, 


%p _ 9s 

Np Ng 
or fe Nees (as ox 
Np dt No at dt 

es _ Ng 

€p Np 


In an ideal transformer, there is no loss of power. Hence, 

ei = constant 

es _ Ng _ ip 

és Ne is 
Regarding a transformer, the following are few important points. 

(i) In step-up transformer, Ng > Np. It increases voltage and reduces current 
(ii) In step-down transformer, Np > Ng. It increases current and reduces voltage 
(iii) It works only on AC 
(iv) A transformer cannot increase (or decrease) voltage and current simultaneously. As, 

ei =constant 

(v) Some power is always lost due to eddy currents, hysteresis, etc. 


Solved Examples 


TYPED PROBLEMS 


Type 1. Based on Faraday’s and Lenz’s law 


Concept 
Problems of induced emf or induced current can be solved by the following two methods. 
Method1 Magnitudes are given by 


le|= dog and |i|= lel 
dt R 
Direction is given by Lenz’s law. 
Method 2, Magnitudes are given by 
2 
le|=|Bull or et =| 22 and li1= "2 


Direction is given by right hand rule. 


Note /n the first method, we have to first find the magnetic flux passing through the loop and then differentiate it 
with respect to time. Second method is simple but it can be applied if and only if some conductor is either in 
translational or rotational motion. 


© Example 1 Current in a long current carrying wire is 


[=2t 
A conducting loop is placed to the right of this wire. Find (25s | | - 
(a) magnetic flux dp passing through the loop. 
(b) induced emf |e| produced in the loop. a rar: 
(c) if total resistance of the loop is R, then find induced current 


I 


Solution Here, no conductor is in motion. So, we can apply only method-1. Further, magnetic 
field of straight wire is non-uniform. Therefore, magnetic flux can be obtained by integration. 


in the loop. 


in 
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(a) At a distance x from the straight wire, magnetic field is 


palo! [in ® direction ] 
2m x 
Let us take a small strip of width dx. 
. Area of this strip is 
dS = c(dx) 


Now, dS can also be assumed inwards. Or, angle between Band dS may be assumed to be 0°. 
Therefore, small magnetic flux passing through the loop is 


dog = BdS cos 0° 
_Ho L 


Total magnetic flux is 


x=at+b 
=| dbp 
_ pato(Uole) dx 
ae 


_ Hole n( + °) 
20 a 


Substituting the values of I, we get 


bs = Hatt a(S") —_ 
1 a 
(b) jel=| Sts |-2| Hott jn (22 2)] 
| de | dt| x a 
_ Hol yy (=) ges: 
1 a 


(c) Induced current, 


Pe le| Moe is (¢ + °) 
Rk «rR a 
Note The main current! (=2t) is increasing with time. Hence, ® magnetic field passing through the loop will also 
increase. So, induced current |, will produce © magnetic field. Or, induced current is anti-clockwise. 


© Example 2. A constant current I flows through a long straight wire as shown in 
figure. A square loop starts moving towards right with a constant speed v. 


(a) Find induced emf produced in the loop as a function of x. 
(6) If total resistance of the loop is R, then find induced current in the loop. 
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Note !n this problem, loop is in motion therefore both methods can be applied. 
Solution Method 1 
(a) Using the result of magnetic flux obtained in Example-1, we have 


a = Ho mf $2) 
20 a 


Here, a=x,b=c=a 
Substituting the values, we get 


a 
x 
- et] eat (2) (4) 2 
x+a 


Putting = v, we have 
dt 
2 
iet= Lola v Ans. 
2ux (x + a) 


(b) Induced current, 
2 
in = eee Ans. 
R= 2nRx(x+ a) 


Note Near the wire (towards right) value of ® magnetic field is high. So, the loop is moving from higher magnetic 
field to lower magnetic field. or, ® magnetic field passing through the loop is decreasing. Hence, induced 
current will produce ® magnetic field or it should be clockwise.. 


Method 2 
Vv 
Ih a €2 
, LI 
| 
xta 


20 
I 
e, = Baul = Po va 
2m x+a 
@ > &y 
Ulva {1 1 
Cnet = & 
a i) E xta 
__ Uolva® 
2x (x + a) 


This is the same result as was obtained in Method 1. 
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© Example 3 A conducting circular ring is rotated with angular c 
velocity @ about point A as shown in figure. Radius of ring is a. 
Find 
(a) potential difference between points A and C 
(b) potential difference between the points A and D. 


. : . . Bol” 
Solution Here, the loop is rotating. So, we can applying e= - A Jo 


(a) C 


@®B 


es 
A Jo 
Using right hand rule, we can see that 
Vao>V4 
Bol’ _ Ba a)” 
2 #2. 


Vo-V4= 2Boa” Ans. 


(b) 
®B 


D 
Af) 


A /o 
Using right hand rule, we can see that 
Vpn >Va 
_ Bol’ _ Bo (V2 a)? 
2 2 


= Boa? Ans. 


Vp —Va 


Type 2. Based on potential difference across an inductor 


© Example 4 Two different coils have self-inductances L,=8 mH and L,=2 mH. 
The current in one coil is increased at a constant rate. The current in the second 
coil is also increased at the same constant rate. At a certain instant of time, the 
power given to the two coils is the same. At that time, the current, the induced 
voltage and the energy stored in the first coil are i,, V, and W, respectively. 
Corresponding values for the second coil at the same instant are iy, V, and W, 


respectively. Then, (JEE 1994) 
oe . 

(a) == (b) 1=4 
ly 4 bg 


Wi iy a 
OF, OF 
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Solution Potential difference across an inductor : 


V « L, if rate of change of current is constant (v =-L 5) 


dt 
Ve 
VY, T, 8 4 
or Ving 
0) 
Power given to the two coils is same, i.e. 
Vit, = Vole 
or ens ee 
ig V, 4 
Energy stored, W = ; Li? 
x2 
We _ Ls lo = (7) (4)2 
W, DJ) 4 
W, 1 
or pli al 
W, 4 
The correct options are (a), (c) and (d). 
© Example 5 In the figure shown, i, =10 eA, i, =4 AandVc =3e™' V. 
Determine (JEE 1992) 
ae oC 
(a) i, and V;, (6) Vae Vay and Vig. 
Solution (a) Charge stored in the capacitor at time ¢, 
g= CVo vio 
+ 
= 2) Ge) =e 
=6e"C 3 
= Od. 198" A 
dt 


(Direction of current is from b to O) 
Applying junction rule at O, 
i, =i, + ig + i, =10E% + 4-126 
=(4-2e~%)A 
=[24+2(0-e7)| A Ans. 
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iz versus time graph is as shown in figure. 


>t 


iz Increases from 2 A to 4 A exponentially. 


di d = 
V; =Vog =L— = 4—2e7 
L = Yoda AG Oa’ e~) 


=16e" Vv Ans. 
V;, versus time graph is as shown in figure. 
V(V) 
16 


>t 


V,, decreases exponentially from 16 V to 0. 
(b) Voc = Va — Ve 
Va — HR, + toh, = V, 


a Va — Ve = Vac = 1. R, — ighe 4 Vi (V) 
Substituting the values, we have 

Vie = (0E™) 2) - 4) 8) . 

Vie = (2007 — 12) V 
At t=0, V,, =8 Vand at t =o», Vac =—12V >t 
Therefore, V,, decreases exponentially from 8 V to —-12 V. 
Van = Va — Vs 

Va- hh + Ve =V, eee eee 

“ Va — Vp = Van = 1 — Ve 
Substituting the values, we have 

V., = (10e~) 2) -3e” 
or V,=17e" V Ans. 
Thus, V,, decreases exponentially from 17 V to 0. 

Vapl) 


17 


>t 
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V., versus t graph is shown in figure. 
Vig = Ve-V, 


V, — igh, — Vz = Vg 

Fe V..- Va = Veg = bola + Vi 
Substituting the values, we have 

V.q = 4) @) + 16e™ 

or Vi.q=(2+16e")V Ans. 
At t =0, Vig =28 Vand at t=, Vy =12 V 

i.e. V.q decreases exponentially from 28 V to 12 V. 

V, 


oq Versus t graph is shown in figure. 


>t 


Type 3. Based on L - R circuit 


Concept 


At time ¢ = 0, when there is zero current in the circuit, an inductor offers infinite resistance 
and at t = «0, when steady state is reached an ideal inductor (of zero resistance) offers zero 
resistance. 

R, 


Thus, in the circuit shown, if switch S is closed at time t = 0, then 
lo _ 0 
E 


and i=i, =—— at t=0 
R, +R, 


as initially the inductor offers infinite resistance and at t = ~, 

4, =0, while 1=i, =— 

R, 
as in steady state the inductor offers zero resistance. 


© Example 6 For the circuit shown in figure, E = 50 V, R, R; 
R, =10 Q, R, =20Q, R, =30 Q and L =2.0 mH. Find el 
the current through R, and R,. : 

Ry iE 


(a) Immediately after switch S is closed. 
(b) A long time after S is closed. 

(c) Immediately after S is reopened. 

(d) A long time after S is reopened. 
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Solution (a) Resistance offered by inductor immediately after switch is closed will be infinite. 
Therefore, current through R, will be zero and 


current through R, = current through R, = = 
R, + Ry 
= 50 = 5 A Ans. 
10+20 3 


(b) After long time of closing the switch, resistance offered by inductor will be zero. 
In that case R, and R;, are in parallel, and the resultant of these two is then in series with R,. 


Hence, 
Bret = R, ae Pooks 
Ry + Ry 
=19 + 29 89 _o90 
20 + 30 
Current through the battery (or through R,) 
= Z mu A Ans. 
Ry 22 
This current will distribute in R, and R; in inverse ratio of resistance. Hence, 
Current through R, = (=) Ry 
22)\R,+ R, 
_ (# 30 _ 15 A Ais: 
22)\30+20) 11 


(c) Immediately after switch is reopened, the current through R, will become zero. 
But current through R, will be equal to the steady state current through R;, which is equal to, 


(He -) Arosa Ans. 
bl 
(d) A long after S is reopened, current through all resistors will be zero. 


© Example 7 An inductor of inductance L = 400 mH and resistors of resistances 
R, =2Q and R, =2Q are connected to a battery of emf E=12 Vas shown in the 
figure. The internal resistance of the battery is negligible. The switch S is closed 
at time t=0. 


Es E 
R 
} F 
S R, 


What is the potential drop across L as a function of time? After the steady state 
is reached, the switch is opened. What is the direction and the magnitude of 
current through R, as a function of time? (JEE 2001) 
Solution (a) Given, R, = R,=2 Q, H=12 V and L =400 mH =04 H. 

Two parts of the circuit are in parallel with the applied battery. 
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So, the given circuit can be broken as : 


é- 


(a) (b) 


Now refer Fig. (b) 
This is a simple L-R circuit, whose time constant 
tr Ste" 00s 
2 
and steady state current 
E12_ 


ip =— 6A 
R, 2 
Therefore, if switch S is closed at time t =0, then current in the circuit at any time ¢ will be 
given by 
i(t)=iy Q-e") 
i (t) =6(1 —e"?) 
=6(1-e°')=i (say) 
Therefore, potential drop across L at any time ¢ is 


pai 


V= ; = L(30e°') =04)(30)e°! or V=l12e° volt 


(b) The steady state current in L or R, is 
ig =6A 
Now, as soon as the switch is opened, current in R, is reduced to zero immediately. But in LZ and 
R, it decreases exponentially. The situation is as follows : 


i 


ag L 3 a 


Ry 


R, | i=0 : 


< “t 
t=0 t= 
Sis open 


(c) (d) (e) 


Steady state condition 
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Refer figure (e) 
Time constant of this circuit would be 
3 L 04 


T= = =0.1s 
R,+R, @+2) 


.. Current through R, at any time ¢ is 
i=ipe!™ =6ewmu 
or i=6e'% A 


Direction of current in R, is as shown in figure or clockwise. 


© Example 8 A solenoid has an inductance of 10 H and a resistance of 2 Q. It is 


connected toa 10 V battery. How long will it take for the magnetic energy to 
reach 1/4 of its maximum value? (JEE 1996) 


Solution U => Lit ie. ee 


. 1 : : : . ' 
U will reach Fa of its maximum value when current is reached half of its maximum value. In 


L-R circuit, equation of current growth is written as 
i=ip(l—e“"4) 


Here, ig = Maximum value of current 
t, = Time constant = L/R 
10 H 
TT = —— =5 Ss 
22 
Therefore, i=ip2 =ip -—e”) 
or Paee? or ese 
2 
or -t/5= (5) or t/5=In(2)=0.693 


t= (5)0693) or t=3465s 


© Example 9 A circuit containing a two position switch S is shown in figure. 


* i 
= 2UF 10 $Rs 
Ry E; 
WWW | 
2Q. 12V 
To A E> Ro B 
~e e 1 ANN —®@ 
2% S 3V 22 30 Re 
“TOO 
10 mH 


(a) The switch S is in position 1. Find the potential difference V, -Vpz and the rate of 
production of joule heat in R,. 
(6) If now the switch S is put in position 2 at t= 0. Find 


(i) steady current in R, and (ii) the time when current in R, is half the steady value. 
Also calculate the energy stored in the inductor L at that time. 
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Solution (a) In steady state, no current will flow through capacitor. 
22 j 2 WF 


10 mH 


OO000 


Applying Kirchhoff’s second law in loop 1, 
—2ig + 2 (i, — tg) + 12=0 
2i, -4i, =-12 
or i; —2i,=- (i) 
Applying Kirchhoff’s second law in loop 2, 
12-2 (i, —ig) + 3-21, =0 
4i, —2i,=-9 .. (ii) 


Solving Eqs. (i) and (ii), we get 
ig=2.5A and i,=-1A 


Now, V4+3-2i, =Vp or V4 — Vz = 21, -3 
=2 (-1)-3=-5V 
Py, = (i, — ig)?R, = (-1 - 2.5)” @) 
=24.5 W 
(b) In position 2 Circuit is as below 
3V 20 
| | AW 
zo0 
10 mH 
Steady current in R,, 
i= 206A 
34+2 


Time when current in R, is half the steady value, 
i=ig(Ql-e“*) 
i=i)/2 at t=ty., where 


L (10 x 107°) 
5 


tyg=%, (In2) == In @)= In 2) 


=1.386x10° s 
U => Li? => 10x10") 0.3) 


=4.5x104 J 
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Type 4. Based on L-C oscillations 


© Example 10 In an L-C circuit, L=3.3 H and C = 840 pF. At t =0, charge on the 
capacitor is 105 uC and maximum. Compute the following quantities at t = 2.0 ms: 
(a) The energy stored in the capacitor. 
(6) The total energy in the circuit, 
(c) The energy stored in the inductor. 
Solution Given, L =3.3H, C=840x10° F and gy =105x10°C 


The angular frequency of L-C oscillations is 
1 1 


a 
VLC  J3.3x840x 10°” 


=1.9x10* rad/s 
Charge stored in the capacitor at time ¢ would be 


d= Qo cos wt 
(a) At t=2x10° s, 
q = (105 x 10°°) cos [1.9 x 104] [2x 1077] 
=100.3x10°C 
Energy stored in the capacitor, 
lg 
“ee 
_ (100.3 x 10°°)? 
~ 2x 840x107? 


=6.0 J Ans. 


Uc 


(b) Total energy in the circuit, 
iq (05x10°) 
U= — = 
2C 2x840x107% 
=6.56 J Ans. 
(c) Energy stored in inductor in the given time 


= total energy in circuit — energy stored in capacitor 
= 6.56 — 6.0) J 
=0.56 J Ans. 


© Example 11 An inductor of inductance 2.0 mH is connected across a charged 
capacitor of capacitance 5.0 uF and the resulting L-C circuit is set oscillating at its 
natural frequency. Let Q denotes the instantaneous charge on the capacitor and I 


the current in the circuit. It is found that the maximum value of Q is 200 UC. 
(JEE 1998) 


(a) When Q = 100uUC, what is the value of | dI/ dt|? 

(b) When Q= 200uUC, what is the value of I? 

(c) Find the maximum value of I. 

(d) When I is equal to one-half of its maximum value, what is the value of | Q|? 
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Solution This is a problem of L-C oscillations. 
Charge stored in the capacitor oscillates simple harmonically as 
Q=Qysin (tt >) 
Here, Q)= maximum value of @=200uC =2x10*C 
i 1 


= _ 
VLC J@x10)60 x10) 
Let at t =0, Q=Qp, then 
Q(t) = Qo cos at 
I(t)= ga =-—Q, sin wt and 
dt 
dI(t) 2 
—— =—@)* cos wt 
dt al 
(a) Q=100uC 
or Qo at cosa@t = Z 
2 2 
1 
or ot = — 
3 
1 ee 
At cos @t = e from Eq. (iii) : 
|dJ| -4 4-1 (5) 
—!= (2.0 x 10 “C)(10 = 
| ae| ( )¢ s) 5) 


Ss =10' A/s 
dt 


(b) Q = 200C or @, when cos at =1, i.e. @t =0,27 ... 
At this time I(t) =-—Q ® sin wt 
or I(t) =0 
(c) I(t) =—Q)@ sin at 
.. Maximum value of is Q) 
Tnax = Qo © = (2.0 x 107*)(10*) 


Tnx = 2.0 A 
(d) From energy conservation, 

2 

11? =i LP ,22 

2 2 220. 
or Q=JLC(Z,.- 

[= Fina =10A 

2 


Q= {20x 10-*)60 x 10°) @? - 12) 
Q=V3x107C 
or @=1.732 x10 C 


=10*s7! 


sed) 
.. (i) 


.. (iil) 


(sin 0° = sin 2m = 0) 
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Type 5. Based on induced electric field 


© Example 12. A uniform but time-varying magnetic field B(t) exists in a circular 
region of radius a and is directed into the plane of the paper as shown. The 
magnitude of the induced electric field at point P at a distance r from the centre 


of the circular region (JEE 2000) 
Bit) 
P 
is 
(a) is zero (b) decreases as 1/r_ (c) increases as r (d) decreases as 1/r” 
Solution fp-ai-|¢ agISF) soe E@Qnr) = na172 
dt dt dt 
For ra, 
_ a (dB 
2r | dt 
.. Induced electric field «1/r 
For r<a, 
Bear) = aril or E = sees or Ear 
d 2| dt 
At r=a, E= a os 
2 | dt 


Therefore, variation of EF with r (distance from centre) will be as follows 


>. 


The correct option is (b). 


© Example 13 The magnetic field B at all points within a ae 
circular region of radius R is uniform in space and directed 
into the plane of the page in figure. If the magnetic field is 
increasing at a rate dB/dt, what are the magnitude and 
direction of the force on a stationary positive point charge q 
located at points a, b and c? (Point a is a distance r above the 
centre of the region, point b is a distance r to the right of the 
centre, and point c is at the centre of the region.) 


x KK KIK KK OK 
x KK KIK KK OK 
x< 
low 
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Solution Inside the circular region at distance r, 


n= 2 -s(&) 
di 


E nr) = (ar’). a 


_r dB 
2 dt 
fogf 
2 dt 
At points a and 0, distance from centre is r. 
_ qr dB 
2 dt 
At point C, distance r=0 
F=0 


® magnetic field is increasing. Hence, induced current in an imaginary loop passing through a 
and b should produce © magnetic field. Hence, induced current through an imaginary circular 
loop passing through a and 6 should be anti-clockwise. Force on positive charge is in the 
direction of induced current. Hence, force at a is towards left and force at bis upwards. 


Type 6. Based on motion of a wire in uniform magnetic field with other element like resistance, 
capacitor or an inductor 


Concept Pp a 


Q 


A constant force Fis applied on wire PQ of length J and mass m. There is an electrical 
element X in the box as shown in figure. There are the following three different cases : 


Case1 If X isa resistance, then velocity of the wire increases exponentially. 
Case2. If Xis a capacitor, then wire moves with a constant acceleration a (< F/m). 


Case3_ If X is an inductor and instead of constant force F an initial velocity uv, is given to 
the wire then the wire starts simple harmonic motion with ug as the maximum velocity 
(= @A) at mean position. 


© Example 14 In the above case if X is a resistance R, then find velocity of wire as 
a function of time t. 
Solution At time ¢ suppose velocity of wire is v, then due to motional emf a current i flows in 
the closed circuit in anti-clockwise direction. 
Bul 


= 
RR 
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Due to this current magnetic force will act on the wire in the direction shown in figure, 


@B 


272 
net — F F,, = F 2 : = a 
R dt 
v 1 ct 
[; _ I? = mM |,¢ 
F- ) U 
R 
Solving this equation, we get 
FR B72 
— t 
v= Be (1 =€é mR ) 
Thus, velocity of the wire increases exponentially. v- t graph is as shown below. 
Vv 
FR | 
Ee 0 


© Example 15 If X is a capacitor C, then find the constant acceleration a of the 
wire. 


Solution At time t suppose velocity of wire is v. Then, due to motional emf e= Bul capacitor 
gets charged . 


q=CV =C (Bul) 


This charge is increasing as vu will be increasing. 
Hence, there will be a current in the circuit as shown in figure. 
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or i=(BIlC)a [as =a) 


Due to this current a magnetic force F,, will act in the direction shown in figure, 
F,, = ilB = (B’I’C) a 


Now, 
Fst =F —-F,, 
or ma = F - (B?P’C) a 
oo Ans. 
m+ Bc 


Now, we can see that this acceleration is constant but less than F’'/m. 


© Example 16 A pair of parallel horizontal conducting rails of negligible 
resistance shorted at one end is fixed on a table. The distance between the rails is 
L. A conducting massless rod of resistance R can slide on the rails frictionlessly. 
The rod is tied to a massless string which passes over a pulley fixed to the edge of 
the table. A mass m tied to the other end of the string hangs vertically. A constant 
magnetic field B exists perpendicular to the table. If the system is released from 
rest, calculate (JEE 1997) 


(a) the terminal velocity achieved by the rod and 
(b) the acceleration of the mass at the instant when the velocity of the rod is half the 
terminal velocity. 
Solution (a) Let vbe the velocity of the wire (as well as block) at any instant of time ¢. 
Motional emf, e= BuL 
Motional current, i = we a 
r R 


and magnetic force on the wire 


272 
F,, =iLB= vB°L 
R 
Net force on the system at this moment will be 
272 
Fret =mg — F,,=mg - uae 
vB*L? 
or ma =mg — 
R 
_ vB? 


a (i) 
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Velocity will acquire its terminal value, i.e. v= Up when 


F,,, or acceleration a of the particle becomes zero. 
272 
Thus, ig 
mR 
mgR 
. “BP 
v mgR 
b) When v= = 
2 2B? 


Then from Eq. (i), acceleration of the block, 


or cn— 


Example 17 A loop is formed by two parallel conductors connected by a solenoid 
with inductance L and a conducting rod of mass m which can freely (without 
friction) slide over the conductors. The conductors are located in a horizontal 
plane in a uniform vertical magnetic field B. The distance between the conductors 
is 1. 


At the moment t =0, the rod is imparted an initial velocity vg directed to the 
right. Find the law of its motion x (t) if the electric resistance of the loop is 
negligible. 

Solution Let at any instant of time, velocity of the rod is v towards right. The current in the 
circuit is i. In the figure, 


a i d 
& 
F.,+<—_ ——v 
IN 
b c 
V.-V,=Va V.. 
or CO papi (as = 5) 
dt dt dt 


i.e. Ldi = Bldx 
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Integrating on both sides, we get 


Li = Blx 
. Bl ; 
or i=—x wl 
ZL @) 
Magnetic force on the rod at this instant is 
272 
Pes" ! x .. (ii) 
Since, this force is in opposite direction of v, so from Newton’s second law we can write 
dx BrP 
m =|=- iG 
dt* L 
d?x BrP 
or ae | 7 
dt” mL 
Comparing this with equation of SHM, 
dx 2 
= wx 
dt 
Bl 
We have, @ = —— 
vmL 
Therefore, the rod will oscillate simple harmonically with angular frequency @ = us At time 


vmL 


t =0, rod was at x=0 and it was moving towards positive x-axis. Hence, x-t equation of the rod is 
x= Asin wt ...(ili) 


To find A, we use the fact that at t =0, vor 2 has a value up. Hence, 


a v= A@ cos wt 
dt 
or AQ = Up (at ¢ =0) 
or Ano 
0) 


Substituting in Eq. (iii), we have 


x= Yo sin wt, where ® = oe Ans. 
o vmL 
Alternate method of finding A 
At x= A, v=0, i.e. whole of its kinetic energy is converted into magnetic energy. Thus, 
Lbs mvp 
2 2 
Substituting value of i from Eq. (i), with x = A, we have 
2 
i (= A) =mu 
L 
or A= mule Up = he) 
Bl o 
Bl 
as @ =—— Ans. 
vmL 


Miscellaneous Examples 


© Example 18 A sensitive electronic device of resistance 175 Q is to be connected 
to a source of emf by a switch. The device is designed to operate with a current of 
36 mA, but to avoid damage to the device, the current can rise to no more than 
4.9 mA in the first 58 us after the switch is closed. To protect the device it is 
connected in series with an inductor. 
(a) What emf must the source have? 
(6) What inductance is required? 
(c) What is the time constant? 
Solution (a) Given, R=175Q and peak value current 
ip =36x107 A 

Applied voltage, V = igR = (175) (86 x 10~*) volt =6.3 V Ans. 

(b) From the relation, 


i=iy 1-e%) 


We have, (4.9) = (36) [L—-@ "4] 
or fimo = 20,864 
36 
— __ In 0.864) =0.146 
7 
t 
or — — =0.146 
L/IR 
i =0.146 
L 
- Rt _ (175) 68x10) 
0.146 0.146 
=7.0x107H Ans. 
(c) Time constant of the circuit, 
L. 70x107 
Ty —— a 
R 175 
=4.0x107 Ans. 
© Example 19 A conducting rod shown in figure of x x x x 


mass m and length | moves on two frictionless 
horizontal parallel rails in the presence of a uniform 
magnetic field directed into the page. The rod is given 
an initial velocity Uy to the right and is released at 
t=0. Find as a function of time, x x x x 
(a) the velocity of the rod 

(b) the induced current and 

(c) the magnitude of the induced emf. 
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HOW TO PROCEED The initial velocity will produce an induced emf and hence, an 
induced current in the circuit. The current carrying wire will now experience a 
magnetic force (F,,,) in opposite direction of its velocity. The force will retard the 
motion of the conductor. Thus, 

Initial velocity > motional emf > induced current > magnetic force > retardation. 
Solution (a) Let ube the velocity of the rod at time t. 

Current in the circuit at this moment is 
; = Bol 
R 

From right hand rule, we can see that this current is in counterclockwise direction. 
The magnetic force is, 


...(i) 


272 
Poesia" 
R 


Here, negative sign denotes that the force is to the left and retards the motion. This is the only 
horizontal force acting on the bar, and hence, Newton’s second law applied to motion in 
horizontal direction gives 


dv _ yp BE 
dp ja @B 
272 
dv _ Bl a 
7) mR R : <«—_}+—>v 
Integrating this equation using the initial condition that, Fin 4 
U= Up at t =0, we find that > ; 
B 2 t 
eee 
vo U mR /0 
Solving this equation, we find that 
v=ue"* ...@ii) Ans. 
R 
where, t= ae 


This expression indicates that the velocity of the rod decreases exponentially with time under 
the action of the magnetic retarding force. 


. Bul 
a 
Substituting the value of v from Eq. (ii), we get 
i= By et Ans. 
R 
(c) e=iR= Blue" Ans. 


i and eboth decrease exponentially with time. v-t, i-t and e-t graphs are as shown in figure 
i 


Vo Blvg Blvy 


R 
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Alternate solution This problem can also be solved by energy conservation principle. Let at 
some instant velocity of the rod is v. As no external force is present. Energy is dissipated in the 
resistor at the cost of kinetic energy of the rod. Hence, 


(- * = power dissipated in the resistor 
d E ’) & 
or ——]|=mv* |=— 
dt \2 R 
272, 2 
or tale (as e= Bul) 
dt R 
272 
dv BY y 
U mR 
b 272 
pen BE py 
vo U mR /0 
or v=ue"*, where t= a 
Example 20 A wire loop enclosing a semicircle of radius R sy es xB 
is located on the boundary of a uniform magnetic field B. At 
the moment t = 0, the loop is set into rotation with a constant ‘ . 
angular acceleration « about an axis O coinciding with a O| x x x 
line of vector B on the boundary. Find the emf induced in . ah ¥ 
the loop as a function of time. Draw the approximate plot of 
x x x 


this function. The arrow in the figure shows the emf 
direction taken to be positive. 


Solution 0 = sot 


2 : 
t=, a = time taken to rotate an angle 0 
(or 


where, 6 =0 to 1,27 to 32, 4m to 5z etc. 


® magnetic field passing through the loop is increasing. Hence, current in the loop is 
anti-clockwise or induced emf is negative. And for,8 = to 2m, 3m to 4m, 5m to 672 etc. 


® magnetic field passing through the loop is decreasing. Hence, current in the loop is clockwise 
or emf is positive. 


So, 
: 2m 
t, = time taken to rotate an angle x = ,{;— 
oO 
: 4n 
t, = time taken to rotate an angle 2x = ,|— 
o 
: 2nt 
t, = time taken to rotate an angle nz = ,; — 
o 


Now, from 0 tot, emf is negative 
t, to ty emf is positive 
t, to t; emf is again negative 
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and so on. 


. : _1 2 

Now, at time ¢, angle rotated is 0= Pha s % 
Area inside the field is se ¥ 

0 1 

S = (aR?) & =—R® 

21 2 x x x 
or S= “ R’at? x x x 
So, flux passing through the loop, o=BS= “ BR*ut? * . x 


1 
e= eA =— BR’ot 
dt| 2 
ext 
i.e. e-t graph is a straight line passing through origin. e-t equation with sign can be written as 
e=(-1)”" (5 BRut) Ans. 


Here, n =1,2,3...is the number of half revolutions that the loop performs at the given 
moment f. 


The e-t graph is as shown in figure. 


er oad 


>t 


© Example 21 A uniform wire of resistance per unit length X is bent into a 
semicircle of radius a. The wire rotates with angular velocity ® in a vertical plane 
about a horizontal axis passing through C. A uniform magnetic field B exists in 
space in a direction perpendicular to paper inwards. 


® B 


6< 7/2 


A O D 


(a) Calculate potential difference between points A and D. Which point is at higher 
potential? 

(6) If points A and D are connected by a conducting wire of zero resistance, find the 
potential difference between A and C. 


Chapter 27 Electromagnetic Induction « 523 


Solution (a) Length of straight wire AC is J, = 2asin (5 


®B 


, N ms 


‘\ n-0 See 
Dope! O75 
O 


D 


Therefore, the motional emf (or potential difference) between points C and A is 


Vep=Ve~Vis ; Bol? =2a2Bo sin'(5) el 
From right hand rule, we can see that Vo > V4 
Similarly, length of straight wire CD is 
I, =2a sin (5 >] =2a cos(5 
2 2 2 
Therefore, the PD between points C and D is 
Ve =Ve2 V5 = ; Bol =2a2Bo cos'(5 wfid) 
with Vo 2 Vp 
Eq. (ii) — Eq.() gives, 
Va= Vp = 20° BO (cos? Yaa? 5) 
2 2 
=2a"Bo cos Ans. 


A is at higher potential. 


(b) When A and D are connected from a wire current starts flowing in the circuit as shown in 
figure : 


Resistance between A and C is 


7, = (length of arc AC) 4 =a0a 
and between C and D is 


Tr, = (length of arc CD) i = (m1 — 8) aa 


Cc 
E, CNB 
Nn iP) 
A 7 D 
In the figure, E, =2a°Bo sin’(S) and E,=2a"Ba cos'($) 


with E, > E, 
Current in the circuit is 


_E,-—E, _2a*Bocos® _2aBwcos® 
+1 Tar TH 


i 
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Note 


and potential difference between points C and A is 


Vea = E, + in, =207Bo sin'(f + a) (ah) 
2, TX 
=2a7Bo (sin* Q + o cos 0] Ans. 
2 1 


Von =E, when no current flows through the circuit and Vi, =E, + ir, when a current i flows in the circuit. 


Example 22. A battery of emf E and of negligible internal resistance is connected 
in an L-R circuit as shown in figure. The inductor has a piece of soft iron inside 
it. When steady state is reached the piece of soft iron is abruptly pulled out 
suddenly so that the inductance of the inductor decreases to nL with n <1 with 
battery remaining connected. Calculate 


TOUGH WW 
L R 


Z 
E 
(a) current as a function of time assuming t = 0 at the instant when piece is pulled. 

(b) the work done to pull out the piece. 

(c) thermal power generated in the circuit as a function of time. 

(d) power supplied by the battery as a function of time. 

HOW TO PROCEED When the inductance of an inductor is abruptly changed, the flux 
passing through it remains constant. 

o = constant 

Li = constant [z = ®) 


i 
Solution (a) At time t =0, steady state current in the circuit is i) = E/R. Suddenly, L reduces 


to nL (n <1), so current in the circuit at time t =0 will increase to es Let i be the current 
non 


at time ft. 


ONOOIN—_—_—Wwv- 
nl R 


> 


| 
« < 
| I 


E 
Applying Kirchhoff's loop rule, we have 
E-nL (F] —iR=0 
dt 
as a dt 


[ di ab. t 
iinH-iR nL“0 
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Solving this equation, we get L=1)— (i — 0) e "tL Ans. 
n 
. EE j 
Here, ig == . x 
R fo 
L n 
and T, = ie 
R 
From the i-t equation, we get i = 40 at t=0 and i= ig at pit 
n 
t =o 
: ; ae >t 
The i-t graph is as shown in figure. 


Note Att =O, current in the circuit is ©. Current in the circuit in steady state will be again ip. So, it will decrease 


n 
ig 2 ; 
exponentially from © to ig. From the i-t graph, the equation can be formed 
n 


Ai 


19 


>t >t 


without doing any calculation. 


Al 


>t 


(b) Work done to pull out the piece, 


(c) Thermal power generated in the circuit as a function of time is 
Pare 
Here, 7 is the current calculated in part (a). 
(d) Power supplied by the battery as a function of time is 
P,= Ei 


Ans. 


Ans. 


Ans. 


Exercises 


LEVEL 1 


Assertion and Reason 
Directions: Choose the correct option. 
(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 


(b) If both Assertion and Reason are true; but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 
(d) If Assertion is false, but the Reason is true. 


1. Assertion: A square loop is placed in x-y plane as shown in figure. Magnetic field in the 
region is B=— Byx k. The induced current in the loop is anti-clockwise. 


y, 
Reason: If inward magnetic field from such a loop increases, then current should be 
anti-clockwise. 


2. Assertion: Magnetic field B(shown inwards) varies with time ¢ as shown. At time t) induced 
current in the loop is clockwise. 


B 
xX —_X XB 
t 
: xX =X ®€x 


Reason: If rate of change of magnetic flux from a coil is constant, charge should flow in the 
coil at a constant rate. 


3. Assertion: Electric field produced by a variable magnetic field can’t exert a force on a 
charged particle. 
Reason: This electric field is non-conservative in nature. 

4. Assertion: Current flowing in the circuit is i= 2t- 8 


2H 
° >—V000- 
a 


O 
b 
Att=1s,V,-V,=+4V 

Reason: V, —V,is+4V all the time. 
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5. Assertion: Angular frequency of L-C oscillations is 2 rad/s and maximum current in the 
circuit is 1 A. Then, maximum rate of change of current should be 2 A/s. 


Reason : (=) = (Lax )O- 
dt max ; 


6. Assertion: A conducting equilateral loop abc is moved translationally with constant speed v 
in uniform inward magnetic field Bas shown. Then: V, — V, = V, — V.. 


x a x x 

x x x 
b C 

x x x B 


Reason: Point ais at higher potential than point b. 


7. Assertion: Motional induced emf e= Bul can be derived from the relation e = — = 


Reason: Lenz’s law is a consequence of law of conservation of energy. 

8. Assertion: If some ferromagnetic substance is filled inside a solenoid, its coefficient of self 
induction L will increase. 
Reason: By increasing the current in a coil, its coefficient of self induction LZ can be 
increased. 


9. Assertion: In the circuit shown in figure, current in wire ab will become zero as soon as 
switch is opened. 
o<e ’ 
Ss 


b 
Reason: A resistance does not oppose increase or decrease of current through it. 
10. Assertion: In parallel, current distributes in inverse ratio of inductance 
io — 
Reason: In electrical circuits, an inductor can be treated as a resistor. 


Objective Questions 


1. The dimensions of self inductance are 
(a) [MLT?A~?| (b) [ML?7T TA] 
(c) [ML?T 7A 7} (d) [Mi?T 7A} 

2. When the number of turns in the two circular coils closely wound are doubled (in both), their 
mutual inductance becomes 


(a) four times (b) two times 
(c) remains same (d) sixteen times 


528 ¢ Electricity and Magnetism 


. Twocoils carrying current in opposite direction are placed co-axially with centres at some finite 
separation. If they are brought close to each other then, current flowing in them should 

(a) decrease (b) increase 

(c) remain same (d) become zero 

. Acurrent carrying ring is placed in a horizontal plane. A charged particle is dropped along the 
axis of the ring to fall under the influence of gravity 

(a) the current in the ring may increase 

(b) the current in the ring may decrease 

(c) the velocity of the particle will increase till it reaches the centre of the ring 

(d) the acceleration of the particle will decrease continuously till it reaches the centre of the ring 


. Identify the incorrect statement. Induced electric field 
(a) is produced by varying magnetic field 

(b) is non-conservative in nature 

(c) cannot exist in a region not occupied by magnetic field 
(d) None of the above 


. In the figure shown, V,, at t=1s is 


a 2Q 4V- 2H 2F ob 
o—_ WW] — 00. EK —o 
q= (4t?)C 
(a) 30 V (b) —30V 
(c) 20V (d) —20V 


. Two coils have a mutual inductance of 0.005 H. The current changes in the first coil according 
to equation J = J) sinwt, where J) =10A and w = 1007 rad/s. The maximum value of emf (in 
volt) in the second coil is 

(a) 2% (b) 5x 

(c) & (d) 4% 


. An inductance of 2 H carries a current of 2 A. To prevent sparking when the circuit is broken a 
capacitor of 4uF is connected across the inductance. The voltage rating of the capacitor is of the 
order of 

(a) 10° V (b) 10V 

(c) 10° V (d) 10° V 


. Aconducting rod is rotated about one end in a plane perpendicular to a uniform magnetic field 
with constant angular velocity. The correct graph between the induced emf (e) across the rod 
and time (f) is 


e e 


(a) (b) 


] e 
| >t >t 


> t I 1 t 
1 
if 


(d) 


10. 


11. 


12. 


13. 


14. 


15. 
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A magnet is taken towards a conducting ring in such a way that a constant current of 10 mA is 
induced in it. The total resistance of the ring is 0.5 Q. In 5s, the magnetic flux through the ring 
changes by 

(a) 0.25 mWb (b) 25 mWb 

(c) 50 mWb (d) 15 mWb 


A uniform but increasing with time magnetic field exists in a cylindrical 
region. The direction of force on an electron at P is 

(a) towards right 

(b) towards left 

(c) into the plane of paper 

(d) out of the plane of paper 


A magnetic flux through a stationary loop with a resistance R varies during the time interval t 
as 0 = at (t-— t). Find the amount of heat generated in the loop during that time 


2 2 
at at 
© oR ©) SR 
2a7n3 at 
a) — 
© “SR © SR 


The current 7 in an induction coil varies with time t according to the graph shown in the figure. 
Which of the following graphs shows the induced emf (€) in the coil with time? 


i 
€ € 
(b) (c) 
. oe fae * 


The network shown in the figure is a part of complete circuit. What is the potential difference 
Vz — V4 when the current J is 5 A and is decreasing at a rate of 10° A/s? 


(a) 


10 5mH 
o> WW 
Ad 15V B 
(a) 5V (b) 10 V 
(c) 15 V (d) 20V 


In the given branch AB of a circuit a current, J =(10t+ 5) A is flowing, where ¢ is time in 
second. At t = 0, the potential difference between points A and B(V, — Vz)is 


L=1H R=3Q 
o | S04 WWW —0 
B 10 V 
(a) 15V (b) -5V 


(c) —15V (d) 5V 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 


In an LC circuit, the capacitor has maximum charge qo. The value of (=) is 


max 


L Cc 
20000 || 
Jo qo 
(a) TG (b) iG 
Bc Io 
© Tc To: 


An alternating current J in an inductance coil varies with time t according to | 
the graph as shown : I 
Which one of the following graphs gives the variation of voltage with time? 


f — 
| / : ! 
(a) (b) (c) (d) 
; t 
i _ = i> 


A loop of area 1 m” is placed in a magnetic field B= 2T, such that plane of the loop is parallel to 
the magnetic field. If the loop is rotated by 180°, the amount of net charge passing through any 
point of loop, if its resistance is 10 Q, is 

(a) 0.4C (b) 0.2 C 

(c) 0.8C (d) OC 


A rectangular loop of sides a and bis placed in xy-plane. A uniform but time varying magnetic 
field of strength B = 20ti+ 10¢7j+ 50kis present in the region. The magnitude of induced emf 


in the loop at time tis 


(a) 20+ 20t (b) 20 
(c) 20¢ (d) zero 


The armature of a DC motor has 20 Q resistance. It draws a current of 1.5 A when run by 
200 V DC supply. The value of back emf induced in it will be 

(a) 150 V (b) 170 V 

(c) 180 V (d) 190 V 


In a transformer, the output current and voltage are respectively 4 A and 20 V. If the ratio of 
number of turns in the primary to secondary is 2: 1, what is the input current and voltage? 
(a) 2 A and 40 V (b) 8A and10V 

(c) 4A and 10V (d) 8A and 40 V 


When a loop moves towards a stationary magnet with speed v, the induced emf in the loop is E. 
If the magnet also moves away from the loop with the same speed, then the emf induced in the 
loop is 

(a) E (b) 2E 

(c) “ (d) zero 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 
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A short magnet is allowed to fall from rest along the axis of a horizontal conducting ring. The 
distance fallen by the magnet in one second may be 


(a) 5m (b) 6m 
(c) 4m (d) None of these 
In figure, if the current i decreases at a rate a, then V, — Vz is 
L 

Ao * LUUU0™ oB 
(a) zero (b) -—aL 
(c) aL (d) No relation exists 
A coil has an inductance of 50 mH and a resistance of 0.3 Q. Ifa 12 V emf is applied across the 


coil, the energy stored in the magnetic field after the current has built up to its steady state 
value is 

(a) 40J (b) 40 mJ 

(c) 20 J (d) 20 mJ 

A constant voltage is applied to a series R-L circuit by closing the switch. The voltage across 
inductor (Z = 2H) is 20 V at t= O and drops to 5 V at 20 ms. The value of Rin Q is 

(a) 100 In2Q (b) 100 (1- In 2) Q 

(c) 100 In 4Q (a) 100(1 — In4) 

A coil of area 10 cm? and 10 turns is in magnetic field directed perpendicular to the plane and 
changing at a rate of 10° gauss/s. The resistance of coil is 20 Q. The current in the coil will be 


(a) 0.5 A (b) 5x10°A (c) 0.05 A (d) 5A 
In figure, final value of current in 10 Q resistor, when plug of key K is inserted is 
1H 
WAVWA 
102 
302 
| | | I roles 
3V K 
3 3 3 
—A b) —A —A d 
(a) ati (b) ba (c) Hl (d) zero 


A circuit consists of a circular loop of radius R kept in the plane of paper and an 
infinitely long current carrying wire kept perpendicular to the plane of paper 


and passing through the centre of loop. The mutual inductance of wire and loop ez 
will be 
TR 
(a) BY (b) 0 
R? 
(c) Wom” (@ Pe 


A flat circular coil of n turns, area A and resistance R is placed in a uniform magnetic field B. 
The plane of coil is initially perpendicular to B. When the coil is rotated through an angle of 
180° about one of its diameter, a charge @, flows through the coil. When the same coil after 
being brought to its initial position, is rotated through an angle of 360° about the same axis a 
charge @, flows through it. Then, Q./Q, is 

(a) 1 (b) 2 (c) 1/2 (d) 0 
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31. 


32. 


33. 


34. 


35. 


36. 


37. 


A small circular loop is suspended from an insulating thread. Another 
coaxial circular loop carrying a current J and having radius much larger 


than the first loop starts moving towards the smaller loop. The smaller 1 
loop will arene (2 ae 
(a) be attracted towards the bigger loop 


(b) be repelled by the bigger loop 
(c) experience no force 
(d) All of the above 


In the circuit shown in figure, l= 10H,R=5Q,H=15 V. The switchS is 


L R 
closed at t= 0. At t= 2s, the current in the circuit is “TOOT WWW* 
1 1 
38)/1--|A b) 8/1-S]jA 
“ ( 3 ” ( 2) na 
E Ss 


(©) 3 (=) A (d) 3 (=| A 
e é 


In the figure shown, a T-shaped conductor moves with constant angular * * * * * * 
velocity @ in a plane perpendicular to uniform magnetic field B. The potential x x x x x x 
difference V, — Vz is ; oo a Ne 
(a) zero (b) = Bol” ee ee 

2 x x xMx x x 
(c) 2Bol” (a) Bol? 


A conducting rod of length / falls vertically under gravity in a region of 
uniform magnetic field B. The field vectors are inclined at an angle 0 with 
the horizontal as shown in figure. If the instantaneous velocity of the rod is 
v, the induced emf in the rod abis 

(a) Blu 

(b) Blu cos 8 

(c) Blusin 0 


(d) zero 
A semi-circular conducting ring acb of radius R moves with constant speed x B xe x 
vin a plane perpendicular to uniform magnetic field Bas shown in figure. 
Identify the correct statement. : i. ay, 
(a) V,-V, = BRuv (b) V, —V,. = BRu a € Ee 
(c) V,-V, =0 (d) None of these 
The ring Bis coaxial with a solenoid A as shown in figure. As the switch S is a 0 
closed at t= 0, the ring B 
(a) is attracted towards A 
(b) is repelled by A 
(c) is initially repelled and then attracted A. } 

Ss 


(d) is initially attracted and then repelled 


If the instantaneous magnetic flux and induced emf produced in a coil is @ and EF respectively, 
then according to Faraday’s law of electromagnetic induction 

(a) EH must be zero if 6 =0 (b) E #0if > =0 

(c) E #0 but 6 may or may not be zero (d) # =O then 6 must be zero 
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38. The figure shows a conducting ring of radius R. A uniform steady magnetic field B lies 
perpendicular to the plane of the ring in a circular region of radius r (< R). If the resistance per 
unit length of the ring is A, then the current induced in the ring when its radius gets doubled is 


BR 2BR 

(a) a (b) a 
Br? 

(c) zero (d) ARK 


39. A metallic rod of length /is hinged at the point M and is rotating about an axis perpendicular to 
the plane of paper with a constant angular velocity w. A uniform magnetic field of intensity Bis 
acting in the region (as shown in the figure) parallel to the plane of paper. The potential 
difference between the points M and N 


B 

I 

1 ae 

lf 

Me) N 

1FOoO 

T > 
(a) 1s always zero (b) varies between 5 Bol" to 0 
(c) is always 5 Bot! (d) is always Bol? 


Subjective Questions 
Note You can take approximations in the answers. 


1. An inductor is connected to a battery through a switch. The emf induced in the inductor is 
much larger when the switch is opened as compared to the emf induced when the switch is 
closed. Is this statement true or false? 


2. Acoil formed by wrapping 50 turns of wire in the shape of a square is positioned in a magnetic 
field so that the normal to the plane of the coil makes an angle of 30°, with the direction of the 
field. When the magnetic field is increased uniformly from 200 uT to 600 uT in 0.4 s, an emf of 
magnitude 80.0 mV is induced in the coil. What is the total length of the wire? 


3. A loop of wire enclosing an area S is placed in a region where the magnetic field is 
perpendicular to the plane. The magnetic field B varies with time according to the expression 
B=B,e™ where a is some constant. That is, at t= 0. The field is B) and for ¢> 0, the field 
decreases exponentially. Find the induced emf in the loop as a function of time. 
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4. The long straight wire in figure (a) carries a constant current i. A metal bar of length / is 
moving at constant velocity v as shown in figure. Point ais a distance d from the wire. 


a a 
j a a a d 

/ Vv +> V 
7 b b Cc 


(a) (b) 


(a) Calculate the emf induced in the bar. 
(b) Which point a or b is at higher potential? 
(c) If the bar is replaced by a rectangular wire loop of resistance R, what is the magnitude of current 
induced in the loop? 
5. The switch in figure is closed at time ¢= 0. Find the current in the inductor and the current 
through the switch as functions of time thereafter. 
4Q 8Q 


6. A small coil is introduced between the poles of an electromagnet so that its axis coincides with 
the magnetic field direction. The cross-sectional area of the coil is equal to S = 3.0 mm”, the 
number of turns is N=60. When the coil turns through 180° about its diameter, a 
galvanometer connected to the coil indicates a charge g = 4.5uC flowing through it. Find the 
magnetic induction magnitude between the poles, provided the total resistance of the electric 
circuit equals R = 40Q. 


7. The magnetic field through a single loop of wire, 12 cm in radius 1.0 
and of 8.5Q resistance, changes with time as shown in figure. 
Calculate the emf in the loop as a function of time. Consider the ( 95 


YS 


time intervals ea) 
(a) t=Otot=2.0s (b) t=2.0stot=4.0s (c) t=4.0stot=6.0s. 0 20 40 60 8.0 
The magnetic field is perpendicular to the plane of the loop. t(s) 


8. A square loop of wire with resistance R is moved at constant speed v across a uniform magnetic 
field confined to a square region whose sides are twice the lengths of those of the square loop. 
k— 2L ——>| 


~— |. — se Sm OM 
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(a) Sketch a graph of the external force F needed to move the loop at constant speed, as a function of 
the coordinate x, from x =-—2Z to x=+2L. (The coordinate x is measured from the centre of the 
magnetic field region to the centre of the loop. It is negative when the centre of the loop is to the 
left of the centre of the magnetic field region. Take positive force to be to the right). 

(b) Sketch a graph of the induced current in the loop as a function of x. Take counterclockwise 
currents to be positive. 


9. Asquare frame with side a and a long straight wire carrying a current i are located in the same 
plane as shown in figure. The frame translates to the right with a constant velocity v. Find the 
emf induced in the frame as a function of distance x. 


10. In figure, a wire perpendicular to a long straight wire is moving parallel to the later with a 
speed v = 10 m/sin the direction of the current flowing in the later. The current is 10 A. What is 
the magnitude of the potential difference between the ends of the moving wire? 


i=10A 
1.0 cm 
t 


v=10m/s 


11. The potential difference across a 150 mH inductor as a function of time is shown in figure. 
Assume that the initial value of the current in the inductor is zero. What is the current when 
t= 2.0 ms? andt= 4.0 ms? 


V (volt) £ 


5.0 
4.0 
3.0 
2.0 
1.0 


0 10 20 30 4. t (ms) 


12. At the instant when the current in an inductor is increasing at a rate of 0.0640 A/s, the 
magnitude of the self-induced emf is 0.0160 V. 
(a) What is the inductance of the inductor? 


(b) If the inductor is a solenoid with 400 turns, what is the average magnetic flux through each turn 
when the current is 0.720 A? 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


Two toroidal solenoids are wound around the same pipe so that the magnetic field of one passes 
through the turns of the other. Solenoid 1 has 700 turns and solenoid 2 has 400 turns. When 
the current in solenoid 1 is 6.52 A, the average flux through each turn of solenoid 2 is 
0.0320 Wb. 


(a) What is the mutual inductance of the pair of solenoids? 


(b) When the current in solenoid 2 is 2.54 A, what is the average flux through each turn of 
solenoid 1? 


A coil of inductance 1 H and resistance 10 Q is connected to a resistanceless battery of emf 50 V 
at time t = 0. Calculate the ratio of the rate at which magnetic energy is stored in the coil to the 
rate at which energy is supplied by the battery at t=0.1s. 


A 3.56 H inductor is placed in series with a 12.8 Q resistor. An emf of 3.24 V is then suddenly 

applied across the RL combination. 

(a) At 0.278 s after the emf is applied what is the rate at which energy is being delivered by the 
battery? 

(b) At 0.278 s, at what rate is energy appearing as thermal energy in the resistor? 

(c) At 0.278 s, at what rate is energy being stored in the magnetic field? 


A 35.0 V battery with negligible internal resistance, a 50.0 Q resistor, and a 1.25 mH inductor 

with negligible resistance are all connected in series with an open switch. The switch is 

suddenly closed 

(a) How long after closing the switch will the current through the inductor reach one-half of its 
maximum value? 

(b) How long after closing the switch will the energy stored in the inductor reach one-half of its 
maximum value? 


A solenoid of inductance L with resistance r is connected in parallel to a Lr 
resistance R. A battery of emf E and of negligible internal resistance is Q000000 
connected across the parallel combination as shown in the figure. At time 

t= 0, switch S is opened, calculate 

(a) current through the solenoid after the switch is opened. 

(b) amount of heat generated in the solenoid | 


In the given circuit, find the current through the 5 mH inductor in steady 
state. 


In an oscillating L-C circuit in which C = 4.00 uF, the maximum potential difference across the 
capacitor during the oscillations is 1.50 V and the maximum current through the inductor is 
50.0 mA. 

(a) What is the inductance L? 

(b) What is the frequency of the oscillations? 

(c) How much time does the charge on the capacitor take to rise from zero to its maximum value? 
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20. Inthe L-C circuit shown, C = 1uF. With capacitor charged to 100 V, A 
switch S is suddenly closed at time ¢ = 0. The circuit then oscillates 
at 10°Hz. 

(a) Calculate m and T rl ee 
(b) Express qg as a function of time 

(c) Calculate L 

(d) Calculate the average current during the first quarter-cycle. 


21. An L-C circuit consists of an inductor with L = 0.0900 H and a capacitor of C= 4x10“ F. The 
initial charge on the capacitor is 5.00uC, and the initial current in the inductor is zero. 
(a) What is the maximum voltage across the capacitor? 
(b) What is the maximum current in the inductor? 
(c) What is the maximum energy stored in the inductor? 


y~. 


(d) When the current in the inductor has half its maximum value, what is the charge on the 
capacitor and what is the energy stored in the inductor? 


LEVEL 2 


Single Correct Option 


1. Two ends of an inductor of inductance L are connected to two @B 
parallel conducting wires. A rod of length / and mass m is given 
velocity vg as shown. The whole system is placed in 


perpendicular magnetic field B. Find the maximum current in i ” 
the inductor. (Neglect gravity and friction) | 
mu m 
(a) ae (b) ra 
2 
(c) ae (d) None of these 


L 


2. A conducting rod is moving with a constant velocity v over the parallel conducting rails which 
are connected at the ends through a resistor R and capacitor C as shown in the figure. Magnetic 
field Bis into the plane. Consider the following statements. 


G) Current in loop AEFBA is anti-clockwise Gi) Current in loop AEFBA is clockwise 
(ii) Current through the capacitor is zero (iv) Energy stored in the capacitor is 5 CB LY 
Which of the following options is correct? 


(a) Statements (i) and (iii) are correct (b) Statements (ii) and (iv) are correct 
(c) Statements (i), (iii) and (iv) are correct (d) None of these 
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3. Arod is rotating with a constant angular velocity @ about point O (its centre) in a magnetic field 
Bas shown. Which of the following figure correctly shows the distribution of charge inside the 


rod? 
x x x x x x 
P 
x x x x x x 
O o 
x x x x x x 
B 
x x x x x x 
Q 
x x x x x x 
P P HP P 
(a) }}O (b) } 0 (c) | |O (d) |;oO 
Q Q HQ Q 


4. A straight conducting rod PQ is executing SHM in xy-plane from 
x=-d to x=+d. Its mean position is x= 0 and its length is along 
y-axis. There exists a uniform magnetic field B from x=-d to x=0 
pointing inward normal to the paper and from x= 0 to =+d there 
exists another uniform magnetic field of same magnitude B but 
pointing outward normal to the plane of the paper. At the instant t = 0, 
the rod is at x = Oand moving to the right. The induced emf (€) across 
the rod PQ vs time (t) graph will be 


€ € € € 


(a) (b) (c) (d) 


5. Two parallel long straight conductors lie on a smooth plane surface. Two other parallel 
conductors rest on them at right angles so as to form a square of side a. A uniform magnetic 
field B exists at right angles to the plane containing the conductors. Now, conductors start 
moving outward with a constant velocity Up at t= 0. Then, induced current in the loop at any 
time tis (A is resistance per unit length of the conductors) 


I 


a @B — 


aBuy aBuo 
So) Tesun 0) a 
(q BY (ay BY 


r 2h 


10. 
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. A conducting square loop is placed in a magnetic field B with its plane perpendicular to the 


field. Now the sides of the loop start shrinking at a constant ratea. The induced emf in the loop 
at an instant when its side is a, is 
(a) 2a0B (b) auB (c) 2a°0B (a) aoB 


. Aconducting straight wire PQ of length / is fixed along a diameter of a non-conducting ring as 


shown in the figure. The ring is given a pure rolling motion on a horizontal surface such that its 
centre of mass has a velocity v. There exists a uniform horizontal magnetic field Bin horizontal 
direction perpendicular to the plane of ring. The magnitude of induced emf in the wire PQ at 
the position shown in the figure will be 


(a) Bul (b) 2Bul (c) 38Bul/2 (d) zero 


. Aconducting rod of length L = 0.1 mis moving with a uniform speed v = 0.2 m/s on conducting 


rails in a magnetic field B= 0.5 T as shown. On one side, the end of the rails is connected to a 
capacitor of capacitance C = 20uF. Then, the charges on the capacitor’s plates are 


(a) d4 =0=Qp (b) gg=+20uC and gp =-20uC 
(c) dg =+0.2uC and gz =-0.2uC (d) q,=-0.2C and gz =-0.2uC 


. Awire is bent in the form of a V shape and placed in a horizontal plane. There 


exists a uniform magnetic field B perpendicular to the plane of the wire. A 
uniform conducting rod starts sliding over the V shaped wire with a constant 
speed v as shown in the figure. If the wire has no resistance, the current in 


: @B 
rod will 
(a) increase with time (b) decrease with time 
(c) remain constant (d) always be zero 


A square loop of side bis rotated in a constant magnetic field Bat angular frequency ® as shown 
in the figure. What is the emf induced in it? 


x “Xx xB 
x rs x x 
(a) b7Bo sin at (b) bBo sin? wt 


(c) bB’w cos at (d) b7Ba 
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11. 


12. 


13. 


14. 


15. 


A uniform but time varying magnetic field exists in a cylindrical region as 
shown in the figure. The direction of magnetic field is into the plane of the 
paper and its magnitude is decreasing at a constant rate of 2x 10°T/s. A 
particle of charge 1 uC is moved slowly along a circle of radius 1m by an 
external force as shown in figure. The plane of the circle lies in the plane of 
the paper and it is concentric with the cylindrical region. The work done by 
the external force in moving this charge along the circle will be 

(a) zero (b) 22 x10° J 

(c) tx10° J (d) 4nx10° J 


Switch S is closed at ¢ = 0, in the circuit shown. The change in flux in the inductor (Z = 500 mH) 
from ¢ = 0 to an instant when it reaches steady state is 


52 
5Q 
20 V Seip 
500 mH 
10 V 
S t=0 5Q 
(a) 2 Wb (b) 1.5 Wb 
(c) 0 Wb (d) None of these 


An L-R circuit is connected to a battery at time t = 0. The energy stored in the inductor reaches 
half its maximum value at time 


R v2 L, |¥2-1 
” rea | a 
L v2 R, |v2-1 
© $m( 55] @ Fin] al 


Electric charge q is distributed uniformly over a rod of length /. The rod is placed parallel to a 
long wire carrying a current i. The separation between the rod and the wire is a. The force 
needed to move the rod along its length with a uniform velocity vis 


(a oe p) Ee 
2na 4ta 

(c) Ligul (d) Ligul 
2ta 4na 


ABis an infinitely long wire placed in the plane of rectangular coil of dimensions as shown in 
the figure. Calculate the mutual inductance of wire AB and coil PQRS 


B P. °) 
Cc 
a | 
A b——1 
b 


Lyabe 


on(b- a? (d) None of these 
m(b-a 


(ay M0? ts @ (b) 2% In 2 (c) 
Tt 2 a 
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16. PQ is an infinite current carrying conductor. AB and CD are smooth conducting rods on which 


17. 


18. 


19. 


a conductor EF moves with constant velocity v as shown. The force needed to maintain 
constant speed of EF is 


a Ack je 


E F 
lk 
Vv 
Kx— a>} 
a TB D 
1 fulv, ()} I i 
(Ae | ey) oy 2 | Bel ig 
vR| 2x (a) R| 2x (b) 
2 
() 2 Ho 1, & (a) None of these 
R| 2n (a) 
The figure shows a circular region of radius R occupied by a time varying R 


magnetic field B(t) such that “= < 0. The magnitude of induced electric field at 


the point P at a distancer< Ris 


(a) decreasing with r (b) increasing with r 
(c) not varying with r (d) varying as r” 
Two circular loops P and @ are concentric and coplanar as shown in I P 


figure. The loop @ is smaller than P. If the current J, flowing in loop P is 
decreasing with time, then the current J, in the loop Q 

(a) flows in the same direction as that of P 

(b) flows in the opposite direction as that of Q 

(c) 1s zero 

(d) None of the above 

In the circuit shown in figure, the switch S is closed at t= 0. If V; is the 
voltage induced across the inductor and 7 is the instantaneous current, 
the correct variation of V7, versus i is given by 


Vi Ve 
A 
| eee ee 
(a) (b) 
o >/ 5 >| 
Vi VL 
A 
E E 
(c) \ (d) 
a e ef 
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20. In the figure shown, a uniform magnetic field | B | = 0.5 T is perpendicular to the plane of 


21. 


circuit. The sliding rod of length J = 0.25 m moves uniformly with constant speed v = 4 ms *. If 


the resistance of the slides is 2 Q, then the current flowing through the sliding rod is 
e e 


(a) 0.1A (b) 0.17 A 
(c) 0.08 A (d) 0.03 A 


e 

e 

e e 
Tac" Sita 

e 

e 

e 


The figure shows a non-conducting ring of radius R carrying a charge q. Ina circular region of 
radiusr, a uniform magnetic field B perpendicular to the plane of the ring varies at a constant 


rate “ =f. The torque acting on the ring is 


(a) - arB ) : gS (c) gr°B (d) zero 


22. A conducting ring of radius 2R rolls on a smooth horizontal conducting surface as shown in 


figure. A uniform horizontal magnetic field Bis perpendicular to the plane of the ring. The 
potential of A with respect to O is 


x x x x x 
x B x A x x 
x x x x 
Re 
oO 
(a) 2 BuR (b) 5 BUR 
() 8 BuR (a) 4 BuR 


23. A uniformly wound long solenoid of inductance L and resistance R is cut into two parts in the 


ratio n:1, which are then connected in parallel. The combination is then connected to a cell of 
emf L. The time constant of the circuit is 


L L 
(a) R (b) @M+DR 


n \L n+1\L 
oh opt 


24. 


25. 


26. 


27. 


28. 
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When a choke coil carrying a steady current is short-circuited, the current in it decreases to 


B (< 1) times its initial value in a time 7. The time constant of the choke coil is 


oes oy () aa (@) TinB 


B In (=) B 
B 
In the steady state condition, the rate of heat produced in a choke coil is P. The time constant of 


the choke coil is t. If now the choke coil is short-circuited, then the total heat dissipated in the 
coil is 


(a) Pt (b) apt 
Pt 
c) —— d) Ptln2 
(c) a (d) 
In the circuit shown in figure initially the switch is in position 1 for a long L R 


time, then suddenly at t= 0, the switch is shifted to position 2. It is 
required that a constant current should flow in the circuit, the value of 
resistance R in the circuit 

(a) should be decreased at a constant rate 2 | EF 
(b) should be increased at a constant rate 
(c) should be maintained constant 

(d) Not possible 


The figure shows an L-R circuit, the time constant for the circuit is 


R 
L 
R 
E 
L 2L 2R R 


In figure, the switch is in the position 1 for a long time, then the switch is shifted to position 2 at 
t= 0. At this instant the value of i, and i, are 


E -E 
,0 aa aa 
Oa RP 


(d) None of these 
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29. 


30. 


31. 


32. 


In a decaying L-R circuit, the time after which energy stored in the inductor reduces to 
one-fourth of its initial value is 


L L 

(a) (in ae (b) Cr 
i V2 \L 
© 25 2 eal 


Initially, the switch is in position 1 for a long time and then shifted to position 2 at t= 0 as 
shown in figure. Just after closing the switch, the magnitude of current through the 
capacitor is 


1 2 
ml R 
L 
R Cc 
E 
(a) zero (b) sa 
(c) . (d) None of these 


When the switch S is closed at t = 0, identify the correct statement just after closing the switch 


as shown in figure 
Cc 


—— 


(a) The current in the circuit is maximum 


E 


(b) Equal and opposite voltages are dropped across inductor and resistor 
(c) The entire voltage is dropped across inductor 
(d) All of the above 


Two metallic rings of radius R are rolling on a metallic rod. A magnetic field of magnitude Bis 
applied in the region. The magnitude of potential difference between points A and C on the two 
rings (as shown), will be 


(a) 0 (b) 4 BoR? 
(c) 8 BoR? (d) 2 BoR? 


33. 


34. 


35. 


36. 
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In the figure, magnetic field points into the plane of paper and the conducting rod of length /is 
moving in this field such that the lowest point has a velocity v, and the topmost point has the 
velocity v2(U2 > v,). The emf induced is given by 

x x x x 


(a) Bul (b) Bugl 
© 5 Bort vl (a) 5 Bl 4) 


Find the current passing through battery immediately after key (K) is closed. It is given that 
initially all the capacitors are uncharged. (Given that R= 6Q and C = 4uF) 


R Cc 
4 : 
R Cc 
—— E=5V Cc 
L 
S000 
(a) 1A (b) 5A 
(c) 8A (d) 2A 


In the circuit shown, the key (K) is closed at t = 0, the current through the key at the instant 
t=107 In2, is 


4 5Q 
20V 
L=10mH | 52 
K 

62 C= 0.1 mF 
(a) 2A (b) 8A 
(c) 4A (d) zero 
A loop shown in the figure is immersed in the varying magnetic field B= Bot, 
directed into the page. If the total resistance of the loop is R, then the direction 


and magnitude of induced current in the inner circle is 
By(na? — b?) Bot (a? + b”) 
R 
2 2 2 2 
Fo(na* 4b*) (Gy -eintiewise Bot Ta“) 


(a) clockwise (b) anti-clockwise 


(c) clockwise 


546 « Electricity and Magnetism 


37. Asquare loop of side a and a straight long wire are placed in the same plane as shown in figure. 
The loop has a resistance R and inductance L. The frame is turned through 180° about the axis 
OO’. What is the electric charge that flows through the loop? 


ney 
b 
! 
) 
(a) Lola In (74 + °) (b) Ula inl b : 
2nR b 2nR b°-a~ 
(@ Hole in (* us >) (a) None of these 
2nR b 
More than One Correct Options 
1. The loop shown moves with a velocity v in a uniform magnetic field L 
of magnitude B, directed into the paper. The potential difference == | 
between points P and Q is e. Then, - p 
(a) e= = BLv L | L/2 
2 Q 


(b) e= BLv bias 


(c) Pis positive with respect to Q 
(d) Qis positive with respect to P 


2. An infinitely long wire is placed near a square loop as shown in figure. Choose the correct 


options. 
|| 


(a) The mutual inductance between the two is oe In @) 
T 


2 
(b) The mutual inductance between the two is _ In 2) 
1 
(c) Ifa constant current is passed in the straight wire in upward direction and loop is brought close 
to the wire, then induced current in the loop is clockwise 
(d) In the above condition, induced current in the loop is anti-clockwise 


3. Choose the correct options. 
(a) SI unit of magnetic flux is henry-ampere 


(b) SI unit of coefficient of self-inductance is J/A 


: = Se . . It - d 
(c) SI unit of coefficient of self-inductance is eee 
ampere 


(d) SI unit of magnetic induction is weber 
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. In the circuit shown in figure, circuit is closed at time t=0. At time 2 b 

t = In (2) second oH 20 
(a) rate of energy supplied by the battery is 16 J/s 

(b) rate of heat dissipated across resistance is 8 J/s 

(c) rate of heat dissipated across resistance is 16 J/s 


8V s 
(d) V,-V,=4V 
. Twocircular coils are placed adjacent to each other. Their planes are parallel A B 
and currents through them 7, and i, are in same direction. Choose the correct 
options. iy lp 


(a) When A is brought near B, current i, will decrease 
(b) In the above process, current i, will increase 

(c) When current 7, is increased, current i, will decrease 
(d) In the above process, current i, will increase 


. Acoil of area 2 m” and resistance 4Q is placed perpendicular to a uniform magnetic field of 4 T. 
The loop is rotated by 90° in 0.1 second. Choose the correct options. 

(a) Average induced emf in the coil is 8 V 

(b) Average induced current in the circuit is 20 A 

(c) 2 Ccharge will flow in the coil in above period 

(d) Heat produced in the coil in the above period can’t be determined from the given data 


. In L-C oscillations, 


; : 5 6 he TU 
(a) time period of oscillation is 
VLC 
: ei 
(b) maximum current in circuit is 
VLC 
(c) maximum rate of change of current in circuit is 40, 
(d) maximum potential difference across the inductor is oa Here, gj) is maximum charge on 
capacitor 
. Magnetic field in a cylindrical region of radius R in inward direction is as Y, 

shown in figure. 

(a) an electron will experience no force kept at @R,0,0) if magnetic field D>) 
x 


increases with time 
(b) in the above situation, electron will experience the force in negative y-axis 


(c) If a proton is kept at (0. “ F 0) and magnetic field is decreasing, then it will 


experience the force in positive x-direction 


(d) if a proton is kept at (-R,0,0) and magnetic field is increasing, then it will experience force in 
negative y-axis 


. In the figure shown, g is in coulomb and ¢ in second. At time t=1s 


a 1H =p2F ¢ 4 d 
THUD e{/-° WW . 
gq = 2t? 
(a) V,-V; =4V (b) V,-V,=1V 


(©) V,-Vy=16V (d) V,-V4=20V 
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10. An equilateral triangular conducting frame is rotated with angular velocity K 
ina uniform magnetic field Bas shown. Side of triangle is J. Choose the correct 
options. @B 
Bol” 
(a) V,-V, =0 (b) Vi-V.= 
i 2 ; b c 
© V,-V,= ae (d) V,-V, == a : 


Comprehension Based Questions 
Passage | (Q. No. 1 to3) 


A uniform but time varying magnetic field B= (2t® + 24t) T is present in a 
cylindrical region of radius R = 2.5 cm as shown in figure. 


1. The force on an electron at P at t= 2.0 sis 
(a) 96x107!N 
(b) 48x107!N 
(c) 24x107!N 
(d) zero 


2. The variation of electric field at any instant as a function of distance measured from the centre 
of cylinder in first problem is 


E E E E 


(a) J (b) (c) (a) 


3. In the previous problem, the direction of circular electric lines at t= 1s is 
(a) clockwise 
(b) anti-clockwise 
(c) no current is induced 
(d) cannot be predicted 


Passage Il (Q. No. 4to 7) 


A thin non-conducting ring of mass m, radius a carrying a charge q can rotate freely about its 
own axis which is vertical. At the initial moment, the ring was at rest in horizontal position and 
no magnetic field was present. At instant t = 0, a uniform magnetic field is switched on which is 
vertically downward and increases with time according to the law B= Bpt. Neglecting 
magnetism induced due to rotational motion of ring. 


4. The magnitude of induced emf on the closed surface of ring will be 
(a) na”By (b) - oD 
(c) zero (d) . Ta”By 


5. The magnitude of an electric field on the circumference of the ring is 
(a) aBy (b) 2aBy 
©) 5 By (dy: zens 


6. 


t 
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Angular acceleration of ring is 


qBy qBy 
a) —? b) 270 
(@) 2m (e) 4m 
B 2qB 
(c) #20 (a) “40 
m m 
Find instantaneous power developed by electric force acting on the ring at t=1s. 
(a) 2q°Bea" (b) q’ Bea” 
14m 8m 
Ip? 2 22,2 
( 84 Boa (ay Cor 
4m 


Passage Ill (Q. No. 8 to 10) 


8. 


10. 


Figure shows a conducting rod of negligible resistance that can slide on smooth U-shaped rail 
made of wire of resistance 1Q/m. Position of the conducting rod at t=0 is shown. A time 
dependent magnetic field B= 2t tesla is switched on at t = 0. 


e e e e e e 
e e e 
Conducting 
° § °* rod °° 
e = e e 
e e e e e e 
40 cm 
The current in the loop at t = 0 due to induced emf is 
(a) 0.16 A, clockwise (b) 0.08 A, clockwise 


(c) 0.16 A, anti-clockwise (d) zero 


At t= 0, when the magnetic field is switched on, the conducting rod is moved to the left at 
constant speed 5cm/s by some external means. At ¢ = 2s, net induced emf has magnitude 

(a) 0.12 V (b) 0.08 V 

(c) 0.04 V (d) 0.02 V 


The magnitude of the force required to move the conducting rod at constant speed 5 cm/s at the 
same instant t = 2s, is equal to 

(a) 0.096 N (b) 0.12 N 

(c) 0.08 N (d) 0.064 N 


Passage IV (Q. No. 11 to 13) 


11: 


Two parallel vertical metallic rails AB and CD are separated by1m.They a C 
are connected at the two ends by resistances R, and Ry as shown in the Ry 
figure. A horizontal metallic bar L of mass 0.2 kg slides without friction, 


vertically down the rails under the action of gravity. There is a uniform L 
horizontal magnetic field of 0.6 T perpendicular to the plane of the rails. It 


1 
is observed that when the terminal velocity is attained, the powers = 
dissipated in R, and R, are 0.76 W and 1.2 W respectively (g = 9.8 m/s”) 
B D 
The terminal velocity of the bar L will be Ro 


(a) 2 m/s (b) 3 m/s (c) 1 m/s (d) None of these 
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12. The value of R, is 


(a) 0.47Q (b) 0.82 Q 

(c) 0.12 Q (d) None of these 
13. The value of R, is 

(a) 0.6 (b) 0.52 

(c) 0.42 (d) 0.8 


Match the Columns 


1. Match the following two columns. 


Column I Column II 
(a) Magnetic induction (p) [MT7A7] 
(b) Coefficient of self-induction | (q) [L’T~?] 
(ce) LC (ct) [ML°T 7A] 
(d) Magnetic flux (s) None of these 


2. In the circuit shown in figure, switch is closed at time t = 0. Match the 
following two columns. 


2H 20 
V, Vp 
I 
10V 
Column | Column II 
(a) V,; att=0 (p) zero 
(b) Vp att=0 (q) 10V 
(c) Vi, att=1s (r) 10, 
e 
(d) Vpatt=1s (s) (1-2) 10¥ 
e 


3. In an L-C oscillation circuit, L=1H, C= : F and maximum charge in the capacitor is 4C. 
Match the following two columns. Note that in Column I], all values are in SI units. 
Column I Column II 


(a) Maximum current in the circuit (p) 16 

(b) Maximum rate of change of current in the} (q) 4 
circuit 

(c) Potential difference across inductor when!) (r) 2 
q=2C 

(d) Potential difference across capacitor when (s) 8 
rate of change of current is half its 
maximum value 
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4. In the circuit shown in figure, switch remains closed for long time. It is opened at time t = 0. 
Match the following two columns at ¢ = (In 2) second. 


A a b 
9H 
ve |e 3 
30 
d c 
Column I Column II 
(a) Potential differences across inductor (p) 9V 


(b) Potential difference across 3 Q resistance | (q) 4.5 V 

(c) Potential difference across6 Q resistance | (r) 6 V 

(d) Potential difference between points band c | (s) None of these 
5. Magnetic flux passing through a coil of resistance 2Q is as shown in 6 (Wb) 


figure. Match the following two columns. In Column II all physical 
quantities are in SI units. 


Column I Column II 


(a) Induced emf produced (p) 4 
(b) Induced current (q) 1 
(c) Charge flow in 2s (r) 8 
(d) Heat generation in 2s (s) 2 


2 t(s) 


6. A square loop is placed near a long straight current carrying wire as shown. Match the 
following two columns. 


Column I Column II 
(a) If current is increased (p) induced current in loop is 
clockwise 
(b) If current is decreased (q) induced current in loop is 


anti-clockwise 
(c) Ifloopis moved away from the wire | (r) wire will attract the loop 


(d) Ifloop is moved towards the wire | (s) wire will repel the loop 
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Subjective Questions 


1. Inthe circuit diagram shown, initially there is no energy in the inductor and the capacitor. The 
switch is closed at ¢ = 0. Find the current J as a function of time if R= /L/C. 


WW —TOOO0OD 
R L 
“1 
I R C 
I! a 
V Ss 


2. A rectangular loop with a sliding connector of length / is located in a uniform magnetic field 
perpendicular to the loop plane. The magnetic induction is equal to B. The connector has an 
electric resistance R, the sides ab and cd have resistances R, and R,. Neglecting the 
self-inductance of the loop, find the current flowing in the connector during its motion with a 
constant velocity v. 


a ® B (a d 
SR, R\i—v Ro 
b \ c 


3. Arod of length 2a is free to rotate in a vertical plane, about a horizontal axis O passing through 
its mid-point. A long straight, horizontal wire is in the same plane and is carrying a constant 
current i as shown in figure. At initial moment of time, the rod is horizontal and starts to rotate 
with constant angular velocity w, calculate emf induced in the rod as a function of time. 


4. In the circuit arrangement shown in figure, the switch S is closed at ¢ = 0. Find the current in 
the inductance as a function of time? Does the current through 10 Q resistor vary with time or 
remains constant. 


102 
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5. In the circuit shown, switch S is closed at time t = 0. Find the current through the inductor as a 
function of time t. 


f AWWW 

f AWW 

4V 12 

$° TODOVOO™ 
L=1mH 


6. In the circuit shown in figure, E = 120 V, R, = 30.0, R, = 50.0 Q,and L = 0.200 H. Switch Sis 
closed at t= 0. Just after the switch is closed. 


TH 
)s  E 
a AWW\y #b 
Ry 
WWW —2 SOOO" 


(a) What is the potential difference V,,, across the inductor R,? 
(b) Which point, a or b, is at higher potential? 
(c) What is the potential difference V., across the inductor L? 
(d) Which point, c or d, is at a higher potential? 
The switch is left closed for a long time and then is opened. Just after the switch is opened 
(e) What is the potential difference V,,, across the resistor R,? 
(f) Which point a or b, is at a higher potential? 
(g) What is the potential difference V,, across the inductor L? 
(h) Which point, c or d, is at a higher potential? 
7. Two capacitors of capacitances 2C and C are connected in series with an inductor of inductance 
L. Initially, capacitors have charge such that Vz — V, = 4V, and Vo — Vp = Vo. Initial current 
in the circuit is zero. Find 


A| |B C| |D 


| | 
| | 
2c Cc 


(a) maximum current that will flow in the circuit, 
(b) potential difference across each capacitor at that instant, 
(c) equation of current flowing towards left in the inductor. 

8. A 1.00 mH inductor and a1.00uF capacitor are connected in series. The current in the circuit is 
described by i = 20¢, where ¢ is in second and i is in ampere. The capacitor initially has no 
charge. Determine 
(a) the voltage across the inductor as a function of time, 

(b) the voltage across the capacitor as a function of time, 
(c) the time when the energy stored in the capacitor first exceeds that in the inductor. 
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9. In the circuit shown in the figure, E = 50.0 V, R= 250Q and C=0.500uF. The switch S is 


10. 


11. 


12. 


closed for a long time, and no voltage is measured across the capacitor. After the switch is 
opened, the voltage across the capacitor reaches a maximum value of 150 V. What is the 
inductance L? 


The conducting rod ab shown in figure makes contact with metal rails ca and db. The apparatus 
is in a uniform magnetic field 0.800 T, perpendicular to the plane of the figure. 


x x X [lq Xx 
c 
x x x x 
Vv 
x B x xX 50.0 cm 
x x x ) 
d 
x x x |]b x 


(a) Find the magnitude of the emf induced in the rod when it is moving toward the right with a speed 
7.50 mk. 

(b) In what direction does the current flow in the rod? 

(c) If the resistance of the circuit abdcis 1.50 Q (assumed to be constant), find the force (magnitude 
and direction) required to keep the rod moving to the right with a constant speed of 7.50 m/s. You 
can ignore friction. 

(d) Compare the rate at which mechanical work is done by the force (Fv) with the rate at which 
thermal energy is developed in the circuit (I7R). 


A non-conducting ring of mass m and radius R has a charge @ uniformly distributed over its 
circumference. The ring is placed on a rough horizontal surface such that plane of the ring is 
parallel to the surface. A vertical magnetic field B= Byt” tesla is switched on. After 2 s from 
switching on the magnetic field the ring is just about to rotate about vertical axis through its 
centre. 

(a) Find friction coefficient u between the ring and the surface. 

(b) If magnetic field is switched off after 4 s, then find the angle rotated by the ring before coming to 

stop after switching off the magnetic field. 


Two parallel long smooth conducting rails separated bya * 


distance 7] are connected by a movable conducting ¥ 
connector of mass m. Terminals of the rails are connected —p 
by the resistor R and the capacitor C as shown in figure. x 
A uniform magnetic field B perpendicular to the plane of 

the rail is switched on. The connector is dragged by a * 
constant force F. Find the speed of the connector as 

a function of time if the force F' is applied at t= 0. Also 
find the terminal velocity of the connector. 
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13. A circuit containing capacitors C, and C,, shown in the figure is in the steady state with key K, 
closed and K, opened. At the instant t= 0, K, is opened and Ky is closed. 


20V 2 
WW 
K 
"t’ Cy=2pF 0 Cy=2uF 
| | 
| | 
ky \ 
DOOD 
L=0.2mH 


(a) Find the angular frequency of oscillations of L-C circuit. 


(b) Determine the first instant t, when energy in the inductor becomes one third of that in the 
capacitor. 


(c) Calculate the charge on the plates of the capacitor at that instant. 
14. Initially, the capacitor is charged to a potential of 5 V and then connected to position 1 with the 
shown polarity for 1 s. After 1 s it is connected across the inductor at position 2. 
1002 4 2 


E=10V Y ose 
|- as 


(a) Find the potential across the capacitor after 1 s of its connection to position 1. 


(b) Find the maximum current flowing in the L-C circuit when capacitor is connected across the 
inductor. Also, find the frequency of LC oscillations. 


25mH 


15. A rod of mass m and resistance R slides on frictionless x «x «x -“« “ax x x 


and resistanceless rails a distance / apart thatincludea , , | y xy xl x x x 
source of emf Ep. (see figure). The rod is initially at rest. “= Ep 

Find the expression for the oes tS S| (PG 
(a) velocity of the rod vu (¢). (b) current in the loop i(é). xX xX xX xX Xb xX xX xX 


16. Two metal bars are fixed vertically and are connected on the top by a capacitor C. A sliding 
conductor of length / and mass m slides with its ends in contact with the bars. The arrangement 
is placed in a uniform horizontal magnetic field directed normal to the plane of the figure. The 
conductor is released from rest. Find the displacement x(t) of the conductor as a function of 
time t. 


x x x x x x x 
x x x x x x x 
@ T @ 

x x x x x x x 
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17. 


18. 


19. 


A conducting light string is wound on the rim of a metal ring of radiusr and mass m. The free 
end of the string is fixed to the ceiling. A vertical infinite smooth conducting plane is always 
tangent to the ring as shown in the figure. A uniform magnetic field Bis applied perpendicular 
to the plane of the ring. The ring is always inside the magnetic field. The plane and the string 
are connected by a resistance R. When the ring is released, find 


x 
x 
x 
x 
x 


xX xX X X XK X X 


x X& X KX KX X XI X 
x &X X KX KX X X X 


x x 


(a) the current in the resistance Ras a function of time. 
(b) the terminal velocity of the ring. 


A conducting frame abcd is kept in a vertical plane. A conducting rod ef of mass m and length / 
can slide smoothly on it remaining always horizontal. The resistance of the loop is negligible 
and inductance is constant having value L. The rod is left from rest and allowed to fall under 
gravity and inductor has no initial current. A magnetic field of constant magnitude Bis present 
throughout the loop pointing inwards. Determine 


L 
J000000 


@B 


a d 


(a) position of the rod as a function of time assuming initial position of the rod to be x=0 and 
vertically downward as the positive x-axis. 

(b) the maximum current in the circuit. 

(c) maximum velocity of the rod 


A rectangular loop with a sliding conductor of length / is located in a uniform magnetic field 
perpendicular to the plane of loop. The magnetic induction perpendicular to the plane of loop is 
equal to B. The part ad and bc has electric resistance AR, and Rs, respectively. The conductor 
starts moving with constant acceleration a, at time ¢ = 0. Neglecting the self-inductance of the 
loop and resistance of conductor. Find 


a b 
=| 
ne | L> a BR, 
d c 


(a) the current through the conductor during its motion. 
(b) the polarity of abcd terminal. 
(c) external force required to move the conductor with the given acceleration. 
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20. A conducting circular loop of radius a and resistance per unit length R is moving with a 


21. 


constant velocity ug, parallel to an infinite conducting wire carrying current ip. A conducting rod 
of length 2a is approaching the centre of the loop with a constant velocity 3 along the direction 
of the current. At the instant t = 0,the rod comes in contact with the loop at A and starts sliding 


on the loop with the constant velocity. Neglecting the resistance of the rod and the 
self-inductance of the circuit, find the following when the rod slides on the loop. 


' Vo/2 


| pea 


,A 


(a) The current through the rod when it is at a distance of (4) from the point A of the loop. 


(b) Force required to maintain the velocity of the rod at that instant. 


U-frame ABCD and a sliding rod PQ of resistance R, start moving with velocities v and 2u 
respectively, parallel to a long wire carrying current i). When the distance AP =/ at t= 0, 
determine the current through the inductor of inductance L just before connecting rod PQ loses 
contact with the U-frame. 


A t2v B 
io P all 
D c 


Answers 


Introductory Exercise 27.1 


1. Anti-clockwise 2. No 

3. [ML2A TT] 4. Clockwise 

5. Same direction, opposite direction. 6. 6.74 V 

7. 1600 uc 8. 9.0x 10°” Wb 
Introductory Exercise 27.2 

1. 4.4V, north 2. 0.00375 N 

Bol? -3Bol? 
3. (a) —— (b 4. No 
(a) 5 (b) ; 

Introductory Exercise 27.3 

1. 3(t cost + sint) 2. -80e*, - 40 e°% 

3. (a) 0.625 mH (b) 0.13 J, 0.21 J/s 4. (a) 4.5x 10°H (b) 4.5x 10° Vv 


Introductory Exercise 27.4 
1. 3.125 mH, 0.9375 V 2. (a) 2H (b) 30V (c) 1H 
3. (a) 0.27 V, Yes (b) 0.27 V 


Introductory Exercise 27.5 
2. (a) 0.2s (b) 10A (c) 9.93A 3. No 
Introductory Exercise 27.6 
2. With KE as v = ij and mL. Therefore, Sv 7 oui? 3. (a) 45.9uC (b) 23.3V 4. 20.0V 


Introductory Exercise 27.7 
1. (a) 3.1x 10° V (b) 2.0x 10° V/m 
2. (a) 8.0x 10°*! N (downward and to the right perpendicular to ie) 
(b) 0.36 V/m (upwards and to the left perpendicular to nr, ) 


Exercises 
LEVEL 1 
Assertion and Reason 
1. (d) 2. (b) 3.(d) 4. (a,b) 5. (a) 6.(d) 7. (b) 8.(c) 9 (d) 10. (c) 


Objective Questions 

1. (©) 2. (a) 3. (b) A (o) 5. (c) 6 (b) 7. (b) & (a) 9% (Cc) 10. (b) 
11. (a) «12. (b) 13. (c) «14 (c) 15. (a) 16. (a) 17. (c) 18. (a) 19. (d) 20. (b) 
21. (a) 22. (d) 23. (c) 24. (b) 25. (a) 26. (c) 27. (d) 28. (d) 29. (b) 30. (d) 
31. (b) 32. (a) 33. (a) 34 (d) 35. (c) 36. (b) 37. (c) 38 (c) 39. (a) 
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Subjective Questions 


1. True 2. 272m 
3. e = aSBye"* 4. (a) Ho in [2 + 3) (b) a (c) zero 
2m d 
5. (a) (0.5)(d-e%%)A (b) 1.50 A- (0.25 A) e 1% 
6. 0.5T 7. (a) 0.011 V(b) zero (c) -0.011 V 
F 
8 Fo 9. ¢= Ho 2iatv 
4m x(x + a) 


Sc L SL 10. (2 x 10°) In (10) V 
11. 3.33x 107 A, 6.67x 107 A 
ey 12. (a) 0.25H (b) 4.5x 10“ Wb 
Fo= 25 13. (a) 1.96H (b) 7.12x 10° Wb 
(a) 14. 0.37 
15. (a) 518 mW. (b) 328 mW (c) 191 mW 16. (a) 17.3us (b) 30.7us 
R+r 
a! it 2 
47. ta) Be ) (by = = 1s, 8 19. (a) 3.6mH (b) 1.33 kHz (c) 0.188 ms 
r ar(R +r) 3 


20. (a) 6.28x 10° rad/s,103s (b) 10~ cos (6.28x 10°t) (c) 0.0253H (d) 0.4A 
21. (a) 1.25x 10% V (b) 8.33x 10% A (c) 3.125x 10% J (d) 4.33x 10°C, 7.8x 1077 J 


LEVEL 2 
Single Correct Option 
1.(b) 2.(c) ENC) 4.(b) 5.(c) 6.(a) 7.(a) 8.(c) 9.(c)  10.(a) 


11.(b) 12.(b)  13.(c) 14.(a) 15.(b)  16.(a) 17.(b) 18a) 19.(d) —20.(a) 
21.(a) 22.(d) —-23.(a) 24.(b) 25.(b) 26d)  27.(b) 28.(b) 29.(a) —-30.(c) 
31.(c) 32.(b)  33.(c) 34.(a) 35.(a)  36.(d) — 37.(d) 


More than One Correct Options 
1.(a,c) 2.(a,c) 3.(a,c) 4.(a,b,d) 5. (a,c) 6.(b,c,d) 7. (b,c) 8. (b,c,d) 9. (a,b,c) 10. (a,c) 


Comprehension Based Questions 
1.(b) 2.(c) 3.(b) 4.(a) 5.(c) 6.(a) 7.(d) 8.(a) 9.(b) — 10.(c) 
11.(c) 12.(a) — 13.(d) 


Match the Columns 


1. (ajo p (b) > r (c)> $s (d)> s 
2. (ayo q (b) > p (c)> r (d)> s 
3. (ayos (b) > p (c)> $s (d)> s 
4. (ayos (b)> q (c)> p (d)> p 
5. (ayo s (b) > q (c)> $s (d)> p 
6 (aogs (b> pr (C)rp,r (d)> q,s 
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Subjective Questions 


1.2 2. i= a wheteme=. 0. 3.e= Holo ad In Sie + 2a 
R R+R’ 1+ Ro 2n sinat | sinat d+ asinat 
4. 3.6 (1—-e7'/"L)A. Here, t, = 300 us. Current through 10 © resistor varies with time. 
5. j= 5a = er rOont/sy A 
6. (a) 120V (b) a (c)120V (d)c (e) -72V (f) b (g) -192V (h) d 
7. (a) qg@ (b) 3Vo 2 Vo (Cc) i = dp sinat. Here, gy = 2CVp anda = Pe 
8. (a) 20 mV (b) 10’t? V (c) 63.2us 9. 0.28H 
: 2B QR BoQ 
10. (a) 3V (b) btoa (c) 0.8N towards right (d) both are 6 W 11. (a) —2— (b) —8 
mg m 
FR - Bz)? FR 
12. V =~, (l-e"™) Here, a = ns 
Bae ) mR +RB2°C' | B/? 
13. (a) 5x 10% rad/s (b) 1.05x 10° s (c) 10V3 uC 14. (a) 8.16 V (b) 5.16A, 10 Hz 
BP? 2 2 
15:3) 0 EO Ge ory ey Fo 16. x= __7st" 
Bl R 2(m+ CB‘I*) 
fie _228*? | fee 
17. (a) j=—2(l-e b) v7 = 
( ) apr ) ( ) 5 AB 2r2 
Vv BI ; 2m vmL 
18. (a) x= = (1- cosat), @= Salt (DB) -hnag = a (C) Vmax = Yo = a 
19. (a) i= Fee (R, + Ro) (b) Polarity of a, b is positive and polarity of c, d is negative 
1X2 
B?17¢ 
6) F, ag| m+ Ri +R 
( ) ext {0} RiRo ( 1 2) 


Wolo i 9 ueicy fe _ inv 
20. (a) j= 20%" 14 (3) (by —HO%0" (in 3)? a1. i=(F\[1-eP), where e = HOO" Inca 
2) 16aR n° sy (0) 32aR ae ) R [ ] 2n (2) 


Alternating 
Current 
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28.1 Introduction 


A century ago, one of the great technological debates was whether the electrical distribution system 
should be AC or DC. Thomas Edison favoured direct current (DC), that is, steady current that does 
not vary with time. George Westinghouse favoured alternating current (AC), with sinusoidally 
varying voltages and currents. He argued that transformers can be used to step the voltage up or down 
with AC but not with DC. Low voltages are safer for consumer use, but high voltages and 
correspondingly low currents are best for long distances power transmission to minimize i ?R losses 
in the cables. Eventually, Westinghouse prevailed, and most present day household and industrial 
power distribution systems operate with alternating current. 

jorV jor V 


>t >t 


i= ig sin ot i= i, cos ot 
or or 
V=Vosin wt V=Vocos wt 
Fig. 28.1 


A time varying current or voltage may be periodic and non-periodic. In case of periodic current or 
voltage, the current or voltage is said to be alternating if its amplitude is constant and alternate half 
cycle is positive and half negative. If the current or voltage varies periodically as sine or cosine 
function of time, the current or voltage is said to be sinusoidal and is what we usually mean by it. 


28.2 Alternating Currents and Phasors 


The basic principle of the AC generator is a direct consequence of Faraday's law of induction. When a 
conducting loop is rotated in a magnetic field at constant angular frequency @ a sinusoidal voltage 
(emf) is induced in the loop. This instantaneous voltage is 


V =Vo sin wt ..-(i) 
The usual circuit diagram symbol for an AC source is shown in Fig. 28.2. ( ) 
In Eq. (i), Vp is the maximum output voltage of the AC generator or the 
voltage amplitude and @ is the angular frequency equal to 27 times Fig. 28.2 
the frequency f- 
O=20f 
The frequency of AC in India is 50 Hz, ie. 
f =50 Hz 
So, @=2nf ~314 rad/s 
The time of one cycle is known as time period 7, the number of cycles per second the frequency f 


1 20 
T=— or T=— 
@ 
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A sinusoidal current might be described as 
If an alternating current is passed through an ordinary ammeter or voltmeter, it will record the mean 


value for the complete cycle, as the quantity to be measured varies with time. The average value of 
current for one cycle is 


[iat f° Gg sin wt) at 
rhe = 0 Ig S. = 


(wf 


Opes ~ Cigy )r ~ 


Thus, Done cycle = 
Similarly, the average value of the voltage (or emf) for one cycle is zero. 
V bone cycle =U 


Since, these averages for the whole cycle are zero, the DC instrument will indicate zero deflection. In 
AC, the average value of current is defined as its average taken over half the cycle. Hence, 


T/2 | nO d 
| idt |, (ig sin rt) a3 


(i) = (ivr = 
' Half cycle ~~ Cay \ri2 ~ 7/2 ~ T/@ T ‘9 
) dt 
0 
This is sometimes simply written as i,,. Hence, 
; 2. 
lay = Cee = 7 lo = 0.637 lo 
Paes 2 
Similarly, Vy =—Vo =0.637V) 
Tl 


A DC meter can be used in an AC circuit if it is connected in the full wave rectifier circuit. The 


. . : ne ae 
average value of the rectified current is the same as the average current in any half cycle, i.e. — times 
Tl 


the maximum current j,. A more useful way to describe a quantity is the root mean square (rms) 
value. We square the instantaneous current, take the average (mean) value of 7 > and finally take the 
square root of that average. This procedure defines the root-mean-square current denoted as i... 
Even when / is negative, i * is always positive so i,,,, is never zero (unless i is zero at every instant). 


Hence, 
Y ioe 22/0 4, 
3 7 [, i*dt : I, G sin” wt) dt : 2 
(i bone ete = [i a ~ [°° at ~ 2. 
0 0 
. _ ff2 _ fo 
ions = (i )oneeyee a 0.707 ig 
Thus, ig = 2 0.707 iy 


rms me 
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Similarly, we get 


The square root of the mean square value is called the virtual value and is the value given by AC 
instruments. 
Thus, when we speak of our house hold power supply as 220 V AC, this means that the rms voltage is 
220 V and its voltage amplitude is 
Vy =V2 Vim =311V i 
io 
Form Factor ims = 0.707/0 
lav = 0.63710 
rms value VolNi2 T 


The ratio, = = = =1.11 
average value 2V,/n 2/2 


is known as form factor. 


The different values ip, i, and i,,,, are shown in Fig. 28.3. Fig. 28.3 


Note (1) The average value of sin wt, cos wt, sin 2@t, cos 2et, etc., is zero because it is positive in half of the time 
and negative in rest half of the time. Thus, 
(sin wt) = (cos wt) = (sin 2 wt) = (cos 2 at) =0 
if (=(p sinot 
then (i) = (ip sin wt} = ig (sin wt) = 0 


(2) The average value of sin? wt and cos? wt is 7 


or (sin? ot) a (cos? ot) = ; 
if i? =i§ sin? ot 
2 
then i*) = (i? sin? ot) = ie (sin? wt 20 
(() = ({esin® et) =i (sin® ot) = 5 
(3) Like SHM, general expressions of current/voltage in an sinusoidal AC are 
(=I, sin (wt + ) 
V=VY sin (@t + ) 
or (=i) Cos (wt + >) 
and V=V) cos (at + 6) 


(4) Average value of current or voltage over a half cycle can be zero also. This depends on the time interval 
(of course T/2) over which average value is to be found. Think why? 


Phasors 
If an AC generator is connected to a series circuit containing resistors, inductors and capacitors and 
we want to know the amplitude and time characteristics of the alternating current. To simplify our 
analysis of circuits containing two or more elements, we use graphical constructions called phasor 
diagrams. In these constructions, alternating (sinusoidal) quantities, such as current and voltage are 
rotating vectors called phasors. 


In these diagrams, the instantaneous value of a quantity that varies sinusoidally with time is 
represented by the projection onto a vertical axis (if it is a sine function) or onto a horizontal axis (if it 
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is a cosine function) of a vector with a length equal to the amplitude (i, ) of the quantity. The vector 
rotates counterclockwise with constant angular velocity o. 


or 


ip 60S ot 
Fig. 28.4 


A phasor is not a real physical quantity with a direction in space, such as velocity, momentum or 
electric field. Rather, it is a geometric entity that helps us to describe and analyze physical quantities 
that vary sinusoidally with time. 


© Example 28.1 Show that average heat produced during a cycle of AC is same 
as produced by DC with 1 = tyne. 


Solution For an AC, i= i sin wt 

Therefore, instantaneous value of heat produced in time dt across a resistance R is 
dH = i° Rdt = i, Rsin* wt dt 

.. Average value of heat produced during a cycle, 


T 20/0 a) 
7 I, dH 7 I; (ig Rsin~ wr) dt 


ay’ T 2n/lo 
| dt i dt 
0 0 
i 21 2 
= 109) = fT 
2 0) 


i.e. AC produces same heating effects as DC of value 7 =7,,,,. 


© Example 28.2 If the current in an AC circuit is represented by the equation, 
i =5 sin (800t — 1A) 
Here, t is in second and i in ampere. Calculate 
(a) peak and rms value of current (b) frequency of AC (c) average current 
Solution (a) As in case of AC, 
i= ig sin (wt + o) 


+, The peak value, ip =5A Ans. 
: Ny 5 
and Liane === =3,535.A Ans. 
V2 2 
(b) Angular frequency, @ = 300 rad/s 
i es 300 = 47.75 Hz Ans. 
2m 


Qn 
(c) in =(=)in=(2) = a18 Ans. 
Tl Tl 
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28.3 Current and Potential Relations 
In this section, we will derive voltage current relations for individual circuit elements carrying a 
sinusoidal current. We will consider resistors, inductors and capacitors. 
Resistor in an AC Circuit 
Consider a resistor with resistance R through which there is a sinusoidal current given by 
i= iy sin@t ..-(i) 


ee 


R 
+ es 


a __y,j b 
Fig. 28.5 

Here, ip is the current amplitude (maximum current). From Ohm's law, the instantaneous PD between 
points a and b is 

Vp =iR = (i, R) sin wt 
We can write as 

ipR=Vo, the voltage amplitude 

Vp =Vy sin or .. (ii) 
From Eqs. (i) and (ii), we can see that current and voltage are in phase if only resistance is in the 
circuit. Fig. 28.6 shows graphs of i and Vp as functions of time. 


jor Vp 


i=iosin wt 


>t Vp= Vo sin wt 


Fig. 28.6 Fig. 28.7 
The corresponding phasor diagram is shown in Fig. 28.7. 


Because i and Vp are in phase and have the same frequency, the current and voltage phasors rotate 
together, they are parallel at each instant. Their projection on vertical axis represents the 
instantaneous current and voltage respectively. 


Note Direction of an alternating current is not shown in a circuit, as it keeps on changing. In the figure, the 
direction of instantaneous current is only shown. 


Capacitor in an AC Circuit 


Ifa capacitor of capacitance Cis connected across the alternating source, the instantaneous charge on 
the capacitor is 


q= CVo = CV) sin wt 
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and the instantaneous current 7 passing through it is given by V= Vo sin wt 
d 
eal = CV, cos wt 
dt 
Yo 
= sin (ft + 7/2 q,,.-49 
Vac ( ) oe) 
a ll 5 
or i=ip sin (Wt + 7/2) . 
Fig. 25.8 
10 
Here, Y= 
oC 


This relation shows that the quantity oC is the effective AC resistance or the capacitive reactance of 
@ 


the capacitor and is represented as X..It has unit as ohm. Thus, 
1 

Xo =— 

© oC 


It is clear that the current leads the voltage by 90° or the potential drop across the capacitor lags the 
current passing it by 90°. 
Fig. 28.9 shows V and i as functions of time ¢. 


igsin wt 


>t 


Vo cos wt 


Fig. 28.9 Fig. 28.10 


The phasor diagram 28.10 shows that voltage phasor is behind the current phasor by a quarter 
cycle or 90°. 


Inductor in an AC Circuit 


Consider a pure inductor of self-inductance L and zero resistance 
connected to an alternating source. Again we assume that an 
instantaneous current i=i,)sin@t flows through the inductor. 


Although, there is no resistance, there is a potential difference V, L 
between the inductor terminals a and b because the current varies with —DOONNON—* 
time giving rise to a self-induced emf. 7 >i . 
: di Fig. 28.11 
V, =V 4. =— (induced emf) =— [-24) 


di 
or V, =L— = Liy® cos Wt 
dt 
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, 1 : 
or V, =Vo sin [or+) .. (i) 
Here, Vo =ig @L) ...(i1) 
. Vo 
or ip =— 
ol 
Vi 
i=— sin ot ... (iii) 
ol 


Eq. (111) shows that effective AC resistance, i.e. inductive reactance of inductor is 


X;, =OL 
and the maximum current, 
VM 
ene 
0 Xx, 


The unit of X, is also ohm. 


From Eqs. (1) and (iii), we see that the voltage across the inductor leads the current passing 
through it by 90°. 
Fig. 28.12 shows V; and i as functions of time. 


ig sin at |--------------------5 io 


>t 


Fig. 28.12 Fig. 28.13 
Phasor diagram in Fig. 28.13 shows that V, leads the current i by 90°. 


@® Extra Points to Remember 
e Circuit elements with AC 


Circuit elements Amplitude relation Circuit quantity Phase of V 
Resistor Vo =i9R R in phase with 7 
p al 
Capacitor Vo = ipXeo Xo = ae lags i by 90° 
Inductor Vo = igX;, X, = ol leads 7 by 90° 


e In DC, m= 0, therefore, X; = Oand X, = 
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e The potential of point a with respect to point b is given by L 
Vi=+ pe the negative of the induced emf. This expression gives the 4 Sy, b 
dt : 
Fig. 28.14 


correct sign of V, in all cases. 

e [fan oscillating voltage of a given amplitude Vo is applied across an inductor, the resulting current will have 
asmaller amplitude 7, for larger value of w. Since, X, is proportional to frequency, a high frequency voltage 
applied to the inductor gives only a small current while a lower frequency voltage of the same amplitude 
gives rise to a larger current. Inductors are used in some circuit applications, such as power supplies and 
radio interference filters to block high frequencies while permitting lower frequencies to pass through. A 
circuit device that uses an inductor for this purpose is called a low pass filter. 


e The capacitive reactance of a capacitor is inversely proportional to the capacitance C and the angular 
frequency w. The greater the capacitance and the higher the frequency, the smaller is the capacitive 
reactance X,. Capacitors tend to pass high frequency current and to block low frequency current, just the 
opposite of inductors. A device that passes signals of high frequency is called a high pass filter. 


e Figure shows the graphs of R, X, and Xc as functions of angular frequency o. 
R,X x, 


R 


X 
2 ® 


Fig. 28.15 
e Remember that we can write, Vz =iR, (Vo)p =igR, (Vo), =ipX, and (Vo)¢ =igX— but can't write (for 
instantaneous voltages). 
Ye Say 
or Vo =iXo 
This is because there is a phase difference between the voltage and current in both an inductor and a 
capacitor. 


© Example 28.3 A100 Q resistance is connected in series with a 4 H inductor. 
The voltage across the resistor is Vp =(2.0 V) sin (10° rad/s) t: 
(a) Find the expression of circuit current 
(6) Find the inductive reactance 
(c) Derive an expression for the voltage across the inductor. 


. 3 
Solution (a) _ Vr _ (2.0 V)sin (10° rad/s )t 


R 100 
=(2.0x 107 A)sin (10° rad/s) t Ans. 
(b) X, =@L= (10° rad/s) (4 H) 
=40x10°Q Ans. 


(c) The amplitude of voltage across inductor, 
V. =iyX, =(2.0x 107 A)(4.0x 10? Q) 
=80V Ans. 
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In an AC, voltage across the inductor leads the current by 90° or 7/2 rad. Hence, 
V, =Vo sin (@t + 1/2) 


= (80-V)sin | (10° rad/s) ++ © raah 


Note That the amplitude of voltage across the resistor (= 2.0 V ) is not same as the amplitude of the voltage 
across the inductor (= 80 V ), even though the amplitude of the current through both devices is the same. 


26.4 Phasor Algebra 


The complex quantities normally employed in AC circuit analysis, can be added and subtracted like 
coplanar vectors. Such coplanar vectors which represent sinusoidally time varying quantities are 
known as phasors. 

In Cartesian form, a phasor A can be written as 


A=a+ jb 


where, a is the x-component and 6 is the y-component of phasor A. 


The magnitude of A is |A|= ae +p 


and the angle between the direction of phasor A and the positive x-axis is 


6=tan ! (2) 
a 


When a given phasor A, the direction of which is along the x-axis is multiplied by the operator j, a 
new phasor /A is obtained which will be 90° anti-clockwise from A, i.e. along y-axis. If the operator 7 
is multiplied now to the phasor 7A, a new phasor 7 A is obtained which is along —x-axis and having 
same magnitude as of A. Thus, 


Fig. 28.16 


PA=-A 
f=-l or jzv-l 


Now, using the 7 operator, let us discuss different circuits of an AC. 


28.5 Series L-R Circuit 


As we know, potential difference across a resistance in AC is in phase with current and it leads in 
phase by 90° with current across the inductor. 


(mo) 
eS 


WW UT 
a et 
VR Vi 
Fig. 28.17 
Suppose in phasor diagram current is taken along positive x-direction. Then, Vp is also along positive 
x-direction and V, along positive y-direction, so, we can write 
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V =Vp+jV, =iR + j(iX, ) 
=iR + j(i@L) (as X ; =L) 
=iZ 


Fig. 28.18 


Here, Z=R+jX, =R + j(@L)is called as impedance of the circuit. Impedance plays the same role 
in AC circuits as the ohmic resistance does in DC circuits. The modulus of impedance is 


|Z|= JR? +(@L)? 


The potential difference leads the current by an angle, 


[Val R 
ol 
=tan !| — 
or o = tan [ 7 
28.6 Series C-R Circuit 
Potential difference across a capacitor in AC lags in phase by 90° with (~) 


the current in the circuit. 

Suppose in phasor diagram current is taken along positive x-direction. 
Then, Vp is also along positive x-direction but V; is along negative 
y-direction. So, we can write 


=) 
ga 
~ 
vo 
a 
te) 


>X 


Fig. 28.20 
V =Vp — Vo =iR - jiXe) 


-in- (=) = 


1 
Here, impedance is Z = R — j (=) 
OC 
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2 
|Z|= n4(] 
ac 


and the potential difference lags the current by an angle, 


The modulus of impedance is 


4, X Voc 
o =tan "|" |= tan —© = tan!) —— 
Vp R R 
1 
or o=tan | [a] 
@RC 
28.7 Series L-C-R Circuit 
Potential difference across an inductor leads the current by 90° in — {NNO | Ww- 
phase while that across a capacitor, it lags in phase by 90°. a a ye 
Suppose in a phasor diagram current is taken along positive 
x-direction. Then, Vp is along positive x-direction, V; along positive ae 
y-direction and V; along negative y-direction. New, 
Fig. 28.21 


V=|VR? + (Vi - Vo)? 


Vi. aul s - 
» os => ® . x 


Vo 


Fig. 28.22 
Let us assume that X¥, >Xc¢ or V; >Vo 
So, we can write V=Vp+jV, —jVe =iR + j(iX ,)- f(iXc) 
= +7; —Ae =z 


. : 1 
Here, impedance is Z=R4+j(X, ~Xc) =R+j{ob-—] 
@ 


2 
1 
The modulus of impedance is |Z| = fe ae [ou - =| 
) 


and the potential difference leads the current by an angle, 
Ve Ve | san (x = 


d= tan || 4—C 
or gd=tan'|_ Ss @C 


VR 
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Note Let us take the most general case of a series L-C-R circuit in an AC. 


(Zl aR? +4 


1 1 1 


lfX,=Xc or ol= ae or @= Tired or f= ae the modulus of impedance 
|Z|=R 
and the current is in phase with voltage, Le. if V = Vp sinwt, then 
(=(p sinot 
where, ip = Vo = Yo 
|Z| RF 
Such a condition is known as resonance and frequency known as resonance frequency and is given by 
fx 1 
~ 2nviC 


The current in such a case is maximum. 
IfX,>Xc, then the modulus of the impedance 


|Z| = [R? + (X,-X)? 


and the voltage leads the current by an angle given by 
4 ({X,-X 
=tan || -2— =e <) 
o=tant (A 


Le. ifV =Vosinwt, then ( =i) sin (wt — o) 
where, ig = 1. 
|Z| 


IfX- > X,, then the modulus of the impedance is 


[ZjSyRk += Xs" 


and the current leads the voltage by an angle given by 


41({X--%X; 
=tan! |“! ) 
g =tant [A 
Le. ifV =Vosinwt, then (=(l9sin @t + 0) 
where, io = Mo 
|Z| 


@® Extra Points to Remember 


; Vr V, 2, Ww 
O fy =e, hae = a, IB @eIneell / <2§ ——. 
Zia ai [Z| 


e InL-C-R circuit, whenever voltage across various elements is asked, find rms values unless stated in the 
question for the peak or instantaneous value. 


The rms values are 
Vp = metas Vi. = limsX_ 
and Vo = limsXc 
The peak values can be obtained by multiplying the rms values by V2. The instantaneous values across 
different elements is rarely asked. 
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1 
2nVLC 
inductor and the capacitor are equal and 180° out of phase and therefore, cancel out. Hence, the applied 
emf is merely to overcome the resistance opposition only. If an inductance or capacitance of very large 
reactance (X, Or X,) is connected with X, = X, (at resonance) then PD across them increases to a very 
high value. The ratio is known as voltage magnification and is given by, 


Voltage magnification in series resonance circuit At resonance ( = ) the PD across the 


: 1 
PD across inductance (or capacitance) _ /ims(@L)_@L 4, ima Coe 
Applied emf ley) 0 imme (R)  @CR 


This ratio is greater than unity. 


Response curves of series circuit The impedance of an XL Xo RZ! 
L-C-R circuit depends on the frequency. The dependence is i 
shown in figure. The frequency is taken on logarithmic scale 
because of its wide range. 
From the figure, we can see that at resonance, 

(i) X, =X or o=Te Xt 
(ii) Z7=Z,,,=R and 

(iii) / is maximum. 


y > 
Resonance log o 


Xi-Xc 
Fig. 28.23 


Note Here, by Z we mean the modulus of Z and i Means img. 
e Acceptor circuit If the frequency of the AC supply can be varied (e.g. in radio or television signal), then 


in series L-C-R circuit, at a frequency f =1/2nVLC maximum current flows in the circuit and have a 
maximum PD across its inductance (or capacitance). This is the method by which a radio or television set 
is tuned at a particular frequency. The circuit is known as acceptor circuit. 


© Example 28.4 An alternating emf 200 virtual volts at 50 Hz is connected to a 


circuit of resistance 1 Q and inductance 0.01 H. What is the phase difference 
between the current and the emf in the circuit? Also, find the virtual current in 
the circuit. 


Solution Incase of an Z-R AC circuit, the voltage leads the current in phase by an angle, 


ed Pi 
g = tan (4) 


Here, X ,=OL = (2nfL) 
= (27) (50) (0.01)= 27 Q 
and R=10 
$= tan | (wm) = 72.3° Ans. 
; Vim Vis 

Further, dae Z| exe 
Substituting the values, we have 

iims = = = 60.67A Ans. 


aD? + ay? 
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© Example 28.5 A resistance and inductance are connected in series across a 


voltage, 
V = 288 sin 314t 


The current is found to be4 sin (3814t — 1/4). Find the values of the inductance and 
resistance. 
Solution In L-R series circuit, current lags the voltage by an angle, 


xX 
-1( 41 
= tan — 
il 
T 
Here, =— 
9 4 
X,=R or OL=R (@ = 314 rad/s) 
314L=R (i) 
Further, Vy =i9|Z| 
283=4,/R? +X? 
2 
or R? +(@L)? = (=) = 5005.56 
or 2R? = 5005.56 (as @L = R) 
R=50Q Ans. 
and from Eq. (i), L=0.16 H Ans. 


© Example 28.6 Find the voltage across the various elements, i.e. resistance, 
capacitance and inductance which are in series and having values 1000 Q, 1uF 
and 2.0 H, respectively. Given emf is 


V = 1002 sin 1000 t volt 


Solution The rms value of voltage across the source, 


= 100V2 _ ogy 
J? 
@ = 1000 rad/s 

* V vs V ens V sins 
lems = = = 

AOR Tene a} 

aC 
100 


2 
(1000)? +] 1000 x 2— se 
1000x 1x 10° 


= 0.0707 A 
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The current will be same every where in the circuit, therefore, 
PD across resistor, Ve = lms = 0.0707 x 1000 = 70.7 V 


PD across inductor, Vi, = ms X 1 = 0.0707 x 1000 x 2= 141.4 V and 
PD across capacitor, Vo =irpmsX c = 0.0707 x — 
1x 1000 x 107 
= 70.7V Ans. 


Note Therms voltages do not add directly as Vp + V, + V- =282.8 V which is not the source voltage 100 V. 
The reason is that these voltages are not in phase and can be added by vector or by phasor algebra. 


Vaio + (Vi ~ VY)? 


INTRODUCTORY EXERCISE 


1. What is the reactance of a 2.00 H inductor at a frequency of 50.0 Hz? 


(a) 

(b) What is the inductance of an inductor whose reactance is 2.00 Q at 50.0 Hz? 
(c) What is the reactance of a2.00 uF capacitor at a frequency of 50.0 Hz? 

(d) What is the capacitance of a capacitor whose reactance is 2.00 Q at 50.0 Hz? 


2. An electric lamp which runs at 100 V DC and consumes 10 A current is connected to AC mains 
at 150 V, 50 Hz cycles with a choke coil in series. Calculate the inductance and drop of voltage 
across the choke. Neglect the resistance of choke. 


3. Acircuit operating at ve Hzcontains a 1uF capacitor and a20 resistor. How large an inductor 
T 


must be added in series to make the phase angle for the circuit zero? Calculate the current in 
the circuit if the applied voltage is 120 V. 


28.8 Power in an A€ Circuit 
In case of a steady current, the rate of doing work is given by 
P=Vi 
In an alternating circuit, current and voltage both vary with time and also they differ in time. So, we 
cannot use P =Vi for the power generated. 
Suppose in an AC, the voltage is leading the current by an angle o. Then, we can write 
V=V,)sn@t and i=i) sin (ot— 0) 
The instantaneous value of power in that case is 
P =Vi=Voig sin ot sin (Wt — >) 


: 1. : . 
or P = Voisin” jot cos ssin sing .. (i) 
Now, the average rate of doing work (power) in one cycle will be 


Pat 


i =2n/@ 
ae0e “ 
MP) eis cycle (i = 2n/o os (ii) 


dt 
0 
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Substituting the value of P from Eq. (i) in Eq. (ii) and then integrating it with proper limits, we get 


= 


Yo ig 
P ois cycle 9 


Voip COS) = —= - —=cosh 


V2 v2 
or (P) ee a V mgtrms COS 


Here, the term cos@ is known as power factor. 


It is said to be leading if current leads voltage, lagging if current lags voltage. Thus, a power factor of 
0.5 lagging means current lags the voltage by 60° (as cos | 0.5 =60°). The product of V ems 20d ing 
gives the apparent power. While the true power is obtained by multiplying the apparent power by 
the power factor cos. Thus, 

Apparent power =V 4.5 X lms 
and True power = apparent power x power factor 


For @ =0°, the current and voltage are in phase. The power is thus, maximum (=V,,,,,, X ims). For 
o =90°, the power is zero. The current is then stated wattless. Such a case will arise when resistance 


in the circuit is zero. The circuit is purely inductive or capacitive. The case is similar to that of a 
frictionless pendulum, where the total work done by gravity upon the pendulum in a cycle is zero. 


© Extra Points to Remember 


Let us consider a choke coil (used in tube lights) of large inductance L and low resistance R. The power 
factor for such a coil is given by 


cos = 5 = a a (as R << wl) 


R24 @°72 ol 


As R << a@L, cos is very small. Thus, the power absorbed by the coil Vn, fms COS is very small. On 
account of its large impedance Z = fR? + w°L’ , the current passing through the coil is very small. Such a 


coil is used in AC circuits for the purpose of adjusting current to any required value without waste of 
energy. The only loss of energy is due to hysteresis in the iron core, which is much less than the loss of 
energy in the resistance that can also reduce the current instead of a choke coil. 


© Example 28.7 A 750 Hz, 20V source is connected to a resistance of 100 Q, an 
inductance of 0.1803 H and a capacitance of 10 UF all in series. Calculate the 
time in which the resistance (thermal capacity 2J/°C) will get heated by 10°C. 


Solution The impedance of the circuit, 


2 
pe = ze _. Vpa il 
Z=R +(X, -Xc) {« + {ex = 


2 
= ,|/(100)* +4 (2x 3.14 x 750 x 0.1803) : 
(2x 3.14x 750x 10° ) 


= 8340 
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In case of an AC, 


— j = V sees R = V iis . 
(P) a Dust sins cos o = V sins ) (=) (2) = (“=] R 


2 
(=| x 100= 0.0575 J/s 
834 


Now, (P) x t= SA® 

Here, S' = thermal capacity 
SA@_ 2x10 Mie, 
(P) 0.0575 


Note /n AC, the whole energy or power is consumed by resistance. 


© Example 28.8 In an L-C-R series circuit, R=150 Q, L=0.750 H and 


C=0.0180 uF. The source has voltage amplitude V = 150 V and a frequency 

equal to the resonance frequency of the circuit. 

(a) What is the power factor? 

(6) What is the average power delivered by the source? 

(c) The capacitor is replaced by one with C = 0.0360 UF and the source frequency is 
adjusted to the new resonance value. Then, what is the average power delivered 
by the source? 


Solution (a) At resonance frequency, 


R 
X, =a eH au pOWGRAAgIGE IS) = lt) 


2 2 
o) p= Vim = (150//2)" _ as-yy 
R 150 
v2 


(c) Again, P= —. =75W 


INTRODUCTORY EXERCISE 
1. If a 0.03 H inductor, a 10 Q resistor and a 2uF capacitor are connected in series. At what 
frequency will they resonate? What will be the phase angle at resonance? 


2. An arc lamp consumes 10 A at 40 V. Calculate the power factor when it is connected with a 
suitable value of choke coil required to run the arc lamp on AC mains of 200 V (rms) and 50 Hz. 
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Final Touch Points 


1. Frequency of AC in India is 50 Hz. 


2. The AC is converted into DC with the help of rectifier while DC is converted into AC with the help of 
inverter. 


. An AC cannot produce electroplating or electrolysis. 

The AC is measured by hot wire ammeter. 

An AC can be stepped up or down with the help of a transformer. 

An AC can be transmitted over long distances without much power loss. 

. An AC can be regulated by using choke coil without any significant waste of energy. 


ONAARY 


. In an AC (sinusoidal), current or voltage can have the following four values 
(i) instantaneous value 
(ii) Peak value (i, or Vo) 
(iii) rms ValUe (img OF Vins) 
(iv) average value : In full cycle, average value is zero while in half cycle it is non-zero. 
Note That in sinusoidal AC the average value in half cycle can also be zero. It depends on the time interval 
over which half average value is desired. 


9. In an series L-C-R circuit, 
1 


oC 

(ii) Inductive reactance, X, =@L 

(iii) Impedance, Z = R* + (Xo -X,)* 

(iv) If Xe > X,, current leads and if X, > Xe, voltage leads by an angle o given by 
Ko e My 


(i) Capacitive reactance, X¢ = 


cos $= 5 and tano= 


(v) Instantaneous power = instantaneous current x instantaneous voltage 
(vi) Average power =Viing lms COS >, where 


COS O= 4 = power factor. 


Note Power is also equal to PS lms 
But this is not equal to P# wa 


This is because Ving = lms Z and cos > = *. If we substitute in P = Vine bims COS o, then we get the first relation 


but not the second one. This implies that power is consumed only across resistance. 


vy MG . vy 
(vil) ig = 3 Ol bag = Zz 


(viii) Vo)ims = (ims) Xo. Vins = (ims) x, and Va ms - (ims) R 


(ix) V= Je + Vo~\,)* 


Here, Vis the rms value of applied voltage 
Vz is the rms value of voltage across resistance. 
Vo across capacitor and \V, across inductor etc. 
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10. w=0, = d is called resonance frequency 
. = ir = VLC . 


11. Ato =a,, 
(i) XL =Xe 
(ii) Z =minimum value =R 
wa 3 V, Vy, 
(ili) img = Maximum value = —_ = aq 


Loe . Y 
iv) ig =maximum value = —2 =—2 
0 


(v) Power factor cos o =1 


12. Inone complete cycle, power is consumed only by resistance. No power is consumed by a capacitor or 
an inductor. 


13. 


CoC 

X,=oL > X,«<® 
R does not depend on @. It is a constant. 
Atw=@,: Xe =X, and Z=Zyi, =R 


1 
—— => Xo «= 
o 


14. Fora >@,, X, > X¢. Hence, voltage will lead the current or circuit is inductive. 


For @®<,, X¢ > X,. Hence, current will lead the voltage function or circuit is capacitive. 
At ® =@,, Xc = X,. Hence, current function and voltage function are in same phase. 


15. Conditions Phase angle Power factor 
R=0 90° 0 
X, =X, #0 0° 1 
R#0 
Xe =X, =0 0° 1 
R#0 
@ = @, 0° 1 


In all other cases, phase difference between current function and voltage function is 
0° << 90° 


if Xo>X,o= tan“) or cos” (3) 


if X,>Xo,d= tan-*(%=*c) or cos7! (5) 


Solved Examples 


TYPED PROBLEMS 


Type 1. Based on a real inductor 


Concept 


An ideal inductor wire has zero resistance (R = 0). So, in an AC, only X, is the impedance. 
But, a real inductor has some resistance also. In DC, total resistance is only R. In AC, total 


resistance called impedance is Z = R® + X} 


Therefore, 
V; 
Ing = 4 
Vac Vac 
and Tac = = 
ZR? +X? 
If Vac = Voc; then Ic < Ipc 


© Example 1 A current of 4 A flows in a coil when connected to a12V DC source. 
If the same coil is connected to a12V, 50 rad/s AC source, a current of 2.4A 
flows in the circuit. Determine the inductance of the coil. Also, find the power 
developed in the circuit if a 2500 uF capacitor is connected in series with the coil. 
Solution (i) Acoil consists of an inductance (ZL) and a resistance (R). 
In DC, only resistance is effective. Hence, 


=’ M36 
U 4 
In AC, 1 — Verses — Views 


Substituting the values, we have 


=0.08 H Ans. 
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(ii) When capacitor is connected to the circuit, the impedance is 


Gaia =x.) 
Here, R=3Q 
X,, = OL = (60) 0.08) =4 Q 
X= 1 di = 
@C (60) (2500 x 10°*) 


Z = (8)? + (4-8)? =5 2 


Now, (P) =Vimslrms COS 


and 8Q 


Substituting the values, we have 


=17.28 W Ans. 


Type 2. Different time functions in AC 


Concept 
In an L-C-R series circuit, there are total five , || TOTO 
functions of time, V,J,Vp,Vco and V;. Now, the Vv, || V; 
: : : , ‘ R Vo L 
following points are important in these functions. 
(i) V and I have a phase difference of @ where I 
0° < o< 90° 


(ii) Vp and J are in same phase 
(iii) Vo lags behind I by 90° (~) 
(iv) V;, leads I by 90° 

(v) The functions, V=V,; +Vce+V;,_ (all the time) 


© Example 2 


V = 200 sin (100 t + 30°) 


In the diagram shown in figure, V function is given. Find other four functions of 
time I, Vc, Vp and V,. Also, find power consumed in the circuit, V is given in volts 
and ® in rad/s. 


Note 
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Solution Given, =100 rad/s 


X, =0L =50Q 
i 1 
= a =10Q 
CoC 100x 10% 
Badr 4-2 
= (80)? + (60-10)? 
=500 
Current function 
Maximum value of current, 
Yo 2004, 
Z 50 
X,, > Xo, therefore voltage leads the current by a phase difference where, 
R 30 8 
cos 6 =— =—_ =— 
Z 50 5 
or od =538° 
EP T=4sin (100¢ + 80° — 538°) 
or I =4sin (100 t — 238°) Ans. 


Ve,Vc and V,, functions 
Maximum value of Vp = 1,R =4 x 30 =120 volt, Vz and J are in same phase. 
Therefore, 

Vp = 120 sin (100 ¢ — 28°) Ans. 
Maximum value of Vo =1,X¢ =4 x 10 = 40 volt 
Now, Vc function lags the current function by 90°. 
Therefore, 

Vo =40 sin (100 ¢ — 23° - 90°) 

or Vo =40 sin (100 ¢t — 113°) Ans. 


Maximum value of V; = [,X;,, = 4 x 50 = 200 volt, V;, function leads the current function by 90°. 
Therefore, 


V, =200 sin (100 t — 23° + 90°) 
or V;,, =200 sin (100 ¢ + 67°) Ans. 


We can check at any time that, 
V=VptVitVE 
Power Power is consumed in an AC circuit only across a resistance and this power is given by 
P = Verne ob ae cos o 


=[? R 


rms 


BGI 


= 240 watt Ans. 


Let us use the first formula, 
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Type 3. Parallel circuits 


Concept 
Two or more than two sine or cosine functions of same @ can be added by vector method. 
Actually, their amplitudes are added by vectors method. 


© Example 3 In the circuit shown in figure, 


Cc 
7 TOOOVON WW 
1 L R; 


V = 200 sin (100 t + 30°) 
R, = 300, R= 40 9, L=0.4H and C= = mF. 


Find seven functions of time I, I,,1,,Vp,V_,Vp, and Vo. Also, find total power 
consumed in the circuit. In the given potential function, V is in volts and ® in rad/s. 
Solution Circuit 1 (containing L and R,) 
I: X, =@L =100x0.4=402 

R, =30 

Z, = R? + X? =/@G0)?+ 40)” 

=502 

Maximum value of current, J, = Vogt 4A 

Z, 50 


Since, there is only X;, so voltage function will lead the current function by an angle 6), where 


= 58° 
ss I, =4sin (100 ¢ + 80° — 53°) 
or I, =4sin (100 ¢t — 23°) Ans. 
Vr: 


.? Vp, function is in phase with I, function. 


Maximum value of Vp, = (maximum value of I,) (R,) 
= (4) 80) 
= 120 volt 
Ve, = 120 sin (100 t — 28°) Ans. 
V,: V, function is 90° ahead of J, function. 
Maximum value of V; = (maximum value of [,) (X;) 
= (4)(40) = 160 volt 
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Ee V;, =160 sin (100 t — 23° + 90°) 
or V,, =160 sin (100 ¢ + 67°) Ans. 
Power In this circuit, power will be consumed only across R,. This power is given by 


P, = (rms value of I,)” R, 


2 
4 
=|——]| (0 
(35) 

= 240 watt 
Circuit 2 (containing C and R, ) 
I: a : =302 

eC 100x 3x10" 
R,=409 


Zo=Ri+X2 
= (40)? + (30)? 


=50Q 
Maximum value of J, = Lue 4A 
Z, 50 
Since, there is only Xc, so J, function will lead the V function by an angle ¢,, where 
R, 40 4 
cos ¢, = —= =— = — 
Z, 50 5 
1) = ob 
I, =4sin (100 ¢ + 30° + 37°) =4 sin (100 t + 67°) Ans. 


Vp,: Vp, function is in phase with J, function. 


Maximum value of Vp, = (maximum value of I,) (Ra) 
=4 x 40=160 volt 
es Vp, = 160 sin (100 ¢ + 67°) Ans. 
Vo: Vg function lags J, function by 90° 
Maximum value of V, = (Maximum value of I,)(X¢) 


=4x30 
= 120 volt 
= Vo =120 sin (100 t + 67° — 90°) 
or Vo =120 sin (100 ¢ — 238°) Ans. 


Power In this circuit, power will be consumed only across R, and this power is given by 
Pp, = (rms value of I)” Ry 


2 
(s} 
=320 W 
Total power consumed in the circuit, 
P=Pp, + Pr, 
= (240 + 320) W 
=560 W Ans. 
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qT: Il=1,+1, 
T=4sin (100 ¢ —-23°)+ 4sin (100 t + 67°) 
Now, the amplitudes can be added by vector method. 


4A 


>100 t 


Resultant of 4 A and 4 A at 90° is 4V2 A at 45° from both currents or at 22° from 100 f line. 
: I =4V2 sin (100 ¢ + 22°) Ans. 


Miscellaneous Examples 


© Example 4 An AC circuit consists of a 220 Q resistance and a0.7 H choke. Find 
the power absorbed from 220 V and 50 Hz source connected in this circuit if the 
resistance and choke are joined 


(a) in series (6) in parallel. 
Solution (a) In series, the impedance of the circuit is 
Z = /R? + w°L? = /R? + nfl)? 


= (220)? + @x3.14x50x0.7)2 XL 


=3811 


% 
ince” Sagar A = 
Z 311 
and ene = 0900 
Z 311 


-. The power absorbed in the circuit, 


P = Views Doing cos co) 
= (220) (0.707) 0.707) 
= 110.08 W Ans. 


(b) When the resistance and choke are in parallel, the entire power is absorbed in resistance, as 
the choke (having zero resistance) absorbs no power. 


View . 220)" 
R 220 


= 220 W Ans. 


© Example 5 A sinusoidal voltage of frequency 60 Hz and peak value 150 V is 
applied to a series L-R circuit, where R=20 Q and L = 40 mH. 


(a) Compute T,w,X,,Z and o 
(b) Compute the amplitudes of current, Vp and V;, 
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Solution (a) T= = 55 s Ans. 
@ = 2nf = (21)60) = 377 rad/s Ans. 

X,=@L = (877) 0.040) 
=15.08Q Ans. 


Z =X, +R 
= ,/ (15.08)? + (20)? 


= 25.05 Q Ans. 


o= tan-"( 2) = tan 2) = tan! (0.754) 
R 20 


= 37° Ans. 
(b) Amplitudes (maximum value) are 
pane tee =6A Ans. 
Z 25.05 
(Vor = iopk = 6)(20) = 120 V Ans. 
Vo)z = to X, 
= 6) (15.08) = 90.5 V Ans. 


Note V. = (V)3+(Y)? 


© Example 6 For the circuit shown in figure, find the instantaneous current 
through each element. 


V=Vosin ot SR ae z! 


Solution The three current equations are 


VLR ver“= 
dt 
qd dV 1. ' 
and V= =—1 ree! 
C a c @) 
The steady state solutions of Eq. (i) are 
ip = Vo sin oot = (ig )p sin wt 
R 
i, = Veccap ie ceutat 2 (ig)7, cos Wt 
oL Xy, 
. Vo = . 
and ic = V,.@C cos ot = — cos ot = (ig) cos at 
Cc 


where, the reactances X; and X¢ are as defined. 
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© Example 7 In the above problem find the total instantaneous current through 


the source, and find expressions for phase angle of this current and the impedance 
of the circuit. 
Solution For the total current, we have 

i=ipt+iz,tic 


[ | 
= Vi] psinay (3 : Jeosoe 
Cc L 


Using the trigonometric identity, 


Asin@ + Bcos@ =.) A” + B’sin @ + 6) 


where, o = tan’ (B/A) 


We can write, 1 =i9sin @t + 6) 
Here, ig = Vo 
Z 
1 (2 i i a7 
where, = : 
Z R Xo X, 
[2 _ 3] 
Xo X 
and tan = £ us 
(1/R) 


Example 8 An L-C-R series circuit with 100 Q resistance is connected to an AC 
source of 200 V and angular frequency 300 rad/s. When only the capacitance is 
removed, the current lags behind the voltage by 60°. When only the inductance is 
removed, the current leads the voltage by 60°. Calculate the current and the power 
dissipated in the L-C-R circuit 

Solution When capacitance is removed, then 


X, 
tan od =—2 
ng R 
or tan 60° = a 
R 
X, =v3R sws(i) 
When inductance is removed, then 
X, 
tang =—© 
% R 
or tan 60° = miss 
R 
Xo =V3R (ii) 
From Kgs. (i) and (ii), we see that Xo =X, 
So, the L-C-R circuit is in resonance. 
Hence, Z=R 
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Verne 200 5 


lie = Z = Too = Ans. 
(P) =Vime tems COS 

At resonance current and voltage are in phase, 

or g =0° 
(P) = 200) @) (1) =400 W Ans. 


Example 9 A series L-C-R circuit containing a resistance of 120 Q has 
resonance frequency 4 x 10° rad/s. At resonance the voltages across resistance and 
inductance are 60 V and 40 V, respectively. Find the values of L and C. At what 
angular frequency the current in the circuit lags the voltage by nm /4? 
Solution At resonance, X; — Xo =0 
and Z=R=120Q 

;_ = Vabrms _ 60 _1 

oe R 120 2 


Meo. fogs = EDs 
oL 
L _ Vi )rms = 40 "I 
Wi 5 
—_ 4x10°)| = 
axioy(>) 
=2.0x107H 
=0.2 mH Ans. 
The resonance frequency is given by 
1 iL, 
®=——— or C=—— 
VLC o2L 
Substituting the values, we have 
1 
Cs 52 “4 
(4x 10°)° 2.0 x10“) 
=3.125x10% F Ans. 


Current lags the voltage by 45°, when 


oL 
tan 45° =__@C 
R 


Substituting the values of L, C, R and tan 45°, we get 
@=8x10° rad& Ans. 


Example 10 A choke coil is needed to operate an arc lamp at 160 V (rms) and 
50 Hz. The lamp has an effective resistance of 5 Q when running at 10 A (rms). 
Calculate the inductance of the choke coil. If the same arc lamp is to be operated 
on 160 V (DC), what additional resistance is required? Compare the power loses 
in both cases. 
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Solution For lamp, 
(Vins R = Crms) (R) =10 x5 =50 V 


V=Vosin ot 


In series, 
Vims)” = Ves) + Vems Ye 


Vins Mn = (Vins ‘i a (Vins Nr 
= (160)? — 60)” 


=152V 
As, Vist = Gms) Xr = Gms) @2fL) 
= Vins dz 
2f) (ims) 
Substituting the values, we get 
152 
L = 
(27) (60) (10) 
=4.84x107H Ans. 


Now, when the lamp is operated at 160 V, DC and instead of choke let an additional resistance 
FR is put in series with it, then 


V=i1(R+R’) 
or 160=106+ R’) 
R’=11 Ans. 


In case of AC, as the choke has no resistance, power loss in choke is zero. 
In case of DC, the loss in additional resistance RF’ is 
P =i?R’ = (10)7(11) 
=1100 W Ans. 


Exercises 


LEVEL 1 


Assertion and Reason 

Directions : Choose the correct option. 
(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 
(b) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 
(d) If Assertion is false but the Reason is true. 

1. Assertion: In an AC circuit, potential difference across the capacitor may be greater than 
the applied voltage. 
Reason: V, = IXc, whereas V = IZ and X¢ can be greater than Z also. 

2. Assertion: In series L-C-R circuit, voltage will lead the current function for frequency 
greater than the resonance frequency. 
Reason: At resonance frequency, phase difference between current function and voltage 
function is zero. 

3. Assertion: Resonance frequency will decrease in L-C-R series circuit if a dielectric slab is 
inserted in between the plates of the capacitor. 
Reason: By doing so, capacity of capacitor will increase. 


4. Assertion: Average value of current in the given graph is 3 A. 


Reason: Average value can’t be greater than the peak value of any function. 

5. Assertion: In series L-C-R circuit, if a ferromagnetic rod is inserted inside an inductor, 
current in the circuit may increase or decrease. 
Reason: By doing so X;, will increase. 

6. Assertion: Potential difference across, resistor, capacitor and inductor each is 10 V. Then, 
voltage function and current functions should be in phase. 
Reason: At this condition current in the circuit should be maximum. 


7. Assertion: At some given instant J, and J, both are 2 A each. Then, J at this instant should 
be zero. 
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10. 


11. 


— 


L 


TOOO™ 


——©) 


Reason: There is a phase difference of x between J, and I, functions. 


. Assertion: Peak value of current in AC through a resistance of 10Q is 2 A. Then, power 


consumed by the resistance should be 20 W. 
Reason: Power in AC is Pel 


. Assertion: An inductor coil normally produces more current with DC source compared to an 


AC source of same value of rms voltage. 

Reason: In DC source, applied voltage remains constant with time. 

Assertion: InanL-R series circuit in AC, current in the circuit will decrease with increase 
in frequency. 

Reason: Phase difference between current function and voltage function will increase with 
increase in frequency. 

Assertion: Inseries L-C-R, AC circuit, current and voltage are in same phase at resonance. 


Reason: In series L-C-R, AC circuit, resonant frequency does not depend on the value of 
resistance. Hence, current at resonance does not depend on resistance. 


Objective Questions 


1. 


The term cos din an AC circuit is called 
(a) form factor (b) phase factor 
(c) power factor (d) quality factor 


. ADC ammeter cannot measure alternating current because 


(a) AC changes its direction 

(b) DC instruments will measure the average value 

(c) AC can damage the DC instrument 

(d) AC produces more heat 

As the frequency of an alternating current increases, the impedance of the circuit 


(a) increases continuously (b) decreases continuously 
(c) remains constant (d) None of these 
Phasor diagram of a series AC circuit is shown in figure. Then, V 


(a) The circuit must be containing resistor and capacitor only 

(b) The circuit must be containing resistor and inductor only 

(c) The circuit must be containing all three elements L,C and R 30° , 
(d) The circuit cannot have only capacitor and inductor 


The rms value of an alternating current 
(a) 1s equal to 0.707 times peak value 

(b) is equal to 0.636 times peak value 

(c) 1s equal to V2 times the peak value 

(d) None of the above 


10. 


11. 


12. 


13. 


14. 


15. 
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. Inan AC circuit, the applied potential difference and the current flowing are given by 


V = 200 sin 100¢ volt, 7=5 sin [100 t- 4 amp 


The power consumption is equal to 


(a) 1000 W (b) 40 W 
(c) 20 W (d) zero 


. The impedance of a series L-C-R circuit in an AC circuit is 


(a) [REO — Xe) (b) YR’ + (X7- XZ) 


(c) R (d) None of these 


. If Vy and I, are the peak current and voltage across the resistor in a series L-C-R circuit, then 


the power dissipated in the circuit is (Power factor = cos 8) 
(a) “ale (b) “ (c) Vol) cos 8 (d) “aly cos 8 


. A generator produces a time varying voltage given by V = 240 sin 120 ¢, where ¢ is in second. 


The rms voltage and frequency are 

(a) 170 V and 19 Hz (b) 240 V and 60 Hz 

(c) 170 V and 60 Hz (d) 120 V and 19 Hz 

An L-C-R series circuit has a maximum current of 5 A. If L=0.5 H and C= 8uF, then the 
angular frequency of AC voltage is 

(a) 500 rad/s (b) 5000 rad/s 

(c) 400 rad/s (d) 250 rad/s 

The current and voltage functions in an AC circuit are 


i= 100 sin 100¢ mA, V = 100 sin [1001 + x) V 


The power dissipated in the circuit is 


(a) 10 W (b) 2.5 W (c) 5W (d) 5kW 
A capacitor becomes a perfect insulator for 
(a) alternating current (b) direct current (c) both (a) and (b) (d) None of these 


For an alternating voltage V = 10 cos 100 zt volt, the instantaneous voltage at t = aa sis 


(a) 1V (b) 5V 

(c) 5V3 V (a) 10V 

In a purely resistive AC circuit, 

(a) voltage leads current (b) voltage lags current 
(c) voltage and current are in same phase (d) nothing can be said 


Identify the graph which correctly represents the variation of capacitive reactance Xc with 
frequency 


Xo Xo Xo Xe 
(a) (b) Ne () \ (a) - 
5 >f Ol >f 5 f O f 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


In an AC circuit, the impedance is 3 times the reactance, then the phase angle is 
(a) 60° (b) 30° 
(c) zero (d) None of these 


Voltage applied to an AC circuit and current flowing in it is given by 
V = 20072 sin [or + *) and i= — V2 cos [or + *) 


Then, power consumed in the circuit will be 
(a) 200 W (b) 400 W 
(c) 200V2 W (d) None of these 


When 100 volt DC source is applied across a coil, a current of 1 A flows through it. When 100 V 
AC source of 50 Hz is applied to the same coil, only 0.5 A current flows. Calculate the 
inductance of the coil. 


(a) (n/J3) H (b) (/3/n) H 
(c) @/n) H (d) None of these 
In the circuit shown in figure, the reading of the AC ammeter is 

1 uF 

©) 

V = 200V2 sin 100t 
(a) 20V2 mA (b) 40/2 mA (c) 20mA (a) 40 mA 
An AC voltage is applied across a series combination of Z and R. If the voltage drop across the 


resistor and inductor are 20 V and 15 V respectively, then applied peak voltage is 


(a) 25 V (b) 35 V 

(c) 25V2 V (a) 5/7 V 

For wattless power in an AC circuit, the phase angle between the current and voltage is 
(a) 0° (b) 90° 

(c) 45° (d) Not possible 


The correct variation of resistance R with frequency f is given by 


R R R R 
(a) (b) (c) (d) 
f f f f 


If Land R be the inductance and resistance of the choke coil, then identify the correct 
statement. 


(a) Lis very high compared to R (b) Ris very high compared to L 
(c) Both L and R are high (d) Both Z and R are low 


24. 


25. 


26. 


27. 


28. 


29. 


30. 
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When an AC signal of frequency 1 kHz is applied across a coil of resistance 100 Q, then the 
applied voltage leads the current by 45°. The inductance of the coil is 


(a) 16 mH (b) 12 mH 

(c) 8mH (d) 4mH 

The frequency of an alternating current is 50 Hz. The minimum time taken by it in reaching 
from zero to peak value is 

(a) 5ms (b) 10 ms 

(c) 20 ms (d) 50 ms 


An alternating voltage is applied across the R-L combination. V = 220 sin 120 tand the current 
I= 4 sin (120t — 60° ) develops. The power consumption is 


(a) zero (b) 100 W 

(c) 220 W (a) 440 W 

In the AC network shown in figure, the rms current flowing through the Cc 
inductor and capacitor are 0.6 A and 0.8 A, respectively. Then, the current -——lt-—_ 
coming out of the source is L 

(a) 10A VOUT 
(b) 1.4A 

(c) 0.2 A © 


(d) None of the above 


The figure represents the voltage applied across a pure inductor. The diagram which correctly 
represents the variation of current i with time ¢ is given by 


V 


>t 


i i i i 
(a) O t (b)O t (0 Y J t @ ] t 


A steady current of magnitude J and an AC current of peak value J are allowed to pass through 
identical resistors for the same time. The ratio of heat produced in the two resistors will be 


(a) 2:1 (b) 1:2 

(c) 1:1 (d) None of these 

A 50 Hz AC source of 20 V is connected across R and C as shown in figure. R C 
The voltage across R is 12 V. The voltage across Cis 

(a) 8V 

(b) 16 V 

(c) 10 V 


(d) Not possible to determine unless value of Rand C are given 
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Subjective Questions 
Note You can take approximations in the answers. 


1. A 300 Q resistor, a 0.250 H inductor, and a 8.00uF capacitor are in series with an AC source 
with voltage amplitude 120 V and angular frequency 400 rad/s. 


(a) What is the current amplitude? 


(b) What is the phase angle of the source voltage with respect to the current? Does the source voltage 
lag or lead the current? 


(c) What are the voltage amplitudes across the resistor, inductor, and capacitor? 
2. A series circuit has an impedance of 60.0 Q and a power factor of 0.720 at 50.0 Hz. The source 
voltage lags the current. 


(a) What circuit element, an inductor or a capacitor, should be placed in series with the circuit to 
raise its power factor? 
(b) What size element will raise the power factor to unity? 


3. Voltage and current for a circuit with two elements in series are expressed as 
V (¢)=170sin (6280¢ + 2/3) volt 
i (t) = 8.5 sin (6280t+ 2/2) amp 
(a) Plot the two waveforms. 
(b) Determine the frequency in Hz. 
(c) Determine the power factor stating its nature. 
(d) What are the values of the elements? 


4. A 5.00H inductor with negligible resistance is connected across an AC source. Voltage 
amplitude is kept constant at 60.0 V but whose frequency can be varied. Find the current 
amplitude when the angular frequency is 
(a) 100 rad/s 
(b) 1000 rad/s 
(c) 10000 rad/s 


5. A300 Q resistor is connected in series with a 0.800 H inductor. The voltage across the resistor 
as a function of time is Vp = (2.50 V) cos [(950 rad/s) t]. 
(a) Derive an expression for the circuit current. 
(b) Determine the inductive reactance of the inductor. 
(c) Derive an expression for the voltage V;,, across the inductor. 
6. An L-C-R series circuit with L = 0.120 H, R= 240 Q,and C= 7.30uF carries an rms current of 
0.450 A with a frequency of 400 Hz. 
(a) What are the phase angle and power factor for this circuit? 
(b) What is the impedance of the circuit? 
(c) What is the rms voltage of the source? 
(d) What average power is delivered by the source? 
(e) What is the average rate at which electrical energy is converted to thermal energy in the 
resistor? 
(f) What is the average rate at which electrical energy is dissipated ( converted to other forms) in 
the capacitor? 
(g) In the inductor? 


LEVEL 2 


Single Correct Option 


1. A capacitor and resistor are connected with an AC source as shown in figure. Reactance of 
capacitor is Xo = 3Q and resistance of resistor is 4Q. Phase difference between current 


I and J, is an-*(2) = ar" 


V=Vosin wt 
(a) 90° (b) zero (c) 58° (d) 87° 


2. A circuit contains resistance R and an inductance L in series. An alternating voltage 
V =V, sin wt is applied across it. The currents in R and L respectively will be 
TUOY 


R L 
©) 
AC 
(a) Ip =Ip cos wt, I, = I) cos wt (b) Ip =— Ig sin wt, I, = Ip cos wt 
(c) Ip =Ip sin ot, I, =—- Ip cos wt (d) None of the above 


3. In the circuit shown in figure, the AC source gives a voltage V = 20 cos (2000). Neglecting 
source resistance, the voltmeter and ammeter readings will be 


62 
©—WWWwW/s+A) 
5mH,4Q 5OuF 
I 
i 
Vv) 
(a) OV, 2.0 A (b) OV,1.4A (c) 5.6V,1.4A (d) 8V,2.0A 


4. Asignal generator supplies a sine wave of 200 V, 5 kHz to the circuit shown in the figure. Then, 
choose the wrong statement. 


200 V, 5 kHz 
(a) The current in the resistive branch is 0.2 A 
(b) The current in the capacitive branch is 0.126 A 
(c) Total line current is = 0.283 A 
(d) Current in both the branches is same 
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. A complex current wave is given by 1=(5+ 5sin100q@t) A. Its average value over one time 
period is given as 


(a) 10A (b) 5A 
(c) V50 A (d) 0 


. An AC voltage V = V, sin 100 tis applied to the circuit, the phase difference between current 
and voltage is found to be m/4, then 


V, 1 


>t 


(a) R=1000,C=1uF (b) R=1kQ,C =10uF 

(c:) R=10kQ,L=1H (a) R=1kQ,L=10H 

. Inseries L-C-R circuit, voltage drop across resistance is 8 V, across inductor is 6 V and across 
capacitor is 12 V. Then, 

(a) voltage of the source will be leading in the circuit 

(b) voltage drop across each element will be less than the applied voltage 

(c) power factor of the circuit will be 3 /4 

(d) None of the above 


. Consider an L-C-R circuit as shown in figure with an AC source of peak value V 
and angular frequency ®. Then, the peak value of current through the AC 
source 1s 


Vo a esl 
; sa E ° [oc ral 
— +] oL -— 
\R ra 
(c) Yo (d) None of these 
2 note 
y" + [ox =} 


. The adjoining figure shows an AC circuit with resistance R, inductance L and source voltage 
V,. Then, 


R L 
Vv) 
70V 20V 
© 
Vs 


(a) the source voltage V, = 72.8 V 


(b) the phase angle between current and source voltage is tan! (7/2) 
(c) Both (a) and (b) are correct 


(d) Both (a) and (b) are wrong 


10. 


11. 


12. 


13. 


14. 
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When an alternating voltage of 220 V is applied across a device P, a current of 0.25 A flows 
through the circuit and it leads the applied voltage by an angle m/2 radian. When the same 
voltage source is connected across another device Q, the same current is observed in the circuit 
but in phase with the applied voltage. What is the current when the same source is connected 
across a series combination of P and Q? 


1 1 
a) — =A lagging in phase by 2/4 with voltage —— A leading in phase by 1/4 with voltage 
(a) 1 gging in p y ge (b) LB ginp y g 
(c) s A leading in phase by 2/4 with voltage (d) iB A leading in phase by 1/2 with voltage 


In a parallel L-C-R circuit as shown in figure if Ip, J; ,[¢ and I represent the rms values of 
current flowing through resistor, inductor, capacitor and the source, then choose the 
appropriate correct answer. 


IR R 
WW 
yt 
—00H—_ 
ie. = 
-——_ }— 
2 
© 
(a) IT=Ipt+ I +Ic (b) f=Ip+I,-Ig 
(c) I, or Ic may be greater than I (d) None of these 


In a series L-C-R circuit, current in the circuit is 11 A when the applied voltage is 220 V. 
Voltage across the capacitor is 200 V. If the value of resistor is 20 Q, then the voltage across the 
unknown inductor is 


(a) zero (b) 200 V 
(c) 20 V (d) None of these 
In the circuit shown in figure, the power consumed is 

R L 

V=Vosin ot 
v, V{R 

a) zero — ec) = d) None of these 
(a) (b) 2R ©) 2(R? + @7L?) 
In a series L-C circuit, the applied voltage is Vo. If@ is very low, then the L Cc 
voltage drop across the inductor V; and capacitor Vo are 
(a) Vp = 72 sVo = 42 (b) V, =0;Vo=Vo 


(©) Vz, =Vo; Ve =0 (a) V.=-Vo=~2 
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15. Acoil, acapacitor and an AC source of rms voltage 24 V are connected in series. By varying the 
frequency of the source, a maximum rms current of 6 A is observed. If coil is connected to a DC 
battery of emf 12 volt and internal resistance 4 Q, then current through it in steady state is 
(a) 2.4A (b) 1.8A 
(c) 1.5A (d) 1.2A 


16. In a series C-R circuit shown in figure, the applied voltage is 10 V and the voltage across 
capacitor is found to be 8 V. The voltage across R, and the phase difference between current 
and the applied voltage will respectively be 


< 8V >~< VR > 
Cc R 
* 10V - 
(a) 6V, tan™"($] (b) 3V, tan(2) 
(c) 6V, tan™*(=) (d) None of these 


17. An AC voltage source described by V = 10 cos (z/2) tis connected to a1 uF capacitor as shown in 
figure. The key K is closed at t= 0. The time (t> 0) after which the magnitude of current I 
reaches its maximum value for the first time is 


z | 
V=10cos5t C=1uF 
| 


(a) 1s (b) 2s 
(c) 3s (d) 4s 


18. An AC voltage source V = V, sin@t is connected across resistance R and capacitance C as 
shown in figure. It is given that R = 1/@C. The peak current is J). If the angular frequency of the 
voltage source is changed to w/ /3, then the new peak current in the circuit is 


R 
Vo sin at if 
Jo ty 
as 0) 
to a) fo 
(c) 3B (d) : 
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More than One Correct Options 


1. Ina R-L-C series circuit shown, the readings of voltmeters V, and V, are 100 V and 120 V. 
Choose the correct statement(s). 


WWW “Laas | 


V=130V 


(a) Voltage across resistor, inductor and capacitor are 50 V, 86.6 V and 206.6 V respectively 
(b) Voltage across resistor, inductor and capacitor are 10 V, 90 V and 380 V respectively 


(c) Power factor of the circuit is >. 


(d) Circuit is capacitive in nature 
2. Current in an AC circuit is given by i = 3 sin@t + 4cos wt, then 


(a) rms value of current is 5 A 


(b) mean value of this current in positive one-half period will be & 
1 


(c) if voltage applied is V = V,, sin wt, then the circuit may contain resistance and capacitance 
(d) if voltage applied is V = V,,, cos wt, then the circuit may contain resistance and inductance only 


3. A tube light of 60 V, 60 W rating is connected across an AC source of 100 V and 50 Hz frequency. 
Then, 


; 2 : : 
(a) an inductance of = H may be connected in series 
T 
: 250 : : : 
(b) a capacitor of ——uF may be connected in series to it 
T 


. 4 ‘ . 
(c) an inductor of = H may be connected in series 
1 


(d) a resistance of 40 Q may be connected in series 


4. In an AC circuit, the power factor 
(a) 1s unity when the circuit contains an ideal resistance only 
(b) is unity when the circuit contains an ideal inductance only 
(c) 1s zero when the circuit contains an ideal resistance only 
(d) is zero when the circuit contains an ideal inductance only 
5. In an AC series circuit, R= 10Q, X,; = 20Q and X, = 10 Q. Then, choose the correct options 
(a) Voltage function will lead the current function 
(b) Total impedance of the circuit is 10V2 Q 
(c) Phase angle between voltage function and current function is 45° 


, fo a, ll 
(d) Power factor of circuit is — 


v2 
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6. In the above problem further choose the correct options. 
(a) The given values are at frequency less than the resonance frequency 
(b) The given values are at frequency more than the resonance frequency 
(c) If frequency is increased from the given value, impedance of the circuit will increase 
(d) If frequency is decreased from the given value, current in the circuit may increase or decrease 


7. In the circuit shown in figure, 


402 X, = 202 
WWW] LTT) 
2A 100V 
V= Vosin ot 
(a) Vp =80V (b) Xo =50Q9 
(c) V, =40V (dq) V,=100V 


8. In L-C-R series AC circuit, 
(a) If Ris increased, then current will decrease (b) If L is increased, then current will decrease 
(c) IfC is increased, then current will increase (d) IfC is increased, then current will decrease 


Comprehension Based Questions 
Passage | (Q. No. 1 to 3) 


A student in a lab took a coil and connected it toa 12 VDC source. He measures the steady state 
current in the circuit to be 4 A. He then replaced the 12 VDC source by a12 V, (@ = 50rad/s)AC 
source and observes that the reading in the AC ammeter is 2.4 A. He then decides to connect a 
2500 uF capacitor in series with the coil and calculate the average power developed in the 
circuit. Further he also decides to study the variation in current in the circuit (with the capacitor 
and the battery in series). 


Based on the readings taken by the student, answer the following questions. 


1. The value of resistance of the coil calculated by the student is 
(a) 8Q (b) 4Q 
(c) 5 (d) 8Q 

2. The power developed in the circuit when the capacitor of 2500 uFis connected in series with the 
coil is 
(a) 28.8 W (b) 23.04 W 
(c) 17.28 W (d) 9.6 W 


3. Which of the following graph roughly matches the variations of current in the circuit (with the 
coil and capacitor connected in the series) when the angular frequency is decreased from 
50 rad/s to 25 rad/s? 


i i i / 
(a) NN (b) SD (0) we (d) 
25. 50. ® 0.8 


1 
25 50 @ 25 50 © 25. 50 


Sy 
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Passage Il (Q. No. 4 to 6) 


It is known to all of you that the impedance of a circuit is dependent on the frequency of source. 
In order to study the effect of frequency on the impedance, a student in a lab took 2 impedance 
boxes P and Q and connected them in series with an AC source of variable frequency. The emf of 
the source is constant at 10 V. Box P contains a capacitance of 1uF in series with a resistance of 
32 Q. And the box Q has a coil of self-inductance 4.9 mH and a resistance of 68 Q in series. He 


adjusted the frequency so that the maximum current flows in P and Q. Based on his 
experimental set up and the reading by him at various moment, answer the following questions. 


4. The angular frequency for which he detects maximum current in the circuit is 


(a) 10°/7 rad/s (b) 10* rad/s 

(c) 10° rad/s (d) 10*/7 rad/s 
5. Impedance of box P at the above frequency is 

(a) 70Q (b) 772 

(c) 902 (d) 100 Q 
6. Power factor of the circuit at maximum current is 

(a) 1/2 (b) 1 

(c) 0 (a) 1/V2 


Match the Columns 


1. Match the following two columns for a series AC circuit. 
Column I Column II 


(a) Only Cin the circuit | (p) current will lead 
(b) Only Zin the circuit | (q) voltage will lead 
(c) Only Rin the circuit | (xr) »=90° 

(d) Rand C in the circuit | (s) © =0° 


2. Applied AC voltage is given as 
V =V)sinot 


Corresponding to this voltage, match the following two columns. 


Column I Column II 
(a) 1=I1,)sin wt (p) only R circuit 
(b) [=—I) cos wt (q) only L circuit 


(c) L=I)sin @t + 7/6) (vr) may be C-R circuit 
(d) 1=I)sin @t —- 7/6) (s) may be L-C-R circuit 


3. For an L-C-R series AC circuit, match the following two columns. 
Column I Column II 


(a) If resistance is increased _| (p) current will increase 

(b) If capacitance is increased | (q) current will decrease 

(c) If inductance is increased | (r) current may increase or decrease 
(d) If frequency is increased (s) power may decrease or increase 
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4. In the circuit shown in figure, match the following two columns. In Column IJ, quantities are 
given in SI units. 
Xe =300,X,=159 


2 asoV 


Column I Column II 


(a) Value of resistance R (p) 60 
(b) Potential difference across capacitor | (q) 20 
(c) Potential difference across inductor (r) 30 


(d) Applied potential difference (s) None of the above 


5. Corresponding to the figure shown, match the two columns. 


Column I Column II 
(a) Resistance (p) 4 
(b) Capacitive reactance | (q) 1 
(c) Inductive reactance (vr) 2 
(d) Impedance (s) 3 


Subjective Questions 
Note Power factor leading means current is leading. 


1. Acoil is in series with a 20uF capacitor across a 230 V, 50 Hz supply. The current taken by the 
circuit is 8 A and the power consumed is 200 W. Calculate the inductance of the coil if the 
current in the circuit is 


(a) leading (b) lagging 


2. The current in a certain circuit varies with time as shown in figure. Find the average current 
and the rms current in terms of I. 


3. Two impedances Z, and Z, when connected separately across a 230 V, 50 Hz supply consume 
100 W and 60 W at power factor of 0.5 lagging and 0.6 leading respectively. If these 
impedances are now connected in series across the same supply, find 
(a) total power absorbed and overall power factor 
(b) the value of reactance to be added in series so as to raise the overall power factor to unity. 
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4. In the figure shown, the reading of voltmeters are V, = 40 V, V, = 40 V and V; = 10 V. Find 
Oy | ) 


www —Lerprooen-t | 
~) 


E=E, sin (100 nt +=) 


(a) the peak value of current (b) the peak value of emf 
(c) the value of ZL and C 

5. In the circuit shown in figure power factor of box is 0.5 and power factor of circuit is 3/2. 
Current leading the voltage. Find the effective resistance of the box. 


Box 


S100 


io 


6. A circuit element shown in the figure as a box is having either a capacitor or an inductor. The 
power factor of the circuit is 0.8, while current lags behind the voltage. Find 


C 
) | | | 
Box 

—_— 

1A Ve = 100 V 

WW ~N 


R=802 vy sOHz 
(a) the source voltage V, 
(b) the nature of the element in box and find its value. 


7. The maximum values of the alternating voltages and current are 400 V and 20 A respectively 
in a circuit connected to 50 Hz supply and these quantities are sinusoidal. The instantaneous 
values of the voltage and current are 200V2 V and 10 A, respectively. At t= 0, both are 
increasing positively. 

(a) Write down the expression for voltage and current at time tf. 
(b) Determine the power consumed in the circuit. 


8. An L-C circuit consists of an inductor coil with Z = 5.00 mH and a 20.0uF capacitor. There is 
negligible resistance in the circuit. The circuit is driven by a voltage source with V = Vp coswt. 
If V) = 5.00 mV and the frequency is twice the resonance frequency, determine 
(a) the maximum charge on the capacitor 
(b) the maximum current in the circuit 
(c) the phase relationship between the voltages across the inductor, the capacitor and the source. 
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9. A coil having a resistance of 5 Q and an inductance of 0.02 H is arranged in parallel with 
another coil having a resistance of 1 © and an inductance of 0.08 H. Calculate the power 
absorbed when a voltage of 100 V at 50 Hz is applied. 


5Q 0.02 H 
“Ww TOO 
10 0.08 H 
WW. 
Ai 
100V °*———————_ 
50 Hz 


10. A circuit takes a current of 3 A at a power factor of 0.6 lagging when connected to a 
115 V— 50 Hz supply. Another circuit takes a current of 5 A at a power factor of 0.707 leading 
when connected to the same supply. If the two circuits are connected in series across a 230 V, 
50 Hz supply, then calculate 
(a) the current (b) the power consumed and (c) the power factor 


Answers 
Introductory Exercise 28.1 
1. (a) 628Q (b) 6.37 mH (c) 1.59kQ (d) 1.59 mF 2. 0.036 H, 111.8V 3. 7.7H, 6A 
Introductory Exercise 28.2 
1.650Hz,O0 2.0.2 
Exercises 
LEVEL 1 
Assertion and Reason 
Vetay 2%) 3.(a) 4. (b) 5. (aorb) 6.(b) 7. (a) 8. (a,b) 9. (b) 10. (b) 


11. (c) 


Objective Questions 

1. (c) 2. (b) 3. (dd) 4 (d) 5. (a) 6 (d) 7. (dd) 8& (d) 9% (a) 10. (a) 
11. (b) 12. (b) 13. (c) 14 (c) 15. (b) 16. (d) 17. (d) 18. (b) 19% (c) 20. (©) 
21. (b) 22. (a) 23. (a) 24. (a) 25. (a) «26. (c) 27. (c) 28. (©) 29. (a) 30. (b) 
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Subjective Questions 
1. (a) 0.326 A (b) 35.3°, lagging (c) 97.8 V,32.6 V, 102 V 
2. (a) Inductor (b) 0.133 H 


3. (b) 1000 Hz (c) Beading (d) R = 17.320,C =15.92uF 


4. (a) 0.12 A (b) 1.2x 10% A (c) 1.2x 107A 
5. (a) (8.33 mA)cos (950 rad/s)t (b) 760Q (c) — (6.33 V) sin (950 rad/s)t 
6. (a) 45.8° , voltage leads the curren,t 0.697 (b) 343Q (c)155V (d) 48.6W (e) 48.6W (f) 0 (g) 0 


LEVEL 2 
Single Correct Option 
1.(c) 2.(d) 3.(c) 4.(b) 5.(b) 6.(b) 7.(d) 8.(b) 9.(a)  10.(b) 


11.(c) 12.(b)  13.(c) 14.(b) 15.(c) 16.(a) 17.(a) —18.(b) 


More than One Correct Options 
l(ac,d) —2.(c,d) 3.(c,d) 4.(a,d) 5.(a,b,c,d) 6.(b,c,d) 7.(a,b,c) 8.(a) 


Comprehension Based Questions 
1.(a) 2.(c) 3.(b) 4.(a) 5.(b) 6.(b) 


Match the Columns 


1. (aj pyr =(b)> gr (c)> $s (d)> p 
2. (ao ps (bog (c)> Vr, (d)> s 
3. (ajo qs (b> Kr,s (c)> 1, (d)> r,s 
4. (avo g (b) > p (c)o> r (d)> s 
5. (ayo s (b) > p (c)> r (d)> q 


Subjective Questions 
1. (a) 0.416H (b) 0.597H 2. zero, = 3. (a) 99 W, 0.92 leading (b) 194.2 2 


1 


4. (a) 10V2A (b) 50 V2V (c) set (d) 7OCH 


6. (a) 100 V(b) inductor, £ = 2&4 
T 


7. (a) V = 400 sin (100nt + 2/4), i = 20sin(l0Ont + 2/6) (b) P= 3864 W 


» (a) 33.4nC (b) 0.211 mA 
(c) Source and inductor voltages in phase. Capacitor voltage lags by 180°. 
9. 797 W 10. (a) 5.5 A (b) 1.188 kW (c) 0.939 lag 


© 


Hints 
Solutions 


Current Electricity 


INTRODUCTORY EXERCISE 


_it_ 07M 
e 16x10" 
= 4375 x10!8 
g=it 
= (3.6) (3 x 60 x 60) 
= 38880 C 
. (as q=it = (7.5) (45) = 337.5C 
337.5 


vi 2.2.x 108 
2nr (2m) (5.3 x10!) 
= 6.6 x10'° Hz 
l=df 
= (1.6 x 107°) (6.6 x 10!) 
=1.06x107A 
= 1.06 mA 


10 10 
. Aq = | iat = J,ao + 40) dt 


= 300C 


. Current due to both is from left to right. So, the 
two currents are additive. 


INTRODUCTORY EXERCISE 


. False. Only under electrostatic conditions (when 
i= 0) all points of a conductor are at same 
potential. 


INTRODUCTORY EXERCISE 


» d=neAv, 
Le. vy ci 
When current has increased from i = 1.2 A to 
i= 6.0 A, i.e five times, then drift velocity will 
also increase to five times. 
» Fromi=neAv, 
I 
We have vq =— 
neA 


4. 


1 
85x 10° x 16x10" x 1074 

= 0.735 x 10°° m/s 

= 0.735 um/s 


or Vy 


t=— 
Va 


— 10x10° 
~0:735x10°— 
10x 10° 
0.735 x 10 x 60 x 60 x 24 x 365 
= 431.4 yr 


INTRODUCTORY EXERCISE 


_ 1 _ (1.721078) (35) _ 
Lar (1/4) (2.05 x 10°37 


0.18 Q 


= po =constant 


m = (Vd), where V = volume and d = density 
m = (Ald) 


_ (1.72 x 10° 8) (3.5)? (8.9 x 10°) 
0.125 
=15x10-3kg 
=15¢ 
pall) php 
A a ft 
i.e. Ris independent of L. 


Hence, the correct option is (c). 


INTRODUCTORY EXERCISE 


. Copper is metal and germanium is semiconductor. 


Resistance of a metal decreases and that of a 
semiconductor increases with decrease in 
temperature. 


.. Correct option is (d). 


. 4.1[1+ 4.0 x 1073 @ — 20)] 
= 3.9[1+ 5.0x 10? © — 20)] 


Solving we get, 


6 = 85°C 
INTRODUCTORY EXERCISE 
. PD across each resistance is 10 V. 
. 10 
loa = > =5A 
; 10 
iyo = ri =2.5A 
» V,=0V (as it is earthed) 
Vo-V,z=5V 
Vo=5V 
Vz—-V,=2V 
Vz =2V 
Vp —Vo =10V 


Vp =10+ Vo=15V 


lio = oats = 3A fromC to BasVo>Vp 


ing =P = 7.5A ftom D to A a8 Vp >V, 
Vi=Ve 
o Vig =9 
or E-ir=0 


IS+E 
= 2\= 
. ( 8 Jo : 


Solving this equation, we get 
E=5V 

» Netemf=(n-2m)E 

= (10-2 x 2) (1) 


=6V 
Net emf 
i= 
Net resistance 
= 6 =0.5A 
10+ 2 
Vr, =0 
ip, =0 
Vr, =Vpr, =10V 
10 
in, =ig, =—T=1A 
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INTRODUCTORY EXERCISE 


. Applying loop law equation in upper loop, we 


have 
E+12-ir-1=0 (i) 
Applying loop law equation in lower loop, we 
have where 
i=14+2=3A 
E+6-1=0 ii) 
Solving these two equations, we get 
E=-5 Vandr=2Q 


. Power delivered by a battery = Ei 


=12x3 
=36W 
Power dissipated in resistance 
=?R = (3) 2) 
=12W 


INTRODUCTORY EXERCISE 


. (a) Equivalent emf (V) of the battery 


PD across the terminals of the battery is equal to 
its emf when current drawn from the battery is 
zero. In the given circuit, 


Current in the internal circuit, 
Net emf _V,+V, 


i= 


Total resistance 74+ 4 


Therefore, potential difference between A and 
B would be 


Vi -Vz =V, VitVy h Vig — Von 
y+n r+4 
So, the equivalent emf of the battery is 
v= Kip ¥oah 
Ath 


Note that if Vin =V,n:V =0 
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If V5 > Von: V4 — Vg = Positive i.e. A side of 3. V =i,G 

the equivalent battery will become the positive V 

terminal and vice-versa. “ i, == 
(b) Internal resistance (r) of the battery : 


7 and #, are in parallel. Therefore, the internal 


resistance r will be given by 
Vr=1/n, + 1/4 


or poe 
q+H 
2. —{'—ww—41 |} — 
0.52 E r 
4V 


E= LX (E/r) _ (6/1) — (2/1) | 
L(i/r) d/l) + d/1) 
Now, net emf of £ and 4 V is 2V as they are 
oppositely connected. 
3. = x (E/r) 
TY (l/r) 
_ (10/1) + (4/2) + (6/2) 
(1/1) + (1/2) + (1/2) 


=7.5V 

1_tijtid 

r 12 2 

r=05Q2 
INTRODUCTORY EXERCISE 


1. V =i, G+R) 


R=W— —G =series resistance connected with 
L 
g 
galvanometer 
5 
5x10 
Ss 
i-iyA 
2. - 
7 © 
ig _S 
i-i, G 
ig 
s-(; ‘|e 
I~ Ig 
-6 
= Cox 10) __| a0) = 1.08 
(5x10? —50x10-°) 


V 
Now, nV =i,(G+R)=—G+R) 


R=(n-1)G 


INTRODUCTORY EXERCISE 


1. r=a(i 1] 
lL, 
=) 
0.4 


=150 


E 
2. (a) Vay = a" emf of lower battery 


2 
E (35) =F 
15r +r} \ 600 2 


Solving this equation, we get 
7=320cm 


(b) Resistance of 560 cm = (=) (560) 


=14r 
Now the circuit is as under, 


E/2 


Applying loop law in upper loop 


we have, 

E-14r (i, -i,)-ir-ir=0 ... (i) 
Applying loop law in lower law loop 
we have, 

= - — ir + (i, — i) 14r)=0 .. (it) 


Solving these two equations 


we get, i, = — 


INTRODUCTORY EXERCISE ¢ 


1. R>2Q => 100-x>x 
22 R 
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_ 10x53 


xX =10.6Q 


.. Correct option is (b). 
3. Slide wire bridge is most sensitive when the 
resistance of all the four arms of bridge is same. 


Hence, B is the most accurate answer. 


INTRODUCTORY EXERCISE 


ee (2)e ()e 
Oo xXx P 10 


R lies between 142 Q and 143 Q. 


Therefore, the unknown resistance X lies between 
14.2 Q and 14.3 Q. 


2. Experiment can be done in similar manner but now 
K, should be pressed first then Ky. 


3. BC, CD and BA are known resistances. 


The unknown resistance is connected between A 
and D. 


Applying 2 = x 
Q Ss INTRODUCTORY EXERCISE 
2 x 
We hi == fl : 
e have ee ae (i) 1. Yellow— 4 
R_x+20 . Bee as 
> B0-x ---(ii) Orange > 10 
Solving Eqs. (1) and (ii), we get R=3.Q Gold ai cx 
.. Correct option is (a). BaA 2 AO v0) a2 
2. Using the concept of balanced, Wheatstone bridge, 2. 2— Red 
we have, 4- Yellow 
Pook! 5 ee es 10° > Blue 
QO S (52+1) (48+ 2) 5% —> Gold 
Exercises 


LEVEL 1 


Assertion and Reason 


1. If PD between two terminals of a resistance is 
zero, then current through resistance is zero, this is 
confirmed. But PD between any two points of a 
circuit is zero, this does not mean current is zero. 

2. In parallel, V = constant 


From the equation 


I R : ' 1 
3. R= Ee or — =resistance per unit length = Lae 
A 1 A A 
Near A, area of cross-section is less. Therefore, 
resistance per unit length will be more. Hence 


from the equation, H = i7Rt, heat generation near 
A will be more. 


j 1 : 
Current density, J =< or J« A (as 7 is same) 


4. Since net resistance decreases, therefore main 
current increases. Hence, net potential difference 
across voltmeter also increases. 
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11. £, 


. Even if ammeter is non-ideal, its resistance should 


be small and net parallel resistance is less than the 
smallest individual resistance. 


“. Root < resistance of ammeter in the changed 
situation. Hence, net resistance of the circuit will 
decrease. So, main current will increase. But 
maximum percentage of main current will pass 
through ammeter (in parallel combination) as its 
resistance is less. Hence, reading of ammeter will 
increase. 

Initial voltmeter reading = emf of battery 

Final voltmeter reading = emf of battery 


— potential drop across shown resistance. 
Hence, voltmeter reading will decrease. 


. Ifcurrent flows from a to b, then equation will 


become 

V,-ir-E=V, or V,-V,=E+ir 
So, V,, — V,, is always positive. Hence, V,, is always 
greater than /,,. 


. Current in the circuit will be maximum when 


R=0. 


. Resistance will increase with temperature on 


heating. Hence current will decrease. 
x 


Further P= a or P « L 

R R 
Resistance is increasing. Hence, power consumed 
across R should decrease. 
V = JR is just an equation between P D across a 
resistance current passing through it and its 
resistance. This is not Ohm’s law. 


. Electrons get accelerated by the electric. Then, 


suddenly collision takes place. Then, again 
accelerated and so on. 


_Ail7 + E!r 
“ /n) + (l/s) 
~ pf, | Win) + )/E)) On) 
' (i/7,) + A/4) 
So, £,, may be greater than £, also, if £,/E, >1 


7, and 7 are in parallel. Hence, 7,, is less than both 
7, and 7, individually. 


Objective Questions 


3. H=I Rt 
H 
R]=|— 
[R] A 
2-2 
-\Mr Jewwrn 


6. 


10. 


11. 


12. 


R= is 
oA 
o= = = > = ohm” '-m 
RA ohm-m 
E ‘ 
0.5= wal 
r+ 3.75 @ 
E re 
= (ii 
r+ 4.75 @) 
Solving these two equations, we get 
E=2V 
In parallel current distributes in increase ratio of 
resistance 
te 8. 
Iy G 
I 
G =|=1|(S) 
Ig 
50 — 20 
= 12 
Ca) 
=18Q 
ig 28 
Is G 
S= 1G G 
Ts 
2 
“Zerg 
98 49 
2 
P= a or P« a 
R 
BoA 2k (as R « /) 
PR | 


Pi= h A= : Jaan, 
L, 0.91 


So, power will increase by 11%. 
By symmetry, V, =Vp 


or Vip =9 
r=a(i-1}-10(Z } 
i 60 
=2.5.0 
Let Vy =V 
Now, T40 + Igo = Toc 
G27. Sev 6 a2 
6 3 2 


Solving this equation, we get 
V=3V 


13. 


14. 


15. 


16. 


17. 


18. 
19. 


20. 


21. 


22. 


i i i 
vy, = — = ——- 2 Vx = 
1 vl 
“ned ne (ar) oP 
For making voltmeter of higher range, more 


resistance is required. 


Voo0 =Vrotal 
(20) (0.3) = (Rrota ) (0.8) 
30 
Rrotal = 4 Q 


4 1 1 1 


— = + = 
30 R, 20 15 

Solving we get R, = 60Q 

Net resistance will decrease by increasing the 


parallel resistors. Therefore, main current 7 will 
increase, further, 
(PD) Voltmeter = Vrotal ~ (PD) ammeter 

=Vrotg) ~ 1 (resistance of ammeter) 
Since, i has increased. Hence, PD across voltmeter 


will decrease. 
2 


1 
P=— or Px— seal 
2 - (i) 


Resistor is cut in n equal parts. Therefore, each 


' . R 
resistance will become —. Now, these are 
n 


connected in parallel. Therefore, net resistance will 


: R 
become — times —. or re 
n n n 


Now, from Eq. (i), power will become n’ times. 
If A is fused, then complete circuit is broken. 
E-ir=0 


gh STS ay 
14+2+R 


Solving this equation, we get 


R=30 
100 = (5) (2500 R) 
2500+ R 
Solving this equation, we get 
R=20Q 
Five parallel combination, each of value 
R R_R 
a 
10 10 5 
ei or O=4P ..-(1) 
OQ 100-20 
P<@Q 
P+15 4 
Now, = e 


Q 100-40 
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23. 


24. 


25. 


26. 


P+15 2 3 
or =— ..- (il) 
QO 3 
Solving these two equations, we get 
P=9Q 


Total potential of 10V equally distributes between 
50 Q and other parallel combination of 100 Q and 
voltmeter. Hence, their net resistance should be 
same. Or 


100 
xR = 50) 
100+ R 
R=100 Q =resistance of voltmeter 
Vac =Vor 
2V 19 
< iL “WW 
i 
A > G > B 
Que 
D E 
q2v 42 
i (Ryc) = E =1.2 


4+1) 100 


Solving this equation, we get 
7=75 cm 


1A 2A 
22 20 4A 6A 
A A By 12 oy 12 B 


3 


Vp 3 X2=53=1K4 + 2=1xG=Y, 
Vy—V_=17V 


2V 0.52 


—WWV— 
R 


Equivalent simple circuit is given as 
maximum power across R is obtained 
When R=r=059 

2 


= R+r 
=?7R = (2) (0.5)=2W 


i =2A 


616 @ Electricity and Magnetism 


27. r=R(Z-1)=3(72 \|-2o 
V 1.8 9 
28. j 10-5 | 


25425440 9 
eager ng ees 


(clockwise) 


V4—Vp=40i=-V 


29. Potential drop across potentiometer wire 
= (0.2 x 10° 3) (100) = 0.02 V 
Now given resistance and potentiometer wire are 
in series with given battery. So, potential will drop 
in direct ratio of resistance. 
0.02  R 


2-0.02 490 
R=49Q 


30. When K is open 
R =3R/2 
2E 
i, = E/GBR/2) = — 
1 ( ) BR 
When K is closed 
5 [Rx2R| 4 2 


. R+2R | 


net 


a 
iy = E/(4R/3)= 7 


31. == 


5 -() G 
Is 
_ (34) 


= x 3663 = 111 
(33/34) 


32. Simple series and parallel grouping of resistors. 


33. Two balanced Wheatstone bridges in parallel. 
_ x15) _ 


34. R,, 2.5Q 
q2 15 
As R& -( is ) (0")=30 
” (3602 


35. Ry, = 2 [Net resistance of infinite series] + 1 


In parallel net resistance is always less than the 
smallest one. Hence, net resistance of infinite 
series is less than 1Q. 


10 < Ry <3Q 


368k, = ee 
; (R+R)+R 
R 
Solving this equation, we get R = —& 
g q g 3B 


37. Simple circuit is as shown in figure, 
Z 
Q 
Each > R 


38. Wheatstone (balanced) between A and B. So, 
resistance between C and D can removed. 
A 


4 4 
r=(} Qr)=— 


Now 2Q, 2Q and R are in parallel. 


R 
40. =RI2 Ri2 
C D 
= RI2 Ri2 ~~” =RI2 Ri2 
A B Aé 5B 
R 


R 
R R 
A? 
MM R R R 
R 
R 
R R 
R R Z 


Connection can be removed from centre. 3R and 
3R from two sides of AB are in parallel. 


Subjective Questions 


1. 


Under electrostatic conditions (when no current 


flows), E = 0. When current is non-zero, then 
electric field is also non-zero. 


. There is random or thermal motion of free 


electrons in the absence of potential difference. 


. Vv 

iza=a(5] 

_ (1.6 x 107") (2.2 x 10°) 
(2m) (5x 10°!) 

=1.12x10°? A=1.12 mA 


2 
pe 
R 
2 
ae 
P 
2 
pet ese 
40 
2 
p= 22) 00 
60 
2 
me 21990 
75 


Now, all these resistors are in parallel. 
12-6 


» (a) i=——_ = 0.5A 
(@) 4+8 


(b) Pp, = 7R, = 1W 
=> Pp, =7R,=2W 
(c) Power supplied by £, = E, i= 6 W 


and power consumed by E, = E,i = 3W 
8 l 


12 40-1 


Solving this equation, we get 
/=16cm 
. (a) Ideal voltmeter means infinite resistance. 
Rp i=0 
(b) V=E dGfi= 
=5V 


(c) Reading of voltmeter = E =5 V 


Gr Eye 5; 


Therefore, net current is anti-clockwise or 
from B to A. 

(b) Current through £; is normal. Hence, it is 
doing the positive work. 

(c) Current flows from B to A 
. Vea >V4 
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9, , - 150-50 
144 
Vo + 150-20x2=Vp 
. Vo =Vp -110 =-10V 
10. p = 8.89 x 10° kg/m? 
Mass of Im? = 8.89 x 10° kg 
= 8.89 x 10° kg = 8.89 x 10°g 


=20A (anti-clockwise) 


6 
.. Number of gram moles = sient =1.4x10° 
63.54 
Number of atoms = 1.4 x 10° x 6.02 x 107 
= 8.42 x 10°8 


One atom emits one conduction electron. 
Therefore, number of free electrons in unit volume 
(or 1m? volume) 


n=8.42x 10" per m? 


Now, i=neA v, 
= i _ 1 
Ya 7 neA = ne mr 
_ 2.0 
(8.42 x 1078) (1.6 x 10°? y(t) (0.5 x 10° 3° 
=1.9x10°4 m/s 
11. (a) In 1 m, potentials difference, 
V =0.49 V=iR 
; = 0:49 _ (0.49) A 
R pl 


_ (0.49) (0/4) (0.84 x 10°37 
(2.75 x 10° °) (1) 
=9.9A 
(b) PD between two points, 12 m apart 


= (0.49 Vim) (12m)= 5.88 V 


@ re a -06% 
9.9 


12. Radius at distance x from end P, 


roa (P74) 5 
0) I 


Q 


Resistance of element of thickness dx is 
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14. 


15. 


16. 


dp =P) 
Tr 
X=l 

R=[ aR 
X=0 


= P=power across R= PR 


2 2 
P= R 
R+r 


For power to be maximum, 
dP 
Ae) 
dR 


dP 
By putting — = Owe get, R=r 
yp g aR g 


Further, by putting R = r in Eq. (1) 


We get, 1 ee EB 
4r 
As derived in the above question, 
E2 
Pee 7 
Here, EL= netemf=2+2=4V 
and r= net internal resistance 
=14+1=2Q0 
2 TAY ne 
mm (4) (2) 
In series, 


— Roy 1 + Roy Oy 
Ry + Ron 
_ (600) (0.001) + (300) (0.004) 
600 + 300 
= 0.002 per°C 
Now, R, = Ry [1+ a A] 


a 


= (600 + 300) [1+ 0.002 x 30]= 954 


In parallel current distributes in inverse ratio of 


resistance 1 Aluminium 2 > Copper 


Ai 
R, i 
Pili /Ay _ 
Pxb/ A> 
Pilids _ 


ad, = 


i 
2 
3 
2 
Palyd I 3 


2p 1. 
Po 2 d, 
3p yf; 


; pl 
Using R = — 
(Using ci 


19. (a) p= 


2x 0.017 x 6 
= (1 mm) 
3 x 0.028 x 7.5 


= 0.569 mm 
17. (a) ae Se 1.25 V/m 
I 0.75 
(b) E=Jp 
E 1.25 


Pry 44x10" 
=2.84x10°§ Q-m 


i VV V 
18. (a2) J=t=—= 
al 
A 
J = is 
pl 
or Shee 
l 
Inin = 4. S0, J is maximum. Hence, potential 


difference should be applied across the face 


(2d x 3d) 
From Eq. (i), 
J nat = 
pd 
R_ (pl/A) pl 
_ A 
or a 
i 


(i) 


Across face (2d x 3d), area of cross-section is 
maximum and / is minimum. Hence, current is 


maximum. 
, _ VY Qdx3d)_ Vd 
p (d) p 
RA _ (0.104) (m/4) (2.5x 10 3 
i 14 
=3.65x10 *§ O-m 
(b) V = El=1.28 x14 =17.92V 
V _ 17.92 


i=— =172.3A 
RR 0.104 


i 
neA 


(c) Va 


172.3 


(8.5 x 107°) (1.6 x 10° !”) (=) (2.5x 10-7) 


= 2.58 x 10°? m/s 


20. R, + Ry = 20 wii) 
Ra,+R : : 

Oeq = ont Ey (in series) 

R, + Ry 


_ R, (— 0.5 x 107-4) + Ry (5.0 x 10° #) 


0 
20 


Be R, = 10R, .. (ii) 
Solving Eqs. (i) and (ii), we get 


21. 8Q and 12Q resistors are in parallel. 
_ 8x12 
842 

. 24 

res 

48 
=5A 

22. All four resistors are in parallel 

1,1 .4,.1 
R 8 4°6 19 


R=20 
2 


. 24 
i=— 

8/5 
=I15A 


23. All these resistors are in parallel. 


=48Q 


net 


24. The given network is as shown below. 


Vie 


6 V3 3 
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Now, this is a balanced Wheatstone bridge in 
parallel with 12 Q resistance. 


25. First case 


es 12+ 6 =3A 
1+2+3 


V,-Vg=12V 
V,=12V, asVg =0 
V,—V_p=1x3=3V 
Vp =V4-3=9V 
Ve —-Vo=2x3=6V 
Vo =V_, -6=3V 
Vg -Vp =6V 
; Vp =—6V, asVg =0 
In the second case, 
gO ak 
1+24+3 


(clockwise) 


Now, 


Rest procedure is same. 
200 


26. j=——__= 
54+ 10+ 25 


(anti-clockwise) 


V3—-Vg =25x5=125 
V,=125 VasV, =0 
Vg —V,=10x5=50 
V,=—-50V 
V,-V,=5x5=25V 
V,=V,—-25=—-75V 
V3_9=V3-Vy 


27. (a) 502 2.02 


WWW WW 
2002 


50 x 200 
50 + 200 


Roop = 1.0 + 2.0 + 


=43Q0 
t= #8 2 0.1A 
43 
= Readings of ammeter 
Readings of voltmeter 
= (i) net resistance of 50 Q and 200 Q 


0 
= (0.1) 50 x 20 
50+ 200 


=4V 
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52 x 200 
= 1.0 + —— = 42.270 
Ra 52 + 200 
ie 43 0.1A 
42.27 
Now Bs 20) 
i. 2 
i, = (=) (0.1)= 0.08 A 
252 


= Reading of ammeter 
Reading to voltmeter 


= Potential difference across 50 Q and 2.0 Q 


= 0.08 x 52=4.2V 


l 5Q A 4Q ip 
>| K-WW7 ——— 
42V np) —10V 
a8 I (1) 6Q = (2) | 
lg-lg B 
WWi_« —WW/-_< 
E 10 © 89a 
lz (3) Y 
162 D 
4V 
Loop 1 
42 — 6 (i, — i) — 5i, — i, = 0 
Loop 2 
4i, -10- 8 (i, —i5)+ 6 (4, -) = 0 
Loop 3 
8 (iy —i;)=-167,+ 4=0 .. (iii) 


Solving these equations, we get 
i) =4 A, i, =1.0 Aandi, =0.5A 


29. Net resistance of voltmeter (R = 400 Q) and 400 Q 
will be 200 Q. Now, we are getting a balanced 
Wheatstone bridge with 100 Q and 200 Q resistors 
on each side. Potential difference across each side 
will be 10 V which will distribute in direct ratio of 


resistors 100 Q and 200 Q. 
Vion _100_1 
Vaonq 200 2 


2 20 
or Vion a = (5) (10) = 3 Vv 


30. 


31. 


32. 


(a) (1) When switch S is open, VY; and V, are in 
series, connected to 200 V battery. Potential will 
drop in direct ratio of their resistors. 
Vi iV, =Ry, : Ry, = 3000: 2000 
=3:2 


V, =X 200 =120V 


= =%200=80V 


(ii) When S is closed then V, and R, are in 
parallel. Similarly, V, and R, are also in 
parallel. Now, they are in series and they come 
out to be equal. So, 200 V will equally 
distribute between them. 


V,=V,= at 100 Veach 
2 


100 «1 
ae ee ea 
(0) b 2000 20 

100 1 

Le = 

3000 30 


3000 2 


2000 2 


20002 P 


3000 2 
k—100V—>}x— 100 V—>| 


If we apply junction law at P, then current through 
switch 


1 ; eee 
=i-ig= a0 A in upward direction. 
Power absorbed by resistor is i7R or 2W. 
Therefore, remaining 3 W is absorbed by the 


battery (= Ei). Hence, E is 3 V and current of 1 A 
enters from the position terminal as shown below. 


A 22 3V B 
1A 


Vip =E+ ir 
=EH+iR (Here, r = R) 
=3+4+(1)(2)=5V 
84=E-15r (i) 
94=E4+3.5r .. ii) 
Solving these two equations, we get 
r=02Q and E=8.7V 


33. During charging, 
V=E+ir =2+(5)0.1) =25V 


34. Simple circuit is as shown below 
> < 


! 2i | 


A = 


—o 

2V 2V 
By symmetry, currents on two sides will be same 
(let i) 
Now if we apply loop law in any of the closed 
loop, we will get 7 = 0. 


35. Net resistance should remain unchanged. 


feesRe 
G+S 
2 
a ee ee 
G+S G+S 


36. Current through voltmeter 
r 


4.96A 
5A 


-—V) 
0.04A 25000 


Ve 100 | 
R 2500 
In parallel current distribution in inverse ratio of 
resistors. Hence, 


0.04 A 


4.96 _ 2500 
0.04 r 
r=20.16Q 


37. Voltmeter reads 30 V, half of 60 V. Hence, 
resistance of 400 and voltmeter is also equal to 
300 Q. 


60V 
< I 


300 2 4002 
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where, R = resistance of voltmeter. 
Solving the above equation, we get 


R=1200Q 
In the new situation, 
Ryct = 400 + ene) 640 Q 


300 + 1200 
i= a = 0.09375 A 
640 
Now voltage drop across 


Voltmeter = 60 — potential drop across 400 Q 
resistor 
= 60 — (400) i 
= 60 — (400) (0.09375) 
=22.5V 
“ (60) (120) =] 
60 + 120 


38. Ri, = 60 00 Q 


net 


i= TM 12A 
100 

Now, reading of voltmeter 

= 120 — potential drop across R, 

= 120 — (60) (1.2)= 48 V 

39. In parallel current distributes in inverse ratio of 
resistance. 
Ss 


= (=) (0.005) — 20= 80 Q 


Note /n calculations, we have takeni — lg = i. 
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Reading of voltmeter = 3.4 — Voltage drop across 
ammeter and 3Q resistance 


= (3.4) — 0.04 x 2- 0.04 x 3 
=3.2V 
_ (0.04) (100 R) 
~ (100+ R) 
where, R = resistance of voltmeter 
R=400Q0 


If voltmeter is ideal, then 
3.4 


j =——____ 
24+ 100+ 3 
Reading of voltmeter = 1007 = 3.238 V 
41. (a) V=E-ir 


Now, 3.2V 


= 0.03238 A 


_( ER, 
y -( “| .. (i) 
E 


Substituting in Eq. (1), we get 
R, =45x10 70 


(c) V=E : 
2 
R 


V 


If R, is increased from this value, V will 


increase. 
€ 
42. (a L=———— 
(@) 4A R+ Rr 
e=(R+R, +r) 1, 
Now pio (i) 
, 4 R+r a 
Substituting the value of €, we get 
R 
Iya A ) 
kr 
If R79 0,1, 7 14 


(b) In Eq. (i) substituting 
I, =0.99 I’, and the given values, we get 


R, = 0.0045 Q 
(© 1,-—4—--—4 
1+—4 14 
Rytr ree 
Ry 


If R, is decreased from this value, then J, will 
increase from 99% of J’ ,. 


43. 


44. 


P=i?R 


Ri2 R 


2 
= (15) (1.5) (2.4)= 54 W 


: 3R 
Total maximum power = (i... y (=) 


V =E-ir 
__E-V _26-2 
a a 
=0.6Q 
Now, power generated in the battery 
P=?r 


= (1) (0.6) = 0.6 W 
Power supplied by the battery = Ei 
=2.6W 
.. Net power supplied for external circuit 
=2.6-0.6=2.0 W 


46. 


47. 


Loop equation in loop (1) 

+ 7—2i, -—3 i, —i,) =0 
Loop equation in loop (2) 

-—1+3G@,-i)-2i, =0 
Solving Eqs. (i) and (ii), we get 

ij =2A and fp=1A 
Power supplied by E, = £,i, = 14 W 
But power consumed by £, = E,i, = 1W 


(a) j=——=2A 


> P,=ELi=24W 
(b) PR, =7r=(2)Y ()=4W 
(c) P=P,-P,=20W 
(b) i= - in each resistance 


D 
(e) P= a in each resistance 


(i) 


ii) 


48. 


49. 
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vy? Now let us find V,, across path ACB, 
© as Vip = 2i; + 8i) = 61.94 V 
Si Pe I (as V ie same) Now, Vip = inet Rret = (l 0) Reet 
R a 61.94 =10 Rist 
2 or Root = 6.194 Q 
(a) P= R (f) Two resistors in vertical middle wire can be 
removed. 
V = PR = y5 x15 x 10° = 273.8 V (g) Now balanced Wheatstone bridge, in parallel 
y (l 20) with 1Q resistance between points A and B. 
(b) P= R = 9x103 =1.6W The encircled resistance of 2Q can be removed 
”~ from the Wheatstone bridge. 


» Lge ae] 


Ao 4 oB 
(b) A balanced Wheatstone bridge in parallel : 
with R. One resistor of 2Q has already removed from the 


original circuit given the question. As its two ends 
will be the same potential (by symmetry). 


50. R,+5R 


If connected by two equal resistors between B and D 
and between C and E, the combination is a balanced 
Wheatstone bridge and two resistors in series. 


Rp=R+R+ R=3R=0.6 8; 


luuye) 


WWW 
oA 150 15Q 


102 1.4 20 WWW wwwv4§——o 
tat ge 6Q 400 82 B 


52. (b) Three resistors are in parallel. Then, one resistor 
in series with this combination. 


WW >—WWh—> (c) Balanced Wheatstone bridge. Hence, two 
resistors in vertical wire can be removed. 
20 (2) ———oB (d) All four resistors are in parallel 

10 -i, (e) A balanced Wheatstone bridge. 


Y 40 ‘ 100 40-i 53. (a) A balanced Wheatstone bridge with one 
2 resistance in parallel. 


Let us take a current of 10 A between A and B 


Loop equation in loop (1) (b) 

— 21, —2 (i; —-i) + 4 (0-7,)=0 ... (i) i é 
Loop equation in loop (2) 

— 8, +10 (10 -7,)+ 2, —i,)=0 ..-(11) 


Solving these two equations, we get 
i,;=653A and i,=6.11A 
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LEVEL 2 
Single Correct Option 


1. No current will flow through voltmeter. As it is 


ideal (infinite resistance). Current through two 


batteries 
. 15-13 0.2 
f= = 
i+n i+nh 
Now, V=E,-in 


1.45 -15-( as ) (n) 
ith 


Solving this equation, we get 
4 = 3h 
2. Inseries, PD distributes in direct ratio of 


resistance. 
In first case, 


198 900 : 
——___ =— ..-(1) 
Vip —198  R, 
180 00 a 
In second case, ———— = eee .. (il) 
Vup —180 2R, 
Solving these two equations, we get 
Vig =220V 
3. Maximum current will pass through A. 
P=iR 
or Pei? (R is same) 
4. 4(R+R,)=20V 
R=5-R, 


where, R, =resistance of ammeter 


5. r=R A —1]=132.4 (= 1}~22.10 
60 


b 


a5 : ELE, +£ 
6. Initial current, i, =—1——?- 
R+7nA+h 


Final current, when second battery is short 
circuited is 


: E, 
i, =——— 
R+y7 
i. E E,| +E 
iy >i if —L >—1 = 
R+r R+H+H 
or E\R+ By, + Lyn > ER 
+ Ein + ER+ Ey 7, 
or E\n > Ey (R+ 1) 


7. BandC are in parallel 
, Vz =Ve 


10. 


11. 


Further R,z=R 
1.5R) (3R 
Rye = SRR) = 
15R+3R 
or Ry =Rac 
V4=Vec 
Because iR, = iRgc 
i 
7 
~ww—8 wr © > 
5A 5Q 3A 
2A R 


100V 


Applying loop equation in closed loop we have, 
+ 100 — 30-—35-2R=0 


2R =35V =Vp 
Vso =7X5=35V 
Vsq 1 

Vr 


-a(2 
x 


Let R=at+b 
At t=10s,R=20Q 
3 20=10a+b .. (i) 
At t=30a+ b .. (ii) 
Solving these two equations, we get 
a=1.0 Q/s 
and b=102 
R=(t+ 10) 
_E_ 10 
"R t+10 
30 
broly 
= fal = ) dt 
lol t+ 10 
= 10 log, (2) 
Suppose x (< 1) fraction of length is stretched to m 
times. 
Then, (l—n)/+ (nl) m=1.51 
or nm—n=0.5 ...(i) 


12. 


13. 


14. 


= pe — Je (V =volume) 
A (V/I) 
_ pl’ 
a 
or Re«P? (if V =constant) 


Now, the second condition is 
(l—n)R+ (nR) m> =4R 
nm? —n=3 .. (111) 


Solving these two equations, we get 


1 
n=— 
8 
Initially, seed! 
100-7, R 3 
i= Z x 100 
YS 
= 40cm 
Finally, Sen eee 
100-1, R 8 2 
b= a x 100 
“5 
= 60 cm 
J is displaced by 
L—-1,=20cm 


In parallel, current distributes in inverse ratio of 
resistance. 


92 0.90 


ODA: GIA 


a 0.10 2 
0.01 0.1 
T-0.01 9+09 

I=1A 

Equivalent emf of two batteries €, and €, is 
ee €,/n + €5/n (2/2) + (4/6) 

Vn + l/r (1/2) + (1/6) 
=2.5V 


Solving we get, 


Now, Van = 


Cay) Ray) =€ 


12 
or 4) (D)=2.5 
C +4x | OO 
Solving this equation, we get 
25 
/=—m 
24 
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15. 


16. 


17. 


When K;, and K, both are closed R, is 
short-circuited, 

Root = (50 + 1) Q 
When K, is open and K, is closed, current remains 
half. 


Therefore, net resistance of the circuit becomes 
two times. 


or (50+ r)+ R, =2 (504+ r) 
Of the given options, the above equation is 
satisfied if 
r=0 and R, =50Q 
100 Q, 25 Q and 20 Q are in parallel. 
Their, net resistance is 10 Q 
Roepe = 4Q + 10Q 4+ 6Q = 200 
V=iR,y, =80V 

All these resistors are in parallel. 

Reet = ; +r=4Q 


Hence, the main current 


E 
1=——=l1A 
Reet 
Current through either of the resistance 
: i 1 
is - or = 
3 3 


19. 


20. 


In parallel, current distributers in inverse ratio of 
resistance. 
0.03-Ig G_ r 


Ig S (7/4) 
Solving this equation, we get 
Ig = 0.006 A 
8Q 40 
62 32 
Vi=Ve 
OL Vaz =0 
V =iR 
VaR (as i = constant) 


Va (Pla) ( m5 
Vp Ty Pls 
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or Be ea gil 
my Ve ly 
— east keel 
“V2 6 2 
20 


: 2. 
21. Current decreases — times or = times. Therefore, 
30 3 
: co 
net resistance should become 5 times. 


R+ 50=5 (2950 + 50) 


Solving we get, R= 4450Q 


22. Ey =Vac = @ac Bac 
(Eo 
10/\ 1 
E . 
=— seal 
5 (i) 
In second case, 
E 10 
E,= — x 0.3 saa(il 
. fa -| ( 1 @) 
Solving Eqs. (1) and (ii), we get 
x=5Q 


23. V and V, are oppositely connected. 
24. Balanced Wheatstone bridge. Hence, 1.5 Q 


resistance can be removed from the circuit. 


500 102 
i, 50410 _ 2.5 
i 2044 ° 1 

25 
i, = L4)=1A 
: (525) ) 


25. Resistance between 4 and B can be removed due 
to balanced Wheatstone bridge concept. Now, Rpg 
and Ry are in series and they are connected in 
parallel with 10 V battery. 

_ 10 _ 10 

Rog + Rug = 242 
=2.5A 

26. Net resistance of 3kQ and voltmeter is also 2kQ. 
Now, the applied 10 V is equally distributed 


DE 


between 2kQ and 2kQ. Hence, reading of 
voltmeter 


2 
27. R,=R,as P= = and in parallel V is same. 


Hence, Pr, = Pr, 

If R,=R, 

Now current through R, is double so R, should be 
1 

a of R, or R; for same power. As P = PR. 


More Than One Correct Options 


a Vt 
1. He—% => R= 
R, H 
ae V4 
Similarly, R= a 
2 
In series, H= e t 
R, + Ry 
A(R, + Ry) 
a a 
V 
Substituting the values of R, and Ry, we get 
t=t+h 
y? i, 2 
In parallel, H = t= r/ + ) 
Root R, Ry 
Vn Vib 
; th 
Solving we get, t= ——=— 
ti+h 
6V 
22 
2. : 
>| -—ww— 
5V 32 
po * =? 29d 
2+3 
V, =E, -in =6-0.2x2 
=5.6V 


3. (a) In series, current is same. 
ae I,=I, 
(b) oe ae 
T4Ry + [pRp = TcRe 
(d) In parallel, current distributes in inverse ratio 
of resistance. 


ie eo 


Le de Rye hs 
4. Same as above. 
5. (a) V=iR 
In series i is same. Hence, V is also same as R 
is given same. 


=p 
(b) =F 


Ris same. Hence, A should be smaller in first 


i 1 
wire. Secondly, v, =——— or vy « — 
ve ed 


A of first wire is less. Hence, its drift velocity 
should be more. 
(c) E -4 or E« 


j (V — same) 


7. Ifswitch § is open, 
Al = E, 
where, i; = current in upper circuit and A is 
resistance per unit length of potentiometer wire. 


E, 


Null point length, / = my 


y 


(a) If jockey is shifted towards right, resistance in 
upper circuit will increase. So, current i, will 
decrease. Hence, / will increase. 


(b) If £, is increased, i, will also increase. So, / 
will decrease. 

(c) lx Ey 

(d) If switch is closed, then null point will be 
obtained corresponding to 

Vy = Ey — tbh 
which is less than £,. Hence, null point length 
will decrease. 
8. By closing S,,net external resistance will 
decrease. So, main current will increase. 


By closing S,, net emf will remain unchanged but 
net internal resistance will decrease. Hence, main 
current will increase. 


22 10V 
9. ao “ 


V,+10-2i=V, 
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V,-V, =2i-10=2V 
i=6A 
Vo=-V, =2x%6=12V 
10. Between a and c, balanced Wheatstone bridge is 


formed. Across all other points simple series and 
parallel grouping of resistors. 


Now, 


Comprehension Based Questions 


raat 
lL, 


Solving this equation, we get 


1 and 2. 


R=490Q 
Further r=R (2 - 1 
V 
or 10 = 490 (7-1) 
V 


Solving, we get V =1.96V 


Match the Columns 


1. Let potential of point eis V volts. Then, 
Lue + The + Le a Lue =0 


ETE 


Now current through any wire can be obtained by 
the equation, 


_ PD 
R 
2. i; =i, ori is same at both sections. 


A, < A, 


I 


I 1 
a) Current density = — « — 
(a) ty aa 
Resistance _ p a 1 
length A A 
(d) and (b) £ or potential difference per unit 
length = (7) (Resistance per unit length) 


ey 2 ee 
-(2) «4 


3. By introducing parallel resistance R; in the circuit, 


(c) 


total resistance of the circuit will decrease. Hence, 
main current i will increase. 

Now, Vp, =E-Vp, =E—iR, 

Since, 7 is increasing, so Vp, will increase. Hence, 
Vp, or current passing through R, will decrease. 
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4. (a) R= = 

Vt 
[R]=[ML7T-7]/[A?T] =[ML°T-3A~7] 

(b) V =iR 
[V]=[A][MV’-T 7A-7]=[ML°T 3A" '] 

RA 

(c) p irs 


_ (MUTA? ][L7] 
[L] 
() (o}=| 4] <M a2] 


~ [Pp] =[ML'T *A™*] 


ie iet 

(a) V,=E-ir=4-1x1=3V 
(b) Vg =E+ ir=14+1x1=2V 
(c) |P,|=Hi-ir = (4 x1)- 0) ()=3W 
(d) |P;|= Fi + ?r= (1) (1) + 0)’ (I) = 2W 


(anti-clockwise) 


Subjective Questions 


1. (a) Points D and E are symmetrically located with 
respect to points A and C. The circuit can be 
redrawn as shown in figure. 

B 


D,E 


A R Cc 


This is a combination of a balanced Wheatstone 
bridge in parallel with a resistance R. So, the 
resistance between B and D (or £) can be 


removed. 
1 1 1 1 
ay i 
Ri R RR OR 
2 2 
2R 
or Ryc= = Ans. 


(b) With respect to D and E, points A, B and C all are 
symmetrically located. Hence, the simplified 
circuit can be drawn as shown in figure. 


Ans. 


2. (a) Due to symmetry about the shaded plane, current 
distribution on either side of the plane will be 
identical and points E and F will be at same 
potential and no current will flow through it. 


_~3 3 _8 
Rup =5 3. r Ans. 


(b) Redrawing the given arrangement for 
resistance across AB. Potentials Vp = Vz 
E 


Vo=Vp 
No current flows through DE and CF. 
= pus 


3 
=r+r 
2 


=—r Ans. 


Ryg = 


3. (a) Current flowing through resistance 5Q is 11 A 
Power dissipated = i7R 
= (121)5 = 605 W 
(b) Vg + 8V + 3V + 12V —12V —-S5V =Vo 
Ve +1WV-SV =Vo 
GV =Vo-Vz 
(c) Both batteries are being charged. Ans. 


Vi-VoH4AV = Vo, -4=2V 
(b) Vi -Vp =Vy-VeH4 V 
From unitary method, we can find that, 


AD = (=) (4) = 66.67 cm 


(c) Since, they are at same potential, no current 
will flow through it. 


(d) Vy —Vz is still 6 V V~=6V 
Further, Vi-Veo=T5SV 
: Vo=H-l5Vv 


Since, EMF of the battery in lower circuit is 
more than the EMF of the battery in upper 
circuit. No such point will exist. 


5. (a) There are no positive and negative terminals 
on the galvanometer because only zero 
deflection is needed. 


(c) AJ=60cm => BJ=40cm 


If no deflection is taking place. Then, the 
Wheatstone bridge is said to be balanced. 


Hence, 
X Rey X 40 2 
12) Ry 12 60 3 
or X =8Q Ans. 
6. For ammeter 991, =( -1,)1 
or T=1001, bes (il) 
99 Q 
vf 
: - (@) » 
—W-—> 
12 


7, is the full scale deflection current of the 
galvanometer and / the range of ammeter. 
For the circuit in Fig.1, given in the question 


12V 
99x 3A => r=1.01Q Ans. 
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For voltmeter, range 
Vet, (99 + 101) 
V =2001, .. (11) 
Also resistance of the voltmeter 
= 99+ 101= 2002 


a = 4910 


: (G) . 
(G)}-—-Wwvr- 


Vv 


In Fig. 2, resistance across the terminals of the 
battery 


200 x 2 
,urt = 2.99 Q 
200 + 2 
Current drawn from the battery, 
12 


I,=——=401A 
2.99 


Voltmeter reading 


sV =12 I,r=12-—4.01x1.01 


V =7.96 x = =9.95 V Ans. 


Using Eq. (ii), J, = “ae =0.05A 


Using Eq.(i), range of the ammeter 
T=1007,=5A Ans. 


7. Applying Kirchhoff’s laws in two loops we have, 


R 10V 
-\W\——— I 
Y G Aly 
6V 32 
«+ ~ —+ 
1) 
y+ bY (2 A 
> WW > 
62 
10 —i,R — 6 + 31, =0 i) 
6 — 6(i, + i,) — 3i, =0 .. (ii) 
Solving these two equations, we get 
. 6 
i, = 
R+2 
Power developed in R, 
36 sa 
P=i#R= 5 .. (iit) 
(R + 2) 
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For power to be maximum, PD across switch = 10 + (l)i; = 10+ 2=12 V Ans. 


dP 
“=0 20V 40. 
dR | —(As)—WV- 
KY 
(R + 2°36) — BOR)(2\(R + 2) =0 (AY S00 ev (As) 


or R+2-2R=0 
B=20 Ans. (Aa) 7 15V a (Ay) 
For maximum power from Eq. (iii), we have WW A3 | ! 
Pyax = 4.5 W Ans. = io 10V 
8. Applying loop law in loops 1, 2 and 3, we have 
2A R When switch is closed 
“ WWW -2(i, —i,)+ 15=0 ...(i) 
e 2i, — 9i, — 2i, -11+ i, =0 (ii) 
aie fi TT Fe i+i,+3=0 -- (iii) 
ih > | 5A 10-(i, -—i,)=0 .. (iv) 
# Q a 3Q es : 60 Solving these four equation, we get 
3A 8A ij) =12.5A,i,=5.0A, i, =-8.0A 
=15A 
E, -12-24=0 A , a i 
E,=36V mmeter 4 9 3 4 
-E, +24+430=0 or E, =54V Reading (amp) 12.5 2.5 10 7 
—-2R—E, + E,=0 And the current through switch is 15 A. Ans. 


£,-£, 


or R= ev 
2 | 
“30 r ie 
9. Using the loop current method, , C oa 
20V - 2 
40 
| +(e) WW r 10 


(At) 2a 6V. (As) 1.5V 


“ C G ae. i3 Potential gradient across wire, 
15vV 7 20 > 
(Ao) (As) AB =—=0.2 V/m 
WW r 10 
12 10V Now, Vac =1.5V_ or (0.2(AC)=1.5 
& ae AC =7.5m Ans. 
(a) -2(, —y) + 15=0 i) (a) ra =( Rap )xa=| 30 JoaosBy 
Ai, + 20 - 2(i, — i) - 15-3, Rug t+ 5 30+ 5 - 
—10-2(i, + i,)-6=0 ae 
or 2i, — Di, — 2i, -11=0 (ii) | 
— 2(i, + 3) - 6 =0 
‘ : 2a 5Q 
or i+i,+3=0 ..- (111) 
Solving these equations, we get A C1 B 
i =9.5A,i,=2A and i,=-5A 
10 
Ammeter A, A> A3 A, - 
Reading (amp) 95 95 2 5 1.5V 


Potential gradient across 


Now, Vac =15V 
12 
AC,)=1.5 
(3ucy 


AC, =8.75m Ans. 
2V 
c 

A Ce B 
15V 10 
i 
5Q 
(b) Vacs = 


or (0.2)(AC,) = <y “Jas 


or AC, =6.25m Ans. 
11. V =constant 
202 
—WW- 
V 
Peat 302 Rx 
202 
— 30R, 
= 30+R, [M1 


30R, 
n-| ey 
+ 20 

30+ R, 


50R, + aes)” 
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.. Power generated in R, is 
_V;_ 900R, V7 
R, (50R, + 600) 


For P to be constant, 
dP _ 
lg 
(50R, + 600)°(900 V7) 
a — 1800 x 50 x R, V7(50R, + 600) _ 
(50R, + 600)' 


or 50R, + 600-100R, =0 
R,=12Q Ans. 


12. The two batteries are in parallel. Thermal power 
generated in R will be maximum when, 
total internal resistance = total external resistance 


or R=—— 


Ri + Ry 
2RiR, 
ae eae 
i- Fog _ EyR, + EyR, 
Reet 2R\Ry 


Maximum power through R 
E\Ry + E,R,) 
Pa. =(?R= ( 12 2 v) Ans. 
AR, R,(R, + Ry) 


2 


13. - =K(T —T))4 c([4) 


dt 
aT dt 
or 7a =F 
—-k(T -T, 
a 
T aT t dt 
= if v? i Cc 
3 oe 


(at ¢ = 0, temperature of conductor T = 7)) 
Solving this equation, we get 
2 


V -MIC 
T=T,+—(-e” Ans. 
0 ie ) 


Electrostatics 


INTRODUCTORY EXERCISE 


1. Due to induction effect, a charged body can attract 
a neutral body as shown below. 


+ + cs rs 
+ + 
= + 
+ = _ 
4 4 + 
+ + 


Body-1 is positively charged and body-2 is 
neutral. But we can see that due to distance factor 
attraction is more than the repulsion. 

4. Number of atoms in 3 gram-mole of hydrogen 
atom = number of electrons in it 
=3 Ny =(3 x 6.02 x 107) 


where, NV ) = Avogadro number 
Total charge 
=- (16x10!) (3 x 6.02 x 107) 


= - 2.89 x 10°C 
INTRODUCTORY EXERCISE 
4. Roi ae 
4M € rr 
and F,=G 1m 
F, _ (/4t €0) WH 
F, G mm, 


(9x 10°?) (1.6 x 10° 1°)? 


(6.67 x 10°!) (9.11 x 10° 3") (1.67 x 10°77) 


=2.27x10 
2. Fe= 1 Nd 
Ane) 
—-_ 1h 
° An Fr 


Units and dimensions can be found by above 
equation. 


F = Force between two point charges 


Clee 


Fy =F? + F? + 2FF cos 60° 


= /3F 


co) 


Net force on — q from the charges at B and D is 
Zero. 
So, net force on — g is only due to the charge at A. 


F=|—! al 
4ne)) +r 


5. The charged body attracts the natural body 
because attraction (due to the distance factor) is 
more than the repulsion. 

| 

Ane 1 
Ch min al (4) min 
fl 
40 €q r 


& 


n 
wl] Ww II 


min 
9. Two forces are equal and opposite. 


INTRODUCTORY EXERCISE 


1. Electric field lines are not parallel and equidistant. 


2. Electric lines flow higher potential to lower 
potential. 
: Vi>Veg 


. Ifcharged particle is positive, and at rest. Electric 
field lines are straight then only it will move in the 
direction of electric field. 
. See the hint of above question. 
. Electric field lines start from positive charge and 
terminate on negative charge. 
. Incase of five charges at five vertices of regular 
pentagon net electric field at centre is zero. 
Because five vectors of equal magnitudes from a 
closed regular pentagon as shown in Fig. (i). 

D Cc D Cc 


E B E B 
A 
(i) (ii) 
Where one charge is removed. Then, one vector 


(let AB) is deceased hence the net resultant is 
equal to magnitude of one vector 


9 6 2 
_ (9x10 a ) (33 ay) 


=— (4.321 + 5.76j) x 107 N/C 


E 


INTRODUCTORY EXERCISE 


2 ray(2 ‘| 
= |~_ (9x 10°) (-2x 10 ee 
10 | Y( ) 1.0 0.5 


= 18.97 m/s 


2. Work done by electrostatic forces 


=- AU 


1 | oe | 
= an! (1142) 2 - 2) 
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2 94 pe aioy fot 2. 1 
=(9x 10°) (-2x 10 (* -) 


=-9x107J 
=-9mJ 


3. Work done by electrostatic forces 


W =-AU =U,-U, 


U,=U,-W 
=(-6.4x10°8)- (4.2108) 
=-10.6x10°°J 

. U,, =0 
U,= tie (For two charges) 
4m€& Fr 
U, #U., 
For rzoo 


1 | ad ; 193 4 aa | 
ATES l "2 53 %y | 


Now, U, can be equal to U,, for finite value of r. 


INTRODUCTORY EXERCISE <¢ 
Wap = AU, _» =U, =U, =q V;, ~ Vi)= q Via 
Wi. 12 _ 
oe Vie a ery 
ne = 
m 
x d 
(b) 4 ee 
x=-d x=0 ae 
X+d 
et ee 
4me, x+d 


- (se | (4) 


634 ¢ Electricity and Magnetism 


q 
dg =| — | dx 
(2) 


At point P, 


Surface charge density, 


Q 


~ ERI 
= (6) (dA) 


a) Co) ne 
= = (2mr) dx 


— aa (20 (2:| dx 
TRL Ls 


= =O) x as 


LC 


Now, dV = an (“| 
4ne€)) \ x 
lee) 

ATE ol’ 


L 
V=| dV= g 
0 2TE pL 


d 


SQ 


Substituting in Eq. (1), we have 


__O4 
2TE gL 
INTRODUCTORY EXERCISE 
en |P ie] 
he oy 


=~ a[(2x) i - (2y) j]=—2a[xi - yj] 
(b) Again 
lov ~ OV » | 
sce 


=—a[yit xj] 


E= 


dV 


. E =——  =~-Slope of V-x graph. 


dx 
From x =— 2m tox =0, slope=+ 5 V/m 
E=-5Vim 
From x = 0 to x = 2m, slope = 0, 
Ee E=0 
From x = 2m to x = 4m, slope = + 5V/m, 
Fe E =-5V/m 
From x = 4m to x = 8m, slope =— 5 V/m 
E=+5V/m 


Corresponding E-x graph is as shown in answer. 


OV 2 OU 19 win 


“ox 


2 2 2 
— rie (%) neanes 
x by IZ 
and ae Hence, 
a Zz 


No information is given about 


|E|> 


| or |E|210V/m 
ox 


. V,=Vp and Vz =Vcas the points A and D or B 


and C are lying on same equipotential surface (1 to 
electric field lines). Further, V, or Vp >Vz or Vo as 
electric lines always flow from higher potential to 
lower potential 


Vi —Vg =Vp —Vo = Ed 
= (20) (1)=20V 


INTRODUCTORY EXERCISE 


1. (a) Given surface is a closed surface. Therefore, we 


can directly apply the result. 


o = 4m = 9 as 
Eo 


Gin =0 


(b) Again given surface is a closed surface. 
Hence, we can directly apply the result. 


gf 4 as 


Eo Eo 


Gin = 4 


(c) Given surface is not closed surface. Hence, we 
cannot apply the direct result of Gauss’s 
theorem. If we draw a complete sphere, then 


¢ through complete sphere = Bc 
Eo 


. @ through hemisphere = A 
2 \ Eg 
2. Net charge from any closed surface in uniform 
electric field = 0 
Net charge inside any closed surface in 
uniform electric field = 0 
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3. (a) 


A Cc 


Net flux entering from AB = net flux entering 
from BC. 


(b) p 


f ft ft f 


o = ES = E (mR’) 


4. Given electric field is uniform electric field. Net 
flux from any closed surface in uniform electric 
field = 0. 


Exercises 


LEVEL 1 
Assertion and Reason 


1. An independent negative charge moves from lower 


potential to higher potential. In this process, 
electrostatic potential energy decreases and kinetic 
energy increases. 


2. Two unlike charges come together when left 


freely. 
. ee lle ae el 
ox oy oz 
2 2 2 
IE) = (=) mela (S) 
ox oy oz 
ie 
ox 
or =10V/m 
4.v-'4 or kq=VR 
R 
For inside points (7 < R), 
kq 
=a 
or Ear 


é R 
At distance r= a 


A 
6. V4-Vy=—-| E-dr 
_ po died tdan aa 
=— Joy Git 4d (xi + avi) 
40 
=- 4dx + 4dy) =0 
las Xx ly) 


Vs=Vp 
7. At stable equilibrium position, potential energy is 
minimum. 


8. In uniform electric field, net force on an electric 
dipole = 0 
Therefore, no work is done in translational motion 
of the dipole. 
Electric lines also flow from higher potential to 
lower potential. Electrostatical force on positive 
charge acts in the direction of electric field. 
Therefore, work done is positive. 


9. Charge on shell does not contribute in electric field 
just inside the shell. But it contributes in the 
electric field just outside it. So, there is sudden 
change in electric field just inside and just outside 
it. Hence, it is discontinuous. 


10. |£|=0 minimum at centre and |V |= 


maximum at centre. 


636 @ Electricity and Magnetism 


Objective Questions 
1. b=ES > (~) (m*)—> volt-m 
m 


E 
2. ee-e-(£] 


m 


or g, will decrease. Hence, T = 27 iS will 
Se 


increase. 
. Electric lines terminate on negative charge. 
4. W =AU, 
=U,—-U; 
gh 1 aq! ah 1 aq! 
| ane, 21 | | ane, i | 


2 
-( ;) ae i eee 
2)\4ne, 7 2 


oo 


5 eee 
Vm 
she 2eV 
PV m 
ie 2e (2V) 
a V 2m 
2 2 (2e) (4V) 
an | 4m 
The ratio is 1:1: V2. 
6s fa 
4méy) 1 
vy’ 1 (24)-4 
4m, ) \47 2 
q q -q q 
7. = 
q -q -q q 


10. 


11. 


4mé, 3R  4me) 3R 


2 Inet 
(4m€) (3R) 


R= <> (4) 
4me,) \ 3V 


_ (9x 10°) (3x 10°°) 


1 | & 


(3) (9000) 
=Ilm 
; 
P 
2\2R 
r=3R 
yak 4re _ G4) _ 
p r 3R OR 
: ¢ = mg sin 8 
Ane, 1° . 


i 2 
pe q 
() [— sin ;| 


_ [9x 10°) (2.0 x 10°°)° 
(0.1) (9.8) sin 30° 


=27x10°*m 


=27cm 


Q, = (2-0 
F, = Force between Q, and Q, at distance a 

F, =Force between Q, and Q, at distance /2a 
a 

F = Force between Q, and q at distance — 

3 1 J2 


For F; to be in the shown direction, g and Q, 
should have opposite signs. For net charge to be 
zero on Q, placed at P. 

|F;| = Resultant of F,, F, and F; 


k 
r aie =/2F, + F, 
_ lkQi011, kQ,9 
| a \ (V2ay 
iai= = 24 ]-(22Je 
[22*4) ava no 
at eee 
=-Q or q A 
12 t= | = 
m 2€ m 


2s 4s € ym 
f=,/— = | _——KX 
Va Y Iallo| 


4x 0.1.x 8.86 x 107? x 1.67 x 1077” 


\ 16x10” «221% 10°" 
=4x10%s 
ne, 
A B 


Between A and B two forces on third charge will 
act in same direction. So, this charge cannot 
remain in equilibrium. 

To the right of B or left of A forces are in opposite 
directions but their magnitudes are different. 
Because charges have equals magnitudes but 
distances are different. 

14. Between 2q and — gq, two electric fields are in same 
direction. So their resultant can’t be zero. To the 
right of 2q left of — g they are in opposite 
directions. So, net field will be zero nearer to 
charge having small magnitude. 


E, and E, are cancelled. 

E, and E; are cancelled. 

2 eG 2g 
Ame) (2a) 16neqa* 


Ene = E3 


net 


17. 


18. 


19. 


20. 
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F= kg vo) k= 1 
: r ATE, 
pr, = Ria 
Z 
+ 
where, G=h=4 5 fe 
2 
p= K(q oe 


2 
+ 
(ai2) > ND 


This is because, 
(q+ hy =(4- hy + 404 


or (q, + hy >4nh 
2 
+ 
ee (222) > am 
2 
Fy >F, 


(so 


-4Q 
+2Q 
-2Q 
+8Q 


1000 ($4) = nk => R=10r 


i.e. radius has become 10 times. 

Charge will become 1000 times. 
- 1 (Charge) V« Charge 
4m€, (Radius) Radius 


Hence, potential will become 100 times. 


po= 4a (4--5) or PD= a 
4mé, \R 2R 
3Q 
-3Q 
+2Q 
The desired ratio is — 22 =~ = 
20-2 
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21.S=()i > 6=B-S=5V-m 


22. 
F, = Force between qg and q 
_ 1 4x4 
Ame, (V2 a) 
F = Force between Q and gq. For net force on q to 
be zero . 
i, = V2 F 
1 ¢ dl | 
2 V2 . _ 
4T€, 2a 4nE) a | 
\q|= 2V20 
with sign, q=- 2/2 Q 
23. V,=0 
k ke 
q4 Ip 0 
IB 1B 
9p =— Ia =—4 


Charge distribution is as shown below. 


From Gauss’s theorem, electric field at any point 
is given by 
E= kin 
? 


Gin inside A and outside B is zero. Therefore, E = 0 


24. ee (4) 2 or rook 
r 2 \R 3 


Distance from surface = r= R 
_R 
3 


= qE 
or T= ae 
sin 6 
Similarly, 7 cos ® =mg 
27. =~ 
£9 


or (as G > same) 


28. —_- 


Potential is zero at infinite and at origin. 
Therefore, PD = 0. Hence, the work done asked in 
part (c) is also zero. 


29. According to principle of generator PD in this case 
only depends on the charge on inner shell. 
k 
30. 500 = “4 i) 


2 


Ff 
k (-q) 


I 


— 3000 = ii) 


Solving these two equations, we get 
r=6m 
re 500 r? 
k 
__ (500) (6)° 
9x 10° 
=2x10°°C 
=2uC 
31. 1 ib _ il ih 
4TE) 7; 4negk 15 


32. Ws. =4 (V5 —Va) 


=q |- [iedr| =q i. E dr 


=a]. A dr = Us in(3) 
2a 2TE gr 2TE 9 2 


+X 


33. | O[® 


Negative charge of dipole is near to positively 
charge line charge. Hence, attraction is more. 


34. r= (4-17 + (2-2 + 0-4) 
=5m 


ee 
4m€) 1 


_ (9x10) (2x 10-8) 
5 


Field is in the direction of r = r—%, 


=36V 


36. W = Fs cos ® = qEs cos 0 


=20N/C 
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38. E =0, inside a hallow charged spherical 
conducting shell. 


39. W=F-r 
=(QE)-r =O (E-r) 
= 0 (E,\a+ E,b) 


Subjective Questions 


1. p-4@-9) 
r 


where, k = : 
ATE, 


For F’ to be maximum, = =0 
q 


_ dF 
By putting — = 0, we get 
dq 


_Q 
: 2 
$. fa: 
29 
0 = (2E €) 


=2x 30x 8.86x10°” 
= 5.31x10°!! C/m? 


If loop is complete, then net electric field at centre 
C is zero. Because equal and opposite pair of 
electric field vectors are cancelled. 

If PQ portion is removed as shown in figure, then 
electric field due to portion RS is not cancelled. 
Hence, electric field is only due to the option RS. 


1 dps _{ 1 (q/2mR) x 
Ane, R? 4) ee 

__ 4a 

Ba" ee? 


5. Let qg, and q, are the initial charges. After they are 


connected by a conducting wire, final charge on 
them become. 


q1 =¢,-(25% > tn) 
Now, given that 
9 
0.108 = 2% “Om (42) es 
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2 
(9x 10°) a > ) 


(0.5)° 
Solving Eqs. (i) and (ii), we can find g, and q). 


0.036 = 


.. ii) 


6. Since, net force on electric dipole in uniform 
electric field is zero. Hence, torque can be 
calculated about point. This comes out to be a 
constant quantity given by 


T=pXE 
7 E, 
Engler [Net= 
P 
~— 
re CRN r 
4 \ ve 
yin eA ‘x 
Z N 


E, = Electric field at P due to g 


_( 1! )@ 
Ane, ) ° 


E, = Electric field at P due to — 2q¢ 


_(.1)% 
Ame) 


Net electric field at P, 
E=2E, cos0+ E, 


Applying binomial expression for de 


a 
we get, 
2 3a 
F=—4|-24 
4me,\ 2 y 
7 3qa° 
4Neny 
2 A 
or E=- age 


8. If we make a bigger cube comprising of eight 
small cubes of size given in the question with 
charge at centre (or at D). 


Then, total flux through large closed cube = ae 


Eo 
There are 24 symmetrical faces like EFGH on 
outermost surface of this bigger cube. 


Total flux from these 24 faces is 4 Hence, flux 


Eo 
liq 
from anyone force = — | — ]. 
24 \ € 
Electric lines are tangential to face AEHD. Hence, 
flux is zero. 
a 
9. (a) —a ae +a 
be re D 
% O Q Q2 
q, and q, should be of same sign. 
K 
Further, mes = Kae 
(3a/2)°— (a/2) 
N= 
3a 
-a ie 2 
(b) + ° 
4 oO Q2 Q 


Therefore, g, and q, should be of opposite 
signs. Further, 


kq,O = kqnO 
(Sa/2)P— (a/2 


Or magnitude wise g, = 25 q with sign 


q, =— 2545 
x y 
10. +q -Q +4q 


xt y=L ..- (i) 
Let force on — QO charge should be zero. 
kQ.q _ kQ (Aq) 
@ ~ 
_l 
y 2 


ca 


.. (ii) 
From Eggs. (i) and (ii), we get 
L 2 
x=— and y=— 
3 Z 3 


Net force on 4g should be zero. 
k |Q|(4q) _ kq (44) 
(2L/3)° ye 


4 
IQI=54 
With sign, 
4 
QO= of 


Similarly net force on g should be zero. 
k \Qlq _ kq (44) a* 
(L/3y° is Ie! 9! 


If we, sightly displace — QO towards 44, attraction 
between these charges will increase, hence — Q 


will move towards + 4g and it will not return back. 


Hence, equilibrium is unstable. 


1; 22 


Using Lami’s theorem, we have 
mg _ F 
sin (90° + 30°) — sin (90° + 60°) 
a = Pee ee _ mg 


ATE, 3 


4n aoe ve R? 


F = Electrostatic force between two charged balls. 
/3F = Resultant of electrostatic force on any one 


ball from rest two balls. 


a=I1cos 60°=10 cm 
r=2acos 30° 


= (2) (10) (2) =10V3 cm 
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Now, applying Lami’s theorem for the equilibrium 
of ball we have 


mg _ \3F 
sin (90° + 30°) — sin (90° + 60°) 
pats. O@_ms 
2 
3 4m€& Fr 3 


_ mer’ 
: 3 (1/4 m9) 


_ [(0.1x 107) (9.8) (10V3 x 10-7) 
3x9x 10? 


=33x10°C 


E, = Electric field due to charge g at distance a 


“(| (4) 


E, = Electric field due to charge at distance 2a 


= 1 q _£, 
4ne,) (V2 ay 2 
Net electric field at P, 


=/2 Ey + “ (In the direction of £5) 
= /2E, + = 
2 
1 
= (v2 4 ae 
2 


_ (V2 + Dg 


8NE ya 


lq 
14. E= | Ae? 
Aney °° Mote 


= (1.2) + (16)? =2m 


(9x 10°) (—8x10-°) 
(2) 


= (14.4j — 10.8j) N/C 


. E= (1.2i —10.8i) 
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eC aa L a 
0 \4ne,}| a +x? | fp 4 2 


Solving this integration, we find the result. 


-dq CdE 4 


AY 
Enet 


19. 


Now, resultant of two vectors of equal magnitudes 
(= E say ) at 120° is also E and passing through 
their bisector line. 

So, resultant of 1 and 5 is also £ in the direction of 
3. Similarly, resultant of 2 and 6 is also £ in the 
direction of 4. 

Finally, resultant of 2£ in the direction of 3 and 2E 
in the direction of 4 passes through the bisector 
line of 3 and 4 (or 9.30) 


_ 2usin@ 2x25xsin 45° 5 : 
g 10 V2 


R=S,=ul + 5a? 


T 


=(ucos 45°) (T) + E (=) T? 
2\m 


20. 


21. 


22. 


-09(4) (f+) 


= 62.5 + 250 =312.5m 


E 
(a) ge=g+e 
m 


= 19 4 FO x1O 9) (720) 
1.67 x 10° 7” 
= 6.9 x 10!° m/s? 
7 uw? sin 20 
&e 
(9.55 x 10°)’ sin 20 
6.9 x 10!° 
Solving this equation, we get 


6 = 37° and 53° 
2u sin 8 


Now, R 


(1.27 x 1077) = 


(b) Apply 7 = 


: 
gE (1.6 x 10°") (120}) 
m (91x 10-3!) 
=—(2.1x 10'3}) m/s? 
X 2x10? 4 
Vv, ~ 15x10) 3 
v=u-+at 

= (1.5x 10° i + 3.0x 10° j) 


(a)a= 


(b) t= x10°"s 


= (21% 10% x= x 10-7) j 


= (1.5i + 2j)x 10° m/s 


ky _ k laa 
Hy 4 
nom 2 
m |ml 3 
where, 7, = distance from g, and 


7, = distance from gy 
40 cm 60 cm 
e 2 


cor P Qe 
x=0 x=40cm 


: ee A 2 
First point is at x = 40 cm where, 4s 3 
i) 
200 cm 100 cm 


———— 8 
P q4 2 
x=-200cm x=0 


ae H 2 
Second point is at x = — 200 cm, where Ae 7 
i) 
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dq = hdx 
Potential at C, due to charge dq is 
ira 


<i k = 1 
r ATE, 


. x=a/2 
Total potential = 6 5 dV 


24. (a) AU =-q (AV) 
=- (12 x 107°) (50) 
=-6.0x10°4J 
(b) AV = Ed = E (Ax) 
= (250) (0.2) 
=50V 


25. k,+U,=k, +U;, 


1 35 1 > 
mv, +qV,= —mv, + QV; 
3M qv 4 3 "B q'B 


2 
ve= i+ 40%) 


2x (-5x10°°) 
= /(5)' 4 200 — 800 
i 2x104 ¢ 


= 7.42 m/s 


vp — vy as the negative charge is moving (freely) 
from lower potential at 4 to higher potential at B. 
So, its electrostatic PE will decrease and kinetic 
energy will increase. 


k, net _ 1 (2) 
R ATES R 


K One 
(b) V, = rm 


26. (a) Vo= 


where, r = distance of P from any point on 
circumference 


“lls 


~ AU =U; -U¢= QV; — HV 5 


ke k 
- «| “| a[ 7 
ii ' 


27. W 
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1 1 
= kd, % : 4) 
i ia 


=(9x 10") (2.4 x 10°°) 4.3 x 10°) 


1 1 
ihe au) 


=—- 0.356 J 
28. (a) U =k je 1% | th) i) 
2 3 13 
where, k = 
4TE, 


(b) Suppose q; is placed at coordinate x (> 0.2 m 
or 20 cm), then in Eq. (i) of part (a), put 
U =0, 7, = 0.2 m, 43; =x 
and 13 = (x — 0.2) 
Now, solving Eq. (i) we get the desired value of x. 
29. U=0 
x(a 1x0 , 1x2) 


a a a 
q 
or =-= 
g 2 


B 
30. Apply V; -V,=—| E-dr (i) 


Eis given in the question. 
and dr = dxi + dyj 
E- dr = (5dx — 3dy) 
—|[E-dr = By- 5x) 


With limits answer comes out to be 
Ve —-V4=3 (07 - y)-5 (x~ —x;) 
31. Procedure is same as work done in the above 
question. The only difference is, electric field is 


E = (400j) V/m 
B 
Vy —V,=—| E-dr =—400(y;— ¥)) 


32. Similar to above two problems. But electric field 
here is 


E = (20j) N/C 
hat) =— [/E-dr =- 20, -x)) 
_(V]_[MVT?A7] 
[xy] [L][L] 
=[MT? A7] 
[ake oY =, ov | 


es lar! yo oe | 


33. (a)[4] 


34. 


35. 


36. 


37. 


38. 


39. 


lin the 


(c) Substituting, 4 =10,x =1, y=landz 
expression of part (b) we have 


E = (- 20i — 20j— 20k) N/C 
|E |= J(— 207 + (— 20) + - 207° 


= 20V3 N/C 
See the hints of Q No. 31 to Q No. 33. 
Ve —V,=Vg —Vg =— 20 (% — x;) — 30 Oy — ¥) 
or V,=-20(2—0)-30(2-0) 
=-100V (as V; = 0) 
(a) E= idle Gale agus 8 
ox oy oz 


= -[(Ay—2Bx)i + (Ax + C)j] 
E. = (- Ay+ 2 Bx) 
and £,,=(- Ax -C) 
(b) E=0if £, and £, are separately zero. 


— Ay + 2Bx =0 (i) 
and — Ax-C=0 ..-(11) 
Solving these two equations 
We get 

yen" and y=- —— 
A A 


Sphere is a closed surface. Therefore, Gauss’s 
theorem can be applied directly on this 


o = Gin 
total 
a) 


or din = (total ) (Eo) 
=(360) (8.86 x 10° |”) 


=3.19x10°C 
= 3.19 nC 


(a) Orotal ae 
Eo 


(b) Gin = (otal ) (Eo) 
S =(0.2)i 


6 =B-S =0.2 (2 Bo) 


= 0.2 x 0.6 x 2 x 10° 

= 240 N-m?/C 
Electric flux enters from the surface parallel to 
y-zplane at x =0. But E=0atx =0. 
Hence, flux entering the cube = 0. 


Flux leaves the cube from the surface parallel to 
y-zplane atx =a. 


Flux leaving the cube = ES 


I 1 


Substituting the values, we get 
_ (5x10°) do? 
(2x 10") 
=25x10"! 
= 0.25 N-m’/C 
At all other four surfaces, electric lines are 
tangential. Hence, flux is zero. 
net = (0.25) N-m?/C = 4, 
£o 
Gin =(0.25) (Eo) 
= (0.25) (8.86 x 10° |”) 


=22 810°" C 
40. See the hint of Example-1 of section solved 
examples for miscellaneous examples. We have 
(l— cos 0) O 
=e. 
But, g = Orotal 
0 
1— cos 0 
= Gou)( =) 
2 
: 1 
Given that b= Fi (rota) 
Substituting in Eq. (1), 
we get, 6 = 60° 
= = tan 60°= /3 
R=3b 
41. (a) S;=©@)CH 


os, =E-S;=-CL 


Similarly, we can find flux from other surfaces. 


. (=| (@) = (“| @)  (atx=a) 


i) 
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42. We have 


roe a) 
de, 


Here, flux due to + g and — gare in same direction. 


(1 — cos@) 
total = 20 = at 


C= (a, 0, 0) 


1 


q Cc 


43. 


>X 


Flux passing through hemisphere = flux passing 
through circular surface of the hemisphere. 

For finding flux through circular surface of 
hemisphere we can again use the concept used in 
above problem. 


_ q(1— cos 8) 
2€, 


=—! (1~cos 45°) 
2€, 


2-H 


fo) 


aa) 


44. 


Note Take area vector in outward direction of the 


cube. 


(b) Total flux from any closed surface in uniform 


electric field is zero. 


o (4m + 40R?) = O 
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7 Q 
© an (+R?) 


Potential at centre 
= potential due to A + potential due to B 


P 
(-)s Sphere 
Ring Q 


(Total charge = qo) 


45. 


Charge on arc PQ of ring = 

This is also the charge lying inside the closed 

sphere. 

Fin 

Eo 

_ (40/3) — 4. 
Eq 3€ 


through closed sphere = 


46. 


zero 
If outermost shell is earthed. Then, charge on 
outer surface of outermost shell in this case is 
always zero. 


A pipe 


Eo & €o 


=— (a—b+c) 
Eo 
V, -(<] (<) ob , oc 
Ey) \b Ey 
ola 


(c) Wace =0 
7 Vi=Ve 
2.2 
or (a—b+ o-(4 z Je 
c 
or a+b=c 
48. (a) 
+Q 
-9 Q 
0;= and O,)= 
" Ana’ . Ana’ 
(b) 
Q+q 
_-9 
"Ana? 
+ 
and Oo = (+9) 4) 
4na 
(c) According to Gauss’s theorem, 
Bae Gin 
Ane) 1° 


Forx < R, gin =O 


and r = x both cases. 
| Q 
ao 


ANE, x 


E= 


49. Let Q is the charge on shell B (which comes from 


earth) 
Va= 
kg _ kO kg 0 
b b c 
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Charges appearing on different faces are as shown Total charge on A + C is 3q. Therefore, 
Delay —qt+U-%+ = 34 i) 
Vz, =0 
(24) (254) + 4(222)-0 
2R 2R 3R 
.. (ii) 
Via=Vo 
= x 2 a 1) € aS af ae 
~(Q+q) 
Q -« (4-4) (2o0) 4 (B—8) .. (iii) 
b 3R 3R 3R 
O+q=|-|¢4 
c In the above equations, 
50. k= U 
4TE, 


Solving above there equations, we can find g,, q 


and q;. 
& 52. (a) From Gauss’s theorem 
|) eg) 
4mey) \r 4méy) Lr 


_ 
73 Qn or” 
Total charge on A + C is 3q (b) According to principle of generator, potential 
; a ptgeety ai) difference depends only on 4q,,. 
20 (1 1 OQ 
Vz, =0 -. PD= [ = 
ka yy [2 ra . [2 na =0...fii) ee er ee 
R OR 3R Fe (c) According to principle of generator, whole 
V.<V. inner charge transfers to outer sphere. 
A="c (d) V,, =0 
Mh 4 (Bo) 4 (Bo) ik din KO _y = _ 
R 2R 3R  R 3R aT 
=f, (2=4) (2-8) ..iii) 53. (a) Atr=R, 
3R 3R 3R 
' 1 y-_1_![@_ 20 , 30] 
In the above equations, k = cc ATE, | R 2R 3R 
Solving these three equations, we can find the = | (2) 
asked charges. 4me,)\R 


Atr=3R 
1 [2 20, 30|_ Q 
4me,|3R 3R 3R] OnE R 


(1) (Gin 
(e) e{ 4) ( r 


-( 1 22 /- -o 
ATE | GR/2) | 25m gR 


51. 
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(c) 


(d) 


Minus sign implies that this electric field is 


radially towards centre. 


where 


? 


where, 


where 


and 


where 


Total charge on (A + C)is 30 + O =40. 


Now, 


> 


> 


R 


Vi=Vo 
kq_k (20), k(4Q-q) 
2R 3R 
_k(Q-2Q0 + 3Q) 
3R 
Solving this equation, we get 
-2 
: 2 


(i) 


7 
a ee a 


1 qd, _ 1 [q-20]_ -30 


4ney 7° ame, | 5R/2) | 50ne)R* 


Minus sign indicates that electric field is 
radially inwards. 


(e) E= 


LEVEL 2 
Single Correct Option 


1. Let us conserve angular momentum of + 2q about 
the point at + Q. 
myn, sin 8; = mv % sin 84 
(m)(v)(R)sin 150° 


v 
= M| —= |imin Sin 90° 
F 
V3 


he =——R 
2 


min 
2. (v4),=v => (Vg), =2v sin 30° =v 


Since, y-component of velocity remains 
unchanged. Hence electric field is along (— i) 
direction. Work done by electrostatic force in 
moving from A to B =change in its kinetic energy 
1 
(eE) (2a-a)= rs (4v? — v’) 


2 


B= mv 
2ea 
2 
or E=- Lid i 
2ea 


Rate of doing work done = power 
= Fv cos® 


dna 
(=) (2) (2v) cos 30° 
2ea 


_ 373 mv? 


2 a 
i. 
i) 
3. 
i} 

a 1b 

+ ' as 
q | 174 


Just to the right of a, electric field is along ab 
(.. positive) and tending to infinite. Similarly, 


electric field just to the left of b electric field is 
again along ab (.-.positive) and tending to infinite. 


1 \(P 
E=E, =E,=E,= 
a= 8=(e)(5) 


_( 1) 20a 
ATE, x 


Resultant of £, and £; is also equal to E along £, 
: (along £5) 


5. From centre to the surface of inner shell, potential 


will remain constant = 10 V (given). 


6. By closing the switch whole inner charge transfers 
to outer shell. 


@. : ‘C). 


Heat produced =U; —U, 
=U, +U)-U, 


ATE, 


= ———__ = 8€,a 
(l/a—1/2)a 


where, 


q _ kg 


lone,a 4a 


Heat = 


10. 
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Let O charge comes on shell-C from earth. Then, 


Vo=0 
kq ,kQ ka _y 
3a 3a 4a 
Solving, we get 
a @. 
g 4 
Now V, kq kql4 kq _ kq 
2a 3a 4a 6a 
and Ve=0 
kq 
Vi-VozS 
AT TCE 
= q 
P (4/3) mR? 
4_ 3 
=—mTpR 
q 3 p 
Vo-Ve= 3 | q lq 
2\4me, R 4mé,) R 
__4 
8TEGR 
Substituting the value of g, we have 
y.—V. =F? 
ee 6B, 
Fy 
oC 
Fy 
Va 0 
ee Vo =0 


Hence, in between A and C there is a point B, 
where speed of the particle should be maximum. 


F, = mg = constant 
F;, = electrostatic repulsion (which increases as the 
particle moves down) 


From A to B kinetic energy of the particle 
increases and potential energy decreases. Then, 
from B to C kinetic energy decreases and potential 
energy increases. 


Over Q,, potential is + a. Hence, Q, is positive. 


V, = Oand A point is nearer to Q,. Therefore, QO, 
should be negative and |Q,|> |Q>|. 
At A and B, potential is zero, not the force. 


Equilibrium at C will depend on the nature of 
charge which is kept at C. 
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11. V, is positive and V, is negative. Hence at all 
points, 
Vi >V, 
12. Just to the right of q,, electric field is + o or in 
positive direction (away from q,). Hence, g, is 


positive. Just to the left of gq), electric field is — a 
or towards left (or away from g,). Hence, gq is also 


positive. 
Further E = Onear g,. Hence, 
1<% 


13. Electric lines of forces of g will not penetrate the 


conductor. 
14. E=400 cos 45° i + 400 sin 45°j 


A 
V,-V,=—| Bede 


where, dr = dxi + dy j 


15. g, will remain unchanged. 


Hence, according to principle of generator 
potential difference will remain unchanged. 
Fag = Ta Vs 
or Vi=V,-Vp 
16. W,=0 


Wr = (F,) (displacement in the direction of force) 
= Kinetic energy of the particle. 


[i 1 | 


Bere 
—mv° = qgE|—-—— cos 60° 
2 la 2 | 
pee 
m 
17. L=mvr,=m (at) (x) 
= m( 22) 1%) or Let 
m 


18. U,+K;=U,;+K, 


1 
or qV, + 3 MV in =qV,+0 


or q : (2) oe lie, +q [3 x Q 
4ME,) \R 2 [2 4TE R 


From here, we can find v,,in - 


(as Vz = 0) 


20. 


21. 


22. 


Knin + Vo, =0+ Vo, .- (i) 


oral 
“4ne,\2R  R 


oe (-$ 
Ane, \R 2R 


Substituting these values in Eq. (i), we can find 
Kunin « . 7 
E=EFL£i+ £,j 


Now we can use, fav =-[E-ar 


two times and can find values of E, and E,,. 
Let P=(q, y) 


ry =y (xt 3a) + i 
h=V¥a- 3a)" + y 


it. TO. 20), ‘4 a 
4m) | HO | 
Substituting values of 7, and 7; in Eq. (i), we can 


see that equation is of a circle of radius 4a and 
centre at 5a. 


P 


F,=0 
a, = 
Fy =qE 
qe 
ya 
: m 
x = vtand 


ae x. : 
Substituting ¢ =— in expression of y, we get 
v 


= gEx* 
2\ mv’? 


1 
eS m (v2 + vy) 


iE 
where, v, =vandv, =a,t= , 
? : m 


23. gE =—— 
r 
uy _m* 
a 
2kqr 
te m 
Now: _ 2m 


Vv 


T sna =qE 
T cosa =mg 


_ iE 
a = tan : (=) 
mg 


Minimum tension will be obtained at a + 7. 
25. Energy required = AU =U, —U; 


2 (¢} [< q ¢ ¢ ¢ £) 
in| a 2a a a fa a) 


[v2 +1] 


aaa 


26. On both sides of the positive charge V 
over the charge. 


=+ «just 


2 
27. U= = (a = side of triangle) 
4TMEy) a 
2 
(oe |S 
, 4TMEy a 
=3U -U =2U 
28. U; + K; =U; + Ky 
0+ | i = : 24, 9 or re 
2 4me) 1 v 


If v is doubled, the minimum distance r will 


. 1 
remain — th. 
4 


29. See the hint of Sample Example 24.9 
po _ 16 
p-o 16-08 


30. 


31. 


32. 


33. 
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fe oe ; ee a_| 
E Ane) a | ane, eZ 


= abefe-a(te 8) | 


Since, b < < a, we can apply binomial expansion 


= = E - [ | 


Let E = magnitude of electric field at origin due to 
charge + qg. Then, 


5E E, 
(i) 
5E 
= | (5E) + (SE) = 5V2E 
5E Fe 
(ii) 


> 
5E 


E, is again 5V2E. 


Similarly, we can find £; and £, also. 


1 1 ; 
q 
2 °\4ne, R 


2 
910 x 410°? | 


(1) 


U => bE = 
[ 


= 0 Vm 
2 


DB 


They have a common potential in the beginning. 
This implies that only B has the charge in the 
beginning. 
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y = “ts or kg, =Vb 


Now, suppose q, charge is given to A. Then, 


y, =i + Me <9 
a b 
or kay =~ a( 2) =— av 
b 
4k 
Now, Ve kag 4B 
b b 
~ fy +v=r (1-4) 
b b 


34, Let E=6, i+ £,j+ Ek 
Apply fav =-[E-dv 


three times and find values of E,, £,, and E_. Then, 
again apply the same equation for given point. 


no ce 


Let charge on B is f 
Vz =0 
(K(/2) , kf 4 
d r 


36. . | = + 


| 
+ 


The induced charges on conducting sphere due to 
+ qcharge at P are as shown in figure. 

Now, net charge inside the closed dotted surface is 
negative. Hence, according to Gauss’s theorem net 
flux is zero. 


ee 


37. 


Since |Q,|> Qy, electric field outside sphere B is 
inwards (say negative). From A to B enclosed 
charge is positive. Hence, electic field is radially 


outwards (positive). 


x. OV « * i 
38. E- eis Mi]- [(— i+ (— ke) ji] 


JE|= J (ky) + (key? 
=kyx+y =kr 
|E| «<r 


More than One Correct Options 


k 
1. (@) V,=2v = 5 Me 
; R 2R 
foi yp =e 
2 2R 2R 
Solving these two equations, we get 
at 
Gp 2 


(b) 


44 — 44 __] 
te ~ 4 
(c) & (d) Potential difference between A and B 
will remain unchanged as by earthing B, 
charge on will not changed. 


Vi-Vg=V4-Ve 


ee oe 
2, 
, Vv 
=> 
as Vz =0 
2u 
2. pa oy = 2X10 _ 
g 10 
wy _ (10) 
2g 20 
R=sar?=3(£)r 
2 2\m 


2 2 
=10m 


a a i) 
4me, (R+ 0.05) 


=%3 4 
-1(¥ x 10 Jer 


= a (ii) 
4me, (R+ 0.1) 


Solving these equations, we get 


Saas 
=—x1l0 °C 
3 
and R=0.lm 
@ vet1.4 
4mé,) R 
(9x 10°)(3 x10") 
7 0.1 
=150V 
(e) He 1 ; fF 2) 
4me, RO R_ O.1 
= 1500 V/m 
(d) V esse =15 V sstics 


5. Electric field at any point depends on both charges 
Q, and Q,. But electric flux passing from any 
closed surface depends on the charged enclosed by 
that closed surface only. 

6. Flux from any closed surface = Gin 

Eo 
din = 9, due to a dipole. 


8. p=" 4a Here, k = d 
r 4TEq 
ae £,=E,=0 
but, E, #0 
kq 
V=— r<R 
7 ( ) 
| (r2R) 
r 
9 F,=qE 
Hinge force 


Fe =qE 


Higher force = 2qE (towards left) 
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gE 


gE 


If we displace the rod, T, = T, or Ty, = Oin 
displaced position too. Hence, equilibrium is 
neutral. 

10. Along the line AB, charge gq is at unstable 
equilibrium position at B (When displaced from B 
along AB, net force on it is away from B, whereas 
force at B is zero). Hence, potential energy at B is 
maximum. 

Along CD equilibrium of ¢ is stable. Hence, 
potential energy at B is minimum along CD. 


Comprehension Based Questions 


a V outer = 0 
KO , kr _ 
2r 2r 
Q, =— Q =charge on outer shell 
2. Vinner = 0 
KOs , kQr _ 
r 2r 
Q,=- aa = s = charge on inner shell 


Charge flown through S, = initial charge on inner 
shell — final charge on it 


=-9-90,-2 


3. After two steps charge on inner shell remains = or 


half. 

So, after n-times 

Qo 

(2)" 

Now, according to the principle of generator, 


potential difference depends on the inner 
charge only. 


Gin = 


pp =—4in_[1_ 
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4. According to Gauss’s theorem, 


_{_ 1 | (Gn 
E= 4] ( 2 } ...(i) 


Forr<R 
din = ||, (4mr?)- dr-p 


= | 4nr) 0) (: = ) dr 


3 4 
r r 
=a c : ia] 


Substituting in Eq. (1), we get 
E=Po [r Si rl 
€ [3 ar | 


5. For outside the ball, 


E= 1 otal ae (i) 


Aney 7° 


R 9 r 
where, Geui= I, (4m7r~) (Po) ( - “Nar 


Substituting this value in Eq. (i), we get 
3 
go 
12 er 
6. For outside the ball, electric field will 
continuously decrease. 


Hence, it will be maximum somewhere inside the 
ball. For maximum value, 


dE 
== 0 
dr 
d lp, rr ie 0 
dr | e\3 4R | 
F 2R 
Solving, we get r= ar 


oe 2R . : 
7. Submitting r= — in the same expression of 


electric field, we get its maximum value. 


8. Potential difference in such situation depends on 
inner charge only. So, potential difference will 
remain unchanged. Hence, 

AV =V,-V, 


q,=0 


(i) 


(ii) 


Vinner = 9 When solid sphere is earthed 
ie 2% 
a b 


v-off 


10. Whole inner charge transfers to shell. 


Total charge on shell = q, - Q 


“ali 


Match the Columns 


1. (a) E. and Ey are cancelled. E, and Ep at 60° 


(b) Eg and Ey are cancelled. Ey and Ep at 120°. 

(c) Eg and Eg are cancelled. Similar, Ep and Ec 
are cancelled. 

(d) E, and Ep at 120°. So, their resultant is Z in 
the direction of E,. Hence, net is 2E. 


2. fav =-[E-ar 


(a) V= 4 (1.5R? — 0.57°) 


oll 


8 
ieee 
r 2R 2 
kq 
co aad 
vo (2) ae (if R=1m) 
(R°) \2 2R 2 
k VR 
(d) -- 2 
r (2R) 
ae a 


Subjective Questions 
1. (a) By comparing this problem with spring-block 
system problem suspended vertically. 
Here, mg = qE =50x 10° x 5x 10° =25N 


X max = 2 mg/K 
2x25 
Here, X, 2 gEIK 0.5m 
or = 50cm Ans. 


(b) Equilibrium position will be at x = mg/K. 
Here, it will be at x = gE/K = = =0.25m 


or 25 cm Ans. 


(c) Force QE is constant force, which does not 
affect the period of oscillation of SHM. 


Tan |i mon 7 
K V100 


=F 5=1265 Ans. 


(d) ung =0.2X4x10=8N 
Therefore, here constant force will be 
qE —umg = 25-8 =17N = F (say) 


2F 2x7 
X =—_ = 
™ ~~ K 100 
= 0.34 m Ans. 


2. Total charge on ring = (22a) = q (say) 
Electric field at distance x from the centre of ring. 

1 qx _ ax 
Ame, (a? + x7)? 2e,(a? + x?) 


3/2. 


Restoring force on — Q charge in this position 


would be 
AaQx 
F= = 
g so + a 
For x << a, 


Fe= Me x= woe x 
2E oa 2€a 
Comparing with F =— kx, 
_ 2 


a 2 
2€ oa 


2 
T= on |™ ae il Ans. 
k xO 


3. q=q= et =39 


m=O-q%=-20 


_E= (i oV * 
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B=-hH=+20 
94 =20 — 9, =0 
95 =- 9 =9 
1 2 3 4 5 6 


(a) Net torque on the rod about O = 0 
L000 (4) o£) 
4ne, fr \2 2 
el 23()) 
Ane, h \2 


af 14 04 | Ans. 
2| ewe 


(b) There will be no force from the bearing it, 


w = net electrostatic repulsion from both the 
charges. 
1 94) 


Amey WP 


or h= 304 Ans. 
4TEqw 


i}=« 3i + 4j) NC 


1 
ox oy 
m 
1o os 
=—_(- 31 -4j 
aS j 


=(-3x107i-4x10” j) ms’ 
When particle crosses x-axis, y= 0. 


Initial y- coordinate was 3.2 m. 
and ay =— 4x 10-7 m/s? 


: 2x 3.2 
y= Oat time t= 2%32 _ 4000s 
4x10 
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At this instant x-coordinate will be 


sae 
x =x; + —a, 
2 


=2+ s¢ 3 x 10-7)(4000)? = — 0.4 m 


Now, V, = (3 x 2) + (4 x 3.2) =188V 
V,=(3)(-0.4)=-12V 

AV =20V 

2qAV 


m 


_ [2x10 x 20 
10 


Speed, v= 


=2.0x 10° m/s Ans. 


6. From work-energy theorem, 


V. ’ 
wort C60" 


Substituting the values, we get 
if = =3232 


Further, at C tension in the string is zero. 
mv" : 
Hence, oF = mg sin 60° — gE cos 60° 


or v? = 3.66 
From Eqs. (i) and (ii), we get 


u=6m/s Ans. 


7. There are total 28 pairs of charges. 
12 pairs > Q and -— Q = distance L 


12 pairs + (Q and Q) or (— Q and -Q)> V2L 


4 pairs > Oand-O > V3L 


uw) =-— mgl (1+ sin 60°) + gE 1 cos60° 


7 1 _Q? 1 0 
= 2()| L )o( S$ 


1 -Q? 
r (5 =| (=¢ 


Q? (3642 =3V3 
TE gL V6 


with decrease in L, potential energy will decrease. 
Therefore, cube should shrink as the conservative 
forces act in the direction of decreasing potential 
energy. 


Increase in KE of the system = decrease in PE 


or 8 (3m*] =u, -U, 
_ O° (3V6 + V2 -3V3 ( I ) 
Ey V6 nL L 
2 —. _ 
or v= ol nave +2 3V3) Ans. 
4nmnLe v6 
. Let charge g, comes from the earth on outer shell 
4 =-Q -Q 
=> 
K tse = 0 
! E + a =0 
4mé) _2r 2r 
or n=-Q 
When S, is closed and opened, 
Vener = 0 
ue ea 
4ne,| r  2r 
»_@Q 
or a= > 


Proceeding in the similar manner after n such 
operations we get, 
Charge on the inner shell, 


_o 
(2)" 


In 


and the potential difference between the shells, 


ay = 7 (2-1) 
4me, \r  2r 


ay =<_1_ Ee Ans. 


(2)"*! | 4neor 


9. (a) Over charge Q), field intensity is infinite along 


negative x-axis. Therefore, Q, is negative. 
Beyond x > (/ + a), field intensity is positive. 
Therefore, Q, is positive. 

(b) Atx =/+ a, field intensity is zero. 


2 
KO, _kQ> . |Q (4 ‘ 
2 2 
(+ a) a i a 
(c) Intensity at distance x from charge 2 would be 
KQ,__ Qa 


7 (x + 1y x 


For E to be maximum a =0 
dx 


2kQ, , 2kO> 
7+" =0 
(x + 1) x 


1 (4) 
or 1l+—-—= 
x a 
1 
or x= 3 
l+a 
oe. 
a 
1 
or b= ——_.__—_ Ans. 


WS 
(=*} 4 
a 


10. Capacities of conducting spheres are in the ratio of 


their radii. Let C, and C, be the capacities of S, 
and Sj, then 


G9 
(a) Charges are distributed in the ratio of their 

capacities. Let in the first contact, charge 
acquired by S,, is g,. Therefore, charge on S, 
will be O — q,. Say it is qj. 

A nN _Cr_R 

7 O-4 GQ 46 
It implies that O charge is to be distributed in 
S, and S, in the ratio of R/r. 


R . 
a=0(z,| tae (l) 
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In the second contact, S', again acquires the 
same charge Q. 
Therefore, total charge in S, and S, will be 


o+a=0[14 «| 


R+r 


This charge is again distributed in the same 
ratio. Therefore, charge on S, in second 
contact, 


R R 
a o(1+ 5%] Ee] 


Similarly, 
ei R_ (RY) (RY 
a |Rtr (Re R+r) | 
and } | 
2 n 
R R R 
a a ended : Cen | 
R R n 
or An 04{1-(4)] (ii) 
F _a(i-7")| 
|" a-n | 


Therefore, electrostatic energy of S, after n 


such contacts 


2 2 2; 
—~ Fn _ Qn __ Ih 


U,= = or U, =—*— 
2C -2(4m€,R) 8TE 


:) 


where, q,, can be written from Eq. (ii). 


n-1 
R | R 
(b) g, = Q 14 bebe 
R+r| R+r R+r | 
as n— oo 
1 
R —— 
== 1-* 
we R+r 
_ OR (z+ re — a 
R+1 1 r l-r 
ORI? 
“— 2C 8m oR 
2 
or U,= ae Ans. 
8TE or” 
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m Vy, 2qV 
qE _qat_ 4, 
~ om m dt 


» =a 
; 2m 
- ie ( i): m \_ al? 
: 2m 2qV 4V 


Now, angle of deviation 


y. 2 
6 =tan7!| | =tan7! al / uF. 
Vy 4V m 


2 
= tan! (= = ) Ans. 


12. From energy conservation, 
Uc + Ke =Up + Kp 


9 Sy —5 
: 2|oxu —_! \- 5x10 4 


2% 9x10? x (5x 10°)(-5 x 10°) | ‘ 
AD , 


Solving we get AD =9m 
Maximum distance, 


OD = (9 — BY 


=V¥72m Ans. 


13. From conservation of energy, 
U,;+K,;=U;+ Ky 
or qV,+K; =qV,+Ky 


or q Qg ap Z mv" 
Amey) 2 


2 
=4[ g | [use ost Jo 
4me oR 4 


2_11Qq_ Og 


1 
or my = 
2 30E9R 4nNEgr 


or v= 04 (= t | Ans. 
21€ymR r 8 


14. From energy conservation principle, 
K,+U,=K,+U, 


1 
or 3” + (+ gv, =0+ (+ gV, 


or peeve 
m : 


_ (24! -2 ,82,92 80] 1 
m\Vl0R 5k R 4R\4ne, 
= 04 3V10 = 5 Ans. 
2T€ynmR 5/10 
kOx 
15. (a) E= (R2 + x29?” 
qE Ges” xR Ea 7Qx) 
=k 
dx Q (eaey 
2 2 2 
ee dE _ag(R i= a | 
dx La +x) 
nT Oo) 
or dE= Q R aie dx 
4M€y | (RO +x°/ 
2 4,2 
\AE| = —2 : aaa Ans. 
AME, | (R° + x*) 
Here, Ax = 2a 
Pep | 
2ne, | (R? + x°)"? 
(b) W =U; -U; 


=-— pE cos 180° + pE cos 0°= 2pE 
1 x 
= 2(g)(2a) ae 


Ame) (R? + x’)? 


aqQOx 


= Ans. 
TE (R? + xy 


16. From conservation of mechanical energy and 
conservation of angular momentum about point O, 
we have 

Y 


17. 


and myn, sin 90° = mv; sin 90° 
or Vi = Voy .. (il) 
Solving these two equations, we have 


= Oqn 


yy = |< 
2meE ym (7, + 4) 


_ Oa = Ans. 


and =V, 
2neymn(7, + 1) 


Let g, : q and q; be the respective charges. Then, 


CS 


_ 9x 10° in ; D ; 93 | 
io? [1 2 44 


9 = 2X10" E QD , ‘| 
107 [2 2 4 


_9x10 Ta  m, a] 
102 L4. 4 


10 


and 40 


a 
| 


Solving these equations, we get 
q=+ ae x 107? C, gq, =— 200 x 10°? Cand 


qs = x1 e 


(a) Atr=1.25 cm 


| (200/9) x 107! 200x107? | 
_ 9x10" 1.25 2 
107 , 32009) x o 
L 4 
=6V Ans. 
(b) Potential at r= 2.5 cm 
[ (200/9) x 107" 200 x 107! | 
_ 9x10? 2.5 2.5 
10° , 8200/9) x 10°? 
L 4 
=16V Ans. 


(c) Electric field at r = 1.25 cm will be due to 
charge q, only. 


18. (a) F 
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pe) 
ATE, r 
_ 9x10? x (200/9) x 10°!” 
(L25 x 10°) 


= 1.28 10° Vim Ans. 
net = 2F cos 0 
— = —“s [Her k= : ) 
(JR? ain (Rr +x ATE) 
2kOgGxy 


(R? + Pe 


We can generalised the force by putting x) = x, 
we have 


F=- ore Ans. 


(R242)? 
(b) Motion of bead will be periodic between 
x=+ Xx Ans. 


(c) For z BLP ae ok 


or pa (202) s or a= 2 =-(72) 


2 m mR? 
Since a« — x, motion will be simple harmonic 
in nature. 
2kOq 


Comparing with a=—-@°x, @= 5 
mR 


X = Xq cos Gf (as the particle starts from 
extreme position) 


d. : 

v= =-@ x sin or Ans. 
dt 
(d) Velocity will become zero at t = 7/2 = n/@ 
v=0 v=0 
++ 
X=-Xo X=Xo 

3 
or t=T7 iat Ans. 

2kOq 


660 « Electricity and Magnetism 


19. Net charge between r = ato r=r would be 21. Two forces will act on the tank. 
cer 2 are Cee (a) Electrostatic force, 
Q= I, we A p Care (b) Thrust force. 
Let v be the velocity at any instant. Then, 
Fie = QE — mnv 


Q =2nC(r’ — a’) 


5 _k(Q+q)_ kl2nC(’ - a’) +4] a 
we r r or (mp + mnt) ce = QE — mnv 
From this expression, we can see that it we put F dv t dt 
or = 
C= 4 learn liam 
ae \E + mnt 
pae or In g = In| “or ™ 
= — = constant Ans. QE — mnv Mo 
a 
20. dF =A(Rd9)E, ee QE _ m+ mnt 
OE — mnv Mo 
t 
or v=QE [| Ans. 
My + mnt 


22. gE =30N, vertical component of electric force 


= 30 sin 30° = 15 N and horizontal component of 
electric force = 30 cos 30° = 153 N 


-15 30-15 
nets = “ 


= 5 m/s” (downwards) 


Ly 
m 
Perpendicular distance between two equal and 


opposite pairs of dF will be a, = se = 53 m/s? 
r, =2R sin® 
bt oO 
dt = dFr, = 24R7E, sin 6d0 poo en 7 
n/2 ay, =) 
=[d t=2AR°E, (clockwise) : 
tJ 0 Ty = eT, =28 


These pairs of forces will not provide net force. Horizontal velocity after first drop 


= (20 cos 30°) + a,T, 


Let force of friction on ring is f in forward 
direction. 


For pure rolling to take place, 


a=Ra 
or i al S| 
m [ mR~ 
tT 
or =—- 
f ; f 
or f= =) RE Ans 
: OR 0 ° 


= (10V3) + (5V3)4 
= 30v3 m/s 


Horizontal distance travelled between first drop 
and second drop 


= (30V3)F, + 5a,7? 


= (30V3)(2) + ; (5V3)(2)° 


= 70/3 m Ans. 


Capacitors 


Cd 
INTRODUCTORY EXERCISE A= = 
0 
1 g 
1.U=-4 es 
IC (c) fo} A 
(@]_[ atr? 
[C ]= 4 |= 7D 3. (a) fe aes 
U ML’ T E 2.50x10 
=[M7'L? T*A?] =1.28 
2. Charge does not flow if their potentials are same. (b) 6; = 0p (1 = z 
3. q =CV, =10 uC 
1 
9 = CWq = — 40 uC = eo(1-Z) 
(a) V aaa 10 volt 5 ee 1 
CTrotal 3 UF = (3.20 x 10°) (8.86 x 10° ““) Ie 
b) gj =C\V and gy =C,V , 
vied a =6.2x107 Cim? 
(@) AU=— 2 - hy 
2(C, + Cp) 
INTRODUCTORY EXERCISE 
INTRODUCTORY EXERCISE » Cop = 2UF, g=CV =2x15=30pC 
1. g=CV Now, this g will be distributed between 4 UF and 
q 2 UF in direct ratio of their capacities. 
2. (a) Vat C 3 
C « Cs HF, g=CV =3 x 40=120uC. 
ice €oA Now, this g will be distributed between 9 uF and 
d 3 uF in the direct ratio of their capacities. 
Exercises 
LEVEL 1 5. Charges are same, if initially the capacitors are 
: harged. 
Assertion and Reason pas 
: Further. yal 
1. Capacitance of conductor depends on the : C 
dimension of the conductor and the medium in l 
which this conductor is kept. Hence, Vix Cc 
3. Energy supplied by the battery is ifq is same. 


AqV =(CV)\(V)=CV". 
ee | 
Energy stored in the capacitor is a yr 


4. In graph-1, discharging is slow. 
Hence, Tt, > Te, 
Further, 
T =CR 
TOR (as C =constant) 


. Charge (or current) will not flow in the circuit as 


they have already the same potential, which is a 
condition of parallel grouping. 
Further, 

H_CV _C_|1 

Gd CW Cy, 2 


. Capacitor and R, are short-circuited. Hence, 


current through R, is zero and capacitor is not 
charged. 


662 @ Electricity and Magnetism 


8. Capacitor and resistance in its own wire are 


10. 


directly connected with the battery. Hence, time 
constant during charging is CR. 
2 
1 . ‘ F 
ne or U « —as qis same in capacitors 
2C Cc 


(if initially they are uncharged) 

By inserting dielectric slab, value of C, will 
increase. In series, potential difference distributes 
in inverse ratio of capacitance. If capacitance C, is 
increased PD across C, will decrease. If C, is 
increased, charge on capacitors will also increase. 


So, positive charge or current flows in clockwise 
direction. 


Objective Questions 


1. 


. C=C, +C, 


Oo q . 
F=qE= — will not change. 
’ [=] os) : 


F =constant 


= (4m€) a) + (41, bd) 
=4m€,) (a+ b) 


Veet =V,+Va4+... (in series) 


=V+V+... 
=nV 
» Va. =V5=6V 
qs =CV =30uC 
3x2 
= X 6=7.2 UC 
932 [23] Hi 
G _ 30 
GQ 7.2 
Ao 


60V 30V 
pt 
15V 
gE = mg 
(3)-G*) 
q 7 3 & 
3 
Vi 
q 
+0 -3o 
— o 
=> E=—-=constant 
E=0 |——>| E=0 £0 
— 
E, 


9. Atz¢=0, when capacitor is under charged, 


11. 


12. 


13. 


equivalent resistance of capacitor = 0 


In this case, 6 Q and 3 Q are parallel 
(equivalent =2Q) 
Rye (+ 2)Q2=30 


12 
Current from battery = - =4A 


= Current through 1 Q resistor 


. Final potential difference = F 


Final charge = EC 
i/4 a,b 


E 
i : 
V, a —iR= V, 
5. : 
V,—V, => iR=10 ...) 
(3R) (R) 
Reet a oe 
(3R+ R) 
4 


ail) 
~ (7/4)R_ \IR 


Substituting in Eq. (1), we have 


(3a 
4/\7R 
E=14V 
All capacitors have equal capacitance. Hence, 


equal potential drop (= 2.5 V) will take place 
across all capacitors. 


Vy —Vp =2.5V 
0-Vz,=2.5V 
Vzp=-2.5V 
Further, Vy —Vy =3 (2.5) V 
=7.5V 
re Vi~=t75V (as Vy, = 0) 
q=CV =200uC 


In parallel, the common potential is given by 


14. 


15. 


16. 


17. 


19. 


_ Total charge 
Total capacity 
_ 200NC _ 50V 
(2+ 2) uF 
Heat loss =U; -U, 


=5 (2 x 10°°) (100)? -5 (4 x 10°) (50)° 


=5x10 J 
=5mJ 
P=?R=(ie "PY R 
= (ijR) & 7" 


pe t/ (/ 2) 
Hence, the time constant is 7 


Common potential in parallel grouping 
_ Total charge 
Total capacity 


ee 
ae: 
9 
V4—6-3X24+—-3x3=V; 
V,—V,=12V 


In steady state condition, current flows from 
outermost loop. 
i= a9 =15A 
64+ 2 
Now, Vo=Veq =iR 
=15x6=9V 
q=CVe =18 uC 
Horizontal range, 
2u, X Wy, 


& 


2 
u,, 
Maximum height, H = oS =d 


Gq 


Dividing Eq. (ii) by Eq. (i), we have 


or == 


sea(il) 
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20. v= 6d -(2 4 
2€o 
d= 


oO 


2EV 
Oo 
5 (8.86 x 10" 12) (5) 


10-7 


= 0.88 x 10° 3m 


= 0.88 mm 


21. Three capacitors (consisting of two loops are 


short-circuited). 


22. The equivalent circuit is as shown below. 


1 uF 
|}— 1 WF 
| 
o— /——o 
Xx 1 uF Y 
| 
2 uF 


23. Cy Se + Cine 


Ky €)(A/2) _ K€9(A/2) 


24. A balanced Wheatstone bridge is parallel with C. 


25. First three ci 
circuits. 


d d 
= K, + Ky)= a 
oe EA 
° d—d/2-d/24 gle + ee 
1 K, 
_ Bel EK, 
seater 
_ Wea 
5d 
ne ee 
0) "GoM 


rcuits are balanced Wheatstone bridge 


26. C2Cine Ce 


_ K€ (A/2) , €)(A/2) 
d fap 224 
2 
_e41K,, KK, | 
d|2 yk, 


664 « Electricity and Magnetism 


_ €)A 
d 
The equivalent circuit is as shown in figure. 


C = 7uF 


=11F 


Subjective Questions 
1. Charge on outermost surfaces 
— Fora _ 0 — 4) WC 
2 2 
=3uC 
Hence, charges are as shown below. 


3uC 7uC = -7uC 3uC 


2. Charge on outermost surfaces 
— Gout _ 24-34 __ 4 
2 2 2 


Hence, charge on different faces are as shown 
below. 


2.5q 


g 
2 


n|-2 


—2.5q 


Electric field and hence potential difference 
between the two plates is due to + 2.5 ¢. 
PD = Ed 


fod 


Capacitance, C = q 


3. All three capacitors are in parallel with the battery. 


PD across each of them is 10 V. So, apply g = CV 
for all of them. 


4. Capacitor and resistor both are in parallel with the 


battery. PD across capacitor is 10 V. Now, apply 
q=CV. 
5. In steady state, current flows in lower loop of the 
circuit. 
30 


i= =3A 
6+4 


Now, potential difference across capacitor = 
potential difference across 4 Q resistance. 


=iR 
= (3) (4) =12 V 
q=CV = (2uF) (12 V) 

=24 uC 

2 
6. (a) Cret = o C2 = [HF 

otc, 3 

Inet = ner” 


= (Z uF (1200 V) 


= 800 uC 
In series, g remains same. 
= d = 800 nC 
V,=41 =3800V 
1 
= — 
and V,=— = 400 V 
= 66 


(b) Now, total charge will become 1600 UC. This 
will now distribute in direct ratio of capacity. 
Leese 


® Cy 2 


1 1600 
=| —| (1600) =—— uc 
i (=) ¢ ) 3 Wi 


2 3200 
w-(5] (1600) ={ 5 uc 


They will have a common potential (in 
parallel) given by 
_ Total charge 


~ Total capacity 


10. 


11. 


. i= e 


. Charge, g=CV =10* uC 


In parallel, common potential is given by 
_ Total charge 


~ Total capacity 
(10° UC) 

~ (C +100) uC 
Solving this equation, we get 
C = 400 uF 


. Charge supplied by the battery, 


q=CV 
Energy supplied by the battery, 
E=qV =CV? 
Energy stored in the capacitor, 
u =4cv? 
2 
Energy dissipated across R in the form of heat 
1 
=E-U=—CV’ =U 
2 
—thte 
tg 


Putting i= 3° we get 


t= (In 2) te = (0.693) Te 


Both capacitors have equal capacitance. Hence, 


half-half charge distribute over both the capacitors. 


q 
N= b= = 
q, decreases exponentially from go to A while q> 


increases exponentially from 0 to >. 


Corresponding graphs and equation are given in 
the answer. 


Time constant of two exponential equations 
will be 


T= (Cret ) 
2 2 
qi =% 
qg= EC 


Now, charge on capacitor changes from 4; to q, 
exponentially. 


12. 


13. 


14. 
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q = % + (EC —q) (I-e °°) 
=EC (l-€ "*C)4 qe **¢ 


Here, t- =CR 
(a) Immediately after the switch is closed whole 
current passes through C). 
r i=E/R, 
(b) Long after switch is closed no current will pass 
through C, and C,. 
E 


P= 
R, +R; 


(a) At t=0 equivalent resistance of capacitor is 
zero. R, and R, are in parallel across the battery 
PD across each is E. 
ip, = E/R, 
ig, = E/R, 
(b) In steady state, no current flow through 
capacitor wire. PD across R, is E. 
ip, = E/R, and 
(c) In steady state, potential difference across 
capacitor is E. 


ipa = 9 


uslcpalce 
2 2 


(d) When switch is opened, capacitor is discharged 
through resistors R, and R). 


te= CRret 
=C (R,+ R,) 
(a) Simple circuit is as shown below. 


LZ 


A B 


(b) The simple circuit is as shown below. 


an 
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(c) Let Cy, =x. Then, 


ae 
rane 


2 
foe, cece 
: 2C +x 
or x=C+ aa 
2C +x 
Solving this equation, we get 
x=2C 


15. (a) V = 660 V across each capacitor 
Now, q=CV for both 
(0) Inet = 91 + 4 
= (3.96 — 2.64) x 107 C 
=1,32x10-3C 
Now, common potential 
_ Totalcharge — 13.2x107 : 
10x10°° 


Total capacity 


=132V 
Now, apply q=CV for both capacitors. 


16. 


17. 


Vmax) (C) 
(K) (Emax ) (Eo) 


01-5 ¢,+#Gyey 


1(_CCr_\ oy 
2\C, +6, 


18. 


1.6x10°7= 


Solving these two equations, we can find C, 
and C). 


q 10V q 


19. 


q shown in figure is in UC. 


Now, V,-4+10-F=7, 


2 


20. 
21. 


22. 


23. 


24. 


(i) 


.. ii) 


25. 


or V4-V_==4-10=5 
q=10 uC 


q 


Now, V = c across each capacitor. 


See the answer. 


In series, potential difference distributes in inverse 
ratio of capacitance. 


Vi Cp Cy, _ 60 3 
Vp Cy C, 40 2 
C,=1.5C, ..-(A) 
Now, Lee) 
Va C4 
10 C, 
or —= 
90 (C, +2) 
or C,+2=9C, .. (it) 
Solving Eqs. (1) and (ii), we get 
C, = 0.16 uF 
and C, = 0.24 UF 
(a) q=CV 
A 1 
(b)C == or C «= 
d d 


If dis doubled, C will remain half. Hence, g 
will also remain half. 


_ og (804), _ &o (BR? VW 
(c) q=CV (<4 \v r, 


qe R 
Ris doubled. Hence, g will become four times 
or 480 UC. 


or 


1 
Energy lost = energy stored = pe y? 


E,A 
a)C == 
(a) 
(b) g=CV 
V 
ce) k=— 
(c) F 
(a) i ; 1 ‘ 1 
Crt 84 8.2 42 
Cret = 2-09 UF 
Anet = CretV 
= (2.09) (36) 


= 75.14 uC = 76 UC 
In series, charge remains same in all 
capacitors. 


26. 


27. 


y? 


net 


1 
(b) Veotat = 2 Cc 


(c) otal = (3) (76) u 1: = 288 uC 
Now common potential in parallel, 
228 uC 
(8.4 + 8.2+ 4.2) UF 


V= Total _ 
Crotal 


1 
(A) Vso = FCs y? 


FE 
ad SUF _ + 


5V—> G6yF = % 2uF=— %3 4uFo- 4% 
a? 
I 
oc 
4- 93 4- 93 


If we see the charge on positive plate of 6 UF 
capacitor, then 

bh =- 4% — (4 - %) .G) 
Now, applying three loop equations, we have 


5-4 hag .. ii) 
6 
10-2-B=0 (iii) 
6 2 
3 4 : 
-=+-—=0 ...(1V 
2 4 v) 


Solving these four equations, we can find q,, q, 4 

and qq. 

(a) Simple series and parallel grouping of 
capacitors. 

(b) net a Cret V 


= (2.5 10°°) (220) 
=5.5x104C 


C,, Cs; and equivalent of other three capacitors 
are in series. Hence, charges across them are 
same. 


+ C3, 
2.1 uF 


4.2uF ——C, 


Gotal Will distribute between C, and C,, in 
direct ratio of capacitance. 
@ 42 2 


i 21 1 


b == Gsxi0-*) =3,7 x10" 


28. 


29. 


30. 
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da =; (5.5x10-*)=1.8x10-*C 


For finding PD across any capacitor, use the 
equation 
c=4 

V 
In series, potential difference distributes in inverse 
ratio of capacitance. 


i 0, 130 Cy 
i G 100 C, 
C, 
or (a — 6 
ia = 


K is made 2.5 times. Therefore, C, will also 
become 2.5 times. 


2.5 
C,=2.5C,= a) 
1.3 
CF _.25 
or =— 
Cy 13 
Now, Lae Se 
Veg Cy 25 
: 13 
or Vi= (230) = 78.68 V 
13 + 25 
Vz = 230 —Vp, =151.32 V 
2x3 
C33 = =1.2 uF 
B53 


otal = CV = 110 uC 
Common potential in parallel is given by 
Total charge 


~ Total capacity 
_ 110 
141.2 
923 = (Ca3)V = 60 uC 
So, this much charge flows through the switch. 


=50V 


(a) Simple circuit is as shown below. 


= 4uF 
2uF—- . | 2 C)=2uF 
ai0n C3 4 uF 
20V 7 
3 uF C,= 3uF 
— 6uF, V, 


=> 
— 6uF, V2 
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(b) dre = (Crer V = B4UF) (20V) = 60 uC 92. a3 SCV 
(c) Upper network and lower network both have 
same capacitance = 6 UF 


7,-V,= 2 =10V 
2 


After switch is thrown towards right, Cj, and C, 
are in parallel. The common potential is 


_ Totalcharge _ CiVo 
Vo, =10V Total capacity C. + C,C; 
“ do, = (C)Ve,) = 30 we ' C,+C; 
(d) Ve, =10V, de, = (Ca)(Ve,) = 20 WC 7 
2) Ve HOM fe Ge = (C3)Vo, )= 20 uC Now, Ic, = CV = GiM% 
C, C3 C,+ (2 | 
| | Gates 
31. (a) This is the same result as given in the answer. 
: on on 
| | | | Icy = Ie, = CoV 
CV 
| CxC3 | ras | 
“"a20,)| ae 
12V pee Gade 
1x3._.3 
Cy e202 UF = _{ £04 
et wetar ts 33. (a) g=cv =(224) 7 
6,32 22 e y= 4. ~G0AV/d) _, 
2+4 3 I Cy (€oA/2d) 
Vac, =Voc, =12V 
eo 3 ()  U,=20,V?=4 (242 
gen Vag) ee 2 d 
1 1 ( € A 
4 == By ef se 2 
orgs= (Co Veq) = mle = lOne uy QF Gear ) 
£04 \ > 
Ilo (24) 
1 C3 d 
-—| |. — 1 ( € A 
(b) G G (c) W =U,-U, = (24) y? 
— — 2\d 
' . 34. (a) After long time, capacitor gets fully charged 
{1 by E). 
12V és ic =0 
and) ip =ip, = oe 
er atin ee 
+ 20 
3x4 12 ~ 3 
34 = =“ uF 20 x 10 
3+4 7 -3 
=10 °A=I1mA 
12 18 
fia ee (b) In steady state (with £, ). 
Ve Cy 2/3 7 
Vo =Vr, =Vp, 
ri=(3) (12) = 8.64 V =S=10V 
V,=12- 8.64 =3.36V Now, when the switch is shifted to position B, 
Now, we can apply g=CV for finding charge on capacitor (at t = 0) behaves like a battery of 


different capacitors. 10 V. 


The circuit in that case is as shown below. 


Now, with the help of Kirchhoff’s laws we can 
find different currents. Final currents are 
shown in the diagram. 
35. (a) V, =18 VandV, = 0as no current flow through 
the resistors. 
a V,—V, =10V 
(b) V, —V, =+ ve. 
Hence, V, >V, 
(c) Current flows through two resistors, 
ve 18-0 2A 
6+3 
ats V,-O=iR=2x3 
or V, =6V 
(d) Initially, V3yp =Voyp =18V 


ae Gur = 54 WC (q=CV) 
and dur = 108 wC 
Finally, 

Vour =Veg =iR 

=2x6=12V 

Gur = 72 UC 

Vaup =V3q= 6V 

Bur =18 ie 
Aq = 4; — gq; = — 364C on both capacitors. 


36. (a) In resistors (in series) potential drops in direct 
ratio of resistance and in capacitors (in series) 
potential drops in inverse ratio of capacitance. 


6 
18-V, = (S (18) 


V,=6V 
3 
18 -—V, =| ——| (18 
: ea ) 
V,=12V 
. 18-0 
(c) Yas “Yaa = 8=| 


6+3 
V,-0=6V 
V,=6V 


Jo=ov 
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(d) Initially, 


q=CyoV = (2 UF) (18) 
= 36uC 
Finally, 


- 
94 fre 
“1p 
+|r 
4 = fev 


gy = 72"C 
gp = 18 uC 
Charge flow from S = (Final charge on plates p 
and _r) — (Initial charges on plates p and r) 
= (— 72+ 18) — (— 36 + 36) 
=-—54uC 
37. (a) In steady state, 


*, Steady state charge, 
CV 
q =CVe = a 
For equivalent value of tT; : We short circuit 
the battery and find the value of R,,, across 
capacitors and then 


R R 
R 
3R 
Reet = 2 
3RC 
te = CR = 
Now, q=q0-e"") 
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(b) Att=0, capacitor offers zero resistance. 


3R 
Rret > 2 
_V _wWv 
""3R/2 3R 
«Ak oo hh 
Ic = lag = 5 OBR 
Att =o, capacitor offers infinite resistance. So, 
ic = 0. 
V 


Ipattery = Lyp a OR 
Now, current through AB increases exponentially 


V Ve. F 
from —— to —— with same time constant. 
3R 2R 


(i- t) graph is as shown below. 


(i - t) equation corresponding to this graph is 


ie ane 
3R_ OR 


LEVEL 2 
Single Correct Option 


+0 +30 


2&) 2&) 
36 +6 _O 


ee 
2&) 2&) Ep 


E, and E, are in the negative direction and £; in 
positive direction. 


2. Let E be the external field (toward right). Then, 


oO 
E-—=8 S(t 
= (i) 
oe eee) ...ii) 
29 


Solving these equations, we get 6 = 4€) 


3. At ¢=0when capacitors are initially uncharged, 


their equivalent resistance is zero. Hence, whole 
current passes through these capacitors. 
4. Changing current is given by 
i=_e” 
Vs 
or ene t/CR 


If we have take log on both sides, we have 


In (i) =In (“| - (= t 
R CR 
Hence, In (7) versus t graph is a straight line with 


1 : V 
slope (- — | and intercept + In (+) 
CR R 


Intercepts are same, but |slope|, > |slope|. 


5. During charging of a capacitor 50% of the energy 
supplied by the battery is lost and only 50% is 
stored. 

lq _1(EC/2P _ E’C 

2C¢ 2 C 8 

Now, this total loss is in direct ratio r: 2r or 1:2 


2, 
Energy lost in battery is : rd of — 


Total energy lost = 


6. Equal and opposite charges should transfer from 
two terminals of a battery. For charging of a 
capacitor, it should lie on a closed loop. 


,E- 4] 
R+Ry 


Now, V, 


a 


—~E+ Ey + iRy=V;, 
V,-V, =(E- Ey) - iRy 


[ R 
(=) 1-7 | 
0 

_R(E-E) 
~ R+Ry 

CR(E-E 

g=C V7, -¥,)=§ A 
0 


8. Initially 
— Co) Co) _ Co 


net 


Ca 2 
=0.5C, 
Finally 
_ (Co/2) 2Co) 
Onl D4 Os 
=04C, 
9. The simple circuit is as shown below. 
Cc 
= V R 
R 
Rret - 3 
R 
T= CRret = = 


q=q I-e"*°), 
where, gy = CV 
10. Common potential in parallel grouping, 
_ Total charge 
~ Total capacity 
_ (2x 100) + (4 x 50) 
2+4 


Loss =U; —U, 


10°} (4x 2100% 100+ 1x4 x 50x50] 


( 1 200 200) | 
x6x x 
2 3 3 
=1.7x10-7J 
11. Vy) =ijR = (10) 10) = 100 V 
After 2 s, current becomes th, Therefore, after 


1s, current will remain half also called half-life. 
ty. = (In 2) Te = (In 2) CR 
c=)! 
(In 2)R 101In2 


Total heat = : G Vo 
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500 
a 
In 2 
12. Net capacitance between points 4 and P will be 


equal to the net capacitance between points P 
and B. 


13. Total charge =(2C) (4V) —CV 
=7CV 


Common potential after they are connected is 
Total charge 


© Total capacitance 
7C¥Y _7F Vv 


~2C+C 3 
Heat =U; —U, 
feng. f ; 
= —CV? + = (2C) (4V 
5 )(V) 


14. Total heat produced = 5¢ y? 


ae 2 
=; 2UF) (6) 


= 25 uJ 
Now, this should distribute in inverse ratio of 
resistors, as they are in parallel. 


Hsy _R 
ie S 
or Ha( - ) (Total heat) 
R+5 
or 0-(-55| (25) 
R+5 


Solving this equation, we get 
r=(L)a 
3 


15. In position-1, initial maximum current is 
Voi 
ip == Ws 2A 

R 5 
At the given time, given current is 1A or half of the 
above value. Hence, at this is instant capacitor is 
also charged to half of the final value of 5 V. 
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Now, it is shifted to position-2 wherein steady 22 VY 1s 
state it is again charged to 5 V but with opposite . er al 
polarity. 15 
1 : = - 
ae Se ar ee (: V=5V) ~ mi is ; eo) 
Total energy supplied by the lower battery is =18V 
converted into heat. But double charge transfer Vo 5 2 0.5 a 1 
(from the normal) takes place from this Vos 2.5 5 
battery. , 
Heat produced = Energy supplied by the ee Vi5= ok (30) 
battery 1+ 5 
= (AgWV = (CVV) =2CV? =5V 
=2x2x10°x (5) Now, = |Vayl=V1 — V2.5 
= 100 x 10°) ae 
=100pJ 23. In the figure, 
16. Equivalent capacitance of 6 uF and 3 LF is also +BY 
2 uF and charge across it is also q or circuit is 
balanced. Hence, there is no flow of charge. 
17. Two capacitors are in parallel. 60 pF = 1 
1 
U ==CyeV? 
: V (let) 
= (CW? =cV? G ,. 30 uF 
= (<4 v2 re: uF ON 
d +2V +3V 
18. Initially, the rate of charging is fast. nt+ht+y=0 
19. Vig =5+2=7V 60(V —6)+ 20 (V -2)+ 30(V -3)=0 
eee Solving this equation, we get 
jig =~ =7A 
R 49 
V=— 
Voup =6V 11 
up =CV =12pC 
20. During charging capacitor and resistance of its A 3 uF nee oC 
wire are independently connected with the battery. B +— 
Hence, 24. 3 uF 2 WF 
to =CR | 
During discharging capacitor is discharged through 1 
both resistors (in series). Hence, T 
=C(2R)=2CR 
T =C (2R) = 2C 40V 
21. Total charge = 3 x 100-1 100 = 200 uC 
Common potential (in parallel) after S is closed, is Vag —C)pc _3 _1 
_ Total charge Veco (C)4p 6 2 
= ; 
Total capacity é —_ (10) V 
_ 200 uC 1+2 
~ 4uF 10 
H = y 


=50V 3 


25. Applying Kirchhoff’s loop law in outermost loop, 


we have 
3 UF 
2 AE > 
A Y q v 
18V 7. $40 15: 
10 $50 $ 2r 
A» Y A ‘i 
— 
3A 2uF 2.5A 
24 15=2%95>2-3K14+18S0 
3 2 
Solving this equation, we get 
q=30uC 
26. t.=CR=6s 
dy =CV =10uC 
Now, q= qe ""¢ =(10 nC) & 1% 
1 
-(+) (10 uC) 
e 


= (0.37) (10 UC) 
27. ¢=(E, + Ey) Coo 


= (E, + Ey) C2 
Cy, +C, 
Vy == Fit Cc; 
Cy \C,+C, 


28. H, =H, =U; -U,;, 


The only change is by increasing the resistance T> 
increase. Hence, process of redistribution of 
charge slows down. 


29. Just after the switch is closed C, is short-circuited 
and current passes through R, and C, only. 


t 
30. i -(5) e ORR 
2R 
V3 

V an 

in =|—]e 
. a 
St 
i, eo 

i 2 


We can see that this ratio is increasing with time. 


31. t-=CR 
= (Ase) (=) [x a 
d AO oA 
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_ Key 
oO 
_ 5x 8.86x 10 
~ Faweio 
=6s 
32. The given time is the half-life time of the 
exponentially decreasing equation. 
t = ty = (In 2) tT = (In 2) CR, 
t 
~ (In 2)C 
2 (In 2) Us 
~ (In2) (0.5 uF) 


Resistance of ammeter = 2Q 


net 


net 


33. Four capacitors are in parallel charge across each 
is g=CV. Two surfaces of plate C marks two 
capacitors, one with B and other with D and C is 
connected to positive terminal of the battery. 
Hence, 

dc = 2CV =+ 40 uC 


1 2 3 4 
34. 


_ — Gora CV -CV+Q_ 0 
N = 44 2 2 7 
n=(a+cr)-2-(2+cr] 


w=-a=-(2+cr] 


Electric field between two plates and hence the 
potential difference is due to q, and q, only. 


ppe2ay4Z2 
e 2C 


More than One Correct Options 


1 2 3 4 
1. Q Q Q Q 
2 2 2 2 
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E,=E,+ Ey (towards left) 
Q _@ 
4Ae, 4A, 2AE_ 


= (towards right) 


E, =£,+ EB, (towards right) 
28. oi 2 
4Ae, 4AE, 2AE, 


2. In steady state, 
dc = EC and qc = 2EC 
To = 2CR of both circuits 
At time f, 
Gc = EC (1- e’*¢) 
Qc = 2EC (1-e "*¢) 


4c _} 
ho 2 


3. In steady state, current through capacitor wire is 
zero. Current flows through 200 Q, 900 Q and A). 


_q_ 4x10-° 
“~C 100x10°° 
=40V 


This is also potential drop across 900 Q resistance 
and 100 Q ammeter 4, (Total resistance 

= 1000 Q). Now, this 1000 Q and 200 Q are in 
series. Therefore, 


Vi=V. — Vico 
2= "2009 = 


_40_ 
5 
Emf =Viq999 + Voo0q = 48 V 


: Emf 
i = —— 
Net resistance 

48 1 


~ 1200 25 


4. Current through A is the main current passing 
through the battery. So, this current is more than 
the current passing through B. Hence, during 
charging more heat is produced in A. 


8V 


In steady state, 
ic =0 
and i, = ip 


Hence, heat is produced at the same rate in A 
and B. 


Further, in steady state 


q remains unchanged. Hence, F’ remains 
unchanged. 


oO 
fe eo 
Ey AE, 
qremains unchanged. Hence, EF also remains 
unchanged. 


= o ioe 
2C 


C will decrease. Hence, U will increase. 
V=Ed or Ved 
d is increasing. Hence, V will increase. 


6. C; ~ ©) CC) = 26 
C+2C 3 
2 
qi a led 
C, =2C 
dp = 2EC 
Ag = 47 — 4 
=<cE 
3 


7. Let (+ g) uC charge flows in the closed loop in 


clockwise direction. Then, final charges on 
different capacitors are as shown in figure. 


(300-—q) (360—q) 


Now, applying Kirchhoff’s loop law 
S00 =a 300-q_ gq 
3 2 1.5 
Solving the above equation, we get 
q=180uC 
8. If the battery is disconnected, then g = constant 


fat or Coa 


c= 


d is decreased. Hence, C will increase. 
l¢ 1 
Us-L o Uwe 
CG 


C is increasing. Hence, U will decrease. 
V=4t o Vo = 
Cc iG 
C is increasing. Hence, V will decrease. 
9. (a) At t=0, emf of the circuit =PD across the 
capacitor = 6 V. 
i= ne =2A 
1+ 2 
Half-life of the circuit 
= (In 2) Te. (In 2) CR = (6 In 2)s. 
In half-life time, all values get halved. 
For example 


6 
Vo=-—=3V 
ane) 
to ete 
1 
Vig =iR=1V 
Vog =iR=2V 
1uF 4uF 9uF 
10 
V4 Vo V3 
: 1 
In series, Vx Cc (as q = constant) 
Ei” 
V, 4 
or geta aay 
4 4 
Lae 
V, 9 
Zeta y 
9 9 


Now, 


Comprehension Based Questions 
1. Finally, the capacitors are in parallel and total 
charge (= qq) distributes between them in direct 
ratio of capacity. 
_{_ © 
O° G.2G, 


But this charge increases exponentially. 


qo — in steady state. 
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Hence, charge on C, at any time fis 
C2 do t/t 
=|—+*-/|(l-e"**¢ 
I, C40; ( ) 
Initially, C, is uncharged so, whatever is the 
charge on C,, it is charge flown through switches. 


2. Common potential in steady state when they 
finally come in parallel is 
Total charge = @& 


Total capacity C,+C, 
Total heat dissipated =U; —U , 


2 2 
1 
= -40 (C, + Cy) 4 
2C, 2 C,+C, 


_({ a _\(_CiC2 
2C,)\C, + C, 
3 Bug = By = 
d 
4 Egictectric ae 
K_ kd 
Match the Columns 
4x4 
1. (a) C,= =2uF 
(a) C; faa 
Ci\C, _ 8x2 
ta BED 
= 1.6uF 
q=CV 


Since, total capacity is decreasing. Hence, 
charge on both capacitors will decrease. 


q has become = or 0.8 times but C is halved. 


Hence, U, will increase. 
q 
ce) V, == 
(c) Vy C 
q has become 0.8 times and C is halved. 
Hence, V’, will increase. 


(@) E, = 2 or E, « V; 


2. (a) C;=2uF 
q = 60 UC 
C, = 6uUF 
qy = 180 UC 


Ag from the battery = q, — g; =120 WC. 
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(b) Between 4 uF and 2 UF charge distributes 
indirect ratio of capacity. Hence, on 2 UF 


2 
qi tak uC) Mu 


2 
=| —~— | (180) 60 uc 
a Gaak ron 


Aq = Af —q, = 40 pC 
(c) On 3 UF, initial charge is 60 UF and final charge 
is zero. 
rf Ag = 60 uC 
(d) On 4 uF 


4 
.=|—— | (60uC) = 40 uC 
qi c 7] uC) ui 


4 
- =| —— | (180uC) = 120uUC 
dy & aK uC) WW 


Aq = dy — 4 = 80 WC 
3. (a) In second figure, Vo, =V =maximum 


Hence, I, is maximum. 


(b) In first figure, Vo, = ~ 


In second figure, Vo, =V 


In third figure, Vo, = ( . ) V= 7 


20 +C 3 
In fourth figure, V, = = V= za 
2 \C + 2C 3 
Now, g =CV 
Hence, gc, is minimum in first and third 
figures. — 


(c) In second figure, VoaV= maximum 
(d) Similar to option (b) 


4. After closing the switch, the common potential is 
parallel. 
_ Totalcharge CV V 


Total capacity 3C 3 
2 
1 “  ] 
Geet (=) =— Cy" 
18 


2 
1 a a ee 
U.=—00)| | s=er 
2C a (5) ; 


Loss of energy=U; -U, 
2 
=loy?-1 x3 «(5] 
2 2 3 
1 


=o" 
3 


5. habe 0" 
d 
Be €)(A/2) K €)(A/2) 
' d d 
2 2 
EA 2€)A 
C,= 
d—d/2+4 ae af =) 
K K 
aA diss 
7 oe 
fia 
C, 8 
Capacitors are in series. 
Hence, N=h 
or ft 4 
h 
2 
vols. 
2C 
1 . 
or U « — (as g is same) 
ce Se 
U, C, 9 
6. qi = 9 = M8. = 79 
= 40-4, =~30 
=~ h=+ 30 
94=9-4,=-20 
Is =~ 44= + 20 
% =20 —4qs5=0 
q =-%=9 
Subjective Questions 


1: 


_ 9A 
d 
(between two successive plates). 


¢ 


The effective capacity has to be found between V, 


and V5. 


= 4 PEM) 5 6 _ 5804 


Cc 


net 


2C+C 3 3 d 
Gg =t+[CV, -V5)+ CV, -V3)] 
_ &A Ee Vo] _ 484M 


gl? a ag 
E,A ) ( 2V, 
=C(V;-V,)=|— 2) 
ws=Cvs-¥2)=(“4) (2 
_ 2€&)AV 
3d 
2. (a) y — feet _ CV = Vo 
Cot Cy tC, 14+C,/C, 
= 120 =80V 
1+ 4/8 


(b) U; = SCWi = ; x 8x 10° x (120) 
=5.76x107 J 
1 
Uy =5C1 Br ee ie 


= : x12 x 107° x (80) 


=3.84x107 J 


3. Let + qcharge rotates in the loop in clockwise 
direction for achieving equilibrium state. In final 


steady state, charges on the capacitors will be as 
shown below 
(CV-q) 


(16CV— q) = (4CV- q) 
+ 


+ = 
(9CV- q) 


Now, applying Kirchhoff’s loop law we have 


Chapter 25 Capacitors ¢ 677 


(x _ “) A (A - 4) 7 Cx = ‘) 
c 2C 3C 
i ee =f 
4C 


or q=48CV == cv 


Ne, Bo ae ey 
G 5 5 
(Sa af Vy Se 
2C 10 5 
(== aby = ond 
3C is 3 
(adie Ledp sey ay 
4C 5 
4. Atr=5ms,V =10V 
ee erg | Ans. 
R 4 


Further, g=CV = (300 x 10 °)(2000r) = 0.6t 
ic = = 0.6 A = constant Ans. 


5. Potential energy stored in the capacitor, 


u =5cV" = x5 10 x (200)? = 0.1) 


During discharging this 0.1 J will distribute in 
direct ratio of resistance, 
400 
= ——— x 0.1 
400 + 500 
=44.4x107 J 


= 44.4 mJ Ans. 


val 400 


32 6Q 


(a) Current in lower branch = E/8 =3 A 
Current in upper branch = £/9 = 24/9 = 2.67 A 
(b) PD across the capacitor = £/2 — E/3 = E/6 


From q = CV, we have 16 = (aye 


E=24V 
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(c) After short-circuiting the battery, we will have 
to find net resistance across capacitor to 


calculate equivalent value of T, in discharging. 


3Q and 6Q are in parallel. Similarly, 4 Q and 
4 are in parallel. They are then in series. 


et = 4Q, 
To = CRyy, = (4X 4) ps = 16 ps 
During discharging g = qe" *¢ 
or 8=16e"'° 


Solving this equation, we gett=111us Ans. 


Ee 


110 V 110 V 


Applying a law in two closed loops, we have 


Dh, nNTh 
110-=+ =0 or =(110C 
C =e = ( ) 


and 110+ 1» Nh 9 
Cc 


Potential difference between points M and N is 


“74 
Vy Vy = 77 
110 


= — volt Ans. 
3 


. Let us first find charges on both capacitors before 
and after closing the switch. 


From 2, —q) charge will flow, so that charge on 
right hand side plate of C, becomes zero. From 1, 
q, charge will flow. 


9. (i) Charge on capacitor A, before joining with an 


uncharged capacitor. 
2 uF 
3] [4 
+ =— 


Y2 


q4 =CV = (100)(3) wC = 300 uC 

Similarly, charge on capacitor B 

dg = (180)(2) wC = 360 wC 
Let ¢,, q and q; be the charges on the three 
capacitors after joining them as shown in figure. 
(q). % and gq; are in microcoulombs) 
From conservation of charge 
Net charge on plates 2 and 3 before joining = net 
charge after joining 
300= 4 + pul) 
Similarly, net charge on plates 4 and 5 before 
joining = net charge after joining 


— 360 =—q — 4 
or 360 = q@ + 43 .. (ii) 
Applying Kirchhoff’s second law in closed loop 
n = hb + 4 =0 


3 2 2 
or 2q, — 3g + 3g; =0 .. (iit) 
Solving Eqs. (i), (ii) and (iii), we get 
gy = 90C 
q = 210 uC 
and g3 = 150 uC 


(11) (a) Electrostatic energy stored _ before 
completing the circuit, 


= : (3 x 10°°)(100)? + ; (2 x 10°°)(180)" 


@ = cv) 
2 


=4.74x10°J or U,=474 0) 


(b) Electrostatic energy stored after completing 
the circuit, 


_1Q0x10%yY | 1 (210x 10°) 


f"2 3x10) 2 (2x10%) 
, 1.050 x 10°? yi! 
“3 @x10) | “2 c| 
=1.8x107J or U, =18 mJ Ans. 


10. (a) In steady state, capacitors will be in parallel. 
Charge will distribute in direct ratio of their 
capacity. 


C; 
and =| ay 
1 2 


Initial emf in the circuit is potential difference 
across capacitor C, or go/C}. 


Therefore, initial current would be 


i= G/Ci _ 
"RGR 
Current as function of time will be i = igo *¢ 
Here, TH Gibs Ans 
C,+C, 
1 aq t a 
(b) U, == an f=s 4 
2C, 2C€,+C, 
Heat lost in the resistor 
2 1 
=U, =| 2) Ans 
21C,(C, +C,) 
Ke,A \ ( pd 
11. + -cR=( 2 J )=xe 
C d A oP 
12 
=5x 8.86 x n Dp 76s 
74x10 ° 
Initial current, 
iy G/C 1 1 8.55 1.425 pA 
R CR % 
Now, current as function of time i= ge’ *¢ 
or i= (1.425)e 7° = 0.193 uA Ans. 
2 2 
12 aost! gee 2 
x 2C Dey A 
dU Fe 
oy) =f 
dx  2€ A 
2 
dU = Q dx 
2€ A 
Q? 
(c) |= an = Fdx 
£54 
Q? 
~ 2¢,4 
(d) Because E between the plates is due to both 


the plates. 
While F' = (Q) (field due to other plate) Ans. 
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13. (a) Let gbe the charge on smaller sphere. Then, 


+1 uC 
Vinee = 0 
At, AO <9 or g=—1uC 
K(2-1)x 10° 
Now, Vouter = a ae 
ox xi0* 
4x10? 
=2.25x10° V Ans. 
(b) Charge distribution is as shown in above 
figure. 
14. (a) Fig. (a) % 30 V,q@ =6 x 30 = 180uC 
V3 = ee 30 V 
3 
g3 = 30K 3 =90 UC Ans. 


Fig. (b) Capacitor | UF is short-circuited. 
Therefore, g, = 0. 


Vog = au x 100 = 40 V 
20+ 20+ 10 


This 40 V will distribute in inverse ratio of 
capacity. 


V,==%40=10V 


V)=2x40=30V 


% = 60 UC, gy = 60 WC Ans. 
(b) Fig. (a) When S is open, 6 UF is short-circuited 
or Ve=0,% = 90 
and V3=90 V, g3 = 270 uC Ans. 
Fig. (b) When S is open, V, = 100 V 
q, = 100 uC 
Vrg = 100 V 


V,=— x 100=25 V 
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and ¥)=2x100=75V 


a J = 150 UC, g, = 150 uC 
Further, V,;-0=V, 


V,=V,=75V Ans. 
15. Current in the circuit, 7 = a 1A 
4414243 
Now, Vs uF = Ving =3 V 
a gs =15 nC 
Further, Vour =V239 =5V 
: g3 = 15 uC Ans. 


16. (a) At ¢=0, when capacitor is uncharged, its 
equivalent resistance is zero. 
6x3 


Ret = 4+ a =6MQ 
18 x 10° 
or ij =—— A=3 mA 
6x10 
This will distribute in inverse ratio of 
resistances. 
in = i, =1mA and i; =2mA 
“  6+3 


At t = cc, when capacitor is completely 
charged, equivalent resistance of capacitor is 


infinite. 
10° 
sahicrse— =18mA_ Ans. 
(4 + 6) x 10° 
(b) At t=0, 
V> = iyRy = (1x 107)(6 x 10°) V 
=6kV 
At t=, 
V> = ipR, = (1.8 x 10°)(6 x 10°) V 
=10.8kV Ans. 


(c) To find time constant of the circuit we will 
have to short-circuit the battery and find 
resistance across capacitor. In that case, R, and 
R, are in parallel and they are in series with R3. 


4x6 
+ 


Ry = 3+ 7 = 5.4 MO 
To = CRog, = (10 x 10°)(5.4 x 10°) 
=545 


V,=6+ (10.8-6)1-¢"°) 
=6+4.8(1-e/%) 
Here, V, is in kV and ¢ is second. 
17. Circuit can be drawn as shown in figure. 


Ro Cc 
Rs 


Ry 


In charging of capacitor, R; has no role. 

In steady state, potential difference across 

capacitor = potential difference across R, = E/2 

Therefore, steady state charge across capacitor 
CE 


% 2 


To find time constant of circuit we will have to short 
circuit the battery, then we will find net resistance 


across capacitor. 


R CR 
R 5 > T= CRoot 


Charge in the capacitor at time ¢ would be 


2t 
Five CR) Ans. 


TC) = 


q=q(l-e 


18. g,=20uC 
q, = 10 uC (as they are in parallel) 
Energy stored at this instant, 


—5\2 —5\2 
_ 1, a0 ) 1, @x10 ) 
2° 10" 2° 2x10" 
=1.5x107J 


= 0.15 mJ 


In charging of a capacitor 50% of the energy is 
stored and rest 50% is dissipated in the form 
of heat. 


Therefore, 0.15 mJ will be dissipated in the form 
of heat across all the resistors. In series in direct 
ratio of resistance (H = i7Rf) and in parallel in 
inverse ratio of resistance. 

H,=0.075 mJ, H; = 0.05 mJ 


and A, = 0.025 mJ Ans. 


19. (a) At t= 0, capacitor is equivalent to a battery of 
E 


emf —. 
2 


Net emf of the circuit = EF — E/2 = E/2 
Total resistance is R. 


Therefore, current in the circuit at t= 0 


would be 
ERE 


R 2R 
(b) Let in steady state there is total g charge on C. 


Ans. 


Initial charge on C was CE/2 . Therefore, 
charge on 2C in steady state would be 


(S — q| with polarities as shown. This is 


because net charge on lower plate of C and of 
upper plate on 2C should remain constant. 
Applying loop law in the circuit in steady 
state, we have 
CE/2—q _ 0 

2C 


Bote 
C 


Therefore, charge on C increases from q; = = 
5CE : 
tog; = ea exponentially. 


Equivalent time constant would be 


wea (CX* pu 2 er 
C+#+2C 3 


Therefore, charge as function of time would be 
q=4 + @,-4)0-e"*) 


20. 


21. 


22. 
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When S, is closed and S, open, capacitor will 
discharge. At time ¢ = RC, one time constant, 


charge will remain g, = (4) times of CV or 
e 


eo8 
e 


q 


When S', is open and S,, closed, charge will 


. CV 
increase (or may decrease also) from — to CE 
e 


exponentially. Time constant for this would be 
(R\C + RC). Charge as function of time would be 


q= 4 + (qr -G)-€" ©) 


ger” (ce a etc) 
e e 


After total time 2R,|C + R,C ort =R,C + R,C, one 
time constant in above equation, charge will 
remain 


-(ce-2) (4 


At t = 0, capacitor C is like a battery of 


aap 20 cary 
0 


Net emf of the circuit = 4 -1=3 V 
Total resistance is R = 100 Q 


Initial current = gee = 0.03 A 
100 


This current will decrease exponentially to zero. 


i= 0.03 e“*C 
Here, To = CR = (1x 10100) 
=107*s5 
i= 0.03 61 Ans. 
From O to A 


Vo =at 
Ic = CV = Cat 


(a = constant) 
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i= me =aC 
dt 
Vp =iR = aCR = constant 
From A onwards V. = constant 


9c = constant 


= dc = 
dt 
or Vp =0 
Therefore, Vp versus t graph is as shown in figure. 
Ve 
l 
1 
l 
1 
O -e 


23. FromOtoA V =at 
Here, a isa positive constant. 
at = = +iR 


Differentiating w.r.t. time, we have 


8)-(9) 
C \ dt dt 
a 


ae ea 
or —|R=a-— as i= 
dt G dt 
i di = ‘dt 
0a-i/C OR 


O 


i.e. current in the circuit increases exponentially 
Ven =iR =aCR (1- e!®) 


or  Vgp also increases exponentially. 


From A onwards When V =constant (say Vo) 
Vi 
Vij=at or t=—% 
a 


Vep = aCR (1— € 0/8) 
After this Vp) will decrease exponentially. 
Hence, a rough graph is as shown in figure. 


Vep 


I >t 
24. g,=CV, =100 UC, gp = CV, =— 50 UC 


Therefore, charge will vary from 100 UC to — 50 uC 
exponentially. 


qg=-50+150e" °C, Here g is inuC 
To =CR = (10° °)(5 x 10°) = 5 x 10° 
g=- 50+ 1506" 


Vo == (- 50+ 150e*¢) V 


or Vo =50(367™ -1) 
dq _150x10° 2001 


—— 


dt Tw 
= = xr 6200 — 39 ye 1973 e200 
x 
¥e=ik = 1500" Ans. 


25. Att=0, equivalent resistance of an uncharged 


capacitor is zero and a charged capacitor is like 
a battery of emf = potential difference across 
the capacitor. 


(a) Vo = 9g /C, =2V 
. Net emf of the circuit =9-2=7V 


or 9+2=11V 
30x 60 _ 


30+ 60 


Net resistance = 30 + 


Current at ¢ = 0 would be ip = = A 


or —A Ans. 


(b) In steady state, no current will flow through 
the circuit. C, will therefore be short-circuited, 
while PD across C, will be 9 V. 


Q,=0 and Q,=9uC Ans. 
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26. Time constant of the circuit is For ¢ > 250 us 
To = CR = (0.5 x 10°) (500) = 2.5x 107 s i=-ig €7*¢ =-0.11 60 
For ¢ < 250 us i= ine ec The (i - ¢) graph is as shown in figure. 
Here, = 2 = 004A i(A) 
500 t 
i, i= (0.04 64) amp mee 
At p= 250s =2.5 10s 0.015 |. | 
i= 0.04 ¢' =0.015 amp 12.5 > t(x10~s) 
At this moment PD across the capacitor, —0.11}-------- —_ 
Vo = 20 (1- €')=12.64 V 


So when the switch is shifted to position 2, the 


current in the circuit is 0.015 A (clockwise) and 27. Capacitor C, will discharge according to the 
PD across capacitor is 12.64 V equation, 
1=0.015A g=qe!* wei) 
Here, T=C\R 
500 Q and discharging current : 
th te 
20V _. | i+ x pa FH tite _ HE ii 
a [12.64V 7 CR (ii) 
| At the given instant i = ig 
< Therefore, from Eq. (ii) 
P qe *© = iC, Rat this instant 
or charge C, at this instant will be 
3 500 Q q = (igC)R) [From Eq. (ii)] 
> + a0v i Now, this charge g will later on distribute in C, 
y- —~ 12.64 V and C}. 
= 2 
ge 
2C, 
” 2 
ee ae and en: Saree 5 a 
As soon as the switch is shifted to position 2 2C, +63) f 
current will reverse its direction with maximum : oo 
current. Heat generated in resistance, 
., _ 40+ 12.64 H =U, -U, 
‘0 = 500 Substituting values of q:U; andU ,, we get 
= TRY 
=0.11A 7 a LOO, Ans. 


Now, it will decrease exponentially to zero. 2(C,; + C) 


Magnetics 


INTRODUCTORY EXERCISE 


gE = Bqv sin ® 
[£/B]=[v]=[LT'] 
. From the property of cross product, F is always 
perpendicular to both vand B. 
. May be possible that 8 = 0° or 180° between v and 
B, so that F,, = 0 
. F=q(vxB) 
Here, g has to be substituted with sign. 
. Apply Fleming’s left hand rule. 


F = Bqvsin® 
F 
v= 
Basin ® 
4.6 x10'° 


3.5x10°x 1.6 x10 x sin 60° 
= 9.47 x 10° m/s 
F = Bqvsin 90° 
=0.8x2x1.6x10 x 10° 
=2.56x10'4N 


INTRODUCTORY EXERCISE 


. Path C is undeviated. Therefore, it is of neutron’s 
path. From Fleming’s left hand rule magnetic force 
on positive charge will be leftwards and on 
negative charge is rightwards. Therefore, track D 
is of electron. Among A and B one is of proton and 
other of a-particle. 


Further, a pi or re is 
Bq q 
Since, [=| > [=| 
V) 4 1) p 
ly > 'p 


or track B is of a-particle. 


v2km 


r= 7 or re vm (k,g and B are same) 
q 


mM, >m => i) 2 


. The path will be a helix. Path is circle when it 
enters normal to the magnetic field. 


4. 


Magnetic force may be non-zero. Hence, 
acceleration due to magnetic force may be 
non-zero. 

Magnetic force is always perpendicular to 
velocity. Hence, its power is always zero or work 
done by magnetic force is always zero. Hence, it 
can be change the speed of charged particle. 


F=q(vxB) 
F is along position y-direction. g is negative and v 


is along positive x -direction. Therefore, B should 
be along positive z - direction. 


(a)r= = 
or r« mas other factors are same. 
_ Ba 
(b) f= 21m 
or fe = 
m 
_ 2qVin 
= Bg 
INTRODUCTORY EXERCISE 
l=li 
Now, F=ji(1 xB) 


= i[(li) x (Boj + Bok)] 
= iIB,(i — j)=|F |= V2iIB, 


No, it will not change, as the new i component of 
Bis in the direction of I. 


i=3.5A 
1=(- 107) 
Now, apply F =7 (1 x B) in all parts. 
Cc 
A D 
Ficp = Fup 


[Fae |= 2|Fyp | = 2B 
=2x2x4x2=32N 


INTRODUCTORY EXERCISE 
M_@ 
L 2m 


-{2 )p-{_@ 
u=(L): (“| ~~ 


“Go 


M =iA =i(nR?) 


2 = qR*o 
Jest 


= (0.2) (tm) (8 x 10°) 
= (4.0 x 10°) A-m? 


Now, M=MM =(4.0x 107) (0.6i — 0.8 j) 


(a) T=MXB 
(b) U=—-M-B 


f= pe 
20 


M =iA =i (mR’) 


os 
4d 


. L 
wea(2) 


An 
iBL 


Tax = MB sin 90° = —— 


max 


ME SU yO yg 


=— MBcos 0° + MBcos180° = — 2MB 


40 


INTRODUCTORY EXERCISE 


. (a) From screw law, we can see that direction of 
magnetic field at centre of the square is inwards 


as the current is clockwise. 


p=a{ te _ (sin & + sin B) 


4n 7 
_4x107 x10 
~ 0.2 
=2.83x10°T 


(sin 45° + sin 45°) 
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(b) 2nR = 4(0.4) 


2R eas 
T 
puto Gn x 10-7) (10) 
2R (1.6/1) 
=24.7x10°T 


. Magnetic field due to horizontal wire is zero. 


Magnetic field due to vertical is 


poltot (sin 90° + sin 0°) 
Tm x 


=". (inwards) 


. Both straight and circular wires will produce 


magnetic fields inwards. 


puolot, Mo 
Qn R 2R 
_ (2x10) (7) | (4x x10-7)(7) 
0.1 "2x01 
=58x10°T 


. Magnetic field at O due to two straight wires = 0 


Magnetic field due to circular wire, 
1 : 
B= mi (due to whole circle) 
= a (Ee) (inwards) 
4\.2R 
_1, Gx 10°’) (5) 
4 2 x 0.03 
=262810° 7 


. Magnetic field at P due to straight wires = 0 


Due to circular wires one is outwards (of radius a) 
and other is inwards. 60° means ‘ th of whole 


circle. 
1 [Hof — Hot | 
B=-|—-— tward 
Gl oe 2p | nes 
INTRODUCTORY EXERCISE 
. Applying Ampere’s circuital law, 
Ho lin 
B,=— 4 
4 on r 
_ (2x 1077) (1) 
108 
=2x10°T 
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This is due to (-) current of 1 A. Hence, magnetic 
lines are circular and anti-clockwise. Hence, 
magnetic field is upwards. 


3. Using Ampere’s circuital law over a circular loop 


of any radius less than the radius of the pipe, we 
can see that net current inside the loop is zero. 


_ Ho fin Hence, magnetic field at every point inside the 
bon or loop will be zero. 
_ (2x107) 3-1 
- 3x10% INTRODUCTORY EXERCISE 
- 4 
=1.33x10° T 1. i= k Jo 
This is due to net ® current. Hence, magnetic lines NBA 
are lacie ko (10-°) (90) 
So, magnetic field at B is downwards. Nid 100x10°°x 107+ 
» [Bed =Wolinet) Sait 
Along path (a), net current enclosed by this path is k 
zero 2. i=|— 10 
: NBA 
Hence, line integral = 0 0.125 x 1077) (6) (11/180) 
125 x 
Along path (b), i, is ©. So, magnetic lines along ( = )(@ 7 
this current is clockwise. But, we have to take line 200 x 5x10" x5x2x10 
integral in counter clockwise direction. Hence, line =13xl0”7 A 
integral will be negative. 
Exercises 
LEVEL 1 J24¥ 
6.0 r= ; De ee pee 1 
Assertion and Reason ? q 
2. By changing the direction of velocity direction of mand q both are different. Ratio ” is not same for 
magnetic force will change. So, it is not a constant 
force. both. 
. To balance the weight, force on upper wire should 7. F,+ F,, =0 
- ices pea eer arta aap can be gE +q(vxB)=0 
check ed by displacing the wire from equilibrium E=-(vxB)=(Bxv) 
position. 8 ‘3 
. T= MB sin 90° #0 Eee aen eh 
: : : : ‘ F, tv (always) 
. Magnetic field is outwards and increasing with x. 
; d : : and P=F-v 
So, magnetic force will also increase with x. The ; . 
force on different sections are as shown in figure. Power of magnetic force is always zero. 
F, = qE 
If F, is also perpendicular to v, then its power is 
also zero. 
9. x xX X 
q® 
Force will act in positive x-direction. But, no 
torque will act. 10. |vj= V2vy = speed, which always remains constant. 


11. R< v, by increasing the speed two times radius 
also becomes two times. Hence, acceleration 
(= v/R) will also become only two times. 


Objective Questions 
2. T= eal independent of v. 
Bq 


3. B= ss a independent of diameter of wire. 
Tr 


8. In uniform B is force on any current carrying loop 
is always zero. 


9. M=NiA 
10. B-F=0asBLF 
Ss B-a=0 
or 2x+3-4=0 
x=0.5 


12. In uniform magnetic field, force on any current 
carrying loop is always zero. 


1 
13. yee or re— (as P = constant) 
Bq q 
14. 6, =180°, 6, =180°-6 
W=U,-U; 
= — MB cos (180° — @)— (— MB cos 180°) 
= MBcos 09—- MB 
P 
oF yt of” 
/ \ N 
¥ 9 
15. yy 56M r=5 em 
ra 14cm*, 
7 ! \ 
EE eee 
[So 
3.cm 3cm 


B= ro * (sin 37° + sin 37°) 


ur 
22 

16. 5 and 
2R2 + x) 

17. F=1 (1 xB) =I (ba xB) 


We can see that all (a), (b) and (c) options are 
same. 


18. F=Bqv or Fav 


m 
Fo WV 
19. Two fields are additive. 
_ of Hol | _ 2Hof 
, | on (R/2)|  -R 


i 
B= Lo c— centre. 


Now, 


nel 
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1 


20. B,= 7 8, 
HWoNiR? [Ni] 
YRe+ xy 2 8L 2R 


21. Electric field (acting along j direction) will change 
the velocity component which is parallel to B 
(which is also along j direction). 

B= Bj and v = voj will rotate the particle in a 
circle. Hence, the net path is helical with variable 
pitch. 


2Km 


22. 


23. we. le 


a FP 


26. In (c), two wires are producing © magnetic field 
and two wires are producing ® magnetic field. 

27. 1, produces circular magnetic lines current /, is 
each small circular element is parallel to (0 = 0°) 
magnetic field. Hence, force is zero. 


1 . , 
28. Arc of radius a (+ th of ctl produces magnetic 


field in k direction or outwards, while arc of radius 
b produces magnetic field in — k direction. 


p= 7 (Ho) ica 2 (bot k) 


4 \ 2a 4 \ 2a 
— Hol (2 _ :) i 
8 la b 
29. Equivalent current, 
i=qf=ef 
pablo Poet 
2R 2R 
30. > 
LWP. 
77 48° 145°. pet 
v7 1 pie 2 
Be ! N 
i ‘ 
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31. 


32. 


33. 


34. 


35. 


Bo=A i | nasi gn as) 
a/l2 
_ Wl 
ma 
At distance r from centre, 
p Ho in) 
2m or 
For path-1, i, #0 
B, #0 
For path-2, i, =9 
B,=0 


Mo 7 
dB =-—— — (dl xr 
4n pf ) 


dB is in the direction d1 x r. Hence, d] is 
outwards and r is from d1 towards P. 


Magnetic field due the straight portions is zero. It 


is only due to arc of circle. 


B= » (Ee) (Radius = x) 


From centre, r = (R — x) 
_Mo LZ _ bo fT 
r 
2n R> = 2m R? 


From Fleming’s left hand rule, we can see that 
magnetic force is outwards on the loop. 


(R-x) 


So, it tends to expand. 


Subjective Questions 


1. F=q(v xB), where g=-1.6x 10°? C for an 
electron and g=+ 1.610" " C fora proton 

2. F=q(vxB) 

3. (a) F=q(vxB) 


or [(7.6x 107) i —(5.2x10)k] 


= (7.8 x 10°) [(-3.8 x 10°)j (B,i + B,j + B.k)] 


(From Ampere’s circuital law) 


(7.8x 10°°) (3.8 x 10°) (B,) 


= (-5.2x 10%) 
2 B.=-0.175T 
Similarly, 
(7.8 x 10°) (— 3.8 x 10°) (B,) 
=7.6x 10° 
or B, =— 0.256T 


(c) From the property of cross product. 
F is always perpendicular to B. 
Hence, F-B=0 
4. Apply F=q(vxB) 


For example, let us apply for charged particle at e 


F, = (+5 1-8) x] 
é Vy54 a6 | 
qvB i 
<= (- j-k) 
a j 
5 _ v2qVn 
Bq 
pal [vm 
rV ¢ 
1 /2x2x10° x 91x 1077! 
0.18 1.6x10°° 
=838x107°T 
6. @) re = ya Ae 
Bq m 
ie 
2 Bq 
Grer™ 
Bq 


_ PB P Bq 
2qm 2m 


7. (a) Conservation of charge 


Cc) * 


They will collide after time, 

7 mm 

2 Bq 

8. (a) At A, magnetic force should be towards right. 
From Fleming’s left hand rule, magnetic field 
should be inwards. 


10. 


11: 


12. 


Further, eas 
Bq 
fs elias (r= 5cm) 
qr 
T %m 
b) t,, =-=— 
( ) ‘AB 2 Bq 


- Component of velocity parallel to B, i.e. v, will 


remain unchanged v,j and Bj will rotate the 
particle in yz-plane (L to B). 


At the beginning direction to magnetic force is 
— k [from the relation, F = q (v,j x Bi) 


In the time ¢, particle rotates an angle 


B : 33 
8=or= (22), from its original path. 

m 
In the figure, we can set that, y- component of 
velocity at time ¢ is v,,cos 8 and z - component is 
— v,,sin 0. , 


F,+ F, =0 

or qE + q(v x B)=0 
or E=-(vxB) 
or E= (Bx v) 


Work is done only by electrostatic force. Hence, 
from work-energy theorem 


= sm = work done by electrostatic force only 


2qEoz 


=(qE))z or Speedv= 


m 
Particle rotates in a plane perpendicular to B, i.e. in 
xz-plane only. Hence, v,, = 0 


When they are moving rectilinearly, net force is 
zero. 


gE = Bqv sin (90° — 8) 
E 


v= 


~ Boos 
When electric field is switched off, 
p= (22) v cos (90° — 8) 
Bq 


_ 2nm Etan0 
qB 
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13. W=F 


7 «6OF )=o mg = iB sin 90° 
mg _ (13x 10-7) (10) 
Bl 0.44 x 0.62 
=047A 


Magnetic force should be upwards to balance the 
weight. Hence, from Fleming’s left hand rule we 
can see that direction of current should be from 
left to right. 


14. (a) iB =mg 


or is IB=mg or V= mek 
R IB 
_ (0.75) (9.8) (25) 
0.5 x 0.45 
=817V 
(b) go [«si=7) 
m mR R 
_ (817) (0.5) (0.45) 
(0.75) (2.0) 
= 112.8 m/s” 


15. i=5A => B=(002j)T 
Now, applying F =i (I x B) in all parts. Let us 
find 1 for anyone parts. 
leg Hy —-h 
= (0.4 j + 0.4k) — (0.41 + 0.4k) 
=(0.4 j-0.4 i) 
16. Let surface charge density is o. 


as 


+ « 


dq =[(2mr)dr]o 
Equivalent current, 
i=(dq)f 
dM = iA =((dq)f \inr"] 


R 
M= I, dM 
dp — tol — Hoda) f 
2r 2r 
z= [paz 


Now, we can find the ratio = 
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17. 


18. 


19. 


20. 


21. 


22. 


(a) From energy conservation, 
Uy = Kg =Uy + Kye 
or (— MB cos0)+ 0=(— MB cos 0°) + Koo 
Substituting the given values, we can calculate. 


(b) To other side also it rotates upto the same 
angle. 


(a)T = 2ar 


Vv 


0) 1-0 =0() 


aes if <eV 2, __ ew 
(c) M=IA (=) (mr) 


Assume equal and opposite currents in wires cf 
and eh. 


Assume equal and opposite currents in wires PO 
and RS, then find M. 


x 


B(2j) > t=MxB 
Buy = B? + B? =V2B 


where, B = 42+ (sin 0° + sin 90°) 
4nur 


Now, 


Magnetic fields at O due to currents in wires ab 
and cd are zero. 


a 
b 
~__ a 
on. 
a 8 
Ip 
RO 


Magnetic field due to current in wire da (say B,) is 
inwards due to current in wire bc (say B,) is 
outwards. 


B,= Hot (sina + sin B) 
4m 7 


B,= Bot (sina + sin B) 
4n 4 


B,>B, as 
Bret = B, — By 


<4 
(outwards) 


23. 


24. 


25. 


26. 


In first quadrant magnetic field due to J, is 
outwards and due to J, is inwards. So, net 
magnetic field may be zero. 

Similarly, in third quadrant magnetic field due to 
I, is inwards and due to J, magnetic field is 
outwards. Hence, only in first and third quadrants 
magnetic field may be zero. 

Let magnetic field is zero at point P(xy), then 


B, = By, 
Ho Li _ Ho Lo 
2n y Mx 

fi. 
yet 
I, 


Two straight wires produces outward magnetic field 
by arc of circle produces inward magnetic field. 


Due to straight wires, 


B= f Ho 4 (sin 6 + sin 90°) | 
l4n R | 
aot (outwards) 
2mR 
Due to circular arc, B, = Al (He!) (inwards) 
2n \2R 


For net field to be zero, 
B, = B, 
or 6 = 2rad 
(a) If currents are in the same direction, then above 
and below the wires magnetic fields are in the 


same direction. Hence, they can’t produce zero 
magnetic field. 


In between the wires, let B = Oat a distance (7) 
cm from the wire carrying 75 A current. Then, 


i 6 : 5] a) 


Solving, we get r= 30cm. 


(b) If currents are in opposite direction, then in 
between the wire magnetic field are in the same 
direction. So, they cannot produce zero 
magnetic field. The points should be above or 
below the wires, nearer to wire having smaller 
current. Let it is at a distance r from the wire 
having 25 A current. Then, 


Ho [=)-(4] 75 
2n\r 2n/\40+7r 
Solving this equation, we get r = 20cm 


[NER 
2(R? ae xy? 


Apply B= 


27. I, produces inwards magnetic field at centre. 


Hence, 7, should produce outward magnetic field. 


Or current should be towards right. Further, 


ae “Ce (3) 
2R 2m) \D 


1D 
28. (a) B, = Hom 
2R 
_ WoNiR? ; _B 
eee a 


29. 10A and 8 A current produce inward magnetic 
field. While 20 A current produces outward 
magnetic field. Hence, current in fourth wire 
should be (20— 10— 8)A or 2 A and it should 
produce inward magnetic field. So, it should be 
downwards toward the bottom. 


30. (a) Bat origin Buy = Buy 


Mol 34 
=" (i+ 
inet) 
Now, we can apply F = q (v x B) for finding 


force on it. 
(b) In uniform magnetic field, 


Fim = Fano = Fu 
=I(1 xB) 
=1[{2R (—k)} x {Boi}] 
= (2B, IR) i 


Net force is two times of the above value. 


Ben| Ho “(sin 2 + sin) 
4x x” n n | 
Fy i 


=n (2sin 7/ »| 
lan (tr/n)cot t/n | 


4 ™ 1 
Loin” sin () tan (=) 
= n n 


2n*r 
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(b) The above calculated magnetic field can be 


written as 
2 
sin 1/n 
Re Moi t/n 
2r cos T/n 
As, noe«, Ke >0 
n 
Hence, lim (= vin) 1 
n/n 0 t/n 
and lim (cott/n)—> 1 
t/n> 0 i 
or B-» Ho 
2r 
32. Current per unit area, 
- I 
na’ — n(al2)° — (a/2y° 
_ 2t 
na 


Total area is (na’). Therefore, the total current is 
I, = (6) (a’) = 21 

Cavity area is T(a/ 2. Therefore, cavity current is 

1, = (6) (na’/4) = : 


Now, the given current system can be assumed as 
shown below. 


2! 
(a) Ath, B= Ho 2f = Hol (towards left) 
2n 5 qr 
4 = Bi 2 (towards right) 
2n (r—a/2) 
and att. 2 (towards right) 


gate 2. 

2n (r + a/2) 

eS But = B, - B,- B, — (towards left) 
pl fi 1 1 | 
T [> 4r—2a 4r+ 2a | 


_ pol | 167? - 4a? — 47? — 2ar — 47° + 2ar | 
T r(16 r* — 4a’) 


_ Hol eral 
tr 4r° =e | 


(towards left) 
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holm 


(b) 


Brot = B, — 2B, cos 0] (towards the top) 


_ Wo 21 aE I/2 | r 


2n R 20 ({P+@/4 (P+@/4 


[oe 4 9? | 
= bol | (towards the top) 
tr |4r+a 


33. <——F 
——¢—_—_¢--__@__¢—__o—_ 


——— 
B in the above situation is given by 


Batok 


2 
4 ——o—_o—_o—__o—__o——__ 


P 
Bo>_e—. B, 
2——. 0 9 


Qe——B, 
e——__> B 


At point P, B, and B, are in opposite directions. 
Hence, Bp =0 
At point, QO, B, and B, are in same direction. 


Hence, Bo =2 (ee) =r 


34. F _Vo Lily 
L 2m a 
LL : 
Fe Bo fi'2 L (Repulsion or upwards) 
2m a 
M of the loop is inwards and magnetic field to /, 
on the plane of loop is outwards. Hence, t = 0, as 
t= M x Band angle between two is 180°. 
35. /« 
O X-axis 


Electrons touch the x-axis again after every pitch. 
Therefore, the asked distance is 


2, 
d= p=v,\T =(vcos0) (222) 
Bq 


For paraxial electron 0 = 0° and q=e 
= 21mv 


Be 


xX XK XX 
Vv Vv 
Cc Cc 
V V 
L=r L>r 
and O6=n if Ls<r 


37. a; = at (along negative z-direction) 
m 


Electric field will make z-component of velocity 
zero. At that time speed of the particle will be 
minimum and that minimum speed is the other 
component, i.€. vp. 


This is minimum when, 


E, 
or O= vy —- 1 
m 
or t= vo 
qk 


38. Path is helix and after one rotation only 
x-coordinate will change by a distance equal to 


pitch. 
2 
x = p=(v)cos8) se 
Bq 


39. M=i(CO xOA) 
= i(CO xCB) 


= A[(— 0.11) x (0.2 cos 30° j + 0.2sin 30°k) 
= (0.04 j-0.07k) A-m? 


M = Ni OA x AB) 
= Ni OA xOC) 
= (100) (1.2) [(0.4j) x (0.03 cos30° i 

+ 03 sin 30°k)] 
= (7.2i-12.47k) A-m 
tT=MXB 

=[(7.2 i-12.47 k) x (0.8 i)] 
= (-9.98j) N-m 

|t |= 9.98 N-m 


Torque vector and expected direction of rotation is 
shown in figure. 


41. B,=B,=Be=Bp 
_ puto i_ @x10")6) 


2nr (0.2/2) 
= (5.0V2) x 10° T 


Net magnetic field 
= (By + Boy + (By + Bpy 
=2/2B 


=2.0x10°T (towards bottom as shown) 


2n br? 
3 


42. i=| i (2nr dr) j= | : (2nr dr) (br) = 


(a) Forn,.<R 
puto fn 
2n 7, 


_ Mo { 2dr? /3 
21 h 


= Lodhi 
3 
(b) For, >R 
Sas 
2k 
- (42) 2nbR?/b) _ WobR? 
20 34 


3 
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LEVEL 2 


Single Correct Option 
1. 


T ng about the left end (from where string is 


connected) 
=|M x B|= MB sin 90° 
or (mgR) = (NiA) By = i (RR*)By 
mg 


or i= 
TRB, 


In uniform field, 


Magnetic force on POQ = magnetic force on 
straight wire PO having the same current. Hence, 


F =i (1x B)=i(PQ xB) 
= 2[(4i) x (- 0.02 k)] 


= (0.16 j) 
Fo ONG is ial 
m 0.1 


Linear impulse = mv 


or FAt=m.J2gh or (ilB) At=mJ2gh 


But, i At = Aq 
(Aq) (/B) =m ./2gh 
m 2gh 
Hence, Aq= 
Bl 
cere 
L 2m 


soil pe 
u=(£)e (4) aay 


-( q } E mR) : gR*o 
2m) \5 5 


x X X X 


sin§@=— = > 
r (mv/ Bq) m Bd 
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Force 


Variation of magnetic force on wire ACB is as 
shown in figure. Point of application of net force 
lies some where between A and C. 


7. Atadistance X from current /,, 
pa hods 
2n X 
Magnetic force of small element dX of wire AB 
dF =1, (dX )B sin 90° 


x=2a 


F=[ dF 


8. Apply screw law for finding magnetic field around 
a straight current carrying wire. 


[UolR? 
eT Feo 
Hol (2RP 
** 21ORY + ex 
By 
By 
10. (6—- a) =radius of circular part x xX xX 
_ mv 
=F 
Vv Bq (b-a) © 
am — 
oe — 
L 2m 
qd q ml? ngfl” 
M= I@)= 2mf )= 
(2) are) (*8) cane 


12. At x=0, 


M 


y=t2m 

Fyne = Fyp =i [MP xB ] 
= 3[(4j) x (5k)] 
=60i 


13. Fypo = Fag and this force should be upwards to 
balance the weight. 


ilB =mg, where 
a 
l= MO =— 
g 2 


2Mg 
aB 


Force is upwards if current is clockwise or current 
in MQ is towards right. 


14. 5 = radius of circular path 


i(a/2)B=mg or i= 


mv mv 


Bq (oni) (q) 
Mogr ni 
2m 


15. (a) BL vy, so it may along y-axis 


(b) F 1 y, 
g alv=0 
or a-v=0 
or a,b, = ay by 


(c) See the logic of option (a). 
(d) Magnetic force cannot change the kinetic 
energy of a particle. 


16. Magnetic force is always perpendicular to 
velocity. So, it will always act in radial direction 
which will change tension at different points. But, 
time period and 0 will remain unchanged. 


17. Force on the wires parallel to x-axis will be 
obtained by integration (as B « x and x 
coordinates vary along these wires). But on a loop 
there are two such wires. Force on them will be 
equal and opposite. 

Forces on two wires parallel to )-axis can be 
obtained directly (without integration) as value of 
B is same along these wires. But their values will 
be different (as x-coordinate and therefore B is 
different). 
EF, 


met = AF (on two wires) 


= Ia (AB) = Ia (By) (Ax) 
= Ia By(a)= IBya 
This is indecent of x 
F, = Fy = Bla’ #0 


18, B, =Ho in 
“mM x 
a ee | 
where, J,,=1 E eon |e b)] 
_I (c —x’) 
— (¢ -8’) 


19. F, =qE=(1.6x 10!) (-102.4 x 10°) k 
= (- 1.6384 x 10° 4 k)N 
F,,=¢(v xB) 
= (1.6 x 10° !?)[.(1.28 x 10°4) x (8 x 10779) ] 
= (1.6384 x 107 4k)N 
Now, we can see that 
F,+F,,=0 
20. Due to j component of B, magnetic force is zero. It 


is only due to i component. 
1 is towards — y direction, B is towards i direction. 


Hence, | x B (the direction of magnetic force is 


+k) 
1 
F=[dF =|, 0@)(@B) 
1 
=[, (2x 10-*) (dh) 03 y) 
=3x10*N 
21. 7=™ (during circular path) 
Bq 
qr 
m 
Now, qE = Bqv 
2 
E=Bv= Ba 


m 
ee (0.1)° (20 x 107°) (5 x 10°”) 
(20 x 10") 
=0.5 V/m 
. -7 
22. B, _ Moly — (40 x10“) (5) 


a & x 107 ) 


= 2/2 x10°°T 


p, aol _ 4m x10") (SV2) 
>" 2R, (2) (5 x 107?) 


= 2/20 x10°°T 


| 2 2 
Bret = By + By 
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23. gE = Bqv 
E 
y= 
B 
_mv_m(E/B) 
Bq B®) 
E 
a where, S = g/m 
Ps ( q/m) 


24. “ = weight per unit length 
Hoh ~ 9.01 10 
2n r 
-7 
or 210-7) (100 x 50) _ 


r 


0.01 x 10 


or r=0.lm 

When B wire is displaced downwards from 
equilibrium position, magnetic attraction from A 
wire will decrease (which is upwards). But, weight 
(which is downwards). So, net force is downwards, 
in the direction of displacement from the mean 
position or away from the mean position. Hence, 
equilibrium is unstable. 

25. Magnetic field due to current in the wire along 
z-axis is zero. Magnetic field due to wire along 
x-axis is along j direction and magnetic field due 
to wire along y-axis is along — i direction. Both 
wires produce 


gobo! 


26. | Fagcl| + =|Facl= iB 


= (2) (5) (2)=20N 
1 qx 


27. E= 
4TE, (R? + xy? 
[giR? 
2(R2+ x2)? 
where, i=qf=q (4) 
27R 


More than One Correct Options 
4. B, =Bo 
OR 
_ (4m x 10-7) (50) (2) 
2(5x 10-7) 
=4nx10°4T 
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py = HN 
. 2R, 
_ (4m x 10°") (100) (2) 
(2) 10 x 10°) 
=4nx10‘T 
When currents are in the same direction, then 
Bret = By + By 
When currents are in the opposite directions, then 
Bye = By — By 


» (a) vis parallel on anti-parallel to B. 
(c) qE+ q(vx B)=0 


or E=- (vx B)=(Bx v) 
mY _ (10) _ 
Bq 2) 
_ 2mm _ (2)(m)() _ 
Bq (2)() 
=3.14s 
Plane of circle is perpendicular to B, i.e. 
xy-plane. 
6 = 180° 


t= MB sin8 =0 
U =— MB cos8 =+ MB =maximum 


. Ifcurrent flows in a conductor, then 


E#0 (for inside points) 
E=0 (for outside points) 
Ho 7 is : 
=——r for inside points 

ake ( points) 


B=0Oatr=0, 1. at centre 


B= 40 £ for outside points. 
2n r 


F,, = upwards 


a 


F.,. = leftwards 


Net force on loop is neither purely leftwards or 
rightwards or upwards or downwards. 


. F, = q(vxB) 


Depending on sign of q, F,,, may be along positive 
z-axis or along negative z-axis. 

F, = qk 
Again, depending on the value of q it may be along 
positive z-axis or along negative z-axis. 
If q is positive, v x B and F,, comes along negative 
z-axis also. But, F, comes along positive z-axis. So, 
it may also pass undeflected. 


3 Let us take F = Ho. 


8. KE=qV or KE«xV 


,(2qV; 
pe PETE 
Bq 


T= umn or T is independent of V. 


Bq 


9. (a) Point a lies to the right hand side of ef and fg. 


Hence, both wires produce inward magnetic 
field. Hence, net magnetic field is inwards. 
Same logic can be applied for other points also. 


10. See the hint of Q.No-3 of Assertion & Reason 


section for Level 1 


Match the Columns 
1. (a) F=q(vxB) 


q is negative, vis along + iandB along + j. 
Therefore, F is along negative z. 

(b) Same logic is given in (a). 

(c) Bis parallel to v. So, magnetic force is zero. 


Charge is negative so, electric force is opposite 
to E. 


(d) Charge is negative. So, electrostate force is in 
opposite direction of E. 


. For direction of magnetic force apply Fleming’s 


left hand rule. According to that w and x are 
positively charged particles and yand z negatively 
charged particle. 


Secondly, 
Vv 2Km 
Pa = 
Bq 
re vm (K > same) 
q 


. Force ona current carrying loop is zero for all 


angles. T is maximum when Q, then angle 

between M and Bis 90° minimum potential energy 
is at 6 = 0°. Positive potential energy is for obtuse 
angle. Direction of M is obtained by screw law. 


. Two currents are lying in the plane of paper. Its 


point is lying to the right hand side of the current 
carrying wire, magnetic field is inward 

(- k direction). 

If point lies to left hand side, field is outward 

(k direction). 

ii 

2n r 


Current in same direction means attraction and 
current in opposite direction means repulsion. Let 


us find force on wire-2 by other three wires 1,3 


and 4. 


Fy=F 


——> Fro iS rightwards 


6. Fuge = Func = Fic 
Froop =2 Fic 


-|4 (lx B) 


=1 (AC xB) 
Hence, AC =(li + /j) 


> 
A D 


Now, putting value of B we can find net force in 


different cases. 
Subjective Questions 
1. Force on wire 12 will be & 
20 


x-direction. 


Force on 2-3 and 3-1: 
r=a+xsin 60°=a+ 35 


Mol _ Mo 
2a r 20 4 


32 
2 


1) (Ja) in positive 
a 
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_ Ho I 
TM 2at 2a + V3x 

Fy; = E I. ‘(dF cos60°) | | (-i) 


4Uo I 
0m 2at J3x 


| 
te } . (2a + V3x)]¢ ( 


ee 
_ i) 


a 2 
2 A 
and F,= @) 
2[ ls 
Fo = to E #024) |e Ans. 


. Magnetic moment According to Bohr’s 


hypothesis, angular momentum in nth orbit is 
(a) 
L=n|— 
21 


Further, =— or 


2m 2m 
Magnetic moment, 


u=(S)o-(S)-2)-(S) 


Magnetic field induction 


2 
re C12) ...(i) 


Mia. © 
L 


r 4€ r 
From Bohr’s hypothesis : 


n 2s 
myvr = — ..-(ii) 


20 
Solving these two equations, we find 
2 242 
e Eh 
v= and r=—2 5 
2€ nh Tmme 
Now, magnetic field induction at centre 
— Hol 
2r 
; v 
Here, i= gf =(e) (=) 
2nmr 


stale oes 

2r) \2mr 4n \?° 

_ (H2"} & nme! 
4n )\ 2eqnh }\ erntn' 


_ bomtm’e! 


8ephrn® 


Ans. 
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3. r=,9+7=4 cm 


B= 1010 sina) 
4ur 


dite 38 3 
_— (5) [2x3] 


Net field = 4B sin 8 
=4x90x10> x= 


=2.7x107°T Ans. 
4. xy-plane T= ed a T 
v 5 50 
Since, pala or Poel! 
Bq q 
Ay 
i 5 m/s 
>X 


- Se 
After collision mass has become a times and 


charge two times. 


a 


Given time tf = re i.e. combined mass will 


complete one-quarter circle. 


Further r= es 
Bq 
1 

or rem (as P = constant) 
q 


Since, charge has become two times 
7 
f= -=02m 
2 


At t = (17/40) second, particle will be at P in 
xy-plane. 
: x=r=0.2m 

y=r=0.2m Ans. 
z-coordinate Mass of combined body has become 


5 times of the colliding particle. Therefore, from 
conservation of linear momentum, velocity 


component in z-direction will become . times. Or 


1 40 8 
y,=—x— m/s =— m/s 
“ 5 
gays x atm Ans. 
nm 40 


. Fo =F, or ek = eBv 


E _120x10° 
B 50x10° 
= 2.4 x 10° mis 


Let n be the number of protons striking per second. 
Then, 


ne= 0.8 X 10% 
0.8 x 10~° 
1.6 x 10 
=5x10" m/s 
Force imparted = Rate of change of momentum 
=nmv 
=5x10" xbeix i” x24 x10 
=20x10°N Ans. 
: ‘iss 2qV 
. (a) Speed of particle at origin, v = i 2% 
m 
x a m 
t= = =a 
Vy pe 2qV 
m 


—1 5 IfqEll 2, m |_@E 
Pr al | aa ae 


(b) Component parallel to B is 


y=at=(2) a|— = Ea,| 7 
: : m 2qV 2mV 


Now, pitch = component parallel to B x time 
period 


=. Gal Be qd 2mm 
, 2mV Bq 


_ Ea |2m 


— Ans. 
B \VqvV 
7. To graze atC Using equation of trajectory of 
parabola, 
2 
ax 
=x tan0 ..- (1) 
- 2v? cos” @ ‘ 
Ww? 210° 
Her , a= = cats ae 
m 10° 
=10 m/s” 
Substituting in Eq. (1), we have 
10 x (0.17) 


0.05 = 0.17 tan 30° — ———_ 
2v? x (43/2) 


Solving this equation, we have 


v=2m/s 
In magnetic field, AC = 2r 
or 0.1= 2r 
or on 
Bq 
__ mv cos 30° 
~ (0.05)q 


_ (107')(2)(V/3/2) 
~ (0.05)(10~°) 
= 3.46x 10° T 
= 3.46 mT Ans. 
8. Magnetic moment of the loop, M = (iA)j 
= (Ipl?)k 
Magnetic field, B= (B cos 45°) i+ (B sin 45°)j 


Baran 
=— (i+ j) 
aes 
(a) Torque acting on the loop, t= M x B 


= (yl) x Ee (i+ i) 


_ 10l'B (Gj-i) or |t|=Jol?B Ans. 


5 


(b) Axis of rotation coincides with the torque and 
since torque is along j — i direction or parallel 


to OS. Therefore, the loop will rotate about an 
axis passing through Q and S as shown in the 
figure. 
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Y, 


{tl 


Angular acceleration, & = 


where, /= moment of inertia of loop about OS. 


Tos =I pr =1zz 
(From the theorem of perpendicular axis) 
But, Tos =I pp 


le): tee S58 
I 2/3MP 2M 


Angle by which the frame rotates in time 


At is 
0= soa)? 
or 6= : = (At) Ans. 
9. In equilibrium, 
2T) =mg_ or T=" .. (i) 


Magnetic moment, M = iA = (2 0| (mR”) 
T 


2 
1 = MB sin 90° = 280K” 
Let 7, and T, be the tensions in the two strings 
when magnetic field is switched on (7; > 7). 
For translational equilibrium of ring in vertical 


direction, 
T, + T, =mg .. (ii) 
For rotational equilibrium, 
D wBOR* 
T, -T: t= 
(T; —T) 7) 7 
2 
or T, -T)= ee (ii) 
Solving Eqs. (ii) and (iii), we have 
2 
7, = Me, BOR? 


2 2D 
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: ey 
As T, > T, and maximum values of 7, can be = ‘ 


We have ; 
3T) =T.4 max BOR 
07 
2; 2D 
DT, 
ie = Pare Ans. 
10. dB _ Ho (0). dx 
2m x 
B= [oi i dx 
27M 24 x 


B= ea In (=) (upwards) Ans. 


270 


dB 
a ese 


11. 0= tan“ *) = un( z = tan” 208) 
r mv/ Bq mv 


Deviation = 20 = 2ian-"( 222) 


mv 


12. (a) Yes, magnetic force for calculation of torque 
can be assumed at centre. Since, variation of 
torque about P from one end of the rod to the 
other end comes out to be linear. 


2 
T= cu) = oe 


: (6.5)(0.2)°(0.34) 
2 


= 0.0442 N-m Ans. 


(b) Magnetic torque on rod will come out to be 
clockwise. Therefore, torque of spring force 
should be anti-clockwise or spring should be 
stretched. 


(c) In equilibrium, 
Clockwise torque of magnetic force 
= anti-clockwise torque of spring force 


+, 00442 = (kx)(I sin 53°) = c4.8yey02/ $) 
or x = 0.057 m 
U =~ ke? =~ x (4.8)(0.057)° 
2 2 


=7.8x10°J Ans. 


13. Let the direction of current in wire PQ is from P to 
Q and its magnitude be /. 


Z 


xX* Ss R 


The magnetic moment of the given loop is 


M =- labk 
Torque on the loop due to magnetic force is 
tT, =MxB 
= (— labk) x (31 + 4k) Boi 
=~ 3labByj 


Torque on weight of the loop about axis PQ is 


1 =1xF=(Zi) x: mgk) 


_ mga’ 
—<% 
We see that when the current in the wire PQ is 
from P to Q,T, and T, are in opposite directions, 
so they can cancel each other and the loop may 
remain in equilibrium. So, the direction of current 
I in wire PQ is from P to Q. Further for 
equilibrium of the loop 


It, |=|t2| 
or 3labB, = 2" 
2 
l= ms Ans. 
6bBy 
Magnetic force on wire RS is 
F=/(1xB) 
= I[(- bj) x {Gi + 4k) By}] 
F = [bB,(3k — 4i) Ans. 


Electromagnetic Induction 


INTRODUCTORY EXERCISE 


. @ magnetic field passing through loop is 
increasing. Hence, induced current will produce 
magnetic field. So, induced current should be 
anti-clockwise. 


. Itis true that magnetic flux passing through the 
loop is calculated by integration. But, it remains 
constant. 

dd p 


= [Potential or EMF ] 
dt 


=[ML’7A7! T-3] 


. Qis increasing. Hence, © is produced by the 
induced current. So, it is clockwise. 


. By increasing the current in loop-1, magnetic field 
in ring-2 in downward direction will increase. 
Hence, induced current in ring-2 should produce 
upward magnetic field. Or current in ring should 
be in the same direction. 


1 2 
B 
. 2nR=4L 
1 ER _ (®) (10) 
2 2 
= (5m) cm 


AS = 8, -S,=(mR*)-L 
= (0.1) — (5a) x 10-4 
= 0.0067 m? 
goes (=) 
At At 


_ 100 x 0.0067 
0.1 
=6.7V 


7. Ad =2 (NBS) 


Ag = 9 = 2NBS 
RR 
_ 2x 500x0.2x4x10-4 
50 
=1.6x10-7C 


8. 


2. 


S =[(5x 10-4) k]m? 
o =|B-S|=9x 10°’ Wb 


INTRODUCTORY EXERCISE 
e= Bil =1.1x5x08 

=44V 
Apply right hand rule for polarity of this emf. 
By e= Bul 

ce 
RR 
272 
reps? 


_ O.15Y 0.5 @) 


3 
= 0.00375 N 
Bol? 
V4-Ver— 
21 
ee ees 


2 
From these two equations, we find 


V4—Vp =—-3Bool?/2 


4. Circuit is not closed. So, current is zero or 


2. 


magnetic force is zero. 


INTRODUCTORY EXERCISE 
le|= ic or | L ba 
At dt 
Here, L=1H 
di ; 
and — =3[sin t+ tcos ¢] 
dt 
je|=3 (t cos ¢+ sin ¢) 
di d At 
L it (2) it ( ) 
=-80e* 
Further, V, — ik — ja =V, 
dt 
V,-V, =iR+ 72 
dt 
or Vy, = (10e“) (4) — 806 
=~ 400“ 


702 © Electricity and Magnetism 


3. (a) dI/dt =16A/s 
|e es) MO Oe? 
dl /dt 16 
= 0.625 x 10° > H= 0.625 mH 
(b) Att=1s,1=21A 
U= SEP : x (0.625 x 10° 3)(21)° 
= 0.137) 
P = Ei=(10 x 10%) (21) 


=0.21 J/s 


ya tolS _ An x 10° 7) (0.4) (0.9 x 10° *) 


d? (0.1x 10-7)? 
=45x10°H 
Ai |_ (4.5 107°) (10) _ 
At 0.1 


to e=| 


INTRODUCTORY EXERCISE 


_ 2 GOK 10) 
di,/dt — (8/0.5) 
= 3.125x 10 > H=3.125 mH 
a (42) _ (3.125 x 10° *) (6) 
At 0.02 
= 0.9375 V 
_ Ny _ (1000) (6 x 10-73) 
i, 3 
(b) |e |=M (4) = 2G) apy 
At 0.2 


-3 
(c) L, = “18. _ (600) Gxt0 ) 
1 


2. (a) M =2H 


=1H 


dt 
= (3.24 x 10° *) (830) 
= 0.27 V 
(b) Result will remain same. 


3. (a) jal=m (4) 


45x10°V 


INTRODUCTORY EXERCISE 


geal 1? =?R 
2 


has the units of time. 


(c) i=i-e""4) 
=10(0l-€ 110.2 
=9.93 A 


. E=VatV, 


INTRODUCTORY EXERCISE 


dt C 
di 
= (LC) — 
q=( - 
= (0.75 x 18 x 10°°) (3.4) 
=45.9x10°C 
= 45.9 uC 
(b) ViaVers 
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INTRODUCTORY EXERCISE : 


1. In the theory we have already derived mutual 
inductance between solenoid and coil, 


y= HoN Ns CHR?) 
a 
_ HoN NS): 
I 


di 
e|=| M 
|2)| | a 


_ | boN 2S; di, 
i, dt 
_ (4m x 1077) (25) (10) (5 x 107 *) (0.2) 


10°? 
=3.14 xl0°V 


(b) a-|2 =e 


_ 3.14x10°° 
(2m) (0.25) 
=2x10°° V/m 
2. (a) At P, 
na 
dt 
2. 2B 
dt 


2 
s-2(4| 
2r, \ dt 


E(2mnH)=T 


2 
Pegs GFo%5 
2r, 


Substituting the values, we have 
exited "joss 
2x5x107 


=8.0x10°7'N 


® magnetic field at the given instant is 
increasing. Hence, induced current in an 
imaginary circular loop passing through P, 
should produced © magnetic field. Or, current 
in this should be anti-clockwise. Hence, 
electrons should move in clockwise direction. 
Or electron at P, should experience force in 
downward direction (perpendicular to 7). 

(b) At B, 


PF 


[6 (2)° — 8 (2)] 


Fa 
dt 
dB >, (dB 
E (2mr,)= = (mr 
(217) ary ney) 
s=1(4) 
2\ dt 
4 2 
=— [6t — 8t 
ral ] 
0.02 
=e [6(3)' - 8(3)] 
=0.3 V/m 


As discussed in the above part, direction of 
electric field is in the direction of induced 
current (anti-clockwise) in an imaginary 
circular conducting loop passing through P,. 


Exercises 


LEVEL 1 


Assertion and Reason 
1. Due to non-uniform magnetic field (a function of 
x) magnetic flux passing through the loop obtained 
by integration. But that remains constant with 


time. 
de 
Hence, “ =0 
dt 
or e=0 


Magnetic field is along — k direction or in ® 
magnetic is increasing. Hence, induced current 
should produce © magnetic field. Or induced 
current should be anti-clockwise. 


2. At time f, magnetic field is negative or and 


increasing. 
Hence, induced current will produce ® magnetic 
field. Or induced current should be clockwise. 


d 
If “ = constant. Then, e= constant 
t 


i or rate of flow of charge is constant. 


. It can exert a force on charged particle. 


di 


4. —=2A/s 


dt 
en ee fe 
dt 


=(2)(2)=4V 
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5. Comparing with spring-block system 


(4 . : 
— | is acceleration. 
dt 


max =A =@ (A) 


=0 (Vmax ) 


(2) se 
dt max 


6. Applying RHR, we can find that 
V, > V, 

8. Ferromagnetic substance will attack more number 
of magnetic lines through it. So, flux passing 
through it will increase. Hence, coefficient of 
self-inductance will increase. 


L depends on number of turns in the coil’s radius 
of coil etc. It does not depend on the current 
passing through it. 


9. Current developed in the inductor wire will 
decrease exponentially through wire ab. 


10. V,, =", 
di di 

Lo=aL— 

dt by dt 


or L,di, = Lydi, 


or Lyi, = Lyi, 7. 


or Lx — 


Objective Questions 


1. fear 
2 


2. M«N,N, 


3. (2) -(*) 9. e 
10. 


When brought closer induced effects should 
produced repulsion. So, currents should increase, 
so that pole strength increases. Hence, repulsion 
increases. 


4. Magnetic field of ring is also along its axis, or in 
the direction of velocity of charged particle. 


Hence, no magnetic force will act on charged 11. 


particle. But, due to g velocity of charged particle 
will increase. 


“© 


If magnetic field in the shown cylindrical region is 
changing, then induced electric field exists even 
outside the cylindrical regions also where 
magnetic field does not exist. 


dq 
1=—=(81)A 
Fn (82) 
Oe eA 
dt 
At t=ls,q=4C,i=8A 
and Oh ag 
dt 


Charge on capacitor is increasing. So, charge on 
positive plate is also increasing. Hence, direction 
of current is towards left. 

a 2Q (4V 2H 2F b 


Now, V,+2x8-442x8+ 2-7, 


és V,-V,=-30V 
dl 


— =1,)@ cos wt 
dt 
Mi“ 2mre cos wt 
dt 
Cmax = MIyo 
= 0.005 x 10 x 1007 
=(5n) V 
Lipatey? 
2 
L 2 
Vel = £= 2 
iE \4 x 107° 2) 
=J/2x10°V 
Bol” 
= = constant 
2 
Ao 
Aq=— 
8 
or ieee” 


Ad = i(At)R = (10 x 107 3) (5) (0.5) 
=25x 10°? Wb 


® magnetic field is increasing. Therefore, induced 
electric lines are circular and anti-clockwise. Force 
on negative charge is opposite to electric field. 


12. 


13. 


14. 


15. 


16. 


17. 
18. 


19. 


20. 
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e=L | “ | = L (Slope of i-t graph) 


e=0 


Then in remaining two regions slopes are constants 


Initially, slope=0 => 


but of opposite signs. Hence, induced emfs are 
constants but of opposite signs. 
V,—-1x5+15+ (5x10-7)0°)=V, 
‘ V_—V,=15V 
1 =(10r+ 5)A 
a = 10 A/s =constant 
dt 
At, t=0,1=5A 
Now, V,-3x5-1x10+10=V, 
V,—V, =15V 
Vo) max = Vt)max 


% _7 (=) 
Cc dt max 


(=) _ % 
di lin LC 


o, = BS cos 0° = 2 Wb 
6, = BS cos 180° =-— 2 Wb 


|Ao| = 4Wb 
|Ad| 

Aq|=—! 

|Aq| a 
=" 26ac 
10 


S = (ab) k> perpendicular to x y-plane 
od =B-S = (50) (ab) = constant 
im 
dt 
ae e=0 
Back emf = Applied voltage potential drop across 
armature coil 
=200-iR 
= 200 -1.5 x 20 
=170V 


e 705 


a1, Ns /p _¥s 
Np Is Vp 
r=, =(22\ 
Ns 
== x20=40V 
i -(#5] I, 
P 
-(5)@=24 
2 


22. Relative velocity = 0 
Charge in flux = 0 
23. Incase of free fall, 
| a 


d=—gt 
78 


=5 (10) (= 5m 


Here due to repulsion from induced effects 


a<g 
d<5m 
di 
24. V,-V, =L— 
A B dt 
=L(-a)=—-aL 
25. j= 2 = =40A 
R03 
1 


u =1 12 =1x50x10-3(40? 
2 2 
=40J 
26. Value remains oth in 20 ms times. Hence, two 


half-lives are equal to 20 ms. So, one half-life is 
10 ms. 


tio =(In 2) To = (In 2)= 


pune 
hy2 
= 2) @) _ G00 in 4) 2 
10x 10 
27.5 ize 
R 
_N (Ao/At)_ NS (AB/At) 
R R 
_ 10 (10 x 10° *) (10*) 
20 


=5A 


706 « Electricity and Magnetism 


28. 


29. 


30. 


31. 


32. 


33. 


34. 
35. 
36. 


37. 


38. 


39. 


In steady state, whole current passes through the 
inductor. 


If current is passed through the straight wire, 
magnetic lines are circular and tangential to the 
loop. So, no flux is linked with the loop. 


In second position, Ad = 0 
Ag 
=—=0 
|0>| ° 
From Lenz's law, induced effects always oppose 
the cause due to which they are produced. So, 
when the first loop is moved towards the smaller 


loop, it will face repulsion. 


L 
a ae 


ip = 5 =3A,1=25 


i=ijp 1-€"*4) 
Substituting the given values, we can find i. 
In AB, 1 is parallel to its v. Hence, PD = 0 


vis parallel to I. 
For wire ab, velocity vector is parallel to 1. 


Current increases with time. So, flux passing 
through B will increase with time. From Lenz's 
law, it should have a tendency to move away from 
the coil to decrease flux. 


For E # 0, > must change 
or — #0 


Even if radius is doubled, flux is not going to 
change. 


M 
By 

B 
Velocity Bi 
N 


By is parallel to MN (or 1) and B, is parallel or 
antiparallel to velocity. 


Subjective Questions 


1: 


When switch is opened current suddenly 
decreasing from steady state value to zero. When 
switch is closed, it takes time to increase from 0 to 
steady state value. 

Ai 


=| 
At 


At in second case is large. Hence, induced emf 


is less. 
NA 
je (—) cos 30° 
At At 


S= () sec 30° 
NAB 


_| (80x 10° *) (0.4) E i; 
nd V3 ee 


Side of square = 1.36 m 
Total length of wire = 50 (4 x 136) 
= 272m 


. O=BS = BS &% 


do 


Induced emf = | — | = aBy Se“ 
dt 


. (a) At a distance x from the wire, magnetic field 


over the wire ab is 


pabot 
2m x 
dV = Bydx = & ) ns 
21x 
x=dt+l 


Total emf = | dV 
x=d 

(b) Magnetic field due to current 7 over the wire ab 
is inwards. Velocity of wire ab is towards 
right. Applying right hand rule, we can see 
that a point is at higher potential. 

(c) Net change in flux through the loop abcd is 
zero. Hence, induced emf is zero. So, induced 
current is zero. 


. At ¢=0, inductor offers infinite resistance. Hence, 


current through inductor wire is zero. Whole 
current passes through two resistors of 4Q each. 


10 
i; =——_ =1.25A 
4+4 
Att= co, inductor offers zero resistance. 
8x4 
Rye = 4 + 844 
= 6.67 Q 
So, main current 
10 
in =—— =1.5A 


net 
This distributes in 4Q and 3Q in inverse ratio of 
resistance. Hence, current through 4Q is 1A and 
through 8Q is 0.5A. 
For equivalent t, of the circuit R,, across inductor 
after short-circuiting, the battery is 10 Q. 
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t 
i, = 0.5 (1—e °) 
=05(1-¢!) 


Lone oss i= Current 
through 
1.25A battery 


t 


i=1.25+ 0.25 (1-e 7°!) 


=1.5-0.25¢!" 
6. Similar to above problem 
2NBS 
Aq = —— 
R 
pa AOR 
2NS 
_ (4.5.x 107%) (40) 
(2) (60) (3 x 10°°) 
=0.5T 
1.-¢@= Ms s (F = ™R* (Slope of B - ¢ graph) 
dt dt 


(a) e=(n) (0.12) (*2) = 0.011 V/m 


(b) Slope of B-z graph is zero. Hence, 
e=0 
(c) Slope is just opposite to the slope of part (a). 
8. Induced emf (e= BvL) and therefore induced 
current is developed only during entering and 
during existing from the magnetic field. 


,-£_ Bu 

RR 
272 
foes 


Further, magnetic force always opposes the 
change. Hence, external force is always positive. 
During entering into the field, ® magnetic field 
increases. Hence, induced current should produce 
© magnetic field. Or it should be anti-clockwise. 
During existing from the magnetic field case is just 
opposite. 


= B,va— Bava 
= (B, — By) va 
-|Ho 2 Ho? fi 
2n x MWxta 
_ Ho 2ia’v 
4m x(x +a) 
10. g=Ho! 
2n r 
Moiv ¢ dr 
dV = Bydr= eal — 
2n- r 
n : 
v=fav =" In| 2 
: 20 i 
4 
11. Het! 
dt 
di = = (V,dt) 
aa 
re [dizi=s [rar 
L 
or i= ; (area under V, versus t graph) 
(a) Att=2 ms 


i=(150x wy (3 x2x10°x 5 


= 3.33x107A 
(b) Att=4ms 
Area is just double. Hence, current is also double. 
42: tps) 22 | 22 poen 
di/dt 0.064 
(1 =" 
I 
ie Li _ (0.25) (0.72) 
N 400 
=4.5x104 Wb 
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13. 


14. 


15. 


16. 


(a) m= 202 _ (400) (0.032) _ 
i; 6.52 
N10, 


iy 
ob, = Mia _ 1.96) (254) 
ae. 2 700 


= 7.12 x10? Wb 


1.96 H 


(b) M = 


L 
a ae 


The given time ¢ = 0.1 s is one time constant. 


The desired ratio is a (2 P=Vi) 


: E 
After on time constant V; = — as 
e 
V, = Ee t/t 


care | 
Hence, the desired ratio is — = 0.37. 
e 


pee" 057A 
R128 


L385 
Gee a8 oars 
R 128 


(a) After one time constant (¢ = 0.278 s = T,) 


Power supplied by battery = Ei 
P = (3.24) (0.16)= 0.518 W 
(b) Pp = i?R 
= (0.16) (12.8) = 0.328 W 
(c) P, = P— Pp=0191W 
(a) After one half-life, 
t=tj>= (in 2) 4, 
= 0.6934 
R 
_ (0.693) (L25 x 10°) 


50 
=1.73 x10 


1 I 
(b) (5 1) = (3 ug)/2 


Now, apply 
i=ip(1-e€"*) 


L 
where, T, = R 


17. Steady state current developed in the inductor 


18. 


19. 


20. 


E_, 
== = iy (say) 
7 


(a) Now this current decreases to zero 
exponentially through r and R. 


tl 
i=ige “2 


_ L 
R+r 


where, Ty, 


Energy stored in inductor, 


2 

15 (1,\(E 

Uy) =—Lig =| —L || — 
oo (5 \@ 


Now, this energy dissipates in r and R in direct 
ratio of resistances. 


BE 
HH, = dl Uo = 
R+r ar (R+1r) 


In steady state, main current from the battery is 
E 2 
ip == ay =4A 
R 5 
Now, this current distributes in inverse ratio of 
inductor. 
10 8 
iz= 4A)=—A 
: [s + ;) CN; 


1 21472 
a)— Li, =— CV, 
oie 0=5 oo 


_CVe _ (4x 107%) (1.5) 


oe i, (50 x 10-3)? 
=3.6x10 7H 
1 1 
Pe 2nVLC 2m (3.6 x 1073) (4 x 107°) 
= 0.133 x 10* Hz 
= 1.33 kHz 
(c) jee : 78 
4 4f 4x133x10 
= 0.188 x 1073s 
= 0.188 ms 
Que ret 
‘i J. 


(b) At t = 0, g = q =CVp = (100 NC) 


Now, q=4 cos Wt 


21. 
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1 
=> L= 
VLC oC 


“ 


(c) O= 


(d) |i|= 


= qo sin wr 


me value of current in first quarter cycle 


T/4 
dt 
— Jo 


~ T/4 


Z 


‘a 
a + 
(a) j 


LI? = Svs 
Wat (as I, = 0) 


172 las 
b) —CV, ==—LI, 
(ys o = 5/0 


(c) Unax = a 


(d) U, = 


LEVEL 2 
Single Correct Option 


1. 


1 4 14 
50 = 5 imax 


: = m 
Imax = L Vo 


» Vo= Bul 


q=CVo = BvIC =constant 


~ dt 


Uc = doy? =1 ee, 
2 2 


. From right hand rule, we can see that P and QO 


points are at higher potential than O. 


. At mean position, velocity is maximum. Hence, 


motional emf Bv/ is also maximum. v oscillates 
simple harmonically. Hence, motional emf will 
also move simple harmonically. Further, polarity 
of induced emf will keep on changing. 


. Att=tside of square, 


1=(a+t 2vot) 


Area, S=l =(a+t 2vot) 

o = BS = B (a+ 2vot)’ 
do 

e=— =4By, (at 2vot 
dt rere) 
=) [41] =4A (a+ 2vot) 

28 7m 
R AX 

6. At time ¢ 


Side of square / = /,; — dt 
S=P =(-o1/ 
At given time 
il =1L-ot=a 
6 = BS = B (i, -aty 


e-| ae |= 28 (i, — at) 
dt 


But, (i, —at)=a 
. e=2aa B 


7. 
=% a _ 2v 
ia 
Bor * (*)} 
ae = Bul 
2 2 
8. From right hand rule, we can see that 
Va>Vep 
qd, is positive and gp is negative. 
q=CV =C (Bil) 
= (20 x 10°) (0.5) (0.2) (0.1) 
=0.2x 10°C =0.2uC 
9. i= Bvl 
R 


Let A =resistance per unit length of conducting 
rod, then 


Byvl By 
= = — =constant 


oe 
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10. At time ¢, angle rotated by loop is 6 = wt. This is i 
also the angle between Band S. Then, : zt 
= BS cos ® i x 
es 15. : : 
= Bb cos wt x 
do 2 : x a 
e=|— |=b°Bo sin ot 
dt => dx 
iA; oO as 2 | 
dt dt poe F = dS =cdx 
aB 2m x 
E (2nr) = (nr°) — ee 
dt do = BdS =-2—d 
or E=2 la ie b 
= b : 
2 dt o={ ap = HOE in (2) 
qr dB 7 2n & 
a ar o poe, (6 
2 dt M=+=— In| = 
W =Fd= (2nr) - * ve 
2 (4B 16. p,=Ho- 
=mrq 2m x 
dt 
22 de= B, vdx = #94 y dy 
-(2) (1)? (10~°) (2 x 103) 2m x 
b ) 
_9 e=| joe in(2) 
=2n x10 *J a 2m a 
12. Initial current = We 1A j=+= Holy In () = Induced current 
10 R 2nR a 
o, =LU;) = 500 mWb= 0.5 Wb dF = (i) (dx) B, 
20 . 
Final t=—=4A y 
inal current = 7 Ae ie (*)] E ‘| ix 
6, =L (I,)=(0.5)x 4 =2 Wo a 
Ao = 1.5 Wb F= | dF 
1 171 7 
13. Ps E 1 | db aB 
17. El=— =S — 
2 212 dt dt 
1 F = 
i= orm de") E (nr) =n 
Filo el or ee Sas or Ear 
2 V2 2 dt 
18. Magnetic field through Q (by /,) is downwards. 
t v2 ee 
—e=lIn Ta By decreasing 7,, downward magnetic field 
"1 a through OQ will decrease. Hence, induced current in 
V2 QO should produce magnetic field in same 
or t=T, In| —— aise 
=] irection. 
rp V2 19. i=00-e"%) oF Gee 
Ra ‘ 
= —thty 
_E Ee =% (= (as V, = Fe t!*t) 
14, Bato! RR R 
2n a “ V, = (ipR) - (R)i 
F = Bqv sin 90°= pot, (qv) ie. V, versus i graph is a straight line with positive 
2m a intercept and negative slope. 


20. e= Bvl=0.5X4x0.25=0.5V 


12 Q and 4Q are parallel. Hence, their net 
resistance R = 3 Q. 


aes eee 
R+r 3+2 
21, Hag 
dt dt 
E (2mR) = (nr°) @) 
2 
r 29. 
E=—B => F=qE 
aa q 
and t= FR=qER= sar 
22. 
30. 
"eb 
= 
°- OR 
2 2 
pp = Bal? _ (B)W/2R) GRY _ app 31. 
2 2 
32. 
23. i,=|\—U|1,2,-|\—L|r 
H+ 1 H+ 
(ae ee oe eee 
yn+1 qH+1 
_ LL 
me dae Ley 
Similarly, Rut = His 
R, + Ry 
Ae Lact = L 
Reet R 
24. i=ine "™ 
B iy = ige 7! 
T 33. 
t= 
In (1/B) 
25. P=i5R gee gee 
R R 
L=TR 
Heat dissipated = lie = (tR) (7) = | 
2 ps R 2 
26. In decay of current through Z-R circuit, current can 
not remain constant. 
27. By short-circuiting the battery, net resistance 


‘ _R . 
across inductor is 3 (R and R in parallel). 
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28. 


Att=0,i=E/R 


Now, this current will decay in closed loop in 
anti-clockwise direction. So, |i,|= 1, = £/R in 
upward or opposite direction. 


Hence, bh =- = 
R 

ee E Li | 

2 414 

So, L= > half value 


t= t,> = (In 2)t, = (In 2) (=) 


; ree) 
Steady state current through inductor in 7 


So, at ¢ = 0, current in closed loop (confiding of 
capacitor) will remain same. 


Att=0,V,=-E 


B i , 
Vga OY onan ...(i) 
Bo (2R)° 
Vy —Vo= ae. = 2BoR? ii) 


Cc A 
@ (0) 


Adding these two equations, we get 
Vi—Vo=4Bor’ 

> Vp 

dx 


x 


Vv 


——> Vy 


Vy — Vv 
ven+( = t) x 


Small potential difference = By (dx) 


l 
Total potential difference = \, Bydx 


1 
=—B(v,+y)/1 
5 (vy) + v2) 


712 © Electricity and Magnetism 


34. At time t= 0, resistance offered by a capacitor = 0 
and resistance offered by an inductor = a 


RR_5R 
Rret = 3 + 3 ie =5 Q 
Current from the battery, 
Reet 5 
L_ 0.01 
35. t, =— =103s 
R10 


=(0.1x 10° *) (10) =10" +s 


20 
jf = Sok 
(io) 10 


20 
inc =—=2A 
(inde 10 
The given time is the half-life time of both the 
circuits. 
ee 
i= Ic = ca 1 A 
or total current is 2A. 
d dB 
36. picts = (45° — na’) B, 
dt dt 
_ lel (4b° -— na’) Bo 
R R 


® magnetic field is increasing. So, 
©magnetic field is produced. 


< 


> 


bt+a b 
37. 6,= J Po” (ads) = ed n (24) 


x 


x x x xX 
iY) 


Similarly, 


b-a 
b+a 
n 
i 


More than One Correct Options 


Ad = 10, O,|= pe n (322) 


Ad _ Hola | 


A ry 
R  2nR 


L 
1. e=Bvl, where i=, 
For polarity of this motional emf, we can use right 
hand rule. 
j~_* 
. x 
i x 
2. (a) x 
x 
x 
>| dx 
p.atod 
“ 20 x 


do = (B,) dS = & ‘) (adx) 
2m 
i= [a = _ tt In2 


vate 
i 20 


Wire produces © magnetic field over the loop. If 
the loop is brought closer to the wire, © magnetic 
field passing through the loop increases. Hence, 
induced current produces © magnetic field so, 
induced current is clockwise. 


No, gti 
3. @L=— => o=5 


So, SI unit of flux is Henry-ampere. 


r= __ —eAt 
Ai/ At Ai 


Hence, SI unit of L is = 


ampere 


= (In 2)t, =(In 2) s 


nmiet 
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Hence, the given time is half-life time. V,-Vi=L di _ 1x4=4V 
ig _ 8/2 dt 
2 2 V, = Ve = af == 1V 
C 2 


Rate of energy supplied by battery 
= EFi=8x2=16]J/s 
Py =P R= OF Q)=8 Is 
V,—-V, =E-iR=8-2x2=4V 

. According to Lenz's law, induced effects always 
oppose the change /, and 7, both are in same 
direction. Hence, magnetic lines from B due to 
both currents are from right to left. By bringing A 
closer to B or increasing 7, right to left magnetic 
field from B will increase. So, 7, should decrease. 
. 0; = BS cos 0° = (4) (2)=8 Wb 
6, = BS cos 90° = 0 


Ao = 8 Wb 
ident shy 
At 0.1 
fall ppd 
R 
hg 
R 


This current is not constant. So, we cannot find the 
heat generated unless current function with time is 
not known. 


GZ)..." (ze) 
dt) rox q LC % 


. If ® magnetic field increases, then induced electric 
lines are anti-clockwise. If ® magnetic field 
decreases, then induced electric lines are 
clockwise (both inside and outside the cylindrical 
region). 

On positive charge, force is in the direction of E. 
On negative charge, force is in the opposite 
direction of E. 


. g=20 
po cae 
dt 
Wi Wit 
dt 
At t=ls,q=2C,i=4A 
and Le 


V.-V,=iR=4x4=16V 
V., —V, is summation of above three, i.e. 21 V. 
10. V, —V,.=0as 1 is parallel to v. 


Bol? 
Vg V, = Ke V, a 2 


Comprehension Based Questions 
1. 2 (60? + 24) T/s 
dt 


At 225, aagtis 
dt 


si- 2-5 (4) 
dt 


or E (2ur) = 1 (4) 
dt 


_r dB 
2 dt 
_ qr dB 
2 dt 
_ (1.6 x 107!) (1.25 x 107) 
2 
=48x10°71N 


F=qE 


(48) 


2. From Eq. (i) of above problem, we can see that 
Ear 
i.e. E - r graph is a straight line passing through 
origin. 

3. © Magnetic field is increasing. Hence, © magnetic 
field is produced by a conducting circular loop 
placed there. For producing, magnetic field 
induced current should be anti-clockwise. 
Direction of induced circular electric lines are also 
anti-clockwise. 


db dB 7 
A. |e|=|— |=S— =(no’) B 
le | = Ai (na“) By 
5. aS 
dt 
E (2na) = (na’) By 
or we ae 
2 
6 F =qE=-— qaBy 
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1 4 
t=Fa=— gaB 
a4 0 


1 4 
(5 48) 
B, 
ee 2 _ qo 


I ma’ 2m 


7. o-ar- (2), 


2m 


1 4 1B 
P=TW=|—ga’ By | | — 
& )(Z 


_ Bia 
4m 
d dB 
8. gee ag 
dt dt 
= (0.2 x 0.4) (2)= 0.16 V 
alle 0.16 
R (1) (40+ 40 + 20) x 10-7 
=0.16A 


© Magnetic field passing through the loop is 
increasing. So, induced current should produce 
® magnetic field. Hence, induced current is 
clockwise. 


9. Att=2s, rod will move 10 cm. Hence, 40 cm side 
will become 30 cm. 
lel=¢, (say) = 8 (F 
(0.2 x 0.3) (2)=0.12 V 
At t=2s,B=4T 
: & = Bul 
= (4) (5 x 10°”) (0.2) 
= 0.04 V 
=e,-& =0.08 V 
#0: 4c 0.08 = 
R (1) 0+ 30 + 20) x10 
=O0.1A 
F=ilB 
(0.1) (0.2) (4)= 0.08 N 


net 


11 to 13 
At terminal velocity, 
iLB = mg 
._mb_ 02x98 


‘TB 1x06 

i=3.27A bes (il) 

e= BvL (v = terminal velocity) 
= (0.6) (v) (1) 

e=0.6v 


.. ii) 


... (iii) 
R, and R, are in parallel. 
Se 
R, +R, 
e 


...(iv) 


net 


i= 


a ..(V) 


net 


Solving these five equations, we can get the 
results. 


Match the Columns 
1. (a) B == 


i 


_| MLT~?|_ eas 
(a1-| a |-00 A] 


(b) U = 51? 


A w-[S]-]] = [MLT-2A-2] 


2 A 


(c) @ 


VLC pl =| a 
(d) [6]=[BS] =[MT-7A7'L7] 
2. V,=Ee "™% =10e "% 


Ty a a 

V, =10e' 

Vp =E-V,=100-&€') 
Now, we can put ¢ = 0 and t = 1 second. 


3. 622" 9 pal 


VLC 


(a) imax = Og = 8A 


oy) | # 


2 
=°q, = 16 A/s 
a %N 


di 16 
(d) Vent, =LS=() (2) =v 
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4. Steady state current through inductor, 
9 
ip =—=3A 
3 
Now, this current decays exponentially across 
inductor and two resistors. 


L 9 


R 6+3 
ty. = (In 2) t, = (In 2)s 

Given time is half-life time. Hence, current will 

remain 1.5 A. 


T= ls 


In the beginning (=) =3A/s 
dt 
ee -di 
After one half-life time eo =1.5 A/s 
t 


(a) y,-1(—#)-9x15-135¥ 
t 


(b) Vag = iR =1.5X3=4.5V 
(c) Veg = IR =1.5X6=9V 
(d) Vie =V, —Vaq =9V 

5. @ =2t 


_ 4 _ 
(a) e= x 2V 


(b) i= ; = 1A =constant 


(c) Aqg=iAt=1x2=2C 
(d) H =i°RAt= (1)°(2) (2)= 4) 

6. (a) If current is increased, ® magnetic field 
passing through loop will increase. So, induced 


current will produce © magnetic field. Hence, 
induced current is anti-clockwise. 

Now, i and / currents in PQ are in opposite 
directions. Hence, they will repel each other. 
Same logic can be applied for (b) part. 

(c) situation is similar to (b) situation and 

(d) situation is similar to (a) situation. 


P 


Q 


Subjective Questions 


L 
1. "> 


fe CR Te 
wb LC 


and T=CR, 


Tr =e 
For the given condition T, = T. = T (say) 
Now, in L-R circuit 


V : 
Le) 


este V _ 
InCR circuit, [5 = ra a 


V 
l=I,+1,= ms = constant Ans. 
. Motional emf, V = Bvil 
‘ ee RR, 
Net resistance of the circuit = R + ———— 
R, +R, 
Current through the connector, 
Byl 
i = ——___ Ans. 
R+ Mik 
R, +R 
3. 6 =F 


de = B (ax) dx 
Here, B= Ho — i 
2n d—xsinwt 
de=Ho@ Fy 


2xn d-—xsinot 


Vou=Vo- Vy = [de=hOr(*_* __ a 


0 2n “09 d—xsin@t 
eee @ in d- en Le 
27 sin@¢| sin@t d 
Similarly, 
Hoi@ ra x 
Vop =Vo —V3 = dx 
sas " 2 20 Ii d+xsinot 


Ui d (“ + cen) 
= a In 
2m sin wt sin wt d 


Vas =Voe —Vou 


_ dla ae 4 a In d- a 
27 sin wt sin wt d+ asinot 


Ans. 
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Note This function is discontinuous at wt = nT. 


4. Att=0, equivalent resistance of an inductor in 
infinite and at ¢ = oo, equivalent resistance is zero. 


102 
5Q 


.. Initial current through inductor = 0 and 


36 
Final current through inductor = Tr =3.6A 


To find equivalent time constant, we will have to 


short circuit the battery and find net resistance 
across inductor. 

1 
_ 0x5 _ 10 ° 

10+5 3 

L 3 
= — =— ms 

Current through inductor will increase 
exponentially from 0 to 3.6 A. 


net 


net 


3 
i=3.6(1—e“*“), where t, = 7 ms = 300 us 


Current through 10 Q will vary with time. Ans. 


5. At¢=0, Current through inductor will be zero. 


MipscusentS et” 
W2+V 3 
Net mies? 2 6 
2+1 3 
103 54 
2/3 
22 


To find equivalent time constant short circuit, both 


the batteries and find net resistance across 
inductor. 


241 3 
fA 3 : 
273 2000 


21 2, 


net 


net 


Current through inductor will increase 
exponentially from 0 to 5 A. 


_ 20001 
jns[-e 3 | 


. These are two independent parallel circuits across 


the battery. 

(a) V,, = £ =120 volt (at all instants) 

(b) ais at higher potential. 

(c) V., will decrease exponentially from 120 V to 
zero. 
“. Vig =120 volt, just after the switch is closed. 

(d) c will be at higher potential. 

(e) When switch is opened, current through R, 
will immediately become zero. While through 
R,, will decrease to zero from the value 


- = 2.4 A = iy (say), exponentially. Path of 
2 
this decay of current will be cdbac. 


Just after the switch is opened, 
Vi» =—igR) =- 2.4 x 30=- 72 volt 
(f) Point b is at higher potential. 
(g) Vig = — ig(Ry + Ro) = — 2.4(80) = — 192 volt 


(h) This time point d will be at higher potential. 


© Gq =8CVY : G@=CVY 


N+ %=9CVo 
In the absence of inductor, this 9C)V will 
distribute as 6 CV) in 2C and 3CV) in C. Thus, 
mean position of g, is 6 CV) and mean position of 
qn is 3CV . 


| | 
—| [+ +| [= 


n Ge 
a 
OOOO 
Att=0, g, is 2CV, more than its mean position 
and q is 2CV, less. 
Thus, do = 2CVp 
2C 
Cret = 37 
1 3 
oO= = — 
LC vet 2LC 
(a) Tmax = GO 
6CV, 
(b) VY; = —* = 3% 


10. 
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and 


(c) i = qo sin@t 


Vi 
—r— 


20 V 
di ee 
a) V, =L—=(1x 10%) (201) = 0.02 V 
lap ata k 5, 200) 
= 20 mV 
= t eZ = 2 
(b) q= |i dt = | (201) dt = 10t 
2 
q _ 10¢ +7 4.2 
V=2=—_=(10"P)V 
c 10° ( ) 
2 
q _l,2 
c) —>-Li 
© 5673 
2,2 
(OF > + x 107 x (2017 
Iie 2 
or t>63.2x10° s 


or t > 63.2 us 


. In steady state when switch was closed, 


ip = E/R=(1/5)A=0.2A 
After switch is opened, it becomes L-C circuit in 
which peak value current is 0.2 A. 


oar oe 
=i ==C7, 
a? a8 


or L=—.C 
_ (150) 

(0.2 

=0.28H 

(a) e= Bul =08x7.5xX0.5=3V 


x 0.5 x 10° 


(b) Current will flow in anti-clockwise direction, 
as magnetic field in © direction passing 
through the closed loop is increasing. 
Therefore, induced current will produce 
magnetic field in © direction. 

272 
=) Bl= Bil 

R R 


v 


(c) F =F, =ilB =< 1B ( 
R 


_ (0.8)°(0.5)” 
1.5 


xX 7.5=0.8N 


Ans. 


Ans, 


(d) Fv=0.8x7.5=6W Ans. 
2 
2R = (=) — BP 2 
R 
2 2 
= ae = Vy (75 =6W Ans. 


11. (a) 


(b) 


So, we can see that both rates are equal. 


Magnitude of induced electric field due to 
change in magnetic flux is given by 


pE -dl= dd = 5 2 
(4 24] 
dt 


dt dt 
Here, E = induced electric field due to change 
in magnetic flux 


or El = RR? (2Byt) 


or E(2nR) = 2nR* Bot 
or E = BoRt 
Hence, F = QE= B.ORt 


This force is tangential to ring. Ring starts 
rotating when torque of this force is greater 
than the torque due to maximum friction 
(fmax = Wing) or when 

Tr 2th 
Taking the limiting case 

Tr =Tp or FR=(umg)R 

or F =umg 
or BoQRt = mg 
It is given that ring starts rotating after 2. So, 
putting ¢ = 2, we get 


wu = 2BRQ Ans. 
mg 
After 2 
Te PN hi 


Therefore, net torque is 
T=Tp—tany = BoOR’t —umgR 
2B,OR 
mg 
t= BOR? (t — 2) 


do _ De 
or I (*) = BOR’ (t — 2) 


Substituting W = , we get 


or mR? (*) = ByOR*(t — 2) 


o _ BQ 4 _ 
or J@o=— I, 2) dt 


2B 
op = 252 


m 


..- (i) 


or 
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Now, magnetic field is switched off, i.e only 
retarding torque is present due to friction. So, 
angular retardation will be 


"Sine _ WNgR _ Ug 
I mR* R 
Therefore, applying 
w” = 0% — 200 


2 
or 0= (72:2) 2 (HE) 0 
m R 


a= 


org = 2BaQ"R 
yung 
Substituting = 2BoRO 
mg 
We get 0= BO Ans. 


12. Let vbe the velocity of connector at some instant 
of time. Then, 


b 
> < 
i 
Fv rake 
R — Fin 9 
< > 
I a Ip 
Bul 
V,, = Bul, i, - , q=C(Bvl) 
52 ecui™ 
“dt dt 
Bul d 
Now, i=i,+i,=—-+CBI— 
dt 
272 ae 
Magnetic force, F,, = iB = BC: 7 
t 
Further, Fig =F -F, 
272 
or m m =F at v— BPC a 
dt R t 


i dv ={' dt 
0 Br Om + BC 
F- v 


Integrating we get, 


; B22 / 
= FR mR + RB77°C 
vas l-e 
Bl 


; eee : FR 
Terminal velocity in this case is: vp =—, Ans. 


BP 


13. With key K, closed, C, and C, are in series with 
the battery in steady state. 
Cret - 1L.F OF Gy = Cret V=20 LC 
(a) With K, opened and K, closed, charge on 
C, will remain as it is, while charge on C, 


will oscillate in L-C, circuit. 
1 


oO= 
VLC, 
_ 1 
02x10 x 2x 10° 
=5x10* rad/s Ans. 
(b) Since, at ¢ = 0, charge is maximum (= qj). 
Therefore, current will be zero. 
2 
Apel |e 
2 3\2C 
or j=—4_= us 
JEG ~ WZ 
From the expression, 
i=0\G- 
qu 2. 2 
We have, ===@ = 
V3 vi q 
or = v3 
q 2 % 
Since at ¢ = 0, charge is maximum or q), So we 
can write 
3 
4 = COs Mt or v3qp = qo COs Wt 
T T Tt 
or ot = or t= = 7 
6 60 6x5x10 
=1.05x10" s 
3 3 
(9 g=2q=2 x 20-103 nc Ans. 


14. In the capacitor, 
gq; = CV; = (10 x 10°*)(5) = 0.05 C 
gy =CV, = (10 x 10°)(10) = 0.1 C 
Charge in capacitor will increase from 0.05 C 
to 0.1 C exponentially. 
Time constant for this increase would be 
tT =CR=1s. 
Charge at time ¢ will be 
gq = 0.05 + (0.1—- 0.05)(1- e"*¢) 
=0.1- 0.05" *¢ 


15. 


16. 
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(a) At t=1s,q=0.1-0.05 &! =0.0816C 
q _ 0.0816 
Cc 10x10% 


(b) This charge 0.0816 C is also the maximum 
charge qy of L-C oscillations. 


From energy conservation equation, 


la 1 
—%0 = 77 we have, 
aE 2 
, = 40 0.0816 
0 
VLC J25x10° x 10x 10° 
=5.16A Ans. 
1 (0) 1 
Further, @ = or f= = 
VLC f 2n  2nVLC 


: 1 
2m 25x10 x 10x 10° 


=10 Hz Ans. 


(a) Let at time ¢ velocity of rod be v (towards 
right) and current in the circuit is i (from a to 5). 
The magnetic force on it is i/B (towards right). 
Writing the equation of motion of the rod, 


no SR (= | 


dt 


v dv t 
Is EyBl BP qi =e 
mR mR 


BP 
_ t 
v= Fo (l-—e ™® ) Ans. 
Bl 


Ey — Blv 
R 
Let v be the velocity at some instant. Then, 


(b) i= 


motional emf, V = Bvl 
Charge stored in capacitor g =CV = (CBI)v 


Current in the wire = “ = (CBI) — 


Magnetic force, F,,, = i/B = car) (upwards) 
t 


Net force, F,. =mg — F, 


m 


dv 29. dv 
or m = CB‘1 
ee ( ) a 
a = acceleration, a= — 
dt m+ CB‘ 


Since, a = constant 


2 mgt” 


at’ = 
2 2(m + CB7I") 


x= 


17. Let at time ¢ velocity of ring be v 


=8.16V Ans. 


(downwards) 
e= By (2r)=2Bvr 
(Two batteries of emf 2 Bvr are connected in 


lel 
parallel) R 


|v.a 


i/2 
e 2Byr 
eo 


R R 
ga Mea Fm —T 


Now, 
m 
_4 Bry 


Here F,, =2 (3) (2r) 8] = 2irB = 


am (i) 
a =—> =— (ii) 


a=ra=— .. iii) 
m 


From Eggs. (i), (ii) and (iii), we get 
g 2B ry 
2 mR 


2877? 
: (l-e ™® ) Ans. 


or v= 


2.2: 
2B°r 

. 2Bvr — mg - 
ji =—— =—2 ]1l-e m 


and Vp = Ans. 


18. (a) Suppose v be the velocity of rod ef when it has 


fallen a distance, x. Then, 

Vie =Vy or Bvl = L(dildt) 
or B(dx/dt)l = L(di/dt) or Bl(dx) = L(di) 
Integrating, we get Li = Blx 


(Bl ; 
or i=|—|x soe(l 
(=) ( 
Now, magnetic force opposite to displacement 
x will be 
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272 
F =F, =ilB = (2): 
fa 


A constant downward force is mg. 
| x=0 


+ve Fim 
Mean 
mg position 


So, this is similar situation like spring-block 
system in vertical position. In which a force 
F = kx acts upwards and a constant force mg 
acts downwards. 
Hence, the wire will execute SHM, where 
Br 
k =— 
L 

Amplitude will be at F,, = mg 


Br 
or }! =mg > A= meh 


At t = 0, rod is in its extreme position. 
Therefore, if we write the equation from mean 
position we will write, 

X =— A cos wt 
But, x =X + A =A —A cos Ot = A(1- cos Of) 


272 
where, = ie = ll Ans. 
m mL 


(b) From Eq. (i), 


2mgL 
Here, xX, =2 i 
. Bl we 2mg 
imax = = Ans. 
™ ( Fa Il Br) Bi 


(c) Maximum velocity, 


ae Br (= _ mL _ gvmL 
: Vik | ee) OV RP Bi 


Ans. 
19. (a) At time ¢, v = apt 
Motional emf, V= Bvl = Baylt 
Total resistance = a 
R, +R, 
ve (Balt)(R; + Ry) Neie: 


RR, 


(b) From right hand rule, we can see that points a 
and b will be at higher potential and cand d at 
lower potentials. 


272 
Bl aot 


F, = UB = (R, + Ry) 
ry 
Let F be the external force applied, then, 
fom Bg = may 
272 
Fak Bl aot 


m 


+ Mdy = (R, + Ry) + may 


ie? 


20. (a) At the given instant, 


AC=4, oc =" 
2 2 
and jie a. e-= 
a 2 3 
-. Velocity of rod 


= (+ *s) along the direction of current. 


Emf induced across the ends M and N 


av3 So ws 
Exod =| B Vo B dx 
clears 


ei a 

= 2 0'0 

= Vrod J é nx dx 
2 


2/ 20 1 


with end M at higher potential. 
Since, the effective length of both the arcs MAN 


and MBN is MN. 
Viod 
Io * a | us 
tk 
: dx | 
I“ ----------------- > 
al3 
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Loi 
Evan = Even = Yloop “5 2° In 3 


=Vo Polo in 3 
20 
with point at higher potential. 
Resistance of arc MAN 
= R,=(R)2(a0)=2aR . 
= Resistance of arc MBN 


=> R,=(R)a(2n — 20) =4aR 7 


Equivalent circuit at the given instant is shown in 
the figure. 


Ry 


—Eman 


i 
-Evpn R, 
Current through the rod MN, 
j= (i, + i) = [oe be [En fe 
1 2 
Pa. ds 
(een ay) ee ee 
‘MAN d LR, R, | 
_ Vobloio(In 3) (3 , 3 | 
4n 2 4) aRn 
= 2VoloHo in (3) Ans. 
16aRn 


(b) Force on the rod 


dx 


3aV3 
= 2 ° 
Fra = | a FOB 
2 


_ Wolo In3 = 9 WoioM% (In 3 
2n 32aRn? 


21. Since, PO and DC both cut the lines of field. 


Motional emf will be induced across both of 
them. 


Integrating, potential difference across 


ees Jade [."> (Hae) de 


_ Vibolo 
€pc = on 


In 2 with D at higher potential 


2VbL odo 
2n 


€po = In 2 with P at higher potential 


The relative velocity of the rod PO w.r.t. U frame 
Vrep = 2V—-V=V 
: : 1 
Now, time taken by it to loose the contact t = — 


v 
A B 


Epa | 
P}{—| -K-ww-—@ 


Epc 


p'— +—onnp000-!c 


From equivalent electrical network 

Net emf in the closed loop QPDC. 

Vi olo In2 
20 


e= pg — €pc = 
Growth of current in the L-R circuit is given by 


i=i(1- eg RIL) = (<) (a- eRILy 


I 
At time ¢ = — 
v 


i-(<)a e an 


INTRODUCTORY EXERCISE 


1. (a) X, = 2nfL 
ay 
) t= onf 


ii 
Oe age 


1 


NO C 


2. V,= V7? -V2 
= ,/(150)" — (100) 


=111.8V 

V, =1IX, =I (2nfL) 

L= Ve 111.8 
2nfl 2nx50x10 


= 0.036 H 


3. o=0,if 
X,=Xo 
1 
2n fC 
_ 1 
“Cnfyc 


or 2nfL = 


LEVEL 1 
Assertion and Reason 


41.. ZoyRh’s (Xa N,Y 


From this expression, we can see that X; may be 


greater than Z also. 
2. At resonance frequency /,, 
Xo =X, 
Now, X, =2mfL or X,= f 
f> fis XL > Xe 
=> Z=R 


For 
At resonance, X, = X¢ 


R 
cosg=—=1 
q Z 


or = 0° 


Alternating Current 


2. R= 


1 
~ (360) x 107° 


(When X, = Xc) 


INTRODUCTORY EXERCISE 


i : = resonance frequency 
2n J2C 
1 


240.03 x 2x 10° 


= 650 Hz 


Atresonance, X¥,=X- and Z=R 


R 
cosd=—=1 or = 0° 
o P i) 


Yat n40 
I 10 
z=2=™_n0 
I 10 


= 


Power factor, 5 


cos = 


SNID 
S 


Exercises 


3. 


1 
® =——— 
VLC 
By inserting a slab, C will increase. So, @ will 
decrease. 
total area under i-t graph 


Average value = —— 
total time interval 


843424449 
6 


2/8. 
6 


Za JR? 4 (Xe RY 


X,, will increase. So, Z may increase or decrease, 
depending on the value of X;.Therefore, current 
may decrease or increase. 


3A 
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6. V,=Vo => X,=Xe 8. P= Vang Dims COS 8 
So this resonance condition. ( Vo ( Io 
=|—]|—~| cos 
8. P=I2,,R V2) \V2 
Vi 
2 — Volo cos 8 
“la (10) 2 
9. Y,=240V 
oe Vy _ 240 
4 ; Vins = Tt === =170V 
9. Ipc =—E (r= internal resistance of inductor rms 
pe = ( ) J2 2 
P Vac Vac @ = 120 rad/s 
ac=, = (0) 120 
Z p+ xX? =— =———_ = 19 Hz 
nee Poon 3x34 
If Voc = Vac, then Ipg > Inc ee 1 1 
10. eee VLC J0.5x8x 10° 
R°+X 
‘ : = 500 rad/s 
en ae 11. P=Vons Dims COS O 
7OnL) _ (100) (100 x 103 1 
with increase in frequency, J will decrease. V2 V2 £08 3 
X, — 2nfL 
1 
with increase in frequency tan @ and therefore 12. X¥,.=— 
will increase. a 
11. Atresonance, X,=Xo ee 
Xo = co 
=> Z=R ; ‘ 
Vv or it becomes a perfect insulator. 
Henee, ZR 13. Substituting ¢ = -~ s in the given equation, we 
So, current at resonance depends on R. have 
Objective Questions V =10 cos (100 2) (= 
2. Average value in AC comes out to be zero. 
Zz = 10 cos z 
3 cy ? 
, = 5/3 V 
f 
15. Xo = 1 — 1 or Xe o dt 
Impedance first decreases, then increases. At oC 2nfC r 
resonance frequency Z is minimum. i.e. Xc versus f graph is a rectangular hyperbola. 
4. Incase of only capacitor and inductor phase 16. sing= x = A 
difference between current and voltage should Z 3 Z 
be 90°. fair! ( 1 ) x 
“ o=sin | — 
5. 1.,,= 2% = 0.1071, V3 ‘ 


rms J2 


5 Hein os | 
6.  =90° between V and J functions. 17. baa? Snob 


P=Vons Lrg COS @ = 0 Hence, phase difference between V and jis = So, 


= 2 2 
7. Z= VR + (X, - Xe) power consumed = 0. 
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18. Ing = “22 


R? + X? 
100 
(100)? + X7 
or X, =100V3 Q = (20 fL) 
ee 100V3 __100V3 
2nf 2n (50) 


0.5 = 


=10°Q 


19. X= = 
~~ @C 100x10° 


_ Vem _ (200V2)/-f2 
Xe 10° 
= 0.02 A =20 mA 


20. V=JVe+V7 
= (20) + (IS =25V 


But this is the rms value. 
Peak value = V2 Ving = 25V2 V 
22. Resistance does not depend on the frequency of 
AC. 


23. An ideal choke coil should have almost zero 
internal resistance. Otherwise, it will consume 
some power. 


rms 


24. 45° phase angle means, 
X,=R 
(2nfL) =R 
_R 
~ Onf 
7 100 
~ (2m) (10°) 
= 0.0159 H 
= 16 mH 
11 
f 50” 
T 1 


26. P =V ns Lems COS © 


il) 


‘(Bla)l) 


= 220 W 


27. Ic is 90° ahead of the applied voltage and J, lags 


behind the applied voltage by 90°. So, there is a 
phase difference of 180° between J, and Jc. 


T=Io-1,=0.2A 


28. V,, function is cos function, which is 90° ahead of 


the current function. Hence, current function 
should be sin function. 


29. Hypo =/’Rt 
2. ) 
I I’ Rt 
H,.=/2.. Rt= Rt= 
AC rms (=. 2 
Hpc _ 2 
Hac 1 


30. y= JV? -V2 = J20y - 012) 


=16V 


Subjective Questions 


1. X, =oL =1002 


Xi = 281050 
aC 


Za JR? + We = GY 
= (G00) + (312.5 — 100) 
= 368Q 


(a) pole 09x 
Z 368 


(b) Since, X¢ > X,, voltage lags the current by an 
angle given by 


o= cos | (4) =cos! (=) =35.3° 


(c) Vo) = IpR = (0.326) 300 = 97.8 V 

(Vo), = IpX, = (0.326) (100) = 32.6 V 

Vole =1pX¢ = (0.326) (312.5) = 102 V 
2. (a) Voltage lags 


Xco>X, 
R 
Power factor, cos 6 = ] 
R 
{FR + (Xo - Ry 


To increase the power factor denominator 
should decrease. Hence, X, should increase. 
Therefore, an inductor is required to be 
connected. 


R 
b =—=0.72 
(b) cos 2 


R=0.72 Z =0.72 x 60 
= 43.20 


(Xo — X,) = (60) — (43.2) 
= 41.642 


New inductor of inductance 41.64 Q should be 
added in the circuit. 


; ie e 6280 
2m 


rT ut 
c) O>=—-—=— or 30° 
(c) > - 3g 


Power factor = cos @ = cos 30° 


V3 


2 


From the given functions of V and i, we can 
see that current function leads the voltage 


function. 
170 ‘ 
d) Z=——=20 ( 
(d) gs (i) 
v3_R_R 
cos @ = — =— = — 
2 Z 20 
R= 10V¥3 2 =17.320 
Meal sk 
=10Q 
pn ee 
@X- 628010 
=15.92x 10° F 
hic ig 
X, OL 
Vile 25 
5 iy _ Vor _ 25 
@)10= R= 300 
=8.33x10°A 
= 8.33 mA 
Current function and Vp function are in phase. 
Hence, 


I = (8.33 mA) cos [(950 rad/s) ¢] 
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(b) X, =@L = 950 x 0.8 = 760 Q 
(c) Vo), = 10X71 
= (8.33 x 10°) (760) 


=6.33V 
Now, V, function leads the current (or Vp) 
function by 90°. 
V,, = 6.33 cos (950 ¢ + 90°) 
= — 6.33 sin (950 f) 
6. X, =2n fL=3012 
1 


Xo= = 559, 
2nfC 


FaGe +t. —5y 
= /(240)" + (301-55)? 
= 343.0 
aaa] 
(a) @ =cos (4) 


cos 0 =— 
4 Z 


_ 240 
~ 343 
= 0.697 
Since, X, > X¢, voltage leads the current. 
(b) Impedance = Z = 343Q 


(C) Voms = Lime Z 
= 0.45 x 343 
=155V 
(d) P= Ting 
= (0.45)* (240) 
= 48.6 W 
(ec) P=P, = 48.6 W 
(f) R=0 
(g) P, =0 
LEVEL 2 
Single Correct Option 
1. (fan (here V =rms value) 
Xe 3 
ees 
R 4 
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I, is 90° ahead of applied voltage function and J, is 
in phase with it. 


V/3 4 
tan 6 =—— =— 
V/4 3 

6 = 53° 


. Ip and I; are in same phase and phase difference 


between them and applied voltage lies between 0° 
and 90°. 


. X, =@L = (5 x10) (2000) = 102 
ae : = =10Q 
@C (2000) (50 x 10”) 
Since, X, = X¢ circuit is in resonance. 
Z=R=(6+ 4)=102 
mS 10 
This is also the reading of ammeter. 
V =A ng 
= 5.6 volt 


¢ 


1414A 


Ves ao” =0.2A 
R 100 
1 1 


2mfC (am) (5 x 103) ( x 10°) 


Lp= 


Cc 


= 1002 
Veal 00 _ py 


rms 


~ Fe 100 


G 


Ic is 90° ahead of the applied voltage and J, is in 
phase with the applied voltage. Hence, there is a 
phase difference of 90° between J, and J; too. 


1=JP+R 
=" + 2 


= 283A 


. Average value of 5 sin 100 at is zero. But average 
value of 5A (= constant current) is 5 A. Hence, 
average value of total given function is 5 A. 


. V function is sin function. J function is ahead of V 


function. Hence, the circuit should be capacitive in 
nature. 


Further, = 45° 


10. 


11. 


12. 


13. 


Xc=R or OC=R 
or 22s" aan 
o 100 


In option (b), this condition is satisfied. 


V =WVe+Ve-V,Y =10V 


Vo >V;,, hence current leads the voltage. 


8V 


Power factor = cos @ = ~ = 0.8 


See the hint of miscellaneous example numbers 6 
and 7 of solved examples. 


V5 = yVe +02 
= (70) + (20) =72.8 V 


X, V, 20 2 


tan 0 = 
R Vp 70 7 
In first case, X¢ = E = Ea = 880 Q 
I 0.25 
V _ 220 


In the second case, R = — = —— = 880Q 
I 0.25 


In the combination of P and Q, 
Xe 
tan d =—~ = 1 
° R 


i = 45° 
Since the circuit is capacitive, current leads the 
voltage. Further, 


Z=\R? + X2 = 8802 Q 


Ve 220 #1 A 

Z 8802 4V2 

See the hints of miscellaneous example numbers 6 
and 7 of solved examples. 


ee eee 
i= re Le. circuit is in resonance. Hence, 


Vo =V,=200V 
2: 


I Weil ay | 
2) ee 
|e + oF. | 

___VoR 
2 (R? +072) 


14. X, =oL 
If@ is very low, then X, =~ 0 
V, = 
or V=Vo=aVNy 
V 
15. Linx = (at resonance) 
6-2 
R 
R=4Q 
V 12 
Ipc = —— = =15A 
oe fo a ee 


16. Vp =\V?-Vv2 = (oy - (87 =6 V 
on ae 


tan d= 
Xp Vp 6 3 


17. Current will lead the voltage function by 90° 
voltage function is cos function. Therefore, current 
function will be — sin function. 


i 


_T _ (Qn/o)_ 2 


t 
ae | 4 20 
= ip =ls 
2 (n/2) 
16: ese e 
aC 
Z=\R+X2=V2R (as Xc=R) 
Vi V, 
I, = = (i) 
Co 2. HOR 
1. ; 
When @ becomes 3 times, X¢ will become V3 
times or V3 R. 


Z =,)(R”) + (V3RY =2R 


»_%y_% _ Ib 


OE OR fe 
More than One Correct Options 
1. Vi +V2 =100 (i) 
V,~ Vo =120 ...(ii) 


Ve + V,~Ve¥ =130 ...(iii) 


2. 
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Solving these three equations, we get 

Vp =50 V, V, = 86.6 V and 

Vo = 206.6 V 
R Vp, 50 5 
Z V 130 13 
Since V, > V;, circuit is capacitive in nature. 
i=5 sin (ot + 53°) 

7 ear ars a5 


Power factor 


cos o 


Q@Qeaseaee= 


sin ot 
ip =5A 
ae 
aan ae) 


Mean value of current in positive half cycle is 


21,-(2)0-(2)a 
T T v1 


InV =V,, sin ot, current 7 = 5 sin (ft + 53°) leads 
the voltage function. Hence, circuit is capacitive in 
nature. Same is the case with part (d). 


Pp =Vp i 


= ,/(100)* — (60) 
=80 V=iX, =i 2n/L) 
_ 80 
2nfi 
_ 80 _ 4 H 
(27) (50) (1) 52 
If we connect another resistance R in series, then it 


should consume 40 V, so that remaining 60 V is 
used by the tube light. 


Power factor, cos @ = 


N| 


When circuit contains only resistance, then 
Z=R => coso=l 
When circuit contains only inductance, then 
R=0 
cosh = 0 
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5. (a) X, > X¢, hence voltage function will lead the 
current function. 


(b) Z=yR? + (X,- Xe) 
= /(10)? + (20-10) 


=10V2Q 


R 1 
(c) cos 0 = Z fa 
Hence, @ = 45° 
(d) Power factor = cos 6 = z = aus 
V2 
6. (b) At resonance frequency (o,.) 
X,>Xoe 
In the given values, X,; > X¢. Hence, 
O >, 
As, X,;=0L > X,«<® 
and ie > aes 
aC o 


(c) If frequency is increased from the given value, 
X, will further increase. So, Y,; — X¢ will 
increase. Hence, net impedance will increase. 

(d) If frequency is decreased from the given value, 
then X, will increase and XY, will decrease. 
So, X, — X¢ may be less than the previous 
value or X; — X, may be greater than the 
previous. So, Z may either increase or 
decrease. Hence, current may decrease or 


increase. 
7. (a) Vp =IR=80V 
Vo _ 100 


b) X=" f=— = 500 
(b) Xo 7 5 


(c) V, =1X, =40V 
) V =Ving = Via + Vo — Vi 
= ,/(80)° + (100 — 40) 


=60V 
Vo = V2 Vemg = 60V2 V 
eee 
Z 
. 


*+(o--Ze) 
R° +] @L ~— 
oC 


By increasing R, current will definitely decrease 
by change in L or C, current may increase or 
decrease. 


Comprehension Based Questions 
1 to 3. 


Voc =1pc R 
Qo eee 
Ipc 4 
Tx = Vc = Vac 
ho Ra? 
24= = 


(Gy +X? 


Solving this equation, we get 


X,=40. 
co 1 
© @C 50x 2500 x 10° 
=8Q 
Z=R? + (Xo- XP =5Q 
I wt ee T.. 
Pei R=GAY G) 
=17.28W 


At given frequency, X, > X é Ifq@ is further 


ae 1 
decreased, X¢ will increase | as Xo « ) and X, 
0) 


will increase (as X; ~« @). 


Therefore, XY; — X, and hence Z will increase. So, 
current will decrease. 


1 
4. — 
? VLC 


1 
V4.9 x10 x 10° 


5 


= — rad/s 
7 
1 1 
5. Xo=——= =702 
@C 10° (10-) 
7 
Zp = Ri a XZ 
= (32) + (70) 
= 77Q 
6. At maximum current means at resonance, 
X,=Xc,Z=R 


R 
Power factor = cos 6 = | =1 


Chapter 28 Alternating Current © 729 


Match the Columns . ta : R tan o 
2. (a) =0° between voltage function and current (2nf)°C 2nf 
function. _ 1 3.125 tan 83.8° 
(b) J =I, sin (ot — 90°) (2m x 50)? x 20 x 10° 2n x 50 
i.e. = 90° and voltage function leads the =0.416H 
current aa . Cee X,-Xc¢ 
(c) Current function leads the voltage function. R 
So, 1 
or 2nfL — ——— = R tan Ans. 
Xo > X,, YL (2nfC) o 
(d) haa function leads the current function. ‘ 1 . R tan 6 
0, = 2 
2 
oo ¥é ae 3.125 tan 83.8° 
js ti ; 
. See the hint of Q.No. 6 and 8 of section more than + il 


one correct options. Then, 
P=I?.R 


By increasing R, current i,,,, will decrease but the 
2 : 
power, P = /;,,, R may increase or decrease. 


: (@) R=“ = =209 


(b) Vo = IX =2x30=60V 
(c) V, =I. X, =2x15=30V 


(d) V = V2 + Vc-V, =50V 


. (a) Resistance does not depend on the value of @. 
1 1 


(b) X¥.=—- or Xou«— 
oC oO 
(c) X,=OL or X,;«@ 
(d) Zis minimum at@ =@, and Z,,, =R 
Below or above ®, 


Za[R?4+OG okey 


or Z>R 


Subjective Questions 
1. P =V omc inns COS O 


rms 


or 200 = 230 x 8 x cos 
cos d = 0.108 
or o = 83.8° 
Further, P= in R 
RSS Ss 
rms 
(a) tan d= Jat : Ht 


on fC — (27fL) = R tan o 


(2x mx 50)? x 20x 10° (2m x 50) 
= 0.597 H Ans. 


2. Average current will be zero as positive and 


negative half cycles are symmetrical RMS current 
can also be obtained from 0 to t/2. 


T= to 1=(22), 
t/2 tT 


7 
t/2 2 
| atl dt 
Tt 
=> r) = 
0-1/2 7/2 
2 
or (7°) ato 
0-1/2 3 
Te. 
> 5 a eee 
rms 3 a3 
3. (a) 0.5=—t 
1 
Further, P=Vingtims COS 
or 100 = 230 x 2" x 05 
Z 
Z, = 264.50 


and sR, = 132.25 


Further, X, = Z? — R? = By, 
= 2290 


R 
In second case, 0.6 = 
2 


230 x 230 
= ———_ Xx 
Zy 


and 60 0.6 
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s Zy = 529 Q. 

and R, =3174 Q 

Further, Xco= Ray = RS 
= 423.20 


When connected in series, 
R=R, +R, = 449.652 
Xo-X, =194.2 
Z= (449.65)? + (194.2) 
= 489.79 Q 


R : 
Power factor, cos @ = 3 = 0.92 (leading) 


P =V ans krms COS 
230 


=e ee 


(0.92) 


=99 W Ans. 


(b) Since, X¥. — X, = 194.2 Q 


Therefore, if 194.2 Q inductive reactance is to 
be added in series, then it will become only R 
circuit and power factor will become unity. 


4. (2) gg =“ => =10A 


ig = V ing = 10V2 A Ans. 


(b) a =V?+%.-Vy =50V 


Ey = 50V2 V 
V, 40 


(c) X, =(@L) 


= H= H Ans. 


GSS F Ans. 


E o, = 30° 
Let R be the effective resistance of the box. Then, 


tan § = = or V¥3=2 ... (1) 


Xe 1 ke 
or = = 
R+10 J3 R+10 


From these two equations, we get R=5Q 


tan ) = 


.. (ii) 


6. (a) Vp =IR=80V,V- =100V 
and V, =IX, =160V 


V =\Vg+V,-Vcy =100V Ans. 


Note Value of X, have been taken from part (b). 
(b) Since the current is lagging behind, there 


should be an inductor in the box. 


X¢=*£=1009 


Now, 08=* = = - 
Z  Jsoy + (xX, - 1007 
Solving, we get 
X, =1602 
or aL = 160 
(2nfL) = 160 
1, - 160 ___ 160 
2nf (2m)x 50 


7. (a) 


sin ot 
Reference circle for voltage 


aS) 
82 
20A ba 


sin ot 
Reference circle for current 


@ = 2mf = (1007) rad/s 


From the above two figures, we can write 


; 


V = 400 sin (ot + 0,) = 400 sin | oon + *) Ans. 


[ | 


i = 20 sin (wt + @,) = 20 sin [100 + 7 | Ans. 


8. @ 


(b) Phase difference between V and i 


o=(n/4 — 116) = * ot 15° 


P=V yrs hems COS 0 = (=| (= cos 15° 
= 3864 W Ans. 

— 2 

VLC J5x10° x 20x 10° 

= 6324.5 rad/s 

X_, = OL = (6324.5)(5 x 10°) = 31.62 Q 
a 1 - 

OC 63245x20x10° 

Z=X,-Xe=233.2Q 


9Q 


Cc 


(a) Maximum voltage across capacitor 


= ip Xo = (0.211)(7.9) = 1.67 mV 
Maximum charge 
o = (20 x 10~°)(1.67 x 10-7) = 33.4 nC 
5 


(b) pen yh = OA 


Z 23.72 


(c) Since X, > X¢, current in the circuit will lag 


behind the applied voltage by 7/2. 

Further voltage across the inductor will lead 
this current by 7/2. 

Therefore, applied voltage and voltage across 
inductor are in phase. 

Voltage across the capacitor will lag the circuit 
current by 7/2. 


Therefore, phase difference between V, and V. 
will be 180°. 


9. X,, =@L, = (2m x 50)(0.02) = 6.28 Q 


Z, = Ri + XZ 
= (5) + (6.28) =802 
100 5 
Pi = Lams) 1 ims COS 0, = [~*}a00) q 


= 781.25 W 
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X1, =@Ly = (2m x 50)(0.08) 
= 25.132 


Z, =.{R3 + Xi, 


= 25.150 
P, a Cims)2V ems cos > 


=(ar13) (aes) 
25.15 25.15 


=15.8 W 
Pro =P + B= 797 W 
10. Z, =+F =38.33.0 
R 
cos >, =— 
9, Z, 
> R, = Z, cos 0, 


= (38.33)(0.6) = 23 2 
X= JZ? — R? = 30.67 
Z,=—=233Q 


Ry = Z> cos 5 = (23) (0.707) 
= 16.26 


Spee oR 
= (23)? — (16.267 


= 16.2602 
When connected in series, 
R=R, +R, = 39.262 
X,-Xo=14410 


LR eA, = Ney 


= 41.820 
ee ee 
Z 41.82 


(b) P=?R = (5.5)°(39.26) 


= 1187.6 W = 1.188 kW 


R 26 
(c) Power factor = cos = 0.939 
Z 41.92 


Since X, > Xc, this power factor is lagging. 


JEE Main and Advanced 


Previous Years’ Questions (2018-13) 


JEE Main 


1. Three concentric metal shells A, Band C 
of respective radii a, band c(a< b<c) 
have surface charge densities +o,-—o6 and 
+o, respectively. The potential of shell B 


is (2018) 
(a) {2 —b* + o (b) {2 = b* + o 
& a ce b 
o[ b? —c? 1 o |b? —c? ] 
cal es | ; sl 


2. A parallel plate capacitor of capacitance 
90 pF is connected to a battery of emf 
20 V. If a dielectric material of dielectric 


constant K = 2 is inserted between the 
plates, the magnitude of the induced 
charge will be (2018) 
(a)1.2nC (b)O3nC (c)2.4nC (d)OA9NC 


3. In an AC circuit, the instantaneous emf 
and current are given by 


e=100sin 304, i= 20 sin{301—™ | 
In one cycle of AC, the average power 


consumed by the circuit and the wattless 
current are, respectively 


1000 

(a) 50 , 10 ea , 10 
50 

(c) +0 (d) 50,0 


4. Two batteries with emf 12 V and 13 V are 
connected in parallel across a load resistor 
of 10 Q. The internal resistances of the 
two batteries are 1 Q and 2 Q, respectively. 
The voltage across the load lies betwezns) 


(a) 11.6 Vand 11.7 V (b) 11.5 V and 11.6 V 
(c) 11.4V and 11.5 V (d) 11.7 V and 11.8 V 


5. An electron, a proton and an alpha 


particle having the same kinetic energy 
are moving in circular orbits of radii r,, r,, 
r, respectively, in a uniform magnetic field 
B. The relation between r,, 7,, 7, 1s (2018) 
(aQVn>m=an 
(C).<A<%y 


(db), <r=r, 
(d)n<n<fr 


. The dipole moment of a circular loop 


carrying a current J, is m and the 
magnetic field at the centre of the loop is 
B,. When the dipole moment is doubled by 
keeping the current constant, the 
magnetic field at the centre of the loop is 
B,. The ratio 4 is 
B, (2018) 


(a) 2 (b) V3 (c) V2 (d) 


. For an R-L-C circuit driven with voltage of 


; 1 
amplitude v,, and frequency ®, = ——, 
ae ie 
the current exhibits resonance. The 
quality factor, Q is given by (2018) 
@,L @,R 
a) = b) —2 
(a) R (b) 7 
R ‘R 
(c) Cyne 
@,C Wy 


. Ina potentiometer experiment, it is found 


that no current passes through the 
galvanometer when the terminals of the 
cell are connected across 52 cm of the 
potentiometer wire. If the cell is shunted 
by a resistance of 5 Q, a balance is found 
when the cell is connected across 40 cm of 
the wire. Find the internal resistance of 
the cell. (2018) 


(a)12 (b)15Q (c)2Q (d)25a 


9. 


10. 


11. 


12. 


13. 


On interchanging the resistances, the 
balance point of a meter bridge shifts to 
the left by 10 cm. The resistance of their 
series combination is 1 kQ. How much 
was the resistance on the left slot before 


interchanging the resistances? (2018) 
(a)990Q (b)505Q (c)550Q (d)910Q 
In the below circuit, the current in each 
resistance is (2017) 

ov ov ov 

{++I | 

Zio 10 z00 

a | 

ov 2V 2V 
(a)0.25A (b)O5A (c)OA  (d)1A 


When a current of 5 mA is passed through 
a galvanometer having a coil of resistance 
15 Q, it shows full scale deflection. The 
value of the resistance to be put in series 
with the galvanometer to convert it into a 
voltmeter of range 0-10 V is (2017) 


(a) 2.045 x 10° Q (b) 2535 x 10° Q 
(c) 4.005 x 10° Q (d) 1985 x 10° 


Which of the following statements is 

false? (2017) 

(a) In a balanced Wheatstone bridge, if the cell 
and the galvanometer are exchanged, the 
null point is disturbed 

(b) A rheostat can be used as a potential divider 

(c) Kirchhoff’s second law represents energy 
conservation 

(d) Wheatstone bridge is the most sensitive 
when all the four resistances are of the same 
order of magnitude 


An electric dipole has a fixed dipole 
moment p, which makes angle 8 with 
respect to X-axis. When subjected to an 
electric field E, = Ei, it experiences a 
torque T, = tk. When subjected to another 
electric field E,= /3E,}, it experiences a 
torque T, = — T,. The angle ®@ is 


(a) 45° (b) 60° (c) 90° 


(2017) 
(d) 30° 


14, 


15. 


16. 


17. 


Electricity & Magnetism 


A capacitance of 2 UF is required in an 
electrical circuit across a potential 
difference of 1kV. A large number of 1 uF 
capacitors are available which can 
withstand a potential difference of not 
more than 300 V. The minimum number 
of capacitors required to achieve this is 
(2017) 
(a) 16 (d) 2 


(b) 24 (c) 32 


In the given circuit diagram, when the 
current reaches steady state in the 
circuit, the charge on the capacitor of 


capacitance C will be (2017) 
E r 
> 
— ] 
Cc 
AWWA 
lp 
(a) f b) CE "2 
G+n (+5) 
(c) CE 4 (d) CE 
G+n 


In a coil of resistance 100 Q, a current is 
induced by changing the magnetic flux 
through it as shown in the figure. The 
magnitude of change in flux through the 
coil is (2017) 


10 


Current 
(A) 


t 


— Time 0.5 
(s) 


(a) 225 Wb (b) 250 Wb (c) 275 Wb (d) 200 Wb 


A galvanometer having a coil resistance of 
100 Q gives a full scale deflection when a 
current of 1 mA is passed through it. The 
value of the resistance which can convert 
this galvanometer into ammeter giving a 
full scale deflection for a current of 10 A, 
is (2016 ) 


(a)0.01Q (b)2Q (c)0.1Q (d)3Q 


Previous Years’ Questions (2018-13) 


18. The region 21. 
between two 
concentric spheres 
of radii a and 8, 
respectively (see ow 
the figure), has 
volume charge 
density p = a 
r 
where, Ais a constant andr is the 
distance from the centre. At the centre of 
the spheres is a point charge Q. The value 
of A, such that the electric field in the 
region between the spheres will be 
constant, is (2016) 
Q Q 
a) ——~— b) ——_>__ 
(a) 2na? (b) 2n(b° — a?) 
2Q 2Q 
¢) d 
) ma’ — b°) i?) ma° 
19. A combination of capacitors is set-up as 
shown in the figure. The magnitude of the 
electric field, due to a point charge Q 22 


20. 


(having a charge equal to the sum of the 
charges on the 4uF and 9uF capacitors), 
at a point distant 30 m from it, would 


equal to (2016 ) 
3uF 
4uF | | 
|] SF 
At 23. 
4h 
| 
8V 
(a) 240 N/C (b) 360 N/C 
(c) 420 N/C (d) 480 N/C 


Two identical wires A and B, each of 24. 


length |, carry the same current J. Wire A 
is bent into a circle of radius R and wire B 
is bent to form a square of side a. If B, 
and B, are the values of magnetic field at 
the centres of the circle and square 


respectively, then the ratio B, is 


(2016) 
nm n° n° n° 
Oe Oe te sp 


Hysteresis loops for two magnetic 
materials A and Bare as given below: 


(2016) 
B B 


>H >H 


(A) (B) 


These materials are used to make 

magnets for electric generators, 

transformer core and electromagnet core. 

Then, it is proper to use 

(a) A for electric generators and transformers 

(b) A for electromagnets and B for electric 
generators 

(c) A for transformers and B for electric 
generators 

(d) B for electromagnets and transformers 


An arc lamp requires a direct current of 
10 A at 80 V to function. If it is connected 
to a 220 V (rms), 50 Hz AC supply, the 
series inductor needed for it to work is 


close to (2016 ) 
(a) 80 H (b) 0.08 H 
(c) 0.044 H (d) 0.065 H 


Arrange the following electromagnetic 
radiations in the order of increasing 
energy. 


A. Blue light 


(2016) 
B. Yellow light 


C. X-ray D. Radio wave 
(a) D, B, A, C (b) A, B, D, C 
(c)C, A, B,D (d) B, A, D, C 


When 5bV potential difference is applied 

across a wire of length 0.1m, the drift 

speed of electrons is 2.5 x 10° *ms"' . If the 

electron density in the wire is 8x 10% m“* 

the resistivity of the material is close to 
(2015) 

a)1.6x 10% Q-m 

b)1.6x 10" Q-m 

c)1.6x10° Q-m 

) 


( 
( 
( 
(d)1.6x 10° Q-m 
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25. 


26. 


27. 


28. 


In the circuit shown below, the current in 
the 1Q resistor is 


6V = 20 
1Q QV 
WA WA il 
30 Q 30 (2015) 
(a) 1.3A, from Pto Q (b) 0.13 A, from Q to P 


(c)OA (d) 0.13 A, from Pto Q 


A uniformly charged solid sphere of radius 
R has potential V, (measured with respect 
to cc) on its surface. For this sphere, the 


equipotential surfaces with potentials 
aM pie! and Yo have radius R,, 
2 4 4 4 


R,, R,,and R, respectively. Then, 
(a) R, #O0and(R, -R,)>, -F,) 
(b) R, = OandR,>(R, -F,) 

(c) 2R<R, 

(d) R, =OandR, <(R, -R,) 


(2015) 


A long cylindrical shell carries positive 
surface charge o in the upper half and 
negative surface charge — o in the lower 
half. The electric field lines around the 
cylinder will look like figure given in 
(figures are schematic and not drawn to 
scale) (2015 ) 


In the given circuit, 
charge @, on the 2uF 
capacitor changes as 
Cis varied from 1 uF 
to 3uF. Q@, as a 
function of Cis given 
properly by (figures 
are drawn schematically and are not to 
scale) (2015 ) 


29. 


30. 


31. 


Electricity & Magnetism 


(a) Charge (b) A Charge 
Qo Qo 
: : re ; = 
14 uF aur 1 uF aur 
Charge A Charge 
(el (d) 2 
1 pF aur 1 uF aur 


Two coaxial solenoids of different radii 
carry current Jin the same direction. Let 
F, be the magnetic force on the inner 
solenoid due to the outer one and F, be the 
magnetic force on the outer solenoid due 
to the inner one. Then, (2015) 


(a) F, is radially outwards andF, = 0 

(b) F, is radially inwards and F, is radially outwards 
(c) F, is radially inwards and F, = 0 

(d)F,, =F, =0 

Two long current carrying 
thin wires, both with 
current J, are held by 
insulating threads of 
length LZ and are in 
equilibrium as shown in 
the figure, with threads 
making an angle 0 with 
the vertical. If wires have mass A per unit 
length then, the value of Jis 


(g = gravitational acceleration) (2015) 
(a) 2sine | _™AgL (b) sine |_™94 
lL, Cos® LL, Ccos® 
(d) [mA tane 


(c) 2 TOL tang Ss 
Ho Mo 


A rectangular loop of sides 10 cm and 5 cm 
carrying a current I of 12 A is placed in 
different orientations as shown in the 
figures below. (2015) 


Previous Years’ Questions (2018-13) 


32. 


33. 


34. 


35. 


If there is a uniform magnetic field of 0.3 T 
in the positive z-direction, in which 
orientations the loop would be in 

(i) stable equilibrium and (11) unstable 
equilibrium? 

(a) (a) and (b) respectively 

(b) (b) and (d) respectively 

(c) (a) and (c) respectively 

(d) (b) and (c) respectively 


An inductor (Z = 0.03 H) and a resistor 

(R = 0.15kQ) are connected in series to a 
battery of 15V EMF in a circuit shown 
below. The key K, has been kept closed 
for a long time. Then at ¢ = 0, K, is opened 
and key K, is closed simultaneously. At 
t= 1ms, the current in the circuit will be 


(e° = 150) (2015 ) 
0.03H 0.15kQ 
OOO AWWW 
Ky 
ee 
15V 


(a) 100 mA (b)67mMA_ (c) 0.67mA (d) 6.7 mA 


In a large building, there are 15 bulbs of 
40 W, 5 bulbs of 100 W, 5 fans of 80 W 
and 1 heater of 1 kW. The voltage of the 
electric mains is 220 V. The minimum 
capacity of the main fuse of the building 
will be (2014) 
(a) 8A (b) 110A (c)12A (dd) 14A 
Assume that an electric field E= 30x? i 
exists in space. Then, the potential 
difference V, — Vo, where V, is the 
potential at the origin and V, the 
potential at x= 2mis (2014) 
(a) 120J (b) -120J (c) -80J (d) 80 

A parallel plate capacitor is made of two 
circular plates separated by a distance of 
5 mm and with a dielectric of dielectric 
constant 2.2 between them. When the 
electric field in the dielectric is 

3 x 10‘ V/m, the charge density of the 
positive plate will be close to (2014) 
(a) 6x 10° C/m* (b) 3x 107 C/m? 

(c) 3x 10* C/m? (d) 6x 10° C/m? 


36. 


37. 


38. 


The coercivity of a small magnet where 
the ferromagnet gets demagnetised is 
3x 10° Am. The current required to be 
passed in a solenoid of length 10 cm and 
number of turns 100, so that the magnet 
gets demagnetised when inside the 


solenoid is (2014) 
(a) 30 mA (b) 60 mA 
(c) 3A (d) 6A 


In the circuit shown here, the point C is 
kept connected to point A till the current 
flowing through the circuit becomes 
constant. Afterward, suddenly point Cis 
disconnected from point A and connected 
to point B at time ¢t = 0. Ratio of the 
voltage across resistance and the inductor 


at t= L/ R will be equal to (2014) 
A/ CR 
i s, L 
a 
(a) 2 (b) 1 (c)-1 = ay 8 
1- e 


A conductor lies along the z-axis at 

-1.5<z< 1.5m and carries a fixed 

current of 10.0 A in —a, direction (see 

figure). 

For a field B= 30x 10‘e°™a, T, find the 

power required to move the conductor at 

constant speed to x = 2.0m, y=Oin 

5x10°s. 

Assume parallel motion along the x-axis. 
(2014) 
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39. 


40. 


41. 


42. 


This question has Statement I and 
Statement IT. Of the four choices given 
after the statements, choose the one that 
best describes the two statements. (2013) 


Statement I Higher the range, greater 
is the resistance of ammeter. 


Statement II To increase the range of 
ammeter, additional shunt needs to be 
used across it. 

(a) If Statement | is true, Statement II is true; 
Statement II is the correct explanation for 
Statement 

(b) If Statement | is true, Statement II is true; 
Statement II is not a correct explanation for 
Statement 

(c) If Statement | is true; Statement II is false 

(d) If Statement | is false; Statement II is true 


The supply voltage in a room is 120 V. 
The resistance of the lead wires is 6Q. A 
60 W bulb is already switched on. What is 
the decrease of voltage across the bulb, 
when a 240 W heater is switched on in 
parallel to the bulb? (2013) 


(a) zero (b)2.9V  (c)13.3V_ (d) 10.4V 


Two charges, each equal to q, are kept at 
x=-aandx= aon the x-axis. A particle 
of mass m and charge q, = 3 is placed at 
the origin. If charge q, is given a small 
displacement y(y<< a) along the y-axis, 
the net force acting on the particle is 
proportional to 


(b) -y 


(2013) 


®t @m- 


y y 


(a) y 


A charge Q is uniformly distributed over a 
long rod AB of length L as shown in the 
figure. The electric potential at the point 
O lying at distance L from the end Ais 


(2013) 
O A B 
}« L >< L >| 
a (pee 
8h Eb 4m eb 
é Q (d) Q In (2) 
4m €,L In (2) 4m €,L 


43. 


44. 


45. 


46. 


Electricity & Magnetism 


Two capacitors C, and C, are charged to 
120 V and 200 V respectively. It is found 
that by connecting them together the 
potential on each one can be made zero. 


Then (2013 ) 
(a)5C, =3C, (b) 3C, =5C, 
(c)3C,+5C, =0 (d) 9C, = 4C, 


Two short bar magnets of length 1 cm 
each have magnetic moments 1.20 Am” 
and 1.00 Am’, respectively. They are 
placed on a horizontal table parallel to 
each other with their N poles pointing 
towards the South. They have a common 
magnetic equator and are separated by a 
distance of 20.0 cm. The value of the 
resultant horizontal magnetic induction 
at the mid-point O of the line joining their 
centres is close to (Horizontal component 
of the earth’s magnetic induction is 

3.6x 10° Wb/m?”) (2013) 


(a) 3.6 x10° Wb /m* (b) 2.56 x 10% Wb /m? 
(c) 3.50 x 10% Wb /m* (d) 5.80x 10% Wb /m* 


A circular loop of radius 0.3 cm lies 
parallel to a much bigger circular loop of 
radius 20 cm. The centre of the smaller 
loop is on the axis of the bigger loop. The 
distance between their centres is 15 cm. If 
a current of 2.0 A flows through the 
bigger loop, then the flux linked with 
smaller loop is (2013) 


(a) 9.1 x10" Wb (b) 6x 107 Wb 
(c) 3.3 x 10" Wb (d) 6.6 x 10° Wb 


A metallic rod of length J 

is tied to a string of ( 
length 2/ and made to 

rotate with angular speed | | 

@ on a horizontal table 

with one end of the string fixed. If there is 
a vertical magnetic field Bin the region, 
the emf induced across the ends of the 


rod is (2013 ) 
2B al® 3B al® 

a b 

(a) : (b) , 
4Bol? 5Bol* 


(c) (d) 


2 2 


Previous Years’ Questions (2018-13) 


47. InaL-C-R circuit as shown below, both 
switches are open initially. Now, switch 
S, and S,, are closed. (q is charge on the 
capacitor and t= RC is capacitance time 
constant). Which of the following 


statement is correct? (2013) 

| 
V 

S14 
Cc 
wwwwe— | 

R i: So 

1 _____agyp ———§ 


(a) Work done by the battery is half of the 
energy dissipated in the resistor 


(b) Att=t,q=CV/2 
(c) Att=2t,q=CV (l-e”) 
(d) Att=7t/2,q=CV (l-e") 


48. The amplitude of a damped oscillator 


decreases to 0.9 times its original 
magnitude is 5 s. In another 10 s, it will 
decrease to o times its original 


magnitude, where a equals (2013 ) 
(a) 0.7 (b) 0.81 
(c) 0.729 (d) 0.6 


Answer with Explanations 


1. (b) Potential of B = Potential due to charge on 
A + Potential due to charge on B + Potential due to 
charge onC, 


y, -KQu + Qs), KQ 
2 : 
b ro) 
— 1 |o4ma® o4nb®? | o4nc* 
4m, b b ic 


_oe(a—b? | c® gfa-b 
E5 b “C Ey b 


2. (a) Magnitude of induced charge is given by 
Q’ = (K —- 1)CV, 
= (3-1) 90x 10° x20= 1.2% 10% 


= Q°=1.2:nC 
3. (b) Given,e = 100sin30t 


and i = 20sin (20 -3) 


.. Average power , 
P= Vinslans COS 


mms'r™ms 


_ 100 20. og %— 1000 
V2 V2 4 2 


Wattless current is, 
/=1,,,Sino 


and Li aiasig = 10A 
4. (b) Hers 


EF, | Ee 
f, iP 
F = 2 
ot ei cel 
ht, 
=+3 37 
B= =—V 
s Tt 3 
12 
Potential drop across 10 Q resistance, 
37 


v=( . )x10= 3 x 10 = 11.56V 
total (10 +s 


V=11.56V 
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Alternative Method 


| 13V,20 
Z | 
E < | I D 
| 12V, 10 
FL ++—r G 
A > AWW B 
10Q 
Applying KVL, in loop ABCFA, 
12+ 10(,+/,)+1xl=0 
> 12 =11/, + 10/, 
Similarly, 
in loop ABDEA, 
13+ 10(, + /,)+2xl,=0 
> 13 =10/, + 12/, 
Solving Eqs. (i) and (ii), we get 
a2 hee 
16 32 
. Voltage drop across 10 Q resistance is, 


V= 10 (Z + 5) 1188V 
16 32 


2 
5. (b) From Bqv = mv’ we have 
r 


p= im _ vemK 
Bq Bg 


where, K is the kinetic energy. 
As, kinetic energies of particles are same; 


vm jm, ./m, _.J/4m 
fre >hincn=be:¥*: Z 

q e e 2e 
=r, andr, is least 
7h 


Clearly, 


So, f= 


[, [- m, <m,] 
ly 


6. (c) Asm = JA, so to change dipole moment (current is 


kept constant), we have to change radius of loop. 


Initially, m= InR® andB, = Ke 
1 

Finally, nm’ =2m = InRS 

=> 2InR? = InRs 

or R, = V2R, 
| / 

= a ath 7 aa 
[| 

Hence, ratio Pe NP n 2 

(tee 

2.2R, 

. Ratio Bly V2 


2 
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9. 


Electricity & Magnetism 


» (a) Sharpness of resonance of a resonant L-C-R circuit 
is determined by the ratio of resonant frequency with 
the selectivity of circuit. This ratio is also called 
“Quality Factor’ or Q-factor. 


Q-factor = 0 = oe 
2AM R CR 
» (b) With only the cell, 


On balancing, E=52xx mn) 
where, x is the potential gradient of the wire. 


When the cell is shunted, 


Fp 
Wn 
40 cm 
I G 
Eo 
R=50 
Similarly, on balancing, 
vee _< ax ii) 
(R +r) 
Solving Eqs. (i) and (ii), we get 
ka eee 
Vo4q if 40 
R+r 
r E R+r_ 52 S++ 7 _ 52 
V R 40 5 40 
s Ap : Q > r=15Q0 
2 
(c) We have, X + Y = 1000 Q 
X Y=1000 -X 
AWW WW 
100-/ 
f 00 


Be X _ 1000 - X 
Initially, . ees 


100 —/ 
When X and Y are interchanged, then 


Previous Years’ Questions (2018-13) 


10. 


11. 


12. 


13. 


Y=1000 —X x 
WWW 


+— (/- 10) —++(110-)> 
1000— X _ X 
/-10 100 — (/ — 10) 
1000-X_ Xx i) 
/-10 110-/ 
From Eqs. (i) and (ii), we get 
100-/ /-10 
i 1410-1 
(100 - /) (410-/) = (/-10)/ 
11000 -100/ - 110/ + /? =/? 
> 11000 = 200/ 
a /=55cm 
Substituting the value of / in Eq. (i), we get 
X _ 1000-55 
55 100-55 
> 20X = 11000 
X = 550 Q 


or 


10/ 


(c) A potential drop across each resistor is zero, SO 
the current through each of resistor is zero. 


| Rs 
(d) For a voltmeter, g (6) AN, 
I, G+RJ=V 
=> R= a= G 
I, V 


= R = 1985 = 1985 kQ 


(a) In a balanced Wheatstone bridge, there is no effect 
on position of null point, if we exchange the battery 
and galvanometer. So, option (a) is incorrect. 


or R = 1.985 x 10° Q 


(b) Torque applied on a Y 

dipole t = pE sin® 

where 8 = angle p 
between axis of dipole 90-0 


and electric field. 
>X 


For electric field E, = Ei 
it means field is directed 
along positive X direction, so angle between dipole 
and field will remain, therefore torque in this direction 

E, = pE,sin® 
In electric field E, = 3 Ej, it means field is directed 
along positive Y-axis, so angle between dipole and 
field will be 90 — 8 
Torque in this direction 7, = pE sin (90 — 8). 

= pV3 E, cos 0 


According to question t, = — t, >|t,| =| 7,| 
o. pE, sin@ = pV3 E,cosé 
tané = V3 = tan@ = tan 60° 

8 = 60° 


14. (c) Let there are n capacitors in a row with m such 


15. 


17. 


rows in parallel. 


HH HES 


V=1.0kV 
As voltage not to exceed 300 V 
n x 300> 1000 


[a voltage greater than 1 kV to be withstand] 
10 


> ar => n= 4 (or 3.33) 
Also, 6 = cour 
n 
> M9 = m=8 ee Oar ra a | 


n 

So, total number of capacitors required 
=mxn=8x4= 32 

(b) In steady state no current flows through the 

capacitor. 

So, the current in circuit / = 


r+h 

* Potential drop across capacitor = Potential drop 
Er, 

r+ 


.. Stored charge of capacitor,Q = CV = CER 


r+ 


Across I, Si 


» (b) Induced constant, / = = 


ae 


Here, e = induced emf = 


i= 5-(P)5 
R \at) R 


= a =/Rat 
= = |/Rat 
Here, R is constant > o = R| lat 
| /-dt = Area under /- t graph 
= 5x 10x 05 =25 
o=R xX2.5= 100 x 2.5= 250 Wb. 
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Ss 
> WWW 
I-Ig 
as! — 
*—© 


In parallel, current distributes in inverse ratio of 
resistance. Hence, 


I-l, _G - _ Gl, 
Te SS) hd, 
As |, is very small, hence 

-3 

S _ Gl, as bp = (100) 1 x 10 J_oo010 
/ 10 
18. (a) AsE is constant, 
Hence, E, =E, 


As per Guass theorem, onlyQ,, contributes in electric 


field. 
b A 
k}Q+| 4nr°dr. = 
a I, *) 
a b? 
Here, k= 1 
4TE, 
2 2/6 2 rs 
= Q2 =Q+4nal"| |=a+4m.(2—8 
a 2\, 2 
b? 2 2 
=> Q| — }=Q+2mA(b* - a°) 
a 
2 
= OG)?" loopae? aay ous 
a 2na® 


19. (c) 3uF and QuF = 12uF 


4x2 _ 


4uF and 12uF = —~— = 3uF 
7 ‘i 44+12 - 


Q=CV =3x 8 = 24uC (on 4uF and 3uF ) 
Now, this 24uC distributes in direct ratio of capacity 


between 
3uF and 9uF. Therefore, 
Q oye = 18uC 
* Qa + Qoyp = 244+ 18 = 42uC =Q (say) 


_ kQ_ 9x10° x 42x 10° 
R? 30° 


E = 420 N/C 
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20. (d) B at centre of a circle = a 
B at centre of a square 
=4x wl i [sin45° + sin45°]= 4V2 Hol 
Ant 2m/ 
2 
L b 
Now, R= —and/=— (asL =27R = 4/) 
2m 4 
where, L = length of wire. 
B, = a _ Mol _ x] te] 
o,f L L 
27 
B, = 4y2 Hol = 8V2U ol _ 22 [ue] 


2n( 5) aL 1 
4 


21. (d) We need high retentivity and high coercivity for 
electromagnets and small area of hysteresis loop for 
transformers. 


22. (d) V2 =V2 + V2 = 220° = 80° + V? 


Solving, we get 


V, = 205 V 
a ‘wee 20.5 Q =oLl 
/ 10 
= 205 __9.065H 
2m x 50 
23. (a) Theoretical question. Therefore, no solution is 
required. 
: V V 
24. (c) i =neAv, or —=neAv, => = neAv, 
ney 
A 
p= = resistivity of wire 
nelv, 
Substituting the given values we have 
= 5 
(8 x 10°(1.6 x 10°'°)(0.1)(2.5 x 10°) 
= 16x 10° Q-m 
25. (b) 
iy + ip 


32 Q 30 


Applying Kirchhoff's loop law in loops 1 and 2 in the 
directions shown in figure we have 
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26. 


27. 


28. 


6- 30, + f,)-i, =0 ...(i) 
9-2), + /,—3/, =0 ...(ii) 
Solving Eqs. (i) and (ii) we get, 


i, =O138A 
Hence, the current in 1 Q resister is 0.13 A from Q to P. 
(b, c) V, = potential on the surface = wd 
where, K = and q is total charge on sphere. 


4, 


Potential at centre = oh 2 ay, 
2R 


2 
Hence, R, = 0 


From centre to surface potential varies between : Vo 


and V, From surface to infinity, it varies between V, 
and 0, a will be potential at a point between centre 


and surface. At any point, at a distance r(r < R) from 
centre potential is given by 


4 mga - 5] 
R°\2 2 
1 


“a 


VY) (3 p2 Z| 
=| —R* = —r as V, = 
ae Oe ee ay 
Putting V = a andr = R, in this equation, we get 
R 
R,=—— 
2 2 


oe and a are the potentials lying between V, and 


zero hence these potentials lie outside the sphere. At 
a distance r(= R) from centre potential is given by 
Vi Sei 
r r 
Putting V = =v and r = R, in this equation we get, 
f= "8 
3 
Further putting V = “and r = R, in above equation, 


we get 
Thus, R, = 0, R, = 


R,=4R 


BBs - and R, = 4R with 


Be 


these values, option (b) and (c) are correct. 


(d) Electric field lines originate from position charge 
and termination negative charge. They cannot form 
closed loops and they are smooth curves. Hence the 
most appropriate answer is (d). 


(a) Resultant of 1 wF and 2 uF is 3 uF. Now in series, 


potential difference distributes in inverse ratio of 
capacity. 


Vays _ C 
3 


C 
OF Ve = E 
V, il (; + ;| 


29. 


30. 


31. 


1] 


This is also the potential difference across2 UF. 
fs Q, =(2 LF) (Vous) 


2CE 2 
or Q; = = E 
. fa 143 
Cc 


+ 


From this expression of Q,, we can see that Q, will 
increase with increase in the value ofc (but not linearly). 
Therefore, only options (a) and (b) may be correct. 


d @.)=24| © + | 6E 
dc (CC + 3) (CC + 3 


= Slope of Q, versus C graph. 


Further, 


i.e. slope of Q, versus C graph decreases with 
increase in the value of C. Hence, the correct graph 
is (a). 


i OM OM OM OOM OM 
If we calculate the force on inner solenoid. Force onQ 
due to P is outwards (attraction between currents in 
same direction. Similarly, force on R due toS is also 
outwards. Hence, net force FE, is zero) 
Force on P due toQ and force onS due to R is 
inwards. Hence, net force F, is also zero. 
Alternate Thought Field of one solenoid is uniform 
and other solenoid may be assumed a combination of 
circular closed loops. In uniform magnetic field, net 
force on a closed current carrying loop is zero. 


(a) 
r=Lsino 


F = Magnetic force 


(repulsion) per unit length 
=HoF bo _F 
2n2r 4nLsine rg 


Ag = weight per unit length 


Each wire is in equilibrium under three concurrent forces 
as shown in figure. Therefore, applying Lami’s theorem. 


bo _F 
F _ rg or 4mLsine _ 49 
sin(180 — 8) —sin(90 + 6) sind cosé 


| =2sin0 eae. 
[L,cos® 


(b) Direction of magnetic dipole moment M is given by 
screw law and this is perpendicular to plane of loop. 


IZ 


32. 


33. 


34. 


35. 


36. 


In stable equilibrium position, angle between M and B 
is O° and in unstable equilibrium this angle is 180°. 


(c) Steady state current /, was already flowing in the 


L-R circuit when K, was closed for a long time. Here, 


Now, K, is opened and K, is closed. Therefore, this /, 
will decrease exponentially in the L-R circuit. Current / 
+ 


at timet will be given by/ = i,e" 
i 


-Rt 


where, t,=— > isie& 
R 
Substituting the values, we have 
~(0.15 x10°)(1079) 
i=(O1he = (0) = (0.1)@~) 
ae 6.67 x 107A 
150 
= 0.67 mA 


(c) Total power (P) consumed 
= (15 x 40) + (5 x 100) + (5 x 80)+ (1 x 1000) 


= 2500 W 
As we know, 
Poweria Pow = (sO =18_ 15a 
220 1 


Minimum capacity should be 12 A. 


(c) As we know, potential difference V, — V, is 


dV = — Edx 
Va 2 8 2 
= fav=-[ 30x = V,-% =-30x 
vy 0 3 0 
10 x [2° — (0)°] 10x 8=-80 J 


(a) When free space between parallel plates of 
capacitor, E = as 
E> 


When dielectric is introduced between parallel plates 


of capacitor, E’= ae 
Ke, 


Electric field inside dielectric, aa = 3x10! 
€ 


0 


where, K = dielectric constant of medium = 2.2 
€, = permitivity of free space = 8.85 x 10°” 
30 =22 x 885x10" x 3x 10° 
= 66 x 885 x 10°= 5.841 x 10°’= 6 x 107 C/m? 


For solenoid, the magnetic field needed to be 

magnetised the magnet. B= u,nl 

where, n = 100, / = 10cm ue m=01m 
100 


= 3x10? = TEx) + 1=3A 
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37. (c) After connecting C to B hanging the switch, the 
circuit will act like an L-R discharging circuit. 


R 
WWW 


C Ok 


Applying Kirchhoff's loop equation, 
Vv, + V, =0 > Vp, Y> 


V, 
38. (b) When force exerted on a current carrying 


conductor F,,, = BIL 
Average power = Work done 
Time taken 


qo qin 
P=_[F,, .ox=—[ B(xyIL ox 
Ey ty 


2 
= ate x 10°" x 10 x 3dx 
0 


5x 10° 
1 


e®* 


9[1-e*4] 91 2.967 = 2.97 W 
39. (d) Statement | is false and Statement II is true. 
2 
40. (a) As, P= 
R 


where, P = power dissipates in the circuit, 
V = applied voltage, 
R =net resistance of the circuit 


R= eS = 240 Q [resistance of bulb] 
2400 62 
ae ve WITT —-VWWWWV 
2400 
> 602 
|! | 
120V 120V 
48Q 6Q 540 
=> 
| | 
120V 120V 
Rh =0eb260 = Hall 
Reg 246 
[before connecting heater] 
R= ve _ 120 x 120 
R 240 
=> R=602 [resistance of heater] 
So, from figure, 


240 


V, =x 120 = 117.073 V [: V = IR] 
246 
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» hee oy o88 y t00-< 10866 ¥ 
R, 54 54 
V, — V, = 10.04 V 
41. (a) F,., =2Fcose 
y 
-q/2 
Ee BFF 
<— ~~ x 
eae eS : 
_ 2kqq@/2) ey 
net 
(fy? 4 a’? Vy’ 442 
~< > 
Fret = eae @ieyy F sin@ F sin® 
os 2F cosé 
ka? cos 
aa aa 
a 
42. (d) I L >< L >| 


Oo. j_ 
« x A >| AX |« 


E Xx 


We 2. kKdQ ia KS) os = Q aL 
I, x J 4me,L I, (=) 
Q 


= log, x}' = Q log, 2L — log, L 
ig Ge XI: tne De ge L] 
= 2 in) 

4megl 


43. (b, c) Polarity should be mentioned in the question. 


Potential on each of them can be zero if,q,,.. = 0 
or g,+q,=0 
or 120C, + 200C, =0 or 3C, + 5C, =0 


44. 


45. 


46. 


47. 


48. 
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(b) B,. = 8B, + B, + By 
N 
By 
B, 
s By s 
N . N 
s 
B = Ho (M+ Ms). 
ae pe H 
-7 
at 3.6x 10° = 2.56x 10“ Wb/m? 


(a) Magnetic field at the centre of smaller loop 

Ba __boiRs 

2(R5 + x’)? 

Area of smaller loopS = aR? 

.. Flux through smaller loop @ = BS 

Substituting the values, we get, 0 = 9.1x 10°’ Wb 
is [(3/)° — (2/)?]__ 5Baol? 


(d)e = ie (ax) Box = B 


2 2 
o 21 J 

ma 
k——_ x ———_>| dx 


(c) For charging of capacitorg = CV (1 -e‘’*) 
At t=2t; q=CV(1-e*) 

(c) Amplitude decreases exponentially. In 5 s, it 
remains 0.9 times. Therefore, in total 15 s it will 
remains (0.9) (0.9) (0.9) = 0.729 times its original 
value. 


JEE Advanced 


1. In the figure below, the switches S, and S, 


are closed simultaneously at t= Oanda 
current starts to flow in the circuit. Both 
the batteries have the same magnitude of 
the electromotive force (emf) and the 
polarities are as indicated in the figure. 
Ignore mutual inductance between the 
inductors. The current J in the middle 
wire reaches its maximum magnitude I,,,. 
at time t = t. Which of the following 
statements is (are) true? 

(More than One Correct Option, 2018) 


R E R aL 
MN—TDHO00™ MWWN—TDO00™ 
VS y/ Zac 
a “G, 
V V 
C1 ae |6) 2 eae — oe 
( ) max 2R ( ) max 4R 
jee ine (d) c= tin 2 
R R 
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2. 


Two infinitely long straight wires lie in 
the xy-plane along the lines x= +R. The 
wire located at x= +R carries a constant 
current J,and the wire located atx =—R 
carries a constant current I,. A circular 
loop of radius R is suspended with its 
centre at (0, 0,V3R ) and in a plane 


parallel to the xy-plane. This loop carries 
a constant current J in the clockwise 
direction as seen from above the loop. The 
current in the wire is taken to be positive, 
if it is in the +j-direction. Which of the 
following statements regarding the 
magnetic field B is (are) true? 
(More than One Correct Option, 2018) 
(a) If 1, =/,, then B cannot be equal to zero at the 
origin (0,0,0) 
(b) If /,; > Oand /, < 0, then B can be equal to zero 
at the origin (0,0,0) 
(c) If /, < Oand /, > 0, then B can be equal to zero 
at the origin (0,0,0) 
(d) If /, =/,, then the z-component of the 
magnetic field at the centre of the loop is 


(2A) 


Three identical 


capacitors C, ,C, VoL ut 

and C, have a SN 

capacitance of ==, = C3 
1.0uF each and ae 

they are Pi Te 
uncharged 


initially. They are 

connected in a circuit as shown in the 
figure and C, is then filled completely 
with a dielectric material of relative 
permittivity ¢,. The cell electromotive 
force (emf) V, = 8V. First the switch S, is 
closed while the switch S, is kept open. 
When the capacitor C, is fully charged, S, 
is opened and S, is closed simultaneously. 
When all the capacitors reach equilibrium, 
the charge on C, is found to be 5uC. The 
value of ELS cecedeveeees (Numerical Value, 2018) 


In the xy-plane, the region y> Ohasa 
uniform magnetic field Bk and the region 
y< Ohas another uniform magnetic field 


6. 
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Bk. A positively charged particle is 
projected from the origin along the 
positive Y-axis with speed v, = a ms‘ at 
t = 0, as shown in figure. Neglect gravity 
in this problem. Let t = T be the time 
when the particle crosses the X-axis from 
below for the first time. If B, = 4B, the 
average speed of the particle, in ms”', 
along the X-axis in the time interval T 


TS isesioesaees ‘i (Numerical Value, 2018) 
Y 
B, 
Vo=a ms"! 
eee B 4 


An infinitely long thin 
non-conducting wire is 
parallel to the Z-axis 
and carries a uniform 
line charge density 2. It 
pierces a thin 
non-conducting spherical 
shell of radius Rin such 
a way that the arc PQ 
subtends an angle 120° at the centre O of 
the spherical shell, as shown in the 
figure. The permittivity of free space is €p. 
Which of the following statements is (are) 
true? (More than One Correct Option, 2018) 
(a) The electric flux through the shell is /3 RA/ e,. 
(b) The z-component of the electric field is zero. 
at all the points on the surface of the shell. 
(c) The electric flux through the shell is /2 RA/¢,. 
(d) The electric field is normal to the surface of 
the shell at all points. 


A particle of mass 10 °*kg and charge 1.0 C 
is initially at rest. At time ¢ = 0, the 
particle comes under the influence of an 
electric field E (¢) = E, sin wt i, where 
E, =1.0NC™ and @ = 10’ rad s“*. Consider 
the effect of only the electrical force on 
the particle. Then, the maximum speed in 
ms ', attained by the particle at 
subsequent times is .......... : 

(Numerical Value, 2018) 
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7. 


A moving coil galvanometer has 50 turns 
and each turn has an area 2x 10m’. The 
magnetic field produced by the magnet 
inside the galvanometer is 0.02 T. The 
torsional constant of the suspension wire 
is 10“N - mrad7'. When a current flows 
through the galvanometer, a full scale 
deflection occurs, if the coil rotates by 

0.2 rad. The resistance of the coil of the 


galvanometer is 50 Q. This galvanometer 
is to be converted into an ammeter 
capable of measuring current in the range 
0-1.0 A. For this purpose, a shunt 
resistance is to be added in parallel to the 
galvanometer. The value of this shunt 
resistance in ohms, is ............. , 

(Numerical Value, 2018) 


The electric field H is measured at a point 
P (0, 0, d) generated due to various charge 
distributions and the dependence of FE on 
d is found to be different for different 
charge distributions. List-I contains 
different relations between EF and d. 
List-IT describes different electric charge 
distributions, along with their locations. 
Match the functions in List-I with the 
related charge distributions in List-II. 
(Matching Type, 2018) 


List-l List-ll 
P.. -Eis 1. A point charge Q at the origin 
independent 
ofd 
Qrel 2. Asmall dipole with point 
charges Q at (0, 0, /) and - Q at 
(0, 0, — 1). (Take, 2! << d) 
Ro be 3. An infinite line charge 
ad? coincident with the X-axis, with 
uniform linear charge density 2. 
S. Fc 2 4. Two infinite wires carrying a 
ola uniform linear charge density 


parallel to the X- axis. The one 
along (y = 0, z=/)hasa 
charge density + 4 and the 
one along (y = 0, z=-—/)hasa 
charge density — 2. (Take, 

21 <<). 


5. Infinite plane charge coincident 
with the xy-plane with uniform 
surface charge density. 


10. 


I 


(a) P35; Q53,4; Ro 1;S52 
(b)P>5;Q>53; R>1,4;S352 
(c)P35;Q353, R>1,2;S54 
(d)P34,Q52,3;R351;S35 


Passage (Q. Nos. 9-10) 


Consider a simple RC circuit as shown in 
Figure 1. 


Process 1 In the circuit the switch S is 
closed at t=0 and the capacitor is fully 
charged to voltage V, (ie. charging 
continues for time 7’ >> RC). In the process 
some dissipation (H,) occurs across the 
resistance R. The amount of energy finally 
stored in the fully charged capacitor is E,. 


Process 2 In a different process the 


voltage is first set to a and maintained for 


a charging time 7 >> RC. Then, the voltage 


=O 


is raised to without discharging the 


capacitor and again maintained for a time 
T >> RC. The process is repeated one more 
time by raising the voltage to V, and the 
capacitor is charged to the same final 
voltage V, as in Process 1. These two 
processes are depicted in Figure 2. 


(Passage Type, 2017) 


Process 1 


Figure 1 Figure 2 


In Process 1, the energy stored in the 
capacitor E, and heat dissipated across 
resistance E, are related by 
(a) E, =E,In2 (b) E, =E, 

1 
(c) E, = 2E, (4) E, = 5 


In Process 2, total energy dissipated 
across the resistance E, 1s 


ae< a(5°% |] (b) E, = 3(50%' | 


, 
(d) E, = a 
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Directions (Q.Nos. 11 to 13) Matching the 
information given in the three columns of the 
following table. 


A charged particle (electron or proton) is 
introduced at the origin (x=0, y=0, z=0) 
with a given initial velocity v. A uniform 
electric field E and a uniform magnetic field 
B exist everywhere. The velocity v, electric 
field E and magnetic field B are given in 
columns 1, 2 and 3, respectively. The 
quantities Hy, By are positive in magnitude. 

(Matching Type, 2017) 


Column 1 Column 2 Column 3 
(Il) Electron with (i) E=E,z (P) B=-B)x 
v =2—0x 
By 
(Il) Election with (ii) E=—-E,y (Q) B=Bx 
v= Oy 
0 
(Ill) Proton with — (iii) E=—E x (R) B=By 
v=0 
(IV) Protonwith (iv) E=E x (S) B= Boz 
Ey » 
v=2-°x 
0 
11. In which case would the particle move in a 


12. 


13. 


14. 


straight line along the negative direction 
of Y-axis? 

(a) (IVY) (ii) (S) (b) (HI) (iii) (Q) 

(c) (III), (ii) (R) (d) (III) (ii) (P) 


In which case will the particle move in a 
straight line with constant velocity? 

(a) (II) (iil) (S) (1) (III) (iii) (P) 

(c) (IV) (i) (S) (d) (III) (ii) (R) 


In which case will the particle describe a 
helical path with axis along the positive 
z-direction? 
(a) (II) (ii) (R) 
(c) (IV) (i) (S) 


A symmetric star 
shaped conducting 
wire loop is carrying 
a steady state 
current J as shown 
in the figure. The 
distance between the 


15. 
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diametrically opposite vertices of the star 
is 4a. The magnitude of the magnetic field 
at the center of the loop is 

(Single Correct Option, 2017) 


(a) Hol g/3 — 1] (b) Ho! 6/3 + 4] 
4na 


4na 
(c) Ho! 31y3 - 4] (a) Ho! 32 - V3] 
4na 4na 


A uniform magnetic field B exists in the 


region between x = Oand x= =n (region 2 


in the figure) pointing normally into the 
plane of the paper. A particle with charge 
+@ and momentum p directed along 
X-axis enters region 2 from region 1 at 
point P, (y=— R). 

Which of the following option(s) is/are 
correct? (More than One Correct Option, 2017) 


Region 1 : Region 2. Region 3 


> 
xX xX X X X 
{be) 


2) 
x xX XK xX X X X 
yx XxX xX KX XX X 
x 


x x'x x 


(a) When the particle re-enters region 1 through 
the longest possible path in region 2, the 
magnitude of the change in its linear 
momentum between point P, and the farthest 
point from Y -axis is ae 


J2 
(b) For B= cc the particle will enter region 3 
13 QR 


through the point P, on X-axis 


(c) ForB> . ua the particle will re-enter region 1 
3 QR 


(d) For a fixed B, particles of same charge Q and 
same velocity v, the distance between the 
point P, and the point of re-entry into region 1 
is inversely proportional to the mass of the 
particle 
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16. 


17. 


18. 


In the circuit shown, Z=1uH, C=1pyF 
and R=1kQ. They are connected in series 
with an AC source V = V) sin@t as shown. 
Which of the following options is/are 
correct? (More than One Correct Option, 2017) 


L=1WH C=1F R=1ko 
{| AWW 


EV sin at 


(a) At@ ~ Othe current flowing through the circuit 
becomes nearly zero 

(b) The frequency at which the current will be in 
phase with the voltage is independent of R 

(c) The current will be in phase with the voltage if 
= 10" rads"! 

(d) Atw>> 10° rads“', the circuit behaves like a 
capacitor 


A circular insulated copper 
wire loop is twisted to form 
two loops of area A and 2A 
as shown in the figure. At 
the point of crossing the 
wires remain electrically 
insulated from each other. 
The entire loop lies in the 
plane (of the paper). A 
uniform magnetic field B 
points into the plane of the paper. At 
t = 0, the loop starts rotating about the 
common diameter as axis with a 
constant angular velocity @ in the 
magnetic field. Which of the following 
options is/are correct? 

(More than One Correct Option, 2017) 


(a) the emf induced in the loop is proportional to 
the sum of the areas of the two loops 

(b) The rate of change of the flux is maximum 
when the plane of the loops is perpendicular 
to plane of the paper 

(c) The net emf induced due to both the loops is 
proportional to cos wt 

(d) The amplitude of the maximum net emf 
induced due to both the loops is equal to the 
amplitude of maximum emf induced in the 
smaller loop alone 


A source of constant voltage V is 
connected to a resistance R and two ideal 
inductors L, and L, through a switch S as 


19. 


20. 


shown. There is Ss wv 
no mutual 
inductance "\V Li< Lp 


between the two 
inductors. The 
switch S is initially open. At t = 0, the 
switch is closed and current begins to 
flow. Which of the following options is/are 
correct? (More than One Correct Option, 2017) 


(a) After a long time, the current through L, will 
V(b 
e— 
R\L+h 
(b) After a long time, the current through L, will 
V L 


(c) The ratio of the currents through L, and L, is 
fixed at all times (t > 0) 

(d) At O, the current through the resistance R 
is — 


The instantaneous voltages at three 
terminals marked X,Y and Z are given 


by Vi = Vp ainat,Vy = Vp sin or . =) and 


V=V, sn| + ) 


An ideal voltmeter is configured to read 
rms value of the potential difference 
between its terminals. It is connected 
between points X and Y and then between 
Y and Z. The reading(s) of the voltmeter 
will be (More than One Correct Option, 2017) 


(a) VE = vole 
(b) vine = ae 


(c) independent of the choice of the two terminals 
(d) Vixy =Vo 


An infinite line charge of uniform electric 
charge density A lies along the axis of an 
electrically conducting infinite cylindrical 
shell of radius R. At time t= 0, the space 
inside the cylinder is filled with a 
material of permittivity e and electrical 
conductivity o. The electrical conduction 
in the material follows Ohm's law. Which 
one of the following graphs best describes 
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21. 


the subsequent variation of the magnitude 
of current density j (é) at any point in the 
material? (Single Correct Option, 2016) 


Kt) Kt) 
a» 


(a) (d) 


(0, 0) (0, 0) 


In the circuit shown below, the key is 
pressed at time ¢ = 0. Which of the following 
statement(s) is (are) true? 

(More than One Correct Option, 2016) 


of SS 


ts the 

Key | 

(a) The voltmeter display —5 V as soon as the key 
is pressed and displays +5 V after along time 

(b) The voltmeter will display 0 V at time t = |In2 
seconds 

(c) The current in the ammeter becomes 1/e of 
the initial value after 1 second 

(d) The current in the ammeter becomes zero after 
a long time 


Passage (Q. Nos. 22-23) 


Consider an evacuated cylindrical chamber 
of height A having rigid conducting plates at 
the ends and an insulating curved surface 
as shown in the figure. A number of 
spherical balls made of a light weight and 
soft material and coated with a conducting 
material are placed on the bottom plate. The 
balls have a radius r<<h. Now, a high 
voltage source (HV) connected across the 
conducting plates such that the bottom plate 
is at +V, and the top plate at —V). Due to 


22. 


23. 


24. 


Electricity & Magnetism 


their conducting surface, the balls will get 
charge, will become equipotential with the 
plate and are repelled by it. 


The balls will 
eventually collide 
with the top plate, 
where the 
coefficient of 4] 
restitution can be 
taken to be zero due 
to te soft nature of 
the material of the balls. The electric field in 
the chamber can be considered to be that of a 
parallel plate capacitor. Assume that there 
are no collisions between the balls and the 
interaction between them is _ negligible. 
(Ignore gravity) (Passage Type, 2016) 


HV 


Which one of the following statements is 

correct? 

(a) The balls will execute simple harmonic 
motion between the two plates 

(b) The balls will bounce back to the bottom plate 
carrying the same charge they went up with 

(c) The balls will stick to the top plate and 
remain there 

(d) The balls will bounce back to the bottom plate 
carrying the opposite charge they went up with 


The average current in the steady state 

registered by the ammeter in the circuit 

will be 

(a) proportional to V> 

(6) proportional to the potential V, 

(c) zero 

(d) proportions to Vj’? 

An incandescent bulb has a thin filament 

of tungsten that is heated to high 

temperature by passing an electric current. 

The hot filament emits black-body radiation. 

The filament is observed to break up at 

random locations after a sufficiently long 

time of operation due to non-uniform 

evaporation of tungsten from the filament. 

If the bulb is powered at constant voltage, 

which of the following statement(s) is (are) 

true? (More than One Correct Option, 2016) 

(a) The temperature distribution over the filament 
is uniform 

(b) The resistance over small sections of the 
filament decreases with time 
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25. 


26. 


(c) The filament emits more light at higher band 
of requencies before it breaks up 

(d) The filament consumes less electrical power 
towards the end of the life of the bulb 


A conducting loop in the shape of a right 
angled isosceles triangle of height 10 cm 
is kept such that the 90° vertex is very 
close to an infinitely long conducting wire 
(see the figure). The wire is electrically 
insulated from the loop. The hypotenuse 
of the triangle is parallel to the wire. The 
current in the triangular loop is in 
counter- clockwise direction and increased 
at a constant rate of 10 As‘. Which of the 
following statement(s) is (are) true? 

(More than One Correct Option, 2016) 


(a) There is a repulsive force between the wire 
and the loop 

(b) If the loop is rotated at a constant angular 
speed about the wire, an additional emf of 
(i) / %) volt is induced in the wire 

(c) The magnitude of induced emf in the wire is 


Ho) volt 
T 


(d) The induced current in the wire is in opposite 
direction to the current along the hypotenuse 


Consider two identical galvanometers and 
two identical resistors with resistance R. 
If the internal resistance of the 
galvanometers R, < R/2, which of the 
following statement(s) about anyone of 
the galvanometers is (are) true? 
(More than One Correct Option, 2016) 
(a) The maximum voltage range is obtained when 
all the components are connected in series 
(b) The maximum voltage range is obtained when 
the two resistors and one galvanometer are 
connected in series, and the second 
galvanometer is connected in parallel to the 
first galvanometer 
(c) The maximum current range is obtained when 
all the components are connected in parallel 
(d) The maximum current range is obtained 
when the two galvanometers are connected 
in series, and the combination is connected 
in parallel with both the resistors 


27. 


28. 
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Two inductors LZ, (inductance 1mH, 
internal resistance 3Q) and L, 
(inductance 2 mH, internal resistance 
4Q), and a resistor R (resistance 12 Q) 
are all connected in parallel across a 5V 
battery. The circuit is switched on at time 
t= 0. The ratio of the maximum to the 
minimum current (J,,4./Ini,) drawn from 


: max’ “min 
the battery is (Single Integer Type, 2016) 


A rigid wire loop of square shape having 
side of length LZ and resistance R is 
moving along the x-axis with a constant 
velocity Up in the plane of the paper . 

At t= 0, the right edge of the loop enters a 
region of length 3Z where there is a 
uniform magnetic field B, into the plane of 
the paper, as shown in the figure. For 
sufficiently large u,, the loop eventually 
crosses the region. Let x be the location of 
the right edge of the loop. Let u(x), I(x) 
and F(x) represent the velocity of the loop, 
current in the loop, and force on the loop, 
respectively, as a function of x. Counter- 


clockwise current is taken as positive. 
(More than One Correct Option, 2016) 


XXX XK XK KK 
XXX KKK XK KK 
x KK KK XXX 
xx 


RE 


eb ee xX 


x 
x 
x 
IX XX XK X X& x| 
DX X X X XX LX K KK K X|K KK K K & XI 
DX XX XX KX SX K XK KK XK KK K KK 
IX XX XXX SK KK KK XK KK KK XK 
XX XX KK ] KX KK KK XK KK KKK 


XXX XX XX XX XX XX 


x XX XK KKK KKK KK KKK KKK XK 


Vo— xX & KK KX KK KK KK KK KK KK KK 


xX KK KK KK KK KK KK KK KK KK 
xxx XK KKK KKK KKK KKK KKK 


0 L 2b 3L 4L 


Which of the following schematic plot(s) is 
(are) correct? (Ignore gravity) 


na 


x 


F(x) 


~ 
0 iL 21 3L 4L * (b)| : BL AL 
ot at 
V(x) ix) 
Vo NK 
(d) ; NN 
i ; i 7 
0 L 2L BL 4L 


x 
O L 2b 3L 4L 
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30. 


An infinitely long uniform line charge 
distribution of charge per unit length A 
lies parallel to the y-axis in the y-z plane 


atz= ~ a (see figure). If the magnitude 

of the flux of the electric field through the 

rectangular surface ABCD lying in the x-y 
L 


plane with its centre at the origin is —— 
NEo 


(€9 = permittivity of free space), then the 
value of nis=6) (Single Integer Type, 2015) 


Consider a uniform 
spherical charge 
distribution of radius 
R, centred at the 
origin O. In this 
distribution, a 
spherical cavity of 
radius R,, centred at 
P with distance OP = a= R, — R, (see 
figure) is made. If the electric field inside 
the cavity at position r is E(r), then the 
correct statement(s) is/are 

(Single Correct Option, 2015) 


(a) E is uniform, its magnitude is independent of 
R, but its direction depends on r 

(b) E is uniform, its magnitude depends on R, 
and its direction depends on r 

(c) E is uniform, its magnitude is independent of 
‘a but its direction depends ona 


(d) Eis uniform and both its magnitude and 


31. 


direction depend ona 


A parallel plate capacitor having plates of 
area S and plate separation d, has 
capacitance C, in air. When two 
dielectrics of different relative 
permittivities (€, = 2 and €, = 4) are 
introduced between the two plates as 


32. 


33. 
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d/2 


shown in the figure, 
the capacitance 
becomes C,. The 


ratio —2 is 


<—d—> 


(Single Correct Option, 2015) 


In an aluminium (Al) bar of square cross 
section, a square hole is drilled and is 
filled with iron (Fe) as shown in the 
figure. The electrical resistivities of Al 
and Fe are 2.7x 10° Qm and 


1.0x 1077 Qm, respectively. The electrical 


resistance between the two faces P and Q 


of the composite bar is 
(Single Correct Option, 2015) 


In the following circuit, the current 
through the resistor R(= 2Q)is I 
amperes. The valuq@iin£lisInteger Type, 2015) 


R(=20) 10 
AANA 


6.5VSS 
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34. 


35. 


The figures below depict two situations in 
which two infinitely long static line 
charges of constant positive line charge 
density 4 are kept parallel to each other. 


fon-------b eX 
+q mel 


In their resulting electric field, point 
charges g and -q are kept in equilibrium 
between them. The point charges are 
confined to move in the x direction only. If 
they are given a small displacement about 
their equilibrium positions, then the 
correct statements is/are 

(Single Correct Option, 2015) 
(a) both charges execute simple harmonic 
motion 
(b) both charges will continue moving in the 
direction of their displacement 
(c) charge + q executes simple harmonic motion 
while charge — g continues moving in the 
direction of its displacement 
(d) charge — g executes simple harmonic motion 
while charge + g continues moving in the 
direction of its displacement 


A conductor (shown in the figure) 
carrying constant current J is kept in the 
x-y plane in a uniform magnetic field B. If 
Fis the magnitude of the total magnetic 
force acting on the conductor, then the 
correct statements is/are 

(More than One Correct Option, 2015) 


ys 


a) if Bis along z, F « (L + R) 
b) if Bis along x, F =O 
c) if Bis along y, F « (L + R) 
d) if Bis along z, F =0 


( 
( 
( 
( 
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Passage (Q. Nos. 36-37) 


In a thin rectangular metallic strip a 
constant current I flows along the positive 
x-direction, as shown in the figure. The 
length, width and thickness of the strip are 
1, w and d, respectively. A uniform magnetic 
field B is applied on the strip along the 
positive y-direction. Due to this, the charge 
carriers experience a net deflection along 
the z-direction. 
This results in accumulation of charge 
carriers on the surface PQRS_ and 
appearance of equal and opposite charges on 
the face opposite to PQRS. A_ potential 
difference along the z-direction is thus 
developed. Charge accumulation continues 
until the magnetic force is balanced by the 
electric force. The current is assumed to be 
uniformly distributed on the cross section of 
the strip and carried by electrons. 

(Passage Type, 2015) 


Consider two different metallic strips (1 
and 2) of the same material. Their lengths 
are the same, widths are w, and w, and 
thicknesses are d, and dy, respectively. 
Two points K and M are symmetrically 
located on the opposite faces parallel to 
the x-y plane (see figure). V, and V, are 
the potential differences between K and 
M in strips 1 and 2, respectively. Then, 
for a given current I flowing through 
them in a given magnetic field strength B, 
the correct statements is/are 

(a) If w, = Ww, and d, = 2d,, then, = 2V, 

(b) If w, = w> and d, = 2d), then Vp =V, 

(c) Ifw, = 2w, and d, = d,, then, = 2V, 

(d) If w, = 2w, and d, = dy, thenV, =V, 


Consider two different metallic strips (1 
and 2) of same dimensions (length J, 
width w and thickness d) with carrier 
densities n, and no, respectively. Strip 1 
is placed in magnetic field B, and strip 2 
is placed in magnetic field B,, both along 


Zi 
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positive y-directions. Then V, and V, are 
the potential differences developed 
between K and M in strips 1 and 2, 
respectively. Assuming that the current I 
is the same for both the strips, the correct 
options is/are 

(a) IfB, = B, and n, = 2n,, then V, = 2V, 

(b) If B, = B, and n, = 2n,, then V, =V, 

(c) If B, = 2B, and n, = ny, then V, = O5V, 

(d) If B, = 2B, and n, =n, thenV, =V, 


A parallel plate capacitor has a dielectric 
slab of dielectric constant K between its 
plates that covers 1/3 of the area of its 
plates, as shown in the figure. The total 
capacitance of the capacitor is C while 
that of the portion with dielectric in 
between is C,. When the capacitor is 
charged, the plate area covered by the 
dielectric gets charge Q, and the rest of 
the area gets charge @,. The electric field 
in the dielectric is E, and that in the other 
portion is £,. Choose the correct 
option/options, ignoring edge effects. 

(More than One Correct Option, 2014) 


E E. 1 
aja bya 
ae OF 
(yp A=3 (gj aeek 

Q, K GK 


Let £,(r), £,(r) and E, (7) be the respective 
electric fields at a distance r from a point 
charge Q, an infinitely long wire with 
constant linear charge density A, and an 
infinite plane with uniform surface 
charge density o. If E,(79) = Ep(79) = Es (7) 
at a given distance 7p, then 

(More than One Correct Option, 2014) 


(a) Q = 4onrs 
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Charges Q, 2Q and 4Q are uniformly 
distributed in three dielectric solid 
spheres 1, 2 and 3 of radii R/ 2,R and 2R 
respectively, as shown in figure. If 
magnitudes of the electric fields at point P 
at a distance R from the centre of spheres 
1, 2 and 3 are L,, E, and E, respectively, 
then (Single Correct Option, 2014) 


: R 
2Q 4Q 
R/2 
2R 


Sphere-1 Sphere-2 Sphere-3 
(a)E,>E,>E, (b) E,>E,>E, 
(c)E,>E,>E, (d)E,>E,>E, 


Four charges @,,@Q»:,Q3 and @, of same 
magnitude are fixed along the x-axis at 
x=-2a,-a,+a and +2a respectively. A 
positive charge q is placed on the positive 
y-axis at a distance b> 0. Four options of the 
signs of these charges are given in Column I. 
The direction of the forces on the charge q is 
given in Column II. Match Column I with 
Column II and select the correct answer 


using the code given below the lists. 
(Matching Type, 2014) 


+q, (0,b) 
Qy Qs Qs Q, 
(-2a,0) (-a,0) (+a,0) (+2a,0) 
Column | Column Il 
. Q,,Q5, Qs, Q, all positive 1. +X 


Pp 
Q. Q,,Q, positive; Q,,Q, negative 
R 


2 
. Q, Q, positive; Q,,Q, negative 3. +y 
4 


S. Q,,Q, positive; Q,,Q, negative =V 
Codes 
P QRS 
(a) 3, 1, 4, 2 
(bo) 4, 2, 3, 1 
(c) 3, 1, 2, 4 
(d) 4, 2, 1, 3 
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42. Two ideal batteries of emf V, and V, and 
three resistances R,, R, and R; are 
connected as shown in the figure. The 
current in resistance R, would be zero if 

(More than One Correct Option, 2014) 


(a) V, =V, and R, =R, =R, 

(b) V, =V> and R, = 2A, = Rg 
(c) V, = 2V> and 2R, = 2R, =R, 
(d) 2V, =V% and 2R, =R, =R; 


43. During an experiment with a metre 
bridge, the galvanometer shows a null 
point when the jockey is pressed at 40.0 
cm using a standard resistance of 90 Q, as 
shown in the figure. The least count of the 
scale used in the metre bridge is 1 mm. 
The unknown resistance is 

(Single Correct Option, 2014) 


R 90 Q 
— 
40.0cm 


(a) 60+ 0.15 Q 
(c) 60 + 0.25 Q 


(b) 185 + 0.56 Q 
(d) 185 + 0.23 Q 


44. Two parallel wires in the plane of the 
paper are distance X, apart. A point 
charge is moving with speed u between 
the wires in the same plane at a distance 
X, from one of the wires. When the wires 
carry current of magnitude Jin the same 
direction, the radius of curvature of the 
path of the point charge is R,. In contrast, 
if the currents J in the two wires have 
directions opposite to each other, the 
radius of curvature of the path is Ry. If 
Xo = 3, and value of ar is 

1 2 
(Single Integer Type, 2014) 
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45. A galvanometer gives full scale deflection 
with 0.006 A current. By connecting it to 
a 4990 Q resistance, it can be converted 
into a voltmeter of range 0-30 V. If 


connected to a ah Q resistance, it 
249 


becomes an ammeter of range 0-1.5 A. The 


value of n is (Single Integer Type, 2014) 


Passage (Q. Nos. 46-47) 


The figure shows a circular loop of radius a 
with two long parallel wires (numbered 1 
and 2) all in the plane of the paper. The 
distance of each wire from the centre of the 
loop is d. The loop and the wires are 
carrying the same current J. The current in 
the loop is in the counter-clockwise direction 
if seen from above. (Passage Type, 2014) 


46. When d = a but wires are not touching 
the loop, it is found that the net magnetic 
field on the axis of the loop is zero at a 
height h above the loop. In that case 
(a) current in wire 1 and wire 2 is the direction 

PQ and RS, respectively andh=a 

(b) current in wire 1 and wire 2 is the direction 

PQ and SR, respectively andh=a 

(c) current in wire 1 and wire 2 is the direction 

PQ and SR, respectively andh = 1.2a 

(d) current in wire 1 and wire 2 is the direction 

PQ and RS, respectively andh = 1.2a 


47. Consider d >> a, and the loop is rotated 
about its diameter parallel to the wires by 
30° from the position shown in the figure. 
If the currents in the wires are in the 
opposite directions, the torque on the loop 
at its new position will be (assume that 
the net field due to the wires is constant 
over the loop) 


Ia? ul?a? 
gic= (b) Fo 
d 2d 
ja Sial ee (a) V3 uotat 
d 2d 


48. At time t= 0, terminal Ain the circuit 
shown in the figure is connected to Bby a 


key and an alternating current 
I(t) = Ip cos (ot), with J, = 1A and 
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49. 


50. 


= 500 rads“! starts flowing in it with 
the initial direction shown in the figure. 


At t= a fhe key ie switehed fon Bis D. 
@ 


Now onwards only A and D are connected. 
A total charge Q flows from the battery to 
charge the capacitor fully. If C = 20uF, 
R=10Q and the battery is ideal with emf 
of 50 V, identify the correct statement(s). 
(More than One Correct Option, 2014) 


(~) == = 50V 
© C=20uF 


AWWW 
R=102 


(a) Magnitude of the maximum charge on the 
capacitor before t = a ist1x 10°C 


(b) The current in the left part of the circuit just 
71. . 
before t = — is clockwise 
6o 


(c) Immediately after A is connected to D, the 
current in Ris 10A 
(d)Q=2x10°C 


Two non-conducting solid spheres of radii 
Rand 2 R, having uniform volume charge 
densities p, and py respectively, touch 
each other. The net electric field at a 
distance 2 R from the centre of the 
smaller sphere, along the line joining the 


centre of the spheres, is zero. The ratio = 

can be (More than One Correct Option, a 
32 

(a) ; : (b) -= 

(c) = me (d) 4 


In the circuit shown in the figure, there 
are two parallel plate capacitors each of 
capacitance C. The switch S, is pressed 
first to fully charge the capacitor C, and 
then released. The switch S, is then 
pressed to charge the capacitor C,. After 
some time, Sp, is released and then S, is 
pressed. After some time 

(More than One Correct Option, 2013) 


51. 
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“EF I. 
LLY 


a) the charge on the upper plate of C, is 2 CV, 
b) the charge on the upper plate of C, is CV, 
) 
) 


( 
( 
(c) the charge on the upper plate of C, is 0 

(d) the charge on the upper plate of C, is -CV 
Two non-conducting 
spheres of radii R, 
and R, and carrying 
uniform volume 
charge densities +p 
and —p, respectively, are placed such that 
they partially overlap, as shown in the 
figure. At all points in the overlapping 
region (More than One Correct Option, 2013) 


(a) the electrostatic field is zero 

(b) the electrostatic potential is constant 

(c) the electrostatic field is constant in 
magnitude 

(d) the electrostatic field has same direction 


A particle of mass M and positive charge 
@, moving with a constant velocity 
u, = 4ims', enters a region of uniform 


static magnetic field normal to the x-y 
plane. The region of the magnetic field 
extends from x = 0 to x= L for all values 
of y. After passing through this region, 
the particle emerges on the other side 
after 10 milliseconds with a velocity 
uy = 2(/3i + j) ms"!. The correct 
statement(s) is (are) 
(More than One Correct Option, 2013) 

(a) the direction of the magnetic field is —z 

direction. 
(b) the direction of the magnetic field is +z 


direction 
501M 


(c) the magnitude of the magnetic field is 


units. 


(d) the magnitude of the magnetic field is 
1002M 
3Q 


units. 
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53. A steady current J flows along an 
infinitely long hollow cylindrical 
conductor of radius R. This cylinder is 
placed coaxially inside an infinite 
solenoid of radius 2R. The solenoid has n 
turns per unit length and carries a steady 
current J. Consider a point P at a distance 
r from the common axis. The correct 
statement(s) is (are) 

(More than One Correct Option, 2013) 
(a) In the region 0<r<F, the magnetic field is 
non-zero 
(b) In the region R<r< 2A, the magnetic field is 
along the common axis 
(c) In the region R<r< 2R, the magnetic field is 
tangential to the circle of radius r, centered 
on the axis 
(d) In the region r > 2R, the magnetic field is 
non-zero 


Passage (Q. Nos. 54-55) 


A point charge Q is moving in a circular orbit of 
radius R in the xy plane with an angular 
velocity @. This can be considered as equivalent 
Qo. 
2m 
uniform magnetic field along the positive z-axis 
is now switched on, which increases at a 
constant rate from 0 to B in one second. Assume 
that the radius of the orbit remains constant. 
The applications of the magnetic field induces 
an emf in the orbit. 


to a loop carrying a steady current 


The induced emf is defined as the work done by 
an induced electric field in moving a_ unit 
positive charge around a closed loop. It is known 
that, for an orbiting charge, the magnetic dipole 
moment is_ proportional to the angular 
momentum with a proportionality constant y. 
(Passage Type, 2013) 


54. The change in the magnetic dipole 
moment associated with the orbit, at the 
end of the time interval of the magnetic 
field change, is 


2 
(a) yBQR? (b) y= 
2 
(c) yBOR (d) yBQR? 


2 


55. 


56. 


57. 


Wa) 


The magnitude of the induced electric 
field in the orbit at any instant of time 
during the time interval of the magnetic 
field change is 

BR —BR 
(a) = (b) —— 


(c) BR (d) 2BR 


Passage (Q. Nos. 56-57) 


A thermal power plant produces electric 
power of 600 kW at 4000 V, which is to be 
transported to a place 20 km away from the 
power plant for consumers’ usage. It can be 
transported either directly with a cable of 
large current carrying capacity or by using a 
combination of step-up and_ step-down 
transformers at the two ends. The drawback 
of the direct transmission is the large 
energy dissipation. In the method using 
transformers, the dissipation is much 
smaller. In this method, a_ step-up 
transformer is used at the plant side so that 
the current is reduced to a smaller value. At 
the consumers’ end a step-down transformer 
is used to supply power to the consumers at 
the specified lower voltage. It is reasonable 
to assume that the power cable is purely 
resistive and the transformers are ideal 
with a power factor unity. All the current 
and voltages mentioned are rms values. 
(Passage Type, 2013) 


If the direct transmission method with a 
cable of resistance 0.4. Q km7 is used, the 
power dissipation (in %) during 
transmission is 
(a) 20 (b) 30 


(c) 40 (d) 50 


In the method using the transformers, 
assume that the ratio of the number of 
turns in the primary to that in the 
secondary in the step-up transformer is 
1:10. If the power to the consumers has to 
be supplied at 200V, the ratio of the 
number of turns in the primary to that in 
the secondary in the step-down 
transformer is 
(a) 200: 1 

(c) 100: 1 


(b) 150: 1 
(d) 50:14 


Answer with Explanations 
ii (d) 


V _R At centre of ring, B due to wires is along X-axis. 
-|4-e 2 
a R ee Hence Z-component is only because of ring which 
aol Ep 
or 7 B=+2 (-k). 
From principle of superposition, 2R 
[= I, —l5 3. (1 -50) 
y a tR ane 
— “OL — “OL aE + He 
= as “f e “| (i) Vo=8V = Before IE Ge 
dl il 

/is maximum when oo which givese 24 “5 or 
2L 

t=—In2 Buc HL C<— 

a — +5uC 

Substituting this time in Eq. (i), we get 7 After 1uF 

V 7 5H 
hnex =—= —/3uC 
ma AR IMF 7316 
2. (a,b,d 
( ) Applying loop rule, 
Pa 22a = SW oe 60 
1 oe 1 E, 
4. (2 m/s) If average speed is considered along X-axis, 
R, = "oR, = o_o _, R,>R, 
qB, qgBz,  4qB, 
X=-R : 
Cy \ LF) 

(a) At origin, B=0 due to two wires if /, =/5, hence Distance travelled along x-axis, Ax = 2(R; + Ro)= om 
(Bet ) at Origin is equal to B due to ring. which is 208, 
non-zero. Total time q ; Tp _ ™™M , am 

(b) If /,>0and /,<0, Bat origin due to wires will be _ 2 2 QB QB, 
along + k. Direction of B due to ring is along -k TM po TONY Samm 
direction and hence B can be zero at origin. gB, 4qB, 498, 

SMV 9 


(c) If ;<Oand /5>0, B at origin due to wires is 
-k -k i F 29B 

along —k and also along —k due to ring, hence Magnitude of average speed = 1 =2m/s 
B cannot be zero. 5mm 
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5. (a, b) PQ =(2)R sin 60° 


= (2R) “6 = (V3R) 
7 enclosed = r J3R) 
We have, o= Denclosed _5 be 


Eo Eo 


ae 


Also, electric field is perpendicular to wire, so 
Z-component will be zero. 


6. (2) a= = 2% = 108 sintto*) 
m m 


Vv t 
 _ 403 sino%) = Jov = [10° sin(10%t) at 
at 
0 0 
3 
vy = 10° Hos (10%) 
10° 
Velocity will be maximum when cos(10°) = — 1 


Vax = 2 m/s 
7. (5.55) Given, N = 50, 
A=2x107* m?,C =107,R = 50Q, 
B=002T,8=02 rad 
Nig AB = C0 
4 
> ig a ue = =01A 
NAB 50x2x 10% x 0.02 
Vap =ig XG =(i-ig)S 
0.1x 50=(1-0.1)xS 
S 
> 
inig 


8. (b) List-Il 
ies 1 Q 


Ane) d? a? 
1 2Q(2/) 1 


10. 


2/ 


(4)E=-——* a _ AI) 
2me(d-!) 2ne(d+!) 2ned? 
1 
=> E« PE 
(5)E=—°- = Eis independent of d 
2& 


(6) When switch is closed for a very long time 


capacitor will get fully charged and charge on 
capacitor will beg = CV 
Energy stored in capacitor, 


1 
Eo= ao (i) 


Work done by a battery, 
W = Vq = VCV =CV? 
Energy dissipated across resistance 
Ep = (work done by eq. battery) — (energy stored) 


1 1 ; 
Ep = CV? —- —CV? = —CV? aH 
D 5 5 (ii) 


From Eqs. (i) and (ii), we get 
Ep =E£o 

(a) For process (1) 

Charge on capacitor = a 


2 2 
Energy stored in capacitor = lo Vo. = CVo 
2 9 18 


2 
Work done by battery = ae x “ = ma 


2 2 2 
Heat loss = S10 — ib. = Co 


18 18 
For process (2) 


Charge on capacitor = a 


Extra charge flow through battery = th 


2 
Work done by battery = < a = a 


zie) _ aCVE 
3 18 
4CVS CVS _ 3CVe 
18 18 18 
Heat loss in process (2) = work done by battery in 
process (2) — energy store in capacitor process (2) 
2CVs — 3CVS _ CVG 
9 18 18 


Final energy stored in capacitor = 50 


Energy stored in process 2 
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11. 


12. 


13. 


14. 


For process (3) 
Charge on capacitor = CV) 
Extra charge flown through battery 
2CVy _ CY 
3 3 
Work done by battery in this process 


_ (Yo \y)_ CVE 
(Se) : 


= CY - 


Final energy stored in capacitor = sv 


Energy stored in this process 
1 cve2 4CV5 _ SCVS 
2 18 18 
Heat loss in process (3) 
CVs _ BCVg _ CVE 
3 18 18 
Now, total heat loss (Ep) 
CVs, CVS , CVs _ CV5 
ig 18 18 6 


Final energy stored in capacitor = svi 


So we can say that Ep = +(3c¥8 


(Cc) For particle to move in negative y-direction, either 
its velocity must be in negative y-direction (if initial 
velocity # 0) and force should be parallel to velocity or 
it must experience a net force in negative y-direction 
only (if initial velocity = 0) 
(a) F... =F. + Fz =qE + qv xB 
For particle to move in straight line with constant 
velocity, F,., = 0 

gE+qvxB=0 


(Cc) For path to be helix with axis along positive 
z-direction, particle should experience a centripetal 
acceleration in xy-plane. 

For the given set of options only option (c) satisfy the 
condition. Path is helical with increasing pitch. 


(a) 2 


he se . 
B,, = © [sina + sin 
12 iat B] 
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a = 60° andB = - 30° 


_ Ho [v3 1 
4nd} 2 2 
B _ tol | V3 -1 
2 
4nd 2 
d=a 
By = 12 Bip 


4nd 2 4na 


= 12 x Hol A=- Bol 6/3 — 1] 


15. (b,c) (a)| AP |= 2p 


x x x 
p 
mer 
d x x x 
x p 
x x x 


(b) r((1—cos®)=R => rsind sl 
2sin® cos® 
sind _ 3 9°79 _ 3 
1-cos® 2 5,29 2 
2 
ae 
r 
tiles = tan a 
2 3 
(=) = 
=> tang = 3/3 12 
4-4 5 5 
9 9 
13 
12 
f) 
5 
sine = 2 (=) alt 13R P A 8P 
13° (13 2 8 QB 13QR 
P —3R 2P 
(c) <<" B> = _ 
QB 2 3QR 
(r= Mg =27=2™ 5 dam 
QB QB 
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16. (a,b) At = 0, Xo = — = oo. Therefore, current is 
o 


nearly zero. 


Further at resonance frequency, current and voltage 
are in phase. This resonance frequency is given by, 


1 6 
, = = = 10° rad/s 
" VLC foe x 10° 


We can see that this frequency is independent of R. 
Further, X, = al, Xo = —e 
@C 


At, @ = @, = 10° rad/s, X,; = Xo. 
For@>@,, X, > Xe. SO, Circuit is inductive. 


17. (b,d) The net magnetic flux through the loops at timet 


is 
o = BA - A)cos wt = BA cos at 
So, a = BoAsinat 
at 
do}. : 
= a is maximum when 6 = ot = 1/2 


The emf induced in the smaller loop, 
2 (BA cos at) = BoA sinat 


Esmaller = — oy 


.. Amplitude of maximum net emf induced in both the 
loops 

= Amplitude of maximum emf induced in the smaller 
loop alone. 


18. (a,b,c) S 
—— 


ve) Li Lo 


Since inductors are connected in parallel 


dl, dl. 
Ve =v; LHL 
iF lo 4 oe 2 
4A oL 
Ll = Lolo; A = 72 
aa 2 lp iG 
Current through resistor at any timet is given by 
RT 
[= Ya e £) where L= LiLo 
R L, +L, 
After long time / = f 
L+l=l (i) 
Ll, = Loly (ii) 
From Eqs. (i) and (ii), we get 
V Ly Vek 
= =a 
RL,+lL, RL+lL, 


(d) Value of current is zero att = 0 
Value of current is V/R att = 00 
Hence option (d) is incorrect. 
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19. (b,c) Wy = vesin( oi + 2) — Vosin wt 


7 vesin{ + 4) + Vosin(wt + 7) 


20. I 
3 3 


= Vy =2V,cos (=) = 13 VY 


> o=T 


=> Vy =V3Vy sin@t + 9) 
Vv 
= (Vxy Jems = (Wz)rms al va 


a 
20. (d) Suppose charger per unit length at h 
any instant 
Bs | as aes 
Initial value of A is suppose Ao. 
Electric field s at a distance r at any 
instant is 
So 
2 Ter 
J=oF= jo 
2 ner 
j=0F = WA) = —Jo2 mi 
dN Xr 
—~=- x 02 tl = 
at 2 Ter 9 ) 
a t 2 
[A=-Sfa sarang = 
do d aa 
- --t 
oy OA e° =Je® 
2 ner 2 ner 
Here, Jo = oh. 
2 mer 


.. Jt) decreases exponentially as shown in figure below. 


J@ 


(0, 0) 


21. (a,b,c,d) Just after pressing key, 
5 — 25000/, = 0 
5 — 50000/, = 0 (As charge in both capacitors = 0) 
>i,=02mMA => i,=01mA 
and Vz + 25000/; = Vy = Vg — Vg 5V 
After a long time, /; and /, = 0 (steady state) 


4 

> 5 00> 200nC 

40 94 HW 
qo _ = 

and 5-+2£=0 => = 100uC 
20 Je bu 


Vyp-22=V, => Vp 


V, + 5V 
20 
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22. 


23. 


=> (a) is correct. 
For capacitor 1,q, = 200[1-e“/"]uc 


i, = tet" ma 
5 


For capacitor 2,q5 = 100[1-e “J uc 
1 


in =—et" mA 
10 
= Vg — 92 + i, x25 = Vp 
20 
=> Vz -V, = 5[1-e*]-5e% 
=-5[1-2e7] 


At t =In2,Vg - Vy, =5[1-1]=0 
=> (b) is correct. 


At t=1/ =i, + Io e+ . 
5 10 10 e 
ae ay ee ee s 
5 10 10 


=> (Cc) is correct. 
After a long time, /; = /5 = 0 = (d) is correct. 


(d) Balls will gain positive charge and hence move 
towards negative plate. 

On reaching negative plate, balls will attain negative 
charge and come back to positive plate. 

and so on, balls will keep oscillating. 

But oscillation is not S.H.M., 

As force on balls is not « x. 

= option (d) is correct. 


(a) As the balls keep on carrying charge form one 
plate to another, current will keep on flowing even in 
steady state. When at bottom plate, if all balls attain 
chargeq, 
i AG . ges 
r ANE, k 


Inside cylinder, electric field 
E = [Vy — (— Vo)]h= 2Voh. 
= Acceleration of each ball, 


=> Time taken by balls to reach other plate, 
fe Ae _ [2hkm _ 1 {2 
a ahve VV r 
If there are n balls, then 
Average current, 


: nq Vor r F 2 
Lay = =nx x V >i, « V, 
av t k 0 km av 0 


24. 


25. 


26. 
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(c,d) Because of non-uniform evaporation at different 
section, area of cross-section would be different at 
different sections. 
Region of highest evaporation rate would have rapidly 
reduced area and would become break up 
cross-section. 
Resistance of the wire as whole increases with time. 
Overall resistance increases hence power decreases. 
2 

[P 7 a orP « i as Vis constant} At break up 

R R 
junction temperature would be highest, thus light of 
highest band frequency would be emitted at those 
cross-section. 


(a,c) By reciprocity theorem of mutual induction, it can 
be assumed that current in infinite wire is varying at 
10A/s and EMF is induced in triangular loop. 


LIITILILLLLD dy 


Flux of magnetic field through triangle loop, if current in 
infinite wire is @, can be calculated as follows: 


dp=E0 2ydy = dp=b% a 
2 Ty T 


= 9-td( 4) 


mn \V2 
do Ho( I di 
= EMF = (9) = 
c n \J2 ) dt 
= H21oom{ 10%) = Be vot 
m1 Ss 1 


If we assume the current in the wire towards right then 
as the flux in the loop increases we know that the 
induced current in the wire is counter clockwise. 
Hence, the current in the wire is towards right. 
Field due to triangular loop at the location of infinite 
wire is into the paper. Hence, force on infinite wire is 
away from the loop. 
By cylindrical symmetry about infinite wire, rotation of 
triangular loop will not cause any additional EMF. 


(a,c) For maximum range of voltage resistance should 
be maximum. So, all four should be connected in 
series. For maximum range of current, net resistance 
should be least. Therefore, all four should be 
connected in parallel. 
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27. (8) Ly=1mH = 14=4Q 
TO00000™ WW 
Lo=2MH — fo=4Q 
OUST —_Www 
R=12Q0 
in 
|! 
e=5V 
€ 5 Sas 
feo SK Initially att = 0 
ia = 5 ( y ) 
bain e € l | : | L (finally in steady state) 
Req h tf R 
(3 1 1 10, 
3 4 12 3 
imax =8 
hain 
28. b,c > 
(b,c) x x x 
x xX xX 
x X|xX 
x X|xX 
x X|x 
Re x X|x 
x X|x 
x X|xX 
x xX xX 
x xX xX 
=x 
When loop was entering (x < L 


o = Blix 
e=- A) =-— &X 
dt dt 
je| = BLv 
j= - = - (anticlockwise) 
BPL*’v 
F = i/B (Left direction) = ——— (in left direction) 
og F BeL’y ; you 
m mR ax 
dv B°L*’v B°L? ¢ 
ax mR J e i 
B°L*v 
=>V=Vo- x 
mR 


(straight line of negative slope for x < L) 


|= a => (/ vs x will also be straight line of negative 


slope forx <L)L< x<3L 


xxXXXxXXXXKX 
xX X|X X KX X{XK X 
xX X|x XK XK X X|X X 
xX X|X KX X X|X X 
xX XXX XXX XK X 
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B 
< 


>x>4l >e 


xX xX XK XK XK XK XK X 
WWW 

xX X| xX KX XK XK XIX X 

xxlxxxxxlx x] 

< 

xX X| xX X XK XK XIX X 
“ 

xX xX XK XK XK XK XK XK 


— X — 


Force also will be in left direction. 


j= = (clockwise) 


B°L’v _ yO 


mR "de 


E a {- BL’ r= | ay 


a=- 


BL? 
x-L)=v,-Vv 
ap ( J=Vi, 
BL? 
Vp =Vj- = ——(x-L) (straight line of negative slope) 
m 
BLv ; ; ; . 
hs a (Clockwise) (straight line of negative slope) 


29. (6) ANBP is cross-section of a cylinder of length L. The 
line charge passes through the centre O and 
perpendicular to paper. 


AM = 2 MO = 
x 


_4( AM af 
ZAOM = tan"! = tan ) = 30° 
a J3 


Electric flux passing from the whole cylinder 
=n 
&  £ 


-, Electric flux passing through ABCD plane surface 
(shown only AB) = Electric flux passing through 
cylindrical surface ANB 


. (se Jor= be 


n=6 
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30. (d) The sphere with cavity can be assumed as a 


complete sphere with positive charge of radius R, + 


another complete sphere with negative charge and 
radius Rp. 


E, > E due to total positive charge 
E_ — E due to total negative charge. 


E=E,+E_ 
If we calculate it at P, then E_ comes out to be zero. 
E=E. 


and E, = © (OP), in the direction of OP. 


4n€, R; 
Here, q is total positive charge on whole sphere. 
It is in the direction of OP ora. 
Now, inside the cavity electric field comes out to be 
uniform at any point. This is a standard result. 


31. (d) 


c, = Fo “05 _ 2e,s 
‘d dj2 d 
Ss 
Bie aa 2 4,8 
d/2 d 
De,” 
and Cc” =—_2=£0S 
d d 
C CC’, Ay 4 &S _ ES 
2 zo } 
C+C 3d d 
a Go Geet 
3 dC, 3 
49° (6) ee & Are) 
R Ra Fre Pal Pre )f 
A as ee 
27 10}10° 50x 10° 
Solving we get, R = IBIS ag-6 o= 9? 
64 64 
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33. (1) 
6.5V 
20 UY 40 
AWWW AWWW 
22 
OQ. 
{ 62320 i 
= 102 
| 1203 40 
29 : 
AWWW 
62 $20 
= bw 
ey 10 
120% 240 
20. 
6Q 20 
6.5V == 
120 £40 
20 V 
1 
6.5V | 4.5 
34. (c) At the shown position, net force on both charges is 


35. 


zero. Hence they are in equilibrium. But equilibrium of 
+q is stable equilibrium. So, it will start oscillations 
when displaced from this position. These small 
oscillations are simple harmonic in nature. While 
equilibrium of -q is unstable. So, it continues to move 
in the direction of its displacement. 


(a,b,c) 


y 
S| ae, ioe 


Force on the complete wire = force on straight wire PQ 
carrying a current /. 
F = (PQ x B) 
= I[{2(L + R)i} x B] 
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36. 


37. 


38. 


39. 


This force is zero if Bis along i direction or x-direction. 


If magnetic field is along j direction ork direction, 
|F| = F =(/)(@)(L + R)Bsin90° 

or F=2KL+ R)B 

or F«(L+R) 

.. Options (a), (b) and (c) are correct. 


(ad) F, = Bey =e = FI 
nAe nA 
F,=eE => FL =F, 
eee = BS 
nA nAe 
Veéd BI a Blw Bl 
nAe n(wdje ned 
Tie 
Vo dy 
=> ifw, =2w, and d, =d> 
V, = Vo 
.. Correct answers are (a) and (d). 
(a,c) V = BE ek ye 
ned V> By nm, 


IfB, = Bz and n, = 2/ng, then V, = 2V, 
IfB, = 2B, and n, = no, then Vo = 0.5V, 
. Correct answers are (a) and (c). 


(a,d)C =C, + Cy 
6s KegA/3- Gy &o2A/3 
d d 
_ CA lK + 2)€A _, C _ K+2 
3d C, K 


Also, E; = E> = “, where V is potential difference 


between the plates. 


Q r to) 
(c,d) —— = 3 
ANE) 2 TEo §=— 2° 
Q = 2x01 


(a) is incorrect, 5 = Be 
TO 
(b) is incorrect, E, (2) = 4E, (Io) 
As Eyx=> 
E> (2) BEA) ae? Exes 
2 r 


=> (Cc) is correct 


as E,«r 
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=> (d) is incorrect 


kQ 1 
40. (c) £, = Re where k = 


E, = KeQ) 5, = 2kQ 


NURI ey ea eee ee 


(2R)° 2R? 


3 


41. (c) (P) Component of forces along x-axis will vanish. 
Net force along positive y-axis 


(Q) Component of forces along y-axis will vanish. Net 
force along positive x-axis 


7 
7 


+Q  +Q 


N. 


=a) 


(R) Component of forces along x-axis will vanish. Net 
force along negative y-axis 


Fa 


x ene 

-Q +Q 

(S) Component of forces along y-axis will vanish. Net 
force along negative x-axis 


Z 
7 


+Q -Q 
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42. (a,b,d) Let us take Vp = 0. Then potentials across 


R,, Ro and R3 are as shown in figure (ii) 
In the same figure 
Vy 
; R, 


Mio ve 


Current through Rz will be zero if 

MF 

Vo Rg 

In options (a), (6) and (d) this relation is satisfied. 


Y=0 => 


43. (c) For balanced meter bridge 
xX i 


————— (where, R = 90 Q) 


R~ (100-1) 
A ot 
90 100-40 


X=60 
1 

(100 — 2) 

AX_ Al, Al _ 01, 0.1 

"400-7 40 60 


X=R 


Xx 1 
AX = 0.25 
So, X =(60+ 0.25) Q 
| 
44. (3) B, = Ho! Ho 


27X, 20 (Xo — X) 
(when currents are in opposite directions) 
B, Lo! [ol 
27X; 21 (Xo — X) 
/ / 


<—X{ > <X-X1 > 
(when currents are in same direction) 
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Substituting x, =%2 (as 0 = 3) 
3 x 
B, = 3Ho! _ SHo! _ So! 
} 


2TXy 4TX, 4X 


R, = "™ and By 


qB, 4TXo 
apa = Moh 8, 
qB R, B38 
45. (5) ig 4990 Q 
<— V—____» 
ig(G + 4990) = V 
S 4990) = 30 
1000 
=> G+ 4990 _ 5000 


> G=10 


Vab =VMog LT =(1.5-1)2 
S 
Cc d 
(1.5-4g) 
¥ > G 
15A @ ig © b 
> : x10= (15 6 Js 
1000 1000 
60 2n 249 x 30 2490 | 


>n 
1494 249 1494 498 


46. (c) Bz = B due toring 
B, = B due to wire-1 
B, = B due to wire-2 


In magnitudes B, = B, = Hol 
2m 


Resultant of B, andB, 


= 2B, cos @=2 (Ho) (2) = Hot 
2m)\r 


5 
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LL glR? _ 2uoina® 
2(R? + x*)? nr 
As, R=a,x=h and a? +h? =/? 
For zero magnetic field at P, 
ol _ 2uolna® 


mr? Anr? 


= na®=2rh >n=1.20 


47. (1b) Magnetic field at mid-point of two wires 
= 2 (magnetic field due to one wire) = 2 a | 


2nd 
_ bod @ 
Td 
Magnetic moment of loop M = /A= / na” 
2,2 
Torque on loop = MB sin 150° = bee 


Q fiat J (lo cos at) at 


4B. (c,d) 22 =| 
at 


Just after switching 


-Q, 
Qy=1mMC4 +44 =r BOY 
Qy 
+ a. 
—, 
R=10Q 
In steady state 
Qo 
ee ee 
=== T SOV 
-Q5 
R=10Q 
At iS ax or of = om 
6o 6 


Current comes out to be negative from the given 
expression. So, current is anti-clockwise. 
Charge supplied by source fromt = Oto 


70 aue 
fel” Q= [se cos (500) at 
60 0 


Te gin /™ 
_ E al 7 6 -_1mc 
500 Io 500 


Apply Kirchhoff's loop law just after changing the 
switch to position D 
50 + Oy. IR=0 
Cc 
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Substituting the values of Q,, C and R we get 
/=10A 

In steady stateQ, = CV = 1mC 

. Net charge flown from battery = 2 mC 


49. (b,d) At point P 


If resultant electric field is zero then 


KQ, _KQop _, Pig 
4R?— 8R° Po 
At point Q 
If resultant electric field is zero then 
KQa KQ, = 
4R® —_25R® 
ee a (P; must be negative) 
Po 25 


50. (b, d) After pressing S, charge on upper plate of C, is 
+ 2CVo. 
After pressing S, this charge equally distributes in two 
capacitors. Therefore charge an upper plates of both 
capacitors will be + CVo . 
When Sz is released andS is pressed, charge on 
upper plate of C, remains unchanged (= + CV,) but 
charge on upper plate of C, is according to new 
battery (= — CVp). 


51. (c,d) For electrostatic field, 


Field at P 
Ese, +e, =? cpa cop 
3€q 3€o 
=? CP + PC.) 
3E 
Ep>=- cc, 
3E 


For electrostatic. Since, electric field is non-zero so it is 
not equipotential. 


52. (a,c) u = 4i;v = 2(V3i + j) 


xX xX X X 
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According to the figure, magnetic field should be in @ 
direction, or along —z direction. 


Vv 2 1 
Further, tan@é = “ = “_ = —_ 
Vy 2/3 V3 
8@=30° or ald 
6 


= angle of v with x-axis 
= angle rotated by the particle 


=Wt = (+ } 
M 
aj MT OM init (ast = 10°? second) 
6Qt 3Q 
53. (a,d) Q 
P 


P — Hollow cylindrical 
conductor 


OR Q = Solenoid 


In the region,O<r<R 
Bp = 0, 

Bg # 0, along the axis 

: But #0 

Inthe region, R<r<2R 


Bp # 0, tangential to the circle of radius r, centred on 
the axis. 


Bg # 0, along the axis. 

“. Bret # 0 neither in the directions mentioned in 
options (b) or (c). 

In region, r>2R 
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2m 2m 
2 
= (2) (mR*o) QoR* 
2m 2 
Induced electric field is opposite. Therefore, 
@’ =@ —- at 
BR 
Q)| — |R 
at Qe) Ie } _ QB 
1 mR? mR? 2m 
, QB QB 
oO’ = -1=0 
2m 2m 
7p2 2 
M, Qa’R ao =) 
2 2m) 2 
2 2 
AM = M, - M; Gee 
4m 
QBR* Q } 
M=- as Y = — 
- Zz ( x 2m 


55. (b) The induced electric field is given by, 


op or El= °F] 
at 


> E-al a 


+, E(2mR) = —(mR)(B) 


or Boece! 
2 
56. (b) P=Vi 
3 
a aE. Ash 
Vv 4000 


Total resistance of cables, 
R=04x20= 82 
. Power loss in cables 
= i°R = (150)°(8) 
= 180000 W = 180 kw 
This loss is 30% of 600 kW. 


57. (a) During step-up, 


pay Sone ole 
Ss Vs 
1 4000 
or ——— 
10 V. 


or V, = 40,000 V 

In step, down transformer, 
N, _ Vp, _ 40000 _ 200 
N, Vs 200 1 
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29.1 Introduction 


Earlier we have learned that a time varying magnetic field produces an electric field. Is the converse 
also true? Does a time varying electric field can produce a magnetic field? James Clerk Maxwell 
argued that not only an electric current but also a time varying electric field generates magnetic field. 
Maxwell formulated a set of equations (known as Maxwell’s equations) involving electric and 
magnetic fields. Maxwell’s equations and Lorentz force formula make all the basic laws of 
electromagnetism. 


The most important outcome of Maxwell’s equations is the existence of electromagnetic waves. 


The changing electric and magnetic fields form the basis of electromagnetic waves. A combination of 
time varying electric and magnetic fields (referred as electromagnetic wave) propagate in space very 
close to the speed of light (=3 x 10° m/s) obtained from optical measurements. We shall take a brief 
discussion of electromagnetic waves mainly developed by Maxwell around 1864. 


29.2 Displacement Current 


An electric current produces magnetic field. Value of magnetic field (due to an electric current) at 
some point can be obtained by Biot-Savart law or Ampere’s circuital law. 


We have stated Ampere’s law as 
fB-dl=poi (i) 


where left hand side of this equation is the line integral of magnetic field over a closed path and 7is the 
electric current crossing the surface bounded by that closed path. 


Ampere’s law in this form is not valid if the electric field at the surface varies with time. For an 
example if we place a magnetic needle in between the plates of a capacitor during its charging or 
discharging then it deflects. Although, there is no current between the plates, so magnetic field should 
be zero. Hence, the needle should not show any deflection. But deflection of needle shows that there 
is a magnetic field in the region between plates of capacitor during charging or discharging. So, there 
must be some other source (other than current) of magnetic field. This other source is nothing but the 
changing electric field. Because at the time of charging or discharging of capacitor electric field 
between the plates changes. 


The relation between the changing electric field and the magnetic field resulting from it is given by 


dd . 
B-dl=wu se ssc(H. 
f H 9&9 ae (ii) 


Here, o ; 1s the flux of the electric field through the area bounded by the closed path along which line 
integral of B is calculated. 


Combining Eqs. (1) and (ii), we can make a general expression of Ampere’s circuital law and that is 


. do . do 
B-dl= i+ E STE ite E 
f Hol + Lo&o a Hol 0H 


or §B-dl=p9 (i+iz) ...(iii) 
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dd ¢ 


Here, iy =o 
dt 


(iV) 
is called the displacement current and which is produced by the change in electric field. The current 


due to the flow of charge is often called conduction current and is denoted by i... Thus, Eq. (iii) can 
also be written as 


fB-dl=p (i, +i) (Vv) 


Example 


In the figure, a capacitor is charged by a battery through a resistance R. Charging of capacitor will be 
exponential. A time varying charging current 7 flows in the circuit (due to flow of charge) till charging 
continues. A time varying electric field is also produced between the plates. This causes a 
displacement current i, between the plates. There is no current between the plates due to flow of 
charge, as a medium between the plates is insulator. 

Consider two closed paths a and bas shown in figure. Ampere’s circuital law in these two paths is 


Along path a 


fB-dl=poi or B-dl=poi, 


Along path 5 


dh 
a E 
Here, i, =€o 


is in the direction shown in figure. Insample example 29.1, we have shown that 


® Extra Points to Remember 


Faraday’s law of electromagnetic induction says that changing magnetic field gives rise to an electric field 
and its line integral (= emf) is given by the equation 


_ og 
fE-ol= a 


Achanging electric field gives rise to amagnetic field is the symmetrical counterpart of Faraday’s law. This 
is a consequence of the displacement current and given by 


d 
$B-dl = p12 re gi 


Thus, time dependent electric and magnetic fields give rise to each other. 
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Maxwell’s Equations 


° f E-ds = qi, /& (Gauss's law for electricity) 

e $ B-ds=0 (Gauss’s law for magnetism) 

° $ Eeci= SELET (Faraday’s law) 
at 

° f B-dl= oli, + iy)=Wole + Hof we (Ampere-Maxwell’s law) 


© Example 29.1 During charging of a capacitor show that the displacement 
current between the plates is equal to the conduction current in the 
connecting wire. 


Solution Let A is the area of plates, g is the charge on capacitor at . “fc 
some instant and d the separation between the plates. ic 
; di . 
Conduction current, 7, = ual (1) 
dt 
Electric field between the plates, Ww | I 
pu8 -WA_ 4 
Eq Eq Ago Fig. 29.2 


The flux of the electric field through the given area is 
q q 
=EA= A= 
te -ea-[—2] 


0 
fe 1 (41) 
dt &\dt 


ise) 


Displacement current, 


db 
iy =) — 
af 
d 
- 2 | 
Ey dt 
. dq a 
or ig =— (Hd 
a7 (ii) 
From Eqs. (i) and (ii), we can see that 
i, =ig Hence Proved. 


INTRODUCTORY EXERCISE 


1. Aparallel-plate capacitor with plate area A and separation between the plates d, is charged bya 
constant current /. Consider a plane surface of area A/2 parallel to the plates and drawn 
symmetrically between the plates. Find the displacement current through this area. 
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29.3 Electromagnetic Waves 


Stationary charges produce only electric field. Charges in uniform motion (or steady currents) 
produce both electric and magnetic fields. Accelerated charges radiate electromagnetic waves. It 
is an important result of Maxwell’s theory. Thus, an accelerated charge produces all three electric 
field, magnetic field and electromagnetic waves. 


Consider an oscillating charged particle. Let f is the frequency of its oscillations. This oscillating 
charged particle produces an oscillating electric field (of same frequency f ). Now, this oscillating 
electric field becomes a source of oscillating magnetic field (Ampere-Maxwell’s law). This 
oscillating magnetic field again becomes a source of oscillating electric field (Faraday’s law) and 
so on. 


The oscillating electric and magnetic fields regenerate each other and electromagnetic wave propagates 
through the space. The frequency of the electromagnetic wave is equal to the frequency of oscillation of 
the charge. 


Frequency of visible light is of the order of 10'* Hz, while the maximum frequency that we can get 
with modern electronic circuits is of the order of 10'' Hz. Therefore, it is difficult to experimentally 
demonstrate the production of visible light. Hertz’s experiment (in 1887) demonstrated the 
production of electromagnetic waves of low frequency (in radio wave region). Jagdish Chandra 
Bose succeeded in producing the electromagnetic waves of much higher frequency in the laboratory. 


@® Extra Points to Remember 


e When electromagnetic waves propagate in space then electric and magnetic fields oscillate in mutually 
perpendicular directions. Further, they are perpendicular to the direction of propagation of 
electromagnetic wave also. 


e Consider a plane electromagnetic wave propagating along the z-direction. The electric field E, is along the 
x-axis and varies sinusoidally. The magnetic field B, is along the y-axis and again varies sinusoidally. We 
can write E, and B, as 


E, =E, sin(@t —kz) and B, =B, sin (wt — kz) 


eee Electric field 


Fig. 29.3 
Thus, electromagnetic wave travels in the direction of E x B. 
e From Maxwell's equations and the knowledge of waves we can write the following expressions, 


k=2n/X and w=2nf Speed of light (in vacuum) 
ee Ey 1 
k By VEolto 


where, f is the frequency of electromagnetic wave and A its wavelength. 
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e Unlike a mechanical wave (like sound wave) an electromagnetic wave does not require any material medium 
for the oscillations of electric and magnetic fields. They can travel in vacuum also. Oscillations of electric and 
magnetic fields are self sustaining in free space or vacuum. 


e Inamaterial medium (like glass, water etc.), electric and magnetic fields are different from the external 
fields. They are described in terms of permittivity eand magnetic permeability 1. In Maxwell’s equations, &5 
and [1, are thus replaced by ¢ and p and the velocity of light becomes, 


Thus, the velocity of light depends on electric and magnetic properties of the medium. 


e Like other waves, electromagnetic waves also carry energy and momentum.|n previous chapters, we have 
2 


studied that, energy density in electric field = soe and energy density in magnetic field = = 
0 
An electromagnetic wave contains both electric and magnetic field. Therefore, energy density is 
associated with both the fields. 
e Consider a plane perpendicular to the direction of propagation of the electromagnetic wave. If the total 
energy transferred to a surface in timet is E, then total momentum delivered to this surface for complete 
absorption is 


AO= E (complete absorption) 
6 
If the wave is totally reflected, the momentum delivered is 
Ajo= ge (completely reflected) 


e The energy transferred per unit area per unit time perpendicular to the direction of propagation of 
electromagnetic wave is called the intensity of wave. It is given by 


l= ; alee 
Here, E is the rms value of electric field or E,n,- 
© Example 29.2 A plane electromagnetic wave of frequency 25 MHz travels in 


free space along the x-direction. At a particular point in space and time, 
E =(63 j) V/m. What is B at this point? 


E 
Solution c=—" or = E 
Bo 
a" 
Cc 
Substituting the values in SI units, 
B= 6.3 
3x 10 
=2.1x 10° T 
From the relation c=ExB 


We can see that B is along positive z-direction. Because, Eis along j direction and ¢ along i 
direction. 
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B=(2.1x 10° T)k Ans. 


© Example 29.3 The magnetic field in a plane electromagnetic wave is given by 
B, =2x10"T sin (05 x 10°x +15x 10" #)T 
(a) What is the wavelength and frequency of the wave? 
(6) Write an expression for the electric field. 
Solution (a) Wavelength 


From the given equation, we can see that 


k =05x 10° m7! 
But, pa" 
r 
yale Oe 
k 05x 103 
=125x 107 m Ans. 


Frequency 
Angular frequency, 


o=15x 10!! rad/s 


But, o=2nf 
_@ _ 15x10! ' 
2n 2n 
=2.39x 10'° Hz Ans. 
(b) c= “2 
Bo 
Ey =cBy 
=(3.0x 10° )(2x 10°’ )=60 V/m 
From the relation, 
c=ExB 
We can see that E is along z-direction. 
E, =(60 V/m)sin (05x 10° x+15x 10'! ¢)V/m Ans. 


© Example 29.4 Light with an energy flux of 18 W/cm? falls on a 
non-reflecting surface at normal incidence. If the surface has an area of 
20 cm’, find the average force exerted on the surface during a 30 minute time 
span. 

Solution Total energy incident on the given surface in the given time interval is 
E =(18x 10* W/m? )(20x 107+ m? ) (30x 60s) 


=648x 10° J 
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Therefore, the total momentum transferred to the given surface for complete absorption is 
Ap-E- 6.48 x 10° 
c 3.0% 10° 
=2.16x 10 °kg -m/s 
kp 216% 167 
At 30x 60 


=12x10°N Ans. 


FE 


av 


© Example 29.5 In the above example what is the average force if surface is 
perfectly reflecting? 


Solution (a) If the surface is perfectly reflecting, then 


c 
Therefore, average force is doubled or 
F. =2.4x10°N Ans. 


© Example 29.6 Calculate the electric and magnetic fields produced by the 
radiation coming from a 100 W bulb at a distance of 3 m. Assume that the 
efficiency of the bulb is 25 % and it is a point source. 
Solution Intensity at a distance r from a point source of power P is given by 
P 
Anr? 
So, intensity at a distance of 3 m from the bulb with 2.5% efficiency will be 
J, 100.235 
4n(3)° 100 


= (0,022 W/m? 


l= 


Half of the intensity is provided by electric field and half by magnetic field. 


Is 5 =0.011 W/m? 


ae 1 
But, I, is given by 5 coke 
20 
Tr =-€)E’c or = | 
Eg C 


Substituting the values, we have 


7 2x 0.011 
(885x 10°!7 )(3x 108) 
=2.9V/m Ans. 
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Note that this is actually the rms value of electric field. 
From the equation, c=E/B 
E 2.9 


c 30x 108 
=96x 10° T Ans. 


This is again the rms value of magnetic field. 


INTRODUCTORY EXERCISE 


1 
Vf folto 
2. Acapacitor is connected to an alternating current source. Is there a magnetic field between the 
plates? 


1. Show that the unit of is m/s. 


3. The sunlight reaching the earth has maximum electric field of 810 Vm~". What is the maximum 
magnetic field in this light? 
4. The electric field in an electromagnetic wave is given by 
E =(50NC"')sinw(t —x/c) . 
Find the energy contained in a cylinder of cross-section 10 cm? and length 50 cm along the 
X-axis. 


29.4 Electromagnetic Spectrum 


The basic source of electromagnetic wave is an accelerated charge. This produces the changing 
electric and magnetic fields which constitute an electromagnetic wave. An electromagnetic wave 
may have its wavelength varying from zero to infinity. Not all of them are known till date. Today, we 
are familiar with electromagnetic waves having wavelengths as small as 30 fm (1 fm = Le m) to as 


large as 30 km. The boundaries separating different regions of spectrum are not sharply defined, with 
visible light ranging from 4000 A to 7000 A. An approximate range of wavelengths associated with 
each colour are violet (4000 A — 4500 A), blue (4500 A — 5200 A), green (5200 A — 5600 A), yellow 
(5600 A — 6000 A), orange (6000 A — 6250 A) and red (6250 A — 7000 A). 


The classification of electromagnetic waves according to frequency or wavelength is called 
electromagnetic spectrum. Table below gives range of wavelengths and frequencies for different 


waves. 
Table 29.1 
S.No. Type Wavelength range Frequency range 
1. Radio waves >01m <3 x10° Hz 
2. Micro waves 0.1mto 1mm 3x10° Hz to 3x10" Hz 


3. Infrared 1mm to 7000 A 3 x10'' Hz to 4.3 x 10'* Hz 
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S.No. Type Wavelength range Frequency range 
4. Visible light 7000 A to 4000 A 43 x 10'4 Hz to 7.5 x 10'4 Hz 
5. Ultraviolet 4000 Ato 10A 7.5 x10'4 Hz to 3 x 10'” Hz 
6. X-rays 10Ato0.01A 3x10!’ Hz to 3x 10° Hz 
7. Gamma rays <0.01A >3 x10 Hz 


Note /n the above table, wavelength is decreasing from top to bottom. But, frequency is increasing. Now, let 
us discuss them in brief in the order of increasing wavelength. 
1. Gamma Rays_ These high frequency radiations are usually produced in nuclear reactions and 
also emitted by radioactive nuclei. They are used in medicines to destroy cancer cells. 


2. X-Rays X-rays were discovered in 1895 by W.Roentgen. These are produced by the rapid 
deceleration of electrons that bombard a heavy metal target. These are also produced by electronic 
transitions between the energy levels in an atom. X-rays are used as a diagnostic tool in medicine 
and as a treatment for certain forms of cancer. 


3. Ultraviolet Rays Ultraviolet radiation is produced by special lamps and very hot bodies. The 
sun is an important source of ultraviolet light. It plays an important role in the production of 
vitamin-D. But prolonged doses of UV radiation can induce skin cancers in human beings. Ozone 
layer in atmosphere at an altitude of about 40-50 km plays a protective role in this regarding. 
Depletion of this layer by chlorofluorocarbon (CFC) gas (such as Freon) is a matter of 
international concern now a days. 

4. Visible Light It is most familiar form of electromagnetic waves.Our eye is sensitive to visible 
light. Visible light emitted or reflected from objects around us provides information about world. 
Process of photosynthesis in plants needs visible light. Visible light is produced by the transition 
of electrons in an atom from one energy level to other. 

5. Infrared Radiation Infrared rays also sometimes referred as heat waves are produced by hot 
bodies. They are perceived by us as heat. In most of the materials, water molecules are present. 
These molecules readily absorb infrared rays. After absorption, their thermal motion increases, 
i.e. they heat up and heat their surroundings. Infrared rays are used for early detection of tumors. 
Infrared detectors are also used to observe growth of crops and for military purposes. 


6. Microwaves Microwaves may be generated by the oscillations of electrons in a device called 
klystron. Microwave ovens are used in kitchens. In microwave ovens frequency of the 
microwaves is selected to match the resonant frequency of water molecules so that energy from 
the waves is transferred to the kinetic energy of the molecules. This raises the temperature of any 
food containing water. 

7. Radio Waves Radio waves are generated when charges are accelerating through conducting 
wires. They are generated in ZL - C oscillators and are used in radio and television communication 
systems. 
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® Extra Points to Remember 
° Oureyes are sensitive to visible light (Abetween 4000 A to 7000 A). Similarly, different animals are sensitive 
to different ranges of wavelengths. For example, snakes can detect infrared waves. 


e The basic difference between different tyoes of electromagnetic waves lies in their frequencies and 
wavelengths. All of them travel with same speed in vacuum. Further they differ in their mode of interaction 
with matter. 

For example infrared waves vibrate the electrons, atoms and molecules of a substance. These vibrations 
increase the internal energy and temperature of the substance. This is why infrared waves are also called 
heat waves. 

e Electromagnetic waves interact with matter via their electric and magnetic fields, which set in oscillation 
with the charges present in all matter. This interaction depends on the wavelength of the electromagnetic 
wave and the nature of atoms or molecules in the medium. 


e Microwave Oven In electromagnetic spectrum frequency and energy of microwaves is smaller than 
the visible light. Water content is required for cooking food in microwave oven. Almost all food items 
contain some water content. Microwaves interact with water molecules and atoms via their electric and 
magnetic fields. Temperature of water molecules increases by this. These water molecules share this 
energy with neighboring food molecules, heating up the food. 

Porcelain vessels are used for cooking food in microwave oven. Because its large molecules vibrate and 
rotate with much smaller frequencies and do not get heated up. We cannot use metal vessels. Metal 
vessels interact with microwaves. These vessels may melt due to heating. 


Solved Examples 


© Example 1 Long distance radio broadcasts use short wave bands. Explain why? 
Solution Short radio waves are reflected by ionosphere. 


© Example 2 It is necessary to use satellites for long distance TV transmission. 
Explain why? 
Solution TV waves (part of radio waves) range from 54 MHz to 890 MHz. Unlike short wave 


bands (used in radio broadcasts) which are reflected by ionosphere, TV waves are not properly 
reflected by ionosphere. This is why, satellites are used for long distance TV transmission. 


© Example 3 The ozone layer on the top of the stratosphere is crucial for human 
survival. Explain why? 
Solution Ozone layer protects ourselves from ultraviolet radiations. Over exposure to UV 
radiation can cause skin cancer in human beings. Ozone layer absorbs UV radiations. But 
unfortunately over use of Chlorofluoro Carbon Gases (CFCs) is depleting this ozone layer and it 
is a matter of international concern now a days. 


© Example 4 Optical and radio telescopes are built on ground but X-ray 
astronomy is possible only from satellites orbiting the earth. Explain why? 


Solution Visible and radio waves can penetrate the atmosphere, while X-rays are absorbed by 
the atmosphere. This is why X-ray telescopes are installed in satellites orbiting the earth. 


© Example 5 If the earth did not have an atmosphere, would its average surface 
temperature be higher or lower than what it is now? 
Solution Due to presence of atmosphere green house effect takes place. Heat radiated by 


earth is trapped due to green house effect. In the absence of atmosphere, temperature of the 
earth would be lower because the green house effect of the atmosphere would be absent. 


© Example 6 Some scientists have predicted the global nuclear war on the earth 
would be followed by a severe nuclear winter with a devastating effect on life on 
earth. What might be the basis of this prediction? 


Solution After nuclear war, clouds would perhaps cover the atmosphere of earth preventing 
solar light from reaching many parts of earth. This would cause a winter. 


© Example 7 Why is the orientation of the portable radio with respect to 
broadcasting station important? 


Solution Electromagnetic waves are plane polarised, so the receiving antenna should be 
parallel to electric and magnetic part of wave. 
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© Example 8 A plane electromagnetic wave propagating in the x-direction has a 


wavelength of 5.0 mm. The electric field is in the y-direction and its maximum 
magnitude is 30 Vm"'. Write suitable equations for the electric and magnetic 


fields as a function of x and t. 


Solution Given, 2=5mm=5xl10?m 
2m 2a -1 
7 5x10° 
=1257m" 
From the equation, C= 7 


o=ck=(3 x 10°) (1257) 
= 3.77 x10" rad/s 


E, =30 Vim 
Bo 
E 30 
Boss. 2 
oe 8x 108 
=107T 
Now, Ey = Eo sin (ot — kx) 
= (30 V/m) sin [(3.77 x 101! s"!) t — 1257 m"!) x] 
and B, = (107 T)sin [@.77 x10"! s+) ¢ — 1257 m*) x] Ans. 


Example 9 A light beam travelling in the x-direction is described by the electric 
field E., =(300 Vm") sin w(t — x/c). An electron is constrained to move along the 
y-direction with a speed of 20x 10' ms™'. Find the maximum electric force and 
the maximum magnetic force on the electron. 

Solution Maximum Electric Force 


Maximum electric field, Ey =300 V/m 
Maximum electric force F=qEy 
= (16 x 107’) (800) 
=4.8x10"N Ans. 
Maximum Magnetic Force 
From the equation, c= Fo 
Bo 
: Ans Eo 
Maximum magnetic field, By =— 
¢ 
or Bo = = =10° T 
3.0 x10 
Maximum magnetic force = Boqusin 90° = Bogu 


Substituting the values, we have 
Maximum magnetic force = (10 °)(1.6 x 10°!")(2.0 x10’) 
=3.2x105N Ans. 
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© Example 10 A parallel plate capacitor having plate area A and plate 
separation d is joined to a battery of emf V and internal resistance R at t =0. 
Consider a plane surface of area A/2, parallel to the plates and situated 
symmetrically between them. Find the displacement current through this surface 
as a function of time. [The charge on the capacitor at time t is given by 
q=CV (1-e"!"), where t = CR] 


Solution Given, q=CV (l-e"") 
: qd CV —t/t 
Surface charge density, o=—=—(l-e”™') 
A A 
Electric field between the plates of capacitor, 
pete eae 
& & 
Electric flux from the given area, 
EA CV —t/t 
=—_— =— (l-e 
Bo ( ) 
) Lag, tte 
Displacement current, lq = nF 
or ig = & ayy ae) aM gt 
dt | 2&, 2t 
Substituting, t=CR 
We have, iS aa e ICR 
2R 
Again substituting, C= a 
es td 
=o Ans. 
2R 


© Example 11 About 5% of the power of a 100 W light bulb is converted to visible 

radiation. What is the average intensity of visible radiation 
(a) at a distance of 1 m from the bulb? 
(b) at a distance of 10 m? 
Assume that the radiation is emitted isotropically and neglect reflection. 
Solution Effective power (energy radiated per second) 

=5% of 100 W 

P=5W 
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This energy will distribute on a sphere. At a distance r from the point source, area on which 
light is incident is 


S=4nr 
*. Intensity at distance r from the point source, 
= = 7 x = Energy incident per unit area per unit time 
S  Anr 
(a) At r=1m, 
oe Oe 
An (1) 
=0.4 Win? Ans. 
(b) At r=10m, 
I = — = 
4n (10) 
= 0.004 Wim? Ans. 


Example 12 Suppose that the electric field of an electromagnetic wave in 
vacuum is E = {(3.0 N/C) cos[(1.8 rad/m) y +(5.4 x 10° rad/s) t]} i. 

(a) What is the direction of propagation of wave? 

(b) What is the wavelength i? 

(c) What is the frequency f? 

(d) What is the amplitude of the magnetic field of the wave? 

(e) Write an expression for the magnetic field of the wave. 


Solution (a) From the knowledge of wave we can see that electromagnetic wave is travelling 
along negative y-direction, as wt and ky both are positive. 


(b) k=18 rad/n 


pe 
vy 
(oa ee Ans. 
k 18 
(c) o=5.4x10° radis 
@ =2nf 
p= 54x 10° 
On On 
=86x10° Hz Ans. 
(d) E) =30 N/C 
From the relation, c= Eo 
Bo 
We have, By = Eo = ele 
c 30x10 
= 10°T Ans. 


(e) Eis along i direction, wave is travelling along negative y-direction. Therefore, oscillations of B 
are along z-direction or 


B= (10° 1) cos [(1.8 rad/m) y + 6.4 x 10° rad/s) t] k Ans. 
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© Example 13 A parallel plate capacitor made of circular plates each of radius 
R=6.0 cm has a capacitance C = 100 pF. The capacitor is connected to a 230 V 
AC supply with a (angular) frequency of 300 rad/s. 


(a) What is the rms value of the conduction current? 
(b) Is the conduction current equal to the displacement current? 
(c) Determine the amplitude of B at a point 3.0 cm from the axis between the plates. 


Solution (a) Capacitive reactance, 


a 
CoC 


1 
300 x 100 x 10°” 


_ 230 

~ (108/3) 

=6.9x10°A Ans. 
(b) Yes, the derivation in example 29.1 is true even if current is alternating. 


(c) Here, i, is displacement current and i the conduction current. Magnetic field at a distance r 
from the axis, 


Ho la 
Qn R? 
i . rae 
ae 4 =1 S733) 
Substituting the values, we have 


_ 2x10") 69 x10) 


-2 
Bums (x10 (8 x10 ~“*) 
=115x10' T 
By = V2 Buns 


= (J2) (115 x10") T 
=163x10'' T Ans. 


Exercises 


Single Correct Option 


1. One requires 11eV of energy to dissociate a carbon monoxide molecule into carbon and oxygen 
atoms. The minimum frequency of the appropriate electromagnetic radiation to achieve the 
dissociation lies in 
(a) visible region (b) infrared region 
(c) ultraviolet region (d) microwave region 

2. If E and B represent electric and magnetic field vectors of the electromagnetic wave, the 
direction of propagation of electromagnetic wave is along 
(a) E (b) B 
(c) BxE (d) ExB 

3. The ratio of contributions made by the electric field and magnetic field components to the 
intensity of an EM wave is 
(a) c:1 (b) 2:1 
@L1 (a) Ve:1 

4. Light with an energy flux of 20 W/cm? falls on a non-reflecting surface at normal incidence. If 
the surface has an area of 30 cm”. The total momentum delivered (for complete absorption) 
during 30 minutes is 
(a) 36 x10° kg-m/s (b) 36 x 1074 kg-m/s 
(c) 108 x10* kg-m/s (d) 1.08 x10’ kg-m/s 


More than One Correct Options 


5. A plane electromagnetic wave propagating along x-direction can have the following pairs 


of Eand B 
(a) E,, B, (b) #,,, B, 
(c) B,, Ey (d) £,, B, 
6. The source of electromagnetic waves can be a charge 
(a) moving with a constant velocity (b) moving in a circular orbit 
(c) at rest (d) falling in an electric field 


7. An electromagnetic wave of intensity J falls on a surface kept in vacuum and exerts radiation 
pressure pon it. Which of the following are true? 
(a) Radiation pressure is I/cif the wave is totally absorbed 
(b) Radiation pressure is I/cif the wave is totally reflected 
(c) Radiation pressure is 2 I/cif the wave is totally reflected 
(d) Radiation pressure is in the range I/c < p <2 I/c for real surfaces 


8. A charged particle oscillates about its mean equilibrium position with a frequency of 10° Hz. 
The electromagnetic waves produced 
(a) will have frequency of 10° Hz (b) will have frequency of 2 x 10° Hz 
(c) will have a wavelength of 0.3 m (d) fall in the region of radio waves 
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Subjective Questions 


9. 
10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


Can an electromagnetic wave be deflected by an electric field? By a magnetic field? 


What physical quantity is the same for X-rays of wavelength 10°'"m, red light of wavelength 
6800 A and radio waves of wavelength 500 m? 


A plane electromagnetic wave travels in vacuum along z-direction. What can you say about the 
directions of its electric and magnetic field vectors. If the frequency of the wave is 30 MHz, 
what is its wavelength? 


A radio can tune into any station in the 7.5 MHz to 12 MHz band. What is the corresponding 
wavelength of band? 


The amplitude of the magnetic field part of a harmonic electromagnetic wave in vacuum is 
By, =510 nT. What is the amplitude of the electric field part of the wave? 


Figure shows a capacitor made of two circular plates each of radius 12 cm, and separated by 
5.0 cm. The capacitor is being charged by an external source (not shown in the figure). The 
charging current is constant and equal to 0.15 A. 


(a) Calculate the capacitance and the rate of change of potential difference between the plates. 
(b) Obtain the displacement current across the plates. 
(c) Is Kirchhoff’s first rule (junction rule) valid at each plate of the capacitor? Explain. 


Suppose that the electric field amplitude of an electromagnetic wave is H, =120N/C and that 
its frequency is 50.0 MHz. (a) Determine Bp, w, k and A, (b) Find expressions for E and B. 


A variable frequency AC source is connected to a capacitor. How will the displacement current 

change with decrease in frequency? 

A laser beam has intensity 2.5 x 10'* Wm ”. Find the amplitudes of electric and magnetic fields 

in the beam. 

In a plane electromagnetic wave, the electric field oscillates sinusoidally at a frequency of 

2.0x 10'° Hz and amplitude 48 Vm. 

(a) What is the wavelength of the wave? 

(b) What is the amplitude of the oscillating magnetic field? 

(c) Show that the average energy density of the field E equals the average energy density of the 
field B. [¢=3 x 10° ms]. 


The charge on a parallel plate capacitor varies as q = qd, cos 2nft. The plates are very large and 
close together (area = A, separation =d ). Neglecting the edge effects, find the displacement 
current through the capacitor. 


Answers 


Introductory Exercise 29.1 


1. 1/2 
Introductory Exercise 29.2 
2. Yes 3.27 uT 4,555 x10" J 
Exercises 
1. (c) 2. (d) 3. (c) 4. (b) 5. (b,d) 


6. (b,d ) 7.(a,c,d) 8. (a,c,d) 9. No, No 
10. The speed in vacuum is the same for all 
11. E and B lie in x-y plane and are mutually perpendicular, 10 m 
12. Wavelength band from 40 m to 25 m 
13. 153 N/C 
14. (a) 8.0 pF, 1.87 x 10!° Vs"! (b) 0.15 A 


(c) Yes, provided by current we mean the sum of conduction and displacement currents. 
15. (a) 400 nT, 3.14 x 10° rad/s, 1.05rad/m, 6.00 m 


(b) E = (120 N/C) sin [(1.05 rad/m)] x — (3.14 x 108 rad/s)t] 
B = ( 400 nT) sin [(1.05 rad/m)] x — (3.14 x 10° rad/s) ¢] 


16. Displacement current will decrease 
17. 4.3 x10®N/C, 1.44T 


18. (a)15x10%m = (b)16x107 T 
19. -2ngofsin 2n ft 
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30.1 Introduction 


The branch of physics called optics deals with the behaviour of light and other electromagnetic 
waves. Light is the principal means by which we gain knowledge of the world. Consequently, the 
nature of light has been the source of one of the longest debates in the history of science. 


Electromagnetic radiation with wavelengths in the range of about 4000 A to 7000 A, to which eye is 
sensitive is called light. 


In the present and next two chapters we investigate the behaviour of a beam of light when it 
encounters simple optical devices like mirrors, lenses and apertures. Under many circumstances, the 
wavelength of light is negligible compared with the dimensions of the device as in the case of 
ordinary mirrors and lenses. A light beam can then be treated as a ray whose propagation is governed 
by simple geometric rules. The part of optics that deals with such phenomena is known as geometric 
optics. However, if the wavelength is not negligible compared with the dimensions of the device (for 
example a very narrow slit), the ray approximation becomes invalid and we have to examine the 
behaviour of light in terms of its wave properties. This study is known as physical optics. 


30.2 General Concepts used in Geometrical Optics 


Some general concepts which are used in whole geometrical optics are given below. 


1. Normal incidence means angle of incidence (with normal) is 0°. If angle of incidence is 90°, it is 
called grazing incidence. 


907, 


Normal incidence Grazing incidence 
Zi=0° Zi = 90° 
Fig. 30.1 
2. An image is formed either by reflection or refraction. Minimum two (reflected or refracted) rays 
are required for image formation. More the number of rays, more will be the intensity of image. 
3. A light is reflected only from a silvered surface. Without any reflecting surface on the path of ray 
of light it keeps on moving ahead. 


(i) (ii) 
Fig. 30.2 


In figure (i) For image formation, if reflected ray-p is required to the left of concave lens, then 
we will take it as dotted line. 


6. 
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In figure (ii) For image formation, if reflected ray-g is required to the right of concave mirror, 
then we will take it as dotted line. 

Real object, virtual object, real image, virtual image The point where the rays meet 
(or appear to meet) before refraction or reflection is called object and the point where the rays 
meet (or appear to meet) after refraction or reflection is called image. Further, object (or image) is 
real if dark lines meet and virtual if dotted lines meet. 

In figure (a), object is real, while image is virtual. In figure (b), object is virtual while its image is 
real. 


(c) 

Fig. 30.3 
In figure (c), the object O is real. Its image formed by the lens (i.e. /,) is real. But, it acts as a 
virtual object for mirror which forms its real image /,. 
The virtual images cannot be taken on screen. But, they can be seen by our eye. Because our eye 
lens forms their real image on our retina. Thus, if we put a screen at / in the above figure (a) no 
image will be formed on it. At the same time if we put the screen at / in figure (b), image will be 
formed. 
Normally, the object is kept on the left hand side of the optical instrument (mirror, lens etc.), i.e. 
the ray of light travels from left to right. Sometimes, it may happen that the light is travelling in 
opposite direction. See the figure. 


Piste 


(a) O- > Object J— Image 


Fig. 30.4 
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In figures (a) and (b), light is travelling from left to right and in figure (c) it is travelling from right 
to left. 

7. Signconvention The distances measured along the incident light are taken as positive while the 
distances against incident light are taken as negative. For example, in figures (a) and (b) the 
incident light travels from left to right. So, the distances measured in this direction are positive. 
While in figure (c) the incident light travels from right to left. So, in this case right to left direction 
will be positive. Distances are measured from pole of the mirror [point P in figure (b)], optical 
centre of the lens [point C in figure (a)] and the centre of the refracting surface [point M in 
figure (c)]. 

It may happen in some problem that sign convention does not remain same for the whole problem. 


For example, in the Fig. 30.5 shown, the ray of light starting A 

from O first undergoes refraction at A, then reflection at B A 
and then finally refraction at C. For refraction and reflection M Pp 
at A and B the incident light is travelling from left to right, so O 

distances measured along this direction are positive. For C 


final refraction at C the incident light travels from right to 
left, so now the sign convention will change or right to left is 
positive. 


Fig. 30.5 


8. Object distance (from P,C or M along the optic axis) in Fig. 30.4 is shown by uw and image 
distance by v. 


9. In front of mirror, object (or image) is always real, lines are always dark and u (or v) are always 
negative. 
Behind the mirror object (or image) is always virtual, lines are always dotted and wu (or v) are 
always positive. 
This is because light always falls from front side of the mirror. 


10. In most of the cases, objects are real (whether refraction or reflection) and u for them is negative. 


—- +ve ‘We 
— +v 


— u=-ve" 
u=-ve 


Fig. 30.7 


11. 


12. 


13. 


14. 


15. 
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In case of mirror light always falls from front of the mirror. But in a lens (or some other refracting 
surface like slab) light can fall from both sides. 


=} =() - QF 


Fig. 30.8 


Total steps and reduced steps 


In Fig. 30.9 total steps are five. Four of them are refraction. Only 
third is reflection. But we have made a lens formula for steps | 
and 2 or 4 and 5. So, the reduced steps are three, 


lens > mirror — lens. 


Image real or virtual In Fig.30.9, if we wish to find the nature Fig. 30.9 

of J, (after 2nd refraction), then it is real if it is formed to the 

right of ABC because ray of light has moved to this side and it is virtual to the left of ABC. 
Similarly, /, is real to the left of ADC and virtual to the right of ADC. 

Final image coincides with the object In most of these cases there will be one mirror, plane or 
spherical (convex or concave) and light will be falling normal (27 =0°) to this mirror. In case of 
spherical mirror it is normal if ray of light passes through centre of curvature. In case of normal 
incidence, ray of light retraces its path and final image coincides with the object. 


j 


Fig. 30.10 
In all above figures, Z i=0° (normal incidence). Ray of light retraces its path. 


Image at infinity means rays after refraction or reflection have become parallel to the optic axis. If 
a screen is placed directly in between these parallel rays no image will be formed on the screen. 
But if a lens (or a mirror) is placed on the path of these parallel rays, then image is formed at focus. 
Sometimes, our eye plays the role of this lens and the image is formed on our retina. 


Screen 
i) 


Parallel rays 


Retina 


Parallel rays 


Eye lens 


Fig. 30.11 
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16. Visualangle@ Angle subtended by an object on our eye is called the visual angle. The apparent 
size depends on the visual angle. As the object moves away from the eye, actual size remains the 
same but visual angle decreases. Therefore, apparent size decreases. 


AA Ax 


O0< 0, 
Fig. 30.12 


30.3 Reflection of Light 


When waves of any type strike the interface between two different materials, new waves are 
generated which move away from the interface. Experimentally, it is found that the rays 
corresponding to the incident and reflected waves make equal angles with the normal to the interface 
and that the reflected ray lies in the plane of incidence formed by the incident ray and the normal. 
Thus, the two laws of reflection can be summarised as under: 
Gi) Zi=Zr 
(ii) Incident ray, reflected ray and normal lie on the same plane. 
Normal 


Reflected 
ray 


Incident 
ray 


ivr 


Fig. 30.13 


Two Important Points in Reflection Laws 


1. The first law 7 i= Zrcan be applied for any type of surface. The main point is, normal at point of 
incidence. In spherical surface (convex mirror or concave mirror) normal at any point passes 
through centre of curvature. 


Concave mirror Convex mirror 
Fig. 30.14 


2. Incident ray, reflected ray and normal are sometimes represented in the form of three vectors. 
Then, these three vectors should be coplanar. 
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Reflection from a Plane Surface (or Plane Mirror) 


Almost everybody is familiar with the image formed by a plane mirror. If the object is real, the image 
formed by a plane mirror is virtual, erect, of same size and at the same distance from the mirror. The 
ray diagram of the image of a point object and of an extended object is as shown below. 


ae B Meee o B’ 
a. Haste. fse= i 
wooo ee 8 I 
O eee 7 
Ree A oeeeeee A 

Fig. 30.15 


Important Points in Reflection from Plane Mirror 
1. Relation between object distance (uw) and the image distance (v) in case of plane mirror is 
v=-u 
Here, v and uw are measured from the plane surface. Two conclusions can be drawn from this 
equation. 
(i) Negative sign implies that object and image are on opposite sides of the mirror. So, if object 
is real then image is virtual and vice-versa. 
Gi) |v|=|u| 
And this implies that perpendicular distance of the object from the mirror is equal to the 
perpendicular distance of image from the mirror. 


Correct Wrong 
OM = MI OM = MI 
Fig. 30.16 


2. Ray Diagram Let us draw the ray diagram of a point object and an extended object. 


y b’ 


O > Real ab — Real 
I Virtual a’b' > Virtual 
Fig. 30.17 
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Just as we have drawn the ray diagram of point object O in figure (i), we can also draw the ray 
diagrams of points a and b in figure (11). 

3. Field of view of an object for a given mirror Suppose a point object O is placed in front of a 
small mirror as shown in Fig. 30.18 (a), then a question arises in mind whether this mirror will 
make the image of this object or not. Or suppose an elephant is standing in front of a small mirror, 
will the mirror form the image of the elephant or not. The answer is yes, it will form. A mirror 
whatever may be the size of it forms the images of all objects lying in front of it. But every object 
has its own field of view for the given mirror. The field of view is the region between the extreme 
reflected rays and depends on the location of the object in front of the mirror. If our eye lies in the 
field of view then only we can see the image of the object otherwise not. The field of view of an 
object placed at different locations in front ofa plane mirror are shown in Fig. 30.18 (b) and (c). 
The region between extreme reflected rays (reflected from the end points of the mirror) is called 
the field of view. To see the image of object eye should lie in this region, as all reflected rays lie in 
this region. 


(a) 
Fig. 30.18 


4. Suppose a mirror is rotated by an angle 0 (say anti-clockwise), keeping the incident ray fixed then 
the reflected ray rotates by 20 along the same direction, i.e. anti-clockwise. 


N 


(a) 


Fig. 30.19 


In figure (a), J is the incident ray, N the normal and R the reflected ray. 

In figure (b), 7remains as it is N and R shift to NV’ and R’. 

From the two figures, we can see that earlier the reflected ray makes an angle i with y-axis while 
after rotating the mirror it makes an angle i— 20. Thus, we may conclude that the reflected ray has 
been rotated by an angle 20. 
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5. The minimum length of a plane mirror to see one’s full height is = where #7 is the height of 


person. But, the mirror should be placed in a fixed position which is shown in Fig. 30.20. 
A 


x< 
>|«—>| 


x< 
>|« 


Person 
Fig. 30.20 


A ray starting from head (A) after reflecting from upper end of the mirror (F) reaches the eye at C. 
Similarly, the ray starting from the foot (£) after reflecting from the lower end (G) also reaches the 
eye at C. In two similar triangles ABF and BFC, AB = BC =x (say), Similarly in triangles CDG 
and DGE, 

CD = DE = y (say) 


Now, we can see that height of the person is 2 (x + y) and that of mirror is (x + y), i.e. height of the 
mirror is half the height of the person. 


Note The mirror can be placed anywhere between the centre lines BF (of AC) and DG (of CE). As the mirror is 
moved away on this line, image also moves away from the person. So, apparent size keeps on decreasing. 


6. A person is standing exactly at midway between a wall and a mirror and he wants to see the full 
height of the wall (behind him) in a plane mirror (in front of him). The minimum length of mirror 


in this case should be > where #/ is the height of wall. The ray diagram in this case is shown in 


Fig. 30.21 


Wall Person Mirror 
kK d an d > 
Fig. 30.21 


In triangles HB/J and JBC, HI = IC =x (say). Now, in triangles HB/ and ABF, 
AF _FB y. AF _2d 
HI BI x 
Similarly, we can prove that DG =2yif, CK =K/J=y 


Now, we can see that height of the wall is 3 (x + y) while that of the mirror is (x + y). 


AF =2x 
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7. Object and image velocity There are four important points related to object and image 
velocity. 
(i) Image speed is equal to the object speed. 

(ii) Image velocity and object velocity make same angles from the plane mirror on two opposite 
sides of the mirror. 

(iii) Components of velocities which are along the mirror are equal. 

(iv) Components of velocities which are perpendicular to the mirror are equal and opposite. 
The following four figures demonstrate the above four points. 


ght Seky” 


| el _e 
Ov vi oO I 


Fig. 30.22 


Three Types of Problems in Reflection from Plane Mirror 


Type 1. Based on law of reflection Zi = Zr 


Concept 
These problems are purely based on geometry. Proper normal at point of incidence is very important. 


© Example 30.1 Two plane mirrors M, and M, are inclined at angle 0 as 
shown. A ray of light 1, which is parallel to M, strikes M, and after two 


reflections, the ray 2 becomes parallel to M,. Find the angle 0. 


Fig. 30.23 
Solution Different angles are as shown in Fig. 30.24. In triangle ABC, 


Fig. 30.24 


6+0+0=180° 
6 = 60° Ans. 
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© Example 30.2 Prove that for any value of angle i, rays 1 and 2 are parallel. 


Fig. 30.25 


Solution PQand MN are mutually parallel. Rays 1 and 2 are making equal angles (= i) from 
PQ and MN. So, they are mutually parallel. 


Fig. 30.26 


Important Result Two plane mirrors kept at 90° deviate each ray of light by 180° from its 
original path. 


Type 2. Based on field of view 


Concept 
The region between extreme reflected rays is called field of view. To see the image of object our eye 
should lie in the field of view. 


© Example 30.3 A point source of light S, placed at a | 


distance L in front of the centre of a mirror of width d, Ss 
hangs vertically on a wall. A man walks in front of the 4) 4--------- * 
mirror along a line parallel to the mirror at a distance i 
2L from it as shown. The greatest distance over which ———>| 
he can see the image of the light source in the mirror is iH OL 
(a) d/2 (b) d Fig. 30.27 
(c) 2d (d) 3d (JEE 2000) 
Solution (d) The ray diagram will be as shown in Fig. 30.28. 

HI = AB=d 

DS =CD a4 

2 

Since, AH =2AD 


GH =2CD=25 =d 


Similarly, U=d 
; GJ =GH+ HI +IJ=d+d+d=3d Fig. 30.28 


32 © Optics and Modern Physics 


© Example 30.4 A pole of height 4 m is kept in front of a vertical plane mirror 
of length 2 m. The lower end of the mirror is at a height of 6 m from the ground. 
The horizontal distance between the mirror and the pole is 2 m. Upto what 
minimum and maximum heights a man can see the image of top of the pole at a 
horizontal distance of 4 m (from the mirror) standing on the same horizontal 
line which is passing through the pole and the horizontal point below the 


mirror? 
Solution PQ =Pole, MN =Image of pole Fix. 
HG _ BD 1 ON. 
GN BN K 
2) (6 MS 
pp -#G)BN) _ (2)(6) bk . 
GN 2 os % 
_ we st = 
=6m H oe _ f2m 
Minimum height required = AD =BD + AB=10m C p-------------F5 TaN ee 
H Q ' ~S N 2m 
Further, ceed Bisa r aoa c ee ee, ae 
GN BN | 
: 4m 
UG) (BN) _ (4) (6) 
BE = a a =12m Al Pp le (M 
“. Maximum height required = AE 
=BE+AB=16m Fig. 30.29 


Type 3. Based on object and image velocity 


Concept 


We have already discussed four points on this topic. 


© Example 30.5 A plane mirror is lying in x-y plane. Object velocity is 
Vo =(21- 38j + 4k) m/s. Find the image velocity. 
Solution Components of object velocity parallel to plane mirror (or lying in x - y plane) remain 


unchanged. But, component perpendicular to plane mirror changes its direction but magnitude 
remains the same. Hence, the image velocity is 


Vv; =(2i —3j-4k) m/s Ans. 


© Example 30.6 An object is falling vertically downwards with velocity 10 m/s. 
In terms of i and j, find the image velocity. 


O 
Jr m/s 
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Solution Image speed will also be 10 m/s. Further, image v, =10 mis 
velocity will make same angle (= 60° ) from the mirror on opposite 
side of it. 


In terms of i and j ; 


v, =10cos 30°i + 10sin 30° j Sibi 


or v, =(5V3i+5j)m/s Ans. Fig. 30.31 
Example 30.7 A point object is moving with a speed v My 
before an arrangement of two mirrors as shown in 
figure. Find the magnitude of velocity of image in 
mirror M, with respect to image in mirror M,. 


Solution Using the same concept used in above problem, we have 


to find magnitude of relative velocity between 
v, and v,,. The angle between these two vectors is 


20. 

Hence, Veo We 

oo [¥ l=1¥2y —¥75 | Mp 

This is nothing but magnitude of subtraction of two Fig. 30.33 


velocity vectors of equal magnitudes v each and 
angle between them equal to 20. 


Hence, |V,. |=yv? +y7 —2(v) (v)cos 20 


Solving these two equations, we get 


|v,|=2vsin 0 Ans. 


INTRODUCTORY EXERCISE | 


1. Aman approaches a vertical plane mirror at speed of 2 m/s. At what rate does he approach his 
image? 


end at 2 m from ground as shown in Fig. 30.34. There is a person ata 
distance of 4 m from object. Find minimum and maximum height of : : 
person to see the image of object. : 2m 


2. An object M is placed at a distance of 3 m from a mirror with its lower 
: 2m 


Person 4m M3m 
3. In terms of 0 find the value of i, so that ray of light retraces its path after Fig. 30.34 
third reflection. 


7 777. 
Fig. 30.35 
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30.4 Reflection from a Spherical Surface 


We shall mainly consider the spherical mirrors, i.e. those which are part of a spherical surface. 


Terms and Definitions 


There are two types of spherical mirrors, concave and convex. 
A A 


Incident light Incident light 


P —>+t+ve 


B B 
(a) Concave mirror (b) Convex mirror 


Fig. 30.36 


Centre C of the sphere of which the mirror is a part is called the centre of curvature of the mirror and 
P the centre of the mirror surface, is called the pole. The line CP produced is the principal axis and 
AB is the aperture of the mirror. The distance CP is called the radius of curvature (R). All distances 
are measured from point P. We can see from the two figures that R is positive for convex mirror and 
negative for concave mirror. 


Principal Focus 


Observation shows that a narrow beam of rays, parallel and near to the principal axis, is reflected from 
a concave mirror so that all rays converge to a point F’ on the principal axis. Fis called the principal 
focus of the mirror and it is a real focus, since, light actually passes through it. Concave mirrors are 
also known as converging mirrors because of their action on a parallel beam of light. They are used in 
car head-lights, search-lights and telescopes. 


& >+ve ~ 38- & 
Cc F . OF Cc 
> 
A converging mirror A diverging mirror 
Fig. 30.37 


A narrow beam of rays, parallel and near to the principal axis, falling on a convex mirror is reflected 
to form a divergent beam which appears to come from a point F behind the mirror. A convex mirror 
thus has a virtual principal focus. It is also called a diverging mirror. The distance FP is called the 
focal length (f) of the mirror. Further, we can see that fis negative for a concave mirror and positive 
for convex mirror. Later, we will see that f = R/2. 
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Paraxialrays Rays which are close to the principal axis and make small angles with it, i.e. they are 
nearly parallel to the axis, are called paraxial rays. Our treatment of spherical mirrors will be 
restricted to such rays which means we shall consider only mirrors of small aperture. In diagrams, 
however, they will be made larger for clarity. 


Images formed by Spherical Mirrors 
In general position of image and its nature (i.e. whether it is real or virtual, erect or inverted, 
magnified or diminished) depend on the distance of object from the mirror. 


Case 1 Concave mirror 


— + 
C F P 
Fig. 30.38 
Table 30.1 
Object position Image position Image nature one Shiai 
P P = = 
F to - = 
C C Real, inverted and same size Vv, =Vo 
Between P and F Between P and + Virtual, erect and magnified Vv; >Vo 
Between F and C Between — «x and C Real, inverted and magnified Vv) >Vo 
Between C and — « Between C and F Real, inverted and diminished Vo >V; 


Note (i) The above table is only for real objects lying in front of the mirror for which u is negative. 
(ii) v; and Vo are image and object speeds. 
(ii) From the above table we can see that image and object always travel in opposite directions as long as 
they move along the principal axis. 


Case 2, Convex mirror For real objects there is only one case 


Fig. 30.39 
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Object lies between P and —«, then image lies between P and F’.. Image is virtual, erect and 
diminished. Object speed is greater than the image speed and they travel in opposite directions (along 
the principal axis). 

Ray diagrams We shall consider the small objects and mirrors of small aperture so that all rays are 
paraxial. To construct the image of a point object two of the following four rays are drawn passing 
through the object. To construct the image of an extended object, the image of two end points is only 
drawn. The image of a point object lying on principal axis is formed on the principal axis itself. The 
four rays are as under: 


Fig. 30.40 
Ray 1. A ray through the centre of curvature which strikes the mirror normally and is reflected 
back along the same path. 


Ray 2. A ray parallel to principal axis after reflection either actually passes through the principal focus F or 
appears to diverge from it. 


Ray 3. A ray passing through the principal focus F or a ray which appears to converge at F is 
reflected parallel to the principal axis. 


Ray 4. A ray striking at pole P is reflected symmetrically back in the opposite side. 


Convex Mirror 
Image formed by convex mirror is always virtual, erect and diminished, no matter where the object is. 


Fig. 30.41 


Figure shows that convex mirror gives a wider field of view than a plane mirror, convex mirrors are 
therefore, used as rear view mirrors in cars or scooters. Although, they make the estimation of 
distances more difficult but still they are preferred because there is only a small movement of the 
image for a large movement of the object. 
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Concave Mirror 
In case of a concave mirror the image is erect and virtual when the object is placed between F and P. 
In all other positions of object the image is real. 
Object Object 


bp c P 


(a) Object beyond C (b) Object at C 
Image between C and F, real, Image at C, real, inverted, 
inverted, diminished same size 
Object Object | aaa 
I p \ 
c oO C FO FP I 
(C) Object between C and F (d) Object between F and P 
Image beyond C, real Image behind mirror, virtual 
inverted, magnified upright, magnified 
Fig. 30.42 


List of Formulae 


yok 
De daar 

ro oe oa ees 
er OR 


(iii) Lateral, transverse or linear magnification, 
oe Image height J —-yv 
Object height O u 
1 
Focal length (in metre) 


(iv) Power of a mirror (in dioptre) = 


(v) Image velocity 
Case 1) Along the principal axis, v,; =— m> Vo 
Here, negative sign implies that object and image always travel in opposite directions. 
Case 2, Perpendicular to principal axis, 
Vv, =MVo 
Here, mhas to be substituted with sign. If mis positive, then v,; and vy travel in same direction. 
If mis negative, then they travel in opposite directions. 
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Important Points in Formulae 
(i) For plane mirror, R=0 
tt. 2 2 


R 
=— or =o and f—-=—=—=0 or v=-u 
f 2 f vu R o 


(ii) From the value of m, we can know nature of image, type of mirror and an approximate location of 
object. But, always remind that real (and inverted) image is formed only by a concave mirror (for 
real objects) but virtual image is formed by all three mirrors. The only difference 1s, in their sizes. 
Magnified image is obtained from concave mirror, same size from plane mirror and diminished 
size from convex mirror. Let us make a table : 


Table 30.2 
Value of m Nature of image Type of mirror Object position 

-4 Inverted, real and magnified Concave Between F andC 
-1 Inverted, real and same size Concave AtC 

1 
a. Inverted, real and diminished Concave Between C and —co 
+3 Erect, virtual and magnified Concave Between P and F 
+1 Erect, virtual and same size Plane For all positions 

1 
+5 Erect, virtual and diminished Convex Between P and —oo 


(iii) Power Optical power means power of bending of light. By convention, converging nature is 
taken as the positive power and diverging nature as negative power. 


Power of a lens (in dioptre) = + — 
J Gn metre) 
Power of a mirror (in dioptre) = — i 
J Gin metre) 
Now, let us make a table : 
Table 30.3 
Lens/Mirror f P Converging/Diverging Diagram 
Convexlens +ve + ve Converging 


Concave lens -—ve —-ve Diverging 
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Lens/Mirror f [P Converging/Diverging Diagram 
Convex mirror +ve  —ve Diverging 
+ ve Converging 


Concave mirror —ve 


(iv) Image velocity 
Case 1. Along the principal axis 


Fig. 30.43 
By the motion of object and image v and uw will change but focal length will remain unchanged. 
If we differentiate the mirror formula 
1 
+ — 
vou ff 


with respect to time, we get 


—. ay u? cae 0 (as f = constant) 


dt dt 
dv v- )du 
or — =-| — |— 
dt u- |} dt 


Here, a is the rate by which uw is changing. Or it is the object speed if mirror is stationary. 
Similarly, ay is the rate by which v (distance between image and mirror) is changing. Or it is 


image speed if mirror is stationary. 


40 
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So, the above relation becomes : 


image speed = m? x object speed 


As, object and image travel in opposite directions. So, in terms of velocity, the correct relation is 


Vv; =—m’vo 


Case 2, Perpendicular to axis 


Vv 
Fig. 30.44 
This time v and uw are constants. Therefore, m= -— bd is also constant. 
u 
But, x and yare variables 
I 
m=—=2 
O x 
> y=mx 
If we differentiate with respect to time, 
we get, 
dy dx 
dt dt 
=> Vv; =MVo 


Proofs of Different Formulae Discussed in Theory 


(i) Relation between fand R A ray AM parallel to the principal axis of a concave mirror of small 
aperture is reflected through the principal focus F’. If C is the centre of curvature, CM is the 
normal to the mirror at M because the radius of a spherical surface 1s perpendicular to the surface. 


From first law of reflection, 
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LI=ZF 
or Z AMC = ZCMF =0 (say) 
But, Z AMC = Z MCF (alternate angles) 


ZCMF = Z MCF 
Therefore, AF'CM is thus isosceles with FC = FM. 


The rays are paraxial and so M is very close to P. Therefore, 


FM = FP 
FC =FP 
or Fp = icp 
2 
R 
or fan 
2 


EXERCISE Prove the above relation for convex mirror. 


(ii) The mirror formula In Fig. 30.46 (a) and (b), a ray OM from a point object O on the principal 
axis is reflected at / so that the angle 8, made by the incident and reflected rays with the normal 
CM are equal. A ray OP strikes the mirror normally and is reflected back along PO. The 
intersection J of the reflected rays M/ and PO in figure (a) gives a real point image of O and in 
figure (b) gives a virtual point image of O. Leta, B andy be the angles as shown. As the rays are 
paraxial, these angles are small, we can take 


MP 
a ~ tana =—, 
OP 
MP 
oc CP 
and ee 
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Now, let us take the two figures simultaneously 
Table 30.4 
Concave Convex 


In triangle CMO, B = a + O(the exterior angle) _In triangle CMO, 


or 0=Bp-a ...(i) 0=a+f _...(iv) (the exterior angle) 
In A CMI, y=B+0 In ACMI y=0+8 
0=y-B (li) or 0=y7-B ...(V) 
From Eqs. (i) and (ii), we get From Eqs. (iv) and (v), we get 
2p=yta (iii) 2p=y-a ...(Vi) 
Substituting the values of a, B and y, we get Substituting the values of a,B and y, we get 
2 1 1 2 1 1 
—=— + — ...(A) —=—-— ...(B) 
CP IP OP CP IP OP 
If we now substitute the values with sign, i.e. If we now substitute the values with sign, i.e. 
ie. ie Gas CP =+R, IP =+vandOP =~u, we get 
2 1 1 
we get, —=-+- ee ee 
? Ro oviou Roviu 
le 7d R 1 164 R 
or —+-=- as f= — or —+—-=- as f= — 
vou f 2 vou f 2 


(iii) Magnification The lateral, transverse or linear magnification m is defined as 
ne Height ofimage J'J — IP 


..(i) 


Height of object O'O OP 


(From similar triangles) 


«——v—| 
K u >| 
Fig. 30.47 


Here, /P =— v and OP =-— u, further object is erect and image is inverted so we can take /'/ as 
negative and O' O as positive and Eq. (i) will then become 


I'l _ Vv 

O'O u 

v 

or n= — 
u 


Note We have derived : i= andm=-~ for special cases of the position of object but the same result 
veou u 


can be derived for other cases also. 
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Type 1. 7o find image distance and its magnification corresponding to given object distance and 
focal length of mirror 


How to Solve? 


e Inthe mirror formula substitute signs of only u and f. Sign of v automatically comes after calculations. For 
real objects sign of u is always negative, sign of f is positive for convex mirror and negative for concave 
mirror. 


© Example 1. An object is placed at a distance of 30 cm from a concave mirror of 
focal length 20 cm. Find image distance and its magnification. Also, draw the ray 


diagram. 
Solution Substituting u =—30 cm and f =—20 cm in the mirror formula E + is 7 ? we have 
v ou 
Be 
v -380 -20 
Solving, we get v=-—60cm Ans. 
eee -v (-60) 
Magnification, m=— =———— 
u (-80) 
or m=-2 Ans. 


Magnification is —2, which implies that image is inverted, real and two times magnified. 


Ray diagram is as shown below. 


20 cm 
| a | 
30 cm 
60 cm 


© Example 2. An object is placed at a distance of 40 cm from a convex mirror of 
focal length 40 cm. Find image position and its magnification. Also, draw its ray 


diagram. 
Solution Substituting, uw =—40 cm and f = +40 cmin the mirror formula 
1 121 
—+—=-—, we have 
v u f 
a 
v —40 +40 
We get, v=+20cm Ans. 
(+20) 1 


Magnification, m 
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Magnification is + a which implies that image is erect, virtual and half in size. 


Ray diagram is as shown below. 


PO=PF =40cm 
PI =20 cm 


Note Here, PO = PF = 40 cmor object is placed at a distance of its focal length, but object is not actually kept at 
F. Otherwise, image would be formed at infinity. 


Type 2. 7o find object/image distance corresponding to given magnification of image if focal length 
of mirror is also given 


How to Solve? 


° In this type, substitute all three signs of u, v and f. 
° Signs ofu and f have been discussed in Type 1. Sign of v will be positive for virtual image and negative for 
real image. 


v 
*m=-— => |v/=|mu| 
u 


© Example 3 __ Find the distance of object from a concave mirror of focal length 
10 cm so that image size is four times the size of the object. 


Solution Concave mirror can form real as well as virtual image. Here, nature of image is not 
given in the question. So, we will consider two possible cases. 


Case 1 (When image is real) Real image is formed on the same side of the object, i.e. u,v 
and f all are negative. So let, 


u=—Xx 
then v=—4x as eee 
u 
and f=-10cm 
Substituting in s 4 ee 
v u f 
1 1 1 nl 
We have = or 0 
—4x x -10 4x 10 
x=12.5cm Ans. 


Note |f|<|x|<|2f| and we know that in case of a concave mirror, image is real and erect when object lies 
between F and C. 
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Case 2 (When image is virtual) In case of a mirror, image is virtual, when it is formed 
behind the mirror, i.e. uw and f are negative, while v is positive. So let, 


uw=—y 
then v=t+4y and f=-10cm 
Substituting in = + aoe 
vu u f 
We have Ail 
4y y -10 
3. 1 
or ee 
4y 10 
or y=7.5cm Ans. 


Note Here,| y|<|f |, as we know that image is virtual and erect when the object lies between F and P. 


Type 3. Based on making some condition 


How to Solve? 


° Initially, substitute sign of f only. 

° Make an equation of v. 

¢ Now, for real image v should be negative and for virtual object v should be positive. With these concepts we 
can make the necessary condition. 


© Example 4 Find the condition under which a convex mirror can make a real 
image. 
Solution Substituting the sign of f only in the mirror formula, we have 
1 - 1 1 1 1 1 


7 
v ou +f vu f u 


For real image uv should be negative and for this u should be positive and less than f. Object 
distance u is positive means object should be virtual and lying between P and F. 


The ray diagram is as shown below. 


Here, O-=virtual between Pand F 
I= real 
Note Under normal conditions a concave mirror makes a real image. But, it makes a virtual image if a real object 


is kept between P and F. On the other hand a convex mirror makes a virtual image. But it makes a real 
image if a virtual object is kept between P and F. 
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Type 4. 7o find nature of image and type of mirror corresponding to given optic axis of mirror a 
point object and a point image. With the help of ray diagram we have to find focus and 
pole of the mirror also. 


© Example 5 An image I is formed of a point object O by a mirror whose principal 
axis is AB as shown in figure. 


O 


e 
I 
(a) State whether it is a convex mirror or a concave mirror. 


(6) Draw a ray diagram to locate the mirror and its focus. Write down the steps of 
construction of the ray diagram. Consider the possible two cases: 


(1) When distance of I from AB is more than the distance of O from AB and 
(2) When distance of O from AB is more than the distance of I from AB 
Solution 


Case (1) Case (2) 


(a) As the image is on the opposite side of the principal axis, the mirror is concave. Because convex 
mirror always forms an erect image. 
(b) Two different cases are shown in figure. Steps are as under : 

G) From Jor O drop a perpendicular on principal axis, such that CI = CD or OC = CD. 

Gi) Draw a line joining D and O or D and [so that it meets the principal axis at P. The point P 
will be the pole of the mirror as a ray reflected from the pole is always symmetrical about 
principal axis. 

(iii) From O draw a line parallel to principal axis towards the mirror so that it meets the mirror 
at M. Join M to I, so that it intersects the principal axis at F’. Fis the focus of the mirror as 
any ray parallel to principal axis after reflection from the mirror intersects the principal 
axis at the focus. 


Note !n both figures, mirror should face towards the object. 


Exercise Inthe above problem, find centre of curvature of the mirror with the help of only 
ray diagram. 
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Type 5. Based on velocity of image 


How to Solve? 
e Using the steps discussed in Type 1, find v and then m 
° Along the axis Vv, =-M?Vo 
° Perpendicular to axis V) =IMVo 
Here, mhas to be substituted with sign. 


© Example 6 Focal length of the mirror shown in figure is 20 cm. Find the image 
position and its velocity. 


5 mm/s 


30cm 


Solution Substituting the values, 
u=-—30cmand f =—-20cm 


in the mirror formula, we have 


1 1 1 
v —30 —20 
Solving this equation, we get 
v=-—60cm 
Further, ge ED 
u (-80) 
and m=4 


Object velocity along the axis is 5 cos 37° = 4 mm/s (towards OP). Therefore, image velocity 
along the axis should be m” times or 16 mm/s in the opposite direction of object velocity. Object 
velocity perpendicular to axis is 5 sin 37° = 3 mm/s (upwards). Therefore, image velocity will be 
m times or —6 mm/s downwards. The position and velocity of image is shown below. 


16mm/s_ J ‘ 
: ) = 
: 6 mm/s 

Yao 


60 cm 


ur = 16)” + 6)? = 292 mm/s 


eee a a8 or o=tan™(2) 
16 8 8 
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Type 6. 7o find a rough image of a square or rectangular type of object kept along the axis 


Concept 
(i) If object is towards P or C, then its image is also towards P or C. 
(ii) If object is towards F, then its image is towards infinity and it is more magnified. 


© Example 7 A square mngp is kept between F and C on 


the principal axis of a concave mirror as shown in figure. nq 
Find a rough image of this object. P 
Solution Object is placed between F and C, therefore, image is real, Cc m PF 


inverted magnified and beyond C. Further pq is towards F. 
Therefore, its image p’q' is towards infinity and it is more magnified. 
A rough image is as shown alongside. 


From the ray shown in figure, we can see that n'q’ will be a straight line. 

Exercise In the given problem, focal length of mirror is 30 cm and side of square is 10 cm 
with pP =40 cm. Find perimeter of the image 

Ans (90+ 1510) cm 


Type 7. Two mirror problems 


Concept 
If an object is placed between two mirrors, then infinite reflections will take place. 
Therefore, infinite images are formed. But normally position of second image is asked. So, 
we have to apply mirror formula two times. Image from first mirror acts as an object for the 
second mirror. Sign convention for second reflection will change but sign of focal length will 
not change. 


© Example 8 Focal length of convex mirror M, is 20 cm and that of concave 
mirror M, is 30 cm. Find position of second image I,. Take first reflection 


from M,. 
20 cm 10 cm \ 
‘e- 


ST ee 
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Solution M, M> 
+ve +ve 
P1 20cm 10 cm 
e © & P> 
lb 80 cm i 10cm O 
For M, u, =—-20cm 
f, =+20cm 
Using the mirror formula, 
1 
—+—=-—, we have 
U 
PA 
v, —-20 +20 
Solving, we get vu, =+10cm 
For M, Uy =—40 cm (PI, = 40 cm) 
fo =-30cm 
Using the mirror formula, 
1 1 1 
ae ee 
vu f 
We have, as oe = = a 
v, —-40 -830 


vg = PI, =-120 cm 


Note |, is virtual from M, point of view (behind M,). But it behaves like a real object for M, (in front of M3). 


Type 8. An extended object is kept perpendicular to principal axis and we have to make its image 


How to Solve? 


With the help of type 1 first find v and then m. Now, suppose m =—2 and object is 2 mm 
above the principal axis, then its image will be formed 4mm below its principal axis. 


© Example 9 


al 


30 cm 


Focal length of the concave mirror shown in figure is 20 cm. 
ab=1mm 
and bc =2mm 


For the given situation, make its image 
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Solution u=-30cm and f=-20cm 
Using the mirror formula, : + BS = ; »we have 
v ou 
Eye 
v -380 -20 
Solving this equation, we get 
v=—-60 cm 
Now. pee ee 
u (-80) 


Now c point is 2mm above the principal axis and magnification is —2. Hence, image c’ will be 
formed 4 mm below the principal axis. Similarly a point is 1 mm below the principal axis and 
value of m is —2. Hence, image a' is formed 2 mm above the principal axis. Image with ray 
diagram of cis as shown below. 


a’ a’b'=2mm 


bic =4mm 


Type 9. An extended object is kept along the principal axis. Now, in this type further two cases are 


possible. 


Case 1) When object size is very small. 
In this case image length, 
Ly = m?(L,) 
Here, L, is the object length. So, using type 1, we have to find v and then m. 
Proof We have already proved that image speed. 


Uy; = m? Vo (Along the axis) 
du [ ~) 

or — =m*| — 
dt dt 


For small change in the values of v and u, we can write 

| Av| =|m? x Au| 
Av is nothing but difference in two values of v or image length L,. Similarly, Au is object 
length L,. 
Case 2, When object size is large. 
If an extended object is lying along the principal axis, then we will get two values of u 
corresponding to its two ends. Now, apply mirror formula two times and find two values of 
v. The image length now becomes, 
Note /fone end of the object is placed either atC or P, then its image will also be formed at C or P. So, we will have 
to apply the mirror formula only for the other end. 
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© Example 10 


A small object ab of size 1 mm is kept at a distance of 40 cm from a concave 
mirror of focal length 30 cm. Make image of this object. 
Solution Here, object size is very small. So, this is case 1. 


u=—-40cm 
and f =-30cm 
Applying the mirror formula 
1 
—+—=-—, we have 
v wu 
oo oe 
» 40 —30 
Solving this equation, we get 
v=-120cm 
Further, m a ER) 
u (-40) 
2=9 
Now, L, =m’L, = Q) (mm) =9mm 


Image diagram is as shown below. 


120 cm 
kK >| 


Note Point b is towards F, therefore its image b' should be towards — « 


© Example 11 A thin rod of length f is lying along the principal axis of a concave 


mirror of focal length f. Image is real, magnified and inverted and one of the end 
of rod coincides with its image itself. Find length of the image. 
Solution Image is real, magnified and inverted. So, the given rod lies between F' and C. 


Further, one end of the rod is coinciding with its image itself. Therefore, it is lying at C. So, the 
thin rod CR is kept as shown below. 


f 
Cc R CR=3 
P f 
F PR=2f-+ 
3 
j-<—— f, ——+ — Of 
3 
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We have to apply mirror formula only for point R. 


u= a focal length = — f 
Using the mirror formula 1 4 ES = u ; 
v ou f 
1 1 1 
We have, SS Se 
ae | 
3 
Solving this equation, we get 
5f 


v=— or -2.5 
5 f 


So, image length = C'R'=0.5f or +. 


Note In this problem if magnification of rod is asked then we can write 
L, f/2 3 


LL fe 2 


Negative sign has been used for inverted image. 


Type 10. Based on u versus v graph or1/u versus 1/v graph (only for real objects) 


© Example 12 Draw u versus v graph or = versus gah for a concave mirror of 
u U 


focal length f. 


Solution The mirror formula is 


1 : 1 : : 
If we take — along y-axis and — along x-axis, then the above equation becomes 
v u 
1 
y+x=e as 7 = constant 


i 1 ‘ ‘ . Boe 
Therefore, — versus — graph will be a straight line. Let us take origin at pole. 
v u 


A 
a i 


Chapter 30 


Table 30.5 
{ 
S.No. u V 
u 
1 Oto -f -Oto+« —«to-- 
2. -f to -2f — «to —2f ie al 
f ot 
3 -2f to- « -2f to-f gee 
ot 
u versus Uv and — Serene graphs are as shown below. 
u v 
>U 


Note OP line cuts the u-v graph at Q (-2f, —2f) 


Exercise Draw above two graphs for convex mirror. 
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Miscellaneous Examples 


© Example 13 An object is 30.0 cm from a spherical mirror, along the central axis. 


The absolute value of lateral magnification is > The image produced is inverted. 


What is the focal length of the mirror? 


Solution Image is inverted, so it is real. uw and v both are negative. Magnification is a 
u 
therefore, v = o 


Given, u=-—30cm, v=—15cm 


Using the mirror formula, 


Ms. SES 
—+4+—=— 
v ou f 
We have, Epes peas 
f 15 30 10 
f=-10cm Ans. 


© Example 14 A concave mirror has a radius of curvature of 24 cm. How far is 

an object from the mirror if an image is formed that is : 

(a) virtual and 8.0 times the size of the object, 

(6) real and 3.0 times the size of the object and 

(c) real and 1/3 the size of the object? 

Solution Given, R=-24cm (concave mirror) 
Hence, fs : =—12cm 

(a) Image is virtual and 38 times larger. Hence, wu is negative and v is positive. 
Simultaneously, | v|=3| wu |. So let, 


u=—-—Xx 
then v=+3x 
Substituting in the mirror formula, 
ees 
v ou f 
We have, 
a ae | 
3x x —12 
a x=8cm 
Therefore, object distance is 8 cm. Ans. 


(b) Image is real and three times larger. Hence, u and v both are negative and | v|=3| wu |. 
So let, 


© Example 15 A ray of light is incident on a plane mirror along a vector i+ j —k. 


Note 
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then v=— 3x 
Substituting in mirror formula, we have 
oe! 
3x x 12 
or x=16cm 
*, Object distance should be 16 cm. Ans. 
(c) Image is real and a the size of object. Hence, both u and v are negative and |v|= we 
So let, u=—Xx 
then v=— = 
3 
Substituting in the mirror formula, we have 
3 1 #1 
x x 12 
2 x=48 cm 
*, Object distance should be 48 cm. Ans. 


A 


The normal on incidence point is along i + j. Find a unit vector along the 
reflected ray. 

Solution Reflection of a ray of light is just like an elastic collision of a ball with a horizontal 
ground. Component of incident ray along the inside normal gets reversed while the component 
perpendicular to it remains unchanged. Thus, the component of incident ray vector A =i + j- k 


parallel to normal, ie. i+ j gets reversed while perpendicular to it, i.e. — k remains unchanged. 
Thus, the reflected ray can be written as 
ees 
.. Aunit vector along the reflected ray will be 
R -i-j-k 
R V3 


= ee) Ans. 


v3 


In this problem, given normal is inside the mirror surface. Think why? 


or r 


Example 16 A gun of mass m, fires a bullet of mass m, with a horizontal speed 
Uy. Lhe gun is fitted with a concave mirror of focal length f facing towards a 
receding bullet. Find the speed of separations of the bullet and the image just 
after the gun was fired. 
Solution Let v, be the speed of gun (or mirror) just after the firing of bullet. From 
conservation of linear momentum, 

MgVp = MV, 

™MgUo 


or vy = ..-(i) 
mM, 
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Now, — is the rate at which distance between mirror and bullet is increasing = uv, + Up ..- (11) 


We have already read in extra points that : 


dv_(v®) du 
dt \u7) dt 


2 


Here, ae =m’=1 (as at the time of firing, bullet is at pole). 
u 
eee (iii) 
dt dt ‘* ° ” 
my 

Yo 4 

< 2) > 
Mo 


Here, a is the rate at which distance between image (of bullet) and mirror is increasing. So, if 


U, is the absolute velocity of image (towards right), then 


or Uy =2U, + Ug .. (lv) 
Therefore, speed of separation of bullet and image will be 
U, = Us + Up 
=2u, + Uy + Up 
or Vv, =2 (UY, + Up) 
Substituting value of v, from Eq. (1), we have 
Mo 


v, =2 f + Up Ans. 


my, 


Exercises 


LEVEL 1 


Assertion and Reason 


10. 


Directions: Choose the correct option. 

(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 
(b) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 

(d) If Assertion is false but the Reason is true. 


. Assertion: A convex mirror can never make a real image. 


Reason: For all real objects image formed by a convex mirror is virtual. 


. Assertion: Focal length of a convex mirror is 20 cm. If a real object is placed at distance 


20 cm from the mirror, its virtual erect and diminished image will be formed. 


Reason: Ifa virtual object is placed at 20 cm distance, its image is formed at infinity. 


. Assertion: Incase of a concave mirror if a point object is moving towards the mirror along 


its principal axis, then its image will move away from the mirror. 


Reason: In case of reflection (along the principal axis of mirror) object and image always 
travel in opposite directions. 


. Assertion: Real view mirror of vehicles is a convex mirror. 


Reason: It never makes real image of real objects. 


. Assertion: If magnification of a real object is — 2. Then, it is definitely a concave mirror. 


Reason: Only concave mirror can make real images of real objects. 


. Assertion: Any ray of light suffers a deviation of (180°—27) after one reflection. 


Reason: For normal incidence of light deviation is zero. 


. Assertion: Two plane mirrors kept at right angles deviate any ray of light by 180° after two 


reflections. 


Reason: The above condition is satisfied only for angle of incidence i = 45°. 


. Assertion: In reflection from a denser medium, any ray of light suffers a phase difference 


of x. 


Reason: Denser medium is that medium in which speed of wave is less. 


. Assertion: For real objects, image formed by a convex mirror always lies between pole and 


focus. 
Reason: When object moves from pole to infinity, its image will move from pole to focus. 
Assertion: Light converges on a virtual object. 


Reason: Virtual object is always behind a mirror. 


58 © Optics and Modern Physics 


Objective Questions 


1. 


A plane mirror reflects a beam of light to form a real image. The incident beam should be 
(a) parallel (b) convergent 
(c) divergent (d) not possible 


. When an object lies at the focus of a concave mirror, then the position of the image formed and 


its magnification are 
(a) pole and unity (b) infinity and unity 
(c) infinity and infinity (d) centre of curvature and unity 


. Two plane mirrors are inclined to each other at 90°. A ray of light is incident on one mirror. The 


ray will undergo a total deviation of 
(a) 180° (b) 90° 
(c) 45° (d) Data insufficient 


A concave mirror cannot form 
(a) virtual image of virtual object 
(b) virtual image of real object 

(c) real image of real object 

(d) real image of virtual object 


. Which of the following is correct graph between u and vu for a concave mirror for normal sign 


convention? 


Vv 


(©) (d) 


. Two plane mirrors are inclined at 70°. A ray incident on one mirror at incidence angle 0, after 


reflection falls on the second mirror and is reflected from there parallel to the first mirror. The 
value of 0 is 

(a) 50° (b) 45° 

(c) 80° (d) 25° 


. The radius of curvature of a convex mirror is 60 cm. When an object is placed at A, its image is 


formed at B. If the size of image is half that of the object, then the distance between A and Bis 


(a) 30cm (b) 60 cm 
(c) 45cm (d) 90 cm 
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8. A boy of height 1.5 m with his eye level at 1.4 m stands before a plane mirror of length 0.75 m 
fixed on the wall. The height of the lower edge of the mirror above the floor is 0.8 m. Then, 
(a) the boy will see his full image (b) the boy cannot see his hair 
(c) the boy cannot see his feet (d) the boy can see neither his hair nor his feet 


9. A spherical mirror forms an erect image three times the size of the object. If the distance 
between the object and the image is 80 cm, the nature and the focal length of the mirror are 
(a) concave, 30 cm (b) convex, 30 cm 
(c) concave, 15 cm (d) convex, 15 cm 


10. Aconvex mirror of focal length f produces an image (1/n)" of the size of the object. The distance 
of the object from the mirror is 
(a) nf (b) f/n 
(©) m+ 1)f (d) @-1)f 

11. An object is moving towards a concave mirror of focal length 24 cm. When it is at a distance of 
60 cm from the mirror, its speed is 9 cm/s. The speed of its image at that instant, is 
(a) 4 cm/s towards the mirror (b) 6 cm/s towards the mirror 
(c) 4cm/s away from the mirror (d) 6 cm/s away from the mirror 


12. All the following statements are correct except (for real objects) 
(a) the magnification produced by a convex mirror is always less than one 
(b) a virtual, erect and same sized image can be obtained using a plane mirror 
(c) a virtual, erect, magnified image can be formed using a concave mirror 
(d) areal, inverted same sized image can be formed using a convex mirror 


13. A particle moves perpendicularly towards a plane mirror with a constant speed of 4 cm/s. What 
is the speed of the image observed by an observer moving with 2 cm/s along the same direction? 
Mirror is also moving with a speed of 10 cm/s in the opposite direction. 

(All speeds are with respect to ground frame of reference) 
(a) 4 cm/s (b) 12 cm/s (c) 14 cm/s (d) 26 cm/s 


Subjective Questions 


Note You can take approximations in the answers. 


1. Figure shows two rays P and Q being reflected by a mirror and going as P’ and Q’. State which 
type of mirror is this? 
P 


re _ P' 


a 


Q Q' 


2. A candle 4.85 cm tall is 39.2 cm to the left of a plane mirror. Where does the mirror form the 
image, and what is the height of this image? 


3. A plane mirror lies face up, making an angle of 15° with the horizontal. A ray of light shines 
down vertically on the mirror. What is the angle of incidence? What will be the angle between 
the reflected ray and the horizontal? 


4. Two plane mirrors are placed parallel to each other and 40 cm apart. An object is placed 10 cm 
from one mirror. What is the distance from the object to the image for each of the five images 
that are closest to the object? 


60 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
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. If an object is placed between two parallel mirrors, an infinite number of images result. 


Suppose that the mirrors are a distance 2b apart and the object is put at the mid-point between 
the mirrors. Find the distances of the images from the object. 


. Show that a ray of light reflected from a plane mirror rotates through an angle 20 when the 


mirror is rotated through an angle 0 about its axis perpendicular to both the incident ray and 
the normal to the surface. 


. Two plane mirrors each 1.6 m long, are facing each other. The distance between the mirrors is 


20 cm. A light incident on one end of one of the mirrors at an angle of incidence of 30°. How 
many times is the ray reflected before it reaches the other end? 


. Two plane mirrors are inclined to each other at an angle 0. A ray of light is reflected first at one 


mirror and then at the other. Find the total deviation of the ray. 


. Assume that a certain spherical mirror has a focal length of — 10.0 cm. Locate and describe the 


image for object distances of (a) 25.0 cm (b) 10.0cm (c) 5.0 cm. 

A ball is dropped from rest 3.0 m directly above the vertex of a concave mirror that has a radius 
of 1.0 m and hes in a horizontal plane. 

(a) Describe the motion of ball’s image in the mirror. 

(b) At what time do the ball and its image coincide? 

An object 6.0 mm is placed 16.5 cm to the left of the vertex of a concave spherical mirror having 
a radius of curvature of 22.0 cm. 

(a) Draw principal ray diagram showing formation of the image. 

(b) Determine the position, size, orientation, and nature (real or virtual) of the image. 

An object 9.0 mm tall is placed 12.0 cm to the left of the vertex of a convex spherical mirror 
whose radius of curvature has a magnitude of 20.0 cm. 

(a) Draw a principal ray diagram showing formation of the image. 

(b) Determine the position, size, orientation, and nature (real or virtual) of the image. 


How far should an object be from a concave spherical mirror of radius 36 cm to form a real 
image one-ninth its size? 


As the position of an object in front of a concave spherical mirror of 0.25 m focal length is 
varied, the position of the image varies. Plot the image distance as a function of the object 
distance letting the later change from 0 to + 0, Where is the image real? Where virtual? 


An object is placed 42 cm, in front of a concave mirror of focal length 21 cm. Light from the 
concave mirror is reflected onto a small plane mirror 21 cm in front of the concave mirror. 
Where is the final image? 


Prove that for spherical mirrors the product of the distance of the object and the image to the 
principal focus is always equal to the square of the principal focal length. 


Convex and concave mirrors have the same radii of curvature R. The distance between the 
mirrors is 2R. At what point on the common optical axis of the mirrors should a point source of 
light A be placed for the rays to coverage at the point A after being reflected first on the convex 
and then on the concave mirror? 


Aspherical mirror is to be used to form on a screen 5.0 m from the object an image five times the 
size of the object. 

(a) Describe the type of mirror required. 

(b) Where should the mirror be positioned relative to the object? 


LEVEL 2 


Single Correct Option 


1. An insect of negligible mass is sitting on a block of mass M, tied with a spring of force constant 
k. The block performs simple harmonic motion with amplitude A in front of a plane mirror as 
shown. The maximum speed of insect relative to its image will be 


k Av3 [k k M 
@) ale OS in (©) Av3 ie (a) 2a |¥ 


2. A plane mirror is falling vertically as shown in the figure. If Sis a point source of light, the rate 
of increase of the length AB is 


Acceleration = g m/s? 


Height = x m 
Ss A B 
(a) directly proportional to x (b) constant but not zero 
(c) inversely proportional to x (d) zero 


3. A point object is placed at a distance of 10 cm and its real image is formed at a distance of 20 cm 
from a concave mirror. If the object is moved by 0.1 cm towards the mirror. The image will shift 
by about 
(a) 0.4 cm away from the mirror 
(b) 0.4 cm towards the mirror 
(c) 0.8 cm away from the mirror 
(d) 0.8 cm towards the mirror 


4. Two plane mirrors L, and L, are parallel to each other and 3 m apart. A person standing x m 
from the right mirror L, looks into this mirror and sees a series of images. The distance 
between the first and second image is 4 m. Then, the value of x is 


(a) 2m (b) 1.5m (c) lm (d) 2.5m 


1 2 


L 
Ww 
x 


62 


10. 


11. 
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. Apiece of wire bent into an L shape with upright and horizontal portion of equal lengths 10 cm 
each is placed with the horizontal portion along the axis of the concave mirror towards pole of 
mirror whose radius of curvature is 10 cm. If the bend is 20 cm from the pole of the mirror, then 
the ratio of the lengths of the images of the upright and horizontal portion of the wire is 
(a) 1:2 (b) 1:3 (c) 1:1 (d) 2:1 


. A point object at 15 cm from a concave mirror of radius of curvature 20 cm is made to oscillate 
along the principal axis with amplitude 2 mm. The amplitude of its image will be 
(a) 2mm (b) 4mm 
(c) 8mm (d) None of these 


. Aray of light falls on a plane mirror. When the mirror is turned, about an axis at right angles to 
the plane of mirror by 20° the angle between the incident ray and new reflected ray is 45°. The 
angle between the incident ray and original reflected ray was therefore 
(a) 35° or 50° (b) 25° or 65° 
(c) 45° or 5° (d) None of these 


. Aperson AB of height 170 cm is standing in front of a plane mirror. His eyes areat A 
height 164 cm. At what distance from P should a hole be made in mirror so that he 
cannot see his hair? 
(a) 167 cm (b) 161 cm 
(c) 1638 cm (d) 165 cm 
B P 
. Two blocks each of masses m lie on a smooth table. They are attached to two other masses as 
shown in figure. The pulleys and strings are light. An object O is kept at rest on the table. The 
sides AB and CD of the two blocks are made reflecting. The acceleration of two images formed 
in those two reflecting surfaces with respect to each other is 


5g 5g 17g 17g 
(a) - (b) . (c) 7 (d) ; 
Two plane mirrors A and B are aligned parallel to each other as shown — 2\3 m——> 
in the figure. A light ray is incident at an angle of 30° at a point just eet ae 
inside one end of A. The number of times the ray undergoes reflections & 1307 
(including the first one) before it emerges out is S A r/ 
(a) 29 (b) 30 
(c) 31 (d) 32 


An object O is just about to strike a perfectly reflecting inclined plane of inclination 37°. Its 
velocity is 5 m/s. Find the velocity of its image. 

5m/s i y 

37° 


x 


(a) 31+ 4j (b) 41+3j (c) 4.814 1.4] (d) 1.41 + 4.8} 


12. 


13. 


14. 


15. 


16. 
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Lhe 


An elevator at rest which is at 10th floor of a building is having a plane mirror 
fixed to its floor. A particle is projected with a speed V2 m/s and at 45° with the G=AB iis 
horizontal as shown in the figure. At the very instant of projection, the cable of 

the elevator breaks and the elevator starts falling freely. What will be the 45° 


separation between the particles and is image 0.5 s after the instant of Mitror 
projection? 

(a) 0.5m (b) 1m 

(c) 2m (d) 1.5m 


A plane mirror is moving with velocity Ai + 4j j+ 8k. A point object in front of the mirror moves 
with a velocity 3i + 4j j+ 5k. Here, k is along the normal to the plane mirror and facing towards 
the object. The velocity of the image is 

(a) $1 =4] + 5k (b) 31+ 4j+11k 

(c) -4i+5j+11k (d) 7i+9j+3k 

Point A (0, 1 cm) and B (12 cm, 5 cm) are the coordinates of object and image. x-axis is the 
principal axis of the mirror. Then, this object image pair is 

(a) due to a convex mirror of focal length 2.5 cm 

(b) due to a concave mirror having its pole at (2 cm, 0) 

(c) due to a concave mirror having its pole at (— 2 cm, 0) 

(d) Data is insufficient 


Two plane mirrors ABand AC are inclined at an angle 0 = 20°. A ray of light starting from point 
Pisincident at point Q on the mirror AB, then at R on mirror AC and again on S on AB. Finally, 
the ray ST goes parallel to mirror AC. The angle which the ray makes with the normal at point 
Q on mirror AB is 


Ss B 
Q < 
ryan 
Pp R 
(a) 20° (b) 30° (c) 40° (d) 60° 


A convex mirror of radius of curvature 20 cm is shown in figure. An object O 1s placed in front of 
this mirror. Its ray diagram is shown. How many mistakes are there in the ray diagram (AB is 
principal axis) 

O 


(a) 3 (b) 2 (c) 1 (d) 0 
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More than One Correct Options 


1. 


. A point object is moving towards a plane mirror as shown in figure. 


The image formed by a concave mirror is twice the size of the object. The focal length of the 
mirror is 20 cm. The distance of the object from the mirror is/are 


(a) 10cm (b) 30 cm 
(c) 25cm (d) 15cm 


. Magnitude of focal length of a spherical mirror is f and magnitude of linear magnification is 5 


(a) If image is inverted, it is a concave mirror 
(b) If image is erect, it is a convex mirror 

(c) Object distance from the mirror may be 3f 
(d) Object distance from the mirror may be f 


Choose the correct options. 

(a) Speed of image is also v 

(b) Image velocity will also make an angle 8 with mirror 
(c) Relative velocity between object and image is 2u 

(d) Relative velocity between object and image is 2usin 0 


AB is the principal axis of a spherical mirror. J is the point image corresponding to a point 
object O. Choose the correct options. 
+] 


*O 
(a) Mirror is lying to the right hand side of O 
(b) Focus of mirror is lying to the right hand side of O 
(c) Centre of curvature of mirror is lying to the right hand side of O 
(d) Centre of curvature of mirror is lying between J and O 


. A point object is placed on the principal axis of a concave mirror of focal 


length 20 cm. At this instant object is given a velocity v towards the axis 
(event-1) or perpendicular to axis (event-2). Then, speed of image e 
(a) In event-1 is 2u 

(b) In event-1 is 4u 

(c) In event-2 is 2u kK Seen >| 
(d) In event-2 is 4uv 


. A point object is placed at equal distance 3f in front of a concave mirror, a convex mirror anda 


plane mirror separately (event-1). Now, the distance is decreased to 1.5 f from all the three 
mirrors (event-2). Magnitude of focal length of convex mirror and concave mirror is f. Then, 
choose the correct options. 


(a) Maximum distance of object in event-1 from the mirror is from plane mirror 
(b) Minimum distance of object in event-1 from the mirror is from convex mirror 
(c) Maximum distance of object in event-2 from the mirror is from concave mirror 


(d) Minimum distance of object in event-2 from the mirror is from plane mirror 
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Comprehension Based Questions 
Passage : (Q. No. 1 to 4) 


A plane mirror (M,) and a concave mirror (M,) of focal length 10 cm are arranged as shown in 
figure. An object is kept at origin. Answer the following questions. (consider image formed by 
single reflection in all cases) 


i pry M2 
20 cm 
10cm 1 
i) 
ao: >X 
oO 
My, 
1. The coordinates of image formed by plane mirror are 
(a) (— 20 cm, 0) (b) (10 cm, — 60 cm) (c) (10 cm, — 10 cm) (d) (10 cm, 10 cm) 
2. The coordinates of image formed by concave mirror are 
(a) (10 cm, — 40 cm) (b) (10 cm, — 60 cm) (c) (10 cm, 8 cm) (d) None of these 
3. If concave mirror is replaced by convex mirror of same focal length, then coordinates of image 
formed by My, will be 
(a) (10 cm, 12 cm) (b) (10 cm, 22 cm) (c) (10 cm, 8 cm) (d) None of these 


4. If concave mirror is replaced by another plane mirror parallel to x-axis, then coordinates of 
image formed by M, are 


(a) (40 cm, 20 cm) (b) (20 cm, 40 cm) (c) (20 cm, 20 cm) (d) None of these 
Match the Columns 


1. For real objects, match the following two columns corresponding to linear magnification m 
given in Column I. 


Column I Column II 
(a) m=-2 (p) convex mirror 
(ne (q) concave mirror 
2 
(Cc) m=+2 (r) real image 
d@) got (s) virtual image 


2. For virtual objects, match the following two columns. 


Column I Column II 


(a) Plane mirror (p) only real image 
(b) Convex mirror | (q) only virtual image 


(c) Concave mirror | (vr) may be real or virtual image 


66 © Optics and Modern Physics 


3. Principal axis of a mirror (AB), a point object O and its image I are shown in Column I, match it 
with Column II. 


Column I Column II 
(a) ad (p) plane mirror 
A B 
of 
Oc ; 
(b) A a (q) convex mirror 
pe 
(c) os of (x) concave mirror 
A B 
e] 
@d OO (s) Not possible 


4. Focal length of a concave mirror M, is— 20cm and focal length of a convex mirror M, is + 20cm. 
A point object is placed at a distance Xin front of M, or M,. Match the following two columns. 
Column I Column II 
(a) X =20, mirror is M, (p) image is at infinity 
(b) X=20, mirrorisM, | (q) image is real 
(c) X =80, mirror is M, (x) image is virtual 
(d) X=80, mirroris M, | (s) image is magnified 


5. Focal length of a concave mirror is —20 cm. Match the object distance given in Column II 
corresponding to magnification (only magnitude) given is Column I. 


Column I Column II 
(a) 2 (p) 10cm 
(b) 1/2 (q) 30cm 
(c) 1 (x) 20 cm 
(d) 1/4 (s) None of these 


Subjective Questions 


1. A point source of light S is placed at a distance 10 cm in front of the i 
centre of a mirror of width 20 cm suspended vertically on a wall. An 99 om es 
insect walks with a speed 10cm/s in front of the mirror along a line | 
parallel to the mirror at a distance 20 cm from it as shown in figure. Find 
the maximum time during which the insect can see the image of the 
source S in the mirror. — 20 cm — 


10cm 
}#——>| 
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2. A concave mirror forms the real image of a point source lying on the J 
optical axis at a distance of 50 cm from the mirror. The focallengthof JY 
the mirror is 25 cm. The mirror is cut into and its halves are drawn a 
distance of 1 cm apart in a direction perpendicular to the optical axis. | 
How will the image formed by the halves of the mirror be arranged? EN 


3. A point source of light Sis placed on the major optical axis of the concave mirror at a distance of 
60 cm. At what distance from the concave mirror should a flat mirror be placed for the rays to 
converge again at the point S having been reflected from the concave mirror and then from the 
flat one? Will the position of the point where the rays meet change if they are first reflected 
from the flat mirror? The radius of the concave mirror is 80 cm. 


4. A balloon is moving upwards with a speed of 20 m/s. When it is at a height of 14 m from ground 
in front of a plane mirror in situation as shown in figure, a boy drops himself from the balloon. 
Find the time duration for which he will see the image of source S placed symmetrically before 
plane mirror during free fall. 


20 m/s 
; 5m—>| * 
Ny 

2 50 cm : 

t 
12m | 

ee eee 

Ground 


5. A plane mirror and a concave mirror are arranged as shown in figure and O is a point object. 
Find the position of image formed by two reflections, first one taking place at concave mirror. 


R=200 cm 


45° fe) B 
@ 


'  g90cm_ _, 110.cm 
>< 


>| 


k 


6. Figure shows a torch producing a straight light beam falling on a plane mirror at an angle 60°. 
The reflected beam makes a spot Pon the screen along y-axis. If at t= 0, mirror starts rotating 
about the hinge A with an angular velocity m=1° per second clockwise. Find the speed of the 
spot on screen after time t=15s. 
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7. A thief is running away in a car with velocity of 20 m/s. A police jeep is following him, which is 
sighted by thief in his rear view mirror, which is a convex mirror of focal length 10 m. He 
observes that the image of jeep is moving towards him with a velocity of 1cm/s. If the 


magnification of mirror for the jeep at that time is “ Find 


(a) the actual speed of jeep, 
(b) rate at which magnification is changing. 
Assume the police’s jeep is on the axis of the mirror. 


8. A ball swings back and forth in front of a concave mirror. The motion of the ball is described 
approximately by the equation x = f cos wt, where f is the focal length of the mirror and x is 
measured along the axis of mirror. The origin is taken at the centre of curvature of the mirror. 


X-axis < 


1eo 


(a) Derive an expression for the distance from the mirror of the image of the swinging ball. 
(b) At what point does the ball appear to coincide with its image? 


(c) What will be the lateral magnification of the image of the ball at time t = é where 7’ is time 
period of oscillation? 


9. Show that a parallel bundle of light rays parallel to the x-axis and incident on a parabolic 
reflecting surface given by x =2 by”, will pass through a single point called focus of the 


reflecting surface. Also, find the focal length. 


Answers 


Introductory Exercise 30.1 


20 40 
1. 4 m/s 2 Mm 3.20 
Exercises 
LEVEL 1 
Assertion and Reason 
1. (d) 2. (b) 3. (a) 4.(b) 5. (aorb) 6.(c) 7. (c) 8.(b) 9. (a,b) 10. (b) 


Objective Questions 

1. (b) 2. (c) 3. (a) 4. (a) 5. (b) 6. (a) 7. (c) 8& (c) 9% (a) 10. (d) 
11. (c) 12. (da) 13. (d) 
Subjective Questions 

1. Plane mirror 


2. 39.2 cm to the right of mirror, 4.85 cm 


3. 15°, 60° 

4. 20 cm, 60 cm, 80 cm, 100 cm, 140 cm 

5. The images are at 2nb from the object with n as integer. 
7.14 

8. 360°- 20 

9. (a) - 16.7 cm, real (b) © (c) + 10.0 cm, virtual 


10. (a) A real image moves from — 0.6 mto — », then a virtual image moves from + « to 0. 
(b) 0.639 s and 0.782 s. 

11. (b) 33.0 cm to the left of vertex 1.20 cm tall, inverted, real 

12. (b) 5.46 cm to the right of vertex, 4.09 mm tall, erect, virtual 

13. 180 cm 


14. 


Image is virtual when object distance is from 0 to 0.25 m 
15. 21 cm in front of plane mirror 


1 
17. At a distance (2 * R from convex mirror 


18. (a) A concave mirror with radius of curvature 2.08 m  (b) 1.25 m from the object 
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LEVEL 2 
Single Correct Option 


1. (c) 2. (d) 3 @ 4. (c) 5. (c) 6 (c) 7. (d) 8 (a) 9% (c) 10. 


11. (c) 12. (b) 13. (b) 14. (b) 15. (b) 16. (b) 


More than One Correct Options 
1. (a,b) 2. (a,b,c,d) 3. (a,b, d) 4. (a,b,d) 5. (b,c) 6. (a,b,c) 


Comprehension Based Questions 
1.(c) 2.(d) 3.(d) 4.(d) 


Match the Columns 

(@aoqr (b)oqgr (c)>aqs  (d)>p,s 
(a) > p (b) > r (c)>p 

(ay>r (b) > r (c)>p (d)> Fr 
(a) > p,s (b) > r (c) > q,8 (d)> Fr 


a Pw Nn bh 


(a) > p,q (b) > s (c)> Ss (d)>s 


Subjective Questions 


1. 6s 2. At a distance of 50 cm from mirror and 2 cm from each other 
3.90cm, Yes 4. 1.75 5. 100 cm vertically below A 6. - m/s 
3 ; 2+ cos ot 
7. (a) 21m/s_ (b) 10°/s 8. (a) Distance = | ————— |f (b) Atx=0 (c) m= 
1+ cos ot 


(c) 


Refraction 
of Light 


Chapter Contents 


31.1 Refraction of light and Refractive 
Index of a medium 

31.2 Law of refraction (Snell's law) 

31.3 Single refraction from plane surface 

31.4 Shift due to a glass slab 

31.5 Refraction from spherical surface 

31.6 Lens Theory 

31.7 Total Internal Reflection (TIR) 

31.8 Refraction through prism 

31.9 Deviation 

31.10 Optical Instruments 
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31.1 Refraction of Light and Refractive Index of a Medium 


When a ray of light travels from one medium to other medium with or without bending, the 
phenomenon is called refraction of light. Under following two conditions the ray of light does not 
bend in refraction. 

: | 


7” 


Fig. 31.1 


(i) For normal incidence (2 i =0) 


(ii) If refractive index of both media is same, angle of incidence does not matter in this case. 


Ha = Me 
Fig. 31.2 


Here, un = refractive index of medium 


Refractive Index 


(i) In general speed of light in any medium is less than its speed in vacuum. It is convenient to define 
refractive index u of a medium as, 


_ Speed of light in vacuum — c 


Speed of light inmedium _v 


(ii) As a ray of light travels from medium | to medium 2, its wavelength changes but its frequency 
remains unchanged. 


Ly >My, Vy) >V2,A, >A, 
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(iil) > = M2 — Refractive index of 2 w.r-t. 1 


Hy 
and oH, = Fl & Refractive index of 1 w.r.t. 2 
Mo 
1 
1h2 =——_ 
2h 
Ul Ul Ul 
(iv) M2 =—, 2h3=—> and yy =— 
Hy aw) 3 
M2 X 2H3 X 3M =] 
ny 
Mwee and A=—2 
ul Ul 


Here, A is the wavelength in a medium and 1, the wavelength in vacuum. Thus, in travelling 
from vacuum to a medium speed and wavelength decrease times but frequency remains 
unchanged. 

i Os Mo 

Hy cly, vy fay Ag 

Here, f = frequency of light which remains same in both media. 


r 
Thus, ig eho es ! 


My Vo Ay 


(vi) 1H» 


© Example 31.1 (a) Find the speed of light of wavelength i = 780 nm (in air) in 
a medium of refractive index up = 1.55. 
(b) What is the wavelength of this light in the given medium? 


8 
Séiution. ) pa a = eae ine Ans. 
uu 1.55 


X 
(b) Amedium =—— malas 503 nm Ans. 
wu 155 


© Example 31.2 Refractive index of glass with respect to water is (9/8). 
Refractive index of glass with respect to air is (3/2). Find the refractive index of 
water with respect to air. 


Solution Given, ,,p, =9/8 and aby =3/2 


As, ale ® gly * alta =] 
1 all 
= ably = gle X gly =—— 
wha wl, 
aly ele Ans. 


9/8 3 
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© Example 31.3 A ray of light passes through two slabs of same thickness. In 
the first slab n, waves are formed and in the second slab n,. Find refractive 
index of second medium with respect to first. 


Solution One wave means one wavelength. So, if ¢ is the thickness of slab, 4 the wavelength 
and n the number of waves, then 


t 
nv=t > A= 
n 


1 : x 
or Ko— (astissame) or —=— 
n > ny 


Now, refractive index of second medium w.r.t. first medium is 


iH. =—=— Ans. 


INTRODUCTORY EXERCISE 31.1 
1. Given that ;p > =4/3, op 3 =3/2. Find ; p13. 


2. What happens to the frequency, wavelengths and speed of light that crosses from a medium 
with index of refraction 1, to one with index of refraction 11 5? 

3. A monochromatic light beam of frequency 6.0 x10'* Hz crosses from air into a transparent 
material where its wavelength is measured to be 300 nm. What is the index of refraction of the 
material? 


31.2 Law of Refraction (Snell’s Law) 


Fig. 31.4 


If a ray of light passes through one medium to other medium, then according to Snell’s law, 


| Lsin 7 = constant ..-(i) 
For two media, Lu, Sin 7, =[, sini, 
U, sing, Fe 
or gt ae eo AD + (il) 
ll, Sint, 


From Eq. (i) we can see that 7, >i, if U,>t,, Le. ifa ray of light passes from a rarer to a denser 
medium, it bends towards normal. 
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Eq. (ii) can be written as, 


sini, vy Ay bo = 
1h2=—_| ..- (iii) 
SMiy Vy Ay Ly 


Here, v, is the speed of light in medium | and v, in medium 2. Similarly, 4, and 2, are the 
corresponding wavelengths. 


Rarer 


Denser 


Fig. 31.5 


Ifu,>p, then vy, >v, and, >A>, Le. in a rarer medium speed and hence, wavelength of light is 
more. 


Rarer 


Denser 


Fig. 31.6 


Experiments show that if the boundaries of the media are 
parallel, the emergent ray CD although laterally 
displaced, is parallel to the incident ray AB if, =p. 
We can also directly apply the Snell’s law 
(ut sin i= constant) in medium | and 5, i.e. 


| lu, sind, =p sind, 


So, i, =is ify =ps 
If any of the boundary is not parallel we cannot use this 
law directly by jumping the intervening media. 


O' @' @O' © 'O 


Fig. 31.7 
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@&% Extra Points to Remember 
sin/ 


e wu =— is a special case of Snell's law when one medium is air. 
sinr } 
In Fig. 31.8, if we apply the Snell's law in original form then it is Air i 
Hair sin (ei = Umedium SIM Newco 5 ' 
ae ‘ Medium |; 
or (1)sin/ = (4) sinr 
_ sini : 
sinr Fig. 31.8 
ini sy rae ae 
e Inp= = angle / is not always the angle of incidence but it is the angle of 
ray of light in air (with normal). 
Air = 
Medium 
ri 
Fig. 31.9 
In the above figure, ray of light is travelling from medium to air. So, angle of incidence is actually r. But we 
have to take / angle in air and now we can apply p = sue 
sinr 
SIM! co 6 sini ; ; 
e Inp= ne if 7 is changed, then r angle also changes. But cir remains constant and this constant is 


called refractive index of that medium. 


eu= ae can be applied for any pair of angles i and r except the normal incidence for which Zi = Zr = 0° 
sinr 


sin’. ; : 
and u =—— is an indeterminant form. 
sinr 


© Example 31.4 A light beam passes from medium 1 to medium 2. Show that 
the emerging beam is parallel to the incident beam. 


Solution Applying Snell’s law at A, 


UU, Sin 7; =p, sini, 
sin i ' 
or ual = svi) 
L> sin. 1 
Similarly at B, LU, sini, =H, sin i, 
sin i e 
al ane 2 ... (ii) 
Be SUNS Fig. 31.10 
From Eqs. (i) and (11), we have iz = 


i.e. the emergent ray is parallel to incident ray. Proved. 
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Problems Based on y= bead 
sin r 


© Example 31.5 A ray of light falls on a glass plate of refractive index uw = 1.5. 
What is the angle of incidence of the ray if the angle between the reflected and 
refracted rays is 90° 
Solution In the figure, r=90°- i 


Incident Reflected 


Refracted 
Fig. 31.11 
From Snell’s law, 135 = _ - — =tani 
sinr sin (90°— 7) 
i=tan~' (1.5) =56.3° Ans. 


© Example 31.6 A pile 4 m high driven into the bottom of a lake is 1 m above the 
water. Determine the length of the shadow of the pile on the bottom of the lake if 
the sun rays make an angle of 45° with the water surface. The refractive index of 
water is 4/3. 


Solution From Snell’s law, 2 = = = 
3. sinr 
A! 
ie: eos 
m 1 
'D 
3m 


Fig. 31.12 
Solving this equation, we get r=32° 
Further, EF =(DE) tan r= (3) tan 32°=1.88 m 
. Total length of shadow, L=CF or L=(1+1.88)m 


=2.88 m Ans. 
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© Example 31.7 An observer can see through a pin-hole the top end of a thin 
rod of height h, placed as shown in the figure. The beaker height is 3h and its 
radius h. When the beaker is filled with a liquid up to a height 2h, he can see 
the lower end of the rod. Then, the refractive index of the liquid is (JEE 2002) 


a 


Was 


Fig. 31.13 


5 5 3 3 
Qs (b) fe (c) fe (a 


Solution PO=QOR=2h 
: Zi=45° 
ae ST =RT =h=KM =MN 
So, KS = h? + (2h =hv'5 
h 1 
his V5 
sini sin 45° > 
“<a 1/5 - 2 


sin r= 


Is 


The correct answer is (b). 


INTRODUCTORY EXERCISE 31.2 


1. In the figure shown, find 41>. 


Fig. 31.15 


2. If 4, is 1.5, then find the value of St. 
2 
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31.3 Single Refraction from Plane Surface 


(1) If ray of light travels from first medium (refractive index p,) to second medium (refractive 
index 1, ), then image distance (or v) from the plane surface is given by 


(ii) From this equation, we can see that v and ware of same sign. This implies that object and image 
lie on same side of the plane surface. If one is real, then the other is virtual. 


(iii) If ray of light travels from denser medium to rarer medium (or 1, >}, ), then we can see that 
v< u) or the image distance is less than the object distance. If the light travels from rarer to denser 
medium (1 ,;< p> ), then v> wu or the image distance is greater than the object distance. 

Further, if rarer medium is air (or vacuum), then this decrease or increase in image distance will 
be p times. 

(iv) In all the four figures, single refraction is taking place through a plane surface. Refractive index 
of medium (may be glass, water etc.) is p. In figures (a) and (d), the ray of light is travelling from 
denser to rarer medium and hence, it bends away from the normal. In figures (b) and (c), the ray 
of light is travelling from a rarer to a denser medium and hence, it bends towards the normal. 
Now, let us take the four figures individually. 


Air Air 


Medium 


TIN f 
TIN 
7 N 
7 \ 
x 


Air Air 


Medium Medium 


(c) (d) 
Fig. 31.16 


Refer figure (a) Object O is placed at a distance x from A. Ray OA, which falls normally on the 
plane surface, passes undeviated as AD. Ray OB, which falls at angle r (with the normal) on the 
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Note 
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plane surface, bends away from the normal and passes as BC in air. Rays AD and BC meet at I 
after extending these two rays backwards. Let BC makes an angle i (> r) with normal. 
In the figure, Z AOB willber and 7 AJB is i. For normal incidence (i.e. small angles of i andr) 


nimi ..-(i) 
Al 
and sinr + tanr= cial ..- (ii) 
AO 
Dividing Eq. (i) by Eq. (ii), we have 
sini AO AO sini 
a ge OR im aS ——_ =H 
snr Al Al sin r 
Al = AO _x 
Woo 


If point O is at a depth of d from a water surface, then the above result is also sometimes written 
as, 


d = Factual 
apparent ~ 
yu 


or the apparent depth is p: times less than the actual depth. 
Refer figure (b) Inthe absence of the plane refracting surface, the two rays 1 and 2 would have 
met at O. Proceeding in the similar manner we can prove that after refraction from the plane 
surface, they will now meet at a point J, where 

Al =x (if AO =x) 
Refer figure (c) In this case object is at O, a distance AO = x from the plane surface. When 
seen from inside the medium, it will appear at J, where 

AI =ux 
If point O is at a height of / from the water surface, then the above relation is also written as 
Pappy = Wh 
Refer figure (d) The two rays | and 2 meeting at O will now meet at / after refraction from the 


plane surface, where AJ = a0 S 


Ho ow 


In all the four cases, the change in the value of x is 1 times whether it is increasing or decreasing. All the 
relations can be derived for small angles of incidence as done in part (a). 

Exercise Three immiscible liquids of refractive indices p1,, U5 

andi, (withu, >, >U,) are filled in a vessel. Their depths are m, d, 
d,,d, and d respectively. Prove that the apparent depth (for 


almost normal incidence) when seen from top of the first liquid ee ds 
will be mg d, 
d 4 hd Fig. 31.17 
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© Example 31.8 In Fig. 31.16, find position of second image I, formed after 
two times refraction from two plane surfaces AB and CD. 


Solution We will apply v= aes u, two times with using the fact that object and image are on 


same side of the surface. 


Refraction from AB 


ly =1.5 
u=EO=10cm (towards left of AB) 
v (42 u= is (10) 

Hy 1 
or v=EI, =15cm (towards left of AB) 
Refraction from CD J, will act as an object for refraction from CD 
u,=1.5 and p,=2 

u=FI, =FE+ EI, =(10+15)cm 


=25cm 


Fw 
v=[] (s}e9 


100 
=—cm 


(towards left of CD) 


(towards left of CD) 


The correct figure is as shown below 


Note |, and /, both are virtual as the light has moved towards right of AB and CD (because it is a refraction) 


but |, and I, are towards left of AB or CD. 
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© Example 31.9 Refractive index of the glass slab is 1.5. There is a point object 
O inside the slab as shown. To eye E, object appears at a distance of 6 cm (from 
the top surface) and to eye E, it appears at a distance of 8 cm (from the bottom 


surface). Find thickness of the glass slab. 
(AZ 


d,] 
Oc« 


dz 


Ye 


Fig. 31.20 
P : d 
Solution Applying d,,, =— 
uu 
d= (u) G ip 


d, =(1.5)(6)=9cm 
d, =(1.5)(8)=12cm 


Therefore, actual thickness of the glass slab isd, +d, =21cm. 


INTRODUCTORY EXERCISE 31.3 
1. In the figure shown, at what distance 


E.G 


Fig. 31.21 


(a) E, will appear to E, 
(b) E, will appear to E, 


31.4 Shift due to a Glass Slab 


Ans. 


(i) It is a case of double refraction from two plane surfaces. So, we are talking about the second (or 


final) image and let us call it 7. 
(ii) If O is real then second image J is virtual and vice-versa. 


(iii) 7 is shifted (w.r.t.) O by a distance OJ = shift = c = 1 t in the direction of ray of light. 


u 


(iv) If £, observes E,, then E£, is object. So, light travels from E, towards E,. So, shift is also in the 


same direction or £, will observe second image of E, at a distance 


d, = d —shift 
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Same is the case when £,, observes £,. 


A 


kK 


E, 


x 


d 
Fig. 31.22 


(v) If two or more than two slabs are kept jointly or separately, then total shift is added. 


(vi) 


Stota = 51 +s.-[1 


— 


Hy Ho 


M Cc E 


————— 


(a) 


m 
D F 
}<«—— ¢t ——>| 
(b) 


Fig. 31.23 


Refer figure (a) An object is placed at O. Plane surface CD forms its image (virtual) at /,. This 
image acts as an object for EF which finally forms the image (virtual) at 7. Distance OJ is called 


the normal shift and its value is 


This can be proved as under 
Let 
then 


or [1-44 
u 


OA =x 
Al, =ux (Refraction from CD) 
BI, =ux+t 

BI, t : 
BI =——=x+ (Refraction from EF) 
ll Ll 
OI =(AB +OA)- BI 
=(t+x) [+ | -() a Hence Proved. 
ll Ll 


Note For two refractions (at CD and EF) we have used, 


v= mab 
Hy 
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Refer figure (b) The ray of light which would have met line AB at O will now meet this line at / 
after two times refraction from the slab. Here, 


O1 -(! . 1), 
u 
© Example 31.10 Refractive index of glass slab shown in 9 cm 
figure is 1.5. Focal length of mirror is 20 cm. Find 
(a) total number of refractions and reflections before final O 
image is formed. 


(b) reduced steps. 
(c) value of x, so that final image coincides with the object. 


Xx 10cm 


Fig. 31.24 


Solution (a) There are total four refractions and one reflection. 


(b) Reduced steps are three, first slab, then mirror and then again slab. 


(c) Shift due to the slab, 
{1 “)e-(1 =|(9)=3em 
mm 3 


Actual distance from mirror to object is (19+ x)cm. Slab will reduce this distance by 3 cm. 
So, apparent distance will be (16+ x)cm 


Now, if 16+x=R=2f=40cm or x=24cm 


then ray of light will fall normal to the concave mirror. It will retrace its path and final image 
will coincide with the object 


x=24cm Ans. 


Note /f ray of light falls normal to a mirror, then there is no need of applying the slab formula in return 
journey of ray of light. Path is retracing means, slab formula is automatically applied in return journey. 
But if it is not normal, then we will have to apply the slab formula in return journey too. 


© Example 31.11 A point object O is placed in front of a concave mirror of focal 
length 10 cm. A glass slab of refractive index pp = 3/2 and thickness 6 cm is 
inserted between object and mirror. Find the position of final image when the 
distance x shown in figure is 


6cm 
-—_—_—— | 


or 


(a) 5cm (b) 20cm 
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Solution As we have read in the above article, the normal shift produced by a glass slab is 


ax-{1 wat 5 |(o)=2 cm 
ul 3 


i.e. for the mirror the object is placed at a distance (32 — Av) = 30cm from it. Applying 
mirror formula 


Eee or : Pee or v=—15cm 


(a) When x=5 cm_ The light falls on the slab on 
its return journey as shown. But the slab will 
again shift it by a distance Ax = 2cm. Hence, the 
final real image is formed at a distance 
(15+ 2)=17cm from the mirror. 


kK 15cm >| 
Fig. 31.26 


(b) When x=20 cm _ This time also the final image is at a distance 17 cm from the mirror but 
it is virtual as shown. 


Fig. 31.27 


INTRODUCTORY EXERCISE 31.4 


1. At what distance eye E will observe the fourth image (after four refractions from plane surfaces) 
of object O from itself. 


i Be 
10cm 


10cm 


10cm 
¥ °O 
Fig. 31.28 
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31.5 Refraction from Spherical Surface 


(i) There are two types of spherical surfaces, concave and convex. 


(ii) ———- +ve 


fae. = R=+ve 
u=-ve aaa 
Fig. 31.29 


If the ray of light is travelling from first medium to second medium, then for image distance v, we 


have the formula 


My Hy Ho “Hy 
v u R 


(iii) For plane surface R = . Putting this value in the above formula, we get 


by 


and this formula, we have already discussed in article 31.3. 


(iv) Ray of light has moved in medium-2, so image formed in medium-2 will be real and v in this 


medium will be positive. 


Proof 


Consider two transparent media having indices of 
refraction |1; and 1, where the boundary between the 
two media is a spherical surface of radius R. We 
assume that Uu,< 15. Let us consider a single ray a 


leaving point O and focusing at point /. Snell’s law 0 
applied to this refracted ray gives, 


uu, sin@, =p, sin@, 


Because @, andQ, are assumed to be small, we can use 
the small angle approximation 
sin0~@ (angles in radians) 
and say that uO, =p, 9, 
From the geometry shown in the figure, 
0, =a+t+ B 
and B=0,+yY 
The above three equations can be rearranged as, 


B="L(a +B)+y 
lo 


So, Wa +U,y =(H> -H,)B 


rR 
le 


Fig. 31.30 


...(iv) 
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Since, the arc PM (of length s) subtends an angle B at the centre of curvature, 
Ss 
a 


Also in the paraxial approximation, a = 5 and y= . 
u v 


Using these expressions in Eq. (iv) with proper signs, we are left with, 


Hy _ Hae _ M271 or My By, Hoy ...(v) 


—u ov R v u R 


Although the formula (v) is derived for a particular situation, it is valid for all other situations of 
refraction at a single spherical surface. 


© Example 31.12 A glass sphere of radius 
R=10 cmis kept inside water. A point 


object O is placed at 20 cm from A as . c 

‘ : i aes O A B 
shown in figure. Find the position and 40 cm 
nature of the image when seen from other }«— 20 cm —> 
side of the sphere. Also draw the ray Fig. 31.31 


diagram. Given, p ,= 3/2 and pL, = 4/3. 
Solution A ray of light starting from O gets refracted twice. The ray of light is travelling in a 
direction from left to right. Hence, the distances measured in this direction are taken positive. 
My Py bo by 
v u 


, twice with proper signs. We have, 


Applying 


32 _ 413 MB=A3 oe 4h = 300m 


AI, 20 10 


Now, the first image /, acts as an object for the second surface, where 
BI, =u=— (30+ 20)=-— 50cm 
4/3 3/2 4/3- 3/2 
BI, -50 —10 


Ll I, 
<— 20 cm—| 
l< 30 cm >| 
kK 100 cm >| 
Fig. 31.32 
BI, =—100 cm, 


i.e. the final image J, is virtual and is formed at a distance 100 cm (towards left) from B. 


The ray diagram is as shown in Fig. 31.32 
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Following points should be noted while drawing the ray diagram. 
(i) At P the ray travels from rarer to a denser medium. Hence, it will bend towards normal PC. 
At M, it travels from a denser to a rarer medium, hence, it moves away from the normal MC. 


(ii) PM ray when extended backwards meets at J, and MN ray when extended meets at /,. 


INTRODUCTORY EXERCISE 31.5 


1. If an object is placed at the centre of a glass sphere and it is seen from outside, then prove that 
its virtual image is also formed at centre. 


2. Aglass sphere (u = 1.5) with a radius of 15.0 cm has a tiny air bubble 5 cm above its centre. The 


sphere is viewed looking down along the extended radius containing the bubble. What is the 
apparent depth of the bubble below the surface of the sphere? 


3. One end of a long glass rod (u = 1.5) is formed into a convex surface of radius 6.0 cm. An object 
is positioned in air along the axis of the rod. Find the image positions corresponding to object 
distances of (a) 20.0 cm, (b) 10.0 cm, (c) 3.0 cm from the end of the rod. 

4. Adust particle is inside a sphere of refractive index - If the dust particle is 10.0 cm from the wall 


of the 15.0 cm radius bowl, where does it appear to an observer outside the bowl. 


5. Aparallel beam of light enters a clear plastic bead 2.50 cm in diameter and index 1.44. At what 
point beyond the bead are these rays brought to a focus? 


31.6 Lens Theory 


(i) A lens is one of the most familiar optical devices for a human being. A lens is an optical system 
with two refracting surfaces. The simplest lens has two spherical surfaces close enough together 
that we can neglect the distance between them (the thickness of the lens). We call this a thin lens. 


Biconvex Plano-convex Convex meniscus 


Biconcave Plano-concave Concave meniscus 
Fig. 31.33 Types of lens. 


Lenses are of two basic types convex (converging) which are thicker in the middle than at the 
edges and concave (diverging) for which the reverse holds. 
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Figure shows examples of both types bounded by spherical or plane surfaces. 

As there are two spherical surfaces, there are two centres of curvature C,; and C, 
correspondingly two radii of curvature R, and R,. 

The line joining C, and C, is called the principal axis of the lens. The centre P of the thin lens 
which lies on the principal axis, is called the optical centre. 


Incident light ——» R,>0 
Ry <0 
pee Rp P C, 
© 
R, _ ore 
a 
(a) 
Incident light ——» A 
eee 2 
2! P C, 
ed 
ie 


(b) 
Fig. 31.34 (a) A converging thin lens and 
(b) a diverging thin lens 

(ii) All lens formulae (which we will use in this chapter) can be applied directly under following two 

conditions. 

Condition 1. Lens should be thin or its thickness should be negligible. 

Condition 2, On both sides of the lens, medium should be same (not necessarily air) 
(iii) If either of the above two conditions are not satisfied, then apply refraction formulae 


Pa Hi Ba Fi fy spherical surface or v = fe for plane surface) two times. 
v u R Ly 
(iv) In a biconvex (or equiconvex) or biconcave (or equiconcave) lens, 
|R,|=|Ro| 


(v) Useofthinlens Ifthe lens is thin, then the first image distance v, is exactly equal to the second 
object distance uw. 


In the figure, we can see that uy =v, -t 
But, U=v, if t=0 
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(vi) Unlike a mirror, a lens has two foci : 
First focus (F,) It is defined as a point at which if an object (real in case of a convex lens and 
virtual for concave) is placed, the image of this object is formed at infinity. Or we can say that 
rays passing through F become parallel to the principal axis after refraction from the lens. The 
distance PF’, is the first focal length /,. 


— Incident light ~ 


© © =o 
F, P P uae F, 
—> +ve a 
fh . fy 
First focus 
Fig. 31.36 


Second focus or principal focus (F,) A narrow beam of light travelling parallel to the 
principal axis either converge (in case of a convex lens) or diverge (in case of a concave lens) at a 
point F, after refraction from the lens. This point F’, is called the second or principal focus. If the 
rays converge at F, the lens is said a converging lens and if they diverge, they are called 
diverging lens. Distance PF’, is the second focal length /,. 


+> 
fo 


°U 


Second focus 


ger P 
< ° 
Fy os. 
fa 
————_| 
Principal focus 
Fig. 31.37 


From the figure, we can see that f; is negative for a convex lens and positive for a concave lens. 
But, f, is positive for convex lens and negative for concave lens. 

(vii) We are mainly concerned with the second focus f,. Thus, wherever we write the focal length f, 
it means the second or principal focal length. Thus, f = f, and hence, fis positive for a convex 
lens and negative for a concave lens. 

(viii) If the two conditions mentioned in point number (ii) are satisfied, then 


IAil=| fal 


although their signs are different. 
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(ix) If those two conditions are satisfied, then object can be placed on either side of the lens or light 
can fall from both sides of the lens. Following figures will help you to clear this concept. 


—+ve 


Image Position, its Nature and Speed 


Case 1. Convex lens 
> > 
0 +00 
~< + + + + + > 
2F, F, O Fo 2F5 
> > 


Fig. 31.39 
Table 31.1 

Object Image Nature of image Speed 

At F, + © - - 
At 2F, At 2F, Real, Inverted and same size Vv, =Vo 

At —<o At F, - - 
Between O and F, Between O and —« Virtual, Erect and magnified Vo >V) 
Between F, and 2F, Between + 0 and 2F, Real, Inverted and magnified V) >Vo 


Between 2F, and —s0 Between 2F, and F, Real, Inverted and diminished Vo >V; 
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Note (i) The above table has been made only for real objects (lying between O and — 0), object distance u for 
them is negative. 


(ii) Since| f,; | =| f | (when two conditions discussed earlier are satisfied). Therefore, F, and F, are sometimes 
denoted by F and 2F, (and 2F,) by 2F. 


(it) If object is travelling along the principal axis, then image also travels along the principal axis in the same 
direction. 


Case2  Concavelens Incase of concave lens there is only 


one case for real objects. pase , i 
Object lies between O and — , then image lies between O and ee he a ea 

F,. Nature of image is virtual, erect and diminished. Object ; 

speed is always greater than image speed (vg >v, ). Both Be oro 


travel in the same direction. 


Three Standard Rays for making Ray Diagrams 


1. Array parallel to the principal axis after refraction passes through the principal focus or appears to 
diverge from it. 


Fy Fy ~~~ 


Fig. 31.41 


2. Array through the optical centre P passes undeviated because the middle of the lens acts like a thin 
parallel-sided slab. 


Fig. 31.42 


3. A ray passing through the first focus F, becomes parallel to the principal axis after refraction. 


Fig. 31.43 


Ray Diagrams 


(a) 


(b) 


(c) 


(d) 


(e) 
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SsSeeheeesaoan sees eases 


ne 


ne 


Refraction of Light 


Nature of image 


Real 
Inverted 
Diminished 


Real 
Inverted 
Same size 


Real 
Inverted 
Magnified 


Real 
Inverted 
Magnified 


Virtual 
Erect 
Magnified 


Virtual 
Erect 
Diminished 


Fig. 31.44 Ray diagrams for a convex lens (a—e) and a concave lens (f). 
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List of Formulae 


.l 11 
() ---== 
vu ff 
a : : I height 
(ii) Linear magnification, = eer sis _/_¥ 
Object height O u 
(iii) Lens maker’s formula 
— w/\h 
=s Me 
Ri\/ Ro 
Fig. 31.45 


= 8 lg 1 
St \bh R, Ry 


1 


| 


1 


In air, u; =landw, =. Therefore, be (pL o( 

f R 
(iv) Power of a lens (in dioptre) = es 
Focal length (in metre) 


(v) Two or more than two thin lenses in contact. 


Fig. 31.46 
ee or P=P, +P, 
EOS Js 


(vi) Two or more than two thin lenses at some distance 


) 


a rs 
Fig. 31.47 
1 1 1 d 
a 
fd. do Sila 
or P=P,+P,-4dP,P, 


Note /n the above two equations if d =0, then 
1 


Fo h 


Ry 


re and P=P,+P, 
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(vii) Image velocity 
(a) Along the principal axis, 
Vv, =m’'v, 
v, and Vy are in the same direction. 
(b) Perpendicular to principal axis, 
Vv; =MVo 
If mis positive then v, and vy are in the same direction and if mis negative, then v; and Vy 
are in opposite directions. 


Note The above two formulae have been derived in the previous chapter of reflection. So, same method can 
be applied here. 


Important points in formulae 
(i) On linear magnification m From the value of m, we can determine nature of image, type of 
lens and an approximate position of object. Following table illustrates this point. 


Table 31.2 
Value of m Nature of image Type of lens Object position 
-3 Inverted, real and magnified convex Between F, and 2F, 
-1 Inverted, real and same size convex at 2F, 
1 Inverted, real and diminished convex Between 2F, and —00 
2 
+2 Erect, virtual and magnified convex Between O and F, 
& A Erect, virtual and diminished concave Between O and —co 
4 


Note For real objects, real image is formed only by convex lens. But virtual image is formed by both types of 
lenses. Their sizes are different. Magnified virtual image is formed by convex lens. Diminished virtual 
image is formed by concave lens. 


(ii) On lens maker’s formula 


lf ie [4 | _ 
‘a [i R, Ry 2 


1 1)... : 
-w-0(2-2) in air ... (ii) 


For a converging lens, R, is positive and R, is negative. Therefore, [4 - a Eq. (11) comes 
1 2 

out a positive quantity and if the lens is placed in air, (u — 1)is also a positive quantity. Hence, the 

focal length fof a converging lens turns out to be positive. For a diverging lens however, R, is 


negative and R, is positive and the focal length fbecomes negative. 
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Incident light R,>0 
mC R, <0 
Ryo : 
Cy 2 C. 
2 1 
oe R _ 
| =a 


Incident light 
— 


(b) 
Fig. 31.48 


Focal length of a mirror fu = £) depends only upon the radius of curvature R while that of a 


lens [Eq. (i)] depends on L1,, 15, R; and R,. Thus, if a lens and a mirror are immersed in some 
liquid, the focal length of lens would change while that of the mirror will remain unchanged. 


Fig. 31.49 Air bubble in water diverges the parallel beam of light incident on it. 


Suppose [5 < U1, in Eq. (i), i.e. refractive index of the medium (in which lens is placed) is more 


than the refractive index of the material of the lens, then [2 - become a negative quantity, 


My 
i.e. the lens changes its behaviour. A converging lens behaves as a diverging lens and vice-versa. 
An air bubble in water seems as a convex lens but behaves as a concave (diverging) lens. 


(iii) Power of lens By optical power of an instrument (whether it is a lens, mirror or a refractive 
surface) we mean the ability of the instrument to deviate the path of rays passing through it. If the 
instrument converges the rays parallel to the principal axis its power is said to be positive and if it 
diverges the rays it is said a negative power. 


Fig. 31.50 
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The shorter the focal length of a lens (or a mirror) the more it converges or diverges the light. As 
shown in the figure, 


fi< fo 
and hence the power P, > P,, as bending of light in case 1 is more than that of case 2. Fora lens, 
P (in dioptre) = ————__ 
pire) f (in metre) 
and for a mirror, P (in dioptre) = ee 
f (in metre) 


Following table gives the sign of P and f for different types of lens and mirror. 


Table 31.3 
Power : 
Nature of Focal length 1 Converging/ : 
lens/mirror (f) P= a y= = diverging Ray diagram 


Convex lens + ve + ve converging > 
Concave mirror — ve + ve converging << 


Concave lens — ve — ve diverging 


Convex mirror + ve — ve diverging 


Thus, convex lens and concave mirror have positive power or they are converging in nature. 
Concave lens and convex mirror have negative power or they are diverging in nature. 
(iv) Based on two or more than two thin lenses in contact (or at some distance) 
If the lenses are kept in contact, then after finding the equivalent focal length F' from the equation 
1 1 1 
ee 
Foi ds 
We can directly apply the formula 


i 
vu F 
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. : ‘ P 1 1 1 : : 
for finding the image distance v, but we will have to apply lens formula, — — — = — two times if 
vou 


the lenses are kept at some distance. 


Proofs of Different Formulae 


(i) Consider an object O placed at a distance u from a convex lens as shown in figure. Let its image J 
after two refractions from spherical surfaces of radii R, (positive) and R, (negative) be formed at 
a distance v from the lens. Let v, be the distance of image formed by refraction from the 
refracting surface of radius R,. This image acts as an object for the second surface. 
— Incident light 


O Gc, ma CG, : 
—>+ve 
kK u >< v >| 
Fig. 31.51 
Using, Ho My Bo 71 
v u R 
We have, Bo Pi B27 Pi ...() 
Vy u R, 
and Hy Ho -_ HM; ~H2 (ii) 
voy —R, 


Adding Eqs. (i) and (ii) and then simplifying, we get 


btfie alto ...(iii) 
vou \Hy R, R, 


This expression relates the image distance v of the image formed by a thin lens to the object 
distance u and to the thin lens properties (index of refraction and radii of curvature). It is valid 
only for paraxial rays and only when the lens thickness is much less than R, and R,. The focal 


length f of a thin lens is the image distance that corresponds to an object at infinity. So, putting 
u=o and v= /f in the above equation, we have 


Tf ty [4 | off 
va [ R, R, ~ 


If the refractive index of the material of the lens is and it is placed in air, 4, =p andu, =1so 


that Eq. (iv) becomes 
+= (Wi H| — (v) 
f R, R, 7 


This is called the lens maker’s formula because it can be used to determine the values of R, and 


R, that are needed for a given refractive index and a desired focal length /- 
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Combining Eqs. (iii) and (v), we get 
...(V1) 


Which is known as the lens formula. 
(ii) Magnification The lateral, transverse or linear magnification m produced by a lens is 
defined by 
i Height of image / 
Height of object O 


Fig. 31.52 


A real image //' of an object OO’ formed by a convex lens is shown in figure. 
Height of image JI’ v 
Height of object OO' u 


Substituting v and u with proper sign, 


TI' ore: eee 
OO O -u 
I y 
or —=7 = — 
O u 
Thus, ia 


u 


(iii) Focal length of two or more than two thin lenses in contact 
Combinations of lenses in contact are used in many optical instruments to improve their 


performance. 
f, f 
0 7 
kK u > v >| 


Fig. 31.53 
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Suppose two lenses of focal lengths f, and f, are kept in contact and a point object O is placed at 
a distance u from the combination. The first image (say /, ) after refraction from the first lens is 
formed at a distance v, (whatever may be the sign of v, ) from the combination. This image /, acts 
as an object for the second lens and let v be the distance of the final image from the combination. 
Applying the lens formula, 


| oe oe 
vou f 
! sk YW : 
For the two lenses, we have —--=— ...(i) 
you fy 
and Pett ...(i1) 
v Vy fo 
. : - 1 1 #1 1 1 
Adding Eqs. (i) and (ii), we have —--=—+— = (say) 
vu fi fy F 
Here, F is the equivalent focal length of the combination. Thus, 
1 1 1 
= 4 
FS, fa 
Similarly for more than two lenses in contact, the equivalent focal length is given by the 
formula, 
tos t 
dy 


Note Here, f,,, f, etc., are to be substituted with sign. 


Types of Problems in Lens 


Type 1. Based on two or more than two thin lenses in contact 


How to Solve Apply, eee + at 
Si ta 
and P=P, +P, 


© Example 31.13 A convex lens of power 2D and a concave lens of focal length 
40cm are kept in contact, find 


(a) Power of combination (b) Equivalent focal length 
Solution (a) Applying 
P=P, +P =Promee +P 


convex concave 


=) [Pen D)- : 


(-0.4) 
a9 9522050 Ans. 
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1 
(b) a 


eee oa 2m 
—0.5 
=—200 cm Ans. 
Note F and Pare negative so, the system behaves like a concave lens. 


© Example 31.14 <A converging lens of focal length 5.0 cm is placed in contact 


with a diverging lens of focal length 10.0 cm. Find the combined focal length of 
the system. 


Solution Here, f,=+5.0cm and ft, =- 10.0cm 
Therefore, the combined focal length F is given by 


1 1 1 1 1 1 
=—+ = =+ 
F f, fp 5.0 10.0 10.0 
F=+10.0cm Ans. 


i.e. the combination behaves as a converging lens of focal length 10.0 cm. 


Type 2. Based on lens maker's formula 


How to Solve 


1 (uy 1 1 1 i 
ai f [H lz z) ° £ ‘ Lg z) 


Note _ /f initial two conditions are satisfied (thin lens and same medium on both sides,) then we can find focal 
length of the lens (f or f,) from either side of the lens. Result comes out to be same. 


© Example 31.15 yy =2 A uy =2 


H2= 1.5 


R=40cm 
Fig. 31.54 


Find focal length of the system shown in figure from left hand side. 
Solution ww, =2,u, =1.5,R, =+40and R, = 


Using the equation 
a | gees , we have _ 
fiw RR, BIN? 


Fig. 31.55 
(42 1 : ! => f=-160cm 
f \2 +40 © 
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Therefore, from left hand side it behaves like a concave lens of focal length 160 cm. 


160 cm 
Fig. 31.56 


Exercise Find focal length of the above system from right hand side and prove that it is also 
—160cm. 


© Example 31.16 Focal length of a convex lens in air is 10 cm. Find its focal 
length in water. Given that wu, = 3/2 and pL, = 4/8. 


1 1 1 : 
Solution =(u Hf ...(i) 
See - R Ry 
and : (% i[ : L) Gi) 
Taian Hy R Ry 


Dividing Eq. (1) by Eq. (ii), we get 


Substituting the values, we have 


— (3/2-1) 
SF water 3/2 4 air 
4/3 
=4 fi, =4x 10=40cm Ans. 


Note (i) Students can remember the result fyater = 4 fairs fg =3/2 and pw, = 4/3. 


(ii) In water focal length has become four times and power (power of bending of light) remains ath This is 


because, difference in refractive index between glass and water has been decreased (compared to glass 
and air). So, there will be less bending of light. 


© Example 31.17 A biconvex lens (u = 1.5) has radius of curvature 20 cm (both). 
Find its focal length. 
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Solution R, =+20cm, R, =—20cm,p =1.5 


Substituting the values in the equation 


1 1 
= (uu oz R, } we have 
1 1 1 
7° ; nz =] 


or f =+20cm Ans. 


Note /f a biconvex or biconcave lens has refractive index uy = 1.5, then 
[Ril=[Ro1=IFl 


Type 3. 7o find image distance and its magnification corresponding to given object distance 


How to Solve? 
e Substitute signs of u and f. Sign of v automatically comes after applying the lens formula. Sign of u is 
negative for real objects. Sign of f is positive for convex lens and negative for concave lens. 


© Example 31.18 Find distance of image from a convex lens of focal length 
20 cm if object is placed at a distance of 30 cm from the lens. Also find its 


magnification. 
Solution u=-30cm, f=+20cm 
Applying the lens formula 


ts 
vou fe 
We have, 
ae ee 
v -—30 +20 
Solving, we get 
v=+60cm Ans. 
evar. 2 Ans. 
u  —30 


mis —2, it implies that image is real, inverted and two times magnified. The ray diagram is as 
shown below. 


h 
OF, 


30 cm ™ 60 cm 
Fig. 31.58 
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Type 4. 7o find object/image distance corresponding to given magnification of image and focal 
length of lens 


How to Solve? 


e Substitute all three signs ofu, vandf. Signs ofu and f have been discussed in the above type. Sign of vis 
positive for real image (see the above example) and it is negative for virtual image. 


Vv 
2 m=* = |v/=|mxu| 
u 


© Example 31.19 Find the distance of an object from a convex lens if image is 
two times magnified. Focal length of the lens is 10 cm. 


Solution Convex lens forms both types of images real as well as virtual. Since, nature of the 
image is not mentioned in the question, we will have to consider both the cases. 


When image is real Means v is positive and u is negative with |v|=2|u| Thus, if 


u=—x, then v=2x and f=10cm 


Substituting in Le 
vou fe 
We have : + u or 3 _1 
2x x 10 2x 10 
x=15cm Ans. 


x =15cm, means object lies between F and 2 F. 
When image is virtual Means v and uw both are negative. So let, 


u=—y, then v=—2y and f=10cm 


Substituting in, ee 
vou f 
We have, u a2 or 1 _1 
-2y y 10 2y 10 
y=5cm Ans. 


y=5cm, means object lies between F and O. 


Type 5. Jo make some conditions 


How to Solve? 
° Initially, substitute sign of only f, then make equation of v. From this equation of v, find the asked condition. 


© Example 31.20 Under what condition, a concave lens can make a real image. 


Solution Substituting sign of f in the lens formula, we have 


Rt oe toed _@ 
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For real image v should be positive. Therefore, from Eq. (i) we can see that u should be positive 
and less than /. Further, wu is positive and less than f means a virtual object should lie between O 


and F,. 
— +ve 
een 8 
—+ Fy 
——$—_> 
Fig. 31.59 


Important Result 


Under normal conditions, a convex lens makes a real image. But the image is virtual (and magnified) 
if a real object is placed between O and F,. Opposite is the case with concave lens. Under normal 
conditions it makes a virtual image (for all real objects). But the image is real if a virtual object is 
placed between O and F;. 


Type 6. 7o find image nature, type of lens, its optical centre and focus for given principal axis, point 
object and its point image. 


© Example 31.21 An image I is formed of point object O by a lens whose optic 
axis is AB as shown in figure. 
O- 


We 


A 
ol 
Fig. 31.60 
(a) State whether it is a convex lens or concave? 
(6) Draw a ray diagram to locate the lens and its focus. 
Solution (a) (i) Concave lens always forms an erect image. The given image / is on the other 
side of the optic axis. Hence, the lens is convex. 
(11) Join O with /. Line OJ cuts the optic axis AB at optical centre (P) of the lens. The dotted line 
shows the position of lens. 


Fig. 31.61 


From point O, draw a line parallel to AB. Let it cuts the dotted line at M. Join M with /. Line 
MI cuts the optic axis at focus (F) of the lens. 
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Type 7. Two lens problems 


How to Solve? 
e We have to apply lens formula two times. The first image behaves like an object for the second lens. 


© Example 31.22 Focal length of convex lens is 20 cm and of concave lens 40 cm. 
Find the position of final image. 


[e) 


*30 cm 40 cm 


Fig. 31.62 


Solution Using the lens formula for convex lens, 
u=—30cm, f=+20cm 
1 1 1 


vy —30 +20 
Solving this equation, we get v=+ 60cm. Therefore, the first image is 60 cm to the right of 
convex lens or 20cm to the right of concave lens. Again applying lens formula for concave lens, 


u=+20cm, f =—40cm, we have 


ee 
v +20 -40 
v=+40cm 


So, the final image /, is formed at 40 cm to the right of concave lens as shown below. 


20cm 20cm 


Fig. 31.63 


Type 8. Based on image velocity 


How to Solve? 
e Using the methods discussed in Type 3, first find v and then m. Now, 
(i) Along the axis, v; = mV 6 


(11) Perpendicular to axis, Vv; = mV 
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© Example 31.23 Focal length of the convex lens shown in figure is 20 cm. Find 
the image position and image velocity. 


5 mm/s 


30 cm 
Fig. 31.64 
Solution For the given condition, 


u=—30cm, f=+20cm 


Using the lens formula, we have 


Solving this equation, we get 
v=+ 60cmand 


u —30 
m =4 


Component of velocity of object along the axis = 5cos 37° = 4 mm/s (towards the lens) 
component of velocity of image along the axis = m (4 mm/s )=4 x 4=16 mm/s. This component 
is away from the lens (in the same direction of object velocity component) 

Component of velocity of object perpendicular to the axis = 5 sin 37° = 3 mm/s (upwards). 


‘. Component of velocity of image perpendicular to axis = m(3 mm/s ) or (—2)(3 mm/s) 
=—6mm/s or this component is 6 mm/s downwards. These all points are shown in the figure 
given below. 


3 mm/s 
I 
+ O4 aamnle ne mm/s 
6mm/s ' 
Beseceea=ese=e Vy 
30 cm 60 cm 


Fig. 31.65 


vy = (16)? + (6) 


= 292 mm/s 


or 8 = tan (3/8) 
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Type 9. An extended object kept perpendicular to principal axis 


How to Solve? 


e Using the methods discussed in Type 3, first find vand then m. Now, suppose mis —2 and object is 1mm 
above the principal axis, then image will be 2 mm below the principal axis. 


© Example 31.24 Focal length of concave lens shown in figure is 60 cm. Find 
image position and its magnification. 


30 cm 
Fig. 31.66 


Solution For the given situation, 
u=—30cm, f=—60cm 


Using the lens formula, we have 


Yt I 
v -30 —60 
Solving this equation, we get 
v=—-20cm 
Further, m= Y= = =+ : . Point b is 2 mm above the principal axis. Therefore, its image J’ will 
7S 


be (3) or : mm, above the principal axis. 


Similarly, point a is | mm below the principal axis. Therefore, its image a’ will be 2] or 


: mm below the principal axis. The final image is as shown in Fig. 31.67 


b 4b! 
i ipa 
ty c'b'=3-mm 
, eh wie 
a a ac’ =3-mm 
1 
20 cm 
30 cm 
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Type 10. 7o plot u versus v or "versus 1 graph 
u v 


Concept 


In the previous chapter, we have seen that i versus bs graph will be a straight line. Further for real 
v u 


: ; : : 1. 
objects, wis always negative. So, u varies from 0 to —«. Therefore, — will vary from — © to 0. 
u 


© Example 31.25 Plot u versus v and z versus Dpraph for convex lens (only for 
u v 


real objects) 


Solution 
—2 +00 
a F \o;| Ff oF 
Fig. 31.68 
Table 31.4 
SN if ul 
-NO. u Vv ii ”, 
1 Oto -f 0 to — 0 ose —«o to 0 
2 -f to -2f +00 to +2f Nigel Oise. 
f oF oF 
3 -2f to - 0 +2fto+f eee aga! 
2f f 


u versus graph 


110 © Optics and Modern Physics 


1 1 
— versus — graph 
u v 


Fig. 31.70 
Type 11. Problems of inclined lenses 
© Example 31.26 
a > > > ve 
Fig. 31.71 


O,P is the principal axis and O is the point object. Given, 

O,P =30 cm, f = 20 cmand OP = 2 mm. Find the image distance and its 
position. 

Solution For the given situation, 


0,Q=60cm 
Ql=4mm 


and 
Using the lens formula, we have 


Solving this equation, we get 
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Further, m= 
u —30 


Therefore, image is at a distance of + 60cm from the lens at a distance of (2 mm) (-2) or 4 mm 
from the principal axis on other side of the object. The image is as shown above in Fig. 31.72. 


Note /mage will always lie on the line joining O and O,. This is because the ray OO, passes undeviated. 


Type 12. 7o find focal length of an optical system for which either of the two conditions (thin lens 
and same medium on both sides) is not satisfied 


Concept 
If focal length is asked then we have to find the second focal length f,. The definition of F’, is, if 


object is at infinity (wu, = 0) then final image after two refractions will be at F’, (v, = f, or f). The use 
of thin lens is v, is exactly equal to uw). 


© Example 31.27 In the figure, light is incident on a thin lens as shown. The 
radius of curvature for both the surfaces is R. Determine the focal length of this 


system. (JEE 2003) 
Hy Hg 

Fig. 31.73 

Solution For refraction at first surface, 
om) Hy _ 2 Hy (i) 
vy, ~—00 +R 

For refraction at second surface, 
b3 Ho _ 3 —Ho ... (ii) 
Vo Lal +R 

- R 
Hs  H3 ~Hy ei Hs 


Adding Eqs. (i) and (ii), we get — = 
Vo R 


Fig. 31.74 
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Therefore, focal length of the given lens system is 
fm 3k 
M3 ~My 


Note /f we find the focal length of the above system from right hand side, then it will be different because 
medium on both sides is not same. 


Important Points in Lens Theory 


1. 
=> or 
Biconvex lens 2f 2f 
. P/2 P/2 
First Second 
Fig. 31.75 
In the first figure, 
1 1 1 2 
= 1 =(u-l)} = 
(u (3 5] (u (F) 
_ R 
2(u-1) 
In the second figure, 
1 1 1 
-=(u-}) 
f R 
; R 
t= re 
or fi a2f 
2. 
or 
=> => 
f,.P f,P 
2P 
f,P #12 
Fig. 31.76 


3. The system shown in Fig. 31.77 has single value of u but two different parts will have two focal 
lengths. Therefore, we get two images /, and /,, horizontally separated from each other. The two 


focal lengths are 
1 1 1 
= (Hy -0(¢-2] 
fi R, Ry 
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and 


4. This system shown in Fig. 31.78 has single values of u and f. 
Therefore, we will get single value of v. Still, we will get two 
images, vertically separated from each other. Let us take an ¢-------222222-2=722227=27_--- 
example in support of this. M ot +f 


Ifu=30cm, f is 20 cm, principal axis PQ of upper part 1 is 1 mm 
above the object and principal axis MN of lower part 2 is 1 mm "~~ 4¥——™ 
below the object O. Then, after applying lens formula, we get Fig. 31.78 


v=+60cm and m=-2 


Now, O is | mm below PQ and m=—2. Therefore, upper part will make /,,2 mm above PQ. 
Similarly, O is 1 mm above MN, therefore lower part will make /,, 2 mm below MN. Ray 
diagram from the two parts is as shown in Fig. 31.79 below 


'- 20 cm 
k 30 cm oie 60 cm ——— 
Fig. 31.79 


5. Ifa liquid is filled between two thin convex glass lenses, then it is a group of three lenses as shown 


in figure. 
an 


> R| |Ro+ EB + Rl | Re 
1 2 3 
Fig. 31.80 
ft i A 


rae Ss 
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1 
where, Zs -0( 2-2) 


Thin 
Fig. 31.81 


R,=R, and R; Ry 
Now if we find focal length or power of part A, then 


; o P=(M, oz L}-0 


as R, = Ry 
Similarly, we can prove that power of other part is also zero. 

7. Minimum distance between real object and its real image from a convex lens is 4/. 
Exercise Prove the above result. 

8. Silvered lens A point object O is placed in front of a silvered lens as shown in figure. 


— +ve 


Fig. 31.82 


Ray of light is first refracted, then reflected and then again refracted. In first two steps, light is 
travelling from left to right and in the last one direction of light is reversed. But we will take one 
sign convention, 1.e. left to right as positive and in the last step will take v, u and R as negative. 
Ho Hy Hoy seal) 
Vy u R, 
: bee * 2 .. (ii) 


Vo Vv) ne mirror R 2 
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Hy Ho Hy ~bo ... (iii) 


—vV —Vo —-R, 


Solving Eqs. (i), (ii) and (iii), we get 
1 ad _2(Mo/Hy)  2(uy/m, —)) 


.. (iv) 
vou R, R, 
This is the desired formula for finding position of image for the given situation. 
Note The given system behaves as a mirror because the ray of light finally reflects in the same medium. Whose 
focal length can be found by comparing Eq. (iv) with mirror formula 1/v + 1/u = 1/f. 
1 2(4o/m,)  2(42/H, -)) 
= ...(V) 


‘a R, R 


Let us take one example in support of this. 


© Example 31.28 w=1.5 


20 cm R=40cm 


Fig. 31.83 
(a) Find focal length of the system as shown in figure. 
(6) Find image position. 
Solution (a) vw, =lu,=1.5,R; =R=+40cmand R, = 


Using the formula, 
1 2(4o/H1)  2(2/b, -) 


hi R, R, 
_ 21.5) 20.5-1) 
00 40 
or f =-40cm 


Thus, the given system behaves like a concave mirror of focal length 40 cm. 


(b) Using the mirror formula, we have 


1 1.1 
vou fe 
1 1 1 
= A 
v -20 -40 
v=+40cm 


Therefore, image will be formed at a distance of 40 cm to the right hand side of the given 
system. 
9. Displacement method of finding focal length of a convex lens If the distance d between an 
object and screen is greater than 4 times the focal length of a convex lens, then there are two 


116 © Optics and Modern Physics 


positions of the lens between the object and the screen at which a sharp image of the object is 
formed on the screen. This method is called displacement method and is used in laboratory to 
determine the focal length of convex lens. 


x Screen 
—_———_> 
Object - 
\! 
kK Uu >\« d-u > 
kK d >| 
Fig. 31.84 


To prove this, let us take an object placed at a distance u from a convex lens of focal length f The 
distance of image from the lens v = (d — u). From the lens formula, 


Ne 
vou fe 
We have, | ill 
d-u -u f 
or u> —du+df =0 
d+Jd(d-4f) 
a 


2 
Now, there are following possibilities: 
(i) If d< 4f, then wu is imaginary. 
So, physically no position of the lens is possible. 


(11) Ifd =4f, then u= =2f.So, only one position is possible. From here we can see that the 


minimum distance between an object and its real image in case of a convex lens is 4 f. 
(iii) Ifd>4f, there are two positions of lens at distances 
d+ d(d-4f) a4 d—-.d(d-4f) 
2 2 
for which real image is formed on the screen. 


(iv) Suppose /, is the image length in one position of the object and /, the image length in second 
position, then object length O is given by 


This can be proved as under 


. d+ Vad=4f) 
1 
a 
d—Jd(d—4f) 


2 


|vyJ=d—|u|= 
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d—d(d—4f) 


|u| = 3 
d+ d(d—-4f) 
| v2|=d—|u|= 
2 
I, 1 
Now, | m,m>| = 1 x 2 _lMil ly 
O O |u| |u| 
Bes It, 
Substituting the values, we get aa 
O 
or O= 11, Hence Proved. 
(v) Focal length of the lens is given by 
ner as 
4d 


Proof In the figure, we can see that difference of two values of wis x. Thus, 


| u|—|u.|=x 


eee) Is aD), 


or 
2 2 
Solving this equation, we can find that 
d* —x? 
f = 
4d 


© Example 31.29 A thin plano-convex lens of focal length f is split into two 
halves. One of the halves is shifted along the optical axis as shown in figure. 
The separation between object and image planes is 1.8 m. The magnification of 
the image formed by one of the half lens is 2. Find the focal length of the lens 
and separation between the two halves. Draw the ray diagram for image 


formation. (JEE 1996) 


1.8m 
Fig. 31.85 


Solution For both the halves, position of object and image is same. Only difference is of 
magnification. Magnification for one of the halves is given as 2(>1). This can be for the first 
one, because for this, |v|>|u| Therefore, magnification, |m|=|v/u|> 1 
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So, for the first half 


|v/u|=2 
or |v|=2}u| 
Let u=—-xX, 
then v=+2x 
and ju|+|vj=1.8m 
1.e. 3x =1.8m 
or x=0.6m 
Hence, u=— 0.6m 
and v=+1.2m 
sine 1 1 1.1 1 1 
f vu 12 -06 04 
f=04m 
For the second half, Eis : 
f 12-d -(0.6+d) 
1 1 1 
or = + 
04 12-d (06+d) 
Solving this, we get d=0.6m 
Magnification for the second half will be 
v 0.6 1 
Mm) = 
u —(1.2) 2 
and magnification for the first half is 
ve 1.2 =) 
u  —(0.6) 
The ray diagram is as follows: 
— 
, aman apes Aa, 
F=0.4m Pr 
-"f=0.4 
<4 fe 
A # & ugar 
— (At, Aa) 


Ans. 


Ans. 
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INTRODUCTORY EXERCISE 

1. When an object is placed 60 cm in front of a diverging lens, a virtual image is formed 20 cm from 
the lens. The lens is made of a material of refractive index = 165 and its two spherical surfaces 
have the same radius of curvature. What is the value of this radius? 

2. A converging lens has a focal length of 30 cm. Rays from a 2.0 cm high filament that pass 
through the lens form a virtual image at a distance of 50 cm from the lens. Where is the filament 
located? What is the height of the image? 

3. Show that the focal length of a thin lens is not changed when the lens is rotated so that the left 
and the right surfaces are interchanged. 

4. As an object is moved from the surface of a thin converging lens to a focal point, over what 
range does the image distance vary? 

5. Adiverging lens is made of material with refractive index 1.3 and has identical concave surfaces 
of radius 20 cm. The lens is immersed in a transparent medium with refractive index 1.8. 

(a) What is now the focal length of the lens? 
(b) What is the minimum distance that an immersed object must be from the lens so that a real 
image is formed? 

6. An object is located 20 cm to the left of a converging lens withf = 10cm. A second identical lens 
is placed to the right of the first lens and then moved until the image it produces is identical in 
size and orientation to the object. What is the separation between the lenses? 

7. Suppose an object has thickness du so that it extends from object distance u to u + du. Prove 

2 
that the thickness dv of its image is given by - | du, so the longitudinal magnification 
u 
dv 2 i ae . 
dn =—m*, where mis the lateral magnification. 
u 
8. Two thin similar convex glass pieces are joined together front to front, with its rear portion 
silvered such that a sharp image is formed 0.2 m for an object at infinity. When the air between 
4 
the glass pieces is replaced by water} u =— |, find the position of image. 
g p Pp y C 4 p g a 

9. When apin is moved along the principal axis of a small concave mirror, the 
image position coincides with the object at a point 0.5 m from the mirror. If 
the mirror is placed at a depth of 0.2 m in a transparent liquid, the same =—-— 
phenomenon occurs when the pin is placed 0.4 m from the mirror. Find the : 0.2m 
refractive index of the liquid shown in Fig. 31.87. I 

10. When a lens is inserted between an object and a screen which are a fixed 0.2m 
distance apart the size of the image is either 6 cm or cm. Find size of the 9 im + 
abject Fig. 31.87 

11. Alens of focal length 12 cm forms an upright image three times the size of a real object. Find the 
distance in cm between the object and image. 

12. The distance between an object and its upright image is 20 cm. If the magnification is 0.5, what 
is the focal length of the lens that is being used to form the image? 

13. A thin lens of focal length + 10.0 cm lies on a horizontal plane mirror. How far above the lens 


should an object be held if its image is to coincide with the object? 
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31.7 Total Internal Reflection (TIR) 


(i) When a ray of light strikes the boundary separating two different media, then part of it is 
refracted and part is reflected. 

(ii) Ifa ray of light is travelling from a denser to a rarer medium with angle of incidence greater than 
a critical angle ({>0(), then no refraction takes place but ray of light is 100% reflected in the 
same medium. This phenomenon is called TIR. 


(iii) sin, =P 
Up 
Here, R stands for rarer medium and D for denser medium. If rarer medium is air, then 


dnbe=— 


Oe asin HE) or so(1] 
Lp Hl 


(iv) If value of 1 increases, then critical angle 9. decreases. Therefore, chances of TIR increase in 
travelling from denser to rarer medium. 


(v) 
Rarer a : i 
Denser rae ae 
TIR 
cS 8c = 86 I> ice) 
(a) (b) (c) 
Fig. 31.88 


Applying Snell’s law of refraction in Fig. (b), we have 
Up sin 90°=Lp sinO¢ 


or sinc = HR 
a) 
or Oc msn ( He | 
Up 


(vi) In critical case (Fig. b), angle in denser medium is 0, and angle in rarer medium is 90°. 
TIR has following applications 
(i) Totally reflecting prisms Refractive index of crown glass is 3/2. Hence, 


Oe =sin™ Jesm(Z]=a0° 
u 3 


A ray OA incident normally on face PO of a crown glass prism suffers TIR at face PR since, the 
angle of incidence in the optically denser medium is 45°. A bright ray AB emerges at right angles 
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from face OR. The prism thus, reflects the ray through 90°. Light can be reflected through 180° 
and an erect image can be obtained of an inverted one if the prism is arranged as shown in 
figure (b). 


45° 


45° 


(a) (b) 
Fig. 31.89 Prism reflectors 


(ii) Optical fibres Light can be confined within a bent glass rod by TIR and so ‘piped’ along a 
twisted path as in figure. The beam is reflected from side to side practically without loss (except 
for that due to absorption in the glass) and emerges only at the end of the rod where it strikes the 
surface almost normally, i.e. at an angle less than the critical angle. A single, very thin, solid 
glass fibre behaves in the same way and if several thousands are taped together a flexible light 
pipe is obtained that can be used, for example in medicine and engineering to illuminate an 
inaccessible spot. Optical fibres are now a days used to carry telephone, television and computer 
signals from one place to the other. 


Glass rod 


Fig. 31.90 Principle of an optical fibre 


Note As we have seen 0. = sin” fa 
Hp 


Suppose we have two sets of media 1 and 2 and 


reece 
Up 1 Hp 2 
then (8c), <(O¢)2 


So, a ray of light has more chances to have TIR in case 1. 


Examples of TIR 


© Example 31.30 An isotropic point source is placed at a depth h below the 
water surface. A floating opaque disc is placed on the surface of water so that 
the source is not visible from the surface. What is the minimum radius of the 
disc? Take refractive index of water = wu. 
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Solution 


|< >> ——_ > | 


Fig. 31.91 


As shown in figure light from the source will not emerge out of water if 
i>Oc. 

Therefore, minimum radius R corresponds to i = 0¢ 

In ASAB, 


Fig. 31.92 


or Ans. 


Note Only that portion of light refracts in air which falls on the circle (on the surface of water) with A as centre 
and AB as radius. 


© Example 31.31 A point source of light is placed at a distance h below the 
surface of a large and deep lake. Show that the fraction f of light that escapes 
directly from water surface is independent of h and is given by 


Hala die? | 
f= 
2 
Solution Due to TIR, light will be reflected back into the 


water if i>0.. So, only that portion of incident light will 
escape which passes through the cone of angle @=20¢. 


— 


So, the fraction of light escaping 
area ACB _ 2nR? (1—cos 8¢ )_1—cos O¢ 
Total area of sphere AnR2 2 


Now, as f depends on 8, and which depends only on u, it is 
independent of h. Proved. 


en oo iia? <8 pit ae 
Lt 


Fig. 31.93 


Ans. 


Further cos 0¢ = 5 


Note Area of ACB =2nR*(1—cos 0) can be obtained by integration. In the above example, we have seen that 
light falling on the circle with centre at D and radius DB will only refract in air and in the absence of 
water surface only that light would fall on surface ACB of sphere. 
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© Example 31.32 In the figure shown, p, >pU,. Find minimum value of i so that 
TIR never takes place at P. 


Fig. 31.94 


Solution Let us take B=0_. . Then, a =90°—B or a =90° -8¢ 
Br Po 
Hp By 


Oe =sin™ [2 
Hy 


Ly sin i=, sina =p, sin (90°-6-) 


=u, cos 8- =[1, cos sort(H2 
Hy 


i=sin! F 1 cos ao (#) Ans. 
Ho Hy 


Now, we can see that starting from this value of i, we get B=0¢. 


Here, sin 0¢ = 


Applying Snell’s law at point QO, 


If iis increased from this value, then a will also increase (becomes > 90° — 0-) and B decreases 
from 0¢ (becomes < 0) and no TIR takes place at P. 


So far no TIR condition i has to be increased from the above value. Or this is the minimum value 
of i. 


© Example 31.33 Monochromatic light is Medium | 
incident on a plane interface AB between two fee ee 
media of refractive indices 1, and py (Hy > by) bia rl mie 
G: 3 ‘F 


at an angle of incidence 0 as shown in the 
figure. 

The angle 0 is infinitesimally greater than the 
critical angle for the two media so that total 
internal reflection takes place. Now if a 
transparent slab DEFG of uniform thickness 
and of refractive index 131s introduced on the Fig. 31.95 

interface (as shown in the figure), show that for 

any value of p,, all light will ultimately be reflected back again into medium II. 
Consider separately the cases. (1986, 6M) 


(a) Ws <bMy (b) ls >My 


: Medium II 
(Up) 
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Solution Given, 0 is slightly greater than sin”! [+ 
Ho 


(a) Whenp; <p, 


i.e. M3 <Hy <b> 


or BS. woe srt(#2 cin (| 
Ho bo Ho Ho 
Hence, critical angle for III and II will be less than the critical angle for II and I. So, if TIR 
is taking place between I and II, then TIR will definitely take place between I and III. 
(b) When 3 >", Two cases may arise : 
Case1| wu, <3 <p, 


In this case, there will be no TIR between II and III 
but TIR will take place between III and I. | 
This is because 


Ray of light first enters from I to III. i.e. from 
denser to rarer. 


e i>0 
Applying Snell’s law at P, 
Fig. 31.96 
,snO=u3sini or sin [22 sin 0 

Hs 

Since, sin 0 is slightly greater than aoe 
He 
sin 71s slightly greater than Ba Pi gy 
H3 bo H3 


but #1 is nothing but sin (9¢ ) 1, 1 
M3 


". sin (i) is slightly greater than sin (9¢ );, 1 
or TIR will now take place on I and III and the ray of light will be reflected back. 
Case 2} w, <u, <p; 


This time while moving from II to II, ray of light will 
bend towards normal. Again applying Snell's law at P, 


lu, sin 9=L13 sini 


sin i= +2 sin 0 All 0: P i<® B 
3 ; 
Since, sin @ is slightly greater than ei 
2 Fig. 31.97 


Therefore, sin i will be slightly greater than Poy Pi op Bi 


H3 Lo 3 
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But, F 1 issin (86 tm 
H3 

Le. sin i>sin (9¢ ); 1 

or i>(9¢ im 


Therefore, TIR will again take place between | and III and the ray of light will be reflected back. 


Note Two cases of 13 >, can be explained by one single equation. But two cases are deliberately taken for 
better understanding of refraction, Snell's law and total internal reflection (TIR). 


© Example 31.34 A right angled prism is to be made by selecting a proper 
material and the angles A and B (B < A), as shown in figure. It is desired that a 
ray of light incident on the face AB emerges parallel to the incident direction 
after two internal reflections. 


C 
Fig. 31.98 


(a) What should be the minimum refractive index n for this to be possible? —_(JEE 1987) 
(6) For n = 5/3is it possible to achieve this with the angle B equal to 30 degrees? 


Solution (a) At P, angle of incidence i, =A and at Q, angle of incidence ig =B 


Fig. 31.99 


If TIR satisfies for the smaller angle of incidence than for larger angle of incidence is 
automatically satisfied. 

B<A 

ig Si, 
Maximum value of B can be 45°. Therefore, if condition of TIR is satisfied for 45°, then 
condition of TIR will be satisfied for all value of i, and ip. 


Thus, 45°>0— or sin 45°2sin 0¢ 


or —=2 or p >V2 


“. Minimum value of is 2, 


126 © Optics and Modern Physics 


itera Gaesa -sin"( 2) =37° 
3 uu 5 


If B=30°,then i, =30° and A=60° or i, =60°, i, >O¢ but ip <0 
i.e. TIR will take place at A but not at B. 


INTRODUCTORY EXERCISE 3 | 


1. Light is incident normally on the short face of a \) i 
30° — 60° — 90° prism. A liquid is poured on the hypotenuse Ce 


of the prism. If the refractive index of the prism is V3, find 
the maximum refractive index of the liquid so that light is 
totally reflected. 

2. If the speed of light in ice is 2.3 x 10° m/s, what is its index 
of refraction? What is the critical angle of incidence for light going from ice to air? 


3. In figure, light refracts from material 1 into a thin layer of material 
2, crosses that layer, and then is incident at the critical angle on 


the interface between materials 2 and 3. 
(a) What is the angle 6? - , = =1. 


(b) If @is decreased, is there refraction of light into material 3? Xs =160 
9} 


Fig. 31.100 


Fig. 31.101 


31.8 Refraction Through Prism 


A prism has two plane surfaces AB and AC inclined to each other as shown in figure. Z A is called the 
angle of prism or refracting angle of prism. 


Fig. 31.102 
General Formulae 
(i) In quadrilateral AMPN, Z AMP + Z ANP =180° 
Se A+ Z MPN =180° ...(a) 
In triangle MNP, Kh +m +Z MPN =180° ... (ii) 


From Eqs. (ii) and (iti), we have h+mH=A ... (iii) 
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(ii) Deviation Deviation 5 means angle between incident ray and emergent ray. 


_ _ Reflected 
i ray 
Lig 
t 5 ' 
: aN 
Incident ‘Incident 
ray Refracted "@Y 
(a) (b) ray 
Fig. 31.103 


In reflection, 
6 =180° —2i=180°—2r 
In refraction, 
6 =|i-7r| 
In prism, a ray of light gets refracted twice one at M and other at NV. At M its deviation is i, — 7 and 
at N it is i, — 7. These two deviations are added as both are clockwise. So, the net deviation is 
b= -R)+(h-h)HG +b)-Gtn)=G +h)-A 
Thus, b6=(4 +i,)-A .. (iv) 


(111) If A and i, are small The expression for the deviation in this case is basically used for 


developing the lens theory. Consider a ray falling almost normally in air on a prism of small 
angle A (less than about 6° or 0.1 radian) so that angle i, is small. Now, p= = ‘1 
sin 7, 


sin i, =p sin 7, therefore, 7, will also be small. Since, sine of a small angle is nearly equal to the 
angle in radians, we have 

hey 
sin i, 


Also, A=7 +7 and so if A and 7, are small then 7, and i, will also be small. From = ; 


sin 7 
can say 1, > Uy 
Substituting these values in Eq. (iv), we have 
5 =(uy +Hy)-A 
=", +m)-A=pA-A 


or 6=(u-lA ...(V) 


This expression shows that all rays entering a small angle prism at small angles of incidence 
suffer the same deviation. 

(iv) Minimum deviation — It is found that the angle of deviation 6 varies with the angle of incidence 
i, of the ray incident on the first refracting face of the prism. The variation is shown in figure and 
for one angle of incidence it has a minimum value 6,,,. At this value, the ray passes 
symmetrically through the prism (a fact that can be proved theoretically as well as be shown 
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experimentally), i.e. the angle of emergence of the ray from the second face equals the angle of 
incidence of the ray on the first face. 


8 A 
Om eee 
i, =i, i; 
fy =f 
Fig. 31.104 
i, =i, =i .. (Vi) 
It therefore, follows that 
=h=r .. (vil) 
= i A 
From Eqs. (iii) and (vii), we get r= a 
Further at 6=6, =(+i1)-A 
At ses 
or i= Sm ...(Viii) 
2 
_ sini 
sin r 
[ A+5,, 
sin <a 
or = — + . (AX 
Ht —] (ix) 
sin — 


(v) Condition of no emergence In this section, we want to find the condition such that a ray of 
light entering the face AB does not come out of the face AC for any value of angle i,, 1.e. TIR 


takes place on AC 
h+nH=A 
tr =A-7 
or (%)) min = 4—-(%) max 8) 
Now, 7, will be maximum when i, is maximum and maximum value of i, can be 90°. 
Hence, _ SING, ) max _ sin 90° 


sin (4, ) max = gail, 
Ul 


: Gi ) ie > Qc 
From Eq. (x), (%)) min = 4-96 .. (Xi) 
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Now, if minimum value of 7, is greater than 8, then obviously all values of 7, will be greater than 
8- and TIR will take place under all conditions. Thus, the condition of no emergence is 


(%)) min >9¢ or A-O¢ >O¢ 
or A>20¢ ...(X11) 


(vi) Dispersion and deviation of light by a prism White light is a superposition of waves with 
wavelengths extending throughout the visible spectrum. The speed of light in vacuum is the 
same for all wavelengths, but the speed in a material substance is different for different 
wavelengths. Therefore, the index of refraction of a material depends on wavelength. In most 
materials, the value of refractive index pt decreases with increasing wavelength. 

A 


Red (660 nm) 


White Violet (410 nm) 


light 
Ig C 


Fig. 31.105 


Ifa beam of white light, which contains all colours, is sent through the prism, it is separated into a 
spectrum of colours. The spreading of light into its colour components is called dispersion. 


Dispersive Power 


When a beam of white light is passed through a prism of transparent material, light of different 
wavelengths are deviated by different amounts. If6 ,,6,, and6,, are the deviations for red, yellow and 
violet components then average deviation is measured by 6 y as yellow light falls in between red and 
violet. 5, —6,. is called angular dispersion. The dispersive power of a material is defined as the 
ratio of angular dispersion to the average deviation when a white beam of light is passed through it. It 
is denoted by w. As we know 


56=(u-l)A 


Fig. 31.106 


This equation is valid when A and i are small. Suppose, a beam of white light is passed through such a 
prism, the deviation of red, yellow and violet light are 


Oo; =(H, =, oO; =(, —I)A 
ane 8, =(u,-DA 
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The angular dispersion is 6,, —6, =(u,, —,) A and the average deviation isd ,, = (u,, — 1) A. Thus, 
the dispersive power of the medium is 


gate Ee li) 


byl 


Dispersion without Average Deviation and Average Deviation without Dispersion 


Figure shows two prisms of refracting angles A and A’ and 
dispersive powers wand respectively. They are placed in contact 
in such a way that the two refracting angles are reversed with 
respect to each other. A ray of light passes through the 
combination as shown. The deviations produced by the two prisms 
are Fig. 31.107 
6,=(4-DA and 6,=('-l1)A4 
As the two deviations are opposite to each other, the net deviation is 


6 =6, -—6, =(u-DA-('-DA ... (ii) 
Using this equation, the average deviation produced by the combination if white light is passed is 
6,=0,—-)4-G-D4 ... (iii) 


and the net angular dispersion is 
8, =6, = (u,, —pi,)A _ (oe Ww, )A' 
But, as, —H, =o(u eo 1) from Eq. (i), we have 


6,-6,=(1, -Dod-(', -)Do' 4’ ...(iV) 
Dispersion without average deviation From Eq. (iii), 
O40. AF 
A_Wy-l 
aa (Vv) 
A py-l 


This is the required condition of dispersion without average deviation. Using this in Eq. (iv), the net 
angular dispersion produced is 


6, -6, =U, -)4A@-f) 
Average deviation without dispersion 
From Eq. (iv), 
6, —5, =0 if 
A_W,-DoO _yy-v, 
A (uy-DNo p,-H, 


...(V1) 


This is the required condition of average deviation without dispersion. Using the above condition in 
Eq. (111), the net average deviation is 


8, =, -Da(1-2) 
a. @ 
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Important Points in Prism 


1. Equation 7 + = Acan be applied at any of the three vertices. For example in the figure shown, 
+h =B. 


Fig. 31.108 
2. Sometimes a part of a prism is given as shown in Fig. 31.109 (a). To solve such problems, first 
complete the prism then solve as the problems of prism are solved. 
AA 
50 


v \ 


/ 
¢ 
v 


A 60° 10% aA 60° 70/\ C 
(a) (b) 
Fig. 31.109 
3. For isosceles or equilateral triangle (ZB = ZC), ray of light is parallel 
to base of the prism at minimum deviation condition. 
Under minimum deviation condition, we know that, =, => a =B. 
Because, a =90°+ 7, andB =90°+ 7. 
Further, it is given that 7B = ZC. Therefore, MN is parallel to BC. 


4. Insome cases, when deviation at MV is clockwise and deviation at N is 
anti-clockwise, then 


Fig. 31.110 


h-m=A 


Fig. 31.111 
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This condition is normally obtained with thin angle prisms as shown above: 
At M, deviation is clockwise and at N deviation is anti-clockwise. In triangle AMN, 
A + (90° — 7, ) + (90° + 7, ) =180° 


(=Hn=A 


5. In the ray diagram shown in Fig. 31.112, we can treat it like a prism ABC of 7A =90° 


Fig. 31.112 


6. Different identical equilateral triangles are arranged as shown in Fig. 31.113. Deviation by 
prism(s) in each case will be same, if angle of incidence is same. 


a 
rN 
ON 
’ N 
’ N 
/ N 
’ \ 
7 \ 


Fig. 31.113 


Examples of Prism 


© Example 31.35 One face of a prism with a refractive angle of 30° is coated 
with silver. A ray of light incident on another face at an angle of 45° is refracted 
and reflected from the silver coated face and retraces its path. What is the 
refractive index of the prism? 


Solution 
Fig. 31.114 
Given, A=30°, i, =45° and 7 =0 
Since, y+nH=A 
7, = A =30° 
Now, refractive index of the prism, 
1 
_sini, sin 45° 2 _ 5 oe 


sinj, sin30° 1 
2 
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© Example 31.36 In the shown figure, mirror is rotated by an angle 0. Find 0 if 
> 


Fig. 31.115 

(a) ray of light retraces its path after reflection from M 

(b) ray of light MP turns in the direction of MN. 

Solution In this case, A and i, are small. Therefore, 

deviation by prism can be obtained by 

d=(u-1) A =(1.5-1D (2°) =1° 

Hence, the prism will deviate the ray of light by 1° from its 

original path as shown in Fig. 31.116. 

(a) In the absence of prism, ray of light was falling normal 
to the mirror. So, ray of light was already retracing its 
path. Prism has rotated the ray by 1° in clockwise 
direction. So if we rotate the mirror also by 1° in 
clockwise direction, then ray of light will further fall Fig. 31.116 
normal to the mirror and it again retraces its path. Therefore, the correct answer is 


8 = 1°, clockwise Ans. 
(b) If we rotate a plane mirror by 0 in clockwise direction, then reflected ray also rotates in 
clockwise direction by an angle 29. 


Here, we have to rotate reflected ray MP by 1° in clockwise direction to make it in the 
direction of MN. Therefore, we will have to rotate the mirror by 0.5° in clockwise direction. 
Therefore, the correct answer is 


6 =0.5°, clockwise Ans. 


© Example 31.37 General method of finding deviation by prism. 
A=75° 


Fig. 31.117 
In the ray diagram shown in figure, find total deviation by prism. 
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Solution Deviation by a prism is given by 
d=(i, +i,)-A . (i) 
Here, i, =45° and A =75° 
Therefore, the main objective is to find i, and this angle 7, can be obtained under following three 
steps. 
(i) Applying Snell’s law at point /, we have 
_ sin ty ra oo 45° 


sin 7 sin jj 
Solving this equation, we get KH =30° 
(11) Rt+mH=A 
: 30°+ % =75° 
& ry = 45° 
(iii) Further applying Snell’s law at NV, 
sin i> 2 sin iy 
= ———_ 2 —} 
sin 75 sin 45° 
Solving this equation, we get ir =90° 


Now, substituting the values in Eq. (i), we have 
6 =45° + 90° — 75° 
= 60° Ans. 


© Example 31.38 Based on the condition of no 
emergence from face AC 
In the shown figure, 


A=110°, B =20°, C =50°, i, = 45° and p = 2 
Find the total deviation by prism. 


. 2 oti 1 waif 
Solution 9 ¢ =sin 0 nas 
mM /2 


Here, A >20. 


Therefore, TIR will take place at AC and the ray of light 
emerges from the prism as shown in figure. 


Applying, p = eed at M and Q, we can find the respective 
sin r 


Fig. 31.119 


angles as shown in figure. 


Now, deviation at M is clockwise, deviation at N is clockwise but deviation at QO is 
anti-clockwise. 


Stota =Sy + Sy — 89 
= (45°— 30°) + (180°— 2x 80°) —(45°- 30°) 
= 20° Ans. 
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INTRODUCTORY EXERCISE 


1. The prism shown in figure has a refractive index of 1.60 and the angles A are 30°. Two light rays 
P and Q are parallel as they enter the prism. What is the angle between them after they 
emerge? [sin“' (08) = 53°] 


A 


Fig. 31.120 


2. A glass vessel in the shape of a triangular prism is filled with 
water, and light is incident normally on the face xy. If the refractive 
indices for water and glass are 4/3 and 3/2 respectively, total 
internal reflection will occur at the glass-air surface xz only for sin 
0 greater than 


A 1/2 B 2/3 
C 3/4 D 8/9 
E 16/27. 
3. A light ray going through a prism with the angle of prism 60°, is Fig. 31.121 


found to deviate at least by 30°. What is the range of the refractive 
index of the prism? 

4. A ray of light falls normally on a refracting face of a prism. Find the angle of prism if the ray just 
fails to emerge from the prism (u = 3/2). 

5. A ray of light is incident at an angle of 60° on one face of a prism which has an angle of 30°. The 
ray emerging out of the prism makes an angle of 30° with the incident ray. Show that the 
emergent ray is perpendicular to the face through which it emerges and calculate the refractive 
index of the material of prism. 

6. Aray of light passing through a prism having refractive index J2 suffers minimum deviation. It is 
found that the angle of incidence is double the angle of refraction within the prism. What is the 
angle of prism? 

7. A ray of light undergoes deviation of 30° when incident on an equilateral prism of refractive 
index /2. What is the angle subtended by the ray inside the prism with the base of the prism? 


8. Light is incident at an angle ij on one planar end of a 
transparent cylindrical rod of refractive index ». Find the 
least value of » so that the light entering the rod does not 
emerge from the curved surface of the rod irrespective of the 


value of i. Fig. 31.122 


9. The refractive index of the material of a prism of refracting angle 45° is 1.6 for a certain 
monochromatic ray. What will be the minimum angle of incidence of this ray on the prism so that 
no TIR takes place as the ray comes out of the prism. 
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31.9 Deviation 


1. Inreflection In reflection, the deviation is given by 


ii j 
5 


Fig. 31.123 
6 =180°-2i 

Therefore, 5 versus i graph is a straight line. The range of iis from 0° to 90°. | 
At i=0°, 5 =180° ee 
At i=90°,5 =0° 
5 versus i graph is as shown below: 907. 7=90° 

5 Fig. 31.124 

180° 
oO 90° / 
Fig. 31.125 


2. Two plane mirrors at 90°, deviate all rays by 180° from their original path. 


Fig. 31.126 
3. Inrefraction Deviation in refraction is given by 


6=i-r (where, i>r) 


Fig. 31.127 


Note _ (i) To plot 5 versus i graph, first we will have to convert r into i with the help of Snell's law, otherwise there 
are three variables in the equation, 
b6=i-1L 
(ii) In general, deviation in reflection is more than the deviation in refraction. 


Chapter 31 


4. Deviation by a sphere after two refractions is 
6 =2(i-7r) 
This can be proved as under : 


Fig. 31.128 


MC = NC 
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Therefore, both angles inside the sphere are same (= r). Hence, angles outside the sphere will also 


be same (=7). Deviation at VW as well as N is clockwise. 


5. Deviation by a prism 


If A and i, are small, then 
5x(u-l)A 
© Example 31.39 Theory vr a 
sod H= 
ry 
Fig. 31.129 


6=6,) +6, =(-r)+(i-r) or 6=2(i-7r) 


In the figure, i is increased from 0° to 90°. But ray of light is travelling from denser 
to rarer medium. Therefore, TIR will take place when i > 0¢, where 


2. a29i(| all . -1f 1 
0c =sin ( Js J 
u V2 


From 0° — 45°, refraction and reflection both will take place. After 45°, only 


reflection will take place. 


Question Plot6 versus i graph between incident ray and refracted ray, fori < 45° 


and with reflected ray for i => 45°. 
Solution For i <45° 

8=Opctaction ="! 
Applying Snell’s law, we have 


ee ol ah Va= 


sin i 
r=sin | (/2 sin 7) 
Substituting this value of rin the equation, we have 
5=sin | (/2 sin i)—i 


(as r>i) 
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Now, variables are only two dand i but this is not a known equation. So, 
we can find some of the coordinates from where graph must pass. i=0° 


Ati=0°, &=0° ae 
Ati=45°=0,, 5=45° ie 
4 6=45° 
For i > 45° Ki 45° 
8 = Sasi 
ee Fig. 31.130 
5=180°—2i 
Now, 6 versus i graph is a straight line. 5] 
Ati=45°, 6=90° 90? passaeese 
Ati=90°, 5=0° 
: er Reflecti 
Now, 6 versus i graph is as shown in Fig. 31.131: 45° p------ nS ial 
‘> 
Note At i=45°=& eA 
SRefraction = 45° 0° 45° 90° 
but 8peflection = 90° Fig. 31.131 


This is because deviation in reflection is more than deviation in refraction. 


31.10 Optical Instruments 


Optical instruments are used to assist the eye in viewing an object. Our eye lens has a power to adjust 
its focal length to see the nearer objects. This process of adjusting focal length is called 
accommodation. However, if the object is brought too close to the eye, the focal length cannot be 
adjusted to form the image on the retina. Thus, there is a minimum distance for the clear vision of an 
object. This distance is called least distance of distinct vision (+D). For normal eye this distance is 
generally taken to be 25 cm. 


Image 
Fig. 31.132 


Visual angle The size of an object as sensed by us is related to the size of the image formed on 
the retina. 

The size of the image on the retina is roughly proportional to the angle subtended by the object on the 
eye. This angle is known as the visual angle. Optical instruments are used to increase this angle 
artificially in order to improve the clarity. 


Magnifying power(M) Magnifying power is the factor by which the image on the retina can be 
enlarged by using the microscope or telescope. For a microscope and for a telescope the definition of 
Mis slightly different. 


; isual angle f final i 
[or aniescane: M= Visual angle formed by final image 


Visual angle formed by the object when kept at distance D 


Chapter 31 Refraction of Light 139 


Visual angle formed by final image 


For a telescope, M=— - - 
Visual angle subtended by the object directly when seen from naked eye 


Note that / is different from linear magnification m - + ~| which is the ratio of height of image to 
u 


that of object while /is the ratio of apparent increase in size of image seen by the eye. Unit of Mis X, 
thus we write an angular magnification of 10 as 10.X. 


Simple microscope To view an object with naked eyes, the object must be placed between D and 
infinity. The maximum angle is subtended when it is placed at D. 


nf 
+—Ug—+ A 


Fig. 31.134 
This angle can be further increased if a converging lens of short focal length is placed just in front of 
the eye. The lens used for this purpose is called simple microscope or a magnifier. 
The object is placed at a distance u, from the lens (between pole and focus of lens). The virtual 
magnified image is formed as shown. This image subtends a visual angle say 9 on the eye. Then, 


g-2 


Uo 


From the definition of magnifying power for a microscope, 
0 h/u, 
h/D 


0, 
M=— 
Uy 


For relaxed eye The final image should be at infinity. Thus, u, = f 


This is also called magnifying power for normal adjustment. 
We can see that M,, >1lif f< D. 
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Magnifying power when final image is at D_ In the above case, we saw that M is equal 2 The 


magnification can be made large by choosing the focal length fsmall. 
The magnifying power can be increased in an another way by moving the object still closer to the 


lens. Suppose, the final virtual image is formed at a distance D. Then, from the equation u - - = 7 
vou 
we have 
Dae 
—-D u, ff 
1 1 1 
or — =— + — 
uy D f 
foe . ; : D 
Substituting this value in the equation, M = —, we have 
Uy 
Mp =1+ iad 
f 


Note (i) That Mp > M.,, Le. when final image is formed at 25 cm, angular magnification is increased but eye is 
most strained. On the other hand when final image is at infinity, angular magnification is slightly less 
but eye is relaxed. So, the choice is yours whether you want to see bigger size with strained eye or smaller 
size with relaxed eye. 

(ii) That M can be increased by decreasing f, but due to several other aberrations the image becomes too 
defective at large magnification with a simple microscope. Roughly speaking a magnification upto 4 is 
trouble free. 


Compound Microscope Figure shows a simplified version of a compound microscope. It consists 
of two converging lenses arranged coaxially. The one facing the object is called objective and the one 


close to eye is called eyepiece. The objective has a smaller aperture and smaller focal length than 
those of the eyepiece. 


The separation between the objective and the eyepiece (called the length of the microscope L) can be 
varied by appropriate screws fixed on the panel of microscope. 


>|«— u,—>| Eyepiece 


Fig. 31.135 


The object is placed beyond first focus of objective, so that an inverted and real image (intermediate 
image) is formed by the objective. This intermediate image acts as an object for the eyepiece and lies 
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between first focus and pole of eye piece. The final magnified virtual image is formed by the 
eyepiece. Let 0 be the angle subtended by the final image on the eye, then, 
0 = us 
ue 
Here, /’ is the height of the first image and wu, 1s its distance from the eyepiece. 


Further 6. =— 


.. Magnifying power of the compound microscope will be 


-2-F.3(F)2 
0, ue A h)\ u, 


i v 
—=|mM |= a 
h Ug 
war0| 2 
Ug \ Ue 
Length of the microscope will be 
L=Vo+U, 


For relaxed eye For relaxed eye final image should be at infinity. Or, 


vy D 
u.=f, - M, Sa 
Uo - 
and Lg =" + Se 
Final image at D When the final image (by eyepiece) is formed at D. Then, by the formula 
os we have 
vou 
ge 
-D Ue ie 
1 1 1 
SS 
uu D f. 
D 
or u, = fe 
D+ Te 
Thus, My =~% +2] 
Ug e 
D 
and Lp =Vo4 he 
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Telescopes A microscope is used to view the objects placed closed to it. To look at distant objects 
such as a star, a planet or a distant tree etc., we use telescopes. There are three types of telescopes 
in use. 


(i) Astronomical telescope, 
(ii) Terrestrial telescope and 
(iii) Galilean telescope. 


(i) Astronomical telescope Figure shows the construction and working of an astronomical 
telescope. 


Fig. 31.136 


It consists of two converging lenses placed coaxially. The one facing the distant object is called the 
objective and has a large aperture and large focal length. The other is called the eyepiece, as the eye is 
placed closed to it. The eyepiece tube can slide within the objective tube, so that the separation 
between the objective and the eyepiece may be varied. 
Magnifying power Although a telescope can also be used to view the objects of few kilometers 
away but the magnifying power calculated below is for the case when object is at infinity. Rays 
coming from the object in that case will be almost parallel. 
The image formed by objective will be at its second focus. This image called the intermediate image 
will act as the object for eyepiece. This usually lies between pole and first focus of eyepiece. So that 
eyepiece forms a virtual and magnified image of it. 
|a |= angle subtended by object on objective (or you can say at eye) 

- P' O' 

fe 

|B|= angle subtended by final image at eyepiece (or at eye) 

_ P' QO’ 

u 


e 
From the definition of magnifying power (for telescope), 


wu lPledo or M= 


ja] wu, u 


and length of telescope, 
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For relaxed eye For relaxed eye, intermediate image should lie at first focus of eyepiece or 


u,=fe 


f, 
M,= 4 d L,=f,t+fe 
7 an fo tf. 


e 


Final image at D When the final image is at D, then using the formula Lien ; for eyepiece we 
u 


v 
have, 
1 1 1 
a ee — 
~D Ue de 
1 1 1 
= — + — 
ue D fe 
D 
or = fe 
Day, 
Therefore, Mp to 1+fe 
fe D 
D 
and pape 
D+fe 


(ii) Terrestrial telescope In an astronomical telescope, the final image is inverted with respect to the 
object. To remove this difficulty, a convex lens of focal length fis included between the objective and the 
eyepiece in such a way that the focal plane of the objective is a distance 2f away from this lens. 


The role of the intermediate lens L is only to invert the image. The magnification produced by it is— 1. 
The formula of M does not change at all. They remain as it is, as were derived for astronomical 
telescope. The length of telescope will however increase by 4f Here, you should note that we are 
talking only about magnitude of M. Thus, 


Fig. 31.137 


M fo and My =H[1+4) 
de f D 


Df. 


L,=f,+4f+f. and Lop =f, +4ft+ 
[ee Moe & pat Ite 
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(iii) Galilean telescope Figure shows a simple model of Galilean telescope. A convergent lens is 
used as the objective and a divergent lens as the eyepiece. The objective lens forms a real and inverted 
image P’ Q’ but the divergent lens comes in between. This intermediate image acts as virtual object 
for eyepiece. Final image P”O”" is erect and magnified as shown in figure. The intermediate image is 
formed at second focus of objective. 


© 


Fig. 31.138 


Magnifying power From the figure, we can see that 
= ee and |B|= ee 
to Ue 


_|Bl _ fo 
|a| ue 
and length of the telescope, L= fo —u, 


For relaxed eye For relaxed eye intermediate image should lie at first focus of eyepiece. Or, 


Ue =fe 


Hence, M fo and L, =f, —f. 


é 


Final image at D For the final image to be at a distance D from the eyepiece, we have from the 


oie oe 
vu ff 
1 1 1 1 1 1 
-—-D u, —f, ue ff. D 
D, 
or Up, = fe 
Deaf. 
Thus, My = j-fe 
Je D 
D 
and Lp =fo- fe 
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Note (i) Inall above formulae of M, we are considering only the magnitude of M. 
(ii) For telescopes, formulae have been derived when the object is at infinity. For the object at some finite 
distance different formulae will have to be derived. 
(iii) Given below are formulae derived above of M and L in tabular form. 


Table 31.5 
Name of optical 
instruments M E Me Mp he tb 
Simple microscope D = D fa. D _ _ 
Uy f f 
Compound microscope Yo -D Vo + Up vo D Vola4 D Vv, + vo+ DE 
ae —_ Oo 
Uy Us Uy & Up a D+ 
Astronomical telescope bh f, +U, 6 B44 2) B+ , , Db 
0 
Us t t D+e 
Terrestrial telescope do £ + 4ft+u, do do G£+4+h -¢ 2 ape DE 
7 D+ 
Galilean telescope gb h -Ue a 6 f= & £-£ f- £D 
Us t £L D ae es 


Resolving Power of a Microscope and a Telescope 


Microscope The resolving power of a microscope is defined as the reciprocal of the distance between 
two objects which can be just resolved when seen through the microscope. It depends on the wavelength” 
of the light, the refractive index 1 of the medium between the object and the objective and the angle 0 
subtended by a radius of the objective on one of the objects. 


R= 1 _ 2 sin 0 
Ad x 
To increase R, objective and object are immersed in oil. 
Telescope The resolving power of a telescope is defined as the reciprocal of the angular separation 
between two distant objects which are just resolved by a telescope. 
It is given by 
_l_4 
AO 1.222 


Here, a is the diameter of the objective. That is why, telescopes with larger objective aperture are 
used. 


© Example 31.40 An astronomical telescope has an angular magnification of 
magnitude 5 for distant objects. The separation between the objective and 
eyepiece is 36 cm and the final image is formed at infinity. Determine the focal 
length of objective and eyepiece. 
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Solution For final image at infinity, 


M,, -22 and L,=f,+ f. 
fe 
5= fo .. (i) 
fe 
and 36=f, +f .. (ii) 
Solving these two equations, we have 
f, =30cem and f/f, =6cm Ans. 


© Example 31.41 A telescope has an objective of focal length 50 cm and an 
eyepiece of focal length 5 cm. The least distance of distinct vision is 25 cm. The 
telescope is focused for distinct vision on a scale 2 m away from the objective. 
Calculate (a) magnification produced and (b) separation between objective and 
eyepiece. 
Solution Given, f,=50cm and f, =5cm 
Note Here, object is placed at finite distance from the objective. Hence, formulae derived for angular 


magnification M cannot be applied directly as they have been derived for the object to be at infinity. 
Here, it will be difficult to find angular magnification. So, only linear magnification can be obtained. 


For objective Lees = = 
v, 200 50 
200 
Vv, =—c¢ 
3 
_ vo _ (200/3)_ 1 
” ys, == 200 3 
1 1 1 
For eyepiece oe oe ee 
ue 25 u, 5 
25 
u, =-—cm 
6 
and m, 2 Ne =6 
u, — (25/6) 
(a) Magnification, m=m, Xm, =—2 Ans. 
(b) Separation between objective and eyepiece, 
200 25 425 
L=yv,+|u, |=—+—=— 
6 6 


= 70.83 cm Ans. 
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Final Touch Points 


1. 


Fermat’s principle : 

A ray of light follows that path in reaching from one point to another point along which it takes the 
shortest time. Let us take an example. 

In figure, P is a point in air and Q a point in a medium of refractive index p. 


Air M: ‘S 


Medium = §.~——___ >.\ r 


In air, speed of light is c and in the medium speed of light is v = c/w. Suppose that, the ray of light 
follows a path PSQ where S is at a distance x from M. Then, time taken by the ray of light in reaching 
from P to Q is 
PS SQ PS SQ PS uSQ 
t= + = + or t= + 
c Vv c (c/n) c Cc 


To make the time minimum one has to differentiate it with respect to x and find the point S when tis a 
minimum. From differentiation (we are skipping here) we find that tis minimum when, 

sini _ 

sinr | 


This is nothing but the Snell's law. 


. Lateral shift We have already discussed that ray MA is parallel to ray BN. But the emergent ray is 


displaced laterally by a distance d, which depends on, tand /and its value is given by the relation, 


d=t}1 cel sin/ 
yu? = sin? 


Proof AB= Ae = : (as AC =f) 
cosr cosr 


Now, d =AB sin(i -r) 
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t fe dee 
7 [sini cosr —cosisinr] 


cosr 
or d=t[sini-—cosi tanr] (i) 
Further, = = or sinr = cull 
sinr m 
sini 
tanr = ———__— 
an =Sin- i 
eaten F cos / _ 
Substituting in Eq. (i), weget d=|1 tsini Hence Proved. 
je? - sin? 
Exercise Show that for small angles of incidence, d = ti (=) 
yu 
. In case of spherical mirrors if object distance x, and image distance x, are measured from focus 
instead of pole, u =(f + x,)and v =(f + x.) the mirror formula, 
1 1.1 1 1 1 
—+—=- reduces to, + = 
vou f f+Xp f+x, f 
which on simplification gives, X=" 


This formula is called Newton’s formula. 


This formula applies to a lens also, but in that case x, is the object distance from first focus and x, the 
image distance from second focus. 


. Eye is most sensitive to yellow-green light (A = 5550 A). 
. Frequency of visible light is of the order of 10'° Hz. 


. Colour of light is determined by its frequency and not the wavelength. During refraction of light 


frequency and colour of light do not change. 


. Twinkling of stars Due to fluctuations in refractive index of atmosphere the refraction of light 


(reaching to our eye from the star) becomes irregular and the light sometimes reaches the eye and 
sometimes it does not. This gives rise to twinkling of stars. 


. Oval shape of sun in the morning and evening In the morning or evening, the sun is at the horizon. 


The refractive index decreases with height. Light reaching earth’s atmosphere from different parts of 
vertical diameter of the sun enters at different heights in earth’s atmosphere and so travels in media of 
different refractive indices at the same instant and hence, bends unequally. Due to this unequal 
bending of light from vertical diameter, the image of the sun gets distorted and it appears oval and 
larger. However, at noon when the sun is overhead, then due to normal incidence there will be no 
bending and the sun will appear circular. 


. The sparkling of diamond is due to total internal reflection inside it. 
. Mirage Mirage in deserts is caused by total internal reflection. 


& 


Denser aS 
j Oo 


(A) Mirage 


11. 


12. 


13. 


14. 
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Due to heating of the earth, the refractive index of air near the surface of earth becomes lesser than 
above it. Light from distant objects reaches the surface of earth with / > @. So that total internal 
reflection will take place and we see the image of an object along with the object as seen in figure, 
creating an illusion of water near the object. 


Duration of sun’s visibility In the absence of atmosphere, the sun will be visible for its positions from 
M to Eas shown in figure. However, in presence of atmosphere, due to total internal reflection, the 
sun will become visible even when it is below the horizon. 


E Horizon M 
cS o 
(Evening) O (Morning) 
Earth 


Looming _Itis also due to total internal reflection. This phenomenon is observed in cold deserts and 
is opposite to that of mirage. 


Looming 


Scattering of light If the molecules of a medium after absorbing incoming radiations (light) emit 
them in all possible directions, the process is called scattering. In scattering if the wavelength of 
radiation remains unchanged the scattering is called elastic otherwise inelastic. 

Rayleigh has shown, theoretically that in case of elastic scattering of light by molecules, the intensity 
of scattered light depends on both nature of molecules and wavelength of light. According to him, 


Intensity of scattered light 


Raman effect was based on inelastic scattering. For this C.V. Raman was awarded the Nobel Prize in 
1930. 


Scattering helps us in understanding the following: 
Why sky is Blue When white light from the sun enters the earth’s atmosphere, scattering takes 
place. As scattering is proportional to > blue is scattered most. When we look at the sky we receive 


scattered light which is rich in blue and hence, the sky appears blue. 
Why sun appears red during sunset and sunrise In the morning and evening when sun is at the 
horizon, due to oblique incidence, light reaches earth after traversing maximum path in the 


: : : 1 
atmosphere and so suffers maximum scattering. Now, as scattering ar shorter wavelengths are 


scattered most leaving the longer one. As red light has longest wavelength in the visible region, it is 
scattered least. This is why sun appears red in the morning and evening. The same reason is why red 
light is used for danger signals. 

Defects of images Actual image formed by an optical system is usually imperfect. The defects of 
images are called aberrations. The defect may be due to light or optical system. If the defect is due to 
light, it is called chromatic aberration, and if due to optical system, monochromatic aberration. 
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(a) Chromatic aberration The image of an object formed by a lens is usually coloured and blurred. 
This defect of image is called chromatic aberration. This defect arises due to the fact that focal 
length of a lens is different for different colours. For a lens, 


White 
= 


Red 


> 


As u is maximum for violet while minimum for red, violet is focused nearest to the lens while red 
farthest from it. 


The difference between f, and f, is a measure of longitudinal chromatic aberration. Thus, 
LCA = fg - fy 

Condition of achromatism To get achromatism, we use a pair of two lenses in contact. For two 

thin lenses in contact we have, 

QM, Wo 
—+—-=0 
kf 

This is the condition of achromatism. From the condition of achromatism, following conclusions 

can be drawn: 

(i) AS @, and @, are positive quantities, f, and f, should have opposite signs, i.e. if one lens is 
convex, the other must be concave. 

(ii) If @, = @, means both the lenses are of same material. Then, 

Tyee or a; or F=o 

fr f F 
Thus, the combination behaves as a plane glass plate. So, we can conclude that both the 
lenses should be of different materials or o, # > 

(iii) Dispersive power of crown glass (wc) is less than that of flint glass (@- ). 

(iv) If we want the combination to behave as a convergent lens, then convex lens should have 
lesser focal length or its dispersive power should be more. Thus, convex lens should be made 
of flint glass and concave lens of crown. Thus, combination is converging if convex is made of 
flint glass and concave of crown. Similarly, for the combination to behave as diverging lens, 
convex is made of crown glass and concave of flint glass. 

(b) Monochromatic aberration This is the defect in image due to optical system. Monochromatic 
aberration is of many types such as, spherical, coma, distortion, curvature and astigmatism. 
Here, we shall limit ourselves to spherical aberration only. 

Spherical aberration Spherical aberration arises due to spherical nature of lens (or mirror). 
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The paraxial rays (close to optic axis) get focused at /p and marginal rays (away from the optic 
axis) are focused at /,,. Thus, image of a point object O is not a point. 

The inability of the lens to form a point image of an axial point object is called spherical aberration. 
Spherical aberration can never be eliminated but can be minimised by the following methods: 
(i) By using stops By using stops either paraxial or marginal rays are cut-off. 


—— == 
sy 


(A) (B) 


(ii) Using two thin lenses separated by a distance Two thin lenses separated by a distance 
d =f, —f, has the minimum spherical aberration. 


(iii) Using parabolic mirrors If spherical mirror is replaced by parabolic mirror, spherical 
aberration is minimised. 


——— 


A) Spherical mirror (B) Parabolic mirror 


(iv) Using lens of large focal length It has been found that spherical aberration varies inversely 
as the cube of the focal length. So, if fis large, spherical aberration will be reduced. 

(v) Using plano-convex lens __|n case of plano-convex lens, spherical aberration is minimised, if 
its curved surface faces us incident or emergent ray pla is more parallel. 


= <- 


A) Telescope B) Microscope 


This is why in telescope, the curved surface faces the object while in microscope curved surface 
is towards the image. 


(vi) Using crossed lens For a single lens with object at infinity, soherical aberration is found to be 
minimum when R, and A, have the following ratio, 


Ry, 2u*-p-4 
Ro pw (2p +1) 
A lens which satisfies this condition is called a crossed lens. 


Defects of vision Regarding eye, the following points are worthnoting: 
(a) The human eye is most sensitive to yellow-green light (A = 5550 A). 


(b) The persistance of vision is sec, i.e. if time interval between two consecutive light pulses is 


less than 0.1 sec, eye cannot distinguish them separately. 
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(c) By the eyelens, real, inverted and diminished image is formed on retina. 

(d) While testing your eye through reading chart if doctor finds it to 6/12, it implies that you can 
read a letter from 6 m which the normal eye can read from 12 m. Thus, 6/6 means normal eye 
sight. 

The common defects of vision are as follows: 
(i) Myopia or short-sightedness Distant objects are not clearly visible in this defect. The image of 
distant object is formed before the retina. 


= os ~ 
eee 


A) Defected eye (B) Corrected eye 


The defect can be remedied by using a concave lens. 
(ii) Hyperopia or far-sightedness The near objects are not clearly visible. Image of near object is 
formed behind the retina. 


= 


A) Defected eye (B) Corrected eye 


This defect is remedied by using a convex lens. 

(iii) Presbyopia_ In it both near and far objects are not clearly visible. This is remedied either by 
using two separate lenses or by using single spectacle having bifocal lenses. 

(iv) Astigmatism In this defect, eye cannot see objects in two orthogonal (perpendicular) directions 
clearly simultaneously. This defect is remedied by using cylindrical lens. 


Solved Examples 


© Example 1_ A spherical convex surface separates object and image space of 
refractive index 1.0 and : . If radius of curvature of the surface is 10 cm, find its 


power. 


Solution Let us see where does the parallel rays converge (or diverge) on the principal axis. 
Hg By Ug7by 


Let us call it the focus and the corresponding length the focal length f. Using 


U u R 
with proper values and signs, we have 
4/3 1.0 4/3-—1.0 ae eee 
f oe) + 10 
40 cm 
ko 
F 
Hy \ He 
Since, the rays are converging, its power should be positive. Hence, 
P (in dioptre) = te = = 
f (metre) 0.4 
or P=2.5 dioptre Ans. 


© Example 2 A ray of light is incident at an angle of 60° on the face of a prism 
having refracting angle 30°. The ray emerging out of the prism makes an angle 
30° with the incident ray. Show that the emergent ray is perpendicular to the face 
through which it emerges. 


Solution Given, i, =60°, A=30° and 6 =30°. 
From the relation, d=(i, + ig)-A 
we have, ly =0 


This means that the emergent ray is perpendicular to the face through which it emerges. Ans. 


© Example 3 The angle of minimum deviation for a glass prism with pt = aa 
equals the refracting angle of the prism. What is the angle of the prism? 
Solution Given, A=6,, 
; (4 + *n| 
sin | ———— 
_\ 2 )} 


Using, w= A 
(4 
ai (4) 
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: (4 + 4) 
sin 
We have, V3 = eee 


ie 3 = sin A _ ) 2 


or 


60° Ans. 


© Example 4 The distance between two point sources of light is 24 cm. Find out 
where would you place a converging lens of focal length 9 cm, so that the images 
of both the sources are formed at the same point. 


F 1 1 
Solution For §,: Ae 
vu, —-x 9 
f=9cm 
S; So 
e 
I< x. >< 24-—x >| 
1 11 
Se ..-(i) 
uy, 9 Xx 
1 1 1 
For S,: = 
Uy —(24-x) 9 
a .. (ii) 
Up 9 24-—x 
Since, sign convention for S, and S, are just opposite. Hence, 
U, =— Ue 
1 1 
or BS 
UY Ug 


9 x 24-x 9 


Solving this equation we get, x=6 cm. Therefore, the lens should be kept at a distance of 6 cm 
from either of the object. Ans. 
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© Example 5 A source of light is located at double focal length from a convergent 
lens. The focal length of the lens is f = 30 cm. At what distance from the lens 
should a flat mirror be placed, so that the rays reflected from the mirror are 
parallel after passing through the lens for the second time? 
Solution Object is at a distance of 2f=60cm from the lens. Image J, formed by lens, 


should be at a distance 60 cm from the lens. Now J;, the image formed by plane mirror should 
lie at focus or at a distance of 30 cm from the lens. Hence, the mirror should be placed at 
distance 45 cm from the lens as shown in figure. 


f= 30cm 
ads 
rs) To 
15cm 15cm 
\« 60 cm >/<— 30 cm—> |< >\« >| 


© Example 6 Two equi-convex lenses of focal lengths 30 cm and 70 cm, made of 
material of refractive index = 1.5, are held in contact coaxially by a rubber band 
round their edges. A liquid of refractive index 1.3 is introduced in the space 
between the lenses filling it completely. Find the position of the image of a 
luminous point object placed on the axis of the combination lens at a distance of 
90 cm from it. 


Solution |R,|=|R,|=f,=30cem (As p =1.5) 
Similarly, |. Ry |=|.R, l= f)=70cem 


The focal length of the liquid lens (in air). 1 om aie 


Further, equivalent focal length of the combination, 
1 1 1 1 


ee ee 
Fo fh kh 

re ee ee 
30. 70 70 30 


Using the lens imavie = = owe have 
v ou F 
a | 
v 90 30 
v=+ 45cm 


Thus, image will be formed at a distance of 45 cm from the combination. 
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© Example 7 Two thin converging lenses are placed on a common axis, so that the 
centre of one of them coincides with the focus of the other. An object is placed at a 
distance twice the focal length from the left hand lens. Where will its image be? 
What is the lateral magnification? The focal of each lens is f. 


Solution f f 
; 
e * @ 
O 
kk of >|« f >|« f >| 
The image formed by first lens will be at a distance 2f with lateral magnification m, =— 1. For 
is ; ‘ : . 1 1 1 
the second lens this image will behave as a virtual object. Using the lens formula, — — — = 7 we 
v ou 
have, 
i. 4 i i 
v f f 2; 
_ up _ (f/f2)_1 
7 Uy f 2 


Therefore, final image is formed at a distance i from the second lens with total lateral 


magnification, 
m=mM, XM, = ( »x(3]- Ans 
=m 2 ) 5 . 


© Example 8 The refracting angle of a glass prism is 30°. A ray is incident onto 
one of the faces perpendicular to it. Find the angle 6 between the incident ray and 
the ray that leaves the prism. The refractive index of glass is u = 1.5. 
Solution Given, A=30°,n =1.5 and i, =0° 
Since, i, = 0°, therefore, 7, is also equal to 0°. 
Further, since, 7, + ™%=A 
t= A=30° 
= sin lo 


Using, - 
sin 71, 


We have, 1.5= = 12 
sin 380° 


or sin 7, = 1.5 sin 30° 
21,5 ¥2.20.78 
2 
i, =sin! (0.75) = 48.6° 
Now, the deviation, 6=(i, + i2)-A 
= (0 + 48.6) — 30 
or 5 =18.6° Ans. 
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© Example 9 _ A biconvex thin lens is prepared from glass of refractive index 3/2. 
The two bounding surfaces have equal radii of 25cm each. One of the surfaces is 
silvered from outside to make it reflecting. Where should an object be placed 
before this lens so that the image coincides with the object. 


Solution Equivalent focal length of this system which behaves like a mirror is given ——++ve 


by 

1 2(po/by) — 2(uo/H - 1) 

f Ry R, 
Here, R,=+ 25cm, Ry=- 25cm, p, =1 
and by =3/2 


Image coincides with object, hence, w=u=— x (say) 
Substituting in mirror formula, we have 


1 1 20/2) 2(8/2-1) 
—x x —25 25 
2 3 1 4 
or = Se 
x 25 25 25 
x=12.5 cm Ans. 


Hence, the object should be placed at a distance 12.5 cm in front of the silvered lens. 


© Example 10 An object is 5.0 mto the left of a flat screen. A converging lens for 
which the focal length is f =0.8 mis placed between object and screen. 


(a) Show that two lens positions exist that form images on the screen and determine how 
far these positions are from the object? 


(b) How do the two images differ from each other? 
Solution (a) Using the lens formula, 


f=0.8m 
B 
7 A 
B' 
l< u |< 5.0 — y—— 
1oiil 
v ou f 
We have, i ew or s Peer 
5.0-u —-u 0.8 5-u wu 
u+5—u=125u6-—u) or 1.25u7-6.25u+5=0 
ee 6.25 + {39.0625 — 25 
2.5 
or u=4m and 1m Ans. 


Both the values are real, which means there exist two positions of lens that form images of 
object on the screen. 
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(b)m == 
u 
m, = 6.0 — 4.0) =— 0.25 
(— 4.0) 
and wae) =—4.00 
(-1.0) 
Hence, both the images are real and inverted, the first has magnification — 0.25 and the 
second — 4.00. Ans. 


© Example 11 An object is midway between the lens and the mirror as shown. 
The mirror’s radius of curvature is 20.0 cm and the lens has a focal length of 
— 16.7 cm. Considering only the rays that leaves the object and travels first toward 
the mirror, locate the final image formed by this system. Is this image real or 
virtual? Is it upright or inverted? What is the overall magnification? 


« 25.0 cm > 


Solution Image formed by mirror Using mirror formula 


1 11.2 [ 2) 

— 4+ =—=— as —— 

v u f R 2 
We have, Ag 4 

v, —-12.5 -20 
v, =— 50cm 
Wes v_ (-80) © 
u (-12.5) 


i.e. image formed by the mirror is at a distance of 50 cm from the mirror to the left of it. It is 
inverted and four times larger. 

Image formed by lens Image formed by mirror acts as an object for lens. It is at a distance 
of 25.0 cm to the left of lens. Using the lens formula, 


ae 
v u f 
We have, Brain 
vo 25 —16.7 
Vy = — 50.3 cm 
and mee te pHs 
u 25 


overall magnification is 
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Thus, the final image is at a distance 25.3 cm to the right of the mirror, virtual, upright 
enlarged and 8.048 times. Positions of the two images are shown in figure. 


B" 


> 


|x 25.0 cm > 


> 
lege ee 


B' k—12.5 cm—>— 12.5 cm—> 25.3 cm——>| 


© Example 12 An object is placed 12 cm to the left of a diverging lens of focal 
length — 6.0 cm. A converging lens with a focal length of 12.0 cm is placed at a 
distance d to the right of the diverging lens. Find the distance d that corresponds 
to a final image at infinity. 
Solution f=-—6.0 cm f=12cm 


ox J 


—— 12.0 cm >< d >| 


, Lt. tl : 
Applying lens formula — — — = — twice we have, 


v ou 
1 1 ul : 
ig ees wal 
vu, —-12 -6 @ 
1 1 1 ae 
a wd 12 sis(1) 
Solving Eas. (i) and (ii), we have 
vu,.=—-4cem and d=8cm Ans. 


© Example 13 A solid glass sphere with radius R and an index of refraction 1.5 is 
silvered over one hemisphere. A small object is located on the axis of the sphere at 
a distance 2R to the left of the vertex of the unsiluered hemisphere. Find the 
position of final image after all refractions and reflections have taken place. 
Solution The ray of light first gets refracted then 
reflected and then again refracted. For first refraction and 
then reflection the ray of light travels from left to right 
while for the last refraction it travels from right to left. 
Hence, the sign convention will change accordingly. 


Mo Bi =tat with proper jh 


VU u 


First refraction Using 


sign conventions, we have 
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16. 10. 1510 
vu, —2R +R 


Uy =o 
- ‘ Ld : : 
Second reflection Using —+—= 7 = R with proper sign conventions, we have 
v wu 
1 1 2 
ae ee ee 
Uz © R 
R 
Ug = 2 


Ho By HoT by 


Third refraction Again using with reversed sign convention, we have 
U 


+—1.5 R—>|«R/2>| 


iO 18 10515 
v3; —1.5R —-R 


i.e. final image is formed on the vertex of the silvered face. 


v, =—-2R 


© Example 14 A converging lens forms a five fold magnified image of an object. 
The screen is moved towards the object by a distance d =0.5 m, and the lens is 
shifted so that the image has the same size as the object. Find the power of lens 
and the initial distance between the object and the screen. 
Solution In the first case image is five times magnified. Hence, | v| =5|u|. In the second case, 
image and object are of equal size. Hence, | v| =| u|. From the two figures, 


— 
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6x=2y+d or 6x—2y=0.5 ... (0) 
Using the lens formula for both the cases, 
1 1 1 6 1 a3 
— or = .-- (11) 
5x —x f 5x 
Pores fe Bee “ie 
y -y f y f 


Solving these three equations, we get 
x=0.1875m and f=0.15625m 


Therefore, initial distance between the object and the screen = 6x = 1.125 m Ans. 
Power of the lens, P= : 
1 
=_——_ =6.4D Ans. 
0.15625 


Example 15 Surfaces of a thin equi-convex glass lens have radius of curvature 
R. Paraxial rays are incident on it. If the final image is formed after n internal 
reflections, calculate distance of this image from pole of the lens. Refractive index 
of glass is w. 

Solution The rays will first get refracted, then n-times reflected and finally again refracted. 
He Hy He 
U u 


So, using "1 for first refraction, we have 


wool iopw-l cl col) 
U0 R " \uw-1 
: ; 1 2 
For first reflection, let us use — + — = — =— 
v u f R 
2 (Ho) a2) ae. ota Cra 
vy wR R UV, uk 
For second reflection, + 2 ee or —_ (3 — 1 
Up uR R Ug uR 
Similarly, after n* yeflection, Pe & se) a | 
Un uR 
Finally, using #2 — #1 — 227 #1 we have 
U u R 
1 Qn+1)np—-1[{[_1-u 
Ur R —R 
R 


or Ans. 


Up = >—————~ 
2 (un+u-—1) 


Exercises 


LEVEL 1 


Note !n different books refractive index has been represented by the symbol n and w. So, in our book we have 
used both symbols at different places. 


Assertion and Reason 

Directions: Choose the correct option. 
(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 
(b) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 
(d) If Assertion is false but the Reason is true. 

1. Assertion: There is a glass slab between Ram and Anoop. Then, Ram appears nearer to 
Anoop as compared to the actual distance between them. 
Reason: Ray of light starting from Ram will undergo two times refraction before reaching 
Anoop. 

2. Assertion: Minimum distance between object and its real image by a convex lens is 4f. 
Reason: If object distance from a convex lens is 2/, then its image distance is also 2f. 

3. Assertion: Incase of single refraction by a plane surface image and object are on same side. 
Reason: [If object is real, image will be virtual and vice-versa. 

4. Assertion: Ray of light passing through optical centre of a lens goes undeviated. 
Reason: Ray falls normal at optical centre and in normal incidence, there is no deviation of 
light. 

5. Assertion: In displacement method of finding focal length of a convex lens its magnification 


in one position of lens is +2, then magnification in another position of lens should be 7 


Reason: This method can't be applied for a concave lens. 


6. Assertion: If object is placed at infinity, then a virtual image will be formed at first focus of a 
concave lens. 


Reason: First focal length of a concave lens is positive. 


7. Assertion: Minimum deviation by an equilateral prism of refractive index V2 is 30°. 


; (4 + 5m 
sin} ——— 
Reason: It is from the relation, u a 
sin| — 
3) 


8. Assertion: A convex lens and a concave lens are kept in contact. They will behave as a 
diverging lens if focal length of convex lens is more. 


Reason: Power of a concave lens is always less than the power of a convex lens, as power of 
concave lens is negative whereas power of convex lens is positive. 
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9. Assertion: Image of an object is of same size by a convex lens . If a glass slab is placed 
between object and lens, image will become magnified. 


Reason: By inserting the slab, image may be real or virtual. 


10. Assertion: In the figure shown |R,|>|R,|. Two point objects O, and O, are kept at same 
distance from the lens. Image distance of O, from the lens will be more compared to the image 
distance of O.. 


O; Oz 


Ri Ro 


Reason: If medium on two sides of the lens is different, we cannot apply lens formulae 
directly. 


11. Assertion: White light is incident on face AB of an isosceles right angled prism as shown. 
Colours, for which refractive index of material of prism is more than 1.414, will be able to 
emerge from the face AC. 

A 


B Cc 


Reason: Total internal reflection cannot take place for the light travelling from a rarer 
medium to a denser medium. 

12. Assertion: Image formed by concave lens is not always virtual. 
Reason: Image formed by a lens is real if the image is formed in the direction of ray of light 
with respect to the lens. 

13. Assertion: Although the surfaces of goggle lens are curved, it does not have any power. 


Reason: Incase of goggles, both the curved surfaces have equal radii of curvature and have 
centre of curvature on the same side. 


Objective Questions 


1. An endoscope is employed by a physician to view the internal parts of body organ. It is based on 
the principle of 
(a) refraction (b) reflection 
(c) total internal reflection (d) dispersion 


oe oo ok B ‘ 
2. Refractive index p is given asp = A+ ory where A and B are constants and (is wavelength, then 


dimensions of B are same as that of 
(a) wavelength (b) volume 
(c) pressure (d) area 


3. A plane glass slab is placed over various coloured letters. The letter which appears to be raised 
the least is 
(a) violet (b) yellow (c) red (d) green 


164 © Optics and Modern Physics 


4. Critical angle of light passing from glass to air is least for 


(a) red (b) green 
(c) yellow (d) violet 
5. The power in dioptre of an equi-convex lens with radii of curvature of 10 cm and refractive 
index 1.6 is 
(a) +12 (b) +18 
(c) +1.2 (d) +1.8 
6. The refractive index of water is 4/3. The speed of light in water is 
(a) 1.50 x10° m/s (b) 1.78 x10° m/s 
(c) 2.25 x10° m/s (d) 2.67 x10° m/s 


7. White light is incident from under water on the water-air interface. If the angle of incidence is 
slowly increased from zero, the emergent beam coming out into the air will turn from 
(a) white to violet (b) white to red 
(c) white to black (d) None of these 


8. When light enters from air to water, then its 
(a) frequency increases and speed decreases 
(b) frequency is same, but the wavelength is smaller in water than in air 
(c) frequency is same but the wavelength in water is greater than in air 
(d) frequency decreases and wavelength is smaller in water than in air 


9. In the figure shown sas 


sinr 


is equal to 


2 
L3H 
fs) = (by == Opes Cg 
Hs Hy Hy Hos Hs 


10. In figure, the reflected ray B makes an angle 90° with the ray C. Ifi,r, andr, are the angles of 
incidence, reflection and refraction, respectively. Then, the critical angle of the medium is 


Denser 
medium 


Rarer 
medium 


(a) sin‘ (tani) (b) sin™! (cot 7) 
(c) % (d) 75 

11. A prism of apex angle A=60° has the refractive index u =/2. The angle of incidence for 
minimum deviation is 


(a) 30° (b) 45° 
(c) 60° (d) None of these 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


Chapter 31 Refraction of Light ¢ 165 


A thin equi-convex lens is made of glass of refractive index 1.5 and its focal length is 0.2 m. If it 
acts as a concave lens of 0.5 m focal length when dipped in a liquid, the refractive index of the 
liquid is 

17 15 13 9 

oo hy ae d= 
(a) 3 (b) 3 (c) 3 (d) 3 


A ray of light, travelling in a medium of refractive index pu, is incident at an angle i on a 

composite transparent plate consisting of three plates of refractive indices 1,,u. and 3. The 

ray emerges from the composite plate into a medium of refractive index p., at angle x. Then, 
uu 


(a) sin x= sini (b) sinx=——sin 1 
M4 

( sings! “sini dug ae 
HoHoby 


The given equi-convex lens is broken into four parts and rearranged as shown. If the initial 
focal length is f, then after rearrangement the equivalent focal length is 


(a) f (b) f/2 (c) f/4 (d) 4f 


A thin convergent glass lens (u , =1.5) has a power of + 5.0 D. When this lens is immersed in a 


liquid of refractive index p;,it acts as a divergent lens of focal length 100 cm. The value of; is 
(a) 4/3 (b) 5/3 

(c) 5/4 (d) 6/5 

Two convex lenses of focal length 10 cm and 20 cm respectively placed coaxially and are 


separated by some distance d. The whole system behaves like a concave lens . One of the 
possible value of dis 


(a) 15cm (b) 20 cm 

(c) 25cm (d) 40 cm 

A prism can have a maximum refracting angle of (6, = critical angle for the material of prism) 
(a) 60° (b) 0¢ 

(c) 20¢ (d) slightly less than 180° 


A ray of light is incident at small angle J on the surface of prism of small angle A and emerges 
normally from the opposite surface. If the refractive index of the material of the prism isp, the 
angle of incidence is nearly equal to 


OT ey 
Ll 2 
(c) pA (d) p AZ 


The refractive angle of a prism is A, and the refractive index of the material of the prism is 
cot (A/ 2). The angle of minimum deviation is 

(a) 180°-3A (b) 180°+2A 

(c) 90°-A (d) 180°-2A 
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20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


A prism of refractive index V2 has refractive angle 60°. In order that a ray suffers minimum 
deviation it should be incident at an angle of 

(a) 45° (b) 90° 

(c) 80° (d) None 


The focal length of a combination of two lenses is doubled if the separation between them is 
doubled. If the separation is increased to 4 times, the magnitude of focal length is 

(a) doubled (b) quadrupled 

(c) halved (d) same 


A convexo-concave convergent lens is made of glass of refractive index 1.5 and focal length 
24 cm. Radius of curvature for one surface is double than that of the other. Then, radii of 
curvature for the two surfaces are (in cm) 

(a) 6, 12 (b) 12, 24 

(c) 3,6 (d) 18, 36 


An optical system consists of a thin convex lens of focal length 30 cm and a plane mirror placed 
15 cm behind the lens. An object is placed 15 cm in front of the lens. The distance of the final 
image from the object is 

(a) 60 cm (b) 30cm 

(c) 75cm (d) 45cm 


In the figure shown, the angle made by the light ray with the normal in the medium of 
refractive index v2 is 


45° 
My = 1 


Hy = V3 
bg = V2 


M4 = 2 


Us = 1.6 


(a) 30° (b) 60° 
(c) 90° (d) None of these 


For refraction through a small angled prism, the angle of minimum deviation 
(a) increases with increase in refractive index of a prism 

(b) will be 26 for a ray of refractive index 2.4 if it is 6 for a ray of refractive index 1.2 
(c) is directly proportional to the angle of the prism 

(d) will decrease with increase in refractive index of the prism 


A ray of light passes from vacuum into a medium of refractive index n. If the angle of incidence 
is twice the angle of refraction, then the angle of incidence is 

(a) cos’! (n/2) (b) sin"! (n/2) 

(c) 2cos ! (n/2) (d) 2sin! (n/2) 


A thin convex lens of focal length 30 cm is placed in front of a plane mirror. An object is placed 
at a distance x from the lens (not in between lens and mirror) so that its final image coincides 
with itself . Then, the value of x is 

(a) 15cm (b) 30cm 

(c) 60 cm (d) Insufficient data 


28. 


29. 


30. 


31. 


32. 


33. 
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One side of a glass slab is silvered as shown in the figure. A ray of light is incident on the other 
side at angle of incidence 45°. Refractive index of glass is given as Vv 2. The deflection suffered by 
the ray when it comes out of the slab is 


45° | 
Ni 

1 

i] 

1 


(a) 90° (b) 180° (c) 120° (d) 45° 
A prism has refractive index Ao and refractive angle 90°. Find the minimum deviation 


produced by prism 
(a) 60° (b) 45° (c) 30° (d) 15° 


In figure, an air lens of radius of curvature of each surface equal to 10 cm is cut 
into a cylinder of glass of refractive index 1.5. The focal length and the nature of 
lens are 

(a) 15 cm diverging (b) 15 cm converging 

(c) 10 cm diverging (d) 10 cm converging 


A point object is placed at a distance of 12 cm from a convex lens of focal length 10 cm. On the 
other side of the lens, a convex mirror is placed at a distance of 10 cm from the lens such that 
the image formed by the combination coincides with the object itself. The focal length of the 
convex mirror 1s 

(a) 20 cm (b) 25cm (c) 15cm (d) 80cm 


An object, a convex lens of focal length 20 cm and a plane mirror are arranged as shown in the 
figure. How far behind the mirror is the second image formed? 


kK >|< 
12cm 10 cm 


(a) 80cm (b) 20 cm (c) 40 cm (d) 50cm 


Two parallel light rays pass through an isosceles prism of refractive index ¥3/ 2 as shown in 
figure. The angle between the two emergent rays is 


» 
45° 


45° 

y 
(a) 15° (b) 30° 
(c) 45° (d) 60° 
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34. 


35. 


36. 


37. 


38. 


39. 


A prism having refractive index 2 and refractive angle 30° has one of the refractive surfaces 
polished. A beam of light incident on the other surface will trace its path if the angle of 
incidence is 

(a) 0° (b) 30° (c) 45° (d) 60° 


In Fig. (i), a lens of focal length 10 cm is shown. It is cut into two parts and placed as shown in 
Fig. (ii). An object AB of height 1 cm is placed at a distance of 7.5 cm. The height of the image 
will be 


B 


am? i 


A 


(i) (ii) 
(a) 2cm (b) 1 cm (c) 1.5 cm (d) 38cm 


The image for the converging beam after refraction through the curved surface is formed at 


x 
(a) x= 40cm (b) x = 40/3 cm 
(c) x =— 40/3 cm (d) x= 20cm 


A concavo-convex lens is made of glass of refractive index 1.5. The radii of curvature of its two 
surfaces are 30 cm and 50 cm. Its focal length when placed in a liquid of refractive index 1.4 is 
(a) 200 cm (b) 500 cm (c) 800 cm (d) 1050 cm 


From the figure shown, establish a relation between p1,,u. and ps 


. is 


(a) Wy < Ho< Us (b) Ws < Hos Ms = Hy 
(Cc) Wg > He jhs = Hy (d) None of these 


When light of wavelength iis incident on an equilateral prism, kept on its minimum deviation 
position, it is found that the angle of deviation equals the angle of the prism itself. The 
refractive index of the material of the prism for the wavelength iis 


(a) v3 (b) 3/2 
() 2 (a) V2 
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Subjective Questions 


1. 


. An object is at a distance of d = 2.5 cm from the surface of a glass 


The laws of reflection or refraction are the same for sound as for light. The index of refraction of 
a medium (for sound) is defined as the ratio of the speed of sound in air 343 m/s to the speed of 
sound in the medium. 

(a) What is the index of refraction (for sound) of water (v= 1498 m/s)? 

(b) What is the critical angle 0, for total reflection of sound from water? 


. Light from a sodium lamp (A) = 589 nm) passes through a tank of glycerin (refractive index 


= 1.47) 20 m long in a time ¢,. If it takes a time ¢, to transverse the same tank when filled with 
carbon disulfide (index = 1.63), determine the difference t, — t,. 


. A light beam of wavelength 600 nm in air passes through film 1(n, =1.2) of thickness 


1.0m, then through film 2 (air) of thickness 1.5 um, and finally through film 3(n, =1.8) of 
thickness 1.0 um 

(a) Which film does the light cross in the least time, and what is that least time? 

(b) What are the total number of wavelengths (at any instant) across all three films together? 


A plate with plane parallel faces having refractive index 1.8 rests on 
a plane mirror. A light ray is incident on the upper face of the plate at 
60°. How far from the entry point will the ray emerge after reflection 
by the mirror. The plate is 6 cm thick? 


Mirror 


sphere with a radius R=10cm. Find the position of the final image 
produced by the sphere. The refractive index of glass is up =1.5. 


. An air bubble is seen inside a solid sphere of glass (n = 1.5) of 4.0 cm diameter at a distance of 


1.0cm from the surface of the sphere (on seeing along the diameter). Determine the real 
position of the bubble inside the sphere. 


. Find the position of final image of an object O as shown in figure. 


Oe x 


Air 10cm 


3 om | RI = 3/2 
VIAATTTATTTTTT AAAI ATT T7777 7 
Mirror 


. One face of a rectangular glass plate 6 cm thick is silvered. An object held 8 cm in front of the 


unsilvered face forms an image 10 cm behind the silvered face. Find the refractive index of 
glass. Consider all the three steps. 


. Ashallow glass dish is 4.00 cm wide at the bottom as shown in figure. When an observer’s eye 


is positioned as shown, the observer sees the edge of the bottom of the empty dish. When this 
dish is filled with water, the observer sees the centre of the bottom of the dish. Find the height 
of the dish p,, = 4/3. 


| 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


A glass prism in the shape of a quarter cylinder lies on a horizontal table. A uniform, horizontal 
light beam falls on its vertical plane surface as shown in the figure. If the radius of the cylinder 
is R=5cm and the refractive index of the glass is n =1.5, where on the table beyond the 
cylinder, will a path of light be found? 


Light 


A glass sphere with 10 cm radius has a 5 cm radius spherical hole at its centre. A narrow beam 
of parallel light is directed into the sphere. Where, if anywhere, will the sphere produce an 
image? The index of refraction of the glass is 1.50. 


1.6. A paperweight is constructed by slicing through the sphere 
on a plate that is 2.0cm from the centre of the sphere and 
perpendicular to a radius of the sphere that passes through the 
centre of the circle formed by the intersection of the plane and 
the sphere. The paperweight is placed on a table and viewed 
from directly above an observer who is 8.0 cm from the table top, 
as shown in figure. When viewed through the paperweight, how 
far away does the table top appear to the observer? 


A glass sphere has a radius of 5.0 cm and a refractive index of Observer e----------------- i 


oa 
° 
Q 
3 


A fish is rising up vertically inside a pond with velocity 4 cm/s, and notices a bird, which is 
diving downward and its velocity appears to be 16 cm/s (to the fish). What is the real velocity of 
the diving bird, if refractive index of water is 4/3? 


A lens with a focal length of 16 cm produces a sharp image of an object in two positions, which 
are 60 cm apart. Find the distance from the object to the screen. 


Two glasses with refractive indices of 1.5 and 1.7 are used to make two identical double convex 

lenses. 

(a) Find the ratio between their focal lengths. 

(b) How will each of these lenses act on a ray parallel to its optical axis if the lenses are submerged 
into a transparent liquid with a refractive index of 1.6? 


A converging beam of rays is incident on a diverging lens. Having passed through the lens the 
rays intersect at a point 15 cm from the lens. If the lens is removed, the point where the rays 
meet, move 5 cm closer to the mounting that holds the lens. Find the focal length of the lens. 


A parallel beam of rays is incident on a convergent lens with a focal length of 40 cm. Where a 
divergent lens with a focal length of 15 cm be placed for the beam of rays to remain parallel 
after passing through the two lenses. 


An optical system consists of two convergent lenses with focal lengths f = 20 cm andf, =10 cm. 
The distance between the lenses is d = 30cm. An object is placed at a distance of 30 cm from the 
first lens. At what distance from the second lens will the image be obtained? 


Determine the position of the image produced by an optical system consisting of a concave 
mirror with a focal length of 10 cm and a convergent lens with a focal length of 20 cm. The 
distance from the mirror to the lens is 30 cm and from the lens to the object is 40 cm. Consider 
only two steps. Plot the image. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 
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A parallel beam of light is incident on a system consisting of three thin lenses with a common 
optical axis. The focal lengths of the lenses are equal to f =+10cmand f/f, =— 20cm, and 
f, =+ 9cm respectively. The distance between the first and the second lens is 15cm and 
between the second and the third is 5 cm. Find the position of the point at which the beam 
converges when it leaves the system of lenses. 


A point source of light S is placed at the bottom of a vessel containing a liquid of refractive 
index 5/3. A person is viewing the source from above the surface. There is an opaque disc of 
radius 1 cm floating on the surface. The centre of the disc lies vertically above the source S. The 
liquid from the vessel is gradually drained out through a tap. What is the maximum height of 
the liquid for which the source cannot at all be seen from above? 


A ray of light travelling in glass (u, = 3/2) is incident on a horizontal glass-air surface at the 
critical angle 0c. If a thin layer of water (1 ,, = 4/3) is now poured on the glass-air surface. At 
what angle will the ray of light emerges into water at glass-water surface? 


A ray of light is incident on the left vertical face of glass cube of refractive index n,,as shown in 
figure. The plane of incidence is the plane of the page, and the cube is surrounded by liquid 
(refractive index =n,). What is the largest angle of incidence 0, for which total internal 
reflection occurs at the top surface? 


Light is incident from glass] p, = 2 to water] u,, = = . Find the range of the angle of deviation 
* 2 es 


for refracted light. 


The angle of minimum deviation for a glass prism with p = V3 equals the refracting angle of 
the prism. What is the angle of the prism? 
A ray incident on the face of a prism is refracted and escapes through an adjacent face. What is 


the maximum permissible angle of the prism, if it is made of glass with a refractive index of 
u =1.5? 
In an equilateral prism of un =1.5, the condition for minimum deviation A 
is fulfilled. If face AC is polished 
(a) Find the net deviation. 
(b) If the system is placed in water what will be the net deviation for same 
angle of incidence? Refractive index of water = = 
. B Cc 
In a certain spectrum produced by a glass prism of dispersive power 0.0305, it is found that the 


refractive index for the red ray is 1.645 and that for the violet ray is 1.665. What is the 
refractive index for the yellow ray? 


An achromatic lens-doublet is formed by placing in contact a convex lens of focal length 20 cm 
and a concave lens of focal length 30 cm. The dispersive power of the material of the convex lens 
is 0.18. 

(a) Determine the dispersive power of the material of the concave lens. 

(b) Calculate the focal length of the lens-doublet. 
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30. 


31. 


An achromatic convergent lens of focal length 150 cm is made by combining flint and crown 
glass lenses. Calculate the focal lengths of both the lenses and point out which one is divergent 
if the ratio of the dispersive power of flint and crown glasses is 3: 2. 


The index of refraction of heavy flint glass is 1.68 at 434 nm and 1.65 at 671 nm. Calculate the 
difference in the angle of deviation of blue (434 nm) and red (671 nm) light incident at 65° on 
one side of a heavy flint glass prism with apex angle 60°. 


LEVEL 2 


Single Correct Option 


1. 


. Consider the situation as shown in figure. The point O is the centre . The 


A bird is flying over a swimming pool at a height of 2 m from the water surface. If the bottom is 
perfectly plane reflecting surface and depth of swimming pool is 1 m, then the distance of final 
image of bird from the bird itself isu,, =4/3 

(a) = m (b) = m (c) - m (d) = m 


. A parallel narrow beam of light is incident on the surface of a 


transparent hemisphere of radius R and refractive index np =1.5 as —>— 


shown. The position of the image formed by refraction at the spherical —*—~---->- Tee 
surface only is = 

Or (b) 3k 

© = (@) 2R 


Normal 


light ray forms an angle of 60° with the normal. The normal makes an Light ray 
angle 60° with the horizontal and each mirror makes an angle 60° with the 
normal. The value of refractive index of that spherical portion so that light 


ray retraces its path is O 
2 3 
(a) V2 (b) () = d) V3 
ig 5 (d) 
The figure shows an equi-convex lens. What should be the condition of 
the refractive indices so that the lens becomes diverging? Ly ba Lg 
(a) 23 >My Le (b) 2u9<pi +H 
(c) 2u9>2,—-Us (d) None of these 


. An object is kept at a distance of 16 cm from a thin lens and the image formed is real. If the 


object is kept at a distance of 6 cm from the same lens, the image formed is virtual. If the sizes 
of the image formed are equal, the focal length of the lens will be 

(a) 19cm (b) 17cm 

(c) 21cm (d) 11cm 


. The apparent depth of water in cylindrical water tank of diameter 2R cm is reducing at the rate 


of x cm/min when water is being drained out at a constant rate. The amount of water drained in 
cc/min is (n, =refractive index of air, n. =refractive index of water) 
2 2 
xt, xmR Nn (c) 2nkn, 


(a) —— (b) 


Ng ny Ng 


(d) Rx 


10. 


11. 


12. 


13. 
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. Aray of light makes normal incidence on the diagonal face of a right angled A 


prism as shown in figure. If 6 =37°, then the angle of deviation after second 
step (from AB) is (sin 37° = 3/5) 

(a) 53° 

(b) 74° 

(c) 106° 

(d) 90° 


. A bird in air looks at a fish directly below it inside in a transparent liquid in a tank. If the 


distance of the fish as estimated by the bird is h, and that of the bird as estimated by the fish is 
hy, then the refractive index of the liquid is 


hy hy 

(a) hh, (b) he 

©) hy, + hy (a) h, —hy 
hy -hg hy, + hg 


. Diameter of the flat surface of a circular plano-convex lens is 6 cm and thickness at the centre is 


3 mm. The radius of curvature of the curved part is 
(a) 15cm (b) 20 cm 
(c) 30cm (d) 10cm 


When the object is at distances u, and uw, from the optical centre of a convex lens, a real and a 
virtual image of the same magnification are obtained . The focal length of the lens is 


(a) ae (b) u, + Uy (0) Ju, us (d) oS 
Two convex lenses placed in contact form the image of a distant object at A B 


P. If the lens Bis moved to the right, the image will 
(a) move to the left 
(b) move to the right P 
(c) remain at P 
(d) move either to the left or right, depending upon focal lengths of the 
lenses 


Two light rays 1 and 2 are incident on two faces AB and AC on an isosceles prism as shown in 
the figure. The rays emerge from the side BC. Then, 


(a) minimum deviation of ray 1 > minimum deviation of ray 2 
(b) minimum deviation of ray 1 < minimum deviation of ray 2 
(c) minimum deviation of ray 1 = minimum deviation of ray 2 
(d) Cannot be determined 


Refractive index ofa prism is ff and the angle of prism is 60°. The limiting angle of incidence 


of a ray that will be transmitted through the prism is approximately 
(a) 30° (b) 45° (c) 15° (d) None of these 
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14. 


15. 


16. 


17. 


18. 


A plano-convex thin lens of focal length 10 cm is silvered at its plane 
surface. The distance d at which an object must be kept in order to get its 


image on itself is ro) 
(a) 5cm (b) 20 cm —d 
(c) 10cm (d) 2.5 cm 


There is a small black dot at the centre C of a solid glass sphere of refractive index 1. When seen 
from outside, the dot will appear to be located 

(a) Away from the C for all values of u 

(b) At C for all values of p. 

(c) At C for » =1.5, but away from C for p not equal to 1.5 

(d) At Cfor2<p <1.5 


In the figure ABC is the cross-section of a right angled prism and BCDE is the cross-section of a 
glass slab. The value of 6 so that light incident normally on the face AB does not cross the face 
BC is Given sin’ 3/5=37°) 


(a) 8 <37° (b) 8<53° (c) 02387° (d) 8 253° 


An object O is kept in air in front of a thin plano-convex lens of radius of curvature 10 cm. Its 
refractive index is 3/2 and the medium towards right of the plane surface is water of refractive 
index 4/3. What should be distance x of the object so that the rays become parallel finally? 


(a) 5cm (b) 10 cm (c) 20cm (d) 15cm 


If a symmetrical bi-concave thin lens is cut into two identical halves, and they are placed in 
different ways as shown, then 


(a) three images will be formed in case (i) 

(b) two images will be formed in case (ii) 

(c) the ratio of focal lengths in (ii) and (iii) is 1 
(d) the ratio of focal lengths in (ii) and (iii) is 2 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 
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If an object is placed at A(OA > f); where f is the focal length of the lens, the image is formed at 
B. A perpendicular is erected at O and Cis chosen on it such that the angle 7BCA is a right 
angle. Then, the value of f will be 


Ws 
Vi 
* oh . 
a ! se, 
—A £0 
B O A 
AB (AC) (BC) 
© oe ©) “0G 
2 
@ Of a) OC) AB) 
AB AC + BC 


An object is seen through a glass slab of thickness 36 cm and refractive index 3/2. The observer, 
and the slab are dipped in water (u = 4/3). The shift produced in the position of the object is 
(a) 12cm (b) 4cm 

(c) 6cm (d) 8cm 


How much water should be filled in a container of height 21 cm, so that it appears half filled to 
the observer when viewed from the top of the container (u = 4/8). 

(a) 8cm (b) 10.5 cm 

(c) 12cm (d) 14cm 


Optic axis of a thin equi-convex lens is the x-axis. The co-ordinates of a point object and its 
image are (- 40 cm, 1 cm) and (50 cm, — 2 cm), respectively. Lens is located at 

(a) x=20cm (b) x =-30cm 

(c) x=-10cm (d) origin 


A thin plano-convex lens acts like a concave mirror of radius of curvature 20 cm when its plane 
surface is silvered. The radius of curvature of the curved surface if index of refraction of its 
material is 1.5 will be 

(a) 40 cm (b) 30cm 

(c) 10cm (d) 20 cm 


A thin lens, made of glass of refractive index 3/2, produces a real and magnified image of an 
object in air. If the whole system, maintaining the same distance between the object and the 
lens, is immersed in water (RI = 4/3), then the image formed will be 

(a) real, magnified (b) real, diminished 

(c) virtual, magnified (d) virtual, diminished 


The maximum value of refractive index of a prism which permits the transmission of light 
through it when the refracting angle of the prism is 90°, is given by 

(a) 1.500 (b) 1.414 

(c) 2.000 (d) 1.732 


A glass slab of thickness 4 cm contains the same number of waves as 5 cm of water, when both 
are traversed by the same monochromatic light. If the refractive index of water is 4/3, then 
refractive index of glass is 

(a) 5/3 (b) 5/4 

(c) 16/15 (d) 1.5 
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27. Ifthe optic axis of convex and concave lenses are separated by a distance 5 mm as shown in the 
figure. Find the coordinate of the final image formed by the combination if parallel beam of 
light is incident on lens. Origin is at the optical centre of convex lens 


f=20cm 
=-10cm 

Tm a yn = —- Principal axis of concave lens 

—————-— {5 mm _— ; 

eee. — e-----___---___-_-~~-.Principal axis of convex lens 

30 cm 

(a) (25 cm, 0.5 em) (b) (25 cm, 0.25 cm) 
(c) (25 cm, — 0.5 cm) (d) (25 cm, — 2.5 cm) 


28. A light source S is placed at the centre of a glass sphere of radius R and refractive index p. The 
maximum angle 0 with the x-axis (as shown in the figure) an incident light ray can make 
without suffering total internal reflection is 


| oa () 


(d) there will never be total internal reflection 


(a) cos”? [ 


ETlRP Ele 


(c) tan7! ( 


29. A sphere C = | of radius 1 m has a small cavity of diameter 1 cm at its centre. An observer 


who is looking at it from right, sees the magnification of diameter of the cavity as 
(a) 4 ) 2 

3 4 
©) 1 (d) 0.5 


30. An equi-convex lens of p =1.5and R = 20cm is cut into two equal parts along its axis. Two parts 
are then separated by a distance of 120 cm (as shown in figure). An object of height 3 mm is 
placed at a distance of 30 cm to the left of first half lens. The final image will form at 


i 720 om ‘ 


(a) 120 cm to the right of first half lens, 3 mm in size and inverted 
(b) 150 cm to the right of first half lens, 3 mm in size and erect 
(c) 120 cm to the right of first half lens, 4 mm in size and inverted 
(d) 150 cm to the right of first half lens, 4 mm in size and erect 


31. 


32. 


33. 
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As shown in the figure, region BCDEF and ABFG are of refractive index 2.0 and 1.5 
respectively. A particle O is kept at the mid of DH. Image of the object as seen by the eye is ata 
distance 


(a) 10 cm from point D (b) 22.5 cm from point D 
(c) 80 cm from point D (d) 20 cm from point D 


A point object O is placed at a distance of 20 cm from a 
convex lens of focal length 10 cm as shown in the figure. At 
what distance x from the lens should a convex mirror of 
focal length 60 cm, be placed so that final image coincide —*————_ 


with the object? - 
ke 
(a) 10cm 20 cm a 
(b) 40 cm 
(c) 20 cm 


(d) Final image can never coincide with the object in the given conditions 


A point object is placed at a distance of 20 cm from a thin plano-convex lens of focal length 
15 cm (u = 1.5). The curved surface is silvered. The image will form at 


kK 20 cm > 
|B 
(a) 60 cm left of AB (b) 30 cm left of AB 
(c) = cm left of AB (d) 60 cm right of AB 


Note Neglect thickness of lens. 


34. A flat glass slab of thickness 6 cm and index 1.5 is placed in front of a plane mirror. An observer 


35. 


is standing behind the glass slab and looking at the mirror. The actual distance of the observer 
from the mirror is 50 cm. The distance of his image from himself, as seen by the observer is 
(a) 94cm (b) 96 cm 

(c) 98cm (d) 100 cm 


Distance of an object from the first focus of an equi-convex lens is 10 cm and the distance of its 
real image from second focus is 40 cm. The focal length of the lens is 

(a) 25cm (b) 10cm 

(c) 20 cm (d) 40cm 
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36. 


37. 


38. 


39. 


40. 


41. 


A cubical block of glass of refractive index n, is in contact with the surface of water of refractive 
index no. A beam of light is incident on vertical face of the block. After refraction a total 
internal reflection at the base and refraction at the opposite face take place. The ray emerges at 
angle 0 as shown. The value of 0 is given by 


(a) sin 0< Jn? -n3 (b) cos 0< nz —n5 


Co (a) Sone —= 


n2 7 ns V ny 7 n3 
A concave mirror of focal length 2 cm is placed on a glass slab 
as shown in the figure. The image of point object O formed 
due to reflection at mirror and then refraction by the slab 
(a) is virtual and at 2 cm from pole of the concave mirror 
(b) is virtual and on the pole of mirror 


(c) is real and on the object itself ae, 
(d) None of the above 

Two refracting media are separated by a spherical interface as 

shown in the figure. ABis the principal axis, 1, and, are the He m 

refractive indices of medium of incidence and medium of 4. -B 
refraction respectively. Then, 

(a) iff, >, then there cannot be a real image of real object 


(b) ifu,>p,, then there cannot be a real image of virtual object 
(c) ify >», then there cannot be a real image of virtual object 
(d) if, >t», then there cannot be a virtual image of virtual object 


A concavo-convex lens has refractive index 1.5 and the radii of curvature of its surfaces are 
10 cm and 20 cm. The concave surface is upwards and is filled with oil of refractive index 1.6. 
The focal length of the combination will be 

(a) 18.18 cm (b) 15cm 

(c) 22cm (d) 28.57 cm 


A convex spherical refracting surface separates two media glass and air (1, =1.5). If the image 
is to be real, at what minimum distance u should the object be placed in air if R is the radius of 
curvature 

(a) u>3R (b) u>2R 

(c) u<4R (d) u<R 

An object is moving towards a converging lens on its axis. The image is also found to be moving 
towards the lens. Then, the object distance u must satisfy 


(a) 2f <u<4f (b) f<u<2f 
(c) u>4f (d) u<f 
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42. Two diverging lenses are kept as shown in figure. The final image formed will be 


(a) virtual for any value of d, and d, 
(b) real for any value of d, and dy 
(c) virtual or real depends on d, and dz only 
(d) virtual or real depends on d, and d, and also on the focal lengths of the lens 
43. In the figure shown, a point object O is placed in air on the principal axis. The radius of 


curvature of the spherical surface is 60 cm. Jis the final image formed after all reflections and 
refractions. 


(a) If «=120cm, then J is formed on O for any value of y 
(b) If x=240 cm, then Jis formed on O only if y =360 cm 
(c) If x=240 cm, then J is formed on O for any value of y 
(d) None of the above 


44. In the figure, a point object O is placed in air. A spherical boundary 
separates two media of radius of curvature 1.0 m. AB is principal axis. 
The separation between the images formed due to refraction at A 
spherical surface is 
(a) 12m (b) 20m 
(c) 14m (d) 10m 


More than One Correct Option 


1. n number of identical equilateral prisms are kept in contact as shown in figure. If deviation 
through a single prism is 6. Then, (n, m are integers) 


(a) if n =2m, deviation through n prisms is zero 

(b) if n =2m + 1, deviation through system of n prisms is 6 

(c) if n =2m, deviation through system of n prisms is 6 

(d) ifn =2m + 1, deviation through system of n prisms is zero 
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2. Aray of monochromatic light is incident on the plane surface of separation between two media 
x and y with angle of incidence 7 in the medium x and angle of refraction rin the medium y. The 
graph shows the relation between sin i and sin r. 


sinr 


30° 
sin i 
(a) The speed of light in the medium y is V3 times than in medium x 


(b) The speed of light in the medium yis a times than in medium x 


V3 


(c) The total internal reflection can take place when the incidence is in x 
(d) The total internal reflection can take place when the incidence is in y 


3. Which of the following statement(s) is/are true? 

(a) In vacuum the speed of red colour is more than that of violet colour 

(b) An object in front of a mirror is moved towards the pole of a spherical mirror from infinity, it 
is found that image also moves towards the pole. The mirror must be convex 

(c) There exist two angles of incidence in a prism for which angles of deviation are same except 
minimum deviation 

(d) A ray travels from a rarer medium to denser medium. There exist three angles of incidence 
for which the deviation is same 


4. A lens of focal length fis placed in between an object and screen at a distance D. The lens forms 
two real images of object on the screen for two of its different positions, a distance x apart. The 
two real images have magnifications m, and mz, respectively (m, > mz). Choose the correct 


statement(s). 
(a) ee = : (b) mymz=1 
©) f= D (a) D>4f 


5. A small angled prism of apex angle A= 4° and refractive index » =1.5 is placed in front of a 
vertical plane mirror as shown in figure. If the mirror is rotated through an angle 0, then the 
light ray becomes horizontal either after the mirror or after second time passing from the prism 
in opposite direction. The value of 0 is 


(a) 1° (b) 2° 
(c) 4° (d) Not possible 
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Comprehension Based Questions 


Passage : (Q. No. 1 to 3) 
A plano-convex lens P and a concavo-convex lens Q are in contact as shown in figure. The 
refractive index of the material of the lens P and Q is 1.8 and 1.2 respectively. The radius of 
curvature of the concave surface of the lens Q is double the radius of curvature of the convex 
surface. The convex surface of Q is silvered. 


1. An object is placed on the principal axis at a distance 10 cm from the plane surface. The image 
is formed at a distance 40 cm from the plane surface on the same side. The focal length of the 


system is 

(a) —8cem (b) 8cem © - “ cm (a) " en 
2. The radius of curvature of common surface is 

(a) 48cm (b) 24 cm 

(c) 12cm (d) 8cm 


3. Ifthe plane surface of Pis silvered as shown in figure, the system acts as 


(a) convex mirror of focal length 24 cm 

(b) concave mirror of focal length 8 cm 

(c) concave mirror of focal length 24 cm 
(d) convex mirror of focal length 8 cm 


Match the Columns 


1. Match the following two columns for a convex lens corresponding to object position shown in 
Column I. 


Column I Column II 


(a) Between O and F, (p) Real 

(b) Between F, and2F, | (q) Virtual 
(c) Between O and F, (r) Erect 
(d) Between Fy, and2F, | (s) Inverted 


Note O- optical centre, F, > first focus and F, > second focus. 


2. Match the following two columns for a concave lens corresponding to object position shown in 


Column II. 
Column I Column II 
(a) Between O and F, (p) Real 
(b) Between F, and 2F, (q) Virtual 
(c) Between O and F, (vr) Erect 


(d) Between F, and 2F, (s) Inverted 
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3. Match the following two columns corresponding to single refraction from plane surface. In all 
cases shown in Column I, pi, > p19. 


Column | Column II 
(a) O (p) Image distance greater than x from plane 
surface 
x 
1 


(q) Image distance less than x from plane surface 


O 
(c) - (©) Real image 
x 
O 
Oo 


(s) Virtual image 


4. Match the following two columns. 


Column I Column II 


. “ ° J " _ a 
py y (q) Virtual image 
(c) (r) May be real or 
Air O virtual image 
(d) (s) Image is at infinity 
Air O 
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5. A convex lens Z, and a concave lens L, have refractive index 1.5. Match the following two 
columns. 


Column I Column II 


(a) L, is immersed in a liquid of refractive | (p) Lens will behave as convex lens 


index 1.4 

(b) L, is immersed in a liquid of refractive) (q) Lens will behave as concave 
index 1.6 lens 

(c) Ly is immersed in a liquid of refractive) (t) Magnitude of power of lens will 
index 1.4 increase 


(d) L,is immersed in a liquid of refractive | (8) Magnitude of power of lens will 
index 1.6 decrease 


6. Consider a linear extended object that could be real or virtual with its length at right angles to 
the optic axis of a lens. With regard to image formation by lenses. 


Column I Column II 
(a) Image of the same size as the object (p) Concave lens in case of real 
object 
(b) Virtual image of a size greater than the | (Gq) Convex lens in case of real object 
object 
(c) Real image of a size smaller than the (rt) Concave lens in case of virtual 
object object 
(d) Real and magnified image (s) Convex lens in case of virtual 
object 
Subjective Questions 
1. Figure shows the optical axis of a lens, the point source of light A and its eA’ 
virtual image A’. Trace the rays to find the position of the lens and of its eA 


principal focus. What type of lens is it? 


2. Solve the problem similar to the previous one if A and A’ are interchanged. 


3. In figure, a fish watcher watches a fish through a 3.0 cm thick glass wall of a fish tank. The 
watcher is in level with the fish; the index of refraction of the glass is 8/5 and that of the water 
is 4/3. 


8.0 cm 


Observer 


(a) To the fish, how far away does the watcher appear to be? 
(b) To the watcher, how far away does the fish appear to be? 


4. Aconcave spherical mirror with a radius of curvature of 0.2 m is filled with water. What is the 
focal length of this system? Refractive index of water is 4/3. 
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10. 


11. 


12. 


. Aconvexo-convex lens has a focal length of f = 10cm. One of the lens surfaces having a radius 


of curvature of R =10 cm is coated with silver. Construct the image of the object produced by 
the given optical system and determine the position of the image if the object is at a distance of 
a=15cm from the lens. Refractive index of lens =1.5. 


. Alens with a focal length of f = 30 cm produces on a screen a sharp image of an object that is at 


a distance of a = 40 cm from the lens. A plane parallel plate with thickness of d = 9 cm is placed 
between the lens and the object perpendicular to the optical axis of the lens. Through what 
distance should the screen be shifted for the image of the object to remain distinct? The 
refractive index of the glass of the plate is p =1.8. 


One side of radius of curvature R, = 120cm of a convexo-convex lens of material of refractive 
index p =1.5 and focal length f, = 40 cm is slivered. It is placed on a horizontal surface with 
silvered surface in contact with it. Another convex lens of focal length /, = 20cm is fixed 
coaxially d =10 cm above the first lens. A luminous point object O on the axis gives rise to an 
image coincident with it. Find its height above the upper lens. 


. Asmall object is placed on the principal axis of concave spherical mirror of radius 20 cm at a 


distance of 30 cm. By how much will the position of the image alter only after mirror, when a 
parallel-sided slab of glass of thickness 6 cm and refractive index 1.5 is introduced between the 
centre of curvature and the object? The parallel sides are perpendicular to the principal axis. 


. A thin glass lens of refractive index tp, =1.5 behaves as an interface between two media of 


refractive indices np, =1.4 and np, =1.6 respectively. Determine the focal length of the lens for 
the shown arrangement of radius of curvature of both the surfaces 20 cm. 


ily lg 


A glass hemisphere of radius 10 cm and p =1.5 1s silvered over its curved surface. There is an 
air bubble in the glass 5 cms from the plane surface along the axis. Find the position of the 
images of this bubble seen by observer looking along the axis into the flat surface of the 
atmosphere. 


A equilateral prism of flint glass (u , = 3/2) is placed inside water (u,, = 4/3). 

(a) At what angle should a ray of light fall on the face of the prism so that inside the prism the ray is 
perpendicular to the bisector of the angle of the prism. 

(b) Through what angle will the ray turn after passing through both faces of the prism? 


Rays of light fall on the plane surface of a half cylinder at an angle 45° in the plane 
perpendicular to the axis (see figure). Refractive index of glass is V2. Discuss the condition that 
the rays do not suffer total internal reflection. 


13. 


14. 


15. 


16. 


17. 
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The figure shows an arrangement of an equi-convex lens and a concave mirror. A point object O 
is placed on the principal axis at a distance 40 cm from the lens such that the final image is also 
formed at the position of the object. If the radius of curvature of the concave mirror is 80 cm, 
find the distance d. Also draw the ray diagram. The focal length of the lens in air is 20 cm. 


k— 40 cm —k d >| 


A convex lens is held 45 cm above the bottom of an empty tank. The image of a point at the 
bottom of a tank is formed 36 cm above the lens. Now, a liquid is poured into the tank to a depth 
of 40 cm. It is found that the distance of the image of the same point on the bottom of the tank is 
48 cm above the lens. Find the refractive index of the liquid. 


A parallel beam of light falls normally on the first face of a prism of a small angle. At the second 
face it is partly transmitted and partly reflected. The reflected beam striking at the first face 
again emerges from it in a direction making an angle of 6°30’ with the reversed direction of the 
incident beam. The refracted beam is found to have undergone a deviation of 1°15 from the 
original direction. Calculate the refractive index of the glass and the angle of the prism. 


Two converging lenses of the same focal length f are separated by a distance 2f. The axis of the 
second lens is inclined at angle 0 = 60° with respect to the axis of the first lens. A parallel 
paraxial beam of light is incident from left side of the lens. Find the coordinates of the final 
image with respect to the origin of the first lens. 


"2h 1 


A cubical vessel with non-transparent walls is so located that the eye of an observer does not 
see its bottom but sees all of the wall CD. 


To what height should water be poured into the vessel for the observer to see an object F 
arranged at a distance of b=10cm from corner D? The face of the vessel is a = 40 cm. 


Refractive index of water is “ 
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18. 


19. 


20. 


21. 


A spherical ball of transparent material has index of refraction p. A narrow beam of light AB is 
aimed as shown. What must the index of refraction be in order that the light is focused at the 
point C on the opposite end of the diameter from where the light entered? Given that x << R. 


i 


A ray incident on a droplet of water at an angle of incidence i undergoes two reflections (not 
total) and emerges. If the deviation suffered by the ray within the drop is minimum and the 


2 
refractive index of the droplet be p, then show that cosi = p 7 a 


A convex lens of focal length 15 cm is split into two halves and the two halves are placed at a 
separation of 120 cm. Between the two halves of convex lens a plane mirror is placed 
horizontally and at a distance of 4 mm below the principal axis of the lens halves. An object of 
length 2 mm is placed at a distance of 20 cm from one half lens as shown in figure. 


f=15cm f=15cm 


O0cm 4mm 


x 120 cm » 


(a) Find the position and size of the final image. 
(b) Trace the path of rays forming the image. 


Acylindrical glass rod of radius 0.1 m and refractive index V3 lies on a horizontal plane mirror. 
A horizontal ray of light moving perpendicular to the axis of the rod is incident on it. At what 
height from the mirror should the ray be incident so that it leaves the rod at a height of 0.1 m 
above the plane mirror? At what centre to centre distance a second similar rod, parallel to the 
first, be placed on the mirror, such that the emergent ray from the second rod is in line with the 
incident ray on the first rod? 


AAAI AVAYANTA 


22. 


23. 


24. 


25. 


26. 


27. 
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A transparent solid sphere of radius 2 cm and density p floats in a O 
transparent liquid of density 2p kept in a beaker. The bottom of the beaker 
is spherical in shape with radius of curvature 8 cm and is silvered to make 
it concave mirror as shown in the figure. When an object is placed at a 
distance of 10 cm directly above the centre of the sphere C, its final image 
coincides with it. Find h (as shown in the figure), the height of the liquid 
surface in the beaker from the apex of the bottom. Consider the paraxial 
rays only. The refractive index of the sphere is 3/2 and that of the liquid 
is 4/3. 


A hollow sphere of glass of refractive index pp has a small mark on its interior surface which is 
observed from a point outside the sphere on the side opposite the centre. The inner cavity is 
concentric with external surface and the thickness of the glass is everywhere equal to the 
radius of the inner surface. Prove that the mark will appear nearer than it really is, by a 
(u-l)R 
(3p —1) 


distance , Where R is the radius of the inner surface. 


A ray of light is refracted through a sphere whose material has a refractive index p in such a 
way that it passes through the extremities of two radii which make an angle B with each other. 
Prove that if a is the deviation of the ray caused by its passage through the sphere, then 


B-o | _ B 
cos 5 1 cos{ 8 


A man of height 2.0 m is standing on a level road where because of temperature variation the 
refractive index of air is varying as u=/jl+ay, where y is height from road. If 
a =2.0x 10°m. Then, find distant point that he can see on the road. 

A glass rod has ends as shown in figure. The refractive index of glass is u. The object O is ata 
distance 2R from the surface of larger radius of curvature. The distance between apexes of 


ends is 3R. Find the distance of image formed of the point object from right hand vertex. What 
is the condition to be satisfied if the image is to be real? 


R/2 


A thin converging lens of focal length f =1.5 mis placed along y-axis such that its optical centre 
coincides with the origin. A small light source S is placed at (—2.0 m, 0.1 m). Where should a 
plane mirror inclined at an angle 8, tan 0 = 0.3be placed such that y-coordinate of final image is 
0.3 m, 1.e. find d. Also find x-coordinate of final image. 


mS 


fe) 


K 
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Answers 


Introductory Exercise 31.1 
1.2 
2. The frequency does not change, while the wavelength and speed change by the factor p4/p>. 
3. 1.67 


Introductory Exercise 31.2 
ae} 2. 


MN] 


Introductory Exercise 31.3 
1. (a) ” cm (b) 25 cm 


Introductory Exercise 31.4 


1. —cm 


Introductory Exercise 31.5 


2. 8.57 cm 3. (a) 45.0cm (b) -90.0cm (c) -6.0cm 
4. Inside the bowl at — 9.0 cm 5. 4.0 cm 


Introductory Exercise 31.6 


1. 39cm 2. 18.75 cm from the lens, 5.3cm 4. From the surface to infinity on object side 
5. (a) 36cm (b) 36cm 6. 40 cm 
8. 12cm 9.1.5 

10. 2cm 11. 16cm 

12. -40.0cm 13. 10.0 cm. 


Introductory Exercise 31.7 


1.1.5 2. u = 13, 0. = sin (077) 3. (a) O= sin (3 (b) Yes 
Introductory Exercise 31.8 

1. 46° 2.C 3. <J2 

4. sin’ (2/3) = 42° 5. =V3 6. 90° 

7. 0° 8. J2 9. 9° 

Exercises 

LEVEL 1 
Assertion and Reason 

1. (b) 2. (a,b) 3. (b) 4. (c) 5. (b) 6. (d) 7. (a) 8.(c) 9. (b) 


11. (d) 12. (b) 13. (a) 


10. (d) 
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Objective Questions 

1. (©) 2. (d) 3. (c) 4. (d) 5. (a) 6 (c) 7. (c) & (b) 9% (b) 10. (a) 
11. (b) 12. (b) 13. (b) 14 (b) 15. (b) 16. (d) 17. (c) 18 (c) 19% (d) 20. (a) 
21. (a) 22. (a) +23. (d) 24. (a) «25. (a) «26. (c) (27. (b) 28. (a) 29. (c) 30. (a) 
31. (b) 32. (c) 33. (b) 34 (c) 35. (a) 36. (a) 37. (d) 38 (b) 39. (a) 


Subjective Questions 
1. (a) 0.229 (b) 13.2° 2.1.07x10%s 3. (a) First film, thin =4%107'% s (b) 7.5 
4. 6.6 cm 5. Final image is formed at 65 cm from first face on the same side of the object. 
6. At a distance of 1.2 cm from the surface 7. 11 cm behind mirror 8. 1.5 
9. 2.4cm 10. 1.71cm 11. 15 cm from the left edge 12. 7.42 cm 13. 9cm/s 


14. 100 cm 15. (a) 1.4 (b) The first lens will be a diverging and the second a converging one 
16. f=-30cm 17. 25cm 18. 7.5cm 19. 5 cm from mirror towards the lens 


20. Ray will become parallel to the optic axis. 21. Som 22. sin (3/4) 


2 
23. sin? (2) =1 24. 0 to cos” (8/9) 25. 60° 26. Anax = 84° 
1 


27. (a) 157.2° (b) 157.2° 28. py = 1.656 29. (a) 0.27 (b) 60cm 
30. 50 cm, -75 cm, divergent lens is of flint glass 31. 2.8° 


LEVEL 2 


Single Correct Option 

1. (d) 2. (b) 3. (d) 4. (b) 5. (d) 6. (b) 7. (b) & (a) 9% (a) 10. (d) 
11. (b) 12. (c) 13. (a) 14 (c) 15. (b) 16. (a) 17. (c) 18. (c) 19% (c) 20. (b) 
21. (d) 22. (c) 23. (c) 24. (c) 25. (b) 26. (a) 27. (b) 28. (d) 29. (a) 30. (b) 
31. (a) 32. (c) 33. (c) 34. (b) 35. (c) 36. (a) 37. (d) 38. (d) 39. (d) 40. (b) 
41. (d) 42. (a) 43. (a) = 44. (a) 
More than One Correct Options 

1. (a,b) 2. (b,d) 3. (b,c) 4. (b,c,d) 5. (a,b) 


Comprehension Based Questions 
1. (a) 2. (a) 3. (c) 


Match the Columns 


1. (a) > q,r (b) > p,s (c) > p,r (d) > p,r 
2. (a)> pyr (b) > q,s (c) > q,r (d) > q,r 
3. (a) > 4,5 (b) > q,r (Cc) > p,s (d) > p,r 
4. (a)oq (b) > r (c)>r (d)>p 

5. (a) > p,s (b) > q,s (c)> q,s (d) > p,s 
6. (a) > q,r (b) > q,r (c) > q,r (d) > q,r 
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Subjective Questions 


1. Lens is convex 2. Lens is concave 3. (a) 20.0cm (b) 14.975 cm 
4. F =-7.5 cm(concave mirror) 5. At a distance of 2.14 cm from the system 
6. 60 cm away from the lens 7. 10cm 8. Av=0.55 cm, 9. f= 
10. First image at a distance of 3.33 cm from flat surface and the second at infinity 
11. (a) 34.2° (b) 8.4° 
12. Maximum distance of the incident rays from the centre should be Ae R, where R is the radius of hemisphere 
13. 30cm 14. 1.37 15. A= 2°,n =1.62 
16. (0, 0) 17. 26.65 cm 18. w=2 
20. (a) Final image is at a distance of 20 cm behind the second half lens and at a distance of 2/3 mm above 
the principal axis. The size of image is 2 mm and is inverted as compared to the given object 
21. 0.186 m, 0.315 m 22. h=15cm 25. Xmax = 2000 m= 2 km 
RQ - 4n) ee 
26. Distance = ———_______ for final image to be real u should lie between 2 and 2.25 
(Op — 9) - 2) 
27. d = 5.0 m, x co-ordinate of final image = 4.0m 


Interference and 
Diffraction of Light 


Chapter Contents 


32.1 Principle of Superposition 


32.2 Resultant amplitude and intensity due 
to coherent sources 


32.3 Interference 

32.4 Young's double slit experiment 
32.5 Introduction to Diffraction 

32.6 Diffraction from narrow slits 
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32.1 Principle of Superposition 


Suppose there are two sources of waves S, and S,. 
S 


So 
Fig. 32.1 


Now, the two waves from S, and S’, meet at some point (say P). Then, according to principle of 
superposition net displacement at P (from its mean position) at any time is given by 


VFM +Vo 
Here, y, and y, are the displacements of P due to two waves individually. 


For example, suppose at 9 AM, displacement of P above its mean position should be 6mm 
accordingly to wave-1 and at the same time its displacement should be 2 mm below its mean position 
accordingly to wave-2, then at 9 AM net displacement of P will be 4mm above its mean position. 
Now, based upon the principle of superposition we have two phenomena in physics, interference and 
beats. Stationary waves (or standing waves) and Young's double slit experiment (or YDSE) are two 
examples of interference. 

Based on principle of superposition means two or more than two waves meet at one point or several 
points and at every point net displacement is y= y, + y, or y= y, + YW + Jz ete. 


32.2 Resultant Amplitude and Intensity due to Coherent Sources 


In article 32.1, we have seen that the two waves from two sources S, and S, were meeting at point P. 
Suppose they meet at P in a phase difference Ad (or). If this phase difference remains constant with 
time, then sources are called coherent, otherwise incoherent. 


For sources to be coherent, the frequencies (/, o or 7’) of the two sources must be same. This can be 
understood by the following example. 

Suppose the phase difference is 0°. It means they are in same phase. Both reaches their extremes (+ A 
or — A) simultaneously. They cross their mean positions (in the same direction) simultaneously. Now, 
if we want their phase difference to remain constant or we want that the above situation is maintained 
all the time, then obviously their time periods (or frequencies) must be same. 


Resultant Amplitude 


1. Consider the superposition of two sinusoidal waves of same frequency (means sources are 
coherent) at some point. Let us assume that the two waves are travelling in the same direction with 
same velocity. The equation of the two waves reaching at a point can be written as 


y, = A, sin (kx — of) 
and yy = A, sin (kx - ot +0) 
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The resultant displacement of the point where the waves meet, is 
VH\V+ V2 
= A, sin (kx —@t) + A, sin (kx —@t +0) 
= A, sin (Ax — wf) + A, sin (Ax — oft) cos b + A, cos (kx — ot) sin > 
=(A, + A, cos b) sin (Ax — wt) + A, sin o cos (Ax — of) 
= Acos Osin (kx — wt) + Asin 0 cos (kx — oF) 


or y= Asin (kx —ot +8) 

Here, A, + A, cos = Acos8O 

and A, sind = Asin ®@ 

or A* =(A, + A, cos)* + (A, sind)? 

or A= A? + A? +24, A, cos i) 


_AsinOd  ~— A, sind 
Acos@ A, +A, cos 


2. The above result can be obtained by graphical method also. Assume a vector A, of length A, to 


and tan 0 


represent the amplitude of first wave. 


Fig. 32.2 


Another vector A, of length A,, making an angle @ with A, represent the amplitude of second 
wave. The resultant of A, and A, represents the amplitude of resulting function y. The angle 0 
represents the phase difference between the resulting function and the first wave. 


Resultant Intensity 
In the previous chapter, we have read that intensity of a wave is given by 


1=5po°A?v or [x A? 
So, if p, @ and v are same for the both interfering waves then Eq. (i) can also be written as 
Here, proportionality constant (J « A 2 ) cancels out on right hand side and left hand side. 


Note (i) Eqs. (i) and (ii) are two equations for finding resultant amplitude and resultant intensity at some point 
due to two coherent sources. 
(ii) In the above equations is the constant phase difference at that point as the sources are coherent. Value 
of this constant phase difference will be different at different points. 
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(iii) The special case of above two equations is, when the individual amplitudes (or intensities) are equal. 
or A, =A> =Apo (say) 
oy |, =l =I (say) 
In this case, Eqs. (i) and (ii) become 


A=2A) cos : ... (lil) 
and 1=A4ly cos* ; (iv) 


(iv) From Eqs. (i) to (iv), we can see that, for given values of A,, A>, |, and I, the resultant amplitude and the 
resultant intensity are the functions of only 


(v) If three or more than three waves (due to coherent sources) meet at some point then there is no direct 
formula for finding resultant amplitude or resultant intensity. In this case, first of all we will find resultant 
amplitude by vector method (either by using polygon law of vector addition or component method) and 
then by the relation | <A*, we can also determine the resultant intensity. 


For example, if resultant amplitude comes out to be V2 times then resultant intensity will become two 
times. 


32.3 Interference 


For interference phenomena to take place, sources must be coherent. So, phase difference at some 
point should remain constant. Value of this constant phase difference will be different at different 
points. And since the sources are coherent, therefore following four equations can be applied for 
finding resultant amplitude and intensity (in case of two sources) 


A= A? + A? +24, A, cosd i) 
L=1, +1, +2 1,1, coso .. (ii) 
A=2A, cos (if A, =A, = Ay ) ... (iii) 
I=4I, cos” (fi, =,=f,) ...(iv) 


For given values of A,, A, 7, and /, the resultant amplitude and resultant intensity are the functions 
of only 6. 

Now, suppose S, and S, are two coherent sources, then we can see 
that the two waves are meeting at several points (P,, P,, P; ... etc). 


At different points path difference Ax will be different and therefore Si<~ a 
phase difference Ad or > will also be different. Because the phase Se P3 
difference depends on the path difference (Ad or @ = = - Ax). Za 


And since phase difference at different points is different, therefore = 

from the above four equations we can see that resultants amplitude 

and intensity will also be different. But whatever is the intensity at Fig. 32.3 
some point, it will remain constant at that point because the sources 

are coherent and the phase difference is constant at that point. 


Chapter 32 Interference and Diffraction of Light » 195 


Constructive Interference 


These are the points where resultant amplitude or intensity is maximum or 


Anax = 4, + Ay [from Eq. (i)] 

or A max = £2Ag [from Eq. (iii)] 
and Trax =f, +yfIn)° [from Eq. (ii)] 
or Tmax = 419 [from Eq. (iv)] 
at those points where, cosd =+1 [from Eqs. (i) or (ii)] 
or od =0, 27, 4x, ..., 2n0 (where n=0, 1, 2) 
Ax =0,A, 2A, ..., NA jasax-o(2] 

20 


Destructive Interference 


These are the points where resultant amplitude or intensity is minimum or 


Anin = 4, ~ Ay [from Eq. (i)] 

or min = 0 [from Eq. (iii)] 
and =Q/t, -7,)" [from Eq. (ii)] 
or min = 9 [from Eq. (iv)] 
at those points where, cosd =-1 [from Eqs. (i) or (ii)] 
or d= 32... (Qn-l)n (where n=1, 2...) 

A 3A xr 
cae, 5 ...(2n a fasax-o( 2 -) 


®% Extra Points to Remember 


In amplitude, it hardly matters whether it is + 2A, or—2A). This is the reason we have taken, Aja, = 2A, 


In interference, two or more than two waves from coherent sources meet at several points. At different 
points Ax, Ad or $, resultant amplitude and therefore resultant intensity will be different (varying from |, to 
|_,,). But, whatever is the resultant intensity at some point, it remains constant at that point. 


min 
In interference, 
2 2 2 2 
Rae Wel | a 
fF =p He Z| oe ay ae 
Coherent sources _|n order to produce a stable interference pattern the individual waves must maintain 
aconstant phase relationship with one another, i.e. the two interfering sources must emit waves having a 
constant phase difference between them. 

If the phase difference between two sources does not remain constant, then the places of maxima and 
minima shift. In case of mechanical waves it is possible to keep a constant phase relationship between two 
different sources. But in case of light two different light sources can’t be coherent This is because of the 
way light is emitted. In ordinary light sources, atoms gain excess energy by thermal agitation or by impact 
with accelerated electrons. An atom that is ‘excited’ in such a way begins to radiate energy and continues 
until it has lost all the energy it can, typically in a time of the order of 10° s. 
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The many atoms in a source ordinarily radiate in an unsynchronized and random phase relationship, and 
the light that is emitted from two such sources has no definite phase relationship. Hence, to obtain a stable 
interference in light a single source is split into two coherent sources. 

Following are shown some of the methods by which we can split a single light source into two. 


eS, 
s 1 Hy 
st it ! x 
Oe soko 50s : 30s e @ 
iS S5 s i S yh S; Sp 
Nl Spe eS, 
(i) (ii) (iii) (iv) 
Fig. 32.4 


Example 32.1 In interference, two individual amplitudes are A, each and the 
intensity is I, each. Find resultant amplitude and intensity at a point, where: 
(a) phase difference between two waves is 60° 


(6) path difference between two waves is “ ; 
Solution (a) Substituting @=60° in the equations, 


A=2A) cos ® and J=4/, cos” : 


We get, A =/3A, and [=3/, Ans. 
(6) Given, Ky : 


-(=|=)-= or 120° 
A) 3 3 


Now, substituting ¢=120° in the above two equations, we get 
A=Ay and/=I, Ans. 


Example 32.2 Three waves from three coherent sources meet at some point. 
Resultant amplitude of each is A,. Intensity corresponding to A, is I). Phase 
difference between first wave and the second wave is 60°. Path difference 


between first wave and the third wave is a The first wave lags behind in phase 


angle from second and the third wave. Find resultant intensity at this point. 


Solution Here, the sources are three. So, we don't have any direct formula for finding the 
resultant intensity. First we will find the resultant amplitude by vector method and then, by the 
relation J. A”, we can also find the resulting intensity. 


Further, a path difference of “ is equivalent to a phase difference of 120° (Ad or b=. a0). 
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Hence, the phase difference first and second is 60° and between first and third is 120°. So, vector 
diagram for amplitude is as shown below. 


Ao Ao Ao 


120° 


WAN of 
/) Ao > Ao 


Fig. 32.5 


Now, resultant of first and third acting at 120° is also Ay (as A =2A 9 cos ‘ and )=120°) and since 


the first and third are equal, so this resultant A, passes through the bisector line of these two or 
in the direction of second amplitude vector. Therefore, the resultant amplitude is 

A=A,)+Ay =2A45 
and the resultant intensity is 

I=41, (as I< A”) Ans. 


© Example 32.3 Two waves of equal frequencies have their amplitudes in the 


ratio of 3:5. They are superimposed on each other. Calculate the ratio of 
maximum and minimum intensities of the resultant wave. 


ae (as I x A?) 
BS 


cos d=1 


and Te Ah alle 


Minimum intensity is found, where 


Solution Given, Ai _3 


Maximum intensity is obtained, where 


cos ¢=—1 


and Th ais = Gili: ~~ ia) 


I, 
2 —++l1 
Tis | : (i 


Fin (Why ~ VL2 Ty 
I, 


2 
_(3/5+1) _ 64 _ 16 ae 
75-1) 4 1 


2 


Hence, 


min 
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© Example 32.4 In interference, aa =a, find 


A A I 
(a =e (b) () > 
ye A; I, 
A vA 
Solution (a) max — /_mex — J/g Ans. 
A min J aia 
A A,+A, A,/A,+1 
(b) max -Ja- 1 2 471 / 2 
Aa Aad, Al ag=l 


Solving this equation, we get —= Ans. 
2 2 
i fa Va+l 
(c) —=|— | = Ans. 
Ty As Ja-1 


INTRODUCTORY EXERCISE 


1. The ratio of intensities of two waves is 9:16. If these two waves interfere, then determine the 
ratio of the maximum and minimum possible intensities. 


2. In interference, two individual amplitudes are 5 units and 3 units. Find 
A 


! 
(a) Sm (b) -m=& 
Armin Ienin 
3. Three waves due to three coherent sources meet at one point. Their amplitudes are /2Ap, 3A, 
and /2A,, Intensity corresponding to Ao is /p. Phase difference between first and second is 45°. 
Path difference between first and third is * In phase angle, first wave lags behind from the 


other two waves. Find resultant intensity at this point. 


32.4 Young’s Double Slit Experiment (YDSE) 


(i) YDSE is an experiment (or an example) of interference in light. 


(ii) For interference, two coherent sources are required and in light two different light sources are 
never coherent. Therefore, a single source S is split into two sources as shown below. 
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(iii) Z is a two-dimensional screen and OP the centre line of this screen. On different points of this 
screen, two rays of light (from two coherent sources S, and S,) will interfere. At different points 
of the screen path difference (and therefore) phase difference will be different. Therefore, 
resultant intensity will be different. But whatever is the resultant intensity at any point, it remains 
constant at that point. 


Fig. 32.7 
(iv) Mathematically, we will find the resultant intensity at any point on the centre line OP of the 
screen, as it will have only one variable y(or 0). 
(v) The order of A, d and D is normally 
V<< d<< D 


(vi) Since d<< D, we can assume that intensities at P due to independent sources S, and S, are 
almost equal, or 


I, *I,=Ig (say) 
Therefore, for resultant intensity we can apply 


I=A4l, cos? ¢ (i) 


(vii) In YDSE, our main objective is to find resultant intensity at a general point P on the centre line of 
the screen. Point P can be generalised in the following four ways. 


(a) Directly phase difference ) (between two rays interfering at P) can be given. This is the 
simplest one. As, we can directly apply 


I=4I, cos” be 
2 


for the resultant intensity. 


(b) Path difference Ax (between two interfering rays) can be given at P. In this case, first we will 
convert Ax into phase difference ¢ by the relation, 


od =— Ax 


and then, we will apply 


I =4I, cos” 


wD |S 


(c) Distance OP or )-coordinate of point P can be given. 
(d) Angular position 0 of point P will be given. 


Note !n last two cases, first we will find the path difference Ax in terms of y and 8 and then we will find the 
resultant intensity. 
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Path Difference in Terms of y and 0 


Screen 


ie) 
+#—— 
kK—— 9 ——>| 
1 


Fig. 32.8 (a) To reach P, the light waves from S, and S, must 
travel different distances. (b) The path difference between the two 
rays is d sin@. 


Figure shows the light waves from S,; and S, meeting at an arbitrary point P on the screen. Since, 
D->> d, the two light rays are approximately parallel, with a path difference, 


Ax = S5P > S\P 
Ax xd sin0 ... (ii) 
This is basically the expression of Ax in terms of 0. 
IfO is small, then sin§ ~ tan 0 = = 
Substituting in Eq. (11), we get 
yd oo 
Ax = — peel Gn 
D (1i1) 


This is the expression of path difference Ax in terms of y. 


Maximum and Minimum Intensity 
Maximum Intensity 


In Eq. (1), we know that maximum intensity is 4/7, at points where 


Ax =nk (n=0, +1, +2...) 
or dsin8 =nad 
or We i 

D 
or y= a =Y,, ... (IV) 


Here, Y,, may be called as y-coordinate (with respect to point O) of n 'n order maxima, where 


n=0,+:1,4 2... 
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For example, 


Y) =0— y-coordinate of zero order maxima (for n =0) 


Y, or Yj =+ - — y-coordinate of first order maxima (for 7 = +1) 


Y, or YJ =+ — — y-coordinate of second order maxima (for n = +2) 


and so on. 


Minimum Intensity 
In Eq. (i), we know that minimum intensity is zero at points where 
rn 


ai ale (n=+1, +2...) 
: vy 
or C=C) 
or v4 path” 
D 2 
(2n-1)AD 
or =e oo AV 
v re Vn (v) 


Here, y, may be called as y -coordinate (with respect to point O) of n" order minima, where 
n=+l], +2... 
For example, 

AD 


y, or y= on — y-coordinate of first order minima (for n= +1) 
j 3AD ; a 
yy OF yy’ = ae — y-coordinate of second order minima (for n = +2) 


Fringe Width (co) 


Distance between two adjacent maxima or minima (or bright/dark fringes) is called the fringe width. 
Thus, 


o=Y, —Y,_, = distance between two adjacent maxima 
_nkD (n—-I)D 
d d 
_ AD 
—d 
XD 
or = 7 ... (vi) 


. ; ota XD 
We can see that distance between two successive minima is also na 
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Intensity Distribution 


In the shown figure, let us discuss one maxima (say Y,) on 
upper side of centre line MO and one minima (say y;) on 
lower side. 


Y, This may be called second order maxima on upper side of 
line MO. Here, the intensity is 47). Path difference is 

Ax =S,P —S,P =22% 
and the phase difference is 4m. Further, j-coordinate of this 
point is 


2D _ 
d 


yz This may be called the second order minima on lower 


y 2 


side of line MO. Here, the intensity is zero. Path difference is 


Ax =5,P ~S,P == 


and the phase difference is 3m Further, coordinate of this point is 
3X.D 3 


2d 2 


Intensity Variation within One Fringe 
Let us first make the following table corresponding to this point. 


Table 32.1 
Intensity ATPlitude Phase difference o Path ieee 
Y Aaa? where A=2A, cos * eee, 
2 2m 
Aly 2A 27 or 360° n 
3o aM = or 60° 1/6 
3 
Io v2 Ag = or 90° U4 
' Ay eR oF 120° n/3 


0 0 m or 180° r/2 


y-coordinate Ax = me 


= y=ax(2) 


AD/d = @ 


D/6d = w/6 
D/4d = w/4 
AD/3d = w/3 


AD/2d = w/2 
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Now, according to above table we can make the following figure. 


Fig. 32.10 


© Example 32.5 In YDSE, the two slits are separated by 0.1 mm and they are 
0.5 m from the screen. The wavelength of light used is 5000 A. Find the distance 
between 7th maxima and 1\th minima on the upper side of screen. 
Solution Given, d=0.1mm=10~% m, D=0.5m and 1=5000A =5.0x 10’ m 
_(Q2x11-1)AD 72D 
2d d 
_ TAD _ 7x 5.0x 107 x 0.5 
2d 2x 10+ 


Ay=y1 —Y; 


or Ay 


=8.75x 10° m 
= 8.75 mm Ans. 


© Example 32.6 Maximum intensity in YDSE is I,. Find the intensity at a 
point on the screen where 


(a) the phase difference between the two interfering beams is 5 


(b) the path difference between them is *. 


L=T sax cos” (4) 
2 


Here, J max 18 /g (1.€. intensity due to independent sources is [9 /4). Therefore, at 


Solution (a) We know that 


or 


I =I, cos” [Z}-21 Ans. 
6) 4 
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(b) Phase difference corresponding to the given path difference Ax -4 is 


I 
I=I9 cos” Gas Ans. 
4) 2 


Dependence of Fringe Width on i 
Fringe width (@) is given by 


oO=— or) oxr 


Two conclusions can be drawn from this relation. 
(i) If YDSE apparatus is immersed in a liquid of refractive index p, then wavelength of light and 
hence, fringe width decreases 1 times. 
(ii) If white light is used in place of a monochromatic light then coloured fringes are obtained on the 


screen with red fringes of larger size than that of violet, because A y.g >A violet - 


But note that centre is still white because path difference there is zero for all colours. Hence, all the 
wavelengths interfere constructively. At other points light will interfere destructively for those 
wavelengths for whom path difference is 4/2, 3A/2,... etc. and they will interfere constructively for 
the wavelengths for whom path difference is’, 2A,... etc. 


This point can be explained as under, 


Fig. 32.11 


In YDSE let us take a bichromatic light (having two wavelengths). Suppose one wavelength isA ; =A 
and the other wavelength is A, =2A. At point O, 


S,;O0=S,0 = Ax =O for both wavelengths. Therefore, both wavelengths interfere constructively. 
At any other point (say atP)S,;P#5S,P = Ax+#O and suppose Ax =A. Then, this A x is 


Ax=h, and ax=“2 


Therefore at P, wavelength 4, interferes constructively and, destructively. Same is the case with 
white light. At point O, all wavelengths interfere constructively. Therefore, white is produced. At any 
other point some of the wavelengths interfere constructively, (produce 4/9) some destructively 
(produce zero intensity) and rest intermediately (between zero to 4/, intensity). 
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© Example 32.7 White light is used to illuminate the two slits in a Young’s 
double slit experiment. The separation between the slits is b and the screen is at 
a distance d(>> b) from the slits. At a point on the screen directly in front of 
one of the slits, certain wavelengths are missing. Some of these missing 


wavelengths are (JEE 1984) 
(a) X= b?/d (b) X= 2b7/d (c) = b?/3d (d) X= 2b? /3d 
Solution At P (directly in front of S,;) y=b/2 
] 
LO) 23 
.. Path difference, Ax =S,P—-S,P= yO) 22 - 
d d 2d 
Those wavelengths will be missing for which 
hy 3hy Shy 
a a 
2 
A, =2Ax= cs 
d 
2 
ny =2de 8? 
3 3d 
2 
5, <2? 
5 Sd 


Therefore, the correct options are (a) and (c). 


© Example 32.8 Bichromatic light is used in YDSE having wavelengths 
4, =400 nmandi, = 700nm. Find minimum order of bright fringe of X, which 
overlaps with bright fringe of i.. 


Solution Let n, bright fringe of A, overlaps with 1, bright fringe of 2,. Then, 
nmA,D _1,h,D ger ite A, 700 _ 7 


+6 hy <Ag 
+3 +5 4 < @2 


The ratio “1 -1 implies that 7th bright fringe of 4, will overlap with 4th bright fringe of 2. 
Ny 


Similarly, 14th of 4, will overlap with 8th of 4, and so on. 
So, the minimum order of 4, which overlaps with A, is 7. 
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Note /n the above example, 


n 7 14 21 
—=—,— ,— ete. 
mn 4 8 12 


So, to overlap maximas, we can take either of the ratios - or “ or etc. 


But in the next example, we will see that if we wish to overlap minimas we cannot take each successive 
ratio. The reason behind this is that order of fringe n (whether it is order of maxima or minima) should 
always be an integer. 


© Example 32.9 In YDSE, bichromatic light of wavelengths 400 nm and 560 nm 


are used. The distance between the slits is 0.1 mm and the distance between the 
plane of the slits and the screen is 1 m. The minimum distance between two 
successive regions of complete darkness is (JEE 2004) 


(a)4mm (b) 5.6 mm (c) 14mm (d) 28 mm 
Solution Let nth minima of 400 nm coincides with mth minima of 560 nm, then 
(2n-1)A,D_ (2n-1)A,D 
2d 2d 
400 560 

or (2n 02} - amv) 

2n-1_7_ 14 21 

2m-1 5 10 15 


If we take the first ratio, then n = 4 and m = 3. 
If we take the second ratio, then n = 7.5and m=5.5. 
This is not acceptable. If we take the third ratio, then n =11 and m=8 
i.e. 4th minima of 400 nm coincides with 3rd minima of 560 nm. 
Location of this minima is 

(2x 4 —1)(1000)(400x 10°° ) 

va = 
2x 0.1 


=14mm 


Next 11th minima of 400 nm will coincide with 8th minima of 560 nm. 
Location of this minima is 
_ (2x 11—1)(1000)(400 x 1G ) 


=42 mm 
a a0 


Required distance = y, — y, = 28mm Ans. 
The correct option is (d). 


Path Difference Produced by a Slab 


Consider two light rays 1 and 2 moving in air parallel to each other. Ifa slab of refractive index u and 
thickness ¢ is inserted between the path of one of the rays, then a path difference 


Ax=(u—l)t ...(i) 
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is produced between them. This can be shown as under, oat 
Speed of light in air =c 1 : 4 
Speed of light in medium = ial 
mM Ax 
t ut 2 : ‘ 
Time taken by ray | to cross the slab, t =—=— : 
c/u Cc Fig. 32.13 


and time taken by ray 2 to cross the same thickness ¢ in air will be, 


t 
tr=—- as ft, >t, 
c 


Difference in time At=t, —t, =(u-1) f 
c 


During this time ray 2 will travel an extra distance, Ax = (At) c= (u — 1) ¢, which is same as Eq. (1). 
EXERCISE 1 A slab of thickness ¢ and refractive index 1, is kept in a medium of refractive index 


ll, K p>). Prove that, if two rays parallel to each other passes through such a system, with one ray 
passing through the slab, then the path difference produced between them due to the slab will be: 


ax=(#2-a)i 
Hy 


EXERCISE 2 


| 
Yt 


Fig. 32.14 


In the figure shown, a is the incident ray, eis reflected from top surface of the slab but d comes after 
reflecting from bottom surface. Then, prove that path difference between e and d is 


Ax =2 ut 
Shifting of Fringes 


Suppose a glass slab of thickness ¢ and refractive index pu is inserted p 
onto the path of the ray emanating from source S,, then the whole fringe 


(u —1) 1D 


pattern shifts upwards by a distance . This can be shown as 


k— «——-+>| 


under, 


Geometric path difference between S,P and S,P is 


D Fig. 32.15 
Path difference produced by the glass slab, 


Ax, =(u—1t 
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Note Due to the glass slab path of ray 1 gets increased by Axo. 
Therefore, net path difference between the two rays is, 


Ax = Ax, — Ax, or ax= qin 


For n order maxima on upper side, Ax =nk 

yd 
or —-(u-lt=ndr 

7 (u-1) 

ee nX.D (u—1)tD = 
d d 
Earlier without slab it was dal 
Shift = ao (ii) 


Following three points are important with regard to Eq. (ii). 

(a) Shift is independent of n, (the order of the fringe), i.e. 

shift of zero order maximum = shift of 7th order maximum 
or — shift of 5th order maximum = shift of 9th order minimum and so on 
(b) Shift is independent of A, 1.e. if white light is used then, 
shift of red colour fringe = shift of violet colour fringe 
shift 
fringe width 
_(u-)tDid_(u-t 
AD/d Xr 

These numbers are inversely proportional toi. This is because shift is same for all colours but fringe 
width of the colour having smaller value of 4 is small, so more number of fringes will shift for this 
colour. 


(c) Number of fringes shifted = 


© Example 32.10 In YDSE, find the thickness of a glass slab (u = 1.5) which 
should be placed in front of the upper slit S, so that the central maximum now 
lies at a point where 5th bright fringe was lying earlier (before inserting the 
slab). Wavelength of light used is 5000 A. 


Solution According to the question, 
Shift = 5 (fringe width) 


(u—1)tD_ 5AD 
_ ae 2 
_ 5% _ 25000 
“pi 15=1 


=50000A Ans. 
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© Example 32.11 Interference fringes are produced by a double slit arrangement 
and a piece of plane parallel glass of refractive index 1.5 is interposed in one of 
the interfering beam. If the fringes are displaced through 30 fringe widths for 
light of wavelength 6 x 10° cm, find the thickness of the plate. 
Solution Path difference due to the glass slab, 
Ax =(u— Ut 
Thirty fringes are displaced due to the slab. Hence, 
Ax=30A => (u—1t=300 
, = 30K _ 30x 6x10” 


re | 
=3.6x 10° cm Ans. 
INTRODUCTORY EXERCISE 


1. Explain why two flashlights held close together do not produce an interference pattern on a 
distant screen? 

2. Why it is so much easier to perform interference experiments with a laser than with an ordinary 
light source? 

3. In YDSE, D=1.2 m and d =0.25 cm, the slits are illuminated with coherent 600 nm light. 
Calculate the distance y above the central maximum for which the average intensity on the 
screen is 75% of the maximum. 

4. Slit 1 of a double slit is wider than slit 2, so that the light from slit 1 has an amplitude three times 


29 


that of the light from slit 2. Show that equation / =/,,,, cos“ — is replaced by the equation, 


2 
[= (‘== (1 +3cos? *) 
4 2 


5. In a two-slit interference pattern, the maximum intensity is /o. 
(a) Ata point in the pattern where the phase difference between the waves from the two slits is 
60°, what is the intensity? 
(b) What is the path difference for 480 nm light from the two slits at a point where the phase 
angle is 60°? 
6. Two waves of the same frequency and same amplitude ‘a’ are reaching a point simultaneously. 
What should be the phase difference between the waves so that the amplitude of the resultant 
wave be: 


(i) 2a (ii) V2a (ili) a (iv) zero 


32.5 Introduction to Diffraction 


When light waves pass through two slits in YDSE, an interference pattern is observed rather than a 
sharp spot of light. This behaviour indicates that light, once it has passed through the aperture, 
spreads beyond the narrow path defined by the aperture into regions that would be in shadow if light 
travelled in straight lines. Other waves, such as sound waves and water waves, also have this property 
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of spreading when passing through apertures or by sharp edges. This phenomenon, known as 
diffraction, can be described only with a wave model for light. 


(a) (b) 


Fig. 32.16 (a) If light waves did not spread out after passing through the slits, no interference would occur 
(b) The light waves from the two slits overlap as they spread out, filling what we expect to be shadowed 
regions with light and producing interference fringes. 


In general, diffraction occurs when waves pass through small openings, around obstacles, or past 
sharp edges. As shown in figure, when an opaque object is placed between a point source of light and 
a screen, no sharp boundary exists on the screen between a shadowed region and an illuminated 
region. The illuminated region above the shadow of the object contains alternating light and dark 
fringes. Such a display is called a diffraction pattern. 


Viewing 
screen 


L- 
ee eee 
So 
Source 
Opaque object 


Fig. 32.17 Light from a small source passes by the edge of an opaque object. 
We might expect no light to appear on the screen below the position of the edge 
of the object. In reality, light bends around the top edge of the object and enter 
this region. Because of these effects, a diffraction pattern consisting of bright 
and dark fringes appears in the region above the edge of the object. 


In this chapter, we restrict our attention to Fraunhofer diffraction, which occurs, for example, when 
all the rays passing through a narrow slit are approximately parallel to one another. This can be 
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achieved experimentally either by placing the screen far from the opening used to create the 
diffraction or by using a converging lens to focus the rays once they pass through the opening, as 
shown in Fig. 32.18. 


Slit 


Incoming 
wave 


Viewing screen 


Fig. 32.18 Fraunhofer diffraction pattern of a single slit. 


32.6 Diffraction from a Narrow Slit 


Until now, we have assumed that slits are point sources of light. In this section, we abandon that 
assumption and see how the finite width of slits is the basis for understanding Fraunhofer diffraction. 


5 
4 
3 
2 


Fig. 32.19 Diffraction of light by a narrow slit of width a. Each portion of the slit acts as a 
point source of light waves. The path difference between rays 1 and 3 or between rays 2 
and 4 is (a/2) sin 0 (drawing not to scale). 


We can deduce some important features of this phenomenon by examining waves coming from 
various portions of the slit, as shown in Fig. 32.19 According to Huygens’s principle, each portion of 
the slit acts as a source of light waves. Hence, light from one portion of the slit can interfere with 
light from another portion, and the resultant light intensity on a viewing screen depends on the 
direction 0. 
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To analyze the diffraction pattern, it is convenient to divide the slit into two halves, as shown in 
Fig. 32.19. Keeping in mind that all the waves are in phase as they leave the slit, consider rays | and 3. 
As these two rays travel toward a viewing screen far to the right of the Fig. 32.19, ray | travels farther 
than ray 3 by an amount equal to the path difference (a/2) sin 0, where a is the width of the slit. 
Similarly, the path difference between rays 2 and 4 is also (a/2) sin 0. If this path difference is exactly 
half a wavelength (corresponding to a phase difference of 180°), then the two waves cancel each other 
and destructive interference results. This is true for any two rays that originate at points separated by 
half the slit width because the phase difference between two such points is 180°. Therefore, waves from 
the upper half of the slit interfere destructively with waves from the lower half when 

“ sin 0 a! or when anes” 

2 2 a 
If we divide the slit into four equal parts and use similar reasoning, we find that the viewing screen is 


also dark when 


ines 
a 


Likewise, we can divide the slit into six equal parts and show that darkness occurs on the screen when 


ane" 
a 


Therefore, the general condition for destructive interference is 


mean” marl 2S. cx. ...() 
a 

This equation gives the values of 9 for which the diffraction pattern has zero light intensity—that is, 
when a dark fringe is formed. However, it tells us nothing about the variation in light intensity along 
the screen. The general features of the intensity distribution are shown in Fig. 32.20. A broad central 
bright fringe is observed; this fringe is flanked by much weaker bright fringes alternating with dark 
fringes. The various dark fringes occur at the values of @ that satisfy Eq. (i). Each bright fringe peak 
lies approximately halfway between its bordering dark fringe minima. Note that the central bright 
maximum Is twice as wide as the secondary maxima. 


Yo  sin@=2)/a 


) 
ah ane 
r 
a 8 0 sin6@=0 
t 
+ L 


-y, sinOd=—-Na 


-Y2 sin@=-2A/a 


Viewing screen 


Fig. 32.20 Intensity distribution for a Fraunhofer diffraction pattern from a single slit of width a 
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Intensity of Single Slit Diffraction Patterns 


We can use phasor to determine the light intensity distribution for a single slit diffraction pattern. The 
proof is beyond our syllabus, we are just writing here the intensity at angle 0. 


. 2 
f=i, = Be 


B/2 
Hee: B _tasin 6 
2 Xr 
a in 0/2) 2 
sin (ma sin 
or =I ad (at angle 0) 
(ma sin 8)/r 
Here, J is the intensity at 9 =0° (the central maximum). 
From this result, we see that minima occurs when 
Ta sin @ 
—— = MT 
Xr 
: Xr 
or sin 8 =m— m=+1,+2,... 
a 
This is in agreement with Eq. (1). 
Note Thatsin ®=0, corresponds to central maxima while ae = 7, corresponds to first minima. 
AT 
Io 
_B 
—2n —1 T 2n 2 
Fig. 32.21 


© Example 32.12 A beam of light of wavelength 600 nm from a distant source 
falls on a single slit 1.0 mm wide and the resulting diffraction pattern is 
observed on a screen 2 m away. What is the distance between the first dark 
fringe on either side of the central bright fringe? 


Solution For the diffraction at a single slit, the position of minima is given by 
dsin 9=nd 
For small value of 0, 


sin 0x9 =2 
D 


te gS 
D d 
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Substituting the values, we have 
2x 6x 107 
~ 4K108 
=1.2% 107 m 
=1.2 mm 


.. Distance between first minima on either side of central maxima = 2y =2.4 mm Ans. 


© Example 32.13 A parallel beam of monochromatic light of wavelength 450 nm 
passes through a slit of width 0.2 mm. Find the angular divergence in which 
most of the light is diffracted. 


Solution Most of the light is diffracted between the two first order minima. These minimas 
occur at angle given by 


dsin0=+ndr 
sin 9@=+ A 
d 

__, 450x 10° 

~ 02x 10° 


=+2.25x 10° rad 


‘. The angular divergence =4.5x 10° rad. Ans. 
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Final Touch Points 


1. In YDSE, if one slit is closed then we will not get interference on screen and intensity at every point is 
almost uniform (= /,) and this is due to only one slit. 


2. In YDSE, if both sources are incoherent, then again we will not get interference and intensity at every 
point is again uniform (=/,+/, or 2]/p). 

3. In YDSE, if width of one slit is slightly increased then |ja, AN Ini, Doth will increase. This is because 
intensity due to the slit of increased width will increase or 


1, =I but lo =nlp (where n > 1) 
. hin = (Vly — lo)? > 0 
and hay =e alb) Sly 


4. Shape of fringes oncomplete screen Until now, we have discussed the fringe pattern on the centre 
line of the screen. On this centre line maximas (like Yo, Y;, Yo etc. ) or minimas (like y;, Y» etc.) are just 
points. But on the whole screen fringes make a curve and this curve is a locus of points where path 
difference from two slits is a constant. Or 


Ax =S,P -S,P=C ..-(i) 
C =0, gives Yo fringe. Similarly, C = + A gives Y, or Y,' fringe etc. 


Now on the centre line, Ax was a function of only one variable coordinate y [ax = x) . But on the 


whole screen it will become a function of two variable coordinates (say y and z). Therefore, Eq. (i) 
becomes 

Ax =f(y,Z)=C (ii) 
After proper calculations, we can show that this comes out to be a family of M 
curves of hyperbolas. Thus, on the complete screen, fringes are of the shape of 
hyperbolas. 


For C =0, this hyperbola converts into a straight line. Hence, only Yo fringe is a 


straight line. The fringe pattern is as shown in figure. : 

MN is the centre line of screen, ; 
onYo fringe, Ax =S,;P-S,P=0 ee 
on Y; fringe, Ax =S,P-5,P=1 N ; 
on Y,' fringe, Ax =S,P—S,P= and soon 


5. Types of diffraction The diffraction phenomenon is divided into two types. Fresnel diffraction and 
Fraunhofer diffraction. In the first type either source or screen or both are at finite distance from the 
diffracting device (obstacle or aperture). In the second type both source and screen are effectively at 
infinite distance from the diffracting device. Fraunhofer diffraction is a particular limiting case of 
Fresnel diffraction. 


6. Difference between interference and diffraction Both interference and diffraction are the results of 
superposition of waves, so they are often present simultaneously as in Young’s double slit 
experiment. However, interference is the result of Superposition of waves from two different 
wavefronts while diffraction results due to superposition of wavelets from different points of the same 
wavefronts. 


Solved Examples 


TYPED PROBLEMS 
Based on YDSE 
Note Unless mentioned in the question consider two sources S, and Sy as coherent. 
Type 1. Based on interference by thin films 


Concept 


Interference effects are commonly observed in thin films, such 
as thin layers of oil on water or the thin surface of a soap 
bubble. 
The varied colours observed when white light is incident on 
such films result from the interference of waves reflected from 
the two surfaces of the film. 
Consider a film of uniform thickness t and index of refraction 
u, as shown in figure. Let us assume that the light rays 
travelling in air are nearly normal to the two surfaces of the 
film. To determine whether the reflected rays interfere 
constructively or destructively, we first note the following 
facts. 

(i) The wavelength of light in a medium whose refractive 

index is ul, is 


where, Ais the wavelength of light in vacuum (or air). 


180° phase 


change —_—No phase 


change 
1 
2 


Air Hair > Hfilm 


Air 


(ii) If a wave is reflected from a denser medium, it undergoes a phase change of 180°. Let 
us apply these rules to the film shown in figure. The path difference between the two 
rays 1 and 2 is 2t while the phase difference between them is 180°. Hence, condition of 
constructive interference will be 


x 
2t=(2n — 1) —— (n =1, 2, 3,...) 
or 2ut-(n-3)} [as Au -+) 
2 ul 
Similarly, condition of destructive interference will be 
2ut=nar (= 0312.55) 


are interchanged. 


Note Where there is a phase difference of x between two interfering rays, conditions of maximas and minimas 
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© Example 1 Calculate the minimum thickness of a soap bubble film (u = 1.33) 
that results in constructive interference in the reflected light if the film is 
illuminated with light whose wavelength in free space is } = 600 nm. 

Solution For constructive interference in case of soap film, 


aut=(n—2)a (n =1, 2, 3,...) 
For minimum thickness t, n = 1 
or gies” or pate at 
2 4u 4x1.33 
=112.78 nm Ans. 


© Example 2 In solar cells, a silicon solar cell (u = 3.5) is coated with a thin film 
of silicon monoxide SiO (u = 1.45) to minimize reflective losses from the surface. 
Determine the minimum thickness of SiO that produces the least reflection at a 
wavelength of 550 nm, near the centre of the visible spectrum. Assume 
approximately normal incidence. 


Solution The reflected light is a minimum when rays 1 and 2 (shown in figure) meet the 
condition of destructive interference. 


180° phase 
change 


180° phase 
change 


Note Both rays undergo a 180° phase change upon reflection. The net change in phase due to reflection is 
therefore zero, and the condition for a reflection minimum requires a path difference of d,,/2. Hence, 


r x 550 
2t= or ¢=— =—_ 
2u 4u 4(1.45) 
=94.8 nm Ans. 


Type 2. Based on conditions of maxima or minima 


Concept 
(i) In the problems of YDSE, our first task is to find the path difference. Let us take a 
typical case. In the figure shown, path of ray 1 is more than path of ray 2 by a distance, 
Ax, =dsina 
and Ax, = (4, -lt, 
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and path of ray 2 is greater than path of ray 1 by a distance, 
Axs Ae and Ax, =(,. —1) ty 
Therefore, net path difference is 
Ax = (Ax, + Axy) ~ (Ax3 + Ax,) 


P 
y 
d O 
AX; ms 
ra d<<D 

(ii) Once the path difference is known, put 
Ax =n (for maximum intensity) 
and Ax = (2n — 1) : (for minimum intensity) 


Note /f medium is not air or medium is different on two sides of the slits, then for conditions of maxima/minima 
phase difference between two interfering beams is more important rather than the path difference. For 
phase difference, we will use 


ab or ==" (Ax) 
Here, i is the wavelength in that particular medium. 


© Example 3 Distance between two slits is d. Wavelength of light isi. There is a 
source of light S behind S, at a distance D,. A glass slab of thickness t and 
refractive index «1 is kept in front of S,. Find 


A<<d<D, or Do 


(a) Net path difference at point P at an angular position 0. 

(b) Write the equation for finding two angular positions corresponding to second order 
minima (yo and yo! ). 

(c) If 8 in part (b) does not come out to be small, then find two y-coordinates corresponding 
to them. 
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Solution (a) Ax, =SS, -SS,= Keene) [Using Ax = *) 
D, D 
d? 
“3p, 
Ax, = d sin 0 
Ax, =(u -1)t 
AXnet = (Ax, + Ax) ~ Ax, 
2 
{5 (u -t}~dsin 0 


(b) Corresponding to second order minima, net path difference should be a .So, let 6; and 0, be the 


two angular positions, then 


and dsin 0, | 


From these two equations, we can find 6, and 0. 


(c) Even if @is not small, we can write 


tan 9=— 
Dy, 
* y =D, tan 0 
Therefore, two y-coordinates are 
y, = Dy tan 0, 
and yo = Dy tan 0, 


© Example 4 In the figure shown, a parallel beam of light (of wavelength i, in 
medium \1,) ts incident at an angle 0. Distance S,O = S,O. Distance between the 
slits is d. 


Using d =1 mm, D=1m, 0 = 30°, A, =0.8 mm, u,= 4/3 and pt, =10/9, find 

(a) the y-coordinate of the point where the total phase difference between the interfering 
waves is zero. 

(b) If the intensity due to each light wave at point O is In, then find the resultant intensity 
at O. 

(c) Find y-coordinate of the nearest maxima above O. 
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Solution (a) Wavelength of light in air, 
Ag =HyA, =0.4 mm 
Wavelength of light in medium-2, 


Let net path difference at some angle o is zero, then 
Ag + Ad, =0 
or an (Ax,) + an (Ax) =0 
Ay ho 
AX, Ax. 
dsinO0 dsina 


or 1 =0 
4 he 


or 0 


: Ao. 
sin a =—-—2 sin 0 


1 
=e ve es 
0.4 2 
a ~—26.74° 
y=Dtana 
= (1 m) tan (—-26.74° ) 


= _i m Ans. 


(b) At O, net phase difference, 


aot (d sin 0) 
ry 


2 : 
= — (1) sin 30° 
0.38 ") 
= cull = 600° 
3 
Using the equation IT=41, cos” £ we have 
I=4 1, cos” (800°) 
Sy, Ans. 
(c) At O, phase difference Ad, is J which is greater than2 x but less than 47. So, to make it 4 x, we 
must have 
Ad + Ady = 41 
10x 2 


Ad, = 40 -—— = — 
3 3 
20 


Qn 20 ’ 
Ad =— =— (Ax,) =— (d 
Oo) 3 a, X5) 1, sin a) 
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j Ay 0.86 
or sina =—== =0.12 
3d 3x1 
5 a ~6.89° 
Now, y=Dtana 
= (1m) tan 6.89°) 
=0.12m Ans. 


Type 3. Based on the concept of Ax = dcos0@ and number of maxima or minima on the screen 


Concept 
(i) If the slits are vertical [as in figure (a)], path difference is 
Ax = dsin@ 

P 
S; 

z O 
So 

Screen Screen 


(a) (b) 


This path difference increases as 0 increases. Hence, order of fringe (d sin® = nA or 
dsin@,. : 
n =——— ) increases as we move away from point O on the screen. 
Opposite is the case when the slits are horizontal [ as in figure (b)]. Here, path 
difference is 
Ax = dcos0 


_ cet 
Xx 


This path difference decreases as 0 increases. Hence, order of fringe [n 


decreases as we move away from point O. 
See the figure below, 


tn=7 
| +n=2 d= 10% (given) +n=8 
Ss t+n=1 +n=9 
t ‘| 

d | n=0 FE Pe n=10 

‘: S, 1 2 

| Kd 

n= 2sin® n= 008 8 
Xr Xr 


n=Oat0=0° n=10at0=0° 
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(ii) Sometimes maximum number of maximas or minimas are asked in the question which 
can be obtained on the screen. For this, we use the fact that value of sin 0 (or cos 8) can’t 
be greater than 1. For example, in the first case when the slits are vertical, 


dsinO=nd or sin0= “ (for maximum intensity) 
sin $1 
nr d 
—+t+1 or n}— 
d ‘ . x 


Suppose in some question is 4.6, then total number of maximas on the screen will 


be 9. Corresponding to n = 0,+1,+ 2,+ 8and+4. 
(iii) Number of maximas or minimas are normally asked when (is of the order of d. In this 
case, fringe size will be large and limited number of maximas and minimas will be 


obtained on the screen. If << d,then fringe size [o = 2) is very small (of the order of 


um). So, millions of fringes can be obtained on the screen. So, number of maximas or 
minimas are normally not asked. 


(iv) If d << D, then we can apply 
Ax=dsin0 or dcos0 
If 6 is large, then we cannot use the approximation 


sin @ ~ tan0 => or Ax = 2% 
D D 
But we can use tan =< or y=Dtand 


© Example 5 In the YDSE apparatus shown in figure, d << D and d =6. Find 


Screen 


(a) total number of maximas and minimas on the screen 
(b) two y-coordinates corresponding to third order maxima 
Solution (a) In the given set up, d << D 
Therefore, we can apply 
Ax = dsin 0 
(AX) min =O at 8=0° and 
(AX) max =6% at 0 =90° 
Therefore, total number of maximas are eleven corresponding to, 
Ax =0,+A,+ 24,4 32,4 44 and +52 
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Note Ax=6)will also produce maxima but it is corresponding to 8 = 90° and in the figure, we can see that 
6 =90° point lies outside the screen. So, we will have to ignore this maxima. Similarly, total number of 
minimas are twelve corresponding to : 

Ax=+0.52,+1524,4254,+3.54,4452% and +552 


(b) Third order minima lies at 


Ax=+32X 
dsinO=+3A or 6AsinOd=+8A 
or sin = +> or §8=+30° 
Now, + =tan0 and y= Dtan0 
D 
y=+ Dtan30° or ee Ans. 


‘« D Screen 


(a) total number of maximas and minimas on the screen 
(6) y-coordinates corresponding to minima nearest to O. 
Solution (a) In the given set up, d << D, therefore we can use 
Ax = d cos 0 
(AX) min =O at 0=90° 
(Ax) =d=4i at 0=0° 
Therefore, total number of maximas are eight corresponding to 
Ax=+4A,+382,+22 and +A 


max 


Note Ax =Oalso produce maxima. But this is corresponding to 8 = 90°, which does not lie on screen. 
Similarly, total number of minimas are eight corresponding to 
Ax=+3.5A,+2.52,+1.5Xand+0.5A 
(b) Minima nearest to O are corresponding to 


Ax=+3.52 
# dcos0=+3.5% or 4A cos0=+3.5A 
or 6=+cos? ook or 90=+ cos-'(7) 
4X 8 


=tanOd => y=Dtand 


y=+ Dtan {eos 6) Ans. 


Now, 


BI< 
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© Example 7 There is a large circle (not a screen this time) around two coherent 
sources S, and S, kept at a distance d = 3.42. 


(a) Find total number of maximas on this circle. 
(6) Four angular positions corresponding to third order maxima on this circle. 
Solution (a) Since, radius of circle << d, therefore we can apply 
Ax = d cos 0 
Corresponding to given figure 
(AX) min =O at 0=90° 
and (AX) max = @=3.4i% at 0=0° 


max 


Note This time, 8 =90° lies on the circle. Therefore, Ax =0 corresponding to zero order maxima lie on circle (two 
in numbers). Hence, the total number of maximas are fourteen as shown below. 


At B, 
At P,, 
At P,, 
At Py; Ax =0 
(b) Corresponding to third order maxima, (At B) 

Ax=3iX 
or dcos0=3i 
or 3.4 cos0=3X 

@=cos* =a] Ans. 
3.4 


Four angular positions are as shown in figure. 
Note At0=0°, Ax=d =3.4X So, this is neither a maxima nor a minima. 


Exercise Find number of minimas on the circle in the above problem. 
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Type 4. When one of the interfering rays is reflected from a denser medium 


Concept 


In the shown figure, a virtual image S. is formed of the real source S,. Further, i << d << D. 
At any point P on the screen two rays interfere. One is direct from S, and other is reflected 


(or we can assume that it comes from S,) from a denser medium. So, they will have a phase 
difference of x or 180° between them. 


M 


O 


l— Screen 


Whenever there exists a phase difference of x between the two interfering beams of light, 
conditions of maxima and minima are interchanged, i.e. 


Ax =n (for minimum intensity) 
and Ax =(2n — 1) V2 (for maximum intensity) 


Further, PQRM is the field of view corresponding to S, and the plane mirror. Or all 


reflected rays fall on this region. So, interference will be obtained only between M and Ron 
the screen. Fringe width is still, 


X.D 
oO = — 
d 
Total number of fringes obtained on the screen will be 
vat 
@ 
Suppose OPis y= ue (where, nis an integer) 
=no 


and P lies between M and R, then it will become a dark fringe because conditions of 
maxima and minima have been interchanged. 


© Example 8 A source of light of wavelength 5000 A is placed as shown in figure. 
Considering interference of direct and reflected rays, determine the position of the 
region where the fringes will be visible and calculate the number of fringes. 


L 
ie 
1mm 
Pai hes WUITITITTT O 
Mirror 
e 5cm he 5cm »<190 cm 7 


M 
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Solution Interference will be obtained between 
direct rays from S and reflected rays from S’ (image 
of S on mirror). 


Since, the reflected rays will lie between region P and 
Q on the screen. So, interference is obtained in this 
region only. From geometry will can show that, 


OP=1.9cem and OQ=3.9cm 


PQ=2cm Ans. 
Fringe width , o = = ae ee cm =0.05 cm 
Total number of fringes in the region PQ, 
N= ze oe 40 Ans. 


Type 5. Based on conditions of double interference 


Concept 


On screen-1 interference takes place first time and intensity varies between 0 and 41. 
There are further two slits on screen-1 at S, and S,. Therefore, second time interference 
takes place on screen-2 due to two rays of light from S, and S4. 


s,l 


S4 


Screen-1 ae 


© Example 9 Consider the situation shown in figure. The two slits S, and S, 
placed symmetrically around the centre line are illuminated by a monochromatic 
light of wavelength X. The separation between the slits is d. The light transmitted 
by the slits falls on a screen M, placed at a distance D from the slits. The slit S, is 
at the centre line and the slit S,is at a distance y from S,. Another screen My, is 
placed at a further distance D away from M,. Find the ratio of the maximum to 
minimum intensity observed on My,if y is equal to(d << D) 


| | 
S4 a 
— Ss 
oo Vy 
Ss 
__. 4 Ss 3 
M M. 
Ik D >+ : D >| 2 
X.D A.D X.D 
(a) —— (b) —— (c) —— 


Chapter 32 Interference and Diffraction of Light * 227 


Solution S,S, =S,.S; 
.. Axat Ss is zero. Therefore, intensity at S, will be 4J). Let us call it J,. Thus, 
Is, = T, = 41 
Now, Ig, (or I2) depends on the value of y. 


i Wheay= 2” 


2d 
ge" = 
D 2 
Tg, = 2=0 
2 
or Poa Re . eB =1 Ans. 
Linin fh - JI, 
@) When yo? 
d 
me kad =); 
D 
Ig =1,=4Ip 
2 
dies nia - JI, 
XD 
Wh = 
(c) When y Ad 
nes ay 
D 4 
= Ad = 6 = 90° 
Ty, = 1, =4Iy cos S =2]5 
2 
I I 
or Fax. Re 7 e =34 Ans. 
Linin ahi - JI, 


© Example 10 Consider the arrangement shown in figure. By some mechanism, 
the separation between the slits S,and S, can be changed. The intensity is 
measured at the point P which is at the common perpendicular bisector of S,S, 


and S,8,. When z= ~~ the intensity measured at P is I. Find the intensity when 


z is equal to 


| 
rt Sy S3 
{EH 
ee & ‘ 
— D———_ D——— 
38DA 2Dir 
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. z 
Solution | ys,|=|9s,|= ri (say) 


When ak Z Di 
2d 2 4d 
fhe 

D 4 


: rn. igs. 8 
and we have seen in the above example that, at Ax = z intensity 1s 215. 


Ts, = Ig, = 21 
Now, P is at the perpendicular bisector of S,S,. Therefore, intensity at P will be four times of 
2Ip or 81. 
: 81, =I (Given) 
Hence, I,= i 
8 
(a) When z= om 
d 
262% 
a9 Od 
Ax = a = x 
D 2 
or Is, = Is, = 0 
Hence, Ip =0 Ans. 
3Dxr 
b) When =—— 
1 ed 
Zz 3Dir 
2 4d 
Ax = yd = en 
D 4 
2a 3m 
Ao or = — (Ax) = — 
) ) 7 (Ax) : 
Using I =4I, cos” : 
We have, Ig, = Ig, = 21 
Ip =4(21p) =8Ip=1 Ans. 
(c) When z = 2m 
d 
_2_Dh 
"2d 
Ax = oe =X 
D 
Ts, = Ig, = 41 


Ip =4(41,) =16 Ip =21 Ans. 
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Type 6. When no approximation can be taken in finding the path difference 


Concept 
If Dis not very very greater than d, then we cannot apply Ax =d sin 8 or dcos0 or ia In 


this case, we will have to find the path difference by using geometry. 


© Example 11. Two coherent point sources S, and S, emit light of wavelength i. 
The separation between sources is 24. Consider a line passing through S, and 
perpendicular to the line S,S,. What is the smallest distance on this line from S, 
where a minimum of intensity occurs? 

Solution AtS,, Ax =2h P 
Therefore, the minima closest to S, will be corresponding to the path 
difference Ax = a Suppose this point is P at a distance y from S,. Then, 


SP -S,P ==" 


Ss Ss 
19?+ 68,7 - y= ne 
or Vy? + QA)? = (» + 5] 


2 
Squaring and then solving this equation, we get 
7X 


mets Ans. 
12 


y= 


Type 7. Based on single slit diffraction 


© Example 12 A screen is placed 50 cm from a single slit, which is illuminated 
with 6000 A light. If distance between the first and third minima in the 
diffraction pattern is 3.0 mm, what is the width of the slit? 
Solution Position of first minima on a single slit diffraction pattern is given by 
dsin 0=nzr 


For small value of 0, sin 0 = 0= 7 


er or Pe Las 
D 


d 
Distance between third order minima and first order minima will be 
_ (8-1) Q@D)_ 2AD 
d d 


Ay=93 — 4 


Substituting the values, we have 
_ 2) 6x10) ©.5) 
3x10° 
=2x10‘m 
=0.2 mm Ans. 


Ay 
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© Example 13 Ina single slit diffraction experiment first minima for ),= 660 nm 
coincides with first maxima for wavelength i... Calculate the value of i4. 
Solution Position of minima in diffraction pattern is given by 
dsin 0=nzr 
For first minima of ,, we have 
d sin 0, = (1) A, 


or sin 0, =“ ..-(i) 


The first maxima approximately lies between first and second minima. For wavelength A, , its 
position will be 


; 3Xn _ 
sin 0, = —# (AL 
2 OG (ii) 
The two will coincide if 
0, = 02 
or sin 0, =sin 0, 
Ay _ Shy 
d 2d 
2 
or Ag = 3 AY 
7 Z x 660 nm 
=440 nm Ans. 


Miscellaneous Examples 


© Example 14 Figure shows three equidistant slits illuminated by a 
monochromatic parallel beam of light. Let BP, — AP) =4/3 and D>>ix 


Se = 

| —_— 
— B 

iT 
_. Ja Py 


D 
(a) Show that d =.{/2XD/3 
(b) Show that the intensity at P, is three times the intensity due to any of the three slits 
individually. 
Solution (a) Given, BP, - AP, =4/3 


{D2 + #-D-* 
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or {D* + da’ -(D+ 5 


Squaring both sides, we get 


2 2Dr 
+ 
9 3 


D? +d? =D? +4 


? Shes ’ 
Since 4 << D, we can ignore the term By ignoring this term, we get the desired result. 


qa (22? 
3 
r 
(b) Given, BP, — AP) = Ax» = S 
2 Abs or =120° c= 
d 
Now, CP) - AP) = Ang = (2d)? + D? -D 3 


_ 2d” 
D 
Substituting, d = Ee or d2a 2a? 
3 3 
4 
We get, Any =—h 


3 
4 
Aly Or ds = 5 660°) = 480° 
= 480° - 360° = 120° 


Now, we know that in case of coherent sources amplitudes are first added by vector method. 
So, let individual amplitude is Ap. 


Ao 
Ao 2A0 


120° > 120° 
Ao Ao 
The resultant amplitude will be given by 
A= A? + (2A)? + 2(Ap)(2Ap) cos 120° 
=3 A, 
Ix A? 


and amplitude has become V3 times, therefore resultant intensity will become 3 times. 
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© Example 15 Young's double slit experiment is carried out using microwaves of 
wavelength i. =3cm. Distance between the slits is d =5 cmand the distance 
between the plane of slits and the screen is D=100cm. 
(a) Find total number of maximas and 
(b) their positions on the screen. 


Solution (a) The maximum path difference that can be produced = distance between the 
sources or 5 cm. 


Thus, in this case we can have only three maximas, one central maxima and two on its either 
side for a path difference of 4 or 3 cm. 


(b) For maximum intensity at P, 


SoP—S,P=2r 
or V+ da)? + D? — J(y— da)? + D? = 
Substituting d=5cm, D=100cmandA=38cm we get, 
y=+ 75cm 
Thus, the three maximas will be at 
y=0 
and y=+75cm Ans. 


© Example 16 Two coherent sources are 0.8 mm apart. They are 0.9 m away from 
the screen. The second dark fringe is at a distance of 0.3 cm from the centre. Find 
the distance of fourth bright fringe from the centre. Also, find the wavelength of 


light used. 
Solution Given, d=0.3x10° m, D=0.9m 
— =0.3 x10 em (the distance of second dark fringe) 
MD 0.3 x10) (=) 
d 3 
=0.2 x10" m=0.2 em 
(i) Distance of fourth bright fringe from centre = me =0.8 cm Ans. 


(ii) A= (5 (0.2 x10) m = [sce 


=6.67x107'm Ans. 
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© Example 17 Ina Young’s double slit set up, the wavelength of light used is 
546 nm. The distance of screen from slits is 1 m. The slit separation is 0.38 mm. 
(a) Compare the intensity at a point P distant 10 mm from the central fringe where the 

intensity is Ip. 

(b) Find the number of bright fringes between P and the central fringe. 
Solution Given, 1=546nm=5.46x10'm, D=1.0m and d=0.3mm=0.3x10%m 
(a) Ata distance y=10mm =10 x10™° m, from central fringe, the path difference will be 

_ yd _ (10x10) 0.3 x10) 
D 1.0 

The corresponding phase difference between the two interfering beams will be 


Ax =3.0x10°%m 


= ead (3.0 x 10°) radian 


=Ip cos” (989) 
= 3.0 x 1074 Io Ans. 
AD (6.46 x 107) (1.0) 
= m 
d 0.3 x10° 
= 1.82 mm 


y_ 10 _ 5.49 
o 1.82 
Therefore, number of bright fringes between P and central fringe will be 5 (excluding the 
central fringe). Ans, 


(b) Fringe width, = 


Since, 


© Example 18 Ina double slit pattern (A = 6000 A), the first order and tenth order 
maxima fall at 12.50 mm and 14.75 mm from a particular reference point. If X is 
changed to 5500 A, find the position of zero order and tenth order fringes, other 
arrangements remaining the same. 
Solution Distance between 10 fringes is 
9 = (14.75 — 12.50) mm = 2.25 mm 
Fringe width, @=0.25 mm 
When the wavelength is changed from 6000 A to 5500 A, the new fringe width will become, 


oo! = (2800) ., - (5500) © 95) 
6000 6000 


as fringe width «A 
; o’ =0.23 mm 


The position of central (or zero order) maxima will remain unchanged. Earlier it was at a 
position, 
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Y) =Y, — m= (12.50 — 0.25) = 12.25 mm Ans. 
The new position of tenth order maxima will be 
Yi9 =Yo + 10’ = (12.25) + (10) 0.23) = 14.55 mm Ans. 


© Example 19 Two coherent narrow slits emitting light of wavelength x in the 
same phase are placed parallel to each other at a small separation of 2. The 
light is collected on a screen S which is placed at a distance D(>> i) from the slit 
S, as shown in figure. Find the finite distance x such that the intensity at P is 
equal to intensity at O. 


*P T 
x 

S; Sy | 

@------- @ --------------------- ot 

K-22 

k D - 


Solution Path difference at O, 
S,O-S,0 =2r 


i.e. maximum intensity is obtained at O. Next maxima will be obtained at point P where, 


P 


l 
if 


S,P—SoP=i 
or dcos0=iA 
or 2X cos8=K 
or cos 0 = = 
2 
8 =60° 
Now in AS, PO, PO 456 or 2S en6oPSns 
S,O D 
x= 3D Ans. 


Note At point O, path difference is 21, ie. we get second order maxima. At point P, where path difference is x 
(Le x= 3D) we get first order maxima. The next, i.e. zero order maxima will be obtained where path 


difference, ie. dcos 9=0 or 8=90°. At 8=90° x =~. So, our answer, ie. finite distance of x should be 
x = V3D, corresponding to first order maxima. 
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© Example 20 An interference is observed due to two coherent sources S, placed at 


Note 


origin and S, placed at(0, 3A, 0). Here, i is the wavelength of the sources. A 
detector D is moved along the positive x-axis. Find x-coordinates on the x-axis 
(excluding x =0 and x = ©) where maximum intensity is observed. 

Solution At x=0, path difference is 3 4. Hence, third order maxima will be obtained. At x=, 


path difference is zero. Hence, zero order maxima is obtained. In between, first and second 
order maxima will be obtained. 


| S, _ >X 


First order maxima 


S,P-S,P=2 or yx°+9M-—x=20 or x24 9M H=x40 
Squaring on both sides, we get 
x7 + 90? = x7 4 92 + Qed 
Solving this, we get x=42r 
Second order maxima 
SoP-S,P=20 or Vx2+902?—%=20 or fx2+922 = (x4 20) 

Squaring on both sides, we get 

x7 + O07 = x7 + 407 + Ad 
Solving, we get v= “ X=1.25% 
Hence, the desired x-coordinates are 

x=1.25% and x=4A Ans. 

(i) As we move along positive x-axis (from origin) order of maxima decreases from n =3 ton =0. 
(ii) Here, we cannot take the path difference d cos 8 or d sin ®@ Think why? 


Example 21 Ina Young’s double slit 

experiment, the light sources is at distance 

l, =20 umand 1, = 40 um from the main slit. 

The light of wavelength = 500 nm is incident 

on slits separated at a distance 10 um. A screen 

is placed at a distance D=2 m away from the 

slits as shown in figure. Find 

(a) the values of 8 relative to the central line where kk D > 
maxima appear on the screen? 


(b) how many maxima will appear on the screen? 
(c) what should be the minimum thickness of a slab of refractive index 1.5 placed on the 
path of one of the ray so that minima occurs at C? 
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Solution (a) The optical path difference between the beams arriving at P, 
Ax=(l,-1)+dsin0 
The condition for maximum intensity is 


Ax=nz [n SO 1, +2055 
Thus, sin 0= ; [Ax — (I, — 4 )] = ; [na — (ly — hy] 
S = [n x500 x 10~° — 20 x10] 
10 x10" 
29) 4 
40 
Hence, @=sin +} 2 (¥ — 1 Ans. 
40 
(b) |sin 0| <1 
42 4a = 1| <1 
40 
or —20 < (n — 40) < 20 
or 20<n<60 
Hence, number of maximas = 60 — 20 = 40 Ans. 
; 20 2m 6 
c) At C, phase difference = L. = 20x10 
(©) At C,p »-(2) @-w [aoc] 
=80n 
Hence, maximum intensity will appear at C. For minimum intensity at C, 
x 
-lt== 
(u — 1) . 
-9 
or : 2 ae 500 nm Ans. 


t= 
2u-1 2x05 


Exercises 


LEVEL 1 


Assertion and Reason 
Directions : Choose the correct option. 
(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 


(b) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 
(d) If Assertion is false but the Reason is true. 


1. Assertion : Two identical waves due to two coherent sources interfere at a point with a phase 


difference of = then the resultant intensity at this point is equal to the individual intensity of 
the sources . 


Reason: A phase difference of = is equivalent to a path difference of =. 


2. Assertion: In the figure shown, zero order maxima will lie above point O. 


Reason: Zero order maxima normally means a point where path difference is zero. 


3. Assertion: A monochromatic source of light is placed above a plane mirror as shown in 
figure. Fringes will be obtained at all points above O but not below it on the screen. 


Reason: All reflected rays will suffer a phase difference of 1. 

4. Assertion: If width of one slit in Young’s double slit experiment is slightly increased, then 
maximum and minimum both intensities will increase. 
Reason: Intensity reaching from that slit on screen will slightly increase. 

5. Assertion: If white light is used in place of monochromatic light in YDSE, then central point 
is white, although at other places coloured fringes will be obtained. 


Reason: At centre, path difference is zero for all wavelengths . Hence, all wavelengths will 
interfere constructively. 
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6. Assertion: A glass hemisphere is placed on a flat plate as shown. The observed interference 


10. 


fringes from this combination shall be circular. 


Reason: In all cases fringes are circular . 


. Assertion: Twocoherent sources S, and S, are placed in front of a screen as shown in figure. 


At point P, 10th order maxima is obtained . Then, 11th order maxima will be obtained above P. 


P 


S\¢—*83- 


Reason: For 11th order maxima path difference should be more. 


. Assertion: Distance between two coherent sources S,; andS, is 44. A large circle is drawn 


around these sources with centre of circle lying at centre of S, and S,. There are total 16 
maximas on this circle. 

Reason: Total number of minimas on this circle are less, compared to total number of 
maximas. 


. Assertion: In the YDSE apparatus shown in figure d<<D and Sua, then second order 


maxima will be obtained at 0=30°. 


Reason: Total seven maximas will be obtained on screen. 


Assertion: White light is used in YDSE. Now, a glass slab is inserted in front of the slit S;. 
Then, red fringe will shift less (in upward direction) compared to violet. 


it 


Sy 
Ss 7 


Reason: Refractive index for violet colour will be more. 


Objective Questions 


1: 


Three coherent waves having amplitudes 12 mm, 6 mm and 4 mm arrive at a given point with 
successive phase difference of 2/2. Then, the amplitude of the resultant wave is 
(a) 7mm (b) 10 mm (c) 5mm (d) 4.8mm 


10. 


. Two coherent sources of intensity ratio B” interfere. Then, the value of (I 
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max dl i y Cs, min ) 


is 
(gy 27 ey (nek 


WB B 


ea (d) None of these 


(c) 8B 


. In Young’s double slit experiment, distance between two sources is 0.1 mm. The distance of 


screen from the sources is 20 cm. Wavelength of light used is 5460 A. Then, angular position of 
first dark fringe is approximately 

(a) 0.08° (b) 0.16° 

(c) 0.20° (d) 0.32° 


Young’s double slit experiment is made in a liquid. The tenth bright fringe in liquid lies in 
screen where 6th dark fringe lies in vacuum. The refractive index of the liquid is approximately 
(a) 1.8 (b) 1.54 

(c) 1.67 (d) 1.2 


. A plane monochromatic light wave falls normally on a diaphragm with two narrow slits 


separated by 2.5 mm. The fringe pattern is formed on a screen 100 cm behind the diaphragm. 
By what distance will these fringes be displaced, when one of the slits is covered by a glass 
plate (u = 1.5) of thickness 10 um? 


(a) 2mm (b) 1mm 
(c) 3mm (d) 4mm 
. The distance of nth bright fringe to the nth dark fringe in Young’s experiment is equal to 
ta) 31D (b) 22D 
pee a) 2 
(c) aa ( i ” 


. When YDSE is conducted with white light, a white fringe is observed at the centre of the 


screen. When the screen is moved towards the slits by 5 mm, then this white fringe 
(a) does not move (b) becomes red 
(c) disappears (d) Nothing can be said 


. In Young’s double slit experiment, 60 fringes are observed in the central view zone with light of 


wavelength 4000 A.The number of fringes that will be observed in the same view zone with the 
light of wavelength 6000 A, is 

(a) 40 (b) 90 

(c) 60 (d) None of these 


. Ina two slit experiment with monochromatic light, fringes are obtained on a screen placed at 


some distance from the slits . If the screen is moved by 5x 10” m, towards the slits, the change 
in fringe width is 3x 10° m. If separation between the slits is 10° m, the wavelength of light 


used is 
(a) 6000 A (b) 5000 A (c) 8000 A (d) 4500 A 


The ratio of maximum to minimum intensity due to superposition of two waves is .Then, the 


ratio of the intensity of component waves is 

25 5 25 7 
a) — — c) — d) — 
(a) i (b) ‘i (c) (d) 5 
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11. 


12. 


13. 


With two slits spaced 0.2 mm apart and a screen at a distance of 1 m, the third bright fringe is 
found to be at 7.5 mm from the central fringe. The wavelength of light used is 

(a) 400 nm (b) 500 nm 

(c) 550 nm (d) 600 nm 


A beam of light consisting of two wavelengths 6500 Aand 5200A is used to obtain interference 
fringes in YDSE. The distance between slits is 2 mm and the distance of the screen from slits is 
120 cm. What is the least distance from central maximum where the bright due to both 
wavelengths coincide? 


(a) 0.156 cm (b) 0.812 cm 

(c) 0.078 cm (d) 0.468 cm 

A beam of light parallel to central line AB is incident on the plane of Screen 
slits . The number of minima obtained on the large screen is n,. Now if r 

the beam is tilted by some angle (# 90°) as shown in figure, then the B 
number of minima obtained is ny. Then, 

(a) n= ng (b) ny >ng 

(c) Ng> ny (d) n. will be zero 


Subjective Questions 


Note You can take approximations in the answers. 


1. 


Two waves of equal frequencies have their amplitude in the ratio of 5 : 3. They are 
superimposed on each other. Calculate the ratio of the maximum to minimum intensities of the 
resultant wave. 


. Two coherent sources A and B of radio waves are 5.00 m apart. Each source emits waves with 


wavelength 6.00 m. Consider points along the line between the two sources. At what distances, 
if any, from A is the interference (a) constructive (b) destructive? 


. Aradio transmitting station operating at a frequency of 120 MHz has two identical antennas 


that radiate in phase. Antenna Bis 9.00 m to the right of antenna A. Consider point P between 
the antennas and along the line connecting them, a horizontal distance x to the right of 
antenna A. For what values of x will constructive interference occur at point P ? 


Coherent light from a sodium-vapour lamp is passed through a filter that blocks everything 
except for light of a single wavelength. It then falls on two slits separated by 0.460 mm. In the 
resulting interference pattern on a screen 2.20 m away, adjacent bright fringes are separated 
by 2.82 mm. What is the wavelength? 


. Find the angular separation between the consecutive bright fringes in a Young’s double slit 


experiment with blue-green light of wavelength 500 nm. The separation between the slits is 
2.0x 10° m. 


. A Young’s double slit apparatus has slits separated by 0.25 mm and a screen 48 cm away from 


the slits. The whole apparatus is immersed in water and the slits are illuminated by the red 
light (A= 700 nm in vacuum). Find the fringe width of the pattern formed on the screen. 
(1, = 4/3) 


. Ina double slit experiment, the distance between the slits is 5.0 mm and the slits are 1.0m 


from the screen. Two interference patterns can be seen on the screen one due to light with 
wavelength 480 nm, and the other due to light with wavelength 600 nm. What is the 
separation on the screen between the third order bright fringes of the two interference 
patterns? 


10. 


11. 


12. 


13. 


14. 


15. 


16. 
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. Two slits spaced 0.450 mm apart are placed 75.0 cm from a screen. What is the distance 


between the second and third dark lines of the interference pattern on the screen when the slits 
are illuminated with coherent light with a wavelength of 500 nm? 


. Coherent light with wavelength 600 nm passes through two very narrow slits and the 


interference pattern is observed on a screen 3.00 m from the slits. The first order bright fringe 
is at 4.94 mm from the centre of the central bright fringe. For what wavelength of light will the 
first order dark fringe be observed at this same point on the screen? 


Two very narrow slits are spaced 1.80 um apart and are placed 35.0 cm from a screen. What is 
the distance between the first and second dark lines of the interference pattern when the slits 
are illuminated with coherent light of A=550 nm? (Hint: The angle 0 is not small). 


A narrow beam of 100 eV electrons is fired at two parallel slits very close to each other. The 
distance between the slits is 10 A. The electron waves after passing through the slits interfere 
on a screen 3 m away from slits and form interference fringes. Find the width of the fringe. 


In a Young’s double slit set up, the wavelength of light used is 546 nm. The distance of screen 

from slits is 1 m. The slit separation is 0.38 mm. 

(a) Compare the intensity at a point P distant 10 mm from the central fringe where the intensity 
is Ip. 

(b) Find the number of bright fringes between P and the central fringe. 


Interference pattern with Young’s double slits 1.5 mm apart are formed on a screen at a 
distance 1.5 m from the plane of slits. In the path of the beam of one of the slits, a transparent 
film of 10 micron thickness and of refractive index 1.6 is interposed while in the path of the 
beam from the other slit a transparent film of 15 micron thickness and of refractive index 1.2 is 
interposed. Find the displacement of the fringe pattern. 


In a Young’s double slit experiment using monochromatic light, the fringe pattern shifts by a 
certain distance on the screen when a mica sheet of refractive index 1.6 and thickness 1.964 
microns is introduced in the path of one of the interfering waves. The mica sheet is then 
removed and the distance between the slits and screen is doubled. It is found that the distance 
between successive maxima (or minima) now is the same as observed fringe shift upon the 
introduction of the mica sheet. Calculate the wavelength of the monochromatic light used in 
the experiment. 


Interference effects are produced at point Pon a screen as a result of direct rays from a 500 nm 
source and reflected rays from a mirror, as shown in figure. If the source is 100 m to the left of 
the screen and 1.00 cm above the mirror, find the distance y (in milimetres) to the first dark 
band above the mirror. 


Viewing screen 


P 


Source | 


y 


A | 
oO Mirror 
What is the thinnest film of coating with n =1.42 on glass (n =1.52) for which destructive 


interference of the red component (650 nm) of an incident white light beam in air can take 
place by reflection? 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 


A glass plate(n =1.53) that is 0.485 um thick and surrounded by air is illuminated by a beam of 

white light normal to the plate. 

(a) What wavelengths (in air) within the limits of the visible spectrum (A = 400 to 700 nm) are 
intensified in the reflected beam? 

(b) What wavelengths within the visible spectrum are intensified in the transmitted light? 


A thick glass slab ( = 1.5) is to be viewed in reflected white light. It is proposed to coat the slab 
with a thin layer of a material having refractive index 1.3 so that the wavelength 6000 A is 
suppressed. Find the minimum thickness of the coating required. 


An oil film covers the surface of a small pond. The refractive index of the oil is greater than that 
of water. At one point on the film, the film has the smallest non-zero thickness for which there 
will be destructive interference in the reflected light when infrared radiation with wavelength 
800 nm is incident normal to the film. When this film is viewed at normal incidence at this 
same point, for what visible wavelengths, if any, will there be constructive interference? 
(Visible light has wavelengths between 400 nm and 700 nm) 


A possible means for making an airplane invisible to radar is to coat the plane with an anti 
reflective polymer. If radar waves have a wavelength of 3.00 cm and the index of refraction of 
the polymer is p = 1.5. How thick is the oil film? Refractive index of the material of airplane 
wings is greater than the refractive index of polymer. 


Determine what happens to the double slit interference pattern if one of the slits is covered 


with a thin, transparent film whose thickness is I@ob us D’ where A is the wavelength of the 
i= 

incident light and p is the index of refraction of the film. 

Two slits 4.0 x 10 °m apart are illuminated by light of wavelength 600 nm. What is the highest 

order fringe in the interference pattern? 

Consider an interference experiment using eight equally spaced slits. Determine the smallest 


phase difference in the waves from adjacent slits such that the resultant wave has zero 
amplitude. 


LEVEL 2 


Single Correct Option 


1. 


The intensity of each of the two slits in Young’s double slit experiment is Jp. Calculate the 
minimum separation between the two points on the screen where intensities are 2, and Ip. 
Given, the fringe width equal to p. 


B B B 
(a) i (b) 5 (c) es (d) None of these 


. In Young’s double slit experiment, the intensity of light at a point on the screen where path 


difference is X is J. If intensity at another point is J/4, then possible path differences at this 
point are 
(a) A/2, A/3 (b) 2/3, 24/3 (c) 2/3, A/4 (d) 24/3, 2/4 


. White light is incident normally on a glass plate (in air) of thickness 500 nm and refractive 


index of 1.5. The wavelength (in nm ) in the visible region (400 nm-700 nm) that is strongly 
reflected by the plate is 
(a) 450 (b) 600 (c) 400 (d) 500 


4. 


10. 
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A double slit of separation 0.1 mm is illuminated by white light. A coloured interference 
pattern is formed on a screen 100 cm away. If a pin hole is located in this screen at a distance of 
2mm from the central fringe, the wavelengths in the visible spectrum (4000 Ato 7000 A) which 
will be absent in the light transmitted through the pin hole is (are) 

(a) 4000 A (b) 5000 A 

(c) 6000 A (a) 7000 A 


. Ina YDSE experiment, d = 1mm, 4=6000 A and D =1 m. The minimum distance between two 


points on screen having 75% intensity of the maximum intensity will be 
(a) 0.50 mm (b) 0.40 mm 
(c) 0.30 mm (d) 0.20 mm 


. The central fringe of the interference pattern produced by the light of wavelength 6000A is 


found to shift to the position of 4th dark fringe after a glass sheet of refractive index 1.5 is 
introduced. The thickness of glass sheet would be 

(a) 4.8 um (b) 4.2 um 

(c) 5.4um (d) 3.0 um 


. Let S, and S, be the two slits in Young’s double slit experiment . If central maxima is observed 


at P and angle S, PS, =0,(0 is small) find the y-coordinates of the 3rd minima assuming the 
origin at the central maxima . (A= wavelength of monochromatic light used). 


Qn _ Bh 
(a) + - (b) + 36 
ot a (a) +220 


. Two monochromatic (wavelength =a/5) and coherent sources of electromagnetic waves are 


placed on the x-axis at the points (2a, 0) and (a, 0). A detector moves in a circle of radius 
R(>>2a) whose centre is at the origin. The number of maxima detected during one circular 
revolution by the detector are 

(a) 60 (b) 15 

(c) 64 (d) None of these 


. The ratio of the intensity at the centre of a bright fringe to the intensity at a point one quarter 


of the fringe width from the centre is 


(a) 1 (b) 


3 
() ri (d) 


Ble Nl eR 


In YDSE if a slab whose refractive index can be varied is placed in front of one of the slits . 
Then, the variation of resultant intensity at mid-point of screen with u will be best represented 
by (u is greater than or equal to 1) 


Io lo lo lo 
(a) (b) (c) (d) 
n=1 . u=1 w= 1 wed " 
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11. In YDSE, both slits produce equal intensities on the screen. A 100% transparent thin film is 
placed in front of one of the slits. Now, the intensity on the centre becomes 75% of the previous 
intensity. The wavelength of light is 6000 A and refractive index of glass is 1.5. The minimum 
thickness of the glass slab is 
(a) 0.2 pm (b) 0.3 um 
(c) 0.4 4m (d) 0.5 um 


12. YDSE is carried with two thin sheets of thickness 10.4 um each and refractive index p, =1.52 
and p., =1.40 covering the slits S, and S,, respectively. If white light of range 400 nm to 780 nm 
is used, then which wavelength will form maxima exactly at point O, the centre of the screen 


Ss 
oO 
So 
Screen 
(a) 416 nm only (b) 624 nm only 
(c) 416 nm and 624 nm only (d) None of these 


More than One Correct Options 


1. A Young’s double slit experiment is performed with white light, then 
(a) the fringe next to the central will be red 
(b) the central fringe will be white 
(c) the fringe next to the central will be violet 
(d) there will not be a completely dark fringe 


2. If one of the slit of a standard Young’s double slit experiment is covered by a thin parallel sided 
glass slab so that it transmits only one-half the light intensity of the other, then 
(a) the fringe pattern will get shifted towards the covered slit 
(b) the fringe pattern will get shifted away from the covered slit 
(c) the bright fringes will be less bright and the dark ones will be more bright 
(d) the fringe width will remain unchanged 


3. A parallel beam of light (A=5000 A) is incident at an angle 
08 =30° with the normal to the slit plane in a Young’s double 


slit experiment. The intensity due to each slit is I) . Point O 5 a 

is equidistant from S, and S,. The distance between slits is O 
1mm. S> 

(a) The intensity at Ois4 J) 

(b) The intensity at O is zero 2m 


(c) The intensity at a point on the screen 4 mm above O is 4J) 
(d) The intensity at a point on the screen 4 mm above O is zero 


4. In the phenomenon of interference, 
(a) sources must be coherent 
(b) amplitudes must be same 
(c) wavelengths must be same 
(d) intensities may be different 
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5. In YDSE set up shown in figure, | 
(a) zero order maxima will lie above point P =; | 
(b) first order maxima may lie above point P > F 


(c) first order maxima may lie below point P 
(d) zero order maxima may lie at point P 


6. Bichromatic light of wavelengths 2, = 5000 A and A, = 7000 A are used in YDSE. Then, 
(a) 14th order maxima of A, will coincide with 10th order maxima of A, 
(b) 21st order maxima of A, will coincide with 15th order maxima of A, 
(c) 11th order minima of d, will coincide with 8th order minima of i, 
(d) 3rd order minima of i, will coincide with 4th order minima of A, 


wl 


Comprehension Based Questions 
Passage : (Q. No. 1 to 4) 


A Young’s double slit apparatus is immersed in a liquid of refractive index 1.33. It has slit 
separation of 1 mm and interference pattern is observed on the screen at a distance 1.33 m from 
plane of slits. The wavelength in air is 6300 A. 


1. Calculate the fringe width. 


(a) 0.63 mm (b) 1.26 mm 
(c) 1.67 mm (d) 2.2mm 


2. Find the distance of seventh bright fringe from third bright fringe lying on the same side of 
central bright fringe . 
(a) 2.52 mm (b) 4.41 mm 
(c) 1.89 mm (d) 1.26 mm 

3. One of the slits of the apparatus is covered by a thin glass sheet of refractive index 1.53. Find 
the smallest thickness of the sheet to interchange the position of minima and maxima. 
(a) 2.57 mm (b) 1.57 mm 
(c) 3.27 mm (d) 4.18 mm 


4. One of the slits of the apparatus is covered by a thin glass sheet of refractive index 1.53. Find 
the fringe width 


(a) 0.63 mm (b) 1.26 mm 
(c) 1.67 mm (d) 2.2mm 


Match the Columns 


1. Two waves from coherent sources meet at a point in a phase difference of $. Both the waves 
have same intensities. Match the following two columns. 


Column I Column II 


(a) Ifb=60° (p) Resultant intensity will become four times 

(b) If p=90° (q) Resultant intensity will become two times 

(c) Ifp=0° (1) Resultant intensity will remain 
unchanged 


(d) Ifp=120° (s) Resultant intensity will become three 
times 
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2. Two waves from coherent sources meet at a point in a path difference of Ax. Both the waves 
have same intensities. Match the following two columns. 


Column I Column II 

(a) IfAx=A/ (p) Resultant intensity will become 
three times 

(b) IfAx=A46 (q) Resultant intensity will remain 
same 

(ce) IfAx=A/4 (r) Resultant intensity will become 
two times 

(d) IfAx=A/2 (s) Resultant intensity will become 
zero. 


3. In terms of fringe width w, match the following two columns. 
Column | Column II 


(a) Distance between central maxima | (p) 2.50 
and third order maxima 


(b) Distance between central maxima | (q) 3.0@ 
and third order minima 


(c) Distance between first minima | (r) 3.50 
and fourth order maxima 


(d) Distance between second order (s) None of these 
maxima and fifth order minima 


4. Match the following two columns. 


Column I Column II 
(a) | (p) The zero order maxima 
will lie above point O 
Oo 
(b) | (q) The zero order maxima 


will lie below point O 


(c) | (r) The zero order maxima 
O may lie above or below 
we | point O 
(d) — : (s) The zero order maxima 
| O may lie at point O 
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5. In the figure shown, Z, and Z, are two screens. Line PO is the bisector line of S,S, and S,S4. 
When Z, is removed, resultant intensity at O due to slits S, and S, is I. Now, Z, is placed. For 
different values of y given in Column I, match the resultant intensity at O given in Column II. 


zy Zo 
S3 
Sy 
ed |e 
P [ 6 
— 5 
2 Se 
D 
Column I Column II 
ea 
2d 
(b) yee (q) zero 
6d 
OP" yet () I 
4d 
(d) gone (s) None of these 
3d 


6. Figure shows a set up to perform Young’s double slit experiment. A monochromatic source of 
light is placed at S,S, and S, and act as coherent sources and interference pattern is obtained 
on the screen. 

Screen 


Column I Column II 


(a) A thin transparent plate is placed (p) Interference fringes disappear 
in front of S,. 
(b) Sj, is closed. (q) There is a uniform illumination 
on a large part of the screen 
(c) A thin transparent plate is placed (vr) The zero order fringe will not 


in front of So. form at O 
(d) Sis removed and two different (s) Central maxima is formed 
sources emitting light of same below O 


wavelength are placed at S; and S. 
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Subjective Questions 


1: 


A ray of light is incident on the left vertical face of the glass slab. If the incident light has an 
intensity J and on each reflection the intensity decreases by 90% and on each refraction the 
intensity decreases by 10%, find the ratio of the intensities of maximum to minimum in 
reflected pattern. 


. A parallel beam of white light falls on a thin film whose refractive index is equal to 4/3. The 


angle of incidence i = 53°. What must be the minimum film thickness if the reflected light is to 
be coloured yellow (A of yellow = 0.6 um) most intensively? (tan 53° = 4/3) 


. Aconvergent lens with a focal length of f=10cm is cut into two halves that are then moved 


apart to a distance of d = 0.5 mm (a double lens). Find the fringe width on screen at a distance 
of 60 cm behind the lens if a point source of monochromatic light (A = 5000 A)is placed in front 
of the lens at a distance of a =15 cm from it. 


Two coherent radio point sources that are separated by 2.0 m are radiating in phase with a 
wavelength of 0.25 m. Ifa detector moves in a large circle around their mid-point. At how many 
points will the detector show a maximum signal? 


. Inthe figure shown, a screen is placed normal to the line joining the two point coherent sources 


S, and S,. The interference pattern consists of concentric circles. 


(a) Find the radius of the nth bright ring. 
(b) If d =0.5 mm, 4 = 5000 A and D = 100 cm, find the radius of the closest second bright ring. 
(c) Also, find the value of n for this ring. 


. In the Young’s double slit experiment, a point source of A = 5000 A is placed slightly above the 


central axis as shown in the figure. 
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(a) Find the nature and order of the interference at the point P. 

(b) Find the nature and order of the interference at O. 

(c) Where should we place a film of refractive index p = 1.5 and what should be its thickness so that 
maxima of zero order is obtained at O. 

. Light of wavelength 1 = 500 nm falls on two narrow slits placed a distance d = 50x 10 * cm 

apart, at an angle $= 30° relative to the slits as shown in figure. On the lower slit a transparent 


slab of thickness 0.1 mm and refractive index : is placed. The interference pattern is observed 


at a distance D = 2 m from the slits. Then, calculate 


(a) position of the central maxima. 
(b) the order of maxima at point C of screen. 
(c) how many fringes will pass C, if we remove the transparent slab from the lower slit? 


. In the YDSE, the monochromatic source of wavelength A is placed at a distance “ from the 


central axis (as shown in the figure), where d is the separation between the two slits S,; and S5. 


a 


k—D, = 1.5 m—+———_ D = 2 m ——__> 


(a) Find the position of the central maxima. 


(b) Find the order of interference formed at O. 
(c) Now, S is placed on centre dotted line. Find the minimum thickness of the film of refractive index 


ut = 1.5 to be placed in front of S, so that intensity at O becomes " th of the maximum intensity. 
(Take 4=6000A; d=6mm.) 


. YDSE is carried out in a liquid of refractive index up =1.3and a thin film of air is formed in front 
of the lower slit as shown in the figure. If a maxima of third order is formed at the origin O, find 
the thickness of the air film. Find the positions of the fourth maxima. 
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The wavelength of light in air is 4g = 0.78 um and D/d =1000. 


4 Air film 


Answers 


Introductory Exercise 32.1 
1. 49:1 2. (a)4:1 (b) 16:1 3. 25 Ip 


Introductory Exercise 32.2 
1. Because they are incoherent 2. Because they are highly coherent 3. 48.0 um 


5. (a) 0.75 ly (b) 80 nm 6. (i) O° (ii) 90° (iii) 120° (iv) 180° 
Exercises 
LEVEL 1 
Assertion and Reason 
1. (b) 2. (b) 3. (b) 4. (a) 5. (a) 6. (c) 7. (d) 8. (c) 9. (b) 10. (d) 


Objective Questions 


1. (b) 2 (d) 3. (b)) 4A a) 5. (a) 6 (c) 7% (a) & (a) & (a) 10. (a) 
11. (b) 12. (a) 13. (a) 


Subjective Questions 


1. 16:1 2. (a) 2.50 m (b) 1.0m, 4.0 m 

3. 0.75 m, 2.0 m, 3.25 m, 4.50 m, 5.75 m, 7.0m, 8.25 m 4. 590 nm 5. 0.014° 

6. 1.0 mm 7. 0.072 mm 8. 0.83 mm 9. 1200 nm 10. 12.6 cm 11. 36.6 cm 
12. (a) |, = 3.0x 104 ly (b) Five 13. 3mm 14. 589 nm 15. 2.5mm 16. 114 nm 
17. (a) 424 nm, 594nm_ (b) 495 nm 18. 1154A 19. 533 nm 20. 0.5 cm 


21. Bright and dark fringes interchange positions 22.6 23. 45° 


Chapter 32 Interference and Diffraction of Light ¢ 251 


LEVEL 2 


Single Correct Option 


1. (c) 2 (b) 3 (b+) 4& (a) 5. (d) 6b) 7. (b) 8. (a) (6b) 10. (c) 
11. (a) 12. (c) 


More than One Correct Options 
1.(b,c,d) 2.(a,c,d) 3.(a,c) 4.(a,c,d) 5.(a,b,c) 6.(a,c) 


Comprehension Based Questions 
1. (a) 2. (a) 3. (b) A. (a) 


Match the Columns 


1. (a)os (b) > q (c)>p (d)> r 
2. (a)oq (b) > p (c)>r (d)>s 
3. (a)>q (b) > p (c)>r (d)> p 
4. (a)>p (b) > r,s (c)>p (d)>p 
5. (a) > qg (b) > p (c)> 5 (d)> Fr 
6. (a)>r (b) > p,q (c) > 1,8 (d) > p,q 


Subjective Questions 
1. 361 2. 0.14 um 3. 0.1 mm 
4. 32 


5. (a) D ja(— 7) (b) 6.32.cm (c) 998 


6. (a) 70th order maxima (b) 20thorder maxima (c) t = 20 um, in front of S; 
7. (a) AtO@= 30°belowC (b) 50 (c) 100 

8. (a) 4mm above O (b) 20 (c) 2000A 

9. (a) 7.8um(b) 4.2 mm, - 0.6 mm 


Modern Physics-I 


Chapter Contents 


33.1 Dual nature of electromagnetic waves 
33.2 Electromagnetic spectrum 

33.3 Momentum and radiation pressure 
33.4 de-Broglie wavelength of matter wave 
33.5 Early atomic structure 

33.6 The bohr hydrogen atom 

33.7 Hydrogen like atoms 

33.8 X-rays 

33.9 Emission of Electrons 

33.10 Photoelectric effect 


254 © Optics and Modern Physics 


33.1 Dual Nature of Electromagnetic Waves 


Classical physics treats particles and waves as separate components. The mechanics of particles and 
the optics of waves are traditionally independent disciplines, each with its own chain of principles 
based on their results. We regard electrons as particles because they possess charge and mass and 
behave according to the laws of particle mechanics in such familiar devices as television picture 
tubes. We shall see, however, that it is just as correct to interpret a moving electron as a wave 
manifestation as it is to interpret it as a particle manifestation. We regard electromagnetic waves as 
waves because under suitable circumstances they exhibit diffraction, interference and polarization. 
Similarly, we shall see that under other circumstances they behave as a stream of particles. Rather we 
can say that they have the dual nature. 


The wave nature of light (a part of electromagnetic waves) was first demonstrated by Thomas Young, 
who observed the interference pattern of two coherent sources. The particle nature of light was first 
proposed by Albert Einstein in 1905 in his explanation of the photoelectric effect. A particle of light 
called a photon has energy £ that is related to the frequency fand wavelength A of light wave by the 
Einstein equation, 

he : 
E — h => — all 
if 1 (i) 
where, c is the speed of light (in vacuum) and / is Planck's constant. 

h=6626x10~4 J-s 
= 4136x107! eV-s 


Since, energies are often given in electron volt (1 eV =16x 107!” J) and wavelengths are in A, it is 
convenient to the combination hc in eV-A. We have, 
he =12375 eV-A 
Hence, Eq. (i) in simpler form can be written as 
12375 
X (in A) 


E (ineV)= .. (ii) 
The propagation of light is governed by its wave properties, whereas the exchange of energy between 
light with matter is governed by its particle properties. The wave particle duality is a general property 
of nature. For example, electrons (and other so called particles) also propagate as waves and 
exchange energy as particles. 


33.2 Electromagnetic Spectrum 


The basic source of electromagnetic wave is an accelerated charge. This produces the changing 
electric and magnetic fields which constitute an electromagnetic wave. An electromagnetic wave 
may have its wavelength varying from zero to infinity. Not all of them are known till date. Today we 
are familiar with electromagnetic waves having wavelengths as small as 30 fm (1 fm= io m) to as 


large as 30 km. The boundaries separating different regions of spectrum are not sharply defined, with 
the exception of the visible part of the spectrum. The visible part of the electromagnetic spectrum 
covers from 4000 A to 7000 A. An approximate range of wavelengths is associated with each colour : 
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violet (4000 A— 4500 A), blue (4500 A-5200 A), green (5200 A-5600 A), yellow (5600 A-6000 A), 
orange (6000 A— 6250 A) and red (6250 A-7000 A). 

Figure shows the spectrum of electromagnetic waves. The classification is based roughly on how the 
waves are produced and or detected. 

28 26 24 22 20 18 16 14 12 10 8 6 4 (10"Hz) 


20 19 16 14 12 10 8 6 4 2 0 2 4  2(10"m) 


Fig. 33.1. The electromagnetic spectrum 


y-Rays These were identified by P. Villiard in 1900. These are usually produced within the nucleus 
of an atom and extremely energetic by atomic standards. They cover the range from 0.1 A down or 
equivalently from 107° Hz up. 


X-Rays X-rays, discovered in 1895 by W. Roentgen extend from 100 A to 0.1 A. These are 
produced by the rapid deceleration of electrons that bombard a heavy metal target. These are also 
produced by electronic transitions between the energy levels in an atom. X-rays are used to study the 
atomic structure of crystals or molecules such as DNA. Besides their diagnostic and therapeutic use in 
medicine they have become an important tool in studying the universe. 


Ultraviolet radiation Ultraviolet (UV) rays were first discovered by J.W. Ritter in 1801. The 
ultraviolet region extends from 4000 A to 100 A. It plays a role in the production of vitamin D in our 
skins. But prolonged doses of UV radiation can induce cancers in humans. Glass absorbs UV 
radiation and hence, can provide some protection against the sun's rays. If the ozone in our 
atmosphere did not absorb the UV below 3000 A, there would be a large number of cell mutations, 
especially cancerous ones, in humans. For this reason, the depletion of the ozone in our atmosphere 
by chlorofluorocarbons (CFCs) is now a matter of international concern. 


Visible light A lot of discussion has already been done on visible light in previous chapters. As 
electrons undergo transitions between energy levels in an atom, light is produced at well defined 
wavelengths. Light covering a continuous range of wavelengths is produced by the random 
acceleration of electrons in hot bodies. Our sense of vision and the process of photosynthesis in plants 
have evolved within the range of those wavelengths of sunlight that our atmosphere does not absorb. 


Infrared radiation The infrared region (IR) starts at 7000 A and extends to about 1 mm. It was 
discovered in 1800 by M. Herchel. It is associated with the vibration and rotation of molecules and is 
perceived by us as heat. IR is used in the early detection of tumours. 


Microwaves Microwaves cover wavelengths from | mm to about 15 cm. Microwaves upto about 
30 GHz (1 cm) may be generated by the oscillations of electrons in a device called klystron. 
Microwave ovens are used in kitchens. Modern intercity communications such as phone 
conversations and TV programs are often carried via a cross country network of microwave antennas. 
Radio and TV signals Radio waves are generated when charges are accelerating through 
conducting wires. Their wavelengths lie in the range 10'4 m to 10 cm. They are generated by LC 
oscillators and are used in radio and television communication systems. 
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33.3 Momentum and Radiation Pressure 


An electromagnetic wave transports linear momentum. We state, without proof that the linear 
momentum carried by an electromagnetic wave is related to the energy it transports according to 


p= nl .. (i) 
c 
If the wave is incident in the direction perpendicular to a surface and is completely absorbed, then 
Eq. (i) tells us the linear momentum imparted to the surface. If surface is perfectly reflecting, the 
momentum change of the wave is doubled. Consequently, the momentum imparted to the surface is 
also doubled. 


According to Newton's second law, the force exerted by an electromagnetic wave on a surface may 
be related by the equation 


_ Ap 
At 
‘ Ap 1{ AE 
From Eq. (1), “fa | = 
ca At “( At ) 
1/ AE - 
P| ... (ii) 
if At 
Intensity (J ) of a wave is the energy transported per unit area per unit time. 
or fe (= a 
S) At 
BE ig 
At 
Substituting in Eq. (ii), a 
c 
F I 
or — = pressure = — 
S Cc 
I 
or Prad = — 
c 


as is also equal to the energy density (energy per unit volume) w. 
c 


Hence, Prag =U .. (iit) 
The radiation pressure is thus equal to the energy density (N/ m? =J/m? ). At a perfectly reflecting 
surface, the pressure on the surface is doubled. Thus, we can write 


Pn oe u (wave totally absorbed) 


and Prad =— =2u (wave totally reflected) 
c 
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© Example 33.1 The intensity of direct sunlight before it passes through the 
earth's atmosphere is 1.4 kW/m’. If it is completely absorbed, find the 
corresponding radiation pressure. 


Solution For completely absorbing surface, 


I 14x10? 

Prad ee Sian ae, 

c 30x10 
=4.7x 10° Nm? Ans. 


33.4 de-Broglie Wavelength of Matter Wave 


The wave particle nature of electromagnetic waves discussed in article 33.1, led de-Broglie 
(pronounced de Broy) to suggest that matter might also exhibit this duality and have wave properties. 
His ideas can be expressed quantitatively by first considering electromagnetic radiation. A photon of 
frequency fand wavelength i has energy. 


By Einstein's energy mass relation, E = mc” the equivalent mass m of the photon is given by 


ego We .. (i) 
eg he 
or nea or Z ...(i1) 
mc 7) 


Here, p is the momentum of photon. By analogy de-Broglie suggested that a particle of mass m 
moving with speed v behaves in some ways like waves of wavelength A given by 


ye ...(iii) 
mv p 


where, p is the momentum of the particle. Momentum is related to the kinetic energy by the equation, 
p=wv2Km 
and a charge g when accelerated by a potential difference V gains a kinetic energy K =qJ. 
Combining all these relations Eq. (iii) can be written as 
hh h h . : 
Xr (de-Broglie wavelength) ...(iV) 
my p V2Km_ 2qVm 
de-Broglie Wavelength for an Electron 


If an electron (charge = e) is accelerated by a potential difference of V volts, it acquires a kinetic 
energy, 


K=eV 
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Substituting the values of h, m and q in Eq. (iv), we get a simple formula for calculating de-Broglie 
wavelength of an electron. This is 


[150 
d (in A) = 7 (in voli ..(v) 


Note /fan electron is accelerated by | volt, then its kinetic energy becomes 1 eV. Therefore, the above formula 
can also be written as 
150 


A (in A) = KE(in eV) 


© Example 33.2 An electron is accelerated by a potential difference of 25 volt. 
Find the de-Broglie wavelength associated with it. 


Solution For an electron, de-Broglie wavelength is given by 


y= [190 _ {150 
V 25 
=/622.5A Ans. 


© Example 33.3 A particle of mass M at rest decays into two particles of masses 
m, and m, having non-zero velocities. The ratio of the de-Broglie wavelengths of 
the particles i ,/h, is (JEE 1999) 


(a) m,/m, (b) mol m, (c) 1 (d) .{m/,{m, 
Solution From the law of conservation of momentum, 
Pi =P2 ( in opposite directions) 


Now, de-Broglie wavelength is given by 


N= s where / = Planck constant 
P 
Since magnitude of momentum (p) of both the particles is equal, therefore A, =A, 
Therefore, the correct option is (c). 
© Example 33.4 The energy of a photon is equal to the kinetic energy of a 
proton. The energy of the photon is E. Let i, be the de-Broglie wavelength of the 


Badge & . 
proton andi, be the wavelength of the photon. The ratio —- is proportional to 
2 


(a) E° (b) EY? (c) E CIE (JEE 2004) 
h 
Solution we = V2mE or i, oc El? 
2 he 2 
E 


Therefore, the correct option is (b). 


Chapter 33 Modern Physics-! © 259 


© Example 33.5 Ana-particle and a proton are accelerated from rest by a 
potential difference of 100 V. After this, their de-Broglie wavelengths arex , and 


Xr 
d » respectively. The ratio - , to the nearest integer, is (JEE 2010) 
Q 
h h 
Solution ««\ A}=—= 
P J2qVm 
or ox = 
qm 
Ap = {2% 5% 
ho qn ™, 
= |) _» g08 
(1) () 


The nearest integer is 3. 


Answer is 3. 


© Example 33.6 The potential energy of a particle varies as 
U(x)=E, for O<x<1 
=O for x>1 
For0 < x < 1, de-Broglie wavelength is i, and for x > 1 the de-Broglie wavelength 
: ea LA 
is X,. Total energy of the particle is 2E,). Find a (JEE 2005) 
2 
Solution For 0<x<1, PE =£,) 
Kinetic energy K, =Total energy — PE 
=2E, -Ey =Ey 
h : 
= ...() 


4{2mE 


For x>1, PE=0 
Kinetic energy K, =Total energy = 2E) 
h 


J4mE 


...(ii) 


From Eqs. (i) and (ii), we have 
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INTRODUCTORY EXERCISE 


1. Find the energy and momentum of a photon of ultraviolet radiation of 280 nm wavelength. 

2. A small plate of a metal is placed at a distance of 2 m from a monochromatic light source of 
wavelength 4.8 x10°’m and power 1.0 Watt. The light falls normally on the plate. Find the 
number of photons striking the metal plate per square metre per second. 

3. A proton and a deuteron are accelerated by same potential difference. Find the ratio of their 
de-Broglie wavelengths. 

4. A deuteron and an a-particle have same kinetic energy. Find the ratio of their de-Broglie 
wavelengths. 

5. Two protons are having same kinetic energy. One proton enters a uniform magnetic field at right 
angles to it. Second proton enters a uniform electric field in the direction of field. After some time 
their de-Broglie wavelengths are A, and A», then 
(a) Ay = Ag (b) Ay <Ag (C) Ay >Ag 
(d) some more information is required 

6. Find the de-Broglie wavelengths of 
(a) a 46 g golf ball with a velocity of 30 m/s (b) an electron with a velocity of 10’ m/s. 


33.5 Early Atomic Structures 


Every atom consists of a small nucleus of protons and neutrons with a number of electrons some 
distance away. 


In the present article and in the next, our chief concern will be 

the structure of the atom, since it is this structure that 1s 

responsible for nearly all the properties of matter.In 

nineteenth century many models were present by different 

scientists, but ultimately the first theory of the atom to meet Electron 
with any success was put forward in 1913 by Neils Bohr. But 

before studying Bohr's model of atom let us have a look on 

other two models of the period one presented by J.J. Thomson 

in 1898 and the other by Ernest Rutherford in 1911. Positively charged matter 

J.J. Thomson suggested that atoms are just positively charged Fig. 33.2 The Thomson model of the 
lumps of matter with electrons embedded in them like raisins in Ae Lee bi : ce . is ” aes ee 
a fruit cake. Thomson's model called the ‘plum pudding’ model 

is illustrated in Fig. 33.2. 


Thomson had played an important role in discovering the electron, his idea was taken seriously. But, 
the real atom turned out to be quite different. 


Rutherford's Nuclear Atom 


The nuclear atom is the basis of the modern theory of atomic structure and was proposed by 
Rutherford in 1911. He, with his two assistants Geiger and Marsden did an experiment in which they 
directed a narrow beam ofa -particles onto gold foil about 1 um thick and found that while most of the 
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particles passed straight through, some were scattered appreciably and a very few about | in 8000 
suffered deflection of more than 90°. 


To account for this very surprising result Rutherford suggested that : “All the positive charge and 
nearly all the mass were concentrated in a very small volume or nucleus at the centre of the atom. The 
electrons were supposed to move in circular orbits round the nucleus (like planets round the sun). The 
electrostatic attraction between the two opposite charges being the required centripetal force for such 
motion. 


The large angle scattering of a-particles would then be explained by 
the strong electrostatic repulsion from the nucleus. + 


Nucleus 
Rutherford's model of the atom, although strongly supported by 


evidence for the nucleus, is inconsistent with classical physics. An 

electron moving in a circular orbit round a nucleus is accelerating and 

according to electromagnetic theory it should therefore, emit radiation Electron 

continuously and thereby lose energy. If this happened the radius of the e 

orbit would decrease and the electron would spiral into the nucleus ina Fig. 33.3. An atomic electron 
fraction of second. But atoms do not collapse. In 1913, an effort was SnOUIG, ;, ge acelcaiNy., Spiral 


; ‘ rapidly into the nucleus as it 
made by Neils Bohr to overcome this paradox. radiates energy due to its 


acceleration 


33.6 The Bohr Hydrogen Atom 


After Neils Bohr obtained his doctorate in 1911, he worked under Rutherford Sy 


for a while. In 1913, he presented a model of the hydrogen atom, which has one % 
electron and one proton. He postulated that an electron moves only in certain \ 
circular orbits, called stationary orbits. In stationary orbits, electron does not F ‘te 
emit radiation, contrary to the predictions of classical electromagnetic theory. Wo ae 
According to Bohr, there is a definite energy associated with each stable orbit : | Vn 
and an atom radiates energy only when it makes a transition from one of these Zz 
orbits to another. The energy is radiated in the form of a photon with energy and — ri 
frequency given by Fi 2.33 r 

AE =hf =E; -Ey ...(i) 


Bohr found that the magnitude of the electron's angular momentum is quantised, and this magnitude 
g g q g 


for the electron must be integral multiple of - The magnitude of the angular momentum is Z = mvr 
™ 


for a particle with mass m moving with speed v in a circle of radius r. So, according to Bohr's 
postulate, 
ie (n=1,2,3 22.) 
2m 


Each value of n corresponds to a permitted value of the orbit radius, which we will denote by 7, and 
the corresponding speed v,,. The value of n for each orbit is called principal quantum number for 


the orbit. Thus, 


mv rr, =— (il 
= (ii) 
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2 
mvs. 
1S 


According to Newton's second law, a radially inward centripetal force of magnitude F = 
g y g / 
n 


needed to the electron which is being provided by the electrical attraction between the positive proton 
and the negative electron. 


mv, 1. 2 
Thus, eS ..- (iil) 
Ty AMEg 
Solving Eqs. (11) and (iii), we get 
Fs ow h? nth orbit radius . 
Ty = ..-(iv) 
nme? in Bohr model 
e nth orbit speed 
and v= ...(V) 
2¢ ynh in Bohr model 


The smallest orbit radius corresponds to n=1. We'll denote this minimum radius, called the Bohr 


radius as ay. Thus, 


E gh? 
ag = at 
mme 
Substituting values of € 9, 4, 1, mand e, we get 
ay =0.529x107!° m =0.529 A (vi) 
Eq. (iv), in terms of a) can be written as 
r,=n’a, or r, cn .. (vil) 


Similarly, substituting values of e,€ 9 and with n =1 in Eq. (v), we get 


vy, =219x 10° m/s x —— _. (viii) 
137 


This is the greatest possible speed of the electron in the hydrogen atom. Which is approximately equal 

to c/137, where c is the speed of light in vacuum. 

Eq. (v), in terms of v, can be written as 

Vv, = “1 or Vv ee .. (1X) 
n n 


Energy levels Kinetic and potential energies K, and U,, in nth orbit are 


4 
K, ==™, ~ 
2 8e9 nh? 
4 
and U, = _! ©@)____me 


n 


- 2242 
Ane 1, 4ey nh? 
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The total energy E,, is the sum of the kinetic and potential energies. 


4 
me 


E, = Ks | U, a 
272 


2 
8 Eq nN 


Substituting values of m, e,¢, and A with n = 1, we get the least energy of the atom in first orbit, which 
is —13.6eV. Hence, 


E, =—-136eV wes) 
and Ey ee, ..(X1) 
n n~ 


Substituting n =2, 3,4... etc., we get energies of atom in different orbits. 
E, =-340eV, EF; =-1.5leV,...E,, =0 


Ionization energy of the hydrogen atom is the energy required to remove the electron completely. In 
ground state (n =1), energy of atom is —13.6 eV and energy corresponding to n= 0 is zero. Hence, 
energy required to remove the electron from ground state is 13.6 eV. 


Emission spectrum of hydrogen atom 
Under normal conditions the single electron in hydrogen atom stays in ground state (7 =1). It is 
excited to some higher energy state when it acquires some energy from external source. But, it hardly 
stays there for more than 10° second. 
A photon corresponding to a particular spectrum line is emitted when an atom makes a transition from 
a state in an excited level to a state in a lower excited level or the ground level. 
Let n; be the initial and 7 the final energy state, then depending on the final energy state following 
series are observed in the emission spectrum of hydrogen atom. 


Balmer series Lyman Paschen Pfund 
(visible light) n=7\ series series _ series ;-0.28eV 
: n=6 —0.38 eV 
Paschen series n=5 —0.54 eV 
(infrared) n=4 Wh —0.85 eV 
n=3 -1.51eV 
Brackett series Brackett 

Lyman series (infrared) n=2 sii -3.40 eV 

(ultraviolet) Pfund series Balmer 

(infrared) series 
n=1 YYYVY. -13.6 eV 

n=6 
Fig. 33.5 


For the Lyman series n, =1, for Balmer series n , =2 and so on. The relation of the various spectral 
series to the energy levels and to electron orbits is shown in figure. 
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Wavelength of Photon Emitted in De-excitation 


According to Bohr when an atom makes a transition from higher energy level to a lower energy level 
it emits a photon with energy equal to the energy difference between the initial and final levels. If £; 
is the initial energy of the atom before such a transition, E ; is its final energy after the transition, and 


the photon's energy is hf = oa then conservation of energy gives 


hf = “ =H, —-E, (energy of emitted photon) — ...(xii) 


By 1913, the spectrum of hydrogen had been studied intensively. The visible line with longest 
wavelength, or lowest frequency is in the red and is called H,,, the next line, in the blue-green is called 
Hp and so on. In 1885, Johann Balmer, a swiss teacher found a formula that gives the wave lengths of 
these lines. This is now called the Balmer series. The Balmer's formula is 


1 1 ee 
Ra .. (Xi 

uy S: +) ae 
Here, n =3, 4,5..., etc. 


R = Rydberg constant =1.097x 10’ m7! 


and i is the wavelength of light/photon emitted during transition. 


For n = 3, we obtain the wavelength of H, line. Similarly, for n = 4, we obtain the wavelength of Hz 
line. For n=, the smallest wavelength (=3646 A) of this series is obtained. Using the relation 


E= oa we can find the photon energies corresponding to the wavelength of the Balmer series. 


Multiplying Eq. (xiii) by hc, we find 


pa nor 3 +} Rhe _ yp Ey 


n 
2° a? ie n> 


This formula suggests that 
E Se a .. (XIV) 


n 2 
n 


Comparing this with Eq. (x1) of the same article, we have 
Rhc=1360eV ... (XV) 


The wavelengths corresponding to other spectral series (Lyman, Paschen , etc.) can be represented by 
formula similar to Balmer formula. 


Lyman series : =R l J ,n=2,3,4... 
r ? x» 
: 1 1 1 

Paschen series =R n=4,5,6... 
uy 3? a? 
: 1 1 1 

Brackett series =R ,A=5,.6)7 es 
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Pfund series t= a/ ; l ).n=6.28... 


The Lyman series is in the ultraviolet, and the Paschen, Brackett and Pfund series are in the infrared 
region. 


33.7 Hydrogen Like Atoms 
The Bohr model of hydrogen can be extended to hydrogen like atoms, i.e. one electron atoms such as 
singly ionized helium (He* ), doubly ionized lithium (Li*) and so on. In such atoms, the nuclear 
charge is +Ze, where Z is the atomic number, equal to the number of protons in the nucleus. 
The effect in the previous analysis is to replace e* everywhere by Ze. Thus, the equations for, r,, v, 
and E,, are altered as under 


i) 


2,2 2 
OE Ay or roc ...() 
nmZe”  Z Z 

where, ay =0.529A (radius of first orbit of H) 

ae : 
Vv, = =—v, or v, ec ..-(i1) 

2egnh n n 
where, v, =2.19x 10° m/s (speed of electron in first orbit of H) 
204 vy: 2 
E,=-222 -2 8 o Ea (iii) 
8eqn hon n 

where, E, =—13.60eV (energy of atom in first orbit of H) 


Fig. 33.6 compares the energy levels of H and He* which has Z =2. H and He” have many spectrum 
lines that have almost the same wavelengths 


E —— —_— 
t n=3——— 6 =-1.5 eV n=6———_ Eg =-1.5 eV 
nes E, =-2.2 eV 
ne E, =-3.4 eV n=4 E,=-3.4 eV 
nes E, =-6.0 eV 
n=1 E,=-136eV n=2 E, =-13.6 eV 

H 

ned E, =-54.4 eV 


He* 


Fig. 33.6 Energy levels of H and He*. Because of the additional factor Z? in the energy expression, the energy 
of the He* ion with a given n is almost exactly four times that of the H-atom with the same n. There are 
small differences (of the order of 0.05%) because of the different masses. 
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® Extra Points to Remember 

e Bohr’s theory is applicable for hydrogen and hydrogen like atoms/ions. For such types of atoms/ions 
number of electron is one. Although, atomic numbers may be different. 
e.g, For ,H', atomic number Z = 1, For He*, atomic number Z =2 and 


For Lit*, atomic number Z = 3 


But for all three number of electron is one. 
e Innth orbit 
mv? 1 e)(Ze) nh 


5 eine] (L, = im = —— 
r 4t & if 20 


After solving these two equations, we will get following results. 
2 


(a) pee andre (b) vc Land v m2 
Ze m n 


2 
(co) E «Sand E «m (a) “4 =0529A 


(e) vii =2.19 x 108 m/s = () B =-18.6ev 
(g) K=|El|andU =2E 
Note With the help of above results, we can find any value in any orbit of hydrogen like atoms. In the above 
expressions, m is the mass of electron 


e Total number of emission lines from some higher energy state n, to lower energy state n, (<n,)is given by 
(n, — Mp)\(m, — ny + 1) 
5 ; 


(2-1) 
a 
e As the principal quantum number n is increased in hydrogen and hydrogen like atoms, some quantities 
are decreased and some are increased. The table given below shows which quantities are increased and 
which are decreased. 


; n 
For example, total number of lines from n, = n ton, = 1are 


Table 33.1 
Increased Decreased 
Radius Speed 
Potential energy Kinetic energy 
Total energy Angular speed 
Time period Frequency 


Angular momentum 
e Whenever the force obeys inverse square law [F oc =| and potential energy is inversely proportional to 
Ir 


r C oc | , kinetic energy (K ), potential energy (U ) and total energy (E ) have the following relationships. 


= L 


K ane) ES=Ks= 
2 


: 1 : 1 . 
If force is not proportional to —, or potential energy is not proportional to -, the above relations do not 
r r 


hold good. 
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e Total energy of a closed system is always negative and the modulus of this is the binding energy of the 
system. For instance, suppose a system has a total energy of -100 J. It means that this system will 
separate if 100 J of energy is supplied to this. Hence, binding energy of this system is 100 J. Thus, total 
energy of an open system is either zero or greater than zero. 


e Kinetic energy of a particle can’t be negative, while the potential energy can be zero, positive or negative. It 
basically depends on the reference point where we have taken it zero. It is customary to take zero potential 
energy when the electron is at infinite distance from the nucleus. In some problem, suppose we take zero 
potential energy in first orbit (U, = 0), then the modulus of actual potential energy in first orbit (when 
reference point was at infinity) is added in U and E in all energy states, while K remains unchanged. See 
sample example number 33.11. 


e Inthe transition from n, to n,( <n). The wavelength of emitted photon can be given by the following shortcut 
formula, 


where, E,, and E,, are in eV. In general, E,, in eV is given by 
= 
E,=- 13.65 
n 


e In hydrogen emission spectrum, Balmer series was first discovered as it lies in visible light. 


© Example 33.7 Using the known values for hydrogen atom, calculate 
(a) radius of third orbit for Li* 
(b) speed of electron in fourth orbit for He* 
(c) angular momentum of electron in 3rd orbit of He* 


, 
Solution (a) Z=3 for Li”. Further we know that r, = a ao 


Substituting, n=3, Z=3 and ay = 0.529 A 


2 
We have 1; for Li” << (0.529) A =1.587A Ans. 
(b) Z=2 for He*. Also we know that 
Z 
Vy, = Hy 
n 
Substituting, n=4, Z=2 and vy, =2.19x 10° m/s 


We get, v, for He’ =(2] (2.19x 10° )m/s 


() L, =n 4) 


For n =3,L3 = (2) Ans. 
20 


=1.095x 10° m/s Ans. 


Note This result is independent of value of Z. 
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Example 33.8 A doubly ionized lithium atom is hydrogen like with atomic 
number 8. Find the wavelength of the radiation required to excite the electron in 
Li** from the first to the third Bohr orbit. The ionization energy of the hydrogen 
atom is 13.6 eV. 


7? 
Solution -- E, =—— (13.6eV) 
n 


_ 122.4 


By putting Z = 3, we have E,= ; eV 
n 
E, =- seas =-122.4eV 
() 
and E, = +774 13.6 eV 
(3) 


AE =E; — E, =108.8 eV 


The corresponding wavelength is 


all os 12375 A 
AE (in eV) 108.8 


=113.74A Ans. 
Example 33.9 Find variation of angular speed and time period of single 


electron of hydrogen like atoms with n and Z. 
Vv 


Solution Angular speed, @=—- 
r 
Now, vo Z and ro 
n Z 
Z 2: 
ax Cs or on Ans. 
(n° /Z) n 
Time period, aon or To a 
0) 0) 
n A 
T <— Ans. 
72 


Example 33.10 Find kinetic energy, electrostatic potential energy and total 
energy of single electron in 2nd excited state of Li* atom. 


Solution -- Ej’ =-13.6eV 


2 
Further, EaX, For Lit, Z=3 
n 


and for 2nd excited state n =3 
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3 2 
B=-136{2) =-13.6eV Ans. 
K =|E£|=13.6eV Ans. 
U =2E =-27.2 eV Ans. 


Note !n the above expressions E is the total energy, K is the kinetic energy and U is the potential energy. 


© Example 33.11 Find the kinetic energy, potential energy and total energy in 
first and second orbit of hydrogen atom if potential energy in first orbit is taken 
to be zero. 
Solution E, =—13.60eV, K, =—E, =13.60eV, U, =2E, =—27.20eV 


E 
E, =— =- 3.40eV, K,=340eV and U,=-6.80eV 
(2) 
Now, U, =0,1.e. potential energy has been increased by 27.20 eV. So, we will increase U and E 


in all energy states by 27.20 eV, while kinetic energy will remain unchanged. Changed values in 
tabular form are as under. 


Table 33.2 
Orbit K (eV) U (eV) E (eV) 
First 13.60 0 13.60 
Second 3.40 20.40 23.80 


© Example 33.12 A small particle of mass m moves in such a way that the 
potential energy U = ar”, where ais constant and r is the distance of the 


particle from the origin. Assuming Bohr model of quantization of angular 
momentum and circular orbits, find the radius of nth allowed orbit. 


Solution The force at a distance r is 


Suppose r be the radius of th orbit. Then, the necessary centripetal force is provided by the 
above force. Thus, 


mv 


=2ar ..-(i) 


r 
Further, the quantization of angular momentum gives 


nh uf 
myr =— . (1 
2n i) 


aa NIA 
r-{ ae 7 Ans. 


Solving Eqs. (i) and (ii) for 7, we get 
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© Example 33.13 Calculate (a) the wavelength and (b) the frequency of the H, 
line of the Balmer series for hydrogen. 


Solution (a) Hg line of Balmer series corresponds to the transition from n =4 to n =2 level. 


Using Eq. (xiii), the corresponding wavelength for Hg line is 


1 ro ie | ; 
— =(1097x 107 )} — -— ]=0.2056~x 10 
r : Ie: z] 


A=4.9x 107 m Ans. 
8 

(b) fs 2 ces 10 ie Ans. 
A 49x 1077 


© Example 33.14 Find the largest and shortest wavelengths in the Lyman 
series for hydrogen. In what region of the electromagnetic spectrum does each 
series lie? 


Solution The transition equation for Lyman series is given by 


L=r{ 4 m= 2, 3. 
n5 Yr w 


The largest wavelength is corresponding to n =2 


| 1.097% 107 ({ ~;}-0823% 10’ 


max 


Nmax =1.2154x 1077 m =1215A Ans. 
The shortest wavelength corresponds to n =0o 
= =1.097x 10’ (3 -4) 
or Amin =0.911x 1077 m=911A Ans. 


Both of these wavelengths lie in ultraviolet (UV) region of electromagnetic spectrum. 


© Example 33.15 In a hypothetical atom, mass of electron is doubled, value of 
atomic number is Z = 4. Find wavelength of photon when this electron jumps 


from 3rd excited state to 2nd orbit. 
2, 
Solution E oe om 
n 


Mass is doubled, Z = 4 and 3rd excited state means n = 4, second orbit means n = 2. For these 
values, we have 


2 2 
E, =-13.6x (2) =-27.2eV and £, =-13.6x (2) =—108.8 eV 


12375 _ 12375 _ «12375 
AE(ineV) E,—-E,  —27.2+108.8 
4=151.65A Ans. 


a(in A)= 
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INTRODUCTORY EXERCISE 


10. 


11. 


12. 


. Find the ionisation energy of a doubly ionized lithium atom. 
. A hydrogen atom is in a state with energy —1.51 eV. In the Bohr model, what is the angular 


momentum of the electron in the atom with respect to an axis at the nucleus? 


As an electron makes a transition from an excited state to the ground state of a hydrogen like 
atom/ion (JEE 2015) 
(a) kinetic energy, potential energy and total energy decrease 

(b) kinetic energy decreases, potential energy increases but total energy remains same 

(c) kinetic energy and total energy decrease but potential energy increases 

(d) its kinetic energy increases but potential energy and total energy decrease 


The wavelength of the first spectral line in the Balmer series of hydrogen atom is 6561 A. The 
wavelength of the second spectral line in the Balmer series of singly ionized helium atom is 
(a) 1215A (b) 1640A (c) 2430A (d) 4687 A (JEE 2011) 


The largest wavelength in the ultraviolet region of the hydrogen spectrum is 122 nm. The 
smallest wavelength in the infrared region of the hydrogen spectrum (to the nearest integer) is 
(a) 802 nm (b) 823 nm 

(c) 1882 nm (d) 1648 nm (JEE 2007) 
A photon collides with a stationary hydrogen atom in ground state inelastically. Energy of the 
colliding photon is 10.2 eV. After a time interval of the order of micro second another photon 
collides with same hydrogen atom inelastically with an energy of 15 eV. What will be observed 
by the detector? (JEE 2005) 
(a) 2 photons of energy 10.2 eV 

(b) 2 photons of energy 1.4 eV 

(c) One photon of energy 10.2 eV and an electron of energy 1.4 eV 


(d) One photon of energy 10.2 eV and another photon of energy 1.4 eV 


A hydrogen atom and a Li** ion are both in the second excited state. If j,, and /,; are their 


respective electronic angular momenta, and &, and &; their respective energies, then 


(a) Jy >hj and|&,| >|; | (b) fy =4; and|&,|<|&, | (JEE 2002) 
(c) ty =f, and| Ey | >] 4; | (d) fy <hj and|Ey|<|&, | 

The transition from the staten =4 ton =3ina hydrogen like atom results in ultraviolet radiation. 
Infrared radiation will be obtained in the transition (JEE 2001) 
(a)2 > 1 (b) 32 (c)4 >2 (d)5—>4 

As per Bohr model, the minimum energy (in eV) required to remove an electron from the ground 
state of doubly ionized Li atom (Z = 3) is (JEE 1997) 
(a) 1.51 (b) 13.6 (c) 40.8 (d) 122.4 
Consider the spectral line resulting from the transition n = 2 — n =1in the atoms and ions given 
below. The shortest wavelength is produced by (JEE 1983) 
(a) hydrogen atom (b) deuterium atom 

(c) singly ionized helium (d) doubly ionized lithium 

The energy levels of a certain atom are shown in figure. If a photon of ope 
frequency f is emitted when there is an electron transition from 5E to E, 4E 
what frequencies of photons could be produced by other energy level 

transitions? ———— E£ 


Find the longest wavelength present in the Balmer series of hydrogen. 
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33.8 X-Rays 


Electromagnetic radiation with wavelengths from 0.1 A to 100 A falls into the category of X-rays. 
The boundaries of this category are not sharp. The shorter wavelength end overlaps gamma rays and 
the longer wavelength end overlaps ultraviolet rays. Photoelectric effect (will be discussed later) 
provides convincing evidence that photons of light can transfer energy to electrons. Is the inverse 
process also possible? That is, can part or all of the kinetic energy of a moving electron be converted 
into a photon? Yes, it is possible. In 1895 Wilhelm Roentgen found that a highly penetrating 
radiation of unknown nature is produced when fast moving electrons strike a target of high atomic 
number and high melting point. These radiations were given a name X-rays as their nature was 
unknown (in mathematics an unknown quantity is normally designated by X). Later, it was 
discovered that these are high energy photons (or electromagnetic waves). 


Production of X-Rays Figure shows a diagram of a X-ray tube, called the coolidge tube. A cathode 
(a plate connected to negative terminal of a battery), heated by a filament through which an electric 
current is passed, supplies electrons by thermionic emission. The high potential difference V 
maintained between the cathode and a metallic target accelerate the electrons toward the later. The 
face of the target is at an angle relative to the electron beam, and the X-rays that leave the target pass 
through the side of the tube. The tube is evacuated to permit the electrons to get to the target 
unimpedded. 


Evacuated 
tube 


X-rays 


Cathode 


fife 


Fig. 33.7 An X-ray tube. The higher the accelerating voltage V, the 
faster the electrons and the shorter the wavelengths of the X-rays 


Target 


Continuous and characteristic X-rays X-rays so produced by the coolidge tube are of two types, 
continuous and characteristic. While the former depends only on the accelerating voltage V, the later 
depends on the target used. 


Continuous X-rays Electromagnetic theory predicts that an accelerated electric charge will radiate 
electromagnetic waves, and a rapidly moving electrons when suddenly brought to rest is certainly 
accelerated (of course negative). X-rays produced under these circumstances is given the German 
name bremsstrahlung (braking radiation). Energy loss due to bremsstrahlung is more important for 
electrons than for heavier particles because electrons are more violently accelerated when passing 
near nuclei in their paths. The continuous X-rays (or bremsstrahlung X-rays) produced at a given 
accelerating potential V vary in wavelength, but none has a wavelength shorter than a certain value 
X min: Lhis minimum wavelength corresponds to the maximum energy of the X-rays which in turn is 
equal to the maximum kinetic energy qV or eV of the striking electrons. Thus, 


he he 
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After substituting values of h, c and e we obtain the following simple formula for A ,..,- 
2 win @n AY=—— (i) 
V (an volts) 


Increasing V decreases i ,,- This wavelength is also known as the cut off wavelength or the 
threshold wavelength. 


Characteristic X-rays The X-ray spectrum typically consists of a broad continuous band 
containing a series of sharp lines as shown in Fig. 33.8. 


Intensity 


Wavelength 


Fig. 33.8 X-ray spectrum 


As discussed above the continuous spectrum is the result of collisions between incoming electrons 
and atoms in the target. The kinetic energy lost by the electrons during the collisions emerges as the 
energy of the X-ray photons radiated from the target. 


The sharp lines superimposed on the continuous spectrum are known as characteristic X-rays 
because they are characteristic of the target material. They were discovered in 1908, but their origin 
remained unexplained until the details of atomic structure, particularly the shell structure of the atom, 
were discovered. 


Characteristic X-ray emission occurs when a bombarding electron that collides with a target atom has 
sufficient energy to remove an inner shell electron from the atom. The vacancy created in the shell is 
filled when an electron from a higher level drops down into it. This transition is accompanied by the 
emission of a photon whose energy equals the difference in energy between the two levels. 


Let us assume that the incoming electron has dislodged an atomic 
electron from the innermost shell-the K shell. Ifthe vacancy 1s filled 
by an electron dropping from the next higher shell the Z shell, the 
photon emitted has an energy corresponding to the K, 
characteristic X-ray line. If the vacancy is filled by an electron 
dropping from the shell, the Kp line is produced. An L,, line is 
produced as an electron drops from the M shell to the Z-shell, and 
an Ly line is produced by a transition from the N-shell to the L-shell. 


K-series 


Moseley’s Law for Characteristic Spectrum Fig. 33.9 


Although multi-electron atoms cannot be analyzed with the Bohr model, Henery G.J. Moseley in 
1914 made an effort towards this. Moseley measured the frequencies of characteristic X-rays from a 
large number of elements and plotted the square root of the frequency af against the atomic number 
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Z of the element. He discovered that the plot is very close to a straight line. He plotted the square root 
of the frequency of the K, line versus the atomic number Z. 

As figure shows, Moseley’s plot did not pass through the origin. Let us see why. It can be understood 
from Gauss’s law. Consider an atom of atomic number Z in which one of the two electrons in the 
K-shell has been ejected. Imagine that we draw a Gaussian sphere just inside the most probable radius 
of the L-electrons. The effective charge inside the Gaussian surface is the positive nuclear charge and 
one negative charge due to the single K-electron. If we ignore the interactions between L-electrons, a 
single Z electron behaves as if it experiences an electric field due to a charge (Z — 1) enclosed by the 
Gaussian surface. 


> = NN 
oOo ua oO a 


VF (x 10°Hz/2) —» 


© 
a 


5 10 15 20 25 30 35 40 45 50 
Atomic number, Z——» 


Fig. 33.10 A plot of the square root of the frequency of the 
K,, lines versus atomic number using Moseley's data 


Thus, Moseley’s law of the frequency of K,, line is 


fg, =a(Z-1) ...(ii) 


where, a is a constant that can be related to Bohr theory. The above law in general can be stated as 


under 

Vf =a(Z-b) or | ff «(Z-b) ... (iii) 
For K,, line, A=W =Rie(Z-0(L-4 

i 
3Rc 
or =,/—_(Z-1 
Wfi=y @-) 
or a= ane and b=1 
V4 

After substituting values of R and c, we get a=4.98x 107 (Hz)!/? 
Eq. (111) can also be written as f=a’ (Z-by’ ... (iV) 
For K, line, a’ = “ =(2.48x10!° Hz) and b=1 


Hence, fx, = 2.48x10" Hz) (Z-1)? 


Chapter 33 Modern Physics-| ° 275 


® Extra Points to Remember 
e In continuous X-ray spectrum, all wavelengths greater than A,,;, are obtained. Characteristic X-ray 
spectrum is discrete. Certain fixed wavelengths like Ay. , Ax, ete. are obtained and these wavelengths are 
different for different target elements. The mixed spectrum of continuous and characteristic X-rays is as 
shown in figure 33.8. 
e In general, if we compare between different series, then 
Ex >E, >Ey OF fk >h >fy Or Ay <p <dy 
And if we compare between a, B and y, then 
E,<E,<E, of f<t<f, Or Ag >Ag >A, 
e In Moseley’s law, 


Vf «(Z —b) 
o=1 ier JX,, line 
and b=74 for L, line 


Thus, Vf = Oat Z = b =1forK, line 
and vf =OatZ =b =7.4for Kg line 


jer Ze 
Fig. 33.11 


For lower atomic numbers lines are shown dotted. This is because X-rays are obtained only at high atomic 
numbers. Further, we can see that for a given atomic number (say Z9). 
ANE Salle 
e Screening effect The energy levels, in general, depend on the principal quantum number (n) and orbital 
quantum number (/). Let us take sodium (Z =11) as an example. According to Gauss’s law, for any 
spherically symmetric charge distribution the electric field magnitude at a distance r from the centre is 


a “a Whee eng IS the total charge enclosed within a sphere with radius r. Mentally, remove the 
0 
outer (valence) electron from a sodium atom. What you have left is a spherically symmetric collection of 10 
electrons (filling the K and L shells) and 11 protons. So, 
Gee Cer ale ene 
If the eleventh is completely outside this collection of charges, it is attracted by an effective charge of +e, 
not + 11e. 
This effect is called screening, the 10 electrons screen 10 of the 11 protons leaving an effective net charge 
of +e. In general, an electron that spends all its time completely outside a positive charge Ze has energy 
levels given by the hydrogen expression with e* replaced by Ete eames 
2 


- (13.6 eV) (energy levels with screening) 


If the eleventh electron in the sodium atom is completely outside the remaining charge distribution, then 
Ege = 

We can estimate the frequency of K,, X-ray photons using the concept of screening. AK,, X-ray photon is 
emitted when an electron in the L-shell (n = 2) drops down to fill a hole in the K-shell (n = 1). As the electron 
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drops down, it is attracted by the Z protons in the nucleus screened by one remaining electron in the 
k-shell. Thus, 

Zo =(Z-1), n4,=2 and n=1 
The energy before transition is 


(aly 


[== mY (13.6 eV) =- (Z - 1)? (3.4 eV) 


and energy after transition is 


(ap 


E, =- (13..6 eV) = — (Z - 1)* (13.6 eV) 


The energy of the K,, X-ray photon is 
Ex, =&,-E, =( -1 (10.2 ev) 
The frequency of K,, X-ray photon is therefore, 
pomectana (2 = IF (ee eV) 
«fh (4.186 x10 eV -s) 
= (2.47 x 10'® Hz)(Z — 1)? 
This relation agrees almost exactly with Moseley’s experimental law. 


e The target (or anode) used in the Coolidge tube should be of high melting point. This is because less than 
0.5% of the kinetic energy of the electrons is converted into X-rays. The rest of the kinetic energy converts 
into internal energy of the target which simultaneously has to be kept cool by circulating oil or water. 


e Atomic number of the target material should be high. This is because X-rays are high energy photons and 
as we have seen above energy of the X-rays increases as Z increases. 


e X-rays are basically electromagnetic waves. So, they possess all the properties of electromagnetic waves. 


© Example 33.16 Find the cut off wavelength for the continuous X-rays coming 


from an X-ray tube operating at 40 kV. 
Solution Cut off wavelength 1,.,, 18 given by 
12375 12375 


V(in volts) 40x 10° 


n 


Amin (in A)= 
=0.31A Ans. 
© Example 33.17 Use Moseley’s law with b = 1 to find the frequency of the K, 


X-rays of La(Z = 57) if the frequency of the K,, X-rays of Cu(Z = 29) is known to 
be 1.88 x 101% Hz. 


Solution Using the equation, af =a(Z-b) (b=) 
2 2 
Zi, —1 Zia —1 
dix = La or tis = Se L 
fem Zou = Zou =A 


2 
=1.88x 10!8 =) 
29-1 


=7,52x 10!8 Hz Ans. 
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© Example 33.18 Electrons with de-Broglie wavelength X fall on the target in an 


X-ray tube. The cut off wavelength of the emitted X-rays is (JEE 2007) 
2men 2h 
(a) do = (6) hg =— 
mc 
2m??? 
(c) ky = (d) do = 
h 
Solution Momentum of bombarding electrons, 
h 
Pay 
.. Kinetic energy of bombarding electrons, 
2 2 
aa 
2m 2m? 
This is also maximum energy of X-ray photons. 
2 
Therefore, Ne 2 A 
ho 2m 
2 
es ie 2m c 
h 


“. Correct option is (a). 


© Example 33.19 Electrons with energy 80 keV are incident on the tungsten 
target of an X-ray tube. K-shell electrons of tungsten have 72.5 keV energy. 


X-rays emitted by the tube contain only (JEE 2000) 
(a) a continuous X-ray spectrum (Bremsstrahlung) with a minimum wavelength of 
~ 0.155 A 


(6) a continuous X-ray spectrum (Bremsstrahlung) with all wavelengths 

(c) the characteristic X-ray spectrum of tungsten 

(d) a continuous X-ray spectrum (Bremsstrahlung) with a minimum wavelength of 
x 0.155 A and the characteristic X-ray spectrum of tungsten 


Solution Minimum wavelength of continuous X-ray spectrum is given by 2,,;, (in A) 
12375 
~ E(Ginev) 
Here, £ = energy of incident electrons (in eV) 
=energy corresponding to minimum wavelength 2,,;, of X-ray 
E =80keV =80x 10° eV 
12375 


Amin (in A) = 5 
80x 10 


#0.155 


Also the energy of the incident electrons (80 keV) is more than the ionization energy of the 
K-shell electrons (i.e. 72.5 keV). Therefore, characteristic X-ray spectrum will also be obtained 
because energy of incident electron is high enough to knock out the electron from K or L-shells. 


The correct option is (d). 
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INTRODUCTORY EXERCISE 


1. 


If Acy is the wavelength of K,, X-ray line of copper (atomic number 29) and Ay, is the 
wavelength of the K, X-ray line of molybdenum (atomic number 42), then the ratio A¢y/ Ao is 


close to (JEE 2014) 

(a) 1.99 (b) 2.14 

(c) 0.50 (d) 0.48 

Which one of the following statements is wrong in the context of X-rays generated from an X-ray 

tube? (JEE 2008) 

(a) Wavelength of characteristic X-rays decreases when the atomic number of the target 
increases 


(b) Cut off wavelength of the continuous X-rays depends on the atomic number of the target 

(c) Intensity of the characteristic X-rays depends on the electrical power given to the X-ray tube 

(d) Cut off wavelength of the continuous X-rays depends on the energy of the electrons in the 
X-ray tube 

K,, wavelength emitted by an atom of atomic number Z = 11 is A. Find the atomic number for an 


atom that emits K, radiation with wavelength 42 (JEE 2005) 
(a) Z=6 (b) Z=4 
(c)Z=11 (d) Z=44 


. The intensity of X-rays from a coolidge tube is plotted against wavelength 2 as shown in the 


figure. The minimum wavelength found is 2, and the wavelength of the K, line is A,. As the 


accelerating voltage is increased (JEE 2001) 
lA 
e > 
he NK 
Fig. 33.12 
(a) A, — A, increases (b) A, — A, decreases 
(c) A, increases (d) A, decreases 
. X-rays are produced in an X-ray tube operating at a given accelerating voltage. The wavelength 
of the continuous X-rays has values from (JEE 1998) 
(a) 0 to 2 


(BD) Amin tO 0, where Amin > O 
(C) 0 tO Amax, Where Ama, < © 
(d) Amin tO Amax, Where 0 < Amin < Amax < © 


. Characteristic X-rays of frequency 4.2 x 10'8 Hz are produced when transitions from L-shell to 


K-shell take place in a certain target material. Use Mosley’s law to determine the atomic number 
of the target material. Given Rydberg constant R =1.1 x10’m"". (JEE 2003) 
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33.9 Emission of Electrons 


At room temperature the free electrons move randomly within the conductor, but they don’t leave the 
surface of the conductor due to attraction of positive charges. Some external energy is required to 
emit electrons from a metal surface. Minimum energy is required to emit the electrons which are just 
on the surface of the conductor. This minimum energy is called the work-function (denoted by W) of 
the conductor. Work-function is the property of the metallic surface. 


The energy required to liberate an electron from metal surface may arise from various sources such as 
heat, light, electric field etc. Depending on the nature of source of energy, the following methods are 
possible : 
(i) Thermionic emission The energy to the free electrons can be given by heating the metal. The 
electrons so emitted are known as thermions. 


(ii) Field emission When a conductor is put under strong electric field, the free electrons on it 
experience an electric force in the opposite direction of field. Beyond a certain limit, electrons 
start coming out of the metal surface. Emission of electrons from a metal surface by this method 
is called the field emission. 

(iii) Secondary emission Emission of electrons from a metal surface by the bombardment of high 
speed electrons or other particles is known as secondary emission. 

(iv) Photoelectric emission Emission of free electrons from a metal surface by falling light (or any 
other electromagnetic wave which has an energy greater than the work-function of the metal) is 
called photoelectric emission. The electrons so emitted are called photoelectrons. 


33.10 Photoelectric Effect 


When light of an appropriate frequency (or correspondingly of an appropriate wavelength) is incident 
on a metallic surface, electrons are liberated from the surface. This observation is known as 
photoelectric effect. Photoelectric effect was first observed in 1887 by Hertz. For photoemission to 
take place, energy of incident light photons should be greater than or equal to the work-function of the 


metal. 
or E2W ..-(i) 
hf >W 
or mela 
h 


Here, - is the minimum frequency required for the emission of electrons. This is known as threshold 
frequency fo. 


Thus, to = (threshold frequency) ... (ii) 


Further, Eq. (i) can be written as 
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Here, -- is the largest wavelength beyond which photoemission does not take place. This is called 
the threshold wavelength A 9. 


Thus, Ao = “ (threshold wavelength) ... (iii) 


Hence, for the photoemission to take place either of the following conditions must be satisfied. 
E2W or f2fy or ASAQq ... (iv) 


Stopping Potential and Maximum Kinetic Energy of Photoelectrons 


When the frequency fof the incident light is greater than the threshold frequency, some electrons are 
emitted from the metal with substantial initial speeds. Suppose E is the energy of light incident on a 
metal surface and W « E) the work-function of metal. As minimum energy is required to extract 
electrons from the surface, they will have the maximum kinetic energy which is E — W. 

Thus, Ku =~E-W ...(V) 
This value K,,,,, Can experimentally be found by keeping the metal plate P (from which electrons are 
emitting) at higher potential relative to an another plate Q placed in front of P. Some electrons after 
emitting from plate P, reach the plate QO despite the fact that O is at lower potential and it is repelling 
the electrons from reaching in itself. This is because the electrons emitted from plate P possess some 
kinetic energy and due to this energy they reach the plate QO and current i flows in the circuit in the 
direction shown in figure. 


i 
tb & 


4 
V 
Fig. 33.13 


Light 


As the potential V is increased, the force of repulsion to the electrons gets increased and less number 
of electrons reach the plate QO and current in the circuit gets decreased. At a certain value V) electrons 
having maximum kinetic energy (K,,,,, ) also get stopped and current in the circuit becomes zero. This 
is called the stopping potential. 

As an electron moves from P to Q, the potential decreases by Vy) and negative work — eV is done on 
the (negatively charged) electron, the most energetic electron leaves plate P with kinetic energy 


1 ee 
K max = — Vag and has zero kinetic energy at Q. Using the work energy theorem, we have 
2 


W. 


ext 


=- eV) =AK =0-K 


1 
or Kaex = 7 MV ox = eV .. (Vi) 


max 
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Photoelectric Current 


Figure shows an apparatus used to study the variation of photocurrent 7 with the intensity and 
frequency of light falling on metal plate P. Photoelectrons are emitted from plate P which are being 
attracted by the positive plate O and a photoelectric current i flows in the circuit, which can be 


measured by the galvanometer G. 


Fig. 33.14 


© 


Figure 33.15 (a) shows graphs of photocurrent as a function of potential difference Vp for light of 
constant frequency and two different intensities. When Vop is sufficiently large and positive the 
current becomes constant, showing that all the emitted electrons are being collected by the anode 
plate QO. The stopping potential difference -V) needed to reduce the current to zero is shown. If the 
intensity of light is increased, (or we can say the number of photons incident per unit area per unit 
time is increased) while its frequency is kept the same, the current becomes constant at a higher value, 
showing that more electrons are being emitted per unit time. But the stopping potential is found to be 
the same. 


fis 
constant 21 
i 
Vv, V 
a) = -Vo2- Vor 9 (b) me 
: (a) ; Photocurrent / as a function of the potential Vap 
Photocurrent / as a function of the potential Vap of the anode with respect to a cathode for two 
of the anode with respect to the cathode for a different light frequencies f; and f with the same 
constant light frequency f, the stopping potential intensity. The stopping potential Vo (and therefore 
Vo is independent of the light intensity /. the maximum kinetic energy of the photoelectrons) 
incrgases linearly with frequency. 
Fig. 33.15 


Figure 33.15 (b) shows current as a function of potential difference for two different frequencies with 
the same intensity in each case. We see that when the frequency of the incident monochromatic light 
is increased, the stopping potential Vy) gets increased. Of course, V) turn out to be a linear function of 
the frequency f 


Graph between X,,,,, and f 


Let us plot a graph between maximum kinetic energy K,,,,, of photoelectrons and frequency f of 
incident light. The equation between K,,,, and fis 


K max =hf —W 
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Comparing it with y= mx + c, the graph between K,,,,, and fis a straight line with positive slope and 
negative intercept. 


max 


4 7 ia f 
| Po] Ato) (ode 


Fig. 33.16 


From the graph, we can note the following points 
(i) Kix =O at f= fo 

(ii) Slope of the straight line is 4, a universal constant, 1.e. if graph is plotted for two different metals 
1 and 2, slope of both the lines is same. 

(iii) The negative intercept of the line is W, the work-function which is characteristic of a metal, i.e. 
intercepts for two different metals will be different. Further, 

W,>W, 

.. (fo)2> Codi [as W=hfo] 
Here, fo = threshold frequency 


Graph between I/, and f 
Vo 


Let us now plot a graph between the stopping potential 1 
V, and the incident frequency f/ The equation between 

them is (Slope), = (Slope), = 2 
eV, =hf —W son 


-  fe(E 


| : 
Ww, 
e 

Again comparing with y=mx+c, the graph between ran / 


W, / he 
ws F 
rf 


V) and f is a straight line with positive slope * — 


‘ hee W : 
(a universal constant) and negative intercept — (which 
e Fig. 33.17 


depends on the metal). The corresponding graph is 
shown in figure. 
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® Extra Points to Remember 

e The major features of the photoelectric effect could not be explained by the wave theory of light which were 
later explained by Einstein’s photon theory. 

(i) Wave theory suggests that the kinetic energy of the photoelectrons should increase with the increase in 
intensity of light. However equation, K,,.,=€V Suggests that it is independent of the intensity of light. 

(ii) According to wave theory, the photoelectric effect should occur for any frequency of the light, provided 
that the light is intense enough. However, the above equation suggests that photoemission is possible 
only when frequency of incident light is either greater than or equal to the threshold frequency f. 

(iii) If the energy to the photoelectrons is obtained by soaking up from the incident wave, it is not likely that 
the effective target area for an electron in the metal is much more than a few atomic diameters. (see 
example 33.20) between the impinging of the light on the surface and the ejection of the photoelectrons. 
During this interval the electron should be “soaking up” energy from the beam until it had accumulated 
enough energy to escape. However, no detectable time lag has ever been measured. 

e Einstein’s photon theory Einstein succeeded in explaining the photoelectric effect by making a 
remarkable assumption, that the energy in a light beam travels through space in concentrated bundles, 
called photons. The energy E of a single photon is given by 

lE=hii 
Applying the photon concept to the photoelectric effect, Einstein wrote 
lati SW 3b Kee: (already discussed) 

Consider how Einstein’s photon hypothesis meets the three objections raised against the wave theory 

interpretation of the photoelectric effect. 

As for objection 1 (the lack of dependence of K,,,, on the intensity of illumination), doubling the light 

intensity merely doubles the number of photons and thus doubles the photoelectric current, it does not 

change the energy of the individual photons 

Objection 2 (the existence of a cutoff frequency) follows from equation hf =W + K,,3,. If Ka, equals zero, 

We have hf, =W which asserts that the photon has just enough energy to eject the photoelectrons and 

none extra to appear as kinetic energy. The quantity W is called the work-function of the substance. If fis 

reduced below fy, the individual photons, no matter how many of them there are (that is, no matter how 
intense the illumination), will not have enough energy to eject photo electrons. 

Objection 3 (the absence of a time lag) follows from the photon theory because the required energy is 

supplied in a concentrated bundle. It is not spread uniformly over a large area, as in the wave theory. 

Although, the photon hypothesis certainly fits the facts of photoelectricity, it seems to be in direct conflict 

with the wave theory of light. Out modern view of the nature of light is that it has a dual character, behaving 

like a wave under some circumstances and like a particle or photon under others. 


© Example 33.20 <A metal plate is placed 5 m from a monochromatic light 
source whose power output is 10°° W. Consider that a given ejected 
photoelectron may collect its energy from a circular area of the plate as large as 
ten atomic diameters (10° m) in radius. The energy required to remove an 
electron through the metal surface is about 5.0 eV. Assuming light to be a 
wave, how long would it take for such a ‘target’ to soak up this much energy 
from such a light source. 
Solution The target area is S; =1( 10°)? =xx 10'S m?. The area of a5 m sphere centered 
on the light source is, S, =47 (5)? =100 xm’. Thus, if the light source radiates uniformly in all 
directions the rate P at which energy falls on the target is given by 
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100x x 


Assuming that all power is absorbed, the required time is 


-19 
_{_ SeV_ (16x10 J) oo, ne: 
io Js leV 


Example 33.21 The photoelectric work-function of potassium is 2.3 eV. If light 
having a wavelength of 2800 A falls on potassium, find 


—18 
P=(10° watt( $4 ]=c0" (EI |-10 I/s 
2 


(a) the kinetic energy in electron volts of the most energetic electrons ejected. 
(b) the stopping potential in volts 


Solution Given, W=2.3eV, X=2800A 
12375... 12375 _ 


E (aneV)= iin A) 2800 44eV 
(a) K imax =E-W 
=(4.4— 2.3)eV=2.1 eV Ans. 
(b) K max =eVo 
; 21eV=eV) or Vy =2.1 volt Ans. 


Example 33.22 When a beam of 10.6 eV photons of intensity 2.0 W/m? falls 
on a platinum surface of area 1.0 x 10~* m? and work-function 5.6 eV, 0.53% of 
the incident photons eject photoelectrons. Find the number of photoelectrons 
emitted per second and their minimum and maximum energies (in eV ). Take 
leV =1.6 x 10719 J. 
Solution Number of photoelectrons emitted per second 
(Intensity ) (Area) . 0.53 
(Energy of each photon) 100 


_ (2.0) (1.0x 10%) ,, 0:53 
(10.6x 1.6x 10!) 100 


=6.25x 10"! Ans. 
Minimum kinetic energy of photoelectrons, 
K min =9 
and maximum kinetic energy is, Knax =~ EL — W =(10.6-— 5.6)eV 
=5.0 eV Ans. 


Example 33.23 Maximum kinetic energy of photoelectrons from a metal 
surface is K, when wavelength of incident light is i. If wavelength is decreased 
to 0/2, the maximum kinetic energy of photoelectrons becomes 

(q) =2K, (b) > 2K5 (ce) <2Ky 


>) 
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Solution Using the equation, 
K wax =E —W, we have 


he : 
 aremld ... (i) 


: Xr . aa . 
with wavelength > suppose the maximum kinetic energy is K 4 , then 


he he 


Kg = W=2 W 
2 wy 
7 (4 —W +W 
he . 
but a W is Ky. Therefore, 
Kj =2K )+W 
or Ky >2Ko 
The correct option is (b). Ans. 


Example 33.24 Intensity and frequency of incident light both are doubled. 
Then, what is the effect on stopping potential and saturation current. 

Solution By increasing the frequency of incident light energy of incident light will increase. 
So, maximum kinetic energy of photoelectrons will also increase. Hence, stopping potential will 
increase. 

Further, by doubling the frequency of incident light energy of each photon will be doubled. So, 
intensity itself becomes two times without increasing number of photons incident per unit area 
per unit time. Therefore, saturation current will remain unchanged. 


Example 33.25 When a monochromatic point source of light is at a distance 
of 0.2 m from a photoelectric cell, the cut off voltage and the saturation current 
are respectively 0.6 V and 18.0 mA. If the same source is placed 0.6 m away 
from the photoelectric cell, then (JEE 1992) 
(a) the stopping potential will be 0.2 V 
(b) the stopping potential will be 0.6 V 
(c) the saturation current will be 6.0 mA 
(d) the saturation current will be 2.0 mA 
Solution (b) Stopping potential depends on two factors — one the energy of incident light and 
the other the work-function of the metal. By increasing the distance of source from the cell, 
neither of the two change. Therefore, stopping potential remains the same. 
(d) Saturation current is directly proportional to the intensity of light incident on cell and for a 
point source, intensity Te Wr? 
When distance is increased from 0.2 m to 0.6 m (three times), the intensity and hence the 
saturation current will decrease 9 times, i.e. the saturation current will be reduced to 2.0 mA. 


The correct options are (b) and (d). 
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© Example 33.26 The threshold wavelength for photoelectric emission from a 
material is 5200 A. Photoelectrons will be emitted when this material is 


illuminated with monochromatic radiation from a (1982, 3M) 
(a) 50 W infrared lamp (6) 1 Winfrared lamp 
(c) 50 W ultraviolet lamp (d) 1 Wultraviolet lamp 


Solution For photoemission to take place, wavelength of incident light should be less than the 
threshold wavelength. Wavelength of ultraviolet light < 5200 A while that of infrared radiation > 
5200 A. 


‘. The correct options are (c) and (d). 


INTRODUCTORY EXERCISE 


1. Light of wavelength 2000 A is incident on a metal surface of work-function 3.0 eV. Find the 
minimum and maximum kinetic energy of the photoelectrons. 

2. Is it correct to say that K,,,, is proportional to f ? If not, what would a correct statement of the 
relationship between K,,,,, and f ? 

3. When a metal is illuminated with light of frequency f, the maximum kinetic energy of the 
photoelectrons is 1.2 eV. When the frequency is increased by 50%, the maximum kinetic energy 
increases to 4.2 eV. What is the threshold frequency for this metal? 

4. A metal surface is illuminated by light of two different wavelengths 248 nm and 310 nm. The 
maximum speeds of the photoelectrons corresponding to these wavelengths are u, and Up, 
respectively. If the ratio u,:u, =2:1and hc = 1240 eV nm, the work-function of the metal is 


nearly (JEE 2014) 
(a) 3.7 eV (b) 3.2 eV (c) 2.8 eV (d) 2.5 eV 
5. The figure shows the variation of photocurrent with It 


anode potential for a photosensitive surface for 

three different radiations. Let /,,/, and /, be the 

intensities and f,, f, and f, be the frequencies for the 

curves a, b and c, respectively (JEE 2004) c b 
(a) f, =f, and/, 4#/,  =(b) f, =f, and/, =/, 


(c) f, =f, and/, =/, (d) f, =f, and/, =/, q 

6. The work-function of a substance is 4.0 eV. The = 
longest wavelength of light that can cause Vv 
photoelectron emission from this substance is 
approximately (JEE 1998) 
(a) 540 nm (b) 400 nm (c) 310 nm (d) 220 nm 

7. The maximum kinetic energy of photoelectrons emitted from a surface when photons of energy 
6 eV fall on it is 4 eV. The stopping potential in volt is (JEE 1997) 
(a) 2 (b) 4 (c) 6 (d) 10 

8. Photoelectric effect supports quantum nature of light because (JEE 1987) 


(a) there is a minimum frequency of light below which no photoelectrons are emitted 

(b) the maximum kinetic energy of photoelectrons depends only on the frequency of light and 
not on its intensity 

(c) even when the metal surface is faintly illuminated, the photoelectrons leave the surface 
immediately 

(d) electric charge of the photoelectrons is quantised 
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Final Touch Points 


1. In hydrogen and hydrogen like atoms : 
Circumference of n“ orbit =n (wavelength of single electron in that orbit) 
Proof 
According to Bohr’s assumption, 


or mvr =n | — 
on 
(2ar)=n (=) 
mv 
or circumference = n(de-Broglie wavelength of electron) 


2. Rhc =13.6 eV 


Therefore, Rhc has the dimensions of energy or 
[Rhc] =[ML2T~*] 
3. 1 Rhcis also called 1 Rydberg. It is not Rydberg constant FR. 


Solved Examples 


TYPED PROBLEMS 


Type 1. Based on de-Broglie wavelength 


© Example 1_ A proton is fired from very far away towards a nucleus with charge 
Q =120 e, where eis the electronic charge. It makes a closest approach of 10 fm to 
the nucleus. The de-Broglie wavelength (in units of fm) of the proton at its start is 
[Take the proton mass, m,, =(5/3) x 10°" kg, hle=4.2x 107 J-s/C, 


1 9 Sere: 

dee, =9x10° m/F,1fm=10°° m] ee 
Solution r=closest distance = 10 fm Ze 
From energy conservation, we have Ci dee Boitutoated ne 

K; + U; — Ky + U; ; ' 
or K+0=0+4 nd ——— 

4née = 
or Gs Oe) i) 
4n&) r 
de-Broglie wavelength, 
h . 
N= ... (1) 
2Km ( 


Substituting the given values in above two equations, we get 
A=7x10" m=7 fm 


© Example 2. Find de-Broglie wavelength of single electron in 2nd orbit of 
hydrogen atom by two methods. 
Solution Method 1 Kinetic energy of single electron in 2nd orbit is 3.4eV using the 


equation, 
N= ze = jee =6.64 A Ans. 
KE(in eV) 3.4 

Method 2. Circumference of nth orbit = nd 

. 2nr=2h 

or AX=tr 

Now, ron? 

7, =0.529A 


0 = 20.529)(2)?A 
-6.64A Ans. 
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Type 2. Based on Bohr’s atomic models 


© Example 3 The electric potential between a proton and an electron is given by 


V =V, In "| where Ty) is a constant. Assuming Bohr model to be applicable, 
To 


write variation of r,, with n, being the principal quantum number. (JEE 2003) 
(a)r,en One (o) r, on? (dr <> 
n n 


Solution «> U=eV =eVy In [=| 
i) 


ieee 
dr r 
2 
: : : A mu eV» 
This force will provide the necessary centripetal force. Hence, —— =——* 
r r 
eV, : 
or v=,|—28 ...(i) 
m 
h - 
Moreover, mor = ... (i) 
2m 


Dividing Eq. (i) by Eq. (i), we have 


© Example 4 Imagine an atom made up of proton and a hypothetical particle of 
double the mass of the electron but having the same charge as the electron. Apply 
the Bohr atom model and consider all possible transitions of this hypothetical 
particle to the first excited level. The longest wavelength photon that will be 
emitted has wavelength x (given in terms of the Rydberg constant R for the 


hydrogen atom) equal to (JEE 2000) 
(a) 9/5R (b) 36/5R (c) 18/5R (d) 4/R 
Solution In hydrogen atom, E,, = ae 
n 
Also, E, «<m 


n 
where, m is the mass of the electron. 


Here, the electron has been replaced by a particle whose mass is double of an electron. 
Therefore, for this hypothetical atom energy in nth orbit will be given by 
2Rhe 


n~ 
n2 


The longest wavelength 4,,,,, (or minimum energy) photon will correspond to the transition of 
particle from n=3ton=2. 


he 


1 1 
= E, = E,=2Rhce (= = a 


max 


This gives, Aya, =18/5R 


The correct option is (c). 


m: 
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© Example 5 The recoil speed of a hydrogen atom after it emits a photon is going 
from n =5 state to n =1 state is ........ m/s. (JEE 1997) 
Solution From conservation of linear momentum, 


| Momentum of recoil hydrogen atom| = |Momentum of emitted photon | 
AE 
or mv =— 
c 
Hh. - 
Here, AE = E; — EF, =-13.6 Be eV 


= (13.6) (24/25) eV = 13.056 eV 
= 13056 x1.6x10°° J=2.09x10 J 


and m = mass of hydrogen atom = 1.67 x10” kg 
_ AE _ 2.09 x10 
mc (1.67 x10°2") x 10°) 
vx417 miss 


© Example 6 A hydrogen like atom (described by the Bohr model) is observed to 
emit six wavelengths, originating from all possible transitions between a group of 
levels. These levels have energies between — 0.85 eV and —0.544 eV (including both 
these values). (JEE 2002) 
(a) Find the atomic number of the atom. 
(b) Calculate the smallest wavelength emitted in these transitions. 
(Take, hc =1240 eV-nm, ground state energy of hydrogen atom =-13.6 eV) 


Solution (a) Total 6 lines are emitted. Therefore, 


o_o = =6 or n=4 
2 
So, transition is taking place between mth energy state and (m + 3) th energy state. 
2 
E,,=-0.85eV or -136 (2) =-0.85 
m 
or Z 0.96 ...(i) 
m 
Similarly, E,,,,; =-0.544eV 
VA 
or —13.6 ——, =-0.544 
(m + 3) 
= 2 =0.2 (ii) 
(m+ 3) 
Solving Eqs. (i) and (ii) for Z and m, we get 
m=12 and Z=3 Ans. 
(b) Smallest wavelength corresponds to maximum difference of energies which is obviously 
E,, +37 E,, 
: A Enax = —0.544 — (—0.85) = 0.306 eV 
nN Ee pe Baa Ans. 


ne AE 0.306 


max 
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© Example 7 A hydrogen like atom of atomic number Z is in an excited state of 
quantum number 2n. It can emit a maximum energy photon of 204 eV. If it makes 
a transition to quantum state n, a photon of energy 40.8 eV is emitted. Find n, Z 
and the ground state energy (in eV) of this atom. Also calculate the minimum 
energy (in eV) that can be emitted by this atom during de-excitation. Ground state 
energy of hydrogen atom is -13.6 eV. 
Solution Let ground state energy (in eV) be E). 


Then, from the given condition 


or 


or 


and 


or 


or 


From Kgs. (i) and (ii), we get 


or 


From Eq. (ii), 


or 


Ey, — Ey =204eV 


au — E, =204eV 
4n 
E, (Zs -1| = 204 eV 
n 
Ey, — EL, =408 eV 
EB wae 
4n 


1 
Ap? 1 1 
4n =5 or =f et = 
oO] 4n> 4n 
An? 


ie -5 n2 (408) eV 


= ; (2) (408) eV 


E, =-217.6 eV 
E, =- (13.6) Z? 
a By _ 7217.6 _ 46 
-13.6 -13.6 
Z=A 
E E 
E.. =E,—E,,_,=—1 1 
min 2n 2n-1 An2 (an = 1) 
hy 7 
16 9 144° 1 
= (=) (~217.6) eV 
144 


Eypin = 10.58 €V 


(JEE 2000) 


i) 


...(ii) 
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Example 8 A hydrogen like atom (atomic number Z) is in a higher excited state 
of quantum number n. The excited atom can make a transition to the first excited 
state by successively emitting two photons of energy 10.2 eV and 17.0 eV, 
respectively. Alternatively, the atom from the same excited state can make a 
transition to the second excited state by successively emitting two photons of 
energies 4.25 eV and 5.95 eV, respectively. (JEE 1994) 
Determine the values of n and Z. 

(Ionization energy of H-atom = 13.6 eV) 

Solution From the given conditions, 


E,, — E, = (10.2 + 17) eV =27.2 eV ...(i) 
and E_, — E, = (4.25 + 5.95) eV =10.2 eV ... (ii) 
Eq. (i) — Eq. (ai) gives 


E, -E,=17.0eV or Z? (13.6) (3 = ;] =17.0 
> Z? (13.6) (5/36) =17.0 
=> Z?=9 or Z=3 
From Eq. (i), 
2 1 1 5 1 oil 

1 4 ; 
or —-—, =0.222 or 1/n”=0.0278 

4 on 
or n?=36 > n=6 


Type 3. Based on X-rays 


Example 9 Determine the energy of the characteristic X-ray (Kg) emitted from a 
tungsten (Z = 74) target when an electron drops from the M-shell(n = 3) to a 
vacancy in the K-shell(n = 1). 
Solution Energy associated with the electron in the K-shell is approximately 

Ex =— (74-1) (13.6 eV) =— 72474 eV 
An electron in the M-shell is subjected to an effective nuclear charge that depends on the 
number of electrons in the n = 1 and n =2 states because these electrons shield the M electrons 


from the nucleus. Because there are eight electrons in the n = 2 state and one remaining in the 
n =1 state, roughly nine electrons shield M electrons from the nucleus. 


So, Z egg =Z—-9 


Hence, the energy associated with an electron in the M-shell is 


2 2 
fy, = 88 Zin gy 1862-9) 6 
3 3 

2 
8) a — 9)" ev =— 6384 eV 


Therefore, emitted X-ray has an energy equal to 
Ey — Ex ={-6384 — (-72474)} eV = 66090 eV Ans. 
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© Example 10 The potential difference applied to an X-ray tube is 5 kV and the 
current through it is 3.2 mA. Then, the number of electrons striking the target per 


second is (JEE 2002) 
(a) 2x 10'° (b) 5x 10° 
(c) 1x 10"" (d) 4x 10° 
Solution «> i= %="° 
t ¢ 
tt 
n=— 
e 
Substituting i=3.2 x10? A, 
e=1.6x10 °C and t=1s 
We get, n=2x10'6 


The correct answer is (a). 


© Example 11 X-rays are incident on a target metal atom having 80 neutrons. 
The ratio of atomic radius of the target atom and $ He is (14)"”. (JEE 2005) 
(a) Find the mass number of target atom. 
(b) Find the frequency of K,, line emitted by this metal. 
Hint : Radius of a nucleus (r) has the following relation with mass number (A). 


ro AY 
(R =1.1x 10'm, c=3x 10° m/s) 
Solution (a) From the relation r « A’, 
v3 
We have, Fa [4 
ny A, 
v3 
or (=) = (14)"" 
A A, = 56 
(b) Z,=A,—number of neutrons 
= 56 —- 30 =26 
dv, al 3Rce 
f=Re(Z-1)° (= | (Z -1)? 


Substituting the given values of R, c and Z, we get 
f=1.55 x10!° Hz 


© Example 12 Stopping potential of 24,100,110 and 115 kV are measured for 
photoelectrons emitted from a certain element when it is radiated with 
monochromatic X-ray. If this element is used as a target in an X-ray tube, what 
will be the wavelength of K,, -line? 
Solution Stopping potentials are 24, 100, 110 and 115 kV, ice. if the electrons are emitted 
from conduction band, maximum kinetic energy of photoelectrons would be 115 x 10° eV. If they 


are emitted from next inner shell, maximum kinetic energy of photoelectrons would be 
110 x 10° eVand so on. 
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For photoelectrons of L- shell it would be 100 x 10° eV and for K-shell it is 24 x 10° eV. 
Therefore, difference between energy of Z-shell and K-shell is 
AE = E, — Ex 
= (100 — 24) x 10° eV 
= 76 x10° eV 
*. Wavelength of K,-line (transition of electron from L-shell to K-shell) is, 
tag, (in Ay = 12875 __12878 
& AE (ineV) 76x10 
=0.163 A Ans. 


Example 13 In Moseley’s equation af =a(Z-— b), aand bare constants. Find 
their values with the help of the following data. 


Element Zi Wavelength of K,, X-rays 
Mo 42 0.71A 
Co 27 1.785 A 


Solution Jf =a(Z-—b) 


or a, 79-8) ...(i) 

and 1a, =a (Zy— b) ...(ii) 
From Kgs. (i) and (ii), we have 

1 1 rr 

| ae z| a 25 ..- (iii) 


Solving above three equations with c=3.0x10% més, A, =0.71x1071°m 
Ay =1.785 x10°m, Z,=42 and Z,=27, we get 
a=5 x10" (Hz)! and b= 1.37 Ans. 


Type 4. Based on photoelectric effect 


Example 14 A monochromatic light source of frequency f illuminates a metallic 
surface and ejects photoelectrons. The photoelectrons having maximum energy are 
just able to ionize the hydrogen atoms in ground state. When the whole 


experiment is repeated with an incident radiation of frequency : f, the 


photoelectrons so emitted are able to excite the hydrogen atom beam which then 
emits a radiation of wavelength 1215 A 
(a) What is the frequency of radiation? 
(6) Find the work-function of the metal. 
Solution (a) Using Einstein’s equation of photoelectric effect, 
K max = hf —W 
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Here, Knax = 18.6 eV 
2 hf — W =13.6 eV .. (i) 
Further, h (? r} W= aids 10.2 eV ..-(1i) 
6 1215 
Solving Eqs. (i) and (ii), we have 
uu Sey of fe 6) (3.4) (1.6 oo) 
(6.63 x10-**) 
=4,92 x10 Hz Ans. 
(b) W =hf — 13.6 [from Eq. (i)] 
=6 (8.4)- 13.6 =6.8 eV Ans. 


© Example 15 The graph between 1/X and stopping potential (V) of three metals 
having work-functions $,,, and, in an experiment of photoelectric effect is 
plotted as shown in the figure. Which of the following statement(s) is/are correct? 


(Here, i is the wavelength of the incident ray). (JEE 2006) 
Va 


Metal 1 Metal2 Metal 3 


LLL. 


0.001 0.002 0.004 1/ nm 

(a) Ratio of work-functions $, : 9:43 =1:2:4 

(b) Ratio of work-functions 6, : b,:,; =4:2:1 

(c) tan 0 is directly proportional to hc/e, where h is Planck constant and c is the speed of light 


(d) The violet colour light can eject photoelectrons from metals 2 and 3 


Solution From the relation, 
Vea vB 
xr e)\xr e 


This is equation of straight line. Slope is tan 0 = =, 
e 


Further V =0 at = “ 


he he he 1.1 221 
b, 29203 = : : = : : =1:2:4 
Aor Aoz 403 Aor 02 dos 
= 0,001 nm or A, =10000A 
01 


+ -0.002 nm or Ag = 5000 A 
r 


02 


| -0.004nm or ox = 2500 A 
03 

Violet colour has wavelength 4000 A. 

So, violet colour can eject photoelectrons from metal 1 and metal 2. 


The correct options are (a) and (c). 
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© Example 16 A beam of light has three wavelengths 4144 A, 4972 A and 6216 A 
with a total intensity of 3.6 x 10°? Wm~ equally distributed amongst the three 


wavelengths. The beam falls normally on an area 1.0 cm? of a clean metallic 
surface of work-function 2.3 eV. Assume that there is no loss of light by reflection 
and that each energetically capable photon ejects one electron. Calculate the 
number of photoelectrons liberated in two seconds. (JEE 1989) 
Solution Energy of photon having wavelength 4144 A, 
_ 123875 ay 
4144 
=2.99 eV 
Sealey. Ryo ey 
4972 
=2.49 eV and 
12375 
= "e216 ° 
=1.99 eV 
Since, only E, and E, are greater than the work-function W =2.3 eV , only first two 
wavelengths are capable for ejecting photoelectrons. Given intensity is equally distributed in all 
wavelengths. Therefore, intensity corresponding to each wavelength is 
3.6 x10° 
3 
Or energy incident per second in the given area (A =1.0 cm? =10 4 m’) is 
P=1.2x10°% x10% 
=1.2x107 J/s 


Let n, be the number of photons incident per unit time in the given area corresponding to first 
wavelength. Then, 


1 


3 


=1.2 x10 W/m? 


hd 
Ey 


_. tax10" 
2.99 x1.6 x 10719 


=2.5 x10!! 


ny 


Similarly, Ng = 
2 


_— 12x107 
2.49 x1.6x107% 
=3.0 x10" 


Since, each energetically capable photon ejects one electron, total number of photoelectrons 
liberated in 2 s. 


=2(n, + Ng) 
=2 (2.5 +3.0) x10"! 
=1.1x10” Ans. 


Miscellaneous Examples 


© Example 17 Two metallic plates A and B each of area 5 x 10* m”, are placed 
parallel to each other at a separation of 1 cm. Plate B carries a positive charge of 
33.7x 10° C. A monochromatic beam of light, with photons of energy 5 eV each, 
starts falling on plate A at t =0 so that 10'° photons fall on it per square metre 
per second. Assume that one photoelectron is emitted for every 10° incident 
photons. Also assume that all the emitted photoelectrons are collected by plate B 
and the work-function of plate A remains constant at the value 2 eV. 
Determine (JEE 2002) 
(a) the number of photoelectrons emitted upto t=10 s, 
(b) the magnitude of the electric field between the plates A and B at t=10s and 


(c) the kinetic energy of the most energetic photoelectrons emitted at t=10s when it reaches 
plate B. 


Neglect the time taken by the photoelectron to reach plate B. 
(Take, &) = 8.85 x 10°'*C?/ N -m”). 

Solution Area of plates, =5 x10“¢ m? 

Distance between the plates, d=1cm=10m 

(a) Number of photoelectrons emitted upto t=10 sare 


ae (number of photons falling on unit area in unit time) x (area x time) 


10° 
= + [€10)!® x © x10) « (10)] 
10 
=5.0 x10’ Ans. 
(b) At time t=10s, 
Charge on plate A, qa =+ ne=(6.0 x10") (1.6 x10’) 
=8.0x10°"C 


and charge on plate B, 
dp = (83.7 x 107 — 80 x 1071”) 
=25.7x10 2 C 


.. Electric field between the plates, E = (ap = Ga) 
2AEp 


(25.7 - 80) x10 ¥ 
2 x 6 x 10-*) (885 x 107'”) 
=2x10* N/C 
(c) Energy of most energetic photoelectrons at plate A, 
=H-W=(6-2)eV =3eV 


or 
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Increase in energy of photoelectrons 

= (eEd) joule = (Ed) eV 

= (2 x10*) (10°) eV =20eV 
Energy of photoelectrons at plate B 

= (20 + 38) eV = 23 eV 


Ans. 


© Example 18 Photoelectrons are emitted when 400 nm radiation is incident on a 
surface of work-function 1.9 eV. These photoelectrons pass through a region 
containing a-particles. A maximum energy electron combines with an a-particle to 
form a He* ion, emitting a single photon in this process. He* ions thus formed are 
in their fourth excited state. Find the energies in eV of the photons lying in the 
2 to 4 eV range, that are likely to be emitted during and after the combination. 


[Take, h = 4.14x 107! eV-s] 
Solution Given work-function W =1.9 eV 
Wavelength of incident light, 4 = 400 nm 


Energy of incident light, # = - =3.1leV 


(Substituting the values of h, c and A) 
Therefore, maximum kinetic energy of photoelectrons 
K max =H -W =(8.1-1.9) =1.2 eV 


max 


Now, the situation is as shown in figure. 


= 3 
Kmax= 1.2eV : j 1 n=5 
feeees| | esi | FoH-22ev 
a-particles He* in fourth 
excited state or 
n= He* 
(Z = 2) 
Energy of electron in 4th excited state of He* (n =5) will be 
Z? 
E; =-1386—, eV 
n 
92 
=> E; =- (136) 2 --9.2 eV 
6) 


Therefore, energy released during the combination 
=1.2-(-22)=3.4eV 
Similarly, energies in other energy states of He* will be 


2 
E,--13.6 2 --3.4ev 
4 


(JEE 1999) 
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The possible transitions are 
AE; _,, =H, —E,=1.2eV<2eV 
AE; ,3 =H; — E, =3.84 eV 
AE; ,2 =H; - H,=11.4eV>4eV 
AE, 3 =H, —-—E; =2.64eV 
AE, ,,=H,—-E,=10.2eV>4eV 
Hence, the energy of emitted photons in the range of 2 eV and 4 eV are 3.4 eV during 
combination and 3.84 eV and 2.64 after combination. 


Example 19 Light from a discharge tube containing hydrogen atoms falls on 
the surface of a piece of sodium. The kinetic energy of the fastest photoelectrons 
emitted from sodium is 0.73 eV. The work-function for sodium is 1.82 eV. (JEE 1992) 
Find 

(a) the energy of the photons causing the photoelectrons emission. 

(b) the quantum numbers of the two levels involved in the emission of these photons. 


(c) the change in the angular momentum of the electron in the hydrogen atom, in the above 
transition, and 


(d) the recoil speed of the emitting atom assuming it to be at rest before the transition. 
(Ionization potential of hydrogen is 13.6 eV.) 


Solution (a) From Einstein’s equation of photoelectric effect, 
Energy of photons causing the photoelectric emission 
= Maximum kinetic energy of emitted photons + work-function 
or E = Kiya + W = 0.73 + 1.82) eV 
or E =2.55 eV Ans. 
(b) In case of a hydrogen atom, 
E, =-18.6 eV, E,=-3.4 eV, E, =—-1.5 eV 
E,=-0.85 eV 
Since, Ei, — Ey =2.55 eV 
Therefore, quantum numbers of the two levels involved in the emission of these photons are 4 
and 2(4 > 2). 
(c) Change in angular momentum in transition from 4 to 2 will be 
srnt,-ty02(#)-a(4) oe ane? 


(d) From conservation of linear momentum 


| Momentum of hydrogen atom |=|Momentum of emitted photon | 
or mu =— (m = mass of hydrogen atom) 


E (2.55 x 1.6 x 10719 J) 


or v= = “27 8 
me (1.67 x10 “‘kg) 8.0 x 10° m/s) 


v=0.814 mis Ans. 
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© Example 20 If an X-ray tube operates at the voltage of 10 kV, find the ratio of 
the de-Broglie wavelength of the incident electrons to the shortest wavelength of 
X-rays produced. The specific charge of electron is 1.8 x 10''C/kg. 


Solution de-Broglie wavelength when a charge q is accelerated by a potential difference of V 


volts is 
h ' 
Ap = ..-(i) 
0 faqVm : 
For cut off wavelength of X-rays, we have qV= . 
or Wes ...(ii) 
qv 
av 
: . hy _ V2m 
From Kgs. (i) and (ii), we get a 
™m c 
For electron “ = 1.8 x10! C/kg (given). Substituting the values the desired ratio is 
m 
x10! x10 x108 
Bie 2 5 =0.1 Ans. 
dan 3x10 


© Example 21 The wavelength of the first line of Lyman series for hydrogen is 
identical to that of the second line of Balmer series for some hydrogen like ion x. 
Calculate energies of the first four levels of x. 
Solution Wavelength of the first line of Lyman series for hydrogen atom will be given by the 


equation 
1 i 1 3R ; 
=R = ve(1 
4 (a 2] 4 @ 
The wavelength of second Balmer line for hydrogen like ion x is 
2 
Pe rz z “| mee ..- Gi) 
is 4 16 
: 1 1 
Given that Shy OS 
° Ay dg 
3R_ 3RZ? 
le. —= 
4 16 
Z=2 
ie. x ion is He*. The energies of first four levels of x are 
E, =— (13.6) Z?=-54.4eV 
2= es =—-13.6 eV 
2) 
3 = a =— 6.04 eV 
(3) 
Ey 
and Ey,=—5=-3.4eV Ans. 
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© Example 22. A moving hydrogen atom makes a head on collision with a 
stationary hydrogen atom. Before collision both atoms are in ground state and 
after collision they move together. What is the minimum value of the kinetic 
energy of the moving hydrogen atom, such that one of the atoms reaches one of the 
excited state? 


Solution Let K be the kinetic energy of the moving hydrogen atom and K’, the kinetic energy 
of combined mass after collision. 


n=2 
K' 
K —$$—F 
6 => AE = 10.2 eV 
m m 2m 
n=1 


From conservation of linear momentum, 
p=p' or V2Km =,/2K' @m) 


or K =2K' ...(i) 
From conservation of energy, K=K'+AE ..- (11) 
Solving Eas. (i) and (ii), we get AE = * 
Now, minimum value of AE for hydrogen atom is 10.2 eV. 
or AE = 10.2 eV 
s >10.2 
a) 
= K >20.4 eV 
Therefore, the minimum kinetic energy of moving hydrogen is 20.4 eV. Ans. 


© Example 23 An imaginary particle has a charge equal to that of an electron 
and mass 100 times the mass of the electron. It moves in a circular orbit around a 
nucleus of charge + 4e. Take the mass of the nucleus to be infinite. Assuming that 
the Bohr model is applicable to this system. 
(a) Derive an expression for the radius of nth Bohr orbit. 


(b) Find the wavelength of the radiation emitted when the particle jumps from fourth orbit 
to the second orbit. 


2 2 
7 m,U 1. “Fi 
Solution (a) We have ee (i) 
rp Ane 1, 
The quantization of angular momentum gives 
nh e 
Mp, ar ...(1i) 
Solving Eqs. (i) and (ii), we get 
22 
_ nhs, 
Znm 


Substituting m, =100m 
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where, m = mass of electron and Z =4 
nh*sy 


=, Ans. 
400 x me 


We get, Ty 


(b) As we know, E! —— 13.60 eV 
2 
and E,« (4) m 
n 
_ (-18.60) (4)? 
(4) 
=~ 1360 eV 
2 
By - 23:60) 199 
2) 
=— 5440 eV 
AE = E,— E, 
= 4080 eV 
12375 
AE (in eV) 
_ 12375 
4080 
=3.0A Ans. 


For the given particle, E, x 100 


and 


a (in A) = 


© Example 24 The energy levels of a hypothetical one electron atom are given by 
E, --~22 ev 
n 
where n =1, 2, 3,... 
(a) Compute the four lowest energy levels and construct the energy level diagram. 
(b) What is the first excitation potential 
(c) What wavelengths (A) can be emitted when these atoms in the ground state are 
bombarded by electrons that have been accelerated through a potential difference of 


16.2 V? 
(d) If these atoms are in the ground state, can they absorb radiation having a wavelength 
of 2000 A? 
(e) What is the photoelectric threshold wavelength of this atom? 
Solution (a) E, = De =-18.0 eV 
—18.0 
= =-—4.5eV 
= ey 
—18.0 
= =-2.0 eV 
= BF 


and E,= —— =—1.125 eV 
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The energy level diagram is shown in figure. 


E, =-1.125 eV 
E, =-2.0 eV 
F,=-4.5eV 
E, =-18.0 eV 


(b) EB, — E, =13.5 eV 
First excitation potential is 13.5 V. 


(c) Energy of the electron accelerated by a potential difference of 16.2 V is 16.2 eV. With this 
energy the electron can excite the atom from n =1 ton =8 as 


E, — E, =—1.125 — (-18.0) =16.875 eV > 16.2 eV 


and E, — E, =—2.0 —(-18.0) = 16.0 eV < 16.2 eV 
New: a 12375 12375 
E,—-E, —2.0—(—4.5) 
=4950 A Ans. 
oe 12375 — 12875 | 773A Kee, 
E, —E, 16 
12375 12375 
and ho = = 
E,-—E, —4.5-— (18.0) 
=917A Ans. 
(d) No, the energy corresponding to 4 = 2000 A is 
H= £2378 = 6.1875 eV Ans. 
2000 


The minimum excitation energy is 18.5eV (n=1 to n=2). 
(e) Threshold wavelength for photoemission to take place from such an atom is 
_ 12375 
min — 18 
=687.5A Ans. 


© Example 25 Ina photocell the plates P and Q have a separation of 5 cm, which 
are connected through a galvanometer without any cell. Bichromatic light of 
wavelengths 4000 A and 6000 A are incident on plate Q whose work-function is 
2.39 eV. Ifa uniform magnetic field B exists parallel to the plates, find the 
minimum value of B for which the galuanometer shows zero deflection. 
Solution Energy of photons corresponding to light of wavelength 4, = 4000 Ais 


= 12375 Saqeea 
4000 
and that corresponding to 4, = 6000 Ais 
12375 
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As, E,<W and £,>W (W = work-function) 


Photoelectric emission is possible with i, only. 


Photoelectrons experience magnetic force and move along a circular path. The galvanometer 
will indicate zero deflection if the photoelectrons just complete semicircular path before 
reaching the plate P. 


Thus, d=r=5cm 
r=5cm=0.05m 
Further, pe v2Km 
Ba Ba 
2 x2Km 
rq 

Here, K=E, —-W =6.1-2.39) 

=0.71 eV 


Substituting the values, we have 
_ 20.71 «1.6 x107 x9.109 x10" 
a (0.05) (1.6 x 1071) 


=5.68 x10 T Ans. 


B 


Exercises 


LEVEL 1 


Assertion and Reason 


10. 


Directions: Choose the correct option. 

(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 
(b) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 

(d) If Assertion is false but the Reason is true. 


. Assertion: X-rays cannot be deflected by electric or magnetic fields. 


Reason: These are electromagnetic waves. 


. Assertion: If wavelength of light is doubled, energy and momentum of photons are reduced 


to half. 
Reason: By increasing the wavelength, speed of photons will decrease. 


. Assertion: We can increase the saturation current in photoelectric experiment without 


increasing the intensity of light. 
Reason: Intensity can be increased by increasing the frequency of incident photons. 


. Assertion: Photoelectric effect proves the particle nature of light. 


Reason: Photoemission starts as soon as light is incident on the metal surface, provided 
frequency of incident light is greater than or equal to the threshold frequency. 


. Assertion: During de-excitation from n = 6ton = 3, total six emission lines may be obtained. 


n(n —-1) 


Reason: Fromn =n ton =l, total emission lines are obtained. 


. Assertion: If frequency of incident light is doubled, the stopping potential will also become 


two times. 
Reason: Stopping potential is given by 


h 
Vo =—W—-Vo) 
e 


. Assertion: X-rays cannot be obtained in the emission spectrum of hydrogen atom. 


Reason: Maximum energy of photons emitted from hydrogen spectrum is 13.6 eV. 


. Assertion: If applied potential difference in coolidge tube is increased, then difference 


between K,, wavelength and cut off wavelength will increase. 


Reason: Cut off wavelength is inversely proportional to the applied potential difference in 
coolidge tube. 


. Assertion: Inn =2, energy of electron in hydrogen like atoms is more compared to n =1. 


Reason: Electrostatic potential energy in n = 21s more. 
Assertion: In continuous X-ray spectrum, all wavelengths can be obtained. 


Reason: Accelerated (or retarded) charged particles radiate energy. This is the cause of 
production of continuous X-rays. 
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Objective Questions 


1: 


10. 


11. 


According to Einstein’s photoelectric equation, the plot of the maximum kinetic energy of the 
emitted photoelectrons from a metal versus frequency of the incident radiation gives a straight 
line whose slope 

(a) depends on the nature of metal used 

(b) depends on the intensity of radiation 

(c) depends on both intensity of radiation and the nature of metal used 

(d) is the same for all metals and independent of the intensity of radiation 


. The velocity of the electron in the first Bohr orbit as compared to that of light is about 


(a) 1/300 (b) 1/500 
(c) 1/137 (d) 1/187 
ggA” > g,B?!°. In this reaction, how many o and f particles are emitted? 
(a) 60,38 (b) 30,48 
(c) 40,38 (d) 30,68 
An X-ray tube is operated at 20 kV. The cut off wavelength is 
(a) 0.89 A (b) 0.75 A 
(c) 0.62 A (d) None of these 
. An X-ray tube is operated at 18 kV. The maximum velocity of electron striking the target is 
(a) 8x10’ mis (b) 6 x10’ m/s 
(c) 5 x10’ m/s (d) None of these 


. What is the ratio of de-Broglie wavelength of electron in the second and third Bohr orbits in the 


hydrogen atoms? 


(a) 2/3 (b) 3/2 
(c) 4/3 (d) 3/4 
. The energy of a hydrogen like atom (or ion) in its ground state is — 122.4 eV. It may be 
(a) hydrogen atom (b) He* 
() Li* (d) Be®* 


. The operating potential in an X-ray tube is increased by 2%. The percentage change in the cut 


off wavelength is 


(a) 1% increase (b) 2% increase 
(c) 2% decrease (d) 1% decrease 
. The energy of an atom or ion in the first excited state is —13.6 eV. It may be 
(a) He* (b) Li** 
(c) hydrogen (d) deuterium 


In order that the short wavelength limit of the continuous X-ray spectrum be 1 A, the potential 
difference through which an electron must be accelerated is 

(a) 124kV (b) 1.24 kV 

(c) 12.4kV (a) 1240 kV 

The momentum of an X-ray photon with A= 0.5 Ais 

(a) 13.26 x10°*° kg-m/s 

(b) 1.326 x10-* kg-m/s 

(c) 13.26 x10-* kg-m/s 

(d) 13.26 x10-? kg-m/s 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 
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The work-function of a substance is 1.6 eV. The longest wavelength of light that can produce 
photoemission from the substance is 

(a) 7750A (b) 3875 A 

(c) 5800 A (a) 2900 A 


Find the binding energy of an electron in the ground state of a hydrogen like atom in whose 
spectrum the third Balmer line is equal to 108.5 nm. 

(a) 54.4 eV (b) 13.6 eV 

(c) 112.4 eV (d) None of these 


Let the potential energy of hydrogen atom in the ground state be zero. Then, its energy in the 
first excited state will be 

(a) 10.2 eV (b) 13.6 eV 

(c) 23.8 eV (d) 27.2 eV 


Light of wavelength 330 nm falling on a piece of metal ejects electrons with sufficient energy 
with required voltage V) to prevent them from reaching a collector. In the same set up, light of 
wavelength 220 nm ejects electrons which require twice the voltage V, to stop them in reaching 
a collector. The numerical value of voltage Vo is 


16 15 
a5 ) ag” 
15 8 
Oy” @ BY 


Maximum kinetic energy of a photoelectron is E when the wavelength of incident light is 4. If 
energy becomes four times when wavelength is reduced to one-third, then work-function of the 
metal is 


3 he he 
(a) xX (b) BA 
he he 
(c) 7 (d) a 


If the frequency of K, X-ray emitted from the element with atomic number 31 is f, then the 
frequency of K,, X-ray emitted from the element with atomic number 51 would be 


(a) ms (b) a 
of 25f 
(c) 25 (d) ~o 


According to Moseley’s law, the ratio of the slope of graph between Vf and Z for K,and K,, is 
By 27 
(a) {2 (b) 32 
5 36 
ice dy [22 

” i m V5 


If the electron in hydrogen orbit jumps from third orbit to second orbit, the wavelength of the 
emitted radiation is given by 


(a) uae (b) = 2 
36 _5R 
(©) = @) r= 
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20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


A potential of 10000 V is applied across an X-ray tube. Find the ratio of de-Broglie wavelength 
associated with incident electrons to the minimum wavelength associated with X-rays. 


(Given, e/m =1.8 x 10'! C/kg for electrons) 


(a) 10 (b) 20 
(c) 1/10 (d) 1/20 


When a metallic surface is illuminated with monochromatic light of wavelength A, the stopping 
potential is 5 V>. When the same surface is illuminated with the light of wavelength 3), the 
stopping potential is V,.Then, the work-function of the metallic surface is 

(a) hc/6r (b) Ac/5A 

(c) he/4r (d) 2hc/4r 


The threshold frequency for a certain photosensitive metal is vg. When it is illuminated by light 
of frequency v=2vo, the stopping potential for photoelectric current is Vp. What will be the 
stopping potential when the same metal is illuminated by light of frequency v = 3v9? 

(a) 1.5V, (b) 2V, 

(c) 2.5 Vp (d) 3V) 

The frequency of the first line in Lyman series in the hydrogen spectrum is v. What is the 
frequency of the corresponding line in the spectrum of doubly ionized Lithium? 

(a) v (b) 3v 

(c) 9v (d) 2v 

Which energy state of doubly ionized lithium (Li**) has the same energy as that of the ground 
state of hydrogen? 

(a) n=1 (b) n=2 

(©) n=3 (@) n=4 

Two identical photo-cathodes receive light of frequencies v, and vg. If the velocities of the 
photoelectrons (of mass m) coming out are v, and v, respectively, then 


V2 
(a) 4-w=| 6, -v0)| (b) ve v2 ==" , -v5) 
m m 


2h ‘he 2h 
Cre oy | co va) (pee ya 
m m 


The longest wavelength of the Lyman series for hydrogen atom is the same as the wavelength 
of a certain line in the spectrum of He* when the electron makes a transition from n > 2. The 
value of nis 


(a) 3 (b) 4 (c) 5 (d) 6 
The wavelength of the K,- line for the uranium is (Z = 92) (R = 1.0973 x10’ m‘) 
(a) 15 A (b) 0.5 A (c) 0.15 A (a) 2.0 A 


The frequencies of K,, K, and L, X-rays of a material are y,,y2 and y; respectively. Which of 
the following relation holds good? 


(a) Yo=vVV1 Y3 (b) yo=¥1 + Y3 
+ 
(0) yes (d@) ys =i Ye 


A proton and an a-particle are accelerated through same potential difference. Then, the ratio of 
de-Broglie wavelength of proton and a-particle is 


(a) V2 (b) ei (c) 2V2 (d) None of these 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 
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If H,,H,and HE, represent respectively the kinetic energies of an electron , an a-particle and a 
proton each having same de-Broglie wavelength, then 

(a) EH, >E3 > Ey, (b) E,> EH, > Ey 

(c) E,>E,>E; (d) E, =E,=E, 

If the potential energy of a hydrogen atom in the ground state is assumed to be zero, then total 
energy of n = ~ is equal to 


(a) 13.6 eV (b) 27.2 eV 
(c) zero (d) None of these 


A 1000 W transmitter works at a frequency of 880 kHz. The number of photons emitted per 
second is 

(a) 1.7 x1078 (b) 1.7 x10°° 

(c) 1.7 x10? (d) 1.7 x107° 


Electromagnetic radiation of wavelength 3000 Ais incident on an isolated platinum surface of 
work-function 6.30 eV. Due to the radiation, the 

(a) sphere becomes positively charged 

(b) sphere becomes negatively charged 

(c) sphere remains neutral 

(d) maximum kinetic energy of the ejected photoelectrons would be 2.03 eV 


The energy of a hydrogen atom in its ground state is — 13.6 eV. The energy of the level 
corresponding to the quantum number n = 51s 

(a) — 0.54 eV (b) — 5.40 eV 

(c) — 0.85 eV (d) — 2.72 eV 


Ultraviolet radiation of 6.2 eV falls on an aluminium surface (work-function = 4.2 eV). The 
kinetic energy in joule of the fastest electrons emitted is 

(a) 3.2x107! (b) 3.2 x10°? 

© 3.2x10-7 (a) 3.2x10°% 


What should be the velocity of an electron so that its momentum becomes equal to that of a 
photon of wavelength 5200 A? 

(a) 700 m/s (b) 1000 m/s 

(c) 1400 m/s (d) 2800 m/s 


Photoelectric work-function of a metal is 1 eV. Light of wavelength 4 = 3000 A falls on it. The 
photoelectrons come out with maximum velocity 

(a) 10 m/s (b) 10° m/s 

(c) 104 m/s (d) 10° m/s 


Subjective Questions 


Note You can take approximations in the answers. 


1. 


2. 


3. 


h =6.62 x10-*4J-s, c =3.0 x 10° m/s, m, =9.1 x 10-3" kg and1 eV =1.6 x10-"J 


For a given element the wavelength of the K,-line is 0.71 nm and of the K,-line it is 0.63 nm. 
Use this information to find wavelength of the L, -line. 


The energy of the n = 2 state in a given element is E, =— 2870 eV. Given that the wavelengths 
of the K, and K,-lines are 0.71 nm and 0.63 nm respectively, determine the energies E, and E;. 


1.5 mW of 400 nm light is directed at a photoelectric cell. If 0.1% of the incident photons 
produce photoelectrons, find the current in the cell. 
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4. 


10. 


11: 


12. 


13. 


14. 


15. 


16. 


17. 


A photon has momentum of magnitude 8.24 x 107° kg-m/s. 


(a) What is the energy of this photon? Give your answer in joules and in electron volts. 


(b) What is the wavelength of this photon? In what region of the electromagnetic spectrum does it 
lie? 


. A 75 W light source emits light of wavelength 600 nm. 


(a) Calculate the frequency of the emitted light. 
(b) How many photons per second does the source emit? 


. An excited nucleus emits a gamma-ray photon with energy of 2.45 MeV. 


(a) What is the photon frequency? (b) What is the photon wavelength? 


. (a) A proton is moving at a speed much less than the speed of light. It has kinetic energy K, 


and momentum p,. If the momentum of the proton is doubled, so p, = 2 p,, how is its new 
kinetic energy K, related to K,? 

(b) A photon with energy EL, has momentum p,. If another photon has momentum pz, that is twice p,, 
how is the energy E, of the second photon related to E,? 


. A parallel beam of monochromatic light of wavelength 500 nm is incident normally on a 


perfectly absorbing surface. The power through any cross-section of the beam is 10 W. Find 
(a) the number of photons absorbed per second by the surface and 
(b) the force exerted by the light beam on the surface. 


. A beam of white light is incident normally on a plane surface absorbing 70% of the light and 


reflecting the rest. If the incident beam carries 10 W of power, find the force exerted by it on the 
surface. 


A parallel beam of monochromatic light of wavelength 663 nm is incident on a totally reflecting 
plane mirror. The angle of incidence is 60° and the number of photons striking the mirror per 
second is 1.0x 10!%. Calculate the force exerted by the light beam on the mirror. 


Wavelength of Bullet. Calculate the de-Broglie wavelength of a 5.00 g bullet that is moving 
at 340 m/s. Will it exhibit wave like properties? 

(a) An electron moves with a speed of 4.70 x 10° m/s. What is its de-Broglie wavelength? 

(b) A proton moves with the same speed. Determine its de-Broglie wavelength. 

An electron has a de-Broglie wavelength of 2.80 x 10°'° m. Determine 

(a) the magnitude of its momentum, 

(b) its kinetic energy (in joule and in electron volt). 

Find de-Broglie wavelength corresponding to the root-mean square velocity of hydrogen 
molecules at room temperature (20°C). 

An electron, in a hydrogen like atom, is in excited state. It has a total energy of —3.4 eV, find the 
de-Broglie wavelength of the electron. 

In the Bohr model of the hydrogen atom, what is the de-Broglie wavelength for the electron 
when it is in 

(a) the n =1 level? 


(b) the n = 4 level? In each case, compare the de-Broglie wavelength to the circumference 277, of the 
orbit. 


The binding energy of an electron in the ground state of He atom is equal to Ey = 24.6 eV. Find 
the energy required to remove both electrons from the atom. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 
27. 


28. 


29. 
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Hydrogen atom in its ground state is excited by means of monochromatic radiation of 
wavelength 1023 A. How many different lines are possible in the resulting spectrum? 
Calculate the longest wavelength among them. You may assume the ionization energy of 
hydrogen atom as 13.6 eV. 


A doubly ionized lithium atom is hydrogen like with atomic number 3. Find the wavelength of 
the radiation required to excite the electron in Li** from the first to the third Bohr orbit 
(ionization energy of the hydrogen atom equals 13.6 eV). 


Find the quantum number n corresponding to nth excited state of He® ion if on transition to the 


ground state the ion emits two photons in succession with wavelengths 108.5 nm and 30.4 nm. 
The ionization energy of the hydrogen atom is 13.6 eV. 


A hydrogen like atom (described by the Bohr model) is observed to emit ten wavelengths, 
originating from all possible transitions between a group of levels. These levels have energies 
between —0.85 eV and —0.544 eV (including both these values). 
(a) Find the atomic number of the atom. 
(b) Calculate the smallest wavelength emitted in these transitions. 

(Take ground state energy of hydrogen atom = —13.6 eV) 


The energy levels of a hypothetical one electron atom are oe OeVv 
shown in the figure. n=5 —0.80 eV 
(a) Find the ionization potential of this atom. eas ay 
(b) Find the short wavelength limit of the series terminating at "= 3 “8.08 eV 
n=2. n=2 -5.30 eV 
(c) Find the excitation potential for the state n =3. n=1 15.6 eV 
(d) Find wave number of the photon emitted for the transition 
n=3ton=1. 
(a) An atom initially in an energy level with E = — 6.52 eV absorbs a photon that has 


wavelength 860 nm. What is the internal energy of the atom after it absorbs the photon? 
(b) An atom initially in an energy level with E =-— 2.68 eV emits a photon that has wavelength 
420 nm. What is the internal energy of the atom after it emits the photon? 


A silver ball is suspended by a string in a vacuum chamber and ultraviolet light of wavelength 
2000 A is directed at it. What electrical potential will the ball acquire as a result? Work 
function of silver is 4.3 eV. 


‘ : ; 1 
A small particle of mass m moves in such a way that the potential energy U = F mor”, 
where wis a constant and ris the distance of the particle from the origin. Assuming Bohr model 
of quantization of angular momentum and circular orbits, show that radius of the nth allowed 
orbit is proportional to Vn. 


Wavelength of K,,-line of an element is A). Find wavelength of K,-line for the same element. 


X-rays are produced in an X-ray tube by electrons accelerated through an electric potential 
difference of 50.0 kV. An electron makes three collisions in the target coming to rest and loses 
half its remaining kinetic energy in each of the first two collisions. Determine the wavelength 
of the resulting photons. (Neglecting the recoil of the heavy target atoms). 


From what material is the anode of an X-ray tube made, if the K,- line wavelength of the 
characteristic spectrum is 0.76 A? 


A voltage applied to an X-ray tube being increased n =1.5 times, the short wave limit of an 
X-ray continuous spectrum shifts by AA = 26 pm. Find the initial voltage applied to the tube. 
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30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


The K, X-rays of aluminium (Z =13) and zinc (Z = 30) have wavelengths 887 pm and 146 pm, 
respectively. Use Moseley’s equation vv =a(Z — b) to find the wavelength of the K, X-ray of 


iron (Z = 26). 
Characteristic X-rays of frequency 4.2 10'° Hz are produced when transitions from L shell 


take place in a certain target material. Use Moseley’s law and determine the atomic number of 
the target material. Given, Rydberg constant is R=1.1x 10’m 1. 


The electric current in an X-ray tube operating at 40 kV is 10 mA. Assume that on an average 
1% of the total kinetic energy of the electrons hitting the target are converted into X-rays. 

(a) What is the total power emitted as X-rays and 

(b) How much heat is produced in the target every second? 


The stopping potential for the photoelectrons emitted from a metal surface of work-function 
1.7 eV is 10.4 V. Find the wavelength of the radiation used. Also, identify the energy levels in 
hydrogen atom, which will emit this wavelength. 


What will be the maximum kinetic energy of the photoelectrons ejected from magnesium (for 
which the work-function W =3.7eV) when irradiated by ultraviolet light of frequency 
15x10" 6°. 


A metallic surface is irradiated with monochromatic light of variable wavelength. Above a 
wavelength of 5000 A, no photoelectrons are emitted from the surface. With an unknown 
wavelength, stopping potential of 3 V is necessary to eliminate the photocurrent. Find the 
unknown wavelength. 


A graph regarding photoelectric effect is shown between the maximum kinetic energy of 
electrons and the frequency of the incident light . On the basis of data as shown in the graph, 
calculate 


Kmax (eV) 

8 lh a i a a i 

6 = 

4 =| 

2 a} 

0 A + 2 

24 “10 20 | 30 

“a dg Pe 10% Hz) 

(a) threshold frequency, (b) work-function, (c) planck constant 


A metallic surface is illuminated alternatively with light of wavelengths 3000 A and 6000 A. It 
is observed that the maximum speeds of the photoelectrons under these illuminations are in 
the ratio 3 : 1. Calculate the work-function of the metal and the maximum speed of the 
photoelectrons in two cases. 


Light of wavelength 180 nm ejects photoelectrons from a plate of metal whose work-function is 
2 eV. If a uniform magnetic field of 5x 10° T be applied parallel to the plate, what would be 
the radius of the path followed by electrons ejected normally from the plate with maximum 
energy. 

Light described at a place by the equation E =(100 V/m) [sin(5x 10"° s')t + sin(8x 10!°s~")é] 
falls on a metal surface having work-function 2.0 eV. Calculate the maximum kinetic energy of 
the photoelectrons. 


The electric field associated with a light wave is given by E = Ey sin [(1.57x 10’ m“!) (x — ct)]. 
Find the stopping potential when this light is used in an experiment on photoelectric effect 
with a metal having work-function 1.9 eV. 


LEVEL 2 


Single Correct Option 


1. 


If we assume only gravitational attraction between proton and electron in hydrogen atom and 
the Bohr quantization rule to be followed, then the expression for the ground state energy of 
the atom will be (the mass of proton is M and that of electron is m.) 


24 72,02 W2Qy 723 

(a) eae (b) Bee 
h h 
Wp 3 

(c) - 2n — a (d) None of these 


. An electron in a hydrogen atom makes a transition from first excited state to ground state. The 


magnetic moment due to circulating electron 
(a) increases two times (b) decreases two times 
(c) increases four times (d) remains same 


. The excitation energy of a hydrogen like ion to its first excited state is 40.8 eV. The energy 


needed to remove the electron from the ion in the ground state is 


(a) 54.4 eV (b) 62.6 eV 
(c) 72.6 eV (d) 58.6 eV 


An electron in a hydrogen atom makes a transition from first excited state to ground state. The 
equivalent current due to circulating electron 

(a) increases 4 times (b) decreases 4 times 

(c) increases 8 times (d) decreases 8 times 


. Ina sample of hydrogen like atoms all of which are in ground state, a photon beam containing 


photons of various energies is passed. In absorption spectrum, five dark lines are observed. The 
number of bright lines in the emission spectrum will be 

(assume that all transitions take place) 

(a) 21 (b) 10 

(c) 15 (d) None of these 


. Let A, be the area enclosed by the nth orbit in a hydrogen atom. The graph of In(A,/A,) 


against In (n) 
(a) will not pass through origin (b) will be a straight line with slope 4 
(c) will be a rectangular hyperbola (d) will be a parabola 


. In the hydrogen atom, an electron makes a transition from n =2 to n =1. The magnetic field 


produced by the circulating electron at the nucleus 
(a) decreases 16 times (b) increases 4 times 
(c) decreases 4 times (d) increases 32 times 


. Astationary hydrogen atom emits photon corresponding to the first line of Lyman series. If Ris 


the Rydberg constant and Mis the mass of the atom, then the velocity acquired by the atom is 
3Rh 4M 
® iM ) Rr 


Rh 4M 
(c) iM (d) Rh 
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9. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


Light wave described by the equation 200 V/m sin (1.5 10'° s-) ¢ cos(0.5x 10° s"!) ¢ falls on 
metal surface having work-function 2.0 eV. Then, the maximum kinetic energy of 
photoelectrons is 

(a) 3.27 eV (b) 2.2 eV 

(c) 2.85 eV (d) None of these 


A hydrogen like atom is excited using a radiation. Consequently, six spectral lines are observed 
in the spectrum. The wavelength of emission radiation is found to be equal or smaller than the 
radiation used for excitation. This concludes that the gas was initially at 

(a) ground state (b) first excited state 

(c) second excited state (d) third excited state 


The time period of the electron in the ground state of hydrogen atom is two times the time 

period of the electron in the first excited state of a certain hydrogen like atom (Atomic number 

Z). The value of Z is 

(a) 2 (b) 3 

(c) 4 (d) None of these 

The wavelengths of K, X-rays from lead isotopes Pb?™*, Pb7°° and Pb?’ are 2,,A9 and Ag 

respectively. Choose the correct alternative. 

(a) Ay < Ag <dAg (b) Ay >Ag> Ag 

(c) Ay =Ag =z (d) None of these 

In case of hydrogen atom, whenever a photon is emitted in the Balmer series, 

(a) there is a probability of emitting another photon in the Lyman series 

(b) there is a probability of emitting another photon of wavelength 1213 A 

(c) the wavelength of radiation emitted in Lyman series is always shorter than the wavelength 
emitted in the Balmer series 

(d) All of the above 


An electron of kinetic energy K collides elastically with a stationary hydrogen atom in the 
ground state. Then, 

(a) K > 13.6 eV (b) K > 10.2 eV 

(c) K < 10.2 eV (d) data insufficient 


In a stationary hydrogen atom, an electron jumps from n = 3 to n =1. The recoil speed of the 
hydrogen atom is about 

(a) 4m/s (b) 4 cm/s 

(c) 4mm/s (d) 4x10 m/s 

An X-ray tube is operating at 150 kV and 10 mA. If only 1% of the electric power supplied is 
converted into X-rays, the rate at which the target is heated in calorie per second is 

(a) 3.55 (b) 35.5 

(c) 355 (d) 3550 

An electron revolves round a nucleus of atomic number Z. If 32.4 eV of energy is required to 
excite an electron from the n = 3 state to n = 4 state, then the value of Z is 

(a) 5 (b) 6 

(c) 4 (d) 7 

If the de-Broglie wavelength of a proton is 10 '® m, the electric potential through which it must 
have been accelerated is 

(a) 4.07 x10* V (b) 8.15 x10* V (c) 8.15 x10? V (a) 4.07 x10° V 
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19. If, and LZ, denote the total energy and the angular momentum of an electron in the nth orbit 
of Bohr atom, then 


(a) E, «L, b) Bye 
1 
(c) E, «12 (d) E, are 


n 


20. An orbital electron in the ground state of hydrogen has the magnetic moment p1,. This orbital 
electron is excited to 3rd excited state by some energy transfer to the hydrogen atom. The new 
magnetic moment of the electron is p15, then 


(a) Wy, =42 (b) 2, =H 
(c) 16u, =e (d) 4, =p. 

21. A moving hydrogen atom makes a head-on collision with a stationary hydrogen atom. Before 
collision, both atoms are in ground state and after collision they move together. The minimum 
value of the kinetic energy of the moving hydrogen atom, such that one of the atoms reaches 
one of the excitation state is 
(a) 20.4 eV (b) 10.2 eV 
(c) 54.4 eV (d) 18.6 eV 

22. In an excited state of hydrogen like atom an electron has total energy of — 3.4 eV. If the kinetic 
energy of the electron is E and its de-Broglie wavelength is A, then 
(a) A=6.6A (b) E=3.4eV 
(c) Both are correct (d) Both are wrong 


More than One Correct Options 


1. If the potential difference of coolidge tube producing X-ray is increased, then choose the correct 

option (s). 

(a) the interval between Ag, and Ag, increases 

(b) the interval between Ax, and A, increases 

(c) the interval between Ax, and Ay increases 

(d) A, does not change 

Here, Ao is cut off wavelength and A, and Ag , are wavelengths of K, and K, characteristic 
X-rays. 

2. In Bohr model of the hydrogen atom, let R, v and E represent the radius of the orbit, speed of 
the electron and the total energy of the electron respectively. Which of the following quantities 
are directly proportional to the quantum number n? 

(a) vR (b) 
7) 

c) = d — 

(c) E (d) E 


3. The magnitude of angular momentum, orbital radius and time period of revolution of an 
electron in a hydrogen atom corresponding to the quantum number n are L, r and T 


respectively. Which of the following statement(s) is/are correct? 
1 


(a) = is independent of n (b) = a = 


@ eH (@) Lraot 
Pr n 
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4. In which of the following cases the heavier of the two particles has a smaller de-Broglie 
wavelength? The two particles 
(a) move with the same speed 
(b) move with the same linear momentum 
(c) move with the same kinetic energy 
(d) have the same change of potential energy in a conservative field 

5. Hydrogen atom absorbs radiations of wavelength 4) and consequently emit radiations of 
6 different wavelengths, of which two wavelengths are longer than A,. Choose the correct 
alternative(s). 
(a) The final excited state of the atoms is n =4 
(b) The initial state of the atoms is n =2 
(c) The initial state of the atoms isn =3 
(d) There are three transitions belonging to Lyman series 

6. In coolidge tube, if f and 4 represent the frequency and wavelength of K,-line for a metal of 
atomic number Z, then identify the statement which represents a straight line 


(a) lt versus Z (b) = versus Z 
(c) f versus Z (d) A versus Z 


Comprehension Based Questions 
Passage | (Q. No. 1 to 3) 


When a surface is irradiated with light of wavelength 4950 A, a photocurrent appears which 
vanishes if a retarding potential greater than 0.6 volt is applied across the phototube. When a 
second source of light is used, it is found that the critical retarding potential is changed to 


1.1 volt. 
1. The work-function of the emitting surface is 
(a) 2.2 eV (b) 1.5 eV 
(c) 1.9 eV (d) 1.1 eV 
2. The wavelength of the second source is 
(a) 6150A (b) 5150 A 
(c) 4125A (d) 4500 A 


3. If the photoelectrons (after emission from the source) are subjected to a magnetic field of 
10 tesla, the two retarding potentials would 
(a) uniformly increase (b) uniformly decrease 
(c) remain the same (d) None of these 


Passage Il (Q. No. 4 to 6) 


In an experimental set up to study the photoelectric effect a point source of light of power 
3.2x 10° W was taken. The source can emit monoenergetic photons of energy 5eV and is located 
at a distance of 0.8 m from the centre of a stationary metallic sphere of work-function 3.0 eV . 
The radius of the sphere isr =8x 10° m. The efficiency of photoelectric emission is one for every 
10° incident photons. 

Based on the information given above answer the questions given below. 

(Assume that the sphere is isolated and photoelectrons are instantly swept away after the 
emission). 
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4. de-Broglie wavelength of the fastest moving photoelectron is 
(a) 6.63 A (b) 8.69 A 
() 2A (a) 5.26A 

5. It was observed that after some time emission of photoelectrons from the sphere stopped. 
Charge on the sphere when the photon emission stops is 


(a) 16xé9r coulomb (b) 82g r coulomb 

(c) 15z€9r coulomb (d) 20ze5r coulomb 
6. Time after which photoelectric emission stops is 

(a) 100s (b) 121s 

(c) 111s (d) 141s 


Match the Columns 


1. Match the following two columns for hydrogen spectrum. 


Column I Column II 
(a) Lyman series | (p) infrared region 
(b) Balmer series (q) visible region 
(c) Paschen series | (r) ultraviolet region 
(d) Brackett series | (s) X-rays 


2. Ionization energy from first excited state of hydrogen atom is £. Match the following two 
columns for He* atom. 


Column | Column II 
(a) Ionization energy from (p) 4E 
ground state 
(b) Electrostatic potential (q) —16EF 


energy in first excited state. 


(c) Kinetic energy of electron in| (r) —8E 
ground state. 


(d) Ionization energy from first | (s) 16H 
excited state. 


Maximum kinetic energy versus frequency of incident light and stopping potential versus 
frequency of incident light graphs are shown in figure. Match the following two columns. 
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Column | 
(a) Slope of line-1 | (p) 
(b) Slope of line-2 | (q) 
(c) Yy (x) 
(d) ¥% (s) 


Here, h = Planck constant, e=1.6x 10! C and 


Column II 
h/e 
h 


WwW 
W/e 


W =work-function. 


4. For hydrogen and hydrogen type atoms, match the following two columns. 
Column I Column II 
(a) Time period (p) Proportional to n/Z 
(b) Angular momentum | (q) Proportional to n7/Z 
(c) Speed (r) Proportional to n?/Z? 
(d) Radius (s) None of these 
5. In hydrogen atom wavelength of second line of Balmer series is 4. Match the following two 
columns corresponding to the wavelength. 
Column I Column II 
(a) First line of Balmer series | (p) (27/20) 
(b) Third line of Balmer series | (q) (A/4) 
(c) First line of Lyman series (vr) (25/12) r 
(d) Second line of Lyman series | (s) None of these 
6. Match the following (Give most appropriate one matching) 


Column I 


(a) Characteristic X-ray | (p) 


Column II 


Inverse process of 


photoelectric effect 


(q) 
(r) 
(s) 


(b) X-ray production 
(c) Cut off wavelength 
(d) Continuous X-ray 


Potential difference 
Moseley’s law 
None of these 


7. In a photoelectric effect experiment. If fis the frequency of radiations incident on the metal 
surface and J is the intensity of the incident radiations, then match the following columns. 


Column I 


(a) 


If fis increased keeping J and 
work-function constant 

If distance between cathode 
and anode is increased 

If Jis increased keeping f and 
work-function constant 
Work-function is decreased 
keeping f and J constant 


(b) 
(c) 
(d) 


Column II 


(p) Stopping potential increases 
(q) Saturation current increases 
(r) Maximum kinetic energy of 


photoelectron increases 
(s) Stopping potential remains same 
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Subjective Questions 


1. 


10. 


The wavelength for n = 3 to n = 2 transition of the hydrogen atom is 656.3 nm. What are the 
wavelengths for this same transition in (a) positronium, which consists of an electron and a 
positron (b) singly ionized helium (Note: A positron is a positively charged electron). 


. (a) Find the frequencies of revolution of electrons in n =1 and n = 2 Bohr orbits. 


(b) What is the frequency of the photon emitted when an electron in an n = 2 orbit drops to ann = 1 
hydrogen orbit? 

(c) An electron typically spends about 10~°s in an excited state before it drops to a lower state by 
emitting a photon. How many revolutions does an electron in an n = 2 Bohr hydrogen orbit make 
in 100 x10°% s? 


. Amuon is an unstable elementary particle whose mass is 207 m, and whose charge is either *e 


or e. A negative muon (u~) can be captured by a nucleus to form a muonic atom. 

(a) A proton captures ap. Find the radius of the first Bohr orbit of this atom. 

(b) Find the ionization energy of the atom. 

(a) A gas of hydrogen atoms in their ground state is bombarded by electrons with kinetic 
energy 12.5 eV. What emitted wavelengths would you expect to see? 

(b) What if the electrons were replaced by photons of same energy? 


. Asource emits monochromatic light of frequency 5.5 x 10'* Hzat arate of 0.1 W. Of the photons 


given out, 0.15% fall on the cathode of a photocell which gives a current of 6A in an external 
circuit. 

(a) Find the energy of a photon. 

(b) Find the number of photons leaving the source per second. 

(c) Find the percentage of the photons falling on the cathode which produce photoelectrons. 


. The hydrogen atom in its ground state is excited by means of monochromatic radiation. Its 


resulting spectrum has six different lines. These radiations are incident on a metal plate. It is 
observed that only two of them are responsible for photoelectric effect. If the ratio of maximum 
kinetic energy of photoelectrons in the two cases is 5 then find the work-function of the metal. 


. Electrons in hydrogen like atoms (Z = 3) make transitions from the fifth to the fourth orbit and 


from the fourth to the third orbit. The resulting radiations are incident normally on a metal 
plate and eject photoelectrons. The stopping potential for the photoelectrons ejected by the 
shorter wavelength is 3.95 volts. Calculate the work-function of the metal and the stopping 
potential for the photoelectrons ejected by the longer wavelength. 


. Find an expression for the magnetic dipole moment and magnetic field induction at the centre 


of Bohr’s hypothetical hydrogen atom in the nth orbit of the electron in terms of universal 
constant. 


. An electron and a proton are separated by a large distance and the electron approaches the 


proton with a kinetic energy of 2 eV. If the electron is captured by the proton to form a 
hydrogen atom in the ground state, what wavelength photon would be given off? 


Hydrogen gas in the atomic state is excited to an energy level such that the electrostatic 
potential energy of H-atom becomes —1.7 eV. Now, a photoelectric plate having work-function 
W =2.3 eV is exposed to the emission spectra of this gas. Assuming all the transitions to be 
possible, find the minimum de-Broglie wavelength of the ejected photoelectrons. 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


A gas of hydrogen like atoms can absorb radiation of 68 eV. Consequently, the atom emits 
radiations of only three different wavelengths. All the wavelengths are equal or smaller than 
that of the absorbed photon. 

(a) Determine the initial state of the gas atoms. 

(b) Identify the gas atoms. 

(c) Find the minimum wavelength of the emitted radiations. 


(d) Find the ionization energy and the respective wavelength for the gas atoms. 


A photon with energy of 4.9 eV ejects photoelectrons from tungsten. When the ejected 
electron enters a constant magnetic field of strength B= 2.5 mT at an angle of 60° with the 
field direction, the maximum pitch of the helix described by the electron is found to be 
2.7 mm. Find the work-function of the metal in electron-volt. Given that specific charge of 
electron is 1.76x 10!' C/kg. 


For a certain hypothetical one-electron atom, the wavelength (in A) for the spectral lines for 
transitions originating at n = pand terminating at n =1 are given by 


_ 1500p” 


r 
p-l 


,» where p=2,3,4 

(a) Find the wavelength of the least energetic and the most energetic photons in this series. 

(b) Construct an energy level diagram for this element showing the energies of the lowest three 
levels. 

(c) What is the ionization potential of this element? 


A photocell is operating in saturation mode with a photocurrent 4.8 mA when a monochromatic 
radiation of wavelength 3000 Aand power of 1 mW is incident. When another monochromatic 
radiation of wavelength 1650 A and power 5 mW is incident, it is observed that maximum 
velocity of photoelectron increases to two times. Assuming efficiency of photoelectron 
generation per incident photon to be same for both the cases, calculate 

(a) the threshold wavelength for the cell 

(b) the saturation current in second case 

(c) the efficiency of photoelectron generation per incident photon 


Wavelengths belonging to Balmer series for hydrogen atom lying in the range of 450 nm to 
750 nm were used to eject photoelectrons from a metal surface whose work-function is 2.0 eV. 
Find (in eV) the maximum kinetic energy of the emitted photoelectrons. 


Assume that the de-Broglie wave associated with an electron can form a standing wave 
between the atoms arranged in a one-dimensional array with nodes at each of the atomic sites. 
It is found that one such standing wave is formed if the distance d between the atoms of the 
array is 2 A. A similar standing wave is again formed if d is increased to 2.5 A but not for any 
intermediate value of d. Find the energy of the electron in eV and the least value of d for which 
the standing wave of the type described above can form. 


The negative muon has a charge equal to that of an electron but a mass that is 207 times as 

great. Consider hydrogen like atom consisting of a proton and a muon. 

(a) What is the reduced mass of the atom? 

(b) What is the ground-level energy (in eV)? 

(c) What is the wavelength of the radiation emitted in the transition from the n =2 level to the n =1 
level? 


18. 


19. 


20. 


21. 


22. 


23. 
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Assume a hypothetical hydrogen atom in which the potential energy between electron and 
proton at separation r is given by U =[klnr —(h/2)], where k is a constant. For such a 
hypothetical hydrogen atom, calculate the radius of nth Bohr orbit and energy levels. 


An electron is orbiting in a circular orbit of radius r under the influence of a constant magnetic 
field of strength B. Assuming that Bohr postulate regarding the quantisation of angular 
momentum holds good for this electron, find 
(a) the allowed values of the radius r of the orbit. 
(b) the kinetic energy of the electron in orbit 
(c) the potential energy of interaction between the magnetic moment of the orbital current due to 
the electron moving in its orbit and the magnetic field B. 
(d) the total energy of the allowed energy levels. 
(e) the total magnetic flux due to the magnetic field B passing through the nth orbit. 
(Assume that the charge on the electron is — e and the mass of the electron is m). 


A mixture of hydrogen atoms (in their ground state) and hydrogen like ions (in their first 
excited state) are being excited by electrons which have been accelerated by same potential 
difference V volts. After excitation when they come directly into ground state, the wavelengths 
of emitted light are found in the ratio 5: 1. Then, find 

(a) the minimum value of V for which both the atoms get excited after collision with electrons. 

(b) atomic number of other ion. 

(c) the energy of emitted light. 


When a surface is irradiated with light of 4 = 4950 A a photocurrent appears which vanishes if 
a retarding potential 0.6 V is applied. When a different source of light is used, it is found that 
critical retarding potential is changed to 1.1 volt. Find the work-function of emitting surface 
and wavelength of second source. If photoelectrons after emission from surface are subjected to 
a magnetic field of 10 tesla, what changes will be observed in the above two retarding 
potentials? 


In an experiment on photoelectric effect light of wavelength 400 nm is incident on a metal plate 
at the rate of 5 W. The potential of the collector plate is made sufficiently positive with respect 
to emitter so that the current reaches the saturation value. Assuming that on the average one 
out of every 10° photons is able to eject a photoelectron, find the photocurrent in the circuit. 


A light beam of wavelength 400 nm is incident on a metal of work-function 2.2 eV. A particular 

electron absorbs a photon and makes 2 collisions before coming out of the metal 

(a) Assuming that 10% of existing energy is lost to the metal in each collision find the final kinetic 
energy of this electron as it comes out of the metal. 

(b) Under the same assumptions find the maximum number of collisions, the electron should suffer 
before it becomes unable to come out of the metal. 


Answers 


Introductory Exercise 33.1 
k: a 
1. 4.6 eV, 2.45 x 10-27 —— 


4. J2 5. (c) 


Introductory Exercise 33.2 


2. 4.82 x 10!® per m?-s 


3. V2 


6. (a) 4.81 «104m (b)7.12 x 107m 


1. 122.4 eV 2. 3.16 x 10°°* kg-m?/s 3. (d) 4. (a) 5. (b) 

6. (c) 7. (b) 8. (d) 9. (d) 10. (d) 11. <, i 

12. 651 nm 
Introductory Exercise 33.3 

1. (b) 2. (b) 3. (a) 4. (a) 5. (b) 6. 42 
Introductory Exercise 33.4 

1. Zero, 3.19 eV 2. Kmax © (fF- ) 3. 1.16 10'° Hz A. (a) 

5. (a) 6. (c) 7. (b) 8. (a) 

Exercises 

LEVEL 1 
Assertion and Reason 

1. (a) 2: (6) 3. (aorb) 4. (a) 5.(aorb) 6.(d) 7. (a) 8. (b) 9. (b) 10. (d) 
Objective Questions 

1. (d) 2. (c) 3. (b) 4. (c) 5. (a) 6 (a) 7% (c) 8& (6 (a) (10. () 
11. (c) 12. (a) 13. (a) «6914. (ce) «15. (c) 16. (b) 17. (d) 18. (a) 19. (c) 20. (c) 
21. (a) 22. (b) 23. (c) 24 (c) 25. (b) 26. (b) 27. (c) 28. (b) 29. (c) 30. (a) 
31. (b) 32. (b) 33. (c) 34 (a) 35. (b) 36. (c) 37. (d) 
Subjective Questions 

1. 5.59 nm 2. E,=- 4613 eV, E; = — 2650 eV 3. 0.48 nA 


4. (a) 2.47x 1071? J=1.54 eV (b) 804 nm, infrared 


5. (a) 5.0x 104 Hz (b) 2.3x 107° photons/s 


7. (a) Ky = 4K, (b) Ey = 26, 
10.10°N 11. 3.90x 104 m, No 


6. (a) 5.92x 107° Hz (b) 5.06x 10713 m 
8. (a) 2.52x 10'9 (b) 3.33x 10° N 


9. 4.3x10°N 


12. (a) 1.55x 107° m (b) 8.44x 1074 m 


ke- 
13. (a) 2.37 19% (b) 3.07 x 10718 J = 19.2 ev 


16. (a) 3.32x 107° m (b) 1.33x 10% m 
20. n=5 21. (a) Z=4 (bya 


‘min 


= 40441A 
22. (a) 15.6 volt (b) 2335A (c) 12.52V (d) 1.01x 10’ m? 


17. 79 eV 


14. 1. 


O4A 15. 6.663A 


18. 3,6513A 19. 113.74A 


23. (a) -5.08 eV (b) -5.63 eV 
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24. 1.9V 26. 55 *o 27. 49.5 pm, 99.0 pm 28. Z~41 29. 15865 V 
30. 198 pm 31. Z=42 32. (a) AW (b) 396 J/s 33. 1022 A,n=3ton=1 
34. 2.51 eV 35. 2260A 36. (a) 10° Hz (b) 4eV (c) 6.4x 10™* J-s 
37. 1.81 eV, 9.0x 10° m/s, 3.0x 10° m/s 38. 0.148 m 39. 3.27 eV 40. 1.2 V 
LEVEL 2 
Single Correct Option 

1. (b) 2. (b) 3. (a) 4. (c) 5. (c) 6 (b) 7 (d) 8& (a) 9% (d) 10. (c) 
11. (c) 12. (c) 13. (da) 14 (c) 15. (a) 16. (c) 17. (d) 18. (b) 19. (d) 20. (d) 
21. (a) 22. (c) 
More than One Correct Options 

1.(b,c) 2.(a,C) 3.(a,b,c)  4.(a,c) 5.(a,b,d) 6.(a,b) 
Comprehension Based Questions 

1. (c) 2. (c) 3. (c) 4. (b) 5. (b) 6. (c) 
Match the Columns 

1. (a)or (b) > q (c)>p (d) > p 

2. (a)os (b) > r (c)> S$ (d)>p 

3. (a)oq (b) > p (c)>r (d)>s 

4. (a)or (b) > s (c)> Ss (d)>q 

5. (a)>p (b) > s (c) > q (d)>s 

6. (a)or (b)>p (c)>q (d)>q 

7. (a)>p,r (b) > s (c)> q,s (d) > p,r 
Subjective Questions 

1. (a) 1.31 um(b) 164 nm 

2. (a) 6.58x 10! Hz, 0.823x 10'° Hz (b) 2.46x 10! Hz (c) 8.23x 10° revolutions 

3. (a) 2.55 x 10°13 m (b) 2.81 keV 4. (a) 102 nm, 122 nm, 651 nm (b) No lines 

5. (a) 2.27 eV (b) 2.75x 10!” (c) 9% 6. W =11.925 eV 7. 2eV,0.754V 

neh onm’e” 

8. Zam’ Bagh’ 9. 793.3A 10. 3.8A 
11. (a) n, =2 (b) Z=6 (c) 28.43A (d) 489.6 eV, 25.3A 12. 4.5 eV 
13. (a) 2000 A, 1500A (b) £,=-8.25 eV,E, = — 2.05 eVand £3 =-0.95eV (c) 8.25V 
14. (a) 4125A (b) 34uA (c) 5.1% 15. 0.55 eV 16. 150eV,0.5A 

h nh 
17; 1.69 x 1078 k b) -2.53 keV 0.653 ipo Fee { } 
(a) x g (b) eV (c) nm = Sfp I pak 
nh nhBe nheB nheB nh 

TAA) a ape, SO a OO ag SO eg Be 


20. (a) 10.2 volt (b) Z=2 (c) 10.2 eV and 51 eV 21. 1.9 eV, 4125 A, No change is observed 
22.1.6uA 23. (a) O0.3leV (b) 4 


A 


Modern Physics-II 


Chapter Contents 


34.1 Nuclear Stability and Radioactivity 
34.2 The radioactive decay law 

34.3 Successive disintegration 

34.4 Equivalence of mass and energy 
34.5 Binding energy and nuclear stability 
34.6 Nuclear fission (Divide and conquer) 
34.7 Nuclear fusion 


326 © Optics and Modern Physics 


34.1 Nuclear Stability and Radioactivity 


Among about 1500 known nuclides, less than 260 are stable. The others are unstable that decay to 
form other nuclides by emitting a and B-particles and y-electromagnetic waves. This process is called 
radioactivity. It was discovered in 1896 by Henry Becquerel. 


Whilst the chemical properties of an atom are governed 
entirely by the number of protons in the nucleus (i.e. the 
proton number Z), the stability of an atom appears to 
depend on both the number of protons and the number of 
neutrons. For light nuclei, the greatest stability is achieved 
when the numbers of protons and neutrons are 
approximately equal (NV * Z). 

For heavier nuclei, instability caused by electrostatic 
repulsion between the protons is minimized when there are 
more neutrons than protons. 


Number of neutrons 


Figure shows a plot of N versus Z for the stable nuclei. For 
mass numbers upto about 4 = 40, we see that N ~ Z. 4)Cais 
the heaviest stable nucleus for which N = Z. For larger jj} i 
values of Z, the (short range) nuclear force is unable to hold ' ig a6 6 40 a a6 aH aa an 
the nucleus together against the (long range) electrical Number of protons 
repulsion of the protons unless the number of neutrons Figs 34.4 The stable nuclides plotted én 
exceeds the number of protons. At Bi (Z = 83, A =209), the a graph of neutron number, N, versus 


neutron excess is N — Z = 43. There are no stable nuclides — proton number, Z. Note that for heavier 
with Z> 83 nuclides, N is larger relative to Z. The 


stable nuclides group along a curve 
. 209) 0 , 
The nuclide ,, Biis the heaviest stable nucleus. 


Z 


called the line of stability. 


Atoms are radioactive if their nuclei are unstable and spontaneously (and randomly) emit various 

particles, the a,B and or y radiations. When naturally occurring nuclei are unstable, we call the 

phenomena natural radioactivity. Other nuclei can be transformed into radioactive nuclei by 
various means, typically involving irradiation by neutrons, this is called artificial radioactivity. 

A radioactive nucleus is called a parent nucleus, the nucleus resulting from its decay by particle 

emission is called daughter nucleus. Daughter nuclei also might be granddaughter nuclei, and so on. 

There are no son or grandson nuclei. For unstable nuclides and radioactivity, the following points can 

be made. 

(i) Disintegrations tend to produce new nuclides near the stability line and continue until a stable 
nuclide is formed. 
(ii) Radioactivity is a nuclear property, i.e. a, B and y emission take place from the nucleus. 

(iii) Nuclear processes involve huge amount of energy so the particle emission rate is independent of 
temperature and pressure. The rate depends solely on the concentration of the number of atoms 
of the radioactive substance. 

(iv) A radioactive substance is either an a -emitter or a B-emitter, y-rays emit with both. 
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Alpha Decay 


An alpha particle is a helium nucleus. Thus, a nucleus emitting an alpha particle loses two protons and 
two neutrons. Therefore, the atomic number Z decreases by 2, the mass number A decreases by 4 and 
the neutron number N decreases by 2. The decay can be written as 


where, X is the parent nucleus and Y the daughter nucleus. As examples U?*8 and Ra”® are both 
alpha emitters and decay according to 

su — {Th + 5He 
26Ra — > 74¢Rn+ 5He 
As a general rule, in any decay sum of mass numbers A 
and atomic numbers Z must be the same on both sides. 


Note that a nuclide below the stability line in Fig. 34.2 
disintegrates in such a way that its proton number 
decreases and its neutron to proton ratio increases. In 
heavy nuclides, this can occur by alpha emission. 


140 


If the original nucleus has a mass number A thatis4 N 
times an integer, the daughter nucleus and all those in 2 
the chain will also have mass numbers equal to4 times = 

an integer. (Because ina-decay A decreases by 4 and in 130 
B-decay it remains the same). Similarly, if the mass 

number of the original nucleus is 47 +1, where 7 is an 

integer, all the nuclei in the decay chain will have mass 
numbers given by 47 + 1 with n decreasing by | in each 
a-decay. We can see therefore, that there are four 

possible a-decay chains, depending on whether A 

equals 4n, 4n + 1,4n + 2 or 4n + 3, where is an integer. 


Series 4n + lis now not found. Because its longestlived fig, 34.2 The uranium decay _ series 
member (other than the stable end product Bi7’’) is (A= 4n+ 2). The decay of 7}4Bi may proceed 
Np™’ which has a half-life of only 2x10° years. either by alpha emission and then beta 
Because this is much less than the age of the earth, this S™'SS!0° OF" Wie ieveloe Miah: 


series has disappeared. Figure shows the uranium (47 + 2) series. The series branches at Bi?'* which 
decays either by a-decay to Ti” or B-decay to Po’'4. The branches meet at the lead isotope Pb 


Table 34.1 lists the four radioactive series. 


Table 34.1 Four Radioactive Series 


Mass numbers Series Parent Half-life, Years Stable product 
4n Thorium goalie 1.39 x 10'° etal, 
ae Neptunium *aaNp 2.25 x 108 =a, 
4n+2 Uranium gal 4.47 x10° 206 Ply 
4n+ 3 Actinium ei 7.07 x 108 207 Po 
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Beta Decay 


Beta decay can involve the emission of either electrons or positrons. A positron 1s a form of antimatter 
which has a charge equal to + e and mass equal to that of an electron. The electrons or positrons 
emitted in B-decay do not exist inside the nucleus. They are only created at the time of emission, just 
as photons are created when an atom makes a transition from a higher to a lower energy state. 


Inf” decay a neutron in the nucleus is transformed into a proton, an electron and an antineutrino. 
n—> pte +v 
To conserve energy and momentum in the process, the emission of an antineutrino (Vv) (alongwith 


proton and electron) was first suggested by W. Pauli in 1930, but it was first observed experimentally 
in 1957. 

Thus, a parent nucleus with atomic number Z and mass number A decays by B emission into a 
daughter with atomic number Z +1 and the same mass number A. 

a 


a 


A 
za Z+1 


6B” decay occurs in nuclei that have too many neutrons. An example of B” decay is the decay of 
carbon-14 into nitrogen, 


ne > UN+e +¥ 
In B* decay, a proton changes into a neutron with the emission of a positron (and a neutrino) 
p— nt+e +v 


Positron (e* ) emission from a nucleus decreases the atomic number Z by | while keeping the same 
mass number A. 


ay 25. 4% 
B* decay occurs in nuclei that have too few neutrons. A typical B* decay is 
PN = PC" 4y 
Electron capture Electron capture is competitive with positron emission since both processes lead 


to the same nuclear transformation. This occurs when a parent nucleus captures one of its own orbital 
electrons and emits a neutrino. 


gX+e' —> ,4Y+v 
In most cases, it is a K-shell electron that is captured, and for this reason the process is referred to as 
K-capture. One example is the capture of an electron by , Be A 


iBe +e > ILit+v 


Gamma Decay 


Very often a nucleus that undergoes radioactive decay (a or B-decay) is left in an excited energy state 
(analogous to the excited states of the orbiting electrons, except that the energy levels associated with 
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the nucleus have much larger energy differences than those involved with the atomic electrons). The 
typical half-life of an excited nuclear state is 107!” s. The excited nucleus (X” ) then undergoes to a 
lower energy state by emitting a high energy photon, called the y-ray photon. The following sequence 
of events represents a typical situation in which y-decay occurs. 


13.4 MeV 


12 


Gamma decay 
Fig. 34.3 


Figure shows decay of B’” nucleus, which undergoes -decay to either of two levels of C’”. It can 
either decay directly to the ground state of C’” by emitting a 13.4 MeV electron or undergo B-decay to 
an excited state of you followed by y-decay to the ground state. The later process results in the 
emission of a 9.0 MeV electron and a 4.4 MeV photon. The various pathways by which a radioactive 
nucleus can undergo decay are summarized in Table 34.2. 
Note /n both a and B-decay, the Z value of a nucleus changes and the nucleus of one element becomes the 
nucleus of a different element. In y-decay, the element does not change, the nucleus merely goes from 
an excited state to a less excited state. 


Table 34.2 Various Decay Pathways 


Alpha decay ok ee 
Beta decay (B-) a eg Vee ay 
Beta decay (B* ) so TV ee ay 
Electron capture Ree — > gay 
Gamma decay aX —> MX + y 


® Extra Points to Remember 

e After emission of one alpha particle and two beta particles isotopes are produced. This is because after 
the emission of one alpha particle, atomic number decreases by 2. Further, after the emission of two beta 
particles atomic number increases by 2. So, finally atomic number remains unchanged. 


e From beta emission mass number does not change. Therefore, isobars will be produced. 
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© Example 34.1 Mass number of a nucleus X is A and atomic number is Z. 
Find mass number and atomic number of the new nucleus (say Y) after the 
emission of m-alpha particles and n-beta particles. 
Solution By the emission of one alpha particle, atomic number decreases by 2 and by the 
emission of one beta particle atomic number increases by 1. Therefore, the atomic number of 
nucleus Y is Z=Z-—2m+n 
Further, by the emission of one alpha particle mass number decreases by 4 and by the emission 
of beta particle, mass number does not change. Therefore, the mass number of Y is 


A'=A-4m 


34.2 Radioactive Decay Law 


Radioactive decay is a random process. Each decay is an independent event and one cannot tell when 
a particular nucleus will decay. When a particular nucleus decays, it is transformed into another 
nuclide, which may or may not be radioactive. When there is a very large number of nuclei in a 
sample, the rate of decay is proportional to the number of nuclei, N, that are present 


_ aN oc N 
dt 

or [-) =a 
dt 


where, A is called the decay constant. This equation may be expressed in the form “ =—hdt and 


integrated, 
N 
J a ie 
or In ee At 
No 
where, N is the initial number of parent nuclei at t = 0. The number that survives at time fis therefore, 
N=Nye™ (i) 
This function is plotted in Fig. 34.4. 
N 
A 
No 


>t 
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Half-life |The time required for the number of parent nuclei to fall to 50% is called half-life t,,. and 
may be related to A as follows. 
0.5Ny) =Nye 1"? 


In (2) _ 0.693 és 
hio= = —— . (1 
1/2 1 1 (ii) 
Mean life The average or mean life ¢,,, is the reciprocal of the decay constant. 
1 Si 
tay => .. (1 
a, (1i1) 


The mean life is analogous to the time constant in the exponential decrease in the charge on a 
capacitor in an RC circuit. After a time equal to the mean life time, the number of radioactive nuclei 


1. : ves 
decreases to — times or approximately 37% of their original values. 
e 


Activity of a Radioactive Substance 


The decay rate R of a radioactive substance is the number of decays per second. And as we have seen 
above 


= aN’ oc N or = aN =AN 
dt dt 
Thus, R=- ay or RowN 
dt 
or R=hN or R =AN ye ™ 
or R =R,e™ ...(iV) 


where, Ry =AN,q is the activity of the radioactive substance at time t= 0. The activity versus time 


graph is shown in Fig. 34.5. on 


>t 


Thus, the number of nuclei and hence the activity of the radioactive substance also decreases 
exponentially with time. 

Units of activity The SI unit for the decay rate is the Becquerel (Bq), but the curie (Ci) and 
rutherford (rd) are often used in practice. 


1 Bq =Idecays/s, 1Ci=3.7x10'° Bq and Ird=10° Bq 
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© Extra Points to Remember 
e After n half-lives, 


n 
(a) number of nuclei left = N, (5 
4 n 
(b) fraction of nuclei left = (5 and 


2 
(c) percentage of nuclei left = 100 (3) 


e Number of nuclei decayed after time f, Number of nuclei decayed 
=N,-N 
No — Nye“! = Ny (1-7) 
The corresponding graph is as shown in Fig. 34.6. 
e Probability of a nucleus for survival upto time tf, 


—At > Time 
P (survival) = AES Sie 
No No Fig. 34.6 
The corresponding graph is shown in Fig. 34.7. 
P(Survival) 
1 
>Time 
Fig. 34.7 
e Probability of a nucleus to disintegrate in time t is, P (disintegration) 
P (disintegration) = 1 — P (survival) = 1-e 
The corresponding graph is as shown in Fig. 34.8. 
e Half-life and mean life are related to each other by the relation, 
tyjo =0.693t,, or ta =1.44ty)5 is 


e As we discussed above number of nuclei decayed in time t are 
N, (1-e™*). This expression involves power of e. Fig. 34.8 


So, to avoid it we can use 
AN = ANAT 


where, AN are the number of nuclei decayed in time At at the instant when total number of nuclei are NV. But, 
this can be applied only when At <<ty5. 

Proof < AN —d N = 2Nat 

or AN = 2NAt 


e Insame interval of time, equal percentage (or fraction) of nuclei are decayed (or left undecayed). 


>) 


>) 
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Example 34.2 At time t=0,number of nuclei of a radioactive substance are 
100. At t=1s these numbers become 90. Find the number of nuclei at t =2 s. 


Solution In 1 second, 90% of the nuclei have remained undecayed, so in another 1 second 
90% of 90, 1.e. 81 nuclei will remain undecayed. 


Example 34.3 At time t =0, activity of a radioactive substance is 1600 Bag, at 
t =8 sactivity remains 100 Bg. Find the activity at t=2 s. 


Solution R -#,(;] 


Here, n is the number of half-lives. 


R 
Given, R=—2 
16 
R n 
al -R,{5) or n=4 
16 2 


Four half-lives are equivalent to 8 s. Hence, 2 s is equal to one half-life. So, in one half-life 
activity will remain half of 1600 Bq, i.e. 800 Bq. 


Example 34.4 From a radioactive substance n, nuclei decay per second at an 
instant when total number of nuclei are n,. Find half-life of the radioactive 
substance. 


Solution Using the equation, 


wt ia 
dt 
We have, ny =Any 
ye 
Ms 
Now, half-life is given by 
aoe In2_ In2 
M2 (ming) 
-(22}m 2 Ans. 
nN 


Example 34.5 Half-life of a radioactive substance is T. At time t, activity of a 
radioactive substance is R, and at time t, it is R,. Find the number of nuclei 
decayed in this interval of time. 


Solution Half-life is given by 


In 2 
tij2 ar 
4 _n2_|n2 
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Activity R=AN 


ge 
A In2 
bi odes . RT 
When activity is R,, numbers of nuclei are NV, = ree 
n 
RT 
Similarly, N,=— 
2 >In 2 
Numbers decayed 
=N,-N,= Gost Ans. 
In 2 


Example 34.6 Two radioactive materials X, and X, have decay constants 
10,4 and i, respectively. If initially they have the same number of nuclei, then the 
ratio of the number of nuclei of X, to that of X, will be 1/e after a time  (JEE 2000) 


(a) 1/104 (b) 1/1120 (c)11/10% (d)1/9% 
N,. (t 
Solution —! 1 
Ny, (t) e 
Nn evlat 4 
or a (Initially, both have same number of nuclei say Ny) 
New e 
~ gag! 2. gap) 
or 9XKt=1 or es 
Or 


The correct option is (d). 


Example 34.7 The half-life period of a radioactive element x is same as the 
mean life time of another radioactive element y. Initially, both of them have the 
same number of atoms. Then, (JEE 1999) 
(a) x and y have the same decay rate initially 

(b) x and y decay at the same rate always 

(c) y will decay at a faster rate than x 

(d) x will decay at a faster rate than y 


Solution (tio dx =(t mean i 
7 0693 1 
ae? 
A, = 0.6932, 
AA <i 


or Rate of decay = AN 


Initially, number of atoms (N) of both are equal but since 2, > 2,, therefore, y will decay at a 
faster rate than x. 


The correct option is (c). 
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© Example 34.8 <A radioactive sample consists of two distinct species having 
equal number of atoms initially. The mean life of one species is t and that of 
the other is 5t. The decay products in both cases are stable. A plot is made of 


the total number of radioactive nuclei as a function of time. Which of the 


following figure best represents the form of this plot? (JEE 2001) 
NA N 
@) *. a a 
e >t e >t 
T | T 
N+ N 
() oa @) NS 
t -t yo: =e 
Fig. 34.9 


Solution The total number of atoms can neither remain constant (as in option a) nor can ever 
increase (as in options b and c). They will continuously decrease with time. Therefore, (d) is the 
appropriate option. 


INTRODUCTORY EXERCISE 

1. The decay constant of a radioactive sample is 1. The half-life and mean life of the sample are 
respectively given by (JEE 1989) 
(a) 1/XAand (In 2)/% (b) (In 2)/XA and 1/2 
(c) A(In2) and 1/2 (d) A/(In2) and 1/2 

2. Consider o-particles, B-particles and y-rays each having an energy of 0.5 MeV. In increasing 
order of penetrating powers, the radiations are (JEE 1994) 
(a) a, B, y (b) a, 7, B 
(c) B, y, (d) 7, B, & 

3. Which of the following is a correct statement? (JEE 1999) 


(a) Beta rays are same as cathode rays 

(b) Gamma rays are high energy neutrons 

(c) Alpha particles are singly ionized helium atoms 

(d) Protons and neutrons have exactly the same mass 


4. The electron emitted in beta radiation originates from (JEE 2001) 
(a) inner orbits of atom 
(b) free electrons existing in nuclei 
(c) decay of a neutron in a nucleus 
(d) photon escaping from the nucleus 
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5. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


During a negative beta decay, (JEE 1987) 
(a) an atomic electron is ejected 

(b) an electron which is already present within the nucleus is ejected 

(c) a neutron in the nucleus decays emitting an electron 

(d) a part of the binding energy of the nucleus is converted into an electron 

A freshly prepared radioactive source of half-life 2 h emits radiation of intensity which is 64 times 
the permissible safe level. The minimum time after which it would be possible to work safely with 


this source is (JEE 1988) 

(a) 6h (b) 12h (c) 24h (d) 128 h 

A radioactive sample S, having an activity of 5 wCi has twice the number of nuclei as another 

sample S, which has an activity of 10 1Ci. The half-lives of S; and S, can be (JEE 2008) 

(a) 20 yr and 5 yr, respectively (b) 20 yr and 10 yr, respectively 

(c) 10 yr each (d) 5 yr each 

Half-life of a radioactive substance A is 4 days. The probability that a nucleus will decay in two 

half-lives is (JEE 2006) 
1 3 1 

(a) ib) 7 ()5 (d)1 

After 280 days, the activity of a radioactive sample is 6000 dps. The activity reduces to 3000 dps 

after another 140 days. The initial activity of the sample in dps is (JEE 2004) 

(a) 6000 (b) 9000 (c) 3000 (d) 24000 


The half-life of 7*°At is 100 1s. The time taken for the activity of a sample of 7'°At to decay to 


J th of its initial value is 
16 


(JEE 2002) 
(a) 400 ps (b) 63 us 
(c) 40 us (d) 300 us 
The half-life of the radioactive radon is 3.8 days. The time, at the end of which 1/20 th of the 
radon sample will remain undecayed, is (given log,) e = 0.4343) (JEE 1981) 
(a) 3.8 days (b) 16.5 days 
(c) 33 days (d) 76 days 


Activity of a radioactive substance decreases from 8000 Bq to 1000 Bq in 9 days. What is the 
half-life and average life of the radioactive substance? 

A radioactive substance has a half-life of 64.8 h. A sample containing this isotope has an initial 
activity (t =0) of 40 pCi. Calculate the number of nuclei that decay in the time interval between 
t, = 10.0 handt, =12.0 h. 

A freshly prepared sample of a certain radioactive isotope has an activity of 10 mCi. After 4.0 h 
its activity is 8.00 mCi. 

(a) Find the decay constant and half-life 

(b) How many atoms of the isotope were contained in the freshly prepared sample? 

(c) What is the sample's activity 30.0 h after it is prepared? 

A radioactive substance contains 10'° atoms and has an activity of 6.0 x10'' Bq. What is its 
half-life? 

Two radioactive elements X and Y have half-life periods of 50 minutes and 100 minutes, 


respectively. Initially, both of them contain equal number of atoms. Find the ratio of atoms left 
Ny /Ny after 200 minutes. 
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34.3 Successive Disintegration 


Suppose a parent radioactive nucleus A (decay constant =) has number of atoms NV, at time ¢ =0. 
After disintegration it converts into a nucleus B (decay constant =A ,,) which is further radioactive. 
Initially (t = 0), number of atoms of B are zero. We are interested in finding NV, , the number of atoms 
of B at time ¢. 


raNa dpNp 
A SY —_———_—— 
Fig. 34.10 
A B 
Att=0 No 0 
Att=t N,=Noe* N,=? 
At time ¢, net rate of formation of B = rate of disintegration of A — rate of disintegration of B 
dN 
haa hig iN 
dN = 2 
or ae =i, Noe hal —-h,N, (as N, = Noe hat) 
or dN , +h,N, dt=,,Nye *@ 


Multiplying this equation by e”*‘, we have 
ce dN, + e'D. N, dt = 1, Nye = hays 
d{N,e*"}=2,, Ngee *«) ‘at 


Integrating both sides, we get 


N,ee w[ te | net ane i (i) 
be a 


where, C is the constant of integration, which can be found as under. 


Attime, 1=0, MN, =0 
Xr 
C=- ——_1_ No 
Np Aa 


Substituting this value in Eq. (1), we have 
Nod het RH . 
Noo (er ay . (il 
b x = x : ( ) ( ) 


Now, the following conclusions may be drawn from the above discussion. 


1. From Eq. (11) we can see that NV, =0 at time ¢ =0 (it was given) and at t = 00 (because B is also 
radioactive) 
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2. N, will continuously decrease with time while NV, will first increase (untilA,N, >A,N,), 
reaches to a maximum value (whena , NV, =A, N,,) and then decreases (whend, VN, >A, N,,). 
The two graphs for NV, and N, with time are shown below. 


N. 


a 
A A 


= ApNp 


® 
® 


> 
=z 


>t 


> »|+ > 
NaN a? rpNp ApNp> rag 
Fig. 34.11 


© Example 34.9 A radio nuclide X is produced at constant rate a. At time t =0, 
number of nuclei of X are zero. Find 
(a) the maximum number of nuclei of X. 
(b) the number of nuclei at time t. 
Decay constant of X isi. 
Solution (a) Let N be the number of nuclei of X at time ¢. 
Rate = Rate = AN 


——>—— xX 
—___»___4 


Fig. 34.12 


Rate of formation of X =a (given) 
Rate of disintegration = AN 
Number of nuclei of X will increase until both the rates will become equal. Therefore, 


O =ANmax 
Nmax = = Ans. 
X 
(b) Net rate of formation of X at time ¢ is 
N 
A 
P| 9 eas 
>t 
Fig. 34.13 
ae a—AN 


dt 
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dN 


=dt 
a—-AN 


Integrating with proper limits, we have 


dN 
eva 


a —M 
N =—(l-e 
5 | ) 


or Ans. 


: . . ; : . or 
This expression shows that number of nuclei of X are increasing exponentially from 0 to 


© Example 34.10 In the above problem if each decay produces E, energy, then 
find 
(a) power produced at time t 
(6) total energy produced upto time t 
Solution (a)-- N = (i-2075 


At time ¢, number of decays per second =AN =a (l-e” ), 
Each decay produces E,) energy. Therefore, energy produced per second or power. 
= (number of decays per second) (energy produced in each decay) 
=(AN) Ep 
=aEy (l-e’) 
or P=aE, (l-e™) 


(b) Power is a function of time. Therefore, total energy produced upto time ¢ can be obtained by 


Ans. 


integrating this power or 


t 
E Total = i} Pdt 
0 


Alternate Method 
Energy is produced only in decay. Upto time ¢ total at nuclei are produced and N nuclei are 


left. So, total number of nuclei decayed. 


N, =at —N =at au ey 


-alt-2d-e™ ) 


Each decay produces E, energy. Therefore, total energy produced upto time f¢, 


Exot =NakEo 
1 = 


Ans. 
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34.4 Equivalence of Mass and Energy 


In 1905, while developing his special theory of relativity, Einstein made the suggestion that energy 
and mass are equivalent. He predicted that if the energy of a body changes by an amount £, its mass 
changes by an amount m given by the equation, 

E=mc’ 
where, c is the speed of light. Everyday examples of energy gain are much too small to produce 
detectable changes of mass. But in nuclear physics this plays an important role. Mass appears as 
energy and the two can be regarded as equivalent. In nuclear physics, mass is measured in unified 
atomic mass units (u), lu being one-twelfth of the mass of carbon-12 atom and equals 


1.66 10°’ kg. It can readily be shown using E = mc” that, 1 u mass has energy 931.5 MeV. 


Thus, 1u=931.5 MeV/c? or c? =931.5 MeV/u 

A unit of energy may therefore be considered to be a unit of mass. For example, the electron has a rest 
mass of about 0.5 MeV. 

If the principle of conservation of energy is to hold for nuclear reactions it is clear that mass and 
energy must be regarded as equivalent. The implication of F = mc? is that any reaction producing an 
appreciable mass decrease is a possible source of energy. 


© Example 34.11 Find the increase in mass of water when 1.0 kg of water 
absorbs 4.2 x 10° J of energy to produce a temperature rise of 1 K. 


3 
Solution m= = aces = 5 
c?  (3.0x 10°) 
=4.7x 1074 kg Ans. 


34.5 Binding Energy and Nuclear Stability 


The existence of a stable nucleus means that the nucleons (protons and neutrons) are in a bound state. 
Since, the protons in a nucleus experience strong electrical repulsion, there must exist a stronger 
attractive force that holds the nucleus together. The nuclear force is a short range interaction that 
extends only to about 2 fm. (In contrast, the electromagnetic interaction is a long-range interaction). 
An important feature of the nuclear force is that it is essentially the same for all nucleons, independent 
of charge. 

The binding energy (£,, ) of a nucleus is the energy required to completely separate the nucleons. 
The origin of the binding energy may be understood with the help of mass-energy relation, 
AE = Amc’, where Amis the difference between the total mass of the separated nucleons and the mass 
of the stable nucleus. The mass of the stable nucleus is less than the sum of the mass of its nucleons. 
The binding energy of a nuclide , X “is thus, 


E, =[Zmp + (A-Z) my mie le ..-(i) 


where, mp = mass of proton, m,, = mass of neutron and my = mass of nucleus 
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Note (i) Am=[Zmp + (A- Z) My — my]is called the mass defect. This much mass is lost during the formation of 
a nucleus. Energy AE =(Am) c°. is liberated during the making of the nucleus. This is the energy due to 
which nucleons are bound together. So, to break the nucleus in its constituent nucleons this much 
energy has to be given to the nucleus. 

(i) Stability: Although nuclides with Z values upto Z = 92 (uranium) occur naturally, not all of these are 
stable. The nuclide <8°Bi is the heaviest stable nucleus. Even though uranium is not stable, however, its 
long lived isotope **°y, has a half-life of some 4 billion year. 


Binding energy per nucleon If the binding energy of a nucleus is divided by its mass number, the 

binding energy per nucleon is obtained. A plot of binding energy per nucleon £,, / A as a function of 

mass number A for various stable nuclei is shown in figure. 

E,/A . 

Roast 
: ae | 208pp 


ce | | | | | 

0 40 80 120 160 200 

Mass number 

Fig. 34.14 The binding energy per nucleon, 
E,/A, as a function of the mass number A 


Binding energy per nucleon (MeV) 


Note That it is the binding energy per nucleon which is more important for stability of a nucleus rather than 
the total binding energy. 

Following conclusions can be drawn from the above graph. 

1. The greater the binding energy per nucleon the more stable is the nucleus. The curve reaches a 
maximum of about 8.75 MeV in the vicinity of a Fe and then gradually falls to 7.6 MeV for aes 

2. In a nuclear reaction energy is released if total binding energy is increasing. Let us take an 
example. 
Suppose a nucleus X, which has total binding energy of 100 MeV converts into some another 
nucleus Y which has total binding energy 120 MeV. Then, in this process 20 MeV energy will be 


released. This is because 100 MeV energy has already been released during the formation of X 
while in case of Y it is 120 MeV. So, the remaining 20 MeV will be released now. 


Energy is released if XE, is increasing. 


3. XE, ina nuclear process is increased if binding energy per nucleon of the daughter products gets 
increased. Let us take an example. Consider a nucleus X (Ay =100) breaks into lighter nuclei 
Y (Ay =60) and Z(A; = 40). 
X>Y4+Z 


Binding energy per nucleon of these three are say, 7 MeV, 7.5 MeV and 8.0 MeV. Then, total 
binding energy of X is 100 x 7 = 700 MeV and that of Y + Z is (60 x 7.5) + (40 x 8.0) = 770 MeV. 
So, in this process 70 MeV energy will be released. 
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4. Binding energy per nucleon is increased if two or more lighter nuclei combine to form a heavier 
nucleus. This process is called nuclear fusion. 


° e 
+——- @:+E @-—— + +E 
e e 


Fusion Fission 
Fig. 34.15 


In nuclear fission a heavy nucleus splits into two or more lighter nuclei of almost equal mass. 
E,JAs 


Fission 


Fusion 


ete 


+A 
Fig. 34.16 


In both the processes £;, / A is increasing. Thus, energy will be released. 


34.6 Nuclear Fission (Divide and Conquer) 


As we saw in the above article nuclear fission occurs when a heavy nucleus such as 7°°U, splits into 
two lighter nuclei. In nuclear fission, the combined mass of the daughter nuclei is less than the mass 
of the parent nucleus. The difference is called the mass defect. Fission is initiated when a heavy 
nucleus captures a thermal neutron (slow neutrons). Multiplying the mass defect by ce gives the 
numerical value of the released energy. Energy is released because the binding energy per nucleon of 
the daughter nuclei is about 1 MeV greater than that of the parent nucleus. 


The fission of 7° U by thermal neutrons can be represented by the equation, 


on+ su —> 3u* —>» X+Y + neutrons 


where, 7*° U * is an intermediate excited state that lasts only for 10°! s before breaking into nuclei XY 
and Y, which are called fission fragments. In any fission equation there are many combinations of X 
and Y that satisfy the requirements of conservation of energy and charge with uranium, for example, 
there are about 90 daughter nuclei that can be formed. Fission also results in the production of several 
neutrons, typically two or three. On the average, about 2.5 neutrons are released per event. 
A typical fission reaction for uranium is 

ate US Bae ken 
About 200 MeV is released in the fission of a heavy nucleus. The fission energy appears mostly as 
kinetic energy of the fission fragments (e.g. barium and krypton nuclei) which fly apart at great speed. 
The kinetic energy of the fission neutrons also makes a slight contribution. In addition one or both of 
the large fragments are highly radioactive and small amount of energy takes the form of beta and 
gamma radiation. 
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Chain Reaction Shortly after nuclear fission was discovered, it was realized that, the fission neutrons 
can cause further fission of 7°> U and a chain reaction can be maintained. 
L Neutron 


go 


Fission Oo Fission 
fragment fragment 


(238) (u236) 


simi 


(236) (236) (235) (235) 


Fig. 34.17 A chain reaction 


In practice only a proportion of the fission neutrons is available for new fissions since, some are lost 
by escaping from the surface of the uranium before colliding with another nucleus. The ratio of 
neutrons escaping to those causing fission decreases as the size of the piece of uranium-235 increases 
and there is a critical size (about the size of a cricket ball) which must be attained before a chain 
reaction can start. 

In the ‘atomic bomb’ an increasing uncontrolled chain reaction occurs in a very short time when two 
pieces of uranium-235 are rapidly brought together to form a mass greater than the critical size. 
Nuclear Reactors Inanuclear reactor the chain reaction is steady and controlled so that on average 
only one neutron from each fission produces another fission. The reaction rate is adjusted by inserting 
neutron absorbing rods of boron steel into the uranium 235. 


Fig. 34.18 Nuclear reactor 


Graphite core is used as a moderator to slow down the neutrons. Natural uranium contains over 99% 
of 8 U and less than 1% of 7*° U. The former captures the medium speed fission neutrons without 
fissioning. It fissions with very fast neutrons. On the other hand any (and plutonium-239) fissions 
with slow neutrons and the job of moderator is to slow down the fission neutrons very quickly so that 
most escape capture by 38 and then cause the fission of 7** U. 

A bombarding particle gives up most energy when it has an elastic collision with a particle of similar 
mass. For neutrons, hydrogen atoms would be most effective but they absorb the neutrons. But 
deuterium (in heavy water) and carbon (as graphite) are both suitable as moderator. 

To control the power level control rods are used. These rods are made of materials such as cadmium, 
that are very efficient in absorbing neutrons. The first nuclear reactor was built by Enrico Fermi and 
his team at the University of Chicago in 1942. 
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34.7 Nuclear Fusion 


Binding energy for light nuclei (4 < 20) is much smaller than the binding energy for heavier nuclei. 
This suggests a process that is the reverse of fission. When two light nuclei combine to form a heavier 
nucleus, the process is called nuclear fusion. The union of light nuclei into heavier nuclei also lead to 
a transfer of mass and a consequent liberation of energy. Such a reaction has been achieved in 
‘hydrogen bomb’ and it is believed to be the principal source of the sun’s energy. 


A reaction with heavy hydrogen or deuterium which yields 3.3 MeV per fusion is 
7H+ 7H 3 He + gn 


By comparison with the 200 MeV per fission of °35 U this seems small, but per unit mass of material it 
is not. Fusion of two deuterium nuclei, i.e. deuterons, will only occur if they overcome their mutual 
electrostatic repulsion. This may happen, if they collide at very high speed when, for example, they 
are raised to a very high temperature (10 8 _10° K). So much high temperature is obtained by using an 
atomic (fission) bomb to trigger off fusion. Ifa controlled fusion reaction can be achieved, an almost 
unlimited supply of energy will become available from deuterium in the water of the oceans. 


@® Extra Points to Remember 


e Q-value of anuclear reaction (optional) Consider a nuclear reaction in which a target nucleus X is 
bombarded by a particle ‘a’ resulting in a daughter nucleus Y and a particle b. 


a+X>Y+b 


Sometimes this reaction is written as X (a, b)Y 
The reaction energy Q associated with a nuclear reaction is defined as the total energy released as a result 
of the reaction. Thus, 


Q=(M, + My - My - M,)c? 


A reaction for which Q is positive is called exothermic. A reaction for which Q is negative is called 
endothermic. 

In an exothermic reaction, the total mass of incoming particles is greater than that of the outgoing particles 
and the Q-value is positive. If the total mass of the incoming particles is less than that of the outgoing 
particles, energy is required for reaction to take place and the reaction is said to be endothermic. Thus, an 
endothermic reaction does not occur unless the bombarding particle has a kinetic energy greater than|Q]. 
The minimum energy necessary for such a reaction to occur is called threshold energy K,,. The threshold 
energy is somewhat greater than |Q| because the outgoing particles must have some kinetic energy to 
conserve momentum. 


Thus, Ky, >|Q| (in endothermic reaction) 
x W 


oe e 


Fig. 34.19 


Consider a bombarding particle X of mass m, and a target Y of mass m, (at rest). The threshold energy of X 
for endothermic reaction (negative value of Q) to take place is 


m. 
Ko = ala 
th as ] 
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© Example 34.12 In the fusion reaction 7H + 7H > 3He + gn, the masses of 


deuteron, helium and neutron expressed in amu are 2.015, 3.017 and 1.009 
respectively. If 1 kg of deuterium undergoes complete fusion, find the amount of 
total energy released. 1 amu = 931.5 MeV/c’. 
Solution Am=2(2.015)— (3.017+ 1.009) =0.004 amu 

Energy released =(0.004 x 931.5) MeV=3.726 MeV 

Energy released per deuteron = a = 1.863 MeV 


26 
Number of deuterons in | kg = oe =3.01x 1076 


Energy released per kg of deuterium fusion = (3.01 107° x 1.863) =5.6x 107° MeV 
~9.0x 10 J Ans. 


Example 34.13 A nucleus with mass number 220 initially at rest emits an 
a-particle. If the Q-value of the reaction is 5.5 MeV, calculate the kinetic energy of 


the a -particle. (JEE 2003) 
(a) 4.4 MeV (6) 5.4 MeV (c) 5.6 MeV (d) 6.5 MeV 
Solution Given that K, + K, =5.5MeV re 6, 


From conservation of linear momentum, 
Pi =Py or 2K, (216m) =[2K, (4m) as p= V2Km 
& K,=54K, .. (ii) 
Solving Eqs. (1) and (ii), we get K,=KE of a-particle =5.4 MeV 
The correct option is (b). 


Example 34.14 Binding energy per nucleon 
versus mass number curve for nuclei is shown 
in figure. W, X, Y and Z are four nuclei 
indicated on the curve. The process that would 
release energy is (JEE 1999) 
(a) Y > 2Z 

()W>X+Z 


Binding energy/nucleon 


0 30 60 90 120 
(c)W — 2Y Mass number of nuclei 


MX >Y+Z Fig. 34.20 


Solution Energy is released in a process when total binding energy of the nucleus (= binding 
energy per nucleon x number of nucleons) is increased or we can say, when total binding energy 
of products is more than the reactants. By calculation we can see that only in option (c), this 
happens. Given, W >2Y 

Binding energy of reactants = 120x 7.5=900 MeV 

and binding energy of products = 2 (60x 8.5)=1020 MeV > 900 MeV 


The correct option is (b). 
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© Example 34.15 A star initially has 10*° deuterons. It produces energy via the 
processes ,H® + ,H® > ,H® + pand ,H? + ,H® >,He’* +n. If the average 
power radiated by the star is 10'° W, the deuteron supply of the star is 
exhausted in a time of the order of (JEE 1993) 
(a) 10° s (b) 10° s (c)10" s (d)10'° s 
The masses of the nuclei are as follows 
M(H?) = 2.014 amu; M(n) = 1.008 amu, 
M(p) = 1.007 amu; M(He* ) = 4.001 amu 
Solution The given reactions are 
,H ,H’ > ,H? + D 


iH + iH? —> ,He’* +n 


= 3 ,H* —>,He* +n+p 
Mass defect, Am = (3x 2.014 —4.001—1.007— 1.008) amu 
= 0.026 amu 


Energy released = 0.026 x 931 MeV 
= 0.026x 931x 1.6x 10°? J 
=3.878 10" J 
This is the energy produced by the consumption of three deuteron atoms. 


.. Total energy released by 10*° deuterons 
10% 


x 3.87x 10°? J =1.29x 1078 J 


The average power radiated is P=10'° W or 10'° J/s. 


Therefore, total time to exhaust all deuterons of the star will be 


28 
= 129% I" 31.29% 10 sx 10s 
The correct option is (c). 
© Example 34.16 Assume that the nuclear binding BIA 


energy per nucleon (B/A) versus mass number (A) is as 

shown in the figure. Use this plot to choose the correct 

choice(s) given below. (JEE 2008) 

(a) Fusion of two nuclei with mass numbers lying in the 
range of 1< A< 50 will release energy. 

(6) Fusion of two nuclei with mass numbers lying in the 400 200 
range of 51 < A <100 will release energy. Fig. 34.21 

(c) Fission of a nucleus lying in the mass range of 
100 < A < 200 will release energy when broken into two equal fragments. 

(d) Fission of a nucleus lying in the mass range of 200 < A < 260 will release energy 
when broken into two equal fragments. 


oN F&F DD OC 


>A 
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Solution In fusion, two or more lighter nuclei combine to make a comparatively heavier 
nucleus. In fission, a heavy nucleus breaks into two or more comparatively lighter nuclei. 
Further, energy will be released in a nuclear process if total binding energy increases. 


. The correct options are (b) and (d). 


INTRODUCTORY EXERCISE 


1. If a star can convert all the He nuclei completely into oxygen nuclei. The energy released per 
oxygen nuclei is (Mass of the helium nucleus is 4.0026 amu and mass of oxygen nucleus is 


15.9994 amu) (JEE 2005) 
(a) 7.6 MeV (b) 56.12 MeV 
(c) 10.24 MeV (d) 23.4 MeV 

2. Fast neutrons can easily be slowed down by (JEE 1994) 


(a) the use of lead shielding 
(b) passing them through heavy water 
(c) elastic collisions with heavy nuclei 
(d) applying a strong electric field 
3. During a nuclear fusion reaction, (JEE 1987) 
(a) a heavy nucleus breaks into two fragments by itself 
(b) a light nucleus bombarded by thermal neutrons breaks up 
(c) a heavy nucleus bombarded by thermal neutrons breaks up 
(d) two light nuclei combine to give a heavier nucleus and possibly other products 


4. The equation 44H —> 4He?* + 2e + 26 MeV represents (JEE 1983) 
(a) B-decay (b) y-decay 
(c) fusion (d) fission 


5. (a) How much mass is lost per day by a nuclear reactor operated at a10° watt power level? 
(b) If each fission releases 200 MeV, how many fissions occur per second to yield this power level? 


6. Find energy released in the alpha decay, 
ai ——5. "2 The gHe 
Given, M (§3°U) = 238.050784 u 
M (§2' Th) = 234.043593 u 
M (3He) = 4.002602 u 
7. Complete the nuclear reactions. 
(a) $Li+?—+ /Be+4n (b) Clie? 264 che 
(c) {Be + $He —>3($He)+? (d) $2Br+27H—>?+ 2()n) 
8. Consider the reaction “Hi + “H = sHe + Q. Mass of the deuterium atom = 2.0141u. Mass of 


helium atom = 4.0024 u. This is a nuclear ........ reaction in which the energy Q released is ........ 
MeV. (JEE 1996) 
9. The binding energies per nucleon for deuteron (,H?) and helium (,He*) are 1.1 MeV and 
7.0 MeV respectively. The energy released when two deuterons fuse to form a helium nucleus 
(,He*)is ......... : (JEE 1988) 
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Final Touch Points 


1. 


Classification of nuclei The nuclei have been divided in isotopes, isobars and isotones on the 
basis of number of protons (atomic number) or the total number of nucleons (mass number). 


Isotopes The elements having the same number of protons but different number of neutrons are 
called isotopes. In other words, isotopes have same value of atomic number (Z) but different values 
of mass number (A). Almost every element has isotopes. Because of the same atomic number 
isotopes of an element have the same place in the periodic table. The isotopes of some elements are 
given below. 


Element Its isotopes Number of protons Number of neutrons 
iH! 1 0 
Hydrogen ae 1 1 
iH? 1 a 
20" 8 8 
Oxygen so 8 9 
30" 8 10 
el i? 18 
Chlorine 37 
sl 17 20 
—_ Uae 92 143 
ranium 
ar 92 146 


In nature, the isotopes of chlorine (,7CI®° and ,7Cl®”) are found in the ratio 75.4% and 24.6%. When 
chlorine is prepared in laboratory, its atomic mass is found to be 


M =(35 x 0.754) + (37 x 0.246) = 35.5 


Note Since, the isotopes have the same atomic number, they have the same chemical properties. Their 


physical properties are different as they have different mass numbers. Two isotopes, thus cannot be 
separated by chemical method, but they can be separated from the physical methods. 


Isobars The elements having the same mass number(A) but different atomic number (Z) are called 
isobars. They have different places in periodic table. Their chemical (as well as physical) properties 
are different. 


qH® and ,He®, ,O'” and oF '’are examples of isobars. 
Isotones Elements having the equal number of neutrons (A — Z) are called isotones. 
3Li’ and ,Be®, HH? and zHe* are examples of isotones. 


. Nuclear forces In nucleus the positively charged protons and the uncharged neutrons are held 


together in an extremely small space (~ 1 07'S m)in spite of the strong electrostatic repulsion between 
the protons. Obviously, there are some strong attractive forces operating within the nucleus between 
the nucleons. The nuclear forces are non-electric and non gravitational forces. These forces are 
extremely short-range forces. They become operative only when the distance between two nucleons 
is a small multiple of 10° '° m. They do not exist when the distance is appreciably larger than10°-'°m 
and become repulsive when the distance is appreciably smaller than 10°'°m. Nuclear forces 
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between protons and protons between neutrons and neutrons and between protons and neutrons are 
all essentially the same in magnitude. Thus, we can say that nuclear forces are charge independent. 


Yukawa’s meson theory of nuclear forces A Japanese scientist Yukawa in 1935 suggested that the 
nuclear forces are ‘exchange forces. Which are produced by the exchange of new particles called 
m-mesons between nucleons. These particles were later on actually discovered in cosmic radiation. 
There are three types of n-mesons, n*, and 2°. There is a continuous exchange of n-mesons 
between protons and neutrons due to which they continue to be converted into one another. When a 
m* -meson jumps from a proton to a neutron, the proton is converted into a neutron and the neutron is 
converted into a proton. 


p-t™ —>n 
and n+n — > p 


Conversely, when a x - meson jumps from a neutron to a proton, then neutron is converted into a 
proton and the proton is converted into a neutron. Thus, 


n-t — > p 
and p+nu —n 
The exchange of x* and x - mesons between protons and neutrons is responsible for the origin of 
nuclear forces between them. Similarly, nuclear forces between two protons and between two 


neutrons are generated by a continuous exchange of x°-mesons between them. Thus, the basis of 
nuclear forces is the exchange of mesons and hence these are called ‘exchange forces’. 


. Size and shape of the nucleus The Rutherford scattering experiment established that mass of an 
atom is concentrated within a small positively charged region at the centre which is called the nucleus 
of the atom. The nuclear radius is given by 


R= Ro Alls 
Here, A is the mass number of the particular nucleus and Ay =1.3 fm (fermi) =1.3 x107'® m. This 
means that the nucleus radius is of the order of 10°'° m. 


Here, Rp =1.3 fm is the distance of closest approach to the nucleus and is also known as nuclear unit 
radius. 


. Nuclear density Let us consider the nucleus of an atom having the mass number A. 
Mass of nucleus = A x1.67 x10°*’ kg 


Volume of the nucleus = : mR® 


4 1/3\3 4 93 
=—n7(RA =—T7R5A 
z (RoA’~) rea 


Mass 


Density of the nucleus, p = 
volume 


or 


A x1.67 x107°” 
omar 
= xmx(1.3x10°) xA 


=1.8 x10" kg/m? 
Thus, density of a nucleus is independent of the mass number A and of the order of 10'” kg/m’. 


. Magic numbers We know that the electrons in an atom are grouped in ‘shells’ and ‘sub-shells’. 
Atoms with 2, 10, 18, 36, 54 and 86 electrons have all of their shells completely filled. Such atoms are 
unusually stable and chemically inert. A similar situation exists with nuclei also. Nuclei having 2, 8, 20, 
28, 50, 82 and 126 nucleons of the same kind (either protons or neutrons) are more stable than nuclei 
of neighbouring mass numbers. These numbers are called as ‘magic numbers’. 
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6. Fundamental particles The particles which are not constituted by any other particles are called 
fundamental particles. A brief discussion of important fundamental particles is as follows. 

(i) Electron It was discovered in 1897 by Thomson. Its charge is —e and mass is 9.1 x10~°" kg. Its 
symbol is e~ (or _,B°). 

(ii) Proton It was discovered in 1919 by Rutherford in artificial nuclear disintegration. It has a 
positive charge +e and its mass is 1836 times (1.673 x10°°’ kg) the mass of electron. In free 
state, the proton is a stable particle. Its symbol is p*. It is also written as iH". 

(iii) Neutron It was discovered in 1932 by Chadwick. Electrically, it is a neutral particle. Its mass is 
1839 times (1.675 x10°2’ kg) the mass of electron. In free state the neutron is unstable (mean life ~ 
17 minutes) but it constitutes a stable nucleus with the proton. Its symbol is n or git’. 

(iv) Positron It was discovered by Anderson in 1932. It is the antiparticle of electron, i.e. its charge 
is +e and its mass is equal to that of the mass of electron. Its symbol is e* (or ,,B°). 

(v) Antiproton It is the antiparticle of proton. It was discovered in 1955. Its charge is —e and its 
mass is equal to that of the mass of proton. Its symbol is p-. 

(vi) Antineutron It was discovered in 1956. It has no charge and its mass is equal to the mass of 
neutron. The only difference between neutron and antineutron is that if they spin in the same 
direction, their magnetic momenta will be in opposite directions. The symbol for antineutron is 7. 

(vii) Neutrino and antineutrino The existence of these particles was predicted in 1930 by Pauli while 
explaining the emission of B-particles from radioactive nuclei, but these particles were actually 
observed experimentally in 1956. Their rest mass and charge are both zero but they have energy 
and momentum. These are mutually antiparticles of each other. They have the symbol v and v. 

(viii) Pi-mesons The existence of pi-mesons was predicted by Yukawa in 1935, but they were 
actually discovered in 1947 in cosmic rays. Nuclear forces are explained by the exchange of 
pi-mesons between the nucleons. pi-mesons are of three types, positive n-mesons (z* ), negative 
pi-mesons (x ) and neutral x-mesons (n°). Charge on x* is + e. Whereas mass of z* is 274 times 
the mass of electron. x° has mass nearly 264 times the electronic mass. 

(ix) Mu-Mesons_ These were discovered in 1936 by Anderson and Neddermeyer. These are found 
in abundance in the cosmic rays at the ground level. There are two types of mu-mesons. Positive 
mu-meson (u*) and negative mu-meson (u~). There is no neutral mu-meson. Both the 
mu-mesons have the same rest mass 207 times the rest mass of the electron. 

(x) Photon These are bundles of electromagnetic energy and travel with the speed of light. Energy 


and momentum of a photon of frequency v are hv and ls respectively. 
Cc 


Antiparticles For every fundamental particle there exists an identical fundamental particle just 
opposite in some property. For example electron and positron are identical in all respects, except that 
charges on them are opposite. 


The following table shows various particles and their antiparticles. Some particles are their own 
antiparticles. For example x° and y. 


Raine eyripll vatearecge neve eecn evenness 
Electron e et 1 stable 
Proton p* p 1836 stable 
Neutron n n 1839 1010 
Neutrino v v 0 stable 


Name of 
particle 


Pi-Mesons 


Mu-Mesons 


Photon 
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Symbol Aniparain Mastin comgarieanto Avessyo ite fn eecon or 
nm rr 274 2.6x10° 
n° n° 264 0.9107" 
te ue 207 oo -%10° 
0 stable 


Y 


7. lf an unstable nucleus decays by two different processes and decay constants in two processes are 


Ay and A», then effective value of A is 


Now, the above equation can also be written as 
In2_In2_ In2 


or 


> 


or 


or 


x = My + Ko 
(T = half-life) 


=—_— + — 
1 Te 


_ Tle 
T, +15 


Proof Suppose at some instant, the unstable nucleus has N number of nuclei, then 


net rate of decay = decay in process 1 + decay in process 2 
dN ( a] ‘ ( + 
at dt ), dt )>5 
AN =AyN + Ao N 
Hence Proved. 


hay + ho 


Solved Examples 


TYPED PROBLEMS 


Type 1. Based on radioactivity 


© Example 1 Ai a given instant there are 25% undecayed radioactive nuclei in a 
sample. After 10 s the number of undecayed nuclei reduces to 12.5%. Calculate 
(a) mean life of the nuclei, (JEE 1996) 
(b) the time in which the number of undecayed nuclei will further reduce to 6.25% of the 
reduced number. 
Solution (a) In 10s, number of nuclei has been reduced to half (25% to 12.5%). 
Therefore, its half-life is 


tye = 10 Ss 
Relation between half-life and mean life is 
Emean a v2. = ee 8 
In2 0693 
t =1443 s Ans. 


mean 


(b) From initial 100% to reduction till 6.25%, it takes four half-lives. 
t t t t 
100% —22s 50% 24s 25% —Y, 12.5% —Ys 6.25% 


t=4 ty,=4(10)s=40s 
t=40s Ans. 


© Example 2. A radioactive element decays by B-emission. A detector records n 
beta particles in 2 s and in next 2 s it records 0.75 n beta particles. Find mean life 
correct to nearest whole number. Given In |2| =06931,/n |3| =1.0986. — (JEE 2003) 
Solution Let n, be the number of radioactive nuclei at time t = 0. Number of nuclei decayed in 


time ¢t are given by ny (1 - e”*), which is also equal to the number of beta particles emitted 
during the same interval of time. For the given condition, 


n=n(-e™) ..() 
(n + 0.75n) = ng (1-e**) (ii) 
Dividing Eq. (ii) by Eq. (i), we get 
eee aad 
1.75 = i 
or 1.75 -1.75 6" =1-e" 
1.75 @* —e~™ -* ... (iii) 


Let us take oO” =x 
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Then, the above equation is 
x” -1.75x+ 0.75 =0 


ew eT V.75)" = A) 0.75) 


or 
2 
or x=land 2 
4 
“. From Eq. (iii) either 
eal 
or ek = 3 
4 
but e” =1 is not acceptable because which means 1 =0. 
Hence, ens 2 
4 
or —2 In (e) = In (8) - In (4) = In (B) -2 In @) 


X=In @)-FIn (8) 
Substituting the given values, 


24 =06931 — - x (1.0986) = 0.14395 s+ 


Mean life, tiean = “ =6.947s 


The correct answer is 7. Ans. 


Example 3. A small quantity of solution containing Na™ radio nuclide 

(half- life =15 h) of activity 1.0 microcurie is injected into the blood of a person. A 

sample of the blood of volume 1 cm® taken after 5h shows an activity of 

296 disintegrations per minute. Determine the total volume of the blood in the 

body of the person. Assume that the radioactive solution mixes uniformly in the 

blood of the person. (JEE 1994) 

(1 curie = 3.7x 10'° disintegrations per second) 

Solution -: =Disintegration constant 
0.693 _ 0.693 

tyg 15 


h7! =0.0462 h7 


Let Ry = initial activity = 1 microcurie = 3.7 x 104 disintegrations per second 
r = Activity in 1 cm? of blood at t =5h 


= ~ disintegration per second 


= 4,93 disintegration per second, and 
R= Activity of whole blood at time t =5h 
Total volume of blood should be 
R_ Re™ 
“por 


V 
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Substituting the values, we have 


Ve 3.7 x 104 7 (0.0462) (5) arn 
4.93 


V =5.95 x10° cm® or V =5.95 L Ans. 


© Example 4_ A radioactive nucleus X decays to a nucleus Y with a decay constant 
Ax=0.1 s|,Y further decays to a stable nucleus Z with a decay constant 
Ay =1/30s"t. Initially, there are only X nuclei and their number is N 9 = 10°. Set 
up the rate equations for the populations of X, Y and Z . The population of Y nucleus as a 
function of time is given by Ny(t)={Nory/lAx —Ay)} lexp(Ayt)— exp (A x2) ]. 
Find the time at which Ny is maximum and determine the populations X and Z 
at that instant. (JEE 2001) 
Solution (a) Let at time ¢ = t, number of nuclei of Y and Z are Ny and Nz. Then, 
Rate equations of the populations of X, Y and Z are 


dNx | 
i (i 
[ ae alc @ 
SG) sta Naty Me ii) 
t 
sa eee 
_ as .. (lid 
( a ad Gi 
(b) Given, Ny (t) = No Ax [ —Ayt ext] 
hx — Ay 
For Ny to be maximum 
dNy (t) _ 0 
dt 
i.e hy Nx =Ay Ny ...(iv) [from Eq. (ii)] 
or Ax (No ext) = “ - [eovt ext] 
2 a 
Ay —Ay ev 
or - —— 
Y e 
Ax = phx ~hy)t 
dy 
Ax 
= (ix ~ Ay) tn (€) = In| = 
Y 
or a (2) 
hy —Ay Ay 


Substituting the values of Ay and Ay, we have 


— n( )-151n 6) 
(01 -1/30) (1/30 


or t=16.48s Ans. 
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(c) The population of X at this moment, 
Ny=N, ext = (1020) e-(0. 06.48) 
Ny =1.92 x10'° 


Ny = Este [From Kq. (iv) ] 
Y 
= (1.92 x10!) 2) 
(1/30) 


=5.76 x 101° 
Nz= Nye Neo Ny 
= 107° — 1.92 x 10!® — 5.76 x 10"° 
or Nz =2.32 x10"? 


Type 2. Based on nuclear physics 


© Example 5 Ina nuclear reactor 7°° U undergoes fission liberating 200 MeV of 
energy. The reactor has a 10% efficiency and produces 1000 MW power. If the 
reactor is to function for 10 yr, find the total mass of uranium required. — (JEE 2001) 


Solution The reactor produces 1000 MW power or 10°J/s. The reactor is to function for 10 yr. 
Therefore, total energy which the reactor will supply in 10 yr is 


E = (power) (time) 
= (10°J/s) (10 x 365 x24 x 3600s) 
= 3.1536 x10" J 
But since the efficiency of the reactor is only 10%, therefore actual energy needed is 10 times of 
it or 3.1536 x10'°J. One uranium atom liberates 200 MeV of energy or 200 x1.6 x107! J or 
3.2 x10" J of energy. So, number of uranium atoms needed are 
3.1536 x 10'8 


0 = 0.9855 x 10°° 
ax 


or number of kg-moles of uranium needed are 
1 = 029855 x 1g” 


602x108 
Hence, total mass of uranium required is 
m = (n)M = (163.7) (235) kg 
or m = 38470 kg 
or m =3847 x104 kg 


© Example 6 The element curium 34°Cm has a mean life of 10"*s. Its primary 
decay modes are spontaneous fission and a-decay, the former with a probability of 
8% and the later with a probability of 92%, each fission releases 200 MeV of 
energy. The masses involved in decay are as follows (JEE 1997) 


268 Cm = 248.072220 u, 344 Pu = 244.064100 u and $He = 4.002603 u. Calculate the 
power output from a sample of 107° Cm atoms. (1 u = 931 MeV/c”) 
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Solution The reaction involved in a-decay is 


248 244 4 
96 CM— 9, Pu + 5He 


Mass defect, Am = mass of 34°Cm — mass of 3{*Pu-—mass of 3He 
= (248.072220 — 244.064100 — 4.002603) u 
= 0.005517 u 


Therefore, energy released in a-decay will be 
E., = 0.005517 x 931) MeV =5.136 MeV 
Similarly, E¢.cio, =200 MeV (given) 
210" g=17% 
. Disintegration constant 4 =107!° s4 


Mean life is given as lean 
Rate of decay at the moment when number of nuclei are 107° 
=IN = 0 *). ao") 
=10' disintegration per second 
Of these, 8% are in fission and 92% are in a-decay. 
Therefore, energy released per second 
= (0.08 x10’ x 200 + 0.92 x10’ x5.136) MeV 
= 2.074 x 10° MeV 
“. Power output (in watt) = energy released per second (J/s) 
= (2.074 x 108) (1.6 x 1071) 
=3.32 x10" Ja 
. Power output = 3.32 x10° W 


© Example 7 A nucleus X, initially at rest, undergoes alpha-decay according to 
the equation. (JEE 1991) 
on > ay + a 
(a) Find the values of A and Z in the above process. 


(6) The alpha particle produced in the above process is found to move in a circular track of 
radius 0.11m in a uniform magnetic field of 3 T. Find the energy (in MeV) released 
during the process and the binding energy of the parent nucleus X. 


Given that m (Y) = 228.03 u, m(gn) =1.009 u 
m(3 He) = 4.003 u, m(j H) = 1.008 u 
Solution (a) A-4=228 


A =232 
92-2=Z 
or Z=90 


(b) From the relation, oe 
Me > ke 
(0.11)7(3)? (2 x 1.6 x 1071%)? 
~ 9 x4,008 x1.67 x10" x 1.6 x10! 
=5.21 MeV 


MeV 


Chapter 34 Modern Physics - Il ¢ 357 


From the conservation of momentum, 
Py =P, or |2Kymy = 2K ym, 


Rg |e lg = 
my 228.03 
=0.09 MeV 


Total energy released = K, + Ky =5.8 MeV 
Total binding energy of daughter products 
= [92 x (mass of proton) + (232 — 92) (mass of neutron) — (my) — (m,,)] x 931.48 MeV 
= [92 x 1.008) + (140) (1.009) — 228.03 — 4.003] 931.48 MeV 
= 1828.5 MeV 
.. Binding energy of parent nucleus 
= binding energy of daughter products — energy released 
= (1828.5 — 5.3) MeV = 1823.2 MeV 


© Example 8 It is proposed to use the nuclear fusion reaction, 
2H + ?H — 3He 
in a nuclear reactor 200 MW rating. If the energy from the above reaction is used 
with a 25 per cent efficiency in the reactor, how many grams of deuterium fuel will 
be needed per day? (The masses of 2H and 3 He are 2.0141 atomic mass units and 
4.0026 atomic mass units respectively.) (JEE 1990) 


Solution Mass defect in the given nuclear reaction, 
Am = 2 (mass of deuterium) — (mass of helium) 
=2 22.0141) — (4.0026) =0.0256 
Therefore, energy released 
AE = (Am) (931.48) MeV = 23.85 MeV 
= 23.85 x1.6x1078 J=3.82 x10? J 
Efficiency is only 25%, therefore, 


25% of AE = (=) (3.82 x 1074) J 
100 


=9.55 x10 3 J 

i.e. by the fusion of two deuterium nuclei, 9.55 x 107!? J energy is available to the nuclear 
reactor. 

Total energy required in one day to run the reactor with a given power of 200 MW, 

Enotal = 200 x 10° x24 x 3600 = 1.728 x 10° J 
Total number of deuterium nuclei required for this purpose, 
_ Beg 2 81728 x10" 
AE/2 9.55 x10°8 


= 0.362 x 10° 
Mass of deuterium required = (Number of g-moles of deuterium required) x 2 g 
7 [ose x 1076 


coe x2=120.26¢ 


Miscellaneous Examples 


© Example 9 Find the minimum kinetic energy of an a-particle to cause the 
reaction \N (a, p)''O. The masses of ““N, * He 'H and ''O are respectively 
14.00307 u, 4.00260 u, 1.00783 u and 16.99918 u. 


Solution Since, the masses are given in atomic mass units, it is easiest to proceed by finding 
the mass difference between reactants and products in the same units and then multiplying by 
931.5 MeV/u. Thus, we have 


Q@ = (14.00307 u + 4.00260 u — 1.00783 u — 16.99913 u) [931.5 ae 
u 
=— 1.20 MeV 
Q-value is negative. It means reaction is endothermic. 
So, the minimum kinetic energy of a-particle to initiate this reaction would be 
Kunin =1Q | Ma +1] = (1.20) ( aoe 1 
my 14.00307 
= 1.54 MeV Ans. 


© Example 10 Neon-23 decays in the following way, 


23 Ne—> ??Na 4 Se +V 


Find the minimum and maximum kinetic energy that the beta particle cS e) can 
have. The atomic masses of *°Ne and 7°? Na are 22.9945 u and 22.9898 u, 
respectively. 


Solution Here, atomic masses are given (not the nuclear masses), but still we can use them 
for calculating the mass defect because mass of electrons get cancelled both sides. Thus, 


Mass defect Am = (22.9945 — 22.9898) =0.0047 u 
Q = (0.0047 u) 931.5 MeV/u) 
=4.4 MeV 
Hence, the energy of beta particles can range from 0 to 4.4 MeV. Ans. 


© Example 11 The mean lives of an unstable nucleus in two different decay 
processes are 1620 yr and 405 yr, respectively. Find out the time during which 
three-fourth of a sample will decay. 
Solution Let at some instant of time t, number of nuclei are N. Then, 


—dN —-dN\ | (-dN 
dt je dt i . [ dt ) 
If the effective decay constant is A, then 
AN =2,N + A,N 


1 1 1 = 


or N= + Ag= + = year 
1620 405 324 


or 
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t =449 yr Ans. 


Example 12 In the chemical analysis of a rock the mass ratio of two radioactive 
isotopes is found to be 100: 1. The mean lives of the two isotopes are 4x 10° years 


and 2x 10° years, respectively. If it is assumed that at the time of formation the 


atoms of both the isotopes were in equal proportional, calculate the age of the 
rock. Ratio of the atomic weights of the two isotopes is 1.02:1. 
Solution At the time of observation (¢ = £), 


— = — (given) 
My 1 
Further it is given that ei = ue 
Ay 1 
Number of atoms, = A 
Ni, m Az _ 100 @) 
Ny mz, A, 1.02 
Let Ny be the number of atoms of both the isotopes at the time of formation, then 
—) 
Mo Noe ™ _ pau) (ii) 
Ng. Nie? 
Eq. G) and Eq. (11), we have 
fha-M)t @ 100 
1.02 
or (Ag — A, )t = In 100 — In 1.02 
In 100 — In 1.02 
i _ 1 
2x10 4x10? 
Substituting the values, we have 
t = 1.834 x10'° yr Ans. 


Example 13 A proton is bombarded on a stationary lithium nucleus. As a result 
of the collision, two a-particles are produced. If the direction of motion of the 
a-particles with the initial direction of motion makes an angle cos‘ (1/4), find the 
kinetic energy of the striking proton. Given, binding energies per nucleon of Li! 
and He'* are 5.60 and 7.06 MeV, respectively. 

(Assume mass of proton = mass of neutron). 
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Solution Q-value of the reaction is 
Q=(@x4 x 7.06 — 75.6) MeV = 17.28 MeV 
Applying conservation of energy for collision, 
K,+Q=2K, ..-(i) 
(Here, K, and K,, are the kinetic energies of proton and a-particle respectively) 


Li? a. 
P 
re — a, in) eee 
Qa 
From conservation of linear momentum, 
2 mK, =2./2m,K,, cos ... (ii) 
2 
K,, =16K,, cos”0= (16 K,) (3) (asm, =4m,) 
a K,=K, ... (ii) 
Solving Eas. (i) and (iii) with @ = 17.28 MeV 
We get K , =17.28 MeV Ans. 


© Example 14 A ‘Li target is bombarded with a proton beam current of 10°* A 
for 1 hour to produce "Be of activity 1.8 x 10° disintegrations per second. 
Assuming that one ‘Be radioactive nucleus is produced by bombarding 1000 
protons, determine its half-life. 


Solution At time t, let say there are N atoms of ’ Be (radioactive). Then, net rate of formation 
of “Be nuclei at this instant is 


dN _ 104 
dt 1.6x107!® x 1000 
or cee 6.25 x10!!! -~N 
dt 
No dN 3600 
or = dt 
J, 6.25 x10!' —2~N J, 


where, NV, are the number of nuclei at ¢ = 1h or 3600 s. 
on [828 x10 -A~N, 


a 6.25 x 10" 
XN, = activity of "Beat t =1 h=1.8 x 10° disintegrations/s 


= 3600 


11 8 
1 In 6.25 x10°° — = x10 ~ 3600 
nr 6.25 x10 
14 =8.0 x10 sect 
Therefore, half-life ty = ee =8.66 x10° s 
8.0 x10 


= 100.26 days Ans. 
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© Example 15 A ‘'%Cd radio nuclide goes through the transformation chain. 


118 
My = 5 iy —__> Sn, (stable) 
min 45 min 


The half-lives are written below the respective arrows. At time t=0 only Cd was 


present. Find the fraction of nuclei transformed into stable over 60 minutes. 
Solution Attimet=t, N,=N,e"' and No,= aoe (e! — e 2) (see Article 34.3) 
2 tM 


Ny=Ng-N1-— No 


=N,\1 eat My (eM! eh2t) 
Ag Ay 
Ng _ joe 4 (eo! — ght) 
No Ae Ay 
0.693 


a, =——— =0.0231 min 
30 


dg= D:BSS 26.0164 min 
45 


and t =60 min 


No 0.0154 — 0.0231 


=1-0.25+ 3 (0.25 — 0.4) 
=0.31 Ans. 


N. = 0.0231 _ “j 
3 _ 1 _ g- 0.0231 x60 (e 010281 x60 __ 670.0154 x60) 


e 


© Example 16 Natural uranium is a mixture of three isotopes *%5U, 733 U and 
ee U with mass percentage 0.01%, 0.71% and 99.28% respectively. The half-life of 


three isotopes are 2.5 x 10° yr, 7.1x 10° yr and 4.5 x 10° yr respectively. 
Determine the share of radioactivity of each isotope into the total activity of the 
natural uranium. 

Solution Let R,, Rand R; be the activities of U?**, U?*’ and U** respectively. 

Total activity, R=R,+Rh,+R, 


Share of U?"4, Iii = ai 
Ro AN, + AgNog + AgN3 


Let m be the total mass of natural uranium. 


0.01 0.71 99.28 
Then, m =——m, m,=——m and mz =——m 
100 100 100 
Now, N,=~, N=” and N,=2% 
M, Mz M3; 
where M,, M, and M, are atomic weights. 
Ph, 
R, M, ) T, 


362 © Optics and Modern Physics 


(0.01/100) | 1 
. 234 2.5 x10° years 


ee 1 ie ore 1 A (2228000) 1 
234 2.5 x10° 235 7.1 x10° 238 4.5 x10° 


= 0.648 ~ 64.8 % 
Similarly, share of U2"> =0.016% 
and of U8 = 35.184 % Ans. 


© Example 17 Uranium ores on the earth at the present time typically have a 
composition consisting of 99.3% of the isotope 95 U”®®> and 0.7% of the isotope 
92 U”*’_ The half-lives of these isotopes are 4.47 x 10° yr and 7.04 x 10° yr, 
respectively. If these isotopes were equally abundant when the earth was formed, 
estimate the age of the earth. 


Solution Let N, be number of atoms of each isotope at the time of formation of the earth 
(t =0) and N, and N. the number of atoms at present (¢ = t). Then, 


N,=N,¢™ i) 
and Noone ..- (ii) 
Ny _ fio-myt ... (iii) 
Ny 
Further it is given that 
Ny _ 998 6 
Ny 07 
Equating Eas. (ili) and (iv) and taking log on both sides, we have 


99.3 
Ne — A,) t = In | — 
(Az 1) (=) 


1 (2) 
i= In 
yah 0.7 


ee 1 in (223 
0.693 0.693 0.7 
7.04x108 4.47 x10° 
or t=5.97 x10° yr Ans. 


Substituting the values, we have 


Exercises 


LEVEL 1 


Assertion and Reason 


10. 


Directions : Choose the correct option. 

(a) If both Assertion and Reason are true and the Reason is correct explanation of the Assertion. 
(b) If both Assertion and Reason are true but Reason is not the correct explanation of Assertion. 
(c) If Assertion is true, but the Reason is false. 

(d) If Assertion is false but the Reason is true. 


. Assertion: Rate of radioactivity cannot be increased or decreased by increasing or 


decreasing pressure or temperature. 
Reason: Rate depends on the number of nuclei present in the radioactive sample. 


. Assertion: Only those nuclei which are heavier than lead are radioactive. 


Reason: Nuclei of elements heavier than lead are unstable. 


. Assertion: After emission of one a-particle and two B-particles, atomic number remains 


unchanged. 
Reason: Mass number changes by four. 


. Assertion: y-rays are produced by the transition of a nucleus from some higher energy state 


to some lower energy state. 
Reason: Electromagnetic waves are always produced by the transition process. 


. Assertion: During B-decay a proton converts into a neutron and an electron. No other 


particle is emitted. 
Reason: During £-decay linear momentum of system should remain constant. 


. Assertion: Ifwecompare the stability of two nuclei, then that nucleus is more stable whose 


total binding energy is more. 


Reason: More the mass defect during formation of a nucleus more will be the binding 
energy. 


. Assertion: Ina nuclear process energy is released if total binding energy of daughter nuclei 


is more than the total binding energy of parent nuclei. 


Reason: If energy is released then total mass of daughter nuclei is less than the total mass 
of parent nuclei. 


. Assertion: Binding energy per nucleon is of the order of MeV. 


Reason: 1MeV=1.6x 101°. 


. Assertion: 1 amu is equal to 931.48 MeV. 


Reason: 1 amu is equal to <th the mass of C’” atom. 


Assertion: Between o,f and y radiations, penetrating power of y-rays is maximum. 
Reason: [Ionising power of y-rays is least. 
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11. 


Assertion: The nuclear energy can be obtained by the nuclear fission of heavier nuclei as 
well as by fusion of lighter nuclei. 

Reason: As the mass number increases, the binding energy per nucleon, first increases and 
then decreases. 


Objective Questions 


1. 


For uranium nucleus how does its mass vary with volume? (JEE 2003) 
(a) mxV (b) mx1/V 
(c) maVV (d) mxV? 

. Order of magnitude of density of uranium nucleus is (m, = 1.67 x 10°?" kg) (JEE 1999) 
(a) 107° kg/m? (b) 10°” kg/m? 
(c) 10'* kg/m? (d) 10'! kg/m? 


. During a beta decay, 


(a) an atomic electron is ejected 

(b) an electron present inside the nucleus is ejected 

(c) a neutron in the nucleus decays emitting an electron 
(d) a part of the binding energy is converted into electron 


In the nucleus of helium if F; is the net force between two protons, F, is the net force between 
two neutrons and F; is the net force between a proton and a neutron. Then, 

(a) F,=F,=F, ) F>Fy> 

©) F,>F,>Fk d) F,=F,>F, 


. What are the respective number of a and B-particles emitted in the following radioactive decay? 


Bx + BY 

(a) 6and 8 (b) Gand 6 

(c) 8and8 (d) 8and 6 
235 


. If an atom of 33° U, after absorbing a slow neutron, undergoes fission to form an atom of ;°Xe 


and an atom of 3¢Sr, the other particles produced are 


(a) one proton and two neutrons (b) three neutrons 
(c) two neutrons (d) one proton and one neutron 


. Nucleus A is converted into C through the following reactions, 


A>B+t+a 

BC+ 2B 
then, 
(a) A and B are isotopes (b) A and C are isobars 
(c) A and B are isobars (d) A and C are isotopes 


. The binding energy of a-particle is 


(if m,, = 1.00785 u, m,, = 1.00866 u and m, = 4.00274 u) 
(a) 56.42 MeV (b) 2.821 MeV (c) 28.21 MeV (d) 32.4 MeV 


7 


ie th of the active nuclei present in a radioactive sample has decayed in 8 s. The half-life of the 


sample is 
(a) 2s (b) 1s (c) 7s @ os 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 
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A radioactive element disintegrates for a time interval equal to its mean life. The fraction that 
has disintegrated is 
1 1 
(a). — (b) 1-= 
e e 


0.693 
e 


() (a) 0.693 (a 7 *) 


Starting with a sample of pure “Cu, “ of it decays into Zn in 15 minutes. The corresponding 


half-life is 
(a) 5 minutes (b) 7.5 minutes 
(c) 10 minutes (d) 3.5 minutes 


A sample of radioactive substance loses half of its activity in 4 days. The time in which its 
activity is reduced to 5% is 

(a) 12 days (b) 8.3 days 

(c) 17.38 days (d) None of these 


On bombardment of U2” by slow neutrons, 200 MeV energy is released. If the power output of 
atomic reactor is 1.6 MW, then the rate of fission will be 

(a) 5 x10'° per second (b) 10 x 10°6 per second 

(c) 15 x 101° per second (d) 20 x 10'° per second 


Atomic masses of two heavy atoms are A, and Ay. Ratio of their respective nuclear densities will 
be approximately 


V3 U3 
A A A 
a) 2 o (2 @ |; (a) 


A radioactive element is disintegrating having half-life 6.93 s. The fractional change in number 
of nuclei of the radioactive element during 10 s is 

(a) 0.37 (b) 0.63 

(c) 0.25 (d) 0.50 


The activity of a radioactive sample goes down to about 6% in a time of 2 hour. The half-life of 
the sample in minute is about 


(a) 80 (b) 15 (c) 60 (d) 120 
What is the probability of a radioactive nucleus to survive one mean life? 
1 1 1 il 
(a f— (b) oe id) 1 
e e+1 e e 


Subjective Questions 


Note You can take approximations in the answers. 


1; 


2. 


The disintegration rate of a certain radioactive sample at any instant is 4750 disintegrations 
per minute. Five minutes later the rate becomes 2700 per minute. Calculate 
(a) decay constant and (b) half-life of the sample 


A radioactive sample contains 1.00 x 10'° atoms and has an activity of 6.00 x 10'! Bq. What is 
its half-life? 


. Obtain the amount of °°Co necessary to provide a radioactive source of 8.0 Ci strength. The 


half-life of ©°Cois 5.3 years? 
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4. 


10. 


11. 


12. 


13. 


14. 


15. 


The half-life of 33°U against alpha decay is 4.5 x 10° year. How much disintegration per second 


occurs in 1 g of 33°U? 


. What is the probability that a radioactive atom having a mean life of 10 days decays during the 


fifth day? 


. Inanore containing uranium, the ratio of 238Ty to 2°6Ph nuclei is 3. Calculate the age of the ore, 


assuming that all the lead present in the ore is the final stable product of 7°°U. Take the 
half-life of 735U to be 4.5x 10° years.. 


. The half-lives of radioisotopes P®” and P® are 14 days and 25 days respectively. These 


radioisotopes are mixed in the ratio of 4: 1 of their atoms. If the initial activity of the mixed 
sample is 3.0 mCi, find the activity of the mixed isotopes after 60 years. 


. Complete the following reactions. 


(a) ae Re Saat (b) Os ie (c) 72 AT 2>Mg + 


. Consider two decay reactions. 


(a) 33°U — 25°Pb + 10 protons + 20 neutrons (b) 23°U—> 20°Pb + 8 SHe + 6 electrons 
Are both the reactions possible? 


Obtain the binding energy of a nitrogen nucleus from the following data : 
my = 1.00783 u, my =1.00867 u, m (FN) = 14.00307 u 
Give your answer in units of MeV. [ Remember 1 u = 931.5 MeV/c? ] 
8 protons and 8 neutrons are separately at rest. How much energy will be released if we form 
xO nucleus? 
Given : 
Mass of 4° O atom =15.994915 u 
Mass of neutron = 1.008665 u 
Mass of hydrogen atom = 1.007825 u 
Assuming the splitting of U*®’ nucleus liberates 200 MeV energy, find 
(a) the energy liberated in the fission of 1 kg of U7” and 


(b) the mass of the coal with calorific value of 30 kJ/g which is equivalent to 1 kg of U7’. 


2)” Bi decays as per following equation. 


212Bi , 20°74 4He 
The kinetic energy of a-particle emitted is 6.802 MeV. Calculate the kinetic energy of Ti recoil 
atoms. 


In a neutron induced fission of 5,U”*’ nucleus, usable energy of 185 MeV is released. If y,U””” 


reactor is continuously operating it at a power level of 100 MW power, how long will it take for 
1 kg of uranium to be consumed in this reactor? 


Calculate the Q-values of the following fusion reactions : 
(a) 7H+ 7H> 7H+ iH (b) 7H+7H> 3He+n (©) 7H+3H> SHet+n 
Atomic masses are —__m (7H) = 2.014102 u, m(?H) = 3.016049 u, 

m (3He) = 3.016029 u, m(3He) = 4.002603 u, 


m (;H) = 1.007825 u 
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16. Calculate the Q-value of the fusion reaction, 
“He+ *He > *Be 


Is such a fusion energetically favourable? Atomic mass of *Be is 8.0053 u and that of *He is 
4.0026 u. 


17. When fission occurs, several neutrons are released and the fission fragments are beta 
radioactive, why? 


LEVEL 2 


Single Correct Option 
1. The count rate observed from a radioactive source at t second was N, and at 4¢ second it was 


a The count rate observed at t second will be 


No No 
—— b) — 
(a) 128 (b) 64 
(c) a (d) None of these 


2. The half-lives of a radioactive sample are 30 years and 60 years for two decay processes. If the 
sample decays by both the processes simultaneously. The time after which, only one-fourth of 
the sample will remain is 


(a) 10 years (b) 20 years 
(c) 40 years (d) 60 years 
3. Consider the nuclear fission reaction W — X + Y. What is the Q-value (energy released) of the 

reaction? 

ke Z 

S  Blicecgetoee x 

= I 

Bg et fon aN 

co 

oD i} if Ww 

i ae ia ae 

: oa 

7 i ott 

i} ( 


Mass number 


(a) E,N, -(E.N,+ E,N3) (b) (E,N.+ EN, - E,N,) 
(c) E,No+ EN, -E, Nz (d) E|N, + E;N; —- E,N» 
4. Consider the following nuclear reaction, 


X70 _, Al0, B+ Energy 


If the binding energy per nucleon for X, A and B are 7.4 MeV, 8.2 MeV and 8.2 MeV 
respectively, the energy released will be 

(a) 90 MeV (b) 110 MeV 

(c) 200 MeV (d) 160 MeV 
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10. 


11. 


. The energy released by the fission of a single uranium nucleus is 200 MeV. The number of 


fissions of uranium nucleus per second required to produce 16 MW of power is 
(Assume efficiency of the reactor is 50%) 

(a) 2 x10° (b) 2.5 x 10° 

(c) 5 x10° (d) None of these 


. A radioactive isotope is being produced at a constant rate A. The isotope has a half-life T. 


Initially, there are no nuclei, after a time t > > 7’, the number of nuclei becomes constant. The 
value of this constant is 


(a) AT (b) fIn2 
AT 
(c) AT In2 (d) a 


. Abone containing 200 g carbon-14 has a B-decay rate of 375 decay/min. Calculate the time that 


has elapsed since the death of the living one. Given the rate of decay for the living organism is 
equal to 15 decay per min per gram of carbon and half-life of carbon-14 is 5730 years. 

(a) 27190 years (b) 1190 years 

(c) 17190 years (d) None of these 


. Two identical samples (same material and same amount) P and Q of a radioactive substance 


having mean life T' are observed to have activities Ap and Ap respectively at the time of 
observation. If P is older than Q, then the difference in their age is 


(a) Tn [4] (b) T ln (2) 
onl off 


. Astar initially has 10’° deuterons. It produces energy via the processes °H + 2H > 3H + pand 


2H + {H > {He + n. Where the masses of the nuclei are 
m (7H) =2.014 amu, m(p)=1.007 amu, m(n)=1.008 amu and m(‘He)=4.001 amu. If the 
average power radiated by the star is 10'° W, the deuteron supply of the star is exhausted in a 
time of the order of 
(a) 10°s (b) 10° s (c) 10s (a) 10'%s 
Two radioactive samples of different elements (half-lives ¢, and t, respectively) have same 
number of nuclei at t = 0. The time after which their activities are same is 
iit = ily 2. by 

a n ——— In ae 
®) Oo 693 Gat) h ©) O93 ty 

tts In 2 
0.693 (t, +t.) t 


(c) (d) None of these 


A nucleus X initially at rest, undergoes alpha decay according to the equation 
BaD Yh 


What fraction of the total energy released in the decay will be the kinetic energy of the alpha 
particle? 

90 228 228 
(a) a ee (c) 


1 
med (d) = 
232 232 2 
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12. A stationary nucleus of mass 24 amu emits a gamma photon. The energy of the emitted photon 


is 7 MeV. The recoil energy of the nucleus is 
(a) 2.2 keV (b) 1.1 keV 
(c) 3.1 keV (d) 22 keV 


13. A radioactive material of half-life T was kept in a nuclear reactor at two different instants. The 


quantity kept second time was twice of that kept first time. If now their present activities are 
A, and A, respectively, then their age difference equals 


(ay tet (b) Tin 4 
hie Ay 

@. ip (a) Pin 2 
In2 "2A, 2A, 


More than One Correct Options 


1. 


At t = 0, number of radioactive nuclei of a radioactive substance are x and its radioactivity is y. 
Half-life of radioactive substance is 7. Then, 


(a) ts is constant throughout 
y 


x 


(b) —>T 
J 


(c) value of xy remains half after one half-life 
(d) value of xy remains one fourth after one half-life 


. Choose the correct options. 


(a) Isotopes have same number of atomic number 

(b) Isobars have same atomic weight 

(c) Isotones have same number of neutrons 

(d) In neutral isotope atoms number of electrons are same 


. Choose the correct options. 


(a) By gamma radiations atomic number is not changed 

(b) By gamma radiations mass number is not changed 

(c) By the emission of one o and two f particles isotopes are produced 

(d) By the emission of one a and four f particles isobars are produced 

Two radioactive substances have half-lives T and 27. Initially, they have equal number of 


nuclei. After time t = 47, the ratio of their number of nuclei is x and the ratio of their activity is 
y. Then, 


(a) x= 1/8 (b) x= 1/4 
(c) y=1/2 (d) y=1/4 
. Regarding the nuclear forces, choose the correct options. 
(a) They are short range forces (b) They are charge independent forces 
(c) They are not electromagnetic forces (d) They are exchange forces 


. Regarding a nucleus choose the correct options. 


(a) Density of a nucleus is directly proportional to mass number A 

(b) Density of all the nuclei is almost constant of the order of 10°” kg/m? 
(c) Nucleus radius is of the order of 107° m 

(d) Nucleus radius « A 
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Comprehension Based Questions 
Passage : (Q. No. 1 to 3) 


The atomic masses of the hydrogen isotopes are 
Hydrogen m,H' = 1.007825 amu 


Deuterium mH? = 2.014102 amu 
Tritium mH? = 3.016049 amu 


1. The energy released in the reaction, 
,H? + ,H®? > ,H? + ,H’ is nearly 


(a) 1 MeV (b) 2 MeV 
(c) 4 MeV (d) 8 MeV 

2. The number of fusion reactions required to generate 1 kWh is nearly 
(a) 10° (b) 10°° 
(c) 1078 (a) 10° 

3. The mass of deuterium, ,H” that would be needed to generate 1 kWh 
(a) 3.7kg (b) 3.7 
(c) 3.7x10° kg (d) 3.7x10° kg 


Match the Columns 


1. At t=0, x nuclei of a radioactive substance emit y nuclei per second. Match the following two 


columns. 
Column I Column II 
(a) Decay constant A (p) Cn 2) (x/y) 
(b) Half-life (q) x/y 


(c) Activity after time ¢ = - (rv) y/e 


(d) Number of nuclei after | (s) None of these 


time ¢t = — 
nr 


2. Corresponding to the graph shown in figure, match the following two columns. 


Binding energy 
per nucleon 


> Mass number 


a 
[o) 


100 150 
Mass number 
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Column I Column II 


(a) P+ P=Q (p) energy is released 
(b) P+ P+P=R | (q) energy is absorbed 
(c) P+ R=2Q (vr) No energy transfer will take 


place 
(d)P+Q=R (s) data insufficient 
3. In the following chain, 
A>B>C 


Aand Bare radioactive, while C is stable. Initially, we have only A and B nuclei. There is no 
nucleus of C. As the time passes, match the two columns. 


Column I Column II 


(a) Nuclei of (A + B) (p) will increase continuously 


(b) Nuclei of B (q) will decrease continuously 
(c) Nuclei of (C + B) (rv) will first increase then 
decrease 


(d) Nuclei of (A + C) (s) data insufficient 


4. Match the following two columns. 


Column I Column II 
(a) After emission of one a (p) atomic number will 
and one B particles decrease by 3. 
(b) After emission of two a (q) atomic number will 
and one B particle decrease by 2 
(c) After emission of one a (vr) mass number will 
and two f particles decrease by 8 
(d) After emission of two a (s) mass number will 
and two f-particles. decrease by 4 


5. Match the following two columns. 
Column | Column II 
(a) The energy of air molecules at (p) 0.02 eV 
room temperature 


(b) Binding energy of heavy nuclei (q) 2eV 
per nucleon 


(c) X-ray photon energy (r) 10 keV 
(d) Photon energy of visible light (s) 7 MeV 
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Subjective Questions 


1. 


10. 


. Find the amount of heat generated by 1 mg of Po 


A F” radio nuclide with half-life 7’ =14.3 days is produced in a reactor at a constant rate 
q =2x 10° nuclei per second. How soon after the beginning of production of that radio nuclide 
will its activity be equal to R = 10° disintegration per second? 


. Consider a radioactive disintegration according to the equation A > BC. Decay constant of 


Aand Bis same and equal to A. Number of nuclei of A, Band Care No, 0, 0 respectively at ¢ = 0. 
Find 

(a) number of nuclei of B as function of time t. 

(b) time t at which the activity of Bis maximum and the value of maximum activity of B. 


. Nuclei of a radioactive element A are being produced at a constant rate a. The element has a 


decay constant i. At time ¢ = 0, there are Ny nuclei of the element. 

(a) Calculate the number N of nuclei of A at time ¢. 

(b) Ifa =2N A, calculate the number of nuclei of A after one half-life of A, and also the limiting value 
of Nast o., 

A solution contains a mixture of two isotopes A (half-life = 10 days) and B (half-life = 5 days). 

Total activity of the mixture is 10 disintegration per second at time t = 0. The activity reduces 


to 20% in 20 days. Find (a) the initial activities of A and B, (b) the ratio of initial number 
of their nuclei. 


. A radio nuclide with disintegration constant 4 is produced in a reactor at a constant rate a 


nuclei per second. During each decay energy Ep is released. 20% of this energy is utilized in 
increasing the temperature of water. Find the increase in temperature of m mass of water in 
time t. Specific heat of water is s. Assume that there is no loss of energy through water surface. 


. Astable nuclei C is formed from two radioactive nuclei A and B with decay constant of A, and A, 


respectively. Initially, the number of nuclei of A is Ny, and that of B is zero. Nuclei B are 
produced at a constant rate of P. Find the number of the nuclei of C after time t. 
206 


. Polonium (2;°Po) emits $He particles and is converted into lead (30°Pb). This reaction is used for 


producing electric power in a space mission. Po”?° has half-life of 138.6 days. Assuming an 
efficiency of 10% for the thermoelectric machine, how much 7!°Po is required to produce 
1.2x 10’ J of electric energy per day at the end of 693 days. Also find the initial activity of the 
material. 
Given: Masses of nuclei 

210Po = 209.98264 amu, *°°Pb = 205.97440 amu, $He= 4.00260 amu, 


1 amu = 931 MeV/c” and Avogadro’s number = 6 x 107°/ mol 


. Aradio nuclide consists of two isotopes. One of the isotopes decays by a-emission and other by 


B-emission with half-lives T, =405s and T, =1620s, respectively. At t=0, probabilities of 

getting a and f-particles from the radio nuclide are equal. Calculate their respective 

probabilities at t=1620s. If at ¢=0, total number of nuclei in the radio nuclide are N>. 

Calculate the time ¢ when total number of nuclei remained undecayed becomes equal to N / 2. 
log,) 2 = 0.3010, log,, 5.94=0.7742 and x* + 4x—2.5=0, x=0.594 


210 preparation during the mean life period of 


these nuclei if the emitted alpha particles are known to possess kinetic energy 5.38 MeV and 
practically all daughter nuclei are formed directly in the ground state. 


In an agricultural experiment, a solution containing 1 mole of a radioactive material 
(T\;, =14.3 days) was injected into the roots of a plant. The plant was allowed 70 h to settle 
down and then activity was measured in its fruit. If the activity measured was 1 uCi, what 
percentage of activity is transmitted from the root to the fruit in steady state? 


Answers 


Introductory Exercise 34.1 


1. (b) 2. (a) 3. (a) 4. (c) 5. (c) 
6.(b) 7. (a) 8. (b) 9. (d) 10. (a) 
11. (b) 12. 3 days, 4.32 days 13. 9.47x 10° nuclei 


14, (a) 1.55x10°/s, 12.4h (b) 2.39x 10!3 atoms (c) 1.87 mCi 15. 1.16x 10% s 
1 

16. 

ae 


Introductory Exercise 34.2 


1. (c) 2. (b) 3. (d) 4. (c) 

5. (a) 9.6x10%kg (b) 3.125x 109 6. 4.27 MeV 

7. (a) ?7H_ (b) $H_ (c) hr (d) 32kr 8. Fusion, 24 9. 23.6 MeV 

Exercises 

LEVEL 1 
Assertion and Reason 

1. (b) 2. (d) 3. (b) 4. (c) 5. (d) 6. (d) 7. (aorb) 8. (b) 9. (d) 10. (b) 
11. (aor b) 


Objective Questions 
1. (a) 2. (b) 3. (c) 4. (a) 5. (d) 6. (b) 7 (da) & (c) 9% (d) 10. (b) 
11. (b) 12. (c) 13. (a) 14 (d) 15. (b) 16. (a) 17. (a) 


Subjective Questions 


1. (a) 0.113 min? (b) 6.132 min 2. 19.25 min 3. 7.11x 10% g 
4. 1.23 10* dps 5. 0.39 6. 1.88x 10° yr 
7. 0.205 mCi 8. (a) ggRn222 (b)@ +v (chet +v 
9. Reaction (a) is possible (b) is not possible 10. 104.72 MeV 11. 127.6 MeV 
12. (a) 8.19x 10'3 J (b) 2.7x 10° kg 13. 0.1308 MeV 14. 8.78 day 
15. (a) 4.05 MeV (b) 3.25 MeV (c) 17.57 MeV 16. - 93.1 keV, No 


17. N/P ratio required for stability decreases with decreasing A, hence there is an excess of neutrons when 


fission occurs. Some of the excess neutrons are released directly, and others change to protons by beta 
decay in the fission products. 


LEVEL 2 
Single Correct Option 
1.(b) 2.(c) 3.(b) 4.(d) 5.(d) 6.(d) 7.(c) 8.(b) 9.(c)  10.(a) 


11.(b) 12.(b) — 13.(c) 
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More than One Correct Options 
1.(a,b,d) 2.(a,b,c,d) 3.(a,b,c) 4.(b,c) 5.(a,b,c,d) 6.(b,c) 


Comprehension Based Questions 
1.(c) 2.(b) 3.(d) 


Match the Columns 


1. (a)os (b) > p (c)>r (d)>s 
2. (a)>p (b) > p (c)>p (d)>s 
3. (a)oq (b) > s (c)>p (d)>s 
4. (a)os (b) > p,r (c)> Ss (d)>q,r 
5. (a)>p (b) > s (c)>r (d)>q 


Subjective Questions 
1. 14.3h 2. (a) Ng = ANo(te™*) (b) t ANG 


i 
ai aa 


3. (a) ta ~(a—A%No)e**] (b) 5 No, 2No 


0.2 Eq) at = o Z omy] 


4. (a) 0.73x 10!° dps, 0.27x 10!° dps (b) 5.4 5. 
ms 
: ev rat ae 1 
6. N.=No d-e7*) +P] t+ ; 7. 10 g, 4.57x 107 disintegrations/day 
a 
8.5, 5. 1215s 9. 1.55 x 10° J 


10. 1.26 x 107% 


Semiconductors 
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35.1 Introduction 


Solids can be classified in three types as per their electrical conductivity. (i) conductors, 
(11) insulators and (iii) semiconductors. In a conductor, large number of free electrons are present. 
They are always in zig-zag motion inside the conductor. In an insulator, all the electrons are tightly 
bound to the nucleus. If an electric field is applied inside a conductor, the free electrons experience 
force due to the field and acquire a drift speed. This results in an electric current. The conductivity ofa 
conductor such as copper decreases as the temperature is increased. This is because as the 
temperature is increased, the random collisions of the free electrons with the particles in the 
conductor become more frequent. This results in a decrease in the drift speed and hence the 
conductivity decreases. 


In insulators, almost zero current is obtained unless a very high electric field is applied. 
Semiconductors conduct electricity when an electric field is applied, but the conductivity is very 
small as compared to the usual metallic conductors. Silicon, germanium, carbon etc., are few 
examples of semiconductors. 


Conductivity of silicon is about 10!' times smaller than that of copper and is about 10'° times larger 
than that of fused quartz. Conductivity of a semiconductor increases as the temperature is increased. 


@® Extra Points to Remember 
e Before the discovery of transistors (in 1948) mostly vacuum tubes (also called valves) were used in all 
electrical circuits. 


e The order of electrical conductivity (o) and resistivity [p = ) of metals, semiconductors and insulators are 
oO 


given below in tabular form. 


Table 35.1 
S.No Types of solid p (Q-m) o(Q'-m"! 
1. Metals 10° -10°% 10° — 10° 
2. Semiconductors 10° - 10° 10° —10°° 
3. Insulators 10" — 10'° 10-7" =40r' 


35.2 Energy Bands In Solids 


To understand the energy bands in solids, let us consider the electronic configuration of sodium atom 
which has 11 electrons. The configuration is (Is)”, (2s)”, (2 p)® and (3s)'. The levels 1s, 2s and 2p 


are completely filled. The level 3s is half filled and the levels above 3s are empty. Consider a group 
of N sodium atoms all in ground state separated from each other by large distances such as in 
sodium vapour. There are total 11N electrons. Each atom has two energy states in 1s energy level. 
So, there are 2N identical energy states lebelled 1s and all them are filled from 2N electrons. 
Similarly, energy level 2p has 6N identical energy states which are also completely filled. In 3s 
energy levels N of the 2N states are filled by the electrons and the remaining N states are empty. 
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These ideas are shown in the table given below. 
Table 35.2 


Energy level Total available energy states 


1s 2N 
2s 2N 
2p 6N 
3s 2N 
3p 6N 


In the above discussion, we have assumed that NV sodium 
atoms are widely spread and hence the electrons of one 
atom do not interact with others. As a result energy states 
of different states (e.g. 1s) are identical. When atoms are 
drawn closer to one another, electron of one atom starts 
interacting with the electrons of the neighbouring atoms of 
the same energy states. For example 1s electrons of one 
atom interact with ls electrons of the other. Due to 
interaction of electrons, the energy states are not identical, 
but a sort of energy band is formed. These bands are shown 
in figure. 

The difference between the highest energy in a band and 
the lowest energy in the next higher band is called the 
band gap between the two energy bands. 


2p 


2s 


= 
2) 


Total occupied states 
2N 
2N 


Fig. 35.1 


Total states = 2N 
Occupied = N 
Empty = N 


Total states = 6N 
Occupied = 6N 


Total states = 2N 
Occupied = 2N 


Total states = 2N 
Occupied = 2N 


Thus, we can conclude that energy levels of an electron in a solid consists of bands of allowed states. 
There are regions of energy, called gaps, where no states are possible. In each allowed band, the energy 
levels are very closely spaced. Electrons occupy states which minimize the total energy. Depending on 
the number of electrons and on the arrangement of the bands, a band may be fully occupied or partially 


occupied. 


Now, electrical conductivity of conductors, insulators and semiconductors can be explained by these 


energy bands. 


(a) 


Conduction 
band 
Conduction a 
Band Eg~1eV 
Valence 
ey | band 
band 


(c) 


Fig 35.2 Energy band diagram for a (a) metal, (b) insulator and (c) semiconductor. 
Note that one can have a metal either when the conduction band is partially filled or when the conduction 


and valence bands overlap in energy. 


oom. = 
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Conductors The energy band structure of a conductor is shown in figure (a). The last occupied band 
of energy level (called conduction band) is only partially filled. In conductors, this band overlaps 
with completely filled valence band. 


Insulators The energy band structure of an insulator is shown in figure (b). The conduction band is 
separated from the valence band by a wide energy gap (e.g. 6 eV for diamond). But at any non-zero 
temperature, some electrons can be excited to the conduction band. 


Semiconductors The energy band structure of a semiconductor is shown in figure (c). It is similar to 
that of an insulator but with a comparatively small energy gap. At absolute zero temperature, the 
conduction band of semiconductors is totally empty, and all the energy states in the valence band are 
filled. The absence of electrons in the conduction band at absolute zero does not allow current to flow 
under the influence of an electric field. Therefore, they are insulators at low temperatures. However at 
room temperatures some valence electrons acquire thermal energy greater than the energy gap FE, 
and move to the conduction band where they are free to move under the influence of even a small 
electric field. Thus, a semiconductor originally an insulator at low temperatures becomes slightly 
conducting at room temperature. Unlike conductors the resistance of semiconductors decreases with 
increasing temperature. We are generally concerned with only the highest valence band and the 
lowest conduction band. So, when we say valence band, it means the highest valence band. Similarly, 
when we say conduction band, it means the lowest conduction band. 


© Example 35.1 What is the energy band gap of: (i) silicon and (ii) 
germanium? 


Solution The energy band gap of silicon is 1.1 eV and of germanium is about 0.7 eV. 


© Example 35.2 Ina good conductor, what is the energy gap between the 
conduction band and the valence band. 


Solution Ina good conductor, conduction band overlaps with the valence band. Therefore, the 
energy gap between them is zero. 


35.3 Intrinsic and Extrinsic Semiconductors 


As discussed above, in semiconductors the conduction band and the 
valence band are separated by a relatively small energy gap. For silicon, 
this gap is 1.1 eV and for germanium it is 0.7 eV. 


Silicon has an atomic number 14 and electronic configuration 
1s”, 1s”, 2p°, 357, 3p”. 


The chemistry of silicon tells us that it has a valency 4. Each silicon Ageee3 


atom makes covalent bonds with the four neighbouring silicon atoms. 
On the basis of bonds the atoms make with their neighbouring atoms, Fi 
semiconductors are divided in two groups. 


Free electron 


Intrinsic Semiconductors A pure (free from impurity) 
semiconductor which has a valency 4 is called an intrinsic 
semiconductor. Pure germanium, silicon or carbon in their natural 
state are intrinsic semiconductors. As discussed above, each atom Hole 
makes four covalent bonds with their neighbouring atoms. At Fig. 35.4 
temperature close to zero, all valence electrons are tightly bound and 
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so no free electrons are available to conduct electricity through the crystal. At room temperature, 
however a few of the covalent bonds are broken due to thermal agitation and thus some of the valence 
electrons become free. Thus, we can say that a valence electrons is shifted to conduction band leaving 
a hole (vacancy of electron) in valence band. In intrinsic semiconductors, 


Number of holes = Number of free electrons or ny 


i = Ne 

Extrinsic Semiconductors The conductivity of an intrinsic semiconductor is very poor (unless the 
temperature is very high). At ordinary temperature, only one covalent bond breaks in 10° atoms of Ge. 
Conductivity of an intrinsic (pure) semiconductor is significantly increased, if some pentavalent or 
trivalent impurity is mixed with it. Such impure semiconductors are called extrinsic or doped 
semiconductors. Extrinsic semiconductors are again of two types (i) p-type and (11) n-type. 

(i) p-type semiconductors When a trivalent (e.g. boron, aluminium, 
gallium or indium) is added to a germanium or silicon crystal it 
replaces one of the germanium or silicon atom. Its three valence 
electrons form covalent bonds with neighbouring three Ge (or Si) 
atoms while the fourth valence electron of Ge (or Si) is not able to 
form the bond. Thus, there remains a hole (an empty space) on one 
side of the impurity atom. Fig. 35.5 


The trivalent impurity atoms are called acceptor atoms because they 
create holes which accept electrons. Following points are worthnoting regarding p-type 
semiconductors. 
(a) Holes are the majority charge carriers and electrons are minority charge carriers in case of 
p-type semiconductors or number of holes are much greater than the number of electrons. 
ny, >>, 


(b) p-type semiconductor is electrically neutral. 
(c) p-type semiconductor can be shown as 


©o Go 7 Hole Oo. 0 60 
or O bad (®} 

©o oa 

Go © oO © oO 


Fig. 35.6 


(ii) n-type semiconductors When a pentavalent impurity atom 
(antimony, phosphorus or arsenic is added to a Ge (or Si) crystal it 
replaces a Ge (or Si) atom. Four of the five valence electrons of the 
impurity atom form covalent bonds with four neighbouring Ge (or Si) 
atoms and the fifth valence electron becomes free to move inside the 
crystal lattice. Thus, by doping pentavalent impurity number of free Fig. 35.7 
electrons increases. 


The impurity (pentavalent) atoms are called donor atoms because they donate conduction 

electrons inside the crystal. Following points are worthnoting regarding n-type semiconductors, 

(a) Electrons are the majority charge carriers and holes are minority or number of electrons are 
much greater than the number of holes 


n, >> Nj, 
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(b) n-type semiconductor is also electrically neutral. 
(c) n-type semiconductor can be shown as 


@e @e e0o,4° 
e © 
or @0O 
oe & oS a 
Fig. 35.8 


Electrical Conduction through Semiconductors 
When a battery is connected across a semiconductor 
(whether intrinsic or extrinsic) a potential difference 
is developed across its ends. Due to the potential 
difference an electric field is produced inside the 
semiconductor. A current (although very small) starts 
flowing through the semiconductor. This current may 
be due to the motion of (i) free electrons and (ii) 
holes. Electrons move in opposite direction of ! 
electric field while holes move in the same direction. 


The motion of holes towards right (in the figure) take 
place because electrons from right hand side come to 
fill this hole, creating a new hole in their own 
position. Thus, we can say that holes are moving from 
left to right. Thus, current in a semiconductor can be 
written as, 


i=i, +h, 


Fig. 35.9 


But it should be noted that mobility of holes is less 
than the mobility of electrons. 


© Example 35.3 C, Si and Ge have same lattice structure. Why is C insulator 
while Si and Ge intrinsic semiconductors? 


Solution The energy gap between conduction band and valence band is least for Ge, followed 
by Si and highest for C. Hence, number of free electrons are negligible for C. This is why carbon 
is insulator. 


© Example 35.4 In an n-type silicon, which of the following statements is true? 
(a) Electrons are majority carriers and trivalent atoms are the dopants. 
(b) Electrons are minority carriers and pentavalent atoms are the dopants. 
(c) Holes are minority carriers and pentavalent atoms are the dopants. 
(d) Holes are majority carriers and trivalent atoms are the dopants. 


Solution (c) Holes are minority charge carriers and pentavalent atoms are the dopants in an 
n-type silicon. 
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© Example 35.5 Which of the statements given in above example is true for 
p-type semiconductors? 
Solution (d) Holes are majority carriers and trivalent atoms are the dopants in an p-type 
semiconductors. 


INTRODUCTORY EXERCISE 


1. Carbon, silicon and germanium have four valence electrons each. These are characterised by 
valence and conduction bands separated by energy band-gap respectively equal to (Ey )c, (E,)si 
and (Eg )g.. Which of the following statements is true? 


(a) (Eghsi <(Eg)ae <(Eg)c (b) (Eg)c < (Eg )ae > (Eg) si 
(C) (Eg)e > (Eghsi > (Eg doe (d) (Eg)c =(Eg)si = (Eg )ce 


39.4 p-n Junction Diode 


A p-type or n-type silicon crystal can be made by 
adding appropriate impurity as discussed above. 
These crystals are cut into thin slices called the 
wafer. Semiconductor devices are usually made of 
these wafers. 


Acceptor ion Junction Donor ion 


é Electron 
? 
? 
) 


If on a wafer of n-type silicon, an aluminium film is 
placed and heated to a high temperature, aluminium 


. 
diffuses into silicon. Depletion 
region 


In this way, a p-type semiconductor is formed on an 
n-type semiconductor. Such a formation of p-region 
on n-region is called the p-n-junction. Another way to make a p-n ———-V 
junction is by diffusion of phosphorus into a p-type semiconductor. 
Such p-n junctions are used in a host of semiconductor devices of p n 
practical applications. The simplest of the semiconductor devices is ! 
a p-n junction diode. 


(a) Formation of p-n junction 


——_V, 


Biasing of a diode In a p-n junction diode, holes are majority 


carriers on p-side and electrons on n-side. Holes, thus diffuse to 7 * 
n-side and electrons to p-side. (b) Forward biased p-n junction 
This diffusion causes an excess positive charge in the m region and 7 v 


an excess negative charge in the p region near the junction. This 
double layer of charge creates an electric field which exerts a 
force on the electrons and holes, against their diffusion. In the 
equilibrium position, there is a barrier, for charge motion with the 
n-side at a higher potential than the p-side. 


The junction region has a very low density of either p or n-type 
carriers, because of inter diffusion. It is called depletion region. (c) Reverse blased p-n junction 
There is a barrier V, associated with it, as described above. This is Fig. 35.10 


called potential barrier. 


382 © Optics and Modern Physics 


Now suppose a DC voltage source is connected across the p-n junction. The polarity of this voltage 
can lead to an electric field across the p-n junction that is opposite to the already present electric field. 
The potential drop across the junction decreases and the diffusion of electrons and holes is thereby 
increased, resulting in a current in the circuit. This is called forward biasing. 


The depletion layer effectively becomes smaller. In the opposite case, called reverse biasing the barrier 
increases, the depletion region becomes larger, current of electrons and holes is greatly reduced. 


Thus, the p-n junction allows a much larger current flow in forward biasing than in reverse biasing. 
This is crudely, the basis of the action of a p- junction as a rectifier. The symbol of p-n junction diode 


is (2-6}") 
Diffusion Current and Drift Current 


Because of concentration difference, holes try to diffuse from the p-side to the n-side at the p-n 
junction. This diffusion give rise to a current from p-side to n-side called diffusion current. 
Because of thermal collisions, electron-hole pair are created at every part of a diode. 


However, if an electron-hole pair is created in the depletion region, the electron is pushed by the 
electric field towards the n-side and the hole towards the p-side. This gives rise to a current from 
n-side to p-side called the drift current. 


Thus, I y —— from p-side to n-side 
I 4 —— from n-side to p-side 
When diode is unbiased Jay =Ja- or Iye¢ =0. 
When diode is forward biased I >Jy, Or Inet 18 from p-side to n-side. 
When diode is reverse biased 14, > Iq Or Inet iS from n-side to p-side. 


Characteristic Curve of a p-n Junction Diode 


(a) Circuit for obtaining the characteristics of a forward biased diode and (b) Circuit for obtaining 
the characteristics of a reverse bias diode. 


mA 


Fig. 35.11 


When the diode is forward biased i.e. p-side is kept at higher potential, the current in the diode 
changes with the voltage applied across the diode. The current increases very slowly till the 
voltage across the diode crosses a certain value. 


After this voltage, the diode current increases 
rapidly, even for very small increase in the diode 
voltage. This voltage is called the threshold 
voltage or cut-off voltage. The value of the cut-off 
voltage is about 0.2 V for a germanium diode and 
0.7 V for a silicon diode. 


When the diode is reverse biased, a very small 
current (about a few micro amperes) produces in 
the circuit which remains nearly constant till a 
characteristic voltage called the breakdown 
voltage, is reached. Then the reverse current 
suddenly increases to a large value. This 
phenomenon is called avalanche breakdown. The 
reverse voltage beyond which current suddenly 
increases is called the breakdown voltage. 
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© Example 35.6 Can we take one slab of p-type semiconductor and physically 
Join it to another n-type semiconductor to get p-n junction? 


Solution No. Any slab will have some roughness. Hence continuous contact at the atomic 
level will not be possible. For the charge carriers, the junction will behave as a discontinuity. 


© Example 35.7 Find current passing through 2Q and cy, 22 


4Q resistance in the circuit shown in figure. | ee ae | 
Solution In the given circuit diode D, is forward biased and D, 4h 

reverse biased. Hence, D, will conduct but D, not. Therefore, current 

through 4 Q resistance will be zero while through 2 Q resistance will be, 


De 5A. 
2 
INTRODUCTORY EXERCISE 


10V 
Fig. 35.13 


1. In an unbiased p-n junction, holes diffuse from the p-region to n-region because 


(a) free electrons in the n-region attract them 


(b) they move across the junction by the potential difference 
(c) hole concentration in p-region is more as compared to n-region 


(d) All of the above 


2. When a forward bias is applied to a p - n junction. It 


(a) raises the potential barrier 


b) reduces the majority carrier current to zero 


( 
(c) lowers the potential barrier 
(d) All of the above 
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35.5 Junction Diode as a Rectifier 


A rectifier is a device which converts an alternating current (or voltage) into a direct (or unidirectional) 
current (or voltage). A p-n junction diode can work as an excellent rectifier. It offers a low resistance for 
the current to flow when it is forward biased, but a very high resistance when reverse biased. Thus, it 
allows current through it only in one direction and acts as a rectifier. The junction diode can be used 
either as an half-wave rectifier or as a full-wave rectifier. 

(i) p-n junction diode as half-wave rectifier A simple rectifier circuit called the half-wave 

rectifier, using only one diode is shown in figure. 
Input AC waveform 


0) 
Secondary aT 
° =e 
n Sso t—> 
& Os I f 
oO 
S * 
bs Output DC waveform 
Primary 
(3 1 
I i} 


Voltage across 
Ri 
e) 


Fig. 35.14 Fig. 35.15 


When the voltage at A is positive, the diode is forward biased and it conducts and when the 
voltage at A is negative, the diode is reverse biased and does not conduct. Since, the diode 
conducts only in the positive half cycles, the voltage between X and Y or across R, will be DC 
but in pulses. When this is given to a circuit called filter (normally a capacitor), it will smoothen 
the pulses and will produce a rather steady DC voltage. 

(ii) p-n junction diode as full-wave rectifier Figure shows a circuit which is used in full-wave 
rectification. Two diodes are used for this purpose. 
The secondary coil of the transformer is wound in two parts and the junction is called a Centre-Tap 
(CT ). During one-half cycle D, is forward biased and D, is reverse biased. Therefore, D, conducts 
but D, does not, current flows from_X to Y through load resistance R, . During another half cycle D, 
is forward biased and D, reverse biased. Therefore, D, conducts and D, does not. In this half cycle 
also current through R, flows from_X to Y. Thus, current through RX, in both the half cycles is in one 
direction, 1.e. from _X to Y. 


AC waveform at A 
Secondary 

Nf 
1 i I I 
° 1 1 1 1 
1 i} ! I 
Primary : 
—_> I I 

t 

B Ds AC waveform at B Output AC waveform 
(a) Ful-wave rectifier (b) AC voltage waveforms (c) Output DC waveforms of a 
at points A and B full-wave rectifier. 


Fig. 35.16 
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Bridge rectifier Another full-wave rectifier called the bridge rectifier which uses four diodes is 
shown in figure. 

For one-half cycle diodes D, and D, are forward biased and D, and D, are reverse biased. So, D, and 
D, conduct but D, and D, don't. Current through R, flows from X to Y. In another half cycle D, and 
D, are forward biased and D, and D, are reverse biased. So, in this half cycle D, and D, conduct but 
D, and D; do not. Current again flows from X to Y through R, . Thus, we see that current through R;, 
always flows in one direction from X to Y. 


Secondary 
» D> and D4 conducting 
Va ee D, conducting 
aa Ds 
0 re 
(a) (b) 


Fig. 35.17 (a) Bridge rectifier and (b) output waveforms for a bridge rectifier 


Primary 


Y 


Note Even after rectification ripples are present in the output which can be removed upto great extent by a 
filter circuit. A filter circuit consists of a capacitor. 


© Example 35.8 In half-wave rectification, what is the output frequency, if the 
input frequency is 50 Hz? What is the output frequency of a full-wave rectifier 
for the same input frequency? 
Solution A half-wave rectifier conducts once during a cycle. Therefore frequency of AC 
output is also the frequency of AC input i.e. 50 Hz. A full-wave rectifier rectifies both the half 
cycles of the AC output i.e. it conducts twice during a cycle. 
So, Frequency of AC output =2~ frequency of AC input 

=2x 50 =100 Hz Ans. 


© Example 35.9 In the figure, the input is across the terminals 
A and Cand the output is across B and D. Then the output is 
(a) zero 
(b) same as the input 
(c) full-wave rectified 
(d) half-wave rectified D 
Solution (c) During the half cycle whenV,, >Vy ,D, and D; are forward eos 
biased. Hence, the path of current is MABPODCNM. B P 
In the second half cycle, whenV,, >V,,,D, and D, are forward ee R. 
biased while D, and D, are reverse biased. Hence, the path of R 
current is NCBPODAMN. A a Q 
Therefore, in both half cycles current flows from P to Q from load 
resistance R, . Or, it is a full-wave rectifier. pM v 
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39.6 Applications of p-n Junction Diodes 


Zener Diode 


A diode meant to operate under reverse bias in the breakdown region is called an avalanche diode or 
a zener diode. Such diode is used as a voltage regulator. The symbol of zener diode is shown in 


figure. 


Fig. 35.20 
Once the breakdown occurs, the potential difference across the diode does not increase even if, there 
is large change in the current. Figure shows a zener diode in reverse biasing. 

T(mA) 


Reverse bias 


V, Forward bias 
<4 


— V(V) 


T (uA) 
Fig. 35.21 


An input voltage V, 1s connected to the zener diode through a series resistance R such that the zener 
diode is reverse biased. 


If the input voltage increases, the current through R and zener diode also increases. This increases the 
voltage drop across R without any change in the voltage across the zener diode. Similarly, if the input 
voltage decreases the current through R and zener diode also decreases. The voltage drop across R 
decreases without any change in the voltage across the zener diode. 

Thus any increase/decrease in the input voltage results in increase/decrease of the voltage drop across 
R without any change in voltage across the zener diode (and hence across load resistance R, ). Thus, 
the zener diode acts as a voltage regulator. 

We have to select the zener diode according to the required output voltage and accordingly the series 
resistance R. 


WWW O 
; | 
| ‘ 
V; Zener diode ‘7 Vo 
| 
Fig. 35.22 


Optoelectronic Devices 


Semiconductor diodes in which carriers are generated by photons (photo excitation) are called 
optoelectronic devices. Examples of optoelectronic devices are, photodiodes, Light Emitting Diodes 
(LED) and photovoltaic devices, etc. 


Chapter 35 Semiconductors ° 387 


(a) Photodiodes Photodiodes are used as photodetector to detect optical signals. They are operated 


ue 


in reverse biased connections. 


A 
n-side e 


Fig. 35.23 


When light of energy greater than the energy gap falls on the depletion region of the diode, 
electron-hole pairs are generated. Due to the electric field of junction, electrons and holes are 
separated before they recombine. Electrons reach n-side and holes reach p-side giving rise to an 
emf. When an external load is connected, current flows. The magnitude of the photocurrent 
depends on the intensity of incident light. 

(b) Light Emitting Diode (LED) It is heavily doped p-n junction diode which under forward bias 
emits spontaneous radiation. LEDs that can emit red, yellow, orange, green and blue light are 
commercially available. These LEDs find extensive use in remote controls, burglar alarm 
systems, optical communications, etc. 

Extensive research is being done for developing white LEDs which can replace incandescent 
lamps. 


LED have the following advantages over conventional incandescent power lamps. 
(i) Long life 
(11) Low operational voltage and less power 
(iii) No warm up time is required. So fast on-off switching capability. 
(c) Solar Cell It works on the same principle as the photodiode. It is basically a p-n junction which 
generates emf when solar radiation falls on the p-n junction. The difference between a 


photodiode and a solar cell is that no external bias is applied and the junction area is kept much 
larger for solar radiation to be incident because we require more power. 


Metallised 
surface finger electrode 


Back contact 


Fig. 35.24 Typical p-n junction Solar cell 
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The generation of emf by a solar cell (when light falls on it) is due to the following three 
processes. 
(i) Generation Generation of electron-hole pairs due to light (Af > E iz ) falling on it. 


(ii) Separation Separation of electrons and holes due to electric field of the depletion region. 
(iii) Collection Electrons are swept to 1 - side and holes to p-side. Thus, p-side becomes positive 
and n-side becomes negative giving rise to photovoltage. 
Solar cells are used to power electronic devices in satellites and space vehicles and also as 
power supply to some calculators. 


© Example 35.10 Ina zener regulated power supply a zener diode with 
V, =6.0 V is used for regulation. The load current is to be 4.0 mA and the 


unregulated input is 10.0 V. What should be the value of series resistor R? 
Solution Zener current J, should be sufficiently larger than load current /,. 
4.0 mA 


Fig. 35.25 


Given, I, =4.0mA 
So, let us take J, to be five times J, or J, =20mA 
Total current J/=/7 +1, =24.0mA 
Input voltage V,, =10V 
Zener diode voltage V7, =6V 
Voltage drop across resistance, Vp =V,, —Vz 


or Vp =(10-6)V=4V 
Now, ae + =1670 
Ip 24x 10~ 


The nearest value of carbon resistor is 150. So, a series resistor of 150Q is appropriate. 


© Example 35.11 The current in the forward bias is known to be more (in mA) 
than the current in the reverse bias (in pA). What is the reason then to operate 
the photodiodes in reverse bias ? 


Solution Let us take an example of p-type semiconductor. 

Without illumination 

number of holes (7, ) >> number of electrons (7, ) .-(1) 
This is because holes are the majority charge carriers in p-type semiconductor. 


Chapter 35 Semiconductors ° 389 


On illumination, let An, and An, are the excess electrons and holes generated. 


An, =An,, (ii) 
From Eqs. (i) and (11), we can see that 
An, An, 
>> 
n Np, 


e 
From here, we can say that the fractional change due to illumination on the minority carrier 
dominated reverse bias current is more easily measurable than the fractional change in the 
forward bias current. 


35.7 Junction Transistors 


A junction transistor is formed by sandwiching a thin wafer of one type of semiconductor between 
two layers of another type. The n-p-n transistor has a p-type wafer between two n-type layers. 
Similarly, the p-n-p transistor has a n-type wafer between two p-type layers. 


p-n-p Transistor 
Figure shows a p-n-p transistor, in which a thin layer of n-type semiconductor is sandwiched between 
two p-type semiconductors. The middle layer (called the base) is very thin (of the order of 1 um) as 
compared to the widths of the two layers at the sides. Base is very lightly doped. One of the side layer 
(called emitter) is heavily doped and the other side layer (called collector) is moderately doped. 
Figure (c) shows the symbol of p-n-p transistor. 


Collector 
Emitter Base Collector Emitter Base Collector 
fe fe | =) 
n 
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Emitter 
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Fig. 35.26 


n-p-n Transistor 
In n-p-n transistor, p-type semiconductor is sandwiched between two n-type semiconductors. 
Symbol of n-p-n transistor is shown in figure (f). 
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Fig. 35.27 


More points about a transistor A transistor is basically a three-terminal device. Terminals come out 
from the emitter, base and the collector for external connections. In normal operation of a transistor, the 
emitter-base junction is always forward biased and collector-base junction is reverse biased. 
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The arrow on the emitter-base line shows the direction of current between emitter and base. In an 
n-p-n transistor for example, there are a large number of conduction electrons in the emitter and a 
large number of holes in the base. If the junction is forward biased the electrons will diffuse from 
emitter to the base and holes will diffuse from the base to the emitter. The direction of electric 
current at this junction is therefore from the base to the emitter. A transistor can be operated in three 
different modes. 

(i) Common emitter (or grounded-emitter) 

(ii) Common collector (or grounded-collector) and 
(iii) Common base (or grounded-base) 
In common emitter mode, emitter is kept at zero potential. Similarly in common collector mode 
collector is at zero potential and so on. 


Working of a p-n-p Transistor 


Let us consider the working of a p-n-p transistor in common base mode. In emitter (p-type) holes are 
in majority. Since, emitter-base is forward biased, holes move toward base. Few of them combine 
with electrons in the base and rest go to the collector. Since, base-collector is reverse biased, holes 
coming from base move toward the terminal of collector. They combine with equal number of 
electrons entering from collector terminal. 


Let us take an example with some numerical values. 


Suppose 5 holes enter from emitter to base. This deficiency of 5 holes in emitter is compensated when 
5 electrons emit from emitter and give rise to 7,. One out of five holes which reach the base combine with 
one electron entering from base (the equivalent current is i, ). Rest four holes enter the collector and move 
towards its terminal. On the other hand, 5 electrons which leave the emitter (as 7,) come to the base, 
emitter and collector junctions. One electron of it goes to base and rest four to collector. These four 
electrons give rise to 7, (the collector current) and combine with the four holes coming from the base, and 
thus circuit is complete. From the figure, we can see that, 

1 


e — le + ly 


Note thati, is only about 2% ofi,, or roughly around 2% of holes coming from emitter to base combine with 
the electrons. Rest 98% move to collector. 
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Working of n-p-n Transistor 


A common base circuit of an -p-n transistor is shown in figure. Majority charge carriers in the 
emitter (7-type) are electrons. Since, emitter-base circuit is forward biased. The electrons rush from 
emitter to base. Few of them leave the base terminal (comprising i, ) and rest move to collector. These 
electrons finally leave the collector terminal (give rise to i..). Electrons coming from base and from 
collector meet at junction O and they jointly move to emitter, which gives rise to i,. 


Thus, here also we can see that i, =, +i, 


L}l le 


! l Lower 
l 


Fig. 35.29 


Note that although the working principle of p-n-p and n-p-n transistors are similar but the current carriers in 
p-n-p transistor are mainly holes whereas in n-p-n transistors the current carriers are mainly electrons. 
Mobility of electrons are however more than the mobility of holes, therefore n-p-n transistors are used in 
high frequency and computer circuits where the carriers are required to respond very quickly to signals. 


ao and B-parameters: « and f-parameters of a transistor are defined as, 
a=i,/i,| and B=i./i, 


As i, is about 1 to 5% of 7,, a is about 0.95 to 0.99 and is about 20 to 100. By simple mathematics we 
can prove that, 


35.8 Transistor As An Amplifier 


A transistor can be used for amplifying a weak signal. 


When a transistor is to be operated as amplifier, three different basic circuit connections are possible. 
These are 


(i) common base, (ii) common emitter and (iii) common collector circuits. 


Whichever circuit configuration, the emitter-base junction is always forward biased, while the 
collector-base junction is always reverse biased. 


(a) Common base amplifier using a p-n-p transistor In common base amplifier, the input signal 
is applied across the emitter and the base, while the amplified output signal is taken across the 
collector and the base. This circuit provides a very low input resistance, a very high output 
resistance and a current gain of just less than 1. Still it provides a good voltage and power 
amplification. There is no phase difference between input and output signals. 
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The common base amplifier circuit using a p-n-p transistor is shown in figure. The emitter base input 
circuit is forward biased by a low voltage battery Vp. The collector base output circuit is reversed 
biased by means of a high voltage battery Vac. Since, the input circuit is forward biased, resistance of 


input circuit is small. Similarly, output circuit is reverse biased, hence resistance of output circuit is 
high. 


i pee 
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Fig. 35.30 


The weak input AC voltage signal is superimposed on Vp and the amplified output signal is obtained 
across collector-base circuit. In the figure we can see that, 

Vos = Vou = te Ry 
The input AC voltage signal changes net value of V;,. Due to fluctuations in Vg, , the emitter current 
i, also fluctuates which in turn fluctuates i.. In accordance with the above equation there are 


fluctuations in V-p , when the input signal is applied and an amplified output is obtained. 


Current gain, Voltage gain and Power gain 


(i) Current gain Also called AC current gain (a ,.), is defined as the ratio of the change in the 


collector current to the change in the emitter current at constant collector-base voltage. 


Thus, O ac OF simply a= 


( Vop = constant) 
Ai 


As stated earlier also, o is slightly less than 1. 


(ii) Voltage gain It is defined as the ratio of change in the output voltage to the change in the input 
voltage. It is denoted by A,,. Thus, 


Ce Ai. X Rout 
Ai, xX Rin 
Ai. : 
but =a, the current gain. 
Ai, 
Ay a Rai 
R 


Since, Roy, >> Ri,, Ay is quite high, although o is slightly less than 1. 
(iii) Power gain It is defined as the change in the output power to the change in the input power. 
Since P=Vi 
Therefore, power gain = current gain x voltage gain 


; R 
or Power gain= a7 -—%&t 


in 
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® Extra Points to Remember 
e The output voltage signal is in phase with the input voltage signal. 


e The common base amplifier is used to amplify high (radio)-frequency signals and to match a very low 
source impedance (~20 Q) to a high load impedance (~100 kQ). 


(b) Common emitter amplifier using a p-n-p transistor Figure shows a p-n-p transistor as an 

amplifier in common emitter mode. The emitter is common to both input and output circuits. The 
input (base-emitter) circuit is forward biased by a low voltage battery Vp_. The output 
(collector-emitter) circuit is reverse biased by means of a high voltage battery Voc. 
Since, the base-emitter circuit is forward biased, input resistance is low. Similarly, 
collector-emitter circuit is reverse biased, therefore output resistance is high. The weak input AC 
signal is superimposed on Vp, and the amplified output signal is obtained across the 
collector-emitter circuit. 


Input AC 
signal Output AC 


signal 


Fig. 35.31 


In the figure we can see that, Veg =Vee — i, Ry 


When the input AC voltage signal is applied across the base-emitter circuit, it fluctuates Vp, and hence 
the emitter current 7,. This in turn changes the collector current 7, consequently Vag varies in 
accordance with the above equation. This variation in, appears as an amplified output. 


Current Gain, Voltage Gain and Power Gain 
(i) Current gain Alsocalled ac current gain (B,,,.), is defined as the ratio of the collector current to 
the base current at constant collector to emitter voltage. 


; Ai 
B,¢ or simply B = ve (Vcp = constant) 
(ii) Voltage gain It is defined as the ratio of the change in the output voltage to the change in the 
input voltage. It is denoted by A. Thus, 
aoe Ai. X Rout 
7 Ai, x Rin 


(iii) Power gain It is defined as the ratio of change in output power to the change in the input 
power. Since, 


P=Vi 


: : ; a‘ R 
Therefore, power gain = current gain x voltage gain or | Power gain= B? [A=] 
in 
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© Extra Points to Remember 
e The value of current gain B is from 15 to 50 which is much greater than a. 
e The voltage gain in common-emitter amplifier is larger compared to that in common base amplifier. 


e The power gain in common-emitter amplifier is extremely large compared to that in common base 
amplifier. 

e The output voltage signal is 180° out of phase with the input voltage signal in the common-emitter 
amplifier. 


Transconductance (g,,) There is one more term called transconductance (g,,,) in common-emitter 


mode. It is defined as the ratio of the change in the collector current to the change in the base to 
emitter voltage at constant collector to emitter voltage. Thus, 


Ai, 
m= (Voz =constant) 
: AV pg - 


The unit of g,, isQu' or siemen (S). By simple calculation we can prove that, 
Sm 


Advantages of a transistor over a triode valve A transistor is similar to a triode valve in the 

sense that both have three elements. While the elements of a triode are, cathode, plate and grid. The 

three elements of a transistor are emitter, collector and base. Emitter of a transistor can be compared 
with the cathode of the triode, the collector with the plate and the base with the grid. 

Transistor has following advantages over a triode valve 

(i) A transistor is small and cheap as compared to a triode valve. They can bear mechanical shocks. 

(ii) A transistor has much longer life as compared to a triode valve. 

(iii) Loss of power in a transistor is less as it operates at a much lower voltage. 

(iv) In a transistor no heating current is required. So, unlike a triode valve, a transistor starts 
functioning immediately as soon as the switch is opened. In case of valves, they come in 
operation after some time of opening the switch (till cathode gets heated). 

Drawbacks of a transistor over a triode valve Transistor have following drawbacks as compared 

to valves. 

(i) Since, the transistors are made of semiconductors they are temperature sensitive. We cannot 
work on transistors at high temperatures. 

(ii) In transistors noise level is high. Keeping all the factors into consideration, transistors have 
replaced the valve from most of the modern electronic devices. 


© Example 35.12 The current gain of a transistor in a common base 
arrangement in 0.98. Find the change in collector current corresponding to a 
change of 5.0 mA in emitter current. What would be the change in base current? 


Solution Given, a=0.98 and Ai, =50mA 
From the definition of, = ms 

Le 
Change in collector current, Ai, =(a) (Ai, ) = (0.98) (5.0) mA = 4.9 mA 


Further, change in base current, Az, =Ai, — Ai, =0.1mA Ans. 
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© Example 35.13 A transistor is connected in common emitter configuration. 
The collector supply is 8 V and the voltage drop across a resistor of 800 Q in the 


collector circuit is 0.5 V. If the current gain factor (a) is 0.96, find the base 
current. 


The collector current is, 


h= voltage drop across collector resistor 0.5 A =0.625x 103A 


resistance 800 
From the definition of B= oe 
lp 
. 3 
the base current — be gee A 
B 24 
=26nA Ans. 


© Example 35.14 In a common emitter amplifier, the load resistance of the 
output circuit is 500 times the resistance of the input circuit. If a = 0.98, then 


find the voltage gain and power gain. 


R 
Solution Given a = 0.98 and “* =500 > B= 2 =49 
R, I-a 1-0.98 


in 


(i) Voltage gain = (B) met = (49) (500) = 24500 


in 


(ii) Power gain = (B” sae = (49)? (500) = 1200500 


in 


INTRODUCTORY EXERCISE 


1. For transistor action, which of the following statements are correct? 
(a) Base, emitter and collector regions should have similar size and doping concentrations 
(b) The base region must be very thin and lightly doped 
(c) The emitter junction is forward biased and collector junction is reverse biased 
(d) Both the emitter junction as well as the collector junction are forward biased 


2. Fora transistor amplifier, the voltage gain 
(a) remains constant for all frequencies 
(b) is high at high and low frequencies and constant in the middle frequency range 
(c) is low at high and low frequencies and constant at mid frequencies 
(d) None of the above 

3. For a CE-transistor amplifier, the audio signal voltage across the collector resistance of 2 kQ is 
2 V. Suppose the current amplification factor of the transistor is 100. Find the input signal 
voltage and base current, if the base resistance is 1 kQ. 
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35.9 Digital Electronics and Logic Gates 


(i) Binary system There are a number of questions which have only Bulb 
two answers Yes or No. A statement can be either True or False. A 
switch can be either ON or OFF. These values may be represented 


by two symbols 0 and 1. Ina number system, in which we have only “* So 
two digits is called a binary system. (decimal system for example 
has ten digits). 


In binary system usually we write | for positive response (e.g. when Source 
a switch is ON) and 0 for negative (when switch is OFF). eee 
(ii) Truth table To understand the concept of truth table let us take an example. A bulb is connected 
to an AC source via two switches S, and S 5. 
In binary system, we will write 0, if the switch (or bulb) is off and write 1 if itis on. Further let us 


write 
A for state of switch S$, 
B for state of switch S 5 
and C for state of the bulb. 
Now, let us make a table (called truth table) which is self explanatory. 
Table 35.3 
Switch S, Switch S, Bulb A B Cc 
Off On Off 0 1 0 
On Off Off 1 0 0 
Off Off Off 0 0 0 
On On On 1 1 1 


S; 
Source So 
Bulb 
Fig. 35.33 
Table 35.4 
SwitchS, Switchs, Bulb A B Cc 
On Off On 1 0 1 
Off On On 0 1 1 
Off Off Off 0 6) 0 
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(iii) Logical function A variable (e.g. state of a switch or state of a bulb) which can assume only 
two values (0 and 1) is called a logical variable. A function of logical variables is called a logical 
function. AND, OR and NOT represent three basic operations on logical variables. 

‘AND’ function Suppose C is a function of A and B, then it will be said an ‘AND’ function when 
C has value | when both 4 and B have value 1. Truth table corresponding to Table 35.3 is an 
example of ‘AND’ function. The function is written as, 
C=AandB 
AND function is also denoted as C=A-B 
‘OR’ function C, a function of A and B will be said an ‘OR’ function when C has value | when 
either of A or B has value 1. Truth table corresponding to Table 35.4 is an example of ‘OR’ 
function. The function is written as, 
C=A OR B 
OR function is also denoted as, 
C=A+B 
‘NOT?’ function ‘NOT?’ function is a function of a single 
variable. Source Switch 
A bulb is short circuited by a switch. If the switch is open, Bulb 
the current goes through the bulb and it is on. If the switch is 
closed the current goes through the switch and the bulb is 
off. The truth table corresponding to the above situation (or 
NOT function) is as under. 


Fig. 35.34 


Table 35.5 
Switch Bulb A B 
Open On 0 1 
Closed Off 1 0 


‘NOT’ function is denoted as, 
B=NOTA or B=4 


© Example 35.15 Write the truth table for the logical function 
D=(AOR B) AND B. 


Solution A OR B isa logical function, say it is equal to_X, i.e., 


X =AORB 
Now, D=X ANDB 
The corresponding truth table is as under. 
Table 35.6 


X=AORB D=(AORB) ANDB 
1 


=+=|/0/O|= & 
-|O|-|o W 
=— 1 j— (O 


1 
0) 
1 
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Note that the given function can also be written as, 
D=(A+B)-B 
(iv) Logic gates Logic gates are important building blocks in digital electronics. These are circuits 
with one or more inputs and one output. The basic gates are OR, AND, NOT, NAND, NOR and 
XOR. As we know, in digital electronics only two voltage levels are present. Conventionally, 
these are 5V and OV, referred to as | and 0 respectively or vice-versa. They are also referred as 
high and low.Figure given are the symbols of six basic gates. 


» BD 


OR gate AND gate NOT gate 
NAND gate NOR gate XOR gate 
Fig. 35.35 
OR gate The truth table of ‘OR’ gate is given below. 
Table 35.7 

A B xX 

0 0 0 

0 1 1 

1 0 1 

1 q i 


The output X will be 1 (i.e., 5V) when the 4 input is 1, OR when the B input 4 7 > edu 
is 1, OR when both are 1. This is written as, B 


X=A+B Fig. 35.36 


Figure shows construction of an OR gate using two diodes 


Fig. 35.37 


When either of point A or point B (or both) has potential +5V, diodes D, or D, (or both) are forward 
biased and the potential at X is the same as the common potential at A and B which is 5V. 


AND gate The truth table of ‘AND’ gate is given below. 
Table 35.8 


-=|-|o|o Bb 
-=|o/-|o WB 
a|lolo|o ~< 
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The output X will be 1 (i.e. 5V ) when both the inputs A and B is 1. This is 4 [exes _ 
B 


written as, 
X=A-B 
Figure shows construction for an AND gate using two ol 
diodes D, and D,. : See eS 
When potentials at 4 and B both are zero, then both the —— R 
diodes are forward biased and offer no resistance. The 
potential at X in this position is equal to the potential at A or 
B i.e. 0. Thus X =0, when both A and B are zero. Now — 
suppose potential at A is zero but at B is 5V, then D, is 
forward biased. In this situation potential at X is also zero. 
Thus, X¥ =Owhen A = 0. Similarly, we can see that Y =Owhen B =0. Lastly when potentials at both A 
and B are 5V, so that both the diodes are unbiased and there will be no current through R and the 
potential at XY will be equal to 5V. Thus, X =1 when 4 and B both are 1. 
NOT gate This has one input and one output. The output is the inverse of the input. When the input 4 
is 1, the output _X will be 0 and vice-versa. The truth table for ‘NOT’ gate is given below. 


Table 35.9 
A Xx 7 
A x =A 
0 1 
1 0 Fig. 35.40 


Note A NOT gate cannot be constructed with diodes. Transistor is used for realisation of a NOT gate, but at 
this stage students do not require it. A NOT gate is written as X =A. 


NAND gate The function, ¥ = NOT (A and B) of two logical variables 4 4— x= AB 
and B is called NAND function. It is written as X = ANAND B. Itis also 2” | 
Fig. 35.41 


written as, 


X=A-B 
or X=AB 
The truth table of a ‘NAND’ gate is given below. 
Table 35.10 
A B A-B X-AB 
0 0 0 1 
0 1 0 1 
1 0 0 1 
1 1 1 0 


NOR gate The function Y =NOT (4 OR B) is called a NOR function and 4 — >- eagae 
is written as Y = A NOR B. It is also written as, ¥Y = 4 + B. The truth table B 
Fig. 35.42 


for a NOR gate is given below. 


400 © Optics and Modern Physics 


Table 35.11 
A B A+B X=A+B 
0 0 0 1 
0 | il 0 
5 0 1 0 
1 1 dl 0 


XOR gate Itis also called the exclusive OR function. It is a function of two logical variables A and B 
which evaluates to | if one of two variables is 0 and the other is 1. The function 1s zero, if both the 
variables are 0 or 1. 


Fig. 35.43 
AXORB=A-B+A-B 
The truth table for XOR is given below. 


Table 35.12 
A B A B A-B A-B A=A.B+A-B 
0 1 1 0 0 
0 1 1 0 0 1 1 
1 0 0 1 1 0 1 
1 1 0 0 0 0 0 


© Example 35.16 Construct the truth table for the function X of A and B 
represented by figure shown here. 


3p DD. 
B 


Fig. 35.44 


Solution The output X in terms of the input A and B can be written as, Y = 4-(A +B) 
Let us make the truth table corresponding to this function. 


Table 35.13 
A B A+B X =A-(A+B) 
0 0 0 
0 1 1 0 


1 0 1 1 


Chapter 35 Semiconductors ° 401 


© Example 35.17 Make the output waveform (Y) of the OR gate for the 
following inputs A and B. 


Table 35.14 

Time A B 
Fort <t, 0 0 
Fromt, tot, 1 0 
Fromt, tot, 1 1 
Fromt, tot, 0 1 
Fromt, tot, 0) 0 
Fromt, tot, 1 0 
Fort >t, 0) 1 


Solution Output value Y corresponding to OR gate is given in the following table. 


Table 35.15 
Time A B Y=A+B ty ty tg ty ts te 
Fort <t, 0 0 0 Caf | 
A ne — : 
Fromt, tot, 1 0) 1 [ae 
Fromt, tot, 1 1 it 
Fromt, tot, 0 1 1 
Y: 
Fromt, tot, 0 0 0 (Output) 
1 
Fromt, tot, 1 0 Fig. 35.45 
Fort >t 0 1 1 


Therefore, the waveform Y will be as shown in the figure. 


© Example 35.18 Take A and B inputs similar to that in above example. Sketch 
the output waveform obtained from AND gate. 


Solution Output value, Y corresponding to AND gate is given in the following table. 


Table 35.16 
Time A B Y=A-B 
Fort <t, 0 0 0) 
Fromt, tot, 1 0) 0 
Fromt, tot, 1 1 1 
Fromt, tot, 0 1 0 
Fromt, tot, 0 0) 0) 
Fromt, tot, 1 0 0 
Fort >t, 0 1 0 
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! ! ! 


1 
I 
Fig. 35.46 


Based on the above table, the output waveform Y for AND gate can be drawn as in figure 35.46. 


INTRODUCTORY EXERCISE 
1. Make the output waveform Y of the NAND gate for the following inputs A and B. 
Table 35.17 

Time A B 

Fort <t, 1 1 

Fromt, tot, 0) 0 

Fromt, tot, 0 1 

Fromty tot, 1 0) 

Fromt, tots 1 1 

Fromt, tot, 0 0 

Fort >t, 0 1 


2. You are given two circuits. Identify the logic operation carried out by the two circuits. 


Fig. 35.47 
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Final Touch Points 


1. Integrated Circuits The short form of integrated circuit is IC. It is revolutionised the electronics 
technology. The entire electronic circuit (consisting of many passive components like R and C and 
active devices like diode and transistor) is fabricated on a small single block (called chip) of a 
semiconductor. Such circuits are more reliable and less shock proof compared to conventional 
circuits used before. The chip dimensions are as small as 1mm x1mm or it could be even smaller 
than this. 


Depending on the nature of input signals, ICs are of two types. 

(i) Linear or analogue IC 

(ii) Digital IC 

Linear ICs process analogue signals which change over a range of values between a maximum and a 
minimum. The digital ICs process signals that have only two values. They contain circuits such as 
logic gates. 

IC is the heart of all computer systems. It is used in almost all electronic devices like, cell phones, 
televisions, cars etc. 

It was first invented in 1958 by Jack Kilky and he was awarded Nobel prize for this in the year 2000. 
Growth of semiconductor industry is very fast. From current trends it is expected that by 2020 


computers will operate at 40 GHz and would be much smaller, more efficient and less expensive than 
present day computers. 


2. Feedback amplifier and transistor oscillator In an amplifier, a sinusoidal input is given which gets 
amplified as an output. Hence, an external input is necessary to sustain AC signal in the output. 
In an oscillator, we get AC output without any external input signal. A portion of the output power is 
returned back (feedback) to the input (in phase) with the starting power. In other words, the output in 
an oscillator is self sustained. 


Input 


Transistor 
Amplifier 


> Feedback 
4 network 


Principle of a transistor amplifier with positive feedback 
working as an oscillator 


Output 


3. In transistors, the base region is narrow and lightly doped, otherwise the electrons or holes coming 
from the input side (say emitter in CE-configuration) will not be able to reach the collector. 


Solved Examples 


© Example 1_ Sn, C, Si and Ge are all group XIV elements. Yet, Sn is a conductor, 
C is an insulator while Si and Ge are semiconductors. Why ? 


Solution It all depends on energy gap between valence band and conduction band. The 
energy gap for Sn is 0 eV, for Cis 5.4 eV, for Si is 1.1 eV and for Ge is 0.7 eV. 


© Example 2 Three photodiodes D,, D, and D; are made of semiconductors having 
band gaps of 2.5 eV, 2 eV and 8 eV, respectively. Which one will be able to detect 


oO 
light of wavelength 6000 A ? 
Solution Energy of incident light 


E (in eV) = a 
i (in A) 
E- 12375 eV 
6000 
or E =206 eV 


For the incident radiation to be detected by the photodiode energy of incident radiation should 
be greater than the band gap. This is true only for D,. Therefore only D, will detect this 
radiation. 


© Example 3 What is the range of energy gap (E,) in insulators, semiconductors 
and conductors? 


Solution For insulators E, >3 eV, for semiconductors, g =0.2 eV to 3eV while for conductors 
(or metals) EF, =0. 


© Example 4 _ n-type extrinsic semiconductor is negatively charged, while p-type 
extrinsic semiconductor is positively charged. Is this statement true or false? 


Solution False. Intrinsic as well as extrinsic semiconductors are electrically neutral. 


© Example 5 What is resistance of an intrinsic semiconductor at OK ? 


Solution At OK number of holes (or number of free electrons) in an intrinsic semiconductor 
become zero. Therefore, resistance of an intrinsic semiconductor becomes infinite at 0 K. 


© Example 6 Consider an amplifier circuit using a transistor. The output power 
is several times greater than the input power. Where does the extra power come 
from? 


Solution The extra power required for amplified output is obtained from the DC source. 


© Example 7 A piece of copper and the other of germanium are cooled from the 
room temperature to 80 K. What will happen to their resistance? 
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Solution Copper is conductor and germanium is semiconductor. With decrease in 
temperature resistance of a conductor decreases and that of semiconductor increases. Therefore 
resistance of copper will decrease and that of semiconductor will increase. 


Example 8 A transistor has three impurity regions, emitter, base and collector. 
Arrange them in order of increasing doping levels. 
Solution The order of increasing doping levels is 

base > collector > emitter. 


Example 9 Name two gates which can be used repeatedly to produce all the 
basic or complicated gates. 


Solution NAND and NOR gates can be used repeatedly to produce all the basic or 
complicated gates. This is why these gates are called digital building blocks. 


Example 10 A change of 8.0 mA in the emitter current brings a change of 7.9 
mA in the collector current. How much change in the base current is required to 
have the same change 7.9 mA in the collector current ? Find the values of a and 
B. 


Solution We know that, 


il, = +l, 
Ai, = Ai, + Ai, 
or Ai, = Ai, — Ai, 
Substituting the given values of the question, 
We have Ai, = (8.0 — 79) mA =0.1 mA 


Hence, a change of 0.1 mA in the base current is required to have a change of 7.9 mA in the 
collector current. 


Further, a= te or Ate = ig 
i, At, 80 
=0.99 Ans. 
p= ore = 
ly Al, 0.1 
= 79 Ans. 


Example 11. A transistor is used in common-emitter mode in an amplifier 
circuit. When a signal of 20 mV is added to the base-emitter voltage, the base 
current changes by 20 pA and the collector current changes by 2 mA. The load 
resistance is 5 kQ. Calculate (a) the factor B (b) the input resistance R,,, (c) the 
transconductance and (d) the voltage gain. 


Solution (a) Factor B 


B= Ai. 
Substituting the given values, we have 
3 
B= ae 100 Ans. 
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(b) Input Resistance R,,, 
_ AVpp _ 20 x10 
Ai, 20x10 
=10°Q 
=1kQ Ans. 


R. 


In 


(c) Transconductance g,, 
_ Ai, _ 2x10% 
AVpp 20x10 


=0.1 mho Ans. 


Ay BL 


Em 


(d) Voltage Gain Ay 


Substituting the values we have, 


5 x 10° 
Ay =(100 
v =( (235 | 


= 500 Ans. 


© Example 12 An n-p-n transistor is connected in common-emitter configuration 
in which collector supply is 8V and the voltage drop across the load resistance of 
800 Q connected in the collector circuit is 0.8 V. If current amplification factor is 
25, determine collector-emitter voltage and base current. If the internal resistance 
of the transistor is 200 Q, calculate the voltage gain and the power gain. 
Solution The corresponding circuit is shown in figure. 


0.8V 
ig 
|t+-<— III —> 
8V 
Voltage across R, =i, R,=0.8V_ (given) 
je Aiea 
R, 800 
Further it is given that, 
p=25 =" 
YX 
i 
i =— =40ynA Ans. 
6 OB H 


Collector-Emitter Voltage (Voz) 
Applying Kirchhoff’s second law in emitter-collector circuit, we have 
Veg =(8-0.8) V=7.2V Ans. 
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Voltage gain (4,) 


Voltage gain, Ay =B (S| 
or Ay =25 (| =100 Ans. 
200 
Power gain 
Power gain =f” Fou | _ (25) (- | = 2500 Ans. 
R, 200 


Note Kirchhoff's laws can be applied in a transistor circuit in the similar manner as is done in normal circuits. 


© Example 13 An n-p-n transistor in a common-emitter mode is used as a simple 
voltage amplifier with a collector current of 4 mA. The positive terminal of a8 V 
battery is connected to the collector through a load resistance R,; and to the base 
through a resistance Rp. The collector-emitter voltage Vo, =4V, the base-emitter 
voltage Vaz =0.6 V and the current amplification factor B = 100. Calculate the 
values of R; and Rp. 


Solution Given, i, = 4 mA 


! 
8V 


Yio 
4 


Applying Kirchhoff’s second law in loop 1, we have 


Vor =8 le R, 
8-VY 8-4 
R CE 
. i, 4x10° 
=10002 
=1kQ Ans. 
Further, B= 2s 
Ly 
. = 
ja ba 4% 107 4 9 ya 
B 100 
Now, Var =8- ly Rp 
Rp = : — Vox 
ly 
_ 8-0.6 
40x 107° 


= 1.85x10°Q Ans. 
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© Example 14 Let X = A- BC. Evaluate X for 
(a) A=1,B=0,C=1, (b) A=B=C=1land (c) A=B=C=0. 
Solution (a) When, A=1, B=Oand C=1 


BC =0 
x BC=1 
or A-BC=1 Ans. 
(b) When, A=B=C=1 
Then, BC=1 
or BC =0 
& A-BC =0 Ans. 
(c) When, A=B=C=0 
Then, BC =0 
é BC =1 
or A-BC =0 Ans. 


© Example 15 Show that given circuit (a) acts as OR gate while the given circuit 
(b) acts as AND gate. 


A A 
B 
B 
(a) (b) 


Solution (a) The first gate is NOR gate then NOT gate 


; Y 
B x 


Thus, X=A+B and Y=X 
The truth table can be made as under.7 


Table 35.18 
A B A+B X=A+B Y=X 
1 0 1 0 1 
0 1 1 0 1 
1 1 ‘| ¢) 1 
0 0 0 1 0 
The last column of Yis similar to third column of A + Bwhich is the C 
truth table corresponding to OR gate. A 
(b) First two gates are NOT gates and the last gate is NOR gate. xX 
Thus, C=AandD=B B . 


X=C+D 
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The truth table corresponding to this can be made as under. 


Table 35.19 
A B A-B C=A D=B C+D X=C+D 
1 0 0 0 dl 1 0 
0 7 0 1 0 1 0 
1 1 1 fe) 0 0 1 
0 0 0 1 1 1 0 


The last column of X is similar to third column of A- B, which is the truth table corresponding 
to AND gate. 


© Example 16 Write the truth table for the circuit given in figure consisting of 
NOR gates. Identify the logic operations (OR, AND, NOT) performed by the the 
circuits. 


Solution The truth table corresponding to given circuit of logic gates is 
A 


Table 35.20 
A B A+B E=A+B Cc D C+D F=C+D E+F X=E+F 
1 1 1 0 1 1 1 0 0 1 
0 0 0 1 0 0) 0 1 1 0 


Corresponding to input columns of A, B, C and D we can see that output column of X is of AND 
gate, 


X=A+B+C+D 


Exercises 


Single Correct Option 


1. The conductivity of a semiconductor increases with increase in temperature because 
(a) number density of free current carriers increases 
(b) relaxation time increases 
(c) both number density of carriers and relaxation time decreases but effect of decrease in relaxation 
time is much less than increase in number density. 
(d) number density of current carriers increases, relaxation time decreases but effect of decrease in 
relaxation time is much less than increase in number density 


2. In figure, assuming the diodes to be ideal, 
R 
-10V 


(a) D, is forward biased and D, is reverse biased and hence current flows from A to B. 

(b) D, is forward biased and D, is reverse biased and hence no current flows from B to A and 
vice-versa. 

(c) D, and D, are both forward biased and hence current flows from A to B. 

(d) D, and D, are both reverse biased and hence no current flows from A to B and vice-versa. 


3. Hole is 
(a) an anti-particle of electron 
(b) a vacancy created when an electron leaves a covalent bond 
(c) absence of free electrons 
(d) an artificially created particle 


4. A220 V AC supply is connected between points A and B. What will be the potential difference V 
across the capacitor? 
Ae I 


(a) 220 V (b) 110 V 
(c) OV (d) 220 V2 V 


Chapter 35 Semiconductors « 411 


More than One Correct Options 


5. 


10. 


When an electric field is applied across a semiconductor, 

(a) electrons move from lower energy level to higher energy level in the conduction band. 
(b) electrons move from higher energy level to lower energy level in the conduction band. 
(c) holes in the valence band move from higher energy level to lower energy level. 

(d) holes in the valence band move from lower energy level to higher energy level. 


Consider an n-p-n transistor with its base-emitter junction forward biased and collector base 
junction reverse biased. Which of the following statements are true? 

(a) Electrons crossover from emitter to collector. 

(b) Holes move from base to collector. 

(c) Electrons move from emitter to base. 

(d) Electrons from emitter move out of base without going to the collector. 


In an n-p-n transistor circuit, the collector current is 10 mA. If 95 per cent of the electrons 
emitted reach the collector, which of the following statements are true? 

(a) The emitter current will be 8 mA. (b) The emitter current will be 10.53 mA. 

(c) The base current will be 0.53 mA. (d) The base current will be 2 mA. 


. In the depletion region of a diode, 


(a) there are no mobile charges 

(b) equal number of holes and electrons exist, making the region neutral 
(c) recombination of holes and electrons has taken place 

(d) immobile charged ions exist. 


. What happens during regulation action of a Zener diode? 


(a) The current and voltage across the Zener remains fixed. 
(b) The current through the series resistance (R) changes. 
(c) The Zener resistance is constant. 

(d) The resistance offered by the Zener changes. 


The breakdown in a reverse biased p-n junction diode is more likely to occur due to 
(a) large velocity of the minority charge carriers if the doping concentration is small 

(b) large velocity of the minority charge carriers if the doping concentration is large 

(c) strong electric field in a depletion region if the doping concentration is small 

(d) strong electric field in the depletion region if the doping concentration is large. 


Subjective Questions 


a 


12. 


13. 


Can the potential barrier across a p-n junction be measured by simply connecting a voltmeter 
across the junction? 


Two car garages have a common gate which needs to open automatically when a car enters 
either of the garages or cars enter both. Devise a circuit that resembles this situation using 
diodes for this situation. 


Two amplifiers are connected one after the other in series (cascaded). The first amplifier has a 
voltage gain of 10 and the second has a voltage gain of 20. If the input signal is 0.01 V, calculate 
the output AC signal. 


14. A p-n photodiode is fabricated from a semiconductor with band-gap of 2.8 eV. Can it detect a 


wavelength of 6000 nm? 
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15. (i) Name the type of a diode whose characteristics are shown in figure. 


(ii) What does the point P in figure represent? 


(uA) 


Vv 


(volt) 


16. Ifthe resistance R, is increased, how will the readings of the ammeter and voltmeter change? 


17. How would you set up a circuit to obtain NOT gate using a transistor? 


18. Write the truth table for the circuit shown in figure. Name the gate that the circuit resembles. 


+5V 
D, 
Ao KK] OV, 
B 
Do 
19. A Zener of power rating 1 W is to be used as a voltage 5 AMA ° 
regulator. If Zener has a breakdown of 5V and it has to 
regulate voltage which fluctuated between 3V and 7V, Unregulated Regulated 
what should be the value of R for safe operation. voltage voltage 
oO (X) Oo 


20. If each diode in figure has a forward bias resistance of 25Q and infinite resistance in reverse 
bias, what will be the values of the current J,, I,, I, and I,? 


i 125 Q 
> 
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21. In the circuit shown in figure when the input voltage of the base resistance is 10 V. Find the 
values of J,, , and B. 


10V 


22. For the transistor circuit shown in figure, evaluate V,,R, and Ry. Given Ip =1mA, 
Vor = 3V, Vor =0.5 V, Voc =12V and B =100. 


Voc =12V 


R 
100 kQ 2 
C 
+4#—$€5 
B = 100 
E Vee = 0.5 V 


20 kQ Re =1kQ 


Answers 


Introductory Exercise 35.1 
1. (c) 


Introductory Exercise 35.2 
1. (c) 2. (c) 


Introductory Exercise 35.3 
1. (b,c) 2. (c) 3.V, =0.01V,i,=10pA 


Introductory Exercise 35.4 


Y 
(Output) ! H ! 


2. (a) AND (b) OR 


Exercises 
1. (d) 2. (b) 3. (b) A. (d) 5. (a,c) 
7. (b,c) 8. (a,b,c) 9. (b,d) 10. (a,d) 11. No 


13. 2V 14. No 

15. (i) Zener junction diode and solar cell (ii) Zener breakdown voltage 
16. Both readings will decrease 

18. AND gate 

19. 100 


20. |, = 0.05A, Ip = 0.025 A, § = 0, I, = 0.025A 
21. fp = 25pA, b = 3.33mA,B = 133 

22. Ve = 1.2 V, Rg = 108kQ, Re = 1.2kQ 

23. 0.56 kQ 


6. (a,c) 
12. OR gate 


Communication 
System 


Chapter Contents 


36.1 Introduction 
36.2 Different Terms Used in Communication System 
36.3 Bandwidth of Signals 
36.4 Bandwidth of Transmission Medium 
36.5 Propagation of Electromagnetic Waves 
or Communication Channels 
36.6 Modulation 
36.7 Amplitude Modulation 
36.8 Production of Amplitude Modulated Wave 
36.9 Detection of Amplitude Modulated Wave 
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36.1 Introduction 


Communication refers to the transfer of information or message from one point to another point. In 
modern communication systems, the information is first converted into electrical signals and then 
sent electronically. This has the advantage of speed, reliability and possibility of communicating over 
long distances. We are using these every day such as telephones, TV and radio transmission, satellite 
communication etc. Historically, long distance communication started with the advent of telegraphy 
in early nineteenth century. The milestone in trans-atlantic radio transmission in 1901 is credited to 
Marconi. However, the concept of radio transmission was first demonstrated by Indian physicist JC 
Bose. Satellite communication started in 1962 with the launching of Telstar satellite. The first 
geostationary satellite Early Bird was launched in 1965. Around 1970, optical fibre communication 
entered in USA, Europe and Japan. The basic units of any communication systems are shown in 
Fig. 36.1 


The transmitter is located at one place. The receiver is located at Giana 
some other place. Transmission channel connects the transmitter J 
and the receiver. A channel may be in the form of wires or cables 

or it may be wireless. Transmitter converts message signals ( Transmitter 
produced by the source of information into a form suitable for 


transmission through the channel. a ~<— Noise 
J 


In any communication system, a non-electrical signal (like voice 
signal) is first converted into an electrical signal by a device called —— 
transducer. Most of the speech or information signal cannot be - 
directly transmitted to long distances. For this an intermediate step of a Seva Ris state of 
modulation is necessary in which the information signal is loaded or eas 
superimposed on a high frequency wave which acts as a carrier wave. 


® Extra Points to Remember 
e There are basically two communication modes : point to point and broadcast. 


e Point to point In this mode, communication takes place between a single receiver and transmitter. 
For example : telephonic call between two persons is a point to point communication. 


e Broadcast In this mode, there are a large number of receivers corresponding to a single transmitter. 
Radio and television are examples of this type of communication. 


36.2 Different Terms Used in Communication System 


Following basic terminology is used in any communication system. Now let us discuss them in detail. 


Electrical Transducer As discussed earlier also a transducer converts a non-electrical signal (like 
a voice signal) into an electrical signal. 


Signal Any information in electrical form suitable for transmission is called a signal. Signals can be 
either analog or digital. Analog signals are continuous variations of voltage or current. Sine functions 
of time are fundamental analog signal. Digital signals are those which can take only discrete values. 
Binary system is extensively used in digital electronics. In binary system 0 corresponds to low level 
and | corresponds to high level of voltage or current. 
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Noise Unwanted signals which are mixed with the main signals are referred as noise. 


Transmitter A transmitter makes the incoming message signal suitable for transmission through a 
channel. 


Receiver The signal sent by transmitter through channels is received by the receiver. 


Attenuation When the signal propagates from transmitter to receiver it loses some strength and it 
becomes weaker. This is known as attenuation. 


Amplification The signal received by receiver is weaker than the signal sent by transmitter (due to 
attenuation). The amplitude of this signal is increased by an amplifier. The energy needed for 
additional signal is obtained from a DC power source. 


Range This is the largest distance from the transmitter up to which signal can be received with 
sufficient strength. 


Bandwidth This is the width of the range of frequencies that an electronic signal uses on a given 
transmission medium. It is expressed in terms of the difference between the highest frequency signal 
component and the lowest frequency signal component. 

Modulation The low frequency message signals cannot be transmitted to long distances by their 
own. They are superimposed on a high frequency wave (also called a carrier wave). This process is 
called modulation. 

Demodulation This is reverse process of modulation. At the receiver end information is retrieved 
from the carrier wave. This process is known as demodulation. 

Repeater Repeaters are used to extend the range of a communication system. It is a combination of 
a receiver and a transmitter. Receiver (or a repeater) first receives the original signals, then amplifies 
it and retransmits it to other places (sometimes with a different carrier frequency). 


36.3 Bandwidth of Signals 


Message signals (such as voice, picture or computer data) have different range of frequencies. The 

type of communication system depends on the bandwidth (discussed in the above article). Some 

frequency range and their corresponding bandwidth are given below. 

(i) For telephonic communication A bandwidth of 2800 Hz is required. As, the signals range 

from 300 Hz to 3100 Hz and their difference is 2800 Hz. 

(ii) For music channels A bandwidth of approximately 20 kHz is required. Because, the audible 
range of frequencies extends from 20 Hz to 20 kHz and their difference is approximately 20 kHz. 

(iii) For TV signals A TV signal consists both audio and video. A bandwidth of approximately 
6 MHz is required for its transmission. 


36.4 Bandwidth of Transmission Medium 


Like bandwidths of message signals different types of transmission media offer different bandwidths. 
Commonly used transmission media are optical fibres, free space and wire. The International 
Telecommunication Union (ITU) administers the present system of frequency allocations. 

(i) Coaxial cables offers a bandwidth of approximately 750 MHz. 

(ii) Optical fibres offers a frequency range of | THz to 1000 THz. 


418 © Optics and Modern Physics 


(iii) Communication through free space (using radio waves) offers a bandwidth varying from few 
hundreds of kHz to a few GHz. These frequencies are further subdivided for various services as 
given in following table. 


Table 36.1 
S.No. Service Frequency Bands 
1. AM radio broadcast 540 — 1600 kHz 
2 FM radio broadcast 88 — 108 MHz 
3. Television 54 — 890 MHz 
4 Cellular Phones 840 — 935 MHz 
5 Satellite communication 3.7 — 6.425 GHz 


36.5 Propagation of Electromagnetic Waves or 
Communication Channels 


Physical medium through which signals propagate between transmitting and receiving station is 
called the communication channel. There are basically two types of communications. 

(i) Space communication 

(ii) Line communication 


As per syllabus, we are here discussing only space communication. 


Space Communication 
Consider two friends playing with a ball in a closed room. One friend throws the ball (transmitter) and 
the other receives the ball (receiver). There are three ways in which the ball can be sent to the receiver. 
(a) By rolling it along the ground 
(b) Throwing directly and 
(c) Throwing towards roof and then reflected towards the receiver. Similarly, there are three ways of 
transmitting an information from one place to the other using physical space around the earth. 


Line Communication 


(a) Along the ground (ground waves). 

(b) Directly in a straight line through intervening topographic space (space wave, or tropospheric 
wave or surface wave) and 

(c) Upwards in sky followed by reflection from the ionosphere (sky wave). 

These three modes are discussed below. 

(1) Ground Wave or Surface Wave Propagation Information can be transmitted through this mode 
when the transmitting and receiving antenna are close to the surface of the earth. 
The radio waves which progress along the surface of the earth are called ground waves or surface 
waves. These waves are vertically polarised in order to prevent short-circuiting of the electric 
component. The electrical field due to the wave induce charges in the earth's surface as shown in 
figure. As the wave travels, the induced charges in the earth also travel along it. This constitutes a 
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current in the earth's surface. As the ground wave passes over the surface of the earth, it is 
weakened as a result of energy absorbed by the earth. Due to these losses, the ground waves are 
not suited for very long range communication. Further these losses are higher for high frequency. 
Hence, ground wave propagation can be sustained only at low frequencies (500 kHz to 
1500 kHz). 
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Fig. 36.2. Vertically polarised wave travelling over 
the surface of the earth. The solid lines represent 
the electric field (E) of the electromagnetic wave. 


Space Wave Propagation or Tropospheric Wave Propagation Television signal (80 MHz to 
200 MHz) waves neither follow the curvature of the earth nor get reflected by ionosphere. Surface 
wave or sky wave cannot be employed in television communication. Television signals can be 
reflected from geostationary satellite or tall receiver antennas. 


‘65 
Fig. 36.3 
Height of Transmitting Antenna The transmitted waves, travelling in a straight line, directly reach 
the receiver end and are then picked up by the receiving antenna as shown in figure. Due to finite 
curvature of the earth, such waves cannot be seen beyond the tangent points S' and T. 
Suppose / is the height of antenna PQ. Let R be the radius of earth. 
Further, let-OT =OS=d, PQO=h, OQ=R+h 
From the right angled triangle OQO7, 
OQ? =OT? +QT? 
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(R+h)? =R* +d? 
d* =h +2Rh 
Since, R>>h, h? +2Rh~2Rh 
d=2Rh 
This distance is of the order of 40 km. Area covered for TV transmission 
A=nd* =2nRh 


If height of receiving antenna is also given in the question, then the maximum line of sight distance 


dy 18 given by 
dy = 2Rh, +.{2Rhp 


where, h, = height of transmitting antenna 

and hp = height of receiving antenna 

Further population covered = population density x area covered. 
I< d >| 
< dr >| " 


Fig. 36.4 Line of sight communication by space waves 


© Example 36.1 A TV tower has a height of 60 m. What is the maximum 
distance and area up to which TV transmission can be received? (Take radius of 
earth as 6.4x 10° m.) 


Solution (i) Distance d= 2Rh =2x 6.4x 10° x 60m 


=27.7 km Ans. 
(ii) Area covered = nd? = 2nRh = (2x 3.14 6.4 x 10° x 60)m? 
=2411 km? Ans. 
Sky Wave Propagation or Ionospheric Propagation If \onosphere 


one wishes to send signals at far away stations, then either 
repeater transmitting stations are necessary or height of the 
antenna is to be increased. However much before the advent of 
satellites, radio broadcast covered long distances by the 
reflection of signals from the ionosphere. This mode of 
transmission is called ionospheric propagation or sky wave 
propagation. 
T — Transmitter, R — Receiver 


The ionosphere extends from a height of 80 km to 300 km. The 
refractive index of ionosphere is less than its free space value. Fig. 36.5 
That is, it behaves as a rare medium. As, we go deep into the 
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ionosphere, the refractive index keeps on decreasing. The bending of beam (away from the normal) 
will continue till it reaches critical angle after which it will be reflected back. The different points on 
earth receive signals reflected from different depths of the ionosphere. There is a critical frequency 
F.. (5 to 100 MHz) beyond which the waves cross the ionosphere and do not return back to earth. 


Communication 
satellite 


lonosphere 


Transmitter Receiver 


Fig. 36.6 Principle of satellite communication 


Satellite Communication Long distance communication Sail Gacsintionany 
beyond 10 to 20 MHz was not possible before 1960 because orbit 

all the three modes of communication discussed above failed 
(ground waves due to conduction losses, space wave due to 
limited line of sight and sky wave due to the penetration of 
the ionosphere by the high frequencies beyond /,.). Satellite 
communication made this possible. 


The basic principle of satellite communication is shown in Saiellite- Satellite-2 
figure. A communication satellite is a spacecraft placed in an 
orbit around the earth. The frequencies used in satellite 
communication lie in UHF/microwave regions. These waves 
can cross the ionosphere and reach the satellite. 


Fig. 36.7 


For steady, reliable transmission and reception it is Polar orbit 
P 2 (circular) 
preferred that satellite should be geostationary. A 
geostationary satellite is one that appears to be 
stationary relative to the earth. It has a circular orbit 
lying in the equatorial plane of the earth at an 
approximate height of 36,000 km. Its time period is 24 
hours. 


Highly elliptical 
(inclined) orbit 


If we use three geostationary satellites placed at the 
vertices of an equilateral triangle as shown in figure. 
The entire earth can be covered by the communication Fig. 36.8 A schematic diagram of various 

network. satellite orbits used in satellite communication 


Geostationary 
orbit(circular) 


In addition to geostationary equatorial orbits, there are two more orbits which are being used for 
communication. These are 


(a) Polar circular orbit This orbit passes over or very close to the poles. It is approximately at a 
height of 1000 km from earth. 


(b) Highly elliptical (inclined) orbits 
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Remote Sensing 


Remote sensing is an application of satellite communication. It is the art of obtaining information 
about an object or area acquired by a sensor that is not in direct contact with the target of 
investigation. Any photography is a kind of remote sensing. If we want to cover large areas for which 
information is required, we have to take photographs from larger distances. This is called aerial 
photography. Town and country planning can also be done by remote sensing. 


A satellite equipped with appropriate sensors is used for remote sensing. Taking photograph of any 
object relies on the reflected wave from the object. We use visible light in normal photography. In 
principle, waves of any wavelength in the electromagnetic spectrum can be used for this purpose by 
using suitable sensors. 


Some applications of remote sensing include meteorology (development of weather systems and 
weather forecasting), climatology (monitoring climate changes), and oceanography etc. 


36.6 Modulation 


In this section, we will discuss in detail about modulation. What is it ? What is the need of modulation 
or how the modulation is done etc. 


No signal in general is a single frequency signal but it spreads over a range of frequencies called the 
signal bandwidth. Suppose we wish to transmit an electronic signal in the Audio Frequency 
(20 Hz-20 kHz) range over a long distance. Can we do it ? No it cannot because of the following 
problems. 

(i) Size of antenna For transmitting a signal we need an antenna. This antenna should have a size 
comparable to the wavelength of the signal. For an electromagnetic wave of frequency 20 kHz, 
the wavelength is 15 km. Obviously such a long antenna is not possible and hence direct 
transmission of such signal is not practical. 


(ii) Effective power radiated by antenna Power radiated by an antenna —_ . 
(A) 
Therefore, power radiated by large wavelength would be small. For good transmission, we 
require high power and hence need of high frequency transmission is required. 


(iii) Mixing up of signal from different transmitters = ___. <Time period T>; oa2t 
Another problem in transmitting baseband signals Amplitude} T 
directly is of intermixing of different signals. > 


Suppose many people are talking at the same time or 


(a) Sinusoidal 


many transmitters are transmitting baseband Pulse 

information signals simultaneously. All these signals cs halt 

will get mixed and there is no simple way to Pulse Pulse 

distinguish between them. A possible solution to all "ise fall aria a 
above problems is using communication at high 


frequencies and allotting a band of frequencies to 


: . ibe (b) Pulse shaped signals 
each message signal for its transmission. 


Fig. 36.9 
Thus in the process of modulation the original low 


frequency information signal is attached with the high frequency carrier wave. The carrier wave 
may be continuous (sinusoidal) or in the form of pulses as shown in figure. 
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Modulation Types 


Different types of modulation depend upon the specific characteristic of the carrier wave which is 


being varied in accordance with the message signal. 
We know that a sinusoidal carrier wave can be expressed as 
E=E) sin (@t+9) 


0.5 1 1.5 2 
(a) A sinusoidal carrier wave 


2.5 


0 0.5 1 1:5 2 
(b) A modulating signal 


2.5 


(c) aiid: atin 


‘Ul =< 


0 0.5 1 1.5 2 
(d) Frequency modulation, and 


0 0.5 1 f.5 2 
(e) Phase modulation 


Fig. 36.10 Modulation of a carrier wave 


The three distinct characteristics are Amplitude (£), angular frequency () and phase angle (). 
Either of these three characteristics can be varied in accordance with the signal. The three types of 
modulation are, amplitude modulation, frequency modulation and phase modulation. 


Similarly, the characteristics of a pulse are, Pulse amplitude, pulse duration or pulse width and pulse 


position (time of rise or fall of the pulse amplitude). 


Hence, different types of pulse modulation are, Pulse Amplitude Modulation (PAM), Pulse Duration 
Modulation (PDM) or Pulse Width Modulation (PWM) and Pulse Position Modulation (PPM). 


In this chapter, we shall confine to amplitude modulation (of continuous wave or sinusoidal wave) only. 


36.7 Amplitude Modulation 


In this type of modulation, the amplitude of the carrier signal varies in accordance with the 
information signal. The high frequency carrier wave (Fig.a) is superimposed on low frequency 
information signal (Fig. b). As a result, in the amplitude modulated carrier wave, amplitude no longer 
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remains constant, but its envelope has similar sinusoidal 
variation as that of the low frequency or modulating signal. 
The carrier wave frequency ranges from 0.5 to 2.0 MHz. 
AM signals are noisy because electrical noise signals 
significantly affect this. 


Let C = A, sin ,¢ represents a carrier wave 


and S$ = A , sin @,f represents the signal wave 


Then after making calculations we see that the modulated 
signal wave equation can be written as 


HA. 


m=A,sin@,t+ 5 cos (@. —@,)t 


A, . 
= 5 “cos (@,. +@,)t .(i) 
where, Lp = —~* is called the modulation index. In practice, 
c (c) 
tt is kept < 1 to avoid distortion. Fig. 36.11 


In Eq. (1), ©. —@, and @, +@, are respectively called the 
lower side and upper side frequencies. 


The modulated signal therefore consists of the carrier wave of frequency w,. plus two sinusoidal 
waves each with a frequency slightly different from @,, known as side bands. 


Ag rover error 
Amplitude Ae fei a chee ea ee 
. | 
> 


(®¢-®s) ®c¢ (®@¢+s) @ in radians 


Fig. 36.12 A plot of amplitude versus w for an amplitude modulated signal 


© Example 36.2 A message signal of frequency 10 kHz and peak voltage of 10 V 
is used to modulate a carrier wave of frequency 1 MHz and peak voltage of 20V. 


Determine 

(a) modulation index, (b) the side bands produced. 
A 

Solution (a) Modulation Index w= a =0.5 Ans. 
A, 20 

(b) Side Bands 1 MHz= 1000 kHz 


The side bands are, (@, — @, )and (@, + @, ) 
or we can write (f. — f, and (f. + f,) 
(f. — f,)=(1000 — 10) = 990 kHz and 
(f. + f,)=(1000 + 10) =1010 kHz Kee 
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36.8 Production of Amplitude Modulated Wave 


Amplitude modulation can be produced by a variety of methods. A simple method is shown in the 
block diagram of Fig.36.13. 


Modulating Signal Carrier Wave 
As Sin @st Ag Sin @ct 


x 


Square law device 


y 


Bandpass filter 


AM wave 


Power Amplifier 


To Transmitting 
Antenna 


Fig. 36.13 


AM wave means amplitude 
modulated wave 


In the y function shown in block diagram there is a DC term (42 + A?) and sinusoids of 


frequencies ®,,20,, 20.,@,. —®, and@, +@,. As shown in block diagram, this signal y is passed 
through a band pass filter which rejects DC and the sinusoids of frequencies w,, 20, and 2m... After 
bandpass filter, the frequencies remaining arem,, @, —@, andw, +@,. The output (AM wave) of the 
band pass filter therefore is of the same form as Eq. (i) of previous article. 

It is further to be noticed that this modulated signal cannot be transmitted as such. This signal is 
passed through a power amplifier and then the signal is fed to transmitter antenna. 


36.9 Detection of Amplitude Modulated Wave 


Signal received from the receiving antenna is first passed through an amplifier because the signal 
becomes weak in travelling from transmitting antenna to receiving antenna. For further processing, 
the signal is passed through intermediate frequency (IF) stage preceding the detection. 

At this stage, the carrier frequency is usually changed to a lower frequency. The output signal from 
detector may not be strong enough. So, it is further passed through an amplifier for final use. The 
block diagram of all steps is shown in Fig. 36.14. 


Receiving 
antenna 


Amplifier |——>|_ IF Stage | Detector ee Amplifier > Output for 
Received signal final use 


Fig. 36.14 Block diagram of a receiver 
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Inside the Detector 
Detection is the process of recovering the signal from the carrier wave. In the previous two articles, 
we have seen that the modulated carrier wave contains the frequencies @, @, + @, and@, —@,. In 
order to obtain the original message signal S (= A, sin@,f) of angular frequency w, a simple method 
is shown in the form of a block diagram as shown below. 
From IF 


stage S(t) 
fe Envelope = 
—_—_—_——— 
Time 


p-. Time 


AM input wave Rectified wave Output 
Fig. 36.15 Block diagram of a detector for AM signal 


Note that the quantity on y-axis can be current or voltage. 


@® Extra Points to Remember 

e The Internet Everyone is well aware with internet. It has billions of users worldwide. It was started in 1960's 
and opened for public use in 1990's. Its applications include, E-mail, file transfer, website, E-commerce 
and chatting etc. 

e Facsimile (FAX) It first scans the image of contents of a document. Then those are converted into 


electronic signals. These electronic signals are sent to another FAX machine using telephone lines. At the 
destination, signals are reconverted into a replica of the original document. 


Solved Examples 


Example 1. Name the device fitted in the satellite which receives signals from 
Earth station and transmits them in different directions after amplification. 


Solution Transponder. 


Example 2. An electromagnetic wave of frequency 28 MHz passes through the 
lower atmosphere of Earth and gets incident on the ionosphere. Shall the 
tonosphere reflects these waves? 


Solution Yes. The ionosphere reflects back electromagnetic waves of frequency less than 
30 MHz. 


Example 3 Which waves constitute amplitude-modulated band? 


Solution Electromagnetic waves of frequency less than 30 MHz constitute amplitude-modulated 
band. 


Example 4 Give the frequency ranges of the following (i) High frequency band 
(HF) (ii) Very high frequency band (VHF) (iii) Ultra high frequency band (UHF) 
(iv) Super high frequency band (SHF). 


Solution (i) 3 MHz to 30 MHz (ii) 30 MHz to 300 MHz (iii) 300 MHz to 3000 MHz 
(iv) 3000 MHz to 30,000 MHz. 


Example 5 State the two functions performed by a modem. 
Solution (i) Modulation (ii) Demodulation. 


Example 6 Why is the transmission of signals using ground waves restricted up 
to a frequency of 1500 kHz? 


Solution This is because at frequencies higher than 1500 kHz, there is an increase in the 
absorption of signal by the ground. 


Example 7 How does the effective power radiated by an antenna vary with 
wavelength? 


2 
Solution Power radiated by an antenna « @ : 


Example 8 Why is it necessary to use satellites for long distance TV 
transmission? 


Solution Television signals are not properly reflected by the ionosphere. So, reflection is 
affected by satellites. 


Example 9 Why long distance radio broadcasts use shortwave bands? 
Solution This is because ionosphere reflects waves in these bands. 


Example 10 What is a channel bandwidth? 


Solution Channel bandwidth is the range of frequencies that a system can transmit with 
efficient fidelity. 
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© Example 11 Give any one difference between FAX and e-mail systems of 
communication. 


Solution Electronic reproduction of a document at a distant place is known as FAX. In e-mail 
system, message can be created, processed and stored. Such facilities are not there in Fax 
system. 


© Example 12. Why ground wave propagation is not suitable for high frequency? 


Solution At high frequency, the absorption of the signal by the ground is appreciable. So, 
ground wave propagation is not suitable for high frequency. 


© Example 13 What is the purpose of modulating a signal in transmission? 


Solution A low frequency signal cannot be transmitted to long distances because of many 
practical difficulties. On the other hand, effective transmission is possible at high frequencies. 
So, modulation is always done in communication systems. 


© Example 14 What is a transducer? 


Solution A device which converts energy in one form to another is called a transducer. 


© Example 15 Why do we need a higher bandwidth for transmission of music 
compared to that for commercial telephone communication? 


Solution As compared to speech signals in telephone communication, the music signals are 
more complex and correspond to higher frequency range. 


© Example 16 From which layer of the atmosphere, radio waves are reflected 
back? 


Solution The electromagnetic waves of radio frequencies are reflected by ionosphere. 


© Example 17 Why sky waves are not used in the transmission of television 
signals? 
Solution The television signals have frequencies in 100-200 MHz range. As the ionosphere 


cannot reflect radio waves of frequency greater than 40 MHz back to the earth, the sky waves 
cannot be used in the transmission of TV signals. 


© Example 18 Why are short waves used in long distance broadcasts? 


Solution The short waves (wavelength less than 200 m or frequencies greater than 1,00 kHz) 
are absorbed by the earth due to their high frequency but are effectively reflected by Flayer in 
ionosphere. After reflection from the ionosphere, the short waves reach the surface of earth 
back only at a large distance from the transmitter. For this reason, short waves are used in 
long distance transmission. 


© Example 19 Define the term critical frequency in relation to sky wave 
propagation of electromagnetic waves. 


Solution The highest value of the frequency of radio waves, which on being radiated towards 
the ionosphere at some angle are reflected back to the earth is called critical frequency. 


© Example 20 What mode of communication is employed for transmission of TV 
signals? 
Solution Space wave communication. 


Exercises 


Single Correct Option 


1. 


Three waves A, B and C of frequencies 1600 kHz, 5 MHz and 60 MHz, respectively are to be 
transmitted from one place to another. Which of the following is the most appropriate mode of 
communication? 

(a) A is transmitted via space wave while B and C transmitted via sky wave. 

(b) A is transmitted via ground wave, B via sky wave and C via space wave. 

(c) Band C are transmitted via ground wave while A is transmitted via sky wave. 

(d) Bis transmitted via ground wave while A and C are transmitted via space wave. 


. A 100 m long antenna is mounted on a 500 m tall building. The complex can become a 


transmission tower for waves with 7 
(a) ~400m (b) ~25m 
(c) ~150m (d) ~2400 m 


. A speech signal of 3 kHz is used to modulate a carrier signal of frequency 1 MHz, using 


amplitude modulation. The frequencies of the side bands will be 
(a) 1.003 MHz and 2.997 MHz (b) 3001 kHz and 2997 kHz 
(c) 1003 kHz and 1000 kHz (d) 1 MHz and 0.997 MHz 


. A message signal of frequency @,, is superposed on a carrier wave of frequency , to get an 


amplitude modulated wave (AM). The frequency of the AM wave will be 
(a) ,, (b) @, 


oO, + 0 oO, — 0, 
c m d) —£ m 
() ——" ( ae a 


. A basic communication system consists of 


(A) transmitter (B) information source (C) user of information (D) channel (E) receiver 
Choose the correct sequence in which these are arranged in a basic communication system. 
(a) ABCDE (b) BADEC 

(c) BDACE (d) BEADC 


. Which of the following frequencies will be suitable for beyond the horizon communication using 


sky waves? 


(a) 10 kHz (b) 10 MHz 
(c) 1 GHz (d) 1000 GHz 
. Frequencies in the UHF range normally propagate by means of 
(a) ground waves (b) sky waves 
(c) surface waves (d) space waves 


. Digital signals 


(i) do not provide a continuous set of values 
(ii) represent values as discrete steps 

(iii) can utilize binary system and 

(iv) can utilize decimal as well as binary systems 
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Which of the above statements are true? 
(a) Gi) and (11) only (b) Gi) and (i11) only 
(c) G), Gi) and (11) but not (iv) (d) All of (i), Gi), Gii) and (iv) 


More than One Correct Options 


9 


10. 


11. 


12. 


Su 
13 


14 


15. 


16. 


17. 


18. 


. A TV transmission tower has a height of 240 m. Signals broadcast from this tower will be 
received by LOS communication at a distance of (assume the radius of earth to be 6.4x 10°m) 


(a) 100 km (b) 24 km 

(c) 55 km (d) 50 km 

An audio signal of 15 kHz frequency cannot be transmitted over long distances without 
modulation because 

(a) the size of the required antenna would be at least 5 km which is not convenient 

(b) the audio signal cannot be transmitted through sky waves 

(c) the size of the required antenna would be at least 20 km, which is not convenient 

(d) effective power transmitted would be very low, if the size of the antenna is less than 5 km 


Audio sine waves of 3 kHz frequency are used to amplitude modulate a carrier signal of 
1.5 MHz. Which of the following statements are true? 

(a) The sideband frequencies are 1506 kHz and 1494 kHz 

(b) The bandwidth required for amplitude modulation is 6 kHz 

(c) The bandwidth required for amplitude modulation is 8 MHz 

(d) The sideband frequencies are 1503 kHz and 1497 kHz 


In amplitude modulation, the modulation index p, is kept less than or equal to 1 because 

(a) u > 1 will result in interference between carrier frequency and message frequency, resulting into 
distortion. 

(b) up > 1 will result in overlapping of both sidebands resulting into loss of information. 

(c) p > 1 will result in change in phase between carrier signal and message signal. 

(d) u >1 indicates amplitude of message signal greater than amplitude of carrier signal resulting 
into distortion. 


bjective Questions 


. Compute the LC product of a tuned amplifier circuit required to generate a carrier wave of 
1 MHz for amplitude modulation. 


. Acarrier wave of peak voltage 12 V is used to transmit a message signal. What should be the 
peak voltage of the modulating signal in order to have a modulation index of 75%? 


Which of the following would produce analog signals and which would produce digital signals? 
Gi) A vibrating tuning fork (ii) Musical sound due to a vibrating sitar string 
aii) Light pulse (iv) Output of NAND gate 


Two waves A and Bof frequencies 2 MHz and 3 MHz, respectively are beamed in the same 
direction for communication via sky wave. Which one of these is likely to travel longer 
distance in the ionosphere before suffering total internal reflection? 


The maximum amplitude of an AM wave is found to be 15 V while its minimum amplitude is 
found to be 3V. What is the modulation index? 


Why is an AM signal likely to be more noisy than a FM signal upon transmission through a 
channel? 


19. 


20. 


21. 


22. 


23. 
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Is it necessary for a transmitting antenna to be at the same height as that of the receiving 
antenna for line of sight communication? A TV transmitting antenna is 81 m tall. How much 
service area can it cover, if the receiving antenna is at the ground level? 


A TV transmission tower antenna is at a height of 20 m. How much service area can it cover if 
the receiving antenna is (1) at ground level, (11) at a height of 25 m? Calculate the percentage 
increase in area covered in case (1i) relative to case (i). 


If the whole earth is to be connected by LOS communication using space waves (no restriction 
of antenna size or tower height), what is the minimum number of antennas required? 
Calculate the tower height of these antennas in terms of earth's radius? 


The maximum frequency for reflection of sky waves from a certain layer of the ionosphere is 


found to be fia, = 9(N 2 where N,,,,, is the maximum electron density at that layer of the 


ionosphere. On a certain day it is observed that signals of frequencies higher than 5 MHz are 
not received by reflection from the F; layer of the ionosphere while signals of frequencies higher 
than 8 MHz are not received by reflection from the F, layer of the ionosphere. Estimate the 
maximum electron densities of the F, and F, layers on that day. 


mie) max 


A 50 MHz sky wave takes 4.04 ms to reach a receiver via re-transmission from a satellite 
600 km above earth's surface. Assuming re-transmission time by satellite negligible, find the 
distance between source and receiver. If communication between the two was to be done by 
Line of Sight (LOS) method, what should be the size of transmitting antenna? 


Answers 


1. (b) 2. (a) 3. (a) 4. (b) 5. (b) 6. (b) 7. (d) 
8. (c) 9. (b,c,d) 10.(a,b,d) 11. (b,d) 

12. (b,d) 13. 2.53 x 107! s? 14.9 V 

15. (i) analog (ii) analog (iii) digital (iv) digital 

16. 3 MHz 17. 2/3 

19. No, 3258 km? 20. (i) 804km? (ii) 3608km*? (iii) 349 % 

21. Six, h= radius of earth 22. 3.086 x10! m®?,7.9 x10! m? 


23. 


170 km, 565 m 


Electromagnetic Waves 


INTRODUCTORY EXERCISE 2. There is a change in potential difference between 
the plates of capacitor. 
4 ia doy Therefore, change in electric field between its 
_ a plates. Now, change in electric field produces a 
d(_A magnetic field. 
-dfes 
dt\ 2 3. %=c¢ 
GA dy ‘- 
2 dt Be Ey __810 
e4 d(c e 3x108 
2 dt e =2.7x10°T 
Gy d (] ay 
2 dt \ Ag 4 emg ee 
2 
_1 dq 2 
2 dt 1 (8) 
ai G dq _ j 2“ \W2 
“2 dt eee 
=—& 
4 ®0F0 
1 
INTRODUCTORY EXERCISE =a (8.86 x 10°!) (50) 
1. c= io = speed of light in vacuum = 5.54 x10? J/m> 
Eolt : 
ies 1 Total energy = (up; + ug) (Given volume) 
Unit of aaa should be the unit of c or speed =2x5.54 x10 x (10 x 107+) (0.50) 
Eo 
file =5.55x10 7 J 
or m/s. 
Exercises 


Single Correct Option 
1. 11 eV energy radiation lies in UV range. 
4. Incase of perfectly non-reflecting surface, 
Ap = z 


where, E = 20 x30 x 30 x 60 
= 1.08 x 10° J 


_ 1.08 x 10° 
3 x 10° 


= 36 x10 kg-m/s 


More than One Correct Options 


5. E, Band velocity of electromagnetic waves are 
mutually perpendicular. 


6. Every accelerated charged particle produces 
electromagnetic waves. 
: 3x10 
8. 4=5=-"5 
f 10 


This wavelength lies in radio waves region. 


=0.3m 


Subjective Questions 


11 ee Ue 
, f 30x10° 
{2 jo] 
f 
_ 3x10 
"7.5 x 10° 
8 
4, = 3x0 _ 


Ey =cBy 
= (3 x 10°) (510 x10-°) 
= 153 V/m 


44. (ac = 04 - S0CR”) 
; d d 


_ (8.86 x 107!) (3.14) (0.12) 
5x107 


=8x10 °F =8 pF 


aes 
C 


dV _1if(dq)_i 
Poa 
0.15 
~ 8x10? 

= 1.875 x 10'° V/s 
(b) i, =i, =0.15A 


15. ies 
Bo 
nah 
c 
@ =2nf 
@ 
c=Vv=— 
k 
k= 
c 
Nee 
k 
16. X¢=—L 
6 COC 


With decrease in frequency, X¢ will increase, so 
current will decrease. 
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Now, 
Iq = 1, 
i. has decreased, so i, will also decrease. 


ye 
17. Ip =—=—&E’c 
E> 375 0 
el (2) « 
eee 
T 
n= PL 
EpC 
_ 225810" 
8.86 x10"? x3 x 108 
= 4,3 x 108 N/C 
E 
Now, c=—2 
Bo 
E 
or Bo= 0 
c 
18. (a) ie 
i 
E 
(b) c= 0 
Bo 
E 
or By =—2 
c 
2 
a) Ey Lo. 
C) Up =~ &E == & = 
Be 
Similarly, uj =—* 
Aug 
After substituting the values 
we get, 
Ug = Ug 
d 
19. i,=i,-4 
dt 


=-—2ngf sin (2nft) 


Reflection of Light 


INTRODUCTORY EXERCISE 
hee 2 
1 10 3 
20 
2 m/s 2 m/s BE Moin = =a m 
O— moO 
O t Imax = + 
10 3 
40 
Iryrax = ere 
2. 
3. 
| 
hmax 
1 
Amin 
1 ~ \ 
4m 3m_2m>~s, 
Person M 3m M' 
Exercises 
LEVEL 1 For normal incidence, i = 0° 
j g 5 = 180° 
Assertion and Reason 
1. Convex mirror can make real images of virtual Objective Questions 
objects. 1. Image is real and incident beam is convergent. 
2. | E 
- 
F ~ 
E i ak? 
|< 20 cm >|« 20 cm >| 
Real object is in front of mirror, not at F’. So, 
image is Hot at infinity. . . 4. J; 4 ul _ 27 i) 
4. Field of view of convex mirror is large. vou fe 
5. m=-— 2, means image is real, inverted an 2-times For virtual object wis positive and for concave 
magnified. mirror f is negative. 


Substituting these signs in Eq. (1), we can see that 
v is always negative or image is always real. 


—0 Cc F 


5 = 180° — 2: , 
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9. Magnified image is formed only by concave 
mirror. But this image may be real or virtual. 


<— xX — 
<— 3x —— 


In the above example, we have seen that for virtual 


object (uw = + ve), image is always real (v = — ve) For real image, 
corresponding graph is shown in Fig. (b). 2x = 80cm 
6. x =40cm 
1 1 1 
-120 -40 f 
Solving, we get f =- 30cm 
Similarly, we can check for virtual image. 
10. Let,w=-—x 
Then, vans 
nN 
1 1 1 
4+ = 
90° — 8 + 70° + 70° = 180° (t+x/n) -x +f 
§=50° Solving, we getx =(n—-1) f 
ee ee 
7. t y —60 = 24 
| 
v=-—40cm 
A 
B v (40) -2 
m - 
\k x >|« X >| . (— 60) 3 
R Image speed is m*-times the object speed and 
f=—=30cm opposite to the direction of object velocity. 
1 1 ? 1 12. For real objects image formed by a convex mirror 
ee = is always virtual, erect and diminished. 
+x -2x +30 
10 m/s 
a x=15cm 13. E 
Hence, AB = 3x =45 cm E 
4cm/s_ E— 
Pe— F 
2cm/s = 
of 


Vpy = 14 cm/s towards right 
Viy = 14cm/s towards left 


ue = ae So, actual speed of image = 24 cm/s towards left 
ne BE Vig = 26 cm/s towards left 
MP_ 08 10 = 26 cm/s towards left. 
ay ox Subjective Questions 
or MP=1.6m>14m 1. Reflected rays are neither converging nor 


Hence, the boy cannot see his feet. diverging. Hence, mirror is a plane. 


438 © Optics and Modern Physics 


2. Image distance from plane mirror = object 
distance. 


Lateral magnifications = 1 


where, J = incident ray 


R= reflected ray 
Angle of incidence = 15° 
Angle between reflected ray and horizontal = 60° 


4. Image from one mirror will behave like object for 
other mirror. 


3b 3b 
5 . |«—_____+ <—_______| 
, . 2 . ; 
i M, M, —? 
re 


OL, = OI, = 2b 
T, is the image of 7, from mirror M, similarly 7, is 
the image of /, from mirror M). 


Ol, = OL, = 4b 
6. Given in the theory. 
7 LLLLLL LLL LLL LLL, 


0.2m 


|« 1.6m >| 
ae = tan 30° = ! 
0.2 
0.2 
d=— 
V3 
N= nee 8V3 
d 
= 13.85 
Therefore, actual number of reflections required 
are 14. 


a ae 
Stotal =6y + 5y 
= (180° — 27) + [180° — 2 (8 — 7)]= 360° — 20 
9. Api lecee 
vu fe 


(a) f=-10 cm, u=—- 25cm 


Solving, we get v=—16.7cm 

Since, v is negative, image is in front of 
mirror. So, it is real. Similarly, we can solve 
for other parts. 


10. (a) From 0O to F, image is real. 


From F to P, image is virtual. 


O 
a 
2m 
C a oe 
0.5m 
¥ 
F a 
0.5m 
pa ae 
P 
Ato eee! 
vou f 
1 1 1 
vy -3.0 -0.5 
v=-0.6m 


(b) When object is at C and P, image coincides 
with object. 


Using 


or t= 


Object 
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Image 


From O to F or from O to 
+ 0.25m 


From F to C or from 
+ 0.25mto+ 0.50 m 


From C to + 0 or from 


From O to — 


From — © to C or 
from + © to+ 0.50m 


From C to F or from 


Me 4217 06% 
V 98 
MP ~¢e,/2 =0 5805 
V 9.8 
16.5 cm 
11. (a) —_—_——+| 
_ 
PC P 
| 11cm 
Q' \< 22cm >| 


and m=-— 


and m=-— 


13. f= 


Let w=-xcm 


Using, —+-= 


We have, + = 
(-x/9) (-x) -18 


Solving we get, x = 180 cm 


14. 


+ 0.50 m to+ 0.25 m 


+ 0.50 cm to + 00 


15. O is placed at centre of curvature of concave 
mirror (= 42 cm). Therefore, image from this 
mirror J, will coincide with object O. 


7 : 
L 1, 
k— 21 em—>|— 21 cm—>| 

42 cm >| 


Now, plane mirror will make its image J, at the 
same distance from itself. 


16. 
oO F 
| 
k—x—>| 
kK y ——+ 
Using . + z 7 . 
vou =f 
1 1 1 
+ _ 
=p T) SO yee 
Solving this equation, we get 
xy= f° 
k—v—>| 
17. 
A 
L, I, 
k—x—| 
k—— 2R——| 
For convex mirror 
Le 
vy -x +R/2 
1 2 1 Rx 
=—+ or v= 
v R x R+2x 


Now, applying mirror formula for concave mirror 


we have 
1 1 1 


+ 
(2R —-x) (2R + v) R/2 


Solving this equation, we can find value of x. 
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18. (a) Image has to be taken on a screen. So, it should 
be real. Hence, mirror should be concave. 


» 


SN 


Image is 5 times magnified. 


Hence, lvj=S5 |u| 
or (5+ x)=5x 
Solving we get, 
x=1.25cm 
Now using, 
I. J 12 
Se ee 
vou ff R 
We have, 
oe ee 
-6.25 1.25 R 
Solving we get, 
R=-2.08m 
LEVEL 2 
Single Correct Option 
1. 
vi 
60° 
60° 
Yo 
| k 
wen =ot=| <| A 
vy, = Vv + vy — 2v9 cos 120° 
-/3 4 Ea 
M 
2 /-—_ L——> 
h 7 
1 
I 1 
I 1 
P B 
3 Ot H 
i atl leg +L> 


AB = PB - PA =2(a+ L)-2a 
=2L = constant 
ee eg ee 
u (— 10) 
| Av |= m? | Au | 
= (- 2) (0.1 cm) 
= 0.4 cm 


Object and image travel in opposite directions 
(along the axis). 


Ac—— 3, m—— 


O L, 


711777. 


\ >| 


| | >| 
3-x' 3-x Xx 


If, =(3-x)+ 3)+x 
=4m 
Solving we get, x =1m 


. Image of c will coincide with this. 


M 


For P: 


20 
v=-—cm 

3 
v (= 20/3) 1 
u (— 20) 3 
Length of image of PM : 


m 


i219 t= om 
3. 3 


Length of image of PC : 
iii 
3 
Ay 
I, 
Lee 
vy -15 -10 
v=-30cm 


pe 
u (- 15) 
|Av|=m |Au| =(— 2) 2 mm) 
=8mm 


7. Let iis the angle between incident ray and original 
reflected ray. Then, initial angle between them will 
be 180° — 27. When mirror is rotated by 20°, then 
reflected ray will rotate by 40°. 

180° — 27 + 40° = 45° 
Solving we get, 
i = 47.5° or 87.5° 


A P 
PM = AC=AD + DC 
=AD+ Be ede e =167cm 
2 2 
Net pulling force 3mg 3 
9. ays =a = - = 
Total mass 4m 4 
agus = 
_ Net pulling force _ 2 mg 
Total mass 3m 
ae 
3 & 
The relative acceleration is therefore : 
3 2 17 
= ae gZ =__ 


4 . 3 12 = 
10. See the hint of Q.No-7 of subjective questions for 
Level 1. 


11. 


Vo=5 m/s 
v, = (5 cos 16°) i + (5 sin 16°) j 
= (481+ 1.4j) m/s 
12. uy = 2 sin 45° =1m/s 


In vertical direction, 


s, = displacement of particle 


1 4 1 4 
= (1) (0.5) —- — gt = 0.5 — — gt 
(1) (0.5) 58 58 
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Sy = displacement of mirror 
i) 
=—— of 
2 
.. Vertical distance of particle from mirror, 
S=S8,;-—S,=0.5m 
Hence, distance between particle and its image 
=25=I1m 
13. Vow =Vo - Vy = (-i-3k) 


Via =(-i+3k)=v,- vy 


or v,=(-i+3k)+ vy 


=(31+4 j+11k) 


14. 


nanan n n> 


x=2cm x=12cm 


>| 


10cm 


m=+5 
v should be positive and 5 times | w |. 


15. 90° - 10+ 27 =180° 


(A) 
r= | ———_ 
2 


p = 180° — (90° — r) — 2i 
= 180° o0° + (% a) 2i 


90°-r 
_ 180° — 47+ 90°+i-9 


2 


= Gas -3i- J) 
2 


m = p—0=180° — (90° - i) — 2i 
(28 at joey 
2 
Substituting 0= 20°, we get 


i= 30° 
16. Ray passing through cis only correct. 
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More than One Correct Options 
1. For real image, 


Let u=-—x, then v =— 2x 
1 1 1 
—2x -x -20 
Solving, we get x = 30 cm. 
For virtual image, 
Let w=—x,then v= + 2x 
1 1 il 
pS ee — 
2x -x -—20 
or x=10cm 
2. Inverted and real image is formed by concave 
mirror. 
Let u=—x, then v= + x/2 
1 1 


1 
+x/2 = ee 
asf 


Erect and virtual image is formed by convex 


mirror. 
Let u=—x, then vats 
1 11 
-x/2 -x +f 
x=t+f 
3 Vav 
0 
iv) 


V, =v? + v’ —2v-vcos20 
=2vsin0 
4. Ray diagram is as shown in figure. 


7 =40 330 


Solving we get, v=-— 60cm 


Hae a (- 60) =— 
u (- 30) 

Speed of image (in event -1) is m? times and m 
times in event-2. 


6. In event -1 
For concave mirror, 
1 1 1 
vy -3f -f 
yv=-15f 
For convex mirror, 
1 1 1 
SS 
vy -3f +f 
3 
v=— f=0.75 
r f ft 
For plane mirror, 
v=+3f 
In event-2 
For concave mirror, 
1 1 1 
— = —_ 
y -15f -f 
v=-3f 
For convex mirror, 
1 1 1 
—+ = —_ 
v -15f +f 
v= ~ = 0.6f 


For plane mirror, 
v=+15f 


Comprehension Based Questions 


OM = MI 
Coordinates of J are (10 cm, — 10 cm). 


2. Object is placed at centre at curvature of mirror. 
Hence, image is at the same point, real, inverted 
and of same size. Hence, coordinates are 


(20 cm, 0). 
a oe 
“y =20 +10 


20 
v=+—cm 
3 


Vv (+20/3) _ " 1 
u (— 20) 3 


r=10(3) =“ em 
3 3 


sane = wa 
3 3 


m 


and pee ee 
3 3 


4. Plane mirror forms image at equal distance on 
opposite sides. 


Hence, x=0, y=40 cm 


Match the Columns 


1. (a)m=-—2 means image is real, inverted and 
2-times magnified. So, mirror should be 
concave. Same logic can be given for other 
options also. 


1 1 1 : a ; . 
2. —+—=— (as uwis positive for virtual objects) 
v +u f 
er 
vofou 


For plane mirror, f = 0%. So, v is always negative. 
Hence, image is always real. 


For concave mirror, / is negative. So, v is again 
negative. Therefore, image is always real. 


For convex mirror, f is positive. So, v may be 
positive or negative. 


Hence, image may be virtual or real. 
3. (a) Image is inverted, real and diminished. Hence, 
mirror is concave. 
Same logic can be applied for other options 


too. 
4. ye ea 
v -20 -20 
v=o 
Vv 
m=-—=0 
u 


Same formulae can be applied for other 
options too. 
5. (a) See the hint of Q.No-1 of more than one 
correct options section. 
(b) Half size image is formed only in case of real 
image. 


x 
Let u=—x, then ae 


Nae Da 
—x/2 —-x 
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x = 60cm 


In the similar manner, other options can be 
solved. 


Subjective Questions 


1. Q 


18) 


20 cm S 


P 


Insect can see the image of source S in the mirror, 

so far as it remains in field of view of image 

overlapping with the road. 

Shaded portion is the field of view, which overlaps 

with the road upto length PQ. 

By geometry we can see that, PO = 3AB = 60 cm 
Pe Distance 60 _ 


=—=6s Ans. 
Speed 10 
F : ee ae 
2. Using mirror formula, | — + — = — 
vou f 
1 1 _-l 
v 50 25 
v=-—50cm 
vy 
m=-—=-1 Ans. 
u 
My 
. . = Iy¢ 
Optic axis of el | 0.5cm 
Se a ic 0.5cm 
eee ate See eee ee eee 1 40.5cem 
Optic axis of Mz = 0.5cm 
a ige 5 


: : 1 1 1 
3. Using mirror formula — + — = — for concave 


vou 
mirror first, we have 
1 1 1 R 
607 a0 [7-4] 
or v=-120cm 
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First image 7, at 120 cm from concave mirror will Time taken to move the boy from G to topmost 
act as virtual object for plane mirror. Plane mirror point and then from topmost point to G will be 
will form real image of J, at S. 2v 
t =— =2.83s 
& 
The required time is 
t=t,-t=l17s Ans. 
5. Applying mirror formula for concave mirror first 
2 : + bes we have 
ae 60 cm +30 cm, 30cm si vou f : 
120 cm 1 1 1 
|< >| = =— — = 
v 110 -100 
Ray diagram is shown in figure. v=—1100cm 


Distance between two mirrors is 90 cm. Ans. AI, = 100 cm. Therefore, final image will be real 


and at distance 100 cm below point A at /,. 


= 1100 cm 
kK >| 
> Alp = 100 cm 
6. In 15 seconds, mirror will rotate 15° in clockwise 
direction. 

FG IH HS 

= Se Hence, the reflected ray will rotate 30° in 

a Ei | Be clockwise direction. 

HS 
6-0") AB. 
1.0 60° 
= ($5) |= slaad 
(5) ( - >| 30 es 
=10m 

FC =2+10=12m 
The boy has dropped himself at point F’. So, his AtT="18 
velocity is 20 m/s in upward direction. 
Let us first find the time to move from F to 
topmost point and then from topmost point to point 

3m 
C. From s=ut+ sat »swehave 0 I 
8 


—12=(20t)+ 5 10) 


Solving this equation we get, t; = 4.53 s. 
Velocity of boy at point G, 


v = (20 — 2 x10 x10 At time t 


= 14.14 m/s (« v? =u? — 2gh) 
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y=3tan 0 1 u u— f 
d do a a f° 
a Gee 8) — ...(i) 
dt dt - 
d d m=". 
Here, a Vp; & = 2° per second u-f 
dt dt : bas 
ae Differentiating we have, 
a = — rad per second 
igo 8G (=) aa aut ...(ii) 
At 1=15s and 0=60° co = fy a 


Substituting the values in Eq. (1), we have 


vp = (3 sec” 00°) | 


. (a) Differentiating the mirror 
respect to time) 


formula, 


POLICE ——>v 


Thief 
ae Nea 
vou =f 

We get velocity of image, 
i (m)'V9 


Here, vy = relative velocity of object with 
respect to mirror 
v, = relative velocity of image 
m = linear magnification 
Here, vg = (v — 20) m/s 
v, = 1 cm/s = 0.01 m/s 
1 
m= — 
10 
Substituting in Eq. (1) we have, 


1 2 
0.01 = (+) (v — 20) 


vy=21m/s 
1 


(b) ++ 

vou 

Multiplying with u we get, 
u 


Vv 


u 
+1=— 


Using mirror formula to find wu with magnification 


1 
m= — we get, 
10 : 
ae 
u/10 ui 10 
Ans. or u=90m_ (with sign wu =— 90 m) 
Substituting in Eq. (ii) we have, 
(with dm (10) 
—— 9 ( 1) 
dt (— 90 — 10) 
=107 per second Ans. 
Note  u is decreasing at a rate ofv — 20 or (21 —- 20) 
or 1m/s 
ae =-1m/s 
dt 
8. (a) Att=4 
u=-(2f +x) 
=-(2f+ f cos wt) 
Using the mirror formula, 
ea () 1 1 1 
ee a 
vou ff 
We have, 
1 1 -1 


v 2f+ f cost ia 


(a 


i.e. distance of image from mirror at time ¢ is 
2+ cos wt 


(reer) 


(b) Ball coincides with its image at centre of 
curvature, i.e. at x = 0. 


(c) Att=T7/2 


2+ cos wt 
14 


+ COS Mt 


Ans. 
1+ cos wt 


or ot=1,x=-f 
Le. u=-— f or ball is at focus. So, its image is 
at 00. 


m= 
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9. Let the ray is incident at a point P = (x,, y,) on the 
mirror. Then, slope at P, 


>X 
tan a -(4) a ...() 
dx (ay) Aby, 
a =90°- 8 
and B =20 


Now, the reflected ray is passing through P(x, y,) 
and has a slope — tan B. Hence, the equation 
will be 


[2=21) =—sanp 
x-X, 


=-— tan 20= =o 
1- tan“ 0 
2 cot a Zs 
Y- YW =—Z— (| - x) -- (il) 
1+ cot” a 
Further, x, = Aby? ... (ill) 
AtF, x=0 ..-(iv) 


From Eq. (i) to Eq. (iv), 

1 

~ 8b 

It shows that the coordinates of F’ are unique 


co 


Hence, the reflected ray passing through one focus 


we get x 


and the focal length is = Hence proved. 


Refraction of Light 


INTRODUCTORY EXERCISE 


Te py X 3X 3H =1 
4 xo-+ = wy, or 3 =2 
32 3hy 
c c 3 x 108 


v fh 6x10%x300x10> 


3. w= 67 


INTRODUCTORY EXERCISE 


sin i sin 60° 
ee Ho 1 


HW, sini, — sin 30° 

ny 

2. quo =1.5=— 
iH 2 i 


INTRODUCTORY EXERCISE 


10 50 
1. (a)d,, =10+ —=—cm 
(8) app 15 3 


(b) h,,, = 10 + (1.5)(10) = 25 cm 


app 


INTRODUCTORY EXERCISE 


1. Total shift C : }: + fi : }: 
My Ho 


: 25 125 
Image distance = 50 — 3 =——cm 


INTRODUCTORY EXERCISE 


1. All rays starting from centre pass undeviated as 
they fall normal to the surface. 


2 +ve 


Using —-—= 7 . we get 


» =10 15 


Solving, we get v=-—8.57cm 


= 


(a) Using a ia 2 A PoP i we get 
v u R 


15 10  15-1.0 

y -—20 +6 
Solving, we get v=+ 45cm 
Similarly other parts can be solved. 


4. ie cm 
= Pao. we get 
1 4/3 _ 1-4/3 
v —10 -15 
Solving, we get v=—9.0 cm 
5. ——_ * 
—_ 
—_> 
Using the equation 
ee 2D we get 
v u R 
144 10 144-1. 
v oe) + 1.25 
v=4.0cm 
INTRODUCTORY EXERCISE 


1 1 ot 1 1 
1: 1 
vu f " If; a 
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1 1 (1.65 -1) 1 1 —y?-dv+u’-du=0 (as f=constant) 
-20 -60— - R 2 
oe dv =|-—|-du 
Solving we get, R=39cm u 
: Lk _ 1 8. It is just like a concave mirror. 
-50 u +30 |f |=0.2m 
Solving, we get u=-—18.75 cm a |R|=0.4 m 
v (— 50) Focal length of this equivalent mirror is Air 
m= — =———— =2. 
u (— 18.75) 
I =m(O) =2.67 x2 Water 
=5.33cm 
3. ——>+ve +ve <—_ 1 2(45/uy) 2 (4o/u,-) (extra points) 
F R R : 
2 1 
——- ( ( —- _ 2(4/3) 2 (4/3 -]) 
—+ Fr VR Bay Bg -04 +04 
f. 
fy 2 or F=-0.12m or -12cm 
1 (a -1) 1 1 (i) 9. |R|=0.5 m (from first case) 
—=(u ead 
ii R, -® In the shown figure, object appears at distance 
1 1 7 d= uu (0.2) + 0.2 
h (uw — I) R, —-R, -- (ii) Now, for image to further coincide with the object, 
: d=|R 
Solving these two equations, we can see that . IR 
iad, Solving we get, pw, =1.5 
4 , 10. O=J1,1, (Displacement method) 
a 2 
—0 F, Pia = ae 
When object is moved from O to F,, its virtual, 11. Virtual, magnified and erect image is formed by 
erect and magnified image should vary from O to convex lens. 
— 0, Let u=-x 
5. (a) & ) Z | Then, a v — 
f : 7 * Now, SSS 
7 f=t 36cm —3x -x +12 
(b) Between O and F; image is virtual. Hence, for - x=8cm 
real image. Distance between object and image 
lu|< f or 36cm = 3x —x=2x =16cm 
6. f=10cm f=10cm 12. Diminished erect image is formed by concave lens. 
t QF t Let u =—x, then v =-5 
aF } ar Now, |u|—|v|=20cm 
x 
l< >| . or = 
ee ae es aes 2 5 20cm or x=40cm 
111 # u=-40cm and v=-—20cm 
ae eee 
ee f 20 —40 


Differentiating this equation, we get 


13. 


If an object is placed at focus of lens (= 10 cm), 
rays become parallel and fall normal on plane 
mirror. So, rays retrace their path. 


INTRODUCTORY EXERCISE 


! 
30° ' 


Critical angle = 7 = 60° = @ 


: HR : o_ wu 
a erin > se 
Solving we get, p = 1.5 
_c 3xl0 
vy 223x108 — 


eer ne fs eee peer (0.77) 
5 mM 13 


» (a)py sind, =psini, =p, sin O%& 


inQ= 130 
(1.6) sin 0= (1.80) =) 


6=sin! (2) 
16 


(b) If 0 is decreased, then 7, will decrease from the 


value 0... Hence, refraction will take place in 
medium-3. 


INTRODUCTORY EXERCISE 


sini 
“ sin 30° 


sini = uw sin 30° 
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1 
0.65] =0.8 


L= 93" 


P ray deviates from its original path by an angle, 


6 =i —30° = 23° 


.. Angle between two rays, 0 = 26 


= 46° 
2. 
B 
t= 06 
1 2 
sin i = sin Q.=— == 
, 3 
g 
Applying Snell’s law at point A, 
We have 
u,,sinO =p, sini 
4 3 2 
=sin@=—x— 
3 2 3 
sin 8 = a 
4 
(4 + a) 
sin ; 
3. uw =— 5 =30° 
sin (4/2) 
4. i,=0° > 7,=0° or H=A 
Now, =O =A 
1 2 
sin A= sin@,.=— == 
a 


or A=sin! (2) 
3 


5. =i, +i,-A 
30° = 60° + i — 30° 


i, =0 or H=0 


Hence proved. 
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>  =A=30° 


Now, = a0 = al se V3 
sin, sin 30° 
6. = sin i; 
sin (i,/2) 
_ 2sin (i,/2)cos (7, /2) 
sin (7,/2) 


Solving this, we get i, = 90° and 7, =3 = 45° 


8. ABC can be treated as a prism with angle of prism 
A = 90°. Condition of no emergence is 


Cc 


At minimum deviation, A220. 
fe tage SS ° A 
a or sin 0- < sin G 
A=rt 7 =90° “ 
Ws th, ses 
7. Fromp = sin (A) / sin (A/2) or " < sin 45 
We can see that given deviation is the minimum or i et 
deviation. u 2 
A p2 V2 
1 . if | 
9. 6 =sin! )- sin if = 38.7° 
M, N a 
fh, = Q@ = 38.7° 
1% =A — tm = 45° — 38.7° = 6.3° 
B Cc Now applying, up = = 
At minimum deviation, MN is parallel to BC is . 
ZB = ZC. we can find ij. 
Exercises 
LEVEL 1 ee 


Assertion and Reason 


1. Shift due to a slab = [i - | t 
a 
is in the direction of ray of a S 


light. Hence, Ram appears 
nearer to Anoop by that much 
distance. 
4. Pcan be assumed a slab of negligible thickness. 
Deviation is almost negligible. 


6. Image is formed at second focus (not the first 
focus). 


7. A=60° and &,, = 30° 
Substituting the values, we get 
p= V2 
eee 
ae ee: 


J, = Focal length of convex lens (+ ve) 

J, = Focal length of concave lens (— ve) 

If f, >| f: |, then F comes out to be negative. So, 
it becomes a diverging lens. 

Negative power of a diverging lens is just for its 
diverging lens, nothing else. 


9. By inserting a slab between the lens and the 
object, effective distance between object and lens 
decreases. So, object now comes between F and 
2F or between F and O. 


| F 2F 
+ 
2F OF | 
i S—=s- 
d= 2F 


In the first case, image is real and magnified and in 
the second case it is virtual and magnified. 


10. If medium on both sides of the lens is same, then it 
doesn’t matter, which side the object is kept. 


11. 7=45° 
For p>V¥2 or 1414 > @<45° 
They get TIR on face AC. 


12. For virtual object a concave lens can form a real 
image. 


1 1 1 


Objective Questions 


B : ‘ 
2. uw, Aand 2 are dimensionless. 


Hence, [Bl=[V [2] 


u of red is least. So, d,,,, for red is maximum. So, 


> app. 
they appear to be raised least. 


4. &= sir'(4) 
m 


uw for violet is maximum, so Q¢ for violet is least. 


ft RK, Rk, 
1 1 
=ii6=1 
( (4 =) 
=412D 
8 
6. eet a2" 2955 si0 mis 
nu (4/3) 


7. After a certain angle all colours get total internally 
reflected. 
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8. Frequency does not change during refraction, but 
wavelength and speed decrease in a denser (here 
water) medium. 


9. w, sini, =p, sini, 


ie : sini [3 
HW sing=p,sinr or ——=—= 
sinr wy 
10. 7 =i and 74=90°-7, =90°-i 
Now, [Lp Sinig =Hpsinip 
a Lp ae ay = sini 
Lp sinip sin (90° — i) 
or sin Q@. = = : = tani 
cosi 
> 0 = sin! (tani) 
11. At minimum deviation, 
h=Hh=— = 30° 
Now using, wu ul or V¥2= aml 
sin sin 30° 
We get i, = 45° 
1 1 1 
12. — =(1.5-1) ar 6) 
0.2 R, Rk 


1 1.5 1 1 % 
05 (+ } (2 z) .. (ii) 


Here, pp = refractive index of medium or liquid. 
Dividing Eq. (1) by Eq. (ii), we get 
1 15 


“(isije1 ° * OR 


13. From Snell’s law, 


uu sini =W4sinx 


sinx =~ sini 
Ha 
14. Focal length of any one part will be 2 f. 
ee eee se 
EF if of of 2 
15. In air, focal length is 
eee er 
1 1 
= = (1.5 n (i) 
1 R 


452 © Optics and Modern Physics 


Dividing Eq. (i) by Eq. (ii), we get 


ae 08 
(1.5/u,)-1 
a ee 
re 06 2 
Aes 
Fofo h th 
To behave like concave lens, F should be negative. 
d 1 1 
So, — >— + — 
fitz fi th 
or a > dit Se 
fi, Sih 
or d>(f, + fr) or 30cm 
17. Condition of no emergence from opposite face is 
A>20. 
18. 4 =0,,=4 
sini; i dy 
= Poe eens i 
snj, 4 A ue 
: (4 + °n) 
sin ; 
19. yp =—~_*_~+ 
sin (4/2) 
: A 
Given, pu = cot (4) 
2 
Solving, we get sin = 180° — 24 
20. At minimum deviation, 
4 =h =— = 30° 
Now, _ =“ 4  f2= sal i 
sin} sin 30° 
Solving, we get 7, = 45° 
| ae ee 
Ff & ih 
= fith ad 
Ait oe 
1_ht f)- 
PF Sih 
F= ean ...(i) 
(A+ f)-4 


If dis doubled, focal length is doubled or 
denominator becomes half. 


(fit f= 2d =s1Ui + A)-al 


or (f, + fo) = 3d 
Substituting in Eq. (1), we have 


22. 


23. 


24. 


25. 


Originally, 
_ Sh  _ fh _fh 
(f+ f)-d 3d-d_ 2d 
When d is made 4 times. 
fe te 
(fi + fr) -4d 
=-—2F 


1 1 
og 7S of; -=| 


R=6cm 
2R=12cm 


fi. . fih 
3d —4d d 


Lens formula: 


4 15 30 
¥, =- 30cm 
Mirror formula: 


Vy = — Uy = —(-45) = 45 cm 
Lens formula: 
1 14 
y; 60 30 


v3 =+ 60cm 
Hence distance of final image from object 


= 60-15=45 cm 
Z 60 cm 
> 
Tz Ip 
h O 
#444 > 
15cm15cm 45 cm 


ny Sin 1, =n; sin i; 
(1) (sin 45°) = V2 sin i, 


: 1 
> sin as or 7, = 30° 


; ote + °a) 
sin 
—\ 2 7f 


sin (4/2) 


For small angled prism, sin z = 
oe + tn) =! 
sin 


ae : _ (A+8 ar 
With increase in L, sin [As) will increase. 


ae eit 


Hence, 6,, will increase. 


sini _ 2sin (7/2) cos (i/2) 
sin (i/2) sin (i/2) 


Solving we get, i = 2 cos”! (n/2) 


»~ N= 


27. If object is placed at focus of convex lens, rays 
become parallel and they are incident normally on 
plane mirror. So, ray of light will retrace its path. 


28. eo Jo ES or r= 30° 


sin r sin r 


Srotal = 84 im 53 + dc 
= (45° — 30°) 
=- 90° or 


; (4 + °a) 
SL. |-————— 
So 


30. ! (; (3 7 
f Ws 10 —10 


Solving, we get f =-15 cm 


[180° — 2(30°)]+ (45° — 30°) 
| Srotal | = 90° 


31. Image formed by convex lens 7, should coincide at 
C,, the centre of curvature C of convex mirror. 


12cm 10cm ra 


For convex lens, 
1 1 1 


+ C0437) —12~ 410 


Solving this equation we get, f = 25 cm 


32. For convex lens, 
1 1 1 


vy -12 +20 
This image /, is therefore, (30 + 10) cm or 40 cm 
towards left of plane mirror. Therefore, second 
image J, (by the plane mirror) will be formed 
40 cm behind the mirror. 


v 30cm 
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sin i 3. sini a ae 
33. amet r AB aia) or i= 60 


5 = 60° — 45° = 15° 


34. 4=0° and 7 = 4A =30° 
Applying, pot 
sin j 
_ sin i, 
sin 30° 


Ld de ak 
=—+—=—+ 


uo -75 
I =m0O = (- 2) (1 cm) 
=-2cm 
Ho Hi _ Ho 7B 
v u R 
1 3/2 _ 1-3/2 


v +30 +20 


36. Applying, 


1 1 z 1 
or -=—-— 
v 20 40 
a vy=40cm 
37. 1 & 7 1 1 
f U4 -30 -50 
f =-1050 cm 


38. Between 1| and 3 there is no deviation. Hence, 
H, =H3 
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Between 3 and 2 


Ray to light binds towards normal. Hence, 


Ho > HH. 
. oe + °a) 
sin 
$9: 423,260) S p=e—* 
sin (4/2) 
Subjective Questions 
343 
a =—— =0.229 
n= 1498 
(b) , = sin (0.229) = 13.2° 
2.4, : Paani b Hal 
vy, c/by e c 


1 
bh —t = (lo -by)- 
c 

_ (1.63 = 1.47) (20) 


3 x 108 
=1.07x10° s 
3. (a) t= Po tml = minimum 
vy, cn ec 
1.2x10° 
3 x 108 
=4x10s 
Xr 
(b) 2 = 2 
n 
Number of wavelengths across any film, 
tin 
a. Te 


_ sin 60° 


sin r 


Solving, we get r= 28.8° 


MP = PO tanr 
MN =2 (MP)=2PQ-tanr 
=2~x 6 xtan 28.8° 


= 6.6cm 
_ sin45° 4 
sinr 3 


—— +ve 


oa > Pl, = 4.3.cm 


Hyg Hi _ 
Vv u 

1.5 10 = 15-1.0 
vy, -25 +10 


—Hi two times 


Applying 


Solving, we get 
vy, =—-4.3 cm 
Again applying the same equation, we get 
1.0 15 — 10-1.5 


v, — 243 -10 
Solving, we get 
— 85cm 
or Ol, = 85 cm (towards left) 
7 
Applying sao ee ce ca a get, 
v u R 
10 15  1,0=1,5 
-10 -u — 2.0 
Solving we get, 
u=1.2cm 
- For plane surface, hy, = uh 
3 
=—x10=15cm 
2 


This first image is at a distance, (15 + 3)cm from 
the plane mirror. So, mirror will make its second 
image at a distance 18 cm below the mirror or 
21cm below the plane surface. 


Now further applying, 
app = Le a” 14 cm 
u 5 


below the plane surface. 


6cm 


Applying /,,,, for first refraction, 
PI, =8u = (towards left) 
OL, =PQ + PI,=(6+ 8) 
OF, = OI, =(6+ 8), towards right. 
PI,= PQ + QI, =(12+ 8) 


Applying d, 


d ; . 
app = — for third and last refraction we 
a 


have, 


P,=(2* ‘| <16 
uu 


9. 
h 
k >| 
4cm 
Applying, =~ we get 
sinr 
4 4/J16+ 1° 
3 24+ 
Solving this equation we get, 
h=2.4cm 
10. 


Oc \ 90° 
RL-* \ 
Oc 
n 
P M 
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CM = R sec 0, = 
cos Q& 
5cm 
= ——— =6.7cm 
cos 41.8° 
PM =CM —-CP = (6.7 — 5.0) 
=1.7cm 
11. 


\ Gary)" 


Apply Be Pi Pot tour times, 
v u R 
We have 15 1.0 15-1.0 
eo) +10 
vy, =+ 30 cm 
10 15 —10-1.5 
vy +25 -— 5.0 
vy =—- 25cm 
15 10  15-1.0 
vz —35 — 5.0 
v3; =— 11.67 cm 
1.0 15S 10-1.5 
v4  — 16.67 — 10 
> v4 =— 25 cm 
.. Final image is at 25 cm to the left of P. 
12. Applying Bo Pi B27 BF we have, 
v u 
P 


1.0 16 10-1. 
vy —3.0 — 5.0 
Solving we get, v=-— 2.42 cm 


This is distance from P (downwards). 
Distance from observer = 5+ 2.42 
= 7.42 cm 
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13. or Fst aes 
f +15 +410 
Solving, we get f =—30cm 
17. - a 
I 
Given, — Wed cm/s kK} | 
25 cm 15 cm 
Distance of bird as observed by ee 40 cm 
Z=ytpx=yt—x 
3 I, is formed at second focus of L, and first focus 
~dZ _~dy | 4 (==) Aci) of Ly. 
dt dt 3\ dt 18 Ly Ly 
Given, “e =16cm/s O Ip I 
t 
Substituting in Eq. (1), we get 7.5. cm 
ae | 
oo Sealy Kk uP 7 > 
dt 30cm 30cm 30cm 
a For L 
14. f= (displacement method) orl), 
4d a 
f=16 cm, x = 60cm vy —30 +20 
Substituting the values we get, - y=< 60em 
d=100cm For Ly, 
1 1 1 
15. (a) =~ ae 2 
f RR, v +30 +10 
fx 1 Be v=7.5cm 
, u-l 19. Object is placed at distance 2 f from the lens. 
fi _be-1_ 1.7-1.0 Hence, image is also formed at distance 2 f on 
ee h, = wil = 15=10 =14 other side. For mirror, 
40 
(b) If refraction index of the liquid (or the ke em >| 
medium) is greater than the refraction index of 40 cm I, ! 
lens it changes its nature or converging lens fe) a2) 
behaves as diverging. 5cm 
16. 7 f=20cm f=10cm 
& I 30 cm 
1 + 1 1 
v +10 -10 
fs 
P 15 cm Ray diagram is as shown below 
10 cm I 
11 — 


Using 


20. For second lens, 
1 1 1 


v -5 -20 


10cm 5cm 5cm 
>|} 


f, = 10 cm f, =-20cm f,; =9cm 


For third lens, 
1 1 1 
v —-(4+9) 4+9 


v=o 


21. See the result of sample example 31.30 


R= A 
p?-1 
h=Rp?-1 
4 
= (lem) (5/3 -1 =z0m 
22, ante 
wy 3 
Now, lu, sind; => sini, 
or lu, sin@-=p,sin@ 


)3)-G) 


n, Should be less than n, for TIR at M. 
sin 8¢= nal 
Ny 


AtN, n,sin®, =7,sin (90° — 0.) =m cos O 


7 I 
sin 0, =— cos & 
ny 


4 n +2 
sin 0; =— J1- sin? @& 


ny 


2 
a Le 


ny 
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Hp 
I oF 
Water : aN 
Glass 
01 
i=0° is Oc 
5, = 0° 5, = 90° — 0. 


cos 6, = cos (90° — @.) = sin ®. =5 


_1(8 
3) = cos (3) 


: (4 + °a) 

sin | — 

25. Using» =, 
sin (4) 


Given, 6,,=A 
2 sin — - cos— 
3 _ sind _ 
sin — sin — 


Solving this equation, we get A = 60°. 
26. Condition of no emergence is, 


A>20¢ 
1 
- 1 
Amax = 20¢ = 2sin (4) 
= 84° 
27. (a) At minimum deviation, 
A le} 
R=Hh= 3 = 30 
Applying = ca or 1.5= = 1 
sin 7, sin 30° 
We get i; = 48.6° 


Srotal = 5p + 80 of 8p 
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= (48.6°-30°) + (180°—2 x 30°) + (48.6°— 30°) 
= 157,2° 


(b) =sin (48.6°) = 1.5 sing 


Solving we get, 7, = 41.8° 
1 = 60° — 7, = 18.2° 
h, = 60° — 4 = 41.8° 
i, = 48.6° 
Hence, 
Srotal = (48.6° — 41.8°) + (180° — 2 x 18.2°) 


+ (48.6° — 41.8°) 


=157.2° 


28. Dispersion power, 


oO= 


29. (a) 


=~ © 39) 9.18)=0.27 


F f, fp 20 30 


30, C14 9 


h 
Let 1-stands for flint glass and 2-stands for crown 
glass. Then, 
A 
i 
Focal length of flint glass is more. So, its power is 
less. Combined focal length (and hence combined 
power) is positive. So, convex lens (converging 

lens) should be made up of crown glass (having 


more positive power). 
1 1 1 


—=— + 
Feh A 
1 1 1 
———3,— + cs 
150 -15f f 
Solving this equation, we get 
fy = f =50cm and 
,=-1L5, f=-—75 cm 


Oy) 


3 
a or | AI=15] hI 


Now, 


31. For blue light, 


or 1.68 = — 
sin 7; 
Solving this equation, we get 
rh = 32.6° 
= A-1%=274° 
Again applying, 
u= sumac or 1.68 =————— 
sinh sin 27.4° 


sin i, 


Solving this equation, we get 
in = 50.6° 

Now, $,=i,+i-A 

or 5, = 65° + 50.6° — 

For red light, 


60° = 55.6° .. (i) 


or mH = 33.3° 


_ sin i 
~ sin 26.7° 
in = 47.8° 
= bg =i, +i,-A 
or Sp = 65° + 47.8° — 
From Eqs. (i) and (ii), we get 
5, — 5p = 2.8° 


60° = 52.8° ...(ii) 


LEVEL 2 


Single Correct Option 


4 8 
1. he Bg RO 


: . 11 ' 
Distance from mirror = 1+ Ay, = = m. So, mirror 


will make image at same distance (= 11/3 m from 
itself). Now in third refraction, depth of second 
image, 


=6 2 52 i. 
“pow 3) C4 
The desired distance is therefore, 


(dy + A) 


(2 11 
or —+2\)/m or —m 
2 2 
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2. Applying, #2 — #1 = #2—#1 we get, 7. i; =H = 0° 
v u R ty = 90° — 8 = 53° 
15 1 15-1.0 1 
a ee @. = sin”! (=}-37 
m 
v=+3R 


Since, 4, > 0, T/R will take place on the face AB 


3. 3=Syct dyp 
= 0+ 180° - 24 
= 180° — 2 x 53° = 74° 
Misidddddd ddd 8. BO 
in 60° i x 
pp 3 
sin 30 LLL Le 
4. Refraction from first surface, | y 
H2 Hi _H27H2 FO 
v1 x +R y 
Refraction from second surface, hy =x + L --G@) 
M3  H2_H37H2 re 
= aS Vy = hy = y+ ux ... (il) 
f _R (as v) = f) h=YTU 
Adding these two equations, we get Eq. (i) can be written as 
H3 _ W271 W372 Bed oy, or bi 5. or ie? 
f R R Mm Ll h, 
Lens becomes diverging if f is negative or 9. MC =QOC —- OM =(R-0.3)cm 
H3—Ho>Ho - Hy PC? = MC? + PM? 
or M3 thy >2pHo 2 2 2 
Same result is obtained if parallel beam of light is Bar aie) 
incident from RHS. i) 
5. In first case, 
u=— 16cm, then v = (+ 16n) cm 
i 11 Q 
ee i) 
lon -16 f 
In second case, 
u=-—6cm, then v = — (6n) cm 
1 1 1 . Solving this equation, we get 
=: <6 7 ++ (ii) R=15cm 
Solvine these two equations: we set 10. Sce the hint of Q.No-5 of the same section. In that 
e iad u a example, 
Coie 16 +6 
ca d f= > =llcm 
me (n/n) 
1 1 1 
ny 11. —=—+— 
d=—d,, Ah h 
m1 1 1,1 4 
d Ny d Ny EY, ae: 
(d) apy | = x 2 1 2 1J2 
dt ny dt ny K,>F, 
dv A d | =e mR? nN So, image of distant object will be formed to the 
dt dt ny right of P. 
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. (As) 
sin 
| es 


sin (4/2) 


uy and A for both rays are same. Hence, value of 6,, 
is also same for both rays. 


13. Q. = sin”! (“) 
ru 
= sin! 2) = 40.9° 
7 
1h = O = 40.9° 
4 =A—%=19.1° 
_ sind, 
sin 7, 
7 _ sin i, 
3 sin i 


Solving this equation, we get i, = 30° 
14. If object is placed at focus of plano-convex lens, 


then it will make rays parallel. Now, these rays fall 
normal on plane mirror. So, they retrace their path. 


15. If object is placed at centre of the sphere, then all 
rays starting from C fall normal on spherical 
surface and pass understand. 


iG seb et 
Up 3/2 5 
,=0° > nH=<B=90°-0 
Now, > 9. 
or sin % > sin @ 


sin (90° — 8) > : 
or cos > = ...(i) 


4 
cos 37° = — 
5 
From Eq. (i), we see that 


0 < 37° 


17. From the first refraction, rays should become 
parallel. Or, image should formed at infinity. 


Applying, 
Ho By Hoy 
u u R 
3/2 1.0  3/2-1.0 
o —-x +10 


Solving, we get 
x =20cm 


19. 


20. 


21. 


22. 


. (a) Two images are formed in case (i). 


(b) One image is formed in case (ii). 


1 1 1 2 . 
OF=W (3 i] Su-d 
1 1 1 

+ 


i ty Fy 


1 1 1 1 2 
(u if 2 z+ (5 1). 


From Eqs. (i) and (ii), we can see that f, = f5. 
1 1 1 1 1 


= + 
f OB -OA OB OA 
f= (OA) (OB) 
AB +OB 
(OA) (OB) 
= $——_=— gall 
f a (i) 
Now, AB? = AC? + BC? 


or (OA + OBY = AC? + BC? 
or OA? + OB? + 2 (OA) (OB) = AC? + BC? 
GG 300") +(86"*-0c) 
+ 2 (OA) (OB) = AC? + BC? 


Solving, we get 
(OA) (OB) = OC* 
Substituting in Eq. (1), we get 


fe OC? 
AB 
Shift = C _ Haak t 
H slab 
=|1- an x 36=4 cm 
3/2 
h_ 21 h _ 21 
nh 2 (4/3) 2 
Solving, we get h = 14 cm. 
eee 2cm __9 
lcm 
> |v| =m |u| 
Object 


23. 


24. 


25. 


Using the equation, 
1 2(o/H1) 2 (U2/H, — 1) 


F Ry R, 
1NV 2 
we get 
1 2(1.5) 1€0.5-1) 
—10 oo) R, 


Solving, we get R, = 10 cm. 
In air, object lies between F and 2F. 


In liquid, focal length will become 4 times. So, 
object will now lie between optical centre and 
focus. 


Condition of no emergence, 
A>20 


A 
06 < = or 45° 


; I, 8 
sin @. or —<sin 45° or 


For no emergence, pt > 2 


u (-—10cm) 2 
X;,, =20 +5=25cm 
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1 
Y,, = (5 mm) (3) = 2.5mm 


= 0.25 cm 


28. i= 0° for all values of 6, as the rays fall normal 


C ie 4 
2 29. 


to sphere at all points. 


Cavity of placed at centre. Hence, image of cavity 
is also formed at centre, as all rays fall normal to 
surface at all points. (so pass undedicated). 


vy, =+ 60cm 
v, _+ 60 
m,=—= = 


——=-2 
uy —30 


For second lens, 
1 11 
v», -60 +20 
vy, =+ 30cm 
v, (+430) 1 
u, (-60) 2 


m=m, m,=1 


My 


Final image is 30 cm to the right of second lens or 
150 cm to the right of first lens. 


m=1 
Hence, image height = object height 


=3mm 
\l _ 
Apply Ho by WoT hy 
v v R 
2 1-2 
Weget —-——=—— 
vy -10 —-10 
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If angle of @ is less than this value, then angle of 
32.0 v6 incidence at N will be greater than 0.. Hence, TIR 
will take place at V. 


2F 2F 
37. Reflection from the concave mirror, J, 


1 


ae 


++ 
20 cm 20 cm 


1 1 1 
a3, Laas-0(4-4) 


\ 
R=7.5 cm 
With polished surface, 
1 2(u5/u,) 2 (uo/u, —) Ea u = 1 v=+2cm 
F R, R, vy -l -2 
ele) Shift due to slab = ( - 2) t 
—75 00 n 
F=-2.5cm = (1-2/3) (9 cm) 
Now, using mirror formula, =3cm 
I 1 = 1 Now, slab will make next image at a distance 3 cm 
y —20 —2.5 from J, in the direction of ray of light, i.e. at O 
20 itself but it is virtual, as the ray of light has crossed 
Solving, we get v=-— i cm the slab and we are making image behind the slab. 
1 2 38, '2 M4 
34. Shift [i t (1 (6)=2cm —— 
u 3 <— 
For mirror, object distance = 50 — 2 = 48 cm. 
So, mirror will make image at a distance 48 cm Ly Why My by 
behind it. In return journey of ray of light, we will Gp. - = R 
have to farther take 2 cm shift in the direction of 
ray of light. J Lae | 
So, image distance as observed by observer v R u 
= (50 + 48) -2=96 cm If, >, and wis positive (i.e. virtual object), 
| then v is always positive or image is always real. 
35. Using — —— =—, we get a | 
vu f ce a 
1 1 1 Ph 


+(f+40) -(f+10) +f 
Solving this equation, we get 
f=+20cm 

36. Applying Snell’s law at point M, we get 


sin 0 : 
or sin 8=n, cos 0. 


~ ‘sin (90° — ¢) 1 4 i-- i 
. =(1.6 (2 +)*es v= =| 


: Nn 2 
=nyvl sin? 0 =n, ,I1 ; n Ny 


ny 


Solving we get, F = 28.57 cm 
40. 


—_ 
—_ 


—_. 


41. 


42. 


43. 


44. 


15 10  1.5-1.0 


v —u +R 
15° = 1 
or — =— + — 
v u 2R 


For image to real (for negative value of u) v should 


eae 1 1 
be positive. Hence, — <— or u> 2R. 
u 2R 


When object moves towards F' to O virtual erect 
and magnified image moves from to O. 
1 1 1 dy 


=—t+ 
Ph de It 


jf, and. f; both are negative. Hence, F is also 
negative. Object is real so combined lens (having 
negative focal length) will always make, its virtual 
image. 


Using —= 
u 


Bo _ Bi _ B27 Pi ve get 
u 


3/2 10 3/2-1 
oc -x + 60 


x =120cm 


Hence for x = 120 cm, rays of light become 
parallel to principal axis and fall normal to 
polished surface. 


Hence, rays retrace their path. 
16 10 16-1.0 
vy, -2 + 1.0 


> vy, =16m 
2.0 10 2.0-1.0 
Vv, —2 +1.0 


v=4m 
In1,=V1— Vy 
=12m 


More than One Correct Options 


1. 


For n = 2m, it is just like slab. 


Deviation = 0 
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For n = 2m-+ 1, it is just like an identical prism of 
larger size. 


Speed of light in medium- yis less. So, it is denser. 
TIR takes place when ray of travels from denser to 
rarer medium. 


. (a) If vacuum speed of light of all colours is same. 


(b) 
Bs P E 


If object moves from © to P, then its virtual, 
erect and diminished image move from F to P. 


. Displacement method of finding focal length of 


convex lens. 


1) A=(1.5-1) 4° =2° 


To rotate ray MP by 2° (to make it parallel to 
MN) we will have to rotate the mirror only 
by 1°. 
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(b) Without prism, ray of light was falling normal 
to plane mirror. So, ray of light was retracing 


its path prism has deviated it 2°. So, if we 


rotate the mirror by 2°, ray of light further falls 


normal to plan mirror and retraces its path. 


Comprehension Based Questions 
11 1 1 


1. Using the mirror formula, ; + 


v u —40 10 


Solving we get, f =— 8 cm 
2. Focal length of lenses is 


P=2P, + Fy 
1 

or = 7 =2P, + P, 
1 1 2 

or —=2/— = 
8 2R R 

or R=24cm 

Radius of curvature of common surface 
=2R=48 cm 


3. Combined focal length of lens, 


1 1 1 
7 =e o(, a4 7 


1 
+ 48 


+as-(-5-4 


_ il 
48 
Now, combined power of system 


po2[z}te=2(3s) 


F=-24cm 


Match the Columns 


1. (c) and (d) sar4 


1 1 1 
a 


vou fe 
Between O and F, or between F, and 2F,, wis 
positive. So, v is also positive. 


m=— 1s positive 
v 


Therefore, image is real (as v is positive) and erect 
(as mis also positive). 


1 1 1 
2. aera 


Between O and F’, wis positive and less than 
f. So, v is positive (therefore image is real). 
Further from 
v 
m=— 
u 
We can see that m is allow positive. So, it is 
erect also. 
1 1 1 
(b) = -==— 
vu —f 


Between F’, and 2F;, u positive and greater than /. 
So, v negative (therefore image is virtual). 
Further from 
m=— 
u 


We can see that m is negative so, image is 
inverted. 


3. (a) and (b) 


yab2y 
Hy 
> |v] < |u| 
as Hi >be 


i.e v and ware of same sign. 

Or they are on same side of plane surface. 
From plane surface, if object is real, image is 
virtual and vice-versa. 


(c) and (d) 
yotly 
Ho 
> |v] > | 
Other explanations are same. 
1 yp-l 
A GQie ee 
@) vy o-u —-R 


wo-l_p-l 


v u R 


Therefore, v is always negative. Or image is 
always virtual. 


uu 1 u-l 

b — - — = 

(b) v +u —-R 
a bo! wet 
vou R 


So, v may be positive or negative. Hence, 
image may be real or virtual. 

Same logic can be applied for two options. For 
them R is positive. In option (c), wis negative 
and in option (d) wis positive. 


1 1 1 
5. — or BR=(5 0/ .. (i) 
f RR 
1 1.5 1 1 Hs 
— or P if . (il) 
hy . [ tC x] 
Dividing Eq. (ii) by Eq. (4), we get 
a-(2-2)R .. (iit) 
He 


(a) p, = 1.4, then P, is positive and less than P,. 
Other options can be checked from Eq. (iii). 
6. Concave lens can make only virtual, erect and 
diminished images of real objects. 
Convex lens can make real, inverted and 
diminished size or real inverted and magnified or 
virtual, erect and magnified images of real objects. 


Rest type of cases are possible with virtual, 
objects. 


Subjective Questions 


1. First draw a ray AA’ until it intersects with the 
principal optical axis and find the centre of the lens 
C. Since, the virtual image is magnified, the lens is 
convex. 


Cc 


Draw a ray AB parallel to the principal optical axis. 
It is refracted by the lens so that it passes through its 
focus and its continuation passes through the virtual 
image. The ray 4’ B intersects the principal optical 
axis at point F’, the focus of the lens. 
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2. The paths of the rays are shown in figure. Since, 
the virtual image is diminished, the lens is 
concave. 


3. (a) OA =8.0cm 
AI, = (n)(OA) 


= (=) (8.0) = 12.8 cm 


For refraction at EG (R = ©), using 


Cc E 
EK Sear Aa | a SF - 
D G —>+ve 
My My hn 
v u R 
4/3 8/5 


BI, —(128+3)_ : 
BI =— (15.8)(4/3)(5/8) = — 13.2 em 
FI, =13.2 + 6.8= 200m Ans. 
(b) For face EF 


Cc E 
gop cath 
D G +ve <«— 
8/5 | 4/3 =0 
BI, -6.8 
BI, =—(6.8)(8/5)(3/4) 
=-—8.16cm 
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For face CD 
10 8/5 
Al, 11.16 
AI, = —(11.16)(5/8) 
=- 6.975 cm 
FI, = 8+ 6.975 
= 14.975 cm Ans. 
4. The system behaves like a mirror of 
focal length given by 
1 2(m/n,) — 2(n,/n, - 1) m Wig 
F R, R, 
Substituting the values with proper 
sign. 
1 2x4/3 
== " R) =o 
- (. Rj =) 
or F=-7.5 em Ans. 


i.e. system behaves as a concave mirror of focal 
length 7.5 cm. 


1 1 1 
5 -0-0g-z) 


J 244 1) : : Ryn Pe 
10 R, —-10 
1 2 
R, =+10cm 
Now using, 
1 : 1 2(@%/n,)  2(m/n, — 1) 
vou R, R, 
Substituting the values, 
1 1 2(1.5) 20.5-1) 
v -15  -10 +10 
v=-2.14 cm Ans. 
: 1 oe ee 
6. Using lens formula, — —-— =— 
vou fe 
oy oes 
vy, —40 30 


v, = 120m 
Shift due to the slab, 


Ax 1 rg (1 5 )on4em 
u 1.8 


u' =—(40 - Ax) 
=-36cm 

1 1 ot 

vy, 36 30 


vy = 180 cm 


9. 


Therefore, we will have to shift the screen a 
distance x = v) — v; = 60 cm away from lens. Ans. 


ee eee 
40 120 R, 


Solving we get, R, = 24 cm 
Applying lens formula, for L, 


O°e he 
x 
Ly ! I: 
10cm 
LB 
Ly avs 
Ro 
eee a 
vy, x 20 
Using Ho _HPi_H27F1 for unsilvered side of 
v u R 
15 1.0 1.5-1.0 x 
= ... (il) 
-120 v,-10 24 
Solving Eqs. (1) and (ii), we get x = 10 cm Ans. 
Casel —+ Z = 
vou fe 
Lee 
v, 30 -10 
vy, =-15cm 
: 1 1 
Case Wl Shift =| 1 t=|1 6=2cm 
uu 1.5 
Ost 
vy, 28 -10 
vy =—15.55 cm 
Av = 0.55 cm Ans. 
Using a eo ua tad a twice with u = ©, 
v u R 
we have 
1.5 15-14 . 
= = ———_— ..- (A) 
v1 +20 
1.6 15 16-1.5 stats 
Vy Vy —20 


Solving Eqs. (i) and (ii), we get f =v, =, 


i.e. the system behaves like a glass plate. 


10. First image will be formed by direct rays | and 2, 
etc. 
PO 


Pio oS Ans. 
uu 1.5 


Second image will be formed by reflected rays 
3 and 4, etc. 


Object is placed at the focus of the mirror. Hence, 
I, is formed at infinity. 


11. (a) Applying Snell's law at D, 


4 
— sini me sin 30° 
3 2 


i = 34.2° Ans. 
A 


(b) 8=8p + 8, = 28, 
= 2(i — 30°) 


= 8.4° Ans, 


12. /2= sin 45° 


sin r 


, 


b}----------4O 


r= 30° 


Chapter 31 Refraction of Light ° 467 


= sin”! (=) = 45° 
wm 


Applying sine law in ACPM, 


CP CM 
sin @. sin (90° + r) 
CP R 


and) 7 are [R = radius] 


3 


As we move away from C, angle PMC will 


. 2 : 
increase. Therefore, CP + 3° Same is the case 


on left side of C. 
13. 203 (7 ! 
20 R -R 
R=20cm 
Applying a a a twice with the 


v u 
condition that rays must fall normally on the 
concave mirror. 


15 12 15-12 


el 
vy, —40 +20 @ 
2.0 15 2.0-1.5 = 
= .. (ii) 
d-80 ¥v, —20 
Solving Eqs. (1) and (ii), we get 
d=30cm Ans. 


and vy, =—100 cm 
The ray diagram is as shown in figure. 


>| 
}«—40 cm—+«— 30 cm— 
k 80cm >| 


14. Using lens formula, 


cere eee) 
36-45) ff 
f =20cm 


In the second case, let p be the refractive index of 
the liquid, then 
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1 1 1 
48 [ “| 20 
= 5 es 
u 
Solving this, we get wu =1.37 Ans. 


15. As the angles are small we can take, 


sin 0x0 
_ A+ 115! 
A 
_ 6°30! 


Now, 


2A 
Solving this equation, we get 


A=2° 


and p =1.62 Ans. 


16. Using lens formula for L,, 


iP, 
NI 
nr 
ey 
/ \ 
if Nop 
L i yh 
—— oe / fiz - y 
y { 
In 4 ’ 609 
x 
O i ON 
ee \ 


oe | 
e o72- 7 
or yv=-f 
This f length will be along PP’ from point O' 
(towards P). 
. O'l,' = f 


On x-axis this distance will be f sec 60° = 2 /f. 
Since, OO'=2 f, therefore image will be formed at 
origin. 


Note A ray passing through O and then O' goes 


undeviated. 
Therefore 7, and /, both should be on this line, 


which is also the x-axis. That’s why for final 


image we have taken projection of O'/,' on x-axis. 
17. Since, the vessel is cubical, ZGDE = 45° 


and GE = ED = h (say) 
then EF = ED — FD = (h-10) 
Further, sl = = = 
3 sin r 
r=32° 
rn 
Eye) 
45° 
\G 
: 
E E F 


aaah = tan r = tan 32° 
GE 


aoe 0.62 
h 


Solving this, we get 
h = 26.65 cm 


18. BO=OC 


ZOBC = ZBCO =r 


Let angle of incidence be i, 


i=r+r=2r 


sini sin2r 2r 


Ans. 


(say) 


(external angle) 


sinr sinr 


r 


=2 


19. Stotal SRefraction + 2Speflection + Sefraction 


or 


) 


(i — r) + 2(180° 
= 360° + 2i - 6r 


2r) + (i 


r) 


Ans. 


= 360° + 2i — 6 sin! [4 

uu 
bast ue dd 

For deviation to be minimum, a =0 
i 


By putting first derivative of 5(w.r.t. 7) equal to 
zero, we get the desired result. 


20. (a) For refraction at first half lens 2 == = | 
vou fe 
Me 
vy -20 15 
v=60cm 
Magnification, m= i at = 
u  —20 

The image formed by first half lens is shown in 


figure (a). 
AB=2mm, 4,8, =6mm, AO, = 20cm, 
OF =15 cmand O,A, = 60 cm. 


(a) 


Point B, is 6 mm below the principal axis of the 
lenses. Plane mirror is 4 mm below it. 


Hence, 4 mm length of A,B, (i.e. A,C,) acts as 
real object for mirror. Mirror forms its virtual 
image A,C,. 2 mm length of A,B, (i.e. C,B,) acts 
as virtual object for mirror. Real image CB, is 
formed of this part. Image formed by plane mirror 
is shown in figure (b). 


For the second half lens, i - ae = = 
v -60 15 
v=+20 
_v_ 20 1 
—u 60 3 
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So, length of final image 
A;B, => A,B, = 2mm 


Point B, is 2 mm below the optic axis of second half 
lens. Hence, its image B; is formed 2/3 mm above 
the principal axis. Similarly, point A, is 8 mm 
below the principal axis. Hence, its image is 8/3 mm 
above it. Therefore, image is at a distance of 20 cm 
behind the second half lens and at a distance of 2/3 
mm above the principal axis. The size of image is 2 
mm and is inverted as compared to the given object. 
Image formed by second half lens is shown in 


figure (c). 
Q" * 
Bo oO" 
A2 


(c) 


(b) Ray diagram for final image is shown in 
figure (d). 


21. (i) PO=O00 
ZOPQ = ZOQP = r (say) 


Radius = 0.1m 


Also, i=r+r=2r 
In APOR, h=OP sin i=0.1 sin i 
= 0.1 sin 2r 
or h=0.2 sin rcosr ..- (i) 


sini 2sinrcosr 
Also, J3= — = - 
sin r sin r 
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=2cosr 
x r = 30° 
Substituting in Eq. (i), we get 
h=0.2 x a x v3 
2 2 
= 0.086 m 
Hence, height from the mirror is 
0.1 + 0.086 = 0.186 m 
(ii) Use the principle of reversibility. 


Now, ae cot i = cot 60° = : 
MS V3 
MS 0.1 
Sse aa 
OB B 
The desired distance, 
oeoxada 
V3 
= 0.315 Ans. 


22, Vi_-Ps_P _! 
Veep, 2p 2 
i.e. half the sphere is inside the liquid. For the 


image to coincide with the object light should fall 
normally on the sphere. 


Using Eo EL Ba twice, we have 
Vv u R 
3/2 1 3/2-1 
ie) +2 
vy, =12cm 
Fuiiher: 4/3 3/2 4/3 — 3/2 
h-10 8 —2 
Solving this equation, we get 
h=15cm Ans. 


23. We have to see the image of O from the other side. 


Mo Hi HoT) 


Applying, =—=—— twice, we have 
vy 


Ll l= 


Further, — 
BI, (Al,-R) —-R 


Solving this equation, we get 
— 2R(4p - 1 


BI, = 
ay 1 


—- +ve 


Distance between the final image and object is 


d=3R- 2R(4u — 1) 
3u -1 
—DR 
= GSD Hence proved. 
Gu -1) 


24. Stotal aa Sp + 80 


a=(i-r)+(-r) 
or jnteS sad(1) 


Further, in AOPO, r+r+fh=180° 
r= 90° -8 .. (it) 


From Eq. (i), 


or cos (P> )-» soa 


Hence proved. 


tan 0=cot i 
dy : . 
or —=coti er 
FF (i) 


[19 SiN ig =Lp Sin ip 


(i) sin 90° = (/1+ ay) sini 


’ 1 
sin i = ——— 
al+ ay 
d 
coti=.ay= rs 


IX 
[ BT ae or x=2,/2 
0 Jay 0 a 
Substituting y=2m, 
and a=2.0x10° m! 
We get Xmax = 2000 m = 2 km Ans. 
26. Applying, #2 —#1 = #2 #1 twice, we have 
v u R 
woot opel 
vy, —2R R 
- 2uR 
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Further, i H etek 
vy —3R-v,) R/2 
v= _ RO-4n) Ans. 
(10 — 9)(u — 2) 


Final image is real if, v, > 0. 

As 10u — 9 is always positive (uu > 1). Therefore, 
for v, > 0, either (9 — 41) and (uu — 2) both should 
be greater than zero or both should be less than 
zero. For the first condition (when both > 0) 

2 <p < 2.25 and for the second condition (when 
both < 0), u <2and pu > 2.25 which is not 
possible. Hence, 1 should lie between 2 and 2.25. 


27. For the lens, w=-2.0m, f=+1.5m 


Lee ee 
vy -2.0 1 
or v=60m 
i On PH 
—2.0 


Or 


\« 


Therefore, y-coordinate of image formed by lens is 
m(0.1) =—0.3 m. 


oe = tan 0= 0.3 
NP 


ae NP =MP=1.0m 
or d=6.0-1.0 


=5.0m Ans. 
and .x-coordinate of final image /, is 
x=d-10=4.0m Ans. 


Interference and Diffraction of Light 


INTRODUCTORY EXERCISE 


2 
Tee (a + 


Ip V6" Tein \ailig = 
2. (a) Amax _ 41 + Ap 
A A, = dy 


(b) 


3. * path difference is equivalent to 90° phase 


difference 
Aye = 5Ap 
= Fie S257) 
V2A0 
3Ao 
45° an 
INTRODUCTORY EXERCISE 
3. 1 =D nox wee 
2 
= 1 = T sna cor” or want = 3 
$2 
2 6 
u 2n 2m yd 
ee Ax) = 
o=5 =) (ax)= 2 (=) 
_ AD _ (600 x 1071?) (1.2) 
6d (6) (0.25 x 10°) 
= 48 x10 °m= 48 um 
LEVEL 1 


Assertion and Reason 


1. 1=41, cos? S 


b= ori20° => $= 60° 
3 2 


4. A, =34, 
So, I, =91, 
Let A,=Ay and I[,=I1p 
Then, A,=3A, and J, =9 
Amax = (4, + 4) =44p 
and Imax = 1619 
Now, T=1,+1,+ 2JI,1, coso 
=91) + 1g + 2/91 x Iq cosd 
=10/) + 61) cosh 
=10x Fax +6 be coso 
16 16 
5 3 
= giimex + F Tmax COSO 
5 3 o 
Blix + 3 Inu 260872 | 
1 3 o 
= qiimax + Flinax “008° 
= F ax (1 + 3cos” *) 
5. (a) PS Tig cos? 
= I, cos” 30° (as @ = 60°) 
z} 
=—I 
4° 


(b) 60° phase difference is equivalent to * path 
difference. 
6. ap = 2acos® 


(i) For ag = 2a, b= 0° 
(ii) For dp = al 2a, o = 90° etc 


Exercises 


Substituting in Eq. (1), we get 


I=lh > ax-(*) 
2m 


For o-Zar-* 


2. The whole fringe pattern will shift upwards. 
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beg 


No reflected ray reaches below O. 


Inin =i ~ voy 
I, =I, =I , then 
Imax = 41q and Ipin = 9 
When slit of one width is slightly increased, then 


intensity due to that slit becomes greater than Jo . 
In that case, we can see that 


Imax > 419 and [pin > 0 
6. Locus of points of equal path difference in the 
shown case is circle. 


When 


min 


7. At centre, path difference is maximum and this is 
equal to S,S,. Then, path difference decreases as 
we move away on the screen. So, order of fringe 
also decreases. Hence, 11th order maxima occurs 
before 10th order maxima. 


8. At points Pand R 
| Ax |= SS, = 4A, therefore maxima. 


At QO and S 

Ax = 0, therefore again maxima. Then, three 
maxima in each quadrant (between P and QO or 
between Q and R etc.) corresponding to 

| Ax |=A, 2A and 3A. Therefore, there are total 
16 maxima. 

In each quadrant there are four minima 
corresponding to | Ax |= 0.54, 1.54, 2.54 and 
3.52. Hence, there are total 16 minima. 


9. dsin 0 = 2A (for second order maxima) 


Oe ee ee 
d 4 2 
6 = 30° 
For maxima, dsin@=nd 
Nmax = : =4 (for 6 = 90°) 


So, there are total 7 maxima corresponding to 
n=0,+1,+2 and +3. 

We cannot take n = 4, as it is for 8 = 90°, which is 
out of screen. 


10. Shift= ae is independent of 2. 


Objective Questions 


1. 4=,/(8) + (6 =10mm 


6mm 6mm “A 
7 ' 
4mm 12mm : 8mm 
2, 1-6? 
I, 
Solet, J, =1 unit, then/, =B 


Tnax =i, t gy sd t B)” 
Lari = (ih: stay = d By” 


= Imax = Livi = 4B 
Tmax + Tin =2(1+ B°) 


The asked ratio is 


1+ p> 


3. dsin 0= is 
2 
ey ( r __1{ 5460 x 10°? 
0 = sin = sin = 
2d 2x0.1 x10 
= 0.16° 
4. 6th dark fringe distance in vacuum = 10th bright 


fringe distance in liquid. 
5.5 0@=100' 


or Fe 


_ (15-1) (0 x 10°) (1.0) 
2.5x10° 
=2x1l03m 
=2mm 
@ (AD/d)_ 2D 
2 2d 


Path difference at centre is always zero. Hence, all 
wavelengths under all conditions always interfere 


6. Distance = 


~ 


constructively. 
XD 
8. w= | of oe x 


000 
000 


sits 6 
@ will increase 4 


or 1.5 times. 


Hence, number of fringes in same distance will 
decrease 1.5 times. 
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9. o- AD 1m 4m 
o=—— o——__o—_______o 
d A P, B 
> A@ = MAD) 4m im 
d A P> B 
1 - @) oe) _ (10-3) (3 x 10°) ‘ 
AD 5x10? At P, BP, ~ AP, = 3m => 
=0.6x10°m=6000A eee Pa ee 
t P, , — BP, =3m=— 
ag, foe (Jf,/Z, + 1° _ 49 2 
; 7) . 
Tin G/T) - 1) 9 Paes [ere or 
: ae f 120x110 
Solving, we get —=— 
4 x. (=x) 
o——_o—_———\@£o 
We yuo A P B 
g 7 Z Ay= (BP < AP) = (9<2xjenk 
yn 8 2 OS X10 ) (0.2 x 10~) ew DTM _ 9-250 
3D (3) () - 2 2 
= 500x10°? m =500nm Now, substituting n = 1, 2,--- etc. 
12 MmA,D _ mA D We can find different values of x. 
“dad d x,;=3.25m for n=1 
¢ fie A, 5200 4 X,=2.0m for n=2 
Mm dr, 6500 5 and x;=0.75m for n=3 
4th maxima of 4, coincides with 5th maxima Similarly, we will get three points at same distance 
from other point B. 
of A>. 
42D do qt? 
Jnin = — d 
3 3 
4 x 6500 x 1079 x 1.2 " = od (2.82 x10 ~) (0.46 x10 ~) 
2x10 D : 22 
= = 0.589 x 10° m 
= 1.56 x10 ° m=0.156 cm 
= 0.590 nm 
13. Only fringe pattern will shift. Number of fringes 9 
: : xX 500 x10 : 
on screen will remain unchanged. 5. 0=—= ———+ tradian 
d  2.0x10" 
Subjective Questions ~0.014° 
1. Agar = 5 +3 = 8 units 6. Wavelength in water, 4’ = Z 
Amin = 5— 3 = 2 units H 
A ' 
me = 4 Fringe width, @ = ue = a 
Anin d ud 
Finan _ (47 = 16 _ (700 x10" °)(0.48) 
Tonin (4/3) (0.25 x 107°) 
2. (a) At centre path difference is zero. Therefore, =10°m 
alana interference will be obtained. ina 
(b) — = 3m. Ata distance, where path difference : 32A,D 3A,D 
2 7. Distance = —=— — a 
JA ee : 
1s 7 or 3 m destructive interference will be : $05 =D 


obtained. d 
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_ 3 x(600 — 480) x 10? x 1.0 
5.0x10% 
=7.2x10°m 
= 0.072 mm 
8. The required distance = one fringe width 
_ AD 
de 
_ (500 x10~’) (0.75) 
(0.45 x 107?) 
=8.33x10*m 


= 0.83 mm 


=O 


o 
9. y=geS 


1 0D 


d 2d 
> Ay = 2h, = 1200nm 


10. dsin 0, = a 

2 
A 550x10° 
2d 2x18x10° 
6, = 8.78° 


1 = tan 0, 
D 


sin 0; = 


y, = Dtan 0, 
= 35tan 8.78° 


=5.41cm 
3Xr 


dsin 0, = 5 

3A 3.x 550x10° 

2d 2x1.8x10° 

0, =27.27° 

y, = Dtan 0, 
= 35tan 27.27° 
=18cm 

Ay = y)- y =12.6cm 
150 

E(in eV) 


sin 0, = 


11. A(in A) = 


(de-Broglie wavelength of electron) 


= ew =1.22A 
100 
AD (1.22 A) 3m) 
oar? _ 
d (10 A) 
= 0.366 m 


= 36.6 cm 


12. (a) Av=%4 
D 
2m 
d =—-Ax 
an o a 
_ (2n)yd 
XD 
a (2 x 180) vd depres 


AD 
_ 360 x 0.3 x10? x10 x 10% 
546 x10 x 1.0 
= 1978° 


Now, J =I) cos? 


=2.97x10-*I, 
= 3.0x10-*Z, 
XD 
(b) = =a 
*. Number of fringes between central fringe and P 
_y_ yd 
~@ AD 
_ (10 x10) (0.3 x10) 
(546 x 10°?) (1.0) 
= 5.49 
So, bright fringes are five. 


(u —1) tD 
d 


13. Shift = 


_ (1.6=1) (10 x 10-®) (1.5) 
15x10" 
=0.6 x10? m 
= 0.6m 
_ (.2-1) 05 x10) (1.5) 
1.5x10° 
=0.3x10?m 
=0.3 cm 
=AS = 8S, —S,=0.3 cm 
=3mm 
14. RUDY Oe (fringe width = shift) 
d d 
,-h-bt 
2 6 
= 16-1 (964 x10 ) in 
= 0.5892 x 10° m = 589 nm 


S| 


S> 
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15. d=2cm For n=4,=424nm 
AD (500 x 10°) (100) For n=5,A =329nm 
= d = 2x10 Therefore, two wavelengths lying in the given 


range are 424 nm and 594 nm. 
= 2.5 x10° m= 2.5 mm (b) Ray-1 and ray-2 are in same phase. 


= es 
d P + 
x os’ n t 
In this figure, P is in a dark fringe, as conditions of _ 
maxima and minima are interchanged. 1 2 


Hence, next dark fringe will be obtained at a 


distance w or 2.5 mm from P. Hence, 
16. 1 and 2 both are reflected from denser medium. Ax =2nt=m) (for maximum intensity) 
4 = 2nt _ 2) (1.53) (485 nm) 
1 |2 - m m 


(*) 

= nm 

m 

Substituting m = 1, 2, 3--- etc, 
A, =1484nm, A, = 742 nm, 
A3=495nm, Aq = 371 nm ete. 


Therefore, only wavelength lying in the given 
range is 495 nm. 


Ng Glass 


Hence, 
ny has 
2nyt = . for first order minima 


, 650 18. Ray-1 and ray-2 both are reflected from denser 
tnin = 4n, = 4x142 medium. Hence, they are in phase. 


=114 nm {" 2 
17. (a) Ray-1 is reflected from a denser medium and 43 lt 
ray-2 by a rarer medium. ' + 
{" 2 1.5 
; X 


2pt= a for minima 


or 


t n 
X 600 
~ or a 
h 4u 4x13 
Ax = 2nt = (2m — aS for maximum intensity =1154A 
_ Ant 19. Ray-1 is reflected from denser medium and ray-2 
_ (2m — 1) from denser medium. 
_ (4)(1.53) (485 nm) 1 |2 
2m—1 _ 
[ 2968 ) Oil<j— # if 
= nm 
2m-1 Water <4— 
For m=1,A = 2968 nm 
For m= 2,4 =989nm “ Ax =2ut = 4 = 800nm for destruction 


For m=3,A=594 nm interference. 
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ut = 400 nm 
For constructive interference, 


Ax =2nr=(2n=1) 5 


_ Aut —_ 1600 
~2n-1 2n-1 
For n= 1,4 = 1600 nm 
For n= 2,4 =533nm 
For n= 3,A = 320nm 
The only wavelength lying in the given range is 
533 nm. 


20. 2ur=/2 


This is the condition for destructive interference. 


eae a0 =0.5cm 
4n 4x15 


21. Path difference produced by slab, 
nr 
Ax =(u -)t=— 
(u-1) - 


Xr . . : 
a path difference is equivalent to 180° phase 
difference. Hence, maxima and minima 
interchange their positions. 
22. Ax =dsinO=nr 
dsin® 
A= 
ny 
d 40x10° 
r% 600 x 10° 
= 6.66 
Highest integer is 6. 


23. i 


Nnax = 


LEVEL 2 
Single Correct Option 
1. 21,244, cos* (22) 


AD B 
y= ri 


ree 
Further, I) =41o cos” (2) 
2n (2n 2n 4 
= = A — ns ee 
— a: @ ale 
si)? 
3d 3 


a4) 


B 
Ay= -y,= 
v= ya— Vy 2 


2. At path difference 1, we get maximum intensity. 


b 
Ip =L max cox $ 


9 = 60° or 120° 
2 


= 120° or 240° or = and ls 


3 
: nr 
From the relation, Ax = | — |-o 
2m 
We see that, 
Ax = A and 2n 
3 3 


3. Ray-1 is reflected from a denser medium (A $= 7) 


while ray-2 comes after reflecting from a rarer 
medium (A $ = 0°). 


r ; : : 
Ax = 2ut = (2n-1) 3 for maximum intensity. 


a _ 4ut 
(2n — 1) 
4 x1.5 x500 3000 
= 4 nm 
2n-1 2n—1 
1 |2 
a t 


Substituting n = 1, 2, 3--- etc, we get A = 3000 nm, 
1000 nm, 600 nm etc. 
Answer is 600 nm. 
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For destructive interference at P. 
hia pant” 
D 2 
ce 
(2n-1)D 
Substituting n = 1, 3, 5---etc we get 
2yd 2( yd) 2( yd 
ia. (2 ). (2 ete ...(i) 
D 3\D/) 5\D 
yd (2x10%)(0.1x10°) 
D 1.0 
=2x107m 
= 2000 A 
Substituting in Eq. (i), we get 2 = 4000 A, 2680 A, 
1600A etc. 
So that answer is 4000 A. 


3 t) 
5. ri | oes ee cos) 


Here, 


aad 5a -(=] (an) = [2] (=) 
3 a ~J\D 
_ AD _ (6000 x 107") (1) 


12d (12) (10°) 
= 0.05 x 10-°m =0.05 mm 


My 


AD 
n=5(2) =5 x 0.05 mm 


= 0.25 mm 

Ay=j.- y, = 9.2 mm 

(u -1)tD _ _ 3.5AD 
d 


6. Shift = 3.5, @ 


3.52 
t= 
p-l 
_ (3.5) (6000x107'°) 
iss1 
=4.2x10°m 
=42um 


Third minima, 


d 


8. At points P and QO, 


| Ax |= 15, therefore maxima 
At points R and S 
Ax = 0, therefore maxima. 
Between P and R (and similarly in other three 
quadrants), we will get 14 maxima corresponding 
to, Ax =A, 2A--- 141. 
Therefore, total maximas are 60. 


9. Ax= Wa = (ja) cae (0-42) 
D D 4 


d 
2 
-( *) ar=5 or 90° 
Xr 2 
0 
I =Inux cos” = 
I 1 
—— = cos” 45°=— 
max 2 


10. Shift = ie 


Atu = 1,shift = 0 


Qj Zero 
Rt Ip 


Therefore, intensity at centre is maximum or Jo. 
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As up increases fringes shift upwards as shown in 
figure. 

So, intensity at P first decreases to zero (as O 
reaches at P), then it further increases to /, (as 
point R reaches to P). 


11. oi = ave 
4 


max max 2 
od 7 T (=) (=) 

= 222 Ax) = lt 
a aa 0) alae (Ax) 7 (u -1) 
a 2 6000x 10°'° 

6u-1) 605-1 


=0.2 x10 °m =0.2 um 


12. Ax, =(u,-1), Ax, =, - De 
Ax = (4, -Ha)t 
= (1.52 — 1.40) (10400 nm) 
= 1248 nm 
For maximum intensity, 
Ax = 1248 = nr 
hae (n =1, 2, 3---) 
n 
For n=2,i = 624 nm 
and for n=3,4=416nm 


More than One Correct Options 
1. A, is least. Therefore w, is minimum (as w « A). 
Hence, the fringe next to centre will be violet. 


At centre, Ax = 0 for all wavelengths. Hence, all 
wavelengths interfere constructively at centre. So, 
it is white. 


2.) Ix = Wh + hy 
fonin =(/4 -vhy 

I, =I, =I 
Imax = 419 and Ipin = 0 


When 


When awd: 
2 
Tmax < 409 and J, 


then 0. 


3. Ax, =dsin@=(10°) (3) 


min 7 


=5x104m=(10*) A 


Since, Axy is integer multiple of A, it will produce 
maximum intensity or 4/ at O. 


AD (3x10) Q) 
O= = 
d (10>) 


=10?m=1mm 


At 4 mm, we will get 4th order maxima. 


5. Fringe pattern shifts in the direction of slab. But, 
ship = “DO 


So, actual shift will depend on the values of .,t,D 
and d. 


6. For overlapping of maxima 
MA,D _ mA D 
dd 

nm _ dy 

mo 
= 14th order maxima of i, will coincide with 

10th order maxima of 1.5. 

For overlapping of minima 

(2n,-l)A,D _ (2m, —1) AD 
2d 2d 


or 


(c) Option with n, = 11 
and m, = 8 gives this ratio. 


Comprehension Based Questions 
a D- % 
< _ d ~ a 
_ (6300 x 107'°) (1.33) 
1.33 x10 
= 0.63 x10°m 
=0.63 mm 
2. Ay=7@- 30=4@ 
= 4x 0.63 mm 
= 2.52 mm 


1. A4= 


t =—_—— 
2 (2 - } 
Hy 
_ (6300 x 107'°/ 133) 
(153 _ 
1.33 
= 1575 x10°m 


= 1575 mm 


4. Fringe width remains unchanged by the 
introduction of glass sheet. 
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Match the Columns 
1. I=4I) cos’ (4) 
2 


2. o= = Ax and then apply, 


I=4lIy cos” (2) 
2 


3. Ve Y > maxima 
Ys Ys = y— minima 
V4 
¥3 


y2 
NY e fo 


4. (a) Inclined rays and slab both will shift the fringe 
pattern upwards. So, zero order maxima will 


definitely lie about O. 
(b) Inclined rays will shift the fringe pattern 


upwards, but slab will shift the fringe pattern 
downwards. Hence, zero order maxima may 


lie above O, below O or at O. 


(c) Same explanations can be given for this option. 


_— 5. 
—— 
P 
—> S» O 


AX, = 0, where S; P = S,P 


I 
5. 1 =Imx = 41 Io . 
AD yd 2X 
a) For = —, Ax —=— 
@) 4 2d D 2 
Ts, =1s, =0 for Ax =1/2 
I,=0 
AD yd 2k 
b) For y= , Ax= = 
(o) - 6d D 6 
2n 2n 
= Ax) = — = 60° 
) (= ) - 
20 
Now, Js, =Is, = Imax COS a 
= I cos?30° => 1 
4 


I) = 41s, 
or Is, = 31 
Same explanations can be given for (c) and (d) 


options. 
6. (a) Fringe pattern will shift in the direction of slab. 
(b) No interference pattern will be obtained due to 
single slit. 
T=TIs, =I) * uniform 
(c) Fringe pattern will shift in the direction of 
slab. 
(d) No interference pattern will be obtained due to 
two real incoherent sources. 
T=I1s +s, * uniform 
Subjective Questions 
1. 7,=0.1), 1, =0.081/, 


2 
es ah + | 


Lin Vii/I,-1 
= (19)? 
= 361 Ans. 
2 ie mn 
sin r 
4 _ sin 53° 4/5 
3 sin r sin r 
5 4 
ZN 
3 
: 3 
sin r=— 
5 
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Refer figure (a) 


Ax, = between 2 and 1 = 2 (AD) 
=2BD secr 


= 2t secr 
Their optical path Ax, = 2ut secr. 
Refer figure (b) 


Ax, = AC sin i= (2f tan r) sini 


(AX) net = Ax, _ Ax, 
= 2 ut sec r— 2 (tan r) (sin 7) 
tice ass aca e gt 32 
4 4 5 15 
Phase difference between | and 2 is z. 
For constructive interference, 
32, 2X 15A 15x 0.6 
t= or t= = 
15 2 64 64 
= 0.14 um Ans. 
: 1 1 1 
3. Applying lens formula, — — — = — 
vou fe 
1 1 1 
ee oe 
v 15 10 
v=30cm 
oe eee, 
u —-15 


n 
comgiaces 
| 


1 | 0.5mm 
yl 77777771 $0.25 mm 
SD - ee 7 + 0.25mm 
2 t | 0.5mm 
S54 o 
sa > 
15cm 30cm D 
>| 
60cm 


Distance between two slits, 
d=1.5mm, D =30cm 


Fringe width, o = a 


-7 
_ (5.0 x 10 103) 194 my 
(1.5 x10) 


= 0.1 mm Ans. 


4. 4=0.25m,d=2m=8A 


AtAandC, Ax=d=8), ie. maximum 
intensity is obtained. 

At Band D, Ax = 0, i.e. again maximum intensity 
will be obtained. 


Between A and B seven maximas corresponding to 
Ax = 7h, 64, 5A, 4A, 3A, 2A and A will be obtained. 
Similarly, between B and C,C and D, and D and 
A. 


.. Total number of maximas 


=4 tea 
=32 Ans. 
(a) Ax =d cos 0 
cos 9 =1-— (When 0 is small) 
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k—d—> 


For nth maxima Ax = nd 
y = radius of nth bright ring 


=i 2(1- 2] Ans. 
\ d 
(b) d=1000A 


At O, Ax = d= 1000 
i.e. at O, 1000th order maxima is obtained. 
Substituting n = 998 in, 


nr 
=p jai=— 
. [ a) 


We get the radius of second closest ring 
r= 6.32 cm Ans. 
(c) n= 998 Ans. 


6. (a) The optical path difference between the two 
waves arriving at P is 
dpa 5 De 
D, D, 
_@) (0) | 6) (0) 
a 3 
10 2x10 
=3.5x 107 mm = 0.035 mm 
As, Ax = 70A 
70th order maxima is obtained at P. 


(b) AtO, Ax De 49? wen 
D, 
= 0.01 mm 
As Ax=20A 
“. 20th order maxima is obtained at O. 
(c) (2 —1)t=0.01 mm 
0.01 


= —— = 0.02 mm = 20 um Ans. 


“15-1 


Since, the pattern has to be shifted upwards, 
therefore, the film must be placed in front of 5}. 


7. (a) d sin b= Ax, 


= (50 x 10~*) sin 30° 


=2.5x107 cm 
Ax, = (4 — Det 
3 
= (3 = 1}(o0 
= 5.0x 10° cm 
Ax, — Ax, = 2.5 x10 cm = Ax, (also) 
“. Central maxima will be obtained at 0 = 30° 
below C. 
(b) AtC AX, =2.5x10% cm=nd 
a 25x 1g 
ny 
_ 2.5 «107 
~ 500 x 107 
= 50 Ans. 
(c) Number of fringes that will pass if we remove 
the slab 
_ Path difference due to slab 
ny 
_ S¥ie 
~ 500 x 1077 
= 100 Ans. 
8. (a) (Avner = 0 
yd = od 
D, Dy, 
d/2y 
15) 2.0 
d 
or y= ce 
_ 6 
“15 
=4mm Ans. 
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(b) At O, net path difference, 


thee = it 


D, 
_ (d/2) (d) 
aa te 


_ (6x10°) 
2561,5 
=12x10°m 
=120x10’m 

24=6000A 
=6x10’ m 


As, Ax = 20X, therefore at O bright fringe of 
order 20 will be obtained. 


(ce) l= cos” (4) 
2 
A Tee = Tipe cos” (4) 
2, 
Ds 
2 6 
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nm (20 
=-=/"|q-ne 
222) u-p 
x 
t=——_—_ 
6 (u — 1) 
_ 6000 
6 (1.5—1) 
= 2000 A 
9. (1-4) 1-3 
3h 
t= 
(u 1) 
_ 3x0.78 
13-1 
=7.8um 
(b) Upwards Ma fi 11-4 
D HW ul 
Solving, we get y=4.2 mm 
Downwards (i-4)+4-4 
Ll Dw 
Solving, we get y=0.6 mm 


Ans. 


Ans. 


Ans. 


Ans. 
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INTRODUCTORY EXERCISE 2. E, (ny? -1.51 n=3 
n 
he h 
= pa h 
1B ho Now, 1,=n[ 4) 
™ 
2. Number of photons emitted per second, 3 ; oo, ; 
Power of source P PH . The expressions of kinetic energy, potential energy 
N,= = = and total energy are 
Energy of one photon (hc/X) he \ 
me 
At a distance r, these photons are falling on an area K,= [222 K,« 5 
Age Seon h n 
.. Number of photons incident per unit area per U.-— me’ ee I and 
unit time, "Ae he a 2 
7 a Eon n 
No= 5 Ong — me" 1 
4nr° (Amr) he f= 355 = Fy, 8-Z 
i 1 8eqneh n 
~ 2 qVvm ae: a qm In the transition from some excited state to ground 
state, the value of n decreases, therefore kinetic 
Ap _ (qm)q _ | 1x2 _ J2 energy increases, but potential and total energy 
ha (qm)p 1x1 decrease. 
h 1 4. n=4————— __ n=4 = —— 
A= n=3 


4. =——= > Aa 
J2Km Jim sae 
n=2 n=2 


Ne mq 2 
5. Kinetic energy in magnetic field remains oe Fietineof : Second line of 
unchanged while in electric field it will increase. Balmer series Balmer series 
Further, 
1 For hydrogen or hydrogen type atoms, 
A oc — 
VK 1 > | 
i= RZ? | — = 
6 A= Ah rn ny ne 
mv oe 
In the transition from n; ——> n,, 
6.63 x 104 ‘ 
(a) A =——_____ : 1 
(46 x 10”) (30) Ao 
=4.8x10%4m Ae 
nA ny Ni; 
6.63 x 10 
(b) A= <5 7 
9.31 x10! x 10 a 
2 2 
= 7.1210! m N ne Mj) 
Me | Led 
INTRODUCTORY EXERCISE : ny ne 5 
1. Z =3 for doubly ionized atom E x Z? Si = 
Ionization energy of hydrogen atom is 13.6 eV. hae ne 7 nm ; 
Ay = 


Ionisation energy of this atom 
~ (3/7 2] I 1 
= (3) (13.6) Zz c = , 
= 122.4 eV ‘72 


Substituting the values, we have 


(6561 A) (1) (= _— 


= 
= a =1215A 
ON |e So 
oF (5-7 


Correct option is (a). 


. The series in U-V region is Lyman series. Largest 
wavelength corresponds to minimum energy which 
occurs in transition from n= 2 ton=1. 


a (i) 


The smallest wavelength in the infrared region 
corresponds to maximum energy of Paschen series. 


ae 


=F .. (ii) 
oa 


Solving Eqs. (i) and (ii), we get 
A = 823.5 nm 

Correct option is (b). 
. The first photon will excite the hydrogen atom (in 
ground state) to first excited state 
(as E, — E; = 10.2 eV). Hence, during 
de-excitation a photon of 10.2 eV will be released. 
The second photon of energy 15 eV can ionise the 
atom. Hence, the balance energy, i.e. 
(15 — 13.6) eV = 1.4 eVis retained by the electron. 
Therefore, by the second photon an electron of 
energy 1.4 eV will be released. 
.. Correct answer is (c). 


. Insecond excited state n = 3, 


So, ly =]; = +] 


2m 
while EoZ* and Z,=1,Z,; =3 
So, |E,i |= 91 Ey | 
or | Bu |<| Fri | 


. Energy of infrared radiation is less than the energy 
of ultraviolet radiation. In options (a), (b) and (c), 
energy released will be more, while in option (d) 
only, energy released will be less. 


. For hydrogen and hydrogen like atoms, 
(2°) 


(n’) 


E, =-13.6 eV 


Therefore, ground state energy of doubly ionized 
lithium atom (Z = 3, n = 1) will be 


10. 


11. 


12. 
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pe 
E, = (-13.6) oF 
=-1224eV 


.. Ionization energy of an electron in ground state 
of doubly ionized lithium atom will be 122.4 eV. 


Shortest wavelength will correspond to maximum 
energy. As value of atomic number (Z) increases, 
the magnitude of energy in different energy states 
gets increased. Value of Z is maximum for doubly 
ionised lithium atom (Z = 3) among the given 
elements. Hence, wavelength corresponding to this 
will be least. 


.“. Correct option is (d). 


5E—E=hf e-# ii 
Between 5E and 4E 
SE -4E =hf, 
E f 2 
a=oat from Eq. (i 
fi ae [ q. (i)] 
Between 4E and E 
4E-E=hf, 
3E F).3 
fr h (f)-$r 


Longest wavelength means minimum energy. 
(AE) min = £3 — Ey 
_ 13.6 2 13.6 


- —=19eV 
9 4 
Via = 6513 
1.9 
or X = 651 nm 
INTRODUCTORY EXERCISE 33.< 


. K, transition takes place from nm, = 2 ton, =1 


de >| 1 1 
eo ae a 


For K-series, b = | 


1 2 
—a«(Z-1 
5 (Z-1) 


Meu — Zyo- WP _ (42-17 


= i _ 42 _ 12 
iy Cy= 29-1 
_ A1x4l _ 1681 _, 144 
28x28 784 


Cut off wavelength depends on the applied voltage 
not on the atomic number of the target. 
Characteristic wavelengths depend on the atomic 
number of target. 
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1 2 
—a«(Z-1 
r (Z-1) 


2 2 
hy _(Z-1 1_(Z-1 
De Nel 4°14 


Solving this, we get Z, = 6 


.. Correct answer is (a). 

. Wavelength 2, is independent of the accelerating 
voltage (V), while the minimum wavelength 1. is 
inversely proportional to V. Therefore, as V is 
increased, A, remains unchanged whereas 1... 
decreases or A, — A, will increase. 


. The continuous X-ray spectrum is shown in figure. 


E,, 


r 


min 


All wavelengths >A,,;, are found, where 


— 12375 
V (in volt) 
Here, V is the applied voltage. 


min 


2 


. AE =hv=Rhe(Z v{ | 
ny Ny 


For K-series, b = 1 


v=Re(Z v*| - | 


nh ny 


Substituting the values, 
4.2 x 10'8= (1.1.x 10’) (3 x 10°) (Z - {+ - | 


(Z — 1) = 1697 
or Z-1+41 
or Z=42 
INTRODUCTORY EXERCISE 
» Kmin = 0 
and Kix =E-W 
_ 12375 _ 49 
2000 


x 3.19 eV 


Note A(in A) = 


7. 


Kyax =E-W =hf - Ifo 
=h(f— fo) 
Knax a(f- Jo) 
Kix =E-W 
12=E-W (i) 
42=15E-W .. (11) 
Solving these equations, we get 
W =48 eV=hf 
fy = tb xLox 10°" 
° 6.63 x 104 


=1.16 x10! Hz 


. Energy corresponding to 248 nm wavelength 


> 16-4W =5-W 
> 11=3W 


— W =—=3.67eV 


=3.7eV 


. Saturation current is proportional to intensity while 


stopping potential increases with increase in 
frequency. 
Hence, tS, = f, whilel, <I, 
Therefore, the correct option is (a). 

Rin Ay= 12375 

W (eV) 
a TEP 80k 
4.0 

or A = 309.3 nm 
or = 310 nm 


12375 
comes from W = us 
W (eV) a 


Stopping potential is the negative potential applied 
to stop the electrons having maximum kinetic 
energy. Therefore, stopping potential will be 4 V. 


Exercises 


LEVEL 1 10. In X-ray spectrum, all wavelengths greater than 


Amin ave obtained. 


min 


Assertion and Reason 
2. p=" and put Objective Questions 


‘i 1. Ko =i =W 


E and Po Kinax Versus f graph is a straight line of slope h 


Speed of all wavelengths (in vacuum) is c. (a universal constant) 
c 
3. Intensity = energy incident per unit area per unit 2. vi = 2.19 x 10° m/s ~ B7 
time or [ =n(hf). 


Here, n = number of photons incident per unit area 3. Let a-particles are n and B-particles are m. Then, 


per unit time. 86 — 2n + m= 84 ...() 
f = frequency of incident photons. Hence, J « nf. 222 —-4n=210 (ii) 
Hence, intensity can be increased either by Solving these two equations, we get n = 3 and 
increasing nor f. But saturation current only B=4 
depends on n (J, xm). 12375 
By increasing n and decreasing f, we can increase ae aes (in volts) an 
the saturation current even without increasing the 
intensity. = EE =0.62A 
5. Let us take n= 3as N =1. Then, n = 6means 20 x 10° 
bes Keg, =18 x10 eV = 1 m2, 
So, total number of emission lines between NV = 1 2 
ee < aan a 2x18 x10? x 1.6 x10 
= ren V _ 
sy D - =% max 041x102! 
_ 7 
6. eV, =hv—hvy =8x10' m/s 
h 6. (2m) = 22 
or Vo =— WV -Vo) (2m) - 
e (277) = 323 
h h Ay 34 : 
Vis" Ovni pa pe ...(i) 
e e 3 2% 
= 2, = 05 oy, Now, ron 
7 2 
B 2 
7. Energy of X-ray > 13.6eV Fe eae (2) 
% 
ey ane he, — ein es Substituting in Eq. (1), we get 
Here, Ain (in A) = _ ee dy = 2 
V (an volts) a) 
IfV is increased, 1,,;, decreases. Therefore, AA 7. FeZ 
increases. 2 
9 E, =--—34eV = (— 13.6) (Z y=-122.4 
" U,=-6.8eV 3 
1 =! 
E, =-13.6eV 8. ein © CV 
U, =- 27.2 eV 


% change in Anin = (— 1) (% change in V) for small 
E, > E, , similarly U, >U, % changes 
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9. 


10. 


11. 
12. 


13. AE 


14. 


15. 


Vi 
ae 


2 
(18-2) x27 2136 


nin (in y= 
V (an volts) 
For Amin = LA 
V =12375 V 
212.4kV 
2 
ny 
baal 7734 A 
1.6 


Xr 


ai?) =i 4ev 
1085 


Third Balmer line is corresponding to the 
transition, 
n=5 to n=2, 


E, =-54.28 eV 
|E, |=54.28eV 


Otherwise U,; = — 27.2 eV. Therefore, we have 
increased it by 27.2 eV. It implies that we have 


increased it by 27.2 eV in all states. 
U,=- 6.8 eV 


U; = (— 6.8 + 27.2) eV=+ 20.4 eV 


E} =U} + Ky = (20.4 + 3.4) eV 
=23.8eV 


Se 


1 
Similarly, e(2V))= ag —-W 
Ay 
Subtracting Eq. (i) from Eq. (11), we get 
_ he(ay — Ag) 
~~ Das 
_ Ac(Ay ~ A) 
Chay 


eV, 


Vo 


(6.63 x10-**) (3 x 108) (110) 


1.6 x107!? x 330 x 220 x 10° 


= 1.8 volt 


16. -. E=—-W 


Solving these equations, we get 
3h 
17. lf x (Z — 1) for K-series 


fx«(Z-1)y 


25 
= 9 f 
2 
1 1 
18. | f «<(Z-b) [s-2) 
no th 
1 1 
Slope « |; -— 
Vu 
Slope, 1-1/9 - (2 
Slope, 1 27 
ta 
y 4 
For Kg, ny =1,m =3 


19. !=p : ‘ R(j 5 5R 
rn mo nN 4 9 36 


36 


20. Energy of electrons = 10000 eV 


...(ii) 156 


21. €(5%))=— -W 


ssa) 


.. (it) 


.. (i) 


.. (ii) 


Solving these equations, we get 


_ he 
~ 6 
22. eV) = 2hvy — hv 
aD hvy — eV, 
In second condition, 
eV = 3hvg — hv = 2hvg — 2eVy, 
or V =2V) 
23. Frequency «energy and energy « Z” 
2 
24. Bae 
n 
2 
2, 
n 
or n=Z=3 


25. Le =hv,-W 
2 


1 4 
—mv; = hy, —W 
ae 2 


From these two equations, we can see that 


vy — v2 =— (Vv, - V2) 
m 


26. Longest wavelength of Lyman series means, 
minimum energy corresponding n = 2 ton =1. 


(E, ~ E, da > (E, ~ Enact 


-13.6 13.6 -13.6(ZP 13.6(ZY 
3 oe 2 * 2 
(2) (1) n (2) 
Putting Z = 2, we get n = 4. 
1 ofl 1 
27. = RZ i) 4 | 


ny Ny 


For K,-line, n,=1 and 


28. L, 


Ny = 2 


K,, Ky 
Ex, = Ex, + Ey, 
hy, = hy, + hy3 

¥2=Vit ¥3 

29. °° A= k or Ac : 


hp _ Glam), 


Aa (¥am)p 


. fries 


30. 


31. 


32. 


33. E 


34. 


35. 
36. 


37. 
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h 
V2Em 


where, 


i= 


i = constant 


Em =constant 

or Eau £ 

m 
U, =-27.2eV 
U, is assumed zero. Therefore, it is increased by 
27.2 eV at all points. 
£,, = 0 under normal conditions. 
Hence, in charged conditions it is 27.2 eV. 
Number of photons emitted per second 

_ Energy radiated per second — P 


Energy of one photon hf 
_ 1000 
6.63 x 10° x 880 x 10° 
=1.7x 10° 


ei) =4125eV 


~ 3000 

Since, E < W no photoelectric effect will be 
observed. 

Eo Es 


rw 


_ - 13.6 
> Sy 
=- 0.544 eV 
K max = E-W =2eV =3.2x10 J 
h 


MV, =~ 


r 
h 


oS —— 
“dm, 
_ 6.63 x 10-4 
(5200 x 107 !°) x 9.1.x 1077! 


= 1400 m/s 


1 
K max = =MV2qx = E-W 


max 2 
2(E-W) 


m 


Here, E= bc) =4.125 eV 
3000 


-/ x 3.125 x 1.6 x10 


max ~ 


9.1.x 1073! 
= 1.09 x 10° m/s 
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Subjective Questions 


Ey, = Ex, — Ex, 


he _ he he 
hi, Bky Bk, 
or A, = a ky Ky 
ohn hg, 
_ 0.71 x 0.63 = 550 nm 
0.71 — 0.63 
2. Ax, =0.71nm=7.1 A 
E,-E,= ee = 1743 eV 
E, =E)-1743 
= — 2870 — 1743 
=-—4613 eV 
Ax, = 0.63 nm 
=63A 
_ 12375 
i ar 
= 1964 eV 
E; = E, + 1964 
=— 4613 + 1964 
=— 2649 eV 
3. Number of photons incident per second 
Power 


Energy of one photon 
_ PPR 
(hela) he 
Number of electrons emitted per second 
=0.1% of 
PR Pr 
he 1000 he 
.. Current = Charge (on photoelectrons per second) 
_ Phe 
~ 1000 he 


_ (1.5 x 107) (400 x 10) (1.6 x 107”) 


(1000) (6.63 x 10°) (3 x 108) 
= 0.48 x 10° A = 0.48 pA 


4. (a) p== => E=pce 


12375 
(b) 4= 22 
E (ineV) 
= 12373 =8035A 
1.54 
= 804 nm 
So, this wavelength lies in ultraviolet region. 
5. (a) f=5 
(a) f A 
(b) «: Number of photons emitted per second 
NV. = Power ofsource —  P 
; Energy of one photon = /Ac/A 
y,=2 
he 
(75) (600 x 10?) 
(6.63 x 10°*4) (3 x 108) 
= 2.3 x 107° photons/s 
E 
6. (a) E=hf l= 
c 
(b) r= = 
£ 
2 
7. (a) K=£ of Kop’ 


2m 
If momentum is doubled, kinetic energy 
becomes four times. 


ib) pa" or Eap 


Cc 


(for a photon) 


If pis doubled, £ will also become two times. 


8. (a) Number of photons incident per second 


= number of photons absorbed per second 


_ Power 
Energy of one photon 

_ P _PA 

heli he 


(b) Force = Rate of change of momentum = 
(Number of photons absorbed per second) x 
(momentum of one photon) 


stel oer 


(.. P = power) 


9. See the hint of above example. 


If surface is perfectly absorbing, force is z If 
c 


surface is perfectly reflecting, then force will be 
2P 
= 


In this case, 
_0.7P  0.3(2P)_ 1.3P 
c c c 


F 


10. Force = Rate of change of momentum 
h 
=2[N || -cos 60° 
X 
= number of photons striking per second 


= momentum of one photon. 
h 


N 
a 
nN 
ui 


11. r= 


Pp mv 


Since, wavelength is too short, it does not behave 

wave like property. 
Pe ee 
mv 


13. (a) hee ees 
P 


2 
(b) A= ua ge 
V2Km 2m 


3RT 
14. v.... = ,/—— =v(sa 
Tms M ( y) 


and A= A = h 2 
mv mN3RT 
Substituting the values, we get 
6.63 x 10-4 


ie 2x10° 
(2/6.02 x 1073) x 10-3 Y 3(8.31) (20 + 273) 


=1.04x104m=1.04 A 
15. KE =| Total energy | = 3.4 eV 


2 (in A) = _ i for an electron 
KE (in eV) 
__ [0 
3.4 
=6.6A 
16. (a) E, =-13.6eV 
KE =| £, |= 13.6 eV 
2, (in A) = = for an electron 
KE (in eV) 
=, oat = 3.32A 
13.6 
2nr, = 2n(0.529A) = 3.32 A 
E — 13.6 
(b) Ay=—4 0.85eV 


—4Pe ay 
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Ag = au as KE =| FE, |=0.85eV 
0.85 


x13.3A 


20% = 2n(ny"7, (as r cn’) 


=53.15A x40, 


17. Energy required to remove first electron is 
24.6 eV. After removing first electrons from this 
atom, it will become He’. 
E, =—(13.6)(2) (as E «Z’ and Z = 2) 
=-— 544 eV 
*, Energy required to remove this second electron 
will be 54.4 eV. 
‘. Total energy required to remove both electrons 
= 24.6+ 54.4 
=79 eV 
12375 
1023. 


— 13.6 
2 


18. B= B= 


or + 13.6=12.1 


(n) 
Solving this equation, we get n = 3 
n(n—1) _ 


.. Total possible emission lines = 3 


Longest wavelength means, minimum energy, 
which is corresponding to n = 3ton=Z 


y. - 12375 
max E; a E, 
Here, £,-E, a + a =1.9 eV 
Nmox = ae = 6513A 


max 


19. In hydrogen atom, 
AE, = E; — E, =12.1eV 
ExZ 
For Z=3, 
AE, = (3)' AE; = GY (12.1) 
= 108.9A 
VK 12375 
108.9 
20. E,-E, =AE, + AE) 


E = +13.6| (Z= 12375 x 12375 
1085 304 


nN 


xl13A 


Putting Z = 2 for He’, we get n = 5 
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21. (a) Let these two levels are n, and n. Then, 25. F=- du __ mor 
dr 
13.6 (ZY 
0.85 = @) ...i) ae a 
ny Now, — =|F |=m’or 
13.6 (ZY : 
0.544 =- 364) ii) . sie 
Ny 
or v=ar 


Total number of lines between n, and n,are h 
given by Now, m vr =n — 


_ = 2m 
(1 nm) (nm ny v 1) =10 .. (iii) h 
2 or m (ar)r = n— 
Solving these equations, we get 2n 
Z=4,n,=16 and n,=20 an ron 
(b) Smallest wavelength means maximum energy. 26 1 1 1 
» —“e}|——-— 
AE max = Ey, — Ey, = — 0.544 + 0.85 la oe, 
oe Xx, (l/n; = Un5)¢ 
12375 n . Bic a. 
itt Gang he, Unt - Vy), 
22. (a) Ionization energy = 15.6eV _ (1/4) _ 27 
Ionization potential = 15.6 V (I- 1/9) 32 
(b) £,. — E, =5.3eV ; ‘: 27 _27, 
a Ke an Ky mq 0 
ia 12375 _ 43354 B 32 32 
5.3 27. AE, = 50% of 50 keV = 25keV 
(c) By~E,=12.52eV 2 TOS aoe 
Excitation potential is 12.52 V. ns 1 25 x10° : 
(d) E, — E, =12.52eV 
12375 % = 49.5 pm 
5 ah AE = 50% of 25 keV 
= 988.41 A =12.5keV 
12375 
1 1 1 Ay =———, = 0.99A 
Wave number = — = m “ 2 ceo 
A 988.41x10-!° fe 
=1.01x10’ m! = 99 pm 
12375 1! a 
23. (a) Energy of photon = —— eV = 1.44 eV 28. =R(Z-)) 
(a) Energy of p ac00 dx, mn, 
Internal energy after absorption 1 P > 1 
=~ 652+1.44=-5.08eV rai (1-3) 
: 12375 
(b) Energy of emitted photon = = = 2.946 eV Solving this equation, Z = 41 


Internal energy after emission = — 2.68 — 2.946 29. 26 pm=0.26A 


=— 5.626 eV Now 0.26 = 12375 12375 
24. Kin (ineV)=E-W Vv 15V 
12375 30. Similar type of example is given in the theory. 
“9000 31. Transition if from L-shell to K-shell. 


= 1 1 1 
ne at as ,oee=Iy ae 
Therefore, stopping potential is 1.9 V. r my MN 


32. 


33. 


34. 


35. 


36. 


37. E, = 


f 2{ 1 1 
J _org-t 
= aoe” (4 | 


ny 


4.2 x 108 _ 
3 x10 


1.110’ (Z-1)° [1-2] 


Solving we get, Z ~ 42 
(a) P = Vi = (40 x 10°) (10 x 107°) 
= 400 W 
1% of 400 W is 4 W. 
(b) Heat generated = 400 W - 4 W 
= 396 W = 396 J/s 

Stopping potential = 10.4 V 

K max = 10.4 eV 


max 


E=W + Kyox =1.7+ 10.4 =12.1 eV 
12375 


A= —— =1022A 
12.1 


max 


12.1 eV is the energy gap between n = 3 andn=1 
in hydrogen atom. 


(6.63 x 10-*) (1.5 x 10!) 
1.610% 
Kmax =E-W =6.21-3.7=2.51eV 
Ay = 5000 A 


eV =6.21leV 


E=hf = 


_ 12375 

~ 5000 

Stopping potential is 3V. Therefore, K. 
E=W + Kix = 5.475 eV 


N= da379 = 2260A 
5.475 


= 2.475 eV 


=3eV 


max 


(a) fo = fy =10 x10" Hz = 10" Hz 


(b) W =|Kum | = 4eV 
i Wah Ss hel 
0 


Maximum speed ratio is 3 : 1. Therefore, 
maximum kinetic ratio is 9: 1. 


Now, 9 Kx = 4.125-W (i) 


Kyx = 2.0625 —W ... (ii) 
Solving these two equations, we get 
W =1.8leV. and K,,,, = 0.26eV 
: 1 
Putting K,. = sims we can find v,,,,. Here, m 


is the mass of electron. 
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_ 12375 


38. FE =—— =6.875eV 
1800 


Kine OF K=E-W 
= 4.875 eV 
2Km 


Bq 


r= 


_ {2 «4.875 «1.6 x10? x 9.1 x 107! 


5x10 x1.6x10”” 
=0.148m 
gx1o> _ 
39. Shigher ea ' 
h 
gp-_Y__ev 
1.6 x10~ 
_ (6.63 x 10) (8 x 10!) 
1.6107 x2n 
=5.27 6V 
Kx =E-W 
=3.27eV 
@ _ (1.57x10’)e 
2 21 
h 
os eV 
1.6 x10~ 


_ (6.63 x 10°) (1.57 x 10”) (3 x 10°) 


40. f= 


16x10? x2xx 


=3.1eV 
Kmox = E-W =12eV 


eV 


i) 


.. (ii) 


LEVEL 2 
Single Correct Option 
mv- GMm 
1. =3 
r F 
myr = ie (for n = 1) 
2n 
Solving these two equations, we can find v and r. 
Then, 
E- Le _ GMM 
2 FE 
2. OE constant 
L 2m 
MeL 
nh 
and L=— or Len 
20 
Men 


494 © Optics and Modern Physics 


3. E,-E, =40.8eV Momentum of photon = Momentum of hydrogen 
E atom 
a —E, =40.8 eV 3Rh 3Rh 
(2) Pa = Mv v= 
3 4 4M 
or “a E, =40.8 eV 9. Wax = 1.5 x10)? rad/s = 21f sax 
7 15°«10" 
or E, =— 54.4 eV e fe= Hz 
| E, |= 54.4 eV 2m 
hf, 
v max 
a E=—™ eV 
4. i=af (=) 1.6 x10” 
vy (Vn) od 6.63 x 10 x 1.5 x 10) 
or Too 7 OF ix; = =r e 
r (n) n 2m x1.6x10 
. 3 =~ 
i _(m = (ay =8 =1.0eV 
nae Since, E < W, no photoemission can take place. 
n-(n, -1 
5. n, =6 ig SED np =4 
n(n, —1 
Total emission lines = sal aoa =15 nea 
2 fr 
6. A=nr 
Acr or Acn' (as roc 1’) n,=2 
A, 4 
“n =~ (yn 
A (n) 
A : ee ee 
In | — | =4 In (1) From n,; = 2, energy of six emission lines is either 
A greater than less or equal to the energy of 
4 ) absorption line. 
Therefore, In | —* | versus Inn graph is a straight i : 2 
A 1 gel or To or fe 
line of slope 4. ¥ ¥ (Z/n) 
7. B= Hof : To wm 
20 - zr 


or Bot qT, _ fm 
YT i 


See the hint of Q.No. 4 of same section. 


3 2 
sol ; i i2 
aos) and ron 2-(5] (=) 

B= I Ea Z=4 
n 12. X» will depend on atomic number Z and values Z 
5 oe ‘ 
By [2 = (2) =32 is same of all three isotopes. 
By ny 13. 
genie) n=2 
x 4) 4 
pet 10.2 eV 
rn 
n=1 
Soe momentum of photon 
4 pg SA 
10.2 


From conservation of linear momentum, 


14. For K > 10.2 eV electrons can excite the hydrogen 
atom (as E, — E, = 10.2 eV). So, collision may be 
inelastic. 

15. E,-E,=— el + 13.6=12.1eV 

(3) 
From momentum conservation, 
Momentum of photon = Momentum of hydrogen 
atom 
E 
—=mv 
c 
E 12.1x1.6 x10"? 
’ eat 297 8 
me 1.67x10~" x3 x10 
= 3.86 m/s 
16. P=Vi=150x10° x10 x10 =1500 W 
99% of this = 1500 x sass J/s = 1485 J/s 
100 
— es cal/s 
= 355cal/s 
17. E,- EF, =32.4 
2 2 
Be) ‘ 13.6 @) 304 
(4) (3) 
Solving, we get 
Z=7 
h 
18. -- 74=—— 
a 2qVm 
I 
V = AD 
2qmxr 
19. E, — and L, cn 
ne 
M_4 
20. —=— always 
oe (always) 
: MeL 
| ah Lon 
2n 
Hence, Men 
Third excited state means n = 4. 
Pr 
21. K =+— 
2m 
In collision, momentum p remains constant. 
ta 
mass 


After collision, mass has doubled. So, kinetic 


‘ : : K 
energy will remain > Hence, loss is also oat 


22. 
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K ws ae ‘ 
Now, > = minimum excitation energy required. 


=10.2 eV 
> K =20.4 eV 
KE=|£|=3.4eV 
A (in A) = a 
KE (in eV) 
__ [150 
3.4 
=6.6A 


More than One Correct Options 


ae 


2. 
3. 


Ax, and d is will remain unchanged. But, A, will 
1 
decrease c ho & 7} 
V 
AA, =An, Aq or Ady = AKe — Xo 
will increase. 


1 1 
Ren,voe— and Ex—> 
n n 


2 
Lenron 


and foo" o Tana 
v vy (I/n) 
or Ton 
pee 
p my 2Km 
A oc Eas (if v is same) 
m 


freee 


m 


(if K is same) 


If change in potential energy is same, then change 
in kinetic energy is also same. But, this does not 
mean that kinetic energy is same. 


ny (yD) 


=> np = 4 


A, and A, are longer than Ay. 
13, A5 and A, belong to Lyman series. 
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6. ff <(Z-5) (i) 


Iff versus Z is a straight line. 


c 
a 


Hence, versus Z is also a straight line. 


1 
VA 
Comprehension Based Questions 
_ 12375 
~ 4950 

K, =maximum kinetic energy = 0.6eV 

W =E,-K,=1.9eV 
2. K,=1.1eV 
E,=W + K,=3.0 eV 


ise alee ah 
3.0 


A; =2.5eV 


3. Magnetic field cannot change the kinetic energy of 


charged particle. 
4. Kin =E-W =2eV 
150 


= ,|————., for an electron 
KE (in eV) 


il ae A 
2 


5. Kinax is 2 eV. Hence, stopping potential is 2V. 
Photoemission stops when potential of sphere 
becomes 2V. 

2-4 
Aner 


q = 8néqr 
6.) g=ne= 8negr 
8 , 
1 Bio! 
e 
2x8 x10” 


9x10? x1.6x10 
=1.11x107 


So, this much number of electrons are required to 
be ejected from the sphere. 
Number of photons emitted per second, 


N Power of source 


ir Energy of one photon 
3.2107 
~ 5x 1.6 x10 
=4x10) 


Number of photons incident 
on sphere per second, 


_ (4x10!) (8 x 10°) 
4 (0.8) 


= 10!! 


Number of photoelectrons emitted per second, 


Now, N,3t=n 


Match the Columns 


2. For He", Z =2 


H-atom 


Ionisation energy from first, excited state of 
H-atom 


=|E£,|=34eV=E (given) 
(a) | E, | = (13.6 eV) (2)° 
=16 (3.4eV)=16E 


(2° 
(b) U, = 2E, = 2 (- 13.6) oF 


=-8@GB4eV)=-8E 
(c) K, =|£, |= 16£ 
Qy" 
ey 
=4B34eV)=4E 
3. Kinx =f -W 
Knax versus f graph is a straight line of slope h 


max 


and intercept — W. 


(d) | £, |= 03.6) 


“. Vo versus f graph is again a straight line of slope 


h : W 
—and intercept —. 
e e 


2 
pao! or T Lape 
v vy Z/n 
3 
n 
pe 
i= or Lon 
2n 
2 
uae and pe 
n 


Ay _ (nt -1/n); 
dy (Win? — nd), 
_ (0/4 - 1/16) 
7 (ln; - W/n3), 


3 1 
=(=. 
( l= = oa 


(a) For first line of Balmer series, 


or 2 


27 
n=2,m=3 «. A,=|—IA 
1 7 2 (=) 
(b) For third line of Balmer series, 
25 
ny =2,m=5 m=(3 


(c) For first line of Lyman series, 


n= lm 2 ts Ag= 


(d) For second line of Lyman series, 
n= 2 =3. 2. ky = (=). 


. See the hint of Q.No. 3 of section Assertion and 
Reason. 

Stopping potential increases with increase in 
maximum kinetic energy of photoelectrons of 
frequency of incident light. 

With increase in distance between cathode and 
anode, f remains unchanged. 

Kinax =f -W =eV, 

If W is decreased, K,,,, and Vp both will increase. 


Subjective Questions 


1. (a) Reduced mass of positronium and electron is ma 


where, m = mass of electron 


1 
Eom -. ho 
m 


. a ar ee 
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m has become half, so A will become two times 
or 1312 nm or 1.31 um. 


(b) ExZ? «. es 


Va 
For singly ionized helium atom Z = 2 


his oth or 164nm 


v 

Tr 

_ (2.2.x 10°) 
(2) (0.529 x 107!°) 


= 6.6 x10! Hz 


1 


1 
vo and ron 


n 
1 
for = fez 
r n 
p-4 


(b) AE = E, — E, = 10.2eV =hf 
_ 10.2 x1.6 x10 

f= 6.6 x 10-4 

= 2.46 x 10° Hz 


(c) In option (a), we have found that 
fy, = 0.823 x 10'° Hz 


T=— 
h 


Voss tf, = (10-8) (0.823 x 10!°) 
T, 
= 8.23 x 10° revolutions 


; Cte 
m 


= OE) _ 0.529 x10" 
m 207 
= 2.55 x10 m 


(b) Exam 
.. Ionization energy of given atom 
= (m) (ionization energy of hydrogen atom) 
= (207) (13.6 eV) 
= 2815.2 eV =2.81 keV 


. (a) E, - Ey =12.5 


a=? a56=10:5 


n 
Solving we get, n = 3.51 
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Hence, electron jumps to 7 = 3. So, possible lines 
are between n = 3 ton=2,n=3ton=land 
between n=2ton=1. 


Forn=3 ton=2, 


AE =E,-E, 13.6 | 13.6 
9 4 
=19eV 
tte? 4 esi9 Ah 
1.9 
= 651 nm 


Similarly, other wavelengths can also be 
obtained. 
(b) n= 3.51 (in option-a) 
A photon always transfers its energy completely. 
So, it cannot excite the ground state electrons to 
n= 3 (like and electrons excited it in part-a). 
5. (a) E=hf = (6.6 x 10“)(5.5 x 10'*) 


= 363x107 J 


=2.27eV Ans. 


(b) Number of photons leaving the source per 
second, 
P 0.1 


E 363x10~" 


= 2.75 x10!" Ans. 


(c) Number of photons falling on cathode per 
second, 


ae x 2.75 x10!” 


n= 


= 4.125 x10"4 


Number of photoelectrons emitting per second, 
6 x 10° 


ny = ———, = 3.75 x 10"° 
1.6 x 10 
13 
m= x109= 2 P* x 100 
ny 4.125 x10 
= 9% Ans. 
K 
6. —=5 
K, 
= E,= -0.85 eV 
| E£3=-1.51eV 
E2=-3.4eV 
E,=-13.6 eV 


paves aA ...(i) 


Here, AE, = £,— F, =12.75 eV 
and AE, = E; — E, = 12.09 eV 
Substituting in Eq. (1) and solving, we get 
W =11.925 eV Ans. 


. For shorter wavelength 


AE = E, - E; = 


(-13.6)(3)° os 
(4° (3) 
= 5.95 eV 

W =E — Ki, = (5.95 — 3.95) €V=2€V 


For longer wavelength 


~ 2 _ 2 
he Fie ( 1) ( ea) 
(5) (4) 
= 2.754 eV 
Kymax = E -W = 0.754 eV 
or stopping potential is 0.754 V. Ans. 
. Magnetic moment, p = NiA = (<) (nr’) 
e 2, er : 
or = tu) = Lf 
. & ; we 2 @ 
Weknow that = mvr= a .. (ii) 
2m 
Solving Eqs. (1) and (ii), we get 
neh 
= Ans. 
4mm 
Magnetic induction, B = aa ge a 
2r = 2rT 
or = Pot __ Pott ...iii) 
(2r)\(2nr)  4nr 
2 2 
From Newton's second law, . z= a 
4negr r 
2 
or v= ... (iV) 
4neymr 
Solving all these equations, we get 
27 
fon = Ans. 


8eghn? 


. Energy of electron in ground state of hydrogen 


atom is — 13.6 eV. Earlier it had a kinetic energy of 
2 eV. Therefore, energy of photon released during 
formation of hydrogen atom, 
AE =2-— (— 13.6) =15.6 eV 
12375 12375 


(ae 
AE 15.6 


=793.3A Ans. 


U -_ 0.85 ev= —— 


n 


n=4 
Ejected photoelectron will have minimum 


de-Broglie wavelength corresponding to transition 
from n= 4 ton=1. 


AE = E, — E, =— 0.85 — (- 13.6) 
=12.75 eV 
Kyax = AE —W =10.45 eV 
A= a (for an electron) 
10.45 
=3.8A Ans. 
1. woe 
2 
n=3 


i.e after excitation atom jumps to second 
excited state. Hence, ny = 3. So, n; can be 1 or 2. 
Ifn, = 1, then energy emitted is either equal to 
or less than the energy absorbed. Hence, the 
emitted wavelength is either equal to or greater 
than the absorbed wavelength. Hence, n, # 1. 


¥ 
nj=1 


cia 


= 


nj=2 
Ifn,=2, then £, 2 E,. 
Hence, A, <A, 
: n; =2 Ans. 


(b) E; — E, = 68 eV 
(13.6) (Z7) (+ = ;) = 68 


L=6 Ans. 
12375 


C) Awe = 
(©) Pin E;-£, 
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= ae =28.43A Ans. 


2(,_1 
(13.6) (6) [1 5] 


(d) Ionization energy = (13.6) (6)” = 489.6 eV Ans. 
gy 


i ole 25.3A Ans. 
489.6 


12. Pitch of helical path, p = (vcos 0) T = = 


(as 0 = 60°) 
palm _ on (a=) 
Bq Ba m 
_. 
, Ba 
or y= BoP .. (i) 
T 


KE = mv? =E-W 


W =E-5 mv (ii) 


Substituting value of v from Eq. (i) in Eq. (ii), 
we get 


w=49-4 
2 


9.1107! x (2.5 x 10°) (1.76 x 10! 


(2.7x 10°) 
nm x16 x10” 


=(4.9- 0.4) eV =4.5 eV Ans. 


I 
13. (a) 4=1500| ——, 
- ste 


Amax Corresponds to least energetic photon 
with p = 2. 


1 
Remar = 1500 = 2000 A Ans. 
aa ; =) 


Amin Corresponds to most energetic photon 
with p = 00 
Amin = 1500 A Ans. 


(b) A,,_, =1500A 


E, = - 0.95 eV 


E,=- 2.05 eV 


E, =-8.25 eV 
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£, 6, = 1375 ey 
1500 
= 8.25 eV 
E, =— 8.25 eV (as E,, = 0) 
Ay 1 = 2000 A 
12375 
7 iis Case 
2000 
=6.2 eV 
Ey =— 2.05 eV 
1 
Similarly, 23, = 1500 | ——— 
ao a ; S 7s) 
=1687.5A 
12375 
3 bcs Se ey 
1687.5 
E; =— 0.95 eV 
(c) Ionization potential = 8.25 V Ans 
12375 
14. (a) K,; =——__- W feel 
(a) Ky 3000 (i) 
12375 fe 
= — _ -W (i 
> 1650 @) 
vy) =2v, -. Ky =4K, .. iii) 
Solving these equations, we get 
W =3eV 
Threshold wavelength, 
hie 12375 
3 
=4125A Ans. 
(b) E, = ae ean 
“1650 


Therefore, number of photons incident per 


second 
P, 5.0x10° 
ar 
E, 12x10 


=4.17x10'° per second 


Number of electrons emitted per second 


(c) Energy of photon in first case, 


_ 12375 
~ 3000 
=4.125 eV 
or E,=66x10" J 
Rate of incident photons 
oe ee 
£E, 66x10 


= 1.52 x10'° per second 


Number of electrons ejected 
_ 4.8x10°% 
1.6x10° 


= 3.0 x 10!° per second 


per second 


Efficiency of photoelectrons generation 


15 
7 a 100 
3.0 x10 
=5.1% 
15. Balmer Series 
12375 12375 
aa _E aaa 1 l 
3 2 (13.6) (3-3) 
4 9 
=6551A 
= 655.1 nm 
12375 12375 
LO are _E = I I 
Bao (2-2) 
4 16 
= 4853 A 
= 485.3 nm 
12375 12375 
be le _E = I 1 
5 2 (13.6) | — - — 
4 25 
= 4333 A 
= 433.3 nm 


First two lie in the given range. Of these A4) 


corresponds to more energy. 


Ans. 


=5.1% 
(q ) Pe P B= F,-E,=(13.6)(1 7 
— x4.17 x10 
100 a =2.55eV 
= 2.13 x10” per second Kmax =E-W = (2.55 — 2.0) eV 
Saturation current in second case = 0.55 eV Ans. 
i= (2.13 x 10"*) eae V0” i 16. From the theory of standing wave, we can say that 


Ans. x 


=34nA 
2 =(2.5-2.0)=0.5A 


We 


18. 


or A=1A 


25A 


Therefore, least value of d required will 


correspond to a single loop. 
x 
dyin = 5 = 0.5 A 


Further for de-Broglie wavelength of an electron, 


r= [5 
K(in eV) 


A=1A 
K =150eV Ans. 
(a) Reduced mass 
mm, _ (1837m, (207m,) 
m, +m, 1837m, + 207m, 
= 186m, 
= 186 x 9.1107! 
=1.69 x 1078 kg Ans. 


(b) E, cm 
Here, reduced mass is 186 times mass of 
electron. Hence, ground state energy will also 
be 186 times that of hydrogen atom. 


E, = 186(— 13.6) eV 


= — 2529.6eV~—2.53keV Ans. 
(c) Ey =186 (- 3.4) eV=— 632.4 eV 
AE), = 1897.2 eV 
7 12375 5 
AE), 
_ 12375 
1897.2 
= 6.53 A x 0.653 nm Ans. 


Force of interaction between electron and 
proton is 

dU _—k 

dr r 
Force is negative. It means there is an attraction 
between the particles and they are bound to each 
other. This force provides the necessary centripetal 
force for the electron. 


Fe 


Ans. 
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se --(i) 


According to Bohr’s assumption, 


myr =n — . (il 
oe (ii) 
Solving Eqs. (1) and (ii), we get 
_ mh 
2nv mk 
and v= i 
m 
E=U 4 : mv =kinr A + =kinr 
2 2 
nh 
Thus, r= 
2nv mk 
nh 
and E, =k in Ans 
one mk } 
19. (a rat i 
(a) ra (i) 
myr = me (ii) 
2n ~~ 
Solving these two equations, we get 
nh 
r= 
2mBe 
and v= i 
2nm 
ie ceges Ans. 
2 4nm 


(c) M =iA= (<) (nr) 


e 

2ur 
@ 
_e nh nhBe 
~ 2\V 2nBe 2nm* 


nhe 


2 evr 
Tr )= 
(mr) - 


i 4mm 
U =— MB cos 180° 
_ nheB 


4mm 


Note Angle between Mand B will be 180°. Think why? 


G@ F-e2 eo 
2mm 


© |6|= Bn =™" 
2é 
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20. (a) and (b) When hydrogen atom is excited, then 


1 1 
eV =E,|--— Pert 
0 ; =| ( ) 
When ion is excited, 
1 1 
eVeh Z| === (ii) 
of E | 
Wavelength of emitted light, 
he i oo | 
—=£|--s . iii 
he (; 7) ot 
he 2) 1 1 7 
—=E)Z*|--> .. (iV 
io ! | ” 
Further it is given that 
A, 5 
“1.2 ...(v) 
Ay 1 
Solving the above equations, we get 
Z=2, n=2,n,=4 
and V =10.2V Ans. 
(c) Energy of emitted photon by the hydrogen 
atom =F, — By 
=10.2 eV Ans. 
and by the ion = E, — E, 
1 
= (13.6) @) | 1-— 
(13.6) (2) [ ; -| 
=SleV Ans. 
2. 06e2 (i) 
4950 
ie yy .. (ii) 


Solving above two equations, we get 


W =1.9eV 
and n=4125A Ans. 
22.. ts iy 
4000 


Number of photoelectrons emitted per second, 


i -( ! ) 5 
10°) | 3.1*1.6 x10 


per second 


i=ne 
=1.0x103 x1.6 x10? 
=16x10°A 
=16pA Ans. 
23. (a) E= pees 3.1eV 
4000 
Energy of electron after first collision 
E, = 90% of E=2.79 eV (as 10% is lost) 
Energy of electron after second collision 
E£,=90% of £E,=2.51eV 
KE of this electron after emitting from the 
metal surface 
= (2.51— 2.2) eV=0.31 eV Ans. 


(b) Energy after third collision, 


E,=90% of E,=2.26eV 
Similarly, 
E,=90% of £,;=2.03eV 


So, after four collisions it becomes unable for 
the electrons to come out of the metal. 
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INTRODUCTORY EXERCISE 


. Penetrating power is maximum for y-rays, then of 


B-particles and then o -particles because basically 9. 


it depends on the velocity. However, ionization 
power is in reverse order. 


. Both the beta rays and the cathode rays are made 
up of electrons. So, only option (a) is correct. 


(b) Gamma rays are electromagnetic waves. 


(c) Alpha particles are doubly ionized helium 
atoms and 


(d) Protons and neutrons have approximately the 
same mass. 


Therefore, (b), (c) and (d) are wrong options. 
. During B-decay, a neutron is transformed into a 


proton and an electron. This is why atomic number 
(Z = number of protons) increases by one and 
mass number (4 = number of protons + neutrons) 
remains unchanged during B-decay. 


. Following nuclear reaction takes place 
on ——> |H'+ _e°+¥ 


v is antineutrino. 


n 
. From R= a5] 
2 
1 


we have, 1= 64 =) 


or n= 6 = number of half-lives 


t=nxt,. =6x2=12h 


. Activity of S; = ; (activity of S,) 


or MN, = 504 Ny) 

Ay Np 

Ay 2M, 
cigar ( 
T, N> 
N,=2N, 


or 


or T = half - life = m2 


Given, 


“liq 


.. Correct option is (a). 


. After two half-lives - th fraction of nuclei will 


3 ‘ . 
remain un-decayed. Or, a th fraction will decay. 


10. 


11. 


ty2 12. 


13. 


Hence, the probability that a nucleus decays in two 


half-lives is =, 
4 


Activity reduces from 6000 dps to 3000 dps in 
140 days. It implies that half-life of the radioactive 
sample is 140 days. In 280 days (or two half-lives) 


activity will remain a th of the initial activity. 


Hence, the initial activity of the sample is 
4 x 6000 dps = 24000 dps 
Therefore, the correct option is (d). 


R=R, (3) (i) 


Here, R = activity of radioactive substance after n 


half-lives = Ro 
16 
Substituting in Eq. (1), we get n = 4 
t =(n) t2 = (4) (100 us) = 400 ps 


(given) 


N =N,e™ 
In2 | 
where, oe ed 
ig 98 
In 2 
Me = Nye 38 
20 


Solving this equation with the help of given data 
we find 

t = 16.5 days 
.. Correct option is (b). 


n 
1000 = (3) 8000 
2 


n= 3 =number of half-lives 
These half-lives are equivalent to 9 days. Hence, 
one half-life is 3 days. 
ty, = 1.44 ty. = 1.44 x3 = 4.32 days 


R 
Ry =ANo Ny=— 
x 
where, N= Ing 
hyo 
N =N,e™ 
Find N,=N,e* 
and N,=Nye- Mo 


Number of nuclei decayed in given 
time =N,-N, 
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14. (a)R=Re™ 


Ry = 20 MCI 
R=8 MCI 
t=4.0h 


Find A. 
(b) Ry=4Ny. Find No= a 


(c) Find R =Rye™ 


15. R) =ANy 
6.0 x10!! = a (10!°) 
4 =6.0x104s 
7 ae eee 
A ~~ 6.0x 10 
=1.16x10's 


16. In 200 minute time, 
n, = number of half-lives of X 


=4 
50 
Ny = number of half-lives of Y 
eee, 
100 


Ny _N,(i/2)*_ 1 
Ny N,(i/2yr 4 


INTRODUCTORY EXERCISE 


1; 4GHe = 0" 
Mass defect, Am = {4 (4.0026) — 15.9994} 
= 0.011 amu 
*, Energy released per oxygen nuclei 


= (0.011) (931.48) MeV 
= 10.24 MeV 


.. Correct answer is (c). 


LEVEL 1 
Assertion and Reason 


1. Huge amount of energy is involved in any nuclear 
process, which cannot be increased or decreased 


by pressure or temperature. 


2. Some lighter nuclei are also radioactive. 


2. 


4. 


Heavy water is used as moderators in nuclear 
reactors to slow down the neutrons. 

During fusion process two or more lighter nuclei 
combine to form a heavy nucleus. 

Hence, the correct option is (c). 

(a) mc) =Pxt 


: _Pxt 
._m=—> 


G 

_ (10°) (24) (3600) 
(3 x 10°) 
=9.6x104kg 


(b) Number of fissions required per second 
_ Energy required per second 


Energy released in one fission 
_ 10° 
200 x 10° x 1.6 x10” 
= 3125 x10" 
Mass defect 2m, —Zm, = Am 
= (238.050784) — (234.043593 + 4.002602) 
= 4.589 x10 u 
Energy released = Am x 931.48 MeV 
= 4.27 MeV 
QO = (Am in atomic mass unit) x 931.4 MeV 
= (2 x mass of ,H? — mass of jHe*) x 9314 MeV 
= (2 x 2.0141 — 4.0024) x 931.4 MeV 

OQ ~24MeV 
2 ,H* —> .He* 
Binding energy of two deuterons, 

E, =2[2x1.1]=4.4 MeV 
Binding energy of helium nucleus, 

Ey = 4 (7.0) = 28.0 MeV 

Energy released AE = E, — E, 
= (28 — 4.4) MeV = 23.6 MeV 


Exercises 
3. 


By emission of one o -praticle, atomic number 


decreases by 2 and mass number by 4. But by the 
emission of one B-particle, atomic number 
increases by | and mass number remains 
unchanged. 


In moving from lower energy state to higher 
energy state electromagnetic waves are absorbed. 


11. 


. Neutrino or antineutrino is also produced during 


B-decay. 


. Total binding energy per nucleon is more 


important for stability. 
(1 amu)(c”) = 931.48 MeV 


. Q-particles are heaviest. Hence, its ionizing power 


is maximum. 


In binding energy per nucleon versus mass number 
graph binding energy per nucleon of daughter nuclei 
should increase (for release of energy) or the 
daughter nuclei should lie towards the peak of 

the graph. 


Objective Questions 


a; 


2. 


Nuclear density is constant hence, mass « volume 
or mo V 
Radius of a nucleus is given by 
Ren, 4° (where, Ry = 1.25 x 107! m) 

=125 4a"? 410" m 
Here, A is the mass number and mass of the 
uranium nucleus will be 

m= Am,, where m, = mass of proton 

= A (1.67 x 10°?’ kg) 


: mass m 
*, Density, p = 


“4 
volume aR? 


_ A (1.67 x107"kg) 
A (1.25 x10? my 
or p = 2.0 x10!" kg/m? 


. Letn—a particles and m—B particles are emitted. 


Then, 
90 —2n+ m= 80 
200 — 4n = 168 
Solving Eqs. (i) and (ii), we get 
n=8 and m=6 


i) 
.. (ii) 


. By emitting one a -particle, atomic number 


decreases by 2. By emitting two f-particles, 

atomic number increases by 2. Hence, 
Z,4=Z 

or A andC are isotopes. 


8. Binding energy = (Am) x 931.5 MeV 


=[2 x 1.00785 + 2 x 1.00866 — 4.00274] 
x 931.5 
= 28.2 MeV 
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9. 


10. 


11. 


12. 2 


13. 


14. 


15. 


16. 


Number of nuclei left = ih 


Now, / = (3) 
8 \2 


n =number of half-lives 
=3 
3 half-lives = 8s 


1 half-life = : S 


Number of atoms disintegrated, 
N =N,(-e™) 


At ¢t =one mean life = - 


PY stelsig= 
No e 


Pe, side 
Decayed fraction is 1 th. Therefore, left fraction is 


v=No(5] or aul -(3) 22 
2 No 2 4 


n =number of half-lives = 2 


din, 
4 


Two half-lives are equivalent to 15 min. 
Therefore, one half-life is 7.5 min. 
= In2 = In2 day! 
ta 4 
Now, apply 
R=Re" = 


Substituting value of A, we can find ¢. 


5=100e™ 


Let N nuclei decay per second. Then, 
N (200 x1.6 x 1073) = 1.6 x 10° 
Solving we get N =5 x 10'° per sec 
Nuclear density is independent of A. It is of the 
order of 10’ kg/m?. 
_in2 _ 0.693 1 


x se 
ty. 6.93 10 


Activity of atoms is 6.25% after four half-lives. 
Four half-lives 2 h = 120 min 
One half-life is 30 min. 
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17. Probability of survival, 
_ Number of nuclei left _ Nye 


Initial number of nuclei No 


At t =one mean life = ' 
1 
P=el=- 
e 


Subjective Questions 
1. (a) R=Re™ 
R=2700 per minute, Ry = 4750 per minute 
t=5min 
Find A. 
In2 
(b) 42 = a 
2. R=AN 
6x10''=1.0x10'° 
7=6x10"s 
ee In2 = eS 
Xx 6 x10 
= 1155 s=19.25 min 
3. °° R=AN 
_R_ R _ Rty 
X% = (n2)/t).  In2 


_ (8 x 3.7 x10!°) (5.3) (365) (24) (3600) 


Ss 


0.693 
=7.14 x10! 


7.14 x 10° 
m = x 
6.02 x 10 
=7.11x10°% g 
A. RW = [22 \v 


hyo 


60g 


0.693 


= 5 ( (6.02 x 1073) 
4.5 x10° x 365 x 24 x 3600\ 238 


= 1.23 x10*dps 


1 
5. — =10days 
1 y' 
a X=0.1 day! 
Probability of decay 


_ Number of atoms decayed 


Initial number of atoms 
_N,d-e™) 
No 


10. 


11. 


12. 


=H et ={= el x5 
= 0.39 
238 3 
Pos 1 
Nj =3+1=4 
N= 
N=N e™ (i) 
= In2 it 
ty2 
From Eggs. (i) and (ii), we get 
t=1.88 x10° yr 
A, = any (T = half-life) 
qT 
4, =m 
2 7, 
Ro, + Roy = 8 mCi (given) 


X(4N 9) + Ad(No) = 8 mCi 
From here we can find number 
after ¢ = 60 yr 
R=R, +R, 
=(40,Ny)e™ + (AN )e*" 
(a) 82+ 10=92, 206+ 10+ 20 = 236 


So, this reaction is possible. 
(b) 82+ 16-6=92, 206+ 32 = 238 


But antineutrino is also emitted with B! 
(or electron) decay. 
Binding energy = Am x 931.5 MeV 


= (7 x 1.00783 + 7 x 1.00867 — 14.00307) 931.5 
= 104.72 MeV 
Energy released = binding energy 

= Am x 931.5 MeV 


= (8 x 1.007825 + 8 x1.008665 — 15.994915) 
x 931.5 


= 127.62 MeV 
(a) Number of nuclei in 1 kg of We 


N= & (6.02 x 107°) 
235 


Total energy released 
=(N x200)MeV 


at 1026 10722 
-(=5] (6.02 x 1025) (200) (1.6 x 1073) 


=8.19x10P J 


8.19 x10" 
m = ———_— 
30 x10 
=2.73 x10’ g 
= 2.73 x 10° kg 
13. From momentum of conservation, 
Pi = P2 
42K m, =./2K,m, 
Kym, _ (6.802) (4) 
m; 208 
= 0.1308 MeV 
14. Number of nuclei in | kg of uranium, 


N= (=| (6.02 x 107°) 
235 


(b) 


K,= 


Now, = (6.02 x 107°) (185 x 1.6 x 1013) 
235 


= (100 x 10°)¢ 
t=7.58x10° s 
_ 7.58 x 10° ’ 
60 x 60 x 24 
= 8.78 days 
15. Q-value = (Am) (931.5) MeV 
(a) O-value = (2 x 2.014102 — 3.016049 


— 1.007825) x 931.5 
= 4.05 MeV 


Similarly, Q-value of other parts can also be 
obtained. 


16. Q-value = (Am) x 931.5 MeV 


= (2 x 4.0026 — 8.0053) x 931.5 
= — 0.0931 MeV 
=- 93. 1keV 


LEVEL 2 
Single Correct Option 


1 Moan (2) 2 nea 


So, 3¢ times is equivalent to four half-lives. Hence, 


one half-life is equal to ~. 


: fan dil : ‘ 
The given time = =t= : tis equivalent to 6 


6 
w=n,(2f=% 


half-lives. 


~ 64 
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2 Nees iy 
mee erie 
an ae 
or pel py 
T,+T, 


oth sample remains after 2 half-lives or 40 y. 


3. Q-value = Final binding energy 
Initial binding energy 
=F,N,+ £,N,-E,N, 
4. Energy released = Final binding energy 
— initial binding energy 
=110 x 8.2 + 90 x 8.2 — 200 x 7.4 
= 160 MeV 
5. It means we are getting only 100 MeV of energy 
by the fission of one uranium nucleus. 
Number of nuclei per second 
Energy required per second 


Energy obtained by one fission 


16x10 10!8 
100 x 1.6 x10°3 


6. When the rate production = rate of disintegration, 
number of nuclei or maximum. 
AN =A 
In 2 


or —N=A és nln 
In 2 


7. Ro =15 x 200 = 3000 decay/min from 200 g 


carbon. 


Using R=R) (5) 
1 n 
375 = 3000 (3) 
2. 
n= number of half-lives = 3 
t = 5730 x3=17190y 


8. A, = Ae ™4 
Ag = Age™? 
A, = In (Ap/ Ap) 
ij => In (Ap/ Ap) =T In (Ap/ Ap) 
Similarly, t =T In (Ap/ Ag) 


A 
y-yatin( 2 
P 
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9. Combining two given equations, 
we have, 3,H’ =2He' + p+n 


Am = 3 x 2.014 — 4.001— 1.007 — 1.008 


= 0.026 u 
Energy released by 3 deuterons 
= 0.026 x 931.5 x1.6x10 VJ 


=3.9x10 7) 
16 _ 10° 212 
Now, (10'° x #) = : (3.9 x 107!?) 


Solving we get, 
tx13x10"s5 


10. R,=R 
Roe = Rye ™ 


AN o eM = AyN 9 eft 


pe In2 7 0.693 
t t 
iz 0.693 
hb 


Substituting these values in Eq. (1), we can get 
the ¢. 


11. 4=232-—4=228 
From conservation of momentum, 
Po = Py = 2K My, = |2K,m, 
K, 4 


Mg, 


228 
K,= (| Kyotal 


228 
= & Kyotai 


12. From momentum of conservation, 
momentum of photon = photon of nucleus 


Ee ie 
c 
2 
K= - A 
2mc 


_ (7x 1.6 x 10-8 
2 x24 x1.67 x 10°77 x 3 x 108) 


x 1.6 x107!% 


=1.1keV 
13. Activity 4 o Number of atoms 


= Mt 
A, = Age 


fia in (ee ee 
r A,) In2 A, 


Ays24.e™ 
pe | 
In 2 A, 


T (A). A, 
t}-h=—s/]— x 
In2\ A, 2A) 


ee ey 
In2 |24, 


More than One Correct Options 


In 2 
1 =)hx =—_ 
¥ T 
a | 
— =— = constant 
y AK 
x T x 
—=— or —>7 (as In2=0.693) 
y In2 y 
Further, 


xy=x (Ax) = Ax? 
After one half-life, x remains half. Hence, x7 


ee | 
remains — th. 
4 


. By the emission of an a-particle, atomic number 


decreases by 2 and by the emission of two 
particles atomic number increases by 2. Hence, net 
atomic number remains unchanged. 


» Att=47T 


Number of half-lives of first n, = 4 and number of 
half-lives of second n, = 2 


Ni_,_No (1/2) 1 
N, N,(a/2y 4 
_R, _ Ay No 1/2)" 

Ry Ay Ny (1/2 


= My = T, 
4h AT, 
_2 1 
47 (2 

6. R=RA“? or Ra«A? 


Comprehension Based Questions 
1. Energy released = (Am) (931.48) MeV 


=[2 x 2.01102 — 3.0160 — 1.007825] x 931.5 
= 4.03 MeV = 4 MeV 


2. Let N number of fusion reactions are required, 
then 


N x4x1.6 x10 =10° x 3600 
N =5.625 x 10'8 


3. In one fusion reaction two H nuclei are used. 
Hence, total number of +H nuclei are 2N. 
or 1.125x10'? Mass inkg 


1.125 x10” 
7 6.02 x 10 ] ne 


=3.7x10*kg 


Match the Columns 


y=Ax or = 


R=Re™ 
= ye UD — ye 
R=2=1N 
e 
22 2 * 2% 
eh e(y/x) e 


2. Energy is released when daughter nuclei lie 
towards peak of this graph, so that binding energy 
per nucleon or total binding energy in the nuclear 
process increases. 


3. A will continuously decrease, but C will increase. 
(A + B) will continuously decrease as C is formed 
only from A and B. 


(C + B) =Total — A 
A is continuously decreasing. Hence, (C + B) will 
continuously increase. 


4. (a) Z'=Z-Z+1=Z-1 
A'=A-4 
(b) Z’'=Z-2x2+1=Z-3 
A'=A-2x4=A-8 
(c) Z'=Z-24+2x1=Z 
A'=A-4 
(d) Z'=Z-2x2+2x2=Z-2 
A'=A-2x4=A-8 


5. (a) E is of the order of kT, where k = Boltzmann 
constant and T ~ 300 K 
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(c) A to X-rays is of the order of [A—100A 


12375 |. 
Es V 
[ine 


= 4 in keV 
x 


where, A is in A. 
(d) Vis of the order of 4000 A — 7000 A 


Now, £& (ineV)= me 
2X (in A) 
Subjective Questions 
R 10° ia 
1. N x 0.693 7.43 x10 
14.3 x 3600 
Now, OY guy or i aN =|" dt 
dt 9 q-AN °0 
q —Mt 
N=-—(l-e 
( ) 
Substituting the values, 
13 2x10? _-(0.693/ 14.3 x 3600) ¢ 
7.43 x10" = — [l- ¢ ] 
14.3 x 3600 
Solving this equation we get, 
t=14.3h Ans. 
2. (a) A B Cc 
Att=0 No 0 0 
Att N, N> N; 
Here, Nave" .. (i) 
dN, 
—=h(N,-N 
7 (N, —N>) 
or a =1N eo -2.N, 
dt 


or dN,+AN dt =AN,e™ 
edN, + AN edt = AN odt 


or d(N,e!) = AN pt 
Nye =AN ot + C 

Att=0, N,=0, 

Cav 


N,=AN,(te™) 
(b) Activity of B is 
R, =1N,=N,(te™) 
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é .. dR 
For maximum activity, — = 0 
dt 
Ans. 
Reax =—— Ans. 
3. (a) Let at time ¢, number of radioactive nuclei 


are NV. 
Net rate of formation of nuclei of A 


—=a-AN or = dt 
dt a —AN 
or ae = (‘at 
Ma—-N 20 
Solving this equation, we get 
1 ; 
N =s [a -(a-AN,)e*] (i) 
; ee In 2 
(b) (i) Substituting a = 2AN 9 and t= t;. = a 


in Eq. (i), we get N = ; No 


(ii) Substituting «© = 2AN 9 and t—> in Eq. (1), 


we get 
N =~ =2N, 
or N =2Ny 
4. (a) LetR ‘4, and Rg, be the initial activities of A and 
B. Then, 
Ry, + Rg, =10"° dps (i) 


Activity of A after time ¢ = 20 days 
(two half-lives of A) is 


1 2 
Ry= =) Ry = 025 Ry, 


Similarly, activity of B after t = 20 days 
(four half-lives of B) is 


4 
1 
Rz = (3) Rg, = 0.0625 Rg, 
Now, it is given that Ry + Rz = 20% of 10'° 
or 0.25R, + 0.0625, = 0.2 x 10'° dps. ...(ii) 


Solving Eqs. (i) and (i1), we get 
= 0.73 x 10!° dps 


and Rpg = 0.27 x 10'° dps 


Ruy = NAN ay _ (tya)p . N 4p 


(b) 
Rg, ABNg, (tia, Nay 


. We have for B 


Na, _| Ra fas (073) (10) 
Ns, \Ra,) Cvs \0.27)\5 


=5.4 


. Let NV be the number of radio nuclei at any time ¢. 


Then, net rate of formation of nuclei at time ¢ is 
dN 


=a -—AN 
dt 
or j-_-fia 
9a-AN <0 
a Mt 
or N =—(l-e 
a ) 
SS s—_— N 


Rate of formation =a Rate of decay = AN 


Number of nuclei formed in time ¢ = at 
and number of nuclei left after time 


a Mt 
t=—(l-e 
7 ( ) 
Therefore, number of nuclei disintegrated in time 
a Mt 
t=at——(l-e 
: ( ) 
Energy released till time, 


t=Ey jo -Sa = | 


But only 20% of it is used in raising the 
temperature of water. 


So, 0.24 ar xs Fal = | =O 


where, O = msA0 
Q 


ms 


A®@ = increase in temperature of water = 


0.2 B,| at = a = “| 


ms 


A® = 


dN p 
pica Ay ey a 
dt 2°" B 


N, dN t 
= i eae =I, 


=> In (P= tNs) =-)yt 
P 2 
P(l- 2’) 
yg 
The number of nuclei of 4 after time f is 
N,=Ne™ 


> Nz= 


Thus, oe =1,N 4+ AN ep 
> OMe AN oe + PIL &*2") 
dt 
ce | 
> N= Ny-e™+ P| r4 7 
2 


7. "Po —> ‘Pb + 3He 
Am = 0.00564 amu 
Energy liberated per reaction = (Am)931 MeV 
ataxlo'y 
Electrical energy produced = 8.4 x 10-4 J 


Let m g of *!°Po is required to produce the desired 
energy. 


N =— x6x107 


_ 0.693 


hyo 


ny = 0.005 per day 


(0.005)(6 x 107 m) 


er da 
210 . : 


dN 
or 
Electrical energy produced per day 
(0.005)(6 x 107 m) 

~ 210 
This is equal to 1.2 x10’ J (given) 
m=10g Ans. 


)=a = 


x 8.4 x 1074 J 


Activity at the end of 693 days is 


0.005x 6x10" x10 107! 5) 
R= = er day = R, 
210 a Aaa 
Here, n = number of half-lives = a = 
138.6 


107! 
aa 4.57 x 10"! per day 


Ry = RQY = 32x 


Ans. 


8. (i) At¢=0, probabilities of getting a and B 
particles are same. This implies that initial activity 
of both is equal. Say it is Ro. 

Activity after t = 1620 s, 


1620/ 405 
1 R 
Ry =Ry =? 
2 16 
1620/ 1620 
and R, = Ry (5) = Ae 
2 2 


Total activity, R= R, + R, = ~ Ry 


Probability of getting a-particles, 
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a 


R 9 
and probability of getting f -particles 
gts 
R 9 


Ans. 
(ii) Roy = Roo 
T T, 
Na _1 


Ny 4 
Let NV, be the total number of nuclei at ¢ = 0. 


Then, No, =“ and No, =—— 


Given that N,+N,=— 


2 No 1/45 | AN, pj a 
2D 5 \2 2 


1)! 120 
Let (3) =x 


Then, above equation becomes x* + 4x —2.5=0 


t/ 1620 
x= 0.594 or (5) = 0.594 


Solving, it we get f=1215s. Ans. 
-3 


9. es x 6.02 x 107= 2.87 x 10!8 
210 


During one mean life period 63.8% nuclei are 
decayed. Hence, energy released 


E = 0.638 x 2.87 x 10'8 x 5.3 x 1.6 x 1073 J 
=1.55x10°J Ans. 
_ 0.693 
14.3 x 3600 x 24 
= 3.371017 per sec 


10. R, =AN x 6.02 x 10° per sec 


After 70 hours activity, 
R= Rye = (3.37 x 10!7) (0.999) 143 «29170 
= 2.92 x10!” per sec 


In fruits activity was observed 1 Ci or 
3.7 x 10° per sec. Therefore, percentage of activity 
transmitted from root to the fruit. 


3.7 x 104 
“2.92 «1077 “1 
=126x10!' % Ans. 


Semiconductors 


INTRODUCTORY EXERCISE 


2 Ey Carbon = 5.4 eV 


Ey Silicon = 1.1 eV 
E, Germanium = 0.7 eV 
(Eg)c > (Eg > Eg ce 


INTRODUCTORY EXERCISE 


. Hole diffusion from p to n side can be viewed as 
“electron diffusion” from 7 to p side. 

Diffusion occurs due to difference in 
concentrations in different regions. 

An electron (or hole) diffuses where its 
concentration is less. 

. Due to forward biasing depletion layer thickness 
decreases, potential barrier is reduced and 
diffusion of electrons from 7 to p side occurs. 


INTRODUCTORY EXERCISE 


. Ina transistor, base must be very thin and lightly 
doped so that all of the charge carriers are not 
combined in base and majority of them passes the 
reverse bias layer to collector side. 


. Voltage gain is maximum and constant for mid 
frequency range but is less for both low and high 
frequencies. 


Ay 
(Voltage 
gain) 


oO 
(Input frequency) 


(b) We construct truth table to see the logical 


operation. 
— Y; 
Ae— NAND 
| 
Be—\ NAND Y> 
A B Y, ¥; Y 
0 1 1 0 
1 0 0 1 1 


A B Y, y; 
1 1 0 
1 1 0 0 


Clearly output resembles an ‘OR’ gate. 
. For given amplifier, 


Vo =2V, Ry =2kQ 
Bac = 100, R; =1kQ 
We have, output voltage, Vo = [-Ry 
=> I- = collector current 
Yo 2 
Ry 2x103 
=l1mA 


=10°A 


Also, current amplication B = “ 
B 
. 3 
> ip = 7 7 so 
=10°A=10x10°A 
=10pA. 
and voltage amplification 


4, ~BRo YM 
R Vz 


1 L 


ya VR: 2x1x10° 


> i 
BR, 100x2x10° 
=107 volts =10 mV 
INTRODUCTORY EXERCISE 


. Input waveforms are as shown 


tg 


These are fed to an NAND gate, 


A 
Y 
|} 


Output waveform is as shown 


. Truth table for the circuit given is 


NAND b——|__| NAND 4 
1 
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A B Y, Y 
0 0 1 0 
1 0 1 0 
0 1 1 0 
1 1 0 1 


As the output resembles output of a AND gate so, 
given circuit behaves like an ‘AND’ gate. 


Exercises 


. With increase in temperature, number of electrons 
reaching conduction band increases but, mean 
relation time decreases. Effect of decrease in 
relation time is much less than that of increase in 
number density of charge carriers. 
. For diode Dy, 

V, —V, =-10-0=-10V 
So, D, is in reverse bias. 
For diode D,, 

V, —V, =0-(-10)=10 V 
So, D, is in forward bias. 
. Hole is a vacancy created by an electron moving 
from valance band to conduction band. 
. Capacitor is charged to maximum potential 
difference 

V = Vnise = V i x V2 
= 2202 volts 


. Electrons take the energy and move up to neat 
higher energy level both in conduction and valance 
band. So, a hole move downwards due to 
movement of electron. 


. Inann-p-n transistor, 


E B 
Te 
© 
—_ | 


« > 


Ig 


Te 


Electrons move from emitter to base and electrons 
which are not combined with holes in base region, 
crosses to collector side. 


. Inann-p-n transistor, 


Ip =Ipt+lIe 


10. 


11. 


12. 


95 100 
ae eT ie ty 55 “te 
100 


=— x10 mA=10.53 mA 
95 


So, Ip = 0.53 mA 


. Depletion zone is formed due to diffusion of e- 


from nto p side. Due to diffusion positive 
immobile ions exists on 7 side and negative ions 
on p-side. 

Recombination of e and holes takes place on 
p-side. This results in (-side more positive than 
p-side) formation of a junction field and potential 
barrier across the depletion zone. 


When applied voltage approaches zener potential 
diode breakdown to conduct excess current. This 
causes a change of current in series resistance. 


Reverse breakdown may be “Avlanche break 
down” (breakdown due to high velocity collision of 
minority carrier) or it may be a zener breakdown 
(breakdown of bonds due to strong field). 


No, it cannot be measured by using a voltmeter. 


Barrier potential is less than 0.2 V for germanium 
diode and is less than 0.7 V for silicon. Also there 
are no free charge carriers which provide ‘current’ 
for working of voltmeter. 


An “OR” gate may be made to operate motor 
relays for garage gates. 


Pick up 
signal to relay 


Sensor output 
from gate 
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13. Such combination is called “Cascade” 


combination. 
Ay = Ay, x Ay, 
(net) 
= 10 x 20 = 200 
V,) = output voltage 
= Ay xV; 
(net) 
= 200 x 0.01 
=2V 


14. Weuse, a ps 
“2 s~ 600 nm 


=2eV 
So, photon energy is less than that required 


(2.8 eV). So, detector is not able to detect this 
wavelength. 


15. (i) Diode is a rectifier diode. 
(ii) Point P represents zener breakdown potential. 

16. Given is a p-n-pCE configuration, when R, is 
increased, base current decreases as a result 
current also decreases. 
Hence, both ammeter and voltmeter readings 
decreases. 

17. A NOT gate can be formed by proper biasing of a 
transistor as shown. 


Voeo=V(1) 


V_=V(1) 


If input (A) is low (0), then the transistor is in cut 
off stage and output (Y) is same as Voc = V (1). If 
input (A) is high, then transistor current is in 
saturation and the net voltage at output (Y) is V (0) 
or is in state 0. 


18. Given is an AND gate, its truth table is 


A B Vf 
0 0 0 
1 0 0 
0 1 0 
1 1 1 


19. Supply voltage may be 7 V and zener breakdown 
at5 V. 
So, voltage drop across resistance R = 7-5 =2V. 
Now power rating of zener = 1W. 
So, current through zener must not exceed 
P 1 


[=—=-A 
V5 
Hence, series resistance 
R= a = 2 =10Q. 
i 1 
5 


20. Current flows only in branches AB and EF as 
diode of CD branch is in reverse bias. (.. 7; = 0) 


So, given circuit is equivalent to 


Ig 25Q 1252 


A D B 
25 QO 1250 
> 
2 
v6 
G H 
BY 25.0 
Current through cell is 
V 5 
i, = = =0.05A 
Rrotal 100 
Also by symmetry, 
0.05 
Sa al a 
21. Given circuit is equivalent to 
10V 
3kQ 
4009 
10V 
In base emitter loop, 
Vz =1pRp 
V 10 
> lpa se ——_; 
R, 400 x10 
=25x10°A 
=25pA 


In emitter-collector loop, 
Vo =1IcRe 


2 ae 
3x10 
= 3.33 mA 
ana poe 
Tp 25nA 
= 133 
22. Consider the figure given here to solve this 
problem 
Io =T1p [As base current is very small] 


Ro =7.8 kQ 
From the figure, J-(Ro + Rg) + Veg = 12 
(Rp + Re) x1x103+3=12 
Ry + Ro =9x10° =9kQ 

Ry =9-7.8=1.2kQ 

Vp =1p x Rp 
=1x10° x12 x10 =12V 

Voltage, Vz =Vg + Veg =1.24+0.5=1.7V 


Current, J = Vs z= nel 3 
20107 20x10 
= 0.085 mA 
Resistance, Rp = es 0s 
Te , 9.995 0.01 + 0.085 
B 
[Given, B = 100] 
= 108 kQ 
Voec= 12V 
————— 
TIo+I Ic A 
Ros $Ro= 7.8 kQ 
Cc 
H = 
7 
Vai 0.5V Elle 
= R=200k2 $ Re 
J D 
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23. Consider the figure to solve this question, 
Ip =Ic + Ip and Ic =Blp Ai) 
IoRe + Vem + [pRe =Vec 


RIg + Veg + LeRe =V ec . (iil) 
Tg =Ic =Blg 
Voc =12V 
A 
Voge = 3V 
1kQ 
From Eq. (iii), 
(R + BRE) Ip =Voo —V er 
> a= Voo ~ Ver 
R+ BR; 
_  12-0.5 
80+ 1.2 x 100 
11.5 
=—r 
200 
From Eq. (ii), 
Vor —V; 
(Ro + Rp) = -—E—#8 
Io 
Veo = Vcr 
= “0c Tce Gri Bla) 
Bly 


2 
Gaeta 


=1.56kQ 
Ro + Rp = 1.56 
Ro = 1.56 - 1= 0.56 kQ 


Communication System 


Exercises 


Single Correct Option 


1. 


Range of frequencies is as follows : 
Ground wave : 300 Hz to 300 kHz 
(it may go upto 3 MHz) 
Sky wave : 300 kHz to 3 MHz 
Space wave : 3 MHz to 300 GHz. 


x 
. Length of antenna = a 


xr 
> 1> — 

4 
> 1<4xl 
or 2X < 400m 


. Sideband frequencies are : 


Lower sideband 
(LSB) = @, — ©», 
=1x10° Hz -3 x 10° Hz 
= (1000 - 3) x 10° Hz 


= 2997 kHz 
and = 2.997 MHz 
Upper sideband 


(USB) = @,. + ®, 
=1x10° Hz + 3x10? Hz 
= 1003 kHz 
= 1.003 MHz 


Frequency of amplitude modulated wave is same 
as that of carrier wave. 


. Basic communication system is 


Transmitter Channel Receiver 


From source] H H To user 


6. 


Beyond horizon, a signal can reach via ionospheric 
reflection or sky wave mode. Frequency range 
suitable is 3 MHz to 30 MHz. 


. UHF band is in range of 150 to 900 MHz. 


So, suitable mode of communication is “space 
wave mode”. 


. Digital signals employs a discrete values of 


amplitudes which are coded using binary system. 


. In LOS communication maximum distance upto 


which a signals can be received from tower is 


d=~2Rh 


10. 


11. 


12. 


13. 


14. 


15. 


= 2x64 x10° x 240 


=55x10°m 
=55km 
Wavelength of signal is 
; 8 
eae eae =20x10°m 
F 15x10 


So, size of antenna required 
=— (at least) 


=5x1l0°m=5km 


Also, effective power radiated by antenna is very 
less. 


LSB = @, = ®,, 
=1.5 x10 -3 x10? 
= 1497 kHz 
and USB = ®, + ®,, 
= 1503 kHz 
Bandwidth required 


= USB - LSB = 2a,, 
=2x3kHz =6kHz 
Due to over modulation 1 > 1, sidebands overlaps 


and fading (loss of information) may occur. Also 
when p ~ |, distortion in carrier waveform occurs. 


1 
2nVLC 


= 1 MHz 


Frequency of signal obtained = 


1 


7 On xIOy 
> LC = 0.25 x 107? s? 
= LC =2.5 x10" s? 
t. = modulation index 
An 
A, 
> A, =p x A, = 0.75 x12 
= 9 volts 


Vibrating tuning fork and string produces all 
possible values of displacement hence, these 
signals are analog. 

A light pulse and output of NAND gate gives only 
discrete values of output. So, signals are digital 
these. 


16. 


17. 


18. 


19. 


20. 
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Penetrating power of signal a frequency of signal. 
So, 3 MHz signal travels longer distance in 
ionosphere. 


Modulation index 1, 
A A 


_ 4max ~ “min 


Annax + Anin 
(A = amplitude of modulated wave) 
_15-3 12 2 
Gas. 18 8 


Man made noises and atmospheric interferences 
affect only amplitude of a signal. 

So, an AM signal is more noisy than a FM signal. 
In LOS communication, it is not necessary that 
transmitting antenna and receiving antenna are at 
same height. Only requirement is that there must 
not be any obstacle in between. 


Given, h = 81m 
Distance upto which transmission can be made 

=d=2Rh 

and, area covered in broadcast 
=nd* 
= 2nRh 
=2x2x6.4 x10° x 81 (m7) 
= 3258 km? 


(i) When receiver is at ground level, then 
service area covered 


= nd? = n(V2RhY 


= 2nRh 
=2x1x64 x10° x 20 
~ 804 km? 
(ii) When receiver is at height of 25 m, area 
covered 
2 2 
= nd; + mdz 
= n((2Rhp > + 10(.f2Rhp 
= 2nR(h;, + hp) 


=2xmx64 «10° x 45(m7) 
= 3608 km? 


21. 


22. 


(iii) Percentage increase in area covered 
= A, ~ A, x 100 
A, 
_ 3608 — 804 
~ 804. 
= 349 % 


That can be done by using six antennas, 


100 


From above figure, side of triangle = R + h 
Also, altitude of triangle 


43 . side=R 
2 

> Bieen=r 

=> 3(R+h)=2R 
2 

> R+h=-—=R 
V3 

> p= R= POUR 
a ; 
1 


From Tea = O(N imax)? 


f- 
> N wax = er 

(5 x 10°? 
SNewles =gr 


= 0.3086 x 10'2 m=> 


= 3.086 x 10!! m3 
(8 x 10°)? 
and D seal na 
=7.9x10!! m? 
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23. Let the receiver is at point A and source is at B. 


A B 


— d—+— d — 


Velocity of waves = 3 x 10° m/s 
Time to reach a receiver = 4.04 ms = 4.04 x 10°°s 
Let the height of satellite is 
h, = 600 km 
Radius of earth = 6400 km 
Size of transmitting antenna = h, 


We know that 
Distance travelled by wave 


- = Velocity of waves 
Time 


a =3x10° 
4.04 x 10- 


a 3 1OF «4.04 «107 
2 
= 6.06 x 10° = 606 km 
Using Pythagoras theorem, 
d* =x? — he = (606) — (600)* = 7236 


or 


or d = 85.06 km 

So, the distance between source and receiver = 2d 
= 2 x 85.06 
=170km 


The maximum distance covered on ground from 
the transmitter by emitted EM waves 


d =.{2Rh; 
oe 
or pi 
2R 
. 7236 

or size of antenna h,; = ———— 

2 x 6400 

= 0.565 km 


= 565m 


JEE Main and Advanced 


Previous Years’ Questions (2018-13) 


JEE Main 


. An EM wave from air enters a medium. 


The electric fields are 


E, = Eo x cos 2m 2 = ‘| in air and 

c 
E, = Epox cos[k(2z — ct)] in medium, where 
the wave number k and frequency v refer 
to their values in air. The medium is 
non-magnetic. 


Ife, and ¢,, refer to relative permittivities 
of air and medium respectively, which of 
the following options is correct? (2018) 
E, & E, 1 E,, 1 


L=4 (b)-=2 (c) 


&, 


- Unpolarised light of intensity J passes 
through an ideal polariser A. Another 
identical polariser Bis placed behind A. 
The intensity of light beyond Bis found to 


be > Now, another identical polariser C is 
placed between A and B. The intensity 
beyond Bis now found to be = The angle 


between polariser A and Cis 
(a) O° (b) 30° (c) 45° 


(2018) 
(d) 60° 


. The angular width of the central maximum 


in a single slit diffraction pattern is 60°. 
The width of the slit is 1 um. The slit is 
illuminated by monochromatic plane 
waves. If another slit of same width is 
made near it, Young’s fringes can be 
observed on a screen placed at a distance 
50 cm from the slits. If the observed 
fringe width is 1 cm, what is slit 
separation distance? (i.e. distance 
between the centres of each slit.) 


(a) 25um (6)50pnm = (c) 75 um 


(2018) 
(d) 100 pm 


4. 


An electron from various excited states of 
hydrogen atom emit radiation to come to 
the ground state. Let 4,,, he be the 
de-Broglie wavelength of the electron in 
the nth state and the ground state, 
respectively. Let A,, be the wavelength of 
the emitted photon in the transition from 
the nth state to the ground state. For 


large n, (A, Bare constants) (2018) 
(a) A, As (b) A, A+ Bae 
n 


(c) 2 x A+ Be (d) AZ =a 


If the series limit frequency of the Lyman 
series is v,, then the series limit frequency 
of the Pfund series is (2018) 


(b)16v, (c)£ (a) “E 


ey 16 25 


It is found that, if a neutron suffers an 
elastic collinear collision with deuterium at 
rest, fractional loss of its energy is P;; while 
for its similar collision with carbon nucleus 
at rest, fractional loss of energy is P.. The 
values of P; and P. are respectively (2018) 


(a) (.89, .28) (b) (.28, .89) 

(c) (0, 0) (d) (0, 1) 

The reading of the ammeter for a silicon 
diode in the given circuit is (2018) 


2002 
p> AWWW 


(c) 11.5 mA 


8. 


9. 


10. 


11. 


A telephonic communication service is 
working at carrier frequency of 10 GHz. 
Only 10% of it is utilised for transmission. 
How many telephonic channels can be 
transmitted simultaneously, if each 
channel requires a bandwidth of 5 kHz? 
(2018) 
(a) 2 x 10° 
(c) 2 x 10° 


(b) 2 x 104 
(d) 2 x 10° 


A diverging lens with magnitude of focal 

length 25 cm is placed at a distance of 15 

cm from a converging lens of magnitude 

of focal length 20 cm. A beam of parallel 

light falls on the diverging lens. The final 

image formed is (2017) 

(a) virtual and at a distance of 40 cm from 
convergent lens 

(b) real and at a distance of 40 cm from the 
divergent lens 

(c) real and at a distance of 6 cm from the 
convergent lens 

(d) real and at a distance of 40 cm from 
convergent lens 


In a Young’s double slit experiment, slits 
are separated by 0.5 mm and the screen is 
placed 150 cm away. A beam of light 
consisting of two wavelengths, 650 nm 
and 520 nm, is used to obtain interference 
fringes on the screen. The least distance 
from the common central maximum to the 
point where the bright fringes due to both 
the wavelengths coincide, is (2017) 


(a) 7.8mm _ (b) 9.75 mm(c) 15.6 mm(d) 1.56 mm 
Some energy levels of a molecule are 


shown in the figure. The ratio of the 
wavelengths r =), / A, is given by 


(2017) 
-E 
be 
—A/3E ---fe-22 Meteeeeee denies: 
Ma 
~2E 
—3E—S 
2 3 1 4 
b _ 
(a)r 3 (b) r A (c)r 3 (d)r 3 


12. 


13. 


14, 


15. 


16. 
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An electron beam is accelerated by a 
potential difference V to hit a metallic 
target to produce X-rays. It produces 
continuous as well as characteristic 
X-rays. If 2,,;, 1s the smallest possible 
wavelength of X-rays in the spectrum, the 
variation of log i,,;, with log V is correctly 


represented in (2017) 
A A 
E E 
(a) ¢ b) = Lo 
xe) xe) 
log V |______» log V 
A A 
(c) £ (d) 
{o>} [e)) 
xe) xe) 


L___» log V log V 


A radioactive nucleus A with a half-life 7, 
decays into a nucleus B. At t = 0, there is 
no nucleus B. After sometime ¢, the ratio 
of the number of Bto that of Ais 0.3. 


Then, tis given by (2017) 
log 13 
t=T b)t=T log13 
(a) ina? (b) og 
(o) t= T Cf 
log 13 2log 13 


A particle A of mass m and initial velocity 
v collides with a particle Bof mass m/2 
which is at rest. The collision is held on, 
and elastic. The ratio of the de-Broglie 
wavelengths A, to Ap after the collision is 


(2017) 
ie iy 2 
A—9 el 
ore OT 3 
A dy _ 1 
2 ar 3 


In a common emitter amplifier circuit 
using an n-p-n transistor, the phase 
difference between the input and the 
output voltages will be 


(a) 90° (b) 135° (c) 180° 


(2017) 
(d) 45° 


A transparent slab of thickness d hasa 
refractive index n (z) that increases with z. 
Here, zis the vertical distance inside the 
slab, measured from the top. The slab is 
placed between two media with uniform 
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17. 


18. 


19. 


refractive indices n, and n,(> n,), as shown 
in the figure. A ray of light is incident with 
angle 0; from medium 1 and emerges in 
medium 2 with refraction angle 0; witha 
lateral displacement I. (2016) 


n,=constant 


| n(2) 


| 


No=constant <— | He 
U7 


Which of the following statement(s) is 
(are) true? 

(a) /is independent on n(z) 

(b) n, sin®; = (nN, — n,) sin®; 

(C) n, SiN®;= nN, sin, 

(d) /is independent of n, 


In an experiment for determination of 
refractive index of glass of a prism by 1-5 
plot, it was found that a ray incident at 
an angle 35° suffers a deviation of 40° and 
that it emerges at an angle 79°. In that 
case, which of the following is closest to 
the maximum possible value of the 
refractive index? 


(a) 1.5 (b) 1.6 


(2016) 


(c) 1.7 (d) 1.8 


An observer looks at a distant tree of 
height 10 m with a telescope of 
magnifying power of 20. To observer the 
tree appears (2016) 


(b) 10 times nearer 
(d) 20 times nearer 


(a) 10 times taller 
(c) 20 times taller 


The box of a pin hole camera of length LZ, 
has a hole of radius a. It is assumed that 
when the hole is illuminated by a parallel 
beam of light of wavelength 4 the spread 
of the spot (obtained on the opposite wall 
of the camera) is the sum of its 
geometrical spread and the spread due to 
diffraction. The spot would then have its 
minimum size (say 0,,,,,) when (2016) 


min 


a 2” 
(a)a= r and bi, = (24) 


20. 


21. 


22. 


23. 


(b) a= VAL and bain = (2) 


(c)a= VAL and b,,, = V4aL 
2 


(d)a= . and by, = V4aL 


Radiation of wavelength A, is incident on 
a photocell. The fastest emitted electron 
has speed v. If the wavelength is changed 


to oa the speed of the fastest emitted 


electron will be (2016) 


Half-lives of two radioactive elements A 
and Bare 20 min and 40 min, respectively. 
Initially, the samples have equal number 
of nuclei. After 80 min, the ratio of decayed 
numbers of Aand Bnuclei willbe (2016) 
(a)1:16 (b)4:1 (c)1:4 (d)5:4 
The temperature dependence of resistances 
of Cu and undoped Si in the temperature 
range 300-400 K, is best described by (2016) 
(a) linear increase for Cu, linear increase for Si 


(b) linear increase for Cu, exponential increase 
for Si 


(c) linear increase for Cu, exponential decrease 
for Si 

(d) linear decrease for Cu, linear decrease for Si 

Identify the semiconductor devices whose 


characteristics are as given below, in the 
order (a),(b),(c),(d). (2016) 


/ 
A» 
(a) fi, (b) —u- 


| | 
A 
Dark Resistance 
(c) V (d) 
Intensity 
illuminated pollen 


24. 


25. 


26. 


27. 


(a) Simple diode, Zener diode, Solar cell, Light 
dependent resistance 

(b) Zener diode, Simple diode, Light dependent 
resistance, Solar cell 

(c) Solar cell, Light dependent resistance, Zener 
diode, Simple diode 

(d) Zener diode, Solar cell, Simple diode, Light 
dependent resistance 


Monochromatic light is incident on a glass 
prism of angle A. If the refractive index of 
the material of the prism is , a ray 
incident at an angle 9, on the face AB 
would get transmitted through the face 
AC of the prism provided (2015) 


secon |uanfas sn‘ 
veer ale 
aren |asifars(] 
womfnfren() 


Assuming human pupil to have a radius 
of 0.25 cm and a comfortable viewing 
distance of 25 cm, the minimum 
separation between two objects that 
human eye can resolve at 500 nm 
wavelength is 


(a) 30um = (6) tum 


(2015) 
(c) 100 um (d) 300 um 


On a hot summer night, the refractive 
index of air is smallest near the ground 
and increases with height from the 
ground. When a light beam is directed 
horizontally, the Huygens principle leads 
us to conclude that as it travels, the light 
beam (2015) 
(a) becomes narrower 

(b) goes horizontally without any deflection 

(c) bends upwards 

(d) bends downwards 


A signal of 5 kHz frequency is amplitude 
modulated on a carrier wave of frequency 
2MHz. The frequencies of the resultant 
signal is/are (2015) 


28. 


29. 


30. 


31. 
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a) 2 MHz only 

b) 2005 kHz 2000 kHz and 1995 kHz 
c) 2005 kHz and 1995 kHz 

d) 2000 kHz and 1995 kHz 


A red LED emits light at 0.1 W uniformly 
around it. The amplitude of the electric 
field of the light at a distance of 1 m from 


( 
( 
( 
( 


the diode is (2015) 
(a) 2.45 V/m (b) 1.73 V/m 
(c) 5.48 V/m (d) 7.75 V/m 


As an electron makes a transition from an 

excited state to the ground state of a 

hydrogen like atom/ion (2015) 

(a) kinetic energy, potential energy and total 
energy decrease 

(b) kinetic energy decreases, potential energy 
increases but total energy remains same 

(c) kinetic energy and total energy decrease but 
potential energy increases 

(d) its kinetic energy increases but potential 
energy and total energy decrease 


Match Column I (fundamental experiment) 
with Column II (its conclusion) and select 
the correct option from the choices given 


below the list. (2015) 
Column | Column Il 
A Franck-Hertz 1. Particle nature of 
experiment light 
B_ Photo-electric 2. Discrete energy 
experiment levels of atom 


Wave nature of 
electron 


C  Davisson-Germe _ 3. 
r experiment 


4. Structure of atom 


ae ae & ABC 
at As (b) 2 1 3 
(op 2 A 8 (d) 4 3 2 


A green light is incident from the water to 

the air-water interface at the critical angle (8). 

Select the correct statement. (2014) 

(a) The entire spectrum of visible light will come 
out of the water at an angle of 90° to the 
normal 

(b) The spectrum of visible light whose 
frequency is less than that of green light will 
come out of the air medium 
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32. 


33. 


34. 


35. 


(c) The spectrum of visible light whose 
frequency is more than that of green light will 
come out to the air medium 

(d) The entire spectrum of visible light will come 
out of the water at various angles to the 
normal 


A thin convex lens made from crown glass 
(u = 3/2) has focal length f. When it is 
measured in two different liquids having 
refractive indices 4/3 and 5/3. It has the 
focal lengths f, and f,, respectively. The 
correct relation between the focal length 
is (2014) 
=f, <f 

>f and f, becomes negative 

f, >f and f, becomes negative 

f, and f, both become negative 


f 
f 


Two beams, A and B, of plane polarised 
light with mutually perpendicular planes 
of polarisation are seen through a 
polaroid. From the position when the 
beam A has maximum intensity (and 
beam B has zero intensity), a rotation of 
polaroid through 30° makes the two 
beams appear equally bright. If the initial 
intensities of the two beams are J, and Ip 
respectively, then I, / Ip equals (2014) 
(a) 3 (b) 3/2 (c) 1 (d) 1/3 
Hydrogen (,H'), deuterium (,H”), singly 
ionised helium (,He*)* and doubly ionised 
lithium (,Li*)** all have one electron 
around the nucleus. Consider an electron 
transition from n = 2 to n =1. If the 
wavelengths of emitted radiation are 
14,49, A3 and A,, respectively for four 
elements, then approximately which one 
of the following is correct? (2014) 
(a) 40, = 2A, = 2dg = Ay 

(b) A, = 2A, = 2ag = Ay 

(C) Ay =%y = 42g = Dy 

(d) 4 = 2p = 32g = 40g 

The radiation corresponding to 3 > 2 
transition of hydrogen atom falls on a 
metal surface to produce photoelectrons. 
These electrons are made to enter a 


36. 


37. 


38. 


magnetic field of 3x 10“ T. If the radius 


of the largest circular path followed by 
these electrons is 10.0 mm, the work 
function of the metal is close to 


(a) 1.8eV (b) 1.1 eV 


(2014) 
(c) 0.8eV (d) 1.6 eV 


The forward biased diode connection is 
(2014) 


ie +2V 


During the propagation of 

electromagnetic waves in a medium, (2014) 

(a) electric energy density is double of the 
magnetic energy density 

(b) electric energy density is half of the 
magnetic energy density 

(c) electric energy density is equal to the 
magnetic energy density 

(d) Both electric and magnetic energy densities 
are zero 


Match List I (Electromagnetic wave type) 
with List IT (Its association/application) 
and select the correct option from the 


choices given below the lists. (2014) 
List I List Il 
A. Infraredwaves 1. To treat muscular 


strain 


Radio waves 2. For broadcasting 


C. X-rays 3. To detect fracture of 
bones 

D. Ultraviolet 4. Absorbed by the 
ozone layer of the 
atmosphere 

Codes 

A B COD 

(a)4 3 2 1 

(b) 1 2 4 3 

(o)3: 2.1 4 

(d)1 2 3 4 


39. 


40. 


41. 


42. 


43. 


The graph between angle of deviation (5) 
and angle of incidence (7) for a triangular 
prism is represented by (2013) 
(a) | ——— _ () ~~ 

O ; (6) 

| — 

(c) d) 

O = 


j— 


ON 


[= 


Two coherent point sources S, and S, are 
separated by a small distance d as shown. 
The fringes obtained on the screen will be 


(2013) 
Screen 
k-d >| 
e e 
S; So 
| D > 
(a) points (b) straight lines 


(c) semi-circle (d) concentric circles 


A beam of unpolarised light of intensity J, 


is passed through a polaroid A and then 
through another polaroid B which is 
oriented so that its principal plane makes 
an angle of 45° relative to that of A. The 


intensity of the emergent light is (2013) 
(a) Io (b) 15/2 
(c) Ip/4 (d) /,/8 


Diameter of a plano-convex lens is 6 cm 
and thickness at the centre is 3 mm. If 
speed of light in material of lens is 2x 10° 


m/s, the focal length of the lensis (2018) 
(a) 15cm (b) 20cm 
(c) 30 cm (d) 10cm 


In a hydrogen like atom electron makes 
transition from an energy level with 
quantum number n to another with 
quantum number (n — 1). If n >> 1, the 


44. 


45. 


46. 


47. 
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frequency of radiation emitted is 

proportional to (2013) 
1 1 1 

a) - b) = c) = d) = 

(a) (b) 7 (c) 7A (d) Fa 


The J-V characteristic of an LED is 


(2013) 
RYGB 


(a) 


PZ 
O V 
Vv 
(c) ; (d) p 
Y 
G 
O V B 
The anode voltage of a photocell is kept 
fixed. The wavelength A of the light 
falling on the cathode is gradually 


changed. The plate current I of photocell 
varies as follows (2013) 


| 
f 
(a) (b) 
,— \— 
| 
(d) 
\— \— 


A diode detector is used to detect an 
amplitude modulated wave of 60% 
modulation by using a condenser of 
capacity 250 pico farad in parallel with a 
load resistance 100 kQ. Find the 
maximum modulated frequency which 
could be detected by it. (2013) 
(a) 10.62 MHz (b) 10.62 kHz 

(c) 5.31 MHz (d) 5.31 kHz 

The magnetic field in a travelling 
electromagnetic wave has a peak value of 
20 nT. The peak value of electric field 
strength is 


(a) 3V/m 


(2013) 


(b) 6V/m (c) 9V/m_ (d) 12 V/m 


Answer with Explanations 


1. (c) Speed of progressive wave is given by, v = = 


k 
As electric field in air is, 
2 
E, = Ey;xcos = - 2m | 
.. Speed in air = aw =¢ 
Qnv 
2) 
1 . 
Also, C= ——— (i) 


yt o& &0 
In medium, 


E, = Egoxcos (2kz — kct) 
“. Speed in medium = = Pa 
2k 2 

1 


Cc 
a (ii) 
2 LL 9€;, €9 


As medium is non-magnetic medium, 1 medium = Hair 
On dividing Eq. (i) by Eq. (ii), we have 


Also, 


o. fe — %_1 
&, Er 4 
2. (c) A GC B 
2 1 
/ 8 
OS 
a B 


Using Malus law, intensity available after C 
| 
=—xcos*a 
2 
| 
and intensity available after B = zoos” a xcos?p 
PP sos 
= — (given 
3 (given) 
/ / 1 
So, — xcos*a-cos*B =— = cos*a-cos*B =— 
2 8 4 


This is satisfied with a = 45°andB = 45° 
So, angle between A and C is 45°. 


3. (a) Angular width of diffraction pattern = 60° 


30° 


For first minima, 


a sind wd [here, a 
2 2 


10-6 m, 0 = 309 


1 -6 
=> 2= 10° xsin30° > %=—m 


Now, in case of interference caused by bringing 
second slit, 


.. Fringe width, B= = 
6 
[here, ny m m,B =1cm Ut 
2 100 
d =? andD = 50cm= ce m] 
100 
190°6 
ce oa oe =25x10%m 
Py e100 
100 
or d =25um 


4. (a) If wavelength of emitted photon in 
de-excitation is A,,; 


n 
DI An 
1 
Then, te E, - Eg Oo Bi, |e 2 | 
A, A, 2m 2m 2m 


As energies are negative, we get 


ho _ Pj _ Bn 
A, 2m 2m 
2 
P54 _ {Pn he (4% 
2m (ay 2mng Le 
[-poxar', p=] 


2mkec 2 
g" 4 g [e (i -— xy? =1+4 nx] 
i h %, 
B 
> A,=A+t 52 


[2m 
where, A = 


constants. 


5. (d) Series limit occurs in the transitionn, = » ton, = 1 


in Lyman series and nz = © ton, = Sin pfund series. 
For Lyman series, 


Npg=0 


Ye hy, = Eg= Eo 4-3] 


= 13.6 eV 
ny=1 
hy, = 13.6 ..-(i) 
In Pfund series 
No= © 
_ Ae il 13.6 
REOPEN é| s-4]- 52 
No =5 
13.6 o 
Av, = i .. (ii) 
From Eqs. (i) and (ii), we get 
25hvp = hv, 
= wh 
O35 


» (a) Neutron-Deuterium collision; 
Yo v=0 V4 Vo 


Momentum conservation gives; 
Mo = MV; + 2MV>5 
> Vo =Vy + 2Vo (i) 
Collision given is elastic . 
So, coefficient of restitution,e = 1 
Velocity of separation 


. Velocity of approach 

> foo Mi 

Vo —O 
> Vo =Vo - Vy (il) 
On adding Eqs. (i) and (ii), we get 

2V9 = Vo 
- V0 Ly, 
3 


So, from Eq. (i), we get 


Av 
ey 
Vv 
> VW=- 2 
3 
Fractional loss of energy of neutron 
7 ( -K;, + “) 
K; for neutron 
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2 
: mv; + —mv5 S + Ve 
7 12 ~ ye 
= mv 0 
xe 
{ ~ 
[ 9 + ' 0.88 = 0.89 


Vv 
Vo 1 


Similarly, for neutron-carbon atom collision; 
Momentum conservation gives; 

Vo =Vj + 12V5 
and e@=1 > Vyo=Vo-Vy 


So, Vy =—Vo 


.. Loss of energy = (-5 1 i = 0.28 


So, P, = 0.89 and P, = 0.28 


» (C) Potential drop in a silicon diode in forward bias is 


around 0.7 V. 
In given circuit, potential drop across 200 Q resistor is 
|= WV net. = 3-07 
R 200 
> |= 0.0115A 
> /=11.5mA 


» (C) Only 10% of 10 GHz is utilised for transmission. 


.. Band available for transmission 
= 0 40% 10°Hz = 10° Hz 
100 
Now, if there are n channels each using 5 kHz then, 
nx5x10°=10° => n=2x10° 


. (d) 


15cm 
<—_—> 


Here, f, = — 25cm, fy = 20cm 

For diverging lens, v = — 25cm 

For converging lens, u = — (15 + 25) = — 40cm 
1 1 1 


v —40 +20 
a a 


> v= 40cm 
v 20 40 40 


10. (a) Let nth bright fringes coincides, then 


Vn = Yio 


MAD NAD nm a 520 4 
d d Np ho 650 5 


Previous Years’ Questions (2018-13) 


Hence, distance from the central maxima is 


4 10° «1. 
nya,D x 650 x cll 5 78mm 
d 0.5 x 10 
he 
11. (c) We have, 4 =—— 
(c) mene ae 
4 
m4  he/ AE; AE» ($e-€) 1 
Ao Ac/AE, AE, 2E-E 3 


12. (b) Ain -= 
109 Onn) = 10g (72) ~logv = y=0 - x 


13. (a) Decay scheme is , 


N atoms of B 
A > A, ; 
$ Let N atoms decays : 
N, into B in time t N,—N 
at t=0 atoms of A 
Given, “e-o3-3 Ba" 
Na 10 Ny 100 
So, No = 100 + 30 = 130 atoms 
By using N=Ne™ 
We have, 100=130e-™ 
=> ! se log 13 = At 
1.3 
log 2 
> log 1.3 = —.- 
ii 
, _T- log (1.3) 
~ log 2 


14. (a) For elastic collision, 
Phefore collision = Patter collision « 


m 
mv =MmW,+—Veg > 2V=2V, + Vg 


Now, coefficient of restitution, 


aa lB OMA, 
Ua — VB 
Here, Ug = O (Particle at rest) and for elastic collision 
e=1 
1 Ya — VA => V=Vea-VA 
Vv 
From Eq. (i) and Eq. (ii) 
Va => andvg = — 
(mz 
mv, 4 
Hence, 4 a Ve is 
B A 2V, 2/3 


(i) 


.. (ii 


15. (c) 


i Vo 


(Input) (Output) 


Ina CE n-p-n transistor amplifier, output is 180° out of 
phase with input. 
16. (a, c, d) From Snell's law, 
nsin® = constant 
n,sin®; = n,sin®; 


Further, / will depend onn, and n(z). But it will be 
independent of np. 


17. (a) S=(i,+is)-A 


3 40° = (35° + 79°)- A> A=74° 
Now, we know that 


A 
sn as “2 
_ 2 
~se(2) 
sin| — 
2 
Itwe take the given deviation as the minimum 


deviation then, 
(“ + aa 
n ——— 
a 


ene) 
sin 
2 


The given deviation may or may not be the minimum 
deviation. Rather it will be less than this value. 
Therefore, p will be less than 1.51. 


= 151 


Hence, maximum possible value of refractive index is 
clon bs 


18. (d) Telescope resolves and brings objects closer. 
Hence, telescope with magnifying power of 20, the 
tree appears 20 times nearer. 


19. (c) 


>| 


L 
asind=A > a(2}~a 


> a=VAL 
Spread = 2a = ,/4AL 
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20. 


21. 


22. 


23. 
24. 


(a) According to the law of conservation of energy, i.e. 
Energy of a photon (hv) = Work function ($) + Kinetic 
energy of the photoelectron (Frea 


According to Einstein's photoelectric emission of light 


ie. Pa = % 
As, 7 = KElna + ¢ 


If the wavelength of radiation is changed to = then 


_{4 o 
ane = (SKE # ty $ 


‘ 1 
(KE) max, for fastest emitted electron = zim +o 


=> La? “(im2)+$ 
2 oY 3 


ayl2 
i.e. Vi>v (:) 
3 


(d) A: Numbers left : V 2 sf eu gu 


4 8 16 
.. Number decayed, Ny = N — zi = Py 
16 16 
B: Numbers left :N > x > x 
2 4 
Numbers decayed, Ng = N — Q = =N 


Ratio : Na a Boney eG = i 

Ne (3/4)N 4 
(c) As, we know Cu is conductor, so increase in 
temperature, resistance will increase. Then, Si is 
semiconductor, so with increase in temperature, 
resistance will decrease. 


(a) Theoretical question. Therefore, no solution is required. 


(d) 


Applying Snell's law at M, 
sind 


.__4{ sind ; sin@ 
f, =sin’| —— Jor sing = —— 
u 


in 
yu 
eat sin S22) 
u 
Ray of light would get transmitted form face AC if 
Ip < 0 
or A- sin 0°) <0, 
yu 


25. 


26. 


27. 


28. 


Optics & Modern Physics 
alt 
where, 6, =sin (+) 
u 
sin(=2°} >A-® or =v >sin(A — 0) 
mM ul 


0 >sin |[usin(A — 0,)] 


or ) aL sin 4 - sin"() 


(a) 


Lo 


Retina 


K-25 cm-l 


Resolving angle of naked eye is given by 
9 - 1224 
D 
y 122 x 500 x 10° 
25x10° 025x2x10% 


y =30x106m= 30um 


(c) 


Ho >Hy 
Dotted line is the normal. 


According to Huygen’s principle, each point on 
wavefront behaves as a point source of light. 


Ray 2 will travel faster than 1 aSu» >p4. So, beam will 
bend upwards. 


(b) £ = 2 MHz = 2000 kHz, f,, = 5 kHz 
Resultant frequencies are, 
6 + tm b 
and b - fy 
or, 2005 kHz, 2000 kHz and 1995 kHz 


(a) Intensity at a distance r from a point source of 
power P is given by 
j=, 0) 


Anr? 


Also, [= > oF ...(ii) 
where, E, is amplitude of electric field andc the speed 
of light. Eqs. (i) and (ii) we get 


2P 2x9 x10° x 04 
AngglC (1)? x 3 x 108 
= J6 = 2.45 V/m 


Previous Years’ Questions (2018-13) 


29. (d) The expressions of kinetic energy, potential energy 


and total energy are 


4 
me q 
POG aeye ee gp 
4 
—me q 
U = U,« and 
ar i 
4 
—me q 
fn 8e6n°h? ye ons ge 


In the transition from some excited state to ground 
state value of n decreases, therefore kinetic energy 


increases, but potential and total energy decreases. 


30. (b) No Solution is required 


31. (d) For total internal 
reflection of light take 


place, following Water 


conditions must be 
obeyed. 
(i) The ray must travel 
from denser to rarer medium. 


(i) Angle of incidence (0) must be greater than or equal to 


critical angle (C ) 


ie. C =sin"' ies 
Hdenser 
; b 
Here, sin C = and Nwater = @+ = 
water x 


If frequency is less= Ais greater and hence, RI Nwater 'S 
less and therefore, critical angle increases. So, they do 
not suffer reflection and come out at angle less than 90°. 


32. (b) It is based on lens maker's formula and its 
magnification. 


ie 1 -yt-t 
f R, Ro 
According to lens maker's formula, when the lens in the 
air. 
Ee (2 7 ' ae 
f NO R, Rs 
1 4 
-=— => f=2x 
f 2x 
Here, Leone 
x Ry, Ro 


In case of liquid, where refractive index is : and 2, we get 


Focal length in first liquid 


1_{us_, (Z 1 |= 1_ (3/2 ,\1 
i lu, J\R, Ro)  & (4/3 )x 
=> f, is positive. 
1 1.4 1 ee 
f 8x 42x) 4f 


33. 


34. 


35. 


1] 


Focal length in second liquid 


1 fu, iz “| 
i Hi, Ri Ro 


=>  f, is negative. 


(d) By law of Malusi.e. / = pcos? 0 


Now, I,, = 1,4cos® 30° 
Ip, = Ipcos® 60° 
As, Ih = Ib 


I, COS* 30° = Ip cos* 60° 


Finally / 
i 


Initially 


Polaroid 


I 

1 Pi 

I . . . 

ee . Transmission axis 
Transmission axis 


3 1 I, 1 
=> | | 
Aq (By 7 


(c) For hydrogen atom, we get 


1 1 4 
—=RZ*).-— 
r (5 = 


> 
My 4Ag = =9Aq Ad 

(b) Thinking Process The problem is based on 

frequency dependence of photoelectric emission. 

When incident light with certain frequency (greater 

than on the threshold frequency is focus on a metal 

surface) then some electrons are emitted from the 

metal with substantial initial speed. 

When an electron moves in a circular path, then 


mv r’°e?B? mv? 
r > 
eB 2 2 
(mv)? 1°e?B? 
KE max = =(KE\nax 
2m 2m 
Work function of the metal (W), i.e. W = hv— KE,,,, 
2p2 25R2 
189-6 °e°B in eB a 

2m 2 2m 


[hv — 1.89 eV, for the transition on from third to 
second orbit of H-atom] 
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36. 


37. 


38. 


39. 


40. 


41. 


42. 


100 x10°° x16 x107'9 x9 x10°% 
2x91x10% 


paige"? .489-0:79 
xJZ. 


11 eV 


(a) For forward bias, p-side must be a higher potential 
than n-side. 


+2V B -2V 


So, (a) is forward biased. 


(c) Both the energy densities are equali.e. energy is 
equally divided between electric and magnetic fields. 
(d) (a) Infrared rays are used to treat muscular strain. 
(b) Radiowaves are used for broadcasting purposes. 
(c) X-rays are used to detect fracture of bones. 
(d) Ultraviolet rays are absorbed by ozone. 


(c) We know that, the Yj 
angle of deviation 

depends upon the angle 5 
of incidence. If we 

determine experimentally, 3m 


the angles of deviation 
corresponding to different 
angles of incidence and 
then plot / (on-X-axis) and 
8 (on-Y-axis), we get a curve as shown in figure 


Clearly if angle of incidence is gradually increased, 
from a small value, the angle of deviation first 
decreases, becomes minimum for a particular angle 
of incidence and then begins to increase. 


(d) A fringe is a locus of points having constant path 
difference from the two coherent sources S, andS>. It 
will be concentric circle. 


(c) Relation between intensities is 
A 


Io (Io/2) 
(Unpolarised) 


Y 
A 


| a a 
Ip =| 2 | cos? (45°) =2x—=2 
R (2] aa 4 


(c) By Pythagoras theorem 


43. 


44. 


45. 


46. 


47. 


Optics & Modern Physics 


R? = (3)? + (R-03)* => Rwx15cm 
Refractive index of material of lens p = = 
Vv 


Here,c = speed of light in vacuum = 3 x 10° m/s 
vV = speed of light in material of lens = 2 x 10° m/s 
3x10° 3 


2x10® 2 
From lens maker's formula 


Here, R; = R and Rp = & (For plane surface) 


ae 
f \3 15 
> f = 30cm 
(d) AE = hv 
AE 1 
wh ey =| 
ken 2k 1 


~] o 
n’(n-1)? nn 


(a) For same value of current higher value of voltage is 
required for higher frequency. 


(d) As iis increased, there will be a value of A above 
which photoelectron will cease to come out. So, 
photocurrent will be zero. 


(b) 


(— R 


t = RC = 100 x 10° x 250 x 10°!" 5 
=25x10%s 


The higher frequency which can be detected with 


tolerable distortion is 
1 


f = ———~ 
2nm,RC 
u = Hz 
2m x 0.6x 2.5 x 10 


1 107 
00 x 10 4 eights 
25 x1.2n 12% 
= 10.61 kHz 


(b) Peak value of electric field 
Ey) = Be =20x10° x3 x 108 
=6V/m 


1. 


JEE Advanced 


Sunlight of intensity 1.3kWm ~* is incident 
normally on a thin convex lens of focal 
length 20 cm. Ignore the energy loss of 
light due to the lens and assume that the 
lens aperture size is much smaller than 
its focal length. The average intensity of 
light, in kw m”’, at a distance 22 cm from 
the lens on the other side is ............ ; 
(Numerical Values, 2018) 


as 


A wire is bent in 
the shape of a 
right angled 
triangle and is 


placed in front of 
a concave mirror 
of focal length f 
as shown in the 
figure. Which of the figures shown in the 
four options qualitatively represent(s) the 
shape of the image of the bent wire? 
(These figures are not to scale.) 

(Single Correct Option, 2018) 


a | a>45° 
a= (b) 
(0) a i i 


In a radioactive decay chain, 47 Th 


nucleus decays to — Pb nucleus. Let N, 


and N, be the number of o and B- 
particles respectively, emitted in this 
decay process. Which of the following 
statements is (are) true? 
(More than One Correct Option, 2018) 
(b)N, =6 
(d)N, =4 


(a)N, =5 
(c) N, = 2 


In a photoelectric experiment, a parallel 
beam of monochromatic light with power 
of 200 W is incident on a perfectly 
absorbing cathode of work function 6.25 eV. 
The frequency of light is just above the 


threshold frequency, so that the 
photoelectrons are emitted with negligible 
kinetic energy. Assume that the 
photoelectron emission efficiency is 100%. 
A potential difference of 500 V is applied 
between the cathode and the anode. All 
the emitted electrons are incident 
normally on the anode and are absorbed. 
The anode experiences a force 
F =nx10"“N due to the impact of the 
electrons. The value of 7 is ........... ; 
(Take, mass of the electron, 
m, =9x 10 *'kg and eV =1.6x 10°"°J) 
(Numerical Value, 2018) 


Consider a hydrogen-like ionised atom 
with atomic number Z with a single 
electron. In the emission spectrum of this 
atom, the photon emitted in the n = 2 to 

n =1 transition has energy 74.8 eV higher 
than the photon emitted in the n = 3 to 

n = 2 transition. The ionisation energy of 
the hydrogen atom is 13.6 eV. The value 
of Z iS .........0 A (Numerical Value, 2018) 


For an isosceles prism of angle A and 
refractive index p, it is found that the 
angle of minimum deviation 6,, = A. 
Which of the following option(s) is/are 
correct? (More than One Correct Option, 2017) 
(a) For the angle of incidence /, = A, the ray 
inside the prism is parallel to the base of the 
prism 
(b) At minimum deviation, the incident angle /, 
and the refracting angle r, at the first 


refracting surface are related by r, = (4) 
(c) For this prism, the emergent ray at the 
second surface will be tangential to the 


surface when the angle of incidence at the 
first surface is 


ips sin" sina 4oos*4 -1- cos 


(d) For this prism, the refractive indy and the 
angle prism Aare related as A= 5 zeos(#] 
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7. 


A monochromatic light is travelling in a 
medium of refractive index n =1.6. It 
enters a stack of glass layers from the 
bottom side at an angle 0 = 30°. The 
interfaces of the glass layers are parallel 
to each other. 

The refractive indices of different glass 
layers are monotonically decreasing as 
Nm» =n —mAn, where n,, is the refractive 
index of the mth slab and An = 0.1 (see 
the figure). The ray is refracted out 
parallel to the interface between the 

(m —1)th and mth slabs from the right 
side of the stack. What is the value 

of m? (Single Integer Type, 2017) 


Two coherent monochromatic point 
sources S, and S, of wavelength 4 = 600 nm 
are placed symmetrically on either side of 
the centre of the circle as shown. The 
sources are separated by a distance 
d =1.8mm. This arrangement produces 
interference fringes visible as alternate 
bright and dark spots on the 
circumference of the circle. The angular 
separation between two consecutive 
bright spots is A@. Which of the following 
option(s) is/are correct? 

(More than One Correct Option, 2017) 


(a) The angular separation between two 
consecutive bright spots decreases as we 
move from P, to P, along the first quadrant 


10. 


11. 


Optics & Modern Physics 


(fb) A dark spot will be formed at the point P, 

(c) The total number of fringes produced 
between P, and P, in the first quadrant is 
close to 3000 

(d) At P, the order of the fringe will be maximum 


1317 is an isotope of Iodine that B decays to 
an isotope of Xenon with a half-life of 8 
days. A small amount of a serum labelled 
with '°"I is injected into the blood of a 
person. The activity of the amount of !°'I 
injected was 2.4x 10° Becquerel (Bq). It is 
known that the injected serum will get 
distributed uniformly in the blood stream 
in less than half an hour. After 11.5 h, 2.5 
ml of blood is drawn from the person’s 
body, and gives an activity of 115 Bq. The 
total volume of blood in the person’s body, 
in litres is approximately (you may use 
e? 1+ x for|x| <<1and In 2~0.7). 

(Single Integer Type, 2017) 


A photoelectric material having 
work-function ¢ is illuminated with light 


of wavelength ifn < 2) The fastest 


photoelectron has a de-Broglie 
wavelength i,. A change in wavelength of 
the incident light by Ad results in a 


: . Adg . 
change AA, in AJ. Then, the ratio ace is 
proportional to (Single Correct Option, 2017) 


io Keg ee 
(a) ro (b) (c) oa 2 
A parallel beam of 
light is incident 
from air at an angle 
a on the side PQ of 
a right angled 
triangular prism of 
refractive index Q 
n=/2. Light 
undergoes total internal reflection in the 
prism at the face PR when a has a 
minimum value of 45°. The angle 0 of the 
prism is (Single Correct Option, 2016) 


(a) 15° (b) 22.5° — (c) 30° (d) 45° 


Previous Years’ Questions (2018-13) 


12. 


13. 


14, 


A plano-convex lens is made of material of 
refractive index n. When a small object is 
placed 30 cm away in front of the curved 
surface of the lens, an image of double the 
size of the object is produced. Due to 
reflection from the convex surface of the 
lens, another faint image is observed at a 
distance of 10 cm away from the lens. 
Which of the following statement(s) is (are) 
true? (More than One Correct Option, 2016) 


(a) The refractive index of the lens is 2.5 

(b) The radius of curvature of the convex surface 
is 45 cm 

(c) The faint image is erect and real 

(d) The focal length of the lens is 20 cm 


A transparent slab of thickness d has a 
refractive index n (z) that increases with 
z. Here, z is the vertical distance inside 
the slab, measured from the top. The slab 
is placed between two media with uniform 
refractive indices n, and no(> 74), as 
shown in the figure. A ray of light is 
incident with angle 0; from medium 1 and 
emerges in medium 2 with refraction 
angle 0, with a lateral displacement /. 


| 
no=constant i. —| ON 
; ‘Of 


Which of the following statement(s) is (are) 
true? (More than One Correct Option, 2016) 


=constant 


n(@) 


N<— 5 


(a) /is independent on n(z) 
(6) n, sin®; =(n, —n,) sin®, 
(C) n, SINO; = Ny sinO, 

(d) / is independent of n, 


A small object is placed 50 cm to the left 
of a thin convex lens of focal length 30 cm. 
A convex spherical mirror of radius of 
curvature 100 cm is placed to the right of 
the lens at a distance of 50 cm. The 
mirror is tilted such that the axis of the 


15 


mirror is at an angle 6 = 30° to the axis of 
the lens, as shown in the figure. 
(Single Correct Option, 2016) 
f=30 cm 


>X 


R=100 cm 


50 cm (50 + 5073, -50) 


If the origin of the coordinate system is 
taken to be at the centre of the lens, the 
coordinates (in cm) of the point (x, y) at 
which the image is formed are 

(a) (125/3, 25/3) (b) (60 — 25 V3, 25) 
(c) (0, 0) (d) (25, 253) 


15. While conducting the Young’s double slit 


experiment, a student replaced the two 
slits with a large opaque plate in the x-y 
plane containing two small holes that act 
as two coherent point sources (S,, S.) 
emitting light of wavelength 600 mm. The 
student mistakenly placed the screen 
parallel to the XZ plane (for z > 0) ata 
distance D = 3m from the mid-point of 
S,S,, as shown schematically in the 
figure. The distance between the source 
d = 0.6003 mm. 
The origin O is at the intersection of the 
screen and the line joining S,S5. 

(More than One Correct Option, 2016) 


e 
o 
265 
. eves ‘f Cry ~ O 
Z " 7) ot y 
a x 
< D > 


Which of the following is (are) true of the 

intensity pattern on the screen? 

(a) Semi circular bright and dark bands 
centered at point O 

(b) The region very close to the point Owill be dark 

(c) Straight bright and dark bands parallel to the 
X-axis 

(d) Hyperbolic bright and dark bands with foci 
symmetrically placed about Oin the x-direction 
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16. 


17. 


18. 


19. 


In a historical experiment to determine 
Planck's constant, a metal surface was 
irradiated with light of different 
wavelengths. The emitted photoelectron 
energies were measured by applying a 
stopping potential. The relevant data for 
the wavelength (A) of incident light and 
the corresponding stopping potential (V9) 
are given below: (Single Correct Option, 2016) 


a(um) (Volt) 
0.3 2 
0.4 1 
Given that 


c=3x 10°ms! and e=1.6x10'"C, 
Planck's constant (in units of J-s) found 
from such an experiment is) 

(a) 6.0x10-" (b) 6.4 x 10-4 

(c) 6.6x10-" (d) 6.8 x 10-4 


Highly excited states for hydrogen-like 
atoms (also called Rydberg states) with 
nuclear charge Ze are defined by their 
principle quantum number n, where 
n >>1. Which of the following statement(s) 
is (are) true? 
(More than One Correct Option, 2016) 
(a) Relative change in the radii of two 
consecutive orbitals does not depend on Z 
(b) Relative change in the radii of two 
consecutive orbitals varies as 1/n 
(c) Relative change in the energy of two 
consecutive orbitals varies as 1/1? 
(d) Relative change in the angular momenta of 
two consecutive orbitals varies as 1/n 


A hydrogen atom in its ground state is 
irradiated by light of wavelength 970A. 
Taking hc/e =1.237x 10° eVm and the 


ground state energy of hydrogen atom as 
— 13.6 eV, the number of lines present in 
the emission spectrum is 

(Single Integer Type, 2016) 


An accident in a nuclear laboratory 

resulted in deposition of a certain amount 
of radioactive material of half-life 18 days 
inside the laboratory. Tests revealed that 


20. 


21. 


Optics & Modern Physics 


the radiation was 64 times more than the 
permissible level required for safe 
operation of the laboratory. What is the 
minimum number of days after which the 
laboratory can be considered safe for use? 
(Single Correct Option, 2016) 

(b) 90 

(d) 120 


(a) 64 
(c) 108 
The electrostatic energy of Z protons 
uniformly distributed throughout a 
spherical nucleus of radius R is given by 
2 
Ez 3 2Z(Z-Ne 
5 4ne,R 
the neutron, iH, 1 N and RO are 


1.008665 u, 1.007825 u, 15.000109 u and 
15.003065 u, respectively. Given that the 
radii of both the '?N and ‘30 nuclei are 


The measured masses of 


same, 1 u=931.5 MeV/c? (cis the speed of 
light) and e”/(4me,) =1.44 MeV fm. 
Assuming that the difference between 

the binding energies of 1?N and '30 is 
purely due to the electrostatic energy, 

the radius of either of the nuclei is 

(1fm = 10° 1° m) 
(a) 2.85 fm 

(Cc) 3.42 fm 


(Single Correct Option, 2016) 


(b) 3.03 fm 
(d) 3.80 fm 


A Young’s double slit interference 
arrangement with slits S, and S, is 
immersed in water (refractive index = 4/3) 
as shown in the figure. The positions of 
maxima on the surface of water are given 
by x” = p’m”a” — d”, where is the 
wavelength of light in air (refractive 
index = 1), 2d is the separation between 
the slits and m is an integer. The value of 
Dp is (Single Integer Type, 2015) 


Previous Years’ Questions (2018-13) 


22. Consider a concave mirror and a convex 
lens (refractive index = 1.5) of focal length 
10 cm each, separated by a distance of 
50 cm in air (refractive index = 1) as shown 
in the figure. An object is placed at a 
distance of 15 cm from the mirror. Its 
erect image formed by this combination 
has magnification M,.When the set-up is 


kept in a medium of refractive index * 
the magnification becomes M,. The 


: M,}. 
magnitude |—2I is 
1 (Single Integer Type, 2015) 


1 f\ 
VV 


15 cm 


50 cm 


23. Two identical glass rods S, and S, 
(refractive index =1.5) have one convex 
end of radius of curvature 10 cm. They 
are placed with the curved surfaces at a 
distance d as shown in the figure, with 
their axes (shown by the dashed line) 
aligned. When a point source of light P is 
placed inside rod S, on its axis ata 
distance of 50 cm from the curved face, 
the light rays emanating from it are found 
to be parallel to the axis inside S,. The 
distance d is (Single Correct Option, 2015) 


(a) 60 cm 
(c) 80 cm 


24. A monochromatic 
beam of light is 
incident at 60° on 
one face of an 
equilateral prism 
of refractive index 
n and emerges from the opposite face 
making an angle 9 with the normal (see 
figure). For n = V3 the value of 0 is 60° 


and a =m. The value of m is 


fe (Single Integer Type, 2015) 
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Passage (Q. Nos. 25-26) 


Light guidance in an optical fibre can be 
understood by considering a__ structure 
comprising of thin solid glass cylinder of 
refractive index n, surrounded by a medium of 
lower refractive index n,. The light guidance in 
the structure takes place due to successive total 
internal reflections at the interface of the media 
n, and ny as shown in the figure. All rays with 
the angle of incidence i less than a particular 
value i,, are confined in the medium of refractive 
index n,. The numerical aperture (NA) of the 
structure is defined as sini,,. (Passage Type, 2015) 


25. For two structures namely S, with 


ny _v45 and ny = and S, with n, ae 
4 2 5 


and ny -4 and taking the refractive index 


of water to be - and that to air to be 1, 


the correct option(s) is/are 


Ail 9 | 


Cladding nz 
Core 


(a) NA of S, immersed in water is the same as 
that of S, immersed in a liquid of refractive 
16 
3V15 


(b) NA of S, immersed in liquid of refractive index 


index 


2 is the same as that of S, immersed in 


V15 
water 
(c) NA of S, placed in air is the same as that S, 


immersed in liquid of refractive index = 


Vi5 


(d) NA of S, placed in air is the same as that of S, 
placed in water 


26. If two structures of same cross-sectional 
area, but different numerical apertures 
NA, and NA,(NA, < NA,) are joined 
longitudinally, the numerical aperture of 


the combined structure is 


NANA, 
(a) NA, + NA, (b) NA, + NA, 
(c) NA, (d) NA, 
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27. 


28. 


29. 


30. 


A nuclear power plant supplying 
electrical power to a village uses a 
radioactive material of half life T years as 
the fuel. The amount of fuel at the 
beginning is such that the total power 
requirement of the village is 12.5% of the 
electrical power available from the plant 
at that time. If the plant is able to meet 
the total power needs of the village for a 
maximum period of nT years, then the 
value of n is (Single Integer Type, 2015) 


Match the nuclear processes given in 
Column I with the appropriate option(s) 
in Column II. 


Column | Column II 


A. Nuclear fusion P. absorption of thermal 
neutrons by §3°U 


B. Fission ina Q. §Co nucleus 
nuclear reactor 
C. B-decay R. Energy production in 


stars via hydrogen 
conversion to helium 


D. y-rayemission  S. Heavy water 


Neutrino emission 
(Matching Type, 2015) 


For a radioactive material, its activity A 
and rate of change of its activity R are 


defined as A=-— eo. and R=-— a where 
dt dt 


N(t) is the number of nuclei at time t. Two 
radioactive source P(mean life t) and Q 
(mean life 2t) have the same activity at 

t =0. Their rate of change of activities at 


t= 2t are Rp and Ro, respectively. If 
Ep = = then the value of n is 


e (Single Integer Type, 2015) 


An electron in an excited state of Li7* ion 

h 
has angular momentum = The de 

T 
Broglie wavelength of the electron in this 
state is pid, (where ay is the Bohr 
radius). The value of pis 

(Single Integer Type, 2015) 


31. 


32. 


33. 
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A fission reaction is given by 
eo kee Sra ey 
where x and y are two particles. 
Considering 25°U to be at rest, the kinetic 
energies of the products are denoted by 
Ky., Kg,, K,(2 MeV) and K,(2 MeV), 
respectively. Let the binding energies per 
nucleon of 33°U, 34°Xe and 33Sr be 7.5 
MeV, 8.5 MeV and 8.5 MeV, respectively. 
Considering different conservation laws, 
the correct options is/are 
(Single Correct Option, 2015) 

a) x =n, y=n, Kg, = 129MeV, Ky, = 86 MeV 
b)x=p,y=e , Kg =129MeV, Ky, = 86 MeV 

) 

) 


( 
( 
(c) x =p, y=n, Kg, = 129MeV, ky, = 86 MeV 

(d) x =n, y=n, Kg, = 86 MeV, Ky, = 129MeV 

A light source, which emits two 
wavelengths A, = 400 nm and A, = 600 nm, 
is used in a Young’s double-slit 
experiment. If recorded fringe widths for 
A, and A, are B, and B, and the number of 
fringes for them within a distance y on 
one side of the central maximum are m, 
and my, respectively, then 

(More than One Correct Option, 2014) 


(a) Bo >B, 

(b) m, >m, 

(c) from the central maximum, 3rd maximum of 
A» overlaps with Sth minimum of A, 

(d) the angular separation of fringes of A, is 
greater 
than i, 


A transparent thin film of uniform 
thickness and refractive index n, =1.4 is 
coated on the convex spherical surface of 
radius R at one end of a long solid glass 
cylinder of refractive index n, =1.5, as 
shown in the figure. 


m 


Air Np 


Rays of light parallel to the axis of the 
cylinder traversing through the film from 
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34. 


35. 


air to glass get focused at distance f, from 
the film, while rays of light traversing 
from glass to air get focused at distance f, 
from the film. Then 

(More than One Correct Option, 2014) 
(a)|f|=3R (b)| |= 2.8R 
(c)|&|=2R (d)|&|=1.4R 


Four combinations of two thin lenses are 
given in Column I.The radius of curvature 
of all curved surfaces is r and the 
refractive index of all the lenses is 1.5. 
Match lens combinations in Column I 
with their focal length in Column IT and 
select the correct answer using the code 
given below the columns. 


Column | Column II 
P. (r 1 2r 
Q. Nl 2. 2 
R 3. —r 
S 4. r 


(Matching Type, 2014) 
R$ 
3 4 
2 3 


A metal surface is illuminated by light of 
two different wavelengths 248 nm and 
310 nm. The maximum speeds of the 
photoelectrons corresponding to these 
wavelengths are uw, and wy, respectively. If 
the ratio uw, :u. =2:land hc =1240eV 
nm, the work function of the metal is 


nearly (Single Correct Option, 2014) 
(a) 3.7 eV (b) 3.2 eV 
(c) 2.8 eV (d) 2.5 eV 


36. 


37. 


38. 


39. 


40. 
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If Aq, 1s the wavelength of K,, X-ray line 
of copper (atomic number 29) and Ayo is 
the wavelength of the K,, X-ray line of 
molybdenum (atomic number 42), then 
the ratio Ag,/ Ay, 18 close to 

(Single Correct Option, 2014) 


(a) 1.99 (b) 2.14 (c) 0.50 (d) 0.48 


The image of an object, formed by a 
plano-convex lens at a distance of 8 m 
behind the lens, is real and is one-third 
the size of the object. The wavelength of 


light inside the lens is 7 times the 
wavelength in free space. The radius of 


the curved surface of the lens is 
(Single Correct Option, 2013) 


(a) 1m (b) 2m (c) 3m (d) 6m 
A ray of light travelling in the direction 


1. te oss Me : 
5 (i+ 3) is incident on a plane mirror. 


After reflection, it travels along the 
direction si ae j). The angle of 


incidence is 
(a) 30°a (b) 45° 


(Single Correct Option, 2013) 
(c) 60° (d) 75° 


In the Young’s double slit experiment 
using a monochromatic light of 
wavelength A the path difference (in 
terms of an integer n) corresponding to 
any point having half the 

peak intensity is (Single Correct Option, 2013) 


ny ny 
kay ee DS (Ben) 
ny X 
(c) @n+ (d) (en+ V6 


A right angled prism of refractive index p, 
is placed in a rectangular block of 
refractive index 1,, which is surrounded 
by a medium of refractive index 3, as 
shown in the figure, A ray of light ‘e 
enters the rectangular block at normal 
incidence. Depending upon the 
relationships between 1, [, and Ls, it 
takes one of the four possible paths ‘ef’, 
‘eg’, ‘eh’ or ‘ev’. 
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41. 


42. 


Match the paths in Column I with 
conditions of refractive indices in Column 
II and select the correct answer using the 
codes given below the columns. 

(Matching, Type 2013) 


Column | Column Il 
P: eof 1. pw, >v2p5 
Q e.g 2. Hy >Hy aNd pty >p3 
R. e>h 3. Wy =H 
S. ei 4. tty <p, < V2 py and 

Ho >H3 

Codes 

P QRS P QRS 
ia) 2 3.44 (b)1 2 4 3 
(c)4 1 23 (d)2 34 14 


A point source S is placed at the bottom of 
a transparent block of height 10 mm and 
refractive index 2.72. It is immersed in a 
lower refractive index liquid as shown in 
the figure. It is found that the light 
emerging from the 
block to the liquid 
forms a circular 
bright spot of ° ~ Block 

: S 
diameter 
11.54 mm on the top of the block. The 
refractive index of the liquid is 

(Single Correct Option, 2013) 


(b) 1.30 (C) 1.36 (d) 1.42 


<+ Liquid 


(a) 1.21 


A pulse of light of duration 100 ns is 
absorbed completely by a small object 
initially at rest. Power of the pulse is 

30 mV and the speed of light is 

3x 10° ms"'. The final momentum of the 
object is (Single Correct Option, 2013) 
(a) 03 x10-'’ kg-ms™' (b) 10x 107'” kg-ms™! 
(c) 30x10 kg-ms' (d) 90x 10-17 kg-ms"! 
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43. A freshly prepared sample of a 
radioisotope of half-life 1386 s has activity 
10° disintegrations per second. Given that 
In 2 = 0.693, the fraction of the initial 
number of nuclei (expressed in nearest 
integer percentage) that will decay in the 
first 80 s after preparation of the sample 
is (Single Integer Type, 2013) 


44. The radius of the orbit of an electron in a 
Hydrogen-like atom is 4.5 a, where ap is 
the Bohr radius. Its orbital angular 
momentum is _ .It is given that h is 
T 

Planck constant and R is Rydberg 
constant. The possible wavelength(s), 
when the atom de-excites, is (are) 

(More than One Correct Option, 2013) 


9 9 
° 3oR °) 6A 

9 4 
(c) 5R (d) 3R 


Passage (Q. Nos. 45-46) 


The mass of a nucleus 7X is less that the sum of 
the masses of (A — Z) number of neutrons and Z 
number of protons in the nucleus. The energy 
equivalent to the corresponding mass difference 
is known as the binding energy of the nucleus. A 
heavy nucleus of mass M can break into two 
light nuclei of masses m, and mz, only if 
(m, + mz) < M. Also two light nuclei of masses ms 
and m, can undergo complete fusion and form a 
heavy nucleus of mass M’ only if (mz, + m4) >M'. 
The masses of some neutral atoms are given in 
the table below : (Passage Type, 2013) 
iH  1.007825u fH 


2.014102u 3H ~—-3.016050u 


SLi 6.01513u = 4Li_—s 7.016004u ss 3He = 4.002608 


182Gd_ 151.919803u 29°Pb 205.974455u 2°7n 69.925325u 


Sse 81.916709u 29°B| 208.980388u 29'Po 205.974455u 


45. The correct statement is 


(a) The nucleus sLi can emit an alpha particle 

(b) The nucleus 34,°Po can emit a proton 

(c) Deuteron and alpha particle can undergo 
complete fusion 

(d) The nuclei {)Zn and §4Secan undergo 
complete fusion 
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46. The kinetic energy (in keV) of the alpha 
particle, when the nucleus 2;°Po at rest 


undergoes alpha decay, is 

(a) 5316 (b) 5422 (c) 5707 = (d) 5818 
47. The isotopes '?B having a mass 12.014 u 

undergoes P-decay to '2C.'2Chas an 


Z| 


excited state of the nucleus oy) at 
4.041 MeV above its ground state. If ‘7B 
decays to '2C*, the maximum kinetic 


energy of the B-particle in units of MeV is 
(1 u= 931.5MeV /c”, where c is the speed 


of light in vacuum) (Single Integer Type, 2013) 


Answer with Explanations 


1. (130.0 kW/m’) 


lg 
0 
if Mo 
2cm 
20cm 
As (3) 1 pe 
A, \20) 100 ° 100 
P= IpAg = Ip'Ag 
" ip = 220 = 1001, = 130 KWim? 
pal 
100 
2. (d) Image of point A 
B 
Q 
1/2 
Oo A Pp x e 
1/2 
PQ AB PQ 2 (AB) x 
x Ff/2 f 
For A: 
1 1 1 
+ Vv f 
v [-(f/2)] -f 
Ing OV ft _ 
0D =e Dee 
2 
For height of PQ, 
i eve Saint 
v -[f-x] -f 
1 1 1 f(f — x) 
=i Pie -- > ve 
v (f-x) f x 
/ = 
- bg v f(f=x) | 
PQ uu x[(f—x)] x 


3 ho = pa =(1) (21480 


x 


Ipg =2AB 
(Size of image is independent of x. So, final image will 
be of same height terminating at infinity) 
3. (a, C) 3°This converting into §5°Pb. 
Change in mass number (A) = 20 


«. Number of a-particle emitted = 2 =5 


Due to 5 a-particles, Z will change by 10 units. 
Since, given change is 8, therefore number of 
B-particles emitted is 2. 
4. (24) .. Power = nhf 
(where, n = number of photons incident per second) 
Since, KE = 0, Af = work-funcition W 
200 = nW =n [625 x16 x 10°'9] 
200 
= TE 10-9 x 695 
1.6 x 10° x 625 


As photon is just above threshold frequency KE,,,, iS 
zero and they are accelerated by potential difference of 
500 V. 


=> 


KE; = QAV 
2 
La => P=,/2 mq AV 


2m 


Since, efficiency is 100%, number of electrons emitted 
per second = number of photons incident per second. 
As, photon is completely absorbed, force exerted 


= n(mV) = nP = nJ2mqaAV 
7 200 
6.25x 1.6 x 10°"? 


= 24 


5. (3) AE, =136 x2?[1- 14] = 18627] | 


x J2(9x 108) x1.6 x 10° x 500 


AE. 18x Z* E = 5 = 13.6 x Z° B 
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AE, = AEs 5 + 74.8 


6. (a,b,c) The minimum deviation produced by a prism 
bm =2i-A=A 
i, =ip=A and 4 =H =A/2 > 4 =i,/2 
Now, using Snell's law 
sinA =psinA/2 => uw =2 cos (A/2) 


For this prism when the emergent ray at the second 
surface is tangential to the surface 


ip = 2/2 b= 6, h=A-0 
so, sini; =p sin(A — 0) 


80, iy = ssn cos? —1-cos 4] 


For minimum deviation through isosceles prism, the ray 
inside the prism is parallel to the base of the prism if 
ZB= ZC. 
But it is not necessarily parallel to the base if, 
ZA= ZBor ZA=ZC 


7. (8) But this value of refractive index is not possible. 
1.6 sin® = (n — mAn)sin90° 
1.6 sind =n — mAn 


1 
1.6 x5 = 1.6 - m(0.1) => 0.8=1.6-m (0.1) 


mx0.1=08> m=8 
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at P, Ax=0 
at P> Ax =1.8mm=nar 
Number of maximas will be 
ahs 2M 566 
~%  600nm 


at P> Ax = 30002 
Hence, bright fringe will be formed. 
At Ps, 3000th maxima is formed. 
For (a) option 
Ax =dsin® > dAx = dcosde 


RX. =dcos0Rd0 => Rad = BA 
dcos@ 


6 T cosé J Rd6 T 


As we move from P, to P> 
131 134 
9. (5)1 —qcabas 7X8" +B 
Ay =2.4x10° Bq = Ny 


Let the volume is V,t = 0 
Ap =ANo >t =11.5h, A= AN 


16-44 «2.5 | 
V 


In2 
115 = 8H .@.5)xe 8 day 


115 == «2.5 (NE™) 


(11.5 h) 


5 
2.4 x10) 9 5) wentl24 


5 
2.4x10 2.5] x 


115 = 


115 24 
2.4.x 10° 
x10 x25 23 
115 24 
5 
at BERR 25 210? mies 
115 x10 


10. (d) According to photoelectric effect equation 
2 


he p he _ 8 
KEmax x oo 2m a nt bo [KE =p /2m| 
(nig _ ne - 
Smo [p = h/r] 


Assuming small changes, differentiating both sides, 


2) hen, Da 5, 


2m| 8 iG du P 


11. (a) According to question, 
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Applying Snell's law at M, 


sina sin 45° 
sink sing 
sing, = 8I045° 1/J2 1 , = 30° 
V2 v2 2 
; 1 1 5 
sin@, = A 0, = 45 
Let us take r, = 0, = 45° for just satisfying the condition 
of TIR. In APNM, 
0+ 90°+% + 90°-r = 180° 
or 6 =f -— = 45°- 30°= 15° 


Note If a > 45° (the given value). Then, 7 >30° (the 
obtained value) 
: Ip >, (AShm-4 = 9 

or m=O0+4) 

or TIR will take place. So, for taking TIR under all 
conditions a should be greater than 45° or this is the 
minimum value of a. 


12. (a,d) Case 1 
(| | 
2 di 
X 
“300m 


60 cm 
Using lens formula, 
: + : L ! 4 + f =20cm 
60 30 f, f 60 60 t 
1 1 4 
Further, — =(n-1))/ —-— 
f ( (4 +) 
=> f 2" .2.30em 
tn-1 
Case 2 
10cm 
eo e 
| 
30 cm 


Using mirror formula, 
1 1.4 3 1 it. 2 


— 
10 30 f, 30 30 f 30 


fp = 15 is R=30 R = 30cm 
+20cm a 
n-1 n- 
> 2n-2=3> fi =+20cm 


Refractive index of lens is 2.5. 


13. 


14. 


15. 
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Radius of curvature of convex surface is 30 cm. 

Faint image is erect and virtual. Focal length of lens is 
20 cm. 

(a,c,d) From Snell's law, n sin 6 = constant 

a nm sin®; = nosin®; 

Further, / will depend onn, and n(z). But it will be 
independent of np. 


(d) 


For Lens _ ee > ve a 
vou f ut+f 
> y = LPO8) _ 75 om 
— 50+ 30 
For Mirror + ul Vv uf 
vou f u-f 
253 
—— |(50) 
2 — 50/3 
"9513 j= 
— - 50 
2 
—50V3 
fo 4-3 | 25 
m h> . 
uh 25/3 | 2 
2 
+ 50 
hy = cm 
*" 4-43 


The x-coordinate of the images 

= 50 — vcos 30° + h,cos 60° = 25cm 
The y-coordinate of the images 

= vsin30° + hsin60° ~ 25/3 cm 


(a,b) 


d 


—_—> 
‘@- ‘e- 


S, So O 


Path difference at pointO =d = 0.6003 mm 
= 600300 nm. 
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16. 


17. 


18. 


19. 


This path difference is equal to [10000 + x 


= Minima is formed at point O. 

Line S,S5 and screen are to each other so fringe 
pattern is circular (semi-circular because only half of 
screen is available) 


(b) x. b=eVo (6 = work function) 


he 
———__- b =2e i 
0.3x10% ¢ 0 
Ac 7 
——_-g='e aaui(ll 
0.4x10°° 6 


Subtracting Eq. (ii) from Eq. (i) 


C ([a-a)e =e=> he ( ca 
03 04 0.12 
h = 064x103 = 64x10" J-s 


2 
(a,b,d) As radius ro ae 
Z 


ety (Ry 
Ar Z Z: 2n+1 2 1 
~] oC 


10°) =e 


2° 2 
2 ne 2 
Z AE n* (n+1) 
Energy E 
dice n? E z 
(n+ 1)° 
(n+ 1)?—n? > AE 2n+1_2n 1 
= ‘(n+1 = 
n?.(n+1)° a a E n? moon 
Angular momentum L = mn 
Qu 
(n+ 1)h nh 
AL On On 1 1 
a Lo oh nn 
Qn 


(6) Energy of incident light (in eV) 
f  12375 


——— =127 eV 
970 
After excitation, let the electron jumps to nth state, then 
- 13. 
: : =-13.64+ 12.7 
n 


Solving this equation, we get n = 4 
.. Total number of lines in emission spectrum, 
n(n-1)  4(4-1) 
2 2 
4 n 
(c) Using the relation, R = Ads] 


6 


Here, R is activity of radioactive substance, R, initial 
activity and is number of half lives. 


20. 


21. 


22. 
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n 
1=64 (5 
2 
Solving we get, n = 6 
Now, t = n(ty2) = 6(18 days) = 108 days 
(c) Electrostatic energy = Binding energy of 
N - Binding energy of O 
= {[7M,+ 8M, — MyJ— [8M,+ 7M, — Mo J} x C? 
= [-My+ M, + Mo —My] C? 
= [- 1.007825 + 1.008665 + 15.003065 
— 15.000109] x 93.15 


= + 3.5359 MeV 
AE 3 . 144x 8x7 31 aaxe x6 
5 R 5 R 
= 3.5359 MeV 
7 3 x 144 x 14_ 3,42 fm 
5 x 3.5359 
(3) 


=> 
> (u — 1),/d? + x? = mar 
> (+ - 1}, +x2=ma or fd? 4+ x? = 3ma 


Squaring this equation we get, 
x? =9m°2 -d? > p?=9 or p=3 


(7) Case | Reflection from mirror 
1 4 : 1 1 1 1 


fo vou -10 v -15 
=> v=-30 
air air 
i f 
2 
cae 
1 
30 20 30 
eoriene. nae : u : v=20 
f u 10 v  -20 
Vy | IV 30 ) (20 
al ret (Ge) (as) 
Uy | |Us 15) (20 
=2x1=2 (in air) 
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Case Il For mirror, there is no change. v = — 30 
4.5 medium 
a medium 
Tes 
1,30” 


For lens, t ee val | 
bir 1 Ry Ro 


1 (38 Vz | 
fnedium 7/6 R, Re 


with fin = 10cm 
We get d Se ee ne 
Eau m0 v -20 70 
1 i 1 (2\(3) 4 1 4 1 
v 20 7)\10 70 v 70 20 
v = 140, 
V4) IV 30 ) (140 
wel (2 
U4] U2 15) \ 20 
@ (=) 14 M.| 14 7 
20 M,| 2 
23. (b) R =10cm 
Applying 12 — #1 — #2 #1 two times 
u R 
118 1-18 
v -50 -10 
1 V5 0:5 
> —+ == 
v 50 10 
1 #05 15 25-15 
v 10 50 50 
=> v= 50 
MN =d, Mh, = 50cm = Ni =(d — 50)cm 
—>+ve 


1 a1 


Again, 


—(@-50) 10 
1 1 
d-50 20 


70 


24. (2) Applying Snell’s law at M and N, 
sin60° = nsinr 
sin @ = nsin (60 — r) 
Differentiating we get 


cos 0 = ~ncos (0- “+ sin (60 — r) 


fe] 

Differentiating Eq. (i), cos r — + sinr=0 

dr sinr —tanr 
or 

dn ncosr n 

-t 
=> cos 0 . = —ncos (60°-r) ( i "| + sin (60°—r) 
In 


uy [cos(60°—r)tan r+ sin (60°—r)] 
dn cos 0 
Form Eq. (i), r= 30°forn = /3 
ee 7 : (cos 30 x tan 30 + sin 30)=2 
dn cos 60 
» (a) 4 sini = sin(90 — 0.) = cos 6, 
3 4 4 
n ny \ 
sin@, = 2 => cos @ 1 2 
! Cc n, Cc (2: 
4 V45 3 “ 
> i : sini 
3 4 45 16 
. no 7 
In second case, sin8, = = = ms 
; 
Vi5 Wo Os 
=> cosd@ sini sin(90 — 8, 
“8 3V15 5 \ :) 


Simplifying we get, sini = — 


(a) is correct. 


» (d)sin/,, =n, sin (90 - 0,) 


=> sini, =n, cos, = NA =n, J1-sin?@, 
2 
n 
2 ne — n5 
F 
Substituting the values we get, 


NA, = = and NA, = P= [8 3 NA, < NA, 


Therefore, the numerical aperture of combined 
structure is equal to the lesser of the two numerical 
aperture, which is NA». 


+ (3) Let initial power available from the plant is Pp. After 


n 
timet = nT or nhalf lives, this will become *) Po. 
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28. 
29. 


30. 


31. 


32. 


Now, it is given that, 
n 
(5 Py = 12.5% of Py = (0.125) Pp 


Solving this equation we get, n = 3 


A-(p, q), B- (p, 1), C-(p, 8) D- (p,q, 1) 
(2) Let initial numbers are N, and No. 

My To 2T 5 Tp 

ho Ty t q, 

fee aay 
at 
Initial activity is same 
MN, = AgNo 


Activity at time f, 


A=1N=Nyoe “ => A, =24N,e°** 


Aftert =2t At 1 


rd ()=1 


Rp ri@Ne™ Rp 4 {e*) 2 
Rg 3Noe’* ~ Rg lel) e 
h h 
(2) Angular momentum = n | — | = 3} — 
Qu Qn 
n=3 
2 2 
Now, ,¢«—>h= (a9) = 3a 
Now, Mv2/3 = 3 & => mv,(3a) = (5 
™ 
or a 2Tay > — = 27a 
M3 3 
or Ag = 27a 
.. Answer is 2. 


(T = Half life) 


(d) From conservation laws of mass number and 


atomic number, we can say that x =n, y=n 


(x= yi. Y= 9”) 
.. Only (a) and (d) options may be correct. 


From conservation of momentum, | P,.| =| P,| 


2 
From | ar gee 
2m m 


K, 
K 


xe ‘Sr 


iD 


As _ The _, K = 129MeV => K,, = 86 MeV 


(a, b, C) Fringe width B = ra CA => Ap >My 


So Bo >B, 


33. 


34. 


35. 
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umber of fringes in a given width 
m= or mae => Mo <M, aSBo >By 
Distance of 3rd maximum of A» from central maximum 
_ 3A2D _ 1800D 
do dt 
Distance of 5th minimum of A, from central maximum 
_ 9A,D _ 1800D 
Bg og 


So, 3rd maximum of A, will overlap with Sth minimum 
of A, 


x 
Angular separation (or angular fringe width) = J oh 
=> Angular separation for A, will be lesser. 


(a,c) =t-1(4-2) => fim =% (infinite) 


fritm R 


.. There is no effect of presence of film. 
From Air to Glass 
-1 
Using the equation 72 — ae al 
vou 
15 #1 15-14 
V a) R 
From Glass to Air Again using the same equation 


3R => f, =3R 


1 on 1-Mo 1 $1.5 1=1.5 
> 
vou -R V i) -R 
> v=2R > f=2R 
1 3 A Al 1 
b) (P -=/—-1]}/-+-]=- 
oe) (F (3 ie "} r 
> fer 
1 1 1.2 r 
> += is 
fg f Ff or 1D 
Eaule =>f=2r 
2 r 


1 1 q 1 
e142 
S) for ap a 


(a) Energy corresponding to 248 nm wavelength 
= uous eV =5eV 
248 


Previous Years’ Questions (2018-13) 


Energy corresponding to 310 nm wavelength 


= Et eV = 4eV 
310 
KE, up 4 5ev-W 
KE, us 1 4eV-W 
=> 16-4W=5-W>11=W 
=> W= : = 3.67 eV= 3.7 eV 


36. (b) K, transition takes place fromn, = 2 ton, =1 


1 ce 
ela, i al 


For K-series, b = 1=> + (Z -1) 


4 Aeu _ (Zo ~ 1° _ (42 - 1)? 
Mo (Zou - 1 (29-1 
Lael 168! 44 
28x28 784 
ee a 
medium (2/3) 2 
Further, | m = aaa 
3 lu 
|v = 4 >u=-24m (Real object) 
v=+8m (Real image) 


Ce (5 “) 
ee ( (f) = a=3m 
8 24 2 R 


38. (a) Component along the plane = ; 


and component perpendicular to the plane = “8 


39. (b) / = | 29 


max 2 
Given, |= Imax 
2 
*. From Eqs. (i) and (ii), we have 
a 2h Oe 
a Oo 
Or path difference, Ax = (# - 
4 


X BA 5A (2n4+1 i 
“A 4° 4" 4 


...(ii) 


2} 


40. (d) Fore i 
45°>0, => sin45° >sin@, 
an >H2 ly > 


v2 Wy 


2uUo, (s-1) 


Fore > f 
angle of refraction is lesser than angle of incidence, so 


Ms >, and thenps > (P-2) 
Fore > 9, My =o (Q-3) 
fore > hts <py <v2u. andy, > (R-4) 


41. (c) At point Q angle of incidence is critical angle 9c, 
where 


~<— Rarer medium 


Denser medium 
QP=r 


oi 
Hbioc 
r i 
In APQS, sin 6¢ Bis 

yr? + h? Hplock re 4 he 
— oT 570 = 4,36 
11.54 


Sin Og = 


42. (b) Final momentum of object = See 
Speed of light 
30 x 10° x 100 x 10° 


3 x 108 


1.0 x 10°" kg-m/s7| 


43. (4) Number of nuclei decayed in timet, 
Ny = No(1-e-**) 


.. % decayed = (ee x100 =(1-e“d) x100 ...(i) 


Here, =———=5x10%s"! 


..% decayed ~ (At) x 100 = (5 x 10°) (80) (100) = 4 
A 


44. (a,c)L= {4} 


Ml das 


28 


45. 


9 
Sg 
=> : Dae 4 ar 
Xe ? 3 
S. dyer 
32R 


> da = 3p 


(a) Li’ > pHe* + ,H® 
Am = [Mj - My. — Mis] 
= [6.01513 — 4.002603 — 3.016050] 
=— 1.003523 u 
Am is negative so reaction is not possible. 
(b) g4P0°' > gsBi?°9 +P 
Am is negative so reaction is not possible. 
(c) yH? > zHe* + 5Li® 
Am is positive so reaction is possible. 
(d) s9Zn’° + 4,Se°* > ,,Gd' 


Am is positive so reaction is not possible. 


46. 


47. 


Optics & Modern Physics 


(a) g4Po07'° —> ,He* + g.Pb2 


Mass defect Am = (Mp, — Mye — Mpp)= 0.005818 u 
Q = (Am) (931.48) MeV 

= 5.4193 MeV = 5419 keV 
ax———_ eo——> Pb 


From conservation of linear momentum, Pop = Py 


2 Mp Kp = 2M Ke 
Ky _ Mpp _ 206 


~ kp M4 
206 
ky = (we) (Ktotai ) 
2 & (5419) = 5316 keV 
210 
(9) "2B—>%C+%e +¥ 


Mass of '§C = 12.000 u (by definition of 1 a.m.u.) 


Q-value of reaction, Q = (Mg—Mc)xc* 
= (12.014 — 12.000) x 931.5 = 13.041 MeV 
4.041 MeV of energy is taken by 'SC * 


=> Maximum KE of B-particle is 
(13.041— 4.041) = 9 MeV 


